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(Abstract) 

Structural system identification is traditionally related to the estimation of modal 

parameters (natural frequencies, modal damping ratios, and mode shapes). Various well- 

known modal methods often fail to extract these parameters for heavily damped structures 

with high modal densities due to the high coupling between densely packed adjacent 

modes. The recent development of the scanning laser Doppler vibrometer (SLDV) 

technology that provides efficient and massive dynamic data acquisition with high spatial 

density makes the new non-modal system identification techniques feasible. The proposed 

non-modal system identification method is based on the singular value decomposition 

(SVD) of the spatial mobility matrices that are acquired by the SLDV technique. Data 

reduction, filtering, periodization, and remapping techniques are applied to the meesured 

data in the spatial domain. Linear and polynomial singular vector interpolation and 

subspace rotation techniques are applied in the frequency domain for the prediction of the 

spatial mobility over the frequency range of interest. This non-modal method uses



measured frequency response data directly and involves neither curve fitting nor modal 

parameter extraction. The proposed non-modal technique was applied to a commercial 

business jet airplane fuselage. The measured mobility data of the fuselage were reduced to 

a much smaller and very efficient data set that could be easily managed, stored, and 

retrieved for the reconstruction and/or prediction the dynamic responses of the fuselage in 

both frequency and spatial domains.
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CHAPTER ONE 

INTRODUCTION 

1.1. Overview 

Structural vibrations have been one of the most serious concerns for 

engineers in a number of disciplines. The performance and integrity of structures 

could be severely undermined by structure vibrations. Unwanted noise and 

disturbance caused by structure vibration have become more and more important 

issue for competitive products and environmental concerns. Research on 

structural dynamic behavior has increased significantly over the decades, which is 

evidenced from the large number of technical publications published in this area 

each year. 

Structural system identification techniques are commonly referred as the 

procedures of deducing the physical nature of the structure from the 

characteristics of the measured vibration. Although system identification may have 

several definitions depending on the application [1.1]’, the physical nature of a 

structure is typically related to the modal parameters, such as natural frequencies, 

damping factors, and mode shapes. Therefore, the technique known as 

  

” Number in brackets refer to references listed at the end of each chapter. 
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experimental modal analysis is the most popular tool for structural system 

identification. 

It is an indisputable fact that the modal parameters are the most profound 

and sound representation of dynamic characteristics of linear structures. They 

reveal the nature of structural vibrations. For a linear system, the dynamic 

responses of the structure can be predicted and reconstructed with the complete 

set of modal parameters. More attractively, modal parameters can be deduced 

from an analytical model since they are directly related to the spatial properties of 

the structure, such as mass, damping, and stiffness. However, for complicated 

structures, the accuracy of an analytical model is severely undermined by the 

discretization errors, complicated boundary conditions, structural discontinuities, 

geometrical imperfections, and overwhelming spatial matrix sizes. Therefore, 

determining and/or verifying the dynamic characteristics of a complex structure 

has heavily relied on experimental methods. 

For over half a century, driven by strong commercial demands, the 

development of experimental modal analysis techniques has been in parallel with 

the rapid advance of the digital computer and other data acquisition and 

processing technologies [1.2]. Unfortunately, despite the advances made through 

the years and the intensive research in this area, modal parameter extraction is far 

from an easy task and far from perfection, especially for a highly damped and high 

modal density complex structures [1.3]. And in a number of cases, all techniques 
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developed from experimental modal analysis fail to accurately describe the 

dynamic characteristics of the structure. The study of non-modal method for 

system identification in this dissertation is intended to complement the traditional 

experimental modal analysis techniques where they fail. This non-modal technique 

is only feasible because the recent development of the scanning laser Doppler 

vibrometer (SLDV) technology provides efficient and massive dynamic data 

acquisition with high spatial density [1.4]. 

1.2. Research Needs 

1.2.1. Traditional Modal Techniques 

In the early years of experimental modal analysis, vibration testing of a 

structure was often called resonance testing [1.5]. It was not only that the 

resonance of a vibrating structure was one of the most important dynamic 

characteristics, but also the modal parameters at the resonance could be easily 

determined with relative accuracy for a lightly damped simple structure with 

widely separated natural frequencies. For this type of simple structures, the modal 

coupling between adjacent resonance is minimum, that is the responses from other 

modes are negligible in the vicinity of a resonance comparing with the dominant 

response from that resonance. Thus, the responses around each resonance can be 

isolated, and the structure can be modeled as a single-degree-of-freedom (SDOF) 
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system around resonance. There are a number of well-known SDOF techniques, 

such as peak picking, circle fit, and inverse plane method, that can be easily 

applied to extract natural frequencies and damping factors [1.6]. 

For more complex structures, the contributions of adjacent modes can not be 

neglected, and the SDOF model becomes inadequate and inappropriate. But if the 

damping is not too high and modes are not too close to each other, then some 

well-developed multi-degree-of-freedom (MDOF) methods, such as ITD method 

[1.7], polyreference method [1.8], and direct parameter method [1.9], are 

available from commercial modal analysis software. Of course, there are quite a 

number of techniques that have been developed to extract modal parameters, and 

some of them claim to be able to deal with moderate damping and/or relatively 

high modal density [1.10, 1.11, 1.12]. All these techniques can be categorized into 

either time or frequency domain methods, and each has some advantages and 

disadvantages [1.13]. The success of any of these methods not only depends on 

the complexity of the structure, quality of the data, and nature of the vibration, 

but also relies on the user’s understanding and experience of that technique and 

knowledge about the structure [1.14]. There has not been a single method that 

works perfectly for any and all modal parameter estimation problems [1.15]. 
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1.2.2. Problems with Modal Techniques 

A theoretical investigation has been done by Pandered [1.16] to determine 

the limitations for some of the most popular modal parameter extraction methods 

with respect to the closeness of two adjacent natural frequencies. With certain 

assumptions, the conclusion was very clear that beyond certain limit, it was 

impossible to separate the modes and to extract the modai parameters. It should 

not be surprised that in reality, it often happens that all modal techniques might 

fail to extract modal parameters for some structures with excessive damping and 

very closely packed modes in the frequency range of interest. 

For most practical structures, high modal densities accompanied with high 

damping are very common at frequencies above a certain range due to the 

domination of the local modes. The accuracy of estimated modal parameters 

declines rapidly as the mode gets higher, if any modal parameter estimation 

technique works at all for this kind situation. Partially for this reason, the 

determination of structural dynamic behavior of complex structures at higher 

frequencies is usually avoided. 

For some extremely complex structures, the modal coupling could be so 

severe that no distinguishable peaks or valleys on the measured frequency 

response function (FRF) within the range of interest. Figure 1.1 shows the drive- 

point mobility (velocity/force) FRF plot that was obtained from engine mount of a 

Cessna Citation VI fuselage. From the modal analysis theory, assuming the drive 
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point is not coincided with nodal line or point, it is “guaranteed” to have a peak 

(resonance) followed by a valley (anti-resonance) for each mode on a drive-point 

FRF plot, and a 180° phase shift associates with each resonance and anti- 

resonance. In this case, neither peaks and valleys nor phase shift are 

distinguishable within frequency range of 10 - 350 Hz. It is not difficult to 

imagine that any current technique simply would not be able to extract any modal 

parameters from this drive-point FRF. 
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Fig. 1.1. Drive-point mobility FRF plot of Cessna Citation VI fuselage at engine mount 
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1.2.3. New Technology Demanding New Techniques 

Although modal parameters may not be extractable with up-to-date modal 

techniques for this type of complex structures at higher frequencies, structural 

vibration responses are of great interests for many researchers and engineers, 

especially in the fields of modern acoustic analysis and experimental power flow 

determination. 

For structure borne noise studies, it is important to know the velocity field 

on the surface of the vibrating structure, from which the acoustic intensity pattern 

or sound pressure distribution in near field can be computed [1.17]. In practice of 

passive noise control, such as to place localized damping material on a car door 

[1.18], it is difficult and also is not necessary to extract each normal mode for a 

complex structure (actually in most cases, the modes are likely to be complex 

valued [1.19]), but only needs to measure the total spatial responses (the 

Operating shapes) at a given frequency, usually near some resonance and usually 

dominated by local modes. Thus, the optimal position for damping material can be 

determined through the identification of those local maximum vibration amplitude. 

In experimental power flow study, again the modal parameters and the 

complicated boundary conditions are replaced by the global total responses of the 

structure. From measured response data, it can be determined how the energy 

travels and dissipates in the structure. “Sources” and “sinks” of the vibration 

energy can be identified [1.20]. 
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Cuschieri tried to use accelerometer array to measure structural intensity of 

an aircraft fuselage [1.21]. In his experiment, the finite difference approximations 

for spatial derivatives were used to determine the structural intensity vectors, 

which required a minimum of a thirteen-accelerometer array (for 2-D third-order 

spatial derivative) to measure the responses at any location. However, with some 

assumptions and careful selection of measurement locations (to avoid structural 

discontinuities), he used a four-accelerometer array (only for 2-D first-order 

spatial derivative) to measure 109 locations on one side of the fuselage. The 

analyzed frequency range was 0 to 600 Hz with a frequency resolution of 4 Hz. 

Even with those simplifications, the vast and tedious experimental work is not 

difficult to imagine. Unfortunately, his experiment had only very limited success at 

low frequency range (less than one quarter of the frequency range of interest). He 

believed that extremely high spatial density measurement were needed, especially 

around the structural discontinuities which had major effects on the energy flow. 

New non-modal techniques for determining dynamic responses of complex 

structures are urgently needed to continue research advances in other fields. On 

the other hand, the development of new technology, such as SLDV, has provided 

great opportunities for the emerging of new techniques for dynamic system 

identification of highly damped and high modal density structures. 
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1.3. Research Objective 

It is helpful to define the research objective for the non-modal techniques 

from the stand point of the recognition of the true spirit of modal techniques. For 

analytical modal analysis, a structure is usually discretized into a model with 

thousands to tens of thousands of degree-of-freedoms. Equally large sizes of 

mass, damping, and stiffness matrices are formed, and the eigenvalues (damped 

natural frequencies and damping factors) and eigenvectors (mode shapes) are 

determined. 

For a typical experimental modal analysis, drive points are usually selected 

first, where sufficient energy can be inputted and all modes in interest can be 

excited. Then the structure is usually excited with either sine or random signals. 

Massive sets of frequency response data are acquired over the frequency range of 

interest and at a number of points across the structure. The natural frequencies 

and modal damping ratios are extracted from the drive-point FRF by using one of 

the aforementioned curve-fitting techniques. At last, the modal shapes are 

extracted from the transfer FRFs at all measured points. 

Thus, the true spirit of modal technique is actually about reducing massive 

primary spatial, physical, or dynamic response data into a set of much smaller size 

and very efficient data (modal parameters) that can be easily stored, retrieved and 

manipulated. Of course, the reduced data set must be able to span the frequency 
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and spatial domain of the structure, so that the dynamic responses of the structure 

can be reconstructed and/or predicted. 

In parallel with modal techniques, the research objective for non-modal 

method is to develop a technique that can effectively reduce massive dynamic data 

to a set of very efficient parameters (not necessarily modal parameters) that can 

be used to reconstruct and/or to predict the dynamic responses of a complex 

structure. Due to the fact that those parameters would lack some advantages of 

modal parameters, some assumptions and limitations, such linear system 

responses, known input forces, and frequency dependency, need to be realized. 

1.4. Organization of Dissertation 

The main body of this dissertation is divided into seven chapters. The first 

chapter gives a brief discussion about modal parameter extraction techniques used 

in dynamic system identification, how these techniques fail on complex structures, 

and the need for developing a new non-modal system identification technique. 

Chapter Two is devoted to other research that has been done in the past, as 

well as recent advances, in the areas of complex structure vibration testing and 

non-modal techniques for structural dynamic analysis and system identification. 

All of these studies have had direct or indirect impact on the development of the 

proposed new technique. 
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The most important part of this dissertation is presented in the third 

chapter. The concept of proposed non-modal system identification technique is 

introduced. As a part of the development of the technique, the SLDV data 

acquisition and its advantages is discussed briefly. The core of the proposed 

technique, data reduction, and singular value decomposition (SVD), is illustrated 

in detail. Other related techniques, such as mobility shape remapping in the spatial 

domain and rotating in the frequency domain, are also presented. 

Chapter Four describes the experiment setup of vibration testing for a 

commercial business jet airplane fuselage and frequency response data acquisition 

by using the SLDV. 

Chapters Five and Six gives detailed data processing in the spatial and 

frequency domains by using the proposed techniques, respectively. Other issues, 

such as spatial coordinates correction and transformation, data reduction ratio, 

and measured frequency interval concern, are also addressed. 

The last chapter summarizes the research work presented in this 

dissertation and assesses the proposed non-modal system identification technique. 

Suggestions and recommendations for future work are also given. 

A concept of using the SVD for FRF matrix synthesis is presented in 

Appendix A. This concept only provides a basis for the further study of the 

possibility. All computer programs (in MATLAB codes) generated in this research 

work are listed in Appendix B. 
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CHAPTER TWO 

LITERATURE REVIEW 

2.1. Overview 

Dynamic testing of a complex structure, such as an airplane, has been 

abundant. In fact, the aerospace industry is the pioneer of resonance testing, 

mainly due to the serious concerns of the aircraft's integrity. Today, aerospace 

industry is still one of the main forces and contributors to the development of 

vibration testing techniques. Although the demands of vibration testing for safety 

have never declined, the dynamic testing for noise concerns and other issues has 

increased significantly. This additional dynamic testing is mainly driven by the 

environmental awareness and commercial competition. 

On the other hand, most researches and studies of system identification 

have been devoted to the modal parameter estimation techniques. Only a relatively 

small number of non-modal research papers have been presented in the fields of 

structural modification and system identification. The majority of the non-modal 

methods use measured FRF data, and some of them rely heavily on the analytical 

model of structures. The mainstream of the research in the areas of the aircraft 
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and complex structure dynamic testing and non-modal method for dynamic 

analysis is briefly reviewed in the following sections. 

2.2. Dynamic Testing of Complex Structures 

2.2.1. Vibration Testing of Aircraft 

The most common vibration test used in aircraft industry has been the 

ground vibration testing (GVT). The main purpose of GVT is to validate the 

analytical model which is used for flutter and dynamic analysis and predictions. 

GVT is required by the Federal Aviation Administration for flight certification of 

the airplane. For GVT, the aircraft is usually set on a soft support system or on its 

own landing gears. However, the techniques for excitation, data acquisition, data 

processing, and modal parameter estimation could be quite different. 

Enochson and Howes performed GVT of a full-scale twin-engine Cessna 

aircraft to determine its airframe dynamic responses [2.1]. In their experiment, a 

single-point excitation at the wing tip was used with random signals and impact as 

input. A total of 96 accelerometers were used to survey points across the wings, 

engines, fuselage, and tail. The experiment took 32 hours to acquire 86 FRFs, or 

about 1.1 man-hours for each FRF with setup time. The MDOF complex 

exponential curve-fit technique [1.7] was used to estimate modal frequencies and 

modal damping. The SDOF least squares circle-fit technique was used to extract 
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mode shapes of the airframe. A total of 15 mode shapes of the aircraft were 

identified between the frequency range of 2 - 20 Hz. Enochson and Howes were 

not able to correctly extract modal parameters above 20 Hz due to inadequate 

energy provided by the single-point random excitation and high energy dissipation 

at higher frequencies. 

Carbon, et al. used the dual-input excitation technique in GVT of Boeing 

757 and 767 aircraft [2.2]. The dual-input method improved the consistency of the 

measured response data. Since two columns of FRF matrix were measured 

simultaneously, linear combinations of these two columns (adding or subtracting) 

could help to separate closely coupled modes (symmetric and anti-symmetric) if 

the two excitations were symmetric. Uncorrelated pure random noises were used 

to excite the aircraft at various positions. A total of 126 accelerometers were used 

in the tests, which took 72 man-hours to install them. Data acquisition took 

another 100 hours. Time to remove the transducers was not mesioned. The MDOF 

complex exponential technique and the least squares method were used to extract 

modal parameters. The analyzed frequency range was only 0 - 25 Hz. 

Allemang, et al. also applied the dual-input technique to GVT of a 

Schweitzer sailplane and a F-16 jet fighter [2.3]. They betieved that dual input, 

compared with single input, would have better energy distribution, reduced 

nonlinearity error in FRFs, and better accuracy in estimation of modal parameters. 
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Although few details of experiments were given, the procedures were similar to 

Carbon's tests, and the frequency was limited to 0 - 50 Hz. 

Brickey applied a multiple sine excitation technique to GVT of a jet fighter 

aircraft, in which a total of six shakers were used at the same time [2.4]. In his 

approach, swept-sine testing was conducted first to determine the resonance 

frequencies. Then the resonance frequencies were tuned and dwelled, at which up 

to 6 modal frequencies were inputted with the sine mask technique. The sine mask 

technique applied a special frequency-domain function to both the input signal and 

the response signal to filter out all frequency-domain signals except the discrete 

modal frequency lines. However, this technique was not able to obtain damping 

information of the system and properly calibrated mode shapes. A single 

accelerometer was used to map the frequency responses at 200 points on the 

aircraft. In order to obtain "normal" mode shapes of the airframe for comparison 

with the analytical model, the real part of the measured FRFs were eliminated. 

The mode shapes had to be calibrated separately, and artificial damping had to add 

to the frequency response functions for post processing. This method took about 

eight hours to map about 8 modes. 

More recently, Brillhart, et al. applied another multiple-input excitation 

technique to GVT of a C-17A transport aircraft [2.5]. They employed eight 

shakers simultaneously with uncorrelated burst random excitations. Four shakers 

were attached to each of the four engines, and the other four shakers were 
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mounted on the tips of the wings and horizontal stabilizers. A total of 435 

accelerometers along with eight impedance heads were used to obtain total 3,544 

FRFs. With I-DEAS data acquisition and analysis software, they were able to 

identify 67 modes for unfueled aircraft and 55 modes for fueled aircraft within the 

frequency range of 1 - 25 Hz! 

It can be seen that the vibration testing of aircraft has been mainly limited 

to very low frequency range, at which the airframe is quite flexible, and global 

modes involving wings, engines, fuselage, and tails are relatively easy to be 

identified. 

2.2.2. Vibration Testing of Other Complex Structures 

Auweraer, et al. conducted vibration testing of a fully equipped automobile 

to identify the critical modes that were responsible for the dynamic fatigue failure 

[2.6]. They applied four different techniques, namely singie-input stepped-sine 

test, multiple-input random test, multiple-input stepped-sine test, and normal 

mode tuning technique. The single-input stepped sine test was used to investigate 

the degree of nonlinearity of the system by varying the input level. In the multiple- 

input random test, four shakers were used simultaneously to excite the vehicle in 

the vertical direction with 3 - 42 Hz uncorrelated burst random signals. Responses 

from 156 accelerometers (at 52 locations with 3 directions) were measured and 

curve fit with time-domain least squares complex exponential and frequency- 

Literature Review 19



domain direct parameter estimation methods. Ten modes ranging from 6 to 27 Hz 

were identified. They found that frequency-domain method was much better than 

the time-domain method for extracting modal parameters from highly damped 

structures. In the multiple-input stepped sine test, different setting (amplitude 

and/or phase) of the excitation conditions was used to uncorrelate the 

simultaneous input signals so that the FRF matrix would not be singular. 

However, the accuracy of the results was affected by the nonlinearity of the 

system. The normal mode tuning technique was used to eliminate all damping 

forces by tuning all input forces and responses to mono-phase so that the nature 

of the tuned mode could be explicitly revealed. 

Voorhees and Clark applied multiple-shaker sine-dwell and random 

excitation techniques to vibration testing of a meteorological spacecraft which 

was mounted on a 500 ton seismic inertial-mass base [2.7]. The natural 

frequencies were determined first by using single-point sine-sweep and random- 

excitation methods, and were tuned and dwelled upon to obtain responses from 

143 accelerometers with three shakers that simultaneously excited the spacecraft. 

Modal damping was determined from Q, the quality factor of the resonance [2.8]. 

Mode shape coefficients were extracted from the quadrature values of inertance 

(now called accelerance, acceleration/force). The multiple-shaker sine-dwell 

technique was a time consuming process to develop to a good force pattern which 

properly isolates particular mode, took 35 working days to complete the test even 
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not including the instrument installation time. For comparison, Voorhees and 

Clark also conducted multiple-input random test with the polyreference technique 

for modal parameter estimation. Eleven modes were identified between 10 to 50 

Hz. It took three weeks for the random test. Since computational modes were 

introduced by the polyreference method using complex exponential extraction 

techniques, it was very difficult to determine which of the modes were valid 

without an understanding of the structure's characteristics beforehand. This 

method is further complicated if local modes are present within the frequency 

range of interest. 

