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(ABSTRACT) 

A pinned column with initial deflection and an internal brace is investigated. The 

brace is modeled as a translational spring. Axial compressive loads are applied at the 

brace and the top of the column, and the equilibrium shape of the column is determined. 

The critical loads for the perfect column are computed analytically for several load 

combinations. 

The dynamic response of the column after sudden loss of bracing is analyzed 

using Galerkin’s method. With the consideration of the effects of the bracing location and 

the bracing stiffness, the maximum deflection of the column during motion is determined. 

The contribution of damping effects to the maximum deflection of the column is 

examined. Damping effects in the Galerkin method are compared to results from the 

finite element method (based on ABAQUS). 

The plastic dynamic analysis is carried out using ABAQUS. Both residual stresses 

and damping effects are considered, and the spread of plasticity during the motion is 

investigated. The cases studied include equal and unequal spans, and axial loads below 

and above the load which causes the column to collapse.
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1. INTRODUCTION 

It is clear that the capacity of a column carrying a compressive load can be 

increased remarkably by adding rotational or translational spring supports between its 

ends. 

The design guide for column bracing, developed by Winter [1], suggests an ideal 

spring stiffness for columns with two or more internal braces, equal span lengths, and 

only end loading [2]. However, this ideal stiffness may not be adequate for actual column 

design, since span lengths are not always equal and at each bracing point a compressive 

load may be applied. For the unequal-span column, a modified ideal spring stiffness is 

suggested [2], but this is an approximation. 

Plaut and J. Yang [3] and Plaut and Y. Yang [4] investigated some examples and 

proved that no ideal spring stiffness exists for unequal-span columns except under special 

conditions. Modification of the design guidelines for lateral bracing requirements of two- 

span columns was recommended by Plaut [5]. These recommendations were discussed by 

Yura [6]. 

Even though some investigations studied the optimal location of bracing and the 

required bracing force to ensure that structures are stable [7,8], the effect of a sudden loss 

of bracing on columns has not been examined. The loss of column bracing results in a 

decrease of the critical load and may cause the whole structure to fail catastrophically. 
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When an imperfect column loses its bracing, it is no longer in an equilibrium 

state, which makes the column change its shape. This change of shape is caused by the 

elastic stresses which are released when the applied loads are removed [9]. The abrupt 

change of the elastic stresses due to the sudden loss of bracing makes the column vibrate. 

This vibration may fade away or may grow, depending on the magnitude of the applied 

axial force and the material behavior in the column. 

Only a few papers can be found on this effect on structures. The plastic bending 

and “springback” of a cantilever beam subjected to a concentrated force and an axial load 

at its tip was examined by Yu and Johnson [10] when the concentrated force was 

removed. In that study, the behavior of the beam was regarded as static rather than 

dynamic, and the moment due to the axial load was neglected in the analysis. Since one 

of the main concerns in column design is the moment caused by the axial forces, this 

assumption seems to be inappropriate for column design. 

Amman [11] studied the effect of sudden loss of support for reinforced and 

prestressed concrete beams with experiments. However, the behavior of massive, heavy, 

horizontal, concrete beams is much different from that of an axial, compressed, vertical, 

steel column. 

A large number of papers on the response of elastic-plastic structures under 

dynamic loading have been published [12-17]. The effect of an impact load on column 

behavior would not be the same as that of a sudden loss of bracing. Unlike the dynamic 
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loading, the loss of bracing does not provide an initial velocity to a column. Studies on 

the dynamic response following a sudden loss of support were not found. 

If the loading on the structure is very high, the behavior does not remain elastic; 

hence, structural behavior should be analyzed based on inelastic theory. In general, there 

are two basic types of plastic analysis. The first one is the plastic hinge or rigid plastic 

analysis. The second is called the plastic zone method or the distributed plasticity 

method. 

For a rigid, perfectly plastic, simply supported beam subjected to compressive 

loads, a plastic hinge is located at the point where the maximum moment occurs if that 

moment reaches the value of the plastic moment. Based on the assumption of the plastic 

hinge existing, the derived dynamic mode of deflection is a function of the distance from 

the supporting points and the plastic moment only, excluding the compressive load. 

However, the stability of columns is mainly determined by the axial forces. According to 

papers by Cowper and Symonds [18] and Hall et al. [19], the rigid-plastic theory was 

found to give a discrepancy between the measured deflection and the analytical prediction 

for dynamic loading problems. The rigid-plastic theory for dynamic problems involves 

the following assumptions: (1) it rules out the elastic effects for ductile materials, and (2) 

it neglects the geometric shape changes during motion, so this method requires some 

corrections in analyzing a rate-sensitive material such as a mild steel. These shortcomings 

of the rigid-plastic theory were discussed by Martin and Symonds [20]. Here, the plastic 

zone method will be applied to the study of a braced column. 
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The main purpose of this study is to analyze the behavior of a column after a 

sudden loss of bracing, which has not been considered previously, and to provide a basis 

for future design guidelines. Collapse of the column will be examined. For loads smaller 

than the collapse load, maximum dynamic responses will be computed. 

An unequal-span column with one internal brace having various spring stiffnesses 

will be analyzed by elastic, viscoelastic, and plastic theories. The critical loads are 

determined by the exact solution of the governing equations for several load 

combinations, and an approximate method is used to find the dynamic mode shape after 

sudden loss of bracing for elastic and viscoelastic behavior. The plastic zone analysis will 

be done using ABAQUS, which permits one to determine the region of plasticity at any 

time during the motion. Initial crookedness of the column is assumed, using the 

summation of a sine series so that various initial shapes could be considered. 
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2. MODEL FOR COLUMN ANALYSIS 

For unequal-span columns, the current design guidelines recommend the 

following formula as an ideal brace stiffness [2]: 

n-EL 17El 
k. = 

deal _ = idea 43 b? 
  (2.1) 

where 4 and b are shown in Fig. 2.1 and EI is the constant bending stiffness of the 

beam. 

Plaut [5] and Plaut and Yang [4] investigated some columns with two or three 

spans and showed that, for certain conditions, the spring stiffness required for the critical 

load to be at least the Euler load P, of the longest span is sometimes higher than the ideal 

spring stiffness in equation (2.1). In order to ensure the safety of the structure, it is 

apparent that design guidelines must be modified for adequate design of column bracing. 

In this study, a two-span column will be analyzed and some aspects not involved in the 

current design guides, such as a load at the bracing point, will be studied. 

The static analysis is carried out to investigate the responses of a column with two 

unequal spans as shown in Fig. 2.1. Based on the elastic theory, the behavior of the 

column is analyzed exactly. For the perfect column, the critical loads are sought 

theoretically. A typical column size (W8 x 40), in the finite element method, is modeled 

with different bracing locations, spring stiffnesses, and load combinations. To investigate 
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an imperfect column, the column is assumed to be initially deflected. Only the deflection 

in the direction of the weak axis of the column is assumed in the analysis. 

In the Load and Resistance Factor Design (LRFD) specifications, the design 

strength is based on a maximum out-of-straightness of about 1/1500 of the column length 

[21]. But, in the American Society of Testing and Materials specification A6, the 

maximum permitted camber of a rolled structural shape is specified less than L/1000 for 

all sections less than 30 feet long (the permissible variation in straightness for W shape 

column less than 45 feet long is limited to 1/8 inx number of feet of column length but 

not over 3/8 in.) [22,23]. To provide conservative results from the analysis, the maximum 

initial deflection of the column is limited to 1/1000 of the column length. The bracing 

between the ends of the column is modeled as a translational spring. The spring is 

allowed to displace in the weak axis direction only. The effect of an axial force at the 

bracing point will be considered. 

  

«—— Q Q, 

2. EL, 

~|
 

    

    

X 

Fig. 2.1 Loading System and Column Configuration 
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After the sudden loss of the column bracing, the behavior of the column is 

analyzed elastically by an approximate dynamic analysis, first using Galerkin’s method 

and then the finite element method. In the dynamic analysis, the load acting at the bracing 

point is no longer present, since the load disappears with the bracing. The effect of the 

residual stresses is also studied in the plastic analysis. The distribution of residual stresses 

is specified in section 4.2.2. Due to the complexity, plastic dynamic analysis is carried 

out using the finite element method. The decaying motions of the column are investigated 

by including damping coefficients with both Galerkin’s method and the finite element 

method. 
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3. STATIC ANALYSIS 

3.1 Elastic analysis 

Elastic analysis is carried out on a two-span column with length L as depicted in 

Fig. 2.1. The bending stiffness is EI, in the first span and EI, in the second span. The 

compressive loads Q, and Q, are assumed to act at x =a and x = L, respectively. Both 

ends of the column (x = 0 and x =L) are simply supported, and a translational spring 

with stiffness k is located at X =a, where 4a is the distance from the left end of the 

column. The initial deflection, W,, is defined as the column shape when no axial forces 

are applied and the spring is unstretched. Under the axial loads, the column deflection w 

is also measured from the x axis. Deflections are positive if upward in Fig. 2.1. 

If the deflection is small, the equilibrium equations of the system in Fig. 2.1 are: 

EI, (Wy (&) - Wo ()) +(Q, +Q,)w,(X)=0, for 0<x<a 

ea) - Wo (X)] + Q,W>(x)=0, for Aa<X<L, (3.1) 

where primes denote differentiation with respect to X. 

To simplify the calculations, the following nondimensional quantities are 

introduced: 

x W, Ww 
Xx=—, W, =—, W=—, 

L L L 

a=, p=2 
L L 
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_ KLE 2 (Qt QE 2 _ Qual! (3.2) 
EL?! EI, > EL 

QL P _ QL ay 
El °° EL 
  

By applying these relations, the equilibrium equations are non-dimensionalized as 

follows: 

w, (x)— Ww, (x)+y7w,(x)=0, forO<x<a 

w, (X)—W, (x)+y5w,(x)=0, fora<x<l (3.3) 

Equation (3.3) has the following general solution: 

w(x) =A, siny,x+A, cosy, x+A,x+A, + W,,(x), (OS x <a) 

w,(x) = B, siny,x+B, cosy,x+B,x+B, + W,,(x), (as<xsI) (3.4) 

where W,,(x)and W,, (x)are particular solutions. 

The boundary and transition conditions are: 

at x=0: w, =0 

al x=a: W, = Ww, 

W, — Wy = &(W, - Wy) 

Ww, —W, +qw, =e(w, —w, )+k(w, - Wo) 
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at x=1: w, =0 

WwW, —-W, =0 (3.5) 

EI 
where ¢ = —* and q=yj} —ey;3. EI, 

Boundary conditions at the ends and transition conditions at the spring location 

give eight equations for the eight unknowns (A,, B,), so solutions for the deflection can 

be obtained. Detailed solutions are shown in the Appendix. 

