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(ABSTRACT) 

The spatiotemporal dynamics of a photorefractive phase-conjugate resonator 

(PPCR) is studied both experimentally and analytically. The resonator is a confocal 

cavity bounded by a dielectric mirror and a phase-conjugate mirror in a four wave mixing 

geometry. The effect of the Bragg mismatch, which is caused by the misalignment of the 

pump fields, is experimentally shown to break the cylindrical symmetry of the system and 

to increase the speed of the dynamics. By studying the first non stationary state at a 

cavity Fresnel number of F=2.0, the effect of the transverse component of the mismatch is 

shown to add a transverse phase to the wavefront of the phase-conjugate field, leading to 

the periodic nucleation of a pair of phase defects. 

A model of this state is developed in terms of the competition of a few transverse 

patterns. The model is experimentally verified using a holographic optical correlator 

designed to identify the modes presumed by the model. 

The dynamics are also studied using a Karhunen-Loéve decomposition in which 

the eigenvectors of the covariance matrix are calculated. The covariance matrix 1s 

obtained from the transverse intensity fluctuations of the cavity field and the eigenvectors 

are interpreted as the active cavity modes of the resonator. The results of the application 

of this experimental method to the F=2.0 state match those obtained by the correlator. 

This demonstrates its validity as a useful tool for studying the system. Application of the



decomposition to states at higher F reveal that aperiodic and periodic states can have very 

similar active mode Structures. 

An analytical model of the PPCR is then developed using a plane wave 

decomposition of the cavity field and the material variables contained in Kukhtarev's 

equations. Numerical simulations using the model demonstrate its accuracy. In addition, 

the different effects of the longitudinal and transverse components of the Bragg mismatch 

on the dynamics and defect nucleation are revealed. The relevant assumptions involved 

in the development of the model are discussed in detail.
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Chapter 1 

Introduction 

1.1 Transverse nonlinear optics: overview 

The nonlinear interaction of light with matter is a process in which light alters the 

properties of the medium in which it travels and as a consequence the properties of the 

light change. The field of nonlinear optics is the study of the many different effects that 

can occur in such processes. The origins of this field can be traced back to 1960 with the 

invention of the ruby laser [1] which produced intense, coherent, and monochromatic 

light, necessities for the observation of most nonlinear phenomena. Although the laser is 

inherently a nonlinear device, the experimental demonstration of second harmonic 

generation in 1961 [2], in which light at a certain frequency is converted into light at 

twice the original frequency, is considered the first nonlinear optical experiment. At 

approximately the same time, other nonlinear processes such as two photon absorption 

were successfully demonstrated [3] and theoretical formalisms soon followed [4,5]. 

Many of these early experiments were understood solely on the basis of easily 

understandable models that included only the variation of the light's field distribution 

along the direction of propagation. However, as early as 1963 the operation of lasers was 

shown to spontaneously produce complicated spatially and temporally varying patterns 

[6,7], but these patterns were considered too difficult to explain or control. In fact these 

effects were (and generally still are) considered to be undesirable and were therefore 

suppressed by placing apertures inside the resonant cavity of the laser thereby limiting the 

transverse spatial content of the field to a single Guassian profile.



It was some years before attempts were made to exploit any transverse nonlinear 

effects for useful purposes. For example, soliton propagation and self focusing and 

trapping of optical beams were studied as early as the early 1970's [8,9], but are only now 

being recognized as having useful applications. 

Today the field of transverse nonlinear optics has grown enormous, partly due to 

the interest in the nonlinear dynamics and pattern formation in all physical systems 

[10,11] and partly due to the potential for tailoring transverse effects toward a variety of 

practical applications. In 1975 Haken showed the analogy between the Lorenz equations 

describing Benard convection in fluids and the equations describing the single mode laser 

[12], and in 1983 chaos in a laser was experimentally verified [13]. Thus the connection 

between other nonlinear physical systems and nonlinear optical systems was established. 

The importance of this lies in the relative ease in which optical systems can be studied, 

which is in direct contrast to turbulent fluid flows for example. Measurements of the 

intensity of optical systems can be easily performed and in a well controlled environment. 

Soon many fully three dimensional studies of a variety of nonlinear optical systems were 

conducted and the field of nonlinear transverse optics established. On the other hand, 

practical applications, although generally in their early stages, have been proposed in 

fields such as optical storage, optical switching, optical processing, associative recall, and 

beam guiding [14-17]. 

1.2 The photorefractive effect 

In the mid to late 1960's a particular nonlinear process was observed that later 

became known as the photorefractive effect [18]. The earliest observations were in 

LiNbO, and LiTaO, crystals and were thought to be deleterious to the operation of some 

2



nonlinear devices [19-21]. Soon however, attempts were made to put the effect to use in 

image processing and storage [22]. This occurred because the photorefractive effect is a 

physical mechanism whereby real time refractive index variations or holograms [23] can 

be written into ferroelectric crystals using only low intensity cw lasers. Until this became 

known, similar effects using the relatively small third order optical susceptibility could 

only be realized using high intensity pulsed lasers. 

Concurrent to new developments that were occurring toward the exploitation of 

the effect, several theoretical formulations were being proposed. The models derived by 

Feinberg [24] and Kukhtarev [25] have proven to accurately describe the complexities of 

the interaction, although Kukhtarev's transport model is predominately used in most work 

today. The physical mechanism described by both models is essentially the same. Light 

interacts with the photorefractive medium and causes charge carriers to migrate so that an 

electric field 1s created by the charge separation. This space charge field then modifies 

the refractive index of the medium via the linear electrooptic effect (Pockel's effect). In 

the next section the effect will be formally derived for the case of two wave mixing using 

Kukhtarev's equations. Then its relationship to four wave mixing and phase conjugation 

will be described. 

1.2.1 Two wave mixing 

The photorefractive effect is most easily understood in terms of photorefractive 

two mode coupling. A detailed analysis of the photorefractive effect is presented in 

reference [26] and a detailed analysis of wave coupling in thick gratings is presented in 

reference [27]. As shown in figure 1.1 the process starts with the interference of two 

coherent light waves inside the photorefractive medium. Although waves of different



frequencies may be used, the waves considered here have the same frequency so that a 

stationary interference pattern develops. In regions of high intensity, charge carriers 

(represented by electrons here) are excited out of occupied donor sites into the conduction 

band. These charges will then tend to migrate to regions of low intensity via diffusion, 

drift in an applied electric field, or the photovoltaic effect and will once again be trapped 

by unoccupied donor sites. The excitation and retrapping of charges will continue so that 

in the steady state, regions of high intensity gain a net positive charge while regions of 

low intensity gain a net negative charge. This oscillatory charge distribution creates what 

is commonly referred to as a space charge field. The space charge field then interacts 

with the medium via the electrooptic effect in order to modify its refractive index. Since 

the refractive index variation follows the variation of the space charge field, a refractive 

index grating is formed. Once the grating has formed the light waves may exchange 

energy and/or phase depending on the process responsible for charge migration. It has 

been shown that in diffusion dominated materials (e.g. BaTiO;, used in this work) the 

refractive index grating is shifted by a quarter period from the interference pattern. The 

size of this shift maximizes the energy transfer between the two waves and minimizes the 

phase transfer. 

A theoretical analysis describing the interaction of the fields with the medium 

starts with the source free Maxwell's equations, 

vxh-2 
ot 

— OB oH 
VxE=-— =-n,— 

* ot ary 

V-D=0 

V-B=0 (1.1)



where H, B, D, andE are the magnetic field, magnetic flux density (displacement), 

electric displacement, and electric field respectively. Typically B=,H at optical 

frequencies and D=e,E+P, where [,, €,, andP are the magnetic permeability of 

vacuum, the electric permittivity of vacuum and the electric polarization respectively. In 

order to describe second order nonlinear effects, the polarization is expanded up to 

second order in the applied electric field so that [28], 

D,= 02/8, +X + Disk. (1.2) 
j k 

The first two terms in this expansion represent the linear refractive index of the medium 

and the third term is responsible for the linear electrooptic effect and sum/difference- 

frequency generation. In the case of the linear electrooptic effect where E,(@=0) is a 

static applied electric field, the second order nonlinear susceptibility is conventionally 

expressed in terms of the electrooptic tensor. This tensor describes the change of the 

index ellipsoid of the medium due to the presence of the applied field. Therefore eq. 1.2 

can be rewritten in the form 

D=e,€-E-e,€-(R-E,)-(€-E), (1.3) 

where R is the electrooptic tensor, E, is the applied field, and & is the permittivity tensor 

of the medium. In the case of the photorefractive effect, E, is considered to be the space 

charge field plus possibly an additional externally applied field, which in our case we set 

equal to zero. It should be noted that the nonlinearity arising in this case comes from the 

fact that the space charge field is ultimately created by the optical fields propagating in 

the medium. 

Using Maxwell's equations we obtain the nonlinear wave equation in the standard 

way [22]



(1.4) 

To see how the fields propagate we take the total electric field in the medium to be the 

sum of the propagating fields, 

E(7,t) =4(8,B, (7, te"? +8,E,(F,te™" Je™ +c.c., (1.5) 

and the space charge field as 

E, (7,t) =1k,E,(F,0e"*" +e.c., (1.6) 

where c.c. stands for the complex conjugates of the preceding terms. E,,, E,, and E, are 

slowly varying functions of space and time, and since the space charge field variation 

follows the interference pattern of the optical fields, its wave vector is chosen to take the 

form k, =k,-k,. Assuming the incident fields are eigenmodes of the medium (ie. é) 

and that the grating produces only a small change in the refractive index, substitution of 

eqs. 1.5 and 1.6 into eq. 1.4 yields the following coupled differential equations, 

k,-VE, + @"-&(R-k,)-€-6,E,E, =0 
2n,c . . 

1M w+ ~ 
  E, =0, (1.7) 

where n, and n, are the average refractive indices seen by each field. The derivation of 

eq. 1.7 involves a large amount of algebra and is not shown here. The general procedure 

is to separate the equation by equating terms with the same exponent (i.e. phase 

matching) and then performing an inner product on each using the appropriate 

polarization vector. Use has been made of the slowly varying envelope approximation. 

The adiabatic approximation is also used in which the temporal derivatives are ignored. 

The exact expression of E,. will be formally derived in the next section and the adiabatic 

approximation will be further elucidated.



The physical interpretation of the preceding derivation becomes more transparent 

when the nonlinearity is considered as simply a refractive index change and the 

propagating fields do not change polarization states. In this case the wave equation is 

written 

, _ ., 0°E(f,t 
VE(F,t)— (Edun + 2eg4yn,An(?,)) 5 = 0, (1.8) 

where n, is the average refractive index acting on the fields and An(T,t) represents the 

change of the index due to the nonlinearity. 

Let each of the fields be plane waves with the same polarization so that the total field 

now takes the form 

E(f,t)= 1(A (z,t)e*" +A,(z,te™* Je +C.C., (1.9) 

and the change in the refractive index takes the form 

An(f,t) =4(z,t)e""* +c.c., (1.10) 

where A,, A, and 1 are slowly varying functions in time and along the general direction 

of propagation, which is chosen as the z direction. This choice for the field amplitudes 

imposes that the interaction occurs primarily along the direction of propagation. 

Performing a similar derivation as before, we obtain the simpler form of equations 1.7, 

cos6, OAL) 1 on pA (z,t) =0 
Oz 2c 

cos, LAY 1 ny ta (7,t) <0. (1.11) 
“  Qz 2c 

where 8, and 9, are the angles that the fields make with the z axis. The change in 

refractive index may now be related back to the second terms in eq. 1.7 by remembering 

that the change in the index ellipsoid due to the electrooptic effect can be written



  

Il 
a? 
ny, 

eff-~a > 
rE =a )-22 

3 

Ny, 

or after some rearrangement 

3 

n(z,t) = AH, (1.12) 

where the amplitude of the space charge field is now also assumed to slowly vary only in 

the z direction as prescribed by the choice of the fields in equation 1.9. r,,, is called the 

"effective electrooptic coefficient" and must be obtained from vectorial analysis of the 

electro-optic tensor. Comparison of eqs. 1.7, 1.11 and 1.12 shows that the effective 

electrooptic coefficient is given by 

r.. = eff — 6° -&(R-k,)-E-,, (1.13) 

~ 
a
l
 

where the i and j indices denote the two different fields. 

The relatively simple equations 1.11-1.12 are now all that is necessary to describe 

the propagation of the fields involved in two wave mixing interactions in photorefractive 

media, provided one remembers that the amplitude of the index grating must now be 

obtained using fe, aS given by equation 1.13, and E,.. A derivation of E,. in terms of the 

properties of the specific photorefractive medium is given in the next section. 

1.2.2 Kukhtarev's equations 

As previously alluded to, the photorefractive process starts when spatially non 

uniform light illuminates a photorefractive medium. Charge carriers are excited from 

donor sites into the conduction band. The mobile charges can then migrate in the 

medium due to an externally applied field, diffusion, or the photovoltaic effect and get re-



trapped at unoccupied donor sites. Since the light is non uniform, the probability for re- 

exciting trapped charges in regions of relative dark intensity is not as high as in regions of 

bright intensity and a non uniform distribution of charges will develop. The spatial 

imbalance of charges creates a spatially modulated electric field and since the medium is 

electrooptic, there will be a corresponding modulation in its refractive index. 

This process is described by Kukhtarev's transport equations [25], which relates 

the charge excitation and retrapping mechanisms to the migration of the charges. The 

ultimate goal of these equations is to derive an expression for the space charge field E,. in 

terms of the physical parameters of the medium, so that the field equations, 1.7 or 1.11, 

provide a complete description of the photorefractive effect. The derivation presented 

here assumes that the charge carriers are electrons although they can be any combination 

of electrons or holes. 