Haughton, et al. used similar techniques as Voorhees for vibration testing 

of a large spacecraft [2.9]. However, the structure was attached to an inertial 

reaction mass plate to simulate the in-service condition, and was supported with 

five pneumatic isolators to decouple the system with ground. In their test, three 

shakers supplied random excitations from 12 to 65 Hz to the spacecraft. A total of 

267 accelerometers (at 89 locations with 3 directions) were used to measure the 

responses. The polyreference technique was also used to identify 18 major modes 

within the frequency range. 

Some common practices involved in the system identification of a complex 

structure can be summarized as: 1.) Most tests were to validate the analytical 

model. 2.) Only the dynamic characteristics of the structure at low frequency were 

studied. At those frequencies the structure was relatively flexible, only global 
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modes were involved, and modes were relatively less coupled and easy to be 

identified. 3.) A large number of accelerometers were used, and process was very 

time consuming. 4.) modal parameters and mode shapes at low frequencies were 

mainly extracted by SDOF or MDOF curve fitting techniques. It is clear that the 

dynamic testing and system identification for an aircraft or a complex structure at 

higher frequencies has been rarely addressed. This work is to deal with the system 

identification problems at higher frequencies for complex structures with high 

damping and high modal density. 

2.3. Research on Non-Modal Techniques 

Despite the intensive research and great improvement on modal analysis 

techniques, some difficulties encountered in modal parameter estimation of high 

damping and high modal density structures still need to be solved. The increasing 

demands for dynamic analysis of complex structures impose a great pressure on 

the modal analysis community to seek other alternatives. Some efforts have been 

made recently to develop non-modal techniques for structural system 

identification or modification. Three group techniques, which use measured FRF 

data, Lanczos vectors, and U-vector, have become the mainstream of the non- 

modal techniques. 
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2.3.1. Techniques Using Measured FRF Data 

Imregun, et al. proposed to used measured FRF data of substructures to 

form FRF matrix for the system [2.10]. This technique used the compatibility and 

equilibrium conditions at the coupling of the substructures to obtain system FRF 

matrix by inversion of the measured FRF matrix of components. Imregun pointed 

out three main advantages of this technique: 1.) the FRF data are always 

compatible from different sources, such as measured from experimental testing or 

derived from the analytical model; 2.) for the measured FRF data, all 

complications of the structure are inherently present in the data, thus the 

difficulties in the modeling can be avoided; and 3.) any further changes to the 

system can be easily accommodated simply by replacing the FRF data of the 

substructure that is changed. There are several drawbacks, too: 1.) it is not 

practical to acquire FRF data for a complex system with large number of 

substructures; 2.) since inversion of the FRF matrix is necessary in this method, it 

will be very sensitive to noise and cumulative errors, especially for ill-conditioned 

matrix which is most likely to form in the vicinity of the substructure's natural 

frequencies; and 3.) the FRF for the rotational degree-of-freedom is difficult to 

measure. 

Lin and Ewins proposed using an incomplete set of measured FRF data 

directly to update analytical model [2.11]. In their approach, the receptance 

(displacement over input force) FRF data at all coordinates of the analytical model 
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were measured at a number of frequencies. If some coordinates were difficult to 

access or to measure, then analytical data for those coordinates were used. The 

design variables (changes in mass, stiffness, and damping) can be solved from the 

measured FRF data along with analytical receptance data. Iterations were usually 

needed to have converged results for incomplete set of measured FRF data. In 

order to have a converged results, the differences between the analytical and 

experimental models must be restricted to a small number. In other words, a 

reasonably accurate analytical model was necessary to make this technique 

successful. 

Cheng et al. applied a different FRF technique for structural modification 

[2.12]. The FRF data measured at all coordinates at a particular frequency were 

used to form an eigenvalue problem, in which the eigenvalues were the unknown 

design variables (changes in either mass or stiffness elements) and the eigenvector 

- was the mode shape. 

Smart applied the FRF technique, which was in line with the structural 

modification technique used by Lin and Ewins, to detect structural damage [2.13]. 

He assumed that the damage affected the stiffness elements only. The changes in 

stiffness were determined by using the measured receptance FRF data and the FRF 

data obtained from the analytical model. He believed that high modal density and 

modal truncation were not problems for this method since no curve fitting was 

needed for the raw FRF data and the residuals of all modes were included in the 

Literature Review 24



frequency range of interest. However, the errors in stiffness were likely to spread 

throughout the stiffness matrix when the FRF data were directly used to update 

the model. Thus, the location of the damage was difficult to pinpoint. 

Choudhury, et al. proposed to used measured FRF data for identification of 

spatial matrices [2.14]. In their approach, a column (or row) of receptance FRF 

matrix was measured at a number of frequencies. The measured FRF data for each 

pair of frequencies formed one equation to solve the mass or stiffness matrices 

separately. For a system with » degree-of-freedom, there are n(7+1)/2 unknowns, 

assuming the spatial matrices are full and symmetric. Thus, in general the FRF 

data need to be measured at total [m(mt+1)/2+1] number of frequencies. Since 

matrix inversion was involved, the responses at different frequencies needed to 

have enough differences to avoid ill-condition or singularity of the matrix. Also, 

the measured FRF data should be relatively noise-free, which should not be 

measured near anti-resonance. 

It is clear that the FRF techniques have recently become popular since 

researchers started to look for alternatives to modal techniques. Most of the FRF 

techniques were applied for structural updating and damage detection, which 

relied on not just accurate measured FRF data but also a good analytical model. 
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2.3.2. Techniques Using Lanczos Vectors 

The original Lanczos method was proposed by Lanczos in 1950 to solve 

linear eigenvalue problems [2.15]. Through exact n-step iterations, Lanczos 

method transfers an 1 x n full system matrix into a same size tridiagonal matrix 

with the same eigenvalues which can be extracted efficiently through other well- 

developed algorithms such as tridiagonal QR decomposition [2.16]. The 

corresponding eigenvectors can be obtained from reverse iteration procedures. 

The orthonormal vectors sequentially generated at each iteration step are called 

the Lanczos vectors. The remarkable convergence properties of the Lanczos 

iteration method are very attractive for solving large and sparse eigenproblems. 

However, the original Lanczos algorithm suffered from numerical instability due 

to the round-off errors and loss of orthogonality among the sequential Lanczos 

vectors. 

Ojalvo modified the original Lanczos algorithm to improve numerical 

stability and orthogonality of the Lanczos vectors [2.17]. He used the first m 

Lanczos vectors that were generated in m-steps iterations (in general, m <n) to 

reduce the original system matrix to a symmetric m x m tridiagonal matrix, so that 

the original 7 eigenvalues were replaced (more precisely, approximated) with the 

new m eigenvalues, and the original eigenvectors (mode shapes) were replaced 

with m Lanczos vectors. In his approach, the mass, damping, and stiffness 

matrices must be symmetric. 
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Nour-Omid and Regelbrugge proposed to reduce a generally damped 

(proportional or non-proportional damping) system matrix to a much smaller size 

unsymmetric tridiagonal matrix by using unsymmetric Lanczos method [2.18]. The 

unsymmetric Lanczos method generates two sets of vectors, the left and right 

Lanczos vectors, during each iteration step. These two sets of Lanczos vectors 

are satisfy the bi-orthogonality condition, which is a very important feature for the 

Lanczos vectors replace eigenvectors for model reduction. Their technique 

extended the Lanczos method to be applicable to the system with unsymmetric 

spatial matrices. 

Kim and Craig applied unsymmetric block Lanczos vectors for system 

identification [2.19]. For the unsymmetric block Lanczos algorithm, matrices 

containing the right Lanczos vectors and the left Lanczos vectors are generated at 

each iteration step. This is slightly different with the Lanczos method mentioned 

earlier. The block Lanczos method uses matrices instead of vectors as the starting 

vectors for iteration. The unsymmetric block Lanczos vectors will transfer the 

original system matrix to an unsymmetric block-tridiagonal matrix. Kim and Craig 

used a multiple-input, multiple-output (MIMO) technique to identify the system 

matrices which were the solutions of the least squares problem with the spectra of 

responses and excitations. The identified experimental structural model was then 

reduced by applying the unsymmetric Lanczos vectors. However, in their 

approach, the starting vectors of Lanczos iteration were chosen in the direction of 
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the static displacement, which involved the force distribution and the stiffness 

matrices, to avoid the need for static corrections. For a large complex structure, it 

might not be easy to obtain the static displacement matrix. 

Lanczos vectors are a very promising alternative to the traditional 

eigenvectors, especially for the model reduction of a large system. The direct 

applications on experimental data are still very questionabie, however. 

2.3.3. Techniques Using U-vector 

The U-vector techniques are relatively new. Although these techniques also 

use measured FRF data, their uniqueness and great potential deserve special 

attention. 

Halvorsen, et al. in 1992 propose the U-vector expansion method for 

structural modeling [2.20]. In their approach, the FRF responses at p coordinates 

of the structure that excited with multiple input references at q coordinates 

(assuming g < p) were measured within the frequency range of interest, so that a p 

x g FRF matrix of the system was obtained. A singular value decomposition 

(SVD) was performed on the FRF matrix at each discrete frequency, and a unitary 

matrix which had a size of p x p and was called the left singular vectors or the U 

vectors was obtained at each frequency. These U vectors were believed to be 

combination of the eigenvectors (mode shapes) of the system FRF matrix and 

would span the space of the system response. The number of dominant singular 
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values would indicate the number of modes that contributed significantly to the 

total responses at that frequency. The maximum number of non-zero singular 

values would be g for g < p. The corresponding g of U vectors were condensed to 

a q X q matrix according to the q input references. The full FRF matrix of the 

system could be found by the following equation: 

A -1 
H =UU"H{u") U" (2.1) 

where H is the expanded p x p full size system FRF matrix, H is the measured p x 

gq FRE matrix, U is the p x q left singular vectors of H, and u is the condensed q x 

q matrix of U. The superscripts, H and 7, are the Hermitian adjoint and regular 

transpose of the matrix, respectively. All the matrices were complex and were 

functions of frequency. 

This U-vector expansion technique is similar to the modal expansion 

theorem. In modal expansion method [2.21], usually only one column (or row) of 

the system FRF matrix needs to be measured, providing that the natural 

frequencies, modal damping, and mode shapes can be accurately extracted from 

the measured data. The full-size system matrix can be expanded by using the 

modal vectors. The U-vector expansion method, on the other hand, needs to 

measure a number of columns of the system FRF matrix, and uses the singular 

vectors as the subspace to expand the system FRF matrix. The main advantage for 

Literature Review 29



the U-vector expansion is that no curve fitting needed, hence it supposes to be 

applied to complex structures with high damping and high modal density. 

Unlike the modal expansion which uses frequency-independent modal 

vectors and is based on the number of modes contributing significantly to the 

system responses, the U vectors are functions of frequency, and the expansion is 

based on the number of references. Therefore, the U-vector expansion needs to be 

performed at every frequency of interest and requires a much larger number of 

FRF measurements. 

The implementation of the U-vector expansion can reveal other problems 

inherit in this technique. Halvorsen, et al. used a simulated system with 60 degree 

of freedom and a characteristic of low damping at low frequencies and high 

damping in the higher frequency range. Within the analyzed frequency range of 0 - 

60 Hz, the U-vector expansion with six and ten references only did well for 

frequencies below 10 Hz, where the dynamic span of the singular value was large 

(about two decades). At higher frequencies, the span of the singular value was 

much small (less than half decade above 40 Hz), and the estimated FRF showed 

significant errors. The noise in the measured FRF data and the localized responses 

would also severely undermine the application of the U-vector expansion 

technique. 

Gordis applied the U-vector expansion technique for the localization of the 

structural dynamic model error [2.22]. An analytical model with 20 degree of 
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freedom was used for simulation. He had very limited success, sometimes total 

failure, to identify mass and stiffness errors in the model with four to ten 

references. He found out that more number of references used in U-vector 

expansion were not necessary to have better FRF estimation than the less number 

of the references. 

Van der Auweraer, et al. proposed to use U vectors instead of modal 

vectors for dynamic and acoustic analysis of a trimmed aircraft [2.23]. They called 

the U vectors the "principal field shapes" or "principal responses". From the plot 

of the singular values as functions of frequency, the dominant frequencies and the 

number of dominant modes contributing to the responses at each frequency could 

be identified from the peaks of amplitude and the number of dominant singular 

values, respectively. In their experiment, four loudspeakers inside the aircraft 

were used to provide simultaneous acoustic excitation to the fuselage. Total 80 

structural responses around a cross section of the fuselage were measured. The 

MIMO FRF data were presented in the forms of the “principal field shapes". They 

concluded that only the first singular vector showed resemblance with the 

dominant mode shape at that frequency. There were hardly any correlation 

between the "principal shapes" and the structural mode shapes except for the first 

U vector, which was due to the fact that the singular vectors ("principal shapes") 

were orthogonal, but the mode shapes were generally not orthogonal 

geometrically. 
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Most of the reviewed non-modal techniques used the measured FRF data 

directly and involved no curve fitting. The advantages for directly using FRF data 

are obvious as stated by the researchers of the non-modal techniques. This 

proposed non-modal technique is also based on measured FRF data, hence the 

unextractable modal parameters for the complex structure can be totally avoided. 
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CHAPTER THREE 

NON-MODAL METHOD FOR SYSTEM IDENTIFICATION 

3.1. Overview 

In the traditional vibration testing of a structure, accelerometers are the 

most commonly used devices for the structural dynamic response measurement 

[3.1]. In some applications, such as in a modal survey, transient vibration 

measurement, impact testing, and accelerometers are efficient and convenient 

means of data acquisition. For some other cases, accelerometers are less favored 

or suitable. The recent development of SLDV technology started a new era for 

vibration testing. Spatially dense structural dynamic responses can be acquired 

elegantly by using the SLDV in a very short period of time. With this new SLDV 

technology, tasks previously thought to be impossible become daily routine in 

dynamic testing where SLDV exist. 

This new SLDV technology also provides new opportunities as well as 

challenges for developing new system identification techniques. As discussed in 

the previous chapters, it is almost impossible to accurately extract modal 

parameters for a complicated structure with high damping and high modal density 

in any frequency range. Pure normal modes are very unlikely to exist under this 
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kind of situation. Limiting dynamic analysis and system identification to the 

extraction of modal parameters and mode shapes is not only unwise but also 

impractical. On the other hand, for applications such as acoustic analysis and 

structural intensity, the exact value of individual natural frequencies or damping 

factors is less important than the actual operating shapes at the frequency of 

interest. The SLDV data acquisition technique can easily provide such needs for 

these applications. The main focus of system identification is then how to reduce 

the massive data to a set of manageable and efficient parameters that can be easily 

used to reconstruct the dynamic responses with minimum loss of original 

information and/or to predict the unmeasured dynamic responses both in the 

spatial domain and in the frequency domain with a reasonable accuracy. The SVD 

technique along with other techniques are proved to be a valuable and feasible 

method for that purpose. 

3.2. The SLDV Data Acquisition Technique 

3.2.1. The SLDV Technique 

For a number of applications, accelerometers have severe limitations and 

shortcomings. For a large structure, such as an aircraft, the dynamic responses at — 

a large number of locations need to be measured to obtain proper mode shapes 

and to avoid spatial aliassing. A large number of accelerometers are not only very 
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expensive, but also take tremendous manpower to attach, to wire up, to calibrate, 

and to clean them off. Malfunctions of hardware, such as broken transducer, bad 

wire, and disabled power supply, could invalidate the entire test. Limitations on 

the number of channels of the data acquisition and FFT analyzer not only greatly 

prolong the testing time but also cause inconsistency in the measured data due to 

environment changes [3.2]. For a small structure, the additional mass of the 

accelerometer and the change of local stiffness due to transducer mounting can 

significantly alter the structure’s dynamic characteristics. Also for some other 

applications in high temperature environment, accelerometers may not be suitable. 

The SLDV technology overcomes all those problems associated with 

accelerometers due to its non-contacting nature. The SLDV is based on the 

heterodyne interferometry and the Doppler effect phenomena [3.3]. 

The heterodyne interferometry results from the superposition of two light 

waves with slightly different frequencies. The intensity of the superimposed light 

wave is modulated at a beat frequency that is the difference between the two 

original frequencies. Photodetectors then can be used to convert the modulated 

intensity of the light wave to a sinusoidal electrical signal. Various special 

methods are needed to detect positive versus negative vibrations. 

The Doppler effect is the frequency shift (also called Doppler shift) of the 

scattered light from a moving particle or surface that is illuminated by a laser 

beam. The amount of the frequency shift is proportional to the velocity of the 
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scattering particle or surface. The frequency-shifted light is scattered from the 

object surface and is collected by optical lenses. Then it comes back through the 

same optical path as that of the measuring beam and combines with a reference 

beam that has the original or a known frequency to produce the heterodyne 

interferometry. By using a photodetector and advanced signal processing 

techniques, this Doppler frequency can be accurately determined; then the velocity 

of the scattering particle or surface can be calculated according to the following 

equation: 

y= a (3.1) 

where V is the velocity of the particle or surface along the line of sight of the 

measuring beam, Af is the Doppler frequency shift, and A is the wavelength of the 

measuring beam. 

A number of techniques have been developed along with the SLDV for 

different applications and the improvement of the accuracy [3.4, 3.5]. One of 

commonly used technique uses a single frequency coherent laser (usually He-Ne 

laser). Figure 3.1 shows a simplified layout of a single-frequency SLDV. In this 

technique, a He-Ne laser beam with optical frequency / is splitted into reference 

and signal beams by a beam splitter. The signal beam is directed to the testing 

structure by the optics and laser scanner. The scattered signal beam from the 
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structure with Doppler shifted frequeny (f + Af) follows the same optical path 

back to merge with the internal reference beam. The intensity of the re-combined 

beam is modulated at the Doppler frequeny. Another beam splitter divides the 

modulated beam into two parts with 90° phase shift from one part to the other. 

Two photodetectors convert the optical intensity modulation to voltage signals 

which are used to determine amplitude of the vibration. The direction of the 

structure movement is determined from the phase relation between the two 

signals. This reseach used the Ometron's SLDV for the vibration testing of a 

fuselage, in which the single-frequency laser technique was applied. 
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The laser scanning system in the SLDV obviously plays a very important 

role [3.6]. The data acquisition speed, spatial positioning accuracy, spatial data 

point resolution, and the maximum viewing angle of the laser beam all depend on 

the scanner. A galvanometer-based X-Y scanning system [3.7], which provides 

great flexibility, accuracy, and speed, is the most popular choice for the SLDV. 

For the most advanced SLDV systems, the velocity data acquisition 

abilities are truly astonishing. The vibration frequency can be measured from 0 up 

to 100 kHz with a total dynamic range of vibration amplitude up to 140 dB. The 

measuring distance can be up to 200 m. The maximum laser scanning angle is up 

to +20° in vertical and horizontal directions with a scanning resolution up to 16 

bit. The scanning speed can be as high as 56 points/second. The velocity data only 

need a single channel to process. 

3.2.2. Vibration Testing Using the SLDV Technique 

In general, the SLDV technique can be used to measure structura! vibration 

under operating condition or with artificial excitation [3.8]. The excitation 

methods described in Chapter Two can be directly used for the SLDV. The 

numbers and locations of shakers and the support conditions of the structure for 

the non-modal system identification actually are not as critical as those used in 

GVT since modal parameters and mode shapes are no longer of interest. However, 

the general rules for the shaker are still valid, that is, the shaker(s) should supply 
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sufficient vibration energy evenly across the structure, and the location(s) and 

direction(s) of excitation should resemble the known sources of vibration. The 

support conditions of the structure are not different from conventional vibration 

testing. However, additional care must be taken for the SLDV data acquisition: 

the laser scanner/vibrometer unit must be isolated (dynamically decoupled) from 

the structure and the excitation. Any vibration correlation between the measuring 

unit and the testing structure would invalidate the measured data. 

The SLDV technique can be used like an accelerometer to acquire wide- 

bend point transfer FRF with random excitation [3.9]. But the sine-dwell test 

perhaps is the best choice to take full advantage of the SLDV technique. In the 

sine-dwell test, the velocity measurement is triggered by the reference signal 

(usually the force signal from the force gage), so that the phases between the 

response (velocity) and the reference (force) are stationary. The complex mobility 

(velocity/force) field then can be acquired and displayed (commonly in real and/or 

imaginary parts of the mobility shape rather than magnitude and phase) in real 

time. For the sine-dwell technique, it only needs minimum average for the 

measured velocity data due to the superb signal-to-noise ratio, given proper data 

acquisition setup. Thus, a large area can be scanned quickly with a high spatial 

density. 
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3.3. Singular Value Decomposition and Data Reduction 

3.3.1. Background of SVD 

The SVD technique is extremely useful across a wide spectrum of 

disciplines. The most frequent use of the SVD is to solve over-determined linear 

system of equations in the least squares sense [3.10]. Another well-known 

application of the SVD is for obtaining the pseudo inverse of rank-deficient 

matrices [3.11]. 

