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(ABSTRACT) 

This dissertation discusses two aspects of computational fluid dynamics: high- 

order spatial accuracy and convergence-rate acceleration through system precon- 

ditioning. Concerning high-order accuracy, the computational qualities of various 

spatial methods for the finite-volume solution of the Euler equations are presented. 

The two-dimensional essentially non-oscillatory (ENO), k-exact, and dimension- 

ally split ENO reconstruction operators are discussed and compared in terms of 

reconstruction and solution accuracy and computational cost. Standard variable 

extrapolation methods are included for completeness. Inherent steady-state con- 

vergence difficulties are demonstrated for adaptive-stencil algorithms. Methods for 

reconstruction error analysis are presented and an exact solution to the heat equa- 

tion is used as an example. Numerical experiments presented include the Ringleb 

flow for numerical accuracy and a shock-reflection problem. A vortex-shock inter- 

action demonstrates the ability of the ENO scheme to excel in capturing unsteady 

high-frequency flow physics. 

Concerning convergence-rate acceleration, characteristic-wave preconditioning 

is extended to include generalized finite-rate chemistry with non-equilibrium ther- 

modynamics. Additionally, the proper preconditioning for the one-dimensional



Navier-Stokes equations is presented. Eigenvalue stiffness is resolved and convergence- 

rate acceleration is demonstrated over the entire Mach-number range from the in- 

compressible to the hypersonic. Specific benefits are realized at low and transonic 

flow speeds. The extended preconditioning matrix accounts for thermal and chem- 

ical non-equilibrium and its implementation is explained for both explicit and im- 

plicit time marching. The effects of high-order spatial accuracy and various flux 

splittings are investigated. Numerical analysis reveals the possible theoretical im- 

provements from using preconditioning at all Mach numbers. Numerical results 

confirm the expectations from the analysis. The preconditioning matrix is applied 

with dual time stepping to obtain arbitrarily high-order accurate temporal solu- 

tions within an implicit formulation. Representative test cases include flows with 

previously troublesome embedded high-condition-number regions.
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“It was another baffling case, but then, 

you don’t hire a private eye for the easy ones.” 
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PREFACE 
  

A curious trait of human nature is the almost endless pursuit of orderly expla- 

nations. Perhaps no endeavor is more indicative than the fields of classical science 

and engineering. Pure mathematicians strive to constrain our untamed nature into 

a little box — bound, controlled, and predicted. In fact, the challenge of understand- 

ing may be reason for any scientific discipline’s appeal. 

Fundamentally, all scientific endeavor begins with first principles. In the field 

of fluid dynamics, the ideal fluid continuum is governed by the laws of conserva- 

tion. Written in their mathematical form, these laws become a system of partial 

differential equations known as the Navier-Stokes equations. Assuming an inviscid 

fluid, the laws are termed the Euler equations. Hopefully, nature’s gurgles of fluid 

are modeled adequately by these idealistic equations. 

Unfortunately, a computer’s humming thicket of wires and silicon operates only 

upon discrete numbers, and not upon a continuum. For simulation purposes the 

flowing expanse of fluid motion must be severed into small, finite units. Likewise, 

the continuum of time must be discretely approximated. After segregating the flow 

domain in both space and time, the computational fluid dynamicist has constructed 

his numerical wind-tunnel. 

Basis functions in numerical fluid dynamics 

Fundamentally, four categories lend themselves to representing a solution on 

a finite domain. These are the finite-difference, finite-element, spectral, and finite- 

volume methods. Their differences lie in how they recover an analytical, continuous 
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solution from discrete data. For example, any solution can be approximated as 

u(z,t”) = Soc $:(x). 

t 

where ¢; are known as the basis functions and c; are their corresponding coefficients. 

The above basis functions have different forms for each of the four categories. 

In the finite-difference method, the basis functions are discrete delta functions 

and an analytic solution is represented as shown in Fig. (la). Data is known only 

at specific points in the domain. Interpolation is a straight-forward procedure on a 

given grid, but generalization to arbitrary geometries has its own unique intricacies 

— among them maintaining a free stream. Specifically, the metric terms must be 

differenced in the identical fashion as the flux function to negate grid-induced errors. 

The finite-element method utilizes the hat function with compact support as 

its basis function and a solution is represented as in Fig. (1b). This formulation 

attractively allows for the placement of grid points at any desired location in the 

flow. However, an inherent neighboring cell structure is lost and additional connec- 

tivity information is needed. As a result, implicit time marching strategies, which 

are attractive because of their high time-step capabilities, require the inversion of 

sparse matrices with large bandwidths. A finite-element researcher can expect both 

large memory requirements and high computational time per iteration. 

The spectral method attempts to reproduce the solution with globally, rather 

than locally, defined basis functions and a solution is modeled as in Fig. (1c). 

The trial functions may be either Fourier expansions or Chebyshev polynomials. 

Grid generation in the sense of finite-difference methods is not necessary because 

a specific choice of collocation points is crucial to the spectral method’s accuracy. 

Attractively, spectral methods exhibit “super-quadratic” convergence upon grid re- 

finement. However, Gibbs-like oscillations occur around the discontinuities inherent 

to transonic and supersonic flows. 
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Figure 1. Four categories for representing a function on a finite domain. 
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In the finite-volume method data is stored as a cell average over the mesh, not at 

any specific point. The solution is cell averaged as in Fig. (1d). The basis function 

is then a step with compact support, and the grid lines serve as the boundaries 

for each connecting cell. The finite-volume method originates from the integral 

equations of fluid flow and has enjoyed unsurpassed popularity since Godunov’s 

ingenious introduction of the Riemann solution into the numerical algorithm [23]. 

The finite-element, finite-difference and finite-volume methods approximate the 

solution locally. To control oscillations in high-gradient regions such as shocks and 

contact surfaces, these methods must either intelligently choose from the available 

data or limit the information used to describe the flow field. Either process then 

presents areas of research for controlling the dissipation to capture crisp discon- 

tinuities, but yet not allowing numerical wiggles. Additionally, the control of the 

damping at large-gradient regions must not be so diffusive as to lose the details of 

the flow field. Part I of this thesis addresses high-order reconstruction, the finite- 

volume analog to interpolation. 

Accuracy and Monotonicity 

Two issues are truly at hand regarding high-order spatial methods: accuracy 

and monotonicity. One may expect that high-order algorithms give better solutions. 

Indeed, for smooth flow fields this is true; however, if a flow field has discontinu- 

ities or steep gradients, a high-order algorithm faithfully collides with Godunov’s 

proof that a monotonicity-preserving linear scheme is necessarily first-order accu- 

rate [23]. Consequently, high-order, constant-coefficient schemes generate spurious 

oscillations. After a single time step a monotonicity-preserving scheme propagates 

an initially monotonic solution downstream without generating new extrema. The 

solution for all successive time steps remains monotone. Unfortunately, high-order 

numerical schemes are not so obedient. 

PREFACE 4



Oscillation generation is easily understood with the initial profile shown in 

Fig. (2). Specifically, a second-order method reconstructs the given discontinuous 

data as a piecewise-linear fluctuation. Subsequently, an undershoot and overshoot 

are generated upstream and downstream of the discontinuity, respectively. This 

reconstructed solution then propagates downstream a distance aAt, and new cell 

averages evolve from this new “solution”. Consequently, the upstream cell aver- 

age decreases and the downstream cell average increases. This process effectively 

generates oscillations at every sufficiently steep gradient in the flow field. Recon- 

struction using rapidly changing cell-average data is the fertilizer for these growing 

oscillations. 

To achieve both high-order accuracy and monotonicity preservation, we must 

incorporate non-linearity even if the model equation is linear. Traditional methods 

simply reconstruct the solution to high-order accuracy over the entire domain and 

bound the result in high gradient regions with limiters. Commonly used limiters 

include the minimum-modulus (min-mod) limiter, Van Albada’s smooth limiter [63], 

or Roe’s SuperBee limiter [51], among others. With any limiter, uniform accuracy 

is lost at the expense of monotonicity. Researchers have continually desired the 

perfect algorithm —- high accuracy and monotonicity. To achieve this lofty goal, we 

require that the support stencil ebb with the computational solution. With this 

background knowledge, the objective of a general non-linear class of schemes called 

the essentially non-oscillatory (ENO) schemes is the quest for the most monotone 

data for reconstructing the local solution to high order. Stencil-adaptive, high-order 

schemes are the topic of Part I. 

Part II of this thesis addresses convergence-rate acceleration for steady-state 

flows by eliminating eigenvalue stiffness. An enormous engineering effort has gone 

into developing computational codes for simulating modern compressible flows. 

These codes are limited by only the size and speed of the processors on which 

they run. Because computing time is relatively cheap, fluid dynamic simulation has 
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Figure 2. Cell averages around a discontinuity during the three stages of a numer- 

ical simulation. 
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grown with the economy of micro-chips in the research, application and development 

arenas. However, an unforeseen weakness lurks in the darkness for compressible 

algorithms: - -. 

High-speed test cases are routinely run everyday; however, the low-speed per- 

formance of compressible algorithms is alarmingly poor. Why does a code that suc- 

cessfully simulates sophisticated high-speed flows fail so miserably for low speeds? 

The answer lies within the model equations. Steady-state calculations march in 

time until the state vector solves the steady terms in the unsteady formulation. 

The maximum time step is inversely proportional to the maximum wave speed in 

the system. At very low speeds, the fastest wave is a pressure disturbance moving 

at the speed of sound. The slow-moving convective waves propagate with the slow- 

moving fluid. To travel the same distance as the acoustic waves, the convective 

waves must pass through thousands of time steps. This is an elementary concept 

called stiffness and makes low-speed calculations prohibitively impractical. To fix 

the problem, we must accelerate the convective waves so that the convective and 

acoustic waves travel equivalent distances after a single time step. This process is 

called characteristic time stepping where each characteristic wave receives its own 

time step. An alternative explanation incorporates the condition number which is 

the ratio of the largest to the smallest characteristic wave in the system. A large 

departure of the condition number from unity means poorly matched characteristic 

speeds. The process of equalizing wave speeds is called preconditioning because the 

system of ill-conditioned waves is altered or preconditioned to yield a system with 

an optimal condition number. 

Three primary reasons exist for using a compressible code to simulate nearly 

incompressible flows. Fundamentally, the compressible formulation is closer to re- 

ality. Many flows which are predominantly low-speed contain regions where com- 

pressibility is important. For example, a high-contraction-ratio wind tunnel has 

very-low-speed flow in the settling chamber which may then accelerate to nearly 
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sonic conditions in the test section. A high-a fighter flies at its minimum con- 

trollable airspeed but has transonic flow around the leading edges of its wings. 

Many other examples exist where a compressible formulation is necessary but a 

characteristic-wave-speed disparity hampers convergence. 

Secondly, today’s aerospace computer banks and engineering minds are filled 

with years of research knowledge on the compressible formulation. The bill-paying 

efforts of a generation of numerical scientists should not go wasted. Rather, the 

weaknesses of the compressible codes should be improved to complement their abil- 

ities for the high-speed regime. 

Even at low speeds, significant density gradients may result from large tem- 

perature variations of a gas in thermal non-equilibrium. We see this phenomenon 

in every-day life. Examples range from the induced velocity field around a paraffin 

wax candle to the boiling convective waves melting off of a hot summer’s blacktop. 

The elimination of eigenvalue stiffness enhances the aerospace engineer’s tool-box 

so that he can robustly model all realistic flows with reduced complication. 

