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(ABSTRACT) 

A spatial linear stability analysis of circular and elliptical jets has been carried out. 

For the circular jet, the Michalke’s shooting method has been extended to the case with a 

swirling basic flow. For the elliptical jet, an algebraic eigenvalue problem has been 

formulated by applying the Chebyshev and Fourier spectral collocation method to the 

disturbance equations of the flow expressed in a generalized cylindrical coordinate 

system. The resulting algebraic eigenvalue problem was solved using the inverse power 

method. The approach developed is capable of handling the influences of different 

distributions of the momentum thickness, swirl, and heat release. In addition to studying 

the stability properties of the elliptical jet in comparison with those of a circular jet, the 

linear stability analysis has been used to obtain the insight into the entrainment process. 

A possible way to enhance the entrainment of elliptical jets has been suggested.
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Chapter 1. Introduction 

1.1 Jet Flows 

Jets are unbounded fluid streams which travel at higher speeds than their 

surroundings. Jets are found in combustors, propulsion systems, fiber fabrication and 

transmission systems. These are only a few of many industrial processes where an 

improved understanding of the characteristics of jet flow will result in improved 

component efficiency and reduced risk to the environment. 

Let us take a special example. In the combustion chamber of most gas turbine 

engines fuel in the form of a gaseous jet meets with the air which surrounds it is ignited 

and burns. It is desirable that this process take place in as short a length as possible. This 

requires that the jet fuel mix with its surroundings rapidly and thoroughly. The mixing 

process begins with the large scale engulfment of the surrounding air by vortical 

structures which result from the rolling up of the shear layer at the edge of the jet. The 

induction of the surrounding fluid into the jet which begins here and continues 

downstream is called entrainment. This is often distinguished from mixing in which 

already entrained fluid is brought into contact with the jet on a finer scale basis and 

ultimately at a molecular level. Molecular level mixing is a necessary requirement for 

chemical reactions to occur. 
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The roll up process is itself preceded by exponentially growing disturbances in the 

streamwise direction which are driven by the so called Kelvin Helmholtz instability. This 

entire process which begins with the Kelvin Helmholtz instability, proceeds through 

vortex rollup, vortex merging, and mixing transition eventually leads to breakdown into 

fine scale turbulence. To this process, combustion (to the extent that the molecular 

mixing has occurred) must be added if improvements in the design of combustion 

systems is to be pursued on a rational basis. 

Experiments have shown [Ho and Gutmark,1987] that jets of elliptical geometry 

exhibit enhanced mixing characteristics in contrast to their circular counterparts. 

The purpose of this research is to investigate the early stages of the entrainment 

process in jet flows, to identify and investigate the origin of those features of the flow 

which are responsible for this increased entrainment, and in addition, to explore how 

these features of the flow can be manipulated, so that even higher levels of entrainment 

can be achieved. In particular, passive means for achieving desired effects will be sought 

in order to avoid complications of active control systems. 

1.2 Linear Stability Analysis of Planar Shear Layers 

For circular jets and planar shear layers, it has been known for many years that 
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linear stability analysis provides an accurate model of the early stages of the mixing 

process. And, in fact, depending upon the initial shear layer thickness, features of the 

flow field located many diameters downstream of the nozzle exit may still bear features 

which are reminiscent of the structures which are predicted by this technique [Brown and 

Roshko, 1974]. The purpose of this research is to perform a linear stability analysis of 

three dimensional jets, in particular elliptical jets, in which the effects of swirl and 

combustion are included in order to identify the phenomena which are responsible for 

their enhanced entrainment. This work has been regarded as complimentary to both 

experiments and numerical simulations which show large differences in entrainment, but 

little in the way of explanation for why these differences occur. 

Linear stability analysis had its beginnings in the nineteenth century with the work 

of Rayleigh who solved a linearized form of equations of fluid flow. This has come to be 

known as linear stability analysis. In linear stability analysis, the flow is assumed to 

consist of a time independent, but spatially varying, basic flow and a spatially and 

temporally varying perturbation component. In the Rayleigh’s work and in what is 

reported here, the basic flow is assumed to be parallel, that is, invariant in the streamwise 

direction. To investigate the stability of the basic flow, questions which govern the 

evolution of small perturbations to the basic flow are written. This can be done by 

linearizing the governing equations which describe the fluid motion. The problems in 

which the temporal evolution of the spatially periodic perturbations is sought are referred 

to as temporal stability analysis. In spatial stability analysis, the spatial evolution of 
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temporally periodic disturbances is sought. Both the temporal and spatial stability 

analysis can be carried out for a specified spatial or temporal frequency by assuming that 

the disturbances vary exponentially in time for temporal stability analysis and 

exponentially in streamwise direction for the spatial stability analysis. This is known as 

the normal mode assumption. Linear stability analysis then predicts the temporal and 

spatial scale of these disturbances. The equations which describe the behavior of the 

normal modes reduce to a second order differential equation called the Rayleigh’s 

equation if viscosity is neglected, or a fourth order differential equation called the Orr- 

Sommerfield equation if viscosity is included. These equations are homogeneous 

differential equations and, along with the boundary condition which specifies the 

behavior of the disturbance at infinity, constitute an eigenvalue problem. The relation 

between the real and imaginary portion of the eigenvalue and the temporal or spatial 

frequency is the dispersion relation which provides the growth rate and the phase speed 

of the disturbance. The eigenfunction provides the spatial distribution of the disturbance. 

For planar shear layers, Rayleigh [Sherman, 1990] established that the necessary 

condition for inviscid instability is that there exists a inflection point in the streamwise 

basic velocity. Later, Fjortoft [Sherman, 1990] proved a more general necessary 

condition for instability, i.e, UV’ (U — U,) < 0 in which U, is the basic flow velocity at an 

inflection point, and U” is the second order derivative of the basic velocity across the 

shear layer. Howard [Sherman, 1990] found that the location of the eigenvalue satisfy a 

semicircle theorem which gives a range of the real and imaginary part of the complex 
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phase speed. 

More recently, Michalke [1965] studied the temporal and spatial stability 

characteristics of planar shear layers. An analytical asymptotic solution was used as the 

boundary condition for the integration of the Rayleigh’s equation using the fourth-order 

Runge-Kutta method from both sides of the shear layer. This integration was carried out 

from an initial approximation for the unknown eigenvalue. The requirement that the 

solution at the shear layer should match, that is, the solution and its derivative should be 

the same independent of whether the shear layer is approached from above or below, can 

be regarded as a nonlinear algebraic equation for the eigenvalue. Newton’s method was 

used to obtain the solution of this nonlinear equation. The eigenfunction was computed 

using an additional integration after the eigenvalue had been obtained. This process is 

called the shooting method. The results showed that the shear layer was temporally 

unstable only in a range of spatial wave frequencies. There exist two neutral frequencies 

at which the growth rates of the shear layer are zero. Michalke also presented a spatial 

instability analysis [1966] for the planar shear layer with a similar method and obtained 

similar results. Streak lines were plotted which showed the initial development of 

vortical structures. 

Recently, Grosch and Jackson [1991] studied the inviscid spatial stability 

characteristics of a three-dimensional mixing layers. They found that the three- 
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dimensional stability problem of a shear layer can be transformed to a two dimensional 

stability problem. A universal dispersion relation curve was found and can be used to 

find the growth rate of the shear layer with any other parameter. 

1.3 Linear Stability Analysis of Circular Jets 

The solution of the linear stability problem for a circular jet is viewed as a linear 

combination of an infinite number of solutions each with an eigenfunction having a 

periodic azimuthal dependency. The process of defining these dependencies is called 

mode classification. Accordingly, the solution of the mode in which the eigenfunction 

has the least azimuthal variation is the axisymmetrical mode or m =0 mode. Batchelor 

and Gill [1962] analyzed the temporal stability of axisymmetrical jets with a streamwise 

velocity profile which was obtained by solving the Navier-Stokes equation assuming that 

the jet was formed due to a force at a point in the unbounded flow. Since the source of jet 

was assumed to be at a point, the analysis was valid only in the far field. However, they 

extended the necessary condition of the instability of the planar shear flow to the 

axisymmetrical jet flow and found a similar relationship for the range of complex phase 

speed similar to Howard’s theorem. They also demonstrated that there is one and only 

one neutral disturbance wave with a non-zero wave number. Lessen and Singh [1973] 

found that axisymmetrical shear-layers are more stable than corresponding planar shear 

layers. Michalke [1981, 1984] carried out a spatial linear stability analysis of circular 
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jets. He used the shooting method and asymptotic solution at large and small radius 

expressed as the modified Bessel functions of the first and second kinds to find the 

pressure eigenfunction. The eigenfunctions for other variables such as velocity 

components were derived from this pressure eigenfunction. Various ratios of the jet 

radius (which is defined as the radius at the location where the basic velocity is half of 

that at the center line) to the jet momentum thickness, R/@, were considered. The basic 

temperature and density profiles were related by the Busemann-Crocco relationship 

[Schlichting, 1966]. Similar to the planar shear layer, he found that the circular jet is also 

unstable in only a certain range of frequencies. The growth rate was larger for a larger 

values of R/@. The phase speed of the axisymmetrical mode increases with decreasing 

R/8. The effect of increasing the Mach number is to reduce the growth rate at higher 

frequencies. The growth rate at lower frequencies and the phase speed are unchanged. 

One reason suggested for the decreased growth rate for higher Mach numbers is that part 

of the disturbance energy is absorbed by compressibility of the fluid. 

The effect of low levels of swirl on the temporal stability of a circular jet was 

investigated by Khorrami [1991] using the spectral collocation method. This resulted in 

an algebraic matrix equation which contained the eigenvalue as a parameter. By re- 

organizing the equation, the terms involving the eigenvalue were moved to the right hand 

side and a generalized algebraic eigenvalue problem was formulated. He used the QZ 

algorithm to obtain the eigenvalues and eigenfunctions of interest. The swirl was found 

to dramatically increase the growth rate of the mode with high azimuthal wave numbers. 
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The stabilizing effect of higher Mach number is greatly reduced due to the swirl. The 

spectral collocation method was also used by Macaraeg et al. [1989] and Khorrami 

[1989] to investigate the stability of the compressible circular shear layer. With the 

shooting method, Wu, Farokhi and Taghavi [1991] investigated theoretically and 

experimentally the stability of the swirling circular jet with a top-hat velocity profile and 

found that the higher the positive azimuthal wave number, the less spatially unstable the 

jet is; the higher the negative azimuthal wave number, the more spatially unstable the jet 

becomes. 

1.4 Linear Stability Analysis of Elliptical Jets 

An elliptical jet is a jet which has a constant velocity contours of elliptical cross- 

section. The semi-major axis is denoted by A and the semi-minor axis is denoted by B. 

The aspect ratio of an elliptical jet is defined as A/B. The experiments of Ho and 

Gutmark [1987] demonstrated that elliptical jet of aspect ratio of 2 exhibits higher level 

of entrainment than corresponding circular jets. The enhanced entrainment of elliptical 

jet has been thought to be a result of the non-symmetrical evolution of the vortical 

structures. Another important feature of the elliptical jet is that the entrainment is larger 

at the minor axis than at the major axis. Because of this, the elliptical jet becomes less 

elliptical until at some point in the downstream direction that the major axis becomes the 

minor axis and the minor axis becomes the major axis. This axis switching usually occurs 
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for several times before the elliptical jet becomes a circular jet in the far downstream 

region [Hussain, 1989]. The linear stability analysis of elliptical jet enables one to 

understand the early development of the vortical structures and to suggest ways of 

enhancing the non-uniformity. It is conjectured that this will enhance the entrainment 

process. 

Crighton [1973] found an exact solution for an spatial and temporal stability 

characteristics of an elliptical jet with a top-hat velocity profile in terms of the Mathieu 

functions in an elliptical coordinate system. He found that increasing the aspect ratio 

greatly reduces the growth rate of the lateral modes, regardless of whether the 

disturbance grows spatially or temporally; the mode which is antisymmetrical to the 

major axis has the larger growth rate if its disturbances grow spatially; and the mode 

which is symmetric about the major axis has a smaller growth rate. 

Morris and Miller [1984, 1986] also gave the solution of the stability problem of an 

elliptical jet with a top hat and continuous velocity profiles in terms of Mathieu’s 

functions. Similar to Crighton, they found that for the elliptical jets of tophat velocity 

profile, the mode which is antisymmetrical about the minor axis has the larger growth 

rate. For continuous velocity profiles, they used the shooting method. They found that 

the minimum momentum thickness is an important factor in influencing the stability 

property of the elliptical jet. Unfortunately, the shear layer distribution was pre- 
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determined by the aspect ratio and it is impossible to change the shear layer distribution 

in this approach. In Morris and Miller’s work, the minimum momentum thickness 

occurred on the major axis, thus it is not surprising that they found the pressure 

fluctuation are greatest on the major axis. They speculated that the roll-up would occur 

on the major axis, but not on the minor axis as a result of maximum disturbance 

amplitude on the major axis. 

In order to study the stability of the elliptical jet with arbitrary momentum 

thickness distribution around the jet periphery, Koshigoe, Tubis and Ho [1986, 1987, 

1988] developed a generalized shooting method for a jet of arbitrary shape using the 

Green’s function method and the generalized shooting method. In the region where the 

basic velocity is a constant, it is possible to associate the derivative of the pressure 

eigenfunction to the pressure eigenfunction itself by the use of Green’s function. In this 

way, it is no longer necessary to adopt asymptotic solutions near the center line and at a 

large radial coordinate. The computational effort was greatly reduced by decomposing 

the pressure eigenfunction into four different modes, the so called ++, +-, -+, and -- 

modes. Because each of these modes contains some symmetry about the major and 

minor axis, it is only necessary to carry out the computation in one quadrant. They 

postulated three criteria which they felt promoted the vortex interaction. By examining 

the streaklines which were generated from the eigenfunctions, they saw that the rollups 

on the major axis occurred further downstream than the ones on the minor axis. 
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For the same problem, Baty and Morris [1989] used a conformal mapping 

technique and wrote the stability equation in terms of the radial and azimuthal 

coordinates of a general orthogonal coordinate system. By using Chebyshev spectral 

collocation method, a set of ordinary differential equations of in terms of the radial 

coordinate were formulated. The resulting ordinary differential equations were then 

integrated from a large and small radial coordinate to the shear layer and a matching 

condition was applied similar to the generalized shooting method used by Koshigoe. The 

matching condition at the shear layer can again be viewed as a non-linear algebraic 

equation in terms of the eigenvalue which was solved using the Newton’s method. In 

addition to examining the traditional dispersion relationship and the distribution of the 

eigenfunction, they used the result of the linear stability analysis to provide a turbulent 

closure scheme. 

1.5 Stability of Jets with Combustion 

The modeling of the combustion is a very difficult task. This is not surprising 

since dozens of chemical species and many more (hundreds) chain reactions are involved 

in a typical combustion process [Gupta, 1985]. With today’s computing power, it is 

difficult to keep track of the variations of so many chemical species. Fortunately, if only 

the flow field is the main concern, one can get reasonable results by assuming that only 

one equivalent chemical reaction and three chemical species i.e. the fuel, the oxidizer and 

Chapter 1. Introduction 11



the product are involved in the combustion process. In some cases, even ignoring the 

chemical reaction and assuming that the only effect of the combustion is heat release can 

give good results. 

