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(ABSTRACT) 

Numerical schemes are developed to study the impact response of composite 

structures to rigid (spherical masses) and flexible (uniform and nonuniform bars) 

projectiles. In the first phase of this study the impact response of imperfect ]aminated 

cylindrical panels to rigid projectiles is investigated. A 48 degree-of-freedom (DOF) 

shell finite element based on the classical laminated plate theory, which is capable of 

modeling geometric imperfections is used to model the shell. Linear and geometrically 

nonlinear transient responses are obtained using reduction methods based on the use of (i) 

natural modes and (ii) the Ritz vectors (also called Lanczos’ vectors) as the basis 

functions. The results obtained from these schemes are compared with those obtained 

using direct integration schemes, the Newmark-f and the Wilson-@ methods. The effect 

of number of reduced basis on the response is also studied. The impact loads are 

obtained using a modified Hertzian contact law by Tan and Sun. Effects of geometric 

imperfections and shell radius of curvature on the response are also studied. The present 

results are compared with those obtained experimentally at the NASA Langley Research 

Center. With one notable exception, a good agreement between the theoretical predictions 

and experimental results is observed.



In the second phase, numerical schemes are developed to incorporate the effect of the 

projectile flexibility on the impact response of structures. A step by step approach, in 

which the impact responses of increasingly complex structures, namely, the axial bars, 

beams, and shear deformable plates subjected to flexible projectiles (uniform and 

nonuniform bars) are obtained, is used. The target axial bar is-:modeled using two 

degree-of-freedom axial bar elements. For the projectile, two different finite element 

models using, an axial bar element and a six-degree-of-freedom axisymmetric solid 

element with a triangular cross-section, are employed. The axisymmetric element (from 

the general purpose code MSC/NASTRAN) is used for those cases in which the target 

axial bar area is smaller than the projectile area and a two dimensional modelling of the 

projectile is needed. The impact response is obtained using an explicit algorithm based on 

the central difference scheme. In the algorithm developed, the target is assumed to be at 

rest and the projectile is assumed to be moving at a constant velocity, the impact velocity. 

At time t=0, the projectile hits the bar. At each time step, and as long as the two bars, are 

in contact, we assume that the two impacting bodies have the same velocity. For each 

time step, an iterative procedure is incorporated to predict the force that will enforce the 

velocity condition described previously. The results obtained from this approach are 

compared with other analytical and experimental results available in the literature for the 

impact response of a Hopkinson's bar. A good agreement is achieved. The algorithm 

developed here is next applied to study the impact response of beams and generally 

laminated, skew trapezoidal plates subjected to low velocity impact of a non-uniform 

linearly elastic composite projectile. The beam is modelled using two different 

approaches: a four degree-of-freedom beam element and an eight degree-of-freedom 

plane stress element. For the case of laminated plates, a Ritz method based approach 

developed by Kapania and Lovejoy is used. The present approach can be easily extended 

to study the nonlinear impact response of geometrically imperfect plates and shells.
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1. INTRODUCTION AND LITERATURE REVIEW 

Composite materials and reinforced plastics are increasingly used in automobiles, 

space vehicles and pressure vessels. With the increased use of fibre-reinforced 

composites as structural elements, studies involving the behavior of shell components 

made of composites under impact and impulsive loading are receiving considerable 

attention. For a low-velocity impact, the damage of a composite laminate may not be 

visible until catastrophic failure is about to occur. 

The response of a laminated plate subjected to low-velocity impact by a foreign 

object has been studied by several researchers. Timoshenko (1913) presented the basic 

approach for the analysis of transverse impact of a beam by a sphere. Karas (1939) 

extended Timoshenko's (1913) approach to the analysis of the central impact of a 

rectangular simply supported plate. Early studies in the area of impact loading also 

include transient and forced motion of isotropic linearly elastic plates and cylindrical 

Shells with time-dependent boundary conditions and acted upon by time-dependent 

surface tractions. Mindlin (1951) demonstrated the influence of rotatory inertia and shear 

deformation on the flexural motion of isotropic elastic plates. Similar studies were 

reported on the wave motion of thick cylindrical shells by Mirsky and Herrmann (1958). 

The transient response of isotropic and laminated plates subjected to dynamic loading 

was investigated by analytical and numerical methods. Goldsmith (1960) used the normal 

modes method to determine the dynamic response of an isotropic plate or beam to a rigid 

impactor. A comparison of shell theory with elasticity theory was made by Weingarten 

and Reismann (1973) on a finite, moderately thick isotropic elastic cylindrical shell 

subjected to an external step pressure over a limited area. Forced response of a cylindrical 

shell subjected to longitudinal tensile step forces at both ends was investigated by Huang 
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(1975). Transient response of laminated plates has been obtained by Reddy (1982), Sun 

and Chen (1985), and Bert (1985). Chao et al. (1985), and Chao and Lin (1990) 

conducted investigations regarding dynamic response of an orthotropic cylindrical shell 

under harmonic loading and dynamic buckling of orthotropic spherical shells under 

uniform step pressure. Also, Chao et al. (1986) studied the problem of impact response of 

orthotropic cylindrical shells subjected to special forms of loadings which were suddenly 

applied to the outer surface of the cylinder. These included a unit step pressure 

concentrated (1) at the top of the mid-span, (ii) distributed along the line segment in the 

axial or circumferential direction, (iii) over a small area, (iv) a concentrated unit impulse. 

Later, using the Modal Superposition Method (MSM), Chao et al. (1991) and Chao and 

Tung (1992), studied impact problems of laminated plates and shells . Ramkumar (1982) 

carried out an experimental investigation on the effects of low-velocity impact damage 

on the static strength and lifetime of laminates. Abrate (1991) conducted a comprehensive 

review of the literature concerning foreign object impact to composite materials. Abrate 

(1991) reviewed the impact of a foreign object that occurs on a beam, plate, or shell away 

from ply-drops, joints, stiffeners, and others discontinuities. Prasad et al. (1993) studied 

the transient response of simply supported, rectangular laminated composite plates 

subjected to impact loads generated by airgun-propelled or dropped-weight impactors. 

They obtained the impact response using a first-order shear deformation theory to 

represent properly any local short-wave-length transient bending response. 

In early studies, the cylindrical orthotropic laminate was assumed to be a thin 

cylindrical shell, the boundary conditions were assumed to be simple supports and the 

temporal impact loads were assumed to act over a constant area. This reduces an 

otherwise complex problem to one with tractable closed-form analytical solutions. 

Ramkumar and Chen (1983) extended an earlier study by Ramkumar (1982) to an 

anisotropic laminate including bend-twist coupling and assumed that the contact area 
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varies with time. They used Fourier integral transforms to find the response of an infinite 

anisotropic laminated plate to an experimentally determined impact load. Thangjitham et 

al. (1987) obtained low-velocity impact response of orthotropic plates using a higher- 

order theory which incorporates the transverse normal stress and rotary inertia effects and 

fulfills the shear stress condition on the bounding surfaces. Sun and Liou (1989) used a 

three-dimensional hybrid stress finite element method to investigate laminated plates 

under impact loads. Bachrach and Hansen (1989) developed a mixed variational element 

by choosing independent displacement and stress fields using the Hellinger-Reissner 

variational principle in the time domain, so that the element can better approximate pure 

bending. Cairns and Lagace (1989) obtained transient response of graphite-epoxy and 

aramid-epoxy laminates subjected to impact using a Rayleigh-Ritz method. Ramkumar 

and Thakar (1987), in their analysis of dynamic response of cylindrical laminated panels, 

used Donnell’s equations for thin shells. The impact force was assumed to vary linearly 

with time, and Dobyn's (1981) procedure was used to solve for the response. The solution 

procedure was based on solving the coupled governing equations, between the Airy stress 

function and shell deformation, using Fourier series expansions for the variables. Argyris 

and Tenek (1994) applied the Natural Mode Method and formulated an appropriate linear 

and geometrically nonlinear theory which was implemented on a model three-node 

multilayered triangular facet element which incorporates the effect of transverse shear 

deformation and is intended for the nonlinear analysis of large and complex isotropic and 

composite structures. 

Lin and Lee (1990) studied the dynamic responses of composite laminated plates and 

shells due to inelastic impact by using the finite element method. In the inelastic impact 

analysis, the structure was considered to be elastic, but the loading was idealized as 

inelastic. In order to simulate a shapeless projectile impact, such as the impact of wave or 

liquid, the inelastic impact was used to model the contact behavior between the projectile 

3



and the impacted node of the finite element. The authors assumed that in the initial state, 

the structures are at rest and the projectile is moving with constant velocity. 

Subsequently, as the impact occurs, the projectile hits the plate or shell and sticks on the 

impacted node of the finite element. To solve the set of finite element equations, a 

modified isoparametric linear shell element was used. For the shell element used, the 

shear deformation and rotatory inertia were taken into account together with the theory of 

conservation of momentum. The Newmark-f method was used to obtain the transient 

analysis. 

Christoforou and Swanson (1990) performed an analysis that predicted the response 

of a simply-supported orthotropic cylindrical shell under impact loads. The impact force 

was assumed to be distributed over a small rectangular area. Swanson (1992) showed that 

under certain conditions it is convenient to use the "quasi-static" approximation, whereby 

only a static solution is required to relate the forces, stresses, and strains in the structure 

to the impact loading. However, under other conditions the dynamic effects in the 

structure become important, and thus a full dynamic solution is required. The question 

that arises from Swanson's study is whether it is possible to determine the limits of 

applicability of this solution. Swanson (1992) using known dynamic solutions for 

orthotropic plates and cylinders obtained and compared solutions with quasi-static 

approximations. Then, a dimensionless parameter consisting of the ratio of the mass of 

the impactor to the "effective" structure mass was developed which permited 

identification of the range of applicability of the quasi-static solution. Dynamic and static 

frictional problems were described by Lee and Oden (1994) using the normal compliance 

law on the contact boundary. Dynamic problems were recast into quasi-static problems 

by time discretization. An a posteriori error estimator was developed for a nonlinear 

elliptic equation of corresponding static or quasi-static problems. Also an adaptive



strategy was introduced and h-p finite element meshes were obtained through a procedure 

based on a priori and a posteriori error estimations. 

For the study of impact response of metals and composites, many researchers 

[Goldsmith (1960), Timoshenko (1913), Sun and Chattopadhyay (1975), Ramkumar and 

Chen (1983), Petersen (1985), Thangjitham et. al., (1987), Sun and Liu (1989), Cairns 

and Lagace (1989)] used the Hertzian contact law which relates impactor and plate 

motion with contact force. However, by performing statical indentation tests on 

graphite/epoxy composite laminates using spherical steel indenters of different sizes, 

Yang and Sun (1981) found that the Hertzian contact law was not adequate for impact 

studies. They found that significant permanent indentations existed. In order to account 

for the permanent indentation, Tan and Sun (1982) proposed a modified Hertzian contact 

law following Yang and Sun (1981). They compared experimental results with 

predictions of finite element analysis using the statically determined contact law. Sun and 

Chen (1985) analyzed initially stressed composite plates under impact loads using this 

modified Hertzian contact law. It is noted that Bogdanovich and Yarve (1989) proposed a 

method which combined calculation of stress-strain state in a laminated plate on the basis 

of spline-approximation of displacements with the variational approach to the calculation 

of the process of impact contact interaction between the indentor and the plate. This 

method was subsequently extended to the calculation of damage zones in laminated 

composite plates subjected to low velocity impact (Bogdanovich and Yarve, 1990). An 

impact model for the impact of a spherical indentor and a transversly isotropic half-space 

was presented by Yigit and Christoforou (1994). They used an elastic-plastic contact law 

which incorporates permanent local deformation in their dynamic analysis. Matemilola 

and Stronge (1995) presented an analysis of the dynamic response and stresses in a 

flexible carbon fiber composite strip that is struck by a rigid missile. The relative 

approach between the colliding missile and the strip is obtained in a stepwise fashion in 
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the time domain by considering the compatibility of forces and displacements at the 

interface. The stresses in the region of contact are calculated using Hertz contact theory 

modified to represent material anisotropy. Mittal and Khalili (1994) studied the problem 

of transverse impact on large orthotropic elastic plates and obtained the contact force 

through Sveklo’s contact theory for anisotropic bodies. 