3.2 Critical loads of perfect column 

When a column possesses no initial deflection, it is called perfect . If the column 

is perfect and the loads act along the centerline, the set of algebraic equations obtained 

from equation (3.5) is homogeneous. A nontrivial solution of the homogeneous equation 

exists only if the determinant of the 8 x 8 coefficient matrix is zero. The nondimensional 

critical load is defined from the lowest root of the determinantal equation. To verify the 

formulation, the critical load is calculated when P, and k approach zero. In that case, the 

critical load must approach the Euler load for a simply supported column. In the 

calculation, as k decreases to a small value, the critical value of P, approaches the 

nondimensional Euler load, 2’, for the unbraced column. 

ws oe . P 
In order to calculate the critical load for the combination of loads, the ratio of —+ 

2 

is fixed. Here, the relative critical load P,, is introduced to define the critical ratio load 
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based on P,. For example, if the spans have the same bending stiffness EI, and if 

P,:P, =2:1, k=100 and a=0.6, the relative critical load P,,=10.25 means that the column 

in Figs 3.1 to 3.7 is the critical 
re 

2 2 

buckles when S==20.50 and 2 =10.25, Le., P 

value of P,. 

Figure 3.1 indicates that an ideal spring stiffness exists if Q, =0 and a=0.5. If 

k is larger than 16° =157.91 and a= 0.5, no increment of the critical load occurs for this 

case. Figures 3.1 to 3.4 show the critical load as a function of the left span length for 

several spring stiffnesses and for Q,:Q, =0:1, Q,:Q, =0.5:1, Q,:Q, =1:1, and Q,:Q, =2:1, 

respectively. For these three cases, as k is increased, the critical load always becomes 

larger. Unlike the case of end loading only, the symmetric bracing, however, does not 

provide the maximum critical load for each case. The maximum critical load usually 

occurs when the brace is located between a = 0.3 and 0.5. 

Figures 3.5 to 3.7 show the relative critical load variation versus spring location 

for different load ratios and fixed spring stiffnesses. As seen in these figures, if a load is 

applied at the bracing (i.e., the load ratio is other than zero), the optimal spring location to 

produce the maximum strength of the column is not at the center of the column. It 

depends on the spring stiffness and load combination. As the spring stiffness becomes 

large, the optimal location is moved to the left. 
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3.3 Imperfect column 

A perfect column is an idealized one for a theoretical analysis. When the axial 

load is applied to a perfect column, theoretically no moment is induced. Therefore 

column bending cannot be expected unless the applied load is higher than the critical 

load. To get a relationship between applied loads and bracing requirement, an analysis is 

performed for the imperfect column with initial deflection. Actual columns are not 

perfectly straight, and even if the initial deflection is small, it affects the column behavior 

and reduces the load carrying capacity of the column. 

In Plaut and Yang [4], the initial deflection was assumed to be a symmetric 

quadratic function or an anti-symmetric cubic function. These functions do not represent 

all the shapes of columns. This study assumes the initial crookedness as the summation of 

a sine series, so that many types can be considered. 

The expression assumed for the nondimensional initial deflection is as follows: 

W(X) = SR, sin(m7x) (3.6) 
m=1 

The maximum amplitude of the dimensional initial deflection is assumed to be L/1000. 

The deflection under given loads can be obtained by substituting w)(x) into equations 

(3.2) and (3.3) and solving the boundary value problem. 

QL’ , ; ; L’ 
Figure 3.8 depicts the static deflection under =8 and a2 <8 and the 

initial deflection w,(x)=0.001 sin(ax) for a=0.4 and k=100. The net deflection, u(x), is 
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measured from the initial deflection. The spring location is not at the center in this 

example, so the column is displaced unsymmetrically. 
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      a | ke50 | k=100 | k=150 | k=200 | k=300 | k=400 | k=500 
01 1079, 1163 1240 13.09, 1430) 15.29, 16.12 
2 "43.04 1558’ 17.56! 19.08) 21.171 2246 23.32 
  

| 0.3 15.88! 20.45 23.58 25.61) 27.82, —28.91 29.54 
0.4 18.57/ 25.78; 30.52, 32.95, 34.81, 35.48, 35.82 

| 05 19.81, 2929 38.14 3948 39.48! 39.48 39.48 
06 | 1857 2578! 30.52; 3295 3481, 36.48 35.82 

| (0.7 15.88) 20.45) 23.58 25.61 27.82, 28.91) 29.54 5 
0.8 13.04 15.58, 17.56 19.08 21.17 22.46 23.32 

99 140.79" i1eat— 12.40 13.091 14.30] _—-15.29! 16.12] 
] 

  

  

    

  

        
a —— 

| Relative Critical Load Prec vs. Spring Location a 

| Q1:Q2=0:1 

8 ose 
—o— k=100 

| —r— k=150 

—x— k=200 

| -+—k=300 
—o~ k=500 
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0o —__— | ———, —— 
{ j t T r 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

a (spring location) 

Fig. 3.1 Relative critical load P,, vs. spring location a, Q,;:Q, =0:1 and different k’s 
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a | k=50 | k=100 | k=150 | k=200 =300 | k=400 | k=500 
| 0406 | 9.88; = 10.72) = 11.54, = 12.23, 313.51, = 14.58) 15.49 
| 0.200 14.32) 13.88, 16.02, 17.75 20.23) 21.80, 22.82 

0.3 13.33. 17.90' 21.471 2401| 2681| 28.11) 28.81 
P04 | 16.16) 21.92 27.55) 30.76, 32.36, 32.72] 32.86 

15.71| 22.80) 

  

    

  

  

        
| 05 | 27.72 20.44, 30.18 __30.38/ _ 30.47| 

0.6 1430, 18.91) 21.52) 22.88 24.09' 2462, 24.90 
0.7 11.92, 1478 1657) 17.70' 1895) 1960) 19.99 
08 | 9.55) 11.46) 1237; 13.27, 14.48, 15.24] 15.74 
09 | 7.62; 8.17 8.67, 911, 9.87 10.50) 11.01 
  

— a a 

| Relative Critical Load Prc vs. Spring Location a 
Q1:Q2=0.5:1 | 

  

oo k=50 
—>— k=100 | | 

| —a— k=150 

|x k=200. | 
+ ke300! | 

| —~o— k=500; 
ne 

| 

| 
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) 

  
0 — ——! — —— = 1 4 

To T OT 1 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

y y T 

| 

| | 

a (spring location) | 
| 

|   

Fig. 3.2 Relative critical load P,, vs. spring location a, Q,;:Q, =0.5:1 and different k’s 
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| oa k=50 | k=100  k=150 | k=200 | k=300 | k=400  k=500 
0.1 9.05 989° 1067, 11.40; 12.72, 13.86) 14.83 

i 02 9.89 12.35 14.51 16.36, 19.17! He 03) 22.26 
11.35 1561, 1930! 2221/ 25691 27. ey 27.99 

oa 04 | 12.68 1859 24.17; 28.52) 29.21, 29.25, 29.26 
| 05 12.90 8.25, 2150 22.84. 23.70 23.98 24.12 
| 06 11.62 ta80 16.5 17.48| 18.37] 18.77 ‘19.00 
o7 | 9.47! 11.49) 1272 13.49; 14.36 14.82} 15.10 

10.14. 1099 11.52 11.88 
6.98 7.53) 7.98 8.35 

Relative Critical Load Pcr vs. Spring Location a | 

Q1:Q2=1:1 ! 

35 
| —o- k=60 0 | | 
—o— k=100| | 

. | k=180 | 

xe k=200 | 
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a (spring location) 

_+— k=3001 
—oO— k=500 | 

  

Fig. 3.3 Relative critical load P,, vs. spring location a, Q,:Q, =1:1 and different k’s 
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| a | k50 | k=100 k= 150 | k= 200 k=300 | k=400  k=500 
0.1 7.66 8.441 9.19 9.90) 11.23) 12.42! 13.48 
= 7.78| 9.90) 11.89, 13.73, 16.87, 19.24, 20.90 

663) 1212, 1544 1849 23.13! 25.27 26.08 
9.45 48.00 [ 13.88 21.07, 22.26) 22.40' 22.45 

S 12.88) 1479, 4 79 15.67 16.36 _16.63| 16.77 
0.6 . yeas 25 44294 29' 11. 3 12.43 ee 12.86 
os 6.67 7.92! 8.66 9.13) 9.66 9.95' 10.13] 

| 0.8 | 5.22| 596) 6.49) 6.88 7.41 7.74, 7.96 | 
0.9 4.03) 4.30) 4.53 4.74 5.10) 5.39| 5.63 

  
  

  

  

      

    

  

  

      

          

| Relative Critical Load Pcr vs. Spring Location a 

  

  

| Q1:Q2=2:1 

| 

| 30 —o- k=50 

| 3 25 |—o— ke100 
| Oo + | ~a— Ke180) 

20 Ta / _* a k=200| 

| 5 CZ at | 

15 CL a —o— k=500 
: x Sw a 
2 
o 
a. 

  

  

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

a (spring location) 

Lo ce 

Fig. 3.4 Relative critical load P,, vs. spring location a, Q,:Q, =2:1 and different k’s 
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a ' RATIO=0 | RATIO=0.5| RATIO=1 | RATIO=2 
0.1 | 11.63) 10.72; 989; 5.36 

p02 1558 13.88 12.35, 6.94 
0.3 2045 1790! 15.611 8.95 
0.4 25.78 | 21.92) 185 10.96 

| 05 | 29.29) 22.80 18.25 | 11.40 
9.45] 0.6 25.78 18.91. 14.80, 

p07 | 20851478 1449! 7.39 
p08 | 1558) 11.16, 866) 5.58 
09 | 11.63 8.17. 6.29) 4.08 
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Fig. 3.5 Relative critical load vs. a, k=100 
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a _,_ RATIO=0 | RATIO=0.5. RATIO=1 | RATIO=2 
  

  

  
0.1 | 13.09 ! 12.23) 11.40! 
02 | 19.08) 17.75, 16.36, 8.87 

6.11 

12.00] 

  

  

  

0.3 25.61 24.01 22.21 
/ aa 32.95 30.76) 28.52' 15.38 
| 0.5 | 3948) 29.44, 22.84) 14.72 
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Fig. 3.6 Relative critical load vs. a, k=200 
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Fig. 3.7 Relative critical load vs. a, k=500 
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Deflection of Column 

P1=8, P2=8, a=0.4, k=100 
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Fig. 3.8 Deflection of column, P, =8, P, =8, k=100, a=0.4 
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3.4 ABAQUS 

The response of a column can be approximated using the finite element method. 