The preconditioned formulation is conceptually simple. A standard upwind 

flux-balance residual is calculated and multiplied by a filter called the precondition- 

ing matrix. To not interrupt the physics of the flow, this matrix must be positive 

definite. The preconditioning matrix must not interfere with the natural wave 

propagation directions of the flow. For example, if we multiplied the residual by a 

negative-definite preconditioning matrix, the modeled numerical flow physics would 

move backwards in time. Energy methods assure that a preconditioning matrix 

derived from a symmetric hyperbolic system will be positive definite. Subsequently, 

the steady-state solution admitted by the preconditioned equations is identical to 

those of the original equations assuming the use of the same flux functions. 

Part II of this thesis presents the analytical and numerical details of the pre- 

conditioning procedure. The objective here is to present the framework for deriving 

the matrix and demonstrate its implementation for three-dimensional flow with 
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finite-rate chemistry. The derivations of all the matrices were accomplished in a 

timely and practical manner by using Mathematica programmed by Stephen Wol- 

fram [82]. Both explicit and implicit time marching strategies are documented. The 

framework is set for viscous-flow preconditioning. The resulting matrices accelerate 

convergence at all Mach numbers and at all cell Reynolds numbers. However, since 

the hypersonic flow regime has negligible convective eigenvalue stiffness, particular 

benefits are realized at incompressible, subsonic and transonic flow speeds. 
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CHAPTER 

ONE 

INTRODUCTION 
  

The domain of high-order accurate numerics has been broadened with the 

development of uniformly accurate essentially non-oscillatory (ENO) schemes for 

structured rectangular grids by Ami Harten, Bjorn Engquist, Sukumar Chakravar- 

thy and Stanley Osher [29]. The ENO schemes are a proposed class of algorithms 

which capture physically relevant high-frequency flow phenomenon with a uniform 

reconstruction procedure. An extension of the reconstruction-via-primitive-function 

principle to generalized coordinates was accomplished as a doctoral project by Jay 

Casper [8]. Throughout Part I of the present dissertation, an adequate Riemann 

solver is assumed. Of principal concern is the interpolation for the left and right 

fluid-dynamic states. Note that the Riemann solver used in this study is direction- 

ally split and not genuinely multi-dimensional. However, the reconstructions are 

multi-dimensional. 

When numerically modeling a hyperbolic system, two methods are available for 

controlling oscillations around discontinuities for higher-order accuracy. Either the 

available stencil is reduced or limited, or the stencil shifts to use only a monotonic 

set for interpolation. An ENO scheme is a class of schemes (like TVD) which is 

uniformly accurate and whose stencil moves depending upon the data. The defining 

property of an ENO scheme is that the total variation of the solution is allowed 

to increase on the order of the truncation error. For fixed-stencil, higher-order 

methods, the total variation will increase with O(1) oscillations forming around 

discontinuities and high-gradient regions. 
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Many methods are available for reconstructing the piecewise continuous func- 

tion from cell averages in the finite-volume formulation. With the primitive-function 

approach the cell averages are transformed into data which is known at discrete 

points. Interpolation with Lagrange polynomials can then be used to determine the 

reconstruction. By using the k-eract approach, a degree-k polynomial whose cell 

averages are mapped onto a grid is subsequently reconstructed exactly. The k-exact 

reconstruction uses enough cell averages to determine the unknown coefficients in 

the reconstruction polynomial. The dimensionally split ENO approach overlaps two 

one-dimensional reconstructions which shift non-linearly with the data. This is 

not a true two-dimensional reconstruction and is limited to second order. A fixed 

stencil variable-extrapolation method coined monotonic-upstream centered scheme 

for conservation laws (MUSCL) provides a one-parameter family of reconstructions. 

MUSCL differencing is fast, simple, and is a directionally split method incorporated 

in most modern-day, preduction-level codes. 

In a finite-volume formulation, an ENO scheme specifies requirements upon 

the reconstruction polynomial used for interpolating the state variables to a control- 

volume’s cell faces. A general reconstruction polynomial approximates to high-order 

accuracy a function which generated the cell averages at the current time level. An 

ENO reconstruction is uniformly accurate meaning that all cell face interpolations 

are of the same order of accuracy (t.e. no local reductions in accuracy). Non- 

oscillatory behavior and uniform accuracy are accomplished in a hyperbolic system 

only if the stencil used in the reconstruction changes from cell to cell and time 

level to time level. Additionally, the moving stencil eliminates the necessity for 

traditional limiters which decrease accuracy at extrema in order to diminish the 

total variation of the solution. 

An ENO scheme chooses the “best” cells locally in an asymptotic sense to 

reconstruct the pointwise solution at a cell face. In this way the algorithm incorpo- 

rates gradient information to match the Taylor series. A straight-forward extension 
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to unstructured grids of the essentially non-oscillatory behavior is not formally 

apparent. Efforts of Barth and Frederickson [3] have succeeded in reconstructing 

pointwise data with k-exact polynomials on general discretizations applicable to 

smooth fluid physics. More recently Abgrall [2] has designed an ENO scheme for 

application within the finite-element formulation. Although a reconstruction must 

only satisfy conservation on the cell in question, all of the reconstruction methods 

discussed in this thesis (two-dimensional reconstruction via primitive, k-exact, di- 

mensionally split ENO, and traditional variable extrapolation MUSCL differencing) 

satisfy conservation for all the cells used to obtain the reconstruction. Interpola- 

tion algorithms should use reconstruction polynomials which satisfy conservation 

for not only the main parent cell, but also all the supporting cells to get a minimum 

reconstruction error for a given order of accuracy. 

To achieve arbitrary high-order accuracy in two dimensions, the reconstruc- 

tion via primitive incorporated in some ENO schemes or the k-exact reconstruction 

should formally be used. Both reconstructions satisfy the mean for the cells in their 

support stencil. However, these methods are computationally expensive both in 

terms of operation count and memory. As a compromise, a less rigorous, yet com- 

putationally simple ENO method is proposed which overlaps two one-dimensional 

interpolations giving an improvement to the MUSCL formulation. Because cross- 

derivative terms are neglected, this simpler method will achieve, at best, second- 

order accuracy, but will remain uniformly accurate, is less computational work, and 

the overlap of a pair of second-degree reconstructions has less reconstruction error 

than the overlap of a pair of first-degree reconstructions. 

Chapter 2 contains a summary of popular reconstruction methods. The nu- 

merics of Casper’s two-dimensional ENO reconstruction with arbitrary accuracy, 

k-exact reconstruction for general grids, and the dimensionally split ENO recon- 

struction are described as well as the reconstruction that the @¢—« formulation 

represents. We demonstrate a method for conserving the mean using k-exact re- 

constructions. A method is given for obtaining the smoothest stencil in generalized 
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discretizations. The various algorithms’ strengths and weaknesses are discussed for 

multi-dimensional applications. Steady-state convergence will always be a weakness 

for moving-stencil algorithms because a chattering stencil consistently changes the 

local truncation-error constants on every time step. Residual plots are shown for 

several steady-state test-cases which demonstrate this behavior. 

Chapter 3 provides the necessary framework of integral error analysis. As a 

numerical example, reconstruction errors of an exact solution to the heat equation 

on a square grid are presented. Results are given for all of the reconstruction meth- 

ods considered. The computational accuracy is determined from grid refinement 

and operations per grid cell show the CPU intensity of each scheme. The issues of 

efficiency and operations count are addressed in this dissertation for the first time. 

The dimensionally split ENO scheme is a proposed high-order uniformly accurate 

scheme which decreases the CPU intensity. 

Numerical solution error to the Ringleb flow is given in Chapter 4. Results of 

the dimensionally split ENO scheme are also presented with a modification to reduce 

near-wall oscillations. The time history of a strong vortex moving through a normal 

shock in a diverging section is also presented. Conclusions and recommendations 

are given in Chapter 5. 
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CHAPTER 

TWO 

RECONSTRUCTION RECIPES 
  

Various methods for generating pointwise values at a cell face from cell aver- 

ages are available in the literature. In this chapter, we will introduce four distinct 

methods and discuss their relative merits. First, consider the starting point of 

any aerodynamic simulation — the governing equations of fluid motion. In their 

one-dimensional differential form, the equations are 

0Q. Of _ 
a tag 7% (2-1) 

where Q is the set of conserved variables and f contains the flux of of mass, mo- 

mentum and energy. If we integrate over a discrete space-time domain [t", ¢"+1] x 

[7:-1/2, 2141/2], the fluid-dynamic equations in Eqn. (2—1) can be written exactly 

  

as , . 
Qrtt_-Q" | fitaya— fi-aye _ 

At + Az =0 (2-2) 

where 

aren [aed (2-3) = — z, L — 
Az Ti-1/2 

and 
. 1 q7ti 

fisis2 = xf f[Q(xi41/2,t)] dt. (2—4) 
t" 

Any numerical procedure begins here and follows three distinct steps: 

1) Reconstruction of the pointwise variable field from the cell-average values de- 

fined by Eqn. (2-3). Note that from this point onward, the governing equations 

of fluid motion are approximated; 
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2) Numerical evaluation of the flux in Eqn. (2—4) using the cell-face values and 

an adequate Riemann solver for the flux; 

3) Time evolution of the cell averages using a time-stepping procedure. 

The objective of this portion of the research is precisely the first step described 

above. With a continuous, smooth function, w(x), and a discretized domain, we 

can calculate the cell averages 

_ 1 *i+4 wa)=—— [* weet. (2-5) 
Ti Jr. 

i-4 

We are concerned with the inverse problem. Given cell-average data, we want to 

accurately approximate the function, w(z). This process is called reconstruction. 

We are reconstructing an unknown solution from its known cell averages using a 

polynomial basis set. We will denote the reconstruction polynomial R(z;w), which 

reads “R of x given values of w”. 

2.1 Total variation control 

Ami Harten provided a necessary tool for analyzing non-linear schemes when 

he introduced, from applied-mathematics circles, the total variation of a discrete 

function [30]. The total variation at a specific time level is defined as 

J 

TV(w")=)> 
j=l 

wr —w j j-1 (2-6) 
    

A total variation diminishing (TVD) scheme updates the solution such that the 

solution’s total] variation diminishes as numerical time progresses. In notational 

form, the TVD requirement is 

TV(w"t) < TV(w"). (2—7) 

More accurately, a scheme that satisfies this inequality is a total variation non- 

increasing scheme. 
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The total variation monitors the oscillatory nature of a discrete data set. For 

example, a series of monotone non-decreasing numbers will have as its total variation 

the difference between the endpoint values. All interior values telescope in the sum- 

mation. If after a single time step, the total variation increases, then new internal 

extrema have been generated. For a hyperbolic conservation law, the total variation 

of any initial solution is non-increasing, and we would hope that a numerical ap- 

proximation could share the same quality. Unfortunately, this preservation restricts 

the accuracy, even for a non-linear scheme, to being uniformly second order [30]. 

A relaxation in the TVD requirement is necessary to enable higher-order accuracy. 

We must allow the total variation to increase, but only within the bounds of the 

truncation error. Schemes with such a relaxation are the essentially non-oscillatory 

(ENO) schemes [29]. The “essentially” reflects that the total variation is allowed to 

increase on the order of the numerical truncation error. 

2.2 Simple One-dimensional Reconstructions 

The group of cell-average data used to compute a reconstruction is known as 

the support set or support stencil. If a reconstruction is analytically integrated 

over the domain of the finite-volume cell and yields the known discrete cell average, 

the reconstruction is said to satisfy or conserve the mean. So, the solitary goal of a 

reconstruction polynomial is to satisfy the mean for every cell in the support stencil. 

