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(ABSTRACT) 

Three types of problems in nonlinear dynamics are studied. First, we use a 

complex-variable invariant-manifold approach to determine the nonlinear normal 

modes of weakly nonlinear discrete systems with one-to-one and three-to-one 

internal resonances. Cubic geometric nonlinearities are considered. The system 

under investigation possesses similar nonlinear normal modes for the case of 

One-to-one internal resonance and nonsimilar nonlinear normal modes for the case 

of three-to-one internal resonance. In contrast with the case of no _ internal 

resonance, the number of nonlinear normal modes may be more than the number of 

linear normal modes. Bifurcations of the calculated nonlinear normal modes are 

investigated. For continuous systems without internal resonances, we consider a 

cantilever beam and compare two approaches for the determination of its nonlinear 

planar modes. In the first approach, the governing partial-differential system is 

discretized using the linear mode shapes and then the nonlinear mode shapes are 

determined from the discretized system. In the second approach, the boundary-value 

problem is treated directly by using the method of multiple scales. The results show 

that both approaches yield the same nonlinear modes because the discretization is 

performed using a complete set of basis functions, namely, the linear mode shapes. 

Second, we study the nonlinear response of multi-degree-of-freedom systems 

with repeated natural frequencies to various parametric resonances. The linear part



of the system has a nonsemisimple one-to-one resonance. The character of the 

stability and various types of bifurcation are analyzed. The results are applied to the 

flutter of a simply supported panel in a supersonic airstream. In which case, the 

nonlinear ordinary differential equations governing the modulation of the amplitudes 

and phases of the excited modes are derived and used to calculate the equilibrium 

solutions and their stability and hence to identify the excitation parameters that 

suppress flutter and those that lead to complex motions. A combination of a shooting 

technique and Floquet theory is used to calculate limit cycles and their stability. The 

numerical results indicate the existence of a sequence of period-doubling bifurcations 

that culminates in chaos. The complex motions are characterized by using phase 

planes, power spectra, Lyapunov exponents, and dimensions. Moreover, bifurcation 

analyses in the case of fundamental parametric resonance reveal that the addition 

of quadratic nonlinearities change qualitatively as well as quantitatively the response 

of systems with cubic nonlinearities. The quadratic nonlinearities change the 

pitchfork bifurcation to a transcritical bifurcation. Cyclic-fold bifurcations, Hopf 

bifurcations of the nontrivial constant solutions, and period-doubling sequences 

leading to chaos are induced by these quadratic terms. The effects of quadratic 

nonlinearities for the case of principal parametric resonance are discussed. 

Third, we investigate the transfer of energy from high- to low-frequency modes. 

The method of averaging is used to analyze the response of a two-degree-of-freedom 

system with widely spaced modal frequencies and cubic nonlinearities to a principal 

parametric resonance of the high-frequency mode. The conditions under which 

energy can be transferred from high- to low-frequency modes, as observed in the 

experiments, are determined. The interactions between the widely separated modes 

result in various bifurcations, the coexistence of multiple attractors, and chaotic



attractors. The results show that damping may be destabilizing. 

results are validated by numerically solving the original system. 

The analytical
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CHAPTER 1 

INTRODUCTION 

1.1 Problem Statement and Literature Review 

1.1.1 Nonlinear Normal Modes 

One of the most useful concepts in the study of linear systems is the normal 

mode. A basic property of these modes is invariance; that is, motion consisting of a 

single mode at any instant will consist only of that mode for all time. Linear systems 

and their modes possess many other properties that are very useful in a variety of 

applications. Recently, the concept of normal modes has been generalized to 

nonlinear systems. While most of the useful properties of linear modes cannot be 

duplicated in nonlinear systems, invariant motions on a two-dimensional manifold 
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can be found. Such motions have come to be known as nonlinear mode motions and 

have been the subject of much recent research. 

Rosenberg (1962,1966) introduced the concept of nonlinear normal modes for 

undamped, multi-degree-of-freedom systems with n masses interconnected by 

strongly nonlinear symmetric springs. He classified nonlinear normal modes into 

similar and nonsimilar modes, depending on whether the positions of all masses at 

any instant are linearly or nonlinearly related to the position of any one of them. 

Rosenberg (1966) provided a theorem regarding the existence of similar normal 

modes in a symmetric, conservative system and discussed how the stability of 

nonlinear normal modes can be determined by using Floquet theory. Rosenberg and 

Kuo (1964) investigated nonsimilar normal modes of a discrete system. The number 

of nonlinear normal modes may be larger than the number of linear modes. Month 

and Rand (1980) illustrated how a Poincare map can be used to study the stability of 

similar nonlinear normal modes of a discrete system. Szemplinska-Stupnicka (1980) 

used the method of harmonic balance to construct nonlinear normal modes of 

discrete systems. Caughey and Vakakis (1991) and Vakakis and Caughey (1992) 

studied similar normal modes of discrete autonomous and nonautonomous systems. 

Pak, Rand, and Moon (1992) studied nonlinear normal modes of discrete systems. 

Rand, Pak, and Vakakis (1992) investigated bifurcations of nonlinear normal modes 

of a two-degree-of-freedom system. Vakakis and Rand (1992a,b) studied the local and 

global dynamics of a two-degree-of-freedom system by using Poincare maps. 

Defining normal modes in terms of invariant manifolds, Shaw and Pierre (1991, 

1993a,b) developed a method for constructing the nonlinear normal modes of 

conservative as well as nonconservative systems. In this approach, a nonlinear 

normal mode is an invariant manifold that is tangent to a linear modal hyperplane at 

the equilibrium point. Therefore, the number of nonlinear normal modes is the same 
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as the number of linear normal modes. Nayfeh and Nayfeh (1993a) showed that a 

perturbation method, such as the method of multiple scales (Nayfeh, 1973, 1981), can 

be used to obtain results equivalent to the invariant-manifold method of Shaw and 

Pierre. We note that the calculated modes are not valid in the case of internal 

resonance. 

In this dissertation, we extend the approach of Nayfeh and Nayfeh and determine 

the nonlinear modes of a cantilever beam. Moreover, we employ the 

complex-variable approach of Nayfeh and Nayfeh to construct the nonlinear normal 

modes of systems with internal resonances. They are constructed by considering all 

the linear modes involved in the internal resonances. 

1.1.2 Systems with Repeated Natural Frequencies 

The mutual interactions among structural, inertial, and aerodynamic forces create 

many complicated physical phenomena. The principal phenomena of interest here 

are the dynamic aeroelastic instability of plates and shells (panel flutter) and the 

possible suppression of flutter by parametric excitations. It is well known that the 

aerodynamic loads on a panel increase as the wind speed increases. As the wind 

speed reaches some critical value (flutter speed), the panel motion itself creates 

significant pressure fluctuations which in turn modify the panel motion. Hence, a 

small disturbance can cause severe damage because of the resulting violent 

oscillations; this is called flutter. Because of structural nonlinearities, panel flutter 

does not usually lead to immediate structural failure. However, it will result in a 

sustained constant amplitude oscillation which may lead to long-time fatigue failure. 
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We study the possible suppression of flutter by parametric excitations and identify the 

parameters of the excitation that suppress flutter. 

Physically, two natural frequencies of the structure coalesce as the flutter speed 

is reached; which means, mathematically, the linear operator of the corresponding 

discretized problem has a nonsemisimple structure. Therefore, we investigate the 

response of a weakly nonlinear system with a one-to-one internal resonance to 

various parametric resonances. Nonlinear modal interactions have been the subject 

of a great deal of recent research. For a weakly nonlinear system where there exists 

a special relationship between two or more natural frequencies of its linear modes 

and the excitation frequency, the nonlinearities can couple the modes, produce 

strong exchange of energy between modes, and lead to dangerously large responses 

in modes that are predicted by linear analysis to have insignificant response 

amplitudes. Moreover, the nonlinearities may put a cap on motions that are predicted 

by linear analysis to have infinitely large responses, as in systems with a 

nonsemisimple one-to-one internal resonance. In the presence of resonances, the 

long-time behavior of the system can contain large contributions due to several 

modes. The nature of these frequency relationships depends on the degree of the 

nonlinearity present in the system, the number of modes involved, and the character 

of the excitation. The resonances responsible for these modal interactions can be 

classified as autoparametric, or external combination, or parametric combination 

resonances. 

Problems of parametric excitation of nonlinear dynamical systems are of 

importance in several branches of engineering, such as the vibrations of beam 

structures under dynamic loads, flow-induced vibrations, and control systems. The 

following brief review serves as an introduction to this subject. For a comprehensive 

review of the parametric response of nonlinear single- and 
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multiple-degree-of-freedom system, the reader is referred to Evan-lwanowski (1976), 

Nayfeh and Mook (1979), Ibrahim (1985), Schmidt and Tond! (1986), and Nayfeh and 

Balachandran (1989, 1994). 

Parametrically excited two-degree-of-freedom systems with quadratic 

nonlinearities and two-to-one autoparametric resonances were studied by Miles 

(1985), Nayfeh (1983b, 1983c, 1987a), Nayfeh and Zavodney (1986), Streit, Bajaj, and 

Krousgrill (1988), and Asrar (1991). Parametrically excited distributed-parameter 

systems with quadratic nonlinearities and two-to-one autoparametric resonances 

were studied by Miles (1984), Ibrahim and Barr (1975), Holmes (1986), Nayfeh (1987b), 

Gu and Sethna (1987}, and Nayfeh and Nayfeh (1990). 

Tso and Asmis (1974) analyzed the response of a two-degree-of-freedom system 

with cubic nonlinearities to a principal parametric resonance of the first mode. Tezak, 

Mook, and Nayfeh (1978) treated the nonlinear response of a hinged-clamped beam 

to principal and combination parametric resonances. 

Parametrically excited systems with one-to-one autoparametric resonances 

whose linear parts are diagonal were studied by Asmis and Tso (1972), Ciliberto and 

Gollub (1985), Meron and Procaccia (1986), Simonelli and Gollub (1989), Feng and 

Sethna (1989), and Nayfeh and Pai (1989). 

Parametrically excited systems having nonsemisimple linear structures were 

studied by Fu and Nemat-Nasser (1972a,b), Nayfeh and Mook (1979), Tezak, Nayfeh, 

and Mook (1982), Nayfeh (1983a), Namachchivaya and Malhotra (1992), and Nayfeh 

(1993). Fu and Nemat-Nasser used Floquet theory to analyze the parametric 

response of linear multi-degree-of-freedom systems with two repeated frequencies. 

Nayfeh and Mook (1979) used the method of multiple scales to analyze the response 

of linear multi-degree-of-freedom systems with two repeated frequencies to principal, 

fundamental, and combination parametric resonances. Nayfeh (1983a) used the 
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method of multiple scales to analyze the parametric response of linear systems with 

three repeated frequencies. Tezak, Nayfeh, and Mook (1982) used the method of 

multiple scales to determine the nonlinear response of multi-degree-of-freedom 

systems with two repeated frequencies to principal parametric resonances. They 

used the results to analyze the flutter of an isotropic panel in a supersonic stream. 

Namachchivaya and Malhotra (1992) used the method of normal forms to analyze the 

response of general two-degree-of-freedom nonlinear systems with two repeated 

frequencies to a principal parametric resonance. They found some interesting 

phenomena, such as homoclinic bifurcations, near the Bogdanov-Takens bifurcation 

point. Nayfeh (1993) presented normal forms for parametrically excited linear and 

nonlinear systems whose linear parts have nonsemisimple structures. 

1.1.3 Systems with Widely Spaced Modal Frequencies 

Recent experimental studies indicate that modal interactions can channel energy 

from a low-amplitude, high-frequency excitation into low-frequency, large-amplitude 

vibrations without a classical internal resonance or an external or parametric 

combination resonance involving the low-frequency mode. The presence of the 

low-frequency mode is accompanied by slow modulation of the amplitude and phase 

of the high-frequency mode where the frequency of the modulation is equal to the 

frequency of oscillation of the low-frequency mode. 

In externally or parametrically excited multi-degree-of-freedom systems, modal 

interactions can occur when the excitation frequency is near the sum or difference 

of two or more linear natural frequencies. Dugundji and Mukhopadhyay (1973) 

experimentally and theoretically investigated the response of a thin cantilever beam 
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with an external base excitation at a frequency close to the sum of the natural 

frequencies of the first bending and first torsional modes. The excitation frequency 

was approximately 18 times the lowest-frequency component in the response. They 

found that the high-frequency excitation can produce a large-amplitude response in 

the low-frequency (first bending) mode through a combination resonance. 

Haddow and Hasan (1988) conducted an experiment by parametrically exciting a 

flexible cantilever beam near twice the natural frequency of its fourth mode. 

Decreasing the excitation frequency, they found that a planar periodic response 

consisting essentially of the fourth mode lost stability, giving way to a nonplanar 

chaotic motion. They observed that as a result the energy seemed to cascade down 

through the modes, resulting eventually in a very low-frequency component in the 

response. Burton and Kolowith (1988) conducted an experiment similar to that of 

Haddow and Hasan. In certain regions of the parameter space, they observed chaotic 

motions where the lowest seven in-plane bending modes as well as the first torsional 

mode were present in the response. Cusumano and Moon (1989) presented 

experimental results for an externally excited cantilever beam. They observed a 

cascading of energy to low-frequency components in the response associated with 

nonplanar chaotic motions. 

Recently, Anderson, Balachandran, and Nayfeh (1992) conducted experiments on 

a parametrically excited cantilever beam and found that modal interactions can 

transfer energy from a Jow-amplitude, high-frequency excitation into low-frequency, 

large-amplitude responses without a classical internal resonance or an external or 

parametric combination resonance involving the low-frequency mode. The only 

requirements they found are the existence of nonlinear coupling between the modes, 

which have widely separated natural frequencies. Nayfeh and Nayfeh (1993a) 

observed the same phenomenon in the response of an externally excited circular rod. 
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These experimental results indicate that the mechanism for the excitation of the 

low-frequency modes is due to slow modulations of the high-frequency modes. 

Nayfeh and Nayfeh (1993b) used an analytical model to explain the interactions 

between widely spaced modes of structures and determine conditions under which 

energy can be transferred from high-frequency to low-frequency modes, as observed 

in the experiments. Anderson, Nayfeh, and Balachandran (1993) used the method of 

averaging to analyze the response of the cantilever beam tested by Anderson, 

Balachandran, and Nayfeh. The analytical results are in qualitative agreement with 

the experimental results. 

1.2 Objectives and Scope of the Dissertation 

In this dissertation, we study three types of problems in nonlinear dynamics by 

employing various analytical approaches and numerical analyses. 

In Chapter 2, we study the nonlinear normal modes of discrete systems with 

internal resonances and distributed-parameter systems, such as a cantilever beam, 

without internal resonances. In Section 2.1, we present methods for the study of 

nonlinear normal modes of weakly nonlinear discrete systems with one-to-one and 

three-to-one internal resonances. Cubic geometric nonlinearities are considered. 

The oscillator under investigation contains similar nonlinear normal modes for a 

one-to-one internal resonance and nonsimilar nonlinear normal modes for a 

three-to-one internal resonance. A mode bifurcation is possible when the structural 

parameters exceed certain values. The number of nonlinear normal modes of a 
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system is shown to be more than the number of normal modes of its associated linear 

system. 

In Section 2.2, via the particular example of a cantilever beam, we discuss two 

approaches to the construction of the nonlinear normal modes of continuous 

systems. First, we summarize treatment of the discretized system. Here, a Galerkin 

procedure in terms of a complete set of basis functions is used to convert the 

partial-differential system into a system of ordinary-differential equations. Then, any 

of a number of techniques, including perturbation methods and invariant manifold 

techniques, can be applied to the discretized equations to obtain an approximation 

to the nonlinear modes. In the second approach, as shown in Section 2.2.2, we 

determine the nonlinear mode shapes and natural frequencies by applying the 

method of multiple scales directly to the governing partial-differential equation and 

boundary conditions. We show that treatment of the discretized system of a 

cantilever beam yields the same nonlinear modes obtained by treatment of the 

partial-differential system because the discretization is performed by using a 

complete set of basis functions that satisfy the boundary conditions, namely, the 

linear mode shapes. 

In Chapter 3, we study the nonlinear response of parametrically excited systems 

with repeated natural frequencies. In Section 3.1, we use the method of normal forms 

to study the nonlinear response of two-degree-of-freedom systems with repeated 

natural frequencies and cubic nonlinearity to a principal parametric excitation. The 

linear part of the system has a nonsemisimple one-to-one resonance. The character 

of the stability and various types of bifurcation are analyzed. We reexamine the 

panel-flutter problem investigated by Tezak, Nayfeh, and Mook (1982). We show that, 

in the case of a simply supported panel in a supersonic airstream, only heteroclinic 

orbits can be observed near the Bogdanov-Takens bifurcation point, whereas a 
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homoclinic bifurcation can occur, resulting in the jump phenomenon. These results 

are interpreted by using the Shilnikov (1970) theorem. Some of the analytical results 

are verified by a numerical integration of the governing equations. 

In Section 3.2, we summarize the analytical results for the case of fundamental 

parametric resonance. In Section 3.3, we use the method of multiple scales to study 

the nonlinear response of three-degree-of-freedom systems with a nonsemisimple 

structure to a combination parametric resonance, thereby extend the work of Tezak 

et al. to the case of combination parametric resonance. The numerical results 

indicate the existence of Hopf, cyclic-fold, and period-doubling bifurcations; chaotic 

responses; and different types of static bifurcations. In Section 3.4, we use the 

method of multiple scales to evaluate the effect of quadratic nonlinearities on the 

response of such systems to either a fundamental or a principal parametric 

resonance. 

In Chapter 4, we consider the response of two nonlinearly coupled oscillators 

with widely spaced frequencies when the high-frequency mode is excited by a 

principal parametric resonance. Nayfeh and Nayfeh (1993b) studied the same system 

when the high-frequency mode is excited by a primary resonance. In this chapter, 

we use the method of averaging to investigate the solutions of the system and 

determine the conditions under which energy can be transferred from the 

high-frequency mode to the low-frequency mode. After an oscillation in the 

low-frequency mode occurs, we use numerical simulations to investigate some of the 

complexities in the system response. 

tn Chapter 5, we draw some conclusions and give few recommendations for 

further study. 
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CHAPTER 2 

NONLINEAR NORMAL MODES 

Methods for the study of nonlinear normal modes of weakly nonlinear discrete 

systems with one-to-one and three-to-one internal resonances are presented in 

Section 2.1. Cubic geometric nonlinearities are considered. The oscillator under 

investigation possesses similar nonlinear normal modes for a one-to-one internal 

resonance and nonsimilar nonlinear normal modes for a three-to-one internal 

resonance. A mode bifurcation is possible when the structural parameters exceed 

certain values. Hence, in contrast with the case of no internal resonance, the number 

of nonlinear normal modes may be more than the number of linear normal modes. 

In Section 2.2, two approaches for the determination of the nonlinear planar normal 

modes of a cantilever beam are compared. In the first approach, the governing 

partial-differential system is discretized by using the linear mode shapes and then the 

nonlinear mode shapes are determined from the discretized system. In the second 

approach, the boundary-value problem is treated directly by using the method of 

multiple scales. The results show that both approaches yield the same nonlinear 
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modes because the discretization is performed using a complete set of basis 

functions, namely, the linear mode shapes. 

2.1 Discrete Systems with Internal Resonance 

We construct the nonlinear modes of finite-degree-of-freedom systems governed 

by 

U; + 0; U, + f(y, Uo; snes Uy) = 0 for {= 1, 2, suey N (2.1) 

in the presence of internal resonances. For simplicity, only cubic geometric 

nonlinearities are considered. Nayfeh and Nayfeh (1993a,b) showed that one can 

construct the nonlinear normal modes of equations, such as Eqs. (2.1), by using a 

perturbation method, such as the method of multiple scales, or the invariant-manifold 

approach with real or complex variables. Moreover, they showed that the algebra 

involved in implementing the invariant-manifold approach by using complex rather 

than real variables is less demanding. Hence, we will implement the 

invariant-manifold approach using complex variables. As a first step, we cast Eqs. 

(2.1) as a system of N first-order nonlinear complex-valued equations by using the 

transformation 

u= Cj + bh, Uj = ioa(¢) _ 6) (2.2) 

The result ts 
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b= ok + Be Mls + Ea bot Son oe ut En (2.3) 

2.1.1 The Case of No Internal Resonance 

To construct the manifold that is tangent to the kth mode as the nonlinearity 

vanishes, we follow Nayfeh and Nayfeh (1993) and choose ¢, and t, to parameterize 

the manifold. Thus, we let 

C(t) = yin Sy) + (2.4) 

where 

dh, dh, 
h(0,0) =0 and i, (0) = ot, (0)=0 

k 

Then, the dynamics on the manifold is governed by 

by = ily to Hy(Cy + bi) (2.5) k Wek T Deg, KART Sk 

For the case of cubic geometric nonlinearities, 

Fi(Uy, Up; -) Uy) = Uy +. (2.6) 

Hence, Eq. (2.5) becomes 

, ifiex 7 \3 
Sk = Fly +E Ca + Su) Hives (2.7) 
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Substituting Eq. (2.4) into Eq. (2.3) and using Eqs. (2.6) and (2.7), we obtain 

  

0h t oh, 3 
O,| =—-l,-— —-oh= Cet +, 2.8 | OE, ok oe, oe | ON Bey, (Cu * Su (2.8) 

The right-hand side of Eq. (2.8) suggests seeking A; in the form 

3 27 72 73 
Ay = Aad + Nass + Manos + NaS (2.9) 

Substituting Eq. (2.9) into Eq. (2.8) and equating the coefficients of ¢3, Ce,, Ook, and G 

on both sides, we have 

Fi Shik 
As jk _ , Aojx = Btn mn? 

20 (30, — w,) 20 (@4 — @)) 

(2.10) 

ed ey 
Sik 20,(@y + @;) ’ 4yk 20 (34 + w)) 

Substituting Eqs. (2.9) and (2.10) into Eq. (2.2) yields 

f, 3f, ik 3, 73 jk 25 72 
uj =a (SE + GH) $y Si FE) Ho (2.11) 

Wy — W; Wy — W; 

lt is clear from Eq. (2.11) that the constructed manifold is not valid when w,~3a, 

(three-to-one internal resonance) or w;~a, (one-to-one internal resonance). 

To express Eq. (2.11) in terms of u, and u, we note that 

2,3 2 
C4 P= Dy Uy — BU,U, 
kt Se = 5 

4, 

(2.12) 
2.3 2 

= = WyUy + UyUy 
Cia + Cube =? kSk T SKSK hoo? 
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Using Eqs. (2.12), we rewrite Eq. (2.11) as 

    

3 2 
Uy = Ts Uy + Do jl Uy + oon (2.13) 

where 

9 

ly, = (704 = Yn r Phi (2.14) tik 2 2\; 2 2, °° jk ~ (Qu; — WF (wy — WF) (Qa — wr )(wy — w7) 

Differentiating Eq. (2.13) with respect to tf and using Eqs. (2.1) when j/ =k, we have 

2 2. .3 
uj= (34), ~ 204 Taj) Uy dy + Vail, +... (2.15) 

To simplify the dynamics on the manifold, we use the method of normal forms 

(Nayfeh, 1993) and introduce the near-identity transformation 

be = Ext AE gs Ex) (2.16) 

and choose the /, so that Eq. (2.7) takes the simplest possible form 

Ey = iapEy + Ew Ex) (2.17) 

Substituting Eqs. (2.16) and (2.17) into Eq. (2.7) yields 

+iw,| za é,-—=— €, ~-h, | =a (6, + 6€ (2.18) Gx | Oe, k aE, k | 20, (Cx i) 

We note that A, can be chosen to eliminate the terms on the right-hand side of Eq. 

(2.18) except the resonance term, which is proportional to ERE, Therefore, we choose 

g. to eliminate this term; that is, 
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Tk ~ OW, 
Ee 4 (2.19) 

Then, we seek A, in the form 

y= Nae + Noone k + Nae ney + Naka (2.20) 

Substituting Eq. (2.20) into Eq. (2.18), using Eq. (2.19), and equating the coefficients 

of &}, EER, and & on both sides, we obtain 

fk Stix hex A =——, A =- TT, A = (2.21) 

" 4m, *K 4we “Kk Bus 

  

We note that Ax, is arbitrary. Substituting Eq. (2.19) into Eq. (2.17), we obtain the 

normal form 

 , Sif p25 
Sh = lO HL SuSk + (2.22) 

k 

Substituting Eqs. (2.20) and (2.16) into Eq. (2.2) and using Eqs. (2.21), we obtain 

_ f _ 

Uy = bat Seto (Ee + GD 
8a, 
af (2.23) 

kk 25 52 
+ Ao ry |e + 4E4) +. 