For a column which has more than 3 spans, or different boundary conditions or transition 

conditions, the finite element method can eliminate the rigorous and cumbersome 

procedures required in the analytical solution of the equilibrium equation. This section 

shows a comparison between the finite element method and the analytical solution. The 

finite element analysis is carried out using the well-known commercial program 

ABAQUS [24]. 

A typical wide flange I section column (W8 x 40, A36) is selected in the analysis, 

and the deflections associated with the applied loads are found and compared to the 

results from the exact analysis. A 240 inch-long column is examined. The geometry, 

loading, and section properties of the column are shown in Figs. 3.9 and 3.10. The 

modulus of elasticity is quantified for steel as 29000 kips/ in”. The shape of the initial 

deflection is assumed to be a half-sine function and only the initial deflection in the weak 

axis direction is considered. The maximum initial deflection at the midpoint of the 

column is chosen as L/1000. 

3.4.1 Type of element 

The analysis, so far, follows Euler-Bernoulli beam theory, which does not include 

the transverse shear deformation. To satisfy this assumption, cubic beam elements, in 

which the response of the column is estimated using cubic interpolation, are used in the 
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analysis. ABAQUS also provides various cross-section beam elements for the beam type 

element. A B33 (2-node cubic beam element in space) with I-beam section is selected, 

and the geometric properties are defined in the input data in Fig. 3.9. The cubic beam 

element in ABAQUS is provided for small strain and large rotation analysis based on 

Euler-Bernoulli beam theory. To consider the geometric nonlinearity, the large 

displacement effects are included by taking the NLGEOM parameter on the *STEP 

option. 

3.4.2 Bracing and boundary conditions 

The internal support can be interpreted as a spring which has rotational or 

translational resisting stiffness. ABAQUS provides three types of spring element. In this 

analysis, the SPRING1 element is used, which is provided for connection between a node 

and ground. When the axial load is applied, the column tends to bend about the weak axis 

due to the moment and the initial deflection of the column, so the deformation about the 

strong axis is ruled out in the analysis. As shown in Fig. 3.10, a translational spring is 

placed at the internal support, and it is assumed that the spring is stretched perpendicular 

to the x-¥ plane. Like the theoretical analysis, the effect of rotational stiffness of the 

brace is not considered. A B33 element has 6 degrees of freedom at each node 

(u,,u,,U,,o,,6,,6,) [24]. At the left support, all the degrees of freedom but 9, are 

constrained. At the right support, only u, and 9, are released. 
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Fig. 3.9. The section data for the ]-beam column (base unit=inch) 
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Fig. 3.10 Simply supported column with spring support and an end loading 
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3.4.3 Element discretization and convergence 

The accuracy of the ABAQUS results is checked for some element discretizations. 

For the system in Fig. 3.10, the deflections at some points (x) are calculated and 

compared to those from the exact solution in Table 3.1. Four cases of the element 

discretization are tested and the average errors are estimated for each case. The last row 

of Table 3.1 represents the corresponding averaged errors relative to the exact solution. 

The exact deflections can be calculated by solving the equation of motion of the 

system with the boundary conditions. Solutions were described in the elastic analysis in 

section 3.1 and the Appendix. 

It is obviously true that a finer column discretization provides more accurate 

results. However, the computational expense should be considered when deciding on the 

discretization to apply. Even though a 40-element model provides closer results (0.01 % 

error) to the exact solution, a 20-element model which allows 0.05% error is chosen in 

Table 3.1. Deflection at point x, unit=in.x107! 

  

  

  

  

  

  

  

  

  

                

x Exact 8 elements | 10 elements | 20 elements | 40 elements 

0.1 0.981 - 0.979 0.981 0.981 

0.125 1.214 1.210 - - - 

0.2 1.858 - 1.854 1.857 1.858 

0.25 2.229 2.222 - - - 

0.3 2.541 - 2.536 2.540 2.541 

0.375 2.886 2.877 - - - 

0.4 2.967 - 2.961 2.965 2.966 

0.5 3.108 3.098 3.101 3.106 3.107 

Ave. Err.(%) - 0.3 0.2 0.05 0.01 
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the analysis. This amount of error causes less than 1/1000 inch of deviation in this 

system, and can be considered negligible. 

3.4.4 The critical load for the perfect column in ABAQUS 

The critical load for the perfect column can be found theoretically. The basic 

concept of the finite element method is that buckling is expected when the tangent 

stiffness matrix has a small determinant, which approaches zero (i.e., the tangent stiffness 

matrix is singular) [2,24]. Following is the procedure used to find the buckling load. At 

the base load P, (below the buckling load), the elastic tangent stiffness matrix, [K,]. is 

computed. By adding a perturbation load Q,,, the differential stiffness matrix [Ko]. 

which is the sum of the load stiffness and the stress stiffness associated with Q,, is 

computed. The tangent stiffness matrix for the load P,, +AQ, is written as [K, + AK | 

The load-displacement rate relationship becomes 

[K, + AK |du = dF. (3.7) 

A nontrivial solution for this equation, when dF=0, is possible only if the determinant of 

the stiffness matrix is zero. This is an eigenvalue problem and the buckling load is 

calculated in terms of the lowest eigenvalue 4, . The estimated buckling load is provided 

as P,, +AQ,,. In ABAQUS, *BUCKLE step is provided to predict the buckling load. 
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A 240 inch-long W8 x 40 column in Fig. 3.10 is selected for the finite element 

analysis. The column is assumed to be straight. Table 3.2 shows the critical loads for 

different spring stiffnesses. The buckling analysis in the finite element method shows 

good accuracy. The critical loads from the perfect column for different spring locations 

are compared to the ABAQUS results in Table 3.3. 

Table 3.2 The nondimensional relative critical load P., for varying spring stiffness, 

where Q,:Q,=0:1 and a=0.5 

  

  

  

        

k 50 100 150 200 300 400 500 

Perfect 19.81 29.29 38.14 39.48 39.48 39.48 39.48 

ABAQUS 19.81 29.30 38.15 39.48 39.48 39.48 39.48         
  

Table 3.3 The nondimensional relative critical load P,, for varying spring location, 

where Q,:Q,=0:1, k=100 

  

  

  

  

  

  

a Perfect ABAQUS for 

column perfect column 

0.1 11.63 11.64 

0.2 15.58 15.58 

0.3 20.45 20.46 

0.4 25.78 25.79 

0.5 29.29 29.30         
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4. DYNAMIC RESPONSE 

4.1 Elastic analysis 

4.1.1 Galerkin’s method 

If the brace is suddenly removed at t=0, and if the column is made with perfectly 

elastic material, the column moves away from its previous equilibrium state. The 

characteristic behavior of elasticity makes the column vibrate, and this vibration will 

continue unless damping effects are taken into account. Viscous and viscoelastic damping 

effects are considered in the analysis. The quantities 7 and B represent the coefficients 

of viscous and viscoelastic damping, respectively. The column deflection at time t and 

position X is denoted y(x,t), and for simplicity, the section properties of the column 

throughout the length L are considered to be constant. At the instant of losing the brace, 

the load Q, is also removed from the column. Consequently, this load is not involved in 

the equation of motion, which is given by: 

ay oy 
a*(¥- Wo) 1p — 

EI —-2>—_— +47 = a r nE ae = +B + Qs 1a +H AR —(0 4.1 
Ox xot @D) 

where i is the mass per unit length. 

DYNAMIC RESPONSE 28



Additional nondimensional quantities are defined as 

_ BL’ 
ak] 
  y 2 n 

=+>,t=ta, =—, 

* L 7 or P 

aL? 
EI © 
  where @ = (4.2) 

Equation (4.1) now has the form 

ay dty aw, Oy dy »6’y 
+ — + + +9323 = 4.3 

at? ax? ~—s ax q Ox‘ at P G9) 
  

a a? 

Let the deflection be approximated by 

y(x,0) = Ya, (1)0, (x) = Ya, ()sin(knx) (4.4) 

and define the initial deflection as equation (3.6). By substituting these two functions into 

equation (4.3) and applying the method of Galerkin, equation (4.3) is rearranged as 

follows, where primes and dots denote differentiation with respect to x and t, 

respectively: 

M
e
 

J 

“10 (4.5) 
M 1 

» fe jRm(mn)' sin( mmx )dx 

0 1 

1 

[0;(4,0, +a, 0; + a,0; + Ba,0, + 73,0) Jdx 

ae
 

m 

where 0, is the set of orthogonal eigenfunctions defined in equation (4.4) and j=1,2,...,n. 

Introducing the following quantitative notations for convenience, 

\ 

dy = [0,0,dx 
0 
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1 

f, = [(m0,0,' + 80,0, dx (4.6) 
0 

1 

Sik = {@,9; + 7 30,6, )dx 
0 

1 

hj, = R,,(mm)" je , sin(mmx)dx 
0 

one can obtain the simplified form: 

n M 

> dd. O + fa, (+ 8a, = SY Bin . (4.7) 
k=1 m=l 

With the eigenfunction taken as 0, = sin(jzx), one can make use of orthogonality 

as follows: 

1 

[sinc jx) sin(kmx)dx =0 if j#k or 
G 

=1/2 if j=k. (4.8) 

By utilizing orthogonality, equation (4.5) forms the following diagonal matrix equation: 

d, 0 0 O |f4, f, 9 0 O |lfa, g, 0 0 O jfa, Dim 

0 ¢« 0 Ofe 0 e 0 Ole 0 0 Olle M | e 
+ + => 

0 0 ¢ Of e 0 0 ¢ Ojje 0 0 Oj}e; <I] e 

0 0 0 4d, {la, 0 0 0 f,, |la, 0 0 0 gi fla, Bim 

(4.9) 
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Equation (4.9) can be integrated exactly for given initial conditions. At t=0, 

they are y(x,0)= w(x) and a,(0)=0, and one can obtain the approximate motion in 

terms of the sine series. During motion, the deflection changes of the column at x = 0.6 

are shown in Fig. 4.1 for one, two, three and four terms in the approximate motion, where 

P, = 6.8836, k=100, and the spring location is a = 0.4. In Table 4.1, values are listed. For 

n23, the change is negligible. As seen in Table 4.1 and Fig. 4.1, the first mode 

dominates the column deflection. Results shows that three or four terms in the sine series 

of the deflection are enough to closely approximate the solution. In this study, the motion 

is approximated by the first three terms in equation (4.4). 