Meijaard [3.12] outlined the applications of the SVD in the control theory 

for determining controllability and observability of linear system. He applied the 

SVD to obtain periodic solution of a Hamiltonian mechanical systems 

(conservative and time-independent). Oh and Park [3.13] used the SVD technique 

on the modal matrix to select the master degree-of-freedom set for dynamic model 

reduction. Arruda [3.14] applied the SVD to the measured spatial FRF matrix for 

filtering purposes in the spatial derivative computation. Arum [3.15] presented 

SVD-based algorithms for the power spectrum estimation. Zeng and Wicks [3.16] 

proposed to identify modal parameters by using the SVD of the full-size FRF 

matrix. Lim, et al. [3.17] applied the SVD technique to compute eigenvector 

derivatives of repeated eigenvalues. Leurs, et al. [3.18] used the complex-mode- 

indicator functions, which were obtained from the SVD of the normal FRF matrix, 

for modal parameter estimation. The SVD technique are also used in other modal 
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parameter estimation techniques, such as the eigensystem realization algorithm, 

global method, and multi-matrix method [3.19]. 

These examples of the SVD technique used in the dynamic area only 

represent a small fraction of wide applications in all kinds of problems. And the 

list of the SVD applications is expanding rapidly. 

3.3.2. Theory of SVD 

The ordinary SVD primarily deals with a single rectangular or square 

matrix. There are several generalizations of the ordinary SVD that are applied to 

multiple matrices, such as the quotient SVD [3.20], the product SVD [3.21], and 

the restricted SVD [3.22]. Here only the theory of the ordinary SVD (or simply 

called SVD) is presented since the proposed non-modal system identification 

method is based upon this theory. 

Let [Alec be the measured complex spatial mobility matrix, then there 

always exist [UJeC’™, [V]eC*™, and [S]—eR™” such that 

[4]=[UJsqvy" (3.2) 

where 

[Uy [Uy =[JJUy" =U MxM 

PV MI= PY = Wye 
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and 

Ts, 0 01 

0 s, 

0 0 

[S]=} : ". s,| forM2N, ands, 2>522...25y20 

0 

0 0 0.     
The matrix [U] contains orthogonal column vectors which are called the 

. ° ~ . ~ H “~ 

left singular vectors of matrix [4] and they are the eigenvectors of ({4] [4]). The 

columns of the matrix [V] are called the right singular vectors and they are the 

eigenvectors of {4} 4]’). The diagonal elements of the matrix [S] are the singular 

values of the matrix [4] and they are the positive square roots of the eigenvalues 

aqif ia ay ~17 , 

of ({4] [4]) (or ({4] 4] )). Klema and Laub [3.23] provided great details on the 

proof of the SVD theorem, its computation considerations, and its applications in 

linear algebra. 

The singular values of a matrix give several very important characteristics 

of that matrix [3.24]: 

1.) The 2-norm of a matrix is equal to the largest singular value; 

2.) The square of Frobenius-norm of a matrix is equal to the summation of 

the squares of all non-zero singular values; 
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3.) The condition number of a square matrix is equal to the ratio of the 

largest and the smallest non-zero singular values; 

4.) The rank of a matrix is equal to the number of non-zero singular values; 

5.) The determinant of a matrix is equal to the product of all singular 

values. 

Since the number of the non-zero singular values gives the rank of the 

matrix, the corresponding singular vectors forms an orthogonal basis that contains 

the minimum number of vectors to span the range of the matrix. In other words, 

the set of singular vectors that corresponding to the non-zero singular vectors is 

the most efficient set of coordinates with which to represent the given matrix. 

3.3.3. Data Reduction and Noise Filtering by Using SVD 

The spatial matrix, [4]. of the measured mobility data by using the SLDV 

technique could easily have over 10,000 elements (spatial data points). A full-rank 

matrix usually is expected since the experimental data always contain noises. The 

main source of the measurement noises is due to the laser speckle problem that 

causes velocity "drop-out" [3.25]. When the SVD is applied to such a matrix, the 

number of dominant singular values, m, is much less than the rank of the matrix, 

or m << min(M, N), where M and N are number of the rows and columns of the 

matrix, respectively. 
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The singular vectors and singular values of the spatial mobility matrix are 

somewhat similar to the terms of the Fourier series of a general vector (such as a 

white noise). For the Fourier series, those lower order terms that represent the 

fundamental frequencies are weighted with larger scale coefficients [3.26]. The 

higher order Fourier series terms with much smaller weighting coefficients are 

often truncated for their insignificant contributions and/or for noise filtering 

purposes during the data processing. The singular vectors corresponding to the 

dominant singular values of the spatial mobility matrix represent the fundamental 

dynamic response shapes, and their contributions to the total responses are 

weighted by the corresponding singular values [3.27]. Since the measurement 

noises due to the drop-out are shown as sharp spurs in the spatial mobility shape, 

they are usually associated with higher order singular vectors that correspond to 

the smaller singular values. Thus, by setting the small singular values to zero, that 

is tO let Sm+1 = Smt. =... = Smincatan = 0, the corresponding high-order singular 

vectors are eliminated. The spatial mobility matrix can be then reconstructed: 

[4]=(. 1s." (3.3) 

where [4] eC’ is reconstructed mobility shape, [U,JeC’” is the reduced left 

singular vectors, [V,]eC”*” is the reduced right singular vectors, and [S,J—eR™” 
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has the diagonal elements of dominant singular values. The original measured 

mobility shapes are now transformed into the reduced singular vector coordinates 

with the dominant singular values as the weighing function. Clearly, this 

transformation simultaneously achieves two important things: filtering 

measurement noise and data reduction. The original matrix has MZ by N complex 

elements. The reduced left and right singular vectors have M by m and N by m 

elements, respectively, where m indicates the number of dominant singular values. 

Therefore, the data reduction ratio (defined as the size of new data over the size 

of the original data), DR, would be: 

(M+N+1)m 

MN 
DR= (3.4) 

Some examples of the data reduction ratio are given in Chapter Five, which 

for an experimentally measured spatial mobility matrix with 9300 elements, it is 

possible to use only the first two singular values and corresponding singular 

vectors to reconstruct the original mobility matrix - the size of the data used for 

reconstruction is only 4.58% of the original data! In general, the size of the data 

needed for reconstruction increases with the frequency (at higher frequencies, the 

mobility shape is usually more complex). 
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3.4. Discrete Fourier Transform - Inverse Discrete Fourier 

Transform (DFT-IDFT) Techniques for 2-D Spatial Data 
Mapping and Data Reduction 

3.4.1. Purpose of Spatial Data Mapping 

For typical SLDV data acquisition, the laser beam scans the surface of the 

structure with a constant scanning angle increment in the X and Y directions. 

Therefore, the grid of data points is equally spaced only in the sense of scanning 

angle [3.28]. For simple, small, and flat structures, such as beams and plates, the 

variations of the spaces between data points on the measured surface caused by 

the constant scanning angle increment are usually small due to the smaller 

scanning angle. If the operating shapes of the structure are of interest only in a 

qualitative sense, then these small variations are usually ignored. However, for 

large structures or structures with curved surfaces, such as an aircraft fuselage, 

the spacing between the data points along the edges of the scanned area could be 

several times greater than the spacing between the data points near the center of 

the scanned area for the same scanning angle increment. This is due to the 

combined effects of the larger scanning angle and the curvature of the scanned 

surface. Figure 3.2 shows a scanned grid of data points from a section of a 

commercial aircraft fuselage with the units of scanning angle index in both the X 

(longitudinal) and Y (circumferential) directions. When this evenly spaced (in the 

sense of scanning angle) data point grid is converted to a grid along the surface of 
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the fuselage (Fig. 3.3), the scanned area becomes pincushion shaped, the grid is 

no longer rectangular, and the space between data points quite variable. 

There are several applications for which the data format in Fig. 3.3 is 

unacceptable. First, since the fuselage has cylindrical shape plus large size, several 

scans are necessary to cover the entire fuselage surface. The curved edges of each 

scan make it difficult to patch these scans together. Second, in the aircraft 

industry, noise reduction is one of the primary tasks for structural system 

identification. The noise intensity is directly related to the structural wavenumber 

(spatial frequency) of the fuselage surface. To extract the structural wavenumber, 

the spaces between data points must be constant when the DFT or fast Fourier 

transform is used. The third case is that, in general, the SLDV technique only 

measures the velocity along the line-of-sight of the laser to the specific data point. 

In order to obtain the true out-of-plane normal velocity or to obtain the full 3-D 

velocity information at a point, several measurements of that point from different 

viewing angle are needed. It is very difficult to scan the same points on the 

structure from different viewing angle. Therefore, mapping the original data to a 

rectangular grid with constant space between the data points is an essential step 

for data processing. The spatial functionalization of each scan allows the 

determination of the velocity at any point in the space. In this way, three or more 

view points of the same data position can be obtained. 
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3.4.2. Periodization of Non-periodic Discrete Data 

There are two general requirements for the DFT. The first one is that the 

data points be equally spaced; the second, the data must be periodic in the data 

space. Otherwise, leakage would occur. The first requirement can be easily met 

since the original SLDV data are evenly spaced in the sense of scanning angle 

with today’s commercial SLDV. The second one needs special treatment. A 

discrete data periodization technique, originally developed by L. D. Mitchell, et 

al. [3.29], is one solution. This procedure can be seen in Fig. 3.4. 
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Fig. 3. 4. Periodization of non-periodic data 
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In this periodization scheme, the original non-periodic data array (say NV 

points) is doubled in its length with its own mirror and reversed image, and then 

sheared vertically so that it becomes periodic in a length of (2N-1) with a total 

2(N-1) number of data points. 

3.4.3. Theory of DFT-IDFT 

The DFT-IDFT is a well-known technique. It has various applications in 

modal testing, such as data smoothing [3.14, 3.30], angular velocity extraction 

[3.29, 3.30], and discrete data functionalization [3.31]. 

For a 2-D problem such as the fuselage, a 2-D DFT-IDFT could be used, 

but it will fail on any discontinuity (such as a hole) within the mapped area. Thus, 

a two-step DFT-IDFT is needed. Suppose the original SLDV data matrix, such as 

the one in Fig. 3.2, has Mf rows and N columns, the first step is to perform 

rowwise (or columnwise) DFT-IDFT, and the second step is to perform 

columnwise (or rowwise) DFT-IDFT. Note that the acquired SLDV data are 

usually in the complex form of mobility. The rowwise DFT, from the extended 

data after periodization, will be: 

2N-1) 22 (94yte-1) 

A,(k) = a,eu" 

ql 

. for t=L..M: k=1..N (3.5) 
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where, G,, is the original SLDV data after periodization, A, is the coefficient of 

Fourier series, f is the row index, and k is the index of the Fourier series terms. In 

this equation the implied scanning angle increment is unity. 

The IDFT is used to generate new data points that are equally spaced on 

the measured surface. The coordinates of the new data points must be transferred 

into scanning angles. Once the coordinates in the sense of scanning angle are 

determined, the IDFT is just a reversed process of the DFT. To generate new data 

points that are evenly spaced, the rowwise IDFT will be 

N ™ (k-1)ox 

= A(be "for t=1..M: gq=l..n (3.6) 
—lia 

where, @, is the new mobility data, ax: is the largest scanning angle in the X- 

direction, @x,4 is the X-coordinate in the sense of scanning angle for the new data 

point (f, g), and A, is the coefficient obtained from Eq. (3.5). 

After the rowwise DFT-IDFT, the original SLDV data now are spatially 

evenly spaced in the X direction. Similarly, the columnwise DFT is: 

2(M-1) a2 (4-4) j-1) 
A (j= ia,e , for j=l..M; qz=l..n (3.7) 

t=} 
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where, @,, is the new mobility data from Eq. (3.6), A, is the coefficient of Fourier 

series, g is the column index, and j is the index of the Fourier series terms. Finally, 

the columnwise IDFT is: 

i) Oy 
4 wae4 A (ene , for p=l..m gqz=l..n (3.8) 

where @,, is the remapped mobility or velocity data of the points that are evenly 

spaced on the structure surface, ay; is the largest scanning angle in the Y- 

direction, ay,» is the Y-coordinate in the sense of scanning angle for the new data 

point (p, q), and A, is the coefficient obtained from Eq. (3.7). 

In Eqs. (3.6) and (3.8), the total scanning angles in the X and Y directions 

are assumed to be 2a,, and 2a,,, respectively. This assumption is not necessary. 

However, the remapped points should lie inside the original scanned area since 

extrapolation of the Fourier series is not reliable. The two-step DFT-IDFT 

technique not only can be used to remap the original SLDV data to a rectangular 

and evenly spaced data point grid, but also can be used to arbitrarily change the 

original matrix size from M by N to m by n, which could be more or less dense 

data points than the original. This certainly helps to compensate the limitation of 

the scanning resolution. Also, the analysis can be equally applied to a set of real 

data (such as velocities) or complex data (such as mobilities). 
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3.4.4. Data Reduction and Noise Filtering by Using DFT-IDFT 

To preserve maximum originality of the data (including the noise), all terms 

of the Fourier series (up to the Nyquist limit) are used in Eqs. (3.6) and (3.8) to 

reconstruct the original data. The Fourier series is guaranteed to exactly 

reproduce all the original data points under these conditions. The noise and the 

original signal will be reproduced. Similar to the SVD, only the coefficients for 

the first a few Fourier series terms are large and dominate the mobility shapes. 

The measurement noise is reflected in the high-order terms. To filter out the 

noise, only the first a few terms of A, and A, from Eqs. (3.5) and (3.7) are needed 

to reconstruct the basic noise-free waveforms. Data reduction is achieved not only 

from the truncation of the high-order terms, but also from the fact that 

theoretically the data from infinite number of points within the measured area can 

be generated. 

In Section 3.4.3, the original measured mobility data are used in the DFT- 

IDFT analysis. If this technique is applied to the singular vectors (in Eq. (3.3)) 

that correspond to the dominant singular values, then each singular vector can be 

represented by a few Fourier series terms, and additional data reduction can be 

expected. 
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3.5. Frequency-domain Mobility-Shape Interpolation and Data 

Reduction 

3.5.1. Transfer FRF Reconstruction 

So far all the SVD and DFT-IDFT techniques and analysis are applied to 

the measured mobility data in the spatial domain. Unlike the modal vectors, the 

singular vectors are the function of frequency. Therefore, it is necessary to 

acquire the mobility matrices at a number of discrete frequencies of the interest. 

This task probably would be unthinkable with accelerometers in the old days. But 

with the SLDV technique, data acquisition at a large number of spatial points and 

at a large number of discrete frequencies is quite easy, if not trivial. 

If a point transfer FRF is of interest, then the SVD and/or DFT-IDFT 

techniques can be applied to the spatial mobility matrices at the frequencies of 

interest, and the collection of the same element for all reconstructed mobility 

matrices would be the point transfer FRF. 

3.5.2. Linear and Polynomial Mobility Shape Interpolation 

Since the mobility matrices are acquired at discrete frequencies, the 

dynamic responses at any intermediate frequencies that are not measured can be 

obtained through interpolation. 
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The simplest technique would be the linear interpolation of the singular 

vectors and values. Let [4(@,)] and [4@,)| are the measured mobility matrices at 

frequencies @; and a, respectively. The SVD of these two matrices would lead 

to: 

[4(o,) |= [Vos IV @)]" (3.9) 

and [4(@,)] = [U(@,)][S(e,) IV (@.)]" (3.10) 

Suppose the mobility shape at frequency @; (@: < @; S @) is of interest, let 

the interpolation parameter, ¢, be defined as: 

for 0<ft<1l (3.11) 

Then using the dominant singular values and vectors, the interpolated 

mobility shape [4(,)| can be found from the following linear interpolation: 

[4(o,) |= [Uo Iso). (e)}" (3.12) 
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where [u, (a,)] = {u, (@,)| + (1 - VU, (a,)| (3.13) 

V.(0,)]=47,(0,)]+0-9,@,) G.14) 

and [S,(@,)] = q5,(a,)]+(- aS, (@,)] (3.15) 

In general, better interpolation results in frequency domain can be expected 

if more mobility matrices measured at consecutive frequencies are used. A 

quadratic interpolation would use three mobility matrices that are acquired at a, 

@2, and @3. Suppose s(@), S(@2), and s@3) are the three i™ singular values 

obtained from the SVD of the measured mobility matrices [4(@,)]. [4(@,)}. and 

[4(o,)| , respectively. The quadratic interpolation of the 7 singular value, s,(@,), 

at frequency @; would be: 

Xo ] 

5,(@,)=4%, > 4@, (3.16) 

x,) lo; 

where Xo, x1, and x2 are the polynomial coefficients and can be found from: 
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Xo 1 @ @ ” 5,(,) 
s,(@,) (3.17) 

x,} |1 @, @;| |s,(a;) N
N
N
 

Numerical instability could be resulted from matrix inversion of Eq. (3.17) 

if the frequencies are very close to each other. In that case, explicit matrix 

inversion should be avoid, and some numerically stable matrix inversion 

algorithms should be used, such as using the LU factorization [2.15]. 

For the quadratic interpolation of singular vectors, the same equations for 

the singular values can be used with slight modifications. In Eqs. (3.16) and 

(3.17), since the s;s are replaced with singular vectors, the x’s also become 

vectors. To make matrix dimension compatible, each element in the matrix of Eq. 

(3.17) needs to be multiplied with an identity matrix with the size that equals to 

the length of the singular vector. Once the quadratic interpolations of the 

dominant singular values and vectors are obtained, the interpolation of the 

mobility shape can be computed from Eq. (3.12). 

With four measured mobility matrices at consecutive frequencies, the cubic 

interpolation technique can be applied to obtain the mobility shapes at 

intermediate frequencies. The procedure for the cubic interpolation would be 

exactly same as for the quadratic interpolation. The matrix in Eq. (3.17) expands 

to 4 by 4 and includes cubic terms of the @’s for the cubic interpolation. 
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3.5.3. Vector Space Rotation by Using Cosine-Sine Decomposition (CSD)’ 

Paige and Wei [3.32] presented detail description of the development of the 

CSD which is a very useful tool for the analysis of the angles between subspaces 

and direct rotation of subspaces. The wide applications of the CSD can be found 

from the identification of a range-Doppler target density function with radar 

images [3.33] to the construction of sequence of planes with high-dimensional 

data [3.34]. 

The CSD is a general decomposition of a partitioned unitary matrix. The 

following is a general form of the CSD of an unitary matrix [Q]: 

H I 0 0O 
U, OQ, QnT% 07. 
" ‘, io os 7 me G18) 

where [QiuJeC™, [OnJeC”, [(OnjeC™, and [OnJeC™ are the partitions of the 

unitary matrix [OQ]; [Ui], [ViJeC™ and [U2], [V2]eC” are the unitary matrices; 

[7] has the size of abs(k - 7); and 

cos(f,) O -+ 0 

cf 
0 vee 0 cos(8,) | 

  

” Author wishes to acknowledge and to expess sincere thanks for the contributions of Prof. 
Christopher A. Beattie of Mathematics Department, Viginia Polytechnic Institute and State 
University in the development of the technique covered by this section. 
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sin(Q.) 0 = 0 

pe] 
0 vee 0 sin(9,) 

It can be proven [3.30] that 0 < 0, < &<... < 6 < a/2 and [C] +[S] =[J]. 

When the CSD is applied to the direct rotation of a subspace, these 6,’s are called 

the principal angles between the principal vectors that spans the initial subspace 

and the target subspace, and they can be recursively proved that for 7 = 1, 2,..., /, 

6; is the smallest angle between the corresponding principal vectors [3.35]. 

The direct rotation of the subspace can be used for the interpolation of the 

singular vectors, which can be seen as a set of dominant singular vectors for the 

measured mobility matrix at one frequency “rotates” in the frequency domain to 

another set of dominant singular vectors for the mobility matrix at another 

frequency with the rotation angle linear to the frequency [3.36]. 