Perhaps it is fruitful to begin with a commonly used reconstruction. Current 

finite-volume production-level codes commonly incorporate Van Leer’s variable- 

extrapolation method [68,69,70]. Van Leer’s method (the ¢—« formulation or 

MUSCL approach) matches different cell averages for different combinations of ¢ 

and «. For simplicity we adopt a locally defined coordinate, £, which is zero at 

the center of the j** cell. With cells of constant width, the linear reconstruction 

satisfying the mean for the j—1°* and j** cells is 

:_— Wy-1 

Ra(G) = 0; + (APE (2-8) 
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The linear reconstruction which satisfies the mean for the {j, 7 +1} stencil is 

w Ww; 
Ro(€; 0) = 0; + (—* *YE. (2-9) 

The third-order, quadratic reconstruction is determined by satisfying the mean for 

three cell averages. This reconstruction is obtained just like all others — by satisfying 

conservation for the support set. The unique quadratic reconstruction that uses the 

{j-1, 3, 7 +1} support stencil is 

Wy Wj-1 

Az 

Az? 

12 

oy Wj-1 —20; + W;41 ,,5 
R(E;w) = w;j + 6+ rE + EA —     ). (2-10) 

As will be shown later in Section 2.2.1, this reconstruction is third-order accurate 

at every location, €. Specifically, this polynomial at the right cell face (€ = Az/2) 

gives a third-order accurate value for the left state, w7 which is identical to 

that obtained from the ¢—« formulation with k=1/3. 

j+1/2? 

The MUSCL-differencing approach gives a one-parameter family of reconstruc- 

tion polynomials evaluated at the cell face. For the left state on the right cell face, 

the values of the piecewise-constant, linear, and quadratic reconstruction are kappa 

dependent and are evaluated from 

wry = 0; +$(a +K)A+(1- oy Dj, (2-11) 

where ¢ is an on/off switch for high-order accurate interpolation. For the right state 

on the left face (1.e. €=—Az/2) the ¢—« formulation is 

wt , =v; - $]a+ev-a-mala; (2—12) 

Engineers are accustomed to fitting data points with Lagrange polynomials be- 

cause of their training in finite-difference methods and courses in numerical meth- 

ods. However, with a reconstruction the data is known only on the average and not 

at a discrete point. In the finite-volume formulation which uses cell average data, 

a reconstruction from the cell averages should be utilized for high-order accurate 

methods on non-uniform grids. 
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2.3. Essentially Non-Oscillatory Reconstruction 

The new twist associated with the essentially non-oscillatory schemes is a non- 

linear method for selecting the support stencil. The reconstruction is then obtained 

by conserving the mean. The designers of the ENO schemes have specifically set 

down three defining conditions for their algorithms [29,30]. The three conditions 

are: 

1. At all points where w(z) is smooth, a reconstruction from cell averages must 

be high-order accurate, or 

R(2; 0) = w(x) + OCA"). (2—13) 

The truncation error O(h”) can be written as e(z)h” and can lose an order of 

accuracy at a discontinuity. 

2. The reconstruction must be conservative in the sense that 

R(x 3; 0) = wy, (2-14) 

Or, 
1 “ith oe ye _ 

asf OY RG) f= wes) (2-15) 

This means that the reconstruction itself must satisfy the same cell average as 

the original function. 

3. The reconstruction must be essentially non-oscillatory, which in terms of the 

total variation means 

TV [R(2; 6)] <TV [w(r)] + O(h"). (2—16) 

This simply means that oscillations are allowed only on the level of the trun- 

cation error. Arbitrary accuracy and elimination of O(1) oscillations around 

discontinuities are achieved at the expense of a slightly increasing total varia- 

tion. 
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2.8.1 The Primitive Function 

A mathematically rigorous approach to reconstruction incorporates the primi- 

tive function [9,29,30]. The primitive function simply transforms cell-average data 

into discrete values at a point where classical numerical methods apply. By de- 

sign, the function conserves the mean and helps to determine the truncation error. 

The foundation for interpolating with cell averages begins with the one-dimensional 

reconstruction of a scalar variable. 

Given cell averages, wW;, of a piecewise smooth function, w(z), we can immedi- 

ately evaluate discrete values of the primitive function, denoted W(z). The analytic 

form is defined starting from an arbitrary point, jo, as 

W(r)= [ w() dé. (2—17) 

730-4 

The discrete values follow from a summation 

3 

W(2541) = Ag; W;. (2-18) 

i=jo 

From Eqn. (2-17), the desired reconstructed function, w(z), is the derivative of the 

analytic primitive function, or 

w(r) = (2—19) 
dz ~ 

We can apply a Lagrange interpolation polynomial to the discrete values of the 

primitive function, and obtain an ENO interpolation polynomial if we use the 

“smoothest” stencil. We can then determine an approximation to w(z), which we 

call R(z;w), by differentiating the Lagrange polynomial. This procedure conserves 

the mean and does not require uniformity of the mesh. Note that the primitive 

function, W(z), is by one derivative smoother than w(z). 

The primitive function is particularly useful in determining the truncation error 

of a reconstruction. To this end, the following theorem taken from Burden and 

Faires [5] is important to any discussion on interpolation and reconstruction. 
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THEOREM: If 2;,27541,...,2j;4% are distinct numbers in the interval [a,b] and 

f € C** Ja, bj, then, for each z in [a, 6], a number, €(z), exists in (a,b) with 

(k+1) 

f(a) = P(e) + Ie ~ 2543), 

where P;(z) is the Lagrange polynomial 

k 

P,(z) = > F (2m) Lk,m(2) 
m=0 

and 

-T] eo, i=0 (Lm4i — Lj+i) 
igm 

This theorem states that if k+1 discrete data points are fit with a degree-k 

Lagrange polynomial through the points, then the leading term in the interpolation 

is k+1%* order. In this dissertation, a degree-k interpolation is denoted as n**-order 

where n=k-+1. For example, if we have data at 2;~-1, rj, and 24, called f;_-1, fj, 

and fj41, then the Lagrange polynomial which passes through the three data points 

1S 

    zr) =f; (x — 2;)(z — £541) (x — 2;-1)(@ — F541) 

pO) hm (zj—a — 2 y)(tj—-1 — Bj41) ©? (#5 — Bj-1)(@j — Bj 41) (2—20) 
+ fay — tilt = 23) 
  

(tj41 — j-1)(Tj41 — 23) 

Or, if we define =x — x; and assume constant cell widths, the polynomial is 

  

E(€ — Az) (€+Az)(€ — Az) &(€ + Az) 
P2(r) = fj- 1 SA.2 9Axr?2 — fj Ag2 + fj4i 9Azr SA? ° (2—21) 

The cell-face value of the function is then 

3 1 3 
Po(jtijo) = fi + gAfi + GV Si + O(Ae’). (2-22) 
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If we use the MUSCL differencing as in Eqn. (2—11), but with data known at a 

point as in a fintte-difference code, the above polynomial corresponds to a kappa 

value of k = 1/2. In a finite-volume method, a third-order reconstruction which 

satisfies the mean for the three cells in the support stencil results from «=1/3. The 

¢@—« formulation may be used in a finite-difference code to reconstruct from point 

data or in a finite-volume code to reconstruct from cell-average data. However, the 

corresponding third-order values of kappa («) differ. Satisfaction of the mean in 

finite-volume formulations is the analog to Lagrange polynomials passing through 

data points in the finite-difference approach. 

Thus, a question arises. How can we use the primitive function to determine the 

truncation error for the three most commonly incorporated MUSCL reconstructions: 

first-order, second-order upwind and third-order upwind-biased? 

2.8.2 Determining Truncation Error 

First-order Truncation Error 

The first-order reconstruction is the piecewise-constant value used in Godunov’s 

original scheme [23]. This is a frivolous way of saying that the reconstruction is the 

cell average itself. However, at the cell center, the cell average is a second-order 

approximation to the function that determined the cell average. To see this, we 

expand the Taylor series of W(x;41/2) about an arbitrary point, x, which gives 

  

  

dw 2. dW (2544 —27)” 
W (2544) = We) + (2544 — 2) + » ion (2—23) 

From Eqn. (2-18), we see that 

W(2.41)-W(2; 2 
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Since w(z)=dW/dz, Eqns. (2—23) and (2—24) immediately imply that 

pw (€- Sy (E+ Sy» 
dx? 2Az (2—25) 

PW (-1)" [(€ — Az/2)" — (€ + Az/2)"| 
dz” nl Az 

  w; = w(z)+ 

  

n=3 

90, at the cell center, £=0, the cell average is a second-order approximation to w(z) 

at «=x,;. Of course, everywhere else the reconstruction is first-order accurate. The 

truncation error of high-order reconstructions can be determined similarly. 

Second-order Upwind Truncation Error 

For the upwind case, a second-order approximation to w(z) which uses the 

cell averages at 7 and 7 —1 will require three values of the primitive function: 

Wj41/2, Wj-1/2, and Wj-3/2. A quadratic passing through these three points 

results in a third-order Lagrange polynomial, which is 

    

  

P(E) = Wyss (€ + ale 3Az/2) _ Wy-1/2 (€ — Ae/PKee 3Az /2) 

_ , Sa Aal2 Ne + Aa /2) BW &(€ + Ax/2)(€ — Ax/2) 
+ W;j-3/2 Az? + 3 31 . 

(2—26) 

Obviously, the derivative of P2(xz) will be one order less accurate. At the cell face, 

the derivative is the second-order reconstruction to the cell-average field. After 

some trivial algebra, we find the derivative to be 

dP, Wy41/2 — Wj-1/2 
    

    

dz Az 

1 [ Wy4iy2 — Wy-as2  W3-1/2 — W3-3/2 

2 Ag 7 Az (2-27) 

BW Ax? 

dz? 2-3!’ 

which reduces to 

BW Ax? R(3;0) = 1; + 5 (Bj — Din) + TP (2-28) 
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Third-order Upwind-biased Truncation Error 

The upwind-biased third-order reconstruction must use the four primitives: 

Wy+43/2, Wj41/2, Wj-1/2 and W;_3/2. After differentiation of the Lagrange poly- 

nomial which passes through these data points, we obtain a reconstruction which 

incorporates the cell averages at 7-1, j, and 7+1. This reconstruction is 

  

  

R(é;w) = w; + iSite 

De 1 —20; + Ww; A 2 
W; 1 SAL Wy+1 (€? + Ax _ os (2-29) 

GW d [E+ Ax/2V(E ~ Az /2\(€- 32/2) 
dz* d€ 4! 

The ¢—« formulation with « = 1/3 is the above polynomial evaluated at the cell 

face. Including the truncation error term, this interpolation is 

d*W Az? 

dr+ 2-4! 
  R(é=Az/2;%) = 0; + 7 la +1/3)A+(1- 1/3) Bj — (2-30) 

2.8.8 A ENO Definition of “Smoothness” 

The ENO algorithm chooses the “smoothest” stencil in a necessarily non-linear 

fashion. The smoothness of the discrete data, W(2;41/2), is determined with a 

divided-difference table. If W(x) is C"[zj41/2,2j41/24n], then 

1 yo) 
Wt j44,j43,--- Ti414H] = md (€), (2-31) 

for £ € [2 j41/2)2j4+1/24+n]. So the absolute value of the divided differences gives a 

measure of the smoothness of W(z) in the interval. 

