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(ABSTRACT) 

Free vibration, buckling and postbuckling analyses of laminated composite plates with multiple 

delaminations are presented. A finite element method based on a layer-wise laminated composite 

plate theory is developed to formulate the problem. Geometric nonlinearity in the sense of von 

Karman and the imperfection in the plate in the form of initial global deflection and initial delam- 

ination openings are included. A simple contact algorithm which precludes the physically inad- 

missible overlapping between delaminated surfaces is proposed and incorporated in the analysis. 

A sublaminate concept is adopted in the analysis to reduce the computational efforts, and found 

to be efficient. 

Numerical results are obtained for through-the-width, circular and rectangular delaminations 

addressing the effects of the number of delaminations, their lengths and through-the-thickness and 

axial locations on the critical buckling load and buckling mode shapes as well as free vibration fre- 

quency and modes. Postbuckling responses are investigated with respect to different magnitudes 

and directions of initial imperfections. The effects of material anisotropy and contact condition 

between delaminated surfaces are also considered. It is found that the proposed approach is very 

efficient and powerful for solving the above mentioned problems.
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Chapter I 

INTRODUCTION 

Fiber-reinforced composite materials have been increasingly used over the past few dec- 

ades in a variety of structures that require high ratio of stiffness and strength to weight. 

The ability to tailor the directionally dependent properties of laminated fiber-reinforced 

composites by bonding together with various fiber orientations offers additional advan- 

tages over the use of conventional engineering materials. 

While composite materials enjoy these advantages, they are also prone to a wide 

range of defects and damage which may significantly reduce their structural integrity. 

Among various types of damage modes that are likely to occur in laminated composites 

during service, a matrix-dominated interlaminar cracking or delamination is the one that 

is the most commonly observed and sometimes unavoidably incurred in practical situ- 

ations. Delamination may develop as a result of manufacturing defects such as incom- 

plete wetting and entrapped air pockets between layers, or as a result of certain in-service 

factors, such as low velocity impact by foreign objects, for instance, dropped tools or 

bird strikes. While such impact damage can cause a number of delaminations [1] , a 

small surface indentation is the only external indication since the delaminations are 
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cracks in the interior of the laminate. Thus, this type of damage is often called 

barely visible impact damage (BVID) [2], which is not readily identified by visual in- 

spection. Such delamination damage is known to cause a degradation of overall stiffness 

and strength. 

In particular, delamination damage can result in a substantial loss of compressive 

load-carrying capacity of a laminate through local instability and stress concentration in 

the vicinity of a delamination. Once an initially symmetric laminate contains delami- 

nations, it behaves locally as a set of sublaminates which are generally unsymmetric, and 

therefore, exhibit bending-extension coupling. These behaviors cause a stress redistrib- 

ution and may cause the sets of sublaminates to buckle. Under increased load, the de- 

lamination may propagate as a result of excessive crack tip stresses. Consequently, this 

delamination buckling and growth lead to global structural compression failure at !oads 

well below the design level of an undamaged laminate. 

Delaminations are also known to cause a change in vibration characteristics. The 

delaminated sublaminate generally exhibits new vibration modes and frequencies that 

depend on the size and location of the delamination. Thus, provided that the natural 

frequencies and mode shapes are known for a composite containing delaminations, the 

presence of invisible delamination can be detected, and their size and location can be 

estimated. 

Understanding of delamination behavior is, therefore, a subject of vital importance 

in view of the intended widespread use of laminated composite materials in many engi- 

neering applications. In principle, a full three-dimensional analysis is necessary in order 

to model general configurations of delaminations in composite laminates. While three- 

dimensional finite element analysis gives accurate results with sufficiently refined meshes, 

it is computationally very intensive requiring large amounts of computer storage and 

running time. For that reason, in many cases, a one-dimensional beam-plate model for 
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a through-the-width delamination, or a thin-film model, where the delaminated layer is 

assumed to be so thin compared to the base laminate that the behavior of the layer does 

not affect the deformation of the base plate, have been used by many researchers. These 

analytical models, however, are inadequate for general configurations of delaminations, 

such as anisotropy of composite, varying location of delamination, general two- 

dimensional embedded delamination, or multiple delaminations. For these more general 

problems, a two-dimensional layer-wise model, in which each layer of a composite is 

separately modelled, is preferred because it offers accurate results with significantly re- 

duced computational cost compared to a full three-dimensional model. Despite of effi- 

ciency and accuracy of the layer-wise theory, it still has a shortcoming in that the 

number of dependent variables is a function of the number of layers. This, in turn, 

suggests a sublaminate approach in which each sublaminate created by delaminations is 

modelled as an equivalent, single, homogeneous layer. In the sublaminate approach, 

multiple delaminations can easily be modelled employing the Heaviside unit step func- 

tion in displacement fields as in the layer-wise theory, and the number of dependent 

variables depends only on the number of delaminations. As will be described in the next 

chapter, no model exists for predicting buckling loads, natural frequencies and 

postbuckling response of anisotropic laminates with single or multiple general shaped 

delaminations such as through-the-width, circular, rectangular or elliptical shapes. 

Therefore, the main objective of this dissertation is to develop a displacement based, 

layer-wise finite element model based on Reddy’s theory [3] and to extend it to the sub- 

laminate finite element model capable of addressing general problems of delamination 

in a laminated composite plate. More specifically, five major objectives are identified: 

1. Determination of buckling loads and buckling mode shapes for laminated compos- 

ites containing single and multiple delaminations with arbitrary configuration. 
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2. Determination of natural frequencies and vibration mode shapes for laminated 

composites containing delaminations. 

3. Analysis of the postbuckling response of laminated composites containing multiple 

delaminations with respect to initial imperfection of the composites. 

4. Investigation of the effects of the contact between delaminated surfaces and 

anisotropy on the vibration, buckling and postbuckling problems. 

5. Comparison between layer-wise and sublaminate theories as well as with previously 

available results. 

With these introductory remarks, the following chapters constitute the dissertation. 

A state-of-the-art survey on the various aspects of literature pertaining to the present 

study is provided in Chapter II. The computational modelling of laminated composite 

plate and the vibration, buckling and postbuckling of delaminated composites are re- 

viewed separately. Chapter III addresses a theoretical formulation for vibration and 

buckling problems of circular and rectangular plates with delaminations. Chapter IV 

describes the issue of postbuckling behavior of delaminated composites. The theoretical 

solution procedure is addressed by applying a contact condition. Verifications of the 

present study are made in Chapter V for vibration, buckling and postbuckling problems 

of through-the-width and embedded delaminations. Numerical results and discussions 

are provided in Chapter VI for buckling and postbuckling analyses of through-the-width 

delaminations. Chapter VII provides brief summary and concluding remarks with re- 

commendation for future research. 
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Chapter I 

LITERATURE REVIEW 

In this chapter, a review of previous studies relevant to the present subject is given. For 

convenience, the section is divided into two parts involving computational modelling of 

laminated composite plates, and buckling, vibration and postbuckling of delaminated 

composites. 
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2.1 Computational Modelling of Laminated Composite Plates 

Modelling of laminated plates has been mostly done using classical lamination theory 

(CLT), which is a straightforward extension of the Kirchhoff assumptions. This theory 

is adequate for many engineering problems. However, CLT cannot account for the 

transverse shear deformation that is significant for moderately thick composite plates. 

Thus, for such plates, the inclusion of transverse shear effects is necessary. 

Since the development of first-order shear deformable plate theory (FSDT) which 

allows linear variation of in-plane displacements in the thickness direction (Yang, Norris 

and Stavsky [4] and Whitney [5]), numerous refined plate theories have been proposed. 

Among them, polynomial based higher order shear deformable plate theories (HSDT) 

were developed by Whitney and Sun [6], Lo, Christensen and Wu [7], and Reddy [8]. 

Detailed reviews of this topic may be found in [9-12]. 

All the theories discussed above, including CLT, FSDT, and HSDT can be grouped 

as equivalent single-layer two-dimensional theories [9]. In general, single-layer laminate 

theories give satisfactory results for global behavior (e.g. deflections, stresses, buckling 

loads, and natural frequencies); however, they are inadequate in modelling localized ef- 

fects such as delaminations. For these localized effects, layer-wise modelling of laminated 

composite plates seems to be necessary. 

In layer-wise modelling, the transverse variation of the displacement fields is re- 

presented by piecewise polynomial functions. Early efforts in layer-wise modelling of 

laminated composites are due to Pryor and Barker [13], Srinivas [14], Mau [15] and Seide 

[16]. Spilker [17] proposed hybrid stress plate bending element using layer-wise ap- 

proach. Chaudhuri [18] developed a displacement based layer-wise, two dimensional tri- 

angular element which has 2N + 3 degree of freedom at each node for an N-layered plate 
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To improve the in-plane response of laminated plates, a layer-wise theory based on 

Reissner’s mixed variational principle [19] was presented by Toledano and Murakami 

[20]. The theory assumed piecewise continuous in-plane displacement variations to sat- 

isfy continuity of interlaminar stresses. The transverse variation of the displacements is 

constant through the thickness. Thus, the interlaminar shear strains are constant within 

each layer. DiSciuva [21,22] proposed a model which allows a piecewise linear variation 

of the in-plane displacements, and a constant for the transverse component through the 

thickness of laminates. The number of independent variables was reduced from 2N + 3 

to 5 by applying continuity conditions of the transverse shear stresses at each layer 

interface for an N-layer laminate. Cho et al. [23] modeled laminated plates using a 

higher-order theory for each layer. Although the results obtained in that work were very 

accurate, the theory required 11N unknowns for an N-layer laminate and was thus inef- 

ficient for multilayered plates. 

Reddy [3] proposed a generalized model which allows layer-wise representation of 

in-plane displacement using linear combinations of the thickness coordinate and unde- 

termined functions of position within each layer. Reddy and Barbero [24] developed a 

finite element model based on the model by Reddy [3] with linear approximation of the 

in-plane displacements through the thickness of each layer, and extended that model to 

geometric nonlinear theory [25]. Epstein and Huttelmaier [26] developed a finite element 

model including linear variation of transverse displacements. Barboni and Gaudenzi [27] 

reduced a quasi-three-dimensional finite element to a one-dimensional layer-wise model 

including the transverse normal strain to analyze free edge effects in laminates. Robbins 

and Reddy [28] extended Reddy’s theory [3], including transverse normal strain. Lee and 

Liu [29] proposed an analytical model using a Hermite cubic interpolation function in 

the thickness direction in order to satisfy the continuity of interlaminar shear stresses. 

The number of independent variables in that formulation is 5N. 
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Three-dimensional finite element models based on the layer-wise concept have also 

been developed by many researchers including Owen and Li [30,31], and Wanthal and 

Yang [32]. A detailed review of three-dimensional modelling of composite laminates can 

be found in Griffin [33]. 

All the previously discussed layer-wise theories have successfully predicted not only 

the global response but also local effects, such as free edge effects [27]. However, since 

the number of unknowns depends on the number of layers, these theories are intractable 

as the number of layers becomes even moderately large. Thus, there is still a need to 

develop laminated plate theories which can model delaminations with a tractable number 

of dependent variables. 

In this point of view, the proposed sublaminate theory, which models sublaminates 

created by delaminations as an equivalent single-layer and allows linear variation of in- 

plane displacements through the thickness of each sublaminate, seems to be a compro- 

mise between accuracy and computational costs for delamination problem in composite 

laminates. 
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2.2 Delamination Buckling, Vibration and Postbuckling 

In general, delaminations can be grouped as through-the-width delaminations and em- 

bedded delaminations. In the following, previous research on each type of delamination 

is reviewed. 

2.2.1 Through-the-Width Delaminations 

2.2.1.1 Buckling and Postbuckling of Delaminated Composites 

Chai, Babcock, and Knauss [34] may have been the first investigators to study buckling 

and postbuckling of a plate containing a through-the-width delamination. They pre- 

sented a one-dimensional analytical model to assess the compressive strength of a de- 

laminated composite employing a Griffith-type fracture criterion. Simitses and his 

collaborators [35-37] investigated delamination buckling and growth in simply-supported 

and clamped composite plates using a one-dimensional beam-plate theory. The effects 

of delamination position, length, and laminate thickness on the buckling loads and de- 

lamination growth were studied. Bolotin et al. [38] investigated the bifurcation problem 

for several equidistant delaminations of equal lengths. He has shown that the buckling 

mode for that problem is antisymmetric. 

Sheinman, Bass and Ishai [39] extended the work of Simitses et al. [35] to include the 

effect of bending-extension coupling on the stability of a delaminated composite using 

a finite difference model. The effect of bending-extension coupling on postbuckling re- 
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sponse was investigated by Yin [40] for both mid-plane delamination and thin-film de- 

lamination. Sheinman and Souffer [41] investigated the effects of bending-extension 

coupling and initial imperfection on the postbuckling behavior of a composite beam with 

various delamination geometries. It was found that the coupling effect significantly re- 

duces the buckling load and increases the postbuckling deformations, and the global 

postbuckling deformation was shown to be very sensitive to the initial imperfections. 

However, the postbuckling analysis for some initial imperfection in that work exhibits 

physically inadmissible deformed shape due to neglecting contact condition between de- 

laminated sublaminates. 

Moshaiov and Marshall [42] predicted buckling loads for a random short fiber 

composite using a Rayleigh-Ritz method. Somers et al. [43] developed an analytical 

model to investigate the buckling and postbuckling behavior of a sandwich beam with 

a delamination. Tracy and Pardoen [44] studied higher order buckling loads and mode 

shapes of a composite containing a midplane delamination. The effect of axial location 

of delamination on the buckling load was also studied. The delamination opening was 

suppressed to zero in order to prevent overlapping of delaminated surfaces in that work. 

Most of the above mentioned literature employed classical beam theory which does 

not account for shear deformations for each portion of sublaminates. In general, how- 

ever, especially for a short delamination, the sublaminates created by delamination may 

become moderately thick, and shear deformation is not negligible any more. 

Effects of transverse shear deformation were studied by Kardomateas and 

Schmueser [45] using a perturbation expansion method and Kardomateas [46] by im- 

proving the model used in [34] on delamination buckling and growth in composite lam- 

inates. They found that these shear effects precipitate the possibility of crack growth 

because of the extra energy from the transverse forces. More recently, Chen [47] pro- 

posed a shear deformation theory using variational energy principle and extended his 
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work to unsymmetric laminates [48] having a thin-film delamination. He found that the 

magnitude of the transverse shear effect depends on the delamination location and size. 

Modelling the interply matrix as an elastic foundation, Vizzini and Lagace [49] in- 

vestigated buckling behavior of a delaminated composite beam. Anastasiad and Simitses 

[50] improved the model by Simitses [35] to include springs between sublaminates to 

simulate the matrix layer. A strong spring distribution was shown to be a stabilizing 

effect for delamination buckling. Kardomateas [51] also studied the effect of an elastic 

foundation on the buckling and postbuckling response. It was reported that the delami- 

nation growth may occur sooner for a large foundation modulus. 

Shear buckling and postbuckling behavior of a composite laminate with a delami- 

nation were investigated by Suemasu [52] by employing a no-penetration condition of 

delaminated surface. The shear behavior of delaminated composites was found to be a 

combination of both local and global buckling modes. It was also reported that the 

postbuckling deformation is sensitive to initial imperfections of the composite. Madenzi 

[53] solved the mixed boundary value problem to obtain an analytical solution of de- 

lamination buckling and growth. He showed that delamination growth may occur prior 

to buckling by means of crack propagation at the points of stress concentrations. 

However, the analytic model in that study was shown to be unsuitable for thin delami- 

nated layer. 

Most of the works cited above employed either thin-film models [34,40,45,48,49,51] 

or analytical models with four divided regions [34-37,39,41-44,46-48,50,52] created by 

delamination in a composite laminate (Figure 1). In those analytical beam-plate models, 

boundary and continuity conditions were applied for all edges and interfaces of the re- 

gions, respectively, to formulate the problem. 

It also appears that the boundary conditions were assumed to be either simply- 

supported or clamped in the beam-plate model. Moreover, it is extremely difficult to 
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Figure 1. Conventional modelling of through-the-width delamination 
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employ these analytical methods, including the model in [53], if there is more than one 

delamination with arbitrary boundary conditions or if loading is dynamic. For these 

more general configurations, finite element analysis is often employed. For example, 

plane-elasticity finite element models were applied by Whitcomb [54], Wang et al. 

[55,56], Williams et al. [57], and Shaw and Tsai [58], and three-dimensional finite ele- 

ments were applied by Chaouk et al. [59] and Jones et al. [60] to study buckling and 

postbuckling of composites with a through-the-width delamination. However, two- and 

even three-dimensional finite element models make the analysis complicated, with a 

considerable computational cost because a very fine mesh must be used near the de- 

lamination crack tip. In this regard, Kapania and Wolfe [61] developed a one- 

dimensional finite element model based on the model suggested by Simitses et al. [35] 

and extended this model to the case of two delaminations in a subsequent paper [62]. 

However, their model is limited to isotropic materials and one or two delaminations. 

Most of the literature on delamination buckling and growth in composite laminates 

deals with a single delamination and only a few [55,56,62] consider two or at most three 

through-the-width delaminations. In actual situations, however, when composite lami- 

nates are subjected to impact, a number of delaminations with a very complicated con- 

figuration may occur. Therefore, there is a great need to have an analytical capability 

that can be applied to general multiple delaminations with a complex geometry. 

Recently, Kutlu and Chang [63] proposed an analytical model to simulate the com- 

pression response of laminated composites containing multiple delaminations. They 

found that the multiple delaminations can reduce the load-carrying capacity more than 

a single delamination does. Breivik [64] investigated the compressive behavior of multiply 

delaminated quasi-isotropic composite beams both experimentally and numerically. It 

was found that the beam containing short multiple through-the-width delaminations 

LITERATURE REVIEW 13



failed antisymmetrically, while the beam containing long delaminations failed symmet- 

rically. 

Most recently, the buckling loads and corresponding mode shapes of a laminated 

composite containing multiple delaminations were systematically studied using a layer- 

Wise approach by Lee et al. [65]. They found that the antisymmetric buckling mode is 

dominant for a composite laminate having short multiple delaminations as exper- 

imentally shown by Breivik [64]. It was also shown that the buckling mode shapes for 

a midplane delaminated composite depend on the slenderness of the laminate. 