The four equations are given by the following and described below: 

J(F,t) =eun(F,t)E, (7,t) +K,TuVn(t,t), (1.14) 

“ie = (B+SI(F,t))(N, —N}(F,t))-Yen(F.t)NS (Ft), (1.15) 

V-(E, (7,0) =-—— (nF, t) +N, -NB (FD), (1.16) 
EE 0 

ON} (fT, t) on(f,t) 
e =e€ 

ot ot 
  —~V-J(,t), (1.17) 

Equation 1.14 describes the current density J in the crystal that arises due to the mobile 

charge carriers with density n. The first term in the right hand side represents drift in an 

applied electric field E, and the second term diffusion. The anisotropic photovoltaic term 

is ignored since it is negligible in our medium, BaTiO, [29]. Equation 1.15 is the rate 

equation and it describes the excitations of the charges. N,, is the total number density of



donor sites, N7}(7,t) is the number density of ionized donors, and n(f,t) is the number 

density of charge carriers. The first term on the right hand side describes the optical and 

thermal ionization rates and the second term describes the recombination rate. The 

thermal rate is very small compared to the ionization rate at the optical intensities used in 

this work and is henceforth ignored. Equation 1.16 and 1.17 are the Poisson equation and 

the continuity equation respectively. N, is the total number density of acceptor sites, 

which ensures that there are a large number of unoccupied donor sites. The constants are 

given by: 

(3 = thermal generation rate (B<<SI for our intensities), 

Ye = recombination coefficient, 

-e = electron charge, 

u. = electron mobility, 

T = temperature, 

K, = Boltzmann's constant, 

€ = unperturbed dielectric constant, 

S = photoionization cross-section. 

Equations 1.14-1.16 are difficult to reduce to a single expression for the evolution 

of the space charge field due to the products of the dependent variables. Kukhtarev used 

a perturbative approach to solve them where each of the variables is expanded into a 

Fourier series using the wave vector of the grating. The zero order terms of the equation 

are spatial and temporal averages of the variables and the higher order terms are assumed 

to represent increasingly small modulations of these averages. When the series are 

inserted into the equations, terms that are the products of these small modulations can 

then be neglected thereby linearizing the equations. The solution proceeds as follows. 

First the variables are expanded in series: 

LO



I(f,t) =1, +4 {1,(z, te" +c.c.} 

n(f,t)=n, +14{n,(z,te"" +c.c.} 

Ni (#,t) =Né, +4{N*,(z, the" +¢.c.] 

E, (f,t) =E, +4{E,,(z,t)e"* +c.c.}, (1.18) 

where Ip, ny and Nj, are the spatial and temporal averages of the variables and E, is an 

externally applied field which is equal to zero in all cases considered in this work. 

Second and higher order terms are ignored under the assumption that they are 

increasingly small and will therefore have little effect on the solution. Similar to equation 

1.9, the small first order coefficients are considered to slowly vary only along the 

direction of the propagation of the fields and in time with the majority of the total first 

order spatial variation in the direction of the grating vector. E,.(z,t) is the resulting 

space charge field due to the charge separation and I,(z,t) = A,(z,t)A,(z,t) is a term 

produced by the interference of the fields. I, must be much smaller than the average 

intensity, I,(z,t)=A,(z,t)A,(z,t)+A,(z,t)A,(z,t), in order for the above assumptions 

to be accurate. 

Substituting equations 1.18 into equations 1.14-1.17, neglecting terms that are 

second order in the perturbation amplitudes, using the slowly varying envelope 

  

. . _ . ~ OF, 
approximation, and making use of the fact that terms similar to z-k, —** are small, we 

~ OZ 

obtain, 

_ SIL(N5 — Nobo) 

YRNoo 

Noo + Ny -N, =0 

0 

uK,T 
  dn, _ ONpy > =—— + Unik EF. — kon, 
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aONt 
+ + + + 

ot =STCN5 — N50) ~SIpN51 — YaMoN 5: — YaNooM 

ik,E. =—~(n,—Ni,), (1.19) 
m E,E 0 

The first two terms in equation 1.19 are obtained by equating the zero order coefficients 

in the expansion and the last three terms are obtained by equating the first order 

coefficients. 

Manipulating these expressions in order to get a single equation for the space 

charge field yields 

OE, oF} 1 1.1 1 | lf i 1 ieS(N, —N,)I, 
+ *| —+—+——4+— |+ E, +—] —+— | |=——4—--," 
ot Ot | Tie Tp Tre TF “| TreTae Tre Tp Tee Tyk ,E,€ 

  

le Re “die le 

(1.20) 

where the characteristic time scales of the medium and their orders of magnitude in 

typical inorganic photorefractive materials are, 

; . ar EE 3 
Tj. = dielectric relaxation time =—— = 10's 

eun, 

Tre = electron recombination time =(yN,)' = 10°’s 
e 

T, = diffusion time = —_ __ =10°s ?K,Tu 

T,, = production + ion- recombination times =(SI,+yn,)” ~10™s. (1.21) 

Equation 1.20 may be reduced further by making use of the size of the relative time 

scales, noting again that E,, varies slowly in time, and that in BaTiO, 
sc 

N, =10"°cm' >>N, =10°cm™ >>n,=10cm™. The final expression for the space 

charge field is then approximately given by 

12



dE, (Z,t) 

  

  

.1(z,t E t+E,(z,t) =i te _*o (1.22) 
at : I,(z,t) 1+ Ep/Eg 

where the characteristic time scale of the photorefractive process 1s 

+ 

T = Tae LT. /T , (1.23) 
1+E,/E, 

and the characteristic fields are 

k.K,T 
E,=—= 

e 

eN 
E, =——. 1.24 

° €,ek, 

Eq is the value of the space charge field for maximum charge separation equal to the 

period of the intensity and E, is the diffusion field. 

T is typically on the order of seconds for BaTiO, and for intensities on the order of 

4W/cm2. This means that the build up and erasure time of the index grating is much 

slower than the transit time of the fields in the medium. This allows one to drop temporal 

derivatives in the field equations (equations 1.7 or 1.11) because the field is assumed to 

instantaneously follow the temporal change in the grating, an approximation referred to 

earlier as the adiabatic approximation. 

1.2.3 Phase conjugation and four wave mixing 

Phase conjugation is a process in which a traveling wave is acted upon in such a 

way as to produce a time reversed replica of the original wave. In other words if an 

image bearing optical field traveling along the z axis has the form 

E,(#,t) =4A,(¥, tye“ +c.c., then its phase conjugate replica will have the form 
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E(f,t)=+A;(#, te" ™ +c.c... A very important direct consequence of phase 

conjugation is the process known as phase healing or image restoration. As demonstrated 

in figure 1.2 a distorted image can be recovered by using the phase conjugate wave of the 

image and passing it once more through the distortion. This will become important in the 

next section when phase conjugate resonators are discussed. 

Phase conjugate waves can be produced using different processes. Phase 

conjugation by stimulated Brillouin scattering in which the phase conjugate wave is 

produced by a traveling acoustic wave via the electrostrictive effect, was first 

demonstrated in 1972 [30]. Yariv and Pepper [31] in 1977 showed how phase 

conjugation could be achieved using four wave mixing in third order media, and in 1979 

Huignard [32] demonstrated it using four wave mixing in a photorefractive medium. 

Photorefractive four wave mixing is an interaction between four fields that occurs 

in much the same manner as the two wave mixing process just described. The general 

interaction is shown in figure 1.3 and is viewed in the following way. Two fields 

interfere to form a refractive index grating and one of the other two will then scatter off 

the grating into the direction of the fourth. The process is symmetric in that if fields 1 

and 4 in figure 1.3 form a grating on which 2 and 3 will scatter then the opposite is also 

true. The actual transfer of energy between the fields is dependent on the material 

parameters. 

The configuration shown in figure 1.3 is called the transmission grating geometry, 

although other configurations are possible. In the reflection geometry for example, the 

grating is formed by the interference of 1 and 3 (or 2 and 4). These different 

configurations can be suppressed by an appropriate choice of the geometry used in a 

particular medium or by the preferential enhancement of one grating by the application of 

an external electric field. 
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Phase conjugation comes about in this interaction because the Bragg condition 

must be satisfied. The Bragg condition is a result of conservation of momentum, which 

requires that field 1 (3) must counter propagate with respect to field 2 (4). Typically in 

experiments, only three fields are initially present. For figure 1.3 this would correspond 

to two relatively intense pump fields (1 and 2) and a weaker probe field (4). The process 

then spontaneously produces a signal field (3), which is the exact phase conjugate of 4 

due to the Bragg condition. 

1.3 Photorefractive phase-conjugate resonator (PPCR) 

In general, optical resonators are devices which contain an amplifying medium 

and an optical cavity to provide feedback into the medium. The cavity is arranged in 

either a closed loop or bounded linear configuration. Energy is transferred to the medium 

causing electronic excitations that relax and emit radiation. The cavity is tuned so that its 

resonant conditions are satisfied by the emitted radiation and coherent oscillation builds 

up. 

Photorefractive phase-conjugate resonators (PPCR) are a particular class of 

optical resonators where a cavity mirror is replaced by a phase conjugate mirror (PCM) in 

a photorefractive four wave mixing geometry. The advantages of such a device will be 

explained in the next section. The first use of a PPCR was to correct distortions in a laser 

cavity [33]. In that work the PCM was used as a passive device, which means that energy 

was transferred to the cavity by exciting a lasing medium that in turn excites the four 

wave mixing process in the PCM. 

In this work, an active PPCR is studied in which not only does the PCM act as a 

phase conjugator, but is also used as the amplifying medium. The resonator, as shown in 
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figure 1.4, is bounded by a photorefractive phase conjugate mirror and a dielectric mirror. 

A lens is place in the center of the cavity at a distance of one focal length from each 

mirror. Circular apertures are placed next to each mirror in order to control the transverse 

size of the oscillating cavity field. This particular choice of cavity geometry is chosen for 

its relative simplicity and facility in which the transverse confinement of the cavity can be 

controlled. The PCM is optically pumped using the 514nm line of an argon ion laser 

which is isolated from the cavity by a Faraday rotator. The pumps have extraordinary 

polarization in order to make use of the large electrooptic coefficient of BaTi0,. Each 

pump has a power of 35mW with a beam diameter at the crystal of about 3mm. The focal 

length of the lens is 16cm and the planar cavity mirror is 95% reflecting with a dielectric 

coating. The pump field | and cavity field (3 and 4) make an angle of 53° and 13° with 

respect to the normal of the crystal face (crystal axis). 

1.3.1 Control parameters 

When the pumps are strong enough to overcome the cavity losses (i.e. the 

threshold condition), oscillation will build up in the cavity due to the feedback produced 

by the dielectric mirror. In this situation the four wave mixing process in the crystal may 

be viewed in relation to figure 1.2 by considering the pump fields as equivalent to fields 1 

and 2, and the cavity fields as equivalent to fields 3 and 4. 

Above threshold the oscillating field has been shown to exhibit interesting 

spatiotemporal dynamics in the plane transverse to the cavity axis [34-36]. In general, the 

dynamics of the transverse patterns is characterized by the motion of "phase defects" or 

phase singularities in the optical field. The number of these vortices, as they are also 

16



called, varies and their motion can be periodic, quasiperiodic, and chaotic depending on 

the two control parameters of the system. 

The first control parameter is the cavity Fresnel number defined by F=D,D./Af, 

where D,,, are the diameters of the apertures placed in the cavity, » is the laser 

wavelength, and f is the focal length of the intracavity lens (see fig. 1.4). The Fresnel 

number is a measure of the amount of transverse confinement of the cavity. It may also 

be viewed as the number of Fresnel zones or speckles diffracted by one aperture and 

enclosed by the other. In this sense one can think about it in terms of the amount of 

transverse spatial information the cavity can support. 

There seems to be two ranges of Fresnel numbers leading to different types of 

behaviors [37]. At modest Fresnel numbers (FS10) the cavity boundaries control the 

transverse length scales and thus the spatial complexity of the cavity field. This is a 

domain of interest for engineering applications since it may be possible to achieve pattern 

selection or switching by manipulation of the cavity boundary conditions. At higher 

Fresnel numbers, material diffusion may determine the dominant length scale and other 

scalings prevail. 

While the Fresnel number is related purely to the geometry of the cavity, the other 

control parameter is related to the four wave mixing process and is termed the Bragg 

mismatch. It is a measure of the departure from the Bragg condition and is produced by 

an angular tilt or mismatch between the normally counterpropagating pump fields, as 

shown in figure 1.5. Generally, a relatively large mismatch will destroy the four wave 

mixing process since destructive interference will inhibit the formation of the phase 

conjugate field. However, for small values of the mismatch the phase-conjugate 

reflectivity, defined as the ratio of the amplitude of the signal field to that of the probe 

field, has been shown to increase with respect to a process where there is no mismatch 

{7



[38]. Chaotic oscillations have been observed in the phase-conjugate field for small 

particular values of the mismatch [39]. The study of the effect of the Bragg mismatch on 

the dynamics of the system and how it relates to the feedback from the cavity and the 

cavity geometry is one primary concern of this work. 

1.4 Motivation 

There are two separate motivating factors for the study of a PPCR. By taking 

advantage of its inherent gain, phase healing, and feedback mechanisms it may be 

possible to use it to implement novel image processing and storage schemes. Other work 

using nonlinear optical resonators in storage and processing applications has already 

exploited these properties to some extent [40,41,16,17]. Until now however, the PPCR is 

not fully understood in terms of the physical mechanisms that drive the dynamics. 

Therefore a full characterization of the dynamics of the system and the development of a 

satisfactory physical model of it are the necessary preliminary steps leading to its control 

and possible practical utilization. 

This work is also driven by the fact that the PPCR is an ideal system for studying 

the more fundamental aspects of transverse nonlinear phenomena. So far, most 

experimental work in continuous (as opposed to arrays for example) spatiotemporal 

dynamical systems has been done on fluid flows and, in optics, lasers. However, 

comparison between theoretical predictions and experimental observations on laser 

systems has proven to be difficult due to their high speed dynamics [42,43]. In PPCRs, 

dynamics similar to those observed in other optical oscillators such as lasers are also 

observed, however they occur on a much slower time scale. This occurs despite the 
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different gain mechanisms involved and therefore the question of the universality of the 

dynamical phenomena in all spatially extended optical systems is of interest. 