Mahalingam, et al [1989] studied the stability of a low-speed chemically reacting 

jet flow. The governing equations were modified using the low Mach number 

assumption in order to relieve the time step requirement. The basic steady fiow field was 

obtained numerically [McMurtry, et al. 1985], and the stability analysis was carried out 

using the shooting method. The effect of the combustion was included through its 

influence on the basic flow field, and the generation of a heat source in the stability 

analysis. They found that the primary influence of combustion is to vary the basic flow, 

and its direct influence on the stability characteristics is small. The heat release makes 

the flow more stable. The rate at which the chemical reaction occurs does not have a 

significant influence on the stability. 

When the amount of heat release is significant, three modes were found for a 

reacting circular jet by Shin and Ferziger [1991], Jackson and Grosch [1990], and 

Planche, at el [1992]. The explanation for the three modes was that when the amount of 

heat release was high, the basic temperature became high and the basic density became 

low at the shear layer, causing (U’/T)’ to have three inflection points. Here U and T 

denote the basic velocity and temperature in the flow. The prime denotes the spatial 
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derivative across the shear layer. However, in the case with no heat release, the basic 

density was constant for the incompressible flow, and (U’/T)’ had only one inflection 

point. The modes that correspond to the inflection points located in the lower and higher 

basic velocity sides were called the slow and fast mode, while the mode which 

corresponds to the shear layer was refereed to as the central mode. In addition to the 

non-premixed flame, Mahalingam, et al. [1991] examined the stability of premixed 

flames and found that flows are generally more stable with increased heat release. In 

addition, they found that the chemical reaction (that is, the change in the chemical 

species) is unimportant in the growth of the instability of the flow and can be ignored. 

This was also verified by the calculations of Mukunda and Drummond [1992]. 

1.6 Goal of this Research 

In order to understand the features of the early development of the vortical 

structures which are thought to greatly influence the entrainment of elliptical jets, it is 

necessary to carry out a comprehensive study which considers the influence of many 

parameters , such as the momentum thickness and its distribution, swirl, and heat release. 

Linear analysis will be used as the tool and attention will therefore be focused in the near 

field. The questions of why elliptical jets have larger entrainment than corresponding 

circular jets will be answered. 

Chapter 1. Introduction 13



First, a spatial stability analysis of a swirling circular jet will be developed. The 

motivation of this effort is that the swirl is one of the means to influence the jet stability 

properties. By introducing the swirl, it is possible to enhance some particular modes. 

This work provides a starting point for solution of the elliptical jet problem. 

Using linear stability analysis, a parametric study of elliptical jet flows will then be 

developed. Influence of swirl, momentum thickness and its distribution, and aspect ratio 

will be considered for different modes. The effect of heat release, activation energy and 

chemical reaction rate will also be examined. To illustrate the formation of flow 

structures of the jet flow, various flow visualizations will be performed. Comparing the 

features of a circular and elliptical jet in a consistent fashion will be presented and a 

passive means for increasing the entrainment of elliptical jets will be suggested on the 

basis of the parameters explored. 
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Chapter 2. Stability Analysis of the Circular Jet 

2.1 Introduction 

In order to compare the results of the stability analysis of elliptical jets with those 

of circular jets, a stability analysis of circular jets was first carried out. Khorrami et al. 

[1991] carried out a temporal stability analysis of a swirling circular jet with continuous 

basic streamwise velocity, and a spatial stability analysis of a swirling circular jet with a 

top hat basic streamwise velocity profile. In this chapter, the spatial stability analysis of 

the circular jet with a continuous basic velocity profile and a swirl will be given. 

Specifically, the purpose of doing the stability analysis of a circular jet is: 

1. to analyze the influence of the swirl on the spatial stability 

characteristics of the circular jet for a continuous basic 

velocity profile; and 

2. to give a convenient tool for the stability analysis of the 

circular jet which can be used to verify the stability analysis 

code for the elliptical jet, and to provide an initial solution 

of the elliptical jet eigenvalue problem. 
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2.2 Formulation of Eigenvalue Problem 

Following the approaches of many investigators, the dissipative effects such as 

viscosity and diffusivity will be neglected. Assuming that the flow is inviscid and 

incompressible, Euler’s equations can be expressed in the circular cylindrical coordinate 

system as follows: 

  

Ov, Ov, Ov, av, VG op 
/ se OE 2.1 

a ar 800 az or ar 2) 

OVg Vg OVg OV» VeVvr op 
va Woy tverag tua t= ~ +00 (2.2) 

Ov, ov, Ov, Ov, Op 

ator +879 tS = 7 Far (2-3) 

1 a(n) + 1 WV + Ov, 

r or r 00 Oz 
    =0 (2.4) 

where r, @ and z are the circular cylindrical coordinates in the radial, azimuthal and 

streamwise direction; v,, vg and v, are the three velocity components in these three 

directions, respectively. In Equations (2.1)-(2.4), all the lengths are non-dimensionalized 

by R, the jet radius, which is defined as the radial coordinate of the location where the 

basic streamwise velocity is half of the center line basic streamwise velocity Ug; all the 

velocity components are non-dimensionalized by the basic streamwise velocity at the 

center line; and the pressure is non-dimensionalized by pU x. 
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The velocity and pressure can be assumed to consist of the basic steady part and 

the disturbance part as 

vy, =U, +u, (2.5) 

va=Ugtug (2.6) 

v, =U, +u,; (2.7) 

p=ptp’ (2.8) 

where U,, Ug, U; and p are the basic velocity components and the basic pressure. The 

quantities with a prime are the disturbance quantities. In this chapter, only the following 

basic parallel velocity profile will be considered: 

U, =0 (2.9) 

Ug =U (r) (2.10) 

U, =U, (r) (2.11) 

That means the radial basic velocity component will be assumed to be zero which is 

consistent with the parallel jet assumption which requires that the basic flow is 

independent of the streamwise coordinate. The basic azimuthal and basic streamwise 

velocities are all assumed to be functions of r, the radial coordinate. 
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By substituting the expressions of the basic velocity components into Equations 

(2.1) - (2.4), the equations of the basic velocity and presure can be obtained: 

  

Uz _ 

Ue) _ (2.12) 
r or 

__ _9P_ 0=-— (2.13) 

o=-2 (2.14) 
Oz 

Under the assumption of the above basic velocity profiles, the basic pressure is not a 

constant, but a function of r. However, if the magnitude of the azimuthal basic velocity 

is small, the variation of the basic pressure with r is small and the basic pressure can be 

regarded as constant. 

Now substitute Equations (2.5)-(2.8) into Equations (2.1)-(2.4), subtracting the 

Equations for the basic flow (2.12)-(2.14), and neglecting the quadratic and higher order 

terms, Euler’s equations are reduced to the following linearized form for the disturbance 

quantities: 

Ou, 
sr tag FU or (2.15) 
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dug dU g(r) dug dug  Ue(r)u, ap’ 

Ot + Ur dr + Vel) roe +U,(7) Oz r rae (2.16) 

du, ,aU,(r) du; du, ap’ 
> + U, rs + Ug(r) 30 + U,(r) 5 raz (2.17) 

, ; , a , 

uy, Or | 1 OMe | Oz _ 9 (2.18)   

  

r 3 'r 00. oz 

Now substituting the normal mode representation of the disturbance quantities 

ul = u, (rei oz +m0— aa) (2.19) 

ui, = Ug (re loz +m8— ar) (2.20) 

ul = u, (re oz +m8— at ) (2.21) 

p’ = p(r)ei(az+m8-ar ) (2.22) 

into the equations for the velocity and pressure disturbances (2.15) - (2.18), we can get 

the equations for the disturbance eigenfunctions u,, Ug, u, and p: 

  

    

2U 
u,W(r)i- a) up =-- 22 (2.23) 

r dr 

tp ee 4 BO) ewig Zim (2.24) 
dr r r 
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dU,(r) 

  

  

u; - +u,W (r)i =—pia (2.25) 

nL a , 
— +—ugim +ugia=0 (2.26) 

r dr r 

In Equations (2.19)-(2.22), @ is the complex wave number. The negative of the 

imaginary part, —Q; is called the growth rate. Growth rate is the exponential rate with 

which the disturbances growth in the streamwise direction. The temporal frequency of 

the disturbance for the particular mode considered is @ which is a real number. 

Cph = W/O, is called the phase speed which is a measure of how fast the disturbances 

travel in the streamwise direction and m is the azimuthal wave number. In Equations 

(2.23)-(2.26), U,, Ug, U, and p are the eigenfunctions of the velocity and pressure 

disturbances. The eigenfunctions of the disturbances represent the spatial distribution of 

the disturbance. The task of the linear stability analysis is to find the growth rate, phase 

speed and the eigenfunctions of the disturbances for a given azimuthal mode at a 

specified frequency. As has been mentioned in the first chapter, the relationship of the 

growth rate and phase speed with the frequency is the dispersion relationship. The 

dispersion relationship and the distribution of the eigenfunction combined determine the 

stability characteristics of the jet flow. In Equations (2.23)-(2.25), W is defined as: 

Ug(r)m 
W(r)=-@+ —__ + U,(r)a (2.27) 

From Equations (2.23)-(2.26), we can eliminate u,, Ug, u, in favor of p to get a 
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single second order ordinary differential equation for the pressure disturbance 

eigenfunction: 

d* d 
rt C1 + Cop =0 (2.28) 

where 

c 21,1 Wo __1 ah) 2m UO) em 
1“), WO) ad LG) ad Pf WH Pwo)     Ug(r) 

m Wer) a aU, (r) 
rWir) dr Wir) adr 
  (2.29) 

2mU ar) 2m  Welr) 4mUe(r) — 2mU g(r) aL (r) 
rWir) Wr)? ar Pwr) rw) ar 

a=   

m?> — 2moUe(r) dU) | oP Lr) 
rr Pw dr Wore ™ 
    

  

dUg(r) Ug(r) 2Ue(r 
Ly =— Wry + (RO, 0) Hol) (2.31) 

dr r r 

with the following boundary condition: 

r—0: p = finite (2.32) 

r—e0; p=0 (2.33) 

Equations (2.28) can be regarded as a generalization of the Rayleigh’s equation which 

includes the presence of the swirl. 
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2.3 Solution of the Eigenvalue Problem 

The solution of the eigenvalue problem represented by Equation (2.28) is difficult 

because of the boundary conditions, Equations (2.32)-(2.33). Fortunately, it can be 

noticed that as r-0 and ©», Equation (2.28) becomes a modified Bessel equation: 

  

  

ae + Ede tp (Em?) =0 (2.34) 

r—0 

E = TO V-L(0) r (2.35) 

2 

ne enh tp (on? m2) =0 (2.36) 

r—yoo 

N= TO V-L (co) r (2.37) 

Therefore it is possible to use the solutions of the modified Bessel equations as the 

boundary conditions. The boundary condition should satisfy the requirement that the 

disturbance should be finite at the jet center line and disappear at the infinity. This 

requirement is equivalent to the requirement that the pressure eigenfunction should be 

finite at the jet center line and disappear at the infinity. The modified Bessel equation has 

two particular solutions, I, and K,,. The general solution of the modified Bessel equation 
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is a linear combination of these two particular solutions. Since J,, is finite at the jet center 

line and infinite at the infinity, J,, should have no contribution to the asymptotic solution 

of Equation (2.28) at a large radius. In the same way, since K,,, is infinite at the jet center 

line and finite at the infinity, K,, should have no contribution to the asymptotic solution 

of Equation (2.28) at a small radius. So the boundary conditions which Equation (2.28) 

should satisfy are: 

  

. _ _ _ a _ r—0: P =Im(E) =In( vO V-L (0) r) (2.38) 

pee; P= Kal) “Kl FL ©) 1) (2.39) 

In the actual solution of the eigenvalue problem the asymptotic solutions are used at a 

small non-zero radius R, and large finite radius R». This is a good approximation since 

at these locations the variation of the basic velocity profiles with the radius is extremely 

small. The adaptive-step-size Runge-Kutta method is used to integrate Equation (2.28). 

The intergration was carried out in two regions, one which starts at R; near the center 

line moves outward, and the other which starts at a large radius and moves inward. 

Because the pressure eigenfunction must be continuous and smooth everywhere, p must 

satisfy the following compatibility condition at the jet radius R: 

dp \(R) dp 2(R) _ =0 2.40 PIRI (2.40)   
  F(a) =p2(R) 

where p, and p>» are the pressure eigenfunctions at the jet radius which are obtained 

Chapter 2. Stability Analysis of the Circular Jet 23



from these integrations. In Equation (2.40), F(a) can be regarded as a non-linear 

function of complex variable a which is the eigenvalue. Equation (2.40) is solved using 

the Newton’s method. The process proceeds as follows: 

1. give an initial guess for & for a specified value of @ and m; 

dp ;(R) 

dr 
  2. integrate Equation (2.28) from R,; to R to get p;(R) and 

3. integrate Equation (2.28) again from R2 to R using a negative 

dpo(R 
step to obtain p»(R) and Pas ;   

4. evaluate F(a) using Equation (2.40); 

5. if F(a) is close to 0, the guessed @ is the correct eigenvalue, 

then compute the eigenfunction and end the solution process; 

6. if F(a) is not close to 0, update a according to 

F (Oguess) 
Qnew = Opuess— 

F’ (Qguess ) 

and proceed to step 2. 
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After the eigenvalue and the pressure eigenfunction p are obtained, the 

eigenfunctions of the other variables can be found by using the following equations: 

__ dp Wr). p 2imU g(r) 
in-—_ 

Oar Lr) or? LY) 

_pmWwer) , dp, ger) 1 
40 = L(r) r dr (7 dr ta) 

dp 1 aU,(r) 2mU g(r) dir) «| 
    

ar La) a |\PLOWH ao Wr) 

The total vorticity can be found by using 

  

T,=e (Su, (r)im — ug(r)iae "O27 e-m) 

pa er) Fe) 8 Ly in + He jp ilaztmo-an) 
7 dr r dr rr’ 

aU, (7) . du, i(az+m6-ar) Ig=- ar +€(U,10— ar Je 

where € is a constant that represent the level of disturbances at z=0. 

2.4 Validation of Code 
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The code verification is carried out for the growth rate and the phase speed of m=0 

mode and m=1 mode of a circular jet using Michalke’s second basic streamwise velocity 

profile: 

- LRR oF Ur) =054 14 3 9 ‘| (2.47) 

where R is the jet radius; 8 is the momentum thickness. 

For R/@=10, the growth rates of the m=0 and m=1 modes from the code 

developed by the author are given in Figure 2.1. Also shown in the figure are Michalke’s 

growth rates which was read from the figures in Michalke’s paper. From Figure 2.1, 

excellent agreement between the present calculations and Michalke’s results is evident. 