4.1.2 Results for damped column 

As described in section 4.1.1, the initial deflection y(x,0) must be equal to the 

deflection w(x) under static loading. If the damping effects are considered in the 

equation of motion, the final deflection of the column, when time goes to infinity, is 

identical to the deflection w,(x) of the static case with an axial end loading only 

(Appendix). One percent of critical damping for the first mode is taken as the damping 

magnitude. If the viscous and the viscoelastic dampings are assumed to have equal 

contributions to the total damping for the first mode, the values of n= 0.001 and 

8 = 0.0987 provide one percent of the critical damping. Specific explanations are given 

in section 4.1.3. 
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To test the formulation, the final deflection of the dynamic case for large 

values of t ( in the analysis, t=100) is compared to that of the static case. This is shown in 

QU’ . , 
d “a the spring location a=0.7 and the Fig. 4.2. For applied loads =16 an QL 

EI 

spring stiffness k=500, the time-dependent motion is depicted. Since viscous and 

viscoelastic damping are included, the motion y(x,t) decays and finally approaches the 

static equilibrium state. The final state y(x,100) coincides with w,(x). 

Figures 4.3 to 4.12 show the maximum deflection y(x,t) during the motion for 

different bracing locations and stiffnesses, where 1 % of the critical damping is applied. 

The maximum deflections are calculated and the effects of bracing stiffness are 

investigated for the following loading cases. 

case 1. load ratio Q,:Q, = P:P,=0:1 

P,=0, P,=3 Figs. 4.3 and 4.4. 

P=0,P,=9 Figs. 4.5 and 4.6 

case 2. load ratio Q,;:Q, = P: P, =0.5:1 

P,=2,P,=4 ~~ Figs. 4.7 and 4.8 

case 3. load ratio Q,:Q, = P,:P,= 1:1 

P, =4, P, =4 Figs 4.9 and 4.10 

case 4. load ratio Q,:Q, = P,:P,= 2:1 

P, =4, P, =2 Figs. 4.11 and 4.12 
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a. Case 1. 

If the internal load is not included. the maximum deflections are consistent with 

the higher spring stiffness (Figs. 4.3 to 4.6). Since the column is prevented from bending 

by the spring, as spring stiffness grows, the strain energy stored in the column becomes 

larger. When the column loses its bracing abruptly, the larger strain energy release results 

in a larger deflection during motion. Therefore, as k grows, the maximum deflections are 

also increased. Unlike the lower loading case (Fig. 4.3), when the spring is attached near 

the supports and higher load is applied, the maximum deflection can be greatly decreased 

by a lower spring stiffness. 

b. Case 2 

By adding the internal load in the static state, the maximum deflections at a=0.9 

for k=100 are unexpectedly high compared with those in case 1 (Fig. 4.7). At this state, 

the maximum deflection occurs not in the dynamic state, but in the static state. 

Interestingly, in those cases, higher k’s do not necessarily provide lower maximum 

deflections. The spring stiffness k=300 produces the lowest maximum deflection at a=0.9 

in Figs. 4.7 and 4.8. Results show that, for some cases, the maximum deflection in the 

static state is much higher than subsequent local maximum values during the dynamic 

response (for example, at k=100 and 200 if a=0.9). 

c. Case 3 

Similar to case 2, the maximum deflection does not always occur for the higher 

spring stiffness. As seen in Fig. 4.9, at a=0.9 the highest spring stiffness, k=500, produces 
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the lowest maximum deflection, which occurs in the static state. The lowest among the 

maximum deflections is estimated at a=0.1 and k=100 (Fig. 4.10). Figure 4.10 shows 

that, at a=0.9 maximum deflections decrease as k increases. At a=0.85, maximum 

deflections decrease as k increases up to 300, and increase as k increases above 300. At 

the spring location a=0.9, the maximum deflection is governed by the static loading. At 

a=0.85, up to k=200 the maximum deflection occurs in the static state. However, if k is 

higher than 300, the maximum deflection occurs during the dynamic response. 

d. Case 4 

Inconsistency of relations between spring stiffnesses and spring locations is found 

when a is between 0.8 and 0.9 (Fig. 4.11). For cases a=0.8, a=0.85, and a=0.9, the 

maximum deflection decreases as k increases. For cases a=0.3, a=0.5, and a=0.7, the 

maximum deflection increases as k increases (Fig. 4.12). The deflection curve for a=0.1 

fluctuates as k increases. These features depend on the loading states and loading ratio. 

To find the maximum deflection of the column during motion, the length of the 

column is divided into 100 sections, and the deflections are checked at every section 

point after every time step t =0.01. The maximum deflection, if it occurs during motion, 

always occurs at the center of the column in the cases studied here. 
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Table 4.1 The deflection changes during motion for n=1,2,3,4 (unit=in x 107), 

Q,=0, Q,= 170 kips ( P, =6.8836), k=100, a=0.4, for W8 x 40 Column with L=240 in. 

  

  

  

  

  

  

    

  

  

  

  

  

  

    

t(sec) , n=1 | n=2 , n=3 | n=4 _| 
0 |, 3065 31.05 30.98, 31.03 

| 0.008 32.63) 32.48’ 32.48 32.45 
0.016 | 38.38) 38.11 3818 38.16 
0.024 | AO 40| 47.771 47.76 47.81 
0.032 | 58.90) 58.89) | 89 ae. 82 58.77| 

| 0.040 71.85) 71 Se — 71.50| —-71.50 
0.048 | 85.12 85.41 85.47| 85.52 

| 0.056 | 97.53; 97.67, 97.66) 97.60 
0.064 108.00] "107.64, 107.54) 107.56 
0.072 115.59, 115.77, 115.78, 115.82 

| 0.080 | 4 “4190.65, 149.90 119.90 119.97; _ 119.92] 
088 119.80 119.43) 119.41, 119.44 

| 0.096 ' 116.04! 116.07 7° 416.00 116.02 
Hi 104 108.69 1¢ 109.04' 109.06 109.01 01 
9412 | 98.41! 98.14) 98.181 98.201 
0.120 86.11 86.001  85.97' 85.97] 
0128 | 72.87; 73.26) 73.19 73.15 

| 0.136 | 59.85! 59.66) 59.69] 59.74] 
0.144 48.20; 47.96; 48.02) ~— 48.01 
0.152 38.96 39.34 39.31; 39.27 

ee 32.94, 32.80, 32.83, 32.89 
| 0.168 30.67 30.33, 30.37; 30.33 
| 0.176 32. 34; 32.65, 32.71, 32.69 

0.184 37.82) 37.91, 37.87, 37.93 | 
| 0.192 46.62, 46.23 46.17 46.13 
0.200 57.95, 58.16 58.20 58. 8.20) 
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motion of x=0.6 vs. time 

P2=6.8836, k=100, a=0.4 

  

de
fl
ec
ti
on
 

(i
n*
E-
2)
 

  

    
0 0.04 0.08 0.12 0.16 0.2 

time (sec.) 

Fig. 4.1 The deflection changes during motion for n=1,2,3,4 (unit=in x 107°) 

Q, =0, Q,= 170 kips ( P, =6.8836), k=100, a=0.4, for W8 x 40 Column with L=240 in. 
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| x |yx,0) | y(x,0. 02) | ) y(x,0.05) | y(x,0.1) | y(x,0.5) | 0.5) | y(x,100) | ws(x) | 

—a05| ass! bon, —e an 30,00, 00H 1838 
| 0.401.276, 1. 178 0.742' 0.450! 2. 182 1.631, 1.631 
0.15 1.832 1.697 1.096 0.699! 3.15 2.397, 2.397] 

0.20. 2.297 2.1341 1429 ~—~0.972 706d 3.103’ 3.103] 
0.281 2651. 2.4741 1.735] 1.2711 4.864) 3.7331 3.733 
~0.30/  2.880' 2705, 2.007, 1591 +5531, 42711 4271 
098 0.35) 2.981, 2.825) 2.239 | 1.92: 922; 6.050, 4.704; — 4.704 

| 040, 2.957; 2.837, 2.423 3, 2249, 6.41 0 6.021; 5.021 
| 0.4550 2.822, 2 754, 2.555 2.552, 6604 5.214 5.214 
; 0.50 ' 3.505, 2.683 2.628’ 2.811 6.632, ~~8.279 6.279 
055° = 2.300 =2.352) 2639! 3.002) 6497) 5.214 5.214 

0.60 1.964 2.078' 2.582) 3.1041 6.205 5.021' 5.021 
f068) 1.614! ~—«4.781| ~—«2.457| «3.099, «5.769; 4.704! ~—«4. 704) 
| 0.70, 1.274) 1.478| 2.264, 2.975, 5.200, 4.2711 4.271 

0.75) 0.962 1.183; 2.005, 2.726, 4.516, 3.733) 3.733 
| 0.80, 0691, 0. 907; __ 1.686 686, 2.356 3733, 3. 733, 3.103, 3.103] 

0.85 04665 0653 1.315! 1. 1876. 2871 -2.307, 2.397 
0.90' 0.283 0.420' 0.901! 1305 1.9481 1.631 ~——«*1.631 

| 0.95] 0.133) OO. 206 0.4 0.458) 0.669 0.984) 0.826’ 0.826 
1.00 0.000 0.000; 0.000; 0.000' 0.000;  0.000' 0.000] 

pO OO ET 

| y(x,t) vs. x (with 1% critical damping) | 
| P1=16, P2=8, a=0.7, k=500 | 

| «8 —— | 
| | yo) | 

|----- y(x,0.02) 

| or OOO. _-D...¥(%,0.08), | 
| o 6 4. ao aor ge 604 | | 

= od ” y(x,0.5) | | 

| = _—_ytx, 100) | 
— ! 
; ¢€ | 

° 
| 8 | 
| £ | 
| ® 
; 3 | 

| | 

| | 
| | 
| | 
| 

| 
| 

Fig. 4.2 
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The mode y(x,t) with 1% of the critical damping, 

P, =16,P, =8, a=0.7, k=500 
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  — 

a k=100 | k=200 | k=300 | k=400 , k=600 
01 152, 157 161 1.63 1.65] 
0.2 1.63) 1.69 172) 1.74 1.75 

  
    