The procedure to determine the smoothest support set is as follows. Define the 

stencil of m+1 points, Sn(j), 

Sm(J) = {054252 j48,-+-,2jpd4m}- (2—32) 
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Then for reconstruction on the interval [x ;_1/2, 2341/2], set 

(7) =). (2-33) 

For high-order reconstruction, we determine the best cells by comparing the mag- 

nitudes of the divided differences. Consider adding a cell to the left and right of the 

current cell(s) as in Fig. (3) and compare the corresponding two divided differences. 

We choose the smaller difference in magnitude to obtain the stencil that is smoothest 

in an asymptotic sense. Explicitly, identify 

S¥ = Sm(im—1(J) — 1), (2—34) 

and 

SP = Sin(im—1(j))- (2—35) 

Now build the stencil from its preceding stencil according to 

*m(J) = {in} otherwise. (2-36) 

The stencil is built for m=1,2,3,...,n, where n is the order of the scheme. 

Particularly note that the reconstruction does not necessarily pass through the 

cell centers, but must, instead, satisfy conservation of all the cell averages in the 

stencil. 

2.8.4 Arbitrarily High-Order Accurate Two-Dimensional ENO 

The application of the ENO scheme to multi-dimensions is documented by 

Harten et.al. [29] and Casper [7,8]. The two-dimensional ENO schemes based upon 

the primitive function operate upon data in one dimension at a time. Assume we 

have a Cartesian grid jdim x kdim in the (z,y) plane. Consider a reconstruction 

for the pointwise values of w(z,y) on constant-x faces shown in Fig. (4). 
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Support Cells 
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Figure 3. Dimensionally split support stencil centered around the first-order parent 

cell containing all contiguous sets of three cells used for a degree-two reconstruction. 
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Reconstruction from 

4 Line Averages R(x;w) 

  

        
Possible * 

Support Cells 

Figure 4. Parent cell (black), the multi-dimensional support stencil (darkest gray), 

set of all contiguous support cells (medium gray) and the physical domain (lightest 

gray) for a full two-dimensional ENO reconstruction of order two. Shown is the 

reconstruction procedure for the constant-z faces of the parent cell. 
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First, from a set of jdim cell averages (i.e. constant k row) 

_ 1 7i+4 0 1 Ye+d 
Ok = = | x / w(x, y) dy dz, (2—37) 

Zz. i 4 
  

accurate line averages are reconstructed via the primitive function. This procedure 

is repeated for all 7d¢m cells and all kdim rows. We then have a reconstruction for 

the line averages in the y-direction 

R(x) = =— | " u(a,u)ay. (2-38) 
¥e-4 

Another data set for reconstruction is generated by evaluating R(z;w) at specific 

values of x, namely at both vertical cell faces (rt = zt, fa" 541/2 

Then with accurate line averages, pointwise data is obtained by a reconstruction in 

) for every cell. 

the y-direction (%.e. with the reconstructed line averages, R(z3,, /23 w), we obtain 

the pointwise reconstruction R?(y; Riri, 123 w)), which is a polynomial in the y- 

direction of degree, k, at the right face). Here the notation x, ,/. denotes the left 

state at 2;41/2 and Py /2 denotes the right state at r;_1/2. R? is the pointwise 

reconstruction operating on FR and is evaluated at the Gauss points of the flux 

integral. The notation at the the left face, x=2zj;_1/2, is then R?(y; RTP 3 p93 w)). 

Two similar reconstructions are done for the constant-y faces. From these left and 

right states the flux integral can be accurately evaluated at the Gauss points with 

any flux-splitting technique. 

Although notationally nasty, the reconstruction using line averages is crucial 

for arbitrary accuracy in two dimensions. For arbitrary three-dimensional accuracy, 

area averages, then line averages, and finally pointwise data must be reconstructed. 

The ENO scheme above logically chooses the smoothest stencil on each level from 

divided-difference tables of cell averages, area averages, and line averages in that 

order. The reconstruction satisfies the mean for all the cells in the support stencil 

and is of the form of a tensor-product polynomial, or more rigorously, 

ko ok ok 
Riz, y,2; 0) = > > So ci,s,t ty? z! (2—39) 

==0 j7=0 i=0 
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Note that for the reconstruction in two dimensions the ENO scheme will include 

(k + 1)? cells and in three dimensions (k + 1)? cells. This is not for each cell, but 

for each cell face, and the computation is just beginning. 

Application to Mesh Curvature 

The previous reconstruction using the primitive function is applicable to stretched 

rectangular grids. However, a differentiable mapping from (z, y) space to (£, 7) space 

is required for the extension to meshes with curvature. If the transformation is not 

known, this requires a polynomial of degree-k passing through the grid points. The 

approximation to the pointwise function, w(z, y), in generalized coordinates is then 

R? (x,y; Aw) 
(x,y) = “F(a, y;A) (2-40) 

where R?(xz,y; AW) and R?(z,y;A) are reconstructions for the pointwise functions 

w(r,y) J(z,y) and J(z, y), respectively. J(z, y) is the transformation Jacobian from 

(z,y) space to (£,7) space. 

1 
A= Achy | Teu)dedy (2—41)   

This formulation will maintain the free stream to the order of the truncation error 

in the finite-volume setting. 

In review, what computations are necessary for reconstruction in generalized 

coordinates? We must calculate the primitive function from cell averages. A non- 

linear selection algorithm chooses the best cells from which to reconstruct the solu- 

tion at a cell face. The reconstruction is determined by differentiating a polynomial 

passing through discrete values of the primitive function. A reconstruction of the 

transformation Jacobian from cell areas (or volumes) is necessary. Finally, high- 

order accurate metrics are needed at each flux-integration Gauss point. This entire 

process is far too impractical for routine use on modern-day computers. 
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2.4 K-exact Reconstruction 

K-exact reconstruction is a simpler approach which makes no promises about 

the smoothness of the reconstructed solution. The method is multi-dimensional by 

nature and remains in the physical solution domain. The goal is simple — directly 

satisfy the mean for every cell in the stencil using the minimum number of cells 

necessary. /-exact reconstructions must satisfy three design criteria as specified by 

Barth and Frederickson [3]. 

1. The reconstruction must satisfy conservation of the mean of the parent and 

support cells as in Eqn. (2-3). If we consider a general polynomial R(z, y, z;w) , 

k k-i = -k—-(#+9) _ 

Re,y.zi)= > DD) cugt ety, (2-42) 
7=0 jJ=0 i=0 

then the reconstruction must satisfy the mean for (k + 1)(k + 2)(k + 3)/6 cells. 

For one and two-dimensional polynomials, k+1 and (k + 1)(k + 2)/2 cell means 

must be conserved, respectively. The support set must be in the neighborhood 

of the parent cell. 

2. R(x,y,z;w) must be k-exact, which means that for polynomial functions, 

w(z,y,z), of degree k or less the reconstruction is exact. 

3. The reconstruction process should be computationally efficient. 

In contrast to the described ENO reconstruction, the same k-exact reconstruc- 

tion polynomial is used for all Gauss points on the cell’s faces. While the coefficients 

in R(x, y, z;) depend upon the support stencil, the integral of z' y? z' depends only 

upon the geometry of the grid. Applying the averaging operation of Eqn. (2—15) 

in three dimensions, the mean of the reconstruction is 

k k-i = k—-(#+3) 1 _ 

R(z,y, 230) = S- > > C55 [ove dQ. (2—43) 
7=0 j=0 i=0 

Notice that the integral is strictly grid dependent while the coefficients are solution 

dependent. 
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A simple example can clarify the k-exact reconstruction procedure. If we want 

a quadratic reconstruction, k=2, in two dimensions, the corresponding polynomial 

is 

R(z,y, 0) =coot cao t+ cory tc202* +11 cy +e0,2y". (2—44) 

Note that the two-dimensional ENO reconstruction would include three additional 

terms in the reconstruction: x” y, x y?, and z” y?. A comparison of the k-exact and 

ENO polynomial basis set for degree-two reconstruction is shown in Fig. (5). 

We require that this reconstruction satisfy the mean for six cells as shown in 

Fig. (6). In equation form, this requirement gives a system of equations, Ax = 8, 

where A is 

rae fda a, fr dQ a; fy dQ a, Je? dQ a, fry da a Jy’ dQ) 

1 1 

a fan 2 fy do 
(2-45) 

a fan a, fx? dQ 

a faa a; frydQ     Las f dQ oes wae .e wee a; Sy’ dQ] 

and the vectors of unknown coefficients and known mean values, z and 6, are 

        

f Co,0 ‘ f Wi ‘ 

C10 We 

Co, ws 
z= < and b= <¢ ; (2—46) 

C2,0 W4 

C11 Ws 

. €0,2 L We J 
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K-exact set 

ENO 
tensor product 

set 

  

Set of basis polynomials 

Figure 5. Degree-two polynomial basis set for k-exact and ENO reconstructions. 
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R(x,y;W) 
  

  

      
        

              

Figure 6. Parent cell (black) and K-exact reconstruction support stencil (darkest 

gray) for degree-two reconstruction in two dimensions. 
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Inverting the left-hand side, we obtain the reconstruction for the field of six 

cells. This reconstruction is then evaluated at the (z,y) locations of the cell-face 

Gauss points. 

If the stencil remains fired during the time-evolution process, the square matrix, 

A, can be decomposed into lower and upper triangular matrices prior to all time 

integration. Then, the system of equations can be solved for the coefficients, c; ,, 

by forward and backward substitution given a time level’s cell averages, w. If the 

stencil should have to change from iteration to iteration as with ENO schemes, an 

LU decomposition at every iteration is required since the support set changes. 

2.5 Dimensionally Split ENO Reconstruction 

A one-dimensional reconstruction polynomial, R(z;w), has k + 1 constants 

which are determined by satisfying conservation for k+1 cells in the stencil. Specif- 

ically, if the lowest cell number in a contiguous stencil of cells is 2, then the recon- 

struction, R(x; w), must satisfy the cell averages of cells 2 through:+k. An example 

support set is shown in Fig. (7). 

For two-dimensional meshes we apply two such reconstructions to cell averages. 

The generated set of line averages is not further reduced to pointwise values as before 

and, subsequently, arbitrary accuracy is not achieved. The hope is to decrease 

CPU time of the ENO scheme while giving a better interpolation algorithm than 

the traditional fixed-stencil interpolations. Dimensionally split ENO accentuates 

physically real extrema and retains uniform high-order accuracy. The dimensionally 

split ENO reconstruction may be summarized in formula as 

Rps(z,y; 0) = R(z; wv) + Rly; v) (2-47) 

For a rectangular grid the polynomial in the z-direction, R(z;w), is applied to 

the vertical faces. Likewise, the polynomial in the y-direction is applied to the 

horizontal cell faces. 
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R(x;W) 
    

                v 

Figure 7. Parent cell (black) and dimensionally split ENO reconstruction support 

stencil (arrows) for degree-two reconstruction in two dimensions. 
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2.6 Merits and Deficiencies 

The adaptive-stencil, high-order accurate methods inherently will have poor 

high-frequency damping characteristics associated with the spatial differencing op- 

erator. A steady-state solution will only be possible if the time-evolution operator 

damps high-frequency noise. For a steady state, errors must propagate from the 

domain and not return. Noise generation is constantly being re-introduced by the 

time-dependent chatter of the adaptive stencils. Even with perfectly absorbing 

boundary conditions, which would not reflect outgoing waves, the adaptive-stencil 

algorithms will constantly bring in truncation-error noise from the changing inter- 

polations and prevent steady-state convergence to machine zero. For this reason, 

steady-state solutions obtained by convergence to machine zero and adaptive-stencil 

algorithms used to obtain arbitrarily high-order uniform accuracy are incompatible. 