2.5 Effects of Swirl 

For the non-swirling circular jet, Michalke, among others, demonstrated that the 

stability is strongly influenced by the momentum thickness. Other parameters which 

influence the the flow include the form of the basic streamwise velocity. In addition, the 

swirl also changes the stability characteristics of the jet. In the following, the influence of 

the swirl on the stability properties of an incompressible inviscid circular jet with 

Michalke’s second basic streamwise velocity, Equation 2.47, will be investigated. The 
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basic azimuthal velocity used in this investigation is: 

Ue(r) = 1 - er] (2.48) 

where I is a parameter with which the maximum basic azimuthal velocity can be varied. 

In the calculations described here, the maximum basic azimuthal velocity was set to 6% 

of the maximum basic streamwise velocity. 

Figure 2.2 shows the basic streamwise velocity as a function of radial coordinate 

for R/9=10. Figure 2.3 shows basic azimuthal velocity for the same momentum 

thickness. 

Let us first look at the results of the stability analysis for the fundamental mode 

(m =0). Figure 2.4 and 2.5 show the scaled non-dimensionalized growth rates —a,;8 and 

Crh wd 
against the scaled non-dimensionalized frequenc for the 

U,0) wey TO) 
    phase speeds 

cases in which the swirl is zero and 6%. It is easy to see that the curves which 

corresponds to the m = 0 mode of the circular jet with no swirl and 6% swirl are almost 

identical. So, the dispersion relationship of this mode is independent of the basic 

azimuthal velocity. In addition to the dispersion relationship, we can also look at the 

distribution of the eigenfunction. Figure 2.6 shows that the streamwise velocity 

eigenfunctions are also the same for the cases with and without the swirl. However, that 

the dispersion relationships and the eigenfunctions are the same for the m =0 mode 
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whether or not there is a swirling basic velocity does not mean that the flows with no 

swirl and the 6% swirl are the same. This is because the basic flows are different. Similar 

results have also be obtained by Khorrami [1991] although he used different basic 

streamwise and azimuthal velocity profiles. 

Next, let us examine the behavior of the first azimuthal mode (m = 1). Figures 2.7 

and 2.8 are the plots of the nondimensional growth rates and phase speeds for m = 1 

mode of the circular jet with and without swirl against the nondimensional frequency. 

We can immediately see that in the high frequency region, the growth rate of the m = 1 

modes are almost the same, while in the low frequency region the growth rate of the 

m = 1 mode was reduced by the swirl. For this mode, the swirl increased the phase speed 

as is shown in Figure 2.8. That means the disturbances of the swirling first azimuthal 

mode travel faster in the presence of swirl. 

That the growth rate of the m = 1 mode of the circular jet with swirl is smaller than 

that without swirl is a result of the azimuthal directions of the swirl and the disturbance 

propagation being the same. Here the direction of the disturbance propagation is 

determined by the sign of m, the azimuthal wave number. When m is positive, the 

disturbances travel in the same azimuthal direction of the swirl. If the jet flows out of the 

paper, the disturbances of the positive mode travel in the counterclockwise direction. 
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Even though the dispersion relationship of the m=1 mode is altered by the 

addition of the basic azimuthal velocity, the streamwise velocity eigenfunction is not 

changed. This can be seen clearly in Figure 2.9 in which these eigenfunctions are 

compared. 

From Figures 2.10 and 2.11 in which the growth rates and phase speeds of the 

m =—1 modes are shown for both the non-swirling and swirling circular jet, we see that 

the result of m =—1 mode is opposite to the result of m = 1 mode. That is, the growth rate 

in the high frequency region is not changed by the swirl and the growth rate in the low 

frequency region is increased by the swirl. This increase in growth rate can be explained 

by the azimuthal direction of the disturbance being opposite to that of the swirl. Contrary 

to the m= 1 mode, the phase speed of the m =—1 mode was decreased by the swirl. 

Finally, we can again look at the streamwise velocity eigenfunction of the m =—1 mode 

plotted in Figure 2.12. Similar to the m = 1 mode, the eigenfunctions of the m =—1 were 

almost unchanged by the swirl. 

In summary, we have seen that the swirl does not change the stability properties of 

the m =0 mode. The influence of the swirl of the first azimuthal modes is on the growth 

rate and phase speeds. The eigenfunctions distribution was the same regardless if there is 

a basic swirling velocity. Therefore, the swirl does not change the flow structures of the 

circular jet. 
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Chapter 3. Stability Analysis of Elliptical Jets 

3.1 Introduction 

In this chapter the approach used in the linear stability problem of elliptical 

reacting jet will be described. It is assumed that the stability properties of the jet are 

non-dissipative, which means that the viscosity, conductivity, diffusion, etc., only 

influence the basic flow and therefore not included in the stability analysis 

To simplify the analysis, it is assumed that the only effect of combustion is heat 

release and that the combustion can be modeled by an equivalent global, three species, 

single step finite rate Arrhenius chemical reaction, Le.: 

ViLF 1+ Vv2[0] > v3[P ] (3.1) 

where [F], [O] and [P] represent the three species, i.e., the fuel, oxidizer and the product 

of the chemical reaction and v,, V2 and v3 are the stoichmetric coefficient of these 

species. In addition to the above assumptions, the mass fractions of the species are 

assumed to be steady. This is because the primary interest of this research is the 

examination of the flow field, rather than the variations of the chemical species. These 

assumptions about the combustion process in the flow are justified by Mahalingam, et al. 

[1989] in their stability analysis of a circular jet. 
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Because of the presence of swirl, the partial differential equations of the 

disturbance can no longer be reduced to an ordinary differential equation as Koshigoe 

[1986, 1987], Morris [1988] and Baty [1989] did. Therefore, it is necessary to handle the 

continuity, momentum and energy equations and the equation of state at the same time. 

Also because of the swirl, some of the symmetry properties of the elliptical jet no longer 

exist. So, it is impossible to use the pressure eigenfunction based mode classification 

schemes which Crighton [1973], Morris [1988] and Koshigoe [1986,1987] have used. 

In the current work, a matrix method was used to obtained the solution of the 

Stability problem. To simplify the analysis and reduce the resolution requirements, the 

linear stability analysis was performed in a generalized non-orthogonal cylindrical 

coordinate system. This is because the basic streamwise velocity can be assumed to be 

constant on lines of constant radial coordinate, so that fewer grid points are needed in the 

azimuthal direction. The governing equations for the disturbance eigenfunctions are then 

discretized using the Chebyshev spectral collocation method in the radial direction and 

Fourier spectral collocation method in the azimuthal direction. The resulting governing 

equations, together with the boundary conditions, constitute an algebraic eigenvalue 

problem which was solved using the inverse power method. The search for the 

eigensolution of an elliptical jet with a specified aspect ratio is started with the solution 

of the eigenvalue problem of a circular jet which is obtained using the method described 

in the last chapter and the aspect ratio was progressively increased until the required 

value was reached. Although the matrix method has the disadvantage of requiring a large 
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amount of memory, it requires no asymptotic solutions and therefore can be used for a 

greater range of problems. 

3.2 Generalized Cylindrical Coordinate System 

The coordinate system is important because the linear stability analysis of the 

elliptical jet will be greatly simplified if it is properly defined. In this work, a non- 

orthogonal elliptical coordinate system will be used. This coordinate system is used to 

overcome the difficulties present in the standard elliptical coordinate system which 

Morris [1986] used to carry out the linear stability analysis for an elliptical jet. These 

difficulties are: (1). It is impossible to distribute the momentum thickness around the jet 

periphery such that the momentum thickness is smaller on the minor axis than on the 

major axis because of the particular elliptical coordinate system used. This is a major 

disadvantage for linear stability analysis of elliptical jets, because Hussain [1989], Ho 

and Gutmark [1987] have demonstrated that a naturally formed elliptical jet has a 

minimum momentum thickness on the minor axis and maximum momentum thickness 

on the major axis. (2). The jet center line maps to a planar surface which 1s difficult for 

basic swirl to be defined. By using the non-orthogonal elliptical coordinate system, this 

problem can be avoided. 

Even though Baty and Morris [1989] overcame the difficulties of the standard 
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orthogonal elliptical coordinate system by numerically generating an orthogonal 

elliptical coordinate system by using a conformal mapping technique, this approach was 

not used here because it is unnecessarilly complicated for an elliptical jet of moderate 

aspect ratio. In fact, for high aspect ratio jets both the non-orthogonal coordinate system 

used here and Baty’s method have difficulties, because in the minor axis (present 

method) and major axis (Baty’s method) regions the resolution may be insufficient. 

The other advantage of using this non-orthogonal coordinate system is that the 

influence of variable jet geometries, such as the aspect ratio, momentum thickness, and 

momentum thickness distribution, can be easily taken into account by adjusting the 

parameters which define the coordinate system. Since the non-orthogonal elliptical 

coordinate system is a special case of the generalized cylindrical coordinate system, the 

generalized cylindrical coordinate system will be described first. Then a special form of 

the generalized cylindrical coordinate system will be given to accommodate the elliptical 

jet requirements. By giving other special forms to this generalized cylindrical coordinate 

system, it is also possible to carry out the linear stability analysis of jet with arbitrary 

cross-sectional shape if it is symmetrical about the major and minor axis, such as a 

rectangular jet. 

As a first step the governing equations will be written in the generalized cylindrical 

coordinate system. These equations will be derived and the associated metric tensor and 
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Christoffel symbol will be identified. In addition, an approach will be described to adjust 

the parameters in the definition of the generalized coordinate system to properly 

distribute the momentum thickness around the periphery of an elliptical jet with a 

specified aspect ratio. 

The generalized cylindrical coordinate system used is defined as follows: 

x=X =x(x!,x2) =x(p,0) (3.2) 

y=xX =y(x1,x2) =y(p,0) (3.3) 

r=¥ =z (3.4) 

. . . —_i 2 _3 
where xX, y and z are Cartesian coordinates which are denoted as x , x and x , 

respectively; x!, x? and x? are the generalized cylindrical coordinates which will also be 

denoted by p, 9 and z, respectively. 

The covariant metric tensor of this generalized coordinate system can be 

determined by 

k I 
ox ox — 

= 3.5 Bij = ST 5,7 oH (3.5) 

The contravariant metric tensor can be obtained from the covariant metric tensor as 

follows: 
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4 ' 822 -812 0 

[2] =[ 2] ~ en 8D —-812 Bu 0 (3.6) 
11822 — 812 

0 0 8182-8 

Once the metric tensor is known, the Christoffel symbol can be determined from 

  Ti=g 
den dey agi 

h] Sit, Ba a (3.7) 
2} dx? ax? — ax? 

One of the useful properties of the metric tensor and the Christoffel symbol is that they 

are symmetric about the covariant indices, i.e. 

8ij = 8 ji (3.8) 

gi=gh (3.9) 

and 

rh =Tj, (3.10) 

Since the third component of the generalized cylindrical coordinate system is a 

linear coordinate, many components of the metric tensor and Christoffel symbol are zero. 

The non-zero components of these quantities are listed in the following: 
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2 2 

_| ox{ , | oy en=| | 2 (3.11) 

vp poy = Oh OX 5 BY OY §12 =821 = On 00 + Op 00 

2 2 
-| 2X} ,| §22 = | a -| x (3.13) 

ax. a ay. 2 

Ht 00 00 
gil. (3.14) 

ax ay _ ax ay} 
ou 06 00 Op 

(3.12) 

  

ax ax , ay ay 
12_,2__ Op 06 __ dp 00 (3.15) g& § 

ax dy _ ax ay) 
du 06 08 on 

ox ; oy ? 
——— + —Sae 

op op 
gen 

[ax ay _ ax ay |" 
dn 08 00 on 

  (3.16) 

1 0211 12 98124 F811 rh} [at Ee 2g Sr 78) (3.17) 

1 08 11 Og 22 
Ti2= fen See +B | (3.18) 
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ria= 5 [et EB 4292 2 22] (3.19) 

Tis =| 92S 2g it ge Ea (3.20) 

Tip = 1 [em Zen sgt] (3.21) 

rhea 3 | ae? EE 4 gm Ee nee] (3.22) 

Up to this point, the definition of the generalized coordinate can be applied in the 

stability analysis of the jets of any cross sectional shape if they are symmetrical about 

both the x and y axis of the Cartesian coordinate system. 

For the elliptical jet, it is necessary to use a special form of the generalized 

coordinate system. In the following calculations a non-orthogonal elliptical coordinate 

system which is used is defined by: 

x -{ an —k, | tani(c —1))+ + | cos8 (3.23) 

y = bu sinO | (3.24) 

where parameters a, b, k,, c,, and e are are adjusted so that the lines of constant p are 
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ellipses of the desired aspect ratio and so that the desired momentum thicknesses on the x 

axis (which is regarded as the major axis) and y axis (which is regarded as the minor 

axis) are produced. This is necessary because in order to use fewer grid points in the 

azimuthal direction, it is better to assign equal basic streamwise velocity on the ellipses 

on which the generalized radial coordinate p is a constant. In this chapter, all the lengths 

are non-dimensionalized by the equivalent jet radius which is defined as the square root 

of the product of the semi-lengths of major and minor axes. The result is that the cross- 

sectional area of the jet is . To determine the desired parameters in the definition of the 

generalized cylindrical coordinate system, the following conditions must be met: 

1. the area within p<1 must be 1; This requires that all jets have the same flow area; 

2. the aspect ratio (which is the ratio of the major axis to the minor axis when p 

is unity) is at the given value AR; 

3. the physical momentum thickness on the x axis is at the given value 0,; 

4. the physical momentum thickness on the y axis is at the given value 0,; 

5. x = 0 when p = 0; 

6. ¢10, =0.2. 

where 6, is the momentum thickness measured in p; 0, and 6, are momentum 

thicknesses on the major and minor axes. 

Since the major axis is at 9 = 0 and the minor axis is at 8 = 3° The x coordinate on 
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the major axis and the y axis on the minor axis can be represented as 

X Imajor =an~ ky] tanh(cy (u—1)) +1] +e (3.25) 

Y | minor = Dy (3.26) 

According to the expressions for the Cartesian coordinate on the major and minor axis in 

terms of the generalized radial coordinate p, the above criteria for determining the 

parameters of the elliptical coordinate can be put into the following mathematical form: 

b(a-k,+e)=1 (3.27) 

_ a-— ky +e 3.28 

— b ( . ) 

@, 0, 
6. ao, — 2k, tanh(c >? = bO, (3.29) 

C10, = 0.2 (3.30) 

0, = 50, (3.31) 

| taney) + 1 +e=0 (3.32) 

There are five parameters in the definition of the generalized cylindrical coordinate 

system. However, we have six equations and seven unknowns. Therefore, we need to 

specify one of the seven parameters to close the set of the equations. How this parameter 
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needs to be determined depends on the method of comparison of the results of the linear 

stability analysis for the circular and elliptical jets. In the subsequent chapter, two 

methods of comparison will be given. One is based on maintaining equal minimum 

momentum thickness for both the circular jet and elliptical jet, and the other on 

maintaining equal momentum area which is defined as the integral of the momentum 

thickness around the jet periphery, {ed where / is the arc (peripheral) length. 

For comparison based on the equal minimum momentum thickness, if the 

momentum thickness on the minor axis is smaller than that on the major axis, 8, needs to 

be supplied; otherwise 8, needs to be supplied. 