40, 

To uniquely define the frequency of the fundamental component of oscillation, we 

choose A, to eliminate the term ERE. Therefore, Eq. (2.23) becomes 

~ f — 

Uy = Ee tet (Get Dt. (2.24) 
Bw, 

NONLINEAR NORMAL MODES 16



2.1.2 The Case of Internal Resonance 

To construct the manifold for two modes involved in an internal resonance, such 

as the rth and sth modes, we need a four-dimensional rather than a two-dimensional 

manifold. Thus, we seek a normal-mode motion of the form 

C() = hills Cn 50s) +... for j#r and s (2.25) 

For the case of cubic geometric nonlinearities, f, can be expressed as 

3 2 2 3 
Fi(Uq) Uns very Uy) = Filly + Arg Us + fis U Us + fis +... (2.26) 

Hence, the dynamics on the manifold is governed by 

b= ioe + Ho [fedlbe + En) + herslbe + EUs + 20) 

+ free (Ce + ENE + Co) + fess + 65)" | 
(2.27) 

b5 = tots + [tals +E + forse + FCs + £0) 

+ foe (Ce + EN o5 + S6)° + feslls + 65)” ] 
(2.28) 

To determine the h;, we substitute Eq. (2.25) into Eq. (2.3), use Eqs. (2.26)-(2.28), 

and obtain 

oh, ah; _ oh, Oh, _ h 

W, We, Be + Ws Oy 8S GES — Wi 

= Hay Lille +E? + Fralle + ENS + 6) (2.29) 
J 

+ hig Se +E NEs + Es) + fislls + &5) | +--- 
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The right-hand side of Eq. (2.29) suggests seeking A, in the form 

y= Age + Aolrlp + al Se + Male + Ashe + Noles + Arbsts 

+ Aste + Nght, + Ayol 665+ Angels + A406, 

+ Apalle + Mraerls + Aisbslr + Arsbsbstr 
+ Ayr, + Aygsl, + Ayolsls6, + Noob 

(2.30) 

Substituting Eq. (2.30) into Eqs. (2.29) and equating each of the independent variables 

on both sides, we obtain 
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y a Ti 
A, = ; A, = ’ Ag —_ ’ 2w (30, — w)) 2a(w, — w,) 20 (w, + w,) 

f f, A, _ ir As _ IS 

20 (3w, + @)) 2w(3w5 — w,) 

Ap=— Apa 
6 20(Ws— @,) | a 20(ws+ ,) ’ 

A —__ fis A _ firs 

8 20(3w,. + w,) 8 20(20,+ @,—- @)) ’ 

A _ firs A — _ firs 

10 was — w,) ’ " 20(2w,— ws + @)) 

A rs A firs 
2 2w(2w, — Ws — @)) 3 (ws + @,) | 

A _ firs A _ fisr 

“4 20(20,+@,+a) > 20,(@, + 2ws — w,) ” 

A fisr A _ fisr 

16 o(@,— @)) 7 20,(@, — 20, — )) ” 

fisr fisr 

18 20 (2w —@,-—@)) ' Me=— +)’ 
J s r i Leer ! 

f, 
jsr 

Koo = 7 2w(w, + 20, + w,) 

Substituting the A, into Eq. (2.30) and then substituting the result into Eqs. (2.25) and 

(2.2), we have 
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fi, 3, 
Y= Tao rt + Ge > (orb, + 6,67) 

WO, — WF _ 2 

fis 3f, o _, 

+e GS +) GE + ES) 
ws — we ws — w 

firs —(2E Pe 2firs ’ z _ 
se st 3) + 5 t, | 

(20, + w.)° — 0 we woe * bslert (2.31) 

firs 2 52 fisr 

rss + O7Ss TTT Sb sor 

Bo, ogra ae OT aa aap Sar 
Fisr _ 

> (C50, + &,) 
Ws, — w,) — w; 

Cfisr a 

+ ‘oe — wr (C+ Cresbs + 
OO, — 

To express u; in terms of u,, U,, Us, and u,, we use Eqs. (2.12), and the relations 

  

  

UUs +s 8 46, + 65), 
ws 

2 -2 U;U,  U;Us —-U,-UU, 
- = 20,40 2.32 4 4a? Qu, Cs $s ( ) 

  

2 +2 
U; Us U, Us U,UsU, 

— = 00.406 4a? 20 Ws s r>s 

and the relations obtained from Eqs. (2.32) by interchanging r and s. The result is 

  

3 +2 3 “2 2 
Uj = Vill + Vag Up + PD yjgls + Vajslgls + Vayrstly Us (2.33) 

«2 . 3 .2 - ° 

+ Vg irsltr us + Ps jpsl-UsUy + VsisrUls U, + VP gisr4s U, + Ps jgrl-UsUs 

where I, and I-24 are defined in Eqs. (2.14), 

1 2 1 1 Pyar + + (2.34) 
srs 4 al we — wy (20,+@ Pw; (2w,— @ Pwr 
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f irs 2 1 1 
Pgirs = 9 ~~ 2 2 (2.35) 

4w r we — wy (20,+ w.)° — OF (2, — w,)° — W; 

  

f Irs 1 1 
Vsirs = — | (2.36) 

20/5 | (20, —«,)° — Ww, (20, + w,)° — ww, 

and Isis, Uajsr, and Ms, can be obtained from Eqs. (2.34)-(2.36) by interchanging the 

subscripts r ands. It follows from Eqs. (2.34)-(2.36) that the constructed manifold will 

breakdown when w,x2w,+, OF w,xw,+2w,, which are the cases of combination 

internal resonance. These cases are not discussed in this dissertation. 

The dynamics on the manifold is governed by Eqs. (2.27) and (2.28). To simplify 

these equations, we introduce the near-identity transformation 

Cr = Cr + AACrs é,, oss é,) 

(2.37) 

Cs =Es+ he, Ep Cs é,) 

and choose h, and h, so that Eqs. (2.27) and (2.28) take the simplest possible form 

é, = iw e,+ Olen Ep, Cs: é;) 

(2.38) 

E,=iwsest OslEn Em Es Es) 

Substituting Eqs. (2.37) and (2.38) into Eqs. (2.27) and (2.28) yields 
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+ ia, oh, , Oh, Fn \ai ah, : dh, 7 
= _ I@ = -—= gr 2, ¢ Be, r r s 6é, $ dé, $s 

~ _ Ac + é) + frrs(Sr + EYE, + é,) (2.39) 

+ hrse (Er + EdEs + Es)” + fislEs + &5)° | +». 

Lj Oh, a oh, Lj 6h, dh, = 
{ [lo _— a 

9s T 1Ms Obs ag, aE Or BE Sr 6é, °r 
(2.40) 

Boy Lier (E+ ED? + hrslEr + ECE + Es) 

+ fsx (, + ENE +E) thls t+ &) | +... 

The near-resonance terms depend on the internal resonance being considered. 

(a) One-to-One Internal Resonance 

When @,+w,, we choose g, and g, to eliminate the resonance and near-resonance 

terms on the right-hand sides of Eqs. (2.39) and (2.40), respectively; that is, 

Boy Lat orer + frrs( (fF é, + 2,6.) 

a (Ese, + 2e5656,) + Ssses] +... 
Is = Fisw LBtarbiEr + haa SrEs + 2ErE Es) 

+ hosp (€2E, + 2EsEsE-) + Beskees | + 

(2.41) 

Then, we seek and obtain h, and h, in the same form as A; in Eq. (2.30) with the A,, 

being replaced by A,, for m=1,2,...,20 and j=r or s, except that Az, Ag, Ato, Arg, 

Aig, and Ay; are arbitrary. Following a procedure similar to that used in the case of 

no internal resonance, we choose the arbitrary coefficients so that the frequencies 

of the rth and sth components of oscillation are uniquely defined. The result is 
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~~ fr 3 33 brs 2 yee 
U, ~ Cr + cr + Bu” (; + ey) + (w, 4 w,)(3w, 4 w,) (C7 ¢, + ores) 

rsr ele T2E rs x 
Sow G Led 2 2 t } vee 

4w,(w, 4 W.) (Sse + ° é Iw, — @; (Ss °s) 

and u, can be obtained from Eq. (2.42) by interchanging r and s. 

(b) Three-to-One Internal Resonance 

When @,%3w,, g, and g, can be obtained from Eqs. (2.39) and (2.40) by eliminating 

the resonance and near-resonance terms; that is, 

j —_ => ye 
9, = “Qo, [ 37,2, + CfesresSsSr + rséstr | Toes Pr " (2.43) 
gs = 20. [ 3F,5¢56, + Ofer sero pSs + fer | Toe 

Following an approach similar to that used in the case of no internal resonance, we 

obtain 

_~ f — 

Up =o +b + — 5 (Er + &) 
8w, 

  

brs 
r W, + Ws | 3a, rs Ws (¢; Ss + frés) + O.— oO, Os, — -; (Cs + 262, | 

(2.44) 
mi Lara E+ BE )+ 5 a, (és 2, + Be | 
4m, 

ee + 
W, — WO, 

+ to] y (os + Esdesgs + 
ws — we 
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=f+ 6,4 —S (64 &) 
we 

ssp 

Wy, + Ws Son 

fers 1 r2 yee 1 E-+€ +f [tee i) oboe hs a5.) | 4w, 

+ (2¢,4 PE) +— 2 2 (E+ Ebb | 
(2.45) 

Shey + - esr +$ (8, + EEE, + 
coe — Ws . mr (3m. ~ W)(Wy ~ W,) 

  (E22, + EE) + 

2.1.3 Nonlinear Normal Modes and Their Stability 

In this section, we use Eqs. (2.38), (2.41), and (2.43) to calculate the nonlinear 

normal modes for the cases of one-to-one and three-to-one internal resonances and 

investigate their bifurcations. 

(a) One-to-One Internal Resonance (w,~w,). To quantitatively describe the 

nearness of w, to @,, we introduce the detuning parameter o defined as 

W, = W, + £9, (2.46a) 

where e is a small dimensionless parameter. Moreover, we scale €, and &€, as O(e'*) 

and express them in the polar form 

En = ET Pag tel mt + Pn (2.466) 

Substituting Eqs. (2.46) into Eqs. (2.38) and (2.41) and separating the result into real 

and imaginary parts, we obtain the modulation equations 
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€a 
a,=— Bo [ (F587 +3f,,a6) sin y + f,.-a,a, sin 2y | (2.47) 

r 

; fa ; ; 
8, = BZ [(feerds +3ferap) SIN Y + fersArag Sin 2y | (2.48) 

Ss 

, E 3 3 2 
a B.= Bo, [ 3f,,a; + 2f,¢-a-a, + (3f,,<4,a, + 3f,,a2) cos y + f,,,aca, COS 2y | (2.49) 

f é acbe= Bom [ Bhs t+ forsee + (Bfeg-A2a, + Bla) COS y + fypg2°a, cos 2y | (2.50) 

where 

y=B,—f,+ eat (2.51) 

Therefore, to the second approximation, 

  

  

  

  

fae F.g@e 
Up = ga cos¢ +e? ce cos 3¢ + —_-*-- cos(3¢ + 3y) 

32w, 4(9w; — @;) 
a? aa’ (2.52) 

rrsar As rs $s 
3 ————— cos(3¢ + 2y)> +... 

+ 4(w, + w,)(3@, + Ws) cos(3p + 7) + 16H,(@, + @s) (30 | 

fae fas 
Us = ea, cos(@ + y)+ el? er cos 36 + — 5 cos(3h + 3y) 

4(9w? — ws) 3205 

a2 f 2 (2.53) 
srs@r 45 ssrGrs 
o> cos + cos(3p + 2y)7 +... 

r 16@,(w@, + w,) (30 +7) A(w, + w,)(3@, + w,) (39 | 

where the a, and £, are given by Eqs. (2.47)-(2.51) and 

d=a,t+ B, (2.54) 
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It follows from Eqs. (2.52) and (2.53) that periodic solutions of the original system 

correspond to the fixed points of Eqs. (2.47)-(2.51); that is a,=a,=0 and y= 0. It 

follows from Eqs. (2.47)-(2.51) that there are two possible types of fixed points: (a,, a.) 

= (0,0) and (a, # 0, a, # 0). The latter satisfies the following equations: 

(frrs@r +3f,,a0 +2f,,.4,4, COs y) siny =0 (2.55) 

(fesrBe +3f,,a7 +2f,-s4,a, COS y) sin y = 0 (2.56) 

  

3 
a 

a+ San ar + fersAe + (3fo5-454/ +3f, Zo) cos y + f,.2° COS | 

3 (2.57) 
1 a tor tf +2f a. + (BfrrgA Ay +3f;5 Z_) cos y + f.¢@° COS 2 | =0 

It follows from Eqs. (2.55) and (2.56) that there are two possibilities: sin y=0O and 

siny #0. Next, we discuss these cases starting with the first. 

(i) siny =0 or y=nnz for n=0,1,2,... 

Letting c=a,/a,, we rewrite Eq. (2.57) as 

4 3 2 
(wf, COS ye” + (fers — Of JO + [(O/fesr — Osfrrs) COS ye 

80H, (2.58) 
+ | fey — Oslrsp + 39° o |c—a,f,, cos y =0 

a $s 

  

It follows from Eqs. (2.52), (2.53), (2.54), and (2.58) that, for a given @m, fn, as, and a, 

cos y= 1 and cos y= — 1 provide the same solutions. Hence, we focus on the case 

cos y= 1. Moreover, we consider after Month and Rand (1977,1980) and Vakakis and 

Rand (1992a,b) the case 

fp=K+1, firs =— 3, fisr = 3, fs=—1 
(2.59) 

f= — 1, fos=3, fos = — 3, ffs = K+ 1 
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and w,= 1. 

When o = 0 (i.e., w, = 1), Eq. (2.58) can be rewritten as 

(c* -1)[c? +(K—2)c+1]=0 (2.60) 

whose solutions are 

  

c=1, -1,1-7K+>5./K(K—4) (2.61) Aig 
2 2 

It follows from Eq. (2.61) that there are two real values for c, namely -1 and 1, when 

K < 4 and there are two additional real values when K > 4. Hence, there are only two 

normal modes when K <4 and there are four normal modes when K > 4. 

Here we perform a so-called local stability analysis. To each fixed-point solution 

we add a small disturbance, then substitute the sum into the equations governing the 

modulations of the amplitude and phase and retain only the linear terms in the result. 

Following such a procedure, one finds that the disturbance, 6x, is governed by an 

equation of the form: 

Ox = (D,f ]6x (2.62) 

where [D,f] is the so-called Jacobian matrix, the matrix obtained by differentiating 

the right-hand side of the modulation equations with respect to the independent 

variables. [D,f] is evaluated at the fixed point. Equation (2.62) is a linear equation 

with constant coefficients; thus, its solution has the form 

dx =ce” (2.63) 

where Jd is an eigenvalue of [D,f]. There is one such solution for each 4. The 

disturbance is unstable if one or more of the eigenvalues has a real part greater than 

NONLINEAR NORMAL MODES 27



zero. The boundary between stable and unstable solutions corresponds to one or 

more eigenvalues having a real part equal to zero and the rest having real parts less 

than zero. 

Hence, the stability of the four solutions in Eq. (2.61) can be obtained from Eqs. 

(2.47)-(2.51) and (2.59). To accomplish this, we eliminate £, and f, from Eqs. 

(2.49)-(2.51), use Eq. (2.59), and obtain 

3 3 as a; . 2 2 s 
j= Fun -a(el-2) +3 SF) (2.64) 

when a,#0O and a,#0. Then the Jacobian matrix of Eqs. (2.47), (2.48), and (2.64) 

evaluated at the corresponding fixed point (a,, as, y) ts 

0 0 4% 

J=e!l 0 O —CYX, (2.65) 

X2 X¥3 «OO 

where 

b=- 3 | 9c + = +2(K — 2c fa (2.66) 

13 = = | ¢° +3 42(K - 2) a, 

One of the eigenvalues of the matrix J is zero, and the other two eigenvalues are 

given by 
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J? = &7( x47 —CX4X3) 

9 1 | (2.67) 2 4 2| 4 2 
=— Ge a,(c — 1) E + 3c +84 — 3 +4c(K — 2) 

When c= 1, all three eigenvalues are zero and the normal mode u, = u, is neutrally 

stable. When c=—1, the normal mode u,=—u, is neutrally stable if K<4 and 

unstable if K > 4. 

For the periodic solutions bifurcating from u, = — u, at K=4, the values of c are 

given by 

c°+(K—2)c4+1=0 

Then, Eq. (2.67) becomes 

Pa-S Palle - vy} —2)0 +2 + (c- +)}. 

which is negative. Therefore, the bifurcating solutions are neutrally stable. As shown 

in the c-K plane in Fig. 2.1 for go = 0, the normal mode u, = — u, gives way to the other 

two similar normal modes via a supercritical pitchfork bifurcation at K=4. 

When o 40, Eq. (2.58) can be rewritten as 

(1-?)[Ke+ (1-0) Jah +f oc=0 (2.68) 

For a given a, K, and a,, Eq. (2.68) provides two or four real nontrivial roots for c, 

which in turn provide two or four approximate nonlinear normal modes. Variations 

of c with K for four values of o are shown in Fig. 2.2. Comparing Figs. 2.1 and 2.2 

shows that the parameter o destroys the pitchfork bifurcation, which exists at ¢o = 0. 

The two approximate normal modes remain neutrally stable as K increases from 
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zero. When K exceeds a critical value, two global branches of solutions emerge: one 

branch being unstable and another branch being neutrally stable. For a dissipative 

system, the saddle-node bifurcation point, where the stable and unstable nontrivial 

constant solutions coalesce, corresponds to a vertical tangent. However, for the 

conservative system under consideration, the saddle-center point, where the 

unstable and neutrally stable constant solutions meet, is on the upper branch and 

near the left end or a vertical tangent of the curve. The saddle-center point moves 

away from the left end point of vertical tangencies as |a| increases. Moreover, the 

larger |o| is, the larger is the value of K at which the two additional modes appear. 

In Fig. 2.3, we show variation of c with o/a? for two values of K. When K = 3, 

there are only two normal modes, which are neutrally stable. When K = 5, there are 

two solutions when o>0.564 and o<-—O0.175 and four solutions when 

—0.175 < 06 < 0.564. 

(ii) sin y #0 and cosy=0 

It follows from Eqs. (2.55)-(2.57) that 

  

f, 2. rs 2 a, = Bie a; (2.69) 

8 f. a? _ W/W sl ggrF (2.70) 

Fes B@frr — Orfers) + Sho(S@ gs — Oshrsr) 

where the f,,,, must satisfy the following constraints: 

frrshrs <9, fofssp <9, Oerfrs = fesrfrrs 

Of ssrLfssr(3 sf, ™~ Ofsrs) + Sf(30fo5 ~ Osfrsr)] > 0 

(2.71) 
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The stability of the nontrivial constant solutions can be determined by investigating 

the eigenvalues of the corresponding Jacobian matrix. For example, for the case 

siny=1, w,%w, = 1, the eigenvalues of the Jacobian matrix are given by 

+0 A+, =0 (2.72) 

where 

1 2 22 
ry, =- 46. L irs — fesp)” + 2h sefsrs —Shrsrfrr —3fersfes Jar 2c (2.73) 

1 3 
Dy = B (Strsrfsr — fersfirs)4s@r O (2.74) 

Then, according to the Routh-Hurwitz criterion, the solution is unstable if either 

lr,#0o0rl,=0 and I,<0 and neutrally stable if [,=0 and I, >0. 

One case for [,=0 is shown in Fig. 2.4. Unlike the previous cases, once the 

given f,,, satisfy the constraints (2.71) and one of the quantities a?, a2, and o is 

specified, the other two quantities are uniquely determined. 

(iii) sin y #0 and cosy #0 

It follows from Eqs. (2.55)-(2.57) that 

ac = a4a, (2.75) 

2 8a 
a, = Xo — Ay Og (2.76) 

frrs +3504 — (2.77) 
2fesrx/ 4 

cosy=t 

provided that 
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—-1<cosy<1, cosy #0, 

    

    

(2.78) 

a, >O and ala — a,0,) >0 

where 

fareb pe —Sh ef. a, = srs'rrs rsr'sr (2.79) 

frselssr —3f5shrs 

3f,  Bforf f ff >= tt + srssr Ss _ _'rrs (2.80) 

r Osfsrs s Ofrsr 

af 3f.f f fe 
Og = ss 4 rs'rrs _ rsr _ ssr (2.81) 

Ws Ofrsr Wr Wsfers 

Their stability can be determined as in the previous case. 

(b) Three-to-One Internal Resonance (w,.~3w,). Substituting Eq. (2.46b) into Eas. 

(2.38) and (2.43), letting w,=3w,+e0, and separating the result into real and 

imaginary parts, we obtain the modulation equations 

  

  

4,=- 5 a,a? sin y (2.82) 

4,= 5 a? sin y (2.83) 

ap, = Boy (3f,a7 + 2f-.a5a, + frpsg@7 COS y) (2.84) 

a, = Bo (3,23 + OFerg2e a,+ fa; cos y) (2.85) 

where 
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y = 8, — 38, + eat (2.86) 

Differentiating Eq. (2.86) with respect to t and using Eqs. (2.84) and (2.85), we obtain 

  

ear 3 2 3 
4/as) = a/a,£0 + Bow (3f,.a5 + 2f, 4,4, + f,,ap COS y) 

$s 

2.87 
_ 38s (3f,a; + 2f 5858, + fra? COS y) ee? 8w, rr rsr“s =r irs" s"r 

Moreover, to the first approximation, 

u,=e'*a, cos(w,t+ B,) +... (2.88) 

Us = e/a. cos(3w,f+ 38,+y) +... 

It follows from Eqs. (2.88) that periodic solutions correspond to a,=a,=0 and 

y = 0. Then, it follows from Eqs. (2.82) and (2.83) that the nontrivial constant solutions 

correspond to 

siny=0O or y=nn, n=0O,1,2,... (2.89) 

Next, we consider the special expressions for f,,,, defined in Eqs. (2.59) with w,= 1 and 

w@,~3w,. For a constant y, Eq. (2.87) becomes 

(cos nz)ap + (27K + 21)a,a? — (27 cos nn)aga, — [ 3(K — 17)az +24aa, | = 0 (2.90) 

For a given o,n, and a,, Eq. (2.90) yields one or three real roots. Substituting these 

roots into Eqs. (2.88) and recalling that y = nz, we obtain 

u,=e'a cos(t+ B,) +... (2.91) 

us=+ eal 4 cos ‘(t + £,) -3 cos(t + B,) | +... (2.92) 
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or 

a 
ux +— ( 4,3 -ou, te (2.93) 

€ 

Therefore, the system possesses one or three approximate nonsimilar normal modes 

given by Eq. (2.93) when w,~3w,. The stability of these modes can be determined by 

studying the stability of the corresponding fixed points of Eqs. (2.82), (2.83), and (2.87). 

In Figs. 2.5(a) and 2.5(b), we show the variation of a, with K and oa, respectively. 

2.1.4 Summary 

The complex-valued invariant-manifold approach is used to construct the 

nonlinear normal modes of an N-degree-of-freedom system for the cases of 

one-to-one and three-to-one internal resonances. The dynamics of the modes are 

governed by four-dimensional autonomous systems of equations. The method of 

normal forms is used to simplify the dynamics on the invariant manifolds. The 

simplified equations are used to calculate the normal modes and investigate their 

bifurcations. In both cases, the number of nonlinear normal modes may exceed the 

number of linear normal modes, in contrast with the case of no internal resonance, 

where they are equal. 
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2.2 Nonlinear Normal Modes of a Cantilever Beam 

In nondimensional form, the equation and boundary conditions governing planar 

motion of a metallic cantilever beam are given by (Crespo da Silva and Glynn, 1978) 

w+w'’ + N[w(x,t)] =0 (2.94) 

w=w =0 at x=0 and w =w =O at x=1 (2.95) 

where 

NE w(x,t)] = [w (ww) ] + “| | (w" + ww) dx dx (2.96) 

1 0 

The overdot and prime indicate differentiation with respect to time t and the distance 

along the beam x, respectively; x and the transverse displacement w are 

nondimensionalized by the beam length L’ and the time is nondimensionalized by the 

characteristic time L*./p’A’/ET , where E’l is the rigidity of the beam, p* is the beam 

density per unit length, and A’ is the beam cross-section area. 