We do not mean to convey that p-refinement (increasing accuracy on the same mesh) 

gives worse solutions, but merely that the sufficient number of iterations required 

to reflect a steady-state solution for a non-zero residual is not apparent. High-order 

uniformly accurate schemes lend themselves best to time-dependent problems where 

fluxes are inherently unbalanced. Typical residual histories for several steady-state 

problems are shown in Fig. (8). Notice that the Ringleb solutions are converged to 

machine zero because the monotonicity of the solution fixes the stencil for all time. 

The details of Ringleb’s flow are further discussed in Chapter 4. 

Fixed-stencil algorithms do not suffer the same woes as do the moving-stencil 

algorithms in the march to a steady state. However, arbitrarily high-order accurate 

algorithms are not frequently coded in current production-level codes. The k-exact 

reconstruction method is by far the easiest to implement for general discretizations. 

All that is necessary is the precise flow domain and the inverted space matrix of 

polynomials to satisfy a mean quantity. We can control oscillations at disconti- 

nuities by either using a fixed-stencil algorithm which constrains the accuracy yet 

attains steady-state convergence or use a moving-stencil algorithm which allows for 
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Figure 8. Typical residual histories for problems using a chattering interpolation 

stencil. 
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arbitrarily high-order accuracy but does not achieve steady-state convergence in 

the sense of a machine-zero residual. A fixed-stencil algorithm is computationally 

much cheaper than its moving-stencil counterpart. For a fixed stencil, the support 

cells are decreased sufficiently until the reconstruction is monotonic with all the 

surrounding neighbors. 

Oh, but there are other concerns as well. All the classical literature on high- 

order accuracy methods assumes an abundance of support stencils and the numerical 

algorithm simply makes the proper choice. For a real flow simulation, this is rarely 

possible. A discontinuity near a boundary severely restricts the available number 

of monotonic reconstruction stencils. Inevitably, this simple pitfall will generate 

oscillations in perhaps the most crucial region of any flow domain — the boundary. 

A simple compromise 

A dimensionally split ENO scheme will attain uniform accuracy but not arbi- 

trary accuracy. Dimensionally split ENO hopefully requires less CPU time and re- 

covers the time accuracy qualities of the moving-stencil algorithms, and the solution 

will still be essentially non-oscillatory. The time level for steady-state convergence 

will be questionable, and the strategy at boundaries is to limit the stencils in a 

TVD fashion. The results for this algorithm are given in Chapter 4. 
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CHAPTER 

THREE 
RECONSTRUCTION ERROR 
  

How do the algorithms of Chapter 2 perform on a simple numerical problem? 

In this chapter we discuss methods to determine the error in a numerical recon- 

struction and in a steady-state solution. Through grid refinement we can extract 

the computational order of accuracy of the scheme. 

3.1 Integral Error 

Even though a flux evaluation only requires the fluid-dynamic state at a cell 

face, reconstructions give the solution field over the entzre domain. Appropriately, 

the entire analytical reconstruction must be used along with an integral error norm 

to determine numerical accuracy and error. Suppose that a numerical solution has 

been evolved, and we wish to know the computational accuracy of the corresponding 

cell-average solution set. The integral L,-norm of the error is 

1/p 

le(o)lhp = | f eam (2) ~ Werner) de (3-1) 
where Wnum(Z) and Wezact(r) are the numerical and assumed known exact solutions. 

One final reconstruction from the numerical solution’s cell averages is necessary. If 

the numerical solution is an n**-order accurate approximation to the exact solu- 

tion, then the numerical solution must be reconstructed to n** order at the points 

where the integral is numerically evaluated. For example, if we have a second-order 

accurate solution, then we need to know the numerical solution field at the points 

of integration to second-order accuracy, or in equation we need 

R(2;) = Waum(z) + O( Az’) (3—2) 

RECONSTRUCTION ERROR 39



If we naively use 1-point Gauss quadrature and the first-order piecewise constant 

cell-average reconstruction, then we will obtain a second-order slope upon grid 

refinement, but only through luck. The cell mid-point is indeed a second-order 

approximation to the numerical solution at the midpoint, and thus we will get 

second-order accuracy. If we used higher-order numerical integration, the result of 

applying the above procedure after several grid refinements would show first-order 

accuracy, regardless of the accuracy of the solution’s cell averages! I'll state this 

again differently. The L, norm of a piecewise-constant reconstruction, namely the 

cell average, will yield first-order accuracy if the integral is done exactly. 

In general, if we have an n**-order numerical solution in the form of cell averages 

and an m'*-order reconstruction from those cells, or specifically 

Wnum(Z) = Weract(Z) + O( Az”) 

R(x; 0) = Waum(z) + O(Az™), 
(3-3) 

then 

R(x; W) — Weract(z) = O(Az", Ar™) (3—4) 

The solution error is then 

| | Iona (2)—Weeea(2))* de a 

| / |R(x;D) — Wezact(2) + O(Az”, Az™)|? dz 
1/p 

So n**-order accuracy in the numerical scheme is obtained if the integration is done 

exactly with m > n. To finally clarify, suppose we obtained an infinitely accurate 

numerical solution where 

Wnum(Z) = Weract(Z) (3-5) 

Then if we reconstruct the numerical solution to m**-order accuracy and evaluate 

the error integral norm exactly, then the slope of the L,-norm versus grid refinement 

will falsely reveal an m**-order accurate solution. 

RECONSTRUCTION ERROR 40



3.2. A Numerical Example - The Heat Equation 

Consider the integral form of the heat equation with constant thermal proper- 

ties 
d 
5 | [ TMewda+ g VP-Ads =0 (3-6) 

on the domain I € [0,1] x [0,1] with the boundary conditions 

T(x,0) = T(z,1) = T(0,y) = 0 

and 

T(1, y) = stn(ty). 

The exact solution under these constraints is 

  

sinh(rz) sin(ry) 

sinhn T(z, y) = (3-7) 

We can measure the reconstruction error and numerical accuracy by calculating cell 

averages on several square grids and then reconstruct an approximation to T(z, y). 

The L,-norm of the error in the temperature field is 

1/p 

lela = | f [Revs 7) —TCev)/? (3-8) 
where R(z,y; 7’) is a sufficiently accurate reconstruction using either the arbitrarily 

high-order accurate two-dimensional ENO scheme or the k-exact reconstruction. We 

compare degree-zero, degree-one, and degree-two reconstructions on several grids 

by evaluating the Zy-norm in Eqn. (3—8) with 4-point Gaussian quadrature for each 

cell. In general, the size of the problem domain must not change when refining the 

grid for accuracy-analysis studies. The slope of the L,-norm of the error versus Az 

on a log-log plot is the accuracy, r,, of the scheme. The computational accuracy is 

calculated in a discrete sense according to 

— log(€as/€aze) 
me= log(Az,/Az2)- B-9) 
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Here, €az, designates the norm of the temperature error on a grid with spacing, 

Ag}. 

The reconstruction errors for the heat equation using the arbitrarily high-order 

accurate methods are shown in Tables (1-4) and plotted in Fig. (9). To interpret 

the results, consider the basis functions for the k-exact and two-dimensional ENO 

reconstruction operators. The ENO polynomial includes the first (k+1)? set of basis 

polynomials, whereas the k-exact polynomial includes only enough to be k-exact. 

The additional terms in the ENO polynomial and a search for the smoothest data 

set account for the lower reconstruction error with the ENO method seen in Fig. (9). 

The dimensionally split ENO scheme only gives the pointwise value of the 

temperature at the cell faces. We use the semi-norm which is 

i/p 

I(x, yb = li S"1Rejsa.teyiT) —TMessgsmay)P] (8-10) 
ik 

where N is the number of interior faces. The Lj-norm of the error is evaluated for 

both dimensionally split ENO and the ¢—« formulation with «=1/3. Results are 

given in Tables (5-7) and plotted in Fig. (10) with the semi-norm. Both k=1 and 

k =2 reconstructions with the dimensionally split ENO scheme give second-order 

accuracy in the reconstruction. Interestingly, the « = 1/3 reconstruction error is 

lower. In general, the ¢—« reconstruction is not uniformly accurate and the total 

variation of the solution will decrease in time, whereas the dimensionally split ENO 

scheme inherently accentuates extrema and the total variation is allowed to increase 

on the order of the truncation error. 

Operation counts for the high-order methods are given in Table 8 and Fig. (11). 

The k-exact and two-dimensional ENO methods require operations per grid cell of 

the same order. The benefit of dimensionally split ENO for this scalar reconstruction 

exercise is seen by a 10:1 decrease in the required number of operations. It should 

be noted that the k-exact reconstruction requires a pre-processing step to generate 

the matrix of integrated basis functions. For a hyperbolic system the entries in this 

matrix change in an adaptive fashion. 
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Table 1. Two-dimensional ENO degree-one reconstruction error of the heat equa- 

  

  

  

  

  

  

tion. 

Ag Ly Te Ly Te 

0.25000 | 2.0312 - 107? 3.4914 - 107? 

0.11111 | 3.7970-107% | 2.0680 | 7.0296 - 10~% 1.9764 

0.05263 | 83174-1074 | 2.0477 | 1.5937 - 10-3 1.9862 

0.03448 |} 3.5418-1074 | 2.0189 | 6.8635 - 1074 1.9922 

0.02564 | 1.9506 - 1074 2.0133 | 3.8013 - 10-4 1.9944               
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Table 2. Two-dimensional ENO degree-two reconstruction error of the heat equa- 

  

  

  

  

  

  

tion. 

Ag Ly T¢ Ly Te 

0.25000 | 7.1659 - 107° 1.0760 - 10 

0.11111 | 7.8343-10-4 | 2.7295 | 1.2624-107? | 2.6424 

0.05263 | 8.6513-10-° | 2.9488 | 1.3941-107-* | 2.9488 

0.03448 | 2.4647-107-° | 2.9694 | 3.9617-10-° | 2.9754 

0.02564 } 1.0196 -10-° | 2.9792 ] 1.6374-10-° | 2.9823               
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Table 3. K-Exact degree-one reconstruction error of the heat equation. 

RECONSTRUCTION ERROR 

  

  

  

  

  

    

Az Dy Te 

0.25000 | 2.2458 - 10~? 

0.11111 | 4.3807-10-* | 2.0155 

0.05263 | 9.7962-10-* | 2.0045 

0.03448 | 4.2307-10-* | 1.9856 

0.02564 | 2.3229-10-* | 2.0236         
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Table 4. K-Exact degree-two reconstruction error of the heat equation. 

RECONSTRUCTION ERROR 

  

  

  

  

  

    

Az Ly Te 

0.25000 | 1.5814 - 107? 

0.11111 | 1.0769-10-3 | 3.3132 

0.05263 | 1.0160-10-* | 3.1596 

0.03448 | 2.7332-107° | 3.1049 

0.02564 | 1.0253-10-° | 3.3095         
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—e— k-exact (k=1) 
—e— RP-ENO (k=1) 
—a— k-exact (k=2) 
—~a— RP-ENO (k=2) 

  
Figure 9. Two-dimensional ENO and k-exact reconstruction error on the heat 

equation. “RP-ENO” represents the full two-dimensional ENO reconstruction. 
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Table 5. Dimensionally split ENO degree-one reconstruction error of the heat 

  

  

  

  

  

  

equation. 