The slow speed of the dynamics then becomes important because it allows the 

system to be conveniently studied using existing hardware (e.g. CCD arrays). Therefore 

intensive experimental studies may be performed on this system and, assuming the 

universality of the phenomena is true, the results can be used to understand the faster 

systems. At the very least this system can be used to test the effectiveness of new 

experimental techniques used in the study of transverse nonlinear optical phenomena. 

With the assumption that it is difficult and more cost intensive to implement studies of 

the fast systems (e.g. the need for high speed detectors), it would be beneficial to test new 

studies first on the PPCR and then modify them for the faster systems. 

Consequently, the aim of this work is two fold. First, we will demonstrate the 

validity of novel experimental techniques used to study spatiotemporal optical systems by 

applying them to the PPCR. Second, using the knowledge gained from this application, 

we will ultimately develop an analytical model that accurately depicts the observed 

dynamics. 

1.5 Organization of dissertation 

The dissertation is divide into three main sections. The first is presented in 

chapter two in which a model of the PPCR is formulated for the simplest non stationary 

state observed. The model assumes that the cavity field can be decomposed into a few 

cylindrically symmetric Gauss-Laguerre patterns that compete for the gain (i.e. energy 

transfer from the pumps) in the crystal. The model is studied using time series data as a 

function of the Bragg mismatch, and by using a holographic correlation technique. The 

19



correlator optically measures the correlation between the Gauss Laguerre patterns and the 

cavity field. The results of the correlator will demonstrate that simple mode competition 

is an accurate model for this state despite the arbitrary assumption about the form of the 

modes. The drawbacks of this technique will be discussed in terms of its implementation 

to more complicated dynamical states. 

In chapter three another experimental technique is presented: the Karhunen- 

Loéve decomposition. The decomposition can greatly reduce the apparent 

uncharacterizable complexities of the spatiotemporal dynamics of the resonator by 

representing it as the temporal oscillations of a simplified set of spatial patterns. This is 

accomplished without resorting to the use of any particular physical knowledge of the 

photorefractive process or by making any arbitrary assumptions about the nature of the 

resonant modes. The decomposition is performed by taking discreet samples of the 

transverse cavity field in time and space by using a CCD array, and then processing this 

data using the Karhunen-Loéve algorithm on a PC. Results of the application of the 

decomposition on the PPCR to the first non stationary state agree well with the results of 

the correlator. At higher Fresnel numbers, it reveals, among other things, that the 

symmetry of the characteristic patterns is inversely proportional to the Bragg mismatch. 

At the same time the temporal complexity of the oscillations of these patterns increases 

with the mismatch. Examples of these patterns and their oscillations at different values of 

the mismatch and Fresnel number are analyzed. 

The third part of the dissertation includes an analytical model based on a plane 

wave decomposition of the wave equation and Kukhtarev's equation, which is derived in 

chapter four. With the inclusion of the vector Bragg mismatch, this is the first analytical 

model that accurately represents the dynamics at low Fresnel number. Relevant 

assumptions used in the derivation are discussed and the crucial roles played by the 
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transverse mismatch and the longitudinal mismatch is presented. For instance, the 

transverse component of the mismatch combined with the cavity geometry is shown to 

destabilize the stationary states, while the longitudinal component of the mismatch is 

responsible for aperiodic states. 

In the final chapter an overall conclusion of the work is presented. Directions for 

possible future investigations are given. 
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Figure 1.1: Photorefractive grating formation via two wave mixing. The interference 

pattern I leads to the charge distribution p by excitation, transport, and re-trapping of 

charge carriers (electrons). The charge separation creates a space charge field E,, that is 

shifted from the interference pattern by an amount Ad and causes a modulation of the 

refractive index through the linear electrooptic effect. Inset: Electron excitation from 

donor sites Np in regions of high intensity and subsequent re-trapping at ionized donor 

sites Nj} in regions of low intensity. The existence a large number of acceptor sites N, 

ensures the existence of many unoccupied donors. 
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Figure 1.2: Image restoration using a phase-conjugate mirror. Fields propagating from 

the left in the figure are distorted (frosted glass, transparency, atmosphere etc.). They 

undergo a time reversed reflection from the phase-conjugate mirror (below) and "heal" 

themselves after a second propagation through the distortion. 
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Figure 1.3: Degenerate four wave mixing in a transmission grating geometry. Fields 1 

and 4 (2 and 3) form an index grating of wave vector k,. Field 2 (4) then scatters from 

this grating in the direction of 3 (1). Thus field 3 (1) is the phase-conjugate field of 4 (2). 

The process shown here is degenerate in the sense that the all of the fields have the same 

27 , Lage ; 
wavelength so that |k| = a Typically only three fields are initially present: two intense 

pumps (1 and 2) and a weak probe (4). The signal or phase-conjugate field (3) is created 

by the process. 
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Figure 1.4: Photorefractive phase-conjugate resonator. A,, A,: pump fields from Art 

laser. Aj, Ay: cavity fields. D, D,: circular apertures placed a distance of one focal 

length from the cavity lens (focal length 16cm). c: direction of crystal axis. A/2: half 

wave plates used to vary the intensity of the pumps. 
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Figure 1.5: Off-Bragg degenerate four wave mixing in a transmission grating geometry. 

This is similar to figure 1.3 except that one of the pump fields (2) is tilted from a 

counterpropagating direction of the other (1). The Bragg condition is broken so that the 

phase-conjugate wave (3) aquires an extra phase (not shown). The parameter b is the 

"Bragg mismatch". 
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Chapter 2 

Model of photorefractive phase-conjugate resonator at low 

Fresnel number 

2.1 Introduction 

In this chapter we start the investigation into the dynamics of the PPCR by 

studying the most simple non stationary state observed. At very low Fresnel numbers 

(F<2) the resonator field is in a spatially uniform, time independent state. At F~2 

periodic phase breathing appears, and at F>2 and with a non vanishing phase mismatch a 

periodic state sets in. It is characterized by a pair phase defects or vortices of opposite 

charge that nucleate at the center of the pattern, repel each other along a straight line and 

disappear at the boundary. After this event, the structureless pattern narrows down 

rapidly and increases in intensity. It then slowly broadens with an intensity drop at the 

center until a new pair of vortices nucleates. Figure 2.1 is a snapshot interferogram of the 

cavity field just after the nucleation of the defects and figure 2.2 shows a sequence of 

snapshots over one full period of the motion. The full period of the motion occurs on the 

order of seconds to hundreds of seconds depending on the values of the mismatch and 

Fresnel number. 

This state is important because it is simple to model the field amplitude 

mathematically. If this mathematical description is correct then one may gain some 

insight into a physical interpretation of the dynamics. From there one may be able to then 

predict the states of the system in the rest of parameter space. 
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The next part of this chapter contains experimental observations of this state as a 

function of the mismatch. In part three a model is derived that depicts the dynamics in 

terms of a competition of transverse modes. In part four a description of a holographic 

correlation technique that will be used to test the validity of the model is presented. The 

experimental results of the implementation of this technique is presented in section five. 

A summary of the chapter and concluding remarks regarding the drawbacks of the 

correlator are included in the final section. 

2.2 Dynamics versus Bragg mismatch 

The state was first studied by measuring the local intensity of the field in the 

resonant cavity. This was performed by imaging the field in the plane of aperture D, onto 

a photomultiplier tube that was masked by a pinhole placed close to the center of the 

nucleation site of the defects. Time series were collected over at least nine full periods of 

the motion with the resonator shown in figure 1.3 equipped with apertures D,~430um 

and D,~488um so that F~2.5. A momentum mismatch was introduced into the system by 

an angular shift of pump A, in both the horizontal (x) direction and vertical (y) direction. 

With respect to figure 1.4, this mismatch is approximately represented by the expression 

n,(0,—@,) in the vertical direction and a similar expression in the horizontal direction. 

This parameter was scanned in both transverse dimensions and for all non-vanishing 

values a two-vortex splitting state was observed. 

A typical set of results is shown in figure 2.3. The momentum mismatch was 

varied by scanning the incidence angle of the pump over a range of about Imrad in both 

the horizontal (figure 2.3a) and vertical (figure 2.3b) directions. In each case, the two 

traces correspond to two different fixed angular offsets in the direction perpendicular to 
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the direction of the scanned mismatch. Outside the range shown, the oscillation vanishes 

as the resonator falls below threshold and the cavity field disappears. 

Two major observations are obtained from this data. The first is that the defects 

repel each other and move along a line normal to the transverse component of the 

mismatch. Thus for example, a vertical transverse mismatch leads to defect motion along 

a horizontal line. Additionally, when the sign of the mismatch changes, the signs (see 

below) of the defects change as well. 

The second observation is that the frequency of the motion increases as the 

mismatch increases as shown in figure 2.3. As the phase matching condition is 

approached, the frequency goes to zero, leading to a stationary output. This stationary 

state was found to be sensitive to external perturbations and exhibited random 

fluctuations on a long time scale. An explanation of these observations is given in the 

next section. 

2.3 Mode competition model 

So far there has been no formal definition of a phase defect or optical vortex. The 

first recorded observations and mathematical descriptions of these entities was given by 

Nye and Berry [44], and they were first observed in photorefractive oscillators by Arrechi 

in 1990 [45] and Liu and Indebetouw in 1992 [34]. A variety of terms such as 

dislocations and phase singularities are currently associated with them, but here we will 

denote them as phase defects or optical vortices, referring to the helical structure of the 

wavefront around the ones observed in our experiments. 

Defects are characterized by two properties. First, both the real and imaginary 

parts of the field must vanish at the location of the defect so that the phase at this point is 
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indeterminate. Second, the variation of phase of the field on a closed loop around a 

single defect must be equal to a multiple of 27, 

1.e. $Vo -dl =2nm, m integer 

where @ is the phase of the field, m is the topological charge of the defect and dlis the 

closed loop around the defect. Furthermore, defects may have two distinct forms, pure 

edge and pure screw as shown in figures 2.4 and 2.5, or can be a mixture of the two. 

The presence of the defects in the field of the state under study here provides clues 

then as to the nature of the field itself. A field amplitude with two vortices of opposite 

charge located at (r,0) =(r,(t),6,) and (1,(t),0, +7) may be written as, 

V(r,0) « [re — 1, (t)e'’ I[re-® + 1, (t)e" ] =r? + 2ir, (t)r sin(8—8,) — 1°, (2.1) 

where the radial location of the vortices is given a time dependence in order to model 

their motion. For this to be a realistic field of the resonator, a field envelope (e.g. 

Gaussian) vanishing beyond the boundary of the aperture D, should appear explicitly in 

equation 2.1, but is neglected here since we are concerned with the vortex nature of the 

field. The distribution of equation 2.1 can be generalized to a sum of four competing 

patterns associated with Gauss-Laguerre functions, which are the typical eigenmodes of 

an empty cavity having cylindrical geometry, 

V (1,8) x Z(t) + Z,,(t)re” +z,- (tyre +z,,(4° — 1). (2.2) 

With the inclusion of the Gaussian field envelope, the 00 pattern has a simple Gaussian 

profile, the 01 or 01 patterns have a spiraling phase structure of opposite helicity and 

vanish at the center, and the 10 pattern has a profile similar to the shape of a Mexican 

sombrero (for lack of a better description). For this to represent the field of equation 2.1, 

the coefficients z,, and z,, of the even patterns must be real and the two other coefficients 

* 

must be locked in phase as Z,; = —Z,,. One may point out that in our physical system and 
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in the quasi steady-state limit resulting from the sluggishness of the medium, these 

conditions are actually dictated by the cavity geometry in which, after one round trip, the 

field is inverted and imaged onto itself at the aperture D, by the cavity lens. The presence 

of the locked modes is essential for the generation of nontrivial patterns with vortices in 

this system. 

Given a non vanishing amplitude for the locked 01, 01 modes, the nucleation of 

vortices in the field and their subsequent motion depend on the relative amplitude of the 

two modes with circular symmetry. In particular, the necessary condition for vortices’ 

nucleation is |z,,|=a,, >O and Z,, =a. >Zy = ay) (ie.: the mode with quadratic radial 

structure must overcome the homogeneous mode). 

The following scenario, compatible with the observations, describes a cycle of 

vortices’ nucleation, motion and disappearance. The scenario is conveniently interpreted 

by making use of the above nucleation conditions and writing the expression for the field 

as 

V(r,0)aa,,(t) +ia,,(t)rsin(@—-6,)+a,,(t)(r° — 1). (2.3) 

(1) ayy =O 

Initially, the homogeneous solution ( a,,#0) prevails. Patterns with higher 

complexity are produced via the interaction of the medium nonlinearity and the cavity 

boundary conditions [46] and compete with the homogeneous solution. In this model two 

patterns are excited, one having radial structure with a m phase shift occurring at r=1 and 

amplitude a,,, and another with a 7 phase shift chosen along the line rcos(®—®,) =0, 

which is close to the horizontal x-axis (8, =0). This choice of the second excited pattern 

means that the Bragg mismatch must be in the vertical direction, thus adding a 

preferential phase or wavefront tilt in that direction and breaking the cylindrical symmetry 

of the system. 
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(2) Ay, /'ay) > 1 

There are no vortices in the field but a phase gradient develops near the origin. 

The phase step along the line x=0 is 

Ad =2 tan ![(a,,/2a,,)(a/a,,- 7] (2.4) 

and the distance between the two phase extrema is 

Ay = 2(a,)/a,)—1)*. 

This is obtained by equating the derivative of the phase along the line x=0 to zero, 

ie 2 tan'| — 2a — Jo 
oy Ang + aio ly” —1) 

Figure 2.6 shows a plot of the wavefront with its phase inhomogeneity near the origin. 

(3) ayy /ayy = 1 

As the higher order mode overcomes the homogeneous solution, Aodé— 7a and 

Ay 0. Thus, the two phase extrema with a m phase difference collapse at the origin. 