Hsieh, Shaw, and Pierre (1993) used the methodology of Shaw and Pierre (1993b) 

to treat the continuous system defined by Eqs. (2.94)-(2.96) as such. To this end, they 

defined the normal mode of this system as a two-dimensional invariant manifold that 

passes through a stable equilibrium point (w, w) = (0,0) of the system and is tangent 

to an eigenspace of the system linearized about this equilibrium. They chose the 
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displacement Wo and velocity Ww) at a particular point x = x of the beam to describe the 

manifold and hence define the invariant manifold as 

w(x,t) = W(w(t), Wold), x, Xo) 

w(x,t) = W(Wo(t), Wo(t), X, Xo) 

These geometric constraints are used to eliminate the explicit time dependence in 

Eq. (2.94) and the resulting spatial equations are solved asymptotically. Hsieh, Shaw, 

and Pierre (1993) pointed out that the selection of the reference point x) makes the 

procedure somewhat cumbersome. To overcome this shortcoming, Shaw and Pierre 

(1993b) modified the continuous approach by first discretizing the system by using the 

Galerkin procedure. 

2.2.1 Treatment of the Discretized System 

The linear mode shapes of Eqs. (2.94) and (2.95) with N =0 are given by 

@,,(X) = cosh Z,x — cos Z,x + B( sin 2,x — sinh Z,,x) (2.97) 

where 

COS Z,, + Cosh Z,, 

SiINZ,+ Sinh Z, 
  

R= . (2.98) 

the z, are the roots of 

1+ coszcoshz=0, (2.99) 
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and the linear natural frequencies w,, are given by z3,. 

Since the boundary-value problem is self-adjoint, the eigenfunctions (x) 

corresponding to different eigenvalues wm, are orthogonal. We define the inner 

product between @,,{x) and ¢,(x) by 

' 

<Gmlx), Ox) > = | Pm(t)6,(t) aT, (2.100) 
0 

which becomes the Kronecker delta 6,,,; moreover, 

< Pn(X), PA(X)> = On mn (2.101) 

In discretizing the continuous problem, we approximate w(x,t) by an infinite series of 

linear eigenfunctions of the form 

wx) =D) Pm(Im(0) (2.102) 
m= 1 

Substituting Eq. (2.102) into Eq. (2.94) and taking the inner product of the resulting 

equation with (x), we have 

G+ oq, + Gq, 9,4) =0 for j=1,2,... (2.103) 

where 

G9. 4. 4) = <o), i Dd, Pm(*In(ts >, bm)4m( >, enol > (2.104) 
m= 1 m= 1 m=1 
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At this point, any of a variety of methods, including the normal-mode-manifold method 

in terms of real or complex variables and perturbation methods, can be used fo 

construct the nonlinear modes. Nayfeh and Nayfeh (1993a) compare these methods 

and apply them to a system of the form of Eq. (2.103). They found that the methods 

yield equivalent results. For the procedural details, the reader is referred to Nayfeh 

and Nayfeh (1993a). 

For the case of combined cubic geometric and inertial nonlinearities as indicated 

in Eq. (2.96), Eqs. (2.103) and (2.104) can be used to express the nonlinearity as 

G(r 9a) = (Gryx — @xDoja) Te + FoI Ho (2.105) 

where 

je = < 4/0). NiO) > (2.106) 

Soi = <4), Nolby0)> (2.107) 

N00) = [bu(bids) ] (2.108) 

No(b,(x)) = («| | $, dx | (2.109) 
4 0 

As shown in Nayfeh and Nayfeh (1993a), the kth nonlinear mode obtained by 

treatment of the discretized system can be written as 

wax.) = dG) +) OLE ede + Pawn(OGe(0 | +> (2.110) 
jHk 
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where 

1 2 2 
Da = A. [ (7w, — WG jn — (50 — 0; 0494 | (2.111) 

1 2 
Do = A [ 6a). — (8a, + 0) Goi | (2.112) 

A = (wy — @7)(9m% — w°) (2.113) 

When w;~w, (One-to-one internal resonance) or w,X3a, (three-to-one internal 

resonance), A=0O and this construction of the nonlinear mode breaks down. Hence, 

we assume w, is away from @, or 3a, In addition to the kth linear mode, the 

summation in Eq. (2.110) captures the contributions of all other linear modes to the 

kth nonlinear mode. The modal motion is written in terms of g,(f), which is given by 

2 
— 2w 

gift) = a, Cos(@ayt + Bro) + a a, COS(3Mq,f+3Byg) + (2.114) 
Wy 

where 

1 2 2 
On, = Oy + Ba, (395 ey ~2O, Gann x Fs (2.115) 

which is the nonlinear natural frequency of the kth mode. Depending on the initial 

conditions, a@ and fo are constants which represent, respectively, first 

approximations to the amplitude and phase of the motion. 
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2.2.2 Direct Approach 

In this section, we determine the nonlinear mode shapes and natural frequencies 

by applying the method of multiple scales directly to the governing partial-differential 

system, given by Eqs. (2.94)-(2.96). First, we introduce a small. dimensionless 

parameter e as a bookkeeping device and rewrite Eq. (2.94) as 

w+w” + eN[w(x,6)] =0 (2.116) 

We seek a first-order uniform expansion in the form 

W(x, 6 €) = WolX, To, Ty) + EWa(X, To, 74) + (2.117) 

where 7,=¢ is a fast scale, characterizing motions occurring at one of the natural 

frequencies aw, of the system, and 7, = ef is a slow scale, characterizing the shift in the 

natural frequencies due to the nonlinearity. In terms of the 7,, the time derivative 

becomes 

= Dp + 2D, bo (2.118) 

where D, = 6/0T,. Substituting Eqs. (2.117) and (2.118) into Eqs. (2.116) and (2.95) and 

equating coefficients of like powers of e, we obtain 

Order é° 

Dew + wa’ = 0 (2.119a) 

Wo=Wy=0 at x=0 and Wo = Wy =0 at x=1 (2.119b) 
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Order ¢é 

Dow, + w3" = —2D)D,W —N(Wo, DoWo, De Wo) (2.120a) 

w,=w,=0 at x=0 and w,=w, =0 at x=1 (2.120b) 

To construct the nonlinear mode that reduces to the kth mode as the nonlinearity 

vanishes, we write the solution of Eqs. (2.119) as 

Wo = PLA Tre + Ay(T, 07H"? ] (2.121) 

where the function A, is to be determined by imposing the solvability condition at the 

next level of approximation. 

Substituting Eq. (2.121) into Eq. (2.120a) and using Eqs. (2.96), (2.108), and (2.109), 

we obtain 

Dow, + wi’ = —2iayhy(x(Aye (xT Aye («"o) 

— [N,(O,{x)) — @ANo(O(0) ](Aye'r? + Ape 1470)? (2.122) 

+ W2Np(b,(x))(Apo 7? — Aye 70)? (Ae'H70 4. Ai i470) 

Because the homogeneous part of Eqs. (2.122) and (2.120b) has a nontrivial solution, 

namely that given by Eq. (2.121), the inhomogeneous Eqs. (2.122) and (2.120b) have 

a solution only if a solvability condition is satisfied. This solvability condition 

demands that the right-hand sides of Eqs. (2.122) and (2.120b) be orthogonal to every 

solution of the homogeneous problem. For the case of no internal resonance, the 

solvability condition demands that 

QiwjAy + (391qy —20%Gaxn)AcAx = 0 (2.123) 
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where Qusx and ga. are defined in Eqs. (2.106) and (2.107) for j/ =k, respectively. The 

amplitude and phase of the kth modal motion are governed by the modulation 

equation (2.123), which is in agreement with that obtained by attacking the discretized 

problem. 

Using Eq. (2.123), we rewrite Eq. (2.122) as 

Dow, + wy’ = (20, doen — Drie) OXIA On"? — fy (x)Agem#o — Bx)ApA, 6"? + cc 

(2.124) 

where 

F(X) = Na(by(x)) —2004N0( 4(X)) — (Grex —20 49 oun) PHCX) (2.125) 

f(x) = IN (bX) —2004N0(H1()) — (BO 4x —2O%2KK PH) (2.126) 

Using separation of variables, we can express the solution of Eqs. (2.124) and (2.120b) 

as 

2 2 

— kk ~SVRG2Kk 
1= 5 b(xApen Pr + Ay(x)Apen* + hy(x)ApA,e* + co (2.127) 

Bw 

where h,(x) and A,{x) are solutions of the two two-point boundary-value problems 

hi’ —9weh, = — f,(x) (2.128a) 

h,=h,=0 at x=0 and h,=h, =O at x=1 (2.128b) 

hy’ — why = — f(x) (2.129a) 

hy =h,=0 at x=0 and hy =h, =0 at x=1 (2.1295) 
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Equations (2.128) and (2.129) can be solved either numerically or analytically. 

To compare the results presented in this section with those obtained in the 

preceding section, we replace A, by the polar form 

in Eq. (2.123), separate real and imaginary parts, and obtain 

a, =0 (2.131) 

- 4 
a, By = Bo, (394 xx —20 Jonny )ax (2.132) 

Therefore, a, is a constant and 

3 1ny —20% 
By = SO Gahe 50 Bahk 2b + Bio (2.133) 

k 

where fx» is a constant. Substituting Eqs. (2.121) and (2.127) into Eq. (2.117) and using 

Eqs. (2.130), (2.133), and (2.114), we obtain 

wylx.t) = bylx)ae(t) + eal hy(x) Cos(Bmngt +380) + hg(X) COs(Oyid + Byo)] + -~ 

  

(2.134) 

We note that, to the first approximation, 

did ap cos(wpyyt + Byo) = Ie +> (2.135) 
Wx 
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.2 3 
a, COS(3Wy,t +3840) = 9, — ee (2.136) 

Op 

Because « is a bookkeeping device, we set it equal to unity and use Eqs. (2.135) and 

(2.136) to rewrite Eq. (2.134) as 

wilX.t) = bX) + (00 + he(x))qR + 5 (n(x) an, +++ (2.137) 
k 

The spatial dependence of the correction to the linear mode shape is given by /A,(x) 

and A,(x), which are the solutions of Eqs. (2.128) and (2.129). Solving Eqs. (2.128) and 

(2.129) by expanding fi{x) in terms of the ¢,(x) and substituting these solutions into 

Eq. (2.137), we obtain Eq. (2.110). Thus, discretization of Eqs. (2.128) and (2.129) is 

equivalent to discretization of the original problem. 

Using Eqs. (2.108) and (2.109), we analytically solve for N,; and N, and obtain 

22 3 - ee os 

Na(x) = Z2eP udp + by + 4b PP (2.138) 

N(x) = 6,A + 6,A (2.139) 

where 

x x 2 

A(x) -| | pb, ax dx 
1 40 

= + | cosh’z,x + cos*z,x —4cos z,x cosh z,x —6 (2.140) 

— BL sinh 2z,x + sin 2z,x —4 sin z,x coshz,x —4.cosz,x sinh z,x + 4z,(x — 1) ] 

+ B [ cosh’z,x — cos?z,x —4sinz,x sinh 2;,x +224 (x" —1)]} 
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and ¢,{x), 8, and z are defined in Eqs. (2.97)-(2.99). We note that the boundary 

conditions require that h; =A, =0 at x=0. 

Substituting Eqs. (2.138)-(2.140) into Eqs. (2.106) and (2.107) and carrying out the 

integration numerically, we calculate gu. and ga,. Using these values and those of 

N, and N,, we calculate f(x) and f,{x) from Eqs. (2.125) and (2.126). As an example for 

the first nonlinear mode, the f(x) are plotted in Fig. 2.6. Having calculated f,(x) and 

f(x), we solve Eqs. (2.128) and (2.129) for h,{x) and A,{x) numerically by using a 

Runge-Kutta scheme. Substituting for A,(x) and A(x) in Eq. (2.137), we determine the 

deflection of the beam at any instant of time. 

The results are plotted in Fig. 2.7. At any instant f when q,(¢) = 0, we obtain the 

mode shape 

+ 4 +3 
WAX) = B(x) 9, + a (Ay (x) + Agx))ay +7 (2.141) 

where qg,{f) = gq, is the maximum and w(x, f) =0. For a given q, which depends on 

the initial conditions, we compare the nonlinear mode shapes with the linear ones in 

Figs. 2.8 for the lowest three modes. As g, exceeds a certain value q;., the correction 

terms in Eq. (2.141) due to the weakly nonlinearity qualitatively change the linear 

mode shape. Hence, the construction of the nonlinear normal mode breaks down. 

Moreover, the higher frequency the normal mode has, the lower value the q. has. 

2.2.3 Summary 

To construct the nonlinear normal modes of a cantilever beam, we present and 

compare two different approaches. First, we discretize the problem using a complete 
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set of basis functions that satisfy the boundary conditions, namely, the linear mode 

shapes. Then, the nonlinear modes are constructed by the method of multiple scales 

or an invariant-manifold approach. Then, the method of multiple scales is applied 

directly to the nonlinear partial-differential equation and boundary conditions. The 

nonlinear modes obtained with the direct approach are the same as those obtained 

by discretization. 
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Figure 2.1. Variation of c with K for o=0, y = 2nz, n=0,1,2,.... (one-to-one internal 
resonance); _, neutrally stable solution; ---, unstable solution. 
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Figure 2.2. Variation of c with K for o #0, a,=1, y= 2nz, n=0,1,2,.... (one-to-one 
internal resonance), (a) ¢ = — 0.1; (b) c= — 1; (c) o=0.1; (d) c=1; _, 
neutrally stable solution; —-, unstable solution. 

NONLINEAR NORMAL MODES 48



  

(a) 

      
  

      

Cc 

-2 = 

1 

~4 T T T yl r yl + 

-2 -1 0 1 2 

oO 

2 

. 

0-7 — 

Cc MS. 

-2 7 

“4 T r T T 

-2 -1 0 1 2 

Oo 

Figure 2.3. Variation of c with o/a3 for a,=1, y = 2nz, n=0,1,2,... (one-to-one internal 

resonance), (a) K=3; (b) K=5; ___, neutrally stable solution; —, unstable 

solution. 
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Figure 2.4. Variation of a, with o for the case of one-to-one internal resonance: 

Y = (2n + 1/2)z, n=0,1,2,..., fies = 3, fier = 3, f.= — 1, f= 1, fers = 3, fast = _ 3, 

fs = 1. 
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In this case, a,=a,: 
neutrally stable solution (f,=5, [,=0); ___ 
f, = 6, T; > 0). 

--, unstable solution (f,=4, I[,<0); __, 
, heutrally stable solution { 
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Figure 2.5. The nonlinear normal modes for the case of three-to-one internal 
resonance: (a) variation of a, with K for o=0 and a, = 1; (b) variation of a, 
with o for K=O and a,=1; y=2nz, n=0,1,2,..., ___, neutrally stable 
solution; ---, unstable solution. 
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Figure 2.6. f, and f, as functions of x for the first nonlinear mode; the linear natural 

frequency a = 3.5160, gu = 40.4407, and gax = 4.5968. 
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Figure 2.7. h, and hz as functions of x for the first nonlinear mode; these results 
include homogeneous solutions as well as particular solutions. 
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Figure 2.8. The comparison of linear (—) and nonlinear (---) mode shapes for the first 
mode (a) q;= 1.0 and (b) qi = 1.7; the second mode (c) q;= 0.10 and (d) 
Gz: = 0.17; the third mode (e) q3 = 0.03 and (f) q3 = 0.05. 
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CHAPTER 3 

SYSTEMS WITH REPEATED NATURAL 

FREQUENCIES 

The nonlinear response of multi-degree-of-freedom systems with repeated 

natural frequencies and cubic nonlinearity to various parametric resonances are 

studied in Sections 3.1-3.3. The linear part of the system has a nonsemisimple 

One-to-one internal resonance. These analyses are applied to the flutter of an 

isotropic simply supported panel in a supersonic airstream. The character of the 

stability and various types of bifurcation are analyzed. For the case of combination 

parametric resonance, the numerical results indicate the existence of Hopf, 

cyclic-fold, and period-doubling bifurcations; chaotic responses; and different types 

of static bifurcations. In Section 3.4, the influence of quadratic nonlinearities is 

investigated. The method of multiple scales is used to derive four first-order 

differential equations governing the modulation of the amplitudes and phases of the 

two modes for the cases of fundamental and principal parametric resonances. 
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Bifurcation analysis of the case of fundamental parametric resonance reveals that 

more complicated dynamics, such as period-doubling sequences leading to chaos, 

can be induced by these quadratic terms. The effects of quadratic nonlinearities for 

the case of principal parametric resonance are discussed. 

3.1 Principal Parametric Resonance 

3.1.1 Equation of Motion 

The equations of motion for the aeroelasticity of plates and shells are well 

established (Dowell, 1975; Dowell and Ilgamov, 1988). The motion of a panel under 

a harmonic in-plane load in a supersonic airstream is governed by the following 

equation (Dowell, 1975): 

      

2 
ow E é°w a°w Ow Poon [ dw 1 dw 

D ay — (Ny + N,) ay? + Pmh ae + Um ae =— M_. Ax + U.. at (3.1) 

where 

i 

Eh Ow ; 

0 

is the tension due to the bending-induced stretching of the panel, D is the flexural 

rigidity, w is the transverse deflection, x is the streamwise spatial coordinate, Nz is 
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the in-plane harmonic loading, E is the modulus of elasticity, h is the panel thickness, 

| is the panel length, and p,,andu, are the material density and damping, 

respectively. On the right-hand side of Eq. (3.1}, piston theory is used to approximate 

the supersonic aerodynamic loads on the panel, where p,,, U,, and M,, are the 

density, speed, and Mach number in the freestream. 

Equation (3.1) can be rewritten in the following dimensionless form (* denotes 

dimensionless quantities): 

  

  

  

be — . lope 
Cw Ow.) Ma | Rita (2) dé a (3.3) 

where 

w =(/h)w, x =(2/)x, ¢ =[4D"7/P(p,h)'? Vt, 

1 =p,,U2°/8M.D, R,=NEP/4D =F cosQt, 

a = EA APD, Qu = (7/4 OmhD)'\um + PoYool Moe) 

Following the Galerkin procedure, Tezak et al. (1982) expressed the deflection as an 

expansion in terms of the linear free-vibration modes and obtained a system of 

ordinary differential equations for the time-dependent coefficients (also called modal 

amplitudes) in this expansion. For flutter, two natural frequencies coalesce and the 

corresponding modal amplitudes are governed by equations having the following 

form: 
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big + Uy 2p, dy + Ayu, + Ayouy + (2 cosQz)(f,,Uy + fro) 
~ 3 ~ 2 ~ 2 ~ 3 (3.4) 

+ O44U, + Oyo, Up + 434, Up + Oslo = 0, 

Uy + Uy + Up + 2ht5 Up + An 4; + Agogo + (2 cosQ2t)(f),U, + fopU>) (3 5) 

~ 3 ~ 2 ~ 2 ~ 3 
+ Ao4 Uy + Aon ly Uy + M9344Us + Ap4Uy => 0, 

where t=q@ is the new independent variable; w° is the dimensionless natural 

frequency; the ratio Q of the excitation frequency to the natural frequency is close to 

2; the Ay = (1° — A,)C,; are the aerodynamic detuning parameters; the C, are constants; 

A. is the critical value that causes two natural frequencies to merge and flutter to 

ensue; and the 4, hip and a, are constants related to the damping, in-plane loading, 

and nonlinear terms in Eq. (3.1), respectively. The case of a one-to-one internal 

resonance and a principal parametric excitation are studied. 

It was shown that the remaining modal amplitudes decay. 

Tezak, et al. (1982) used the method of multiple scales to obtain an approximate 

solution to Eqs. (3.4) and (3.5). One can obtain the same results by the method of 

normal forms, as we demonstrate in this section. 

3.1.2 Scaling 

Due to the nonsemisimple structure of the linear undamped operator, uw, is much 

larger than u,, Hence, introducing « as a bookkeeping device, one assumes that 

1-36, on _ bo 

Uy = EV4, Up =€E Voy hj =€E Lis 
_ . (3.6) 

6 6 ~ 6s 

Ay erAy, f= ey Oi = Eins 
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fori=1,2, j=1,2, k= 1,2,3,4, where the 6,, are unspecified (for the present) positive 

constants. Substituting Eq. (3.6) into Eqs. (3.4) and (3.5) yields 

Vi + v4 + 622A V, + AV; +e °1A Vo) + (2 cosQr)e°"(fyyv, +e. OF v5) 
_ 9, _ (3.7) 

+ 6° lo aVy +€ as yVeVy +e 21a Vy vs +6 81g ve) = 0, 

“ 54 5» : 547.54 547.94 
Vo +E V4 + Vo +E 2LoVo + € (e AoiV4 + ApoVo) + (2 cosQlz)e {e fy4V, + fyoVo) 

é é _ _ (3.8) 
+65 *(e “otn4V3 + Wn9V4 Vo + Ve oaV 4 vs +E 201545) = 0. 

Keeping the dominant terms only, we have 

Vy Hy HOV, + 0°87 Ajay + 0°47 (2 CosQt)fyoVo + C82 Mra ve 4. =0, (3.9) 

- 5, Son 
Vo FE 'Vy + Va + € 22a +... = 0. (3.10) 

To bring the effects of the damping, aerodynamic loading, parametric resonance, and 

nonlinearity into the first approximation, we let 

by = 6, —6, = 64—6, = 65 +2 — 36, = 04. (3.11) 

Hence, for an arbitrary 6,, say 1, 

dg =1, 6,=2, 6,=2, and ds=2, (3.12) 

and the scaled equations (3.9) and (3.10) become 

Vy $V, + ey, + EAgoVo + €(2 CosQt)f,aV> + £0144Vs +...=0, (3.13) 

Vo + EV, + Vy + 2EUDVo +... = 0 (3.14) 
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3.1.3 Method of Normal Forms 

To simplify Eqs. (3.13) and (3.14) we use the method of normal forms (Nayfeh, 

1993) and recast them in complex-valued form using the following transformation: 

where 7; is the complex conjugate of 7; Hence, solving for 4; and 4;, one obtains 

) and 7——+ (4+ iv). (3.16) — tv 9 
1 —(v / 

1) =D Wj 

Differentiating the first of Eqs. (3.16) with respect to t and using Eqs. (3.13)-(3.15) 

yields 

. . i . _ _ 
Y= IN, +8& > Li2uy(n, — 14) + Aqolne + Ha) 

(3.17) _ _ — \3 
+ fro(Z + Z)(no + 2) + A y4lt2 + Ho) | +... 

. . i _ . _ 
No = ing te>Ln + 794 + i2uo(N2 — 2) ] +... (3.18) 

where z = ee, 

To determine an approximation to the solution of Eqs. (3.17) and (3.18) by using 

the method of normal forms, we introduce the near-identity transformation 

n=, teh(ny EmZ,Z) +4  m=1,2 foreach f= 1,2 (3.19) 

into Eqs. (3.17) and (3.18) and choose the 4h; so that the resulting equations take the 

simplest possible form, the so-called normal form, 
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Es ie + eG (Em Emz, Zt,  m=1,2 foreach j=1,2 (3.20) 

where the g, consist of the resonance and near-resonance terms. Substituting Eqs. 

(3.19) and (3.20) into Eq. (3.17) and equating the coefficients of « on both sides, we 

obtain 

  

7 oh, : ah, E+ oh, oh, z\4 a dh, ah, 2 
| oT -—_—= =—=—_ -—o=— / wor 2 Tm Zz 

PNET BE, OT OE, PE, (z @ (3.21) 
=ih,—w,(f,—&)+ + | Ayo(Zo + Eo) + frolz + Z(Eq + &o) + Oya(Eo + &5) |. 

Choosing h, to eliminate the nonresonance terms in Eq. (3.21) leaves g, with the 

resonance and near-resonance terms; that is, 

Gy = — Hye, + z (Ayooo + Borat fo + Fozéo) (3.22) 

The term proportional to zé, is a near-resonance term because 222 and the rest of 

the terms on the right-hand side of Eq. (3.22) are resonance terms. Substituting Eqs. 