Nosier, Kapania and Reddy (1994) made efforts to analytically study the impact 

problem of laminated composite plates. The contact force was determined using the 

piece-wise linear Lagrange and Hermite Cubic functions. A contact law which 

incorporates permanent identation was also taken into account. A three-dimensional 

elasticity solution for the free vibration analysis of general cross-ply laminated plates was 

carried out by combining Fourier series solution with a state space representation and the 

transfer matrix approach. The accuracy of the various single layer theories and a 

layerwise theory with the elasticity solution was confirmed. A key feature of the approach 

developed by Nosier, Kapania and Reddy (1993) was that both the impact force and the 

resulting responses were obtained simultaneously. 

Most of the impact problems have been formulated using the small deflection theory 

which is adequate if the impact load is small. However, if a plate undergoes large 

deflections (of the order of the plate thickness), it is necessary to include geometric 

nonlinearities. Chen and Sun (1985) investigated nonlinear transient response of 

composite laminates subjected to impact loads with initial stresses. Using a finite element 

approach based on the Mindlin plate theory in conjunction with an experimentally 

established contact law by Tan and Sun (1982). Kant and Mallikarjuna (1991) used a 

higher-order theory and C9 finite elements to analyze a laminated plate under impact 

loads. These authors used the modified Hertzian contact law by Tan and Sun (1982). Obst 

and Kapania (1992) developed a finite element to study the static, dynamic, linear and 

nonlinear responses of general laminated beams using Reddy's (1990) third order shear 
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deformation theory. Matsuhashi et. al., (1993) studied the nonlinear transient global 

response of shear deformable composite laminated plates subjected to impact loading 

using the Rayleigh-Ritz approach. Gong et. al. (1995) presented a set of analytic 

equations to predict the dynamic response of simply-supported, doubly curved, cross-ply 

laminated shells impacted by a rigid impactor. The solutions are based on a higher-order 

shear deformation theory (HSDT) which accounts for the parabolic distribution of 

transverse shear strain through the thickness of a shell and tangetial stress-free boundary 

conditions on the surface of the shell. 

Palazotto et. al., (1992) studied the response (including damage) of graphite/epoxy 

cylindrical panels by impacting them in the center. Time histories for load, deflection and 

strain were obtained for six symmetric lay-up configurations for energies 0.5-4.5 ft-lb. 

The internal damage consisted of both delamination and transverse cracking. A 

geometrically nonlinear finite element analysis was also performed. The analysis, which 

included the shear effects, predicted the longitudinal strain quite close to its experimental 

counterpart. However, the analysis substantially underpredicted the circumferential 

stresses. The authors attributed this to reduced transverse stiffness due to material] failure 

in the transverse layers. Combined experimental/analytical studies on impact response of 

plates and shells was also performed by Montemurro ez. al., (1993). The analysis was 

performed using a cubic isoparametric Mindlin/Reissner element that also included a 

progressive damage formulation. The effect of finite element mesh on damage was also 

studied. The experiments were conducted to study the impact of a quasi-isotropic plate. 

When the shear strength was modified to account for ply orientation, the response and 

extent of damage as obtained from analytical and experimental results agreed. The 

influence of large displacement effects of thick laminates subjected to impact-energy 

levels corresponding to damage initiation was also studied by Ambur ez. al. (1993). They 

used an analytical procedure for determining the transient response of simply supported, 
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rectangular laminated composite plates subjected to impact loads from airgun-propelled 

and dropped-weight impactors. A first-order shear-deformation theory was included in 

the analysis to represent properly any local short-wave-length transient bending response. 

They also performed experiments to validate their analytical results. Ambur et. al. (1993) 

and Matsuhasi et. al. (1993) studied the effect of membrane stiffening in clamped beams 

and plates subjected to impact. Razi and Lindsay (1987) developed an analysis method 

for predicting the response of simply supported orthotropic cylinders subjected to low- 

velocity impact . 

In the various studies on the impact response of laminated plates, the effect of 

geometric imperfections has not been included. The geometric imperfections are known 

to significantly change the free vibration and dynamic response behavior of structures. 

Watawala and Nash (1983) studied the free and forced motions (due to base excitation 

caused by seismic effects) of imperfect circular cylindrical shell. It was concluded by 

these authors that the geometric nonlinearity plays a significant role in the dynamic 

response of a cylindrical shell if the displacements are equal to, or greater than, one half 

of the shell thickness. In subsequent studies, Byun and Kapania (1992) and Kapania and 

Byun (1993) investigated the effect of geometric imperfections on geometrically 

nonlinear impact response of thin laminated plates using the finite element method. It was 

observed that geometric imperfections cause significant changes in the impact response 

of thin laminated plates. 

Current nonlinear impact models based on the finite element method [Chen and Sun 

(1985), Kant and Mallikarjuna (1991)] may take several hours of CPU time on large 

computers to analyze one impact scenario. Kapania and Byun (1992 and 1993), studied 

the effectiveness of currently available reduction methods of reducing the computer time 

required to obtain geometrically nonlinear response under impact loads. Reduction 

methods may be used to obtain the response by reducing computational time but still 

8



retaining desirable accuracy of the solution. The idea of reduction methods is to reduce 

the size of the large system of governing equations and, thus, reduce the computational 

effort involved in the solution of the problem. The reduction of the problem size is 

achieved by approximating the vector of discrete fundamental unknowns by a linear 

combination of a small number of global approximation functions called basis vectors. 

Kapania and Byun (1993) were able to reduce the CPU time by only 7% for the problems 

related to nonlinear impact response studies. However, the reduction was substantial for 

other nonlinear transient problems. 

Generally, prediction of impact force is based on data for the materials and 

geometries of the impacting bodies, and the impact velocity, in conjunction with an 

impact model. Additionally, so far the studies presented, were based on the fact that the 

impactor was rigid with a spherical tip. Lundberg and Lesser (1978) presented a method 

for synthesizing non-uniform linearly elastic projectiles that generate given impact forces 

on given targets. Later, Odeen and Lundberg (1991) developed the impulse response 

method. This method predicts the impact force history from the velocity response of each 

impacting body to an impulsive force applied to its impact face, and the impact velocity. 

The impulse responses of the impacting bodies can be either measured or predicted. They 

used Fourier transforms, discrete Fourier transform, and the fast Fourier transform to 

predict the impact force. They also performed measurements to obtain impact force 

histories and compared these with those obtained analytically. Karaoglan and Springer 

(1993) developed a finite element method to calculate the behavior of an axisymmetric 

composite body of revolution impacting on an anisotropic surface. The target may be a 

semi-infinite body or a simply supported or clamped panel, while the impact velocity 

may be such that the impactor penetrates the target.



1.1 Objectives 

The purpose of this study is to investigate the effect of rigid and flexible (uniform and 

non-uniform) composite projectiles on the impact response of composite structures using 

the finite element method. The study focuses upon the nonlinear response of 

geometrically imperfect thin laminated curved panels subjected to impact from a low 

velocity foreign object. Approximate solutions are obtained using reduction methods. To 

study the effect of the projectile’s flexibility, numerical schemes based on the finite 

element analysis are developed using a step by step approach. The impact response is 

obtained using explicit algorithm based on the central difference time integration rule. 

The main objectives of this study are: 

(A) Compare the impact response of geometrically imperfect laminated panels, with 

available analytical as well as experimental results, to determine the effect of the 

thickness of panels and the shapes of geometric imperfections on the impact 

response of the panel. 

(B) Study the effect of the projectile’s flexibility on the impact response of axial bars, 

beams and shear deformable plates. 

An outline of the study follows: 

The work described in chapters 2 and 3 attempts to predict the impact response of 

imperfect cylindrical laminated panels. A 48 degree-of-freedom (DOF) finite element 

based on the classical laminated plate theory is used to model the structure. The nonlinear 

and linear impact response is obtained by using two methods: a modal superposition 

method (MSM) and a reduction method based on Ritz vectors (R-R). The effect of 

number of modes used in the analysis is also studied. The modified Hertzian law by Tan 

and Sun (1982) is incorporated to evaluate the impact loads due to a projectile. Different 

radii of curvature are used in order to study the effect of the radius of curvature on the 
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impact response of laminated cylindrical panels. The effect of geometric imperfections on 

the impact response is also studied. In chapter 3 existing analytical results will be 

compared with the experiment performed at NASA Langley Research Center in order to 

validate the finite element modeling described in chapter 2. 

Subsequently, in chapter 4, methods that are simple in logic and structure are 

developed to predict the normal force generated by the impact of a non-uniform linearly 

elastic composite projectile on a Hopkinson bar. Two methods were developed. The first 

method is a variation of the impulse response method [Odeen and Lundberg (1991)] 

using the modal superposition method to calculate the impulse responses of the projectile 

and the bar and the composite trapezoidal rule for the numerical integration required to 

obtain the impact force. Next, a method based on the finite element analysis is developed 

which permits the prediction of impact force history using an explicit algorithm that uses 

the central difference time integration rule. In the previous two analyses one-dimensional 

modelling was used. Using the first method the need for a two-dimensional modeling of 

the projectile is investigated making use of the general purpose program 

MSC/NASTRAN. 

In chapter 5 the finite element method developed in chapter 4 is extended to predict 

the response of beams and generally-laminated, skew, trapezoidal plates subjected to low- 

velocity impact of a non-uniform linearly elastic composite projectile. Unlike most of the 

methods developed so far it does not require the knowledge of contact law and the shape 

of the projectile need not be spherical but any non-uniform linear elastic composite 

projectile can be used. Using this approach the flexibility of the projectile is also taken 

into account. 
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2. GEOMETRICALLY NONLINEAR IMPACT RESPONSE OF THIN 

LAMINATED IMPERFECT CYLINDRICAL PANELS 

2.1 Overview 

The response of laminated structures to impact loads has been a problem of 

considerable interest and concern in recent years, as these composite structures are known 

to be sensitive to impact loads. It has drawn attention from many researchers in the fields 

of penetration mechanics, armor resistance, car collision and aircraft crash. For a low- 

velocity impact, the damage of a composite laminate may not be visible until catastrophic 

failure is about to occur. 

Although a large number of studies dealing with impact response of flat laminated 

panels has been conducted in the past, relatively little work seems to be available on 

impact of laminated cylindrical panels. In this work an analytical study is conducted to 

predict the nonlinear transient response of thin imperfect laminated cylindrical panels 

subjected to impact loads. The imperfect panels are modeled using a 48 degree-of- 

freedom (DOF) finite element based on the classical laminated plate theory. Linear and 

nonlinear transient responses are obtained using the modal superposition method (MSM) 

and a reduction method based on Ritz vectors (R-R), both in conjunction with direct 

integration schemes (Wilson-8 or Newmark methods). The effect of the number of modes 

used is also discussed. A modified contact law is incorporated to evaluate the impact 

loads due to a projectile. Different non-dimensional shell radii [r/h] are used in order to 

study the effect of the non-dimensional shell radii [r/h] on the impact response of 

laminated cylindrical panels. The effect of geometric imperfections on linear and 

nonlinear transient response under sudden impact loads is also analyzed. Both MSM and 
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R-R methods used in the analysis are found to have acceptable accuracy and the 

accuracy increased with the number of modes used. 

2.2 Finite Element Formulation 

A doubly-curved thin plate/shell element capable of modeling arbitrary geometric 

imperfections is used in this study. The element was previously presented by Kapania and 

Yang (1986). The element was later extended to study the large-displacement behavior of 

laminated anisotropic plates and shells (Saigal et. al., 1986) and the buckling, 

postbuckling and nonlinear vibrations of imperfect plates (Kapania and Yang, 1987). 

The element is quadrilateral in shape and has four nodes, one at each corner. Each 

node possesses 12 DOFs: ul, ou! /o€e, oul Jan, a?ul/ O€On and similar quantities for 

us and we, where ui u- and wo are the displacement components in Cartesian 

coordinates x) x? and x, respectively, and € and 77 are the curvilinear orthogonal 

coordinates on the middle surface of the shell. 