Ag L To Ls Te 

0.25000 | 2.6748 - 107? 4.1140 - 107? 

0.11111 | 6.5640-10-* | 1.7324 | 1.0028-1072 | 1.7407 

0.05263 | 1.5295-107% | 1.9495 | 2.3647-1073 | 1.9335 

0.03448 | 6.6467-10-* | 1.9709 | 1.0356-10-% | 1.8526 

0.02564 | 3.6980-107* | 1.9790 | 5.7878-10-* | 1.9634               

RECONSTRUCTION ERROR 48



Table 6. Dimensionally split ENO degree-two reconstruction error of the heat 

  

  

  

  

  

  

equation. 

Ag LS Te D3 Te 

0.25000 } 8.9873 - 10-3 1.3247 - 107? 

0.11111 | 1.6972-107-* | 2.0555 | 2.5310-107% | 2.0411 

0.05263 | 3.0701 -10-* | 2.2883 | 4.5852-10-* | 2.2863 

0.03448 | 1.1946-10-* | 2.2322 | 1.7807-10-* | 2.2367 

0.02564 | 6.2390-10-° | 2.1922 | 9.2940-10-° | 2.1947             
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Table 7. MUSCL-reconstruction error of the heat equation with «=1/3. 

  

  

  

  

  

            

Ag Ls Te D3 To 

0.25000 | 5.4120 - 107° 8.4762 - 1073 

0.11111 7.6237 - 1074 2.4169 1.2753 - 1073 2.3357 

0.05263 1.8348 - 10-4 1.9062 | 2.7966 - 10~* 2.0517 

0.03448 | 8.2136 - 107° 1.9007 | 1.2369 - 10-4 1.9292 

0.02564 | 4.6493 - 107° 1.9208 | 6.9817 - 107° 1.9303   
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—e— DS-ENO (Degree 1) 
—a— DS-ENO (Degree 2) 
—1— Kappa =1/3 

  
le(,y)IL, 

10° 107? 10° 
Ax 

Figure 10. Reconstruction error for dimensionally split ENO and MUSCL differ- 

encing (« = 1/3) applied to the heat equation. “DS-ENO” represents the dimen- 

sionally split ENO scheme. 
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Table 8. Operations required per cell for interpolation. N is the number of Gauss 

points and n is the order of the interpolation. For an n**-order reconstruction, the 

polynomial is degree k where k=n—1 and n=k+1. 

  

Scheme Operations/Grid Cell 

  

Two-dimensional ENO (n — 1)(n)(2n — 1)?/64+ 

2(N + 1](n — 1)(n)(2n — 1)/34+ 

[4N\(n? — 1) 
  

Two-dimensional K-exact (n)(n — 1)(2n? + n? + 11n)/4 

  

Dimensionally split ENO (n —1)(n)(2n — 1)/3 + 2(n? — 1) 
  

MUSCL         
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500 

400 —e— K-Exact 

— —a— RP-ENO 
5 —a— DS-ENO 

‘a 300 
S 
Oo 

= 
& 200 

100   
0 1 2 3 

Degree of Reconstruction 

Figure 11. Algorithm-dependent operations required per cell for increasing accu- 

racy. “RP-ENO” and “DS-ENO” represent the full two-dimensional reconstruction 

and the dimensionally split ENO scheme. 
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CHAPTER 

FOUR 
NUMERICAL RESULTS 
  

As a test for the dimensionally split and k-exact reconstruction algorithms, we 

provide several numerical test cases. An exact compressible solution in the absence 

of shocks is necessary to measure the steady-state spatial accuracy of the schemes. 

Typically, researchers choose a model equation which is periodic in nature and has a 

known wave speed. The solution is traversed through several periods and compared 

with the exact solution at some later time. We address the numerical error problem 

from a steady-state point of view. Assuming a solution can be converged to machine 

zero, a reconstruction of that steady-state solution can be compared with the exact 

solution to determine the numerical error. For this purpose, we select the Ringleb 

flow documented by Chiocchia [11] and used for a similar purpose by Barth and 

Frederickson [3]. 

Next, the oscillatory problems encountered when discontinuities and bound- 

aries clash are shown. A test-case unsteady flow demonstrates the beautiful defini- 

tion attainable by using high-order accurate numerics for time-dependent flows. 

4.1 Ringleb’s Flow 

Ringleb’s flow is a transonic solution to the two-dimensional potential equation 

solved in the hodograph plane and transformed into the physical plane. If we non- 

dimensionalize the appropriate flow quantities by stagnation values of the speed of 

sound and density, we can define 

P= p/p 

a=a/ao. (4-1) 

G= 4/0 
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The streamlines of Ringleb’s hodograph solution in the physical plane are given by 

= 1/1 2 1 J 

— 2p \ Gg ik? 2 

= Vi) 
k = 1/% = constant on a streamline 

(4-2) 

where 

  

1 l 1 1+a4 

J=-toatee-PyVic 
2 7 —— (1 — g? 

q V7-1 a”) 

p= ar), 

Equivalently, constant-property contours form circles given by 

J\? , 1 
(2-3) +y ~ Pe (4—3) 

Selecting values of @ and streamline constant, k, determines the corresponding fluid 

  

state’s position in the physical plane. The density field described by the above 

equations is shown in Fig. (12). The center of a contour circle is located at (J/2,0) 

and has radius 1/(2pg). 

Numerically, the Ringleb solution was obtained using k-exact and dimensionally 

split ENO methods for degree-zero, degree-one, and degree-two reconstructions. 

Three grids of dimension 11x11, 21x21, and 41x41 were used with a streamline 

constant, k, which varies from 1.47 on the left wall to 0.8 on the right wall. Fig. (13) 

shows the 41x41 mesh. The Mach number for the symmetry line is shown in 

Fig. (14). Fig. (15) shows degree-two pressure contours on the finest mesh with 

dimensionally split ENO. Flow moves from the left through the symmetric outflow 

on the bottom. Our domain is chosen so that the right wall is always subsonic 

while the left wall is transonic. The k-exact solution looks identical. Note that the 
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Streamline 

Streamline 

-2.0 “1.5 -1.0 -0.5 0.0 0.5 1.0 

Figure 12. Exact Ringleb solution with mixed subsonic and supersonic outflow. 
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Figure 13. Finest mesh of dimension 41 x 41 used for Ringleb’s problem. 
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Figure 14. Exact outflow-boundary Mach number for Ringleb’s problem 
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plotting package averages the boundary values with the first interior cells, which 

causes “kinks” in the contours on the right wall. 

Roe’s approximate Riemann solver was used with the exact left and right states 

necessarily set on the inflow and outflow boundaries, respectively. The grid is gen- 

erated from the equations for the streamlines, Eqn. (4—2). The tangency boundary 

conditions on the left and right walls satisfy the normal-momentum equation 

<P _ ae (4-4) 

where Op/Qn is the pressure gradient on the wall, p is the density, V is the velocity 

vector, and # is the local radius of curvature. Note that R is negative for the 

right wall and positive for the left wall. The pressure gradient was evaluated to the 

accuracy of the interior-point scheme. 

The L, norm of the density error is shown in Fig. (16) for the dimensionally split 

scheme and in Fig. (17) for the k-exact scheme. As is expected the dimensionally 

split ENO scheme will achieve no better than second-order accuracy; however, the 

numerical-solution error for k = 2 is less than the error for k = 1. The k-exact 

scheme attains computational accuracies of 0.986, 2.15, and 2.92 for degree-zero, 

degree-one, and degree-two reconstructions. Pressure along the left and right wall 

are shown along with the exact solution in Figs. (18) and (19) for the dimensionally 

split scheme. 

4.2 Shock Reflection 

A simple Cartesian grid is used to simulate a M,,. =2.9 oblique shock with a 

wave angle 8 = 29° reflecting off of a flat surface. A grid with 61x31 mesh points 

was used with constant spacing in both directions. A sweeping line Gauss-Seidel 

algorithm is used because the stencil-selection algorithm is elliptically defined. 

Most ENO schemes assume that adequately smooth-data is available in some 

unknown direction. The logic in the scheme itself chooses the smoothest direction 
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ze a 
  

Figure 15. Degree-two dimensionally split ENO pressure contours for Ringleb’s 

problem on the finest (41 x 41) mesh. 
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—#— ist Order 
—s— Degree 1 Reconstruction 
—a— Degree 2 Reconstruction 

  

10° 

  

10°! 

lleCx,y)Il, 

10° 

10-3 

10-2 10-! 109 

Mesh Size 

Figure 16. Error in density cell averages for Ringleb’s problem with dimensionally 

split ENO. 
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—e— k=0 (1st Order) 
—a— k=] (2nd Order) 
—a— k=2 (3rd Order)     

10-1 

  

10- 

lle(x,y)Il, 

10- 

10-4 

10-2 10-! 10° 

Mesh Size 

Figure 17. Error in density cell averages for Ringleb’s problem with k-exact re- 

construction. 
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Figure 18. Second-order Mach-number distribution on channel walls for Ringleb’s 

problem compared with the exact solution. 
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Figure 19. Third-order Mach-number distribution on channel walls for Ringleb’s 

problem compared with the exact solution. 
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to build the reconstruction. Obviously, when discontinuities are close to bound- 

aries, the underlying assumption of a smooth data-set breaks down. For the shock 

reflection, all boundary interpolations are forced to the interior, and the stencils 

are limited according to the magnitude of the next-highest divided difference. For 

example, if the third divided difference exceeds the second, the stencil accuracy is 

truncated at the second difference. In the shock-shock region on the wall surface, 

the numerical oscillations are expected and controlled with a reduction of accuracy 

at the cells where the norm of the divided-difference table increases. The table is 

constructed using characteristic-variables. Fig. (20) shows the centerline pressure 

with and without reduction in accuracy using the dimensionally split ENO scheme 

with k=2. 

4.3. Vortex-Shock Interaction 

The propagation of a wake vortex through a normal shock is investigated and 

compared to the experimental results of Naumann and Hermanns [45] and the 

numerical results of Meadows et.al. [43] and Casper [8]. The flow depicts two 

main fluid phenomena: a secondary sound wave that propagates from the initial 

interaction position and a spreading angle of this sound wave. The strengths of the 

secondary wave and the spreading angle depend upon the strengths of the shock 

and vortex, respectively. The interferogram at 58 ys after the vortex strikes the 

shock is shown in Fig. (21). 

To numerically simulate this interaction, the steady-state expansion through a 

1/2° diverging section is calculated with a standing shock at the mid-section. The 

inflow Mach number is M=1.1. The vortex model of Meadows, et.al. [43] is then 

superimposed onto the velocity field and the time evolution calculated according 

to Shu’s TVD Runge-Kutta scheme [55] with third-order temporal accuracy and 

the dimensionally split ENO scheme. The 101x121 grid is shown in Fig. (22). 