03 | 1.70 1.75 1.78) 1.79; 1.80 
04 | 1.74 1.78 1 1.82 80 1.81 
0.5 | 1.75) 1.79' 1.81 1.82) 1.83 

poe | 474 478) 480! 81) t.82 
0.7 | 1.70| 1.75; 1.78 | 1.79| 1.80 

| 08 | 1.63) 168) 1.72, 1.74 1.75| 
09 | 1.52, 1.57) 161 1.63 1.65 

    

  

    

  

      
  

  

Max.deflection vs. Spring Location a 

  

| | 

| P1=0,P2=3 ! 
| 

| 1.90 | 
! | 

| 1.80 | 
| 9 | 

| ~ 1.70 |_— k=100) | 

& | »— k=300 | 
- 

| £ 4.60 _— Kk=500 
| > OO 

| £ | 
1.50 

| | 
| 
| 1.40 4 —~ + + 1 ! !   

| 

| 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 | 

a (spring location) | 
| 

Fig. 4.3. Maximum deflection vs. spring location a 
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T 2 | kK=100 | k=200  k=300 | k=400 k=500 
1.52| 1.57. 3' 1.61) 16 1.65   
1.58: 

  
to | 4-74 

Lae ; 1.75 
0.6 1.74| 

| «0.7 L 1.7 
0.8 --421-—   0.9 | 1.52) _ 
0.85 1.58 

4.78) et 1.82 
4.79) 1.81, ie 1.83 

1.78) 480) 1.811.~—«1<.82 
4.75. 1.78) 4.79 4.80 
1.69 1 1.74 4.75 

4.64, 68 — 170) 4.71 
1.63, 1.65 1.57, 

60 168 1.70 1.71 

ee 1.72, —174 O18 
1.70! t75t— 1.78 1.80) 

    

OS 

| Max. Deflection vs. Spring Stiffness k 
P1=0, P2=3 

ma
x.
 
de
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(E
-3

) 

  
300 400 500 

k (spring stiffness) 

  

Fig. 4.4 Maximum deflection vs. spring stiffness k 
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k=100 | k=200 ' k=300 =400  k=500 

1.76 1.87| 1.92) 1.94 1.96 
p02 1.95) 1.99) 2.01, 2.02 2.02 

2.00 2.035 2.04 2.04! — 2.04 
04 2.0 2.04 2.05, 2.05, —. 2.05     

2.06 2.05 2.06, 2.06 °. S 2. 03, 
a 2. 2.02) 2.05) 2.05) 2.05 

0 7 200 2.00) 2 03 2.04 2.04 2.04 

2.02 0.8 4.95 138 2.04 — 2.02 
0.9 1.76! 4.92) «1.94; «12.96 

  

    
  

| Max. Deflection vs. Spring Location a 

  

  
  

  

| P1=0, P2=9 

2.40 

| | 2.00 
a 

c 

ig 
| 8 1.90 

_— 
_ & 

3s 
| 5g 
| wo 

| £ 41.80 

| 
| 1.70 1 + T T —+ - —+- —- 1 

| 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

| a (spring location) 

Fig. 4.5 Maximum deflection vs. spring location a 

P, = 0, P, =9 
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| a | K=100 | K=200  K=300 Keane K=500 
ee 7a 4. 7, 192, 1.94 —*1.96 

0.15 1.89, 1.96) 1.98) 98 2.001 2.00 
| 0.2 | 1.95! 1.99) 2.011 2.02; 2.02 

0.3 | 2.00| 2.03) 2.04, 2.04 2.04 
04 | 2.02) 2.04 2.05, 2.05) 2.05 

°. S 2.03) 2.8 2.05, 2.06, 2.06   
2.02, 2.04 2.05) 2.05! 2.05 

“or 2.00 —-2.03 2.044 204 2.04 
“po 1.95 1,93] 2.01] 2.02| 2.02 

  

  

      a 0.88 | 189) 196 1.98 2.00, 2.00 
09 | 176 187, 192, 194 1.96 
  

  

Max. Deflection vs. Spring Stiffness k | 

P1=0, P2=9 | 
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Fig. 4.6 Maximum deflection vs. spring stiffness k 

DYNAMIC RESPONSE 4]



2.40 

N Ny
 

° 

2.00 

ma
x.
 
de
fl
ec
ti
on
 

(E
-3
) 

—_ ©
 So 

  

      

    

_ 

    

   
  

  

  

  

k=100 k=200 | k=300 | k=400 | k=500 
1.93, 1.98, 2.01 
2.12 2.15) 2.17 

03 | 2.06 2.16 2.20, 2.23 2.24 
0.4 2.12 2.21) 2.25 2.26, 2.28 

| 08 2.14 2.22) 2.26 2.27 2.28 
0.6 | 241) 2.20 2.24 225 2.27 

2.02! 2.13) 247) 2.20) 2.21] 
poe 1.84) 198° 2.05) 2.08 2.10 

1.955 1.77) 1.74) 1.78) 1.83         

  

Max. Deflection vs. Spring Location a 

P1=2, P2=4 

  

  
~ 

r r 

0.2 0.3 0. 

T 

4 0.5 0.6 

a (spring location) 

0.7 

  

Fig. 4.7 Maximum deflection vs. spring location a 
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"_k=100_ | K=200 7 k=300 7 k=400 | k=500 
| ae04 | 1.76 1.871 1.93) 1.98, 2.01) 
Pan015 186 ~2~=«1.98, 205, 2.08 2.14 
470.2 0 1.95) 207) 212 215) “2.171 

a=0.3 206 2.16) = 2.20) = 2.23, 2.24 
“04 , 212 2.21, 225 226 2.28 

| aF0.5 | 8214 2.22) 226 227 2.28 

paroe 211! 220; 224-225 2.27 
a=0.7° 2.02 2.13 217, 220) = 2.21 

| a=0.8 | = 1.84 "498205" 2082 
| 0.85 | 470484198 (198 2.01 

a0.9 «195 4.77,~SOsA.71SsiCi7BSSC«*« 
  

  

Max. deflection vs. Spring Stiffness k 
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Fig. 4.8 Maximum deflection vs. spring stiffness k 
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a kK=100 | k=200  k=300 | k=400 | k=500 
a 0.4 188 1.81) 189) 1941.98 

87 2.02 2.09 2.13 2.15 
P| 8 Doo 2.13] 2.18) 2.21, 2.23 
04 2.07 ae 773 2.25] 2.27 
08 2.09 220 | 2.24) 2.26, 2.27 

2.05 oar 2.23) 2.24 
1.91 206 2.12 2 2.17] 

08 180) 182 1.92 2.01] 
09 273 2.32| 2.10 ‘atl 1.87|   
  

Max. Deflection vs. Spring Location a 
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  1.60 |——__+—_—, 4 +++ — 

| 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 
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Fig. 4.9 Maximum deflection vs. spring location a 
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    a =100 T | k=200 | k=300 | k=400 | k=500 
0. 1 1. a 1.89) 1.94 1.98 
0.15 —+ 78 1.94 2.01) 2.06) 2.09 

} 02 4.87 2.02 ae 2413 2.15 
2.00. 2.13) 248) 221, 2.23] 

04 2.07 2.19 2.23 | 2.25| 2.27 
BB. 220) 2.24 2.26, = 2.27 

7 ae + — 2.08) 216) 2.21 (2.23) 2.24 
a 2.06 2.12 2} 218) 247 
08 | reo 1.82 1.92 2.01 

- oes 0.85 | oh 1.82 1.72 —+55 1.85 

  

  

  

  
0.9 2.32 2.10 1.96 1.87       
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Fig. 4.10 Maximum deflection vs. spring stiffness k 

P, =4, P, =4 
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a __k=100 | k=200 |_tea00- e400 __k=500 
04 | 13%”~—~CO«126~S~«*S: 1.33 | 

| 0.2 | 126 1.33 437,433, 4 32 1.40) 
| 030 | 131) 1.38) 1.414 143, 1.44 

04 1.347 1.41) 1.43) 145) 1.46] 
05 | 135 1.44 144 1.45 146 
06 | 1.32 1.39! 1.41] 143) 1.44] 

a 5 ae -132|__ 4-38 1.38) 1.39 
0.8 146 «1.34 4290 1.27) 1.29 
09 | 185. 474, 1.62) 1.56 1.51 
  

———— 

2.00 

Max. Deflection vs. Spring Location a 
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Fig. 4.11 Maximum deflection vs. spring location a 
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Fig. 4.12 Maximum deflection vs. spring stiffness k 

P, =4, P, =2 
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4.1.3 Damping effects 

The damping effect on the dynamic response of the column is investigated. A 

damping coefficient of 1% of the critical damping is applied in both Galerkin’s method 

and ABAQUS, and their results are compared to each other. 

a. Galerkin’s method 

The coefficients of viscous and viscoelastic damping are specified, and the 

decaying motions of the column are obtained with these coefficients. The responses of the 

column with damping are investigated as functions of time, and the results from 

Galerkin’s method are compared to those from the finite element method using 

ABAQUS. 

The damping ratio, €, is generally defined as the ratio of damping to critical 

damping, . Once the damping ratio is specified, the actual coefficient of damping can 
cr 

be calculated. The deflection variation is traced using the Galerkin method. As explained 

in section 4.1.2 (Table 4.1, and Fig. 4.1), the dynamic response of the column is 

dominated by the first mode. If the axial loads and the initial deflection of the column are 

neglected, and if only the first mode is considered, the equation of motion becomes 

d,,4,(t) + f,,a,(t) + g,,a(t) = 0 (4.10) 

By applying the eigenfunction as sin(7x), we have 

d,, =05, f,, =052'n+0.5B,and g,, =05n*. 
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The critical damping for equation (4.10) is c= 2d) 2), =(f,,),,- If a damping 

ratio of 1% is used in the analysis, we have the following relationship; 

nin +B =0.02n7 (4.11) 

b. ABAQUS 

ABAQUS uses Rayleigh damping with the direct integration method [24]. For the 

single-degree-of-freedom equation of motion mu+cu+ku=0, Rayleigh damping 

defines the damping as c = Am + Bk, where A is the mass damping factor and B is the 

stiffness damping factor. The critical damping is expressed as c,, =2m@, =2vmk, 
n 

where @, = ,/k/m_, the undamped natural frequency. 

By combining these equations, we can get the damping ratio, € : 

c A Boa 
E 20. 5 (4.12)   

With this relationship, A and B are to be selected 

c. Calibration of damping coefficients 

For the system in Fig. 4.13, if the external load is not considered, the equation of 

motion becomes 

Elw +pAw =0 (4.13) 

where tt = the mass per unit volume and A= area of the column section. 