The modeling of geometric imperfections is general with respect to the geometry of 

the imperfections. The Cartesian components of the imperfections vy vy and y> of the 

middle surface of the thin shell element are described by polynomial functions of the 

local coordinates € and 7 (Kapania and Yang, 1986) as 

mj mi I N i ; v (En)= cig i= 1,2,3. (2.1) 
j=l 

In Eqn (2.1), the constants mj and nj define the powers of ¢ and 7, respectively, for 

; ; ; l ; 
the jth term. The constants Cc; are solved for the imperfections vat N selected points on 

the middle surface of the element. 
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For the response of a panel subjected to impact loads due to an impactor, the system 

of equations is composed of two sets. One is the equation of motion for an impactor, 

written as 

m +F=0 (2.2) 
sds 

where m, is the mass of the impactor and F is the contact force. The other is the set of 

discretized equations of motion for the panel. The finite element equations of motion 

without damping can be constructed in different ways. In the linearized incremental form, 

those equations can be written as 

Mq+KrAq =F -f (2.3) 

where M and KT are the mass and tangent stiffness matrices; F is the contact force 

vector; f is the nodal force vector corresponding to the element stress; and gq andq are the 

displacement and acceleration vectors of the finite element assemblage. The matrix KT is 

given by Saigal et al. (1987). Consistent formulations were used in this study to 

determine the mass matrix. The element is based on the classical laminated plate theory 

and this program will be referred to as the CLPT program from now on. 

Since the contact force, F, depends on the indentation defined as 

= qs —Ws (2.4) 

where gq, is the position of the impactor and w, is the displacement of the cylindrical 

panel at the corresponding point, and in turn, both displacements depend on the contact 

force, the two sets of equations (2.2) and (2.3) must be solved simultaneously by using 
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an iterative scheme. In addition, the contact force can be obtained using the well-known 

Hertzian law (Goldsmith, 1960) or a modified Hertzian law based on experiments (Tan 

and Sun, 1982). Details about the contact force calculation are given in the following 

section. Once the contact force is obtained, Eqn (2.3) can easily be solved to obtain the 

whole response of the plate by means of numerical integration methods (the Newmark 

method is used in this study). 

2.3 Indentation Law 

The value of the contact force depends on a contact law which correlates the contact 

force to the amount of indentation. For example if low-velocity impact is considered the 

local deformation between the impactor and the structure is regarded as elastic, the 

Hertzian law can be employed for isotropic materials. However, due to inhomogeneous 

and anisotropic nature of composites, the contact behaviour becomes much more 

complicated. The Hertzian contact law might not be adequate in the analysis of the 

contact formulation between the impactor and composite laminates. Tan and Sun (1982) 

have shown that a modified Hertzian contact law established by using the static 

indentation test is a good representation of the real contact of composite laminated panels. 

This contact law accounts for permanent identation through unloading and reloading 

cycles. 

The contact law by Tan and Sun (1982) for a 20-ply [0° / 45° /0° / -45° /0° hos 

graphite/epoxy laminate with thickness of 0.269 cm is given as 

Loading: F= Kol, 0<A< Ay 

Unloading: F = Fy(—-—"$2-)" 

Reloading: F = Fy(———--)7/? 
Am — 20 
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where the contact coefficient, K, and the exponent, r, are experimentally determined. For 

a spherical steel impactor of /.27 cm diameter, K and r were found to be /.4/3x/ 06 

N cm-£.5 and 2.5, respectively. Fy, 1s the contact force at which unloading begins,a@,, is 

the indentation corresponding to Fy, and @g denotes the permanent indentation in an 

unloading cycle. The value of a is given by 

_ [Blan —a if Om >a p 

ao ={ ( "0 P) if Am <Q@p 

where 8 and a p Were found to be 0.094 and 1.667x10-2 cm, respectively. 

2.4 A Reduction Method without Basis Updating 

The first idea, in order to generate a convenient basis vector, is to consider the 

incremental equilibrium equations of motion without damping. By assuming small 

amplitude vibrations about an equilibrium state, the frequencies and mode shapes of free 

vibration are given by 

Kr; = 07 M9; (2.5) 

In earlier works done by Horri and Kawahara (1969), Nickell (1976), Morris (1977), 

and Remseth (1979), the change of basis was performed in each time step using the mode 

shapes corresponding to time”t" to account for the nonlinearity in the governing 

equilibrium equation of motion. However, Bathe and Gracewski (1981) suggested that it 

may well be more efficient not to establish a new stiffness matrix at each time step and 
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instead iterate a few more times. In this case, neglecting damping, the dynamic 

equilibrium equations at time f+Af are: 

i-1) i 0. li 
mat, r KPAg'") = Feat - 4 (2.6) 

where Ko is the stiffness matrix corresponding to the configuration at time t=0. The 

superscript inside the parentheses denotes the iteration index at each time step. It is noted 

; oo, , 0 0 1 
that iteration index starts from i=/ and qf o = qt, rt 0 = f; and Aq’ ) = Aq. 

0 Although the constant stiffness matrix Kr is used in time integration, all nonlinearities 

are included in the evaluation of the internal load vector, pb . However, because the 

stiffness matrix is not updated at each time step, the solution generally requires a large 

number of equilibrium iterations. 

Then, the unknown displacements are approximated by using modal coordinates 

Vin at ~ Petar (2.7) 

here @ is a matrix containing the dominant M normal modes in the modal matrix and 

ZeLAt is the vector of modal participation factors at time t+At Since M << N, the 

approximately equal sign is used in Eqn (2.7). 

However, it must be noted that by selecting M sufficiently large, the error in the 

solution can be significantly reduced. Substituting Eqn (2.7) into Eqn (2.6) and 

premultiplying by ®1, the incremental equilibrium equations in the new basis are 

obtained as 

3) $Q2 Ag) =o! (F fF) (2.8) 
t+At Ar rer 
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where Q° is a diagonal matrix containing square of the eigenfrequencies. It is noted that 

the dynamic equilibrium equations in the modal coordinates are still coupled because the 

nodal force vector pop can only be evaluated once all displacements are known. This 

is in contrast to the linear theory. However, since left hand side of Eqn (2.8) is decoupled 

by keeping the stiffness matrix constant and only M equations are considered (MU << N) 

the solution of the eigenvalue problem in Eqn (2.5) plus the step-by-step solution of Eqn 

(2.8) can be significantly more cost-effective than the direct step-by-step solution of Eqn 

(2.6). In addition, since the instantaneous eigenvalues of the system are continuously 

changing during the nonlinear response and the accuracy of the predicted response 

depends entirely on the quality of the basis vectors used, the aforementioned procedure 1s 

probably best employed in the analysis of only slightly nonlinear systems or systems with 

only local nonlinearities. 

2.5 A Reduction Method based on Ritz Vectors 

In this study, the reduction method is only applied to the incremental equilibrium 

equations of motion. Eqn (2.3) can be replaced by a reduced system of equations by 

means of a Rayleigh-Ritz technique. This can be done by approximating the 

displacements g by the linear combination of M linearly independent vectors: 

q= '% (2.9) 

where ¥ is the transformation matrix formed with M (VM << N) basis vectors and z is 

the vector of reduced generalized coordinates (dimension M). Some of the possible 

candidates for basis vectors would include eigenvectors, Ritz vectors, and derivatives of 
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the above vectors with respect to the generalized coordinates. Using Eqn (2.9), the 

governing equilibrium equations of motion are obtained as: 

Mq@+KrAq =A (2.10) 

where 

M =¥' MY 

Ky = # Kp 

T+ At = YF at ~fizat) 

Ag = 24 Ay ~ 24° 

The reduced nonlinear equations of motion, Eqn (2.10), are transformed into algebraic 

system of equations by using the Newmark constant-average acceleration method. In this 

study, the algebraic system of equations is solved by using LDL! decomposition and 

backward and forward substitution. After solving Eqn (2.10) at every time step, the 

original unknown displacements are obtained by means of Eqn (2.9). It should be noted 

that the basis vectors used in Eqn (2.9) may be changed at every time step or periodically 

to represent nonlinearity in the governing equations of motion properly. 

The use of a set of orthogonal vectors, called Ritz vectors, as the basis vectors was 

suggested by Wilson et al. (1982). It is noted that the algorithm for generating Ritz 

vectors is identical to the Lanczos algorithm (1950), except for the choice of the starting 

vector and the re-orthogonalization procedure. In the Lanczos algorithm, any arbitrary 

starting vector can be used, but the static response of the system is used as a starting 

vector in the algorithm proposed by Wilson et. al., (1982). Also, all the previous vectors 
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are used in the M-orthogonalization of the next vector in the algorithm (Wilson et. al., 

1982), while only the two preceding vectors are used in the Lanczos algorithm. 

Ritz vectors have two primary advantages over eigenvectors: (1) They are easier to 

generate because of fewer computational operations than those needed for eigenvectors. 

The reduction of computer cost is greater for a large structural system. (2) They can 

account for the spatial load distribution (which is very important for discontinuous loads), 

which the eigenvectors ignore. 

The algorithm for generating M-orthonormalized Ritz vectors can be written as follows 

* . 

ATY,,, =My;. 121 

; . il 
Wit1 =Vi,,- SCY; 

j-l 
* 

  

wl Cp = Vi MY, (2.11) 

uF Wi+l 
i+] 1/2 T ~ 

The first vector y, is selected to be the static response, 1.e., 

KT Wy] =r 

(2.12) 

_ WI 
W] = 7... 2 

(vj Mi} 
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where r is the vector representing the spatial distribution of the applied loads. Once all the 

basis vectors are generated, the reduced set of equations of motion is obtained by 

following the procedure explained in the previous section. 

Due to continuously changing characteristics of the nonlinear system, the basis needs 

to be periodically updated so that it can adequately represent the system's response. A 

weighted error norm of the unbalanced force vector that indicates the need to perform a 

basis updating was defined by Idelsohn and Cardona (1985a). Whenever the measure 

exceeds a predefined tolerance, a basis updating is performed. For forced vibrations, the 

generation of current Ritz vectors is the same as the generation of the initial set of Ritz 

vectors. For residual vibrations, the first basis vector of the current state is generated 

from a modification of Egn (2.12) as 

KT W] =My10 

(2.13) 

_ W] 
YW] = tT... 2 

(y} uy} 

where yy ¢ is the first basis vector of the initial state. The additional current basis vectors 

are generated in the same manner as used in generating the initial basis, i.e. Eqn (2.11). 

Then, at each updating the current Ritz vectors are added to the basis by the M- 

orthonormalization procedure (Kapania and Byun, 1993). In order to avoid any 

progressive deterioration of the basis, the initially computed vectors are retained 

throughout the analysis in the set of the basis vectors. It should be noted that excessive 

updating of basis vectors results in an instability of the solution of the reduced equations 

of motion [Idelsohn and Cardona (1985b), Kapania and Byun (1993)].



After the basis vectors have been updated, the reduced set of equations of motion, 

Eqn (2.10) is constructed again. Once Eqn (2.10) has changed according to the new basis 

vectors, the initial conditions of the reduced generalized coordinate should be changed as 

described in Kapania and Byun (1993). It is noted that the first M@ elements of the new 

initial conditions are identical to those of the current generalized coordinate and the rest 

of the new initial conditions are zero after the first updating due to the M-orthogonality of 

the basis vectors. 

2.6 Results and Discussion 

2.6.1 Verification 

Before performing impact studies, an evaluative analysis was performed to study the 

response of laminated cylindrical panels to dynamic (simulated impact) loads (Ramkumar 

and Thakar, 1987). The laminate was fabricated from AS1/3501-6 graphite/epoxy 

prepreg. The laminated cylindrical panel is a 48-ply [(#45° /05)2 / 445° / 0° / 90° ]pg 

laminate with thickness of 0.635 cm. The dimensions are, for the longitudinal side 60.96 

cm and for the curved one 20.32 cm. The test case considered refers to a simulated low 

velocity impact test on a thick cylindrical laminate with non-dimensional shell radius 

[r/h] of 4000. It was impacted by a spherical-tipped impactor with tip radius of 0.159 cm. 

Figure 1 presents a comparison for the central deflection prediction by both the analysis 

developed by Ramkumar and Thakar (1987) and the current analysis and it also includes 

the time history of the applied force. Both analyses used 5 modes to obtain the results 

shown in Figure 2.1. As shown in Figure 2.1, a very good approximation is observed for 

both methods. Very small differences between the two analyses can be attributed to the 

fact that the analysis developed by Ramkumar and Thakar (1987) assumes the contact 

force history due to the impact phenomenon to be a known input whilst the current 

analysis does not. Furthermore in the present study the area of contact between the 
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Fig. 2.1. Variation of deflection at impact location with time. 
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projectile and the laminated cylindrical panel is not taken into account as was done by 

Ramkumar and Thakar (1987). 