Destructive interference occurs and the intensity vanishes at that point. Simultaneously, 

the wavefront tears locally and connects with the next wavefront, generating a pair of 

vortices of opposite charge. 

(4) O<ay/ayy <1 

AS a,,/a,, decreases, the two vortices repel each other along the zero line of the 01 mode. 

The position of the vortices are r = (1—a,,,/ an), 6=0, =0, 8,+7, corresponding to the 

intersection of the zero lines of the real and imaginary parts of equation 2.3, 

ie.  rsind=y=0 and a,, +a,,(r° —1) =0. 

Between the two vortices, each wavefront is connected with the next one. A plot of this 

wavefront is shown in figure 2.7. As a,,/a,, decreases further, the two vortices move 

further apart and eventually disappear beyond the boundary and the wavefront recovers its 

homogeneity. 
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The salient points of this scenario are the following. A phase instability precedes 

the nucleation of the vortices. Nucleation occurs only if higher order modes are 

sufficiently excited. A periodic repetition of this scenario implies a periodic energy 

exchange between the homogeneous mode and the mode with a radial m phase shift, as 

well as with the two locked modes with angular momenta +1. 

2.4 Correlator Experiment 

Several important features of this scenario were verified experimentally. The 

experiment consisted of measuring directly the overlap integral of the field V(¥,t) exiting 

the resonator with simple phase patterns o,(f) which can be associated with the modes 

appearing in the scenario. Here f just represents the transverse (x,y) coordinates. The 

setup sketched in figure 2.8 is a multichannel optical correlator in which the searched 

patterns are stored in different holograms or matched spatial filters [62]. The holograms 

have an amplitude transmittance of the form 

2h x 
A 1+|0,@P+0,He*r"+0He*™, (2.5) 

  

where Q represents the angle between the field ,(f) and a reference beam used to 

generate the hologram. After passing the cavity field V through the hologram, the wave 

diffracted at an angle -a has the form 

oe F"VE.t), 
A lens is used to Fourier transform this field onto a detector located in the focal plane of 

the lens, 

i.e. Feime van) 
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where the two dimensional Fourier transform is defined as 

Flocu, v)] = (u,v) = Jocx, ye ene) 

For a lens the spatial frequency of an image in its focal plane with coordinates (x’,y') is 

given by 

, , 

y dva2. 
ME OOF 

    UuU= 

Thus after some algebra, the field at the detector can be shown to be proportional to, 

[Joi -uto/2,v—v) Vu’, v/,bdu’dv’ (2.6) 

By placing a pinhole at the point u= > v=0 , corresponding to x = fo, y=0, in front of 

the detector, the measured photocurrent is proportional to the overlap integral 

JP oy VOX ydx’dy’. (2.7) 

Furthermore, since , is matched to one of the modes in V(f,t), the measured intensity at 

the detectors is given by 

S,(t) =|a, (vf, (2.8) 

  

where a,(t) is the coefficient corresponding to the mode in the expansion of V(¥f,t) that is 

matched by 9,. 

2.5 Results 

For the experiment only the phase information was included in the holograms. 

Thus a certain level of cross talk is to be expected if the patterns are not orthogonal or if 

there is a size mismatch between the patterns and the cavity field. Some background will 

also be present because the pinholes have finite sizes. 
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The gain of the correlator's four channels, including detector gain and hologram 

efficiency, were adjusted to the same value to within approximately twenty percent. Four 

outputs could be recorded simultaneously. These were either four correlation amplitudes, 

three amplitudes and the local intensity at the center of the aperture A,, or three 

amplitudes and the total power. The origins of time for two sets of data recorded 

sequentially were made coincident by matching the output of a particular channel 

recorded in both sets. 

The patterns used are shown in figure 2.9. The first four (figure 2.9 a to d) are the 

patterns considered in the competition model. L,, has a homogeneous phase, L,, has a 

ring phase shifted by 7, and L,, and L,, have helical wavefronts with angular momenta + O1 

1 respectively. The orthogonality of the patterns was checked by measuring the 

correlation output of each one with a homogeneous cavity field obtained with a Fresnel 

number smaller than two. The correlation with the homogeneous pattern (2.9a) gave a 

maximum while the correlation with the three other patterns was zero (i.e. below the 

expected background). In addition, the four holograms were correlated in an external 

setup with a field having a helical wavefront. The correlation for three of the holograms 

was zero, and the hologram with angular momentum of the correct sign gave a maximum. 

The correlation amplitudes of the holograms with the actual cavity field are shown 

in figure 2.10a and b. The first trace in figure 2.10a is the local intensity measured 

through a pinhole at the center of the field and shown as a reference. This is compared 

with the fluctuation of the total beam power in figure 2.10c. The second and third traces 

in figure 2.10a show that the amplitudes of the two modes with circular symmetry 

oscillate in quadrature (one is a maximum when the other is zero). This confirms that 

there is a periodic energy exchange between these two modes. The amplitude of the 
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mode with homogeneous phase drops to near zero when the amplitudes of the higher 

order mode and the mode with angular momentum (fourth trace in figure 2.10a) are high. 

The pattern H,, in figure 2.9e¢ has a m phase shift along the x-axis. Strong 

correlation is expected with this pattern if indeed L,, and L,; are locked in phase 

opposition. This is clearly verified by the first three traces of figure 2.10b, which show 

the correlation coefficients of the two modes with angular momenta +1 and the pattern 

resulting from their phase locking. 

The sixth pattern H,, in figure 2.9f is associated with a Hermite mode x*—0.5. 

Replacing the symmetrical mode r?—1 in equation 2.2 by this mode would also lead to 

the nucleation of two vortices, but the temporal evolution of the wavefront would be 

different from that described in the previous section. It was thus useful to check whether 

the optical correlator could make a distinction between the two possibilities. This is 

indeed the case. The fourth trace in figure 2.10b shows little correlation with the H.,, 

mode. The measured signal is slightly above the background and oscillates in 

synchronism with the amplitude of the homogeneous mode. This crosstalk is presumably 

due to a lack of orthogonality of these two patterns. 

Finally, two additional patterns shown in figure 2.9g and h were checked. H,, has 

a 7 phase shift along y and L,, has an angular momentum of two. The first pattern could 

result from the locking in phase (rather than in opposition) of the two modes with angular 

momenta +! and the second pattern is expected to appear only in fields containing two or 

more pairs of vortices. As expected, the last two traces in figure 2.10b show no 

correlation with these patterns, confirming that they are not present in the beam. 
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2.6 Conclusion 

In this chapter a detailed analysis of the first non stationary state was presented. 

Both the speed of the periodic dynamics and the direction of the defects’ trajectories were 

shown to be controlled by the Bragg mismatch. In particular, as the mismatch increases 

the speed of the dynamics was shown to increase in a nonlinear manner and the direction 

of the trajectories was shown to be perpendicular to the direction of the mismatch. It was 

argued that this broken rotational symmetry of the homogeneous stationary state is due to 

the additional transverse phase induced by the broken symmetry in the four wave mixing 

process. 

Additionally, a model based on the competition of a few simple spatial field 

patterns or modes was developed. The necessary patterns representing the observed 

dynamics are two rotationally symmetric modes and a single asymmetric mode. The 

asymmetry is produced by the additional transverse phase generated by the mismatch, 

which is equivalent to the two patterns with angular momenta +1 locking in phase 

opposition. A holographic correlator was constructed in order to confirm the validity of 

the model by optically measuring the correlation between the cavity field and a few 

simple spatial patterns representing the modes assumed to participate in the competition. 

These were stored in phase holograms and matched the patterns of the model. The results 

showed that the two symmetric patterns oscillate in phase quadrature and the asymmetric 

mode follows the symmetric pattern that contains a m phase shift. This result fully 

confirms the presumed model. In addition, different modes that could lead to similar 

dynamics were checked using the correlator and found not to be present in the cavity 

field. 
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Figure 2.1: Snapshot interferogram of the cavity field at F=2.0. The interference of the 

field with a tilted plane wave reveals two phase defects of opposite charge highlighted by 

the arrows. 
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Despite the success of the application of the correlator to this simple state, its 

utility remains doubtful at higher Fresnel numbers where the dynamics are spatially more 

complicated. This increased complexity means that a greater number of patterns must be 

tested as the Fresnel number is increased. Therefore many holograms must be 

constructed in order to test for the presence and temporal behavior of these patterns. This 

means that the stationarity of the system becomes an issue since it is only practical to test 

a few patterns at a time. Also the complexity of the holograms increases for more 

complicated patterns and, while it was a simple matter to construct simple spatially 

orthogonal holograms for the simple state, it may prove more difficult to produce the 

more detailed holograms and accurately match them to the cavity modes for a more 

complex dynamics. In addition, it is likely that this difficulty will lead to decreased 

spatial orthogonality between the holograms and therefore crosstalk between the cavity 

modes and the individual holograms will yield spurious correlation amplitudes. 
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Figure 2.2: Sequence of snapshots of the cavity field at F=2.0. The sequence covers one 

full period (about 15 seconds for this particular set). Time increases from the top to the 

bottom. 
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Figure 2.3: Oscillation frequency versus angular mismatch of pump 1. (a) Horizontal 

scan with fixed horizontal offset. (b) Vertical scan with horizontal offset.
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clockwise around the dislocation which is along the axis of propagation. The clockwise 

rotation corresponds to a positive charge [46]. 
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Figure 2.5: Contour plot of the phase of a travelling wave containing an edge dislocation. 

The wave travels upwards with the dislocation momentarily located on the horizontal axis 

[46]. 
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Figure 2.7: Wavefront containing a pair of vortices of opposite charge which nucleate at 

the center when a,, /a,, = 1 in the model. 
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Figure 2.9: Phase patterns used as holographic matched filters. (a)-(d) identify the four 

modes of the model. (e) is used to check the phase locking of the two modes with 

angular momenta +1. (f)-(h) are matched to other modes not present in the model. 
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the mode L,, with angular momentum +1 (trace 4). Trace 2 and 3 indicate a periodic 

energy transfer between the two modes with circular symmetry. 
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Chapter 3 

Karhunen-Loéve Decomposition 

3.1 Introduction 

In the previous chapter a simple model based on the competition of a few spatial 

patterns was proposed to predict the behavior of the PPCR in its first non stationary state. 

The model was verified by using a holographic correlator, but as pointed out in the 

conclusion of chapter two, this approach is difficult to implement at higher Fresnel 

numbers. Furthermore, it remains to be seen if the dynamics can in general be modeled in 

terms of mode competition. So far most work involving nonlinear optical resonators such 

as the photorefractive ring and lasers, has used the empty cavity modal approach to 

describe the observed phenomena in those systems. This is done either by using 

symmetry arguments or frequency shifts to guess the solution of the system [48-50], or by 

treating the nonlinearity of the gain medium as perturbing the empty cavity mode 

solutions [51,52]. In reference [50] for example, a photorefractive ring cavity that is 

pumped using two wave mixing ts studied. The geometry of the ring cavity is chosen to 

be symmetric or antisymmetric depending on the number of mirrors it contains, which 

then imposes constraints on the symmetry of the modes the cavity can support. The 

dynamics experimentally observed in the cavity are then reproduced by considering the 

symmetry of these modes, their resonant frequency and the longitudinal cavity detuning 

from the pump frequency. On the other hand, in reference [51] a different approach is 

taken in which the field of a laser is decomposed into empty cavity modes multiplied by 

temporal coefficients. The decomposition 1s then inserted into the Maxwell-Bloch 
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equations describing the interaction of the field with the gain medium. These equations 

are then solved for the temporal coefficients. 

Although it was perhaps fortuitous that the symmetry method worked for the 

simple state of the PPCR in the previous chapter, it is less justifiable to use such an 

approach for all parameter values. In a PPCR the phase-conjugate mirror is only active 

when the cavity field exists and it continuously adapts itself to this field. Therefore no 

empty cavity modes can be defined in principle, and a model based on mode competition 

becomes somewhat arbitrary. 

In reality however, active cavity modes may exist. The problem is that there is no 

means to calculate such modes using standard techniques due to the experimentally 

observed temporally varying boundary conditions. That is, as the cavity field changes 

new gratings are always forming and contributing to the four wave mixing process. As a 

consequence it is difficult to implement pattern recognition schemes like the one 

described in [17] for example, because it is necessary to distinguish between the various 

transverse modes of the system. Also, if the system can be described by a small number 

of spatial modes competing for the gain in the crystal, then an analytical analysis of it 

would be more manageable than if one had to directly integrate the fully three 

dimensional photorefractive equations [53]. 

In this chapter we address this problem by studying the transverse intensity 

distribution of the resonator by employing the method of the Karhunen-Loéve 

decomposition. The decomposition is a method whereby real space time measurements 

of the cavity intensity profile can be decomposed into a set of spatially orthogonal 

patterns multiplied by temporal coefficients. Thus without any prior knowledge of the 

geometry of the resonator nor of the four wave mixing process, one can determine its 

active intensity modal structure. In the next section a description of the algorithm for 
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implementing the Karhunen-Loéve decomposition and the way in which it is applied to 

the PPCR is presented. The subsequent two sections show the results of this application 

as a function of both the Fresnel number and Bragg mismatch. This includes a 

comparison of the results of this method for the first non stationary state to those of the 

holographic correlator. A discussion of the results and concluding remarks are presented 

in the final section. 

3.2 Setup and method 

The experimental setup is shown in figure 3.1. The spatial patterns to be used in 

the decomposition were collected at discrete intervals in time by imaging the field at 

aperture | through aperture 2 and onto a CCD camera. This was done in order to avoid 

introducing more elements (i.e. a beamsplitter) into the cavity and to avoid amplification 

of noise via two wave mixing at the other output through the crystal. It should be noted 

that the same pattern behavior is observed throughout the entire cavity. The sensing area 

of the CCD array was 6.2mm by 4.6mm with the number of picture elements equal to 500 

by 582. Each picture element has a size of 12.7Jum by 8.3um. Time series of the 

intensity fluctuations were recorded on a [5 by 15 equally spaced lattice, sampled from 

the picture elements taken from the CCD images and processed on a PC using the 

Karhunen-Loéve algorithm. 