The natural frequencies for the simply supported column are 

DYNAMIC RESPONSE 49



2 

0, -(™) n= 123,... (4.14) 
L WA 

If the first natural frequency is considered as the major factor, we can assume 

o, -o,=(2) |S. (4.15) 

When material properties, geometry, and the loading are as follows, 

E=29000 ksi, I = 49.052in*, 

L=240 in, Q, =170kips, 

A =116lin?, p = 73x10" klbf -s? / in‘ 

we have @, = 70.2129 rad/sec. 

By assigning 1% of the critical damping to the ABAQUS model and substituting 

the natural frequency into equation (4.12) , we have 

A = 0.7725 when B = 0.0, and B = 2.848 x10 when A =0.0. 

  

EI L\ 

  
  iP

 
* 

Fig. 4.13 Simply supported column 
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The following cases are tested and compared . 

case 1: 

Galerkin method : n= 0, B = 0.1974 

ABAQUS : A =0.7725, B=0.0 

case 2: 

Galerkin method : n= 0, 8 = 0.1974 

ABAQUS : A=00, B=2848x10~ 

Those damping parameters provide one percent of critical damping to both 

methods. 

d. Comparison 

The results from ABAQUS are tested for different numbers of elements and time 

steps, and compared to those of Galerkin’s method. The motions from Galerkin’s method 

are evaluated taking three terms in the deflection series. 

In Fig. 4.14, the ABAQUS discretization is checked by investigating the motion 

of the midpoint of column. The ABAQUS dynamic analysis reduces to Newmark’s 

method if the parameter a is chosen to be zero, as in this study. The parameters y and B 

in Newmark’s equations are taken as 1/2 and 1/4, respectively. These values provide 

constant average acceleration in every time increment [24-27]. When the system 

conditions are k=100, a=0.4, and Q, =170 kips, and no damping is applied, no big 
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differences exist in the maximum deflection for 20 elements and for 40 elements. To save 

computational cost, 20 elements are selected in the analysis. 

In the dynamic analysis, the magnitude of the time step is an important factor for 

numerical integration. The period of the motion is affected by the size of the time step, 

and by decreasing the time step, the period error can be reduced [28]. Figure 4.15 shows 

the motion of the column at x=0.5; the solid line represents Galerkin’s method, and the 

dotted line and dashed line are for ABAQUS with time steps 0.01 and 0.02 seconds, 

respectively. As shown in Fig. 4.15, the time step of 0.01 second is small enough to 

provide a good approximation to the results from Galerkin’s method. In this study, a time 

step of 0.002 seconds is used to provide more reliable results. 

In Fig. 4.16, the damping effects in ABAQUS are investigated. The dashed line 

corresponds to case 1 where A = 14043 and B = 0.0, and the solid line represents case 2 

where A = 0.0, B = 2.848 x10. The results show that the two lines are identical during 

motion, so different combination of A and B can be used to provide one percent of 

critical damping to the system. 

The results of Galerkin’s method and ABAQUS are compared in Fig. 4.17. One 

percent of critical damping is given to both methods, and decaying motions are 

investigated. After a few cycles, compared to Galerkin’s method, some delay in period is 

detected in ABAQUS. This is due to the size of the time step. If a smaller time step is 
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used and more terms in Galerkin’s method are considered, the difference between the 

periods can be reduced. 

For the axial loading case, the natural frequency is found as 

2 

o, =(™] ED, FP (4.16) 
L/ ¥pAY P. 

n’r’El 
  where P.. = = n-th buckling load [29]. 

According to equation (4.16), as the magnitude of the axial load P increases, the 

frequency squared, w’, is decreased linearly. The vibration frequencies for the axial load 

P are easily calculated by equation (4.15). With the properties in equation (4.14), we have 

Pi. = 243.74 kips . 

The first natural frequency (at P,=0) is w, = 38.626 rad/sec. Finally, the natural 

period of this system is T, = 2n/@, =01627 second. Figure 4.18 shows the periods for 

each method. After one cycle, time intervals are checked between lowest deflection 

points. The periods for Galerkin’s method and ABAQUS are 0.166 and 0.164 second, 

respectively. They show a good approximation, as expected, with the exact analysis. 

Small differences may be caused by the initial deflection of the column and numerical 

error. It can be concluded that the ABAQUS model is reliable in the dynamic elastic 

analysis, and this model will be used in the dynamic plastic analysis. 
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When one percent of the critical damping is applied, the maximum deflection 

from the damped system is about 2% lower than the result from the undamped system 

(Fig. 4.19). 
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Fig. 4.14 The motions of the column at x=0.5 for Galerkin, ABAQUS 20-element model, 

Galerkin (n=3) vs. ABAQUS (no damping) 

k=100, a=0.4, Q2=170 kips, deflection at x=0.5 
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Galerkin (n=3) vs ABAQUS (time step 0.01 and 0.02 sec.) | 

Q2=170 kips, a=0.4, k=100, response at x=0.5, no damping | 
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Fig. 4.15 Galerkin(n=3) vs. ABAQUS (time step 0.01 and 0.02 second) 

response at x=0.5, Q, =170 kips, k=100, a=0.4, no damping 
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1.4 

Damping effect in ABAQUS 

for case 1 (alpha only) vs. case 2 (beta only) 
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Fig. 4.16 The damping effects in ABAQUS 

case 1: A=1.4043, B=0 

case2: A=0.0, B=2848x10%



Galerkin vs. ABAQUS 

1% of critical damping 
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Fig. 4.17 Galerkin (n=3) vs. ABAQUS with 1% of critical damping; 

response at x=0.5, Q,=170 kips, a=0.4, k=100 

(A: alpha, B: beta in ABAQUS notation) 
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Galerkin vs. ABAQUS 

n=3 in Galerkin and time step=0.002 in ABAQUS 
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Fig. 4.18 Comparison for period, 

response at x=0.5, Q,=170 kips, a=0.4, k=100 
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Galerkin's damped system vs.undamped system 

u(x) at x=0.5, Q2=170 kips, k=100, a=0.4 
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Fig. 4.19 The effect of damping on the deflection 
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4.2 Plastic analysis based on ABAQUS 

Plastic zone analysis (or the distributed plasticity method) is the most 

comprehensive method to verify actual structural behavior [23]. In this analysis, the 

structure is discretized into multiple elements along the length and the stress-strain 

response can be monitored at a certain number of points throughout each elements. The 

spread of plasticity can be represented during both static and dynamic response of the 

Structure. 

To support plastic zone analysis, the program ABAQUS is used. This program 

has the ability to analyze three-dimensional models, and can display member 

performance. The actual residual stresses and the geometrical initial imperfections can be 

applied directly. According to Englekirk [30], a long column is dominated by the initial 

deformation and a short column will be affected most by the residual stresses. 

Both initial deflection and residual stresses are included in the analysis, and the 

effect of damping on the column is also examined. A loading condition is selected to 

cause the plasticity in the column. To study the effects of the bracing location and the 

bracing stiffness on the column behavior, for cases with and without residual stresses, the 

maximum deflections during motion are sought and compared. 

For some loading conditions, the effects of the spring location on the spread of the 

plasticity in the column are studied. Due to the size of the problem, using a workstation is 

not adequate. In this section, an IBM SP-2 computer is used. 
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4.2.1 Geometry and section profile in ABAQUS 

The geometry, member and material properties, and loading are shown in Figs. 

3.9 and 3.10. A 240 inch-long wide flange column (W8 x 40) is selected and modeled 

with different values of a, k, and load. To provide residual stresses to the column section, 

eleven and three integration points are assigned to each flange and the web, respectively 

(Fig. 4.20). 

The AISC specification defines the slenderness parameter , A, as 

x _KL/r [Py 

° Tl E 

where K: the effective length factor 

  

r: the least radius of gyration of the section 

oy: the yield stress, 
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Fig. 4.20 The integration points in the column cross section 
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and defines the boundary between elastic and inelastic columns as 4.,=1.5. 

If the column in Fig. 3.10 loses its bracing, by substituting the column properties, 

the slenderness parameter ,A,,, is obtained as the value 1.32. This parameter is smaller 

than the boundary value, and this column exhibits inelastic behavior when it buckles. A 

20-element model is selected with time step t=0.002 second for the ABAQUS dynamic 

analysis. Its accuracy was already verified in sections 3.4.3 and 4.1.3. 

4.2.2 Residual stress distribution 

As stated before, the strength of the column is affected by the residual stresses, as 

well as the initial imperfection of the column. Especially in the plastic analysis, the 

effects of residual stresses should be considered. Since at some position of the column the 

induced stresses due to the loads, along with residual stresses, may exceed the yield 

stress, an unexpected failure could occur. Residual stresses generally result from the 

uneven cooling or cold bending or welding, and their distribution depends largely on the 

type of cross section. The residual stresses in the I-section column are assumed to follow 

the distribution proposed by Galambos and Ketter [31] where the maximum compressive 

residual stress at the flange tips is 0.30, (Fig. 4.21). The quantities o,, and o,, denote 

residual stresses in compression and tension, respectively. 
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In ABAQUS, residual stresses are stored in the integration points of the column 

section as the initial stress field. User subroutine SIGNI is used for this process with the 

option *INITIAL CONDITION, TYPE=STRESS, USER. 

4.2.3 Material constitutive relationship 

The amplitude of the strain in a compressed column depends on the magnitude of 

loading and supporting conditions. As the compressive load is increased, the strain in the 

column grows approximately linearly, and at a certain point, yielding is initiated. The 

stress-strain relationship in Fig. 4.22 is used in the plastic zone analysis. The modulus of 

elasticity is quantified for steel as 29000 kips / in’ , and the nominal strain at yield, ¢ yo Is 

FY /E or 0.00124 for A36 steel. Strain hardening is assumed to occur if the strain is 

larger than 10¢, , and the strain-hardening modulus £,, is taken as 2% of E. 

4.2.4 Plasticity and strain hardening 

The model in Fig. 3.10 (a 20-element model) with k=100 and varying loads is 

tested to check if any strain hardening and plastic behavior occur after the sudden loss of 

bracing. Based on the LRFD manual [21], the design strength of an A36 W8 x 40 column 

is 173 kips if no bracing between the column ends is considered. For a load slightly lower 

than the design strength, the strains at some part of the column may exceed the yield 

strain for a short period of time without the entire failure of the column. For a load above 
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the design strength, the column becomes unstable during motion, and plastic yielding and 

strain hardening can be expected. To investigate the response of the column, two loading 

conditions, 170 kips and 190 kips, are applied. 