2.2.1.2 Vibration of Delaminated Composites 

Relatively little research has been done to determine the change in vibration character- 

istics of composites with through-the-width delaminations. Ramkumar et al. [66] inves- 

tigated free vibration frequencies of a cantilever beam with a delamination using the 

shear deformable beam theory. But, their results demonstrated poor agreement with 

experimental results. They attributed this discrepancy to the contact between delami- 

nated layers. However, this explanation may be questionable in view of the subsequent 

results of Wang et al. [67], who proposed an analytical model based on classical beam 

theory by including the effect of the coupling between flexural and longitudinal motion 

of the delaminated layers. By including the coupling, the calculated results showed good 

agreement with experiment, implying that the discrepancy in Ramkumar et al. [66] was 

mainly due to the neglecting of coupling effect. Yin and Jane [68], and Chen and Goggin 

[69] studied vibrations of a delaminated beam with respect to buckled reference states 

based on classical beam theory and shear deformable beam theory, respectively. The 

effects of higher order frequencies and mode shapes were studied by Tracy and Pardoen 

[70]. In their analyses, a delamination was assumed to remain closed during the motion. 
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Shen and Grady [71] developed an analytical model which can predict vibration fre- 

quencies and modes of delaminated beams. They found that the coupling between lon- 

gitudinal vibration and transverse vibration has significant effects on the modes of 

vibration, and the natural frequencies and mode shapes are affected by the size and lo- 

cation of delamination. 

In all the previous studies involved in vibration analysis of delaminated composite, 

the basic assumption is that a delamination always remains either opened or closed 

during the whole period of the motion. In actual situations, however, a delamination 

may breathe (open and close) during the motion of composites. In the present analysis, 

an attempt to include the interaction between opening and closing vibration modes of 

delamination states will be made. 

It also appears that analytical studies concerning the vibration frequencies of com- 

posite containing more than one delamination have not yet been treated in the open 

literature. 

2.2.2 Embedded Delaminations 

Axisymmetric models have often been applied for a problem with a concentric penny- 

shaped delamination in a circular plate under compressive load uniformly distributed in 

the circumferential direction (Figure 2) because it can be treated as one-dimensional 

problem without the need for solution of formidable and complicated two-dimensional 

counterparts. Axisymmetric buckling and growth of a thin circular delamination in a 

plate was first studied by Kachanov [72] on the basis of a linear postbuckling solution. 

Bottega and Maewal [73] developed an analytical model based on asymptotic anal- 

ysis of postbuckling behavior for a symmetric two-layer isotropic circular plate. It was 
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Figure 2. Penny-shaped delamination in a circular plate 
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found that delamination growth based on a Griffith-type fracture criterion may occur 

following delamination buckling provided that sufficient bending energy is produced at 

the delamination crack front. In a subsequent paper [74], they extended the analysis in 

[73] to include the dynamics of the delamination growth process resulting from buckling 

of the delamination. 

Yin [75] investigated postbuckling behavior for an isotropic circular plate containing 

thin-film or midplane delamination employing von Karman’s nonlinear plate equations. 

Yin and Fei [76] determined the critical buckling load of an isotropic circular plate with 

concentric delamination for various delamination geometries under uniform 

circumferential loading. They also improved Yin’s work [75] by including the deforma- 

tion of the base plate for postbuckling analysis of a delaminated circular plate in a sub- 

sequent paper [77]. 

Partridge et al. [78] used a two-dimensional axisymmetric finite element model for 

delaminated isotropic circular plates to obtain strain energy release rate. Bruno and 

Grimaldi [79] studied both through-the-width and circular delaminations for symmetric 

two layer plates. They developed analytical and finite element models based on the von 

Karman thin plate theory in conjunction with the unilateral contact approach [80] in 

which delamination is modeled by means of elastic foundation. 

Larsson [81] proposed a model which includes a hole at the center and polar 

orthotropy using nonlinear thin plate theory. He investigated the geometric threshold 

where the thin film approximation is applicable. Larsson [82] also investigated the ef- 

fects of multiple delaminations for various combinations of geometry and material pa- 

rameters. It was reported that the contact effect between delaminated layers is no longer 

negligible for some cases of multiple delaminations. 

A general shaped two-dimensional embedded delamination configuration has also 

been studied by several researchers. Among them, Konish and Johnson [83], and 
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Ashizawa [84] analyzed rectangular shape delaminations. Chai and Babcock [85] devel- 

oped a model for an orthotropic plate containing near-the-surface (thin-film) delami- 

nation. They employed a polynomial series expansion for the displacement field 

incorporating three out-of-plane and two in-plane displacement terms in Rayleigh- Ritz 

method for clamped elliptical plate. Kassapoglou [86] improved Chai and Babcock’s 

work [85] by extending the number of polynomial terms in displacement fields and by 

including bending-stretching coupling effects. A perturbation method was adopted in 

that analysis. Kassapoglou and Hammer [87] studied the effect of delamination in a 

laminate under combined loads and the effect of aspect ratio of plates on delamination 

buckling load. Shivakumar and Whitcomb [88] used Rayleigh-Ritz and finite element 

approaches to determine buckling strains of elliptical delaminations in quasi-isotropic 

composites. They showed that the direction of the delaminating sublaminate that has 

the lowest buckling strain correlates with the direction of delamination growth. 

Flanagan [89] also employed a similar model as proposed by Chai and Babcock [85] to 

correlate with post-impact test data. It was shown that damage tolerance may be im- 

proved by placing the 0 degree plies far from the surface. Transverse shear deformation, 

thermal loads, and contact effects for delaminated elliptical plate were investigated by 

Peck and Springer [90] based on a higher-order laminated plate theory in conjunction 

with the Rayleigh-Ritz method as proposed by Chai and Babcock [85]. Cairns et al. [91] 

correlated analytical and experimental results for an elliptical thin-film delamination. 

The analysis in that work was also based on the model in [85]. 

Yin and Jane [92] studied the buckling and postbuckling behavior of elliptic plates. 

They used polynomial series expansions with as many as 56 terms in the displacement 

fields to obtain accurate solutions by the Rayleigh-Ritz method. The bifurcation strain 

and the postbuckling solutions of cross-ply and angle-ply elliptical sublaminates were 

obtained in a companion paper [93]. Chai [94] also employed a polynomial series ex- 
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pansion of up to 77 displacement terms. In a companion paper [95], the buckling and 

postbuckling behavior of an elliptical delaminated layer were investigated considering 

contact effect. Chai found that employing a contact condition between the delaminated 

layer and base plate may lead to an increase in the boundary stress, which in turn, 

changes each component of strain energy release rate. 

It appears that all the literature cited above concerning two-dimensional delami- 

nations [83-95] employed a unique case of near-the-surface delamination (thin-film as- 

sumption), so that the deformation of the base plate was totally neglected. In this 

regard, Davidson [96] proposed a Rayleigh-Ritz based analytical model considering base 

plate deformation for buckling load and compression failure behavior. He also extended 

this model to the multiple delamination problem [97]. But, the postbuckling analysis and 

delamination growth process were not studied in [96,97]. 

Steinmetz et al. [98] proposed a model which is a two-dimensional version of the 

model by Simitses et al. [35]. They calculated buckling loads for composites with rec- 

tangular, circular and elliptical delamination by using Rayleigh-Ritz and finite element 

methods. Cochelin and Potier-Ferry [99] improved the analytical model in Steinmetz et 

al. [98] by employing shear deformable plate theory for each part of the plate. 

Postbuckling solutions were obtained for circular and elliptical delaminations, and the 

strain energy release rate was computed along the delamination front using a J-integral 

concept for their model. They reported that the Griffith-type delamination propagation 

criterion is not appropriate, and more realistic propagation laws should be developed for 

delamination growth. Mukherjee et al. [100] developed a model based on Seide’s layer- 

wise theory [16] to obtain buckling loads and mode shapes for an embedded delami- 

nation by applying the finite element method in conjunction with asymptotic expansion. 

It is noted that the three recent papers [98-100] cited above dealt with an embedded 

delamination buckling and postbuckling with no thin-film assumption. All three models 
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are, however, obviously limited to the single delamination problem. More recently, 

Barbero and Reddy [101] developed a layer-wise laminated plate theory which is capable 

of modelling multiple delaminations in composites. They obtained strain energy release 

rates for through-the-width, square, and circular delaminations. However, all the prob- 

lems considered in that work were limited to single thin-film delamination cases, and 

bifurcation analysis was not undertaken. 

On the other hand, a fully nonlinear three-dimensional finite element model was 

developed by Whitcomb [102] based on three-dimensional nonlinear elasticity for de- 

lamination problem. He obtained each component of strain energy release rate using the 

virtual crack closure method [103] for postbuckled embedded elliptical delamination. In 

a subsequent paper [104] , a thin-film plate model, which has been adopted by many 

investigators, was compared to full 3-D, and thin film 3-D finite element model. 

Although three-dimensional finite element models predict delamination behavior 

quite well, the computational cost is significantly high, especially for postbuckling anal- 

ysis. It is also found that significantly higher order Rayleigh-Ritz approximation may 

be necessary in order to obtain accurate postbuckling solutions as addressed by Yin and 

Jane [92]. Thus, Rayleigh-Ritz method is likely to be as computationally cost intensive 

as three-dimensional finite element analysis. In addition, for multiple delaminations, 

three-dimensional finite element analysis may become more inefficient due to the mesh 

refinement needed at the each delamination crack tip. 

As far as author’s knowledge, no attempts have been made in the open literature 

on the vibration of a laminated composite containing embedded delaminations. 
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Chapter III 

BUCKLING AND VIBRATION ANALYSIS 

In this chapter, a mathematical model is developed for the analysis of buckling and free 

vibration of composite plates with delaminations. 

A finite element method based on the layer-wise and sublaminate theories is devel- 

oped to formulate the problem. First, an axisymmetric model is proposed for penny- 

shaped concentric delaminations in circular plates. And then, a two-dimensional model 

is developed for rectangular plates containing arbitrary shapes of delaminations. 

Two techniques for the contact condition of delaminated surfaces are proposed in 

order to prevent physically inadmissible eigenmodes. 
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3.1 Axisymmetric Model 

3.1.1 Kinematics 

An N-layer fiber-reinforced composite circular plate of radius R containing multiple de- 

laminations is considered. A cylindrical coordinate system (r, 9, z) is introduced in such 

a way that the center of the plate coincides with the origin of the coordinate system 

(Figure 3). 

As a result of axisymmetry, the displacements in a cylindrical coordinate system 

have the form: 

U(r, 8, z) = U,(7, z) , (3.1) 

U,(r, 8, 2) =0, (3.2) 

U,(r, 8, 2) = Ufr,2). (3.3) 

To model the multiple delaminations, the assumed displacement field is supple- 

mented with unit step functions which allow discontinuities in the displacement field as 

suggested by Barbero and Reddy [101]. The resulting displacements U, and U, at a ge- 

neric point r,z in the laminate and time ¢ are assumed to be of the form (Figure 4): 

U,(r 2,1) = u,(r,t) + &(2) wl(r,t) + 62) Hr), (3.4) 
U,(r,z,t) = u,(r,t) + 6(z) Br,t) , (3.5) 

here i and / indices range from 1 to D and 1 to M, respectively, where D is the number 

of delaminations, and M is the number of equivalent single-layers (i.e. number of layers 

for layer-wise model and number of sublaminates for sublaminate model) (Figure 5). 

Repeated superscript denotes summation convention. 
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Figure 3. Geometry of an axisymmetric problem with delaminations 
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The terms u, and u, are the displacements of a point (r,0,/) on the reference surface 

of the laminate, m are nodal values of the displacements in the r direction of each 

equivalent single-layer, and uw and iu represent possible jumps in the slipping and open- 

ing displacements respectively at L(i)-th delaminated interface. L(i)-th denotes the lo- 

cation of interface where i-th delamination lies (Figure 4). @(z) is a linear Lagrangian 

interpolation function through the thickness of the laminate. The step function 6‘(z) can 

be represented as Heaviside unit step function, 

5(z) = H(z - zy). (3.6) 

It should be noted here that the theoretical modelling of layer-wise and sublaminate 

approaches are basically the same. The only difference between two approaches will be 

the constitutive relationship. The displacement fields for both theories are schematically 

illustrated in Figure 5. 

It follows that y¢, = y,6= 0 due to axisymmetry, and the remaining nonzero compo- 

nents of strain tensor associated with the small-displacement theory of elasticity are in- 

dependent of @ and given by 

Erp = Eo + Py + SE ry, (3.7) 

£99 = &g9 + beg + SE pg (3.8) 

V2 = Veet Pati + OV pe (3.9) 

where 

ao 
Err =Ury sy eh, = ul, ’ Err = Upp (3.10) 

—f 
u uf 4 if 

699 = ’ £99 = ’ E99 = ’ (3.11) 

Vee = Uzrs re = u ’ Tre = Wy : (3.12) 
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It should be mentioned here that the derivative of step function, 6(z), with respect to z 

is Dirac delta function. However, owing to the characteristics of Dirac delta function, 

the strain component containing Dirac delta function is vanishing in the variational 

formulation, and thus, neglected hereafter. 

3.1.2. Variational Formulation 

The total potential energy of the system can be stated, in its buckled shape neglecting 

surface tractions and body forces, as [105] 

N=U+Y, 

where U is the strain energy 

] 
~ 2 J en Err + Ogg Egg + O77 Vr2)4V , 

and V is the potential of inplane loads due to transverse deflection 

1 Vaz | Np. (U,,)'aQ,, 
Q 

where V is the volume of the plate and Q is the reference plane of the plate. 

The kinetic energy of the system is given by 

r=+ | ow? + U>aV. 

In order to derive equations of motion, Hamilton’s principle is used 
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(3.14) 

(3.15) 

(3.16) 
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5{ (T-TWar=0. (3.17) 
h 

Substituting Eqs. (3.13) through (3.16) into Eq. (3.17), and integrating through the 

thickness of the laminate, the variational form of the present theory can be obtained: 

ty ] Ld 
0=- | | | St + Nog6u, + Q,,0Uz, + Niu, + Ty Nii + Q;,5u, 

tf © Q 
Ty 

+ Ni, Oi, , + + Nop dit + Obit, N 

= +N, pz pO uz, + N, (u,,6 ily + i, 5 up) + > Nir (#6 ey + if, 76 zs.) | drd@dt 

L . 

+ | | [1°(t,5t, + 14,60,) + F(u,5i¢ + t/6u,) (3.18) 

+ T'(u,di%, + ig5u, + u,5if, + 61,) 

+ Prids uk + 1(udsid + bud) + 1 (Goud + ifoiq) |rardodt , 

where the indices i,s range from 1 to D, and j,k range from 1 to M. The stress resultants 

are defined as: 

A 
2 . 

[Nps Ni Nr] =| oll, ¢’, 6']dz, (3.19) 

~ 2 

kh 
2 

[Noes Nios Nool=|* cool, #, 8'lae, (3.20) 
~ 2 

h 

— 2 de’ (On Oe T=] * call, “Ey ser, (3.21) 
~ 2 
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and inertia coefficients are defined as: 

h 

ur’, #, T=] oth, dae, (3.22) 
to

 
[>

 

h 
, ~ . 2 : ® 

ce, TY, 7] | plot, 56, 85"Iae, (3.23) 
~~? 

and p is the material density. In Eq. (3.18), Ng, N*, Ni are the constant in-plane edge 

loads defined respectively by the following: 

N,=— An, (3.24) 

Ne = — An’, (3.25) 

Nv? = — An*, (3.26) 

where / is a buckling load parameter, n is the specified value of the compressive in-plane 

force, and n‘ and n* are newly-introduced layer-wise variables given as 

» | “ ‘Sls 

k=1 * 
n= ——<__», , (3.27) 

“e+ 

| dz 
2 1 “k 

M
z
 

k 

M
z
 2e+1 ' 

| 6 6°dz 

nS = tel (3.28) 
k 

ee: 

k =1 
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3.1.3 Equations of Motion 

The Euler-Lagrange equations of motion of the present theory can be derived by inte- 

grating the derivatives of the varied quantities by parts to transfer differentiation from 

the displacements to the stress resultants and collecting the coefficients of 

bu,, du,, dul, dui, did : 

  

  

  

  

N va 
Lon, , -—% = Pi, + Pid + Fd , (3.29) 

1 Ne Ne pee 
7 (1Qradyp + (ritzy) +H (ritzy = Vii, + Tit, , (3.30) 

] j Noo i. kek . Viet — (rN), - —— — Of, = Fit, + PMie + 1m, , (3.31) 

A (pnt), N00 8 Fa 4 Had 4 PS 6.32) 
r ryt r r r roy . 

Nie Nix . 
+ (12,2), + = (ru, ,) + . (riz), = Pit, + Pit ’ (3.33) 

where is=1,...,D and j,k=1,... ,M. 

The equations of motion consist of (2+M+2D) differential equations in 

(2+ M+ 2D) variables (u,, u,, wv, wv, a). The first two equations (Eqs. (3.29) and (3.30)) 

are involved in the in-plane and out-of-plane actions at the reference plane, respectively. 

The third sets of equations (Eq. (3.31)) are from the layer-wise theory, and the last two 

sets of equations (Eqs. (3.32) and (3.33)) are involved in the in-plane and out-of-plane 

actions of sublaminates due to the delaminations, respectively. 
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The essential and natural boundary conditions are of the form: 

essential natural 

U, Nir (3.34) 

uz Qr2 (3.35) 

ul Ni (3.36) 

i, Nir (3.37) 

it, C., (3.38) 

3.1.4 Constitutive Equations 

The constitutive equations of a k-th orthotropic lamina in the laminate co-ordinate sys- 

tem are given by [106] 

(k) (k) (®) 
Orr Q1n2t12 0 err | 

G99| =| Q1122Q2 0 E99 (3.39) 

rz 0 0 O1313 Vrz 

where [0] denote the transformed reduced stiffness matrix of the k-th layer. 