Let [U,(@1)], [U-(@2)]eC” be the two set of dominant singular vectors 

from Eqs. (3.9) and (3.10), respectively. For simplicity, [U-(@:)] and [U,(@2)] are 

rewritten to [U,;] and [U,2]. Let [Un.], [Ur2JeC™™ be the complements of 

[Uri] and (U,2] to form unitary basis [Ui] and [U2]. An unitary matrix [Q] can be 

formed as: 
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H _ Un U,, Un U 26 [ol= [ey os = ee 6.19 
rie~ r2 rie~ r2 

The SVD of the block matrices [ux U,,| and (U7.U,2| lead to: 

[UxU,.]=[Z Icy (3.20) 

and 

[ox.U,.|=(Z [sry (3.21) 

where [Z,], [VJeC”™”, and [Z.]}eC%"*”™ are unitary matrices. [C]eR™” and 

[S]JeR“””™” are diagonal matrices that contain cos(@,) and sin(6,) on their main 

diagonal, respectively. Combining Eqs. (3.20) and (3.21) and putting them in 

matrix form would be: 

URU,,| [Z| 0] Ch a 

pint Leta ls 02 rice~ r2 

  

Since [U,;|U;i-] 18 an unitary matrix, premultiplying it to Eq. (3.22) leads 

to: 

[U2] = [Un | Un. te ser (3.23) 
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By realizing @,’s are the principal angles between the subspaces spanned by 

({UnJ}[Z1]) and ({U,2][V]), and the fact that Range([U,1]) = Range([U;1][Z:]), and 

Range({U,2]) = Range({U,2][V]) since [Zi] and [V] are unitary matrices, 

parameterization of 6,’s would accomplish the direct rotation of the subspace 

([Un][Zi1]) to the subspace ([U,2][V]), or the rotation of the Range([U,:]) to the 

Range([U,2]). This can be done by using the parameter, ¢, defined in Eq. (3.11) 

and replacing cos(6,) with cos(t@,) in [C] and sin(6,) with sin(¢6,;) in [S]. Equation 

(3.23) then becomes: 

C.(o}= en Und 2b 6.28 

For ¢ = 1, Eqs (3.24) and (3.23) are identical. For ¢ = 0, [C(] = [7], [S()] 

= 0, and Eq. (3.24) reduces to [U,2][V] = [U,1][Zi]. For the direct rotation of 

[U1] to [U,2], the eigen decomposition and parameterization of ([V)[Z:]”) can be 

applied [3.36]. Let 

VIZ)" =py4Ry (3.25) 
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where [X] is the eigenvectors of ([VJ[Z:]”) and [A] = diag(A1,...,A»). Since 

({V][Z:]") is an unitary matrix, |A,| = 1. If replacing 2, with 4," "”, then Eq. (3.25) 

reduces to [J] when ¢ = 1, and reminds the same when f¢f = 0. If Eq. (3.25) 1s 

applied to Eq. (3.24), then the interpolation function of the dominant singular 

vectors based on the direct rotation and the CSD is formulated: 

[w-(o,]=[0, | Onde | broly (3.26) 

The dominant singular vector set [V,(@,;)] can be interploted with the same 

algorithm for [U,(@,)]. The interpolation of the dominant singular values can be 

obtained from Eq. (3.14). And Eq. (3.12) can be used to obtain the interpolated 

mobility shape. 

By the means of mobility interpolation in the frequency domain, the interval 

of discrete frequencies for mobility measurement can be extanded. In other words, 

less data need to be acquired, which can be seen as other way of data reduction. 
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CHAPTER FOUR 

EXPERIMENT SETUP AND DATA ACQUISITION 

4.1. Overview 

The non-modal system identification method presented in Chapter Three 

was applied to the dynamic response identification of a fuselage of the Cessna 

Citation VI. The Cessna Citation VI is a twin-engine commercial business jet 

airplane (see Fig. 4.1). Jet engines are mounted on each side of the rear portion of 

the fuselage. The interior cabin noise within a bandwidth of 50 to 350 Hz is the 

primary concern of the acoustic analysis engineers. The source of low frequency 

cabin noise is due to the engine vibrations under the operating condition. The 

objective of the vibration testing of the fuselage is to simulate the engine vibration 

with the excitation input and to identify the dynamic responses of the fuselage. 

The acoustic power radiation and near-field sound pressure distribution function, 

often used in active noise control techniques [4.1], can be derived from the 

identified spatial dynamic response function of the fuselage. 
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Fig. 4. 1. Top view of Cessna Citation VI commercial jet airplane 

4.2. Hardware Setup 

The experimental hardware setup is depicted in Fig. 4.2. The fuselage is 

about 43 ft long and 6 ft in diameter at the cabin section. For better laser beam 
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scattering to improve the Doppler signal and, thus, velocity signal condition, the 

surface of the fuselage was coated with white Spotcheck® Developer. The 

fuselage rested on a dolly which was made of steel structural angles and had six 

steel casters. An airspring support system for the fuselage was initially designed 

to simulate the free-free boundary condition. However, due to the limitation on 

funding, the low-natural-frequency airspring support system was not implemented. 

Any improvement of the supporting system would only change the dynamic 

responses of the fuselage and would not have effect on the application of the 

proposed non-modal technique. 

  

   

    

Engine mount Shaker    Scanned area 

  

  

Fig. 4. 2. Hardware setup for the fuselage vibration testing 

  

” Spotcheck® is a registered trademark of MAGNAFLUX, 
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The shaker was a VTS Model VG-100 that has the maximum output 

excitation force of 100 lb (peak). A long elastic bungee cord was used to hang the 

shaker, which provided very low swing and vertical frequencies (less than 1 Hz). 

Thus, good excitation energy at low frequency could be input. 

A four-inch long, 0.040 in diameter stinger made of music wire was used to 

connect the shaker and the force transducer (or the impedance head). The stinger 

has high axial stiffness and very low bending stiffness that eliminates much of the 

unwanted lateral swing-induced moment excitation. The excitation direction was 

approximately radial to cabin cross section. 

A PCB Model 288A11 impedance head which has a force range of +5 Ib 

and a sensitivity of 970 mV/Ib for the force sensor and 96.6 mV/g for the motion 

sensor was used in drive-point FRF test. A PCB Model 208A03 force transducer 

which has a range of +500 Ib with a sensitivity of 10.5 mV/lb was used in sine- 

dwell test. The force transducer was mounted on the base of the left engine mount 

with a 10-32 threaded mounting stud. 

4.3. Data Acquisition Instrument Setup 

The main part of the data acquisition of the spatial mobility shape is the 

Ometron Vibration Pattern Imager (VPI) 9000 System [4.2]. The VPI 9000 

system consists of three separate units: the VPI Sensor optical unit, the VPI 
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Sensor power supply unit, and the VPI 9000 main console. A HP 340 computer 

with the workstation BASIC operating system was used as the host of the VPI 

9000. The instrument setup and signal flow diagram for the mobility measurement 

are shown in Fig. 4. 3. 
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———— fT {tC         
  Fig. 4. 3. Data acquisition instrument setup diagram 

The He-Ne laser and the X-Y laser scanner are located in the optical unit 

of the VPI Sensor, which can provide a maximum +12.5° optical scanning angle in 

both the X and Y direction with 12-bit resolution. There are three velocity ranges 
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and four low-pass filters that can be selected from the optical unit for optimal 

signal quality. The optical unit also provides manual focus of the laser beam. Two 

interchangeable lenses give optimal focusing of the laser beam depend on the 

scanning distance. There are two analog velocity signal outputs from the optical 

unit. A differential velocity output that is immune from electric noises is fed to the 

main console unit. A simple analog velocity signal that can be used for other data 

acquisition system is connected to an oscilloscope for monitoring. Also, a 

frequency-modulated Doppler signal from the optical unit is connected to the 

oscilloscope, from which the optimal setup condition can be determined. 

The VPI 9000 main console performs data acquisition and processing, as 

well as laser scanning control. The force signal from the force transducer is fed to 

the reference channel of the correlator unit (lock-in amplifier) of the main 

console. The correlator correlates the phase between the force and velocity 

signals and provides several data acquisition settings, such as time constant for 

stable correlator output, signal sensitivity (dynamic range), phase shift of the 

reference signal, and the data format (real/imaginary or magnitude/phase). 

The HP workstation is connected to the main console through an HPIB 

bus. The host computer provides the platform for Ometron’s VPI 9000 data 

acquisition software and the initial storage for the data files. The HP computer is 

also connected to a HP Paintjet XL printer for the color printouts. 

Experiment Setup and Data Acquisition 74



4.4, Mobility Shape Data Acquisition 

For the mobility shape measurement, a sine waveform signal at a given 

frequency from a HP Model 3324A Synthesized Function/Sweep Generator is sent 

to the shaker through a power amplifier (Fig. 4.3). While the fuselage is vibrating 

at the given frequency, the VPI Sensor scans the fuselage shell with the laser 

beam in a raster scanning fashion. The velocity measurement is triggered by the 

force signal at each scanned point, so a signed real part (in-phase or out-of-phase 

with the force signal) and a signed imaginary part (90° or 270° phase angle with 

the force signal) of the velocity field are obtained. The scanning control, data 

acquisition, post processing, and file management are all contained in the Ometron 

VPI 9000 software. 

The maximum number of the spatial data points is 256 by 256. The digital- 

to-analog (DAC) step size of scanning (minimum increment of scanning angle) is 

25°/(2)'? or 0.0061 (0.0001 rad.). It takes approximate 6 to 7 minutes for 10,000 

data points (or about 35 to 40 msec/point). The actual velocity measurement 

needs only one and half wave period, e.g., the sampling time would be 15 msec 

for the excitation frequency of 100 Hz. The time constant of the correlator and 

the travel and settling time of the laser scanner contribute the main overhead time. 

For this experiment, a total of three sets of mobility data were acquired 

with different setups. The setup and scanned area for left side mobility 

measurement is shown in Fig. 4.4. 

Experiment Setup and Data Acquisition 75



  

  

Scanned area Shaker | Engine Mount     
    

     

   

  

      
<e aoeas | Ea 

Back Pressure Bulkhead 

   

  

    
           

  

    

  

  

Door Rear Edge 

Front View 

Top Center Line 

Right Side | 458 Sia 
  

       

4D . 
a“ 

Force Transducer 
a“ 

a 

_-7 Engine Mount 
a“ 

Floor Line 

Side View 

  

Fig. 4. 4. Scanned area for the left side mobility measurement 
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For the first set of mobility data, the VPI Sensor optical unit was set to a 

distance of 312 inches from the center of the scanned area at the left side of the 

fuselage. The input frequencies were from 50 to 300 Hz with increments of 2 Hz, 

In addition, a dozen of mobility shapes at intermediate frequencies were acquired 

for evaluation of the frequency-domain interpolation techniques. The scanned area 

was on the left side (the same side of the shaker) of the fuselage and was about 

132 inches in length and 63 inches in circumferential directions of the fuselage | 

(slightly smaller than the scanned area shown in Fig. 4.4). All five windows on the 

left side of the fuselage were included in the scanned area. There were 150 by 62 

points (9300 real and 9300 imaginary components) scanned for each frequency. 

After the first set of mobility data were acquired , it was decided that more 

SLDV mobility data were needed to cover the entire cabin section of the fuselage 

from one side of floor line to the other side of floor with extended frequency 

range. Similar to the first set of data, the scanned area for the second set of 

mobility data was on the left side of the fuselage. The scanned area was extended 

from the first set of data to cover from top center line to the floor line (about 85 

inches) in circumference and from the rear edge of the passenger door to the back 

pressure bulkhead (about 153 inches) (see Fig. 4.4). The distance from the center 

of the scanned area to the VPI Sensor was 610 inches. The frequency range was 

extended from the first set of data to cover from 50 to 350 Hz. The scanned data 

points were 153 by 66 (total 10,098 points). 
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It can be seen from Fig. 4.4 that the scanned area did not have rectangular 

shape but a pincushion shape. The curves at two ends of the scanned area are 

actually an ellipse in space. This curves are formed by a plane (formed by the 

scanning laser beam) intersecting a cylinder (the fuselage) at an angle. This 

pincushion shape also indicates the uneven space between the data points since the 

increment of the scanning angle is constant in both X and Y directions. 

The third set of mobility data was taken from the right side of the fuselage. 

The ideal of taking the third set mobility data was to patch the right-side mobility 

shape with the left-side mobility shape (the second set of data) so that the whole 

mobility shape for the cabin section could be obtained. To scan the right side, the 

fuselage was turned around while the VPI Sensor remained on the same spot. 

However, due to the limitation of laboratory space, the scanning distance for the 

right side was only 590 inches instead of 610 inches for the left side. In order to 

scan the same size of area as the left side, that is from the top center line to the 

floor line and from the rear edge of the door to the back pressure bulkhead, the 

number of scanned data points for the right side was changed to 158 by 68 (total 

10,744 points) because of the limited scanning resolution. The excitation source, 

however, was still on the left-side engine mount. Figures 4. 5 and 4. 6 shows 

examples of the mobility shapes (real and imaginary) measured from the left and 

right sides of the fuselage at 200 Hz, respectively. 
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Fig. 4.5. Measured mobility shape from the left side of the fuselage 
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Measured mobility shape @ 200Hz (right side, real) 
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Fig. 4.6. Measured mobility shape from the right side of the fuselage 
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CHAPTER FIVE 

DATA PROCESSING IN THE SPATIAL DOMAIN 

5.1. Overview 

To apply the non-modal technique presented in Chapter Three to the 

measured mobility shape of the fuselage, there are three practical issues that 

needed to be dealt with first. The first is the angular correction for the surface- 

normal vibration. This is to convert the SLDV mobility data measured along the 

line-of-sight of the laser beam to the direction normal to the fuselage surface. The 

second issue is the transformation between the spatial coordinates of the data 

points on the fuselage and the scanning angle coordinates of the SLDV. The 

measured mobility shape in the sense of scanning angles needs to be mapped onto 

the fuselage surface, which involves transferring the scanning angle coordinates cf 

each data point to the spatial coordinates. On the other hand, using the DFT-IDFT 

technique to remap the mobility shape with spatially even-spaced data points 

needs transfer of the spatial coordinates of new data points to the scanning angie 

coordinates. The third issue is about how many dominant singular values and 

corresponding vectors are needed for the reconstruction of the original spatial 

mobility matrix. 
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5.2. Angular Correction for Surface-normal Vibration 

In dynamic analysis it is a general belief and common assumption that 

cylindrical thin-shell structural vibration is normal to the surface of the structure 

[5.1]. Since the fuselage falls into the cylindrical thin shell category in general, 

surface-normal vibration should be expected. However, the SLDV technique 

measures the surface velocity of the fuselage along the line-of-sight of the laser 

beam. The measured velocity is not, in general, normal to the surface under 

testing. Therefore, the spatial matrix acquired by the SLDV might not represent 

the true outward normal mobility shape of the fuselage. An angular correction for 

the measured mobility at each point is needed to estimate the mobility shape 

normal to the surface. Figure 5.1 illustrates this angular correction. 

From Fig. 5.1(a), the angle, Ox,, between the surface normal and the laser 

beam in the X-Z plane (the radial plane of the fuselage) at data point (7, /) is 

simply the j scanning angle, Qx;, in the X-direction, or 

by; = ax; for J =1...N (5.1) 

where WN is the number of data points in the X-direction. The angle, @,, in the Y-Z 

plane (the tangential plane of the fuselage) at data point (¢, /) is more complicate 

to determine due to the cylindrical surface. Refer to Fig. 5.1(b), this angle can be 

found from 
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0, = sin! 2 sn(a) |r, for t=1..M (5.2) 

where R is the radius of the fuselage, D, is the distance from the scanner to the 

measured ¢" row and can be determined from 

  

D, =(R+d) cos(ay,)~ y[(R+ 4) cos(ay,)} - d(2R +4) (5.3) 

where ay; is the 7" scanning angle in the Y-direction, d is the distance from the 

scanner to the surface when the laser beam at home position (center), and M is the 

number of data points in the Y-direction (refer to Fig. 5.1(b)). Once the angles, 6; 

and @x,, are determined, the 2D angular correction in matrix form is 

[4]=[-, [AJA] | (5.4) 

cos(Oy,) + o | 

where [F,J= "* : 

0 “++ CoS(Oxy ) 

cos(O,,) + oT 

and [FL J= s 

0 “+ cos(Oy,,) 
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Figure 5.2 shows the effect of this angular correction. It can be seen that at 

the central part of the mobility shape has very little change in magnitude. 

Significant changes of magnitude only occur at the corners and along the edges. 

5.3. Coordinates Transformation and Data Remapping 

As discussed in the mobility data acquisition of Chapter Four, the scanned 

area of the fuselage is not rectangular but has curved edges. The spaces between 

data points are not constant. Also, the number of rows and columns acquired from 

the left side and the right side of fuselage do not match. Without remapping the 

data points, it is impossible to patch the mobility shapes from the two sides or to 

extract the structural wavenumber by using the DFT technique. 

5.3.1. Transfer Scanning Angle Coordinates to Spatial Coordinates 

For the measured mobility shape, each data point is only associated with 

the scanning angles of the SLDV. In order to map the measured data to evenly 

spaced grids, the spatial coordinates of the original data points need to be 

determined from the scanning angle coordinates. Refer to Fig. 5.1, if the origin (0, 

0) of the spatial coordinates is defined as the point that the laser beam at the home 

position (when both the X and Y scanning angles are zero) intersects the measured 

surface area, then the X-coordinate of the data point (7, /), xy, is 
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x4 =D, tan(a,,) for t=1..M; j=1...N (5.5) 

where D, is the distance from the scanner to the measured 7" row and can be 

determined from Eq. (5.2) and ax, is the j scanning angle in the X-direction. It 

can be seen that the X-coordinate is not only the function of XY scanning angle, but 

also the function of Y scanning angle. The Y-coordinate of the data point (7, j), yy, 

1S: 

. | D,. a y, = Rsin FZ sinl@w) for t=1..M; j=1...N (5.6) 

where R is the radius of the fuselage cross-section and ay; is the ¢" scanning angle 

in the Y-direction. Once the X and Y spatial coordinates for each data point are 

determined, the mobility shape measured in the sense of scanning angles can be 

mapped onto the surface of the fuselage. Figures 5.3 and 5.4 show an example of 

this transformation from the coordinates of the scanning angle to the spatial 

coordinates, which is displayed in 2-D and 3-D, respectively. It can be seen 

clearly from Fig. 5.3 that the coordinate transformation “stretched” the original 

mobility from the center toward the corners. 
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  Fig. 5.3. Example of the mobility shapes for coordinates transformation (in 2-D) 
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5.3.2. Mobility Shape Remapping to Evenly Spaced New Data Points 

From Fig. 5.3, clearly the data points corresponding to a column of the 

measured spatial mobility matrix do not line up on the circumference of the 

fuselage. The data point grids are not rectangular, and the size of the grid at the 

corners and along the edges are much larger than at the center. 

To remap the mobility shape to evenly spaced grid points, the two-step 

DFT-IDFT technique discussed in Chapter Three can be applied, i. e., Eqs. (3.5) 

to (3.8) can be used. However, in Eqs. (3.6) and (3.8) two IDFT variables, axj19, 

the X-coordinate for new data point (t, g) and, @y,p4, the Y-coordinate for new 

data point (p, q) in the sense of scanning angle need to be determined first. 

Figure 5.5 illustrates the transformation for the evenly spaced new data 

points from the spatial coordinates to the scanning angles. Let’s suppose the 

scanned area is symmetrical about the center, which can be attained through 

properly setup of the SLDV. The shortest row in the X-direction will pass the 

center of the scanned area and has a distance d to the scanner. Also, assume that 

there are N and M number of data points originally measured in the X and Y 

directions with the largest scanning angles of tax; and tay), respectively. Now 

the original mobility shape is to be remapped to a new area that is bounded by the 

original boundaries and with a new number of data points, m and m, and even 

spaces, AL and RAO, in the X and Y directions, respectively (refer to Fig. 5.5). 

The X-coordinate for new data point (¢, q), @x,r¢, in the sense of scanning angle is: 
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Oy 1g = Ay, — tan”! {2 tn) 1 4-9} jor! =1..M (5.7) 
' n—-| 

where D, is the distance from the scanner to the measured ™ row and can be 

found by using Eq. (5.3). The Y-coordinate for new data point (p, g), @y,pg, in the 

sense of scanning angle is: 

_ one} & _ 2(p-}) . a. . p=1...m 
Ay oq = Ay, — Sin (2 inf an js 4 salon) for (5.8) 

  

where d, is the distance from the scanner to the new p"™ row of points and can be 

determined from: 

  

d, = fe +2R(R+ ‘ji - cos - wet sin7! 4 sin(a,, | (5.9) 

Once the coordinates of the new evenly spaced data point are determined in 

the sense of scanning angle, Eqs. (3.5) to (3.8) are used to generate the mobility 

data on the new points. Figures. 5.6 and 5.7 show the remapped mobility shapes 

displayed in 2-D and 3-D, respectively. It can be seen that the original mobility 

shapes are well preserved during the process but the scanned area is “trimmed”. 
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Fig. 5.7. Example of the mobility shape remapping (in 3-D) 
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5.3.3. Noise Filtering During Mobility Shape Remapping 

In Eqs. (3.6) and (3.8), the IDFT uses all Fourier series terms (or called 

harmonic terms) from the DFT for the mobility shape remapping, which 

guarantees the total recovery of the original data. However, the measurement 

noises that usually associate with the high-order Fourier series terms are also 

included in the remapped mobility shape. 

Sun and Mitchell [3.30] proposed a harmonic truncation criterion to 

eliminate the high-order Fourier series terms for data smoothing. But this 

technique requires user’s experience and visual inspection to determine the 

minimum number of the harmonic terms used in the IDFT. Neumann and Mitchell 

[5.2] used a statistically-based harmonic truncation criterion. The second 

technique requires less user interaction, but needs to select statistical parameters, 

which by no means is a simple task. 