When the column loses its bracing, the maximum deflection occurs at x=0.5 if the 

spring location is a=0.5. During motion, the strains and stresses of the flange tip at the 

midpoint of the column, where their maximum values are expected, are checked with a 

time interval of t=0.002 second, and are plotted. 

In Figs. 4.23 and 4.24, the results for the end load of 170 kips are presented, 

where the internal load is not included. The effects of the residual stress are considered 

and their results are shown in Figs. 4.25-4.27 for the load of 170 kips. In ABAQUS, 

residual stresses are given to each integration point of the column section, and the 

equilibrium state is checked. The distribution of residual stress in Fig. 4.21 provides the 

equilibrium of the column. From the numerical errors, small deflections due to applied 

residual stresses are detected, but the magnitude of deflection is so small that it can be 

neglected in the analysis. The motions of the center of the column are presented in Fig. 

4.28 for the load of 170 kips with and without residual stresses. The results for the load of 

190 kips are shown in Figs. 4.29 and 4.30. 

With these figures, some explanations regarding the plastic behavior and strain 

hardening can be given as follows: 

1. For Q, =170 kips without residual stresses, Fig 4.23 shows the strain changes 

during motion. If the vibration is assumed to be a harmonic or decaying motion, the strain 
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at the first peak is the maximum value. The calculated strain value at that point is less 

than the yield strain, so the plasticity spread is not present. Since damping effects are not 

included, the column keeps vibrating with the harmonic motion. 

2. For Q, =170 kips with residual stresses, if the column contains residual 

stresses, the responses of the column show different features. Due to the additional 

compressive residual stress at the flange tip, the strain at the flange tip exceeds the yield 

strain (Fig. 4.25), and yielding occurs. Figure 4.26 shows the plasticity effect. When the 

strain exceeds the yield strain, the value of the stress remains constant (the yield stress). 

After the first maximum, the column unloads elastically and this stress becomes less than 

the yield stress again. However, during the second cycle, the stress does not reach the 

yield stress. The relation between the stress and the strain corresponding to this motion is 

shown in Fig. 4.27a and Fig. 4.27b. The first peak of the strain curve (point A in Fig. 

4.27a) is 14.578 x 10“, at t=0.102 second. The strain at the second peak (point B in Fig. 

4.27a) is 14.566 x 10“, at t=0.264 second. The maximum strain occurs at the first peak, 

and the response of the column becomes elastic after the first cycle. Its path in the stress 

and strain relationship then lies on the line AB in Fig. 4.22 or Fig. 4.27b. 

In Fig. 4.27a, the strain reaches its yield value at t=0.068 second, but the yield 

stress is reached earlier (it occurs at t=0.040 second). At the point C in Fig. 4.27b where 

the stress reaches its yield value (36 ksi), the strain is 8.8x107* and is below the yield 
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strain (12.4x10~). This happens due to residual stresses which cause additional 

compressive stress at the flange tip. 

3. For Q, =190 kips without residual stresses, Fig. 4.29 shows that the strain 

keeps rising during motion. As a result, the column collapses after a short time. The stress 

change is shown in Fig. 4.30. Before the strain reaches 10, stresses remain constant at 

the yield stress (36 ksi). After that, since stresses are governed by the strain hardening 

modulus, E,, , stresses become higher than Gy. Finally, the column collapses. 
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strain vs time, Q2=170kips, a=0.5, k=100 

at flange tip at x=0.5, no residual stress 
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Fig. 4.23 Strain vs. time, Q,=170 kips, a=0.5, k=100 

at flange tip at x=0.5, no residual stress 
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stress vs time,Q2=170 kips, a=0.5, k=100 

at flange tip at x=0.5, no residual stress 
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Fig. 4.24 Stress vs. time, Q,=170 kips, a=0.5, k=100 

at flange tip at x=0.5, no residual stress 
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| strain vs time, Q2=170 kips,a=0.5, k=100 

at flange tip at x=0.5, with residual stress 
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Fig. 4.25 Strain vs. time, Q,=170 kips, a=0.5, k=100 

at flange tip at x=0.5, with residual stress 
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stress vs time, Q2=170 kips,a=0.5,k=100 

at flange tip at x=0.5, with residual stress 
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Fig. 4.26 Stress vs. time, Q,=170 kips, a=0.5, k=100 

at flange tip at x=0.5, with residual stress 
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stress and strain vs. time, Q2=170 kips, a=0.5 

at flange tip at x=0.5, with residual stress 
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Fig. 4.27a Stress and strain vs. time, Q,=170 kips, a=0.5, k=100 

at flange tip at x=0.5, with residual stress 
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| stress vs. strain, Q2=170 kips, a=0.5, k=100 | 

at flange tip at x=0.5, with residual stress 
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Fig. 4.27b Stress vs. strain, Q,=170 kips, a=0.5, k=100 

at flange tip at x=0.5, with residual stress 
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deflections (u) vs. time 
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Fig. 4.28 Deflection u(x) vs. time 

with or without residual stress, x=0.5, Q,=170 kips, a=0.5, k=100 
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strain vs time,Q2=190 kips,a=0.5,k=100 

at flange tip at x=0.5, no residual stress 
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Fig. 4.29 Strain vs. time, Q,=190 kips, a=0.5, k=100 

at flange tip at x=0.5, no residual stress 
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| stress vs time,Q2=190 kips,a=0.5, k=100 
| at flange tip at x=0.5, no residual stress 

45 

"| J 

  

  

35 | 

30 | 

25 | 

st
re

ss
 

(k
si

) 

20 | 

  

15 + |     1 0 | | —| — M ___ \ 
t ™ y T T T 7 T | 

| 0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 

  

time (sec) 

Fig. 4.30 Stress vs. time, Q, =190 kips, a=0.5, k=100 

at flange tip at x=0.5, no residual stress 
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4.2.5 The response of the column during motion 

a. The maximum deflection during motion 

The plastic response of the column is investigated using ABAQUS. The load of 

170 kips which causes the spread of plasticity during motion is selected, and the 

maximum deflection corresponding to this load is calculated. The effects of the spring 

locations and spring stiffnesses are considered in the analysis. 

Under this load, if residual stresses are not contained in the column section, 

stresses in the column are always below the yield stress. Therefore, the maximum 

deflections are the same as those in the elastic analysis. By including residual stresses, the 

column shows partial yielding along the column section, and this yielding causes a higher 

maximum deflection. Figures 4.31 to 4.34 show the shape of the column for different 

spring locations. The spring is at the center in Figs. 4.31 and 4.32 and at a=0.2 in Figs. 

4.33 and 4.34. The initial deflection, deflected shape under the static loading, and the 

shapes at times when the first maximum and first local minimum deflection occur are 

depicted. 

Figures 4.32 and 4.34 and Figs. 4.31 and 4.33 represent the cases with and 

without residual stresses, respectively. As stated in section 4.2.4, if plasticity occurs 

cluring the motion, it affects the amplitude and period of the motion and the magnitude of 

the maximum deflection. For the case with residual stresses, the spread of plasticity along 

the column length and cross section are explained in section 4.2.6. 
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The effects of spring location are shown in Fig. 4.35. Similar to the elastic case, 

the maximum deflection of the plastic state increases as the spring location approaches 

the center of the column. However, the incremental rate for the plastic state is higher than 

that for the elastic state. As in the elastic analysis, higher stiffness provides higher 

maximum deflection (Figs. 4.36 and 4.37). 

b. Effects of residual stresses and damping 

At the design strength of the column, with a load of 173 kips, an investigation is 

made into the effects of residual stresses and damping. When the spring location is a=0.5, 

and its stiffness is k=100, the deflection changes at the center of the column are shown in 

Fig. 4.38, where A, B, and C represent the following cases, respectively: 

A: without residual stress and no damping 

B: with residual stress and no damping 

C: with residual stress and including damping 

or without residual stress and including damping. 

If residual stresses are not included in the analysis, stresses at all points of the 

column are below the yield stress (Fig. 4.39), so the response of the column is governed 

by the elastic analysis (line A in Fig. 4.38). On the other hand, if residual stresses are 

taken into account, the column collapses after a short time of period (line B in Fig. 4.38). 

As shown in Fig. 4.38, for a small time increment, the deflection increases sharply, and 

these increments are continuous with time. This state can be defined as failure. This 
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failure is caused by the excessive compressive stresses due to residual stresses. The 

change of stress corresponding to the failure is depicted in Fig. 4.40. The plasticity 

spreads during the motion, and finally the column collapses. However, by including 

damping effects (one percent of the critical damping, as stated in sections 4.1.2 and 

4.1.3), the column become stable, even though residual stresses are included in the 

analysis (graph C in Fig. 4.38). Due to the damping, stresses do not reach the yield stress, 

and the motion decays slowly. 

To show the effect of residual stresses without the failure of the column, the load 

of 170 kips, which is slightly lower than the design load, was applied. At this load, the 

changes of stresses and strains were shown in section 4.2.4. The influence of residual 

stresses on the response of the column was presented in Fig. 4.29. In addition to the 

results in Fig. 4.28, the damping term is included in Fig. 4.41. The deflections of the 

column at x=0.5 for the cases with and without residual stresses were monitored during 

the motion, where the deflections are measured from the static state. As seen in Fig. 4.28 

and Fig. 4.41, due to the residual stresses, the maximum deflection is increased and the 

time at which the first peak is reached is delayed. However, the period of motion remains 

the same as in the non-residual stresses case (the elastic response). Since the plasticity 

spread occurs during the first cycle and it acts like a damping factor, the amplitude of 

motion becomes smaller. After the first cycle, no plasticity is detected, so the deflection 

exhibits harmonic motion with the decreased amplitude. As described in section 4.1.3, 

compared to the undamped system, the effects of 1% critical damping alone provided 
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about 2% difference in the maximum deflections. However, for the load of 170 kips and 

without damping, the difference between the cases with and without residual stresses is 

more than 15%. 
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Fig. 4.31 Column shape at varying t 

Q,=170 kips, a=0.5, k=100, at flange tip at x=0.5, without residual stress 
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Q,=170 kips, a=0.5, k=100, at flange tip at x=0.5, with residual stress 
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Fig. 4.39 Stress vs. time, Q,=173 kips, a=0.5, k=100 

at flange tip at x=0.5, with residual stress, with damping 
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Fig. 4.40 Stress vs. time, Q,=173 kips, a=0.5, k=100 

at flange tip at x=0.5, with residual stress, no damping 
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| deflections (u) vs. time 

| with or without residual stress, x=0.5,Q2=170 kips,a=0.5,k=100 
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4.2.6 Plasticity spread 

The advantage of the finite element method is that such factors as strain 

hardening, unloading, and residual stresses can be applied to the structural analysis. By 

subdividing the column into elements, the spread of yielding can be checked through the 

cross section and along the length of the column. In this study, to investigate the spread 

of yielding during the motion, the column in Fig. 3.10 is tested for different loadings and 

spring locations. The bending direction of the column is shown in Fig. 4.42, and the 

nondimensional spring stiffness is k=100. For the simply supported column, the design 

strength is 173 kips. To ensure yielding in the column, the loads Q,=170 and 190 kips 

are examined. Stresses are checked at the eleven points of a column flange and 21 

sections along the column length, and any point where the stress exceeds the yield stress 

is depicted as a dot in Figs. 4.43 to 4.46. Residual stresses are included, but the damping 

effects are not considered. 