(3.19) and (3.20) into Eq. (3.18), equating the coefficients of e on both sides, and 

choosing /, to eliminate the nonresonance terms, we find that 

Qo = — Moda + > Cy (3.23) 

Substituting Eqs. (3.22) and (3.23) into Eq. (3.20) and introducing a slow time scale 

1 = et yields the normal form 

, 1, i z z 
C4 ely — dy + 7 (Ay2é2 + Bai46062 + raza) (3.24) 

SYSTEMS WITH REPEATED NATURAL FREQUENCIES 61



, 1. j 
$2 =~ iby — Moot yh (3.25) 

>
 

— &) 
OT,” 

Next, we introduce a detuning parameter o defined by 

  

where ()’ 

Q=24+¢0 (3.26) 

where éo is small compared with 1. Moreover, we express the €; in the polar form 

1 i 
=> ae? (3.27) 

recall that z = exp(iQzt), separate Eqs. (3.24) and (3.25) into real and imaginary parts, 

and obtain 

, 1 3 3 . 1 . 

ay! = — 4a, — ( > Ay2a2 + 8 04422) SINY, — > fyoae SIN» (3.28) 

' 1 3 3 1 
a,B, = (> Ayo + 8 4 4p ) COS), + 2 fyo@o COSY5 (3.29) 

, 1 
Ag! = — Udy + Fay Siny, (3.30) 

af,’ = + a, COS), (3.31) 

where 

¥1 = Bo — By and y= at — By — By (3.32) 

The equilibrium solutions of Eqs. (3.28)-(3.32) correspond to a, =0 and y/ =0. 

There are two possibilities: 
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(i) trivial solution: a, =a, =0, (3.33) 

  

(ii) nontrivial solution: a, = a(o* + 4u3)'"?, (3.34) 

2 4 1/2 
a2 = 3a44 | — Ay t+ a — 4uyuo + Lf, — 40°(u, + Ho) \ (3.35) 

For nontrivial solutions, it follows from Eq. (3.35) that 

fro 2 2lo(uy + uy) (3.36) 

4/2 
ara} Aga + 4pyby — 0° — Df — 40° (uy + bp)’ I \ <0 (3.37) 

3.1.4 Stability of the Trivial Solution 

Based on linear theory, the plate motion is unstable and the response grows 

exponentially with time if at least one of the eigenvalues has a positive real part. 

However, it is well known that, physically, the plate amplitude is limited by the 

nonlinear membrane forces induced by the plate motion (Lock and Fung, 1961; Dowell 

and Voss, 1965). 

To determine the flutter boundaries for the linear problem, we use the Cartesian 

form 

1 A . 

=z —ige 2°", j=12 (3.38) 

to transform the nonautonomous system (3.24) and (3.25) into the four-dimensional 

autonomous system 
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where 

I> I 

and 

tf
 ll 

ho
[—

 

  

P4 

91 

P2 

qo 

  — 2Uo | 

The eigenvalues A of the matrix L satisfy the characteristic equation 

where 

Mt rd? + ryd® + red +r,=0 

Fy = 2(uy + Ho) 

2, 2 1 2 
ro = Hy + Ha + Augue +> (Are + 0°) 

1 
rz = (uw, + Ha) 2ermg + 2 Ay + 
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(3.39) 

(3.40) 

(3.41) 

(3.42) 

(3.43a) 

(3.43b) 

(3.43c) 
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2 
1 2 2 1 1 2 1 2 

re= Wo (Hy t be) + (19 +b Ay") — 46 fi (3.43d) 

According to the Routh-Hurwitz criterion, at least one root of Eq. (3.42) has a positive 

real part if the following conditions are not satisfied: 

ry > OQ, Palo —f,> 0, (3.44a,b) 

fa(F4l> — 3) — rer, > 0, r, > 0. (3.44c,d) 

The flutter boundaries separating stable and unstable regions for the case of a simply 

supported panel can then be constructed to form the bifurcation diagram, as shown 

in Fig. 3.1. Stable trivial solutions exist in regions | and Il only. As a control 

parameter is varied, the trivial equilibrium solution can undergo various types of 

bifurcations. The qualitative dynamical behavior near these bifurcation curves can 

be analyzed by using a combination of center manifold theory and the method of 

normal forms. The case of Bogdanov-Takens bifurcation is described in Section 3.1.7. 

(a) Static Bifurcations of the Trivial Solution. The P curve in Fig. 3.1 corresponds 

to the condition r,= 0, where r, is defined in Eq. (3.43d). Thus, along this bifurcation 

curve, the linear operator L has a zero eigenvalue. As F crosses the P curve directly 

from region | into region Ill at a fixed A, a supercritical pitchfork bifurcation occurs. 

It can be identified by the normal form 

y’ =e,(F — Fe,)y + oy, £,>0 and a, <0 (3.45) 

where F,, is the bifurcation value. If F crosses from region [I into region Ill, a 

subcritical pitchfork bifurcation occurs. It can be identified by the normal form 

y’ =8(F—F.,)y + ay, &>0 and a,>0 (3.46) 
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In the case of supercritical bifurcation, the stable trivial solution loses stability and 

gives way to a stable nontrivial constant solution (or periodic solution of the original 

system) that smoothly grows with F, as shown in Fig. 3.2(a), where 

(€1, 1) = (0.0033, —0.001) when (A, F.,) = (—300, 332.92). In the case of subcritical 

bifurcation, the solution jumps from a trivial to a nontrivial value as F increases past 

the bifurcation value, as shown in Fig. 3.2(b), where (€2, a) = (0.0058, 0.0028) when 

(A, F.+) = (100, 346.79). 

(b) Hopf Bifurcation of the Trivial Solution. The H curve in Fig. 3.1 corresponds 

to the condition r3(rir2 — rs) — rir, = 0, where the r; are defined in Eqs. (3.43). The linear 

operator L has a pair of purely imaginary eigenvalues along this bifurcation curve. 

As A crosses the H curve from region | into region IV or from region II into region V 

at a fixed F, a supercritical Hopf bifurcation occurs. It can be identified by the normal 

form 

r’ =e8,(A — A;,)r + asr’, Eg >0 and a,<0 (3.474) 

a =at+ ogr’, w= ra[f, and a,<0 (3.47b) 

where A,, is the bifurcation value. In Figs. 3.3(a,b), the variation of the amplitude of 

the second mode with the aerodynamic detuning for two values of the excitation 

amplitude is shown. When F=200 and A is increased slowly, the stable trivial 

solution loses stability across the Hopf bifurcation curve at A.~326.41, where 

(€3, 03) = (0.0026, —0.0475) and (@, a4) = (1.423, —0.0053). The amplitude of the 

periodic solution of the modulation equations (or quasiperiodic solution of the original 

system) gradually grows with increasing A, as show in Figs. 3.3(a) and 3.4(c,d). In Fig. 

3.3(b), when A is increased from a low value, the trivial solution loses stability at 

Ax —416 and a stable nontrivial constant solution starts to grow as A continues to 
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increase. When A118, a second, unstable nontrivial constant solution is possible 

and the unstable trivial solution regains its stability. It remains stable until A~453, 

where (€3, a3) = (0.0032, —0.04) and (w, a4) =(1.140, —0.0158), a supercritical Hopf 

bifurcation occurs, and a periodic solution emerges. In the region of multivalued 

stable solutions, the response depends on the initial conditions. Starting from a 

stable nontrivial constant solution at a large value of A and then gradually decreasing 

A, one finds that the amplitude of the nontrivial solution would decrease until a stable 

trivial solution is reached. Starting from a periodic solution at a large value of A and 

gradually decreasing A, one finds that the solution would go through a reverse Hopf 

bifurcation to a stable trivial solution. As A continues to decrease, a jump occurs at 

the reverse pitchfork bifurcation point. Hence the stable branch of nontrivial constant 

solutions becomes the only realizable solution until it hits the trivial solution as A 

decreases. 

3.1.5 Stability of Nontrivial Solutions 

The Jacobian matrix of the autonomous system defined by Eqs. (3.28)-(3.32) 

evaluated at the nontrivial fixed points can be expressed as 
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— By da2 J13 — > fred COS Yo 

Tt sin - 1 0 9 4 Ho m 44 COS 4 

J= ,  (3.48a) 

1 fro ; 
“ay cos y4 Jao Ja3 2a, ao sin Yo 

<i G ay fro ; 
a, a, COS 74 ‘a, + 432 a, SIN V1 + dag Da, 22 SiN ¥2 

where 

1 9 2, o: 1 ; 
Jig = — (Ate + M1442) sin y4 oy hte sin 7) (3.48b) 

1 3 2 
Ji3g=- > (Ayo + 1 0448p Jaz COS (3.48c) 

1 3 2 
J39 = — a, [Aye + > 04447) COS y, + fy COS yo] (3.48q) 

_ ay Ay Su14 3\_. 
dss=(- 2a, + 2a, a) + Ba, a, }siny, (3.48e) 

Hence, the stability of a nontrivial equilibrium solution depends on the real parts of 

the eigenvalues of the matrix J. If the real part of each eigenvalue is negative, the 

corresponding equilibrium solution is asymptotically stable. lf the real part of at least 

one of the eigenvalues is positive, the corresponding equilibrium solution is unstable. 

In regions II and V of Fig. 3.1, there are two nontrivial constant solutions; one is stable 

and one is unstable. And in region lll, there is one nontrivial constant solution, which 

is stable. If the equilibrium solution becomes nonhyperbolic, a similar bifurcation 
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analysis can be conducted near the nontrivial fixed point by using the center manifold 

theory and the method of normal forms. As F is decreased across the line S, where 

F=F,,, between regions | (or IV) and II (or V) for a fixed A, one real eigenvalue 

becomes positive and a saddle-node bifurcation occurs; it can be identified by the 

normal form 

y'=e,(F—-F.,)—y’, t>0 (3.49) 

In Figs. 3.2(b)-(f), as F decreases past the bifurcation point, the stable nontrivial 

constant solution loses stability and jumps down either to a stable trivial solution or 

to a periodic solution. The unstable branch of nontrivial constant solutions is 

unrealizable in either numerical or physical experiments. 

3.1.6 Stability of Periodic Solutions 

Using Floquet theory to check the stability of the periodic solutions in regions IV 

and V, one finds that only stable periodic solutions exist in region IV, whereas stable 

periodic solutions and stable nontrivial constant solutions coexist in part of region V, 

as shown in Figs. 3.2(e,f) and 3.3. In the latter case, the response depends on the 

initial conditions. In Figs. 3.2(c,d) and 3.5, the mean value of the amplitude of the 

periodic solution decreases while its period increases as F increases, and eventually 

a reverse Hopf bifurcation produces a stable trivial solution. In Figs. 3.2(e,f), when 

A is either near the value where the Bogdanov-Takens bifurcation occurs or away 

from the Hopf-bifurcation curve, the mean value of the amplitude of the periodic 

solution first decreases with F, then starts to increase somewhere beneath the 

unstable branch of nontrivial constant solutions (saddles). At this point, the periodic 
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solution is stable in a sense that the corresponding Floquet multipliers lie within the 

unit circle. However, as shown in Fig. 3.5 for fixed values of A, the period of the limit 

cycle tends to infinity as F increases, suggesting the occurrence of a homoclinic orbit. 

lf a system has an orbit homoclinic to a saddle focus, which has one positive real 

eigenvalue J, 2, = 2,;= — a + iw, and Real( — 4,) > a for i=4,5,...,n, where a and w are 

positive, Shilnikov (1970) showed that the system has a stable periodic orbit on one 

side of the homoclinic orbit and no recurrent behavior on the other if the eigenvalues 

of this saddle satisfy the inequality 

S=af/l, > 1, (3.50) 

which is the case in the current study. 

The projections of the unstable manifolds of the saddle are shown in Fig. 3.6 for 

A = 1000. Before the homoclinicity condition is reached, the unstable manifold leads 

to a limit cycle in one direction and to a sink in the other, as shown in part (a) for 

F = 330. As F increases, the limit cycle grows and its period increases, as shown in 

Fig. 3.6(b) for F= 335. At F=F,~340.853, the periodic orbit passes through the 

saddle focus, forming the homoclinic orbit. The eigenvalues of the saddle focus are 

A, = 0.4656, 423 = —1.2334+ 4.2036), and d,= —2.9324. Hence, = 2.649 > 1. 

Therefore, according to the Shilnikov theorem, when F<F,, the system has a stable 

limit cycle, and when F>F, it has no recurrent behavior, explaining the results in Fig. 

3.6. 

In Fig. 3.7, when A increases from approximately 510.5 for F = 400, where a 

supercritical Hopf bifurcation occurs and a limit cycle is born, the period of the limit 

cycle increases and tends to infinity as A ~ A,~734.16. In Fig. 3.8(a) for A = 530, the 

unstable manifold of the saddle leads to a limit cycle in one direction and to a sink in 

the other. As A increases further, the limit cycle grows and approaches the 
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homoclinic orbit, as shown in part (b) for A =630 and part (c) for A = 734.1614, 

respectively. The eigenvalues of the saddle focus at A = A,, where a homoclinic orbit 

occurs, are A,=0.7262, 42; = —1.2334+ 3.0807), and 1,= —3.193. Clearly, 

6 = 1.698 > 1. Therefore, according to the Shilnikov theorem, the system has a stable 

limit cycle for A<A, and no recurrent behavior for A>A,, again explaining the 

results in Fig. 3.8. 

3.1.7 Bogdanov-Takens Bifurcation of the Trivial Solution 

Analyzing a similar type of system, Namachchivaya and Malhotra (1992) observed 

an interesting phenomenon: a homoclinic bifurcation near the Bogdanov-Takens 

bifurcation point, which is the intersection of two codimension-one bifurcation 

varieties, the static bifurcation and the Hopf bifurcation. The corresponding linear 

operator has a double-zero eigenvalue. 

For the case of a simply supported panel in a supersonic stream, the critical 

values A,, = 679.2 and F,, = 519.6 at point c; in Fig. 3.1 are obtained by satisfying the 

two conditions r;=0 and r,=0, where r;andr, are defined in (3.43c,d). The 

corresponding linear operator L,, has the Jordan form 

    

lo 1 0 0 

, 0 0 0 0 
J=P "LP = . (3.51) 

0 O — (Hy + Hy) 1 

0 0 0 — (uy + Hy) 

Center manifold theory (Carr, 1981) can then be applied near this nonhyperbolic fixed 

point to reduce the fourth-order system to a second-order equation defined on a 
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(3.39) and two-dimensional center manifold. Substituting x=Py into Eq. 

premultiplying by P-' yields 

y' =dy+P7(L—L,,)Py + P~'M(Py). (3.52) 

The center manifold of the decoupled system has the form 

Ya = M4(¥4s Vos A, F) (3.53a) 

(3.53b) ¥4 = Mol¥1, Yo. A, F). 

Since the nonlinearities are cubic, this center manifold can be approximated by cubic 

Therefore, the dynamics of the center manifold is governed by equations functions. 

of the following form: 

yy’ ¥4 y4 ~ 

Yo’ Yo Yo 

where 

2 3 
0 1 ~ OAV + V4 Vo + OgVVo + M42 

J= , Ne=e 3 ; 5 3 / (3.55) 

0.0 AsV, + Ag¥, Yo t A7Y1¥o + AgVo 

and E is a 2x2 submatrix of P-“"(L —L.,)P. Letting 

(3.56) 

Dy, Dap 
B=J+E= ; 

bo, boo 

det B = by, bo _- bo4b49, and tr B = by, + boo, 

one can introduce the transformation 
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" 1 0 ("| 
= (3.57) 

No Bi, Dyn IL Yo 

to transform Eq. (3.54) into the following form: 

ny" 0 1 Ns ~ 
= + N(14, 12). (3.58) 

No’ —detB trB jl np 

Again, one can use the method of normal forms to simplify Eq. (3.58). 

For the time being, one can drop det (B) and tr (B) because they are sufficiently 

small. Then, we consider 

yo=JdIant N(n), (3.59) 

n=E+eA(E)t.., (3.60a) 

Er aJEteg(E)+... (3.606) 

Substituting Eqs. (3.60) into (3.59) yields 

  jah ah 
* 6G, Op |’ Te ° iia 

+ — 

Go Bh, Oh, |LO OSL Se 0 OFLA, 

66, Of B61) 

5 3 2 2 3 
OE, +9647 So + 030400 + 40>   | ose + apts Ep + 0764bo° + crgby” 

The form of the nonlinearity suggests seeking the g; and A; in the following forms: 
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Ay = r,é,° + Db 4°&5 + P5é 465° + Dyé° 

hy = Psé.° + Pees, + PE ,E9° + Defy” 

n= AE, + Age E, + Age sE0° + Ages” 

3 2 2 3 
Go = Ash, + Ages oo + Azoqoo + Agoo 

Substituting Eq. (3.62) into Eq. (3.61) yields 

3 2 2 3 2 2 
Ayes + Andy So + Ager eo” + Agee + $0(31 404° +20 96482 + F3e0°) 

_ (Psf.° + Peé1°e, + D7e,E0° + Tgé.°) 
3 2 2 3 

= 404 FAQS 4 So + H3bqdQ + 489 

Age y + Ages So + Ape gg + Agee? + En( 8 564° +20 96460 + P78") 

= asf, + aels fo + are bo + Oato® 

(3.62a) 

(3.62b) 

(3.62c) 

(3.62d) 

(3.63) 

(3.64) 

Equating the coefficients of £3, €7@,, €,¢3, and €3 on both sides of Eqs. (3.63) and (3.64), 

one has 

where 
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C= ; (3.66) 

    
Here [,a,andA are column vectors having the components Im, om, and An, 

respectively. 

Because C is a singular matrix, the system (3.65) has a solution if and only if 

a—A is orthogonal to every nontrivial solution u of the adjoint homogeneous 

problem; that is, C'lu=Q. One then has 

u = (0,0,0,0,1,0,0,0)' and (3,0,0,0,0,1,0,0)" 

and accordingly obtains 

Ag = Ms (3.67a) 

3A, + Ag = 3a, + X (3.67b) 

One can solve Eq. (3.65) for C for all values of the a,,, and hence A,, k = 2,3,4,7,and 8 

can be set equal to zero. If one has A,=O and accounts for the two unfolding 

parameters, f, = —det (B) and f, = tr (B), the corresponding truncated normal form of 

Eq. (3.58) can be expressed as 
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G1 = € (3.68) 

Eo) = BrEy + Bota + y1b4 + vobies. 3.680) 

where 

B, = —0.009(A ~— A,,) +0.023(F — F,,) (3.69a) 

By = 0.012(A — A,,) —0.019(F — F,,) (3.69b) 

y4 = €a5 = 0.028 (3.69c) 

Yo = (3a, + ag) = — 0.097. (3.69d) 

The global bifurcation behavior arising from this local codimension-two bifurcation is 

well known (Guckenheimer and Holmes, 1983) 

3.1.8 Summary 

The nonlinear response of two-degree-of-freedom systems with one-to-one 

internal and principal parametric resonances is obtained by the method of normal 

forms. The same technique along with center manifold theory are used to analyze the 

bifurcation behavior near the nonhyperbolic fixed points. Since the stability of 

hyperbolic fixed points or periodic solutions can be studied by the corresponding 

eigenvalues or Floquet multipliers, respectively, one would then obtain a clearer 

picture of the dynamic behavior from the bifurcation diagram. In the case of a simply 

supported panel in a supersonic stream, qualitative changes can be predicted when 
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either the forcing amplitude or the aerodynamic pressure is varied across a 

bifurcation curve. It is shown that the trivial solutions can lose stability through three 

types of bifurcations: supercritical and subcritical pitchfork bifurcations, supercritical 

Hopf bifurcations, and Bogdanov-Takens bifurcations. The stability of the equilibrium 

and periodic solutions are investigated. The Shilnikov theorem is used to explain the 

numerical results obtained near the formation of an orbit homoclinic to a saddle-focus 

fixed point. A comparison between the numerical time integration of the modulation 

equations and the original governing equations is shown in Figs. 3.9-3.11. In Fig. 3.9, 

we show the effect of «, which appears in the scaling process. Better agreement is 

reached when ¢ = 0.01, which is also used for the results obtained in Figs. 3.10 and 

3.11. By introducing this e, one can observe that u, is much larger than u,, which is 

consistent with the inherent nonsemisimple structure of the system under 

investigation. 

3.2 Fundamental Parametric Resonance 

Considering the case Q~1 and following an analysis similar to that described in 

the preceding section, one obtains, for the two modes whose natural frequencies 

coalesce, the following modulation equations: 

Ay = LA, + i ( > Ayo + bs )A, + boA,e'7™ + + aA, | (3.70) 

Ay = — bpp + iAy (3.71) 
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where 

5 2 1 
, = 9 fio — 3 frolfy, + foo), (3.72) 

1 2 1 
2 = > he — > alt + foo), (3.73) 

or = 20 T, = et, and Q=1+ 60. 
oT,’ , 

Comparing Eqs. (3.70)-(3.73) with Eqs. (3.24) and (3.25) by letting €; = A; exp(it), 

one notes that there are only quantitative changes between these two cases, namely 

Q~1 and Qx2, for the system in the current study, which has cubic nonlinearities 

only. Once the quadratic nonlinearities are involved geometrically or inertially, 

dramatically qualitative changes would occur in the response of the system to the 

fundamental parametric excitation, as shown in Section 3.4. 

3.3 Combination Parametric Resonance 

We consider the nonlinear response of a three-degree-of-freedom system with a 

nonsemisimple one-to-one internal resonance to a combination parametric 

resonance. Specifically, we determine a second-order approximate solution of the 

following dimensionless equations: 

3 

» » Psnpglnl pg = 9, (3.74) 

3 3 3 

ti, + Uy +2n,0, + » Agnln + (2 cosQd) » fy pUn + 
na n= 1 n 
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3 3 3 3 

Un + Uy + Uy +2 ou, + > Aentn + (2 cosQt) » Fo nUln + » » » PonpalnllpUg = 0,(3.75) 
n=14 f= 1 n=i1p=i9g=1 

3 3 3 3 3 

Ug + Way + 2b, + » Agnln + (2 cosQt) » fan + » » » VanpqlnUpYg = 0, (3.76) 
n=1 n= n=1ip=1g=1 

when Qxaw,;+ 1. In Eqs. (3.74)-(3.76) time was made dimensionless by using the 

natural frequency w; of the first two modes. The 4, Mim fn, and Tinea are constants 

related to the damping, aerodynamic detuning, in-plane loading, and nonlinearity due 

to the bending-induced stretching of the panel. 

3.3.1 Analytical Solution 

We use the method of multiple scales to determine a second-order approximate 

solution of Eqs. (3.74)-(3.76) for the case of combination parametric resonance for 

small- but finite-amplitude motions. To this end, we introduce a small dimensionless 

parameter ¢ as a bookkeeping device. Because uz is much larger than u, due to the 

nonsemisimple structure of the linear undamped operator, we scale the variables as 

1— 1-6 
U, = EV4, Up = oy,, Uz=Eé V4 (3.774) 

and the parameters as 

~ 6 6 - é ~ é 
Hj=e Lis Ain =e “Ain: fin = E "fins Vinpg =e TT inpg (3.77b) 

SYSTEMS WITH REPEATED NATURAL FREQUENCIES 79



for i,n,0,q = 1,2,3, where the 6, are positive constants to be determined in the course 

of the analysis. Substituting Eqs. (3.77) into Eqs. (3.74)-(3.76) leads to 

Vy H Vy + oY, + Oo Ar Vy +O AggVy +E 2A yaVa) 
_ _ _ (3.78) 

+ (2 cosQtle(F,4V, +€ OF V5 +E °F Va) +e *% eal PPS =0 

Vo + ev, + Vo + PPITON + (SAY, + AggVo + et ~ 8A 5 5Vq) (3.79) 

+ (2 cosQtye*(e'f 4v, + fooVo + eo" ~ °2f4Vq) + ee + 6s maa) DPS = 0 

Vz + 05V5 + £22 uaV5 + £4224, V, + got OA aoVo + Ag3V3) (3.80) 

+ (2 cosQt\e5(e "fy, Va + ge Of Vo + fag¥3) + g? + 63% + © soo V5 =0 

To determine a uniformly valid approximate solution that exhibits the effects of 

the repeated frequency, nonlinearity, and combination parametric resonance, we 

introduce the time scales 

To=t, Ty=et, and T,=e't (3.81) 

In terms of these scales, the time derivatives become 

2 = Dp + 2D, +2°Dp, (3.82) 

d° 2 272 
de = D5 + 2eDD, +E (D, + 2D,D,) + ose (3.83) 

where D, = 0/0T,. We seek a second-order uniform approximation to the solution of 

Eqs. (3.78)-(3.80) in the form 

Vinlti €) & VinolTo. M4, To) + EV (To. Tas To) + & VmolTo, T,, To) (3.84) 

Substituting Eqs. (3.81)-(3.84) into Eqs. (3.78)-(3.80) yields 
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Dg Vig + V49 + €(D5V44 + V44 + 2DoD4V40) + &°(D5Vi2 + Vag +2DD2Vi9 + DPV 9 

+ 2D 9D,V4,) + £32 ,DoVio + (Ay yV49 +e- OA 19Vo9 +67 OA soVo4 

+ 8 PA ygVag + 6) Ay gV54) + (2 cosQte(f,4Vi9 + & 'frgVo0 (3.85) 

$8) fyyVng +E gVag + 61 °F, 3¥34) 

+E DP y999Vo9 = 9 

2 D5 Vo0 + Yoo + €(DGV24 + oq + 2D9D1V09) + €°(Da V9 + Von t2DpDoVo9 + D?2V09 

+ 2DpDyV91) + €°Vjq $ 72 2pyDpV99 + EME Way V4q + AgoVog + €°°~ “Aaay °} ) 86 
+ (2 cosQrtje (ef .V49 + fyoVoq + EfgoVo1 

+e fo3V30 + € f3V¥31) + € 599909 = O 

D5V39 + W5¥39 + e(DiV 31 + 5V54 + 2DyD,V39) + €° (Do V39 + WV 30 +2D_DoV39 + Di V9 

+ 2D,D, V31) + €°3211,DV39 + 646A, Vio + e° ~ "1A 30Vo09 + Ag3V39) 

146 (3.87) 
+ (2 cosQte®(e °F, Vag + eo ~ "1h V00 + € ~ Of Vo4 + f3V 39 

5g +2 —36,+6 3 
+ &fggV31) + € 7T3009V29 = O 

(l) The case of 22~w;—1. To quantitatively describe the nearness of this 

resonance, we introduce a detuning parameter, o, defined by 

Q=w,-1+8o (3.88) 

To determine the effects of the repeated frequency, nonlinearity, and combination 

parametric resonance, we must at least include the terms containing fi3Vs0 cos Qé, 

Ay2V20, ANd Ty220vV¥ in Eq. (3.85), vio in Eq. (3.86), freVoo cos Qt in Eq. (3.87), and all the 

damping terms. Initially it may appear that we have two options: 

1 65 —0,= 1, 6,=1, 6,—-—6,=1, dg + 2-36, =1, and 6s + 6,—06, = 1 (3.89) 

2. 05 — Oo = 2, Oy = 2, 64 —0, = 2, 6g + 2-36, = 2, and 65 + bo — 6, =2 (3.90) 
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The first choice yields 

by=1, b=, 6,=2, ds=5, and 65=2 (3.91) 

whereas the second choice yields 

oF = 2, d= 1, b4 = 2, 64 =4, d5 = 3, and 6g =6 (3.92) 

The first choice must be discarded, otherwise the coefficient of the term fava cos Qt 

would be order ¢'/?, which is bigger than e, the coefficient of Dgv. Consequently, the 

damping terms should be O(e?); that is, 63 = 2. 