Density contours are shown at 12.7, 54.7, 85.3 and 101.1 microseconds after the 
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Figure 20. Degree-two dimensionally split ENO shock reflection centerline pres- 
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superposition in Figs. (23) and (24). Recall that in the experiment, the time is zeroed 

when the vortex first strikes the normal shock. A rough estimate can be used to 

correlate the times by lagging the numerical computation a time of At 32 ys. For 

example, the interferogram of Fig. (21) occurs at 58 ws according to the experiment 

and corresponds to a numerical time of around 90 ys. Quantitative results show 

improvement over the second-order results of Meadows and more dissipation than 

the arbitrarily high-order accurate results of Casper. 
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Figure 21. Interferogram of vortex-shock interaction showing the secondary wave 

and spreading angle 58 ys after the vortex strikes the normal shock. 
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Figure 22. 101 x 121 grid used for vortex-shock interaction. 
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      b) 
  

Figure 23. Degree-two dimensionally split ENO density contours for vortex-shock 

interaction at 12.7(a) and 54.7(b) ys after the superposition. 
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  b)       

Figure 24. Degree-two dimensionally split ENO density contours for vortex-shock 

interaction at 85.3(a) and 101.1(b) ys after the superposttion. 
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CHAPTER 

FIVE 
CONCLUSIONS 

  

Part I of this thesis documents four reconstruction algorithms for implemen- 

tation in the finite-volume formulation. The methods for truncation-error and 

reconstruction-error analysis are emphasized. An ENO scheme is described which 

will achieve, at best, second-order accuracy in two and three dimensions, but 

is an order of magnitude cheaper than the arbitrarily high-order accurate two- 

dimensional ENO and k-exact schemes that we implemented. Results for the 

Ringleb flow verify the computational accuracy. The issues of efficiency and op- 

erations required per iteration reflect the severe computational intensity of these 

multi-dimensional reconstruction operators. A dimensionally split ENO scheme is 

discussed that controls the interpolation and the subsequent oscillations in shock- 

boundary regions. Results for a shock-reflection flow show the ability of the stencil- 

choice algorithm to avoid interpolation across a shock which impinges onto a bound- 

ary surface. 

The numerics of high-order schemes are explained from an engineering view- 

point. The correct methods for analyzing high-order results are documented. Re- 

construction error on the heat equation demonstrates the truncation error realized 

by each scheme. Finally, a vortex-shock interaction shows the ability of the di- 

mensionally split ENO scheme to excel in capturing high-frequency physical phe- 

nomenon in a time accurate setting. Steady-state convergence will inevitably be 

difficult when using a chattering stencil algorithm. Practical application of the 

k-exact scheme will depend upon the ability to quickly solve small systems of equa- 

tions for the polynomial coefficients. All ENO schemes and adaptive-stencil k-exact 

schemes will inevitably produce successful results for time-dependent flows. 
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PART 

TWO 
  

PRECONDITIONING WITH 

FINITE-RATE CHEMISTRY 

73



  

CHAPTER 

ONE 
INTRODUCTION 

  

The conservation equations for moderate and high Mach-number flows are well 

coupled, and standard numerical techniques perform adequately. However, in re- 

gions of low Mach-number flow, the energy and momentum equations decouple and 

the continuity equation is poorly posed since the density is nearly constant for all 

time. The fluid dynamics become stiff. The condition number quantifies the de- 

gree of stiffness and is the ratio of the largest to the smallest characteristic speed. 

When the smallest wave speed in a hyperbolic system approaches zero (1.e. at 

slow, essentially incompressible flow and at transonic flow speeds), the condition 

number becomes prohibitively large. Characteristic time stepping or precondition- 

ing eradicates this difficulty and allows the simulation of incompressible flows with 

compressible flow algorithms. 

Van Leer, et.al. [64] recently developed an optimal, analytic preconditioning 

technique to reduce eigenvalue stiffness over the full Mach-number range. They 

proposed the method for first-order, perfect-gas, inviscid flow simulations using ex- 

plicit time integration and showed two-dimensional numerical results. Previously, 

preconditioning methods were proposed by, among others, Chorin [14], Turkel [61], 

Choi and Merkle [13], and Viviand [77]. While effective in their scope, precondi- 

tioning methods before that of Van Leer lacked both the physical connection with 

the fluid dynamics and the necessary robustness for all Mach-number flows. 

Van Leer adopted an approach based upon wave propagation. The Euler equa- 

tions in two dimensions exhibit a four wave structure consisting of entropy, vor- 

ticity, and acoustic waves. At supersonic speeds, these waves travel in predictable 
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Mach-number-dependent directions. With an understanding of these propagation 

directions, a preconditioning matrix can be determined that normalizes each wave’s 

speed [64]. However, at subsonic speeds the acoustic waves travel omni-directionally, 

and in [64] Van Leer uses the structure of the supersonic preconditioning matrix to 

obtain the optimal subsonic matrix. By multiplying the flux-balance residual with 

the preconditioning matrix, we can scale the acoustic wave speeds so that all waves 

propagate at the same rate, an essential property to eliminate inherent eigenvalue 

stiffness. 

The numerical elements of flows with thermal and chemical non-equilibrium 

have been developed by among others Grossman and Cinnella [24], Grossman and 

Walters [25], Vinokur and Liu [76], Glaister [22], and Liou et.al. [41]. They de- 

veloped flux-split algorithms for fluid-dynamic simulations with chemical produc- 

tion and vibrational-energy relaxation processes. Walters et.al. [79,80] implemented 

these algorithms in developing a production-level computational code, the General 

Aerodynamic Simulation Program (GASP). In GASP, stiffness from competing 

chemical and fluid-dynamic time scales are effectively neutralized by treating the 

chemical source terms implicitly. 

Part II of this thesis synthesizes the thermo-chemical non-equilibrium flux- 

splitting of Grossman and Cinnella and the characteristic wave preconditioning of 

Van Leer into a powerful tool for implicitly solving two and three-dimensional, 

inviscid flows with generalized finite-rate chemistry. Proof of its effectiveness in a 

real-gas flow regime is given for a very-high-temperature diverging nozzle. However, 

the majority of the results are for the incompressible, inviscid, perfect-gas regime 

where the most dramatic acceleration is attained. 

The following chapter discusses three preliminary concepts to preconditioning. 

The principles of vector and matrix norms and the importance of the condition 

number are first introduced. Next, the stream-aligned coordinate system is devel- 

oped from which the preconditioning matrix and flux function are derived. Finally, 
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the Fourier transform of a numerical spatial discretization (the Fourier footprint) 

is established. In Chapter 3 the basics of wave propagation in one and two dimen- 

sions are discussed. From these ideas, the preconditioning matrix that optimally 

equalizes the characteristic wave speeds is derived. Also discussed in Chapter 3 

is the preconditioning matrix for generalized finite-rate chemistry, the explicit and 

implicit formulations, and the numerical implementation of the modified Roe flux 

function. Insight is provided through an example of the implicit damping qualities 

of the one-dimensional Euler equations with and without preconditioning. In addi- 

tion the penalty of using a standard flux formula with preconditioning is analytically 

illustrated. 

Chapter 4 provides many steady-state numerical results of the preconditioning. 

An inviscid channel flow is used to determine the convergence-rate performance at 

all Mach numbers and for several Courant numbers. For the transonic channel-flow 

case, the effect of higher-order accuracy through MUSCL differencing is determined. 

Further results include a very-low-speed Eppler 387 airfoil. Space marching cases 

include a supersonic three-dimensional wedge and an axi-symmetric nozzle with 

chemical reactions. Chapter 5 describes the pitfalls and resolutions to precondi- 

tioning the one-dimensional Navier-Stokes equations. Viscous test cases include the 

damping of a pressure disturbance and the internal structure of a normal shock. 

Chapter 6 discusses dual-time stepping with the preconditioning matrix to obtain 

high-order temporal accuracy within an implicit formulation. Unsteady results for 

Sod’s shock-tube problem and the evolution of the transonic channel flow of Chap- 

ter 4 are given. Conclusions and future work for the full Navier-Stokes equations 

appear in the closing chapter. 

The work in this dissertation contributes to previous preconditioning research 

by providing and documenting numerical results for high-order spatial accuracy 

and various flux functions over the entire range of Mach numbers. The explicit and 

implicit formulations are determined and documented for finite-rate chemistry with 
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non-equilibrium thermodynamics. A study is made for preconditioning at very low 

speeds using a compressible formulation. The preconditioning allows for accurate 

results in an efficient amount of time with no increase in CPU cost per iteration. 
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CHAPTER 

Two 

PRELUDE TO PRECONDITIONING 
  

This chapter serves as an introduction to the fundamental concepts which pre- 

cede a discussion of system preconditioning. The mathematical definition of the 

condition number is introduced so the reader understands the concept of its con- 

trol. Next, the stream-aligned coordinate system is determined in which much of 

the derivations in Part II of this thesis reside. Finally, the Fourier transform of a 

spatial discretization, known as the Fourier footprint is discussed as a subset of the 

commonly used Von Neumann stability analysis. Von Neumann’s approach, which 

was a Classified procedure in Los Alamos during World War II, combines both the 

temporal operator and the spatial discretization to determine stability. The Fourier 

footprint concerns only the spatial operator. As an example, the damping behav- 

ior of several model discretizations of the scalar wave and heat equations is given. 

Stability of a first-order ordinary differential equation is used in combination with 

the Fourier footprint to determine stability and wave damping qualities. 

2.1 Norms 

Use of vectors and matrices requires a method for determining their relative 

magnitudes. We would like to know whether one group of numbers is bigger than 

another group. The mathematical description of vector and matrix magnitude is 

the role of the norm [4]. 
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2.1.1 Vector Norms 

Three axioms which define the norm of a vector, X, are 

(a) |X| =0 if X =0, otherwise |X| > 0, 

(b) ||c X | = |c| |X], where c is a scalar, (2—1) 

(c) |X+Y¥Y] < |X1+ [¥]. 
Using these axioms, we can also state that 

IX-—Y] >| [XI -TT1. (2-2) 

The first axiom says that if all the elements of a vector are zero, then the norm of 

that vector is also zero; otherwise, the “size” of the vector is positive. The second 

axiom is the homogeneity condition and says that scaling a vector scales the norm 

equally. The third axiom is the triangle inequality and implies that the norm of 

a vector is no greater than the sum of the other two norms. A family of general 

vector norms known as p-norms conforms to these axioms. They are 

1/p 

IX} = (>: fs) » p2l. (2-3) 
i 

This definition is used later for induced or subordinate matrix norms. For specific 

values of p, we can determine the L,, Lz and L..-norms. They are defined as 

Xb = Sle 
1/2 

IXb = (x: i) (2-4) 

|X Joo = max [zi 
The L2-norm is the length of a vector and is called the Euclidean norm, named 

after the father of analytic geometry. For continuous functions on a closed interval 

[a, 6] the family of p-norms is defined as 

b 

IF(@lp = ( [ver is MP p> (2-5) 
This integral norm was used in Part I for determining reconstruction error. 
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2.1.2 Matriz Norms 

Similar to the vector norms, matrix norms also have defining axioms. These 

axioms are 
(a) |A| =0 if A =0, otherwise | A] > 0, 

(b) [c All = |e| |All, where c is a scalar, 

(2-6) 
(c) [A+B] < JA] + [8]. 

(d) |A- Bl < [Al [2]. 