The details of the Karhunen-Loéve decomposition can be found in reference [54] 

for example and the method has recently been used to determine the spatial eigenmodes 

of magnetic fields emitted by the brain [55]. The Karhunen-Loéve decomposition is a 

method of expanding a time varying image H(t) into spatially orthonormal 

"eigenpatterns" weighted by time dependent coefficients: 
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h(t) = OE (3.1) 
k=] 

where h,(t) = H,(t)-H, with H, =+{ H,(t)dt. 

Here H, is the time series recorded at the lattice point 1 and N is the number of lattice 

points (the dimension of H(t) equal to 225 in this experiment) and the temporal 

integration is taken over the length of the time series T. The main idea of the 

decomposition is that the eigenpatterns v‘*’ are chosen as the eigenvectors of the 

covariance matrix 1. e., 

R,. = h,(tyh, (dt, (3.2) 

. 

where T= >I h’(t)dt is the sum of the values of the zero time delay autocorrelations at 
i=] 

each lattice point. This factor normalizes the matrix so that its trace is equal to unity. 

The importance of this method is that this choice of eigenpatterns provides an 

optimally fast convergence to the original signal [54]. The expansion can then be 

truncated, with minimum error, to include only the patterns that correspond to the most 

significant spatial structures participating in the dynamics, which we term modes. For 

example, at F=2.0 there should only be a few spatially orthogonal patterns allowed to 

oscillate in the cavity as was confirmed in chapter two. Therefore one would expect that 

this method should reveal only this same number of significant patterns while the rest of 

the eigenvectors could be attributed to noise and/or numerical round off errors. 

These spatial structures or eigenpatterns are solutions of the eigenvalue problem 

Rv® =A,v™, (3.3) 

where A, is the eigenvalue corresponding to the eigenvector v). From (1), the time 

dependent coefficients are then given by 

E.(t)=v™ -h(t). (3.4) 
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Note that since the matrix R is real and symmetric, the eigenvalues are real and 

nonnegative and the eigenvectors orthogonal, 

(k) (k') i.e. v.v =8,... 

It is also important to point out that the eigenvalues A, are a measure of the 

significance of the corresponding eigenpattern v‘*’ to the dynamics since 

+f & (HE (dt = Sy. (3.5) 

The integral in equation 3.5 corresponds to the temporally averaged magnitude of the 

coefficients of the eigenvectors. Therefore a plot of log(A,) as a function of k can be 

used to determine the modes that constitute the most significant spatial structures 

participating in the dynamics and can be used to determine the truncation point of the 

significant eigenvectors. So again, at F~2.0 it is expected that there would be only a few 

large eigenvalues corresponding to the modes that in some way represent the field 

patterns of the model presented in chapter two. 

In order to avoid confusion, it is necessary to explicitly point out that the modes 

defined here as the significant eigenvectors of the covariance matrix should not be 

confused with the field eigenmodes of an empty cavity (e.g. Gauss-Laguerre or Gauss- 

Hermite modes in lasers), but instead they can be regarded as the active intensity 

eigenpatterns of the transverse intensity fluctuations in the resonator. 

3.3 Dynamics versus Fresnel number 

First the Bragg mismatch was held at a fixed, non-zero value and the Fresnel 

number was varied from a value of 2.0 to 4.8 by changing the size of aperture A,. 

Examples of the most significant modes, their eigenvalues, and their coefficients are 

shown in figures 3.2 and 3.4-3.7. In the eigenvector plots, dark represents larger values 
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of the eigenvectors. It should be mentioned however that the polarity of the pattern is not 

a relevant parameter. The patterns are calculated from the intensity fluctuations about a 

mean and their polarity can be changed as long as the sign of the corresponding 

coefficient in the time series is also changed. The dynamics of the transverse intensity 

patterns 1s distinct for the three ranges of Fresnel number defined approximately as 2.0<F 

<3.0, 3.0SFS4.0, and 4.0SFS5.0. 

(a) 2.0 <F < 3.0 

As described in chapter two, this region corresponds to a non stationary transverse 

pattern that consists of two phase defects of opposite charge periodically nucleating at the 

center of the pattern, traveling along a straight line, and vanishing at the boundary. The 

Karhunen-Loéve decomposition reveals two modes with large eigenvalues (figure 3.2), 

one with circular symmetry resembling a lowest order Gauss-Laguerre (0,0) mode and the 

other, asymmetric mode, which can be interpreted as the superposition of a Gauss- 

Laguerre (1,0) and a Gauss-Hermite (1,0). Thus the two most significant eigenvectors 

derived from the Karhunen-Loéve decomposition require at least three conventional 

Gauss-Laguerre or Hermite modes for their representation. Their coefficients oscillate in 

phase quadrature, which is in agreement with previous results obtained in chapter two, 

demonstrating the validity of this method. To further demonstrate this, the Gauss- 

Laguerre (0,0) and the superposition of a Gauss-Laguerre (1,0) and a Gauss-Hermite (1,0) 

were constructed from their functional forms in figure 3.3. The coefficients of the GLOO 

and GL10 are taken from their correlation amplitudes measured from the correlator. 

Although there are some slight differences between the coefficients of the decomposition 

in figure 3.2 and the correlation amplitudes in figure 3.3, clearly the phase relationship 

between the modes and their spatial structure are the same. 
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As the Fresnel number is increased, the value of the largest eigenvalue decreases 

while the second eigenvalue has a similarly large increase and the background of smaller 

eigenvalues increases. The ratio of the second largest eigenvalue to the largest increases 

from approximately 0.017 at F = 2.0 to 0.102 at F = 2.5. Presumably this occurs because 

as the transverse confinement is relaxed, the losses experienced by the higher order 

structures decrease. 

(b) 3.0SF<S4.0 

A bifurcation takes place at F=3.0 so that the pattern now contains two pairs of 

defects undergoing periodic motion. Again, as the Fresnel number increases the 

magnitude of the largest eigenvalue decreases while the lesser eigenvalues increase. At F 

=3.1 (figure 3.4) there is a group of three most significant modes followed by a pair of 

less significant ones, and their patterns map the motion of the defects. The defects move 

along the nodal lines of the modes. As the modes decrease in significance their spatial 

structure increases in complexity, with a corresponding decrease in spatial symmetry, and 

their coefficients tend to oscillate at higher harmonics of the characteristic frequency of 

the lowest three modes. This frequency change occurs between gaps in the corresponding 

eigenvalue spectrum. At F=3.6 (figure 3.5) there is a group of four significant modes 

separated from a broad background by a large gap. Again the spatial structure increases 

for higher order modes and their coefficients oscillate at increasing harmonics of the 

fundamental frequency. 

(c) 4.0<F<5.0 

Here the dynamics undergoes another bifurcation to patterns that can contain up to 

three defect pairs. The largest eigenvalue continues to decrease through F=4.2, an 

aperiodic state as shown in figure 3.6, and then increases by F=4.8 where the dynamics 

locks to a periodic state (figure 3.7). The aperiodic nature of the state at F=4.2 is 
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demonstrated by the local intensity fluctuations at a single point in the field (figure 3.6d) 

and by the broadband frequency spectrum of this local time series, which is a signature of 

possible chaos. Surprisingly, the spatial structures of the lower, most significant modes 

remain essentially unchanged between these two states despite the fact that they exhibit 

entirely different temporal behaviors. 

At F=4.2 there is a continuous spectrum of eigenvalues with a very large 

background suggesting that a large number of spatial modes participate in the dynamics. 

The lower order modes still appear to oscillate periodically with some irregularity, but the 

higher modes are aperiodic. For F~4.8 only six modes may be considered significant, two 

of which have eigenvalues much larger than the others (figure 3.7). These two low order 

modes oscillate periodically in phase quadrature, while the other four oscillate irregularly 

with an average frequency twice that of the fundamental. 

A decomposition in the frequency domain was also performed on these two states 

in order to identify which structures dominate the dynamics at a particular frequency. 

This decomposition is given by 

N : 

h(t) = vIn. (w)w'(w)eda, (3.6) 
k=] 

where the modes w) with amplitudes n, at each frequency @, are chosen as the 

eigenvectors of the cross spectral density matrix 

Qin (®) = h,, (®)b, (0). (3.7) 
Here h,,(@) is the Fourier transform of h,,(t), 

i.e. h,,(@) = J h, (te? 

When the matrix is diagonalized, there is only one complex eigenvector at each 

frequency that represents the spatial structure oscillating at that frequency. For example, 

if this type of decomposition was performed on a typical single mode, steady state HeNe 
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laser, the results should reveal a single eigenvector oscillating at @=0 that resembles a 

Gauss-Laguerre (0,0) mode. 

As expected the decomposition reveals that in the periodic state (F = 4.8) the real 

and imaginary parts of the eigenvector oscillating at the fundamental frequency are nearly 

identical to the two most significant eigenvectors oscillating in quadrature in the time 

domain. At twice this frequency one can still identify similarities between the real and 

imaginary parts of the eigenvector in the frequency domain with some of the less 

significant vectors in the time domain. In the aperiodic state (F = 4.2) there is a 

broadband eigenvalue spectrum in the time domain and only the most significant 

eigenvector exhibits some degree of periodicity. Consequently, its spatial structure in the 

time domain decomposition is similar to the real part of the eigenvector at the 

fundamental frequency. The next most significant eigenvector in the time domain only 

vaguely resembles the imaginary part of the fundamental frequency mode and 

eigenvectors oscillating at higher harmonics in frequency space no longer bear 

resemblance to the eigenvectors in the time domain. It appears then that in the aperiodic 

state the most significant mode in the time domain has a stable periodic oscillation. The 

other modes become unstable and are responsible for the complex dynamics observed in 

the local intensity. The reasons for this behavior are beyond the scope of this work. 

3.4 Dynamics versus Bragg mismatch at F=4.2 

Next the dynamics was analyzed as a function of the Bragg mismatch. The angle 

between the pumps was held at a fixed small non-zero value in the direction 

perpendicular to the plane defined by the direction of the fixed pumps and the cavity axis 

(vertical mismatch), and was varied in this plane (horizontal mismatch b, approximately 
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represented again by n,(0, —9,) of figure 1.5 with x substituted for the y direction). The 

results presented here are for F = 4.2. In general, for large mismatch the dynamics is 

aperiodic, relatively fast and lacking spatial symmetry. As the mismatch decreases the 

system enters periodic states in which the spatial structure becomes increasingly 

rotationally symmetric. The dynamics is extremely slow when the Bragg mismatch is 

minimal (no horizontal mismatch, b, = 0 but with the constant vertical mismatch). When 

the pumps are perfectly collinear (mismatch = 0 horizontally and vertically) the system 

enters a stationary state consisting of seven high intensity regions forming a centered 

hexagonal pattern shown in figure 3.11. As the horizontal mismatch is varied from -0.80 

to -0.50mrad three characteristic ranges can be identified and described as follows. 

(a) -0.80 <b, < -0.50 mrad 

At large mismatch the system is in an aperiodic state similar to the one shown in 

figure 3.6. There are many significant modes as indicated by a broad eigenvalue 

spectrum, and each of them oscillate irregularly. As the mismatch decreases a gap 

between a small number of significant eigenvalues and the background develops, 

revealing that the dynamics is becoming less turbulent. Despite the temporal complexity 

of the states many of the modes still have spatial structure with some degree of rotational 

symmetry. 

(b) -0.40 < b, < -0.20 mrad 

In this range a bifurcation to periodic states takes place, in which the patterns are 

characterized by two defect pairs moving around four regions of high intensity. Although 

there are brief moments when the defects pass through one of these regions or do not 

exist at all in the pattern, the pattern most often resembles the snapshot shown in figure 

3.8. The trajectories of the defects generally lie along the crossed lines separating the 

high intensity regions, and as the mismatch is varied their motion along this path varies. 
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As the mismatch is decreased from -0.4 to -0.2 mrad the frequency decreases from 0.14 

Hz down to 0.06 Hz. Gaps in the eigenvalue spectra appear, and at b, = -0.20 mrad the 

dynamics is dominated by only two significant modes (figure 3.9). In general, all of the 

modes in this range contain two or four local extrema as expected from figure 3.8, 

however more structure becomes apparent at b, = -0.20 mrad which is just prior to the 

next bifurcation. In this state, the two most significant modes oscillate periodically in 

phase quadrature and the less significant ones have energy in higher harmonics of the 

fundamental frequency. 

(c) -0.10 <b, <+0.10 mrad 

The next bifurcation is to another periodic state in which the pattern first contains 

a single defect pair slowly rotating in the central region. The pair then splits into two or 

three pairs that move around seven bright regions arranged in a centered hexagonal 

pattern, and eventually vanish at the boundaries. The frequency of the dynamics 

dramatically slows down to 0.01 Hz at b, = 0.0 mrad (there is a small non zero vertical 

mismatch) and speeds up again to 0.06 Hz at b, = 0.20 mrad. The eigenvalue spectra still 

have small gaps indicating that there are few significant modes despite the small number 

of periods contained in the scans. The modes have higher fold rotational symmetry than 

the ones in the previous range, as shown in figure 3.10 which is the state with b, = -0.10 

mrad. At exact Bragg match, the pattern converges to a stationary centered hexagonal 

figure (figure 3.11). As the Bragg mismatch is increased in the positive direction the 

system undergoes bifurcations to states similar to the ones described before for negative 

b x" 

3.5 Conclusion 
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The transverse patterns of a linear phase-conjugate resonator were studied 

experimentally as functions of the cavity Fresnel number and the Bragg mismatch using a 

Karhunen-Loéve decomposition. The method allows one to define the most significant 

eigenvectors of the covariance matrix and of the cross spectral density matrix of the 

intensity fluctuations and to interpret them as the active eigenmodes of the resonator. It 

was tested on the first non stationary state at F=2.0 with the results yielding two 

significant modes oscillating in phase quadrature. These modes are interpreted as the 

fundamental Gauss-Laguerre (0,0) mode and the superposition of a Gauss-Laguerre (1,0) 

and a Gauss-Hermite (1,0). This interpretation is in accord with the results of the 

holographic correlator, thus validating the method. 