Substitution of Eq. (3.39) into Eqs. (3.19) - (3.21) gives the constitutive equations 

of the laminate: 
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Nyy AA Bia Bie En E}122 Er 

Neg Ay 12249990 Bi 122 Boon Ej 12925002 £66 

Nn BY 11 Biro HDi Fi Fie ei, 

Noo Bhi22 Boon D' i22D 4p 50 F i i22 F520 eng 

Nr Ext Ef120 Fin Fyja2 Eh 1 Et122 | | Er           ars S S s/ ¥] is is ~l 
Nog 11222222 Friz F320 Ey 122F 9222 £69   

j i oO 
or Ay313B 4313 £1313 Yrz 

k 
0, = Biy3Disi3Fi3 1313 vy 

7S 5 rf is — 
Or, 1313 Fiy13 Et313 Yrz 

where Aju, Bin, etc. are the stiffnesses of the laminate and given by 

(Avapp: B, op B» Exapp) = y= Sf" Oral (1, ¢, 5\dz , 
k=1 * 

N 

(Aisa, Bisia, E\313) = yf Oo 3( (1, #,, 5‘)dz 
k=1 *% 

M
s
 

k k 
( ao B» Fespps Exapp) = De | (o'¢", io", 5'5°)dz 

k=1 % 

w
e
 “n+1 

(Di 13, Fii3 313) = | O8.3(¢¢", 5'p*, 5'5°)dz 
2 k=] * 

(3.40) 

(3.41) 

(3.42) 

(3.43) 

(3.44) 

(3.45) 

It is noted that the difference between layer-wise and sublaminate theories occurs only 

in the constitutive equation, and the explicit form of laminate stiffnesses for each theory 

is presented in Appendix A. 
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3.1.5 Finite Element Model 

The equations of motion obtained are highly coupled, and analytical solutions are 

intractable even for very simple problems. Thus, the finite element method is used to 

obtain numerical solutions of the present theory. 

The generalized displacements (u,, u,, uw, ui, ui) are expressed over each element as a 

linear combination of the one-dimensional Lagrangian interpolation function yw, associ- 

ated with node / and the nodal values (u,),,(u,),,(t),,(i),,(i), [107]: 

u, = Sua ’ 
i=1 

n 

u,= (u,) ’ 

i=1 
n 

S.
 

| 

ke & = (3.46) 

where v is the number of nodes in a typical finite element. 

Substituting these expressions into the weak statement in Eq. (3.18), the finite ele- 

ment model of a typical element can be obtained as 

(CXJ — ALG]){A} = {0}, (3.47) 

where [K] is the element stiffness matrix, 
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LK] = 

and [G] is the element geometric stiffness matrix in the case of buckling, 

[G]= 

and the element mass matrix in the case of free vibration, 

[G]= 

ug o 1K eK] £07 | 
72K] CK") [ 0 ] [°K] 

eK] eK) cK] 

(“K"] [0] 

    sym. cK] 

[O]JLOWOWOILO] 
(“GIL 0 1L 0 1[°G 

COW O0]LO] 
CO]L0] 

sym. c°a""7 

Mayr o eye} 501 | 
(“G1 0] [0] [7°65 

re") (“ey [ 0 J 

[“G"] [0] 

    sym. ["6"] | 

(3.48) 

(3.49) 

(3.50) 

The explicit forms of [K] and [G] are presented in Appendix B. In Eq. (3.47), A refers 

to a buckling coefficient or frequency parameter and {A} is the eigenvector of nodal 

displacements corresponding to an eigenvalue 

{A} = {{u,} {u,} {ul} (} {HR}. (3.51) 

It is noted that the reduced integration scheme is used to calculate the stiffness co- 

efficients associated with transverse shear terms (i.e., coefficients in [K] containing 

A313, Biss, Dis, Ela, Fiz, and Effis). 
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3.2 Two-Dimensional Model 

3.2.1 Kinematics 

An N-layer fiber-reinforced composite plate containing multiple delaminations is con- 

sidered. (Figure 6). To model the multiple delaminations, the assumed displacement field 

is supplemented with unit step functions which allow discontinuities in the displacement 

field. 

The resulting displacements U, and U; at a generic point x, x2, x; in the laminate and 

time ¢ are assumed to be of the form: 

U, (xp .Xait) = UglX pot) + G(x) wh (xgst) + 5 (x) Alxz,t) , (3.52) 

Us x peXaut) = Us(xput) + 8x3) (xp) 

The usual Cartesian indicial notation is employed where Latin and Greek subscripts 

are assumed to have values from | to 3 and | to 2, respectively. Superscript i and j range 

from 1 to D and 1 to M, where D is the number of delaminations, and M is the number 

of equivalent single-layers. Repeated indices imply the summation convention and (), is 

used to denote partial derivative with respect to x, 

The terms u, and u; are the displacements of a point (x, 2,0,4) on the reference 

surface of the laminate, w are nodal values of the displacements in the x, direction of 

each equivalent single-layer, and u@ and i represent possible jumps in the slipping and 

opening displacements respectively at L(i)-th delaminated interface. L(i)-th denotes the 

location of interface where i-th delamination lies (Figure 7). (x3) and 6(x;) denote a 
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Figure 6. Geometry of a rectangular plate with delaminations 
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Figure 7. Configuration of kinematics for a rectangular plate 
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linear Lagrangian interpolation function through the thickness of the laminate and unit 

step function, respectively. 

The strain tensor associated with the small-displacement theory of elasticity are 

given by 

a exp + Pe + SF ,g ' (3.53) 

Vas = Va3 + H3V_3 + OVa3 » (3.54) 

where 

oO 

a 

1 
E p= > Us, +ug a), 

1 p= (uh.p+ tha): (3.55) 
ai 1 sui — 
E48 = > (Zp + pa) ’ 

Va3 = U3 a oe = uw, Va3 = Ts, (3.56) 

3.2.2 Variational Formulation 

The total potential energy of the system can be stated, in its buckled shape, as 

T=U+ VS, (3.57) 

where U is the strain energy 

l 
U = > | (captap + O30 03) V ’ (3.58) 

and V is the potential of inplane loads due to transverse deflection 
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= +] N2,U3, Uy, gdQ. (3.59) 
Q 

The kinetic energy is 

T=5| p(U? + U})aV . (3.60) 

Hamilton’s principle can be stated as 

7) 

6| (T—TWar=0. (3.61) 
h 

Substituting Eqs. (3.57) through (3.60) into Eq. (3.61), the following weak statement is 

obtained: 

O=- [[ Ur%pbe0 + Nig6t4, p + NapOty, p + Qq35ts, g + Qi36u4, + 0535, 

+ Negus, Sts, g + Nog, 5's, gt Us, ty, g)+ Nap 4s, ats, p |dxdxadt 

4 J ° [ Le esi + tt) + P(u,5i2, + w25u,) 

+ F(u,di%, + W5t, + 145i, + 150) 

+ Pei ouk + 14 (ud 5g, + ibid) + F(a ois + i6ik) |dx,dxpdt , (3.62) 

where j,k=1,..., Mand i,s=1,...,D. The stress resultants are 

[Naps Mg Nig] = [ro cool #, Bde, (3.63) 
2 
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A 
2 

[Q,3, Qs, Qisl= | 03D, 63, Idx. (3.64) 
A 

2 

The inertia coefficients are the same as in Eqs. (3.22) and (3.23). In Eq. (3.62), 

Ne, Nw, Neg are the constant in-plane edge loads defined respectively by the following: 

Nog = — Ang ; (3.65) 

Nag = — Anup, (3.66) 

Nap = — Ang (3.67) 

where 4 is a buckling load parameter, n,, is the specified value of the compressive or 

shear in-plane force, and mi, and n, are newly-introduced layer-wise variables given as 

i k=1 7k 
Nag = Na ai : (3.68) 

»| ax, 

k=l 4% 

No pte ' 

»| 5'5dx, 
ts k=} 2k 

Nap =" og Ma , (3.69) 

»| dx; 

k=1 *% 
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3.2.3. Equations of Motion 

The Euler-Lagrange equations of motion of the present theory can be derived by inte- 

grating the derivatives of the varied quantities by parts and collecting the coefficients 

of du,, dus, du, dui, OUS : 

Napa = Wiig + Pith + Tidy , (3.70) 

Qy3,0 + Naps, ap + Naps, op = [iis + Ti , (3.71) 

Nb gg Obs = Pig + Phik + Pit, , (3.72) 

Nig. = Lig + Pid, + Pty , (3.73) 

O13,0+ Nap4s, op + Nip, op = Pi, + T'ig, , (3.74) 

where i,r=1,...,D and j,k=1,... ,M. 

The equations of motion consist of (3+2M+3D) differential equations in 

(3+ 2M + 3D) variables (u,, uw, 4, ui, uw) . The first two sets of equations (Eqs. (3.70) 

and (3.71)) are involved in the in-plane and out-of-plane actions at reference plane, re- 

spectively. The third sets of equations (Eq. (3.72)) are from the layer-wise theory, and 

the last two sets of equations (Eqs. (3.73) and (3.74)) are involved in the in-plane and 

out-of-plane actions of sublaminates due to the delaminations, respectively. 

The essential and natural boundary conditions are of the form: 

essential natural 
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u, Ny png 

U3 QpaNg 

uy Nao"p 
ij : 

u, Nets 

i . 

3 Ooang 

where n, is a unit normal vector in f direction. 

3.2.4 Constitutive Equations 

(3.75) 

(3.76) 

(3.77) 

(3.78) 

(3.79) 

The constitutive equations of a k-th orthotropic lamina in the laminate co-ordinate sys- 

tem are given by 

oo) = O®) pf 
948 = = OP von ’ 

of) = k) ,(k) 
643 = OresVer ’ 

where [Q ]” denote the transformed reduced stiffness matrix of the k-th layer. 

(3.80) 

(3.81) 

Substitution of Eqs. (3.81) and (3.82) into Eqs. (3.63) and (3.64) gives the 

constitutive equations of the laminate: 

i AapyoBa repr “yen 
k 

=| Boo Dap aByo Foovey eve 

Ms, Enxpyo syn Hap yo Bea 
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k 
O43 Ay363 By; B3 na V@3 

; k 
3 = PrapaDn 0363 Fa Y B3 (3.83) 

0.3 7363 Fis 3 3 B3 Vp3 

Where A,pyos Bipyo, ec. are the stiffnesses of the laminate given by 

N 

(Aapya» By aByo? Expyo) = = >I “9 (1 1, ¢’, 5)dx, , (3.84) 

N 

(Ay3p3» Be 03833 Ex3g3) =f? Onrea( (1, 6’, bax, , (3.85) 

N 

(Diy Fy EEga) = >| TB (0%, 86%, Sadr, , (3.86) 
k=1 7k 

N 

(Di5a3» Fos 0383) Ex3p3) => OK 53( go", 55, 65 \dx, . (3.87) 

The explicit forms of stiffnesses for layer-wise and sublaminate theory are given in Ap- 

pendix A. 

3.2.5 Finite Element Model 

The generalized displacements (u,, ts, wi, ui, u4) are expressed over each element as a lin- 

ear combination of the one-dimensional Lagrangian interpolation function wy, associated 

with node / and the nodal values (w,),,(ts),,(t2),,(t4),(i4), : 
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uy, = > ua ; 
as
 I 

—
 

a
 

=
 > 

where zx is the number of nodes in a typical finite element. 

(3.88) 

Substituting these expressions into the weak statement in Eq. (3.62), the finite ele- 

ment model of a typical element can be obtained as 

([X] — ALGJ){A} = {0}, 

where [XK] is the element stiffness matrix, 

rp] POR eR C0 
pK] pe +3) Ke [ 0 ] peeK] 

(K]= eA BHB +3) pelle ARNE +5) p89 P(e 4398 ply 

rc +5)(6 +5) KK") [ 0 J 

sym. peeK" 7     
and [G] is the element geometric stiffness matrix in the case of buckling, 

[OW OWLOW0IL0] 
(PGE 0 1 0 10°64) 

[G]= [O]L0][0] 
COj][0] 

sym. re") 
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and the element mass matrix in the case of free vibration, 

(“a]r 0] (ee 
CG] [0] 

[G]= 

  sym. 

p78 FIGS 

[0] 

[0] 
p36 +g] 

r@ +3)(B +3) gly re +3)(B +5)giy [0] 

rea")]   
(3.92) 

The explicit forms of [K] and [G] are presented in Appendix B. In Eq. (3.89), 4 refers 

to a buckling coefficient or frequency parameter and {A} is the eigenvector of nodal 

displacements corresponding to an eigenvalue 

{A} = {{u,} {a} {uk} (a) {BI}. (3.93) 

It is noted that the reduced integration scheme is used to calculate the stiffness co- 

efficients associated with transverse shear terms (i.e., coefficients in [K] containing 

Ausps, Bigs, Digs, Etsps, Fikp3s and Ep», 

This completes the derivation of layer-wise and sublaminate finite element model. 
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3.3, Numerical Procedure 

3.3.1 Eigenvalue Problem 

The matrix equation of Eq. (3.89) represents generalized eigenvalue problem. For 

buckling analysis, it may be observed that the geometric stiffness matrix [G] is not nec- 

essarily positive definite. As the stiffness matrix [K] is positive definite, the reciprocal 

of the system is solved 

|[G] — 4° K]| =0 (3.94) 

-od where 1° = 7" 

Consequently, the positive eigenvalues A, < A,< 143;<-:- correspond to the eigenvalues 

Ai>dAp>Ay>e. 

In the case of free vibration problem, the eigenproblem in Eq. (3.89) can be solved 

directly because the mass matrix [G] is always positive definite. 

3.3.2 Investigations of contact conditions 

In the analysis methodology described in the previous section, the buckling modes cal- 

culated from the model are not necessarily physically admissible. 

For a single delamination, the mode shape corresponding to the lowest eigenvalue 

usually exhibits one half-wave, which indicates that the eigenvector components associ- 

ated with i (the opening displacements across the delamination) do not change their 

sign through the whole range of a delamination. Consequently, the lowest eigenvalue 
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is always physically admissible as long as the mode shape is one wave for a single de- 

lamination. However, if the first mode shape exhibits two or more half-waves, or if there 

is more than one delamination, the eigenvector associated with wu experiences a sign 

change with respect to the independent variable. That is, sublaminates may overlap each 

other at the same time. 

In order to preclude these nonphysical buckling modes, a no-penetration condition 

should be imposed on the problem. Physically, all the values of 4 should be nonnegative 

for admissible mode shape. However, because the sign of a eigenvector is interchangible, 

mathematically, contact condition implies that all the components of the eigenvector 

associated with i should be either nonnegative or nonpositive. 

In the present study, two kinds of contact analysis are developed which are based 

on the following assumptions: 

1. The contact is frictionless ( u, is not specified ). 

2. Each sublaminate is assumed to be rigid in the thickness direction, hence, the 

thickness variations of sublaminates are neglected. 

Two methods are as follows: 

Method I 

1. Solve the Eq. (3.89) in the ordinary way and find the smallest eigenvalue which has 

an admissible eigenmode. 

2. Specify essential boundary conditions i4 for ** delamination and repeat 1. 

3. repeat 2 until opening of all delaminations are specified, SK = 0 
i=l 

4. Compare the eigenvalues for all above cases, and choose the smallest one. 
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Strictly speaking, the total number of cases considered is 2? for a composite having D 

number of delaminations. However, by investigating the configuration of delaminations, 

the solution can be obtained in much fewer trials than 2°. Another method is similar to 

that of Suemasu [52], and illustrated as follows: 

Method 2 

1. Solve the Eq. (3.89) in the ordinary way. 

2. Identify the point of maximum overlap and specify essential boundary condition 

us = 0 at that node. 

3. Rerun the problem with modified boundary condition. 

4. Repeat procedure 2 and 3 until all overlaps disappear. 

More detailed explanation of Method 2 will be given in Chapter IV. It is assumed that 

each delamination is either close or open for whole range of debonding in Method 1. 

On the other hand, Method 2 explains point-wise delamination opening. 

Consequently, combination of these two methodologies will be used and compared 

in this study. 
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Chapter IV 

POSTBUCKLING ANALYSIS 

A buckling load in a delaminated composite is, in many cases, significantly lower than 

the final failure load in the postbuckling regime. Furthermore, there may be a bending- 

extension coupling in debonded sublaminates even for an initially symmetric laminate 

so that the bifurcation analysis may not be appropriate, Therefore, in order to describe 

the damage process until final failure, the postbuckling analysis must be considered. 

In this chapter, a finite element model with von Karman nonlinearity is developed 

to analyze postbuckling response of delaminated composites. Imperfections in the plates 

in the form of initial global out-of-plane deflection and initial delamination openings are 

included. A technique for contact condition between delaminated sublaminates is also 

developed and incorporated in the postbuckling analysis. 

POSTBUCKLING ANALYSIS 49



4.1 Axisymmetric Model 

4.1.1 Kinematics 

An JN-layer fiber-reinforced circular composite plate containing multiple delaminations 

is reconsidered here. (Figure 3). The assumed displacement field is supplemented with 

unit step functions to model delaminations. The resulting displacements U, and U, at a 

generic point r,z in the laminate are assumed to be of the following form due to the 

axisymmetric assumption: 

U(r,2) = u(r) + #(z) lr) + 6'(2) Hr) , (4.1) 

U,(r,2) = ur) + (2) Hr), (4.2) 

where i and j indices range from 1 to D and 1 to M, respectively. Repeated superscripts 

denote summation convention. 

The terms u, and u, are the displacements of a point (7,0) on the reference surface 

of the laminate, w# are nodal values of the displacements in the r direction of each 

equivalent single-layer, and u and “ represent possible jumps in the slipping and open- 

ing displacements respectively at L(i)-th delaminated interface. L(i)-th denotes the lo- 

cation of interface where i-th delamination lies (Figure 4). @(z) and 6(z) are linear 

Lagrangian interpolation function through the thickness of the laminate, and unit step 

function, respectively. 

Following the procedure in Chia [108], the nonlinear strain tensor with initial cur- 

vature of plate in the sense of von Karman nonlinearity is derived. 

Consider a volume element Ardrd@ from an initially deflected plate and let the ver- 

tical distance of an arbitrary point from the reference surface be z(r) (Figure 8). 
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Figure 8. Geometry of the initially deflected circular plate element with delaminations 
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Defining ¢(r) and &(r) as a globally deflected shape of a plate and a shape of an initial 

opening of an each delamination, respectively, the position vector of the point in the 

undeformed state can be written as 

7, = 1 COS Ge, +rsin Oe, + (Z + SE + ze; , (4.3) 

where @,e, and e; are unit vectors along x,,x, and x; axis. 

By virtue of axisymmetric deformation (U, = 0), the position vector in the deformed 

state 1s written as 

7 = (r+ U,) cos Ge, + (r + U,) sin 62, + (E+ SF +24 U,)e. (4.4) 

From Eq. (4.3), the length squared of the line segment on the undeformed surfaces is 

given by 

ds; = dr, ° dr, 

=[14+ (64+ 6% 42)? ]dr’ + rao? + dz” + 2(€ + 6! + 2), drdz. (4.5) 

From Eq. (4.4), the square of the length of the line segment on deformed state is given 

by 

ds’ = dr «dr 

=[{1+(u,t+ dul + dm) P+ [e+ 58 +24 u,+ dia} Jar’ 

I it) 7.2 192 +[14++ (y+ od + 64%) | Pap (4.6) 

+ [1 + lg ul |dz? 