The point of interest of this dissertation is on the noise filtering effect, a 

by-product of the mobility shape remapping, rather than the establishment of the 

harmonic truncation criterion. Figure 5.8 shows the effect of this noise filtering. 
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5.4. Mobility Shape Reconstruction and Data Reduction 

Mobility shape reconstruction by using the dominant singular values and 

corresponding singular vectors is the key to the non-modal system identification 

technique presented here. The question is how many number of the dominant 

singular values and vectors are needed for the reconstruction. If too many number 

of the singular values and vectors are used in reconstruction, than the data 

reduction is less effective and more measurement noises are included. On the 

other hand, if too few number of the singular values and vectors are used, than 

part of valuable dynamic response might be lost. The balance between 

reconstruction and data reduction/filtering is proven to be a very challenging 

problem. 

By definition, the rank of a matrix is equal to the number of non-zero 

singular values of the matrix. However, in numerical analysis, it is very common 

that none of the singular values of a rank-deficient matrix is really equal to zero 

due to the computer round-off error. From purely computational point of view, 

the “zero threshold” for singular values is often related to the machine precision 

limit of the computer which is somewhere 10°°° to 10°” [3.12, 3.20, 3.23]. For 

the measured spatial mobility matrix, it is very unlikely to be rank deficient due to 

the measurement noises. That means none of the singular values of the measured 

mobility matrix would below the “zero threshold” of the machine precision. 

Obviously, this machine-precision criterion is not suitable for this application. 

Data Processing in Spatial Domain 98



Fillod, et al. [5.3] used the consecutive ratios of the singular values, s,/s2, 

$2/53, ..., to determine the number of global modes. In their work, the cut-off 

criterion was the “hole” (a sudden drop) in the singular values, which would be 

shown as a “peak” in the plot of consecutive ratios of the singular values (the 

ratio of s;.;/s; would be large is s; is much less than s;.1). The obvious 

shortcomings of this criterion are that: 1.) it requires visual inspection and 

interaction; 2.) the peak may not be very distinguishable and may be difficult to be 

identified; and 3.) the remain singular values may still have significant 

contribution. 

As mentioned in the last section, some cut-off criteria have been applied to 

the truncation of the harmonic terms in the DFT-IDFT technique [3.30, 5.2]. 

Those criteria are not suitable for this application either. The singular vectors all 

have unit length (vector norm) and they are not any kind of spatial harmonic 

functions. The contribution of each singular vector is weighted by the 

corresponding singular value. Therefore, the inspection of the residual mobility 

shape (the original measured mobility shape subtracts the reconstructed mobility 

shape) would not be any more useful than the direct inspection of the singular 

values. Besides, all these criteria still need user to set the threshold or to select 

parameters that could be quite subjective. 

From mathematical point of view, minimizing errors between the estimation 

(the reconstructed shape) and the true value (the measured shape) would be 
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almost always the objective. For matrix analysis, since matrix norm is the measure 

of the magnitude of a matrix, minimizing the norm of the residual matrix is a 

logical choice for many matrix approximation techniques [2.15]. Unfortunately, 

this concept will not work for this application. Since the use of all singular values 

and vectors for reconstruction will yield the exact original matrix, the minimum 

norm of the residual mobility matrix is zero for the SVD reconstruction. Such a 

minimum would include noise as well as true mobility. 

From statistical point of view, it is very difficult to quantitatively determine the 

amount of the SLDV measurement noises. As it can be seen from all the measured 

mobility shape plots that those measurement noise are not “riding-on” the legitimate 

dynamic response of the structure, but rather they are shown as “spurs” or "spikes" which 

could have absolute magnitudes that well exceed the magnitude of dynamic response. 

These measurement noise could also have significant effect (or more precisely, bias effect) 

on the matrix norm which will be seen later. 

It is logical, however, to have through investigation on the singular values and 

their effects on the norm of the residual matrix before any criterion can be objectively set. 

Figure 5.9 is the plots for the magnitude of the first 20 singular values of the measured 

mobility shapes at some selected frequencies. The general trend shown in Fig. 5.9 is that 

only first a few singular values are dominant and the rest are relatively insignificant. This 

can be seen more clearly in Fig. 5.10 which plots the ratio of the first 20 singular values to 

the first singular value. These ratios in Fig. 5.10 are also listed in Table 5.1. 
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Fig. 5. 9. Plot of the first 20 singular values at selected frequencies 
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(Singular value ratios in excess of 0.10 are highlighted) 
Table 5.1. The ratios of the first 20 singular values to the first singular value 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

        

No. of Frequency of Excitation 
Singular 

Values 70 Hz 100 Hz | 150Hz | 200Hz | 250Hz | 300 Hz 

1 1.000 1.000 1.000 1.000 1.000 1.000 

2 0.2027 0.3661 0.5520 0.8882 0.7833 0.8741 

3 0.0522 0.1136 0.2960 0.4947 0.5551 0.6911 

4 0.0446 0.0893 0.1493 0.3113 0.4971 0.5919 

5 0.0295 0.0731 0.1133 0.2211 0.3782 0.3721 

6 0.0279 | 0.0601 | 0.0757 | 0.1805 | 0.3006 | 0.3457 
7 0.0258 0.0563 0.0657 0.1452 0.2348 0.2395 

8 0.0251 0.0537 0.0522 0.0930 0.2059 0.2027 

9 0.0239 0.0489 0.0480 0.0661 0.1605 0.1488 

10 0.0228 0.0471 0.0433 0.0555 0.1089 0.1295 

11 0.0215 0.0455 0.0409 0.0471 0.0909 0.1005 

12 0.0209 0.0438 0.0387 0.0439 0.0689 0.0773 

13 0.0195 0.0422 0.0368 0.0359 0.0579 0.0702 

14 0.0193 0.0409 0.0359 0.0292 0.0498 0.0668 

15 0.0188 | 0.0399 | 0.0312 | 0.0283 0.0409 | 0.0508 
16 0.0176 | 0.0386 | 0.0292 | 0.0258 | 0.0360 | 0.0438 
17 0.0172 | 0.0374 | 0.0267 | 0.0238 ; 0.0348 | 0.0388 
18 0.0169 0.0356 0.0264 0.0227 0.0323 0.0371 

19 0.0160 0.0354 0.0251 0.0216 0.0306 0.0352 

20 0.0156 0.0336 0.0245 0.0204 0.0294 0.0307         
  

  
Two very important observations can be made from Fig. 5.10 about the 

ratios of the singular values. The first one is that, in general, the rate of decline cof 

the singular value ratio is function of frequency. At lower frequencies, the ratio of 

singular value drops rapidly, which indicates that only need relatively fewer 

number of dominant singular values and corresponding vectors for the 

reconstruction of the relatively simpler mobility shape. At higher frequencies, the 

mobility shape gets more complicated and needs greater number of singular values 
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and vectors for the reconstruction, as it is shown in the plot that the ratio decline 

is smaller at higher frequencies. The second observation is that once the ratio of 

singular value drops below a certain limit, it becomes relatively flat and 

insignificant, that is, additional large number of singular values beyond certain 

point will have only very littler effect (or contribution) in the reconstruction. In 

this case, the ratio of 0.1 seems a very reasonable choice of the limit (see the 

justification later). The singular value ratios that are above the 0.1 threshold are 

bold faced in Table 5.1. 

Next, let’s take a close look of the norm of residual matrix. Figure 5.11 is 

the plots of the matrix-norm ratios that are obtained from 2-norm of residual 

matrix (the original matrix subtracts from the reconstructed matrix) over the 2- 

norm of the original matrix (|| A-A |lo/|| Alla). These ratios of the matrix norm are 

also listed in Table 5.2 . 
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Fig. 5. 11. The plots of matrix-norm ratios for reconstruction 
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Table 5.2. The matrix-norm ratio of the residual matrix to the original matrix 
_ (The highlighted numbers show the change in the matrix norm ratios) 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

      

No. of Frequency of Excitation 
Singular 

Values 70 Hz 100 Hz 150 Hz 200 Hz 250 Hz | 300 Hz 

] 0.2462 0.4323 0.5290 0.8691 0.7922 0.8923 

2 0.2314 0.3664 0.2644 0.4762 0.5309 0.6977 

3 0.2314 0.3664 0.1975 0.3112 0.4645 0.5927 

4 0.2314 0.3664 0.1958 0.2753 0.3309 0.3825 

5 0.2314 0.3664 0.1958 0.2753 0.3111 0.3766 

6 0.2314 0.3664 0.1958 0.2740 0.3049 0.3576 

7 0.2314 0.3664 0.1958 0.2738 0.3049 0.3568 

8 0.2314 0.3664 0.1958 0.2738 0.3045 0.3568 

9 0.2314 0.3664 0.1958 0.2738 0.3042 0.3566 

10 0.2314 0.3664 0.1958 0.2738 0.3042 0.3566 

11 0.2314 0.3664 0.1958 0.2738 0.3042 0.3566 

12 0.2314 0.3664 0.1958 0.2738 0.3042 0.3565 

13 0.2314 0.3664 0.1958 0.2738 0.3042 0.3565 

14 0.2314 0.3664 0.1958 0.2738 0.3042 0.3565 

15 0.2314 0.3664 0.1958 0.2738 0.3042 0.3565           
  

  
Some observations from Fig. 5.11 are important for the SVD data 

reduction and reconstruction. Similar to the plots of singular value ratios in Fig. 

5.10, the ratio of matrix norm decreases rapidly for the residual matrix from the 

reconstruction using the first a few dominant singular values. However, the plots 

of the matrix-norm ratios become flat quickly but do not reduce to very small 

values like the singular value ratios. This clearly indicates the tremendous bias 

effect of the measurement noise on the norm of the residual matrix. Also, this 

shows the relations between the SLDV measurement noise and the SVD 

reconstruction; that 1s, the measurement noise is only associated with high-order 

singular vectors which are weighted with very small singular values. 
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It is interest to see, however, that if the criterion for the number of 

dominant singular values is set to where the matrix-norm ratios in Table 5.2 

(values with bold face) do not decrease even several additional singular values are 

used in reconstruction, then the number of dominant singular values determined by 

the matrix-norm-ratio criterion is very close to the number determined from the 

singular-value-ratio criterion. To make it clearer, the numbers of dominant 

singular values determined from these two criteria are listed in Table 5.3, along 

with the data reduction ratios computed by using Eq. (3.4). The singular-value- 

ratio criterion is preferred in this application simply because it requires no 

interaction but only to set one parameter. However, the matrix-norm-ratio 

criterion provides a valuable justification for the singular-value-ratio criterion. 

Three mobility shape reconstruction examples using the singular-value-ratio 

criterion at three different frequencies are given in Figs. 5.12 to 5.14. Two of the 

residual shapes are plotted in Fig. 5.15. These plots are the direct justification of 

the SVD mobility shape reconstruction using the singular-value-ratio criterion. 

From Fig. 5.15, it is clear that the residual shapes contain mainly the measurement 

noise, yet the norms are about one fifth of the original shapes. 

Table 5.3. Retained number of singular values from singular-value-ratio criterion 
versus excitation frequency (numbers in parenthesis are from matrix-norm-ratio) 
  

  

  

              

Frequency (Hz) 70 100 150 200 250 300 

No. of Dominant 2 3 5 7 10 11 

Singular Values (2) (2) (4) (7) (9) | (12) 
Data Reduction 

Ratio by Eq. (3.4) 0.0458 | 0.0687 | 0.1145 | 0.1603 | 0.2290 | 0.2519     
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Measured mobility shape @ 70 Hz (left side, real) 
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Fig. 5.12. Mobility shapes before and after reconstruction at 70 Hz 
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Measured mobility shape @ 150 Hz (left side, real) 
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Fig. 5.13. Mobility shapes before and after reconstruction at 150 Hz 
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Fig. 5.14. Mobility shapes before and after reconstruction at 300 Hz 
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Residual matrix @ 70 Hz (2 SVs, left side, real) 
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Fig. 5.15. Residual mobility shapes at 70 Hz and 150 Hz 
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CHAPTER SIX 

DATA PROCESSING IN THE FREQUENCY DOMAIN 

6.1. Overview 

For the fuselage which has excessive damping and densely packed modes, 

the frequency responses are not dominated by a few natural frequencies or a few 

global modes as most simple structures. The dynamic responses of the fuselage 

over entire frequency range of interest have equal importance for the acoustic 

control engineers. Since the singular values and vectors are functions of 

frequency, ideally the mobility shape should be acquired at each frequency of 

interest or with a very small frequency interval over the frequency range of 

interest. In general, the specific frequencies of interest are not always known at 

the outset, thus the data acquisition over a broad frequency range is often 

necessary. Obviously, taking mobility data at each very small frequency interval is 

one of the solutions, which is certainly not an attractive solution simply because 

of the extensive costs in time and computer resources. Therefore, the data 

processing and manipulating in the frequency domain is as important as in the 

spatial domain for the non-modal system identification method, which spans the 

frequency domain and provides another type of data reduction. 
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6.2. Transfer Mobility FRF from the SVD 

The mobility shapes acquired by using the SLDV technique represent the 

spatial dynamic responses of the structure at the excitation frequencies. By using 

the SVD and DFT-IDFT spatial-domain data-processing techniques that were 

illustrated in the last chapter, the broad-band transfer mobility FRF at any point 

within the scanned area can be easily generated, which is the collection of the 

mobility data at the same location of interest from all the reconstructed and 

remapped mobility shapes. Figure 6.1 shows an example of such application. 
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Fig. 6. 1. Example of generated point transfer mobility FRF 
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6.3. Mobility-shape Interpolation in the Frequency Domain 

6.3.1. Interpolation Technique Comparison 

The mobility-shape interpolation techniques presented in Chapter Three 

operate on the singular values and singular vectors of the measured mobility 

shapes. The linear interpolation and vector-rotation interpolation techniques use 

the measured mobility shapes at only two frequencies for any interpolated shape 

between them. The quadratic interpolation uses the mobility shapes measured at 

three different frequencies to predict the mobility shape between these 

frequencies. For the cubic interpolation, although four measured mobility shapes 

at consecutive frequencies are needed to determine four coefficients of the cubic 

polynomial, the interpolation is more reliable if it is used on the frequency interval 

between the two frequencies at the center. This is because the cubic interpolation 

function at these two central frequencies is differentiable for the first and second 

derivatives [6.1]. The second derivative at the two end frequencies is assumed to 

be zero for the free ends (or called natural ends) of the cubic polynomial, which 

might not be true for the practical problems. 

It is important that these interpolation techniques should not be used for 

extrapolation of the mobility shape that lies outside frequency range of the 

measured mobility shapes used for extracting the interpolation function. The 

open-end nature of the extrapolation extends the interpolation function to an 
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unknown region in which the true dynamic response function could easily diverge 

from the prediction. 

It is obvious that the linear interpolation requires the least computational 

effort among all interpolation techniques. For small frequency interval, the linear 

interpolation is "safer" in the sense that higher order interpolation function tends 

to swing though wild oscillation in the vicinity of an abrupt change. The 

disadvantage of the linear interpolation is that it is not "smooth" at the transition 

frequency of any two frequency intervals (called knot in the numerical 

terminology). In mathematical term, the first derivative at those transition 

frequencies is discontinuous. However, for the dynamic responses of the fuselage, 

the mobility shape is expected to have smooth transformation in the frequency 

domain due to the high damping and high coupling between the densely packed 

modes. 

The quadratic interpolation uses more data than the linear interpolation, 

thus, in general, a better prediction of the mobility shape can be expected. 

However, much more computation for the quadratic interpolation function is 

needed than the linear interpolation. The quadratic interpolation can be applied to 

each frequency interval over the entire frequency range of the dynamic testing. 

The quadratic interpolation function is continuous for the first derivative at each 

knot frequency, so the transition between two frequency intervals is graphically 
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"smooth". However, the second derivative generally is not continuous at the 

knots. 

For the cubic interpolation, the increase of computation is tremendous 

compared with the linear interpolation. The prediction of mobility shape supposes 

to be improved over the linear and quadratic interpolations. The cubic 

interpolation is one of the most popular interpolation techniques for a point- 

function interpolation for its continuities of the first and second derivatives at 

interior knots. However, the algorithm for the cubic interpolation of vector spaces 

can get really messy. 

The direct rotation interpolation technique requires moderate computation 

and complicated algorithm even though only two measured mobility shapes are 

needed for each frequency interval. The direct rotation interpolation assumes the 

singular vector spaces of the measured mobility shapes will follow the shortest 

path (geodesic path) [3.32] to rotate from one frequency to another. This 

assumption may be valid only for a frequency interval that contains no new 

resonance. 

To quantitatively compare the mobility shape interpolation techniques, four 

mobility shapes measured at 88, 90, 92, and 94 Hz (Figs. 6.2 and 6.3) were used 

to predict the mobility shape at 91 Hz. The SVD was applied to all four mobility 

shapes. Three dominant singular values and corresponding singular vectors from 

each mobility shape were used for the interpolation. The mobility shape measured 
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at 91 Hz was also applied with the SVD and reconstructed with three dominant 

singular values and corresponding singular vectors for reference (Fig. 6.4.). 

For the linear and direct rotation interpolations, the mobility shapes 

measured at 90 and 92 Hz were used. For the quadratic interpolation, the 88, 90, 

and 92 Hz mobility shapes were used. All four mobility shapes were used for the 

cubic interpolation. The interpolated mobility shapes and their residual shapes (the 

measured and reconstructed mobility shape at 91 Hz subtracted the interpolated 

shape) are shown in Figs. 6.5 to 6.8 (only the real part). Table 6.1 lists the matrix- 

norm (2-norm) ratios of the residual shape over the reference shape. 

Table 6.1. The ratios of matrix norms (the residual matrix over the reference 
matrix at 91 Hz) for different interpolation techniques 
  

  

  

  

    

Interpolation Technique Ratio of Matrix Norm, % 

Linear interpolation 24.59% 

Quadratic interpolation 16.14% 

Cubic interpolation 19.29% 

Direct rotation interpolation 20.77%     
  

It can be seen that dramatic change of the mobility shape occurred from 90 

to 92 Hz from Figs. 6.2 and 6.3. All four interpolation techniques made similar 

prediction and did a fair job. As expected, the linear interpolation came to the last 

judged by the ratios of the matrix norm in Table 6.1. The quadratic interpolation 

outperformed the cubic interpolation in this application. This might be explained 
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as the higher order polynomial interpolation function tends to oscillate for an 

abrupt change. It also can be seen from Figs. 6.5 to 6.8 that the residual matrices 

from all interpolations still contained some valuable dynamic responses, which 

indicates further improvements of the interpolation techniques are needed. The 

relatively high matrix-norm ratios in Table 6.1 reflect both the noise and the 

residual mobility shapes that were not interpolated. 
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Reconstructed mobility shape @ 88 Hz (3 SVs, real) 

Mo
bi
li
ty
 

(in
/s/

lb)
 

        60 

Y (inde, 

40 ee ae : Leet? 

‘) 20 

  

     

  

   
150 

100 

  

50 
0 0 x (index) 

Reconstructed mobility shape @ 90 Hz (3 SVs, real) 

Mo
bi
li
ty
 (

in/
s/l

b) 

  

x) os 50 ndex)   
  
Fig. 6.2. Reconstructed mobility shapes (measured at 88 and 90 Hz, with 3 SVs) 

Data Processing in Frequency Domain 118 

 



  

Reconstructed mobility shape @ 92 Hz (3 SVs, real) 
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Fig. 6.3. Reconstructed mobility shapes (measured at 92 and 94 Hz, with 3 SVs) 
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Measured mobility shape @ 91 Hz (real part) 
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Fig. 6.4. Measured and Reconstructed (with 3 SVs) mobility shapes at 91 Hz 
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Interpolated mobility shape @ 91Hz (Linear, 3 SVs, real) 

(from measured data at 90 and 92 Hz) 
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Fig. 6.5. Linear interpolated and residual mobility shapes at 91 Hz (with 3 SVs) 
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Interpolated Mobility Snape (Qradratic, 3 SVs, real) 

(from measured data at 88, 90 Hz and 92 Hz) 
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Fig. 6.6. Quadratic interpolated and residual mobility shapes at 91 Hz (with 3 SVs) 
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Interpolated Mobility Shape (Cubic, 3 SVs, real) 

(from measured data at 88, 90, 92 and 94 Hz) 
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Fig. 6.7. Cubic interpolated and residual mobility shapes at 91 Hz (with 3 SVs) 
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Interpolated Mobility Shape (Direct rotation, 3 SVs, real) 

(from measured data at 90 Hz and 92 Hz) 
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Fig. 6.8. Direct rotation interpolated mobility shapes at 91 Hz (with 3 SVs) 
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6.3.2 Frequency Interval Concern on Interpolation 

The interpolation techniques clearly have great impact on the accuracy of 

the mobility shape prediction. However, equally important to the interpolation is 

the frequency interval of the measured mobility shapes. Obviously, the smaller the 

frequency interval is, the better prediction of mobility shape will be. On the other 

hand, the smaller frequency interval requires a greater number of measurements 

and decreases the effectiveness data reduction. 