Using the second choice and equating coefficients of like powers of e leads to the 

following: 

Order °°: Devi0 + Vig =O 

D3V29 + Vo9 = 0 (3.93) 
2 2 

Do V30 + W3Vap =0Q 

Order ¢': DsV41 +44 = —2D9D4V49 — 2h oVoq COS QT 

Do V24 + V4 = —2DqD4V29 (3.94) 
2 2 

Do V31 + 03V31 = —2D D1 V29 

Order &*: DeVi0 + V4 = —2D_DoV49 — DiV10 —2D 9D4V44 —2u4DgV19 — Ay2V20 

3 
—2 COS QTo(f,2V24 + f43V30) — 1420230 (3.95) 

2 2 . 

DoV29 + Voq = —2DgDaV09 — Dy Vg —2D9D4V04 — V49 —2H2DpV 29 

D5 Vag + (03V3p = —2D_DoVa9 — D}V39 —2DD1Va4 —2gDpVaq —2fagV29 COS QTo 

The solutions of Eqs. (3.93) can be expressed as 
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Vio = A(T, To) expliTp) + cc, f= 1,2 
(3.96) 

¥30 = A(T,, T>) expliwsT) + CC 

where cc indicates the complex conjugate of the preceding terms and the A, (n = 1,2, 

and 3) are arbitrary complex-valued functions at this point. Substituting Eqs. (3.96) 

into Eqs. (3.94) and eliminating the secular terms yields 

  

Then it follows that 

Ane +1)T, A, —1)Tp 

V44 = fro 2 + 9 +cc (3.98) 

(412-1 (Q-1)?-1 

Vo4 = V4 = 0 (3.99) 

Substituting Eqs. (3.96)-(3.99) into Eqs. (3.95) and eliminating the secular terms, we 

obtain the following modulation equations: 

Ay =— mA, + > (AyoAy + fygAge” 77? + 81 42993 Aa) (3.100) 

Ag! = = Hay + iA, (3.101) 

i io T. 
Aa’ = — UeAg + am hanAne ? 3.102 3 aa + Zi5, fate ( ) 

Introducing the polar representation 

AmlT2) = am( Tae om (3.103) 
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into Eqs. (3.100)-(3.102) and separating real and imaginary parts, we obtain 

' 1 1 ; 3 3. 
a, = — 4a, — a A124 sin y, + o has SIN yg — Pyo99@ SiN y, 

' 1 , 
Ay = — Ura Ty ay SIN y4 

r { f , 
43 = — H3a3 — 204 3242 SiN(y, + Yo) 

' 1 1 3 3 
ap,’ = > Arde COS y4 + > fy3aq COS Yp + ~g- Vr2204% COS 74 

, 1 
appa’ = 41 COS V4 

, 1 
azBy' = Quy fgn@p COS(y, + Yo) 

where 

¥1 = By — By and yg = aT, + By — Bs 

Using Eqs. (3.107)-(3.109) and differentiating Eqs. (3.110), we obtain 

, 1.2 1 2 3 4 1 
4442), = (> a4 — > Aya — 8 T"4222@2) COS yy — > fy3@9@3 COS Yo 

' : 3 2 1 2 
B,a3Vo = a,aga + (> Ayo + 3 Py999@ Janay COS Yy + > f,4,@5 COS Yo 

Fao 

2W4 

  a,a_ COSs(y, + ya) 
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(3.105) 

(3.106) 

(3.107) 

(3.108) 

(3.109) 

(3.110) 

(3.111) 

(3.112) 
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Hence, Eqs. (3.104)-(3.106), (3.111) and (3.112) form a fifth-order autonomous system 

(Ij, which governs the modulation of the amplitude and phase of the motion of the 

system. 

It follows from Eqs. (3.77a), (3.88), and (3.96) that 

u, = ea, cos(f+ fy — y,) (3.113) 

Up = € a, cos(t + fo) (3.114) 

U3 & ag cos[(Q + 1)t+ By — v4 — yo] (3.115) 

where a, a, as, 2, y1, and y2 are solutions of Eqs. (3.104)-(3.112) above. Of particular 

interest are the solutions that correspond to constant values of a, a2, and a3, which 

are discussed in the next section. These are called fixed-point solutions. 

The deflection of the panel at any given point is a weighted sum of the three 

functions given in Eqs. (3.113)-(3.115). Hence, the deflection is not, in general, a 

periodic function of time, even when the a, are constants. However, when the 

amplitudes are constant, it follows from Eqs. (3.111) and (3.112) that the y, are also 

constant and then from Eqs. (3.107)-(3.109) that the derivatives of the f, are also 

constant. Hence, the first two modes have the same constant frequency, 1+ 2, but 

are not in phase; the third mode also has a constant frequency, Q + 1+ {%, which is 

exactly the sum of the frequencies of the excitation and the first two modes. 

Therefore, the deflections of the pane! corresponding to the fixed-point solutions are 

also not periodic in time. Finally, we note that either all the a, are zero or none is 

zero. 
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(il) The case of 22 ~ wa+1. Following an analysis similar to that described in the 

previous case, we assume 2=a,+1+e%o and obtain the following fifth-order 

autonomous system (ll): 

' 1 , 4 ; 3 ; 
Aye = — Hy, — Aga SIN ¥4 — > fya@g Sin Yo — 3 Py2908 Sin y, (3.116) 

, 1 , 
ao = Hoo + > sm ¥4 (3.1 17) 

ro 1 vk 
a3 = — H34a — Fo fan@q SIN(Y2 — 74) (3.118) 

, 12 1 2 3 4 1 A 
41a) 4 = (> 44 _ “a M1242 ~ B Py 2998) cos v4 _ oy f134283 cos Yo (3.119) 

  

, 1 3 2 1 2 
484) = a1a,0 _ (> Ay + 3 TP 4999@ Jana cos v4 _ > [83 cos Yo 

2» cost, 9 (3.120) 
205 149 724 

Yo = OT — By — Ba (3.121) 

By inspecting both fifth-order autonomous systems (I) and (Il), we note that their 

solutions can be related by some mapping, for example, 

(4, A, gs 4s Yon S = ==> (84, — BQ, — 3, — Yt» Yodan (3.122) 

Therefore, we only focus on the analysis for system (I), which is the case of 

Q~ w;— 1. 
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3.3.2 Fixed-Point Solutions 

The so-called fixed-point solutions correspond to the a, and the y, being 

constants. Hence, we set the left-hand sides of Eqs. (3.104)-(3.106), (3.111) and (3.112) 

equal to zero and solve the resulting equations by a Newton-Raphson method. The 

trivial solution is possible for all values of the various parameters. Nontrivial 

solutions are possible for a restricted set of parameters. All the present results are 

based on the following set of parameters: w3= 2.722, u,= wu, = 1.233, o = 8.1079c, 

Aye = — 0.0230A, fr = 0.0468F, fy; = 0.0176F, fyo = — 0.02F, and Pya2 = 1.258. 

Some possible fixed-point solutions are shown in Fig. 3.12. In part (a), the 

amplitude of the second mode, a, is shown as a function of a measure of the 

amplitude of the parametric excitation, F. For this curve, the aerodynamic and forcing 

detuning factors (A and oa’, respectively) are constant. In part (b), a, is shown as a 

function of the aerodynamic detuning, and the frequency and amplitude of the 

excitation are constant. In both parts, the stable solutions are represented by solid 

lines and the unstable solutions are represented by broken lines. 

In part (a), the aerodynamic detuning, A, is such that flutter would occur if there 

were no parametric excitation. In this case, the nonlinearity limits the amplitude of 

the predicted flutter motion to a finite value. In the lower left-hand corner of the 

figure, one can see that the influence of the parametric excitation is stabilizing 

initially: the trivial solution is unstable, and the amplitude of the flutter motion, 

represented here by a,, decreases as the amplitude of the excitation, F, increases. 

Just before F reaches 750 at point A, a, reaches zero; the unstable trivial solution and 

the stable nontrivial solution merge to form a stable trivial solution. The trivial 

solution remains stable to small perturbations until F reaches 868 approximately. 
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However, for 747 < F< 868 at point C, a relatively large-amplitude stable solution also 

exists; consequently a large disturbance could evolve into a potentially catastrophic 

motion. When F> 868, the trivial solution is unstable to all disturbances and a 

large-amplitude solution is the only possibility. The instability that occurs at 

F = 868, approximately, is known as a subcritical or an inverse pitchfork bifurcation 

and, because of the large jump in the value of a, is particularly dangerous. The point 

labelled B in part (a) is called a saddle-node bifurcation. 

In part (b), the results correspond to a relatively large-amplitude excitation. 

When there is no excitation, flutter occurs when A reaches 265 approximately. 

Consequently, the large-amplitude solution at negative values of A would not have 

occurred without the parametric excitation. As A increases from a large negative 

value, the stable trivial solution bifurcates into a stable nontrivial solution and an 

unstable trivial solution at A = — 1864 approximately. This instability, which is called 

a pitchfork bifurcation, is not associated with a sudden large increase in the 

amplitude of the solution and, therefore, is not as potentially dangerous as the 

subcritical instability shown in part (a). 

Before discussing fixed-point solutions further, we discuss the stability of the 

fixed-point solutions. 

3.3.3 Stability of Fixed-Point Solutions 

To study the stability of the trivial fixed-point solutions, we introduce the 

Cartesian [instead of the polar, Eq. (3.103)] transformation 

A= (p,-i 4 it), j= 1,2 (3.123) y= > (Pj — 1G) exP( Flot), = ’ 
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1 3. 
A, = > (Pa — igg) exp( > ioT>) 

into Eqs. (3.100)-(3.102) and obtain 

4 1 4 3 2 2 Py = Hy 99 = MaPs + Nt292 +H hada + GV 122292(P2 + 92) 

‘ : 1 1 3 2 2 
1 = > OP, — Liq, — > Ay2P2 — > fy3P3 — 3 DP 4299P2(P2 + G2) 

, 1 1 
Pz = ~~ 992 — HaP2 + 1 

t 1 1 
G2 =D OP2— Heda — Ps 

, 3 1 
P3 = — 5 993 ~ Has + Boy '30%2 

,_ 3 1 
93 = > OP3 — U393 — 205, faoPo 

The fixed-point solutions correspond to p; =g; =O fori = 1, 2, and 3. 

(3.124) 

(3.125) 

(3.126) 

(3.127) 

(3.128) 

(3.129) 

(3.130) 

The fifth-order modulation equations in the polar representation are more 

convenient for the analysis of the stability of the nontrivial solutions. 

In Fig. 3.13, the stability boundaries corresponding to the results in Fig. 3.12 are 

shown. (The figure is known as a bifurcation diagram.) In region |, the only constant 

solution possible is the trivial solution and it is stable. In region Il, the trivial constant 

solution is unstable and a single, stable, nontrivial, solution exists. In region III one 

trivial and two nontrivial constant solutions exist. The large-amplitude and trivial 

solutions are stable. 
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To connect Fig. 3.13 with Fig. 3.12, we consider what happens when F increases 

from zero when A is 709, as in part (a) of Fig. 3.12. In Fig. 3.13, we see that 

A=709 is clearly above the flutter boundary at F=0, which is approximately 

A = 265; hence, the trivial solution is unstable, the panel is in flutter. As F increases 

along the vertical line at A = 709 in Fig 3.13, the amplitude of the flutter, represented 

by a, in part (a) of Fig. 3.12, decreases until at F = 747, approximately, a, reaches zero 

and F crosses the solid boundary from region Il into region | in Fig. 3.13. As F 

increases further, it soon crosses into region I!|, where three constant solutions exist, 

as shown in part (a) of Fig. 3.12. When F reaches 868 approximately, it crosses from 

region Il! into the upper portion of region II; the trivial constant solution again is 

unstable and only a single, stable nontrivial constant solution exists. Now as F 

continues to increase, the amplitude of the response will increase as shown in part 

(a) of Fig. 3.12. The solid lines in Fig. 3.13 correspond to pitchfork bifurcations in Fig. 

3.12, and the broken lines correspond to saddle-node bifurcations. 

3.3.4 Additional Numerical Results 

For the bifurcation diagram in Fig. 3.14, o° has been decreased from -25 to -50. 

In addition to the pitchfork and saddle-node bifurcations that occur at o° = — 25, there 

is an island of Hopf bifurcations. Inside this island, the real part of a pair of complex 

conjugate eigenvalues is positive, the fixed points are unstable foci, and the 

modulation equations possess oscillatory solutions. To demonstrate the 

consequences of the Hopf bifurcation on the solutions of the modulation equations, 

we show in Fig. 3.15 force-response curves for o° = — 50 and two values of A. In Fig. 

3.15(a), A = 2474 and there are no Hopf bifurcations. Consequently, the only possible 
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solutions of the modulation equations are fixed points. There are two saddle-node 

bifurcations. Between these bifurcations, two nontrivial stable fixed points coexist, 

and hence the response depends on the initial conditions. Outside these bifurcation 

values, only one solution is stable; it is nontrivial. Hence, the response is unique and 

nontrivial. When A = 3000, in addition to the two saddle-node bifurcations, there are 

two Hopf bifurcations labelled H, and H, on the force-response curve. When F is set 

at a small positive value, the nontrivial constant solution is stable. As F is increased, 

the response amplitude decreases until F exceeds a critical value corresponding to 

the left Hopf bifurcation, point H,. Then, the solution of the modulation equations 

becomes periodic (i.e., a limit cycle develops) and it is stable with four Floquet 

multipliers being inside the unit circle and one multiplier being unity. As F is 

increased further, the amplitude of the limit cycle first grows, then decreases, and 

vanishes at the right Hopf bifurcation, point H,. For this value of A, in addition to the 

coexistence of two unstable fixed points, a stable fixed point coexists with a stable 

limit cycle. 

As o decreases below -50, the Hopf bifurcation island and the pitchfork 

bifurcation curve move closer to each other. At o =— 100, they almost touch, as 

shown in Fig. 3.16(a). In Fig. 3.16(b), we show the force-response curves for 

o =—100 and A=9000. The right Hopf bifurcation almost coincides with the 

pitchfork bifurcation. In contrast with the dynamics for o = — 50, now the dynamics 

between the two Hopf bifurcations is much more complicated. 

The general picture for the dynamics between the Hopf bifurcation values in Fig. 

3.16(b) is summarized in Fig. 3.17. By inspecting Eqs. (3.104)-(3.106), (3.111), and 

(3.112), we see that they are invariant if a,,a,, or a; change sign. Hence, eight 

different solutions may coexist. Starting from a value of F below F, = 3282.3 and 

choosing the initial conditions that lead to the nontrivial stable constant solution on 
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the lower branch and gradually increasing F, one finds that the response amplitude 

will decrease until the supercritical Hopf bifurcation value F, is reached. As F is 

increased beyond F,, the constant solution loses stability and a small stable periodic 

orbit (limit cycle) is born. When the nontrivial constant solution is followed by the 

periodic solution as a supercritical Hopf bifurcation occurs, these eight possible 

periodic solutions of the same branch group into four different sets and each set 

consists of (a, a, 23) and (a, a, — a3) as a pair of solutions. Two-dimensional 

projections of the periodic orbits of branch | onto the a; — a, plane are shown in Fig. 

3.18 for Fy; << F<F,3. One of the Floquet multipliers approaches +1 at both end points. 

A supercritical Hopf bifurcation occurs at F=f,, whereas a cyclic-fold bifurcation 

occurs at F=F;. When F is increasing, nothing occurs at F = Fp. 

As F increases from F, to F;, the pair of stable periodic orbits of each set 

approach each other in such a way that a, 0. As F passes through F;, these two 

orbits become unstable and jump to two other stable orbits on a new branch (branch 

Il). A similar behavior is also detected along this new branch in Fig. 3.19 when F 

decreases from F, to F,, where one of the Floquet multipliers approaches +1. The 

pair of orbits would lose stability by touching each other and jump to branch | (as 

shown in Fig. 3.18). Hence 16 possible stable periodic solutions coexist when 

Fr <F<Fy. 

As F increases from F; to F,, one of the Floquet multipliers approaches -1, where 

a period-doubling bifurcation occurs. In Fig. 3.20, two-dimensional projections of the 

periodic orbits onto the a,—a, plane and the FFT’s of a, show that a sequence of 

period-doubling bifurcations occurs as F increases from F, to Fs. These bifurcations 

give rise to solutions of period 2T, 4T, 8T, etc. As we know, this is one of the eight 

possible sequences for the same parameters. 
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Another period-doubling sequence is obtained from the other end, as shown in 

Fig. 3.21. As F decreases from F = 5858.4 to Fy, the stable period-one solution loses 

stability through a period-doubling bifurcation, resulting in a stable period-two 

solution. As F decreases further, a cascade of period-doubling bifurcations occurs, 

resulting in periodic solutions of period 4T, 8T, 16T, 32T,..., culminating in chaos. In 

Figs. 3.22(a)-(c), we show a two-dimensional projection of the chaotic attractor onto 

the a, — a, plane, the FFT of the a signal, and the Lyapunov exponents at F = 5000, 

which is between Fg and fF, For the nonlinear deterministic system under 

investigation, the period-doubling sequence leads to increasing complexity of regular 

periodic motions (Fig. 3.22(a)), which is one of the known routes to chaos. The broad 

spectrum in Fig. 3.22(b) indicates a possible chaotic motion. The Lyapunov exponents 

measure the sensitivity of the system to changes in initial conditions (Moon, 1987). 

Since the system of equations is explicitly known, we calculated the complete 

spectrum of the Lyapunov exponents; the result is shown in Fig. 3.22(c). Clearly, one 

of the Lyapunov exponents is positive, implying a chaotic motion. The Lyapunov 

exponents can be used to calculate a lower bound for the fractal dimension, the 

Lyapunov dimension (Kaplan & Yorke, 1978; Farmer, 1983}, as 

k 

Yin 
dak +o, (3.131) 

“K+ 1 

where the /,, are the Lyapunov exponents, ordered from the largest to the smallest 

k k+1 

and k is defined by Sid, >O and ¥ 1, <0. In the present case, we have 
m=1 m=1 

d, ~ 2.169, a non-integer dimension, which represents a fractured structure of chaotic 

(strange) attractors. The structure between F, and Fy, is an example of a bubble 

structure (Knobloch and Weiss, 1983). 
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3.3.5 Summary 

A combination of analytical and numerical techniques is used to analyze the 

nonlinear response of three-degree-of-freedom systems with a nonsemisimple 

one-to-one internal resonance and cubic nonlinearity to a combination parametric 

excitation. The method of multiple scales is used to derive five first-order 

autonomous equations governing the modulation of the amplitudes and phases. The 

analysis is applied to an isotropic simply supported panel in a supersonic stream. 

The existence and stability of different types of attractors are obtained numerically. 

The static bifurcations, such as supercritical and subcritical pitchfork and saddie-node 

bifurcations, are located for some values of the detuning of the parametric excitation. 

Conditions for supercritical Hopf bifurcations are found. Between the Hopf 

bifurcations, cyclic-fold bifurcations and period-doubling sequences leading to chaos 

are obtained. 
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3.4 The Effects of Quadratic Nonlinearities 

3.4.1 Modulation Equations 

We consider the following two-degree-of-freedom system in dimensionless form: 

2 2 

lig + uy + 2itydy + >) Agglly + (2 e082) Finn 
n=1 n= 

2 2 > 2 2 (3.132) 

+ » » Ps npUnlp + » » » Ps npqunlpUg = 9, 
n=ip=1 n=ip=it9g=1 

2 2 

Us + u, + Up + Qin Us + ». AanUn + (2 cosQt) » fonUn 

n=1 n=1 

b 9 > 2 2 (3.133) 

+ » » PonpUnUy + » » » VonpqunU pg = 0, 

n=ip=1 n=1ip=iq=1 

where time was made dimensionless by using the repeated linear natural frequency 

of the system. The nonsemisimple structure is adjusted by the detuning parameters 

Amn (associated with the aerodynamic loading in the panel-flutter case), whereas 

Lm Fram; QQ, Finn» ANd Finnpg are constants related to the damping, forcing amplitude and 

frequency, and the coefficients of the quadratic and cubic nonlinearities, respectively. 

Because of the nonsemisimple linear part of the system, u is expected to be 

much larger than uw. Introducing e€ as a bookkeeping device, we scale the variables 

as 
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1— 4, 

U, = EV4, Ug = E Voy 

~ we 5 _ 3 3 (3.134) 

Um =E "Um, Amn =Et?Amp, finn = € “fmm 

for m,n=1,2, where the 6, are positive constants to be determined in the course of 

the analysis. Substituting Eq. (3.134) into Eqs. (3.132) and (3.133) yields 

Vy Hy H 20 ep, + OOK Ag Vy ten” Arava) + 2°42 cosQU)(fzv, +e favo) 

awX ov, (3.135) 
+E YY Pinptlntl + € > > Dd Pinpatntiplg = 0, 

n=ip=1 n=ip=iq=1 

Vg + 6°, H Vy H Be ey Vy + €°%(E° An Vy + Agy Vo) + 0°42 CosQU)(E%y,Vy + fypVo) 
2 2 2 2 2 

_ _ (3.136 
+ eo" ) ) PonpUnUp +6" ' ) ) ) PonpqlnUplg = 0. ) 

n=1p=1 n=ip=iq=1 

To determine a uniformly valid second-order approximate solution of Eqs. (3.135) 

and (3.136), we introduce two time scales defined by 

Ty =t and T, =e°t (3.137) 

where os is another positive constant to be determined. In terms of these scales, the 

time derivatives become 

< =D) +e™D, +... (3.138) 

d? 2 6 
de = Do + 2E *DoD, +... (3.139) 

where D, = 0/0T,. We seek a uniform approximation to the solution of Eqs. (3.135) and 

(3.136) in the form 
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Vents €) = Veo To. Ty) + €°°Vma(To. Tr) + (3.140) 

Substituting Eqs. (3.137)-(3.140) into Eqs. (3.135) and (3.136) leads to 

D5 V19 + Vig +E (D5V44 + V44 + 2DqD4Vi0) 

+ 26°%1,DoV19 + £°(Ag4Va0 +e °1 As V00) 

+ 6°4(2 COSQT Sf 4Vig te. “1h Vag +e Ot OFF Vo4) (3.141) 

-26,+6 
HED yy Vig HE TP y42V1q¥29 +E © TP y29V29 + 2 P429V2QV01) 

2 — 36 3 
+ £ T4229V09 +... = 0, 

D3 V29 + Voq + €°(D5V91 + Vaq + 2DpD4V¥20) 

+ Eg + 2e%pDoVoq + €°(E°Ag Vig + AgoV29) 

+ €°(2 COSQT)(E°foyV19 + fooVoq + E°'fo9V04) (3.142) 
~ 54+ 5, 2 - 6, 2 bs 

+ €(€ Pog Vig t VayaViqQVo9 +E TV o00V29 + 2e TV 592V29V21) 
2-26 3 

+ E TV 5999V29 +... = 0. 