For equal momentum area, it is necessary to supply the ratio of the momentum 

thickness on the minor axis to the momentum thickness on the major axis. The 

momentum thickness on the minor axis can be determined in the following: Let 6.;, 

denote the momentum thickness of the circular jet with uniform momentum thickness, 

then the momentum area of the circular jet is 

Aareag;, = 210. (3.33) 

The momentum area of an elliptical jet which in this case is set equal to Aarea,;, can be 

approximated for the above definition by 
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Aareagy = (A + =, (B+ =, y-n(A- =, \(B- =6, ) (3,34) 

= 1(A@, + BO, ) 

where A and B are the semi-major and semi-minor axis. Since the non-dimensional 

equivalent jet radius is unity, 

: (3.35) 

and 

B= (3.36) 
1 
ve 

By requiring the momentum areas of the circular jet and the elliptical jet are equal to 

each other, that is 

Aarea,;, = Aareagy (3.37) 

we can find the momentum thickness of the elliptical jet on the x axis as 

20.; 
0, = —, (3.38) 

VAR _ + — 

6, VAR 

The above procedure was used to determine the parameters defining the coordinate 

system. The resulting Cartesian coordinates on the major and minor axes given by 

Equations 3.25 and 3.26 are plotted in Figure 3.1 for the case of an elliptical jet of aspect 
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ratio of 2 and uniform momentum thickness which corresponds to a circular jet of 

R 
= 14.14. 

Bois 

  

Figures 3.2 to 3.6 are the plots of the distributions of the momentum thicknesses 

around the jet peripheries for the following five cases: 

1. AR =1, 0,/0, = 1.0; 

2. AR =2, 0,/0,. = 1.0; 

3. AR =2, 0,/0, = 0.8; 

4. AR =2, 0,/0, = 1.2; 

5. AR =3, 6,/0, = 1.0; 

3.3 Governing Equations in Generalized Cylindrical Coordinate System 

In this section, the eigenvalue problem of the inviscid incompressible jet flow will 

be derived. Let q represent either pressure, a velocity component, temperature, or 

density, then 

q = dimensional 
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g = nondimensional 

gq = nondimensional basic 

q’ = nondimensional disturbance 

q = nondimensional eigenfunction 

and we define 

t=t nondimensional time 

1 
x =x!=yp nondimensional generalized radial coordinate 

2 
x =x*=6 nondimensional generalized azimuthal coordinate 

a3 . . . . 
X =x =z nondimensional streamwise coordinate 

Furthermore, if a quantity has superscript, it is a tensor, otherwise it is a scalar. 

In the Cartesian coordinate system, the continuity, momentum, energy equations 

and the equation of state can be expressed in the following form: 

~ ej 
op , Apu) _¢ (3.39) 
ot ax” 
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where 

  

  

W, Wo W3 

a pY, |“'{ pY2 |” “Oe  RyT 
O, =-—W1vi,BT e | — 

~ — py, \'( py. |” =-WovoBT *e Rut) ——| | — = 2 2V2 é Wi W 

= pY 1 |“{ p¥2 )” “Oe RT (3 =W3Vv3BT te RT| A] | as 

W, =molecular weight of the fuel 

W 2 = molecular weight of the oxidizer 

W3 = molecular weight of the product 
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(3.40) 

(3.41) 

(3.42) 

(3.43) 

(3.44) 

(3.45) 

(3.46) 

(3.47) 

(3.48) 

(3.49)



Y, =mass fraction of the fuel (3.50) 

Y, =mass fraction of the oxidizer (3.51) 

R,, = universal gas constant (3.52) 

E, = activation energy (3.53) 

The dimensional form of the governing equations can be nondimensionalized with the 

parameters at the jet center line. The dimensional quantities are related to the 

nondimensional quantities in the following: 

    

P = Ppo (3.54) 

T =TT» (3.55) 

P =PpoU, (0) (3.56) 

a’ =i4'U,() (3.57) 

(i =1,2,3) 

x =x'R=xiR (3.58) 

(i =1,2,3) 

t=t R =f R (3.59) 

where Po, To and U,(0) are the density, temperature and streamwise velocity at the jet 

Chapter 3. Stability Analysis of Elliptical Jets 45



center line; R is the equivalent jet radius defined as VAB. The governing equations can 

now be expressed in the following nondimensional form: 

a al 
op , (pu) mu) <9 (3.60) 
ot ox 

  

p| Sea!) op gil 

  

Of u 37 Oxi (3.61) 

(i=1,2,3) 

~ for war »| op . »i Op S| (ek -1)m?| Peeve 
| a =] (k-T) 2 4 yd 

__ DH y"! yy? 5! +V270k , Rul oT (3,62) 

WiVicpT 0 

kMp = pT (3.63) 

where M is the Mach number at the jet center line; D, is the Damkholer number which 

represents the rate the chemical reaction occurs in contrast to the convective rate of the 

flow; and H is the heat of reaction: 

U,(0) M = ——— (3.64) 
VkRuT 0 

  

R Wivi4 oO, v1 t+v2-1 (3.65) 
D.= BT Po 

* U,0) wwe 
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H =—Wyv, ho. 1 —Wovoh}.2 + W3vahp.3 (3.66) 

The above equations can be expressed in the generalized coordinate system by replacing 

a nj mj 
80u) vith aot) u +14 pi" and ——— ou > with ai agi) +T{i° 

ox/ ox/ oxs 

Expanding the governing equations and making use of the fact that some 

components of the Christoffel symbol and metric tensor are zero, we obtain the 

continuity, momentum and energy equations, and the equation of state in the generalized 

cylindrical coordinate: 

2, OH) , OU) , WH) 74,54" + rhs   

ot ox! ax? ax? 

+T hpi’ +T3:pi” =0 (3.67) 

1 
~Oa snl Ot 204 +03 00 nla 

— + +p —z + oa a 
pS tea Stel oa pit a teh 

n2al n2n,2 44 OP 12 Op 
+2pVl & +pVht a =-g St 8 5x? (3.68) 

~ oii 10a +02 00° 3 On 2 lal 
50 eg on a + rt ii p= ar + pu Ox! pu x2 p Ox >. 37 P11 

202 12 OP 2 Op oT 3, =— —_—— —_— 3.69 + 2p }yi ti + pI'32u ga 8 52 (3.69) 
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ro) ~~) ad a3 A 
“ Ou “a1 Ou A,n2 Ou “3 ou op 

  

  

  

+ +pu —>+pu —> =-T 3.70 
Por PM yl Oe PY 8 ax? (8.70) 

~| OF a1 OT  420T | 3 OF 
+4 —+u — +n — 
# " ox! 6 ax? i. af 

ap -1 8 2 P 3 ap ~(k-1)M?| 4a +0 — +n 
( % ax! ox? ax? 

DaHYY YS? my, evp-n0¢ "Re 
a SL 2 MO Rul oF (3.71) 

WiViepT 

kM?p = pT (3.72) 

Since 

xt=p, x* =8, xe=z (3.73) - (3.75) 

al a2 2 a3 a i =i, i =ig, & =a, (3.76) - (3.78) 

the above equations can be re-expressed as 

5 Aplin) Alig) APH) >» n 
D4 a + ~ + > + Thi pity + Tipe, 

+ Tl ppiig +T3,pitg = 0 (3.79) 
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~ Oly na. OU a. OU A du» 
o— >; + Puy + Plo aa- + Pldy — -+plhpiyiy 

Op 

1O0P 1290p +200 dot, + pPbteite =— Pl 12UQgUy + Pl o2UQug g an —8 30 (3.80) 

nOlg -, Olg -~, Dug dig 
p—=— y + puy=— an + Puy = 50 + pa, — oF + Pl tipi, 

ann AAA a _» 
+ 2pV inidaily + PU daltolte =— gS ge (3.81) 

~ Ol, >, Ol, », Oily ~, Ot, Op 
Par PM Oy PMC Gg TPM gy az me 
      

OT »~ OF » OF »~aT 
|e ren oy vig «i 2] 

_ 2} OP, ~ Op. Op.» op (k-1)M E Tens, vig +i, | 

Eq MV] V2 _ 

_ D,HY, Y> nV) + Y2 Ok e RyT oT 

WiVyCpT 

  

(3.83) 

kM2p =pT (3.84) 

The governing equations for the basic steady flow can be obtained by replacing the 

eat tt 
quantities with a with quantities with a" ", eliminating the partial derivatives with 

respect to time, and making use of the parallel flow assumption. This gives (according to 

Equations 3.79 - 3.83): 

Chapter 3. Stability Analysis of Elliptical Jets 49



dPig 
  

  

= +Tl pig + T3.pu9 =0 (3.85) 

_ op op 1 11 OP 12 GP 
oD boite —g! au ~ 8°56 (3.86) 

dug 12 Op 22 Op _— 3. 

Pig + pP2oitg = g au — 8 56 (3.87) 

0=0 (3.88) 

—_ oT _ oF _ 7— Op 
pua—~a + pil, =— -—(k-1)M Ware 

== Cp F%e Ral oF (3.89) 

kM?p = pT (3.90) 

The above equations represent the continuity equation, the momentum equations in the 

radial, azimuthal and streamwise directions, the energy equation, and the equation of 

state. Note that the momentum equation in the streamwise direction is satisfied 

automatically. 

Assuming that the parameters of the flow, such as velocity, pressure can be 

decomposed into their basic steady parts and the disturbance parts, i.e. 

, (3.91) n
d
 > I 

OQ
] + MQ 
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we can change the governing equations into a form in terms of the disturbances, where 

the quantities with a prime denote the disturbance quantities. Next, the governing 

equations are linearized, thus limiting the calculation to the near field where the 

disturbances to the basic flow are small. This procedure results in a set of equations 

which contains the basic flow quantities as well as the disturbance quantities. By 

subtracting the governing equations of the basic flow, the governing equations for the 

disturbance quantities can be obtained: 

  

ap’. abu, Aue, our | WE 1 —, 
a Op 0O))CUtéC‘< 

+1 3,pui, +} pug +P pe + .pug +V32P'tg = 0 (3.92) 

— dup du, — du, 
> + piigu>,- + pu, —— a7 + IT jo out, + V4, i gue 

dp’ ap’ 
—— gli PP _ ,12 OP_ 3.93 

eon 00 (3.93) 

~ Up , dg —_ due oue = , Oe ton dig 45g ote me 

+2pT 2, gu’, + 2pl3.¥gug =- 9? —— op ~ 922 2P_ (3.94) 
pl ipleuy pl aU que ou 76 

ou, —~,0u, -—_ Ou, — Ou, op’ 
»o— 7 + pu, an + pug —— 50 + pu, ry (3.95)   
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ar’ aT -_ ar’ .-,a. af ar’ 
Pr + Pun + pilose + Pue ag + P'Hoae + Plea 

+ pu; +p u 7 (k- 1 2 4 2 + 2B 

  

dp’ op’ , — + = +g 76 u,-——— 7 me x (3.96) 

kM?p’ = pT’ +p’T (3.97) 

where 

Ea 
—~o, ppalvWtv Oo E x’ =-C,p Fe Ry Tol a1" 5 + — +—, T’ (3.98) 

0 p R,T oT 

Ce=—DaQo¥1' ¥2 (6.99) 

Q = 3.100 Qo Wii ( ) 

he. 1WivV71 + he. aWV2 - h} 3W3V3 

Cyl 

  

Q= (3.101) 

In the above equations, Q is the amount of heat release from the chemical reaction in the 

flow; Qo is the non-dimensional heat release. 

The temperature disturbance 7’ can be eliminated from the governing equations 

for the disturbance by expressing the disturbance temperature in terms of the pressure 

and density disturbances using the equation of state: 
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  Pp - Ty (3.102) 
p 

Since the disturbance temperature does not appear in the continuity and momentum | 

equations, only the energy disturbance equations will be modified: 

2 0p" _ 7p" pot - 2 | Mm? 2 TL + (k-1)M?2 ly" 

+ 5 oT cg wh + peu 

  

  

P30 00 Oz 

Eq aT, a5 ~—*a | Bete 8 oweage, Rt | oy Ee) a? |, 
p 2 T R,ToT J p 

_ Eg 
=O, 7 VWi+V 

+|—Uesr of +ue= 7 5,2 4c, pt Mep% e RuTor Ih? 
00 p 00 00 0 

Ey 
—o prpr| @ E T _ C.p"! + V2 Ok RyT oT ak 4 a tL 0’ 

T RT |p 

2555 0P” + My, 2 7 9F PFO = \ +M~u 85 + Mu 24, —Uel 70 u,T 77 0 (3.103) 

Since the solution of stability problem of the elliptical jet is not unique (which will 

be discussed later), it is necessary to use the normal mode assumption in order to be able 

to obtain the solution related to a specified azimuthal symmetry. However, the azimuthal 

variations of the disturbances are no longer represented in a sinusoidal form which was 

adopted in the stability analysis of the circular jet. This is because the non-uniformity of 
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the elliptical jet makes the eigenfunction non-uniform and non-sinusoidal. Thus the 

azimuthal variations of the eigenfunctions are incorporated in the eigenfunction itself. 

Specifically, the normal mode assumption employed here is 

q’ =q(p,6) ef - ™) (3.104) 

After substituting the normal mode assumption into the disturbance equations, we obtain 

the following eigenfunction equations: 

-e a0 

Ola — ou ue 
| 52 50 wah 0 + Hest 

= a pu, + itp (3.105) 

_ —_ Oly 
— MPU, + Pug—=— 50 P+ 2pl leu, + 2pl Veuve 

op op —— 
+gilte an +g? 39 7 7 0 Pliety (3.106) 

_ _ dg a dug 
—10pug +p Op 77) i2He Uy, +p 3. © +203, ig Ug 

Du Ou g La Ha ' 12 9P 5 g 22 Op _ — aipii,u 7 

800 08 ° 08 op 00 8 ( ) 
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—- -—du, ~_ OU, — 
— 1 @pu, + p=— Ou Uy, + Pug =— 59 — | ipu,u, + ip (3.108) 

apie a tenta c| 7 OL op —-i0M priao+ |p —c-1aeha 

“|i or ~(k- 10 Big oy 

  
  

  

P38 00 

Eg __#a 5 
MM Fe yo grimgey Ra] Me, Fe | we, 

p 02 T R,Tol } p 

_ Eq 

_ ~ 7 VW1+V 

+| a2 +g EP +7928 +0, pi pe Rulor Vt > 
00 06 08 p p 

Ey 
—o > | O E T 

Cop 2 F%y RuToT | Tk , “a |Z), 
T R,T oT p 

+ Mage 56 - pF SB =—a| Map -iu,Tp| (3.109) 

This is a set of homogeneous linear partial differential equations. The proper 

boundary conditions used are those which require the uniqueness of the solution at the 

center line (represented by the location of » = 0) and the disappearance of the disturbance 

at the infinity (represented by the location of p =o). Accordingly, we have 

  

Ou, _ Op _ 0, 
59 00 at p=0 (3.110) 

and 
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Uy, =Ug =U, =p =0, at =o (3.111) 

In order to avoid the singularities at p = 0, the radial solution region is confined to 

Umin SPS Bmax (3.112) 

where Lmin 18 a small generalized radial coordinate; p,,,, 1s the generalized radial 

coordinate large enough so that the basic streamwise velocity is a constant at that 

location. Also because the basic flow always has a period of 7, it is only necessary to 

solve the resulting eigenvalue problem in the region 

O<sOsnx (3.113) 

The equations for the disturbance eigenfunctions and the associated boundaries 

conditions constitutes an eigenvalue problem. The solution of this eigenvalue problem is 

the topic of the next section. 