2.6.2 Impact Response Analysis 

The laminated composite cylindrical panel considered is a 20-layered 

[0° / 45° 0° / -45° / 0° Io. laminate. The panel dimensions @ and B are 15.24 cm and 

10.16 cm, respectively. The thickness of the panel, denoted by ho, is 0.269 cm. The 

cylindrical panel is assumed to be impacted at the center by a spherical steel impactor of 

diameter /.27 cm with an initial velocity vo of 3 ms-/ as shown in Figure 2.2. The 

motion of the impactor is along the positive z-direction. The mass density of the impactor 

is 7.96x10-2 Ns2cm-4. The boundary conditions are simply supported and immovable in 

the planes along the panel's edges. The material properties of a graphite/epoxy lamina are 

assumed to be: EJ=/20 GPa, E2=7.9 GPa, v]2=0.30, G]2=G23=G]3=5.5 GPa, and 

p=1.58x10-Ns2cm-4. 

  

  

B =10.16cm 

ao =15.24cm > 

y 

h_ =0.269cm 

[07/45107-45:0), ° 
S 

Fig. 2.2. A laminated cylindrical panel subjected to impact load at the center 

The finite element mesh used in this analysis is an 8x8 finite element mesh (for the 
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whole panel). The contact force histories and central deflections of the cylindrical panel 

were obtained by using both the mode superposition (MSM) and the Ritz reduction (R-R) 

methods for three different shell radii. The nondimensionalized shell radius defined as 

ro/hg was used. The contact force histories and central deflections of the cylindrical 

panel were obtained using a time step of 2s. 

The linear analysis is initially performed using both reduction methods, with and 

without updating the basis vectors. The central deflection and contact force histories 

were obtained by using 40 and 60 basis vectors in the analysis of the three cylindrical 

panels. The results, Figure 2.3, regarding the central deflection showed very good 

approximation for both methods. Although the results obtained by both methods were 

very satisfactory, the CPU time required by the Ritz reduction method was smaller (on 

the average 5.5 times less when the number of vectors used is 60) than that required by 

the mode superposition method, as shown in Table 2.1. 

Table 2.1. Comparison between the CPU time required for the modal superposition 
method (MSM) and Ritz reduction method (R-R) (linear analysis). 

  

  

  

  

  

  

  

  

    

Nondimensional shell CPU time (x104 seconds) 

radius (7h ) Number of modes MSM Ritz vectors 

4000 6 0.1041 0.0143 

20 0.1068 0.0161 

40 0.1108 0.0185 

60 0.1163 0.0210 

1000 40 0.1088 0.0189 

60 0.1176 0.0215 

250 40 0.1067 0.0188 

60 0.1163 0.0214         
  

25



Next, the nonlinear analysis is performed. At first, the reduction method without basis 

updating is used and all nonlinearities are included in the evaluation of the nodal force 

vector corresponding to element stresses. The central deflection and the contact force 

histories obtained by using 40 and 60 vectors. Subsequently, the nonlinear analysis is 

performed with basis updating, in which basis vectors are updated at a preassigned 

frequency. The results were obtained by updating the basis vectors three times at time 

t=100, 200, 300 ps with 20 current Ritz vectors in addition to 40 and 60 initial Ritz 

vectors. Although, the results for the central deflection histories are identical, as shown in 

Figure 2.4, there are some minor differences for the case of the contact force, as shown in 

Figures 2.5-2.7. The contact force histories obtained with the mode superposition method 

did not show as many fluctuations during the first contact as in the Ritz reduction 

method. It is interesting that as for as CPU time is concerned, the results are opposite to 

those for the linear impact response. As shown in Table 2.2, the CPU time required by the 

Table 2.2. Comparison between the CPU time required for the modal superposition 
method (MSM) and Ritz reduction method (R-R) (nonlinear analysis). 

  

  

  

  

  

  

    

Nondimensional shell CPU time (x 104 seconds) 

radius (th ) Number of modes MSM Ritz vectors 

4000 40 0.5237 1.6185 

60 0.5297 1.8960 

1000 40 0.5245 1.6403 

60 0.5333 1.9058 

250 40 0.5265 1.6343 

60 0.5285 1.8953           
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Ritz reduction method is about 300% larger than the modal superposition method, with 

both methods requiring enormous CPU time. One reason for this enormous CPU time is 

the fact that the evaluation of the nodal force vector corresponding to element stresses 

takes approximately 90% of CPU time in each time step. Thus, only a small portion of 

computational time can be reduced using the reduction methods. 

Table 2.3 shows the effect of the choice of number of modes in the modal 

superposition (MSM) and the Ritz reduction (R-R) methods on the prediction of the 

maximum central deflection and contact force at the same time "t”. The results shown in 

Table 2.3 are for the linear impact response of a cylindrical panel with non-dimensional 

shell radius [7/h] of 4000. As expected, as the number of modes increases, accuracy 

increases, especially if the number of modes is over 40. In that case the maximum central 

deflection and contact force converge to the actual value, with a small increase of the 

CPU time used. 

The results for the contact force and the central deflection histories were obtained for 

both the linear and nonlinear impact response of the cylindrical panels with non- 

Table 2.3. Effect of the number of modes on the prediction of the central deflection, the 
contact force and the CPU time (linear analysis). 

  

  

  

  

            

Number of Central deflection} Contact force | CPU time (x104 seconds) 

modes (cm) (N) MSM Ritz vectors 

6 0.1385 636.22 0.1041 0.0143 

20 0.1408 435.40 0.1068 0.0161 

40 0.1424 301.44 0.1108 0.0185 

60 0.1425 295.81 0.1163 0.0210   
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dimensional shell radii [7/h] being equal to 4000, 1000 and 250 respectively. Figure 2.8 

shows the central deflection of all three cylindrical panels for both the linear and 

nonlinear response. By including geometric nonlinearities, for a uniform 8x8 mesh and a 

time step of 2us using the mode superposition method, slightly different results were 

predicted regarding the central deflection history. By comparing the results obtained from 

both analyses it is observed that there is a little difference in the prediction of the central 

deflection histories irrespective of the non-dimensional shell radius [r/h] of the 

cylindrical panel under consideration. The cylindrical panel under the nonlinear analysis 

appeared to be stiffer. The results obtained with the nonlinear analysis are more accurate 

because of the capability of the analysis to account for the nonlinear responses that for 

which moderately large deflections should not be ignored. The geometric nonlinearity 

effects were not more profound because although the central deflection had a 

considerable magnitude, it was not of the same order of the panel thickness. 

Subsequently, to show the nonlinearity effects, we reduced the thickness of the 

cylindrical panels under consideration by 50%. The obtained results for the central 

deflection histories (Figure 2.9) clearly show that as the maximum central deflection 

approaches in magnitude the order of the panel thickness, a nonlinear analysis should be 

performed to obtain accurate results. 

The three different non-dimensional shell radii [r/h] mentioned above were chosen to 

show the effect of the radius of curvature to the impact response of the cylindrical panel. 

The contact force and central deflection histories obtained, were compared with available 

results obtained by Byun and Kapania (1992) in their study of the nonlinear impact 

response of a flat laminated panel. A comparison between the central deflection and 

contact force histories for all three non-dimensional shell radii [r/h] is made in Figures 

2.10 and 2.11. The results shown were obtained with the mode superposition method, for 

the nonlinear impact response, using 60 eigenvectors. For a very large non-dimensional 
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shell radius, ro/ho=4000, a behavior identical to that of a flat panel was observed. 

Consequently, the non-dimensional shell radius [r/h] was reduced and the test was 

applied to a moderately curved cylindrical panel (r9o/hg=/000). The results showed a very 

small reduction in the central deflection and the contact force history. The panel appeared 

to be stiffer with the reduced non-dimensional shell radius [r/h]. A further reduction to 

the non-dimensional shell radius [7/h], down to rg/hg=250, illustrates that the curvature 

effects are no longer negligible and must be included in the analysis. It shows that 

considerable change occurs to both the contact force history and the central deflection. 

Therefore, for the cylindrical panel described previously, beyond ro/tp=/ 000 the change 

in the central deflection appears to be negligible, but under that value curvature effects 

cannot be ignored. 

2.6.3 Effect of Geometric Imperfections 

Next, the effect of geometric imperfections is studied. The distribution of geometric 

imperfections over the cylindrical panel is assumed to be sinusoidal, 

LL = Ughsin mn sin 
a 8 
    

where m andn determine the shape of geometric imperfections, and m and 8 are the 

panel dimensions. 

Varying the maximum amplitude of Uh affects the various response quantities, as 

shown in Figures 2.12-2.14 (for panel thickness of 0.269 cm) and Figures 2.15-2.17 (for 

panel thickness of 0.1345 cm). The m and n are set to be unity. The positive geometric 

imperfections are assumed to occur in the same direction as that of the impactor motion at 

the beginning. The effect of positive geometric imperfections becomes evident after the 
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first contact. The positive geometric imperfections reduce the maximum deflection of the 

panel as the magnitude of lt increases, but at the same time, reduction in the total contact 

time and change in the distribution of the contact force is small. By comparing the results 

obtained, Figures 2.12-2.17, we can see that the effect of geometric imperfections in the 

prediction of the central deflection histories is similar irrespective of the non-dimensional 

shell radius [7/h] of the cylindrical panel under consideration. 
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3. IMPACT RESPONSE OF FLAT AND CURVED GRAPHITE/EPOXY PANELS 

-COMPARISON WITH EXPERIMENTS 

3.1 Overview 

The effect of low-velocity impact damage on the compression strength of laminated 

composite structures has been studied extensively by many researchers over the past 

several years. In this chapter, results of an analytical and an experimental study of the 

low-velocity impact response of flat and curved graphite-epoxy panels will be presented 

and used to validate the finite element method described in the previous chapter, chapter 

2. The analytical study is conducted by Dr. Ambur’s group of the Structural Mechanics 

Branch (SMB) at NASA Langley Research Center (NASA LaRC). Dr. Ambur et. ai. 

(1995), developed a closed form linear analysis method based on Love’s equations of 

motion with small displacements and transverse shear deformation effects. The associated 

test method was also developed by Dr. Ambur et. al. (1993). The experimental study for 

the impact response of flat and curved graphite-epoxy panels is conducted at the SMB 

facilities of NASA LaRC. Eight- and 16-ply-thick flat panels as well as curved panels 

with /5- and 60-in radii are tested with different boundary conditions to determine the 

effects of geometric nonlinearities on panel response. Large deflection effects are 

significant for both 8- and /6-ply-thick flat and curved panels. Analytical results and 

some of the experimental results indicate that decreasing the panel radius increases the 

impact contact force for a given impact-energy level. 

3.2 Test Specimens and Test Method 

The specimens tested in this study are fabricated from Hercules, Inc. AS4 graphite 

fibers preimpregnated with Hercules, Inc. 3502 epoxy resin. Typical mechanical 
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properties for the AS4/3502 graphite-epoxy material system are FE ]=20 Msi, E2=1.3 Msi, 

and G 12?=0.87 Msi, G23=0.51 Msi, G13=0.87 Msi and v=0.3. Flat and cylindrically 

curved specimens with 8-, 16-, and 24-ply-thick [45°/0°/ -45°/90°|y5 quasi-isotropic 

laminates have been tested by Dr. Ambur of the SMB of NASA LaRC. The curved 

specimens have /5 and 60 in radii. The specimens are suported with both simply 

supported and clamped boundary conditions. Knife-edge supports are used to provide 

simply supported boundary conditions for the test specimens. The knife-edge supports are 

attached to each edge of the specimens at locations 0.25 in from each edge. For these 

dropped-weight impact tests, the dropped-weight assembly is raised to a desired height 

and then released to impact the specimen. The specimens are impacted using an 

instrumented 2.5 lb dropped-weight impactor with a 0.5 in diameter hemispherical tip. 

The damage initiation impact energy levels for the flat panels are determined by 

impacting a given specimen with impact energy levels that were increased in increments 

of 0.5 ft-lb until damage initiation occured. Damage initiation was evaluated 

nondestructively using volumetric scanning approach [Ambur ez. al. (1993)]. The out of 

plane displacements of the panels were measured using a fiber optic sensor. The contact 

force and out of plane displacement data are recorded using a Nicolet digital storage 

oscilliscope. 