(a) The Case of Fundamental Parametric Resonance. We assume that 

1 5s 
Q=1+ Fe Gg, (3.143) 

where os is a positive constant and a is a detuning parameter. To balance the effects 

of the internal and fundamental parametric resonances, damping, and nonlinearities, 

we must at least include the terms proportional to AjgVe0, fy2Ve1 COS QT, Tr2VioV2, and 

TV y222V3o in Eq. (3.141), Vio in Eq. (3.142), and all the damping terms. Thus, we let 

Hence, Oo= > bat, +, and b=. Substituting for the 6, in Eqs. 

(3.141) and (3.142) and equating coefficients of like powers of «, we obtain 

! 5=1, = 
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Order e°: 

DEVi0 + Vig = — (2 cos QT5)f,oVo9 — Pyo5V50 (3.145a) 

D5 Vo9 + Vag = 0 (3.145) 

Order e'?: 

2 
DGV44 + 44 = — 2D—D V9 —2u4DgVig — AygVaq — (2 CoS QTo)(fyyVa9 + fr2Vo4) 

3 (3.1462) 
— TPq42¥40¥20 — 20 422V20V01 — F4222¥20 

D5Vp4 + V2q = —2D9D1V99 —22DoV29 — Vig — (2 COS QT y)fogVo9 — T99¥39 (3.1465) 

The solution of Eq. (3.145b) can be expressed as 

Vop = AQ(T,) expliTg) + ce, (3.147) 

where cc indicates the complex conjugate of the preceding terms. Substituting Eq. 

(3.147) into Eq. (3.145a) and solving for Vio, we obtain 

b> f. _ _ 
Vio = A,(T,Je9 + ——— Aye +1)Fo 12 A,e'° 1)To 

(Q2 +1)" -1 (a (3.148) 

1 2 2iT, > 
+ 3 Pyy,A5e 0 Tyo ,A,A, +cCCc 

Substituting Eqs. (3.147) and (3.148) into (3.146b) and eliminating the secular terms, 

we have 

Ay! = — UyAy + + iA, (3.149) 
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where the prime indicates the derivative with respect to 7,. Therefore, 

  

f f Vo1 = ( 22 + 12 7 Jae +1)Tp 

(Q2+1)°—-1 [(Q 41)? iy 

. ( fy0 . hyo 7 ae =1)T, (3.150) 

(Q—1)° -1 [(Q—1) 2_4y 
1 — 

+( 3 Vo99 + % Fase \Aze?” + (499 — Pp99)ApAg +e 

  

Substituting Eqs. (3.147), (3.148), and (3.150) into Eq. (3.146a), using Eq. (3.143), and 

eliminating the secular terms, we obtain 

1 

A,’ = — LA, +i (+ Ayo + 1 )As + XoAre iol +2y,A5e— it 

(3.151) 
x + oT, 25 + 2y,A,Age? M' +4734, | 

where 

o 1 
a = he halt + fo9) (3.152) 

1 2 1 
t2 = fa — > hralha + fea) (3.153) 

1 1 1 r 
43 = Go Preah + ag A 122 M12 +30 22akhe — HU raahee (3.154) 

1 1 
x4 = -+ Draft 18 (199422 — 31412 ~90 22a)h2 — 3 Vspahoa (3.155) 

1 3 
ts =- FT P49(38I 499 — 159 442 —S0F 999) + 3 Dy299 (3.156) 
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(b) The Case of Principal Parametric Resonance. Following an analysis similar 

to that described in the preceding section with proper scaling, which accounts for the 

balance of the effects of the repeated frequency, damping, principal parametric 

resonance, and nonlinearities, we let 

Q=2+e%s, (3.157) 

and obtain the modulation equations 

Ay’ = — uA, +i (FAA, + 4 frpAge'?"? + 4xsAAp) (3.158) 

Ay’ = — UA, +i + A, (3.159) 

It follows from Eq. (3.156) that, when Q is near 2, the quadratic terms modify the 

effective nonlinearity coefficient. Hence, if the signs of T1222. and ys are the same, the 

quadratic terms have only a quantitative effect on the system response. On the other 

hand, if [1222 and ys have opposite signs, the quadratic terms affect the response 

qualitatively as well as quantitatively. We will not consider this case any further. 

Introducing the polar representation 

Am(Ts) = + am( Tye Pm) (3.160) 

into Eqs. (3.149) and (3.151) and separating real and imaginary parts, we have 

’ 1 2 ; . 
a, = — ya, _— ( 9 Ayt%y + 1503 )a, SIN ¥4 — X2do sin ¥2 

(3.161) 
. 1 ; 1 

_ ¥285 sin 2 (3y4 — v2) _ 1485 sin| > (y+ v2) | 
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ay’ = — Updo + + a, sin ¥4 (3.162) 

, 1 2 1 2 4 2 
B4GQV4 = | py a1 — om Ate to 42 — X54q | COS V4 — X2aQ COS Yo 

(3.163) 
3 | 3 1 

— X34) cos} > (3y, — 2) — X48 cos| > (vy, + v2) | 

, 1 1 2 
4440)9 = 41,400 _ | 2 ae + (4 Ay + vs al + 1308 | cos ya X22 cos ¥2 

, (3.164) 
3 3 

— X382 cos} o Sr v2) | — Kaag cos} > a+ v2) | 

where 

¥1 = By — B, (3.165) 

yo = aT, — Bo — B, (3.166) 

The fixed-point solutions correspond to a, =0 and y; =O for i=1,2. The trivial 

solution is possible for all values of the various parameters. Nontrivial solutions are 

possible for a restricted set of parameters. In the absence of quadratic nonlinearities 

(¥3 = ys = 0), nontrivial solutions are obtained in closed form, whereas in the presence 

of quadratic nonlinearities, nontrivial solutions are obtained numerically. 

3.4.2 Trivial Solution and Its Stability 

To study the stability of the trivial solution, we find it convenient to express the 

A, in the Cartesian form 
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Am(T1) = Om(Ts) iGm(T e227 (3.167) 

Substituting Eq. (3.167) into Eqs. (3.149) and (3.151) and separating real and imaginary 

parts, we obtain 

' 1 1 2 
Py =~ OF) — HaPy + ( 2 Aso + 4 — X2)42 + 2730092 + ¥592(P2 +93) (3.168) 

' 1 1 2 2 gq, = > OP, — L4q, — ( > Ate + 744 + X2)P2 — (%3 + Xa)P2 + (Xa — X4)% 
(3.169) 

2 2 
— ¥5Po(Po + G2) 

, 1 1 
P2 =~ Fy 992 — Hehe +> (3.170) 

,»_ 1 1 
Go =a OP2 ~ 4292 — “a Ps (3.171) 

The trivial solution corresponds to p, = gq, =O fori= 1,2. The stability of this solution 

can be determined by the eigenvalues of the Jacobian matrix of Eqs. (3.168)-(3.171) 

evaluated at p,=g,=0. They are given by 

Dt rgd? + roh® + rgd +14 = 0, (3.172) 

where 

r,=4u. ry = 4u° + 0° +25, (3.173a,b) 

ry = 2u(o? +28), r= po +S? - + 2, (3.173¢,d) 

Cu = yt Uo, S= Myla + + (Ay2 + 2x4 - a’). (3.173e,f) 
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According to the Routh-Hurwitz criterion, at least one root of Eq. (3.172) has a positive 

real part if the following conditions are not satisfied: 

All the present results are based on the following set of parameters: 

Hy = pe = 1.233, a” = 8.1079a, Ay = — 0.0230A, ¥1 = — 9.35F*x10-4, and 

¥2 = —7.66F?x10°5. We consider two systems: (|} a system without quadratic 

nonlinearities (i.e., y3=y,=O and ys=0.472) and (Il) a system with quadratic 

nonlinearities (i.e., y¥;= —O0.019F, y,=0.0016F, and y,;=0.468). We note that the 

stability boundaries of the trivial solution are the same for both systems. However, 

the quadratic nonlinearities have a profound effect on the resulting bifurcations. 

(a) Static Bifurcations of the Trivial Solution. When one of the roots of Eq. (3.172) 

moves into the right-half plane along the real axis as a control parameter is varied, 

the trivial solution loses stability via a static bifurcation. This bifurcation corresponds 

to r,= 0, where r, is defined in Eq. (3.173d). The locus of this bifurcation is labeled 

curve 1 in Fig. 3.23. Using the method of multiple scales, we computed the normal 

form of the dynamics near this bifurcation; it reveals the difference between the two 

systems. 

For system |, the static bifurcation is of the pitchfork type. At a fixed F, the 

normal form can be expressed as 

y’ =e,(A-—Ag)y + oy) (3.175) 

where A,, is the bifurcation value. As A crosses the static bifurcation curve directly 

from region | tnto region It! at a fixed F, e«, > 0 and « <Q, which indicates a pitchfork 

bifurcation. In Fig. 3.24(a), (€,, 2) = (0.00085, —0.00268) when 

(F, A.,) = (100, —689.63). The stable trivial solution loses stability and gives way to a 
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stable nontrivial constant solution (or periodic solution of the original system) that 

smoothly grows with A. If A crosses the curve from region Il into region lll, e, << 0 and 

a >0, which indicates a subcritical (reverse) pitchfork bifurcation. In Fig. 3.24(a), 

(€,, x) = (—0.0031, 0.00853) when (F, A.,) = (100, 257.98). The solution jumps from a 

trivial to a nontrivial value as A decreases past the bifurcation value. 

For system II, the static bifurcation is of the transcritical type. At a fixed value 

of F, the normal form can be expressed as 

' <2 y’ =e,(A — A,,)y + dy’. (3.176) 

As A crosses the static bifurcation curve directly from region | into region II! at a fixed 

value of F, e, > OQ and 6 > 0, which indicates a transcritical bifurcation. In Fig. 3.24(b), 

(€1, 6) = (0.00085, 0.00483) when (F, A.,) =(100, —689.63). The trivial solution 

exchanges stability with a nontrivial constant solution, which smoothly grows with 

A. If A crosses the curve from region I! into region Ill, e,<0O and 6 <0, which also 

indicates a transcritical bifurcation. In Fig. 3.24(b), (e,, 6) = (—0.0031, —0.2356) when 

(F, A.,) = (100, 257.98). As A decreases past the bifurcation value, a transcritical 

bifurcation occurs and results in an exchange of stability between the trivial and a 

nontrivial constant solution. Instead of a jump, the constant solution grows smoothly 

in the other direction as A decreases. Hence, between the two static bifurcation 

values, two nontrivial constant solutions + a, coexist for system |, whereas two pairs 

of constant solutions + a coexist for system I]. Which one is realizable physically 

depends on the initial conditions. 

(b) Hopf Bifurcation of the Trivial Solution. When a pair of complex-conjugate 

eigenvalues of the Jacobian matrix of Eqs. (3.168)-(3.171) evaluated at the trivial fixed 

point crosses transversely into the right-half plane as a control parameter is varied, 

the trivial solution loses stability via a Hopf bifurcation. The locus of the Hopf 
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bifurcation is r4(r.f2 — f3) — rire = 0, where the r, are defined in Eqs. (3.173). The Hopf 

bifurcation curve is labeled curve 2 in Fig. 3.23. As A crosses this curve from region 

| or Il at a fixed F, a supercritical Hopf bifurcation occurs for both systems | and II. 

The normal form describing this bifurcation is 

r'=e(A—A,,)r tape, &>0 and ag<0 (3.177a) 

=wt our’, w= air, and a,<0 (3.177b) 

where <A,, is the bifurcation value. When _ (F, A.,} = (100, 442.61), 

(€2, &) = (0.00363, —0.03767) and (w, a,) = (0.9875, —0.0215) for system |, whereas 

(€2, &) = (0.00363, —0.0705) and (aw, o,) = (0.9875, —0.2707) for system II. The stable 

trivial solution loses stability and gives way to a stable periodic solution (or an 

amplitude- and phase-modulated solution of the original system) that gradually grows 

with increasing A. 

3.4.3 Nontrivial Solutions and Their Stability 

A Newton-Raphson procedure is used to compute the nontrivial constant 

solutions numerically. The eigenvalues of the Jacobian matrix of the nontrivial 

constant solutions are monitored to detect possible bifurcations. A two-point 

boundary-value algorithm is used to compute periodic solutions and the eigenvalues 

of the monodromy matrix are monitored to detect possible bifurcations. 

The bifurcation diagrams for systems | and || for o* = 25 are shown in Fig. 3.23. 

Clearly, the quadratic nonlinearities dramatically modify the bifurcation diagram. In 

addition to transforming the pitchfork bifurcation curve into a transcritical bifurcation 

SYSTEMS WITH REPEATED NATURAL FREQUENCIES 105



curve, the quadratic nonlinearities extend the region of nontrivial constant solutions 

by decreasing the slope of the saddle-node bifurcation curve, produce a new branch 

of Hopf bifurcations, and create a period-doubling bifurcation curve. 

For o° = 25 and F=100, we show variation of a, with A in Fig. 3.24(a) in the 

absence of the quadratic terms and in Fig. 3.24(b) tn the presence of the quadratic 

terms. As A increases from —1000, the trivial solution loses stability via a pitchfork 

bifurcation in part (a) and a transcritical bifurcation in part (b). Either one results in 

a value of a, that smoothly grows with A. If we start with the trivial solution at Aw 

257.98 and then increase A, we find that the solution remains trivial until A exceeds 

Aw 442.61, where a, undergoes a supercritical Hopf bifurcation. As a result, the trivial 

solution gives way to a small stable limit cycle for a,, a2, y; and yz, which corresponds 

to a quasiperiodic solution or a synchronized solution with a period much larger than 

that of the excitation. As A increases, in part (a), the mean amplitude of the limit 

cycle grows until it reaches a vertical tangent at A~669.1907, where its period 

approaches oo, as shown in Fig. 3.25, suggesting the occurrence of a homoclinic 

orbit. 

As stated in Section 3.1.6, if a system has a homoclinic orbit at a saddle focus 

and the eigenvalues of the saddle focus satisfy the Shilnikov inequality in Eq. (3.50), 

Shilnikov (1970) showed that the system has a stable periodic orbit on one side of the 

homoclinic orbit and no recurrent behavior on the other. Two-dimensional 

projections of the unstable manifolds of the saddle are shown in Fig. 3.26. Before the 

homoclinicity condition is reached, the unstable manifold of the saddle focus leads 

to a limit cycle in one direction and to a sink in the other, as shown in part (a) at 

A=610. As A increases, the limit cycle grows and its period increases, as shown in 

part (b) at A= 640. At A = A,~669.1907, the periodic orbit passes through the saddle 

focus, forming the homoclinic orbit. The eigenvalues of the saddle focus at A, are 
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(0.7245, —1.2334 + 3.0951/, —3.1912). Hence, 6 = 1.702 > 1 and the conditions of the 

Shilnikov theorem are satisfied. Therefore, when A<A,, the system has a stable 

limit cycle, and when A> A,, it has no local recurrent behavior. Consequently, as 

A increases past A,, a jump to the stable branch of nontrivial constant solutions is 

expected, as shown in part (d). 

If we start with the trivial solution for system I| at A = 300 and slowly increase 

A, we find that the solution remains trivial until A exceeds 442.61 approximately, 

where a, undergoes a supercritical Hopf bifurcation. The small limit cycle born by the 

Hopf bifurcation increases in size and its period increases with A, as shown in Fig. 

3.27. As A approaches 458.3363, the period of the limit cycle approaches infinity, 

suggesting the formation of a homoclinic orbit. Indeed this is the case as evident 

from the two-dimensional projections of the orbit onto the a, — a, plane shown in Fig. 

3.28. In part (a), the unstable manifold of the saddle focus tends to a sink in one 

direction and to a limit cycle in the other direction. As A increases, the limit cycle 

increases in size and at A+458.3363 becomes homoclinic to the saddle. The 

eigenvalues of the saddle are (0.7501, —1.1639, —2.2598 + 1.7952/). According to the 

Shilnikov theorem, tn a general system without symmetries, we only consider the 

positive eigenvalue (real or complex pair) with smallest real part and the negative 

eigenvalue (real or complex pair) with real part of smallest modulus in the Shilnikov 

inequality. Here, 6 = 1.1639/0.7501 is greater than unity, conditions of the Shilnikov 

theorem are satisfied. Hence, a limit cycle exists on one side of the homoclinic orbit 

and no local recurrent behavior exists on the other side, as shown in Fig. 3.28. 

Consequently the response jumps to the sink, corresponding to the branch of large 

nontrivial constant solutions. 

Starting with the trivial solution at A = 300 and slowly decreasing A, we find that 

the response remains trivial until A decreases past 257.98, where the trivial solution 
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loses Stability and jumps up to the stable nontrivial constant solution via a subcritical 

pitchfork bifurcation in Fig. 3.24(a), whereas it exchanges stability with a nontrivial 

constant solution via a transcritical bifurcation in Fig. 3.24(b). As A decreases further, 

the amplitude of the constant solution in (a) decreases to zero, whereas the 

magnitude of the amplitude in (b) smoothly increases first then decreases until 

Ax —690.79, where a saddle-node bifurcation occurs. As a result, the constant 

solution jumps to the trivial solution. 

In Fig. 3.29, we set F = 80 < 90.193, which is the minimum value on curve 1 in Fig. 

3.23. The trivial solution gives way to a limit cycle via a supercritical Hopf bifurcation 

as A increases from a small value. The limit cycle remains stable all the way in part 

(a), whereas in part (b), the limit cycle increases in size and its period increases with 

A until A~425.54, where an orbit homoclinic to the saddle focus forms. The 

eigenvalues of the saddle are (0.7423, —1.3308, —2.1725+ 2.943/). Therefore, the 

conditions for the Shilnikov theorem are satisfied with 6 = 1.3308/0.7423 being greater 

than unity. Consequently, a limit cycle is expected to exist for A< 425.54 and no local 

recurrent behavior is expected for A> 425.54, resulting in a jump to a far away 

solution. In this case, the jump is to a large-amplitude nontrivial constant solution. 

When A decreases from 500, the mean amplitude of the limit cycle slowly 

decreases to zero in part (a), whereas in part (b), the only stable solution is the 

nontrivial constant solution, which decreases to a value where a saddle-node 

bifurcation occurs. As a result, the response jumps down to the trivial solution. 

In Fig. 3.30, we show variation of a, with F for 0° =25 and A=500. For small 

values of F, the response consists of a stable limit cycle in (a). As F increases, the 

limit cycle decreases in size and disappears via a reversed supercritical Hopf 

bifurcation, giving way to the trivial solution. As F increases further, the trivial 

solution loses stability via a subcritical pitchfork bifurcation and jumps up to the 
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stable constant solution. As F decreases from a large value, the stable nontrivial 

constant solution decreases, undergoes a saddle-node bifurcation, and jumps down 

to a limit cycle. In (b), as F increases from a small value, the response remains to 

be a limit cycle until an orbit homoclinic to a saddle focus forms at F~77.133. The 

eigenvalues of the saddle focus are (0.781, —1.31, —2.202 + 3.133/). The conditions 

for the Shilnikov theorem are satisfied with 6 = 1.31/0.781 being greater than unity. 

Therefore, there is no local recurrent behavior beyond the formation of the 

homoclinic orbit and the response jumps up to a constant solution. 

When F lies between 106.14 and 110.1 in Fig. 3.30(b), the trivial solution is stable. 

If the initial conditions are chosen to lead to the trivial solution, it loses stability via 

a supercritical Hopf bifurcation as F decreases or via a transcritical bifurcation as F 

increases. As F decreases past the Hopf bifurcation value, the mean amplitude of the 

limit cycle grows and reaches a vertical tangent at F~105.277, where an orbit 

homoclinic to a saddle focus forms. As a result the response jumps to a constant 

solution. As F increases past the transcritical bifurcation value, |a,.| increases until 

a Hopf bifurcation occurs at F~117.47. 

When F increases from a small value at A = 592.37, corresponding to the 

intersection of curves 1 and 2 in Fig. 3.23, the response is given by a small limit cycle 

whose mean amplitude first grows slowly and then decreases, as shown in Fig. 3.31. 

As F increases, the limit cycles gets closer and closer to the unstable nontrivial fixed 

point (saddle focus), resulting in the formation of homoclinic orbits at F~109.447 in 

part (a) and F~76.715 in part (b). The eigenvalues of the corresponding saddle focus 

are (0.680, —1.233 + 1.764/, —3.147) in (a) and (0.894, —1.291, —2.268 + 3.233/) in (b). 

The Shilnikov conditions are satisfied with 6 being greater than unity. Consequently, 

there is no recurrent behavior beyond the formation of the homocltnic orbit. 

Therefore, a jump to a constant solution occurs in both cases. 
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Next, we increase o* to 50. The bifurcation diagrams are shown in parts (a) and 

(b) of Fig. 3.32 for systems | and ||, respectively. Clearly, the dynamics of system || 

is much more complex than that of system |. A cyclic-fold bifurcation curve (curve 

3, which is close to curve 2) and a period-doubling bifurcation curve (curve 4) 

emerge. They are not connected. A small gap exists between A~605 and 609. 

Inside this gap, a possible homoclinic bifurcation is responsible for the instability of 

the periodic solution. 

In Fig. 3.33, we show the force-response curves at A= — 1500. As F increases 

from a small value, the response remains trivial until it loses stability via a 

supercritical pitchfork bifurcation in (a) and via a transcritical bifurcation in (b). Asa 

result, the response becomes nontrivial and constant. In part (b), as F increases 

further, |a.| increases and then loses stability via a Hopf bifurcation. When F 

decreases from 200, the initial conditions determine the response in (b). If it is the 

constant solution, it will jump down to the trivial solution via a saddle-node bifurcation 

as F decreases. If it is the limit cycle, it will finally get to the trivial solution by going 

through a reverse Hopf bifurcation followed by a transcritical bifurcation. 

In Fig. 3.34, we show the force-response curves at A = 606 and 750 for systems 

| and Il. Clearly, the quadratic nonlinearities produce complexity in the dynamics. 

In Fig. 3.34(b), as F increases from a small value at A = 606, the limit cycle grows and 

gets close to its basin boundary at F~149.717. The eigenvalues of the saddle focus 

are (2.0516, —1.2613, —2.8619+5.3/). As F increases further, the stable limit cycle 

collides with its basin and results in a jump. When F decreases past F,,~152.49, a 

cyclic-fold bifurcation occurs. The response jumps to a far away attractor. 

If the initial conditions are chosen to lead to the trivial solution when F lies 

between 155.27 and 177.81, it will undergo a transcritical bifurcation as F increases. 

The ensuing constant solution grows in magnitude and loses stability via a Hopf 
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bifurcation. If F increases further, the periodic solution loses stability via a sequence 

of period-doubling bifurcations, culminating in chaos. 

In Fig. 3.34(d), the middle and right branches of limit cycles behave qualitatively 

as those in (b). On the other hand, the left branch of limit cycles loses stability via a 

sequence of period-doubling bifurcation starting at F~122.4 and culminating in chaos. 

However, the chaotic attractor is very close to its basin boundary. A boundary crisis 

(Grebogi et al., 1983) occurs at a value of F slightly below 139.1, resulting in the 

destruction of the attractor and its basin. In Fig. 3.35, we show the time trace of a 

trajectory initiated in the region that used to be occupied by the chaotic attractor for 

F<1.39.1. The trajectory bounces around in the region formerly occupied by the 

chaotic attractor but finally leaves it to the constant attractor. 

A sequence of period-doubling bifurcations leading to chaos is shown in Fig. 3.36 

at A=900. The broad spectrum shown in Fig. 3.36(p) at F = 139.385 and the 

corresponding Lyapunov exponents (0.013, 0.0, —3.405, —3.724) confirm the chaotic 

nature of this attractor. 