3.4 Solution of Eigenvalue Problem 

It was mentioned in the last section that the normal mode assumption was applied 

in the derivation of the governing equations for the disturbance eigenfunctions. In 

addition, it is also necessary to specify the mode of the disturbance. Each mode has 
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particular symmetry properties. The reason for dividing the solution into various 

frequencies and modes is that the solution of the disturbance equations is not unique. In 

reality the solution consists of many frequencies and many modes. 

For elliptical jets, there exist many mode classification schemes, such as the ce, se 

scheme used by Morris [1984], and the ++, +-, -+, -- scheme used by Koshigeo [1986]. 

Morris’ mode classification scheme is based on the symmetry properties of the Mathieu 

functions which are the asymptotic solutions for the pressure eigenfunction of the 

stability problems of the elliptical jet. Koshigeo’s mode classification scheme is based on 

the symmetry properties of the pressure function. In the case with a swirl, some of the 

symmetry properties of the non-swirling flow no longer exist. Therefore, it is necessary 

to adopt a different mode classification scheme to handle the situation in which there is a 

swirl. 

In the work described here, the solution of the stability problem is divided into two 

modes, 1.e., the mode in which the solution of the eigenfunctions have a period of r, and 

the mode in which the solution of the eigenfunctions have a period of 2x. The first mode 

is called the 2 mode and the second mode is called the 2% mode. For the m mode, 

q (8) =q (6+), where gq is the eigenfunction of any flow parameters. For the 2% mode, 

the eigenfunctions not only have a period of 21, but are antisymmetric about the center 

line. So, g(®)=— q(6+7) for the 2x mode. In each of the x and 2% mode, there are 
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many sub-modes. The m modes in which the eigenfunctions have the least azimuthal 

variation is called the fundamental 7 mode. The 2m mode in which the eigenfunctions 

have the least azimuthal variation is called the first azimuthal modes. When there is no 

swirl, one mode was found for the fundamental 2 mode, and two modes were found for 

the first 2% mode which we designate the sine and cosine modes. In the sine mode, the 

pressure eigenfunction has a symmetry property similar to the sine function, that is, the 

pressure eigenfunction is symmetric about the major axis. In the cosine mode, the 

pressure eigenfunction has a symmetry property similar to the cosine function, that is, the 

pressure eigenfunction is symmetrical about the minor axis. 

Because of the symmetry properties of the modes, it is only necessary to carry out 

the computation in the upper half plane. This is equivalent to the computation domain 

described in the last section. 

It has been demonstrated [Khorrami, 1989, 1991; Macaraeg, 1988] that the spectral 

collocation method is effective in the solution of the stability problem of jet flow. In this 

work, both the Chebyshev and Fourier spectral collocation methods are applied in the 

solution of the eigenvalue problem. The Chebyshev collocation is used in the radial 

direction. The Fourier collocation method is used in the azimuthal direction because the 

flow is periodic in this direction. 
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Since the Chebyshev collocation method requires that the solution be carried out in 

between -1 and 1, a radial transformation p =p(&) is applied to transform the radial 

solution region Umin SUS Umax to 1 >€ 2-1, where € is the new transformed radial 

coordinate. Besides satisfying the transforming requirement, the transformation should 

also guarantee that more grid points be distributed in the shear layer and less grid points 

be distributed outside the shear layer. This requires the derivative of ay be small enough 
dé 

in the shear layer region and large enough outside the shear layer region. The stretching 

was chosen to be: 

p= ~apsinh(bo§)| Leet-$-F1 | 1+ e202) +1+pmin (3.114) 

where the values of dp, 5p, a1, by, a2 and b> can be chosen to satisfy the above 

requirement. With this coordinate transformation, the governing equations for the 

eigenfunctions can be expressed in terms of the transformed radial azimuthal coordinates. 

In order to discretize the governing equations for the eigenfunctions, it is necessary 

to express the derivatives of the disturbance eigenfunctions with respect to the 

transformed radial coordinate and azimuthal coordinate in terms of these eigenfunctions 

themselves at the grid points (the collocation points). According to the Chebyshev 

spectral collocation method the derivatives of a quantity g with respect to the 

transformed radial coordinate € at the radial collocation points is 
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dit Sg [p1} (3.115) 
0& 1=0 ik Jil 

In the above equation, subscript I and the first subscript of g represent the node number in 

the radial direction; subscript k and the second subscript of g represent the node number 

in the azimuthal direction; n, is the number of the collocation points in radial direction. 

The transformed radial coordinate €; at the collocation points i is: 

Ti 
E; =cos— (3.116) 

ny, 

(1 =0, cee Ny ) 

where [p 1, is a function of i and / and is defined as 
il 

  

(k#]) 

Co= Cy, =2 (3.120) Ir 
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cj=1 (3.121) 

According to the Fourier spectral collocation method, the derivative of q with 

respect to @ at the azimuthal collocation points is: 

Ogi, me-} 

j=0 oJ 

where ng is the number of the collocation points in the azimuthal direction. [p 16 is 
kj 

defined by: 

. & -98; 
lp 16 = 4 ty +ig¢gh— (3.123) 

kj 2 2 

(k#j]) 

[p 16 =0 (3.124) 
jj 

The collocation points in the azimuthal direction are defined as follows: 

9, = Be (3.125) 

The details of the above discretization scheme using the spectral collocation method are 

described by Voigt, et al. [1984]. 
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From the results of the stability analysis circular jet, it is possible for the azimuthal 

eigenfunction to be infinite at the jet center line, the following velocity eigenfunctions 

are used in the actual computations: 

Vy =U, (3.126) 

Vg =Up (3.127) 

V, =U, (3.128) 

Substituting the expressions for the partial derivatives of a quantity with respect to the 

radial and azimuthal coordinates, we can obtain the discretized form of the governing 

equations for the disturbance eigenfunction in terms of the stretched coordinates: 

  

i 

, do - dp 4 \—| Veik 
-iony+ |B +(rhi+rh]eprou+| B+ [rhe+rh ” 
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2ng-1 — _ _ — 1 = 
—iMPV pin + PHe ¥; Yui [P ig), + 2p }oWev pig + 2Pl a2HeVo ik 

jJ=0 

  

11 Mr 2ng-1 _ 

+8 EPixP ty +g? ¥ Pii(D Ig, (=-Oupiizuy;, (3.130) 
dui 1Z0 j=0 kj 
dé 

LWPU 9 i,k —| du dug Vo; 
~ fe | Fg ortata opin] art Bink   

Di dp 00 

2ng -1 ou 12 Mr Pilg | Ug gt 
Voi Dig) +ug—~—Pizpt pix [D1]. 

Li 2% J e kj 08 Pi, ap “du; il 

de 

  + 

  

ong I ~_ VOi,k 
a> _Pij[D Ig) =— aipu,— (3.131) 

J=O0 k,j bi 

— du, _ 2ng-1 

—iopv, in +p on ZV pik + Pe » v2 j[D te] =—o| iim, ie + Pix |(3.132) 
j=0 J 
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E, _ 

vi +V250% RK, ToT | O% Eg T 
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° | T a o} 

2ng-1 _2ng-1 

+M?iig > Pij[D Io) uel x pi j[D Id), . 
j=0 kJ jJ=0 kj 

=— a| iM? itp; p - ia.T pi. | (3.133) 

where all the basic flow parameters are evaluated at node i, k. The above discretized 

form of the disturbance equation and its boundary condition can also been written in a 

matrix form: 

A(@)u = &B(@)u (3.134) 

where 
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P0,0 

Pny-1,n9-1 

Vn 0,0 

Vun,-1,n9-1 

Ve0,0 

u= ot (3.135) 

V6 n,-1,n9-1 

vz 0,0 

Vz n,--1,ng—1 

Po,0 

Pn,-1,n9-1 
. J     

which is an algebraic eigenvalue problem. Here A and B are matrices; u is a column 

vector consisting of eigenfunctions. 

It is necessary to include a small external basic streamwise velocity to make B 

non-singular. This will introduce some spurious modes. But the physical modes will not 

be affected. If we choose an initial guess s and solve this eigenvalue problem, it is easy 

to prove that the result is the same as the largest eigenvalue and the associated 

eigenfunctions of the following eigenvalue problem: 

(BA —sI)‘u=o'u (3.136) 

where 
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oas¢ (3.137) 
a 

The solution of this algebraic eigenvalue problem is obtained with power method. That 

is: 

u;,,=(B? -sI)'u,; (3.138) 

In the actual computation, a LU decomposition was carried out for matrix A — sB, so that 

A-sB=LU (3.139) 

then a iteration was made such that 

LUu; +1 Bu; (3.140) 

fori =0, 1, 2 --- until convergence is reached. 

After the eigenfunction u is obtained, the eigenvalue can be computed using 

T uj, , Au; 
= Ht (3.141) 

uj, 1Buj44 

For an elliptical jet of a specified aspect ratio, the solution is first carried out for an aspect 

ratio slightly larger than 1. This enables the eigenvalue of the corresponding circular jet 

to be used as the initial guess of the elliptical jet. Then the aspect ratio is increased a 

small amount and the eigenvalue from previous solution is used as the new initial guess. 
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This process needs to be repeated until the required aspect ratio is reached. 

3.5 Basic Flow 

The task of linear stability analysis is to find the behavior of the disturbances to the 

basic steady flow. So, the specification of the basic flow is required before the linear 

stability analysis can be carried out. 

For the basic streamwise velocity, we used Michalke’s second velocity profile as 

we did for the circular jet. But instead of using the circular radial coordinate, the basic 

Steady streamwise velocity is assumed to be a function of the generalized radial 

= 1} i_ u, -05} 1 +h] 40, | 7 |] (3.142) 

where 8, is the momentum thickness in p, and in contrast with Equation 2.47 the non- 

coordinate. That is: 

dimensionalized equivalent jet radius which is unity has been explicitly assumed. 

The basic azimuthal velocity at 8 = 0 is assumed to be 
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Ug = l-e? 3.143 6 np? ( ) 

where ® is a parameter which controls the amount of the swirl. The azimuthal variation 

of the basic azimuthal velocity can be obtained from the continuity equation of the basic 

flow: 

Opiig 

08 

  

+ (Tip +Tiop de =0 (3.144) 

If the swirl is small, then the variations of the pressure in the radial and azimuthal 

direction is also small. In this case, the basic pressure can be assumed to be constant. In 

this work, the maximum basic azimuthal velocity is assumed to be 6% of the maximum 

basic streamwise velocity. 

The basic mass fraction of the fuel is also assumed to follow a hyperbolic tangent 

profile: 

  

1 1 
=(. —— —~n— 14 Yr =0 5) 1st 48, | n+8 p |} (3.145) 

The basic mass fraction of the oxidizer is assumed to follow: 
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0 (psd) 
Yo= (3.146) 

1 1 
05{ 1-ranh| | 15 -n45)]} (n >d) 

where dy represents the width the mass fractions of the fuel and oxidizer spread; 8 

represents amount of the deviation of the mass fractions from the location of the shear 

layer. The mass fraction of the product is determined by the requirement that the sum of 

the mass fractions of all the chemical species is unity. Figure 3.7 shows the distributions 

of mass fractions of the fuel and oxidizer. 

The basic temperature is assumed to be proportional to the mass fraction of the 

product: 

T =T nocomb + C:(1—-Yr -Yo) (3.147) 

where T nocomb represent the temperature in the shear layer according to the Crocco- 

Busemann relationship; C; is a constant determined in such a way that the maximum 

basic temperature at the center of the shear layer is a certain fraction higher than that at 

the jet center line. That is: 

k- 
  

T nocomb = T+ (1- T" )u,(z) + wi) 1- z.)| (3.148) 
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T == (3.149) 

0.1 
C, = Zo (3.150) 

max( ] ~Yr-Yo ) 

  

  

  

  

  

  

  

aT _ OT nocomb oY F oYo ons an -c an + on (3.151) 

1} ot, 
OY p 48y | (u+8) 
a 5 , ; (3.152) 

2} 1 ye cosh ly y | 

. ty ot 
43y| (m-—8)* 
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Assuming that the variation of the basic pressure due to the swirl is small, the basic 

density can be determined using: 
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3.6 Vorticity Field 

The vorticity eigenfunction can be obtained from the velocity eigenfunctions. First 

the velocity eigenfunctions in the Cartesian coordinate system u,, uy and u, can be 

obtained from 

iy = My SE tos (3.155) 

Uy = Uys tose (3.156) 

u, =U, (3.157) 

The partial derivatives of these velocity eigenfunctions in the generalized cylindrical 

coordinate system are: 
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The partial derivative of these velocity eigenfunctions with respect to the Cartesian 

coordinates are: 
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Since 

x =x(u,9) 
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y = y(p,8) (3.169) 

The derivatives of the generalized cylindrical coordinate p and @ with respect to the 

Cartesian coordinates x and y can be determined from solving the following equations: 

- Soe 3.170) 

o= nee (3.171) 

o= 2h, AO (3.172) 

i- eo 1 oS (3.173) 

The partial derivatives of the velocity eigenfunctions with respect to the streamwise 

coordinate can be determined from the normal mode assumption, that is, 

Ou, 

Oz 
  = 10, (3.174) 

— =ian, (3.175) 

— =iou, (3.176) 

Finally, the vorticity eigenfunctions can be determined as 
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3.7 Validation of Code 

First let us compare the dispersion relationship of a circular jet from the elliptical 

code and the circular jet code which was described in Chapter 2. Table 3.1 shows this 

comparison for the m = 0 mode of the incompressible circular jet with a normalized (with 

the jet radius) momentum thickness 6,;,=0.1. The m=O mode corresponds to the 

fundamental 1 mode of the elliptical jet when the aspect ratio is unity. From Table 3.1 

we see that the growth rates and the phase speeds of the circular jet from the two codes 

are in agreement up to the third decimal place. 

The comparison of the pressure eigenfunctions which are obtained from the two 

codes are given in Figure 3.8. Excellent agreement is obtained. 

Now the m = 1 mode will be considered. The growth rate and phase speed of the 
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m =1 mode of the circular jet (again with momentum thickness 9,;, = 0.1) is given in 

Table 3.2. Similar to the m =0 mode, the growth rates and phase speeds agree up to the 

third third decimal place. 

As a final verification of the current results, a comparison of the dispersion 

relationship with the Koshigoe’s results for an AR = 2 elliptical jet with uniform and very 

thin momentum thickness. The growth rate and phase speed obtained from Koshigoe’s 

figure appear as symbols on the dispersion relationship curves in Figure 3.9. In general, 

the agreement is good. The small differences in the growth rate is thought to be caused 

by the difference in the form of velocity profile. 