3.3 Closed-Form Analysis Method 

A closed-form linear analysis method developed by Ambur et. al. (1995) is used to 

validate the finite element method results. Love's theory for thin shells generalized to 

include first order shear deformation effects is used to develop the closed-form analysis 

method. This small-deflection analysis is based on the Lagrangian equations of motion 

and the Rayleigh-Ritz method used in conjuction with assumed mode shapes. 
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Generalized beam functions are used to represent different boundary conditions. Contact 

forces, out-of-plane displacements, and in-plane strains of curved panels subjected to 

low-velocity impact with clamped as well as simply supported boundary conditions can 

be obtained. The analysis is general enough to determine the response at any point on the 

plate for any arbitrary impact location. 

3.4 Results and Discussion 

The analytical and experimental results of flat and curved panels are presented and 

discussed in this section. The results from the finite element method are compared with 

the results from the closed-form linear analysis. The experimental results from the present 

study are compared with results from the finite element method and also the closed-form 

analysis method to explain response characteristics of flat and curved panels subjected to 

low velocity impact. 

3.4.1 Verification 

The contact force results for linear and nonlinear analyses from the present finite 

element method are compared with the corresponding results from Davies and Zhang 

(1995). Davies and Zhang (1995) obtained experimental as well as analytical results 

using a clamped 3 in wide by 4 in long flat panel with a total thickness of 0.04 in and a 

[45°/-45°/ 90°/0?|; laminate. Figure 3.1 shows the very good correlation that was 

obtained for both the linear and nonlinear analyses of the finite element method with the 

analytical results of Davies and Zhang (1995). Since large displacements were obtained 

during the low-velocity impact experiments performed by Davies and Zhang (1995) a 

nonlinear analysis needs to be performed. An excellent correlation of the nonlinear 

analysis using the present finite element method with the experimental results obtained 

by Davies and Zhang (1995) is evident in Figure 3.1. That is an indication that the 
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nonlinear effects of the problem are represented very well by the present finite element 

analysis. Furthermore, the present finite element method linear analysis results, also, 

agree very well with the linear analysis results of Davies and Zhang (1995). 

3.4.2 Flat Panel Impact Response 

Contact force results for 8- and /6-ply-thick and 4.5 in by 9.5 in clamped flat panels 

are presented in Figure 3.2(a) for impact by a 0.5 ft-lb impact-energy level. The results 

for the /6-ply-thick panel indicate that the maximum values of the experimental and 

analytically predicted contact forces have the same values. The results for the 8-ply-thick 

panels are different which shows that nonlinear effects are significant for this panel 

impacted with a 0.5 ft-lb impact-energy level. This impact-energy level corresponds to 

the damage initiation threshold level for this panel. The difference between the linear 

analysis results and experimental results for the 8-ply-thick panel is approximately 60%. 

The results for both 8- and /6-ply-thick panels indicate that there is a phase difference in 

the duration of the impact event for both the analytical and experimental results. When 

the impact-energy level for the /6-ply-thick panel is increased to J.5 ft-lb, which is its 

damage initiation threshold, the linear analysis results under predict the contact force by 

approximately 35%. The out-of-plane displacement results for the 8- and /6-ply-thick 

panels impacted with 0.5 ft-lb of impact energy are shown in Figure 3.2(b). The analysis 

results indicate that the deflection of the 8-ply-thick panel is approximately 3 times the 

panel thickness and the deflection of the /6-ply-thick panel is approximately 0.5 times 

the panel thickness. When the /6-ply-thick panel is impacted with its damage initiation 

threshold energy level of /.5 ft-lb, the out-of-plane displacement for this plate is 

approximately equal to the plate thickness. These results suggest that nonlinear effects are 

important for both the 8- and /6-ply-thick panels when impacted with their corresponding 
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damage initiation impact-energy levels and these nonlinear effects need to be included in 

the analysis for predicting impact response and damage. 

The nonlinear finite element transient response results for 8- and /6-ply-thick and4.5in 

by 9.5 in clamped flat panels are compared with the experimental results in Figure 3.3 for 

a 0.5 ft-lb impact-energy level. The maximum contact force for the /6-ply-thick panel is 

approximately 22% greater than the experimental result. The difference between the 

maximum values of the experimental and analytical results is approximately 38% for the 

8-ply-thick panel. The nonlinear analysis over predicts the response for both &-ply and 

16-ply panels which could be due to the effects of boundary conditions and the mesh size 

used to discretize the finite element model in the impact region. The finite element model 

has eight elements along the length and four elements along the width of the panel. 

Further refinement of the mesh at the impact region showed no significant change in the 

response for both panels. 

3.4.3 Curved Panel Impact Response 

The contact force results for 4.5 in by 9.5 in 16-ply-thick quasi-isotropic curved 

panels with a 60 in radius are presented in Figure 3.4a&b for simply supported and 

clamped boundary conditions, respectively. Based on results obtained in chapter 2, it may 

appear that the impact response of a curved panel with a large radius is similar to that of a 

flat panel. However, the nonlinear analysis results for these panels indicate that the 

impact responses of the flat and curved panels are significantly different. The nonlinear 

effects for the 60 in radius panel are more significant than for the corresponding flat panel 

for a 0.5 ft-lb impact-energy level. The difference between the linear and nonlinear results 

for the flat panel is 30% for simply supported boundary conditions and 13% for clamped 

boundary conditions. The corresponding values for the /6-ply-thick panel with a 60 in 

radius are 54% and 30%. The experimental and nonlinear analysis results for the /6-ply- 
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thick panel also suggest that a change in boundary conditions from simply supported to 

clamped results in a 27% increase in the contact force. The corresponding increase in 

contact force from the linear analysis is 40%. This difference is due to the increased 

sensitivity of the results for simply supported boundary conditions compared to results 

for clamped boundary conditions. Although the experimental results are similar to the 

linear analysis results, they are different from the nonlinear results by approximately 

45%. This discrepancy could be caused by improper modeling of the test boundary 

conditions or by a structural response of the test specimen that is not represented by the 

analysis. 

Contact force results for 4.5 in by 9.5 in 16-ply-thick quasi-isotropic curved panels 

with a 15 in radius are presented in Figure 3.5a&b for simply supported and clamped 

boundary conditions, respectively. The finite element method results indicate that the 

panel stiffness increases as the panel radius decreases, and, as a result, the contact force is 

increased and has a shortened impact duration. The results indicate that the nonlinear 

results do not change significantly. This difference in response occurs for panels with 

simply supported and clamped boundary conditions. Based on these results, it appears 

that a curved panel is more likely to be damaged during an impact event than a flat panel 

since, for a given impact-energy level, a larger contact force is experienced by the curved 

panel. The value of the experimental contact force results for the 75 in radius panel are 

slightly less than the values of the linear analysis results. The trend of the experimental 

contact force results for different boundary conditions and panel radii is consistent with 

the trend predicted by the analyses. This trend indicates that the contact force increases as 

the plate radius decreases and is influenced by changing the boundary conditions from 

simply supported to clamped conditions. 

Contact force results for 4.5 in by 9.5 in 8-ply-thick quasi-isotropic curved panels 

with a 60 in radius are presented in Figure 3.6a&b for simply supported and clamped 
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boundary conditions, respectively. The differences between the linear analysis results and 

the experimental results indicate that this panel has a significant nonlinear response 

compared to the /6-ply-thick curved panel for both boundary conditions. The maximum 

value of the contact force is also larger for clamped boundary conditions than for simply 

supported boundary conditions. The magnitudes of the experimental! results are less than 

the magnitudes of the nonlinear analysis results. 

Contact force results for 4.5 in by 9.5 in 8-ply-thick quasi-isotropic curved panels 

with a 15 in radius are presented in Figure 3.7a&b for simply supported and clamped 

boundary conditions, respectively. The trend of these results is significantly different 

from any of the previously presented results for the 8- and /6-ply-thick panels. Although 

magnitudes of the experimental contact force results for the clamped boundary conditions 

are slightly greater than those for the simply supported boundary conditions, their 

magnitudes are much less than the panel with the 60 in radius. This trend is opposite to 

the trend predicted by the analysis results. The nature of the /5 in radius 8-ply-thick panel 

response is similar to the nature of the /5 in radius /6-ply-thick panel response where 

magnitudes of the experimental results are less than the magnitudes of the linear analysis 

results. For both of these cases, it appears that the plate responds as though it has a much 

lower stiffness than that assumed in the analyses. One possible explanation for this 

behavior is that the curved panels could move slightly in a tangential direction when 

impacted and, as a result, the resistance to the impact contact force would be reduced. 

Another possible explanation for this counter-intuitive behavior is that the curved panel 

response has a limit point instability similar to an arch or a pinched cylinder with a 

concentrated force normal to its surface. Depending on the aspect ratio, thickness and 

radius of the curved panel, limit point instabilities can influence the structural response. 
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4. IMPACT FORCE PREDICTION FOR A HOPKINSON BAR 

4.1 Overview 

In chapters 2 and 3, the response of composite structures to rigid spherical impactors 

was examined intensively. As previously mentioned, the response of laminated structures 

to impact loads has been a problem of considerable interest for several years, since 

laminated structures are vulnerable to the impact of a foreign object. Although extensive 

work has been done by many researchers regarding the response of composite structures 

to rigid projectiles with a spherical tip, very little research has focused on the response of 

composite structures to the impact of non-uniform flexible composite projectiles. An 

analytical study is conducted here to predict the normal force generated by the impact of 

a non-uniform linearly elastic composite projectile on a Hopkinson bar. 

One of the most widely used experimental configurations for high strain-rate material 

measurements is the split Hopkinson pressure bar. The concept of the Hopkinson bar 

involves the determination of dynamic stresses, strains, or displacements occuring at the 

end of a bar. It uses the longitudinal impact of a cylindrical projectile to generate an 

incident pulse. That pulse allows the specimen, sandwiched between two Hopkinson bars, 

to be loaded dynamically. In order to study the influence of the strain rate on the 

mechanical properties of the specimen, it is useful to be able to change the profile of the 

incident wave. To that end, different cylindrical and conical projectiles are used. 

To calculate the normal force applied to the Hopkinson bar by the impact of the 

projectile, different methods can be used. In the present study two methods are used: (1) a 

version of the impulse response method, established by Odeen and Lundberg (1991), 

using the modal superposition method to calculate the impulse responses of the projectile 

and the bar, and (ii) a finite element method using an explicit time integration rule. These 
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methods are applied to four cases of axial impact of a truncated cone or a composite 

cylinder on a long cylindrical rod. Initially one-dimensional modeling is used. When the 

area of the impact face of the projectile is much larger than that of the bar, a two- 

dimensional formulation is also investigated. In the two-dimensional analysis, the 

impulse response of the bar is calculated using the modal superposition method and that 

of the projectile using MSC/NASTRAN. Comparison between the CPU time required 

by the two methods is performed and the relative advantages of the two methods are 

discussed. To assess the validity of the methods used, the results obtained are compared 

with available experimental results. In all cases good agreement is obtained between the 

impact force histories predicted and the experimental results. 

4.2 FIRST METHOD: Impulse Response Method 

Consider impact between two linearly elastic bodies as illustrated in Fig. 4.1. It is 

assumed that the impact interface can be attributed a single velocity, and that this velocity 

and the impact force F are both parallel to the impact velocity V. Furthermore, it is 

assumed that there are no significant effects of friction and slip, that the contact area is 

constant and that the deformations are small. Thus, there should be no significant 

nonlinear effects. The impact force history F(t) is to be determined. 

Vv 
— 

  

G20 xc 

Fig. 4.1. Impact between bodies with impulse responses G(t) and G>(t). 

The impact velocity is V and the impact force F(t). 
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The impacting bodies are characterized by their velocity impulse responses G](t) and 

G2(t). The response of these bodies subjected to applied forces F'j(7) and F2(7) can be 

written using Duhamel's integrals 

f 

v(t) = {G,(t-t) Fy (t)dt = G] * Fy (4.1) 
0 
f 

v2(t) = [G2(t-t)F2(t)dt = G2 * Fo (4.2) 
0 

where F(t) is a compressive force acting on the impact face of body "i", and vj(t) is the 

corresponding velocity of the impact face. Before contact is established the first impact 

face is moving with the impact velocity V and the second face is at rest. Consequently, at 

time ¢ 2 0 it is assumed that the two impact faces stick to each other when they come in 

contact, and that they interact with a force F's5(t) which is positive in compression. The 

velocity of the first impact face now is V-G7*Fs, while that of the second is G2*F's. As 

these velocities must be the same, the force F(t) satisfies the integral equation 

t 

VH(t) = J[Gj(t-1)+G2(t ~ 1) ]F(t)dt (43) 
0 

where H(t) is Heaviside's unit step function. 