For the fuselage experiment, the mobility shape was measured at every 2 

Hz frequency interval throughout the frequency range of interest. Mobility shapes 

for a number of intermediate frequencies were measured for the verification of the 

mobility shape interpolation. At those intermediate frequencies, all four 

interpolation techniques that were discussed in the previous section were used to 

predict the mobility shape. The matrix-norm ratios of the residual matrix to the 

reconstructed mobility matrix (reference matrix) from the measured data are 

plotted in Fig. 6.9 and listed in Tabie 6.2 for those interpolations. 

Table 6.2. The ratios of matrix norms for mobility shape interpolation at 
different frequencies with different techniques 
  

  

    

  

  

                    
  

Interpolation Ratio of Matrix Norm, % 

Techniques 71 Hz | 91 Hz | 105 Hz{141 Hz} 165 Hz,i91 Hzj221 Hz\245 Hz 

Linear 8.08 | 24.59 | 37.46 | 47.68 | 31.88 | 35.77 | 78.58 | 72.58 

Quadratic 7.75 | 16.14 | 27.69 | 44.01 | 18.00 | 33.99 | 72.77 | 72.82 

Cubic 8.13 | 19.29 | 33.60 | 46.92 | 23.26 | 33.65 | 80.98 | 76.37 

Direct Rotation | 8.62 | 20.77 | 14.95 | 54.83 | 25.14 | 55.85 | 62.76 | 68.92 
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Fig. 6.9. The plots of matrix-norm ratios for mobility shape interpolation 

A general trend is clear in Fig. 6.9, that is, the accuracy of interpolation for 

all techniques decreases as the frequency increases. The reason for the 

deteriorated interpolation accuracy at higher frequencies is that the localized 

vibrations dominated the dynamic responses of the fuselage at higher frequencies. 

The modal density is increasing but the frequency sampling remained at 2 Hz 

spacing. The resonance frequencies for the different panels are very close to each 

other. If the measured mobility shapes do not include a particular localized 

vibration of a panel, the interpolated mobility shape will be likely to miss that 

particular local mode effect, thus large residual matrix norm will be the result. 

Therefore, if those localized dynamic responses are important and of interest for 
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dynamic analysis, the frequency interval at higher frequencies needs to be reduces. 

A general guideline would be to have a large frequency interval at low frequencies 

and a smaller interval at higher frequencies. 

One interesting point from Fig. 6.9, the matrix-norm ratios for the 

polynomial interpolation techniques (including the linear interpolation) are very 

close over the frequency range, while the direct-rotation interpolation shows less 

stable performances. 

6.4. Reference 
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CHAPTER SEVEN 

SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS 

7.1. Summary 

Structural dynamic system identification techniques have traditionally relied 

on experimental modal analysis which extracts modal parameters from measured 

dynamic responses of the structure. A large number of techniques that are 

associated with modal parameters have been developed over half a century to deal 

with various structural dynamic problems. In many areas, some of these modal 

techniques have demonstrated impressive success. However, when it comes to 

identifying the dynamic system of a complex structure with excessive damping and 

extremely high modal density, all the modal techniques are inadequate for 

extracting modal parameters of the structure. 

Because of the high damping and high modal density, dynamic testing of 

complex structures, such as a airplane or a spacecraft, has often been limited at 

low frequency range within which the airframe is relativeiy flexible and global 

modes are distinguishable. Even in the low frequency range, the large number of 

transducers that are often used for the dynamic vibration measurements demand 

tremendous amount of man-power for installation and data acquisition. 
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Some efforts have been made recently to develop non-modal techniques for 

structural system identification or modification. Most of the non-modal techniques 

were applied to structural updating and damage detection by directly using 

measured FRFs of the structure, which relied on not just accurate measured FRF 

data but also a good analytical model. Some used Lanczos vectors in the place of 

eigenvectors for the model reduction of a large system. The others used U-vector 

expansion techniques for structural modeling. These non-modal techniques have 

shown some promises for the future of the structural dynamic analysis, but until 

then, they have yet a long way to go. 

The recent development of SLDV technology provides efficient, accurate, 

non-contact, and high-spatial-density dynamic data acquisition for structural 

vibration test. This new SLDV data acquisition technique brings new 

opportunities as well as challenges for developing new system identification 

techniques for highly damped and high modal density structures. 

The proposed new non-modal method for structural system identification is 

based on the high-spatial-density SLDV data acquisition technique to deal with 

system identification problems of a highly damped and high modal density 

structure in particular. This new technique is not a replacement of modal 

techniques, rather it is a complement to modal techniques. In parallel with modal 

techniques, this non-modal method can effectively reduce massive dynamic data to 

a set of very efficient parameters that can be used to reconstruct and/or to predict 
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the dynamic responses of the structure in both the spatial and frequency domains. 

Using the efficiency of the modal techniques to judge the success of the new non- 

modal method might be less than fair. However, comparing with total failure of 

modal techniques on the highly damped and high modal density structures, the 

success of the proposed non-modal technique is unprecedented. 

The core of the new non-modal technique for system identification is the 

SVD. The SVD technique is an extremely useful across a wide spectrum of 

engineering and science disciplines. In this application, the original spatial 

mobility matrices that are measured with the SLDV data acquisition technique are 

transformed into orthogonal singular vector space which provides a minimum 

number of coordinates to represent the original mobility shapes. Since the 

contribution of each set of singular vectors to the dynamic responses of the 

structure is weighted by the corresponding singular value, great data reduction is 

achieved through the elimination of all the singular values that have insignificant 

contribution. A by-product of this data reduction procedure is the noise filtering 

since the SLDV measurement noise is usually associated with those high-order 

and insignificant singular values and vectors. 

The spatial-domain operation of the new ncn-modal system identification 

method is centered around the DFT-IDFT mobility shape remapping technique. 

This remapping technique can expand the spatial data density within the original 

SLDV scanned area to the limit of machine precision of the computer, and yet 
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additional data reduction and noise filtering can be achieved through this process. 

In this dissertation, the practical issues of the spatial domain operation associated 

with the fuselage of a commercial business jet airplane in particular have been 

addressed in detail. Those issues include angular corrections for surface-normal 

velocities, the coordinates transformation between the spatial coordinates of the 

data points on the structure and the scanning angle coordinates of the SLDV, and 

the cut-off criterion for the dominant singular values used in the mobility shape 

reconstruction. 

The frequency-domain operation of the new system identification method 

mainly involves the mobility shape interpolation in the singular vector space. Four 

mobility shape interpolation techniques are presented in this dissertation. Linear 

and polynomial vector-space interpolation are the extension of their counter parts 

of point-function interpolation. The direct-rotation interpolation technique is 

based on the CSD, which is a very elegant and simple concept but comes with 

lengthy derivation. In general, all the interpolation techniques do a fair job for 

predicting mobility shape at low frequency range. The accuracy of interpolation 

deteriorates as the frequency gets higher due to the domination of the localized 

vibrations at high frequency range. 

In this dissertation, the experiment setup and data acquisition for vibration 

test of the fuselage are also discussed in details. 
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7.2. Conclusions 

The new non-modal method for system identification has applied a number 

of techniques from data acquisition to data processing in both the spatial and 

frequency domain. The experimental application of the new method for the system 

identification of the commercial business jet airplane fuselage has shown a 

promising future as an alternative of the traditional modal method for complex 

structures. 

Large amount of the fuselage's dynamic data that were efficiently acquired 

with the SLDV technique were effectively reduced by the SVD technique initially 

to only 5% to 25% of the original raw data sizes. While the valuable dynamic 

responses of the fuselage were well kept, much of the unwanted measurement 

noise were eliminated at the initial data reduction of the SVD. The DFT-IDFT 

technique, along with the data periodization and coordinate transformation 

techniques, could provide additional data reduction. But more importantly, 

accurate spatial remapping of the dynamic responses of the fuselage by using 

these techniques could literally increase the spatial! data resolution to the 

computer precision and allow great flexibility of the data for other applications. 

The frequency-domain interpolation of the fuselage mobility shapes was not as 

accurate as in the spatial domain, but it provided a valuable alternative and has 

great potential. In general, the effectiveness of this new method for the system 
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identification of the fuselage is better at the lower frequency range than the higher 

frequency range. 

7.3. Recommendations 

The proposed non-modal method presents a new concept for system 

identification of a highly damped and high modal density complex structure. It is 

inevitable that major improvements are needed to round off rough edges of this 

new technique if it is to become a more efficient and successful system 

identification technique. 

The first improvement would be to develop an universal cut-off criterion 

for the number of the dominant singular values used in mobility shape 

reconstruction. Using statistical techniques for this cut-off criterion probably 

would be a good start point. 

The second would be to improve the mobility shape interpolation 

technique. Using spline interpolation techniques would be a possible improvement. 

On the other hand, systematically determining the optimal frequency interval of 

the measured mobility shapes would certainly reduce the prediction errors. 

The third improvement could be from using 3-D velocity measurement 

techniques. In this research work, the outward-normal surface vibration of the 

fuselage was assumed. However, an investigation of in-plane motion was 
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conducted by using three accelerometers in tri-axial configuration to measure 

vibration amplitudes in three directions on the top center line of the fuselage 

(refer to Fig. 4.4). The investigation results showed that in-plane motion had the 

same order of magnitude as the out-plane motion at the top of the fuselage. This 

in-plane motion not only invalidated the assumptions, but also created mismatch 

or discontinuity of the mobility field along the connecting edge of the SLDV 

scanned areas of the left and right sides of the fuselage. If a 3-D mobility 

measurement technique were used, the in-plane and out-plane motions could be 

dealt with separately, and angular corrections or surface-normal assumption 

would be unnecessary. 

In this new system identification technique, the input force is assumed to 

be known, which is not much in the picture through the normalization of the 

measured velocity with the input force. It would certainly be an improvement or 

perhaps a break through if the dynamic response of the structure could be 

predicted even when the input forces were applied at different locations of the 

structure. A new concept that uses the SVD to synthesize the FRF matrix has 

been explored primitively, but little success has been achieved. This new concept, 

anyway, iS presented in Appendix A, in the hope that future development of this 

concept would lead to a greater success in system identification, where forces can 

be applied at any point or direction on the structure. 
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For the fuselage vibration test itself, there are a number of things that 

could be done differently. Using a low-natural-frequency support system for the 

fuselage would improve the dynamic response of the fuselage and the consistence 

of data acquisition. Using two shakers, one at each engine mount, would have 

better vibration energy distribution and provide symmetrical excitation which may 

reduce the in-plane motion. If 3-D velocity measurement technique is not 

available, reducing the scanning area would reduce the angle between the laser 

beam and surface normal so that to improve measured dynamic data quality. If the 

mobility shape interpolation at higher frequencies is needed, reducing the 

frequency interval of the measured mobility shapes would certainly improve the 

prediction accuracy. 

In all, the new non-modal method for system identification provides an 

unprecedented alternative to the often failed modal techniques for a highly 

damped complex structure with high modal density. More improvements to the 

technique are possible and needed, but its future is very promising as new 

technologies advance constantly. 
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APPENDIX A 

FRF MATRIX SYNTHESIS BY USING THE SVD 

A.1l. Overview 

For a system FRF matrix, each column corresponds to a single force input 

coordinate, and each row corresponds to a single response coordinate. Thus, the 

measured mobility shape (spatial matrix) of the fuselage is only elements of one 

column in the system FRF matrix for the single excitation at the engine mount. 

Strictly speaking, the measured mobility shape does not form a complete column 

since the driving point is not included in the measurement. 

Suppose a complete column of the system FRF matrix is measured, i.e., the 

driving point is included in the mobility shape. The question is: can we obtain the 

full system FRF matrix from the column of the measured FRF? If we know the full 

system FRF matrix, the dynamic responses of the system due to the input forces at 

different coordinates can be readily provided. For a lightly damped linear 

structure with well separated modes, modal parameters can be accurately 

extracted from the measured FRF by using modal techniques, and the synthesis of 

the system FRF matrix from one measured column would be an easy task. 

As discussed in Chapter One, for a highly damped structure with densely 
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packed modes, modal parameters could not be extracted by using the modal 

techniques. A courageous idea is to use singular values and vectors in the place of 

the modal parameters for the synthesis of the system FRF matrix. This appendix is 

to document the development of this idea, its success, and its failure for the future 

study. This is not a part of this dissertation's main body of work, but is given for 

recording purpose only. 

A.2. Background - Modal Method for FRF Matrix Synthesis 

For a linear viscously damping structure, the equation of motion can be 

written as: 

[AZ z(0)} + [Ce()} +[Kx()} = 79} (A.1) 

where [MM], [C], and [K] are the mass, damping, and stiffness matrices, 

respectively; {x(t)} and {/(f)} are the response and the input, respectively. 

With harmonic excitation, {f()}}={F}e'™, and a response of {x(f)}={X}e™, 

where X can be complex to account for the phase of response, Eq. (A.1) becomes: 

[[K]- 0? [M]+io[C]{x} =} (A.2) 

By solving the eigenvalue problem associated with this forced problem, we 

obtain the frequency response function (FRF) matrix: 
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[4()]=| = |-[oLaloy (A3) 

where [@] is the eigenvector matrix, whose columns are the mode shapes; and [A] 

is the diagonal eigenvalue matrix, whose diagonal elements are: 

J=I1,2,-,n (A.4) 

where 7 is the number of modes, which is assumed to be equal to the physical 

number of degrees of freedom (d.o.f.) of the system and where k,, m,, and c, are 

the modal stiffness, mass, and damping for the j* mode, respectively. Equation 

(A.3) also can be written as: 

ol=249},0),7 (AS) 

which can be seen as a linear combination of each individual mode. This is, of 

course, valid only for linear system of equations as superposition must apply. 

For FRF matrix synthesis, let's take a 3 d.o.f system as an example, so 

[2(@)] = 2, {9}, {9}, +49}, {O},7 + 45{d}, {9}, (A.6) 
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If we are able to separate the contribution of each mode, if we can 

"measure" the third column of FRF matrix (corresponding to the input at the third 

d.o.f. coordinate), and if the responses are due to the second mode only, then 

h, hy hy 
[H(@)]= 2, {6}, {4}, = hy hy ys (A.7) 

My Ig Ps | 

where the “ designates the measured quantities. To make it clear, let 

{ d}2=(d21, 22, $23)’ be the second mode shape vector. Then the "measured" 

responses are: 

a 

h; = A992, 

hs = 4b 2.262; (A.8) 

hy; = A,br$23 

The unknowns can be easily determined as follows: 

( ~ 

hy, = Ay Gy30o) = hs 

hy = AqGy39 x. = hy . 

h, = A,on bn = h, = 

  
4 . ° (A.9) 

2 = 1bbx = ys h, =A, h, hag 

_ _ , h,, 
h, = h, = A192 922 = 1h, 

. h, 
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Note that the eigenvalue, A, and eigenvector, {¢}, do not need to be solved 

explicitly. Thus, from one column (or row) of [H(@,)] we can obtain the full 

[2(@,)). 

Thus, if this can be done for the second mode, this can be repeated for 

modes one and three. From measurement one gets sufficient information to fully 

evaluate Eq. (A.6). This means that the frequency response from any point in the 

system driven from any other point in the system may be determined while only 

measuring with input at one point. 

A.3. The Proposed SVD Method for FRF Matrix Synthesis 

The FRF matrix [H(@)], at any frequency @ (not necessary at resonance), 

can be decomposed by using the SVD: 

[H(o)]= [UJ s]v]" (A.10) 

where [U] and [V] are the left and right singular vectors, respectively; [S] is the 

diagonal matrix of singular values; ” designates the complex conjugate matrix 

transpose (Hermitian adjoint). From Eq. (A.3) we know that [H(@)] is a 

symmetrical complex matrix for a linear, proportional damping structure. 

Appendix A: FRF Matrix Synthesis by Using the SVD 140



Therefore, the left singular vectors, [U], and the right singular vectors, [V], are 

complex conjugate, and Eq. (A.10) can be written as: 

[H(@)] = [UJs]oT (A.11) 

where ” designates the simple matrix transpose. This equation looks similar to Eq. 

(A.3). However, the singular vector matrix [U] and modal vector matrix [@] as 

well as the singular value matrix [S] and eigenvalue matrix [A] have some 

fundamental differences. First, both [U] and [S] are functions of frequency, while 

[®] is independent of frequency. Second, [U] is a orthonormal complex unitary 

matrix, while [@] is real and orthogonal with respect to mass and/or stiffness 

matrices. Third, [S] is a real and non-negative diagonal matrix, while [A] is a 

complex diagonal matrix. Last, and the most important, we can always decompose 

a given [H(q@)] to [U] and [S], regardless the dynamic characteristics of the 

structure. This is not true for the eigenvalue process as it fails experimentally in 

the presence of moderately damped high modal density problems. Analytical 

methods fail numerically in the presence of high madal densities. 

To reconstruct the FRF matrix at any frequency @ , only a few dominant 

singular values and corresponding singular vectors in Eq. (A.11) are needed. The 

basis functions are limited in number and easily manageable. So 
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[H()]= &s; fu} {u} 7 (A.12) 

where m is the number of dominant singular values, which is expected to be much 

less than the number of physical d.o.f. Since [U] is unitary, it follows: 

(a7 6, = {9 for jek (A.13) 

If we could "measure" or obtain the contributions of each dominant 

singular value and vector set for one column (or row) of FRF matrix [H(@)], then 

by the exactly the same argument and procedure presented in the section of the 

modal method, the full FRF matrix could be synthesized by using the dominant 

singular values and vectors. Obviously, measuring full FRF matrix is not 

economical nor practical for a system with a large number of d.o.f. Instead, using 

a set of spatial singular values and vectors to reconstruct and synthesize the full 

FRF matrix constitutes the proposed new approach. These spatial singular value 

and vectors can be obtained by measuring only one column (or row) of the FRF 

matrix. 

To fully illustrate this SVD method, let's take a look a simple 2-D structure 

that has 3 x 2 physical d.o.f. (measurement points), with excitation at point 2 (Fig. 

A.1). 

Appendix A: FRF Matrix Synthesis by Using the SVD 142



  

      

  

Fig. A. 1. Measurement points and input location 

By using the SLDV, we can easily obtain the operating shape of the 

structure at a frequency @ in a 3 x 2 matrix form. The velocity responses are 

normalized to the input force and the resulting mobility, Y = V/F, is described as a 

real and imaginary term, so: 

1 

> 
ty
 

[F()| =|, (A.14) 
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Note that since the relationship between the velocity and the displacement 

is V = i@X, the conversion between the mobility FRF, [Y(q@)], and the receptance 

FRF (X/F, Eq. (A.3)), [H(@)], is very simple: [Y(@)]=i@[H(@)]. Using the SVD to 

decompose matrix (¥(o)]: 
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fy Ma MeO ga [P(@)|= [o[s|y = ty ts ts , 1s, | (A.15) 

ey
 Vu U3, 

= 8 {a}, {0}, + 5, {a}, {0}. 

If we rearrange the operating mobility [Y (@)] in a column vector 

(Y1,¥ 2,¥3,¥4,¥'s,¥6)’ (can be in any order), this will represent the second column 

in the FRF matrix since the input is at node 2 (the additionai second number 2 in 

the subscript of Y is to make the subscript consistent in the matrix): 
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=
 

_
 

N
 

te
 

o
e
 
S
D
 
S
d
 

o
e
 

o
>
 

> 

  w
 gv
 

gv
 

gs
 

gs
 

os
 

wv
   

We also can rearrange the singular vectors in Eq. (A.15) for reconstructing 

[Y(a)] in a single column vector with the consistent order: 

aA A aw ~ a ~ ~ ~~ T 

{i}, => {w} = (,,%,,, iin V5 ty, 9, 1, Vy), Hy Py, ty, Pp, ) 

Uy, => {7}, = (4,5 129 UagVj2, yg V2, thy Voy, Uz. Voy, ty Po, 

(A.17) 
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Since [U] and [V] are unitary, it is easy to prove that {w}, is also 

orthonormal, that is: 

a . 1 for j=k (YEH, ={9 (4.18) 

Intuitively, we can see the resemblance between {w}, and {uw}, in Eq. 

(A.13). Both are form an orthonormal basis function that spans the same spatial 

space (the operating shape). However, the use of 8,49}, to reconstruct and to 

synthesize the FRF matrix has only very limited success. In general, it works 

better on the operating shape around the resonance. 