Z 

<q—_ ——__+ X 
S soi  ¥ 

7 

Fig. 4.42 The bending of the column 
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In the ABAQUS dynamic analysis, if the increment of strain is fifty times greater 

than that of the previous step, the calculation is stopped. This means that the small 

increment of load causes a large displacement. The collapse of the column is assumed to 

occur at this state. 

Case 1. Q2=170 kips, a=0.5 

Since the spring is located at the center of the column and the initial deflection is 

symmetric and Q,=0, the motion of the column is perfectly symmetric after it loses its 

bracing. Using a time increment of 0.002 second, plasticity is first detected at t=0.040 

second for this case. The maximum deflection of the column occurs at t=0.104 second; 

the shape of the column at that time was shown in Fig. 4.32. Figure 4.43 shows that the 

spread of plasticity is also symmetric about the center of the column. Yielding in 

compression initiates at the bottom edge of the column first, and spreads into the column 

cross section. At t=0.094 second, the column is not plastic at the center, due to elastic 

unloading. At t=0.100 second, yielding at the center of the column starts again, and 

finally after t=0.104 second, no plastic yielding occurs. Yielding in tension at the surface 

of the top edge of the column is not detected at this load. The column is only plastic 

during the first half-cycle of motion. 

Case 2. O2=170 kips, a=0.2 

When the column is braced unsymmetrically, and released from the constraint, its 

response is far from symmetric. In Fig. 4.44, the spread of yielding fluctuates irregularly 
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as the column moves. It starts on the left side of the center, then moves to the right side, 

and so on. The maximum deflection of the column occurs at t=0.094 second, and the 

shape of the column at that time was shown in Fig. 4.34. Unlike case 1, the column also 

exhibits some yielding during the second cycle of motion (see last two drawings in Fig. 

4.44). 

Case 3. Q2=190 kips, a=0.5 

Figure 4.45 shows the spread of yielding at a load higher than the design load. 

Like case 1, the spread is symmetric about the center of the column. Yielding in 

compression starts at the surface of the bottom edge of the column at t=0.032 second, and 

spreads along the length. Then it spreads into the cross section. Yielding in tension at the 

top edge of the flange is seen first at t=0.102 second and also spreads. After t=0.116 

second, the column collapses. 

(Case 4. Q2=190 kips, a=0.2 

This case is shown in Fig. 4.46. The first yielding starts a little bit earlier than in 

case 3. Like case 2, the spread of yielding is not symmetric. Yielding in compression 

starts at the surface of the bottom edge of the column at t=0.026 second, and spreads 

along the length. Yielding in tension at the top edge of the flange occurs first at t=0.104 

second and also spreads. After t=0.118 second, the column collapses. When the column 

collapses, a wider spread of plasticity is observed than in case 3. 
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Comments on the plastic analysis 

In the plastic analysis, a two-span 240-inch-long W8x40 column (its 

slenderness parameter is 1.32) is investigated. This column exhibits inelastic behavior 

when it collapses. The load at the brace is not considered. As shown in section 4.2.5, for 

the case of the load ratio Q,:Q,= 0:1, a=0.5, and k=100, the column subject to a 

compressive design load (173 kips) at its end is stable after sudden loss of bracing, if both 

residual stresses and damping effects are included in the analysis. 

In this study, the initial deflection of the column is assumed as L/1000 rather than 

L/1500 specified in LRFD manual, so that results from the plastic analysis represent more 

conservative cases. 
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Fig. 4.43 Plasticity spread, Q,=170 kips, a=0.5, k=100 
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Fig. 4.46 Plasticity spread, Q,=190 kips, a=0.2, k=100 
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53. SUMMARY AND CONCLUSIONS 

The static response of a pinned column with initial deflection and an internal 

brace is investigated first. The brace is modeled as a translational spring. Axial 

compressive loads are applied at the brace and the top of the column, and the equilibrium 

shape of the column is determined. The critical loads for the perfect column are computed 

analytically for the several loading conditions. 

The dynamic response of the column after sudden loss of bracing is analyzed 

using Galerkin’s method. With the consideration of the effects of the bracing location and 

the bracing stiffness, the maximum deflection of the column during motion is determined. 

The contribution of damping effects to the maximum deflection of the column is 

examined. Damping effects in the Galerkin method are compared to the results from the 

finite element method (based on ABAQUS). 

The plastic dynamic analysis is carried out using ABAQUS. A 240-inch-long 

W8x40 column (its slenderness parameter is less than 1.5) is used. Both residual 

stresses and damping effects are considered, and the spread of plasticity during the 

motion is investigated. 

The following observations and conclusions are drawn from the study. 

1. If the column spans are unequal and an axial compressive load is applied at the brace, 

as well as the top, an ideal spring stiffness does not exist. For the imperfect column, the 

maximum deflection grows after loss of bracing as the spring stiffness increases. The 
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maximum load capacity of the column is provided by the spring located at some position 

other than the center of the column. 

2. In the elastic dynamic analysis, one percent of the critical damping of the first mode in 

Galerkin’s method provides approximately a two percent decrease of the maximum 

deflection. 

2, For some cases (e.g., P} =4, P, =4, and spring location a=0.9), the maximum 

deflection occurs at the static state. Generally, the maximum deflection is detected during 

the motion, and its point in the column is always the center of the column if 0.2 <a< 0.7. 

4. Without the internal load at the brace, the column subject to the compressive design 

load at its end is stable after sudden loss of bracing. With the design load alone at the end 

of the column, no plasticity in the column appears during motion. However, the dynamic 

response of the column is affected largely by residual stresses. Additional stresses due to 

residual stresses cause the plasticity spread in the column and result in the collapse of the 

column after loss of bracing. However, failure of the column can be prevented if damping 

effects are included. 

5. When the column becomes plastic without failure, the maximum deflection is 

increased, and the time at which the first peak is reached is delayed. The period of motion 

remains the same as in the elastic response. Like the damping effects, plasticity reduces 

the amplitude of the vibration of the column. 
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Recommendations for future work 

The following categories can be added to the future work: 

|. Analysis of a column which has more than two spans; 

2. In addition to the translational spring, the effect of a rotational spring at the braces; 

\, Changing boundary conditions of the column; 

4. The effect of the slenderness ratio on the results; 

5. The effect of eccentric loads; 

6. The shape of the column other than an I-section column; 

7. In plastic dynamic analysis, finding the maximum load capacity of the column for 

different loading combinations; 

8. The effect of the initial deflection shape of the column; 

9. The effects of lateral load such as a blast load. 
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APPENDIX 

{. Equilibrium shape of the column with brace 

M 
If the initial deflection of the column is wy = Run -sin(mmx), by utilizing 

m=1 

rondimensional quantities, the equilibrium equations of the system in Fig. 2.1 become: 

w, (x)— Ww, (x) +77 w(x) =0, forO<x<a 

w, (X)— Ww, (x) +y3w,(x)=0, foras<x<l (Al) 

+Q,)L’ v where y,2 = (Q, aoe) yp “ | 

1 2 

Te solutions of Equation (A1) are 

w,(xX)=A,siny,x+A, cosy, x+A,x+A, + Wp, (x), (OS x Sa) 

w,(x)=B, siny,x+B, cosy,x+B,x+B, + W,,(x), (asx <1) 

M 

where Wp, (x) = 
2 (mn)’ -y, 

R,,(mny 
Np  sin(mnx) 

MR. mn)’ 
and Wp, (x)= ») —*>——; :sin(mzx). 

dmm)? yp 
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The boundary and transition conditions are: 

at x=0: w, =0 

w, —W, =0 

at x=a: Ww, =w, 

Ww, =Ww, 

Ww) Ww) = 8b, -w) 
W, —Wo +qW, = &(W, — Wo )+ k(w, — Wo) 

av x=l:w,=0 

w,—-Ww, =0 

where po and q=y; —ey3. 
1 

Using Equations (A2), we have 

Ay = 0 

B, = 915 

B, = 6, -545 
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Ba = —O1; “O15 — 54) 

‘where 

O)=¥, 4 

‘32 =¥2°a 

€ 
O>5 = > ; 

_ [Wor (a) - wola)| 
¥1) -sino, 

64 = -85(7 5° ‘sino, +4, Yy" ‘COSO>) 

05 = 52| Wp2'(a) ~ wo(a)| +83 

6; =q-—ka 

8. =8,-y) cosa, —q:8,:y; cosa, —e-y,° -coso, +€-5,-y, sino, +k-8,-sine, 

8 =85-71 “CoS, — Wp, (a)+ wo(a)-a[3. "Y1 "COSO, + Wr (a)| 

+8|Wp2 (a) — wo(a)] + k[8s “sino, + Wp\(a)- wo(a)] 

mn
 

$5 =— 9 8, 

5 
b= 

6 

0;, =54°Y;°COSO, +55 —Y> -COSG, +5, -¥, ‘SING, 
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817 = 5-1 “COSC, +849 + Wp (a)— Wp (a) 

5,3 =64 sino, +6,:a—sino, —6, -coso, +6,,(1—a) 

9314 = 81. -a— 81. + Wp (a) — 55 «sino, — 849 «a — Wp, (a) 

5. = 814 
O15 = 

83 

2. Equilibrium shape of the column without brace and internal load 

The equilibrium equation is 

wi. (X)— W(X) + 73w.(x)=0, for 0<x<1. (A3) 

The solution of equation (A3) becomes 

w(x) = C, siny,x +C, cosy,x + C3x + Cy + Wp (x) 

M 2 
where Wpo(Xx) = 5) Xnlnny -sin(m7x). 

mat (Tt) —Y2 

The boundary conditions are: 

at x=0: w, = 0 

W, — Wy = 9 
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atx=l: w, =0 

Ww, — Wy = 0. 

All C,= 0 from boundary conditions. Therefore 
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