+ 2[ {1 + (u, + d/ul + dq) peu + {6 + 8 +2 4u, + 5}, |drdz. 
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Neglecting the quadratic terms involved in the radial displacements u,, w and ui accord- 

ing to von Karman assumption, the difference between ds? and ds?, which is the measure 

of strain, yields 

ds’ — ds> = 2 (e,dr? + tggr°d0” + y,,drdz) , (4.7) 

where €,,, &9 and , y,, are the nonlinear strains given by 

Exp = ot Hey, + OE, + OSE, , (4.8) 

£99 = 899 + Hepp + 5 Egg 5 (4.9) 

Ver = Vert Baer t OV ea (4.10) 

where 

1 
Er =U, + 2 uz A(u, +2 or ’ (4.11) 

d=, , | (4.12) 

i nf 1 — | az ] 3 
Epp = Up + 2 uz (i, +2 ), + > u, Au, + 2), ’ (4.13) 

B= Tea +2), +0, (+22), , (4.14) 

uu uf 7 
69 => bog =» bbe = ’ (4.15) 

Vr2 = Uzy, he = ul, Tre = i, . (4.16) 

4.1.2 Variational Formulation 

In order to derive governing equilibrium equation of the present theory, the principle 

of virtual displacements is used {105}: 
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O= | (6,68, + G995E99 + 9,572 —f,5U, —f,6U,)dV — } (1,5U, + 1,6U,)dS , (4.17) 
V § 

where ¢, and #, are the specified radial and vertical components of surface traction forces, 

and f, and f, are the body forces acting in the radial and vertical direction, respectively. 

In Eq. (4.17), V is the volume of the plate and S is the boundary of V on which the 

tractions are specified. 

Substituting Eqs. (4.8), (4.9) and (4.10) into Eq. (4.17) and defining specified 

traction resultants as 

(¥,, NN Nt) = [% (1, 6/, 5\dz , (4.18) 

(2.22) = i 2, Ba (4.19) 

Eq. (4.17) takes the form in the absence of body forces after integrating through the 

thickness 

0 = | [ NirfStyy + bt (uy + £),} + Nypdu + O,5te, 
Q 

+ Nut, + 1 Ngpdut + Q! bul 

Ni {out + du,,(i + #), + dit, (up + &),} ++ Nogdid + O1,6i8, 

+5 Wien, (ai +B), + dmi,(z + F),} |rdrae (4.20) 

- | plu + Si iz, \rdrd0 
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— { N.Su,rd0 — | O,5u,rd0 — | Nibulrdd — | N'Sitrdd -| Osi rd , 
TY, Tr, Tr; TM, Ls 

where p is a specified distributed transverse load and I,, I2, 3,14, ls are the portions 
A 

of the boundary of the reference surface Q on which N,, O,, Ni, Ni, Q:! , respectively, are 

specified. In Eq. (4.20), N% are stress resultants, coming from the nonlinear strain tensor 

é#, defined as 

h 
: 2 : 

Ne = | 0,56 dz. (4.21) 

to
 [
> 

The other stress resultants N,,, Noo, Ni, Nbo, Ni, Nbo, Q,.,Q!,, and OQ}, are given in Eqs. 

(3.19) - (3.21). 

4.1.3 Equilibrium Equations 

The equilibrium equations of the present theory can be derived by integrating the de- 

rivatives of the varied quantities by parts and collecting the coefficients of 

bu,, du,6u, dui, dui : 

  

N 
+ n,),-—=0 , (4.22) 

1 1 lps os 
TT (7Q,2) 7 +> LrN,,(uzy + oy] +> [ rN,-(i> + end, =0, (4.23) 

1 Nj 
(Nh), -Fo- O=0 (4.24)   
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+ (Np) Fo=O (4.25) 

F (Bi), ++ [Mile + Ed], + + LE, +B] = 0. (4.26) 

The equilibrium equations consist of (2+M+2D) differential equations in 

(2+ M+ 2D) variables (u,, u, ui, ui, a). The geometric nonlinearity 1s involved only with 

Eqs. (4.23) and (4.26), which represent the out-of-plane action of the laminate and the 

sublaminates. The other equations (Eqs. (4.22), (4,24) and (4.25)) are of the same forms 

as the linear equations given in Eqs. (3.29), (3.31) and (3.32) without inertia terms. 

The natural boundary conditions are of the form: 

du: N.—N.=0 onT, (4.27) 

bu; Q,-0,=0 on, (4.28) 

bu: MN =0 onT; (4.29) 

éit: N _ Ni =0 on I, | (4.30) 

sz: OG -Gi=0 — onT; (4.31) 

where 

N,=Nyn, , (4.32) 

0,=[N,Au,t+ +N, (B+ 2), +Q2|m » (4.33) 

Nr= Nin, , (4.34) 

N= Nim (4.35) 

0,=([Nilu, + 2),+ Nile +), +O, |n, - (4.36) 
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Recall that ’, through '; complement the total boundary I in such a way that essential 

boundary conditions are specified: 

u, = it, onl -T, (4.37) 

u, = iu, onl —T, (4.38) 

uf = i on -T; (4.39) 

if = ul! on —T, (4.40) 

Z =u! on —-Ty. (4.41) 

4.1.4 Constitutive Equations 

Because of the additional stress resultants, N#, in the geometric nonlinear formulation, 

the constitutive equations become different from the linear version. 

The constitutive equations of a k-th orthotropic lamina in the laminate co-ordinate 

system are given by 

(k) (k) (k) 
Grr QO; 111 Q, 122 0 fpr 

Soe) =| Q112202222 0 E99 (4.42) 

Orz 0 0 QO. 1313 Vr2 

where [QO] denote the transformed reduced stiffness matrix of the k-th layer. 

Substitution of Eq. (4.42) into Eqs. (3.19) - (3.21) and (4.21) gives the constitutive 

equations of the laminate: 
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oO 
Nir Avni 422 Phi Bri Enn EE Epp 

0 

Noo Ay 12249902 Bhi22 Boos Ej 1228929 Ett 122 £99 

K k j 
Nr Bi, Brix HDi Fin Pia F iit E, 

          
Noo = Brio2 Boyar D titan Dhp20 Finn Fas Fi: 1122 eng (4.43) 

Nv Etiy Eta Fin FE Ene Err 

Noo Eh129 Ep Fin FE $97 Er 122 29291122 eng 

Nee Evin Etioe Fit Fi bo Ey Eten ey 
L a Jl og 

Q,, Ai313Bi313 E1313 Vez 

k k 
Q,, = Bi313D, 41324313 he ’ (4.44) 

= i 
| Ore Et3i3LA313E tas | | Vrz   

where 

N 

(Frappe Exapp> Eaxpp) = => val (6°5"¢/, 5165", 5'5°5°6") dz. (4.45) 

The explicit forms of above expressions are presented in Appendix A. The other com- 

ponents of stiffness matrices are given in Eqs. (3.42) - (3.45). 

4.1.5 Finite Element Model 

The generalized displacements (u,, u,, w, ui, ui) are expressed over each element as a linear 

combination of the one-dimensional Lagrangian interpolation function yw, associated 

with node / and the nodal values (u,),,(u,),,(@),,(i4),,(i@), : 
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u,= > (ui » 
FL
. f M4
 

w
y
 

= (4.46) 

where n is the number of nodes in a typical finite element. 

Substituting these expressions into the weak statement in Eq. (4.20), the finite element 

model of a typical element can be obtained as 

[K(A)]{A} = {F}, (4.47) 

where [K(A)] is the element stiffness matrix given by 

CRICK]? K*] (°K) (°K C07fK] [0] [07 CK) 
77K] (73K*] [74K] [°K] [77K] [7K] (7K*] [74K] [?°K} 

[K]= eK CK] PR) | +1 00 70°KI £07 [0] LK.) (4.48) 
eK eK 7 [ 0 1(°7K"] [ 0 1 [ 0 1] (PK 7 

sym. roK™ 7 eR eR Ke eK OK] 

LL 4p ¢ “NL,         
where [K]. and [K]n, denote linear and nonlinear parts, respectively, and [K]mi is not 

symmetric. {F} is the element force vector containing boundary and transverse force 

terms 

(F} ={CF} CR CF} CP} CFHT. (4.49) 
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The element stiffness matrix [K] and the force vector {F} are presented in Appendix 

B. {A} is the nodal displacement vector given by 

{A} = {{uy} {u,} {ue} Hp) HN" (4.50) 

The element stiffness matrix [K{A}] is a function of nodal displacements, which indicates 

that the problem is geometrically nonlinear in the nodal displacements. Thus the sol- 

ution of the nonlinear problem in Eq. (4.47) must be solved by an iterative procedure. 

In this study, a Newton-Raphson iterative scheme (see Section 4.3) is utilized for the 

solution of the nonlinear equation. 

Reduced integration scheme is used to calculate the stiffness coefficients associated 

with transverse shear terms. 
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4.2 Two-Dimensional Model 

4.2.1 Kinematics 

An N-layer fiber-reinforced rectangular composite plate containing multiple delami- 

nations is considered. (Figure 6). To model the multiple delaminations, the assumed 

displacement field is supplemented with unit step functions which allow discontinuities 

in the displacement field. The resulting displacements U, and U; at a generic point 

X1, X2, X3 in the laminate are assumed to be of the form: 

Ul XpyX3) = gle) + H (25) welxp) + 8x3) (Xp) (4.51) 

Us(xpyxs) = us(xp) + 5 (xs) (xp) » (4.52) 

where D is the number of delaminations, and M is the number of equivalent single-layers 

(i.e. number of layers for layer-wise theory and number of sublaminates for sublaminate 

theory). 

The terms u, and uw; are the displacements of a point (x,,0) on the reference surface 

of the laminate, 1 are nodal values of the displacements in the x, direction of each 

equivalent single-layer, and ui and uw represent possible jumps in the slipping and open- 

ing displacements respectively at L{i)-th delaminated interface. L/(i)-th denotes the lo- 

cation of interface where i-th delamination lies (Figure 7). (z) and 6(z) are linear 

Lagrangian interpolation function through the thickness of the laminate, and unit step 

function, respectively. 

Following the procedure in Chia [108], the nonlinear strain tensor with initial cur- 

vature of plate in the sense of von Karman nonlinearity is derived. 
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Consider a volume element Adx,dx, from an initially deflected plate and let the ver- 

tical distance of an arbitrary point from the reference surface be x,(x,) (Figure 9). 

Defining ¢(x,) and &(x,) as a globally deflected shape of a plate and a shape of an initial 

opening of an each delamination, respectively, the position vector of the point in the 

undeformed state is 

Yo Kye, + (E+ 5% + x5)e3 , (4.53) 

where e, and e; are unit vectors along x, and x; axis. 

The position vector in deformed status is 

7r =(x,+ U,e, + (E+ OF + x3 + U;)ey. (4.54) 

From the Eq. (4.54), the length squared of the line segment on the undeformed surfaces 

is given by 

ds, = dr,» dr, (4.55) 

= [bag + (E+E) +35), (6 + 5E" +23), 9 \dxgdng + dxs + 2[6 +50 +35] dxde; 

where 6,, denotes Kronecker delta. 

Substituting Eqs. (4.50) and (4.51) into Eq. (4.54), the square of the line segment 

on deformed state is given by 

ds’ = dy «dr 

=[{5,, + (u, + o/u) + 5%) 5p, + (u, + o*uf + 5) 6} 

+ (C458 +25 +1 + 5H) (E+0F + x3 + uy + OU), g |dx,dxy (4.56) 

+ [osuiosug +1 Jdxy 

+2[ {1+ (u,+ ou + 5m) osbul + (6 + 5 +23 + uy + 0B) , |dx,dx; 
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Figure 9. Geometry of the initially deflected rectangular plate element with delaminations 
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Neglecting the quadratic terms involved in inplane displacements u,, ui, u according to 

von Karman assumption, the difference between ds? and ds?, which is the measure of 

strain, yields 

ds? — ds, = 2 (Cypdx dip + Yqqd%Ax3) , (4.57) 

where €,, and y,3 are the nonlinear strain tensor given by 

bap = bag + Peg + O bag + FO Fag , (4.58) 
| 4 

Yea = Vo3 + P3Ve3 + OVe3 > 

where 

1 
bap = = | H..0 +g, a + + Uz y(U3 + 2C) p + > Us guy + 22), | ’ (4.59) 

1 y= 4 (dp +h) (4.60 
vos|z pt thet uy. + 22) pttuy p(t +28). 

1a 1 (4.61) 
+> Uz (uy + 26) g + > Uz, plus + 22),. | ' 

bp = + [ i, (2 + 22°) 9 + p+ 22) a], (4.62) 

Yo3 = U3 xs V3 = uw, Ta = Ts . (4.63) 

4.2.2 Variational Formulation 

In order to derive governing equilibrium equation of the present theory, the principle 

of virtual displacements is used 
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O= | (4p up + F135%93 — Sf UAV — { ZU dS , (4.64) 
V 5S 

where /, are the specified surface traction forces, and f, are the body forces. In Eq. (4.64), 

V is the volume of the plate and S is the boundary of V on which the tractions are 

specified. 

Substituting Eq. (4.58) into Eq. (4.64) and defining specified traction resultants as 

A a, Ay Zk+1, ; 
(N,N, Ni) = | 2(1, 6, )axy , (4.65) 

2k 

(Os, (0;, 03) = jo" 3(1, dx, , (4.66) 

the Eq. (4.64) takes the form in the absence of body forces after integrating through the 

thickness 

NaglOty, p+ 6u3, 4(% + 2) g + di (us + 2), gf 

++ Me (+2), p+ HoH +2), | (4.67) 

+ Q.39U3, a + ut, + 01,61, , |dx,dx, 

-| po (us; + 5's )dx,dx, 

Q 

-f. N,6u,dS — J. 0,6u,dS — J Néulds — jx Ni éids — Olsids , 
rs 
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where p is a specified distributed transverse load and IT), l2, 3, 4, Is; are the portions 

of the boundary of the reference surface Q on which N., Os, Ni, Ni, Oi , respectively, are 

specified. In Eq. (4.67), Ns, are stress resultants, coming from the nonlinear strain tensor 

e€%,, defined as 

A 
2 

Nup= | {2p 58 diy (4.68) 
-2 

The other stress resultants are defined in Eqs. (3.82) and (3.83). 

4.2.3 Equilibrium Equations 

The equilibrium equations of the present theory can be derived by integrating the 

derivatives of the varied quantities by parts and collecting the coefficients of 

bu,, OUy, dul, du, did: 

Napa 0» 
(4.69) 

Qps,0+ CNapls,a+ Sa] + [Noo(B,a+ & J] = 9: (4.70) 

Napa Opa=0 
(4.71) 

Nepia= 0 
(4.72) 

Qp3,0 + LNap(Hs,0+ Col, + [Nep(B, 0+ Col, =0. (4.73) 
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The equilibrium equations consist of (3+2M+3D) differential equations in 

(3 + 2M + 3D) variables (u,, us, uw, ui, i) . The geometric nonlinearity is involved only 

with Eqs. (4.70) and (4.73), which represent the out-of-plane action of the laminate and 

the sublaminates. The other equations (Eqs. (4.69), (4,71) and (4.72)) are of the same 

forms as the linear equations given in Eqs. (3.70), (3.72) and (3.73) without inertia terms. 

The natural boundary conditions are of the form: 

éu,; N,—-N,= on, (4.74) 

bu: 0,-0,= on I; (4.75) 

bd: Ni-N=0 on, (4.76) 

bz: NM Nt =0 onl, (4.77) 

6%: Os- Oo: =0 on I (4.78) 

where 

N, = Nagttg » (4.79) 

= [Naplus + 8), + Naplis + €'),4+ Opa |rp » (4.80) 

' =Nigns (4.81) 

Ni = Nigtg (4.82) 

O = [Naglus + €),g + Nag(is + &), g + Ops Ing - (4.83) 

Recall that I’, through I’; complement the total boundary TI’ such a way that essential 

boundary conditions are specified: 

u, = il, on —-T, (4.84) 

U; = i; onl —T, (4.85) 

ul, = ig, on —T, (4.86) 
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w= iu! on —-T, (4.87) 

Zz = it on -T, (4.88) 

4.2.4 Constitutive Equations 

Because of the additional stress resultants, Ne, in the geometric nonlinear formulation, 

the constitutive equations become different from the linear version. 

The constitutive equations of a k-th orthotropic lamina in the laminate co-ordinate 

system are given by 

h k k 

Ouft = Qapyakyer » (4.89) 
k k k al = Fray , (4.90) 

where [QO] denote the transformed reduced stiffness matrix of the k-th layer. 

Substitution of Eqs. (4.89) and (4.90) into Eqs. (3.82), (3.83), and (4.68) gives the 

constitutive equations of the laminate: 

      

— -_— a k — _ 

Nop Anpya Bap yo KapyoEapyen eye 

k 
Nip Patra ebro araFahe ew 49] 

Ny Fit im lle ey 
ap Expy aByo Expya apy ey@ 

Arr Es irsu SU 

Nee | | EapyeoP apy EapyaEapyeo | | Eye |       
O,3 Ayaps By 383 EY 03 B3 ¥g3 

, . . k 
O3\= Bisg3D) np3te. 383 | | Yg3 (4.92) 
~ , 
O13 Ex B3 Fs 0383 Ex B3 ¥p3 
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where 

uj ES Er ' "DB 5 u EgS ch cleoleS ol (Fey EE gy ES) )= Du} O (5°6%¢!, 55°5", 5155S") dry. (4.93) 

The explicit forms of above expressions are presented in Appendix A. The other com- 

ponents of stiffness matrices are given in Eqs. (3.84) - (3.87). 

4.2.5 Finite Element Model 

The generalized displacements (u,, ts, uw, i, 4) are expressed over each element as a lin- 

ear combination of the one-dimensional Lagrangian interpolation function yw, associated 

with node / and the nodal values (u,),,(us),,(t@),,(@),,(m), : 

u, = Yt, wr» 
i=l 

a
 1 M1
 

& = (4.94) 

el
. T ne
 

et
 

= 

where x is the number of nodes in a typical finite element. 