The FRF matrix synthesis by using §,{0} is very similar to the example for 

the Modal Method. Equation (A.16) can be written as the superposition of two 

parts, the contribution from the first set of singular value and its vector and the 

contribution from the second singular value and its vector: 

  

Ty fa ¥,' ¥," ¥. Y,."| rye ¥," ¥," ¥,," Y,." Y,." 

r(wyj=| "Eat as’ Ya Was’ Woo) Eu" Ta" Ys" Boe" Sos" Boo" 4 109) 
Y' Yaa! ¥,3' Fi," Ys" Y 46" Y,," Fa" Y,;" Y4" V5" V6" 

| Yen" 62. Yes" Ye, Yes" Yee" | ey" i." Yo3" Yq" Y5" Ye"       
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where {Py} = §, (} , and {? ‘ = §, {0} . By symmetry of the matrix, the second 

rows in Eq. (A.19) are equal to the transpose of the second columns. This is the 

same as in Eq. (A.9). Thus, the unknowns can be determined. For example, the 

third columns of Eq. (A.19) are: 

  

  

  

    

a ~ n~ 

Ww ( Ww an Wy naw 32 
Y3'= 51s Yi," = 5.Wy, 

Wa Wo 
tA” HALA 

Ys ~ 13; Yi; ~ 5S.W3. 

w w 
rr 31 wo) A A 32 

Y43'= SW, > Y,3"= S,W3, y 
21 22 

< _ a A W31 and < " ~ A Ws, (A.20) 

¥i3'= SWa y Y3"= S.Wa y 
21 22 

Ww w 1A 31 nau 32 
¥i3'= SW, y Yi,"= S.Ws, 0 

21 22 
WwW w aan 31 naa 32 

Yo3'= S\We = Yo3"= S.Weg 
L Wo [ Wo   

A.4. Numerical Example 

A finite element model of a steel plate was generated in computer FEA 

software. The size of the plate is 18" x 18" x 1/8". The plate was modeled with 9 

x 9 elements (10 x 10 nodes) with bottom edge partially clamped (Fig. A.2). 
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Fig. A. 2. Finite element model of the plate 

The modal shape, mass, stiffness, and damping for the first 12 modes were 

computed. To simulate the real experiment condition, the 9 elements on the 

bottom row were discarded from the modal shapes. Note that the node number in 

Fig. A.2 does not include the nodes on the bottom edge. Figure A.3 shows the 

first 12 mode shapes without the bottom row (9 x 10 points). These 12 modai 

shapes were rearranged in 12 column vectors with the same sequence of the 

elements in each vector as the node number in Fig. A.2. 

Table A.1 lists the modal parameters for the first 12 modes. From these 12 

modal vectors and the modal parameters in Table A.1, the FRF matrix [H(@)], 

with size of 90 x 90, could be constructed at any given frequency @ by using Eq. 

(A.3). 
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Fig. A. 3. The first 12 mode shapes of the plate 
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Table A.1 Modal parameters for the first 12 modes of the plate in Fig. A.2 
  

  

  

  

  

  

  

  

  

  

  

  

  

Mode Frequency Modal Mass | Modal Damping | Modal Stiffness 
(Hz) (Ibm) (ibf/in/s) (1b/in) 

1 9.78700 1.63 2.00 6150 
2 30.98912 0.252 0.98 9540 
3 67.58436 0.136 1.15 24500 
4 91.06610 0.0597 0.683 19500 

5 111.3050 0.0596 0.834 29200 

6 138.6316 0.0435 0.759 33000 
7 201.9312 0.0385 0.976 61900 
8 224.7948 0.0213 0.603 42600 

9 239.0396 0.0219 0.658 49400 

10 256.5981 0.0221 0.711 57300 
11 303.8050 0.0200 0.765 73000 
12 350.7238 0.0198 0.873 96200             
  

The node point 9 (top left corner of the plate in Fig. A.2) was chosen as 

the "drive" point (input), and the responses were "measured" which was the ninth 

column of the FRF matrix [H(@)]. This ninth column was then put back to the 

original 9 x 10 spatial matrix as to form the operating shape at the given 

frequency. From this spatial matrix, SVD was used to obtain the dominant 

singular values and corresponding singular vectors. These singular vectors were 

rearranged in column vectors as in Eq. (A.17). The procedure outlined in Eqs. 

(A.19) and (A.20) was used to synthesize the FRF matrix [H(@)]. 

Figures A.4 to A.7 are some examples of the point transfer FRF plots. In 

these examples, the FRF matrix [H(q@)] at each frequency (from 4 Hz to 400 Hz 

with 1 Hz interval) was first computed by using the modal parameters and then 

was synthesized and reconstructed by using the SVD method on ninth column of 
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the original [H(@)]. Four dominant singular values and their corresponding 

singular vectors were used in the process. In each figure, the real and imaginary 

parts of h, from the original FRF matrix and from the reconstructed FRF matrix 

are plotted together in frequency domain for comparison, where 7 is the location 

of output (response) and x is the location of input. It can be seen that at some 

points the SVD reconstruction did quite well, and at the others it did very poorly. 

In general, the SVD reconstruction worked better around the resonance. 

Figures A.8 to A.10 are some examples of the reconstructed operating 

shape. In these examples, the FRF matrix [H(@)] was only computed at a single 

frequency by using the modal parameters. Again, the SVD method was used on 

the ninth column of the original FRF matrix with four singular values and their 

vectors to synthesize and to reconstruct the FRF matrix. In each figure, the real 

and imaginary operating shapes from the original FRF matrix (From modal) and 

from the reconstructed FRF matrix (From SVD) are plotted in spatial domain. The 

differences between the two operating shapes are also plotted. Each operating 

shape is corresponding to a column in [H(q@)], and the index of the column is 

indicated by the location of the input in the figures. It also can be seen that these 

examples some are really close and some are way off. 
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Fig. A. 4. Transfer FRF plot, input at node 1 and response at node 90 
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Fig. A. 5. Transfer FRF plot, input at node 5 and response at node 89 
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Fig. A. 6. Transfer FRF plot, input at node 90 and response at node 46 
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Fig. A. 7. Transfer FRF plot, input at node 23 and response at node 59 
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Fig. A. 8. Operating shape reconstruction - 68 Hz, input at node 18 
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Fig. A. 9. Operating shape reconstruction - 136 Hz, input at node 90 
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Fig. A. 10. Operating shape reconstruction - 300 Hz, input at node 1 
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A.5. Conclusions 

The SVD Method for FRF matrix reconstruction and synthesis, along with 

SLDV high spatial-density data acquisition technique, provides a worth-to-try 

future for the FRF modeling of high modal density, high damping, and complex 

structures. However, much more work is needed on this method before it becomes 

efficient, robust, and accurate. Further understanding the roles of singular vectors 

and any possible relationship between modal vectors and singular vectors probably 

is very important to make this method a success. At this time the method using 

numerical experiments shows unexplained errors mainly at off resonance 

frequencies. 
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APPENDIX B 

MATLAB ".M" FILES 

B.1. corang.m 

% This program is to make angular correction for surface-norm mobility shapes 

% load data file... 
clear all 

path(path, ‘/users/lixz/cessna2') 

load C250; 
a=C250'; 

r=a(:,1:150)*62*0.000001; 

% do angular correction... 

Y=zeros(62); 

X=zeros(150); 

for n=1:150 

X(n,n)=1/cos(-(12-(n-1)*23.5/149)*pi/180); 
end 
for m=1:62 

Y(m,m)=1/cos((53-(m-1)*109/61)*pi/180); 
end 

rm=yY *r*X; 

% plot the mobility shapes... 

clg 

subplot(2,1,1) 

mesh(r) 
set(gca,'DefaultTextColor','blue') 

title({‘Measured mobility shape @ 250Hz (left side, real)'}) 
set(gca,'DefaultTextRotation’, 10) 
text(20,-30,-0.05,'x (index)') 

set(gca,'DefaultTextRotation',-15) 

text(-50,40,-0.05,'y (index)') 
axis((0 160 0 80 -0.05 0.05]) 
set(gca,'DefaultTextRotation',90) 
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text(-20,90,-0.05,'Mobility (in/s/lb)') 
caxis([-0.05 0.05]) 

grid on 

subplot(2,1,2) 
mesh(rn) 

set(gca,'DefaultTextColor','blue') 
title({'Mobility shape @ 250Hz after angular correction (real part) }) 

set(gca,'Default TextRotation’, 10) 
text(20,-30,-0.05,'x (index)') 
set(gca,'DefaultTextRotation’,- 15) 
text(-50,40,-0.05,'y (index)') 
axis([0 160 0 80 -0.05 0.05}) 
set(gca,'DefaultTextRotation',90) 
text(-20,90,-0.05,'Mobility (in/s/Ib)') 
caxis([-0.05 0.05]) 
colormap(cool) 

grid on 
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B.2. co_tr_3d.m 

% This program is to transfer scanning angle coordinates of the data points to 
% spatial coordinates 

clear all 

path(path, '/users/lixz/cesdata') 

% supply the old and new number of rows(m,me) and columns(n,ne)... 

m=66; 

n=153; 
me=68; 

ne=158; 

% index the data points from the center... 
xi=(-(n-1)/2:(n-1)/2);  % valid for n is even or odd 
yi=(-(m-1)/2:(m-1)/2);  % valid for m is even or odd 
xn=(-(ne-1)/2:(ne-1)/2); % valid for ne is even or odd 

yn=(-(me-1)/2:(me-1)/2); % valid for me is even or odd 

R=36.25; % radius of fuselage 
D=610; % scan distance to center, only valid for "CE###" 

% angular increments 

dax=0.0932976*pi/180; % only valid for "CE###" 
day=0.0923163*pi/180; % only valid for "CE###" 
ax=dax*(n-1)/2; 

ay=day*(m-1)/2; 

% distance from scanner to the center of scanned line... 

d=(R+D)*cos(day*yi)-sqrt(((R+D)*cos(day*yi)).*2-D*(2*R+D)); 

% linear coordinates of data points (true location)... 
yc=R*asin(d.*sin(day*yi)/R); 

for k=l:m 

xc(k, :)=d(k)*tan(dax*x1); 

end 

disp({'Loading data files ...']) 
Freq=150; 
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eval([‘load CE',int2str(Freq)]); 
a=eval({'CE',int2str(Freq)])'; 

r=a(:,1:n)*0.0000058; % real part 

c=a(:,n+1:2*n)*0.0000058; % imaginary part 

clg 

disp(['wait for plots ...'}) 
subplot(2,1,1) 

mesh(r) 

axis([0 160 0 80 -0.004 0.002]) 
set(gca,'DefaultTextColor','blue') 
title(Original mobility shape (150 Hz, real) 66x153') 
xlabel('x (index)') 

ylabel('y (index)’) 

zlabel('‘Mobility (in/s/Ib)') 
view(-15,45) 

grid on 

subplot(2,1,2) 

mesh(xc,yc,r) 

axis([-80 80 -50 50 -0.004 0.002]) 
set(gca,'DefaultTextColor','blue') 

title(‘Spatially corrected mobility shape (150 Hz, real) 66x153') 
xlabel('x (inch)') 
ylabel('y (inch)') 
zlabel(‘Mobility (in/s/lb)') 
view(-15,45) 
grid on 
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B.3. remap _3d.m 

% This program is to remap the data points so that they will be equally spaced 

% with the new number of raws and columns; 
% Main tasks of the program: 

% 1.) load a data file; 

% 2.) compute data coordinates; 
% 3.) compute sine/cosine(exp) components of idft in X-direction(row); 

% 4.) compute sine/cosine(exp) components of idft in Y-direction(column); 
% 5.) do dft in X-direction(row); 
% 6.) do idft in X-direction with new data locations; 
% 7.) do dft on the regenerated data in Step(6) in Y-direction(column); 
% 8.) do idft in Y-direction with new data locations; 

% 9.) plot the original and remapped mobility shapes; 

Clear all 
path(path, '/users/lixz/cesdata’) 

% supply the old and new number of rows(m,me) and columns(n,ne) 
m=66; 

n=153; 

me=68; 
ne=158; 

% index the data points from the center 
xi=(-(n-1)/2:(n-1)/2); -% valid for nis even or odd 

yi=(-(m-1)/2:(m-1)/2);  % valid for m is even or odd 

xn=(-(ne-1)/2:(ne-1)/2); % valid for ne is even or odd 
yn=(-(me-1)/2:(me-1)/2); % valid for me is even or odd 

R=36.25; % radius of fuselage 
D=610; % scan distance to center, only valid for "CE###" 

% angular increments 
dax=0.0932976*pi/180; % only valid for "CE###" 
day=0.0923163*pi/180; % only valid for "CE###" 

ax=dax*(n-1)/2; 
ay=day*(m-1)/2; 

% distance from scanner to the center of scanned line 
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d=(R+D)*cos(day*yi)-sqrt(((R+D)*cos(day*yi)).“2-D*(2*R+D)); 

% linear coordinates of data points (true location) 
yc=R*asin(d.*sin(day*yi)/R); 
for k=l:m 

xc(k,:)=d(k)*tan(dax*xi); 

end 

% linearly equally-spaced data coordinates (wanted position) 
xnc=2*D*tan(ax)/(ne-1)*xn; % new linear x coordinates 
ync=2*R*asin(d(1)/R*sin(ay))/(me-1)*yn; % new linear y coordinates 

% compute idft variables for rows(x) 
tx=zeros(m,ne); 

for kx=1:m 
for jx=l:ne 

tx(kx,jx)=(ax-atan(D/d(kx)*tan(ax)*(1-2*(jx-1)/(ne-1))))/dax; 
end 

end 

% compute idft variables for columns(y) 
for jy=l:me 

dm=asin(sin(ay)*d(1)/R)*(1-2*(jy-1)/(me-1)); _% dummy 
ty(y)=(ay-asin(R/sqrt(D“%2+2*R*(R+D)*(1-cos(dm)))*sin(dm)))/day; 

end 

xo=0:n-1; 

yo=0:m-1; 
r_new=zeros(m,ne); 

r_ifft=zeros(ne); 

R_new=zeros(me,ne); 

disp([{'Loading data files ...']) 

Freq=150; 

eval({'load CE',int2str(Freq)]); 
a=eval(('CE',int2str(Freq)])'; 
r=a(:,1:n)*0.0000058; % real part 
c=a(:,nt+1:2*n)*0.0000058; % imaginary part 

disp(['do row ...']) 

% do rowwise dft (with mirror and flip) and idft 
for kx=1:m 

sr=r(kx,:); 
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r_slp=(sr(n)-sr(1))/(n-1); 

r_lIvi(:)=sr(:)-r_slp*xo(:)-sr(1); 
r_lvl_dbl(1:n)=r_Ivl(1:n); 

r_lvl_dbl(nt+1:2*n-2)=-r_Ivl(n-1:-1:2); 
r_lvl_dbl_ft=fft(r_lvl_dbl); 
X=r_lvl_dbl_ft(1:n); 
for jx=1:ne 

r_ifftGx)=sum(X. *exp(pi*i*xo*tx(kx,jx)/(n-1)))/(n-1); 

r_new(kx,jx)=real(r_ifftGx))+r_slp*tx(kx,jx)+sr(1); 

end 
end 

disp([{'do column ...'}) 
% do columnwise dft (with mirror and flip) and idft 
for ky=1:ne 

sc=r_new(.,ky); 

c_slp=(sc(m)-sc(1))/(m-1); 
c_lvl(:)=sc(:)-c_slp*yo(:)-sce(1); 
c_Ivl_dbl(1:m)=c_lvl(1:m); 
c_lvi_dbl(m+1:2*m-2)=-c_lvl(m-1:-1:2); 
c_lvl_dbl_ft=fft(c_Ivl_dbl); 
Y=c_lvl_dbl_ft(1:m); 

for jy=l:me 
c_ifftGjy)=sum(Y.*exp(pi*i*yo*ty(jy)/(m-1)))/(m-1); 
R_new(jy,ky)=real(c_ifft(jy))+c_slp*ty(y)+sc(1); 

end 

end 

clg 

disp(['wait for plots ...']) 

subplot(2,1,1) 
mesh(xc,yc,r) 

axis([-80 80 -50 50 -0.004 0.002]) 
set(gca,'DefaultTextColor','blue') 
title(‘Spatially corrected mobility shape (150 Hz, real) 66x153°) 
xlabel('x (inch)') 
ylabel(‘y (inch)’) 

zlabel('Mobility (in/s/Ib)’) 

view(-15,45) 

grid on 

subplot(2,1,2) 
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mesh(xnc,ync,real(R_new)) 
axis([-80 80 -50 50 -0.004 0.002]) 
set(gca,'DefaultTextColor','blue') 
title’(Remapped mobility shape (150 Hz, real) 68x158') 

xlabel('x (inch)') 

ylabel('y (inch)') 

zlabel('Mobility (in/s/Ib)') 
view(-15,45) 
grid on 
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B.4. rec70.m 

% This programe is to perform the SVD and to reconstruct the mobility shapes 

% load data file... 

clear all 

disp(['Loading data files ...']) 
path(path, '/users/lixz/cessna2') 
load C70; 

a=C70'*0.000048; 

r=a(:,1:150); 

c=a(:,151:300); 

rc=rti*c; 

% do angular correction... 
Y=zeros(62); 

X=zeros(150); 
for n=1:150 

X(n,n)=1/cos(-(12-(n-1)*23.5/149)*pi/180); 

end 

for m=1:62 

Y(m,m)=1/cos((53-(m-1)* 109/61) *pi/180); 
end : 

rm=Y *r*X; 
cn=Y*c*X; 

ren=rnti*cn; 

% do SVD and reconstruction... 

[u,s,v]=svd(ren); 

k=2 
S=s(1:k,1:k); 

=v(:,1:k); 

U=u(:, 1:k); 
R=U*S*V'; 

% plot the mobility shapes in 3-D.... 
clg 

subplot(2,1,1), mesh(rn) 
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axis([0 160 0 80 -0.03 0.03]) 
caxis({-0.015 0.015]) 

set(gca,'DefaultTextColor',’blue') 
text(40,100,0.04,'Measured mobility shape @ 70 Hz (left side, real)') 
set(gca,'DefaultTextRotation’, 10) 

text(20,-30,-0.03,'x (index)') 
set(gca,'DefaultTextRotation',-15) 
text(-50,40,-0.03,'y (index)') 
set(gca,'DefaultTextRotation',90) 
text(-20,90,-0.03,'Mobility (in/s/Ib)') 
grid on 

subplot(2,1,2) 

mesh(real(R)) 

axis({0 160 0 80 -0.03 0.03]) 
caxis([-0.015 0.015]) 
set(gca,'DefaultTextColor','blue’) 

text(40,100,0.04,'Reconstructed mobility shape @ 70 Hz (2 SVs, real)') 
set(gca,'DefaultTextRotation', 10) 

text(20,-30,-0.03,'x (index)') 
set(gca,'DefaultTextRotation',-15) 
text(-50,40,-0.03,'y (index)') 
set(gca,'DefaultTextRotation',90) 
text(-20,90,-0.03,'Mobility (in/s/Ib)') 

grid on 
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B.5. linear91.m 

% This program is to perform the linear interpolation of mobility shapes 

clear all 

disp(['Loading data files ...']) 

path(path, '/users/lixz/cessna2') 

load C90; 

load C91; 

load C92; 

% take transpose and multiply the calibration factor... 
a90=C90'*0.000048; 

a91=C91'*0.000048; 

a92=C92'*0.000048; 

% form real and imaginary matrices then form complex mobility matrix... 

r90=a90(:,1:150); 
c90=a90(:,151:300); 

rc90=r904+1i*c90; 

r91=a91(:,1:150); 

c91=a91(:,151:300); 

rc91=r914+1*c91; 

r92=a92(:,1:150); 

c92=a92(:,151:300); 
rc92=1r92+i*c92; 

clear C90 C91 C92 

clear a90 a91 a92 

% generate velocity correction matrices for surface normal... 
disp({'Correcting velocity angle ...']) 
Y=zeros(62); 

X=zeros(150); 

for n=1:150 

X(n,n)=1/cos(-(12-(n-1)*23.5/149)*pi/180); 

end 

for m=1:62 

Y(m,m)=1/cos((53-(m-1)*109/61)*pi/180); 
end 
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% correct mobility matrix for surface normal.. 

rm90=Y *r90*X; 
m91=Y*r91*X; 

rm92=Y*r92*X: 
cn90=Y*c90*X; 

cn91=Y*c91*X; 

cn92=Y *c92*X; 

ron90=rn90+1*cn90; 

ren91=rn91+1*cn91; 

ron92=rn92+i*cn92; 

% sigular value decomposition... 

disp(['Performing Singular Value Decomposition ...']) 
[u90,s90,v90]=svd(rcen90); 

[u91,s91,v91]=svd(ren9 1); 

[u92,s92,v92]=svd(ren92); 

% reconstruction... 

k=3 

S$90=s90(1:k, 1:k); 

V90=v90(:,1:k); 
U90=u90(:, 1:k); 

R90=U90*S90*V90'; 

S91=s91(1:k,1:k); 

V91=v91¢,1:k); 

U91=u91(.,1:k); 

R91=U91*S91*V9L'; 
S92=s92(1:k,1:k); 