From the nature of the problem it is clear that the force F's(t) is initially compressive, 

that is, positive. If it ceases to be positive at t=9 the impact force of the original problem 

is 

F(t) = Fy(t)[H(t)-H(t-to)] (4.4) 
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and the duration of impact is t0. 

According to the impulse response method the impact force is predicted using Eqns 

(4.1) to (4.3). This can be done, using different analytical and numerical methods in the 

time or in the frequency domain. In this study the impulse responses of the impacting 

bodies are obtained using the mode-superposition method. The force is assumed to vary 

linearly within each time interval At. That is, we approximate the contact force by a 

piecewise linear function and obtain it from Eqn (4.3) using the composite trapezoidal 

rule. 

This approach proved to be much more efficient and less complicated to use than the 

one used by Odeen and Lundberg (1991). 

4.2.1 Mode-Superposition Method for Free Bodies 

The impulse response is defined as the response of a system to a unit impulse applied 

at t=0, with the initial conditions being equal to zero. 

The equations of motion of an undamped linear multiple degree-of-freedom system 

are given by 

Miu + Ku = F(t) (4.5) 

Using the mode-superposition method a set of coupled equations can be transformed 

into a set of uncoupled equations through use of the normal modes of the system. 

Obtaining the solution with this method amounts to reducing the response of an n-degree- 

of-freedom system to a linear combination of responses of n independent single-degree- 

of-freedom systems. We solve first the eigenvalue problem 
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AMu=Ku A=0* (4.6) 

The solution of the above equation consists of the modal matrix U=[u], w2,..., un], 

where uj are the system eigenvectors, and the diagonal matrix of the eigevalues 

A= diag| Aj | = diag|w? |, where @j, (i=1,2,....2) are the system natural frequencies. 

Because K is only positive semidefinite the system is semidefinite, so that some of the 

system eigenvectors represent rigid-body modes with associated natural frequencies equal] 

to zero. The eigenvectors are orthogonal with respect to M and K and can be normalized 

so as to satisfy 

uTmu =7 ™4 yTKU =A (4.7) 

In the sequel, we shall assume that there are r rigid-body modes and n-r elastic modes. 

The key step in the mode-superposition method is to introduce the coordinate 

transformation 

u(t) =Un(t) = Sunj(t) (4.8) 
i= 

The coordinates 7)(t) will be referred to as principal or natural coordinates. Equation (4.8) 

is substituted into Eqn (4.5) and the resulting equation is multiplied by UT to give the 

equation of motion in principal coordinates 

M ij+K n=F (t) (4.9) 

where 
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M* = U' MU, modal mass matrix 

K* =U TKU, modal stiffness matrix 

F()* =U TRF (1), modal force vector 

The total response 7(t) can be obtained as a superposition of the response due to initial 

conditions alone and response due to the excitation alone. Letting the initial 

displacements and velocities be 

ni(t) = nip, T(t) = Nios §=12,...n (4.10) 

the solution can be shown to be 

{T 
* : . 

ni(t) = fL[F, (o)doldt +njo + Not, i= 1,2,....n (4.11) 
00 | 

Since njg and jg are zero for the Hopkinson bar and the projectile, Eqn (4.11) reduces 

to 

. t 

ni(t) = = fr(s —t)sin(w@;t)dt, i=1,2,...,n (4.12) 
QO; 0 

The formal solution is completed by inserting Eqn (4.12) into Eqn (4.8) to obtain the 

response of the system at any time f. 
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4.3 SECOND METHOD: A Finite Element Method 

Appendix 1 gives a flow chart which summarizes the procedure of this method. 

The explicit time integration rule is used to predict the response of the projectile and the 

bar during the interaction of the two bodies after impact. The time steps for the projectile 

and the bar are calculated using the stability criterion for the explicit time integration rule. 

For the test cases studied in this paper stability requires that the time step for the bar 

should be larger than that used for the projectile. The projectile and the bar are modeled 

using two degree-of-freedom bar elements. The bar is initially at rest and the projectile is 

moving with a constant velocity, the impact velocity. At time t=0 the projectile hits the 

bar. Consequently, at each time step and as long as the two impacting bodies remain in 

contact the condition that the velocities of the impacting faces should be the same is 

enforced. To enforce this velocity condition at each time step an iterative procedure, 

based on the bisection method, is incorporated to locate the impact force acting on both 

impacting faces. This impact force is the force with which the two impacting bodies 

interact until contact ceases. From the nature of the problem it is clear that the impact 

force is initially compressive. The two impacting bodies interact with that force as long as 

it remains compressive. If the force becomes tensile (change sign) at t=tg contact ceases 

and the duration of impact is 7. 

4.3.1 Explicit Time Integration Rule 

The equations of motion, which are obtained after a semidiscretization, can be written 

in the form 

Ma" +f" =F" (4.13) 
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where M is the mass matrix, @ is the vector of nodal accelerations and f and F are the 

vectors of nodal internal and external forces, respectively. The superscript 1 is used to 

denote the time step such that a”=a(nAt). There are many methods for the time 

integration of the equations of motion. For explicit integration, the central difference time 

integration rule is mostly used and that is the method used in the present study. The 

central difference time integration rule is given by 

dtl — gs an” + sata (4.14) 

yitl _ yn + Ar(al +a") (4.15) 

where d is the vector of nodal displacements, v is the vector of nodal velocities and At is 

the time step. If the internal forces are linearly proportional to the displacements, they can 

be expressed as 

Kd (4.16) ay
 il 

where K is the stiffness matrix. The matrices M and K are symmetric and positive definite 

and semidefinite, respectively. Eliminating d from Eqns (4.13)-(4.16), the update 

equations can be recast in the form 

I -1/2(AtI)ypvy ntl I 1/2( Atl) y,n [fh Haye "3 - 4.17 
0 —AtK M-1/2(At°K) G17) 

where J is the identity matrix. It will be assumed here that the mass matrix is diagonal, so, 

the updated values of v and a can be computed without any equation solving. This can be 

seen from Eqn (4.17) if ant is computed first and then used in the calculation of yntl, 
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For this reason the method ts referred to as being expilcit. The problem is subject to the 

initial conditions d=d( t=0) and yv9=v t=0) and the initial acceleration can be computed 

by substituting these conditions into (4.13) and (4.16). 

4.3.2 Stability Criterion 

Since the central difference integration rule is only conditionally stable, the time step 

must be less than a critical value for the results to be meaningful. An instability is readily 

detected in linear problems but this is not the case in nonlinear problems. For this reason 

the stability behavior is an important aspect of explicit integration schemes. A simple 

criterion that can be used for the selection of the time step for linear problems is 

Ats   (4.18) 
Omax 

where @maqx is the largest frequency of the problem KX= @*2MX. That Eqn (4.18) is 

necessary and sufficient for stability of the central difference operator has been proven in 

generality only for linear systems. However, there is considerable empirical evidence that 

it is also sufficient for stability in nonlinear problems provided At is reduced if the highest 

frequency increases during the computation [Belytschko and Mullen (1978)]. 

4.4 Impulse Response using MSC/NASTRAN 

When the area of the impact face of the projectile is much larger than that of the rod 

the conditions for one-dimentional behavior are not satisfied. Therefore it is necessary to 

investigate the need for a two-dimensional modeling. The first method is being used and 

the impulse response of the projectile is obtained using six degree-of-freedom 

axisymmetric solid elements with triangular cross section as given in the general purpose 

program MSC/NASTRAN. 
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The purpose of this problem is to find the velocity response of the projectile to an 

axisymmetric load which is a unit impulse applied at the face B of the projectile and on 

the area of a circle of radius equal to that of the bar. The projectile is a truncated cone 

modeled using six-degree-of-freedom axisymmetric solid elements with triangular cross 

section, as shown in Figure 4.2. Starting with the Executive Control Section, the 

statements in this section select a solution sequence and various diagnostics. In this case 

the Direct Transient Response (SOL 27) structured solution sequence was used. The Case 

Control Section follows where the loads and constraints are selected and requests for 

printing and plotting are stated. Consequently, in the Bulk Data Section, the entries that 

specify model geometry, element conectivity, element and material properties, constraints 

and loads are present. The DLOAD bulk data command was used to define the dynamic 

loading condition for the transient response using the TLOAD1 command, that defines a 

time-dependent load, to enter the loading condition at each node. The element chosen for 

this discretization is the CTRIAX6 axisymmetric triangular cross section ring element, 

shown in Figure 4.3, with two degrees-of-freedom at each node. It is important to note 

that concentrated loads on grid circles for this element must be computed for 360°; i.e., 

multiply the load per unit length by 27r(r is the grid circle radius). PATRAN was used 

for the mesh generation for the truncated cone and PATNAS to create the bulk data card 

with the coordinates of the geometry, the element connectivity and the material 

properties. Two different meshes were used for the projectile discretization. The first 

mesh, shown in Figure 4.4, was a coarse mesh with 616 elements. The number of nodes 

for the area where the impulsive load was applied was 5 and these nodes where node 1 

through node 5. The mesh was arranged in such a way that the element size was smaller 

in the vicinity of the applied load and larger as moving towards the opposite end of the 

projectile. In the second mesh a refined mesh was used. The number of the elements was 
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increased to 1305 and the number of nodes on which the impulsive force was applied 

were doubled. 

4.5 Results and Discussion 

Four different cases of axial impact of a truncated cone or a composite cylinder on a 

long cylindrical rod are studied. These four cases correspond to different shapes of the 

projectile. In the first two cases, referred to as TCA and TCB, the projectile used is a 

truncated cone with impact faces A and B respectively. In the latter two cases, referred to 

as CCA and CCB, a composite cylinder is used. The truncated cone is made of Nylon-6 

and has length 400 mm, and diameters 30 mm at the end A and 75 mm at the end B. The 

composite cylinder is made of four alternating cylindrical sections of Nylon-6 and 

aluminium. There is a Nylon-6 section at the end A and aluminium section at the end B. 

All sections have length 125 mm and diameter 32 mm. The long cylindrical rod is made 

of steel. Its length is 6/50 mm and its diameter is 10 mm. The properties of the materials 

used were, for aluminium E=69 GPa and p=2700 kg/m3 , for Nylon-6 E=2.8 GPa and 

p=1150 kg/m and for steel E=206 GPa and p=7780 kg/m3. The impact velocities for 

the four cases TCA, TCB, CCA and CCB are 1.16, 0.93, 0.92 and /.01 m/s, respectively. 

The choice of projectile shapes and materials is dictated mainly by the availability of 

experimental data. 

Figures 4.5 thru 4.8 show the impact force histories predicted by the two methods 

described in this chapter. The predicted impact force histories are compared to available 

experimental results and also the prediction obtained by Odeen and Lundberg (1991). 

A very good agreement was obtained between the prediction of the first method and 

the experimental results [Odeen and Lundberg (1991)] for the cases TCA (Fig. 4.5), CCA 

(Fig. 4.7) and CCB (Fig. 4.8). Compared to the prediction of the impact force histories by 

the impulse response method as used by Odeen and Lundberg an improvement over their 
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prediction is obvious. Figure 4.6 shows that for the truncated cone with impact face B the 

agreement with the experimental results was not very good. The conditions for one- 

dimensional behavior were not satisfied [Odeen and Lundberg (1991)]. Therefore, a two- 

dimensional analysis need to be used for the test case TCB. The projectile now is 

modeled using six degree-of-freedom axisymmetric solid elements with triangular cross 

section as given in the general purpose program MSC/NASTRAN. Figure 4.9 shows the 

impact force with which each of the nodes 2 through 5 of the projectile interact with the 

bar. These force histories are predicted by the analysis using the first mesh with the 616 

elements. Considering each node separately, it is obvious that the analysis overpredicts 

the contact force and underpredicts the duration of contact. If the nodal force histories, for 

the nodes under consideration, are to be combined we get the contact force history shown 

in Figure 4.10 where the prediction of the contact force is very good regarding both peak 

force and duration. Compared to the one-dimensional analysis, as shown in Figure 4.11, 

the two-dimensional analysis yields an improved contact force prediction. 