Substituting these expressions into the weak statement in Eq. (4.67), the finite element 

model of a typical element can be obtained as 

[K(A)]{A} = {F} , (4.95) 
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where [K(A)] is the element stiffness matrix given by 

CPR USK] pe tI KH p78 TK (?K] 

3K] pe +3) Rhy pe +5) R54 38K y 

[K] _ r +3)(8 +3) ik re +3)(8 tS) r +3)8 K's) 

c@ +5)(B PRI E +5)8 ns) 

sym. peek") 

: ah (4.96) 
[Oo] (PK) [0] £0] [*K 
(38K [°K] p3¢ +3) gk re +S) RS (KY 

4 [ 0 ] r +3)3 eH [ 0 ] [ 0 ] re +398 KI54 

[ 0 1 re +9)3 KR) [ 0 71 [ 0 7] rc +9)8 KMS) 

eK") c8K"y p86 +3) xnky 86 To) MSS eens) 

L “NL, 

  

    
where [XK], and [K]nz denote linear and nonlinear parts, respectively. {F} is the element 

force vector containing boundary and transverse force terms 

(F} ={CF CR COP RY COMPS CRY (4.97) 

The element stiffness matrix [K] and the force vector {F} are presented in Appendix 

B. {A} is the nodal displacement vector given by 

{A} = {ug} {ug} (a5) CH (B)P (4.98) 

The element stiffness matrix [K(A)] is a function of nodal displacements which indicates 

that the problem is geometrically nonlinear in the nodal displacements. Thus the sol- 

ution of the nonlinear problem in Eq. (4.95) must be solved by an iterative procedure. 

In this study, a Newton-Raphson iterative scheme is utilized for the solution of the 

nonlinear equation. 

POSTBUCKLING ANALYSIS 70



4.3. Numerical Procedure 

4.3.1 Newton-Raphson Method 

Finite element formulations of nonlinear differential equations yields nonlinear algebraic 

equations for each element of the finite element mesh. In Newton-Raphson iteration 

method, the algebraic equation is transformed in the form: 

{R(A)} = L(A) {A} - {7}, (4.99) 

where {R(A)} is a residual vector. 

Suppose that the solution of Eq. (4.99) is known at r* iteration for any given load 

step, the residual vector {R(A)} is expanded in a Taylor’s series about the known solution 

{A}: 

(R(A)} = (R(A)"} + (Sar) (fay +} — fay") +0( ) += (0) . (4.100) 
{A} 

Neglecting the higher order terms with respect to ({A}’+! — {A}*), Eq. (4.100) can be re- 

written as 

{R}" + [K,(A)]{5A} = {0} , (4.101) 

where {6A’} is the increment of the solution defined by 

(6A"} = {Ay *' — fay’, (4.102) 

and [K;(A)’] is the tangent stiffness matrix defined by 
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O{R 
[K;(A)"] = (Sar | (4.103) 

{A} . 

From Eqs. (4.99) and (4.101), 

{5A"} = -[K,(A)'T'{R} 4.104 
= [Ky(A)'J'({F} — [K(A)]{Ay’) . (4.104) 

The residual {R(A)} is gradually reduced to zero if the procedure converges. The iter- 

ation is continued until the convergence criterion is satisfied: 

+1 
IA; — Ail 

< Eo. 3 (4.105) 
Ari 0 

where || |] denotes an energy norm of the vector and i ranges from | to the number of 

degrees of freedom of the finite element mesh. €,,. is a convergence tolerance. The 

components of the tangent stiffness matrix are presented in Appendix C. 

4.3.2 Investigations of Contact Conditions 

It is known that the solution may indicate that delaminated sublaminates overlap each 

other during the postbuckling process even for a single delamination depending on the 

initial imperfection [41]. Thus, preventing this non-physical sublaminate overlapping 

phenomenon is necessary for the accurate postbuckling analyses. The present theory 

allows for an accurate determination of the overlap regions and has a capacity for cor- 

rection of this problem. Variational formulation of the present theory gives the bound- 

ary conditions associated with i (the opening displacement across the delamination) as 

presented in Eqs. (4.78) and (4.88), which can be interpreted as a contact condition at 
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the #* delamination surfaces. From the mechanical point of view, Qj can be interpreted 

as contact force at the * delamination. At contact points, therefore, the delamination 

opening i must be zero and contact force Qj must be nonzero. 

Taking the basic assumptions for contact, given in the previous Chapter, into ac- 

count, the contact algorithm of Method II in Chapter III is used here. Let us consider 

an overlap region as shown in Figure 10, for instance. Maximum overlap occurs at point 

3, and accordingly, specify essential boundary condition uj=0 at node 3. Rerun the 

modified problem until all the overlap region disappear (Figure 10). 

In postbuckling analysis, at first, initial imperfections are given and the solution is 

calculated at the first load step using Newton-Raphson method. The applied load p is 

increased to p+ Ap, and the above process is repeated until the overlapping appears. 

Then, the contact process is carried out at each Newton-Raphson iteration step. After 

the solution is obtained at that load step, the applied load is increased again and the 

computational algorithm is repeated. The computing flowchart for postbuckling analysis 

is illustrated in Figure 11. 

POSTBUCKLING ANALYSIS 73



  

(a) specify u, at node 3 

  

(b) specify u, at node 2 

  

(c) specify u, at node 4 

  

(d) perfect contact 

Figure 10. Contact procedure 
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Figure 11. Flowchart for postbuckling analysis 
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Chapter V 

VERIFICATIONS OF THE PRESENT APPROACH 

The purpose of this chapter is to verify the capability and versatility of the present ap- 

proach. For the demonstration, numerical results are presented for the buckling loads, 

natural frequencies, and postbuckling responses of composites containing through-the- 

width and embedded delaminations. 

Most of the detailed studies concerning buckling and postbuckling of composites 

with through-the-width delaminations can be found in the next chapter. 
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5.1 Buckling and Postbuckling Analyses 

5.1.1 Through-the-Width Delaminations 

As a one-dimensional model, through-the-width delaminations have been studied by 

many researchers. The displacement fields and stresses in this model are generally as- 

sumed to be independent of the x, direction (Figure 12). As a result, a one-dimensional 

finite element model can be used. 

Many of the previous investigations applied the symmetry assumption with respect 

to the half-length of the model for composites with symmetric geometry in the axial di- 

rection. As a result, antisymmetric modes have usually been neglected. In this study, 

however, both symmetric and antisymmetric modes are investigated using a half model 

of the composite for eigenproblems. A full model is used for antisymmetric modes in 

postbuckling problems. A typical finite element model is shown in Figure 12. 

The following boundary conditions for symmetric and antisymmetric modes are as- 

sumed: 

at x, =0 

u, = 

3 = 

w=0 = 1,2..M) for clamped (5.1) 

i =0 (i= 1,2...D) 

i =0 (i=1,2...D) 

u, =0 
43 = 0 ; 

iz =0 (i=1,2..D) for simply-supported (5.2) 

@=0 (i=1,2...D) 
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—ti— fu= ue u,= 0 for symmetric mode 

u,= u= 0 for antisymmetric mode   

  

Figure 12. Description of the through-the-width delaminations and the finite element model 
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N) (5.3) 2 

,2..D) for symmetric mode 

7 =0 ((=1,2...D) for antisymmetric mode (5-4) 

For the portion where the i* delamination does not exist, the relative displacements 

of two delaminated surfaces are specified as follows: 

along x, =0 to > (i — a) 

I o
o
 

(5.5) 

SL
 
FL
 

As an illustrative example, a specially orthotropic clamped composite laminate 

containing a centrally-located delamination at the midplane 1s considered in terms of the 

change in buckling modes (Figure 13). 

For convenience, the following nondimensional quantities are used: 

=— a=, (5.6) 

where p is the load applied to a composite and p,, is the critical buckling load of the 

undelaminated composite. 

The material being considered in this study is T300/5208 graphite/epoxy and the 

properties are as follows: 
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  S1
8 

  
    

        

Figure 13. Geometry of a clamped beam-plate containing a through-the-width delamination at midplane 

Ey, = 181GPa 

Fy. = E33 = 10.3GPa 

Gi. = G3 = G3 = 7.17GPa 

Vin = V43 = Vo3 = 0.28 

(5.7) 

The thickness-to-span ratio (h//) is assumed to be very small (1/400) , so that the 

results can be compared with the previous available results based on classical lamination 

theory. The nondimensional buckling loads for three possible buckling modes (Figure 

14) of different delamination length ratios are compared with those from [35] and [47] in 

Table 1. 

The results obtained by Simitses et al. [35] did not apply symmetry assumptions in 

the axial direction. On the other hand, symmetry was assumed in [47] and thus, the 

antisymmetric modes were not considered. The present analysis clearly shows that the 
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Figure 14. Three possible buckling mode shapes for a composite containing a delamination at midplane 
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Table 1. Comparison of nondimensional buckling loads for various length of a midplane delamination 

  

  

  

  

a/l Simitses [35] Chen [47] Present 

Global Local Anti- 

symmetric symmetric symmetric 

0.1 0.9999 0.9999 0.9999 15.320 1.9480 

0.2 0.9956 0.9956 0.9956 6.0963 1.4360 

0.3 0.9638 0.9638 0.9639 2.7176 1.0240 

0.4 0.8481 0.8561 0.8562 1.5358 0.8482 

0.5 0.6896 0.6896 0.6898 0.9864 0.7967 

0.6 0.5411 0.5411 0.5413 0.6868 0.7929 

0.7 0.4310 0.4310 0.4311 0.5058 0.7629 

0.8 0.3514 0.3514 0.3515 0.3883 0.6857 

0.9 0.2923 0.2933 0.2934 0.3077 0.5947 
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nondimensional buckling load for global symmetric and antisymmetric modes corre- 

sponds to those of Chen [47] and Simitses [35], respectively for a = 0.4, implying that the 

antisymmetric mode is obviously the first buckling mode for this specific value of a. For 

the other values of a, the present results for the global symmetric mode are in excellent 

agreement with the two other solutions. 

Nondimensional buckling loads for the three distinguishable buckling modes of a 

laminate with a single midplane delamination are shown in Figures 15 and 16 for 

hjl= 1/400 and 1/10 , respectively. It is observed that the global symmetric mode re- 

presenting the solid line is insensitive to the slenderness ratio of the composite. On the 

other hand, the local symmetric mode shows the most drastic change in load carrying 

capacity. For a short delamination (@ < 0.25) , the global symmetric mode is apparently 

the first buckling mode for both slenderness ratios. Between @ = 0.25 and @ = 0.45, 

however, the global antisymmetric mode becomes the first buckling mode shape for the 

thick composite, whereas the antisymmetric mode governs the buckling behavior for a 

very small range of @ (near 0.4) for the thinner composite. This is because the shear ef- 

fect becomes significant for a thicker plate, and thus, enhances the antisymmetric mode. 

Near a = 0.5 , buckling loads of all the three modes are very close to one another, sug- 

gesting that the composite may take any of these buckling mode shapes depending on 

its shape of initial imperfection. For a longer delamination (a > 0.5) , the buckling load 

of the local symmetric mode is slightly lower than for the global symmetric mode for the 

thick composite, but ‘il gree than the ‘al symmtric mode of the thinner com- 

vosite. The antisymi mode beyc: sse two inodes for both cases, so that 

failure loads follow eiti::. the globai . z local sy::z:metric buckling mode depending on the 

thickness-to-span ratio. 

The postbuckling analysis is carried out for @=0.4, where both symmetric and 

antisymmetric modes are close each other. Since the deflection at the center is always 
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Figure 15. Buckling load vs. delamination length for a composite containing a delamination at midplane 
with h/l = 1/400 
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Figure 16. Buckling load vs. delamination length for a composite containing a delamination at midplane 
with h/l = 1/10 
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zero for antisymmetric mode, the load-end shortening curve is considered (Figure 17). 

It should be noted that an initial imperfection of the composite is necessary in order to 

initiate a nontrivial postbuckling response. 

In this case, initial imperfections are taken as one and two half-waves for symmetric 

and antisymmetric modes, respectively: 

  

1 20x 
€ => whl 1 — cos j ) for the symmetric mode 

(5.8) 
  € =w,h sin : for the antisymmetric mode 

where A is the thickness, and / is the length of the plate, respectively, as shown in Figure 

13. In Eq. (5.8), w, is the fraction of initial deflection with respect to the plate thickness 

at the center. 

Initial delamination opening (€') is assumed to be zero for both cases because the 

buckling mode shapes are obviously global for both symmetric and antisymmetric modes 

as given in Table 1. While the initial imperfection exactly satisfy the clamped boundary 

conditions for the symmetric mode, it does not satisfy the boundary conditions exactly, 

but the difference is negligible for this antisymmetric case. In Figure 17, the end short- 

ening is normalized with respect to length of the composite as U = u/1. 

As soon as the composite reaches its delamination buckling load, it suddenly loses 

load-carrying capacity for both cases. So, the delamination buckling load itself can be 

considered as the global buckling load in this case (Figure 17). 
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Figure 17. Load-end shortening curve for a composite containing a delamination (a2 = 0.4) at midplane 
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5.1.2 Embedded Delaminations 

5.1.2.1. Axisymmetric Circular Delaminations 

Because of its circumferential axisymmetry, the problem can be simplified to a one- 

dimensional problem when axisymmetric finite element is used to formulate it. Although 

the present formulation can be applicable to polar anisotropic materials, all the examples 

considered are isotropic materials for an illustrative purpose. 

Single delamination 

A clamped isotropic circular plate containing a concentric penny-shaped delamination 

at its midplane is considered (Figure 18). The plate is under uniform circumferential 

compressive load. The critical buckling loads with respect to the delamination radius 

are presented for two different thickness-to-span ratios. In the first case, the thickness- 

to-span ratio is assumed to be very small (4/R = 1/500), so that the results can be com- 

pared with the previous results of classical lamination theory [81]. Secondly, a 

moderately thick plate (h/R = 1/10) is considered in order to investigate the effect of 

thickness-to-span ratio on the buckling loads and buckling modes. 

The buckling coefficients for the three distinguishable buckling modes are shown in 

Figures 19 and 20. In these Figures, the buckling loads are normalized as: 

p= (5.9)   

where 
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Figure 18. Geometry of a circular plate containing a concentric penny-shaped delamination at midplane 

D, = EK . (5.10) 
12(1 —v’) 

Delamination radius is normalized with respect to the radius of the plate as a= a/R. 

The present results show good agreement with the results reported in [81] as shown 

in Figure 19. Unlike the case of through-the-width delaminations, the slenderness of the 

plate seldom affects buckling loads and modes. For the range of delamination radius, the 

global symmetric mode is dominant, and the buckling load of the antisymmetric mode 

is far beyond that of the global symmetric mode. 

As another example, the present postbuckling solutions are compared with the pre- 

vious results [77] in Table 2 for the case of near-the-surface delamination (t/h = 0.1). In 
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Figure 19. Buckling loads vs. delamination radius for a circular plate containing a single midplane 
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Figure 20. Buckling loads vs. delamination radius for a circular plate containing a single midplane 
penny-shaped delamination with h/R= 1/10 
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Table 2, P and U are nondimensional applied compressive load and end shortening, re- 

spectively, defined as: 

P=>- ,  U=f120 =u (RRP? (5.11) 

where p,, is the buckling load of the undelaminated plate, and u,(R) is a radial displace- 

ment at the supports. 

For two different delamination sizes, a = 0.125 and 0.25, the present results show 

excellent agreement with Yin’s results [77]. 

Multiple delaminations 

In order to investigate the effect of multiple penny-shaped delaminations in a circular 

plate, an isotropic clamped circular plate with three equidistant delaminations having 

same radii (a, = a; = a; = a) is considered. The buckling loads for the first symmetric and 

antisymmetric buckling modes are represented in terms of delamination sizes. Unlike the 

through-the-width delamination case, the symmetric mode is dominant for the whole 

range of a (Figure 21). 

The next example is three equidistant delaminations with different radii as shown in 

Figure 22. The postbuckling deformation is shown in Figure 23, compared to the 

undelaminated case. The delamination radii and the deflection at the center of the plate 

are normalized as a=a/R and W=4u,fh. 

At the load level of first buckling load (near P=0.4), the bottom sublaminate 

buckles down and the other parts deflect up together. As load increased to P = 0.65, the 

second bifurcation point is reached, and thus the second sublaminate buckles down with 

increasing the opening of the first delamination, and the deformation of the whole part 
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Table 2. Comparison of postbuckling solution for a penny-shaped delamination at midplane of a 

  

  

  

circular plate 

a/R=0.125 a/R=0.25 

P U Pp U 

Yin [77] Present Yin [77] Present 

0.6416 3.2098 3.2100 0.1604 3.2103 3.2103 

0.6464 3.2219 3.2219 0.1616 3.2222 3.2219 

0.6551 3.2436 3.2436 0.1638 3.2436 3.2441 

0.6758 3.2943 3.2945 0.1689 3.2946 3.2942 

0.6960 3.3432 3.3433 0.1740 3.3441 3.3436 

0.7361 3.4384 3.4384 0.1946 3.5367 3.5370 

0.7763 3.5311 3.5312 0.2158 3.7255 3.7249 

0.8562 3.7085 3.7084 0.2611 4.0987 4.0983 

0.9668 3.9412 3.9408 0.3106 4.4715 44711 

0.9838 3.9761 3.9755 0.3649 4.8477 4.8475 

0.9877 3.9845 3.9835 0.4245 5.2293 5.2289 

0.9896 3.9888 3.9873 0.4897 5.6171 5.6171 

0.9908 3.9919 3.9901 0.5604 6.0097 6.0098 

0.9917 3.9945 3.9925 0.6742 6.5933 6.5936 

0.9926 3.9971 3.9955 0.7852 7.1171 7.1192 

0.9933 3.9991 3.9980 0.8857 7.5629 7.5748 
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Buckling loads vs. delamination radius for a circular plate containing three equidistant uni- 
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Figure 22. Geometry of a clamped circular plate containing three equidistant penny-shaped delami- 
nations with a, = 0.4, a, =0.3, a; =0.2 

is accelerated upward. At increased load, these two delaminations open continuously, 

and the whole part substantially buckles upward. It is shown that the shortest delami- 

nation (@; = 0.2) stays closed during the postbuckling process. 

5.1.2.2 Two-Dimensional Delaminations 

A two-dimensional square-shaped concentric delamination in a square plate is consid- 

ered. The problem geometry and finite element mesh are shown in Figure 24. The ma- 

terial used is 1300/5208 graphite/epoxy. The plate is specially orthotropic and 

simply-supported along all edges with low thickness-to-span ratio (h//= 1/10). A de- 

lamination is assumed to lie near the surface (t/h = 0.2). The buckling loads for the cases 
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Figure 23. Load-deflection curve for a circular plate containing three equidistant penny-shaped delami- 
nations with a; = 0.4, a. =0.3, a; =0.2 
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of uniaxial and biaxial compressive loads are normalized with respect to those of the 

undelaminated plate in Figure 25. It is seen that the buckling coefficient for a biaxial 

compressive load is more sensitive to delamination than the one for a uniaxial load. 