V92=v92(:,1:k); 

U92=u92(.,1:k); 
R92=U92*S92*V92'; 

% interpolation... 

p=0.5; % interpolation parameter 
SS91=S90*p+S92*(1-p); 
VV91=V90*p+V92*(1-p); 
UU91=U90* p+U92*(1-p); 
RR91=UU91*SS91*VVO9L'; 

% plot the results... 

subplot(2,1,1), mesh(real(RR91)) 
axis([0 160 0 80 -0.015 0.015]) 
caxis([-0.005 0.015]) 
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set(gca,'DefaultTextColor’,'blue’) 

text(40,100,0.027,'Interpolated mobility shape @ 91Hz (Linear, 3 SVs, real)') 
text(50,100,0.02,'(from measured data at 90 and 92 Hz)') 
set(gca,'DefaultTextRotation’, 10) 
text(20,-30,-0.015,'x (index)') 
set(gca,'DefaultTextRotation',-15) 
text(-50,40,-0.015,'y (index)') 
set(gca,'DefaultTextRotation’,90) 

text(-20,90,-0.015,'Mobility (in/s/lb)') 

grid on 

subplot(2,1,2), mesh(real(R91-RR91)) 

axis({O 160 0 80 -0.015 0.015]) 
caxis([-0.005 0.015]) 
set(gca,'DefaultTextColor','blue') 
text(40,100,0.027,'Residual mobility shape @ 91Hz (Linear, 3 SVs, real)') 
set(gca,'DefaultTextRotation',10) 

text(20,-30,-0.015,'x (index)') 

set(gca,'DefaultTextRotation',-15) 

text(-50,40,-0.015,'y (index)') 
set(gca,'DefaultTextRotation',90) 
text(-20,90,-0.015,'"Mobility (in/s/lb)') 
grid on 
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B.6. quad91.m 

% This program is to perform quadruatic interpolation of the mobility shapes 

% load measured data file... 

clear all 

disp(['Loading data files ...']) 
path(path, '/users/lixz/cessna2') 

load C90; 
load C91; 

load C92; 

load C88; 

% take transpose and correct for calibration... 
a90=C90'*0.000048; 
a91=C91'*0.000048; 
a92=C92'*0.000048; 
a88=C88'*0.000048; 

% form real and imaginary matrices then form complex mobility matrix... 
r90=a90(:,1:150); 

c90=a90(:,151:300); 

rc90=r90+1*c90; 

r91=a91(:,1:150); 
c91=a91(:,151:300); 
ro91=r91+i*c91; 

r92=a92(:,1:150); 
c92=a92(:,151:300); 
rc92=r92+1*c92; 

r88=a88(:,1:150); 

c88=a88(:,151:300); 

rc88=r88+i*c88; 

clear C90 C91 C92 C88 

clear a90 a91 a92 a88 

% generate velocity correction matrices for surface normal... 

disp(['Correcting velocity angle ...']) 
Y=zeros(62); 

X=zeros(150); 
for n=1:150 
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X(n,n)=1/cos(-(12-(n-1)*23.5/149)*pi/180); 
end 
for m=1:62 

Y(m,m)=1/cos((53-(m-1)*109/61)*pi/180); 

end 

% correct mobility matrix for surface normal... 
rm90=Y*r90*X; 

r91=Y*r91*X; 

rm92=Y *r92*X; 
rn88=Y*r88*xX; 

cn90=Y*c90*X; 

cn91=Y*c91*X; 

cn92=Y*c92*X; 

cn88=Y *c88*X; 

ron90=rn90+i*cn90; 

ron91=rn91+i*cn91; 

ren92=rn92+i*cn92; 

ron88=rn88+i*cn88; 

% sigular value decomposition and reconstruction... 

disp(['Performing Singular Value Decomposition ...']) 
[u90,s90,v90]=svd(ren90); 

[u91,s91,v91]=svd(ren9 1); 
[u92,s92,v92]=svd(ren92); 

[u88,s88,v88 ]=svd(rcn88); 

k=3 
$90=s90(1:k,1:k); 

V90=v90(:,1:k); 

U90=u90(:,1:k); 

R90=U90*S90*V90'; 

S91=s91(1:k, 1:k); 
V91=v91(¢,1:k); 

U91=u91(.,1:k); 

R91=U91*S91LFV9L'; 
§$92=s92(1:k, 1:k); 

V92=v92(:,1:k); 

U92=u92(:,1:k); 
R92=U92*S92*V92': 

S88=s88(1:k, 1:k); 

V88=v88(:,1:k); 

U88=u88(.,1:k); 
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R88=U88*S88*FV88': 

% do quadratic interpolation... 
fl=1 “% interpolation parameter (0 to 2) 
disp({'Performing Cubic Interpolation ...']) 
lu=length(U90(:,1)); 

lv=length(V90(:,1)); 

pu=eye(lu); 

pv=eye(lv); 
TU=[pu pu*0 pu*0;pu pu pu;pu 2*pu 4*pul; 
ITU=inv(TU); 

TV=[pv pv*0 pv*0;pv pv pv;pv 2*pv 4*pv]; 
ITV=inv(TV); 

TS=[1 0 0;1 1 1;1 2 4); 
ITS=inv(TS); 
SIf=zeros(k); 
for j=1:k 

UL(:,j)=[U88(:,j)' U90(:,j)' U92(:,i)"T; 
VL(:,j)=[V88(:,i)' V90(:,j)' V92C,H)'T; 
SL(:,j)=[$88G,j) $90G,j) $92G,)]' 
UIC.,j)=ITU*UL(.,j); % compute polynomial coeff 
VIC:,J=ITV* VL(.,j); 
SI¢:,j)=ITS*SLC.,j); 
Ula(:,j)=UIC1:1u,j); 
UIb(:,j)=UI(lut+1:2*lu,j); 

Ulc(:,j)=UI(2*lu+1:3 *lu,j); 

Via(:,j)=VIC1:lv,j); 
VIb(.,j)=VI(Ilv+1:2*lv,j); 
Vic(:,jJJ=V1I(2*Ilvt1:3 *lv,]); 

% for f1 between 0 to 2 

UIF1(¢:,j)=Ula¢.,j)+UIb(-,j)*f1+UIc(-:,j)* £142; 

VIF1(:,J)=VIaC:,j)+ VIbC.,j) *f1+ Vic(.,j)*f1%2; 
SIf1Gj,j)=S1C1,j)+S1(2,)) *f1+S1(3,j) *f12; 

end 

INTI=UIfl *SIf1* VIf1'; % reconstruction from interpolation 

% plot the interpolation results... 
clg 
subplot(2,1,1), mesh(real(INT1)) 
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axis({0 160 0 80 -0.015 0.015]) 
caxis([-0.005 0.015]) 

set(gca,'DefaultT extColor’,'blue’) 
set(gca,'DefaultTextRotation',0) 

text(40,100,0.027,'"Interpolated Mobility Shape (Qradratic, 3 SVs, real)') 

text(50,100,0.02,'(from measured data at 88, 90 Hz and 92 Hz)') 
set(gca, 'DefaultTextRotation’, 10) 
text(20,-30,-0.015,'x (index)') 
set(gca,'DefaultTextRotation’,-15) 
text(-50,40,-0.015,'y (index)') 
set(gca,'DefaultTextRotation',90) 

text(-20,90,-0.015,'Mobility (in/s/Ib)') 
grid on 

subplot(2,1,2), mesh(real(R91-INT1)) 

axis([0 160 0 80 -0.015 0.015]) 
caxis([{-0.005 0.015]) 
set(gcea,'DefaultTextColor','blue') 

set(gca,'DefaultTextRotation',0) 

text(40,100,0.027,'Residual Mobility Shape (Quadratic, 3 SVs, real)') 
set(gca,'DefaultTextRotation', 10) 
text(20,-30,-0.015,'x (index)') 

set(gca,'DefaultTextRotation',-15) 

text(-50,40,-0.015,'y (index)') 
set(gca,'DefaultTextRotation',90) 
text(-20,90,-0.015,'Mobility (in/s/Ib)') 
grid on 
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B.7. cubic91.m 

% This program is to perform the cubic interpolation of mobility shapes 

% load measured data file... 

clear all 

disp({'Loading data files ...']) 

path(path, '/users/lixz/cessna2') 
load C88; 

load C90; 

load C91; 

load C92; 

load C94; 

% take transpose and correct for the SLDV calibration... 
a88=C88'*0.000048;: 
a90=C90'*0.000048; 
a91=C91'*0.000048; 
a92=C92'*0.000048;: 
a94=C94'*0.000048: 

% form real and imaginary matrices then form complex mobility matrix... 
r90=a90(:,1:150); 
c90=a90(:,151:300); 
rc90=r90+i*c90; 
r91=a91(:,1:150); 

c91=a91(:,151:300); 
rco91=r91+1i*c91; 

r92=a92(:,1:150); 

692=a92(:,151:300); 
rc92=192+i*c92- 

r88=a88(:,1:150); 

c88=a88(:,151:300); 

rc88=r88+i*c88; 

1r94=a94(:,1:150); 

c94=a94(:,151:300); 

rce94=194+1*c94: 

clear C90 C91 C92 C88 C94 

clear a90 a91 a92 a88 a94 
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% generate velocity correction matrices for surface normal... 
disp(['Correcting velocity angle ...']) 

Y=zeros(62); 

X=zeros(150); 

for n=1:150 

X(n,n)=1/cos(-(12-(n-1)*23.5/149)*pi/180); 
end 
for m=1:62 

Y(m,m)=1/cos((53-(m-1)*109/61)*pi/180); 

end 

% correct mobility matrix for surface normal... 

m90=Y*r90*X; 

m91=Y*r91*X; 

r92=Y *r92*X; 

rm88=Y*r88*X; 

rm94=Y*r94*xX; 

cn90=Y *c90*X; 

cn91=Y*c91*X; 
cn92=Y *c92*X; 

cn88=Y *c88*X; 

cn94=Y *c94*X; 

ron90=rn90+i*cn90; 

ren91=rmn91+1*cn91; 

ron92=rn92+1i*cn92; 

ren88=rn88+i*cn88; 

ron94=rn94+1*cn94; 

% sigular value decompositionand reconstruction... 

disp({'Performing Singular Value Decomposition ...']) 
[u90,s90,v90]=svd(ren90); 
[u91,s91,v91]=svd(ren9 1); 

[u92,s92,v92]=svd(ren92); 

[u88,s88,v88 J=svd(rcn88); 

[u94,s94,v94]=svd(ren94); 

k=3 
$90=s90(1:k, 1:k); 
V90=v90(:,1:k); 
U90=u90(:,1:k); 

R90=U90*S90*V90'; 
S91=s91(1:k,1:k); 
V91=v91(¢:,1:k); 
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U91=u91(:,1:k); 

R91=U91*S91*V91'; 

$92=s92(1:k, 1:k); 
V92=v92(:,1:k); 

U92=u92(:,1:k); 

R92=U92*S92*V92": 
S88=s88(1:k,1:k); 

V88=v88(:,1:k); 

U88=u88(:,1:k); 

R88=U88*S88*V88': 

S94=s94(1:k,1:k); 
V94=v94(:,1:k); 

U94=u94(:,1:k); 

R94=U94*S94*V94'- 

% do cubic interpolation... 

f2=1.5 Yinterpolation parameter (0 to 3) 

disp(['Performing Cubic Interpolation ...']) 
lu=length(U90(:,1)); 

lv=length(V90(:,1)); 

pu=eye(lu); 
pv=eye(lv); 
TU=[pu pu*0 pu*0 pu*0;pu pu pu pu;pu 2*pu 4*pu 8*pu;pu 3*pu 9*pu 27*pul; 
ITU=inv(TU); 
TV=[pv pv*0 pv*0 pv*0;pv pv pv pv;pv 2*pv 4*pv 8*pv;pv 3*pv 9*pv 27*pv]; 
ITV=inv(TV); 

TS=[1 00 0;1 11 1;1 2 4 8:13 9 27): 
ITS=inv(TS); 

SIf=zeros(k); 

for j=1:k 

UL(:,j)=[U88(:,j)' U90(:,j)' U92¢-,j)' U94(.,j)'T5 
VL(:,)=[V88(:,j)' V90(:,j)' V92(.,j)' V94(:,j)'T 
SL(:,j)=[S88G,j) $90G,j) $92G,j) $94G,j)T'; 
UIC:,)=ITU*UL(.,}); %compute cubic coeff 
VIC, =ITV*VLC.,j); 
SIC, j=ITS*SLC.,j); 

Ula(:,j)=UI(1:lu,J); 
UIb(:,j)=UIdlu+1:2*lu,j); 

Ulc(:,j)=UI(2*lu+1 :3 *lu,j); 
UId(¢:,j)=UI(3 *lu+1:4*lu,j); 

VIa(:,j)=VIC.lv,j); 
VIb(:,j)=VI(lv+1:2*lv,j); 
Vic(:,jJ=VI(2*lv+1:3 *lv,j); 
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VId(:,j)=V1(3 *lv+1:4*lv,j); 

% for f2 between 0 to 3 

UI£2(:,))=Ula(:,jJ)+UIbC., J) *f2+UIc(:,j) *f2*%2+UId(:,j)* £243; 

VIFf2(.,j)=VIac.,j)+ VIbC,j) *£24+ Vc(:,j)*f2%2+ V1d(:,j)*£243; 

SIf2(j,j)=S1C1,j)+S1(2,j)*f2+S1(3,j) *¥£2%2+S1(4,5)*£2%3; 

end 

“reconstruction from interpolation... 
INT2=UIf2*SIf2* VIf2'; 

% plot the interpolation results... 

subplot(2,1,1), mesh(real(INT2)) 
axis({0 160 0 80 -0.015 0.015]) 
caxis([-0.005 0.015]) 

set(gca,'DefaultTextColor','blue’) 

set(gca,'DefaultTextRotation',0) 

text(40,100,0.027,'Interpolated Mobility Shape (Cubic, 3 SVs, real)') 

text(50,100,0.02,'(from measured data at 88, 90, 92 and 94 Hz)') 

set(gca,'DefaultTextRotation’', 10) 

text(20,-30,-0.015,'x (index)') 
set(gca,'DefaultTextRotation’,-15) 
text(-50,40,-0.015,'y (index)') 
set(gca,'DefaultTextRotation',90) 

text(-20,90,-0.015,'Mobility (in/s/Ib)') 
grid on , 

subplot(2,1,2), mesh(real(R91-INT2)) 

axis([O 160 0 80 -0.015 0.015]) 
caxis({[-0.005 0.015]) 

set(gca,'DefaultTextColor', blue’) 
set(gca,'DefaultTextRotation’,0) 

text(40,100,0.027,'Residual Mobility Shape (Cubic, 3 SVs, real)') 
set(gca,'DefaultTextRotation', 10) 
text(20,-30,-0.015,'x (index)') 
set(gca,'DefaultTextRotation',-15) 
text(-50,40,-0.015,'y (index)') 

set(gca,'DefaultTextRotation',90) 

text(-20,90,-0.015, "Mobility (in/s/ib)') 

grid on 
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B.8. rotate91.m 

% This program is to perform direct-rotation interpolation of mobility shapes 

% load measured data file... 

clear all 
disp([‘Loading data files ...']) 

path(path, '/users/lixz/cessna2') 
load C90; 

load C91; 

load C92; 

% take transpose and correct for the SLDV calibration... 

a90=C90'*0.000048; 
a91=C91'*0.000048; 
a92=C92'*0.000048; 

% form real and imaginary matrices then form complex mobility matrix... 

r90=a90(:,1:150); 
c90=a90(:,151:300); 
rc90=r904+1%*c90; 

r91=a91(:,1:150); 

c91=a91(:,151:300); 

rc91=r91+i*c91; 

r92=a92(:,1:150); 
c92=a92(:,151:300); 

re92=r92+i1*c92; 

clear C90 C91 C92 

clear a90 a91 a92 

% generate velocity correction matrices for surface normal... 
disp([{'Correcting velocity angle ...']) 
Y=zeros(62); 

X=zeros(150); 

for n=1:150 

X(n,n)=1/cos(-(12-(n-1)*23.5/149)*pi/180); 

end 

for m=1:62 

Y(m,m)=1/cos((53-(m-1)*109/61)*pi/180); 
end 
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% correct mobility matrix for surface normal... 

rm90=Y*r90*X; 

m91=Y*r91*X; 

rm92=Y *r92*X; 

cn90=Y*c90*X; 

cn91=Y*c91*X; 

cn92=Y*c92*X; 

ren90=rn90+1*cn90; 

rcen91=rn91+i*cn91; 

ron92=rn92+1* cn92; 

% sigular value decomposition and reconstruction... 
disp(['Performing Singular Value Decomposition ...']) 
[u90,s90,v90)]=svd(rcen90); 

fu91,s91,v91]=svd(rcen9 1); 

[u92,s92,v92]=svd(ren92); 

k=3 

$90=s90(1:k, 1:k); 

V90=v90(:,1:k); 

U90=u90(:, 1:k); 

R90=U90*S90* V90'; 

S91=s91(1:k, 1:k); 
V91=v91(:,1:k); 
U91=u91(:,1:k); 

R91=U91*S91*V91'; 

S92=s92(1:k,1:k); 

V92=v92(:,1:k); 

U92=u92(:,1:k); 
R92=U92*S92*V92'; 

% rename... 

XU1=U90; 

XU2=U92; 

XV1=V90; 

XV2=V92; 

S1=S90; 

S2=S92; 

% First rotate U-vectors... 

[m,n]=size(XU1); 
WU1=XU1'* XU2; 
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fYU1,CU, YU2]=svd(WU1); 
UUI1=XU1*YU1; 

UU2=XU2* YU?2; 

PU2=XU2*XU2'; 
PU2T=eye(size(PU2))-PU2; 

SU=sqrt(eye(n)-CU'*CU); 
WU2=PU2T*XU1* YU1*inv(SU); 

[CUV,CUD]=eig(YU1* YU2'); “additional eigen decomposition 

CUT=zeros(n); 

SUT=zeros(n); 

t=0.5 % parameter t takes 0 to 1 
for j=1:n 

CUTG,j)=cos(acos(CUG,}))*t); 
SUTG,j)=sin(acos(CUG,j))*t); 

CUDTG,j)=CUDG,j)*(-t); 
end 

XUT=(UU2*CUT+WU2*SUT)*YU1'*CUV*CUDT*CUV'; 

% Second rotate V-vectors... 
[m,n]=size(XV1); 

WV1=XVI'*XV2; 

fYV1,CV,YV2]=svd(WV1); 
UV1I=XVI1*FYVI; 

UV2=XV2*YV2; 

PV2=XV2*XV2'; 

PV2T=eye(size(P V2))-P V2; 
SV=sqrt(eye(n)-CV'*CV); 

WV2=PV2T*XVI*YVI*inv(SV); 

[CVV,CVD]=eig(YV1*YV2'); “additional eigen decomposition 

for j=1:n 
CVTQGj,j)=cos(acos(CVG,j))*t); 
SVT(Gj,j)=sin(acos(CVQ,j))*t); 

CVDTG,j)=CVDG,j)*(1-t); 
end 

XVT=(UV2*CVT+WV2*SVT)*FYVI*CVV*FCVDT*CVV'; 

% reconstruction from interpolation... 

SI=S1*t+S2*(1-t); 
ROT=XUT*SI*FXVT'; 

Appendix B: MATLAB ".m" Files 180



% plot the interpolation results... 
subplot(2,1,1), mesh(real(ROT)) 
axis([O 160 0 80 -0.015 0.015}) 
caxis([-0.005 0.015]) 
set(gca,'DefaultTextColor','blue’) 

set(gca,'DefaultTextRotation',0) 
text(40,100,0.027,'Interpolated Mobility Shape (Direct rotation, 3 SVs, real)') 

text(50,100,0.02,'(from measured data at 90 Hz and 92 Hz)') 

set(gca,'DefaultTextRotation’, 10) 

text(20,-30,-0.015,'x (index)') 
set(gca,'DefaultTextRotation',-15) 
text(-50,40,-0.015,'y (index)') 

set(gca,'DefaultTextRotation',90) 
text(-20,90,-0.015,'Mobility (in/s/Ib)') 

grid on 
subplot(2,1,2), mesh(real(R91-ROT)) 
axis([O0 160 0 80 -0.015 0.015]) 
caxis([-0.005 0.015]) 

set(gca,'DefaultTextColor','blue’) 
set(gca,'DefaultTextRotation',0) 
text(40,100,0.027,'Residual Mobility Shape (Direct rotation, 3 SVs, real)') 
set(gca,'DefaultTextRotation', 10) 
text(20,-30,-0.015,'x (index)') 
set(gca,'DefaultTextRotation',-15) 

text(-50,40,-0.015,'y (index)') . 
set(gca,'DefaultTextRotation',90) 
text(-20,90,-0.015,'Mobility (in/s/Ib)') 

grid on 
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