As the Fresnel number is increased the transverse pattern is expected to become 

more complex since spatial structures of smaller sizes can oscillate in the cavity. The 

decomposition supports this by showing an increase in the number of significant spatial 

modes. These modes exhibit similar structure in the same region of Fresnel number, 

however their temporal evolution can be quite different. In particular for 4.0SF<S5.0, 

states containing modes having the same spatial structure can be periodic or aperiodic, 

suggesting that the system may be described by a small number of coupled spatial modes. 

The Bragg mismatch is shown to be responsible for the broken symmetry of the 

patterns and determines the speed of the dynamics of the system. It appears that with the 

cavity geometry used, a spatially non uniform stationary state exists only when the phase 

matching condition is exactly satisfied. These stationary states are not very stable and are 

destroyed by small external perturbations to the system (e.g. mechanical vibrations). 

When there is some mismatch the system always enters a dynamical state except 

in the range of small Fresnel numbers (FS2.0), where there are high losses for all complex 

spatial structures and only the lowest order stationary mode exists. This behavior can be 
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understood in terms of both the mismatch and the cavity geometry by considering the 

following scenario. A seed planar wavefront initially traveling along the cavity axis 

enters the interaction region of the crystal. The four-wave-mixing process generates a 

new wave propagating back into the cavity. Since momentum is not conserved with a 

non-zero mismatch, this wave propagates at some angle with respect to the cavity axis 

depending upon the magnitude and direction of the Bragg mismatch. After one round- 

trip in the cavity and an additional phase conjugation, this wave will in turn generate 

another plane wave traveling at an even larger angle. Therefore energy is exchanged from 

lower to higher order plane waves. However, this energy exchange cannot proceed 

without bound and the progressively higher order waves will experience cavity losses 

greater than their gain in the medium. At the same time the lower order waves are always 

building up from the scattered noise created by the pumps and cavity fields and from 

diffraction of the higher orders on the hard apertures. This interplay between the Bragg 

mismatch, which couples the different plane waves, and the cavity losses is thought to be 

responsible for the type of dynamics that occurs. A larger phase mismatch allows for 

faster energy exchange and leads to an increase in speed of the dynamics. The direction 

of the mismatch controls the direction of the energy exchange and relates to the way in 

which the rotational symmetry of the system is broken. 

At low Fresnel numbers (2.0<F<3.0), this scenario leads to a _ coherent 

understanding of the observed behavior as described in the previous chapter and in 

reference [47]. With no phase mismatch and thus no coupling to higher order plane 

waves, a Stationary solution with a planar wavefront prevails. With a phase mismatch 

momentum is transferred to the phase-conjugate beam. This effect, combined with 

diffraction on the cavity apertures, leads to the build up of structures having a transverse 

wave vector parallel to the mismatch and eventually to the nucleation of a defect pair. 
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At higher Fresnel numbers and with some phase mismatch, the cavity can 

accommodate several pairs of defects and their motion is more complex. The motion of a 

defect will depend on the orientation of the Bragg mismatch and the local slope of the 

wavefront in which it is imbedded. Complex interaction between the defects through the 

background field may take place, leading to their rotation, attraction, annihilation, and 

nucleation at various places in the field. With exact phase matching, stationary patterns 

containing no defects appear to be quasi stable. These patterns are easily destroyed by 

small external perturbations which break the phase matching condition and usually lead 

to the nucleation of defects which undergo motion and destabilize the pattern. 

The scenario proposed here is based on heuristic arguments attempting to describe 

the interplay between the cavity losses, the gain of the medium, and the mode coupling. 

Although a more analytical treatment is necessary if the system is to be controlled and 

used for practical applications, the Karhunen-Loéve decomposition has proven useful in 

demonstrating both mode competition and symmetry breaking in phase-conjugate 

resonators. It has also given some insight into the structural form of the modes and how 

they change, both spatially and temporally, for different dynamical states. If modified, it 

should prove to be an effective tool for studying the much faster transverse nonlinear 

systems such as the laser. In these systems there already exists knowledge as to the 

general possible mode structure of the cavity and this fact, combined with the knowledge 

gained through the application of the decomposition, should lead to a greater 

understanding of them. 
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Figure 3.1: Photorefractive phase-conjugate resonator with a confocal cavity. The cavity 

field at aperture A, is imaged through the cavity mirror and onto the CCD array. The 

neutral density filter and the polarizer adjust the intensity of this field. 
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Figure 3.2: Karhunen-Loéve decomposition of the resonator transverse pattern at F = 2.5 

and non-zero Bragg mismatch. (a) the two most significant eigenvectors. 

eigenvalue spectrum. (c) their time dependent coefficients. 
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Figure 3.3: Simulation of transverse modes compatible with Karhunen-Loéve 

decomposition results. Top: Gauss-Laguerre 00 mode. Below: Combination of Gauss- 

Laguerre 10 and Gauss-Hermite 01, the coordinate system is rotated 45° so as to be 

compatible with figure 3.2. Right: The correlation amplitudes of the GLOO and GL10 

taken from the correlator data (see figure 2.10a). 
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Figure 3.4: Karhunen-Loéve decomposition of the resonator transverse pattern at F = 3.1 

and non-zero Bragg mismatch. (a) the six most significant eigenvectors. (b) their time 

dependent coefficients. (c) the eigenvalue spectrum. (d) the local intensity measured at 

a single point in the transverse distribution and its power spectrum. 
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Figure 3.5: Karhunen-Loéve decomposition of the resonator transverse pattern at F = 3.6 

and non-zero Bragg mismatch. (a) the six most significant eigenvectors. 

dependent coefficients. (c) the eigenvalue spectrum. (d) the local intensity measured at 

a single point in the transverse distribution and its power spectrum. 
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Figure 3.6: Karhunen-Loéve decomposition of the resonator transverse pattern at F = 4.2 

and non-zero Bragg mismatch. (a) the six most significant eigenvectors. (b) their time 

dependent coefficients. (c) the eigenvalue spectrum. (d) the local intensity measured at 

a single point in the transverse distribution and its power spectrum. This is an aperiodic 

state with a nearly continuous eigenvalue spectrum and a broadband power spectrum of 

the temporal evolution, indicative of chaos. 
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Figure 3.7: Karhunen-Loéve decomposition of the resonator transverse pattern at F = 4.8 

and non-zero Bragg mismatch. (a) the six most significant eigenvectors. (b) their time 

dependent coefficients. (c) the eigenvalue spectrum. (d) the local intensity measured at 

a single point in the transverse distribution and its power spectrum. Note there are now 

only two significant spatial modes nearly identical to the most significant mode of figure 

3.6, but locked in frequency to give a periodic state. 
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Figure 3.8: Snapshot of the state F = 4.2 and -0.40< b, <-0.20mrad. Two defect pairs 

move around four regions of high intensity. 
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Figure 3.9: Karhunen-Loéve decomposition of the resonator transverse pattern at F = 4.2 

Bragg mismatch b, = -0.20mrad. (a) the six most significant eigenvectors. (b) their time 

dependent coefficients. (c) the eigenvalue spectrum. The dynamics is periodic with 

defects moving around four regions of high intensity. 
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Figure 3.10: Karhunen-Loéve decomposition of the resonator transverse pattern at F = 

4.2 Bragg mismatch b, = -0.10mrad. (a) the six most significant eigenvectors. (b) their 

time dependent coefficients. (c) the eigenvalue spectrum. This is a very slow periodic 

state exhibiting more rotational symmetry and susceptible to external perturbations, 

which leads to more irregular temporal behavior than at larger mismatch. 
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Figure 3.11: Stationary centered hexagonal pattern observed with exact phase matching 

at F = 4.2.



Chapter 4 

Three dimensional plane wave model of the PPCR with 

Bragg mismatch 

4.1 Introduction 

So far the study of the PPCR has been limited to experimental observations and 

their subsequent interpretations. In this chapter we change directions and become more 

theoretical by modeling the dynamics starting from basic principles (i.e. the wave 

equation and Kukhtarev's material equations). This has already been attempted by using a 

truncated modal expansion of the cavity field [53], but this method was only partially 

successful in modeling the dynamics and could give only a qualitative description of them 

for moderate Fresnel number (4.0<F<10.0). However the work is extremely important 

because it pointed to the critical role played by the longitudinal component (along the 

cavity axis) of the Bragg mismatch. Unfortunately the approach failed to accurately 

predict the dynamics, particularly at low Fresnel number, because it did not include the 

effects resulting from the transverse component of the mismatch. As we have seen, the 

transverse mismatch is an essential control parameter of the PPCR because it promotes 

the build up of an additional phase to the phase conjugate field in the direction 

perpendicular to the cavity axis. This breaks the cylindrical symmetry of the system and 

couples the modes as was shown to be the case in the first non stationary state. 

In the model developed here, the cavity field of the resonator is expanded as a sum 

of plane waves rather than Gauss-Hermite modes as in reference [53]. The plane wave 

expansion is the preferred approach because plane waves propagating in different 
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directions will be coupled to one another by the transverse mismatch in an intuitive and 

mathematically convenient manner. The method is similar to the plane wave 

decomposition model developed by Valley [56] to describe the spatiotemporal behavior 

of photorefractive backscattering and later used to describe the dynamics of double phase 

conjugators [57]. The assumption here is that the photorefractive four wave mixing 

process can be modeled in terms of a superposition of refractive index gratings. Each 

grating is formed by the interference of one Fourier component of the resonator cavity 

fields with the pump fields that are assumed to be uniform plane waves. This means that 

the modulation of the gratings must be small so that the higher order terms in equations 

1.18 can be neglected for each grating. The formalism is adapted to our resonator 

geometry and both the transverse and longitudinal phase mismatch are included. 

Recently, other theoretical formalisms have been developed in order to explain a variety 

of spatial beam propagation effects in photorefractive media [58-61] and they may prove 

to be better suited to our system than the formalism used here. However, the present 

analysis is restricted to a plane wave decomposition model which, as will be seen, 

predicts the resonator's dynamics at low Fresnel numbers with accuracy. 

The results of the numerical solutions of the model are in quantitative agreement 

with the dynamics experimentally observed even at low Fresnel numbers. With the aid of 

the model, it also becomes possible to identify the different roles played by the 

longitudinal and the transverse mismatches. The longitudinal mismatch is seen to 

promote a phase transfer along the direction of propagation between the four waves 

mixed in the photorefractive phase-conjugate mirror and thus destabilizes the oscillation 

even in the case of a single transverse mode operation. On the other hand, the transverse 

mismatch forces the build up of a transverse phase, resulting in a shift of the cavity field's 

transverse wave vector. This, together with the higher losses associated with the shift, is 
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responsible for the dynamical behavior observed at F~2, as was shown experimentally in 

the previous chapters. A description of the theoretical model is given in the next section. 

Numerical results are presented in section three and compared to experimental data. 

Comments on the validity of the approximations made in deriving the model and on the 

role of the longitudinal and transverse mismatch are given in section four. A summary 

and concluding remarks are given in section five. 

4.2 Analytical model and derivation 

The scalar wave equation for non parametric photorefractive processes with 

negligible absorption and weakly inhomogeneous refractive index can be written as 

(equation 1.8) 

o°E(F,t) _ 

at” 

where n, is the effective refractive index of the medium and An(T,t) is the small index 

V°E(¥f,t)—(€,u,n, + 2€,[n,An(F,t)) 0, (4.1) 

modulation due to the photorefractive effect. €&, and HW, are the permittivity and 

permeability of free space, respectively. The optical electric field in the medium is the 

sum of the four interacting fields: 

E(F,t) =4¥ (A, (7, te +e.0), (4.2) 
j=l 

where the A ,(f,t) are slowly varying in time. 

Under the assumption that the pumps are much broader than the resonator fields 

and in the paraxial regime, the amplitudes of the four fields can be expanded as 

A,FN=A,(z,te""  j=1,2, (4.3) 

for the pump fields and 
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A,(F,t) =e ¥a,,,, (z,t) explik(mox + nBy) +ik(m?o? + np) 
m.n 

A,(7,t)=e™ Sa sinn (z,t)exp[—ik (max + nBy) —ik(m’a’* + n’B) 51, (4.4) 
m.n 

for the resonator fields. In the above equations m and n are integers and a and f are the 

angular separations of the plane waves in the transverse x and y directions. k is the 

magnitude of each wave vector and is equal to 27/A, where A is the wavelength measured 

in the medium. The resonator axis is chosen as the central direction of propagation or z 

axis as shown in figure 4.1. 

As noted in the introduction, the refractive index modulation An is modeled as a 

superposition of the photorefractive gratings formed by the interference of each Fourier 

component of A, with A, and each Fourier component of A, with A,. The geometry is 

configured so that only transmission gratings are considered. Justification for neglecting 

the gratings formed by the interference of pairs of Fourier components of the resonator 

fields is discussed in section three. With these assumptions the refractive index 

modulation takes the form 

An(F,t)=+>(n,,(z.ve""" +¢.¢), (4.5) 
Pq 

where the n),, are the complex amplitudes of the gratings and their wave vectors Kg are 

given by 

kg =k, —ky,4 = Ka), —K2 +b. (4.6) 
3pq 

The parameter b=(b,,b,,b,) is the Bragg mismatch and is caused by an angular 

misalignment of the pump beams as shown in figure 4.2. 

Substituting eqs. (4.2-4.5) into eq. (4.1) and separating the phase matched terms 

using eq. (4.6) leads to the following four field equations: 
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JA,(Z,t) _ ik SY) Maan (Zs b)Aginn (Zt) = 0 

OZ 2n, cos® 

OAsma(Z0 IK oO ty (7,1) =0 

dz 2n, 

dA,(z.t) ik 
  Yin (z,t)a,_..(z,t)e”” =0 

OZ 2n, cos8 7, 

rye IK 7 ya (z,te®” = 0, CD OZ 2n, 

  
b 

where m’ = m+ > and n’=n+— and 6=6,=0, is the angle between the pumps and the 
QO 

cavity axis. Equations (4.7) are derived using the small angle approximation and the 

adiabatic approximation, where the time derivatives of the fields are eliminated due to the 

slow medium response. Since it is convenient to choose m’ and n’ as integers in the 

following numerical simulation, the transverse wave vector separations of the plane 

waves, ka and kB, are chosen as integral dividers of the mismatch b, and b,, respectively. 