As another example, a simply-supported [+ 6], antisymmetric angle-ply laminate 

with a square delamination of a =0.4 at its midplane is considered. The material prop- 

erties are as follows: 

Ey 
= 40 

E42 

G3 Gi3, Gy (5.12) 
—=0.5, ——= = 0.6 
En» Fyn Ex 

V53 = V13 = V49 = 0.25 

In order to save computing time, the sublaminate approach is used. Simply- 

supported boundary conditions of the quadrant of the plate for one and two half-waves 

are presented in Figure 26. The buckling loads are normalized as P= p?/E,h*. The 

nondimensional buckling loads for one half-wave and two half-wave modes in the load- 

ing direction are shown in Figure 27 for both undelaminated and delaminated compos- 

ites under uniaxial compressive loading. It can be seen that the reduction in buckling 

loads due to the delamination for the mode of one half-wave is almost constant for all 

the range of lamination angle 8. On the other hand, the difference in buckling loads 

between delaminated and undelaminated cases for the two half-wave mode is substan- 

tially reduced as the lamination angle approaches 90°. As a result, the buckling loads for 

the delaminated composite are not much different from the undelaminated case for 

@ > 60 where the two half-wave mode is dominant, while they are quite lower values 

than the undelaminated case for 8 < 60. 
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Figure 24. Geometry of a square plate containing a single square delamination and the finite element 
mesh 
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Figure 25. Buckling loads vs. delamination size for a square orthotropic plate under uniaxial and biaxial 
compressive loads 

VERIFICATIONS OF THE PRESENT APPROACH



A%2 
WL= j= w= 0 

Y , == 
  

. —— 

u,= uj= 0 uB=u4=vw=0 —— 

—_—_— 
A 9 —<——_ 

—<_— 

1 a —- 

x 
1 

u,=0 

  

      — =0 | 7 
I , 

u=u=0 

(a) one half-wave in loading direction 

h*2 
U= = w= 0 

7, = 
  

     Vp = 
> 

Xj 
  w=0 | LY 
| , 

v= u= 0 

(b) two half-waves in loading direction 

Figure 26. Boundary conditions of the simply-supported quarter-plate model for one half-wave and two 
half-waves in the loading direction 
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plates 
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5.2 Free Vibration Analysis 

5.2.1 Through-the-Width Delaminations 

5.2.1.1 Isotropic Clamped Beam 

For the verification of the capability for vibration analysis of the present theory, a 

comparison with a previously available result is made. The first three nondimensional 

natural frequencies of a clamped beam with a various lengths of a delamination located 

symmetrically both in the axial direction and through the width are compared with 

Wang’s results [67] in Table 3. The thickness-to-span ratio is assumed to be very small 

and the material is isotropic with Poisson’s ratio v = 0.3 for the comparison. 

It should be mentioned that the delamination always remains completely closed 

during the motion. The normalized natural frequencies in Table 3 are defined as 

ph 2 
EI “wo. (5.13) Q= 

There is an excellent agreement between the two theories for all ranges of a . 

As another example, a delamination is located close to the surface (f =0.2). For @ 

= (0.3, the calculated first vibration mode shape is demonstrated in Figure 28(a). As 

shown in the Figure, the delamination opens when the beam vibrates upward. When the 

beam vibrates downward, however, this mode shape is inadequate for representing the 

motion because there may be an overlapping between two sublaminates. In fact, the 

delamination should close when the beam goes down (Figure 28(c)). 
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Figure 28. Vibration mode change during the period of the motion for a clamped beam with t = 0.2, @ 
=0.3 
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Figure 29. Natural vibration mode shape for a clamped beam with ¢ =0.2, a4 =0.6 

Consequently, the beam does not exhibit classical vibration modes, and strictly speaking, 

the natural vibration frequencies cannot be defined in this case, as noted by Andruet and 

Plaut [109]. 

However, assuming that the two delaminated parts have the same velocities as well 

as same deflections at status (b) in Figure 28, a total period can be approximated by 

adding half of the period of two states, and further, the combined natural frequencies 

can be estimated as follows: 

2Wopen X Wctosed 
QO = “Dopen + Ociosed F@aeea (5.14) 

The first nondimensional natural frequencies for the cases of delamination opening, 

delamination closing, and combined modes are presented for a = 0.3 and 0.6 in Table 
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Table 3. Natural frequencies of a clamped beam with a midplane delamination. 

  

  

  

  

Wang [67] Present analysis 

a/l 1st 2nd = 3rd 1st 2nd = 3rd 

0 22.39 61.67 120.91 22.36 61.61 120.68 

0.1 22.37 60.76 120.81 22.36 60.74 120.62 

0.2 22.35 55.97 118.76 22.35 55.95 118.69 

0.3 22.23 49.00 109.04 22.23 48.97 109.03 

0.4 21.83 43.87 93.57 21.82 43.86 93.51 

0.5 20.88 41.45 82.29 20.88 41.50 82.23 

0.6 19.29 40.93 77.64 19.28 41.01 77.64 

0.7 17.23 40.72 77.05 17.22 40.80 77.12 

0.8 15.05 39.01 75.33 15.05 39.04 75.39 

0.9 13.00 35.38 69.17 12.99 35.38 69.16 
  

Table 4. Natural frequencies of a clamped beam with t/h=0.2. 

  

  

a/l=0.6 
  

opening delamination mode 

closing delamination mode 

combined mode 

12.05 
21.29 
15.39 
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4. It should be noted that the velocity-matching assumption appears to be somewhat 

inappropriate for a longer delamination (@ =0.6). This is because the first vibration 

mode for delamination opening shows almost pure local vibration of the thin upper layer 

(Figure 29) while delamination opening-suppressed mode is global. This results in sub- 

stantial difference in vibration frequencies between the two cases. Therefore, more ac- 

curate analysis appears to be necessary for local-mode type vibration of delaminated 

composites. 

5.2.1.2 Composite Cantilever Beam 

A cantilever beam with [0/@]s stacking sequence is considered in order to investigate the 

delamination effect on natural frequencies (Figure 30). Two delaminations with 

a, = @ = 0.5 are assumed to exist at the midplane and [0/0] interface at the center of the 

composite. The material used is T300/5208 graphite epoxy. 

The natural frequency is normalized with respect to the natural frequency of the 

undelaminated beam (@),,.,): 

@ 

Dnerf 
  (5.15) 

The first natural frequencies for undelaminated and delaminated composites are 

compared with respect to change in lamination angle @ in Figure 31. For all the cases 

considered, both delaminations are shown to remain closed during the whole period of 

motion. It can be seen that a delamination at the midplane has more effect on natural 

frequency than the one at the [0/@] interface. It also appears that the composite with 

two delaminations has lower frequencies than the single delamination cases for all the 
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Figure 30. Geometry of a composite cantilever beam containing two delaminations 

range of 6, as expected. As @ increases, the delamination effect on frequencies also in- 

creases. | 

5.2.2 Embedded Delamination 

Vibration of a circular plate with a concentric penny-shaped delamination at midplane 

is studied. Thickness-to-radius ratio (k/R) is assumed to be 1/10, and the material 1s 

isotropic with v=0.3. In Figure 32, the first natural frequency is demonstrated with 

respect to delamination size for clamped and simply-supported boundary conditions. 

The natural frequencies being considered in Figure 32 are normalized as 
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  (5.16) 

It should be noted that the vibration mode shape for the first frequency is always the 

global mode with a delamination completely closed for both boundary conditions. 

Therefore, the vibration mode shape obtained is physically admissible during the motion 

of the plate. As is shown in Figure 32, the effect of delamination on the vibration fre- 

quencies of a simply-supported circular plate is almost negligible even for quite a large 

delamination. Referring to Figures 20 and 32, it can also be seen that the natural fre- 

quency is less sensitive to delamination than is buckling load. 
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Figure 32. Natural frequencies vs. delamination radius for a circular plate containing a single midplane 
penny-shaped delamination 
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Chapter VI 

BUCKLING AND POSTBUCKLING FOR 

THROUGH-THE-WIDTH DELAMINATIONS 

In this chapter, numerical results are presented for buckling and postbuckling problems 

of composites with through-the-width delaminations. 

Both single and multiple delamination problems are studied in the framework of 

eigenvalue analysis and geometric nonlinear postbuckling analysis. The effects of initial 

imperfections, contact condition between delaminated surfaces, and material anisotropy 

are investigated. The effects of configurations of delamination such as location, size, and 

number on the buckling and postbuckling responses of delaminated composites are also 

investigated qualitatively and quantitatively. Finally, a comparison between layer-wise 

and sublaminate theories is made with respect to accuracy and efficiency. 
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6.1 Single Delamination 

The problem geometry is illustrated in Figure 33. For convenience, the following non- 

dimensional quantities are used: 

P 
~ Por ? 
  7 =~ a t=, P a=) (6.1) 

where p is the load applied to a composite and p,, is the critical buckling load of the 

undelaminated composite. 

The material being used in this study is T300/5208 graphite/epoxy. 

6.1.1 The Effects of Initial Imperfections and Contact Condition 

A specially orthotropic clamped composite laminate containing a single through-the- 

width delamination at its center (e//= 0.5) with fr = 0.2 and a = 0.3 is considered (Figure 

33). The thickness-to-span ratio is assumed to be A// = 1/400. In order to satisfy the 

clamped boundary conditions, the initial imperfection is taken as: 

  

  

(6.2) 

where A is the thickness, and / is the length of the plate, respectively, as shown in Figure 

33. In Eq.(6.2), w, is the fraction of initial deflection with respect to the plate thickness 

BUCKLING AND POSTBUCKLING FOR THROUGH-THE-WIDTH DELAMINATIONS 112



    
  

  

      
  

Figure 33. Geometry of a composite containing single through-the-width delamination 

at the center and w4 is the fraction of initial opening of the i* delamination with respect 

to the plate thickness at the center. The global co-ordinate x, and the local co-ordinate 

xj are shown in Figure 12. 

Recall that € and € denote a globally deflected shape of the composite and a shape 

of delamination opening, respectively. Note that the initial imperfections exactly satisfy 

the clamped boundary condition. Bifurcation analysis reveals that the nondimensional 

buckling load is P= 0.436. The first buckling mode shape for this problem is shown in 

Figure 34. | 

The postbuckling solutions for various initial imperfections are discussed in the fol- 

lowing paragraphs. The out-of plane deflection in these discussions is normalized as 

W = u/h at the center of the beam-plate. 

First, the initial imperfection is assumed to be the same shape as the buckling mode. 

In this case, the ratio of global imperfection (w,) with respect to the local imperfection 
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Figure 34. Buckling mode shape for @ = 0.3 and ¢ = 0.2 

(wi) is 0.008/1. In the computation, therefore, w, = 0.008 x 10-3 and wi = 1.0 x 10-3 are 

used to simulate the imperfection of buckling mode shape. For all the other cases, The 

initial delamination opening (wi) is set to zero, thus only the global initial imperfection 

(w,) 1s used. 

It is seen that the curve with imperfection of buckling mode (Figure 35) is identical 

to that with a small positive imperfection (Figure 36). As soon as the composite reaches 

the buckling load (P = 0.436), the top thin delaminated layer starts to buckle in the 

positive x; direction because the imperfection is positive, and the bottom thick layer 

gradually deflects downward. 

At the load level of P = 0.7, the deformation of the lower layer is accelerated, ren- 

dering the upper layer substantially deflected downward. Finally, the whole part of the 

plate loses its load-carrying capacity at P=0.8. As the magnitude of the initial 

imperfection increases to w, = 0.025 (Figure 37), the bottom layer deflects upward in a 
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small magnitude until P = 0.5, and then it starts to deflect downward. The final failure 

load is still the same as the one for smaller imperfection. 

For w, = 0.035 (Figure 38), the top layer deflects up monotonically and the bottom 

layer also deflects up in a small magnitude until P= 0.6 and suddenly deflects down 

around P=0.75. The failure seems to occur at almost the same load level as the previ- 

ous cases. 

As the imperfection is increased to w, = 0.04 (Figure 39), the delamination buckling 

load can hardly be distinguished. The top layer starts to deflect as soon as the load is 

applied. But, the bottom thick layer remains almost flat until the load reaches near 

P=0.8. That is, this magnitude of initial imperfection is equivalent to the eccentricity 

from the local buckling of the top layer. Thus, the whole part can either deflect up or 

down. At increased load, the bottom part buckles downward violently at the lower level 

of the load than that of the smaller imperfection. 

For larger magnitude of positive imperfections (Figures 40 and 41), however, the 

response is significantly different. The delamination buckling load is not distinguishable 

at all, and the composite starts to deflect upward with a delamination opening as soon 

as the load is applied. For w,=0.1, above the load level of P = 0.8, two layers overlap 

each other (Figure 40) suggesting that the necessity of contact condition. For this rea- 

son, the load-deflection curve is redrawn with contact condition for this problem (Figure 

41). Figure 41 shows that contact occurs between two layers above the load level of 

P = 0.8, as expected. 

In order to investigate this contact effect more rigorously, relatively small and large 

negative initial imperfections (w, = — 0.001, — 0.1) are considered. The load-deflection 

curves for w, = — 0.001 are shown in Figure 42 for the analyses with and without contact 

condition. For the case without contact condition, since the top layer has larger nega- 

tive displacement compared to the bottom layer, it penetrates the lower part above the 
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buckling load level. Sheinman et al. [41] obtained this physically inadmissible 

postbuckling deformation for a delaminated beam, and explained that local buckling 

cannot occur for this deformation process. However, when the contact condition is im- 

posed on the problem, the postbuckling response is surprisingly different from the one 

without contact. Until the buckling load, both parts contact, with negligibly small con- 

tact force. At the buckling load, the contact force is suddenly increased due to the top 

layer which tries to buckle down. Since the bending stiffness of the bottom layer is much 

higher than that of the top part, the bottom layer does not deflect, but the contact force 

generated from these two layers pushes the top layer back upward substantially. First 

they seem to stay together, and then, the upper part buckles up due to the very small 

magnitude of imperfection and the global equilibrium path is the same as the case for 

w, = 0.001. 

From these observation, it can be seen that the almost flat composite ( 

w. = + 0.001) and the composite with imperfection of buckling mode yield identical re- 

sults. 

For a larger negative initial imperfection (w, = — 0.1) (Figure 43), the load deflection 

curve shows again a physically unacceptable deformed mode when the contact condition 

is not applied. On the other hand, the curve with contact condition shows a significantly 

different deformation pattern. That is, the delamination effect is negligible. The plate 

behaves as if there is no delamination in it. In fact, the delamination opens at the 

buckling load, but the opening is so small that it does not affect the global behavior of 

the structure. Accordingly, the failure may occur at the load level of the undelaminated 

plate case (P = 1). 

The load-end shortening curve is given in Figure 44 for various initial imperfections. 

The end-shortening is normalized as U= m/l. It can be seen that the load-carrying ca- 

pacity of the composite varies significantly depending on the magnitudes and directions 
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Figure 35. Load-deflection curve of a delaminated composite (@ = 0.3 and t = 0.2) with imperfection 
of buckling mode shape 
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Figure 36. Load-deflection curve of a delaminated composite (@ = 0.3 and t = 0.2) with imperfection 
of w. = 0.001. 
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Figure 37. Load-deflection curve of a delaminated composite (a2 = 0.3 and ¢ = 0.2) with imperfection 
of wy, = 0.025. 
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Figure 38. Load-deflection curve of a delaminated composite (@ = 0.3 and ¢ = 0.2) with imperfection 
of w, = 0.035. 
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Figure 39. Load-deflection curve of a delaminated composite (@ = 0.3 and ¢ = 0.2) with imperfection 
of w, = 0.04. 
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Figure 40. Load-deflection curve of a delaminated composite (@ = 0.3 and ¢ = 0.2) with imperfection 
of w, = 0.1 (without contact condition) 
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Figure 41. Load-deflection curve of a delaminated composite (@ = 0.3 and t = 0.2) with imperfection 
of w, = 0.1 (with contact condition) 
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Figure 42. Load-deflection curve of a delaminated composite (@ = 0.3 and t = 0.2) with imperfection 
of w. = -0.001 
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Figure 43. Load-deflection curve of a delaminated composite (@ = 0.3 and ¢ = 0.2) with imperfection 
of wo = 0.1 

BUCKLING AND POSTBUCKLING FOR THROUGH-THE-WIDTH DELAMINATIONS 125



  1.2 

  

        

        

0 l __j | _} | J l 

0 0.002 0.004 0.006 0.008 

U 

Figure 44. Load-end shortening curve of a delaminated composite (@ = 0.3 and ¢ =0.2) for various 
initial imperfections. 
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of initial imperfections. Except the curve with w,=0.1, which did not show local 

buckling, the slopes of all the other curves are identical until the load reaches the local 

buckling load (P = 0.436). Above the buckling load, the composite with large negative 

imperfection shows sudden loss in load-carrying capacity near P = 1 while the composite 

with large positive imperfection exhibits gradual reduction in load-carrying capacity. 

6.1.2 The Effects of Location and Length of Delamination 

The effect of delamination location along the axial direction of the composite on the 

buckling load is shown in Figures 45, 46, and 47 for a =0.2, 0.4 and 0.6 , respectively. 

A midplane delamination (f = 0.5) is centered at several axial locations (e) along the 

span (/) of the composite (Figure 33). 

It is found that the local one half-wave mode is increasingly sensitive to axial de- 

lamination position as delamination length increases and the buckling load is generally 

lowest when the delamination lies in the center of the composite. The buckling load for 

the global one half-wave mode reaches its highest value when the delamination is cen- 

tered. The two half-wave mode also varies with axial delamination location, but it does 

not exhibit a general tendency for various delamination lengths. For a = 0.2 , the global 

one half-wave mode is dominant for the entire range of e/1. However, fora@=0.4 and 

a=0.6 , the two half-wave and local one half-wave modes govern the buckling, respec- 

tively, (Figures 46 and 47) as a delamination approaches the center of the composite. 

Next, the effect of through-the-thickness location of delamination on the buckling 

and postbuckling response is investigated for various delamination lengths ( 

a=0.3, 0.5, 0.9). As a delamination approaches to the midplane of the composite, the 

buckling load increases for all the cases. 