A second analysis follows using a mesh for the truncated cone with twice the number 

of elements used in the previous one. When the mesh is refined it can be seen, Figure 

4.12, that the contact force prediction shows an improvement over the previous available 

prediction and the one-dimensional analyses. Figure 4.13 shows the contact force 

prediction using the refined mesh compared to the available analyses and experimental 

results. It can be seen that the prediction of the contact force history as well as the contact 

duration shows good agreement with the experimental results. 

The predictions obtained with the second method show a good agreement with the 

experimental results. Although better agreement was obtained for the predictions using 

the impulse response method, the use of the finite element method developed has several 

advantages over the impulse response method. A big advantage of the finite element 

algorithm is that it is simple in logic and structure, and it can easily handle complex 
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nonlinearities. Also, it is important to note that even for large systems linear explicit 

computations will be stable if the time increment is less than a critical value defined by 

the central difference stability criterion. 

Table 4.1. Comparison between the CPU time required for the impulse response method 
and the finite element method. 

  

  

  

  

    

Test Case Impulse Response Method Finite Element Method 

CPU Time Time step CPU Time Time step 

(seconds) (microseconds) (seconds) (microseconds) 

TCA 2:41 10 3:18 40 

TCB 2:10 10 7:02 20 

CCA 2:05 10 2:47 40 

CCB 8:22 7.5 15:50 20           
  

The CPU time required by both methods is shown in Table 4.1. Although the finite 

element method requires iterations to predict the impact force histories, the computational 

time for the test cases TCA and CCA was similar to that of the impulse response method. 

Much larger CPU time was required by the finite element method in the test cases TCB 

and CCB. Table 4.1 also shows the time steps used for each test case in each method. 
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Fig. 4.2. Modeling of a conical projectile with a six-degree-of-freedom 
axisymmetric solid element with triangular cross section 
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Fig. 4.3. CTRIAX6 element idealization. 
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Fig. 4.4. Modeling of the vicinity of the projectile where impact occurs. 
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Fig. 4.5. Measured and predicted force histories F(t) for impact between 
a truncated cone with impact face A and a long cylindrical rod. 
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Fig. 4.6. Measured and predicted force histories F(t) for impact between 
a truncated cone with impact face B and a long cylindrical rod. 
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Fig. 4.7. Measured and predicted force histories F(t) for impact between a 
composite cylinder with impact face A and a long cylindrical rod. 
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Fig. 4.8. Measured and predicted force histories F(t) for impact between a 
composite cylinder with impact face B and a long cylindrical rod. 

79



  

  

  

  
  

  

  

  

          
  

2500 CT tt Tt et dy 

5 nodes/node 3-2D analysis 

— — -Odeen & Lundberg, experiment 

2000 Hf 2 : 

JN : | 
a Pl NN ned of A a 1500 - 
Z I \ | 

3 \ 

1000 nnn penne a 

! \ 
| | ON 

500 +! re 
r i ~ 1 

| \ 

NO 
0 j l , j L } 1 i L i ! a i | sah eereenlernesneinlerenmmmn! \ owt ob i a | L i, al. 

0 0.0005 0.001 0.0015 

Time, sec 

Fig. 4.9. Measured and predicted force histories F(t) for impact between 
a truncated cone with impact face B and a long cylindrical rod. 
Node 3 of the coarse mesh is used for the current analysis. 
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Fig. 4.10. Measured and predicted force histories F(t) for impact between 
a truncated cone with impact face B and a long cylindrical rod. 
The coarse mesh is used for the current analysis. 
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Fig. 4.11. Measured and predicted force histories F(t) for impact between 
a truncated cone with impact face B and a long cylindrical rod. 
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Fig. 4.12. Measured and predicted force histories F(t) for impact between 
a truncated cone with impact face B and a long cylindrical rod. 
The refined mesh is used for the current analysis. 
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Fig. 4.13. Measured and predicted force histories F(t) for impact between 
a truncated cone with impact face B and a long cylindrical rod. 
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5. IMPACT RESPONSE PREDICTION OF BEAMS AND PLATES SUBJECTED 

TO NON-UNIFORM PROJECTILES 

5.1 Overview 

In the previous chapter the axial impact response of a bar hit by a non-uniform 

projectile was studied. A method was developed based on the finite element analysis 

which permits the prediction of impact force history using an explicit algorithm that uses 

the central difference time integration rule. Figure 4.5 shows a fairly good agreement that 

was obtained with available experimental results for the impact force histories of the axial 

impact of a bar with a conical projectile. The objective of this study is to extend the 

method described in chapter 4 to predict the response of beams and generally-laminated, 

skew, trapezoidal plates subjected to low-velocity impact of a non-uniform linearly 

elastic composite projectile. | 

The transient response of isotropic and laminated plates subjected to dynamic loading 

has been investigated by analytical and numerical methods. Timoshenko (1913) presented 

a basic approach for the analysis of transverse impact of a beam by a sphere and Karas 

(1939) extended that approach to the analysis of central impact of a rectangular simply 

supported plate. Since then, the response of laminated structures to impact loads has been 

studied extensively by many researchers. A meaningful impact response analysis requires 

a good estimate of contact force throughout the impact duration. Low-velocity impact 

problems, which also took the local indentation into account, have been solved by several 

authors. Most approaches require a knowledge of contact laws that, in the case of 

composite laminates, are obtained from static indentation tests. Although many 

researchers have extensively studied the impact response to a spherical projectile, very 

little has been done to predict the impact response to a non-uniform projectile. 
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The method developed here is simple in logic and structure and is applied to some 

impact problems for which solutions are available. Unlike most of the methods developed 

so far, it does not require the knowledge of contact law, and the shape of the projectile 

need not be spherical, but any non-uniform linear elastic composite projectile can be 

used. Using this approach, the flexibility of the projectile is directly taken into account. 

An obvious advantage of the finite element method is its potential to handle 

nonlinearities. 

5.2 A Finite Element Method 

The method is based on the finite element analysis with an explicit algorithm that 

uses the central difference time integration mle. The flow chart that summarizes the 

procedure of this method is given in appendix 1. A description of the explicit time 

integration rule is given in chapter 4, paragraph 4.3.1. The projectile is modeled using 

two degrees-of-freedom axial bar elements. Two different versions of the same method 

were developed to study separately the effectiveness of this method to predict the 

transverse impact response of beams and generally-laminated, skew, trapezoidal plates. In 

the first case, the impact response of the (Euler-Bernoulli) beam, four degrees-of-freedom 

beam elements as well as eight degrees-of-freedom plane stress elements were used to 

model the beam. The effect of the elements used on the impact response prediction is also 

discussed. For the second case, an analysis developed by Kapania and Lovejoy (1995) is 

used to model the plate. This method is a simple, computationally fast method for 

determining the natural frequencies and the mode shapes of any quadrilateral plate 

composed of any linearly elastic material system. Therefore, as with the more 

computationally intense finite element method, the method developed by Kapania and 

Lovejoy (1995) removes the restrictions found in many previous methods pertaining to 

plate shape or material. The skew, trapezoidal laminated plate is analyzed using 
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Chebychev polynomials as trial functions in the Rayleigh-Ritz method and the governing 

set of equations is derived using Langrange's equations. The choice of the Chebychev 

polynomials was made for several reasons. First, these polynomials allow for ease of 

integration through Gauss quadrature, and can lead to analytical sensitivity calculations 

of the stiffness and mass matrices. Second, since the essential boundary conditions are 

enforced through the application of artificial springs rather than satisfied explicitly, the 

same set of deflection functions can be used for any type of supported plate. Lastly, the 

orthogonality property of the Chebychev polynomials is expected to allow for a larger 

number of terms in the series before numerical ill-conditioning arises, as is the case with 

regular polynomials. The First-Order Shear Deformation Theory (FSDT) is utilized by 

having the displacement relations as linear functions of the transverse coordinate z. To 

obtain the response of the plate to impact force applied at the center, the Mode- 

Superposition Method is used. A description of the Mode-Superposition Method is given 

in chapter 4, paragraph 4.2.1. 

To briefly outline the procedure of this method, the beam/plate is assumed to be 

initially at rest and the projectile is moving with a constant velocity, the impact velocity. 

At time t=0 the projectile hits the beam/plate. Consequently, at each time step and as long 

as the two impacting bodies remain in contact we assume that the two surfaces in contact 

have the same velocity. At each time step an iterative procedure is incorporated to predict 

the force that will enforce the previous velocity condition. It is assumed that the contact 

force is linear in each time step. This force is the impact force with which the two 

impacting bodies interact until contact ceases. 

It is important to note that the stability behavior is an important aspect of explicit 

integration schemes. Since the central difference integration rule is only conditionally 

stable, the time step must be less than a critical value for the results to be meaningful. For 
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this reason a stability criterion is used for the selection of the time step. The stability 

criterion used here is described in chapter 4, paragraph 4.3.2. 

5.2.1 Free Vibration of Thick Generally-Laminated Quadrilateral Plates 

Kapania and Lovejoy (1995) chose displacement functions linear in z, they 

considered FSDT with the following displacement functions: 

u=u°(x, y,t)+2bx(x, y,t), v=v(x, y,t)+2y(x, ¥,t), w=w(x,y,t) (5.1) 

where u, v, and w are the displacements in the x, y, and z directions, respectively. The 

superscript "9" denotes that the quantity is associated with the mid-plane. 

The domain is transformed in order to make the integrals computationally simple, and 

to facilitate the use of Chebychev polynomials as trial displacement functions when 

expanding the displacements of Eqn (5.1). The skew, trapezoidal plate is transformed into 

a square region with vertices having values ranging from -1! to 1 as seen in Figure 5.1. 

The transformation equations for this mapping are given by: 

4 4 

i=] i=] 

where, 

1 I 
Ny =GU+Md-$) . No=ZU+md+s) 

I l 
N3=3U-mU+¢) Ng=G(l-nyl-s) (5.3) 

and x; and y, are the corner coordinates of the plate defined in Figure 5.1. Taking the 

derivatives of the Cartesian coordinates, x and y, in terms of the transformed coordinates, 

n and €, the Jacobian for the transformation can easily be determined. 
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Now, Chebyshev polynomials which are functions of the transformed coordinates, 7 

and &, are taken to be the trial displacement functions for the Rayleigh-Ritz method. The 

Chebyshev polynomials as well as the recursive formula for the Chebychev polynomials 

can be found in Lovejoy and Kapania (1994). 

To find the natural frequencies for the plate, an eigenvalue problem of the form was 

solved: 

[K-AM]{q}=0 (5.4) 

T 
(a= {Rog op Ry Soo Sky Xoo PQ YoY rs Poo Pun 

The total stiffness matrix is found to be K=K +K strain springs ° the summation of the 

stiffness matrices associated with the strain energy and boundary spring approximations. 

To construct the stiffness and mass matrices, K and M, respectively, Lagrange's equations 

are utilized. 

Consequently, the kinetic energy of the plate is calculated using the deflection 

functions of Eqn (5.1) by performing some mathematical manipulation, and integrating 

through the plate thickness, h. After substitution the mass matrix can then be written as: 

m=5) {{(z1"|oy, [ziands (5.5) 
-] -J 

where [Z] and [ p,,,] can be found in Lovejoy and Kapania (1994). In Eqn (5.5), |] is the 
y 

determinant of the Jacobian matrix. 
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In a manner consistent with Cook, Malkus, and Plesha (1989), a matrix form of the 

strain energy can be developed that involves the stiffness matrix. In order to calculate the 

stiffness matrix in the present method [Kapania and Lovejoy (1995)], the constitutive 

relation from Cederbaum, Librescu, and Elishakoff (1989) was utilized. ‘When the 

transverse stress is zero, 0,=0, the stresses are related to the strains only through the 

reduced stiffnesses. These reduced stiffnesses are then transformed in accordance to the 

lamina orientation in a generally-laminated plate as discussed by Jones (1975), and 

Vinson and Sierakowski (1987). Substituting for the stress vectors in the strain energy 

equation and then integrating through the thickness, leads to an expression for the strain 

energy in terms of the strains and the laminate stiffnesses, Ajj, Bjj, and Djj. 