The equations describing the temporal evolutions of the grating amplitudes are 

derived by solving Kukhtarev's material equations (1.14-1.17) 

J(F,t) =epn(F,t)E, (F,t) +K,TuVn(F,t), 

Au ~ (B+ SIF,t))(Ny =N5(F.1)) Yan FONG EY, 

V-(E, (7,t)) =-——(n(F,t) +N, -N3(F,0), 
EVE 

  

ON‘ (F,t) _ dn(¥,t) 
€ =e _v.I(@.. 

at at (0 
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As described in the introduction, this system of equations is solved using a perturbative 

approach by treating the variables as following the forms of the individual interference 

terms of the intensities. Thus for this case equation 1.18 can be rewritten in the form, 

I(#,t)=1, +4) {1,,(z, te" +c.c.} 

n(r,t)=n, +i) {n,,,.(z, t)e*™" +c.c.} 

N3(F,V=Ni, +2 > (NG, (zee +e.c.] 
Dmn 

mn 

E,(f,t)=E, ++) {E,,(z,t)e""" +c.c.}. (4.8) 

In equation 4.8 all of the coefficients of the exponential are treated as small perturbations 

of the spatially and temporally averaged terms with zero subscript. Following the 

derivation presented in the introduction and in reference [57] the equations for the grating 

amplitudes become 

ON on I 
at mn Ninn ¥ inn ( ) 

I, 

In reference [57], it was necessary to add a "dark intensity" to the total average intensity [, 

because that intensity could vanish. In our system, the presence of the strong uniform 

pump beams ensures that the total intensity is large everywhere and consequently the dark 

intensity is neglected. The coupling constants are given by 

  

= Ni Toon Em (4.10) 

Yom 2 1+ Eoin [Eom 

(typically this constant is written in the form y,,, 1/4 in most of the literature), 

and the characteristic time constants are given by 

Tin = Tye (1 + Tre | Tom C1 + Eomn/ Eom): (4.11) 
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Furthermore, 

— * * -ib,z 
Tn = yA ginn +A,a e 

3m‘n’ 

is the interference pattern creating the grating of indices m, n, and 

*)   

2 

+18 goon   
1, =|A,/ +]Aa] + ¥, (asim 

mn 

is the total intensity, where the interference terms are averaged spatially. The assumption 

that each grating must be a small perturbation of the bulk refractive index, and thus also 

each of the variables in Kukhtarev's material equations, can be explicitly expressed as 

is the effective electrooptic coefficient for the Lin << 1), which is true in practice. r 
0? mn 

grating of indices m, n, which depends on geometry, and T,,, is the dielectric relaxation 

time of the medium. The characteristic fields and diffusion times are given by 

  

  

Tom = diffusion time =——-— = 10°s 
ki, AK,ly 

Finn = Kota T 

e 

eN 
E. = A 4.12 
Sm e tk, (4.12) 

These constants are different for each grating because of their explicit dependence on the 

grating vectors k,,. 

The boundary conditions at the entrance and exit faces of the crystal are given by 

A,(0,t}=A,=const, A,(1,t}=A,=const, A,(1,t)=0, and using Fourier optics to describe the 

round trip propagation in the cavity, the field A,(0,t) entering the crystal is related to the 

field A,(0,t) exiting the crystal by the linear transformation [53] 

A, (0,F, ,t) =(-Rp3/2’f") | A, (0,F/, t)rect(#//p, sinc(p, (F, + #/)/Af)dEy (4.13) 
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where a constant phase factor has been ignored. R is the reflection coefficient of the 

dielectric mirror, f is the focal length of the intracavity lens, A is the wavelength in 

vacuum, and f, is the transverse coordinate vector (x,y). p, and p, are the lengths of the 

sides of square apertures located at the phase conjugate mirror and the dielectric mirror, 

respectively. The rect and sinc functions are defined as in Goodman [62] and reference 

  

[53], 

1 Ix| <t 
1.€. rect = _ 

Q otherwise 

. Sin TUX 
sinc(x) = , 

TUX 

Equation 4.13 is derived by operating on the exiting field A,(0,t) in the following way: 

1. Truncation by the hard aperture P,, 

2. Fourier transformation by the lens, evaluated in the plane of aperture P., 

3. Truncation by the hard aperture P,, and reflection by the cavity mirror, 

4. Fourier transformation again, evaluated in the plane of aperture P,. 

It was also assumed that the round-trip time in the cavity is much shorter than the 

response time of the medium. Thus in equation 4.13 the temporal lag between a,(t) and 

a,(t+2L/c), where L is the length of the cavity, is neglected. For numerical purpose 

equation 4.13 can be rewritten in its discrete form as 

3 in(+p,(k,—k in(+ p,(k. —k 
a, =—Rm “rect k Af rect Kk Af S) Ak, Ak, ins Pi(Km — Kp) Sin Pi (Kn — Kg) Areas 

2Tp, 2Tp, (k,,-k,) (k,, —k,) Pa 
  

    

Pq 

(4.14) 

where the integral spacing is taken to be the same as the plane wave spacing so that 

Ak, = ka, Ak, =kB, k,, = Ak,m, and k, = Ak,n. The rect functions of equation 4.14 are 
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represent the sharp spatial frequency cutoff due to the aperture p, located at the dielectric 

mirror. 

4.3 Results 

The field equations (4.7) and the grating equations (4.9) together with the 

boundary conditions were solved using the method described in ref. [63]. A second order 

Runge-Kutta algorithm was used for the temporal integration and a fourth order for the 

spatial integrations. This is also known as the time split-step method in which the field 

equations are integrated at both the full and half time steps of the grating equations. The 

results were checked by decreasing the step sizes until changes in the solutions were 

smaller than 1%. Time was normalized to T,,, ~ T,, (See below for justification) which is 

approximately Is for intensities on the order of 4W/cm? in BaTiO,. The longitudinal 

direction (z) was normalized to the interaction length | in the crystal and intensities were 

* which is about 7OmW with a 
  

normalized to the total incident pump intensity |A, ° +|A, 

beam diameter of 3mm in the experiment. Parameter values were chosen to be 

compatible with experimental conditions: |A,(0,t)! =|A,(.t)/ =0.5, R = 0.95, 1 = 

0.5cm, and y,,1 = Yl =5.0x10™“%cm. The coupling parameter and response time were 

assumed constant for all grating components since the angular cutoff of the resonator for 

= |koo|). 
  

Fresnel numbers of interest, 0<F<10, is very small (on the order of 1° so that [Kim 

The two control parameters were the Fresnel number (F=p,p,/Af) and the off-Bragg 

parameter b. For the calculations presented in figures 4.3 and 4.5, F=2.0 and by was 

varied with b, set to zero while, as dictated by the geometry, b,~b,/10. For these values 

of the control parameters the cavity fields were sampled on a 3 by 17 lattice in wave 

vector space. In all calculations each component was built up from a small seed 
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Re{a,__(0,0)} = Im{a,__(0,0)} =10~ corresponding to the initial light scattered in the 
+mn 4mn 

direction of the cavity when the pumps are turned on in the experiment. 

The simulation was carried out for different values of the control parameters and 

the results agree well with experimental observations. For small F (F<2.0) only 

homogeneous stationary states are achieved. As F is increased and for no mismatch, the 

dynamics remains stationary and the transverse patterns have a corresponding increase in 

structure. As both F and the mismatch increase, the system exhibits a wide variety of 

dynamical behaviors which include periodic states, period doubling and aperiodic states 

as observed experimentally [35,36]. 

At F=2.0 the truncated modal decomposition described in previous work [53], and 

which did not include the transverse mismatch, was unable to accurately model the 

dynamics observed experimentally. The plane wave model developed in this chapter with 

the vectorial mismatch included does however, as shown in figure 4.3. Figure 4.3a is the 

same as figure 2.2 and shows a typical experimental sequence of snapshots of this state 

when there is a vertical mismatch. Figure 4.3b shows the results of the simulation under 

the same conditions. Keeping in mind that these figures show only the intensity of the 

field and not the field itself, the correct periodic sequence of vortices nucleation and 

repulsion is appears be produced by the simulation. 

Figure 4.4 was constructed in order to check that the complex field amplitude 

obtained from the simulation does accurately model the real field in both amplitude and 

phase. The intensity (or just the amplitude squared) patterns of figure 4.3 cannot show 

that the dark areas are actually vortices because they contain no phase information about 

the field. Figure 4.4 shows a snapshot interferogram obtained by interfering the field, 

reconstructed from a discrete set of Fourier components included in the simulation, with a 

tilted reference plane wave. To generate this interferogram, the transverse Bragg 
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mismatch was set at 45 degrees from the square boundaries of the system. The position 

of the two singularities are revealed by dislocations in the interference fringes as 

indicated by the two arrows in the figure, thus demonstrating the accuracy of the model. 

The reason for choosing a Bragg mismatch at an angle with respect to the 

transverse boundaries is to be able to identify the singularities as two localized screw 

dislocations with opposite signs. If the Bragg angle is chosen parallel to a side of the 

square boundaries of the system, the simulation leads to a situation where the two lines 

Re{E}=0 and Im{E}=0 (where E is the cavity optical field and Re, Im are its real and 

imaginary part, respectively), are also parallel to that boundary. As time evolves, the two 

parallel lines move toward each other. When they cross, an edge dislocation is created 

that disappears instantly, leaving no time to observe localized point dislocations. When 

the Bragg mismatch is not parallel to the boundary, the lines Re{E}=Im{E}=0 are curved 

and cross at two localized points where the dislocations are located. These dislocations 

appear at the center of the pattern and move toward the boundary along a line normal to 

the transverse Bragg mismatch, exactly as observed experimentally. The peculiarity 

observed in the simulation is an artifact produced by the choice of transverse square 

boundaries for the cavity and the decomposition in plane waves along these directions. It 

does not appear in the experiment where circular apertures are used to confine the 

transverse dimension of the cavity (see figure 2.1). 

Figure 4.5 shows the frequency of the periodic state versus the amount of 

mismatch. For the experiment (figure 4.5a) the measured mismatch is approximately 

given by the expression n,(8,—9,), which is the amount of angular misalignment 

between the pumps measured outside the crystal (see figure 4.2). In the experiment, the 

angle was varied in one transverse direction by tilting a mirror, while a constant mismatch 

was maintained in the perpendicular direction in order to avoid the very slow dynamics 
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near (5 =(0. For the simulation (figure 4.5b) the mismatch is given by the expression 

n,(sin8,—sin@,). A best-fit curve to the simulation data shows that the frequency is 

nearly proportional to the square of the mismatch as defined. 

4.4 Comments 

Although the model described in the previous section predicts accurately the 

observed dynamics, a number of assumptions were made in its derivation that need some 

clarification and justification. The standard approximations of negligible absorption, 

slowly varying envelopes, paraxial fields, and adiabatic elimination of the time 

derivatives in the field equations need no commentary (see for example [22], [53]. and 

[57]). A less obvious approximation is the assumption that the coupling coefficients j,,, 

and characteristic time scales T,,, in all the grating amplitude equations are equal. In 

reality these parameters depend on the magnitude and orientation with respect to the 

crystal axis of the grating wave vectors associated with them, and the effective 

electrooptic coefficient in accordance with equations 4.10 and 4.11. In our system 

however, the angular spread of the cavity beam will only reach values on the order of one 

degree outside the crystal even for Fresnel] numbers as large as 100. Such angular 

variations would change the grating wave vectors and the effective electrooptic 

coefficient by less than one percent. This will reflect in a similar change in the coupling 

coefficients and characteristic scales thereby justifying the approximation. 

The other major assumption was that the mixing between pairs of plane waves 

components could be neglected in the determination of the index modulation. Since the 

cavity field is expanded in terms of plane waves, each pair should create its own grating 

via two wave mixing. The effect by itself is known to be responsible for beam fanning 
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[64], double phase conjugation [57] and the formation of photorefractive solitons [15]. 

However, in our four wave mixing geometry these effects can be ignored because the 

gratings formed by the strong pumps and the cavity fields erase and suppress the 

formation of other gratings, a behavior which was verified experimentally. 

An important feature of the model is the identification of the separate roles played 

by the longitudinal and the transverse mismatch components. At small Fresnel numbers, 

the transverse component is primarily responsible for the non stationary behavior. This 

was confirmed by calculations made with the longitudinal component of the mismatch set 

to zero, which give results identical to those shown in figures 4.3-4.5. This behavior 

occurs because the transverse mismatch adds a transverse linear phase to each Fourier 

component a,,,,, so that the corresponding Fourier component a,,,, of the "phase 

conjugate" beam acquires a tilt. This tilt is compounded by the inversion in the cavity 

and therefore builds up. However the cavity losses increase for components traveling at 

increasing angles with respect to its axis. The dynamic balance between the tilt, which is 

driven by the transverse mismatch, and the cavity losses results in the periodic behavior 

observed at low Fresnel number. 

At higher Fresnel numbers, the role of the longitudinal component of the 

mismatch becomes apparent. When it is set to zero in the model only stationary or 

periodic solutions are found, despite the inherent nonlinearity of the system due to the 

inclusion of pump depletion. For F=4.0, inclusion of the longitudinal mismatch in the 

model is necessary in order to obtain aperiodic and chaotic states such as those observed 

in experiments [53,36]. This behavior occurs because the longitudinal component of the 

mismatch causes a phase lag between the gratings and the field components forming 

them, thus causing a phase transfer between the beams. The effect is similar to the 

creation of a complex coupling constant, which in other known systems occurs either 
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because of the presence of a photovoltaic field in the medium or the application of an 

external electric field. Work by other groups has shown that a complex coupling constant 

is a necessary condition leading to the occurrence of complex dynamics in photorefractive 

media [60,65] even in the case of a single mode. 