BUCKLING AND POSTBUCKLING FOR THROUGH-THE-WIDTH DELAMINATIONS 127



  

  

      

    
  

2 

LL Global one half-wave 
—o— 

8b Local one half-wave 
. oO} 

© Two half-wave 9 
r ‘ >: t 

\ / 
\ é 

1.6 + 8 G -@ -@-6-0- 0- 0-0-0 0 -G-G-0 

1.4 F- 

: ° O. 
oe Q. of a. 

12 > ‘° o O 
° , . O.., 

a o . 5 ‘o” 

1 Lm 

0.8 l | l | l | l | l 

0 0.2 0.4 0.6 0.8 1 

e/l 

Figure 45. Effect of axial location of a delamination at midplane for @ = 0.2 
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Figure 46. Effect of axial location of a delamination at midplane for @ = 0.4 
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Figure 47. Effect of axial location of a delamination at midplane for a = 0.6 

BUCKLING AND POSTBUCKLING FOR THROUGH-THE-WIDTH DELAMINATIONS 130



For a=0.3 (Figure 48), the characteristics of post-critical deformation changes 

from local to global buckling between r=0.1 and ¢ =0.3, hence the ultimate load- 

carrying capacity for f = 0.3 is larger than that of f=0.1. As the delamination comes 

closer to the midplane (tf = 0.4) the ultimate load-carrying capacity seems to be almost 

the same as the undelaminated case. The delamination is shown to remain closed during 

the postbuckling process. For a =0.5 (Figure 49), the ultimate load-carrying capacity 

seems to be insensitive to ¢ . The postbuckling deformation is changed from the local 

mode (tf = 0.1, 0.3) to the global-local mixed mode (t = 0.4). For a relatively long de- 

lamination (4 = 0.9), as a delamination approaches the midplane, the ultimate load- 

carrying capacity decreases substantially (Figure 50), implying that the delamination 

located near the midplane is potentially more dangerous than the near-the-surface one. 

It is seen that the global structure can still carry the load although local buckling 

occurs, especially for a near-the-surface delamination. As a delamination approaches 

the midplane of the composite, the range between the local and global bifurcation points 

reduces gradually, suggesting that the postbuckling response changes from local to 

global deformation. 

6.1.3 The Effect of Anisotropy 

Even an initially symmetric laminate can be locally unsymmetric when it contains a de- 

lamination, and may thus exhibit bending-extension coupling. In this example, this 

bending-extension coupling effect is studied for [0/90/90//0], [90/0/0//90] and 

[90/0/0//0] simply-supported cross-ply laminates as shown in Figure 51. Here, // de- 

notes an interface where a delamination lies. The thickness-to-span ratio is assumed to 

be 1/10, and three delamination lengths a = 0.3, 0.5, 0.8 are considered. 
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Figure 48. Load-deflection curve of a delaminated composite with @ = 0.3 for various through-the- 
thickness location of delaminations ( t ) 
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Figure 49. Load-deflection curve of a delaminated composite with a@ = 0.5 for various through-the- 
thickness location of delaminations ( t ) 
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Figure 51. Geometry of simply-supported cross-ply laminates containing a delamination between 3rd 
and 4th layers. 

It is noted that initial imperfection is not required to initiate the postbuckling de- 

formation for simply-supported boundary condition, because a delamination itself can 

be considered as an imperfection. As a result, no initial imperfection is used in this 

analysis. The out-of plane deflection considered in Figures 52 - 54 is normalized by 

W = u,/h at the center of the composite. 

The horizontal lines in Figures 52 and 53 indicate calculated buckling loads from 

bifurcation analysis for each delamination length. Load-deflection curves are demon- 

strated for the [0/90/90//0] laminate in Figure 52. For all delamination lengths, the 

bottom sublaminate tends to deflect downward immediately due to bending-extension 

coupling. But for a@=0.3, the debonded region is relatively small compared with the 

whole length of the composite, thus the coupling effect is negligible. However, for 

a=0(0.5 and 0.8, the laminate loses its load-carrying capacity well below the predicted 
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buckling load due to the coupling, and the delamination opens rapidly at load levels well 

below the buckling load. 

On the other hand, for the [90/0/0//90] laminate, the bottom sublaminate tends to 

deflect upward, due to the bending-extension coupling with load applied (Figure 53). 

At the same time, the compliant top layer can hardly carry the load, resulting in the ec- 

centricity which causes the bottom part to buckle downward. 

These two effects balance each other, and the structure remains straight with a very 

small delamination opening until the buckling load level of the undelaminated plate re- 

gardiess the delamination length. It is shown that the predicted buckling load signif- 

icantly underestimates the global buckling of the structure. That is, in this case, the 

bending-extension coupling is shown to have a stabilization effect on the buckling of a 

delaminated composite, contrary to conclusions of other investigators [40,41,48]. 

The significant disagreements of buckling loads between the eigenvalue and 

postbuckling analyses come from the fact that the prebuckling effects are neglected in 

the eigenvalue analysis. 

As another case, the delaminated upper part is replaced with a stiff layer (0°). The 

load-deflection curves are plotted for delaminated and undelaminated composites in 

Figure 54. The delamination always remains closed during the whole process of 

postbuckling deformation for all the delamination lengths considered. This is because 

the lower part deflects upward just as in (90/0/0//90), but the hard upper layer does not 

buckle first. Accordingly, there is a perfect contact between the top and the bottom 

parts, and the existence of delamination hardly affect the global structural behavior. 

The whole structure starts to deflect due to global bending-extension coupling with load 

applied as shown in Figure 54. 

BUCKLING AND POSTBUCKLING FOR THROUGH-THE-WIDTH DELAMINATIONS 136



  

  

  

      

        

1 

Oos- foe 

| ja/l= 0.3 

a/l = 0.5 

0.6 EL} "7 
a/l = 0.8 

a ae 

Ad 

0.4 rrrcc tre tree cette ete e cee c eet ee teen eens Dew ce cee een eee ence eee e ee eneeeeeeeesees 

0.2 + : en 

0 ! __| J | l _| lL | el l I 

-0.3 -0.2 -0.1 0 0.1 0.2 0.3 

W 

Figure 52. Load-deflection curve of a simply-supported [0/90/90//0] laminate with a delamination 
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Figure 53. Load-deflection curve of a simply-supported [90/0/0//90] laminate with a delamination 
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Figure 54. Load-deflection curve of a simply-supported [90/0/0//0] laminate with a delamination 

BUCKLING AND POSTBUCKLING FOR THROUGH-THE-WIDTH DELAMINATIONS 139



6.2 Multiple Delaminations 

6.2.1 Two and Three Delaminations 

For comparison purpose, an example by Wang et al. [56] is reconsidered here as shown 

in Figure 55. This example demonstrates the effects of nondimensional delamination 

lengths, locations through the thickness, and number of delaminations on the buckling 

load. Two delaminations symmetrically located with respect to midplane, and three de- 

laminations with an additional one at the midplane are investigated. All delaminations 

are assumed to have the same length. 

Nondimensional parameters are defined as: 

==, @= = . (6.3) 

The material properties of random short-fiber SMC-R50- composite considered in 

this study are as follows [56]: 

E;, = 1.58x10°psi 

Ey = Ey3 = 1.1x10°psi 

G13 = 0.36x10° psi (6.4) 
V1) = 0.31 
¥13 = 0.22 

Nondimensional buckling loads versus delamination lengths are presented in Figures 

56-61. It is assumed that the all the delamination opening displacements (u#) are forced 

to set to zero for contact constrained antisymmetric mode. In the figures, SWC, SWOC, 
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Figure 55. Geometry of two and three symmetrically located delaminations with respect to midplane 
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AWC, AWOC denote symmetric modes with and without contact condition and anti- 

symmetric modes with and without contact condition, respectively. 

The first symmetric and antisymmetric buckling modes are presented for the case 

of ¢ = 0.25 with two and three delaminations in Figures 56 and 57, respectively. In this 

case, the outer delaminated regions are much thinner in comparison to the inner regions 

for both cases. Therefore, the symmetric thin-film buckling mode is dominant for both 

cases and the buckling load for all the range of a does not show any differences between 

the two and three delamination cases. While the contact effect for the symmetric mode 

is negligible, the effect for the antisymmetric mode is significant. When an additional 

delamination is introduced at the midplane, the buckling load for the antisymmetric 

mode is dramatically reduced, whereas the symmetric mode hardly changes. 

In the case of a composite with three delaminations of t = 0.5 (Figures 58 and 59), 

the antisymmetric buckling mode obviously dominates bifurcation point for the range 

of a=0.1 to 0.4. In this case, the additional delamination has great contribution to the 

antisymmetric mode for relatively short delamination cracks. Consequently, the com- 

posite with an additional delamination at the midplane exhibits a much lower critical 

buckling load than the composite with two shorter delaminations due to the antisym- 

metric mode. Wang et al. [56] did not predict this antisymmetric mode because they used 

a symmetry assumption. It is shown that the contact effects are negligible for both 

modes in a composite with equidistant delaminations. 

Composites with delaminations near the midplane (t = 0.75) are considered in Fig- 

ures 60 and 61. Both contact methods (M1, M2) described in Chapter III are used to 

predict buckling load for a symmetric mode. Unlike the other cases considered, the 

contact effects are shown to be significant for the symmetric as well as the antisymmetric 

mode. The buckling load without contact condition for three delaminations is the same 

as the one for ¢ = 0.25, because the thickness of the thinner layer is the same. However, 
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Figure 56. Buckling load vs. delamination lengths for a composite containing two delaminations for t 

= 0.25 with and without contact condition 
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Figure 57. Buckling load vs. delamination lengths for a composite containing three delaminations for ¢ 

=(.25 with and without contact condition 
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Figure 58. Buckling load vs. delamination lengths for a composite containing two delaminations for t 
=(.5 with and without contact condition 
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Figure 59. Buckling load vs. delamination lengths for a composite containing three delaminations for ¢ 
= 0.5 with and without contact condition 
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Figure 60. Buckling load vs. delamination lengths for a composite containing two delaminations for t 
= 0.75 with and without contact condition 
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Figure 61. Buckling load vs. delamination lengths for a composite containing three delaminations for t 

=(.75 with and without contact condition 
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the contact constrained buckling load is much higher than that of the unconstrained one, 

implying that neglecting the contact condition for the thinner core layer may cause 

totally erroneous results. In general, Method 1 predicts more conservative buckling 

loads than Method 2, but the difference seems to be quite small. As a result, the contact 

constrained curves for both two and three delaminations yield almost the same trends 

for both modes, showing that the antisymmetric mode is the first buckling mode for 

a = (0.2 to 0.4, 

In order to investigate the failure process of the compressed composite with multiple 

delaminations, postbuckling analyses are presented for a=0.3. The first two or three 

lowest symmetric buckling mode shapes and an antisymmetric mode are shown in Fig- 

ures 62 - 64 for f = 0.25, 0.5 and 0.75, respectively. It can be seen that the several lowest 

buckling loads are very close to one another. For this reason, the postbuckling solution 

is obtained for imperfections of these mode shapes. 

For all the results given, the magnitudes of the initial imperfections (w, and wi) are 

determined in the following way: First, calculate the buckling mode and identify the 

ratio of the deflections of the each sublaminate at the center of the composite. Secondly, 

set the maximum deflection from the buckling mode to 1 x 10" as an imperfection (ei- 

ther w, or wi depending on the mode shape), and set the others according to the ratio in 

the buckling mode. 

Load-deflection curves are shown in Figures 65 and 66 for two delaminations with 

initial imperfections of the first and the second buckling mode shapes. For the first 

mode imperfection, The lower delamination always remains closed, and the composite 

acts as if it contains only an upper delamination. For the second mode imperfection, 

however, both delaminations start to open at the buckling load. As the load level ap- 

proaches P = 0.75, the whole part buckles abruptly. The load-end shortening relation 

is illustrated in Figure 67 for two delaminations with f = 0.25. The postbuckling defor- 
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mation for the second buckling mode shape shows sudden loss in load-carrying capacity 

while that of first mode shape shows gradual reduction in load-carrying capacity. 

For three delaminations with ¢ = 0.25 (Figures 68 and 69), the load-deflection curves 

show the same trends as that of the two delamination cases. However, the ultimate 

load-carrying capacity for the three delamination cases are shown to be slightly below 

the two delamination cases, whereas the bifurcation points are the same for both the first 

and second buckling mode shapes, respectively. The load-end shortening curves for 

these cases are shown in Figure 70. The load-end shortening curve for the antisymmetric 

case coincides with the symmetric cases until the load reaches the first buckling load ( 

P=0.1764). Above this load level, the curves for symmetric modes slightly change their 

slope, while the antisymmetric case continues as an extension of the prebuckling path. 

At a buckling load of the antisymmetric mode (P = 0.5722), the composite with the 

antisymmetric mode can no longer sustain the load. Usually, it is known that a sudden 

buckling mode change may occur when two end-shortening curves cross each other 

[110]. It should be noted here that the curves with symmetric and antisymmetric modes 

do not necessarily represent the postbuckling deformed mode change phenomenon. As 

a consequence, although the buckling load for the antisymmetric mode shape is far be- 

yond that of the symmetric mode shape, the final load-carrying capacity of the anti- 

symmetrically buckled composite is substantially lower than that of the symmetric 

modes. This implies that as soon as a delaminated composite buckles in an antisym- 

metric mode, it cannot carry the load, and thus does not exhibit postbuckling deforma- 

tion. 

For ¢ = 0.5 with two delaminations, the load-deflection curves for the first buckling 

mode imperfection are shown in Figure 71. The upper delamination opens and lower 

delamination remains closed as for the case of ¢=0.25. For the second mode 

imperfection, the postbuckling deformation is shown in Figure 72. The noticeable point 
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Figure 62. Buckling loads and mode shapes for two and three delaminations with ¢ = 0.25 
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Figure 63. Buckling loads and mode shapes for two and three delaminations with ¢ = 0.5 
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Figure 64. Buckling loads and mode shapes for two and three delaminations with t = 0.75 
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Figure 65. Load-deflection curve for a composite containing two delaminations for t =0.25 with 
imperfection of first symmetric buckling mode 
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Figure 66. Load-deflection curve for a composite containing two delaminations for ¢ =0.25 with 
imperfection of second symmetric buckling mode 
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Figure 67. Load-end shortening curve for a composite containing two delaminations for t = 0.25 with 
various initial imperfections 
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Figure 68. Load-deflection curve for a composite containing three delaminations for ¢ =0.25 with 
imperfection of first symmetric buckling mode 
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Figure 69. Load-deflection curve for a composite containing three delaminations for t =0.25 with 

imperfection of second symmetric buckling mode 
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Figure 70. Load-end shortening curve for a composite containing three delaminations for ¢ = 0.25 with 
various initial imperfections 
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Figure 71. Load-deflection curve for a composite containing two delaminations for ¢ =0.5 with 
imperfection of first symmetric buckling mode 
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Figure 72. Load-deflection curve for a composite containing two delaminations for ¢ =0.5 with 
imperfection of second symmetric buckling mode 
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here is that the composite first exhibits prebuckling delamination opening until the load 

reaches the buckling load and then, at a buckling load, the composite exhibits a transi- 

tion into another buckling mode which is same as the previous case (first buckling mode 

imperfection). This example illustrates well the capability of the present method for 

problems in which multiple equilibrium paths exist. Load-end shortening curves (Figure 

73) indicate that the composite buckled in antisymmetric mode exhibits much lower 

load-carrying capacity than that of symmetric modes. In this case, both symmetric 

modes show identical load-end shortening curves. 

For t = 0.5 with three delaminations, the first buckling mode shape is antisymmet- 

ric. For the symmetric buckling mode shape imperfections, the postbuckling behavior is 

global mode having all delaminations closed regardless of the shape of the initial 

imperfection. As a result, the delamination buckling load itself is a buckling load of the 

overall structure, and the load-carrying capacity is remarkably lower than the two de- 

lamination cases (Figure 74). 

For t = 0.75, for both symmetric and antisymmetric modes, the buckling load itself 

is the overall load-carrying capacity. The composite with three delaminations has slightly 

lower buckling loads than that of two delaminations as shown in Figures 75 and 76. 

6.2.2 Seven Delaminations 

It is assumed that there are seven interfaces in the laminate where delamination may 

exist, and each sublaminate has the same thickness (Figure 77). The thickness-to-span 

ratio (h//) is assumed to be 1/10. 

The nondimensional buckling load of the fully delaminated composite is compared 

(Figure 78) with a composite containing a single delamination at the outermost interface 

BUCKLING AND POSTBUCKLING FOR THROUGH-THE-WIDTH DELAMINATIONS 162



0.8 

0.6 

0.4 

0.2 

0 
0 

  

  

  

  

Symmetric 
  

Antisymmetric 

    

    
  

0.002 0.004 0.006 0.008 
U 

0.01 0.012 0.014 

Figure 73. Load-end shortening curve for a composite containing two delaminations for t =0.5 with 
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Figure 74. Load-end shortening curve for a composite containing three delaminations for t =0.5 with 
various initial imperfections 
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Figure 75. Load-end shortening curve for a composite containing two delaminations for ¢ = 0.75 with 
various initial imperfections 
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Figure 76. Load-end shortening curve for a composite containing three delaminations for t = 0.75 with 
various initial imperfections 
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and a composite with a triangular delamination distribution. It is noted that the single 

and triangularly distributed delamination cases yield almost identical results over the 

entire region of @ . That is, the thin-film type local symmetric mode dominates buckling 

for these two cases. This result suggests that the longest delamination existing in the 

outermost layer governs the buckling load and mode shape and the shorter ones seldom 

contribute to the buckling load for triangular case. However, the buckling load of the 

fully delaminated composite is far below the other two cases, by 40% for short delami- 

nation lengths. This is because the antisymmetric mode, which is insignificant for the 

other two cases, becomes responsible for buckling for multiple short uniform delami- 

nations. The global symmetric buckling mode occurs only for very short delaminations, 

e.g. a@ <0.1 for one and triangular delaminations, a@ < 0.05 for full uniform delami- 

nations. Local buckling is predicted for longer delaminations, so that all the three cases 

coincide for relatively long delamination cracks (@ > 0.3) . 
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Figure 77. Geometry for composites containing one, triangular and full uniform delaminations 
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6.3. Layer-Wise Model vs. Sublaminate Model 

6.3.1 Buckling Response of Delaminated Composites 

The accuracy and efficiency of the layer-wise model and sublaminate model are investi- 

gated for a clamped quasi-isotropic composite containing a through-the-width delami- 

nation at its midplane. The thickness-to-span ratio is assumed to be 1/50 and the 

stacking sequence is [0/90/ + 45]s. 