In this work, 30 points were used in the radial direction; 10 points were used in the 

upper half plane of the cross section of the jet. To verify that the calculations were 

sufficiently resolved, the number of points in both the radial and azimuthal directions 

were increased. The results are shown in Tables 3.3 and 3.4. From these results we see 

little effect from increasing the number of points. This verifies the original choice of 

radial and azimuthal spacing. 
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Chapter 4. Results 

4.1 Introduction 

The procedure described in Chapter 3 has been used to study the behavior of 

elliptical jets. In this chapter, the momentum thickness is denoted by 8. By the context it 

will be clear when 9 refers to the momentum thickness and when it refers to the 

azimuthal coordinate. 

As will be demonstrated shortly, it is important to compare jets of different aspect 

ratios on a consistent basis. In this chapter this will be taken to be as follows: 

1. All jets will have equal flow area (see Section 3.2); 

2. All jets will have equal centerline Mach number; 

3. All jets will have equal momentum area (see Section 3.2) and an 

equivalent circular momentum thickness of 0.0707 (R/@ = 14.14); 

4. All jets will have equal disturbance kinetic energy at the nozzle 

exit as explained in the following 

With linear stability analysis, we can obtain the dispersion relationship and the 

eigenfunction which represent the level of the disturbance. It will be necessary, however, 

to independently specify the level of the disturbance in comparison with the basic flow. 

Since the solution of stability problem can only be obtained up to an arbitrary 

multiplicative constant, the product of any constant and the eigenfunction is also an 
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eigenfunction of the stability problem. In this work, the maximum magnitude of the 

streamwise velocity disturbance of the circular jet at the nozzle exit is set to be 2% of the 

center line basic streamwise velocity and the multiplicative constant for any aspect ratio 

jet will be adjusted in that the disturbance kinetic energy (DKE) 

DKE =0.5(Juz |? + Jui 1? + [uz 17) 

is constant, 

4.2 Equal Momentum Thickness vs. Equal Momentum Area Comparison 

Figure 4.1 shows the comparison of growth rates of jets of different aspect ratios 

on the basis of equal uniform momentum thickness. The horizontal axis represent the 

cir 

U,(0) 
  scaled non-dimensional frequency Here, 6,;, is the momentum thickness of the 

corresponding circular jet. The vertical axis is the scaled nondimensional growth rate 

—0;9,;;. We can see that if the minimum momentum thickness is kept the same while the 

aspect ratio is increased from 1 to 2, the growth rate decreases. When the aspect ratio is 

further increased to 3, the growth rate returns to about the same level of the circular jet. 

However, if the momentum area is kept the same, the results will be different. Figure 4.2 

shows the comparison of growth rates of the circular and elliptical jets on the basis of 

equal momentum area. In contrast to the case with a equal momentum thickness, when 

the aspect ratio is increased from 1 to 2, the growth rate remains at about the same level. 

When the aspect ratio is further increased to 3, the growth rate increases significantly. 
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This shows that different results can be obtained using different methods of comparison. 

In the following, the results of the stability analysis will be presented on the basis of 

equal momentum area. 

4.3 Influence of Aspect Ratio 

The influence of the aspect ratio on the growth rate can be seen in Figure 4.2. In 

addition to the observation discussed in the last section that increasing the aspect ratio 

increases the growth rate, we find that the most amplified frequency, which is defined as 

the frequency at which the growth rate is at a maximum, is almost the same regardless of 

the value of the aspect ratio. The growth rates in the lower frequency region are less 

affected by the aspect ratio than the growth rates in the higher frequency region. 

Figure 4.3 shows the scaled phase speeds c,,/U,(0) as a function of the scaled 

frequency for the three cases in Figure 4.1. When the aspect ratio is increased from 1 to 

2, the phase speed becomes slightly lower at the most amplified frequency. In the lower 

frequency region, the decrease in the phase speed is much more significant than that in 

the higher frequency region. This results in a less dispersive propagation of the 

disturbances for the elliptical jet. Less dispersive propagation of disturbances means that 

the disturbances of higher or lower frequencies travel at about more or less the same 

speed. 
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The growth rate and phase speed constitute the dispersion relationship of the 

stability problem, however, the distribution of disturbance in the flow field depends on 

the eigenfunction. Of particular interest is the velocity eigenfunction which is defined as 

the square root of the sum of the squares of the real and imaginary parts of the 

eigenfunctions of the individual velocity components. 

In Figures 4.4 - 4.6, the distributions of the velocity eigenfunctions of the jets of 

equal momentum area are plotted. For the circular jet, it is apparent that the velocity 

eigenfunction is azimuthally uniform. For the elliptical jets, the velocity eigenfunctions 

are azimuthally non-uniform with the degree of non-uniformity increasing with aspect 

ratio. The maximum velocity eigenfunction occurs on the minor axis and the minimum 

velocity eigenfunction occurs on the major axis. 

Because the eigenfunctions of the circular jet is azimuthally uniform, the 

development of vortical structures of the circular jet is also azimuthally uniform. This is 

shown in Figure 4.7 in which the surface of constant vorticity is plotted. In contrast, 

Figure 4.8 shows the surface of the constant vorticity of AR =2 elliptical jet. The 

development of the vortical structures are clearly azimuthally non-uniform. They appear 

earlier on the minor axis than on the major axis. The reason is that the velocity 

eigenfunction is largest on the minor axis. This causes the disturbance to grow more 

rapidly in the minor axis region. 
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The non-uniform development of the vortical structures shown in Figure 4.8 is 

called out-of-plane motion. This can be easily seen by examining the streakline pattern. 

Figures 4.9 and 4.10 show the streaklines of an incompressible jet of aspect ratio of 2 in 

the major and minor axis planes, respectively. In these figures we see that the structures 

form first on the minor axis and thus the structures on the major axis appear to lead those 

on the minor axis. It is worth remarking that rollup is clearly seen in the linear stability 

analysis results even though rollup is recognized to be a non-linear phenomena. 

This out-of-plane motion of the vortical structures has also been observed 

experimentally by Hussain and Husain [1989] and explained by the self induction of the 

vortex ring. 

4.4 Influence of Momentum Thickness Distribution 

In the last section, the influence of aspect ratio on jets with uniform momentum 

thickness was examined. In this section, the influence of different momentum thickness 

distribution around jet periphery on the stability properties of the AR =2 elliptical jet 

will now be described. 

Figure 4.11 shows the comparison of the growth rate of AR = 2 elliptical jets with 

three different momentum thickness distributions, ie., 0,/0, = 1.0, 0.8, and 1.2. For 
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8,/0, = 0.8, which represent the case in which the momentum thickness is smaller on the 

minor axis than on the major axis, the growth rate is larger than those of the uniform 

momentum thickness for which 0,/6,=1.0. However, if the minimum momentum 

thickness occurs on the major axis for which 0,/0, = 1.2, the growth rate becomes lower 

than the one with uniform momentum thickness. Just as the influence of the aspect ratio, 

the greatest effect of varying the momentum thickness distributions on the growth rate is 

in the higher frequency region. 

Figure 4.12 shows the influence of different momentum thickness distribution on 

the phase speed of the AR =2 elliptical jet. Contrary to the response of growth rate to 

the variation of the momentum thickness distribution, the phase speed is the same above 

the most amplified frequency. Since the difference in phase speeds in the lower and 

higher frequency regions is much larger for the elliptical jet with a minimum momentum 

thickness on the minor axis, disturbance of the elliptical jet with a minimum momentum 

thickness on the minor axis is much more dispersive than the ones with uniform or 

minimum momentum thickness on the major axis. 

The velocity eigenfunction of the elliptical jet with a minimum momentum 

thickness on the minor axis is plotted in Figure 4.13. Compared to Figure 4.5 in which 

the velocity eigenfunction of the elliptical jet with a uniform momentum thickness is 

plotted, the eigenfunction of the elliptical jet with a minimum momentum thickness on 
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the minor axis is more concentrated in the minor axis region and more azimuthally non- 

uniform. This is expected because the gradient of the basic streamwise velocity is larger 

on the minor axis than on the major axis and the disturbances are easier to grow in the 

minor axis region than in the major axis region. 

With a minimum momentum thickness on the major axis, the gradient of the basic 

streamwise velocity is larger on the major axis, so the velocity eigenfunction should be 

larger there. However, this is not seen in Figure 4.14. This is because the momentum 

thickness on the major axis has not been reduced enough to shift the location of the 

maximum velocity eigenfunction to the major axis. From the stability analysis of the 

circular jet [Michalke, 1984], the larger the value of R/@ is, the more unstable the flow is. 

For the elliptical jet, R can be regarded as the local radius of curvature and is greatest on 

the minor axis. If the momentum thickness is uniform, R/@ is largest on the minor axis. 

To completely move the location of the maximum velocity eigenfunction from the minor 

axis to the major axis, the momentum thickness on the major axis must be sufficiently 

small. This is not the case here and in Figure 4.14, the magnitude of the velocity 

eigenfunction looks more azimuthally uniform than the cases with uniform momentum 

thickness and minimum momentum thickness on the minor axis. 

In Figures 4.15 and 4.16 surfaces of constant vorticity for the cases with a 

minimum momentum thickness on the minor and major axes. Note that despite the fact 
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that the momentum thickness is smaller on the major axis for the case shown in Figure 

4.16, the value of the eigenfunction on the minor axis is large enough to cause the 

structures to appear first on the minor axis as in the case with a minimum momentum 

thickness on the minor axis shown in Figure 4.15. 

4.5 Behavior of First Azimuthal Modes 

In Figure 4.17, the growth rates of the sine and cosine modes of an elliptical jet 

with uniform momentum thickness are compared with that of the m=1 mode of a 

corresponding circular jet. Immediately we can see that the most amplified frequency of 

the sine mode is smaller than that of the cosine mode of the elliptical jet. However, the 

most amplified frequency of the sine mode is almost the same as that of the m = 1 mode 

of the corresponding circular jet. The growth rate of the sine mode is always greater than 

that of the m =1 mode of the circular jet. For the elliptical jet, the sine mode has a 

greater growth rate than that of the cosine mode, particularly in the most amplified 

frequency region and low frequency region. But this difference in growth rate becomes 

w8 

U,(0) 
  smaller in the higher frequency region. Above = 0.2, the difference in the growth 

rates of the sine and cosine modes is negligible. In addition, we can note that the growth 

rate of the circular jet lies between the those of the sine and cosine modes below the most 

amplified frequency of the circular jet. In the higher frequency region, the circular jet has 

a smaller growth rate than both of the sine and cosine modes. 
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Figure 4.18 shows the comparison of the phase speeds of the sine and cosine 

modes of the AR =2 elliptical jet with that of the m= 1 mode of the circular jet. From 

this figure we can see that the phase speed of the sine mode is smaller than that of the 

cosine mode of the elliptical jet. The phase speeds of the m = 1 mode of the circular jet 

lies between those of sine and cosine modes of the elliptical jet. Figures 4.19 and 4.20 

show the distributions of the velocity eigenfunctions of the sine and cosine modes of the 

elliptical jet. For the sine mode, the velocity eigenfunction has a maximum value on the 

minor axis and a very small value on the major axis. For the cosine mode, the maximum 

value of the velocity eigenfunction occurs on the major axis. The eigenfunction of the 

cosine mode is very small on the minor axis. Because the phase speed of the sine mode 

is smaller than that of the cosine mode and the velocity eigenfunction of the sine mode is 

concentrated in the minor axis region, the disturbances on the minor axis travel more 

slowly than those on the major axis. 

Figures 4.21 and 4.22 show the surfaces of constant vorticity of the sine and cosine 

mode of the AR = 2 elliptical jet. Since the eigenfunction of the sine mode is symmetrical 

about the minor axis, its surface of constant vorticity is symmetrical about the minor axis. 

Similarly, the surface of constant vorticity of the cosine mode is symmetrical about the 

major axis. 
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4.6 Influence of Swirl 

The influence of swirl on the growth rate and phase speed of the fundamental 72 

mode is shown in Figures 4.23 and 4.24. Two levels of swirl were considered: no swirl 

and 6% swirl. Here the 6% swirl means that the maximum basic azimuthal velocity is 

6% that of the basic streamwise velocity. From Figure 4.23 we can see that the swirl 

decreased the growth rate of the fundamental 2 mode of the elliptical jet in the most 

amplified frequency region and the lower frequency region; In the higher frequency 

region, the swirl increases the growth rate by a small amount. However, we can note that 

the overall variation of the growth rate as a result of the introduction of swirl is small. 

This is similar to the results of Khorrami’s investigation [1991] of the swirling circular 

jet. From Figure 4.24 we can see that the swirl increases the phase speed of the 

fundamental 1 mode by a small amount over the entire frequency range. 

In Figure 4.25, the velocity eigenfunction of the swirling elliptical jet is plotted. 

Because of the presence of the swirl, the velocity eigenfunction is no longer symmetrical 

about the major or minor axis. One can easily imagine why some symmetries are lost if 

there is a swirling basic flow in the elliptical jet. Suppose the swirl is in the counter- 

clockwise direction, then the swirling direction in the first quadrant is toward the minor 

axis, the swirling direction in the second quadrant is toward the major axis. Thus the flow 

properties in the first and second quadrants must be different. However, since the 

swirling direction of the third quadrant is toward the minor axis which is the same as that 
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of the first quadrant, the symmetry property about the coordinate origin still exists. 

Figure 4.26 shows the surface of constant vorticity of the AR =2 elliptical jet with 

6% swirl. The asymmetry shown in this surface is a result of both the swirling basic flow 

and the asymmetrical eigenfunctions. 

Overall, the influence of swirl on the dispersion relationship of the fundamental 7 

mode is small. However, the swirl increases the asymmetry of the flow. This causes the 

structures of the flow to be more complicated. 

For the first azimuthal modes of jets with a swirl, the stability properties are 

direction dependent. For the circular jet, the mode in which the disturbance travels in the 

same direction of the swirl is called the positive (+) mode, while the mode in which the 

disturbance travels in the opposite direction of the swirl is called the negative (-) mode. 

For the elliptical jet, the same convention is used. In Figure 4.27, the comparison of the 

growth rates of the positive and negative modes of the elliptical jet with 6% swirl with 

those of the circular jet with 6% swirl is made. The most amplified frequency of the 

negative mode of the elliptical jet is almost the same as those of the two first azimuthal 

mode of the swirling circular jet. The most amplified frequency of the positive mode of 

the elliptical jet is larger than the three modes discussed above. 
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Similar to the case of the circular jet, the negative mode of the elliptical jet has a 

greater growth rate than the positive mode. This is also believed to be a result of the fact 

the disturbance of the negative mode is traveling in the opposite direction of the swirl. In 

the low frequency region, the difference in the growth rates of the the positive and 

negative mode is larger for the elliptical jet. In addition, the growth rate of the negative 

mode of the elliptical jet is larger than both the two first azimuthal modes of the circular 

jet; the growth rate of the positive mode of the elliptical jet is smaller than both the two 

first azimuthal modes of the circular jet in the low frequency region; In the higher 

frequency region, the difference in the growth rate of both the positive and negative 

modes of the elliptical jet is smaller, and the growth rates are higher than those of the 

circular jet. Therefore, if only the first azimuthal modes were present in the elliptical jet, 

the large scale structures would be dominated by the negative mode. The smaller 

structures will be formed because both the positive and negative mode of the elliptical jet 

have closer growth rate in the high frequency region. 