The strain energy integral is transformed, as was the kinetic energy integral, in order 

to use the natural coordinates 7 and &. First, the strains are transformed by means of the 

chain rule, and substitution with algebraic manipulation results in the following for the 

stiffness matrix: 

  
Lt Ltt] 1? | 0 bn 

Ksrain=5 J ICV UY | al p| [rclvianas (5.6) 
-L -] 

where [7] and [C] can be found in Lovejoy and Kapania (1994). A, B, and D in Eqn (5.6) 

are the CLT laminate stiffness matrices, and the A' matrix represents the contribution 

from including transverse shear and is given by: 

2 
a] kgAgq ‘as (5.7) 

kgksAgs  ksAss5 
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In the method by Lovejoy and Kapania (1994), the values k 4= k 5= /x?/12 are chosen for 

the laminate shear correction factors in accordance with Mindlin (1951), which is 

appropriate for comparative purposes with the references. 

Using the formulations for K strain and M, the free vibration analysis of completely 

free plates can be performed. This was done in order to validate the development of these 

two matrices, and analysis has been carried out with comparison made to a number of 

published results [Lovejoy and Kapania (1994)]. To consider generally-supported plates, 

the essential boundary conditions must be satisfied. These boundary conditions for the 

plate are modeled by introducing appropriate linear and rotational springs, which prevent 

the linear and rotational motion along the boundary, respectively. The spring terms 

contribute to the potential energy of the plate, V, and thus are needed for their 

contribution to the Lagrangian when applying Hamilton's Principle which will yield the 

total stiffness and mass matrices. 

Two types of simply-supported edges were considered, namely SS1: u?=v? =w?=0, 

and SS2: u°=w°=gy=0 or v°=w?=¢,=0. The essential boundary conditions for a 

simply-supported laminated plate using the FSDT are given by Reddy and Chao (1981) 

as the SS2 type. For a clamped edge, the boundary conditions are given as 

u?=y°=wl= by= @y =0. The expressions for the strain energy for the springs which are 

approximating the essential boundary conditions along the root are given by Kapania and 

Lovejoy (1995). Lovejoy and Kapania (1994) using the expressions for the strain energy 

for the springs get: 
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Ky] 0 0 0 0 

] 0 K9 0 0 0 

K springs = J 0 0 K33 0 0 |dy (5.8) 
0 0 0 Ky 0 
0 0 0 0 Ko55 

where Kjj (i=1, 2,..., 5) is given by Kapania and Lovejoy (1995). 

5.3 Results and Discussion 

5.3.1 Impact Response of Beams 

Vv 

\ Axial bar elements 

F(t) 
  

  

      

Fig. 5.2. Transverse impact of a conical projectiile on a beam. 

The impact velocity is V and the impact force F(t). 

In order to validate the developed method several examples are solved. One of them 

is the Timoshenko impact problem (Goldsmith, 1960) wherein a 1 cm x J emx 15.35 cm 

simply supported steel beam is impacted by a J cm radius steel ball. The initial velocity 

of the projectile is 1 cm/s. The same problem was also solved by Sun and Huang (1975) 

using high order beam finite elements. In this case we consider the transverse impact of a 
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conical projectile on the beam as shown in Figure 5.2. The projectile's flexibility is 

directly taken into account in this study. Because there are no available results for 

transverse impact of non-uniform projectiles on beams and plates, the existing results for 

transverse impact of a rigid spherical projectile were used as a point of reference. In the 

present analysis a steel truncated cone is used that has the same mass as the steel 

spherical projectile used in Timoshenko's problem. For the modeling of the beam two 

approaches are used. In the first one the beam is modeled using beam elements and in the 

second using plane stress elements. The number of elements used for the projectile were 

80 and for the beam 26. After some testing with projectiles of different profiles, results 

showed that in the current analysis the spherical projectile can be successfully replaced 

by a truncated cone of large to small face radius ratio equal to 20 and of the same mass. 

Figures 5.3 a&b show the good correlation obtained between the impact force and central 

deflection predictions for both approaches of the current method and the existing results. 

Consequently, a comparison of impact responses using different projectile profiles was 

done. Figure 5.4 shows the comparison between the impact force predictions of three 

different shapes of conical projectiles. These projectiles are, a cylinder, a truncated cone 

with large to small face radius ratio equal to 5, and a truncated cone with large to small 

face radius ratio equal to 10. All projectiles have the same mass and impact face area. 

Although until now we considered the impact face of the projectile to be the large area 

face, Figure 5.5 shows a comparison between the contact force histories of projectiles 

impacting the beam with the large and the small area face. Furthermore, using cylindrical 

projectiles of the same mass but of different diameters resulted in different responses. 

Figure 5.6 shows a comparison between the impact force histories of two cylindrical 

projectiles with the same mass but different impact face areas. It is evident that the impact 

force increases and the impact duration decreases with the increase in the diameter of the 

cylinder. To study, finally, the effect of the material used for the projectile a study was 
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conducted using identical cylindrical projectiles made of NYLON-6 and steel. Figure 5.7 

shows a comparison between the impact force histories of identical cylindrical projectiles 

made of different materials. 

5.3.2 Impact Response of Plates 

For the impact response of plates, a 20-layered [0°/459/09/-459/0°]2. graphite/epoxy 

laminated composite panel is used. The panel is assumed to be impacted at the center by 

flexible conical projectiles of different profiles and an initial velocity of 300 cm/s. The 

projectile is modeled using 50 bar elements. It is important to note here that because there 

are no available results for transverse impact of non-uniform projectiles on plates, 

existing results for transverse impact of a spherical projectile were used as a point of 

reference. In this study the truncated cone has the same mass as the spherical projectile 

used in chapter 2. The conical projectile impacts the plate with the large area face. The 

panel is simply supported along all four edges. Similar to the transverse impact on beams, 

after some testing with conical projectiles of different profiles it was found that for the 

truncated cone with a large to small face radius ratio equal to 15 a good approximation 

was obtained to the impact response obtained in chapter 2 (Figure 2.5) using a spherical 

projectile. Figure 5.8 shows the good correlation between the current analysis and the 

prediction obtained in chapter 2, shown in Figure 2.5. Consequently, a comparison is 

made, Figure 5.9, between conical projectiles of the same mass and impact face area but 

of different profiles. It can be seen that as the large (impact face) to small face radius ratio 

decreases the contact force increases and the contact duration decreases. 
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6. CONCLUDING REMARKS 

An analytical study was conducted to predict the impact response of cylindrical 

laminated panels. The impact response was obtained by both the mode superposition 

method and a reduction method based on Ritz vectors for nonlinear and linear problems. 

From the comparison between the two methods it was found that both show good 

agreement for the contact force and displacement histories of a laminated cylindrical 

panel subjected to impact loads. In the present iterative procedure for impact response 

analysis, the time increment needed to be very small in order to get accurate contact 

forces. For linear analysis, the Rayleigh-Ritz reduction method based on Ritz vectors 

required less CPU time than the mode superposition method although the results were 

very similar. Both methods required a large number of basis vectors to account for the 

impact load which has high-frequency characteristics. Furthermore, for the nonlinear 

analysis, the mode superposition method required less CPU time. It should be noted that 

since most of the time is spent on the calculation of the internal nodal force vector the use 

of reduction methods in performing nonlinear impact response analysis may not result in 

significant reduction in CPU time. The need for development of an efficient way of 

handling the calculation of the internal load vector is apparent. Also note that basis 

updating should be performed properly in order to obtain accurate results for nonlinear 

impact response studies. 

With the reduction of the non-dimensional shell radius [r/h] the cylindrical panel 

appeared to be stiffer. The non-dimensional shell radius [r/h] for values less than /000 

caused significant changes in the impact response of the laminated cylindrical panel. The 

introduction of simple geometric imperfections resulted in a stiffer structure. 

The previous analysis was validated by comparing results from the analysis with 

results in the literature and experimental results. Results were correlated for different 
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panel thicknesses, panel boundary conditions, and plate radii. From these results it 

appears that the finite element analysis accurately predicts the impact response of curved 

panels. 

The large-deflection effects observed in this study are influenced by the impact- 

energy level, the plate thickness and the plate boundary conditions for the quasi-isotropic 

laminates considered in the present study. Nonlinear effects are important for impact 

events with energies at the damage-initiation threshold level for 8- as well as 16-ply thick 

panels considered. The results of the study indicate that panel curvature effects also 

contribute to the nonlinear behavior of impacted panel. The trend of the analytical and 

experimental results indicates that the magnitude of the contact force is strongly 

influenced by the panel radius and it increases with decreasing panel radius. This 

observation suggests that a curved panel is more likely to be damaged by low-velocity 

impact with a given impact-energy level than a flat panel with the same thickness. 

Subsequently, an analytical study was conducted to predict the force generated by the 

impact of a non-uniform linearly elastic composite projectile on a Hopkinson bar. Two 

methods were used. A version of the impulse response method, established by Odeen and 

Lundberg (1991), using the modal superposition method to calculate the impulse 

responses of the projectile and the bar, and a finite element method using an explicit time 

integration rule. A good general agreement was obtained between both methods and the 

experimental results in the cases of impact studied. When the area of the impact face of 

the projectile is much larger than that of the rod the conditions for one-dimentional 

behavior were not satisfied. The two-dimensional analysis proved to be effective and the 

prediction for the contact force histories as well as the contact duration showed a 

significant improvement over the one-dimensional analyses and a good agreement with 

available experimental results. 
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Comparison between the CPU time required by the variation of the impulse response 

method and the finite element method showed that the iterative procedure involved in the 

second method does lead to a higher CPU time than the first method. The approach 

described by the first method proves to be much more efficient and less complicated than 

the one used by Odeen and Lundberg. A major advantage of the impulse response method 

is the fact that the calculation of the impact force required no iterations, something that 

largely increases the CPU time. The second method, based on the finite element analysis, 

despite its larger CPU time requirement, has several advantages over the impulse 

response method. A very important one is that the algorithm is simple in logic and 

structure, and it can easily handle complex nonlinearities. An advantage of linear explicit 

computations also is that even for large systems, the computation will be stable if the 

time increment is less than a critical value defined by the central difference stability 

criterion. 

The previous finite element method was further extended to predict the response of 

beams and generally-laminated, skew, trapezoidal plates subjected to low-velocity impact 

of a non-uniform linearly elastic projectile. Unlike most of the methods developed so far 

it does not require the knowledge of contact law and the shape of the projectile need not 

to be spherical but any non-uniform linear elastic composite projectile can be used. Using 

this approach the flexibility of the projectile is directly taken into account. 

Further research in this area should include a detailed experimental study. The 

experimental study will be used to predict the response of generally laminated, skew 

trapezoidal plates under the impact of rigid as well as flexible non-uniform composite 

projectiles. It is important to note that such an experimental study does not existin the 

literature. This will be very useful since it will enable us to check the validity of the 

analytical results obtained. It would be also very useful and interesting to extend the 
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method developed to study the nonlinear impact response of generally laminated, skew 

trapezoidal plates. 
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APPENDIX 1 

Flow chart for the finite element method 

(dF is the force increment for the force iterative procedure) 

la. Set initial conditions for both impacting bodies FO=0, F! =dF, 

fl =0, dp9=0, dp9=0, vp? =Vimp, vb=0, t=0, n=0, c=0; go to 2 

1b. Set initial conditions for both impacting bodies FnaFntd, 

pnutlsapnydF, dnaqntl, ynayntl mat, go to3 

2. Set time step Atp and Arp such that AtjemAtp 

UPDATE NODAL DOMAIN P (for the projectile) 

3. Compute initial acceleration a" =M wl (Fr - f My 

4. Update displacement d”*/ = a” + At pv + 5 Area" 

5. Compute the internal load vector f ntl _ gqntl 

=y 4 SAty (a?*! +a") 
2 

6. Update acceleration a 

7. Update velocity yhtd 

8. Set counter c=c+/, t=1+Atp 

9. If c<m go to 3; else set c=O and continue 

UPDATE NODAL DOMAIN B (for the bar) 

10. Compute initial acceleration a” = M —4 (F” — f") 

1 
11. Update displacement qnttl _ gn, Atpv" + 5 Aig" 

12. Compute the internal load vector f?*/ = Kd" */ 

13. Update acceleration gt tt M—l(pntd - prt) 
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14. Update velocity yrtl ony 5 Atp (a"*! +a] 

CHECK VELOCITY CRITERION 

15. If vp = vp set Fimp(t)=F"+!, n=n+J and go to 1b; 

else set F2+1=F4dF and go to 3 
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