4.5 Summary and conclusion 

In this chapter a model of the photorefractive phase-conjugate resonator with 

Bragg mismatch has been developed and was demonstrated to give an accurate 

representation of the dynamics observed experimentally. The different roles played by 

the transverse and the longitudinal mismatch in two different ranges of Fresnel number 

values have been described, understood and checked against experimental observation. 

We have also given some insight into the effects of the boundary conditions on the 

creation of dislocations in the cavity field and their relation to the transverse mismatch. It 

appears that with square apertures at F=2.0, a mismatch parallel to the edge of the 

apertures will lead to the creation of edge dislocations, while a mismatch at some angle to 

the edges will produce mixed screw/edge dislocations. It is expected that the circular 

apertures used in the laboratory are responsible for the observed pure screw dislocations. 

Unfortunately the model was not solved for larger Fresnel numbers because of 

restrictions on our computational budget. This is an error due to the disk operating 

system in which the simulation was performed because it does not allow easy access to 

the entire memory of the hardware. A modification of the program code to access all of 

the hardware memory or the use of another operating system would fix this problem. 

It is also an unfortunate artifact of the model that very small mismatches cannot 

be tested. Because the plane waves are coupled by the mismatch, it was necessary to 
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make the plane wave spacing equal to the size of the mismatch. Therefore as the 

mismatch goes to zero the number of plane waves needed to represent the cavity field 

diverges. Fortunately this is not a problem at zero mismatch since the waves decouple 

and consequently the simulation can be performed by simply using enough plane waves 

to ensure the field is not under sampled. 

In the future this problem may be averted if a slightly different approach is taken 

in the derivation of the model. One could use the orthogonality of the plane waves to 

decouple the fields in the wave equation instead of simply using phase matching. This 

would lead to a coupling overlap integral due to the added transverse phase factor of the 

mismatch. In this way any suitable basis set could be used (not just plane waves) and 

perhaps even the truncated Gauss-Hermite modal decomposition of reference [53] would 

correctly model the system. 

Despite these problems this model was extremely useful in understanding the 

PPCR. It establishes the necessary assumptions needed to accurately depict the dynamics 

experimentally observed in the system. It also demonstrates the critical importance of the 

transverse mismatch as it applies to symmetry breaking and dynamical states. 

Although the details of the model are unimportant to describe qualitatively the dynamics 

at large Fresnel numbers, an accurate model is needed to obtain a quantitative agreement 

between numerical simulations and experimental data at low Fresnel numbers. The 

different roles played by the transverse and the longitudinal mismatch in these two 

different ranges of Fresnel number values has also been discussed. It is hoped that an 

understanding of the roles played by the various parameters of the system in the 

resonator's dynamical behavior may lead to some insights into the possible means of 

controlling the system. This understanding ts critical if practical uses, such as in image 

storage and associative recall, are to be found for photorefractive resonators. 
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Figure 4.1: Photorefractive phase-conjugate confocal resonator. P,, P,: circular apertures 

(diameters ~0.43mm). CL: cavity lens (focal length 16cm) placed one focal length from 

P, and P,. CM: planar, 95% reflecting dielectric mirror. PCM: phase-conjugate mirror 

BaTiO, crystal in four-wave mixing geometry with external pumps E,, E,). 3 PS £1, Bo 
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Figure 4.2: Wave mixing geometry with slightly tilted pump beams in order to introduce 

a Bragg mismatch. b: wave vector mismatch (the mismatch equals n,(sin®, —sin®, ) 

where the angles are measured outside the crystal). 
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  (b) 

Figure 4.3: Sequence of snapshots of the transverse intensity distribution at aperture P, 

for the periodic state at F~2.0. The mismatch is in the vertical direction leading to the 

motion of a pair of defects along the horizontal direction: (a) experiment, (b) numerical 

simulation. The snapshots are reconstructed from an array of 3x17 Fourier components. 
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Figure 4.4: Simulated snapshot interferogram of the field reconstructed from the 3x17 

Fourier components with a tilted reference plane wave. The mismatch is at 45° from the 

boundary (see text for details) and the two singularities are identified by arrows. 
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Figure 4.5: Frequency of the periodic state versus mismatch at F~2.0. (a) experiment, 

where the vertical mismatch is varied for a fixed non zero horizontal mismatch, (b) 

numerical simulation where the vertical mismatch is varied for a zero horizontal 

mismatch (the definition of the angles refer to figure 4.2). 
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Chapter 5 

Conclusion 

5.1 Summary and Discussion 

The work presented in this dissertation is the result of an investigation into the 

Spatiotemporal dynamics of a photorefractive phase-conjugate resonator (PPCR). The 

study was motivated by the PPCR's special attributes in the general field of transverse 

nonlinear optical systems. It exhibits relatively slow dynamics compared to similar 

systems in the field which are usually only theoretically studied because of their high 

speed dynamics (e.g. lasers). Therefore the PPCR provides a means for characterizing the 

generic dynamics of these systems using convenient and accessible experimental 

methods. In addition, this work is motivated by the specific properties of a PPCR which 

could possibly make it ideal for use in optical image processing and storage devices. To 

this end, chapters two and three of this dissertation presented the validation of two novel 

experimental techniques, a holographic correlator and the Karhunen-Loéve 

decomposition, for use in characterizing the dynamics of transverse optical systems. The 

results of the application of these two techniques to the PPCR were also presented. The 

culmination of the investigation was the development of an analytical model of the PPCR 

in terms of the fundamental equations governing photorefractive phenomena and is 

presented in chapter four. In this section we give a brief review of the dissertation and 

highlight its major results. 

First, the PPCRs control parameters were identified and their effects on the system 

dynamics were initially characterized. The first parameter is the cavity Fresnel number 
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which is a measure of the transverse confinement of the cavity and has the effect of 

increasing the spatial and temporal complexity of the dynamics as it is increased. The 

other parameter is the Bragg mismatch which breaks the cylindrical symmetry of the 

cavity and increases the speed of the dynamics as it 1s increased. It was demonstrated that 

for the first non stationary state at F~2.0 the mismatch caused the periodic nucleation and 

repulsion of optical defects in the direction perpendicular to the direction of the 

transverse mismatch. As the mismatch was decreased the frequency of the nucleation and 

repulsion decreased until a spatially uniform, stationary state was observed at no 

mismatch. 

In order to gain some initial insight into the system this first non stationary state 

was modeled in terms of the superposition of a few spatial patterns (also termed modes) 

that compete for the gain in the photorefractive medium. The model was developed by 

considering the mathematical description of a field containing two defects exhibiting the 

periodic behavior observed experimentally. It was tested using a holographic correlator 

that optically measures the correlation between the spatial patterns in the cavity field and 

individual spatial patterns stored in holograms that were matched to the patterns in the 

model. The results of the experiment confirmed the validity of the model by detecting 

directly the presence of the presumed patterns in the cavity beam and measuring their 

individual temporal behavior. 

The interpretation of the model in terms of the control parameters of the system is 

as follows. At very low Fresnel numbers only a fundamental Gauss-Laguerre mode can 

be sustained by the cavity of the system. At F=2.0, since the mismatch adds an additional 

transverse phase to the fundamental mode after each round trip, it excites modes with 

more structure. The direction of the mismatch is responsible for the broken symmetry of 

the system and dictates the form of the asymmetric mode. Due to the cavity confinement 
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however, diffraction losses are larger for these excited modes and it is the interplay 

between these losses and the mismatch that leads to the observed dynamics. 

In terms of the effectiveness of the correlator technique, it was demonstrated to 

work very well for the relatively simple dynamics of this state, because it can be modeled 

in terms of the superposition of a very small number of modes. It is an ideal method for 

use on much faster systems because each hologram requires only a single detector, which 

can have very fast response times. Unfortunately the technique loses its utility at larger 

Fresnel numbers because of the more complicated spatial dynamics. More complex 

patterns require a large number of modes for their representation and consequently the 

number of holograms and their complexity must increase. While it was a simple matter 

to create holograms corresponding to simple orthogonal patterns in order to test the 

model at low Fresnel number, complicated holograms would be more difficult to create. 

Not only does the number of holograms and their different complexities lead to practical 

problems in terms of their production, it will also lead to problems in terms of their 

implementation and interpretation of experimental results. It would be difficult to create 

the many perfectly orthogonal holograms required, and this lack of orthogonality would 

eventually lead to spurious correlation data. 

Another experimental technique was applied to the system partly in order to 

address the complications of the correlator and also to further investigate the dynamics of 

the PPCR using an independent method. The technique, known as the Karhunen-Loéve 

decomposition, is a method that decomposes the cavity field into orthogonal spatial 

patterns called active cavity modes. The patterns are the eigenvectors of the covariance 

matrix. The implementation of this method involves the collection of a sequence of 

images of the transverse intensity profile of the cavity field and then processing them 

using the Karhunen-Loéve algorithm. The method was shown to be an effective tool for 
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studying the systems spatiotemporal dynamics as was demonstrated by its application to 

the first non stationary state. The results of the Karhunen-Loéve analysis support the 

aforementioned model and agree with the results obtained by the correlator technique. 

For this first non stationary state, two modes were revealed to oscillate in the cavity. The 

first was interpreted as the fundamental Gauss-Laguerre mode of the modal 

decomposition model and the second as the combination of the two excited modes of the 

model- a Gauss-Laguerre (10) and a Gauss-Hermite (01). 

The application of this technique at larger Fresnel numbers revealed important 

information on the number and spatial structure of active modes oscillating in the cavity, 

which would be difficult to obtain by other means. It provided evidence for the inverse 

relationship between the size of the Bragg mismatch and the level of cylindrical 

symmetry of the patterns emitted by the system. It also showed the interesting feature 

that states exhibiting periodic behavior can share the same modal structure as aperiodic 

states, despite their vastly different temporal behavior. 

The drawback of the Karhunen-Loéve decomposition is that it is based on the 

diagonalization of the covariance matrix of the intensity fluctuations and therefore does 

not contain information of the phase of the modal structure. This is less of a problem in 

laser systems since a laser cavity has a complete set of empty cavity modes that give 

insight into the active cavity behavior. Unfortunately, its application to laser dynamics is 

difficult because of the short time scales involved. The method is computer intensive and 

requires the use of a CCD array, which slows down the data acquisition process. Recent 

technological advances may eventually eliminate these problems. CCD arrays operating 

in the Megabytes/sec range are now commercially available. This is just at the lower 

limit typical phenomena observed in laser systems. 
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In the third part of this thesis, chapter 4, an accurate analytical model of the 

system was developed for the first time. The model is based on a plane wave expansion 

of the cavity field and the variables in Kukhtarev's material equations and includes the 

vector Bragg mismatch. A similar model including only the longitudinal mismatch has 

been studied, but did not accurately depict the observed dynamics. The results of the 

complete model shows that the transverse component of the Bragg mismatch couples 

some of the plane waves traveling in different directions because they must share the 

same refractive index gratings. The numerical solution of this model matched accurately 

the experimental observations. Stationary states were observed only with no mismatch 

and arbitrary Fresnel numbers, or at very low Fresnel numbers and arbitrary mismatch. 

For a finite mismatch, as the Fresnel number is increased the periodic states, period 

doubling, and aperiodic states experimentally observed were simulated. 

In the derivation of the model key assumptions were identified. Inclusion of two 

wave mixing between pairs of plane waves and the angular dependence of the coupling 

and temporal coefficients of the plane waves were shown to be unnecessary. These two 

factors would have severely complicated a numerical simulation. Also it showed the 

necessity of the inclusion of pump depletion. With this model, it became feasible to 

identify the roles played by the directional components of the vector mismatch. The 

longitudinal mismatch was shown to lead to a complex coupling constant which in turn 

destabilizes periodic states. The transverse mismatch was shown to break the cylindrical 

symmetry of the system and thus to destabalize stationary states. In the case of a mode 

competition model, the transverse mismatch is responsible for coupling the modes 

together. 

The model also gave some insight into the effects of the boundary on the 

formation of defects. It appears that the shape of the apertures in the system and the 
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direction of the mismatch determine the type of dislocation (screw or edge) created in the 

cavity field. Experimental observations with circular apertures yield pure screw 

dislocations, while using square apertures in the model lead to edge and mixed 

screw/edge types. 

5.2 Recommendations for future work 

In conclusion, this work has demonstrated the value of two novel experimental 

techniques that can be used to study transverse nonlinear optical systems, namely a 

holographic correlator and the Karhunen-Loéve decomposition. More importantly, the 

application of these techniques to the PPCR and the development of an accurate 

analytical model, have led to a better understanding of the underlying physics governing 

its dynamics. It is hoped that this understanding will lead to its possible control and 

practical implementation in, for example, image processing systems. 

As it stands now, the analytical model requires some more tests and, despite its 

accuracy, can perhaps be modified to ease the computational effort involved in its 

solution. First, the model needs to be solved for a broader range of parameter values at 

larger Fresnel numbers before we can be sure that it is complete. Also absorption, which 

has been shown to modify other temporal effects in photorefractive media [65], has so far 

been ignored. Its effect in the PPCR should be determined. Lastly, the model could 

possibly be redeveloped using coupling integrals created by the mismatch, rather than the 

simple shared-grating approach employed here. This could greatly reduce the complexity 

involved in the numerical solutions and even possibly lead to analytical solutions. 

Another parameter affecting the dynamics of the system is the geometry of the 

cavity. Thus far no systematic investigation has been performed on effects related to the 
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cavity geometry, either in terms of defect formation or spatiotemporal dynamics in 

general. In the course of this investigation the cavity was modified using two lenses in a 

4f arrangement so that the field was not inverted after a cavity round-trip. Preliminary 

results show that the dynamics becomes much quieter even as the Bragg mismatch is 

changed. This could be crucial in practical applications where, in general, non stationary 

states are considered to be a hindrance. 
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