3.4.4 Summary 

We consider the effects of quadratic nonlinearities on the response of a 

parametrically excited two-degree-of-freedom system with cubic nonlinearities and a 

nonsemisimple one-to-one internal resonance. For the case of fundamental 

parametric resonance, the quadratic nonlinearities qualitatively modify the response 

of the excited system. They change the static bifurcation of the trivial solution from a 

pitchfork bifurcation to a transcritical bifurcation. They also produce cyclic-fold, 

period-doubling, and Hopf bifurcations in the nontrivial constant solutions. However, 
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the quadratic nonlinearities only quantitatively change the response of the system 

with cubic nonlinearities to the principal parametric resonance if the coefficient of the 

nonlinear term in the modulation equations does not change sign. 
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Figure 3.1. Various regions of interest obtained from the linear and nonlinear stability 
analyses for a simply supported panel, w'=8.1076, o=25/a’, 
My = bp = 10/m", Ay = —-99.2A/m™, frp = 202.5F/w*, and aw = 5729/w™. The P 
and H curves define the linear flutter boundaries. The P curve corresponds 
to pitchfork bifurcations, the H curve corresponds to Hopf bifurcations, and 
the S curve corresponds to saddle-node bifurcations. 
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Figure 3.2. Variation of the amplitude of the second mode with the amplitude of the 
parametric excitation. (a) A =— 300; (b) A = 100; (c) A = 300; (d) A = 500; 
(e) A = 679.2; and(f) A= 1000. _, Stabie constant solution; —-, unstable 

constant solution; and **", mean amplitude of the periodic solution. 
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Figure 3.3. Variation of the amplitude of the second mode a, with the aerodynamic 

detuning: (a) F= 200; (b) F=350. _, Stable constant solution; ---, unstable 
ane 

constant solution; and , mean amplitude of the periodic solution. 

SYSTEMS WITH REPEATED NATURAL FREQUENCIES LIS



    

            
    

            

6 [a (b) 

45 
ao 1 1 

27 4 

4 4 

0 : = 

6 1) ia) 

4 = od 

eyo 2 - = 

1 

0 7 
0 11 22 0 

a4 

22 

Figure 3.4. A two-dimensional projection of the phase portrait onto the a, — a, plane: 
(A,F) = (a) (679.2,340); (b) (1000,340); (c) (679.2,200); and (d) (1000,200). 
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Figure 3.5. Variation of the period of the periodic motion with the amplitude of the 
parametric excitation. O A=500; O A=600; + A=679; A A=/700; 
* A= 1000. 
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Figure 3.6. A two-dimensional projection of an unstable manifold onto the a, — a, 
plane for A = 1000 and F= (a) 330 (both directions are included); (b) 335; 
(c) 340.853; (d) 350. + denotes a saddle and * denotes a sink. 
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Figure 3.7. Variation of the period of the periodic motion with the aerodynamic 
detuning. O F=100; A F=200; O F=300; + F=325; * F = 400. 

SYSTEMS WITH REPEATED NATURAL FREQUENCIES 119



  
  

  

  

          

    

            

ao 

[ | Tt 

° 76) * (d) 

4- A 

ao 4 

27 ~ 

0 r — ~ 
0 12 24 0 12 24 

ay a4 

Figure 3.8. A two-dimensional projection of an unstable manifold onto the a,— a, 
plane for F= 400 and A= (a) 530 (both directions are included); (b) 630; 
(c) 734.161; (d) 830. + denotes a saddle and * denotes a sink. 
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Figure 3.9. Comparison between the numerical time integration of the modulation 
equations (+) and the original governing equations for (A,F) =(0,500) and 
(0,1000) (outer loop), (a) e=0.1; (b) e=0.01. 
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Figure 3.10. Comparison between the numerical time integration of the modulation 
equations (+) and the original governing equations for e=0.01, (a) A=0O, 

F = 500, 5000, and 50000 (outer loop); (b) F=500, A = — 500, 1000, 2000, and 

5000 (outer loop). 

SYSTEMS WITH REPEATED NATURAL FREQUENCIES 122



    * T(a) (b) 

ORE Godan rat ih WH Dp Ba let b we O | ae a Ue 

re ean dad Ua Te a a 
a 

4 

  

  

        

    

            

ao 6 

44 

“8 r T r T 

5 
(c) 

} 

Qo ° 

4 

-6 r a . t . q . q Tt q 

0 1090 200 300 0 100 200 300 

Figure 3.11. Comparison between the numerical time integration of the modulation 

equations (left) and the original governing equations (right). 
(A,F) = (600,379) for (a) and (b); (A,F) = (600,329) for (c) and (d). 
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Figure 3.12. (a) The amplitude-response curve for A = 709 and o = — 25; (b) a, as a 

function of A for F= 800, ao = — 25; 

___, Stable constant solution; -~-, unstable constant solution. 
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Figure 3.13. Bifurcation diagram for o =— 25; __, pitchfork bifurcation curve; —, 
saddle-node bifurcation curve. Region |: stable trivial solutions; region II: 
unstable trivial solutions; region Ill: stable trivial solutions and nontrivial 
constant solutions. 
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Figure 3.14. Bifurcation diagrams for (a) o =—50 and (b) A= 3000: __, pitchfork 
bifurcation curve; —, saddle-node bifurcation curve; and -=, Hopf 

bifurcation curve. 
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Figure 3.15. The amplitude-response curves for o = — 50 (a) A = 2474, (b) A = 3000: 
___, Stable constant solution; --, unstable constant solution; and ==, stable 
periodic solution. 
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Figure 3.16. (a) Bifurcation diagram for ¢ =— 100; __, pitchfork bifurcation curve; —, 
saddle-node bifurcation curve; ---, Hopf bifurcation curve;  (b) 
amplitude-response curve for A =9000,c0.=-—100; __, stable constant 
solution; ---, unstable constant solution; --, unsteady solution. 
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Figure 3.17. A bifurcation diagram illustrating the stages leading to chaos between 
the Hopf bifurcation values in Figure 3.16(b), where on branch I: 
F,(supercritical Hopf) = 3282.3, and F,(cyclic-fold bifurcation) = 4096.20; on 
branch II: F.(cyclic-fold bifurcation) = 3785.96,  F.(p-2) = 4428.58, 
F5(p-4) = 4655.78, F,(p-8)= 4716.88, F,(p-16) = 4730.93, F,(p-32) = 4734.03, 
Fy(p-32) = 5443.06, F.(p-16) = 5447.38, F1,(p-8) =5463.98, F,.(p-4) = 5526.08, 
F4,(p-2) = 5737.58, and F,,(supercritical Hopf) = 5859. 
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Figure 3.18. Two-dimensional projections of the periodic orbits of branch | onto the 
a3; — a, plane; (a) F > F, (F, = 3282.3; from inner to outer loop: F = 3282.345, 
3282.36, 3282.4, 3282.6, 3283, and 3283.8, respectively.); (b) F=F,; (c) 
F = F;. 
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Figure 3.19. Two-dimensional projections of the periodic orbits of branch II onto the 

a; — a; plane; (a) F = F,; (b) F = Fy; (c) F = Fu. 
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Figure 3.20. A period-doubling sequence from F, (top) to F, (bottom). (Left): 

Two-dimensional projections of the periodic orbits onto the a, — a; plane; 

(right): FFT spectrum of ap. 
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Figure 3.21. A sequence of period-doubling bifurcations from F = 5858.4 (top) to F, 

(bottom). (Left): Two-dimensional projections of the periodic orbits onto the 
a, — a, plane; (right): FFT spectrum of ap. 
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Figure 3.22. (a) A two-dimensional projection of the chaotic attractor onto the a, — a, 
plane for F= 5000; (b) the FFT of a,; (c) the evolution of the five Lyapunov 

exponents /,, with time. 
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Figure 3.23. Bifurcation diagrams for o' =25. (a) System |, curve #1: pitchfork 
bifurcation, #2: Hopf bifurcation, and #3: saddle-node bifurcation.  (b) 

System ll, curve #1: transcritical bifurcation, #2: Hopf bifurcation, #3: 

saddle-node bifurcation, #4: period-doubling bifurcation, and #5: Hopf 
bifurcation. Region |: stable trivial solutions; region Il: coexistence of 
stable trivial solutions and nontrivial constant solutions; and region Il: 
unstable trivial solutions. 

SYSTEMS WITH REPEATED NATURAL FREQUENCIES 135



  
  

  

          

  

  
-1000 -500 0 S00 1000 -1000 -500 0 5006 1000 

Figure 3.24. Variation of a, with A at o =25 and F = 100 for (a) system | and (b) 
system II: 

, stable constant solution; ---, unstable constant solution; and—=, mean 

amplitude of the periodic solution. 
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Figure 3.25. Variation of the period of the limit cycle (Figure 3.24a) with A. 

SYSTEMS WITH REPEATED NATURAL FREQUENCIES 137



  
  

            
  

  

            

6 ® Ta) (b) - 

4s 4- 

ao ‘ 

2- 2 - 

0 qt } ‘ I J 1 T 4d Fo G T ] . i q i T 1 ' 

0 5 10 15 20° 25 0 5 10 15 20 25 

6 ° 76) * [* 

4- 4- 

2- 2 + 

J 

0 F 1 a | T 1 T 0 T ] qv 1 g | t | ‘ 

0 5 10 #18 20 28 0 5 10 1S 20 25 

a4 a 

Figure 3.26. A two-dimensional projection of the unstable manifold of the saddle focus 
onto the a,—a, plane at F=100 and A= (a) 610 (both directions are 
included); (b) 640; (c) 669.1907; (d) 700 for system |. + denotes a saddle and 
* denotes a sink. 

SYSTEMS WITH REPEATED NATURAL FREQUENCIES 138



  15 

      
To 10-7 

+ 

+ 
+ 

att " + 

gett tt 7 

5 of a T 

440 450 460 

Figure 3.27. Variation of the period of the limit cycle (Figure 3.24b) with A. 
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Figure 3.28. A two-dimensional projection of the unstable manifold of the saddle focus 
onto the a,—a, plane at F=100 and A= (a) 445 (both directions are 
included); (b) 450; (c) 458.3363; (d) 490 for system Il. + denotes a saddle 

and * denotes a sink. 
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Figure 3.29. Variation of a, with A at o* = 25 and F = 80 for (a) system | and (b) system 
I: 
___, stable constant solution; ---, unstable constant solution; and—, mean 
amplitude of the periodic solution. 
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Figure 3.30. Variation of a, with F at o = 25 and A= 500 for (a) system | and (b) system 
I: 
___, stable constant solution; ---, unstable constant solution; and —=, mean 
amplitude of the periodic soiution. 
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Figure 3.31. Variation of a, with F at o° = 25 and A=592.37 for (a) system | and (b) 

___, stable constant solution; -~, unstable constant solution; and—, mean 
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Figure 3.32. Bifurcation diagrams for o =50. (a) System |, curve #1: pitchfork 
bifurcation, #2: Hopf bifurcation, and #3: saddle-node bifurcation. (b) 
System Il, curve #1: transcritical bifurcation, #2: Hopf bifurcation, #3: 

saddle-node bifurcation, #4: period-doubling bifurcation, #5: cyclic-fold 
bifurcation, #6: period-doubling bifurcation, and #7: Hopf bifurcation. 
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Figure 3.33. Variation of a, with F at o = 50 and A = — 1500 for (a) system | and (b) 
system Il. 
___, Stable constant solution; ---, unstable constant solution; and—, mean 
amplitude of the periodic solution. 
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Figure 3.34. Variation of a, with F at o = 50. A=606 for (a) system | and (b) system 
ll; A=750 for (c) system | and (d) system Il. ___, Stable constant solution; 
—, unstable constant solution; and — , mean amplitude of the periodic 
solution. 
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Figure 3.35. The time history of a, at o = 50, A = 750, and F = 139.1, where a crisis 

occurs. 
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Figure 3.36. A period-doubling sequence leading to chaos at o =50 and A = 900. 
(Left): Two-dimensional projections of the periodic orbits onto the a,— a; 
plane; (right): FFT spectrum of a,j (a,b) p-1, F=124.3, (c,d) p-2, F= 124.4, 
(e,f) p-4, F = 137.6, and (g,h) p-8, F = 139.15. 
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Figure 3.36. continued, (i,j) p-16, F=139.332, (k,l) p-32, F= 139.3703, (m,n) p-64, 
F = 139.3787, and (0,p) chaos, F = 139.385. 
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CHAPTER 4 

SYSTEMS WITH WIDELY SPACED MODAL 

FREQUENCIES 

A modal! discretization is commonly used in the analysis of weakly nonlinear 

continuous systems. We always rely on a general knowledge of modal interactions 

to select the modes necessary to represent the response. Hence, it is essential for 

us to understand the nature of all possible modal interactions. In this chapter, we 

consider the response of two nonlinearly coupled oscillators with widely spaced 

frequencies when the high-frequency mode is excited by a principal parametric 

resonance. Specifically, we consider the system 

ft + ft 22 * . + +3 * t +2 

Uy + 2u4,0,U, +, U, = — (a.u, + OU Up ) (4.1) 

2 3 2 

lig + QUgW ly + Wy Up = Oly + O4U, Up t Unf cosQt (4.2) 
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where w/w, <1. The system has linear viscous damping given by the coefficients 

u, and jf, cubic nonlinearities with the coefficients a}, and a parametric excitation 

f cos Qt, which is applied only to the high-frequency mode. Nayfeh and Nayfeh 

(1993b) studied the same system when the high-frequency mode is excited by a 

primary resonance. In this chapter, we use the method of averaging to investigate 

the solutions of Eqs. (4.1) and (4.2) when Q'2w,. The averaged equations are used 

to determine the conditions under which energy can be transferred from the 

high-frequency mode to the low-frequency mode. After an oscillation in the 

low-frequency mode occurs, we use numerical simulations to investigate some of the 

complexities in the system response. 

4.1 Modulation Equations 

To identify the relative sizes of the various terms in the equations, we first 

introduce dimensionless variables given by 

* 

f=@ot, U,=C,Uy, Up =CoUn, and Q =wQ (4.3) 

and a small dimensionless parameter 

é= (1/05 (4.4) 

Substituting these dimensionless variables into Eqs. (4.1) and (4.2) yields 

U, + 2eu,u, + eu, =— e°(4a,u; + OU, us) (4.5) 
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Up + 2€U Uy + Un = e(au> + 04U, Up + uyf cos Qt) 

      

  

(4.6) 

where 

+2 + a2 ¢ +2 + 

C, Om, Cy ao Co a3 

X = *2 , Ao = 22 , Xa = + + 3 

4w, Ww, W409 
(4.7) 

co ras f 

144 Ho 
X4 = + * 9 Ho = & ’ and f= + + 

Q)4Wo9 WW 

For the case of principal parametric resonance of the high-frequency mode, we 

introduce a detuning parameter o defined by 

42 =1+60 (4.8) 

We apply the variation of parameters transformation 

us = a(t) cos d (4.9) 

Uy = — Falta sin @ (4.10) 

6 =F [ats pn (4.11) 

to Eqs. (4.5) and (4.6) and obtain 

U, + 2eu,U, + cu, =— e°(42,u; + onuya- cos’) (4.12) 

2 
a--e sing (4.13) 
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ab=—e- cos ¢ (4.14) 

where 

g = oacos p + pragd sin p + a3a° cos * 
(4.15) 

+ a,u7a cos ¢ + afcos @ cos Qt 

It follows from Eq. (4.12) that whereas u, is O(1), u, is O(e) and u, is O(e?). Therefore, 

Eq. (4.12) can be rewritten as a pair of first-order equations as 

Uy = EV, (4.16) 

vy,=- e(u, + Quy, + 4a,u; + Opu,a° cos’) (4.17) 

It follows from Eqs. (4.13), (4.14), (4.16), and (4.17) that uw, v1, a, and B are slowly 

varying. Consequently, averaging these equations from Oto 2z/8, we obtain the 

modulation equations 

a= — tau, +f sin 8) (4.18) 

ap=— cafo + =. aa" + ous + +f cos B) (4.19) 

U, = EV, (4.20) 

Vi = — (Uy + Quy, + 4a,u; + + OU4a°) (4.21) 

where we have set Q=2. Because ¢ appears as a common factor in the right-hand 

sides of Eqs. (4.18)-(4.21), the character of the motion does not depend on the value 
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of e. While e must be small for the averaging approximation to be valid, its value only 

determines the speed at which the motion evolves; the amplitude and stability of the 

response are independent of its value. 

4.2 Fixed Points and Their Stability 

The fixed points of the modulation equations (4.18)-(4.21) represent periodic 

motions of the high-frequency mode accompanied by static responses of the 

low-frequency mode. Setting the time derivatives in Eqs. (4.18)-(4.21) equal to zero, 

we obtain two types of fixed points:a=Oora+#0. 

4.2.1 Fixed Points with a = 0 

It is convenient to use the Cartesian form for u(t) in studying the stability of the 

trivial fixed point of the high-frequency mode. To this end, we introduce the 

transformation 

1 . 4 
p=acos>fi and q=—asin=B (4.22) 

into Eqs. (4.18)-(4.21) and obtain 

1 1 3 2 2 1 2 b= —¢ up + (fo-Fi)q+F osale + 9°) +t ayuia | (4.23) 

1 1 3 1 
g= =| ug (fort) - Salo? +9?) - Laie | (4.24) 
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v= ef + 2uyv, + 4a,u; + + Uy (p? + 7) | (4.26) 

Solving for the fixed points from Eqs. (4.25) and (4.26) when p = q=0 gives 

v,=0 and either u,=0O or +. /- (4.27) 
VY 4a, 

To determine the stability of the fixed point (p, q, u, v:) =(0, 0, 0, 0), we evaluate 

  

the Jacobian matrix of Eqs. (4.23)-(4.26) at this point, solve for the eigenvalues, and 

obtain 

i= = eur 5-4} — (uy +/u5-1 ) (4.28) 

Hence, the trivial solution is asymptotically stable when f < 4(o? + 4u3) and unstable 

when f > 4(a? + 4u3), provided that the u,; are positive. A pitchfork bifurcation occurs 

at f = 4(6? + 43). The eigenvalues of the Jacobian matrix evaluated at the fixed point 

(Pp, g, U1, Vi) = (0, O, + /—= , 0) and «<0 are 
1 

2 
_ f {a _% _ [2 ) 
2--(u2 /h (3 =| ) e(u, + By +2 (4.29) 

  

  

Therefore, this fixed point is a saddle since one of the J; is always real and positive. 

4.2.2 Fixed Points with a #0 

Setting the right-hand sides of Eqs. (4.18)-(4.21) equal to zero and solving for o 

and u, in terms of a, we obtain 
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i 42 
3 2 2 if 2 

T= Tp ga OU + \/ 1 —4u5 (4.30) 

———- 

po o2+ ana w= 0 or += (4.31) 8x, 

The Jacobian matrix of Eqs. (4.18)-(4.21) evaiuated at one of these fixed points is 

    

  

0 7 afcosf 0 0 

2 X3a CU 204U, 0 

J= -€ (4.32) 

0 0 0 —1 

AU,a 0 Tr 2u, 

where 

2,4 2 
TP =1+ 120,u; + > #24 (4.33) 

When u, = 0, the eigenvalues of J are 

A= —El pot Lest, a’fcos B . 2t vy Har g %3 

(4.34) 

_ o( us + Vu —-i- > ana’ ) 

It follows from Eqs. (4.34) that Hopf bifurcations are not possible because the damping 

coefficients u, are positive. Therefore, we do not expect oscillatory solutions involving 

u, to occur in the neighborhood of fixed points with u,=0. However, pitchfork 
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bifurcations are possible. They give rise to saddle foci, which could play an important 

role in homoclinic bifurcations. 

Fixed points with u, #0 are possible when a,(2 + aa?) < 0. In this case, we write 

the equation for the eigenvalues in the form 

M+ er, + eri? + ergh +r, =0 (4.35) 

where 

ry = (uy + uo) (4.36) 

ry = —2 — aya? — = oat cos B + 4uyu, (4.37) 

3 2 2 

ry = Tea (2 + oa°)(60,05 — ape,)a°f cos f (4.39) 

The Routh-Hurwitz criterion guarantees that all of the eigenvalues have negative real 

parts if 

fr, >0,  Pafg— fg >0,  Pallar — Fa) — rer, >0, re>0 (4.40) 

Of particular interest is the case where condition (4.40c) is violated because in this 

case a complex-conjugate pair of eigenvalues will have a zero or positive real part 

and a Hopf bifurcation may occur, leading to oscillatory motions of uw. 
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4.3 Numerical Results 

The frequency-response curves for w,=0.25, w,.=0.5, f=2.5, o1,=a;=1, 

a =—2, and a,=3 are depicted in Fig. 4.1. When o decreases from a large value 

or Q decreases and approaches twice the natural frequency of the high-frequency 

mode, both u, and uw are trivial and stable. The trivial a solution remains stable until 

a pitchfork bifurcation occurs, which leads to stable finite-amplitude values of a 

corresponding to periodic oscillations in u, with u; remaining trivial and stable. As oa 

decreases below zero, another pitchfork bifurcation occurs for both modes. The 

constant branch solution for a bifurcates into two branches: a stable branch that 

slowly grows with decreasing o and a saddle-focus branch. For the low-frequency 

mode, the trivial u, solution loses stability and gives way to slowly growing stable 

constant solutions: u, and — u,. Hence, the motion will consist of periodic oscillations 

in UW accompanied by a positive or negative nonzero static deflection in u,. Whene 

decreases past approximately —0.2888, a supercritical Hopf bifurcation of the 

nontrivial constant 2 and u,; solutions occurs. The ensuing motion will then consist 

of oscillatory u, motions accompanied by modulated u, responses, as observed inthe 

experiments. 

Next, we fix the excitation frequency and vary the excitation amplitude f. The 

results are shown in Fig. 4.2 for o = — 0.289. As f increases from zero, the system 

remains motionless until a subcritical pitchfork bifurcation occurs. The 

high-frequency mode suddenly starts to oscillate with a finite and constant amplitude, 

whereas the low-frequency mode remains unexcited until a supercritical pitchfork 

bifurcation takes place. When f exceeds about 2.5, a supercritical Hopf bifurcation 
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occurs, resulting in oscillatory solutions in u, accompanied by slow modulations of 

the amplitude and phase of the high-frequency mode, as observed in the experiment. 

In Fig. 4.3, the boundaries between constant and oscillatory motions of u, for 

various damping values are shown. Below these curves, oscillations in u, decay to 

a constant value and above them oscillations in u, are sustained. As indicated in part 

(a), for fixed values of uw, and oa, the larger yu, is, the larger is the critical force 

amplitude required to generate oscillations in u,. In part (b), for fixed values of u, and 

go, increasing the damping coefficient nu, of the low-frequency mode does not always 

increase the value of the critical force amplitude. That is, increasing py, will 

destabilize the system for some excitation amplitudes and frequencies. 

Next, we study the dynamics of the system in the neighborhood of the unstable 

foci shown in Fig. 4.1 and summarize the results in Fig. 4.4. Three branches of 

solutions are found. On branch |, as o decreases from the supercritical Hopf 

bifurcation value a, to og, the limit cycle born at o, increases in size, deforms, and 

then undergoes a sequence of period-doubling bifurcations, leading to chaos, as 

shown in Figs. 4.5(a)-(f). The responses come in pairs as solutions with u, and — u, 

coexist. As ao decreases further, a sequence of reverse period-doubling bifurcations 

occurs, leading to a singly winding limit cycle, as shown in Figs. 4.5(g)-(i). This is an 

example of a bubble structure (Knobloch and Weiss, 1983). 

Inspection of Figs. 4.5(j)-(k) indicates the formation of an orbit homoclinic to the 

saddle focus as o decreases slightly below o = — 0.55799. It is clear from Figs. 4.5(I) 

and 4.6(a) that the twin limit cycles are very near to the saddle focus. To confirm this, 

we plot in Fig. 4.7 variation of the period 7, of the period-one solution with o. Clearly, 

this period approaches co aS 6 > o,% —0.55799. 
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As o decreases below o,, a chaotic attractor is expected to occur according to the 

Shilnikov theorem. Shilnikov (1970) first proved this theorem for any third-order 

system that can be written in the form 

XK, = F(X4, Xp. Xq), F= 1,2,3 

if there is an orbit [T homoclinic to a saddle focus in the state space of the system. 

We denote the eigenvalues or characteristic exponents of the saddle focus by 

Jy, 42, 4g such that 4;=4,=— a+ iw with w being different from zero and a positive. 

The Shilnikov theorem says that if 4,>0 and 6=a//,<1, the trajectories in the 

neighborhood of I form a homoclinic structure that contains a countable set of saddle 

periodic orbits and hence a state trajectory wanders “randomly” between the 

unstable periodic trajectories. In other words, the system behavior is chaotic. The 

Shilnikov theorem has been extended to higher-dimensional systems of the form 

X= F(X4, Xo ey Xp), P= 1,2... 

if there is an orbit T homoclinic to a saddle focus with the characteristic exponents 

1,>0, 4,54; = —a+iw, Real (—1,) >a fori =4,5,...n, and 6 = a/4,<1. This theorem 

can be applied to our system and hence proves the existence of homoclinic or 

Shilnikov chaos. 