Figure 4.28 shows the phase speeds of the positive and negative modes of the 

AR = 2 elliptical jet in comparison with those of the corresponding modes of the circular 

jet. Just as in the case of the circular jet, the phase speed of the positive mode of the 

elliptical jet is larger than that of the negative mode. Moreover, the difference in the 

phase speed of the positive and negative modes is larger for the elliptical jet than for the 

circular jet. 
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The velocity eigenfunction of the positive first azimuthal mode of the elliptical jet 

is Shown in Figure 4.29. It is apparent that the distribution of the velocity eigenfunction 

is asymmetrical. The velocity eigenfunction of the negative first azimuthal mode is 

shown in Figure 4.30. We can notice from these Figures 4.29 and 4.30 that the 

distributions of the positive and negative first azimuthal modes resemble those of the 

cosine and sine modes of the elliptical jet with no swirl. 

In the above discussion, we have claimed that one of the first azimuthal mode of 

the swirling elliptical jet is the positive mode and the other is the negative mode. In 

reality, it is very difficult to determine if a certain mode is the positive mode or the 

negative mode by just looking at the distribution of the eigenfunction. The method that 

the author used in determining in which direction the disturbance travels is to find the 

coefficients of the trigonometric expansion of the eigenfunction in the azimuthal 

direction and compare the relative size of these coefficients. Table 4.1 contain the 

coefficients of this trigonometric expansion of the streamwise velocity eigenfunction for 

the positive mode. It can be seen in this table that the coefficient of the e* term is larger 

than the coefficient of the the e~ term. Thus this mode should be the positive mode. 

The negative mode can be similarly determined by examining the coefficients listed in 

Table 4.2. 

Figures 4.31 and 4.32 show the surfaces of constant vorticity of the positive and 
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negative first azimuthal modes of the elliptical jet with 6% swirl. From these figures we 

also see that the surfaces of constant vorticity of the positive and negative first azimuthal 

modes resemble those of the cosine and sine modes of the elliptical jet without swirl 

except that the structures are shifted in the direction of the swirl. 

4.7 Influence of Heat Release 

The influence of the heat release on the growth rate of the fundamental 2 mode of 

the AR = 2 elliptical jet is shown in Figure 4.33. When the heat release Q is increased, 

the growth rate decreases in the high frequency region. Here Qg = 2 and 10 correspond 

to the amounts of heat release which cause the maximum basic temperature to increase 

by 20% and 100%, respectively. The growth rate in the lower frequency region is not 

influenced by the heat release. Since the growth rate is smaller when the heat release is 

higher, it has a stabilizing effect on the elliptical jet flow. The phase speeds of the 

fundamental x mode of the elliptical jets with different levels of heat release are shown 

in Figure 4.34. Contrary to the growth rate, the phase speed of the elliptical jet is not 

sensitive to the different amount of the heat release in the high frequency region. In the 

low frequency region, however, the phase speed becomes smaller as the heat release 

becomes higher. Since the difference between the phase speeds in the low frequency and 

high frequency regions is smaller for the elliptical jet with higher heat release than for the 

elliptical jet with lower or no heat release, the heat release makes the jet flow less 

dispersive. 
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Even though the dispersion relationship of the fundamental m mode is influenced 

by the heat release, the eigenfunctions are not changed much by the introduction of heat 

release. This conclusion can be obtained by comparing the Figure 4.35, in which the 

velocity eigenfunction of the fundamental mz mode of the elliptical jet with heat release is 

plotted, with the Figure 4.5. This means that the flow structures induced by the 

fundamental m mode of elliptical jets are the same regardless of the level of the heat 

release present in the flow. 

By comparing Figure 4.36 which shows the surface of constant vorticity of the 

elliptical jet with heat release with Figure 4.8 which shows the surface of constant 

vorticity of the elliptical jet without heat release, we find that the presence of the heat 

release delays the development of the vortical structures of the flow. This delay is a result 

of the smaller growth rate of the elliptical jet with heat release. 

The influence of the non-dimensional activation energy 6B = E,/R,T max on the 

growth rate and phase speed of the fundamental 2 mode is shown in Figures 4.37 and 

4.38. The activation energy is the energy barrier which the molecules of the reactants 

must surpass in order to form the product. From Figure 4.37 we can see that when f is 

lower, the growth rate is also lower. The reason is that lower activation energy means 

that the chemical reaction and therefore the energy release is facilitated. Similar to the 

energy release, the activation energy only influences the growth rate in the high 
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frequency region. From Figure 4.38 we can see that the activation energy does not 

influence the phase speed of the fundamental m mode. 

The influence of the Damkohler number D, on the growth rate and phase speed of 

the fundamental m mode is shown in Figures 4.39 and 4.40. The Damkohler number is a 

measure of the relative rate of the chemical process in the flow with respect to the 

convective process. The larger the Damkohler number is, the faster the chemical reaction 

occurs. For the fundamental nm mode of the elliptical jet, increasing the Damkohler 

number increases the growth rate by a small amount in the high frequency region. The 

influence of the Damkohler number on the growth rate in the low frequency region is 

negligible. However, for the circular jet with a heat release, Shin and Ferziger [1991] 

found that the Damkohler number has little effect on the growth rate and phase speed. 

Just as in the case of a circular jet, the Damkohler number has negligible effect on the 

phase speed of the fundamental n mode of the AR = 2 elliptical jet. 

The above discussion of the influence of the heat release on the stability properties 

of the jet flow is for the fundamental a mode. The influence of this parameter on the 

stability properties of the sine and cosine modes is the same as on the fundamental x 

mode. That is, increasing the heat release decreases the growth rate in the high frequency 

region and decreases the phase speeds in the low frequency region; decreasing the 

activation energy decreases the growth rate in the high frequency region and decreases 
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the phase speed in the low frequency region; and increasing the Damkohler number 

increases the growth rate in the high frequency region by a small amount. We obtained 

these results from Figures 4.41 - 4.52. 

4.8 Mode Competition 

It has been shown in experiments [Austin and Ho, 1992] that elliptical jets have 

finer structures than circular jets. Linear stability analysis provides an explanation for this 

behavior. For the circular jet, the m =0 and m =1 modes have different growth rates as 

we can see in Figure 4.53. For the elliptical jet of uniform momentum thickness, 

however, Figure 4.54 shows that the fundamental 1 mode and the sine mode have about 

the same growth rates and most amplified frequencies. Moreover, comparing Figures 

4.18 and 4.3, it can be seen that the phase speeds of the fundamental m and sine modes 

are different. Thus according to Koshigoe’s criteria [1988] linear stability analysis 

suggests that the large scale structures will be finer in an elliptical jet thus supports 

Austin and Ho’s experimental observations. 

It has been found, however, that these results are largely dependent upon the 

thickness of the shear layer. Calculations similar to those described above were repeated 

for a shear layer of approximately twice the current thickness. It was found in this case 

that the growth rate of the first azimuthal mode was much greater than the growth rate of 
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the fundamental 2 mode. This suggests that the mode competition would decrease. 

4.9 Insights into Entrainment Process 

Entrainment can be defined as the increase in the effective width of a jet as a result 

of the engulfment of the surrounding fluid by the large scale structures in the jet. 

Figure 4.55 shows the entrainment measurements of Ho and Gutmark [1987] for 

the circular and elliptical jets. The ordinate is the ratio of the difference between the mass 

flow rates at a specified streamwise location and the nozzle exit to the the mass flow rate 

at the nozzle exit. From this figure we can see that the elliptical jet has a much larger 

entrainment than the circular jet. And this lager entrainment of the elliptical jet is largely 

due to the much larger entrainment in the minor axis region, 

With linear stability analysis, however, it is impossible to predict the entrainment. 

The reason is the temporal periodicity implied by the normal mode assumption. Since it 

is impossible to calculate the amount of entrainment, we have computed several 

quantities which we believe are suggestive of entrainment; namely, the total, cross-plane, 

streamwise component of vorticity, and what we call the vorticity containing area. 

We calculated the vorticity containing area by counting the number of cells on 
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which the time-averaged vorticity magnitude is larger than a minimum threshold value. 

This counting process is carried out in a uniform Cartesian coordinate system in which 

the real flow was constructed using linear stability results. The threshold value was set to 

be 10% of the maximum basic vorticity in the shear layer. From Figure 4.56 we can see 

that the vorticity-containing area is larger for the elliptical jet than for the circular jet. 

Moreover, we can see that it is larger in the minor axis region than in the major axis 

region. Since the entrainment is a measure of the global interaction of a jet with its 

surroundings and the vorticity is a measure of the local interaction of the fluid particles 

with their surroundings, the larger vorticity-containing region means that the local 

interaction of fluid particles extends to a larger area and suggests a larger entrainment of 

the jet. 

Figure 4.57 shows the streamwise growth of the integral of the total vorticity of the 

elliptical and circular jets. The total vorticity used here is defined as the sum of the basic 

steady vorticity and the disturbance vorticity. It is clear that the vorticity level of the 

elliptical is larger than that of the circular jet. This also suggests the larger entrainment 

of elliptical jet because the vorticity level is a measure of the intensity of the local 

interaction of the fluid particles and larger intensity of the interaction of the fluid 

particles means larger entrainment. 

To examine the vorticity in detail, the vorticity can be split into two parts, 1.e., the 
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cross-plane vorticity and the streamwise vorticity. Figures 4.58 shows the streamwise 

growth of the cross-plane vorticity of the circular and elliptical jets. We can see that the 

cross-plane vorticity is larger than that of the circular jet. 

Figure 4.59 shows the streamwise growth of the streamwise vorticity of the 

circular and elliptical jets. It is very clear that the streamwise vorticity of the circular jet 

is zero. This is because the eigenfunction of the circular jet is azimuthally uniform. This 

uniformity of the circular jet produces zero streamwise vorticity. However, the elliptical 

jet has a strong inherent non-uniformity which produces a non-zero cross-plane 

disturbance velocity. The non-zero cross-plane velocity causes the streamwise vorticity 

to appear for the elliptical jet. 

The sign of the streamwise vorticity present in an elliptical jet can be explained by 

examining the way in which vortex roll-up occurs. Recall that roll-up occurs first on the 

minor axis and thus when completed the elliptial vortex ring has an out-of-plane shape in 

which the major axis "leads" the minor axis. This “bending” of the vortex ring produces a 

negative streamwise component of the originally azimuthal vorticity in the first quadrant 

and a positive streamwise component of the vorticity in the second quadrant. This is 

exactly what is shown in Figure 4.60 which shows the distribution of the streamwise 

vorticity at about two diameters downstream from the nozzle exit. In Figure 4.60, the 

flow is flowing out of the paper. We can see that the streamwise vorticities in the first 
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and second quadrants are in the negative and positive streamwise direction, This is 

expected to push high velocity fluid out of the minor axis region and cause the outside 

fluid to move along with the jet, thus producing a higher level of entrainment on the 

minor axis than on the major axis. This is the mechanism which is responsible for axis 

switching in an elliptical jet. Axis switching was observed in many experiments and was 

thought to be the cause of the higher entrainment of the elliptical jet. But according to the 

above discussion, it is a result of higher entrainment on the minor axis. 

Figure 4.61 shows a surface of the constant streamwise vorticity magnitude of the 

elliptical jet. This surface also shows that the streamwise vorticity is zero on the major 

and minor axes and concentrated between the major and minor axes. 

4.10 Suggestions for Enhancing Entrainment of Elliptical Jets 

From the results of the last section, it clear that larger entrainment is associated 

with larger vorticity. But we believe that the entrainment of the elliptical jet can only be 

effectively enhanced by increasing the level of the streamwise vorticity. This is because 

the streamwise vorticity contributes to the non-uniform development of the vortical 

structures which the cross-plane vorticity does not. According to the previous 

discussions, the higher streamwise vorticity can be obtained by enhancing the non- 

uniformity and asymmetry of the eigenfunctions of the flow. And these non-uniformity 
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and asymmetry can be increased by increasing the aspect ratio, thinning the momentum 

thickness on the minor axis, and adding swirl. Since heat release has a stabilizing effect 

on the jet, it is advantageous to delay the occurrence of combustion until the fuel and the 

oxidizer are sufficiently mixed. 
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Chapter 5. Summary 

Linear stability analysis has been used to study the stability properties of circular 

and elliptical jets. For the circular jet, the shooting method developed by Michalke was 

extended to account for the presence of the swirl. For the elliptical jet, a method was 

developed which combines the best features and capabilities of previous investigations 

and takes into account of the influence of aspect ratio, momentum thickness distribution, 

swirl and heat release. The calculations reveals that thinning the momentum thickness 

on the minor axis concentrates the velocity eigenfunction distribution in the minor axis 

region and has a greater effect on the stability properties than thinning the momentum 

thickness on the major axis. Two first azimuthal mode were found for the 2m mode. The 

sine mode has a larger growth rate, a maximum velocity eigenfunction on the minor axis, 

and a smaller phase speed, while the cosine mode has a smaller growth rate, a maximum 

velocity eigenfunction on the major axis, and a larger phase speed. Swirl has little effect 

on the dispersion relationship of the fundamental n mode of elliptical jets. However, the 

eigenfunctions are no longer symmetrical about the major and minor axis of the jet 

because of the presence of the swirl. For the first azimuthal mode, the swirl causes the 

negative mode to have a larger growth rate than the positive mode. The difference in 

phase speed of the first azimuthal modes of the swirling elliptical is larger than that of the 

swirling circular jet. The eigenfunctions of the first azimuthal modes of the elliptical jet 

with a swirl is asymmetrical. It was found that the heat release has a stabilizing effect on 
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the jet flow. Decreasing the activation energy causes the flow to be more stable in the 

high frequency region. Increasing the Damkohler number increases the growth rate by a 

small amount in the high frequency region. The eigenfunction distribution of the 

elliptical jet with a heat release is almost identical to that of the elliptical jet without heat 

release. Thus the flow structures are expected to be qualitatively the same whether or not 

there exists a heat release in the flow. It was also found that the linear stability analysis 

provides an insight of why the elliptical jet has a larger entrainment than the circular jet. 

Specifically, the vorticity-containing region and the vorticity level (in particular the 

streamwise vorticity) is larger in an elliptical jet than in a circular jet. To enhance the 

entrainment of the elliptical jet, it is necessary to increase the streamwise component of 

vorticity which in turn enhances the non-uniform development of the vortical structures 

in the flow. The non-uniform development of the vortical structures can be enhanced by 

increasing the non-uniformity and asymmetry of the velocity eigenfunction by increasing 

the aspect ratio, non-uniformly distributing the momentum thickness, and adding swirl. 

The stabilizing effect of heat release can be reduced by delaying the occurrence of 

combustion. 
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Table 3.1. The comparison of the elliptical jet code with 

the circular jet code. 
AR = 1, m=0, 8=0.1, M =0 

  

  

  

  

  

  

~ a; Coh 

) 

Circular Jet Elliptical Jet Circular Jet Elliptical Jet 

Code Code Code Code 

0.6 0.218294 0.217623 0.958427 0.959271 

1.0 0.599945 0.597471 0.864588 0.865539 

1.4 0.906868 0.904315 0.653268 0.655063 

1.8 0.762780 0.760541 0.587832 0.588617                     
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AR =1,m=1, 8=0.1, M=0 

Table 3.2. The comparison of the elliptical jet code with 

the circular jet code. 