The first three nondimensional buckling loads are presented and CPU time for each 

analysis is given in Table 5. For all analyses given, ten quadratic one-dimensional ele- 

ments are used for the full model of the composite and the IBM 3090 Mainframe is used 

for computation. For both layer-wise and sublaminate theories, results are obtained 

considering two cases: first, the coupling stiffness terms (Ann, Bia, and Df.) are neg- 

lected, that is, the degrees of freedom per node is 2+M+2D(u, mw, u, uj, iw). The 

coupling terms are included in the second case, so the degrees of freedom per node is 

3+2M + 3D (u, th, ts, a, 4, ui, i, uw). The buckling loads are nondimensionalized with 

respect to the critical buckling load of an undelaminated composite calculated by the 

uncoupled sublaminate approach. 

For the undelaminated case (a//= 0), the coupling effect seems to be negligible for 

both theories. However, as delamination size increases, the difference between two re- 

sults for both theories slightly increases up to 3.5 % for a/1=0.8. This is due to the fact 

that the delaminated sublaminates are no longer symmetric, so that the coupling 

stiffnesses Bi. become significant. 
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Table 5. Comparison between the layer-wise and sublaminate theories for buckling loads of a 
[0/90/45/-45], laminate with a midplane delamination 

  

  

  

  

  

a/l 0 0.2 0.4 0.6 0.8 

Layer-wise Ist .99846 .89096 .63478 37248 23727 
without coupling 

2nd —=s«:1.9901 .96597 .68786 38301 24579 

(10 sec.) 
252 DOF 3rd =: 3.7647 1.9420 .72920 65964 48646 

Layer-wise with Ist .99541 .86685 .61919 .36090 .22938 
coupling terms 

2nd_—=:1.9840 .96067 67221 .37060 23768 

(55 sec.) 
462 D.OF 3rd = 3.7536 1.8809 .70590 .64137 47002 

Sublaminate Ist 1 90459 64141 37543 23789 
without coupling 

2nd 1.9968 .96932 68951 38415 .24677 

(2 sec.) 
126 D.OF 3rd 3.7866 1.9604 73249 .66274 48806 

Sublaminate Ist 0.9999 .87983 62634 36382 .22966 
with coupling 

2nd =-1.9967 .96698 67437 37019 23840 

(6 sec.) 
210 D.OF. 3rd =. 3.7862 1.8947 .70741 64526 47120 
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The proposed sublaminate theory is seen to be in excellent agreement with the 

layer-wise theory in predicting buckling loads for both coupled and uncoupled cases with 

significant computational time savings. 

6.3.2 Postbuckling Analysis of Multiply Delaminated Composites 

In this section, 8-layered simply-supported quasi-isotropic and unidirectional composite 

laminates with two delaminations are considered for postbuckling responses. The de- 

laminations are assumed to exist in the first and sixth interfaces of the composites (Fig- 

ure 79). 

No initial imperfection is used in the analyses because delaminations can initiate the 

postbuckling deformations for simply-supported boundary conditions. Three different 

delamination lengths with four different lay-ups are considered. First, the postbuckling 

deformations for [0/ + 45/90]; laminate are shown in Figures 80 - 82. In Figure 80, the 

load-deflection curves for two uniform delaminations are shown. 

As soon as the laminate is subjected to applied load, the top sublaminate tends to 

deflect upward due to bending-extension coupling, and opens the upper delamination 

slightly, and the curves for both approaches almost coincide until P=0.3. Near 

P=0.3, the thin bottom layer buckles down accelerating the eccentricity in force dis- 

tribution. As load increases, the upper delamination closes and two upper sublaminates 

deflect upward globally, and the difference between the two approaches becomes signif- 

icant. For long lower delamination and shorter upper delamination (Figure 81), the 

postbuckling mechanism is same and the global behavior of the composite is similar to 

uniform delamination case. But, the lower delamination opens at a lower load level, and 
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Figure 79. Geometry of an 8-layered quasi-isotropic composite containing two delaminations 
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global failure may occur sooner than for the uniform delamination case. The difference 

between the two approaches is small. 

For short lower and longer upper delaminations (Figure 82), the situation is quite 

different. The bottom and middle sublaminates deflect together downward because the 

lower delamination size is so small that these two sublaminates act as one sublaminate 

having large bending-extension coupling. But, the upper sublaminate tends to deflect up 

due to another bending-extension coupling. Near P = 0.3, the top sublaminate suddenly 

pops down, closing the upper delamination, and the whole part still deflects down. This 

is because the effect of force eccentricity due to global downward bending is greater than 

the coupling effect of upper sublaminate at this load level. At increased load, both lower 

and upper delaminations open. 

The postbuckling deformations for [0/90/ + 45]s laminates are depicted in Figures 

83 - 85. In this case, the top sublaminate exhibits high bending-extension coupling ef- 

fects. Thus, the upper delamination tends to open as soon as load is applied, and the 

lower delamination remains closed for the whole postbuckling process in the case of 

uniform and long upper delaminations (Figures 83 and 85). In these cases, the result 

of layer-wise theory is significantly different from that of sublaminate theory due to the 

high coupling effect. For a long lower delamination, however, the thin bottom layer 

buckles first and the resulting force eccentricity makes the whole part deflect upward 

closing the upper delamination as for the [0/ + 45/90]; case (Figure 84). 

For a quasi-isotropic laminate having stiff layer in the core and relatively compliant 

layer in the outer region ([45/90/-45/0]s) , the postbuckling deformations are shown in 

Figures 86 - 88. It is seen that no delamination opening occurs and no local buckling 

load is distinguishable for all three cases. For uniform and long lower delamination 

cases, the composite deflects upward gradually while the composite deflects downward 
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for the long upper delamination case. The difference of the two approaches is shown to 

be negligible. 

The postbuckling analyses of a unidirectional fiber composite ([0],) are presented 

in Figures 89 - 91. In this case, the composite does not exhibit bending-extension cou- 

pling, and the only postcritical deformation driving force is the eccentricity in force dis- 

tribution due to the delaminations. For both uniform and long lower delamination 

cases, the upper delamination always remains closed while the lower delamination opens 

monotonically. Around P = 0.8, the whole part deflects upward. For a composite having 

a long upper delamination, the global structure remains almost straight with delami- 

nations closed until the buckling load for undelaminated composite. Global buckling 

occurs near P=1. The effect of delamination is shown to be negligible in this case. It 

also appears that there are no differences between the layer-wise and sublaminate ap- 

proaches for unidirectional composites, as expected. 

From the results obtained here, it can be seen that the sublaminate approaches al- 

ways overestimate the load-carrying capacity compared with the layer-wise solution. 

While the difference between these two approaches is shown to be negligible for global 

type buckling ([45/90/ — 45/0]s), it is significant for high bending-stretching coupled 

sublaminate buckling ([0/90/ + 45]s). 
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Figure 80. Load-deflection curve for a [0/ + 45/90]s composite with a; =0.3, a; =0.3 
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Figure 81. Load-deflection curve for a [0/ + 45/90]s composite with a; = 0.4, a. =0.2 
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Figure 82. Load-deflection curve for a [0/ + 45/90]s composite with a; =0.2, a. =0.4 
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Figure 83. Load-deflection curve for a [0/90/ + 45]s composite with a; = 0.3, a, =0.3 
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Figure 85. Load-deflection curve for a [0/90/ + 45]s5 composite with a; = 0.2, a, =0.4 
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Figure 86. Load-deflection curve for a [45/90/ — 45/0]; composite with a; =0.3, a, =0.3 
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Figure 87, Load-deflection curve for a [45/90] — 45/0]s composite with a; =0.4, a. =0.2 

BUCKLING AND POSTBUCKLING FOR THROUGH-THE-WIDTH DELAMINATIONS 

  

183



  

  

Layer-wise 

Sublaminate 0.6 -     
  

      0 j | l 

-0.05 -0.0375 -0.025 -0.0125 0 
WwW 

  

Figure 88. Load-deflection curve for a [45/90/ — 45/0]s composite with a, = 0.2, a. =0.4 
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Figure 89. Load-deflection curve for a [0], composite with a; = 0.3, a. =0.3 
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Figure 90. Load-deflection curve for a [0], composite with a, = 0.4, a. =0.2 
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Chapter VII 

SUMMARY AND CONCLUSIONS 

A one- and two-dimensional, layer-wise and sublaminate finite element model is devel- 

oped to study the compressive stability and free vibration of composite plates with 

multiple delaminations. The model is capable of predicting accurate buckling loads, na- 

tural frequencies, and postbuckling response for various configurations such as 

through-the-width, concentric penny-shaped, and rectangular delaminations. All the 

possible buckling modes, including global, local, and global-local coupled symmetric 

modes and the antisymmetric mode are considered. The effects of composite geometry 

and locations, sizes, number and shapes of delamination on compressive behavior and 

vibration characteristics of composites are parametrically studied. The effects of mate- 

rial anisotropy, contact behavior of delaminated surfaces and initial imperfections of 

composites are also considered. 

Based on the above theoretical developments and numerical results, the following 

concluding remarks are made: 
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1. The thickness-to-span ratio of a delaminated composite affects the buckling load 

and mode shapes for the through-the-width delamination case. For thick compos- 

ites, depending on the delamination length, composites with midplane delamination 

can buckle in local or global symmetric modes, or even in an antisymmetric mode. 

However, the thickness-to-span ratio does not cause substantial change in buckling 

loads and mode shapes for penny-shaped midplane delaminations in circular plates 

under circumferential load. The buckling modes are always global symmetric. 

2. For an embedded square midplane delamination in angle-ply laminates, the delami- 

nation effect is almost constant for one half-wave buckling mode as lamination an- 

gle @ changes while it strongly depends upon @ for two half-wave buckling mode. 

3. In order to obtain physically admissible vibration frequencies and mode shapes of 

composites with a through-the-width delamination, two states of mode shapes in 

which a delamination opens and closes are considered separately. By combining the 

frequencies of the two vibration mode states, the natural frequency of a delaminated 

composite is approximated. While this weighted frequency method is quite reason- 

able for global-type vibration modes (small delamination opening), the method is 

somewhat inappropriate for highly local-type vibration modes, and more accurate 

analysis seems to be necessary. 

4, The postbuckling response of a delaminated composite is very sensitive to the am- 

plitude and the direction of the initial imperfection. This is especially true for near- 

the-surface delaminations. This is because there are many equilibrium paths, and 

the composite can take any path depending on the initial imperfections. For a rel- 

atively large magnitude of imperfection in the direction of the thicker sublaminate, 

delamination buckling does not occur, showing that the presence of this 

imperfection has a beneficial contribution on the postbuckling response of a delam- 

inated composite. 
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5. Buckling loads and mode shapes are influenced by axial and through-the-thickness 

locations of through-the-width delaminations. For a given length of delamination, 

the buckling load decreases as the delamination approaches the surface of the plate. 

The ultimate load-carrying capacity also decreases as a delamination is closer to the 

surface when the delamination is relatively short. However, for a longer delami- 

nation, the load-carrying capacity is shown to increase as the delamination ap- 

proaches the surface. In general, the difference between local buckling load and 

ultimate global buckling load increases as the delamination approaches the surface. 

6. The effect of anisotropy on the buckling and postbuckling response of delaminated 

composites is significant. The bifurcation analysis for highly anisotropic sublami- 

nates may lead to erroneous results, and accordingly postbuckling analysis is neces- 

sary. For compliant inner and stiff outer layers ([0/90/90//0]s), the bending - 

extension coupling significantly reduced the buckling load and increased the 

postbuckling deformation. However, for stiff inner and compliant outer layers ( 

[90/0/0//90]s), the coupling shown to be a stabilization effect for delamination 

buckling and postbuckling deformation contradicting other previous conclusions 

[40,41,48]. This is because the contact effects of delaminated surfaces were neglected 

in those previous works. 

7. For composites with two and three through-the-width delaminations, the buckling 

and postbuckling responses are shown to be very sensitive to location of delami- 

nations. As the two outer delaminations approach to the midplane of the compos- 

ite, the buckling loads for symmetric modes are monotonically increased, while the 

buckling load for antisymmetric mode reaches the lowest value when the delami- 

nations are located equidistantly. When composites buckle in an antisymmetric 

mode, there is no postbuckling deformation, and thus this antisymmetric mode can 

be considered to be catastrophic. 

SUMMARY AND CONCLUSIONS 190



8. For some configurations of multiple delaminations, although the first buckling load 

for the antisymmetric mode is much greater than for the symmetric mode, the ulti- 

mate load-carrying capacity is significantly lower than the symmetric case due to the 

unstable nature of the antisymmetric mode. In this case, sudden mode change in 

postbuckling deformation is expected. 

9. Composites with seven uniform, equidistant through-the-width delaminations have 

a much lower buckling load for short delaminations than that for a single delami- 

nation at the outermost layer and that of a triangular delamination shape due to the 

antisymmetric mode. It is noted that the larger the number of delaminations, the 

more dominant is the antisymmetric mode for short uniform delaminations. The 

buckling mode is still symmetric even for equidistant multiple penny-shaped delam- 

inations in a circular plate. 

10. For composites containing multiple delaminations, the contact effects between de- 

laminated surfaces become significant, and the proposed simple contact algorithm 

is shown to be very efficient for solving the problem. 

11. For a composite with a stiff core (0°), the composite buckles globally with all de- 

laminations closed, implying that the stiff core is potentially helpful for damage 

tolerance of composites for delaminations. For composites with a compliant core, 

the composite is more prone to delamination opening, and the postbuckling defor- 

mation depends on the configuration of the delaminations. 

12. The proposed sublaminate theory predicts buckling loads and mode shapes accu- 

rately for delaminated composites with significantly reduced computational cost and 

time compared to the layer-wise theory. For the postbuckling response, however, it 

is not as accurate as for the bifurcation case. This is because the coupling effects 

that comes from material anisotropy may be overlooked in sublaminate approach 

which is based on averaged properties of each sublaminate. The layer-wise ap- 
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proach, which models laminates layer-by-layer, is, therefore, preferred for more ac- 

curate postbuckling analysis of delaminated composites. 

As a natural extension of the present study, the following can be recommended: 

]. Buckling and postbuckling behavior of composites with delaminations under com- 

bined shear and compressive loads 

2. Thermal and moisture effects on the stability of composites containing delami- 

nations 

3. More rigorous approach for the vibration of delaminated composites, which can 

predict interaction between open and closed delamination states accurately. 

4. Delamination propagation with appropriate fracture criterion and final failure pre- 

diction of delaminated composites 
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Appendix A 

LAMINATE STIFFNESSES 

The laminate stiffnesses for both layer-wise and sublaminate theories are calculated to 

be 

N 

he 
(A aByo? A.383) = 2 (Mover Onsp3)h 
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(Expyeor E5383) = » (Hroveos Onsps)h" 

k= LO 
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(Expy 383) = » (Dos Onspa)h* 

k = L( max(i,s)) 

N 

I k 
Bye = » Orayealt 

k = LK max(i,s,u)) 
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i = K k 
Bye = » Ox Byca!t 

k = L{ max(,5,u,¥)) 
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For layer-wise model 

Lunw -1 
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For sublaminate model 

Aj—1 1 A: “y 

B. pyco = at [ B By — Z14.2)4 py ~ Hy [ Breve — 21 Aepyeo | 

A -1 
pl = ALS Al sp3 

  

Ht 

i n 2 4) 
Dipyoo = ’ a> 2 [ Bb Byes ~ 2214. oyB lavas + Ziy. rie +e UP [ D opye — 2216) Bh pyar + ZigyAapye 

  

¢+1) n 
apywo ~ ~ Hy [ Pheye — (2rg-1) + 2p)Bh Byw + Z1y- nz spre | 

‘ad a 
pi! A,383 Ay3p3 
  

a3p3 = (H’~') + (H’) 

A 
J 

pvtyve _ Acaps 
a3 £3 = (HP 

pe Aim] 

Fpyo = —— [Bie Z14-2yAapyoo | — Le aiBbyoo = 214g | j>itl 

l A Aj . 
xB = oy Braye — Ne j=itl 

  

1 Ay_y Ary ] A A . . 

Fepyco = = yin) aBya 214.2) Aapyn ~ yl [ Bayo ~ 2yAapre | J? max(i,s) +i 

Five) = —7 Le apyo a J = max(i,s) + 1 

LAMINATE STIFFNESSES 205



— Le ayo — 21 Above | J >max(i,r,s) + 1 
5) 

Fey = a —1 —— [2 “Bye ~ 214- Alive 

1 A; As . . 

Fepyo = ~ yl [ Beye ~ Zr) Adpyeo | J= max(i,r,s) +1] 

where 

L(p)-1 

H? = » (2p 41 — 2x) 
k=Lip—1) 

Lp) -1 
A k 
Alina = » QijekZn 41 — Zy) 

k=L(p—1) 

L(p) —1 
5 l k /.2 2 , 
Bin = 2 » Qiu z +17 zi) (i,j,k,/ = 1,2,3) 

k=Lip—1) 

Lip) -1 
A 1 k 3 3 
Dix =~ 3 » OinulZie + 1 Zi) 

k=L(p—1) 

LAMINATE STIFFNESSES 206



Appendix B 

STIFFNESS, GEQMETRIC STIFFNESS AND MASS 

MATRICES 

The element stiffness matrix [K] and geometric stiffness and mass matrices [G] for the 

axisymmetric model are calculated to be 
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The geometric stiffness matrix 
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The element stiffness matrix [K] and geometric stiffness and mass matrices [G] for the 

two-dimensional model are calculated to be 
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Appendix C 

DIRECT AND TANGENT STIFFNESS MATRICES 

The direct and tangent stiffness matrices and the force vector for the axisymmetric model 

are given as: 

(°K), = I [Arik y + Erie Wey + (Araby + Elie Wty ler 
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r 

The other components of [K], are the same as the ones given in Appendix B. 
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The tangent stiffness matrix 
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All the other components of tangent stiffness matrix are given as 
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The direct and tangent stiffness matrices and the force vector for the two-dimensional 

model are given as: 
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CNR = | Exaky + Ea Mi oh atte 

KP). = | lz LExprat, ab,y + Expyal’akey + Crab, y) + Expyotsat,y + Epis Wi, py, eid, 

The other components of [K], are the same as the ones given in Appendix B. 
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The tangent stiffness matrix is given 
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All the other components of tangent stiffness matrix are given as 
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