The critical value o, of 6 at which the homoclinic orbit exists is equal to -0.55799 

approximately. The eigenvalues of the saddle focus at oa are 

(0.648, —0.56+ 0.855), —1.148). Clearly, 6 =0.772 <1, and therefore the Shilnikov 

theorem implies the existence of chaos fora<o,. In Figs. 4.6(a) and (b), we show the 

twin periodic orbits and their spectra at 0 = — 0.55799, just before the formation of the 

homoclinic orbit, and in Figs. 4.6(c) and (d), we show the chaotic attractor and its 

spectrum at o = — 0.558, just after the formation of the homoclinic orbit. The broad 
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spectrum of this attractor shown in Fig. 4.6(d) and its Lyapunov exponents (0.015, 0.0, 

-0.982, -1.195) confirm its chaotic nature. 

When o decreases further, this chaotic attractor persists for a while and is 

followed by a reverse homoclinic bifurcation, which results in two asymmetric limit 

cycles. In Figs. 4.8(a) and (b), we show a chaotic attractor and its spectrum at 

o = —0.564904, and in Figs. 4.8(c) and (d), we show one of the twin periodic attractors 

and its spectrum at o = — 0.564905. The periodic attractor shown in Fig. 4.8(c) is very 

close to an orbit T that is homoclinic to the saddle focus indicated by the + sign. 

To confirm this, we plot in Fig. 4.9 variation of the period 7, of the period-one motion 

for values of a between -0.5650 and o.= — 0.564905. Clearly, 7, approaches co as o 

approaches oa, from below. The eigenvalues of the saddie focus at o are 

(0.653, —0.5 + 0.858), —1.153). Hence, 6 =0.766 <1. Consequently, the Shilnikov 

theorem predicts periodic orbits for a<oa, and chaos for o>o,. As a result, 

decreasing o below o, results in the disappearance of the chaotic attractor and the 

appearance of two asymmetric periodic orbits, as shown in Fig. 4.8. A second bubble 

structure occurs in the interval -0.578 < a < —0.564905, as shown in Fig. 4.10. In Figs. 

4.10(a)-(c), we show a sequence of period-doubling bifurcations, leading to two 

chaotic attractors of the form shown in (c). The corresponding FFT’s are shown in 

Fig. 4.11. These two attractors then merge as shown in Fig. 4.10(d). The resulting 

chaotic attractor deforms and bifurcates back to two other asymmetric chaotic 

attractors of the form shown in (g). These chaotic attractors undergo a sequence of 

reverse period-doubling bifurcations, as shown in Figs. 4.10(h)-(k). As o decreases 

below -0.578, the twin asymmetric attractors undergo a reverse symmetry-breaking 

bifurcation, which is followed by a cyclic-fold bifurcation at o = 015, resulting in the 

termination of this branch solution and a jump to branch Ill. 
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Branch II appears to be an isolated one, which only exists for a short frequency 

interval. If a periodic orbit exists on this branch, it bifurcates into a chaotic attractor 

as o increases or decreases. It follows from Fig. 4.12 that, as o increases from 

—0.54912, the period 7) of the limit cycle increases and approaches oo as oa 

approaches o,X —0.548686, indicating the formation of an orbit homoclinic to the 

saddle focus. The eigenvalues of the saddle focus are 

(0.641, —0.5+0.851/, —1.141) and hence 6 =0.78 <1. Consequently, according to 

the Shilnikov theorem, the symmetric singly winding limit cycle bifurcates into a 

chaotic attractor as o increases past o,.. In Figs. 4.13(a) and (b), we show the 

symmetric singly winding attractor and its spectrum that exist just before the 

formation of the homoclinic orbit, and in Figs. 4.13(c) and (d), we show the chaotic 

attractor and its spectrum that exist just after the formation of the homoclinic orbit. 

As o increases further, the chaotic attractor persists until a boundary crisis (Grebogi 

et al., 1983) occurs at g=o. It involves a chaotic attractor colliding with its own 

basin boundary, resulting in the destruction of the attractor and leading to one of the 

twin limit cycles of branch |, as shown in Fig. 4.14. 

When oa decreases from -—0.54912, the limit cycle undergoes a 

symmetry-breaking bifurcation. As o decreases further, an intermittently chaotic 

motion occurs. lt can be seen from Figs. 4.15(d)-(f} and 4.16(a) that the extent of this 

intermittency seems to spread out as o decreases. In Fig. 4.16(b) for o = a7, a crisis 

or chaos quenching occurs, resulting tn one of the twin limit cycles of branch lI. 

On branch Ill, a cyclic-fold bifurcation occurs at ¢ =o, leading to one of the 

period-four orbits on branch |. As o decreases, the symmetric limit cycle undergoes 

a symmetry-breaking bifurcation followed by a sequence of period-doubling 

bifurcation, culminating in chaos, as shown in Fig. 4.17. The two ensuing chaotic 

attractors merge at o = — 0.76, as shown in Fig. 4.18. They are closely related to the 
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unstable manifolds of the upper branch of the saddle foct of Fig. 4.1. As o decreases 

further, the chaotic attractor deforms, increases in size, and approaches the lower 

branch of saddle foci, as shown in Fig. 4.19. While the chaotic attractor is growing 

and intricately winding, the lower saddle focus moves toward it and splits into two 

at g=— 1.5. As o decreases to o,., the chaotic attractor collides with its basin 

boundary (boundary crisis), resulting in its destruction. At values of o just below a, 

a trajectory initiated in the state space occupied by the ghost of the chaotic attractor 

will bounce around chaotically for a finite time until it collides with one of the saddle 

foci and then suddenly moves off toward some other distant attractor (Fig. 4.20); in 

this case the only attractor is the trivial one. 

4.4 Summary 

We investigate the response of a parametrically excited two-degree-of-freedom 

system with cubic nonlinearities and widely spaced modal frequencies. The method 

of averaging is used to derive a system of four first-order ordinary differential 

equations describing the modulation of the displacement and velocity of the 

low-frequency mode and the amplitude and phase of the high-frequency mode. In 

Fig. 4.21, we compare the results of numerically integrating the modulation equations 

and the original equations (4.13)-(4.17) for e = 0.01 and three values of o. Clearly, the 

averaging approximation accurately predicts the occurrence of period-doubling 

bifurcations for a small c. 

We study the equilibrium solutions of the averaged equations in some detail and 

determine the conditions under which energy can be transferred from the 
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high-frequency to the low-frequency mode. Oscillations of the low-frequency mode 

are accompanied by slow amplitude and phase modulations of the high-frequency 

mode, as observed in the experiments. 

Even for the simple model of current study, many interesting complexities due to 

nonlinear interactions are found after an oscillation in the low-frequency mode is 

created. These include bubble structures (the occurrence of cascades of 

period-doubling and reverse period-doubling bifurcations), homoclinic bifurcations, 

the coexistence of multiple attractors, cyclic-fold and symmetry-breaking bifurcations, 

the merger of two chaotic attractors, boundary crises, intermittent chaos, and chaos 

quenching. 
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Figure 4.1. Frequency-response curves for a.=a;=1, m=— 2, a= 3, b= 0.25, 
le = 0.5, and f = 2.5; stable nodes, =.» unstable foci, — — saddles (two 

positive and two negative real eigenvalues), and ---- saddle foci. 
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Figure 4.2. Force-response curves for o,=0;=1, @=—2, o%=3, w.=0.25, uw, = 0.5, 

and o = — 0.289; stable nodes, ---- unstable foci, and ---- saddle foci. 
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Figure 4.3. Boundaries between constant and oscillatory motions of u, for a, =a; = 1, 
a= — 2, o,=3, and various damping values: (a) wu, = 0.25, 0.50, and 0.75 for 
a fixed uw, = 0.25 and (b) nw, = 0.25, 0.50, and 0.75 for a fixed pu, = 0.25. 
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Figure 4.4. Bifurcation diagram illustrating the various stages leading to chaos in the 
neighborhood of the unstable foci, where on branch |:  a,(supercritical 
Hopf) = —0.2888, o2(p-2) = —0.471, o3(p-4) = —0.503, o.(p-8) = —0.511, 
o,(reversed p-8)=—0.5305, o.(reversed p-4)=—0.536, oj(reversed p-2)= 
—0.5478, oas(homoclinic bifurcation) =—0.55799, oa (reversed homoclinic 

bifurcation) =—0.564904, o1.(p-2) = —0.565, o1,(p-4) = —0.565057, o:.(reversed 
p-4) = —0.5744, o.,(reversed p-2) = —0.575, o.(reversed 
symmetry-breaking) =—0.5772, and o(cyclic-fold bifurcation) = —0.582366; 
on branch It: o..(crisis) = —0.5481, and oa;.,(crisis) =—0.55165; on branch IIT: 
O1(cyclic-fold bifurcation) = —0.533, o13(symmetry-breaking) = —0.67; 
62(Pp-2) = —0.73, and 621(p-4) = —0.741. 
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. Two-dimensional projections of the phase portraits onto the p—q plane 
at o = (a) —0.2889, (b) —0.297, (c) —0.47, (d) —0.472, (e) —0.51, (f) —0.527, (g) 
—0.533, (h) —0.54, (i) —0.548, (j) —0.549, (k) —0.55, and (I) —0.55799 on 
branch |. They show a sequence of period-doubling bifurcations leading to 
chaos followed by a reverse period-doubling sequence of bifurcations. In 
the figures, + denotes the saddle focus. 
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Figure 4.6. (a) A two-dimensional projection of the twin limit cycles onto the a—u, 
plane and (b) the FFT of a at o = —0.55799; (c) A two-dimensional projection 
of the chaotic attractor onto the a—u, plane and (d) the FFT of a at 
o = —0.558. In (a) and (c), + denotes the saddle focus. 
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Figure 4.7. Variation of the period of the period-one motion with the detuning 
parameter o. The symbol o marks the onset of period-doubling bifurcations. 
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Figure 4.8. (a) A two-dimensional projection of the chaotic attractor onto the a—u, 
plane and (b) the FFT of a at o =—0.564904; (c) A two-dimensional 
projection of one of the asymmetric limit cycles onto the a—u, plane and 
(d) the FFT of a at o = —0.564905. In (a) and (c), + denotes the saddle 
focus. 
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Figure 4.9. Variation of the period of the period-one motion with the detuning 
parameter ao. The symbol o marks the onset of period-doubling bifurcations. 
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Figure 4.10. Two-dimensional projections of the phase portraits onto the a — u, plane 
at o = (a) —0.565, (b) —0.56505, (c) —0.5651, (d) —0.5652, (e) —0.57, (f) 
—0.573, (g) —0.574, (h) —0.5743, (i) —0.5745, (j) —0.5751, (k) —0.578, and (1) 
—0.582365. They show a sequence of period-doubling bifurcations leading 
to chaos followed by a reverse period-doubling sequence of bifurcations 
and symmetry-breaking bifurcation. In the figures, + denotes the saddle 
focus. 

SYSTEMS WITH WIDELY SPACED MODAL FREQUENCIES 174



  

      
  

Lo
g 

a 

      

  

Lo
g 

a 

      

  

      

| 
4 ith nd Miko 

! wT Ho 0 9 4 6 8 10 

W 

Figure 4.11. The FFT of a at o= (a) —0.565, (b) —0.56505, (c) —0.56507, and (d) 
—0.5651. 
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detuning parameter a. 
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Figure 4,13. (a) A two-dimensional projection of the limit cycle onto the a—u; plane 
and (b) the FFT of a at o = —0.5486861; (c) A two-dimensional projection of 
the chaotic attractor onto the a—u, plane and (d) the FFT of a at 
o = —0.548685. !n (a) and (c), + denotes the saddle focus. 
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Figure 4.15. From right to left: ¢o = —0.549126, —0.5498, and —0.551, where (a)-(c) 

show the two-dimensional projections of the attractors onto the a—u; 
plane; (d)-(f) show the time histories of us; and (g)-(i) show the FFT of a. 
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Figure 4.17. The projections of the periodic orbits onto the a—u, plane at o = (a) 
—0.65, (b) —0.69, (c) —0.74, and (d) —0.743 on branch Ill. They show a 
symmetry-breaking bifurcation followed by a sequence of period-doubling 
bifurcations. In the figures, + denotes a fixed point on the upper branch 
of saddle foci shown in Figure 4.1. 
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Figure 4.18. The projections of the chaotic attractors onto the a—u, plane at (a) 

o = — 0.75999 and (c) a=— 0.76. (b) and (d) show the unstable manifolds 
of the corresponding upper saddie foci (denoted by +) to (a) and (c), 
respectively. 
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Figure 4.19. The projections of the phase portraits onto the a—u, plane at ao = (a) 

—1.2, (b) —1.4, (c) —1.6, and (d) —1.72. The nontrivial fixed point denoted 
by * is the one on the lower branch of saddle foci in Figure 4.1. It starts to 
grow as o decreases from —0.75. 
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Figure 4.20. (a) The projection of the phase portrait onto the a — u, plane and (b) the 

time history of a at a= — 1.725. The saddle focus is denoted by * in (a) or 

lower dashed line in (b), whereas the unstable focus is denoted by + in (a) 

or upper dashed line in (b). 
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Figure 4.21. Comparison between the numerical time integration of the modulation 
equations (left) and the original equations for ¢=0.01 (right), where 
o = —0.47 for (a) and (b); o = —0.472 for (c) and (d); o = —0.51 for (e) and (f). 

SYSTEMS WITH WIDELY SPACED MODAL FREQUENCIES 185



CHAPTER 5 

CONCLUSIONS AND RECOMMENDATIONS 

5.1 Concluding Remarks 

A closed-form solution of a given nonlinear system of equations may not be 

possible. In such a case, one often determines an approximate solution by 

perturbation methods, numerical methods, or geometrical methods. We use a 

numerical-perturbation approach to obtain approximate solutions for weakly 

nonlinear systems with repeated natural frequencies in Chapter 3 and systems with 

widely spaced modal frequencies in Chapter 4. In Chapter 2, we study a special class 

of solutions of a nonlinear system, namely, the so-called nonlinear normal modes. 

They are defined on the basis of geometrical concepts and analyzed by using a 

perturbation technique. 

Bifurcation analyses are conducted throughout this dissertation using the 

modulation equations. For a parametrically excited system, the trivial solution is 
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possible for all values of the various parameters. Nontrivial solutions are possible for 

a restricted set of parameters. The local stability of a constant solution can be 

determined by the eigenvalues of the Jacobian matrix of the modulation equations. 

A static bifurcation occurs when a real eigenvalue crosses the imaginary axis into the 

right-half plane along the real axis. A Hopf bifurcation occurs when a pair of complex 

conjugate eigenvalues crosses the imaginary axis transversely into the right-half 

plane. Using a combination of center manifold reduction and the method of multiple 

scales, we obtain the normal form of the dynamics near these bifurcation values. The 

normal form ts used to identify three types of static bifurcations of the trivial solution, 

namely, supercritical pitchfork, subcritical pitchfork, and transcritical bifurcations; one 

type of static bifurcation (saddle-node bifurcation) of the nontrivial constant solution; 

and one type of Hopf bifurcation (supercritical Hopf bifurcation) of the trivial or 

nontrivial constant solution. A codimension-two bifurcation (Bogdanov-Takens 

bifurcation) is located at the intersection of two codimension-one bifurcation varieties, 

the static bifurcation and the Hopf bifurcation of the trivial solution. The 

corresponding linear operator has a double-zero eigenvalue. The global bifurcation 

behavior arising from this local codimension-two bifurcation can be studied by the 

normal form of the dynamics near this nonhyperbolic fixed point. 

A small limit cycle is born after a supercritical Hopf bifurcation occurs. This 

corresponds to an amplitude- and phase- modulated motion of the original system. 

A combination of a shooting technique and Floquet theory is used to calculate limit 

cycles and their stability. Since the modulation equations are autonomous, one of the 

Floquet multipliers is always one. The limit cycle is stable if the other Floquet 

multipliers lie within the unit circle; if at least one of them is outside the unit circie, 

the limit cycle is unstable. As a control parameter is varied, a period-doubling 

bifurcation occurs when any Floquet multiplier leaves the unit circle along the real 
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axis through -1; a cyclic-fold (saddle-node) or a symmetry-breaking bifurcation occurs 

when any Floquet multiplier leaves the unit circle along the real axis through +1; and 

a Neimark bifurcation (secondary Hopf bifurcation) occurs when a pair of complex 

conjugate Floquet multipliers leaves the unit circle. If a sequence of period-doubling 

bifurcations is complete, a chaotic attractor emerges. However, a homoclinic 

bifurcation occurs when an orbit homoclinic to a saddle occurs. This could result in 

either a jump to a far away attractor or to a chaotic attractor, depending upon the 

Shilnikov inequality 6 = 4,/4,, where the Jacobian at the saddle point has the positive 

eigenvalue (real or complex pair) with smallest real part, 4,, and the negative 

eigenvalue (real or complex pair) with real part of smallest modulus, 4, When 

6 > 1, there is a periodic orbit on one side of the homoclinic orbit and there is no 

recurrent behavior on the other side. Consequently, the response jumps to a far 

away attractor. When 6 <1, there is a periodic orbit on one side of the homoclinic 

orbit and chaos on the other side. 

Several types of jump phenomena are found in this study. The trivial fixed point 

could jump via a subcritical pitchfork bifurcation; a nontrivial fixed point could jump 

via a saddle-node bifurcation; and a limit cycle could jump via a cyclic-fold bifurcation 

or a homoclinic bifurcation. Moreover, a chaotic attractor could jump via a boundary 

crisis (Grebogi et al., 1983) if it collides with its own basin boundary. As a result, the 

attractor and its basin are destroyed and the response jumps to a far away attractor. 

When two of the Floquet multipliers are +1, a symmetric limit cycle may lose 

symmetry. An asymmetric limit cycle could also lead to a chaotic attractor via a 

homoclinic bifurcation, a jump, or an intermittent chaotic motion via a cyclic-fold 

bifurcation without the formation of a homoclinic orbit. The resulting attractors and 

isolated branches of attractors can sometimes be found by checking the unstable 

manifolds of nearby saddles. The complex motions are identified by using phase 
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planes, power spectra, Lyapunov exponents, and dimensions. The analytical results 

are verified by numerically integrating the original system for some cases. 

5.1.1 Nonlinear Normal Modes 

In Chapter 2, we construct the nonlinear normal modes of a weakly nonlinear 

discrete system with one-to-one and three-to-one internal resonances by uSing a 

complex-valued invariant-manifold approach. Cubic geometric nonlinearities are 

considered. The method of normal forms is used to simplify the dynamics on the 

invariant manifolds. The simplified system possesses similar nonlinear normal 

modes for the case of one-to-one internal resonance and nonsimilar nonlinear normal 

modes for the case of three-to-one internal resonance. In contrast with the case of 

no internal resonance, the number of nonlinear normal modes may be more than the 

number of linear normal modes. Bifurcations of the calculated nonlinear normal 

modes are investigated. 

Next, for a continuous system without internal resonances, we consider a 

cantilever beam and compare two approaches for the determination of its nonlinear 

planar modes. In the first approach, the governing partial-differential system is 

discretized using the linear mode shapes and then the nonlinear normal modes are 

determined from the discretized system. In the second approach, the boundary-value 

problem is treated directly by using the method of multiple scales. The results show 

that both approaches yield the same nonlinear modes because the discretization is 

performed using a complete set of basis functions, namely, the linear mode shapes. 
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5.1.2 Systems with Repeated Natural Frequencies 

In Chapter 3, we study the nonlinear response of multi-degree-of-freedom 

systems with repeated natural frequencies and cubic nonlinearities to various 

parametric resonances. The linear part of the system has a nonsemisimple 

one-to-one resonance. The character of the stability and various types of bifurcation 

are analyzed. The results are applied to the flutter of a simply Supported panel in a 

supersonic airstream. In which case, a set of nonlinear autonomous first-order 

ordinary differential equations governing the slow-time modulation of the amplitudes 

and phases of the excited modes are derived and used to calculate the equilibrium 

solutions and their stability, and hence to identify the excitation parameters that 

suppress flutter and those that lead to complex motions. A combination of a shooting 

technique and Floquet theory is used to calculate limit cycles and their stability. It is 

shown that the trivial solutions can lose stability through three types of bifurcations: 

supercritical and subcritical pitchfork bifurcations, supercritical Hopf bifurcations, and 

Bogdanov-Takens bifurcations for the cases of principal and fundamental parametric 

resonances. Near the formation of an orbit homoclinic to a saddle focus, the 

Shilnikov theorem is used to explain the jump phenomenon as a control parameter 

is varied. For the case of combination parametric resonance, the trivial solution can 

lose stability via a supercritical or subcritical pitchfork bifurcation only. However, 

conditions for supercritical Hopf bifurcations are found for nontrivial constant 

solutions. The bifurcation diagrams show that the Hopf bifurcation island and the 

pitchfork bifurcation curve move closer to each other as a frequency detuning 

parameter o decreases. Inside this island of unsteady solutions, the numerical 
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results indicate the existence of cyclic-fold bifurcations and sequences of 

period-doubling bifurcations that culminate in chaos. 

Next, the effects of quadratic nonlinearities are investigated. For the case of 

fundamental parametric resonance, the quadratic nonlinearities qualitatively modify 

the response of the excited system. They change the static bifurcation of the trivial 

solution from a pitchfork to a transcritical bifurcation. Cyclic-fold and Hopf 

bifurcations of the nontrivial constant solutions are produced. Period-doubling 

sequences leading to chaos are aiso produced by the quadratic terms. However, the 

quadratic nonlinearities only quantitatively change the response of the system with 

cubic nonlinearities to the principal parametric resonance if the coefficient of the 

nonlinear term in the modulation equations does not change sign. 

5.1.3 Systems with Widely Spaced Modal Frequencies 

In Chapter 4, we investigate a recently discovered mechanism for transferring 

energy from a high-frequency excitation to a low-frequency mode. The method of 

averaging is used to analyze the response of a two-degree-of-freedom system with 

widely spaced modal frequencies and cubic nonlinearities to a principal parametric 

resonance of the high-frequency mode. The conditions under which energy can be 

transferred fram high- to low-frequency modes are determined. Oscillations of the 

low-frequency mode are accompanied by slow amplitude and phase modulations of 

the high-frequency mode, as observed in the experiments. The analytical results are 

validated by numerically solving the original system. 

Many interesting complexities due to nonlinear interactions are found in this 

simple model after an oscillation in the low-frequency mode occurs. These include 
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bubble structures (the occurrence of cascades of period-doubling and reverse 

period-doubling bifurcations), homoclinic bifurcations, the coexistence of multiple 

attractors, cyclic-fold and symmetry-breaking bifurcations, the merger of two chaotic 

attractors, boundary crises, intermittent chaos, and chaos quenching. 

5.2 Recommendations 

Some issues recommended for further study are: 

(1) Construct nonlinear normal modes with internal resonances (e.g., combination 

internal resonance) by accounting for quadratic as well as cubic nonlinearities. A 

symbolic manipulator is recommended for this work. 

(2) Experimentally check the validity of our theoretical results, which identify 

excitation parameters for the suppression of flutter. 

(3) Here, we study the effects of structural nonlinearities for panel flutter. The 

aerodynamic nonlinear effects become significant only when the panel deflection is 

on the order of the panel length. Two other types of flutter (transonic buzz and stall 

flutter) are important and involve significant aerodynamic nonlinearities. The 

nonlinear aerodynamic/structure interaction can be modelled and finite-amplitude 

flutter oscillations can be predicted by using a combination of computational fluid 

dynamics (CFD) and discretization of the structure. Can one use the CFD results to 

produce an analytical model of the aerodynamic nonlinearities? If so, one may be 
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able to analyze their effects on the response of the structure, as described in this 

dissertation. 

(4) Develop a strategy for controlling the identified undesirable dynamic behaviors, 

such as, amplitude-modulated motions and chaotically modulated motions. 

(5) According to the nature of the discontinuous changes in a chaotic attractor, 

Grebogi, Ott, Romeiras, and Yorke (1987) distinguished three types of crises; namely, 

boundary crises, interior crises, and attractor merging crises. Some of them are 

observed in the numerical studies in Chapter 4. Nayfeh and Nayfeh (1993b) also 

obtained similar phenomena in the response of the same system to a primary 

resonance of the high-frequency mode. A detailed bifurcation analysis of the 

averaged equations in this case needs to be conducted. 
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