  

ph 

  

  

  

  

        

Circular Jet Elliptical Jet Circular Jet Elliptical Jet 

Code Code Code Code 

0.454302 0.453059 0.696882 0.697764 

0.683225 0.681218 0.648609 0.649666 

0.773053 0.771640 0.595955 0.597140 

0.663886 0.659630 0.572907 0.572748           
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Table 3.3. The influence of the number of grid points. 

AR =2, ® = 1.8, fundamental m mode, M =0 

  

  

  

  

          

-O; Con 

n, = 30, ng = 10 1.42346 0.568095 

n, = 46, ny = 10 1.42419 0.568103 

n, = 30, ng = 16 1.42352 0.568103       
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Table 3.4. The influence of the number of grid points. 

AR = 2, w= 1.8, sine mode, M =0 

    

  

  

  

  

-CL; Con 

n. = 30, ng = 10 1.41893 0.553429 

n, = 46, ng = 10 1.42050 0.553546 

n, = 30, ng = 16 1.41893 0.553430               
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Table 3.5. The influence of the number of grid points. 

AR =2, w= 2.1, cosine mode, M =0 

  

  

  

  

  

-OL, Con 

n, = 30, ny = 10 1.19702 0.627786 

n, = 46, ng = 10 4.19614 0.627954 

n, = 30, ng = 16 1.19703 0.627795               
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_ Tables 

Table 4.1. The coefficients in the azimuthal Fourier expansion of 

the steamwise velocity eigenfunction of the positive first azimuthal 

mode of the AR = 2 elliptical jet with 6% swirl at the shear layer. 

  

  

  

  

  

  

  

  

  

  

  

          

Coefficient 

Terms Real Imaginary 

QB -.328155e-02 | 0.320498e-02 

@ 78! ~.152739e-01 | -.585223e-02 

e758 ~.720380e-02 | -.609676e-01 

@ 38 ‘0.129231e+00 | -.102662e+00 

eo 0.270945e+00 | 0.512883e-01 

e®! 0.349930e+00 | 0.379724e-01 

Qt! 0.124607e+00 | -.307712e+00 

Qt ~.821938e-01 | 0.790138e-02 

@7%) 0.648595e-02 | 0.132355e-01 

e°8i 0.155799e-02 | 0.162309e-02       
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Tables 

Table 4.2. The coefficients in the azimuthal Fourier expansion of 
the steamwise velocity eigenfunction of the negative first azimuthal 
mode of the AR = 2 elliptical jet with 6% swirl at the shear layer. 

  

  

  

  

  

  

  

  

  

  

  

            

Coefficient 

Terms Real Imaginary 

Qn 98 .215304e-02 .166588e-02 

e@ 78 .117850e-01 .116100e-02 

@°8t .110410e-02 .403713e-01 

@ 38: .1232236+00 .787449e-02 

e ®t .145275e+00 .457173e+00 

e* .138915e+00 .411175e+00 

@8t .982866e-02 .584277e-01 

@8) .157217e-01 .108323e-01 

e/@ .270052e-02 .262431e-02 

@8} .799358e-03 .118153e-02       
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Figure 2.1. The comparison of the growth rate of the m =0, 1 modes 

obtained from the author’s code and Michalke’s paper. 
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Figure 2.2. The basic steady streamwise velocity distribution.



  0.1 

0.08 Pin aetecesesaceeceaesnsseneeenereeens i weeceeceeeesceaeseetcenteererscnes i seveceeeeseeraaecaceaneeseeeeeetee 

0.06 

Us
 

0.04 

0.02 

      0 tt a a a OS td 
  

Figure 2.3. The basic steady azimuthal velocity distribution. 
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Figure 2.6. The distribution of the pressure eigenfunction of 
the m = 0 mode. 
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Figure 2.7. The influence of the swirl on the growth rate of the 

positive first azimuthal mode. 
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positive first azimuthal mode. 
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Figure 2.9. The distribution of the pressure eigenfunction of 

the positive first azimuthal mode. 
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Figure 2.10. The influence of the swirl on the growth rate of the 

negative first azimuthal mode. 
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Figure 2.11. The influence of the swirl on the phase speed of the 

first azimuthal mode. 
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Figure 2.12. The distribution of the pressure eigenfunction of 

the negative first azimuthal mode. 
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Figure 3.1. The x and y coordinates on the major and minor axes 

against the generalized radial coordinate p. 
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Figure 3.3. The momentum thickness distribution of the AR = 2 

elliptical jet with 8,/0, = 1.0. 
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Figure 3.4. The momentum thickness distribution of the AR = 2 

elliptical jet with 0,/0, = 0.8. 
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Figure 3.5. The momentum thickness distribution of the AR =2 

elliptical jet with 0,/0, = 1.2. 
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Figure 3.6. The momentum thickness distribution of the AR = 3 

elliptical jet with 6,/0, = 1.0. 
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Figure 3.7. The distributions of the mass fractions of 

the fuel and oxidizer. 
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Figure 3.8. The comparison of the magnitude of the streamwise velocity 

eigenfunction obtained using the elliptical jet code described in 

Chapter 3 and the circular jet code described in Chapter 2. 
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Figure 3.9. The comparison of the growth rate from the author’s 

code and Koshigoe’s paper. 
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Figure 4.1. The comparison of the growth rates on the constant 

momentum thickness. 
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Figure 4.2. The influence of the aspect ratio on the growth rates 

of the fundamental m modes of the jets with equal momentum area. 

Figures 133



  

  

    

Cp
h/
U2
(0
) 

      0 Ll i fy, yy fy fy 

0 0.05 0.1 0.15 0.2 0.25 
  

Figure 4.3. The influence of the aspect ratio on the phase speeds 

of the fundamental x modes of the jets with equal momentum area. 
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Figure 4.4. The distribution of the velocity eigenfunction of the 

m = 1 mode of the circular jet. 
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Figure 4.5. The distribution of the velocity eigenfunction of the 

fundamental m mode of the AR = 2 elliptical jet. 
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Figure 4.6. The distribution of the velocity eigenfunction of the 
fundamental m-mode of the AR = 3 elliptical jet. = 
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Figure 4.7. The surface of constant vorticity of the 

m =(0 mode of the circular jet. 
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Figure 4.8. The surface of constant vorticity of the 
fundamental m mode of the AR = 2 elliptical jet. 
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2 elliptical jet with Figure 4.9. The streaklines of the AR 

uniform momentum thickness projected on the major axis. 

140 Figures



A 

fy 
te 

ara 
4 

Sy 

     

7 

MSS 
E
S
 

 
 
 

 
 

  

2 elliptical jet with Figure 4.10. The streaklines of the AR 
uniform momentum thickness projected on the minor axis. 
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Figure 4.11. The influence of the momentum thickness distribution 

on the growth rate of the fundamental x mode of the 

AR = 2 elliptical jet. 

Figures 142



Cp
h/
U2
(0
) 

Figures 

1.5 

1.2 

0.9 

0.6 

0.3 

  

  

      

  

  

        

— 6y/6x=1.0 
| -- 9) /6,=0.8 
- sesvstseetoseeesenenenesdpescesensseanutneteeceeeseeeefensneuereceeareerecnstunnaetesceeeneeneanmmeneeeeeeeedf 6, /0x=1.2 sevseeeseese 

f 

[ 
- 

ee ee ee 

: 
rs ed cho oo ee ee see ge 

0 0.05 0.1 0.15 0.2 0.25 

06 cir /Uz(0) 

Figure 4.12. The influence of the momentum thickness distribution ~ 

on the phase speed of the fundamental x mode of the 

AR = 2 elliptical jet. 
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Figure 4.13. The distribution of the velocity eigenfunction of the 

fundamental m mode of the AR = 2 elliptical jet with 

a minimum momentum thickness on the minor axis. 

8,/8, = 0.8 
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Figure 4.14. The distribution of the velocity eigenfunction of the 

fundamental m mode of the AR = 2 elliptical jet with 
a minimum momentum thickness on the major axis, 

8,/0, = 1.2 
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Figure 4.15. The surface of constant vorticity of AR = 2 elliptical 

jet with the minimum momentum thickness on the minor axis. 

6,/8, = 0.8 
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Figure 4.16. The surface of constant vorticity of AR = 2 elliptical 
jet with the minimum momentum thickness on the major axis. 

8,/6, = 1.2 
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Figure 4.17. The comparison of the growth rates of the first azimuthal 

modes of the circular and elliptical jets with uniform momentum thickness. 
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Figure 4.18. The comparison of the phase speeds of the first azimuthal 
modes of the circular and elliptical jets with uniform momentum thickness. 
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Figure 4.19. The distribution of the velocity eigenfunction of the 

sine mode of the AR = 2 elliptical jet with uniform momentum 

thickness. 
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Figure 4.20. The distribution of the velocity eigenfunction of the 
cosine mode of the AR = 2 elliptical jet with uniform momentum 

thickness. 
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Figure 4.21. The surface of the constant vorticity of the sine mode , 

of the AR = 2 elliptical jet with uniform momentum thickness. 
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Figure 4.22. The surface of the constant vorticity of the cosine mode 
of the AR = 2 elliptical jet with uniform momentum thickness. 
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Figure 4.23. The influence of the swirl on the growth rate of the 

fundamental x mode of the AR = 2 elliptical jet with uniform 

momentum thickness. 
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Figure 4.24. The influence of the swirl on the phase speed of the 

fundmental x mode of the AR =2 elliptical jet with uniform 
momentum thickness. 
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Figure 4.25. The distribution of the velocity eigenfunction of the 

fundamental m mode of the AR = 2 elliptical jet with uniform 

momentum thickness and 6% swirl. 
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Figure 4.26. The surface of the constant vorticity of the fundamental 

m™ mode of the AR = 2 elliptical jet with uniform momentum 
thickness and 6% swirl. 
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Figure 4.27. The comparison of the growth rates of the positive and 

negative first azimuthal modes of the AR = 2 elliptical jet with 

uniform momentum thickness with those of the circular jet. 
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Figure 4.28. The comparison of the phase speeds of the positive and 

negative first azimuthal modes of the AR = 2 elliptical jet with 

uniform momentum thickness with those of the circular jet. 
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Figure 4.29. The distribution of the velocity eigenfunction of the 

positive first azimuthal mode of the AR = 2 elliptical jet with 
uniform momentum thickness and 6% swirl. 

Figures 160



  
Figure 4.30. The distribution of the velocity eigenfunction of the 
negative first azimuthal mode of the AR = 2 elliptical jet with 

uniform momentum thickness and 6% swirl. 
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Figure 4.31. The surface of constant vorticity of the positive first 

azimuthal mode of the AR = 2 elliptical jet with uniform momentum 
thickness and 6% swirl. 
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Figure 4.32. The surface of constant vorticity of the negative first 
azimuthal mode of the AR = 2 elliptical jet with uniform momentum. 

thickness and 6% swirl.
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Figure 4.33. The influence of the heat release on the growth rate of ~ 

the fundamental x mode of the AR = 2 elliptical jet with 

uniform momentum thickness. 
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Figure 4.34. The influence of the heat release on the phase speed of 

the fundamental m mode of the AR =2 elliptical jet with 

uniform momentum thickness. 
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Figure 4.35. The distribution of the velocity eigenfunction of the 
AR = 2 elliptical jet with uniform momentum thickness and heat 

release. 
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Figure 4.36. The surface of constant vorticity of the fundamental x 

mode of the AR = 2 elliptical jet with uniform momentum thickness 

and heat release. 
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Figure 4.37. The influence of the activation energy on the growth rate 

of the fundamental m mode of the AR = 2 elliptical jet with 

uniform momentum thickness. 
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Figure 4.38. The influence of the activation energy on the phase speed 

of the fundamental m mode of the AR = 2 elliptical jet with 

uniform momentum thickness. 
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Figure 4.39. The influence of the Damkohler number on the growth rate 

of the fundamental m mode of the AR = 2 elliptical jet with 

uniform momentum thickness. 
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Figure 4.40. The influence of the Damkohler number on the phase speed 

of the fundamental x mode of the AR = 2 elliptical jet with 

uniform momentum thickness. 
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Figure 4.41. The influence of the heat release on the growth rate 

of the sine mode of the AR =2 elliptical jet with uniform 

momentum thickness. 
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Figure 4.42. The influence of the heat release on the phase speed 

of the sine mode of the AR = 2 elliptical jet with uniform 

momentum thickness. 
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Figure 4.43. The influence of the heat release on the growth rate 

of the cosine mode of the AR = 2 elliptical jet with uniform 

momentum thickness. 
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Figure 4.44. The influence of the heat release on the phase speed 

of the cosine mode of the AR = 2 elliptical jet with uniform 

momentum thickness. 
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Figure 4.45. The influence of the activation energy on the growth rate 

of the sine mode of the AR = 2 elliptical jet with uniform 

momentum thickness. 
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Figure 4.46. The influence of the activation energy on the phase speed 

of the sine mode of the AR = 2 elliptical jet with uniform 

momentum thickness. 
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Figure 4.47. The influence of the activation energy on the growth rate 

of the cosine mode of the AR = 2 elliptical jet with uniform 

momentum thickness. 
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Figure 4.48. The influence of the activation energy on the phase speed 

of the cosine mode of the AR = 2 elliptical jet with uniform 
momentum thickness. 
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Figure 4.49. The influence of the Damkohler number on the growth rate 

of the sine mode of the AR = 2 elliptical jet with uniform 

momentum thickness. 
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Figure 4.50. The influence of the Damkohler number on the phase speed 

of the sine mode of the AR = 2 elliptical jet with uniform 

momentum thickness. 
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Figure 4.51. The influence of the Damkohler number on the growth rate 

of the cosine mode of the AR = 2 elliptical jet with uniform 

momentum thickness. 
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Figure 4.52. The influence of the Damkohler number on the phase speed 

of the cosine mode of the AR = 2 elliptical jet with uniform 

momentum thickness. 
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Figure 4.53. The relative size of the growth rates of 

different modes of the circular jet. 
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Figure 4.54. The relative size of the growth rates of different modes 

of the AR = 2 elliptical jet. 
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Figure 4.55. The entrainments of the circular jet and AR = 2 

elliptical jet obtained by Ho and Gutmark. 
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Figure 4.56. The streamwise growth of the vorticity-containing 

cross-sectional area of the circular jet and the AR = 2 

elliptical jet. 
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Figure 4.57. The streamwise growth of the integrals of the total 

vorticity of the circular jet and the AR = 2 elliptical jet. 
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Figure 4.58. The streamwise growth of the cross-plane vorticity of the 

AR =2 elliptical jet with uniform momentum thickness. 
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Figure 4.59. The streamwise growth of the streamwise vorticity of the 

AR = 2 elliptical jet with uniform momentum thickness. 
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Figure 4.60. The distribution of the streamwise vorticity of the 
AR =2 elliptical jet two diameters downstream the nozzle exit. 
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Figure 4.61. The surface of constant streamwise vorticity 

magnitude of the AR = 2 elliptical jet.
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