The vector p-norms determine families of matrix norms. Suppose we are given 

a matrix, A, a vector, X, and their vector and matrix norms. If [AX] < | A] |X], 

then the vector and matrix norms are said to be consistent. For any vector norm, 

a consistent matrix norm exists and is called the induced, natural or subordinate 

norm. By using the general family of vector p-norms, the induced matrix norm is 

defined as 

  

__ [AXI, 
[A], =max [X|, ’ 

where p = 1, 2 or oo. Simple matrix norms induced by the ZL; and L,.o-norms are 

(2-7) 

the maximum column-sum norm, 

Jl, =max > las (2-8) 
i 

and the maximum row-sum norm, 

JAJao = max J fash 2-9) 
j 

The spectral matrix norm is induced by the vector L2-norm and is related to the 

spectral radius. The spectral radius represents the maximum eigenvalue and is the 

least upper bound of all the induced matrix norms. In mathematical form, the 

spectral radius is 

p(A) = max|)\]. (2-10) 
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No matrix norm is smaller than the spectral radius; (t.e. for any induced matrix 

norm, p(A)<||Al). The spectral norm is induced by the vector L2-norm and is 

|Al2 = Ve (A*A). (2-11) 

A simple explicit summation similar to the maximum row-sum or column-sum norms 

is not available for the spectral norm, and, in practice, Eqn. (2—11) is difficult to 

calculate. A simple norm to consider is the Frobenius norm and is defined as 

1/2 

[Ale = [| Solas? ] . (2-12) 
1,9 

This norm is easy to calculate but is not induced by any vector norm. 

An Example 

As an example of the four matrix norms, consider the matrix 

A= | 31: (2-13) 

Since the matrix is symmetric, the eigenvalues are real and are \ = {2,4}. The 

matrix norms discussed above are 

|| Al], = max column—sum = max{|3} + |— 1], | —1|+4+ |3|} =4 

|| Allo = max row—sum = 4 

||All2 = «/p(ATA) = V/max{4, 16} = 4 
\|Alip = (3? + (-1)? + (-1)? + 32)'? = 2V5. 

(2-14) 
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9.1.8 The Condition Number 

The condition number is defined for a non-singular matrix and for any of the 

matrix norms above as 

k(A) = JA IATL. (2-15) 

Since |A A~+] = 1, axiom (d) for matrix norms implies that the condition number 

is always greater than unity. In mathematical formula, the axiom implies that 

1= || = [AA™| < [A] JA“ ] = &(A) (2-16) 

which means that the condition number has unit lower bound. The size of the 

condition number is a measure of the singularity of A, or, equivalently, a large 

condition number means that a matrix is nearly singular. By using Eqn. (2—16) 

and the spectral radius, instead of the spectral norm, the condition number is loosely 

the ratio of the largest to the smallest matrix eigenvalue. The condition number 

based upon spectral radius is the definition used in this thesis. 

Condition Numbers and Solutions to a Linear Systems 

Consider the linear system 

Az=b. (2-17) 

A well-conditioned matrix, A, is one where the solution to the above system is 

well defined. Specifically, the matrix is well-behaved if the condition number is 

nearly unity, and, conversely, ill-conditioned if a large disparity exists between the 

minimum and maximum eigenvalues of A. With an understanding of the condition 

number, we would like to determine how the solution vector, z, is affected by small 

perturbations in the forcing vector, 6. Denoting small perturbations as 6(-), the 

perturbed system is 

A(x+6z) = b+ 6b. (2—18) 
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Since A x = J, the solution to the perturbed system is 

dz = A~*8b. (2-19) 

By axiom (d) we can measure the relative size of each term as 

oa] < [Am [5d]. (2—20) 

Applying an equivalent operation to Eqn. (2—19) yields 

JAz] = [ol < [Aj [el]. (2-21) 

So combining the two equations in Eqn. (2—20) and Eqn. (2—21), we obtain a 

fundamental inequality, 

Weel, 4180 
Tey 4 pay 

For a nearly singular matrix, A, small perturbations in the forcing vector, 6, may 

(2~22) 

cause extreme uncertainty in the solution vector, xz. Eqn. (2—22) implies that 

the solution to a linear set of equations is no more accurate than the initial data. 

Strictly, the inequality gives an upper bound upon the error in the solution vector 

induced by an error in the forcing vector. 

Alternatively, the condition number helps to analyze the solution of a lin- 

ear system. If we have an approximate solution called z, to the linear system in 

Eqn. (2—17), then the residual is 

Az,z—b=R. (2—23) 

Hopefully, for small residuals the solution vector is sufficiently accurate. Utilizing 

Eqn. (2—22) we can determine that 

Ie ael IRI 
a SAY 

A small residual does not necessarily mean an accurate solution. During computa- 

(2—24) 

tions on finite-precision machines, perfectly solved solutions are unobtainable. This 
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inaccuracy is the role of numerical round-off error. The condition number reveals 

the sincerity of a small residual. For example, let the system in Eqn. (2—17) be 

defined by 

A=|) el b= tai eb. (2-25) 

The condition number of A using the maximum row-sum norm is k(A)=(4+e)(3+ 

o= {i}. (2-26) 

If the forcing vector, b, has a small perturbation 

5b = { J} (2-27) 

then the induced solution vector is perturbed by 

6 = a \ . (2-28) 

With e=0.01, the solution to the perturbed system is then 

a+ bx = { a \ (2—29) 

e)/e, and the solution vector is 

and the corresponding uncertainties in the forcing and solution vectors are 

= an = 

00 4.01 Fale 
  

[SbJoo 0.01 [6xhoo _ 3.01 
1 

Remarkably, this implies that a 0.25% error in the residual yields a 300% error 

in the solution for a matrix condition number of k = 1200. These results for ill- 

conditioned systems should be recalled later in Chapter 5 during the calculation of 

high-condition-number flow fields. 
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2.2  Stream-Aligned Coordinate Systems 

The underlying physics of fluid dynamics leap forward from the symmetric 

non-conservative form of the Euler equations. To obtain this perceptive form, we 

conduct coordinate transformations to change from Cartesian conservation variables 

to stream-aligned symmetrization variables. The resulting system quickly reveals 

the primary wave systems dictating the Euler equations. A secondary motive for 

the transformation is to exchange the cumbersome inviscid flux Jacobians, Of /OQ 

and O0g/0Q, for simpler forms. The resulting Jacobians are then much easier to 

manipulate. 

First let’s start at the conservation level. The well-known, two-dimensional 

Euler equations in conservation form are 

OQ Of ag 
—%* 4,24 7 =9 2—30 at an’ Oy (2-30) 

where 

p pu pu 
Q _ pu f _— pu? + p _ puUu (2-31) 

— ) py fr puv g= pvr+p{- 

peo puho puho 
For a perfect gas, the equations are closed by the perfect-gas equation of state 

p= (7 lpe. (2-32) 

In the equations above p, u,v, €0,p, ho, y are the density, (x,y) components of veloc- 

ity, total internal energy per unit mass, pressure, total enthalpy per unit mass and 

the ratio of specific heats, respectively. The total energy and enthalpy are defined 

as eg =e + (u?+v")/2 and hyo =eqt+p/p. 

Following Van Leer [64], the variables, U, that symmetrize the inviscid flux 

Jacobians are known in differential form as 

dp/(pa) 
du 

dv 

dp — a*dp 

dU = (2-33) 
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A variable transformation of the Euler equations to the symmetrization variables 

yields 
U 

where 

Al = GY 09 OF OQ 9g 
~ O@q 0Q 0Q Aq OU’ 995 

pi = OU 84 9 8Q 94 C89) 
~ O@q 0Q0Q dq OU 

Note that from Eqn. (2—33) we can identify the Jacobian of U with respect to the 

primitive variables, g=(p,u,v,p)? which is 

0 0 0 1/(pa) 
ee 
a | 0 oO 1 0 (2-36) 

—a? 0 0 1 

The Jacobian of the conservative variables with respect to the primitive variables 

assuming a perfect-gas law are 

1 0 0 0 
OQ _ u p 0 0 

Oq v 0 p 0 (2-37) 
(ur+v7)/2 pu pv 1/(y-1) 

The converse Jacobian is simply the inverse of the above matrix, or 

dq (AQ\~" i _ (2% Q— 
aq ( oq O88) 

All of these transformation matrices are fairly trivial, and using them, the inviscid 

flux Jacobians transform into the matrices A’ and B’ of Eqn. (2—35) as 

ua dq Qo 

a u 0 O 

A=1o 0 u 0 (2-39) 
00 0 iu 

and 
v 0 a 0 

0 v 0 O 

B= a 0 v 0 (2-40) 
00 0 »v 
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The state vector’s velocities are with respect to a Cartesian coordinate system, 

so we need to rotate the axes to the stream-aligned coordinate system which is 

denoted as (£,7) with € in the direction of the velocity vector. The state vector, U, 

- designates the symmetrization variables with stream-aligned velocities. A transfor- 

mation from the (z,y) system to the (£,7) system through an angle, 0, yields the 

transformation matrix 

rl 0 00 
OU 0 cos@ sin@ 0 

OU |0 —sin@ cosé 0 (2~41) 

0 1 0 0 

The angle, @, is determined from the velocity components as tand=v/u. We 

also need to differentiate with respect to the stream-aligned coordinates. Applying 

the chain rule to OU/Oz and OU/Oy, the final metamorphosis of the Euler equations 

is complete. The equations become 

oU .0U dU 
a +49 + FG, =° (2—42) 

where 
q a 0 0 0 0a 0 

;_|a@ q 0 0 5 |0 0 0 0 _ 

A=10 0g of? 4 =|, 000 (2-43) 
0 0 0 gq 00 0 0 

The eigenvalues and underlying wave structure are evident in this simple form, and 

the flux Jacobians are now trivial. The derivations of the preconditioning matrix 

and modified flux function start with this stream-aligned system. For numerical 

implementation, the preconditioning matrix must be transformed back to update 

the desired state variables which are usually the conserved variables with Cartesian 

velocities. Later, in this thesis the preconditioning matrix for updating primitive 

variables is documented. The artificial-viscosity matrix in the modified flux function 

must be transformed to a cell-face-aligned system with conservation variables for 

finite-volume implementation. 
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2.3. Fourier Footprints 

In Chapters 3 and 4, analysis of inviscid and one-dimensional viscous flows 

governed by the Euler and Navier-Stokes equations will utilize the Fourier footprint. 

In this subsection the basic principles of Fourier-frequency analysis is explained. As 

a foundation, the scalar wave and heat equation are analyzed as model problems. 

For a linearized equation, the Fourier transform of the temporal and spatial 

operators combine to determine the stability and damping behavior of a specific 

space-time discretization. This is a Von Neumann stability analysis [33]. A more de- 

scriptive approach determines the effects of each operator individually. The Fourier 

footprint is the Fourier transform of strictly the spatial discretization and provides a 

visual portrait of the error frequencies in the complex plane. For example, consider 

the scalar wave equation 

Ou, Ou 
ot “Oz 

With Euler explicit time integration and first-order upwind differencing a Von Neu- 

0. (2-44) 

mann stability analysis yields 

g-1=—X(1—e7*) (2—45) 

where g is the scalar gain or amplification factor, A is the Courant number (A = 

aAt/Az) and £, is the Fourier frequency. Of course, the gain must be bounded 

by unity for absolute stability. The Fourier footprint is the right-hand side of 

Eqn. (2-45). More rigorously, the footprint is determined by multiplying Eqn. (2-44) 

by a time step, At, which yields 

F {aro = —\(1— es) 
= —\[2sin?(@,/2) + isin Bz]. 

(2—46) 

In the complex plane, the above footprint yields a circle with radius, A, located in 

the negative real half-plane as shown in Fig. (25). The low frequencies (8; — 0) 

PRELUDE TO PRECONDITIONING 88



converge onto the origin and the high frequencies (8, +7) meet at R{F} =—2A on 

the negative real axis. 

For central differencing the Fourier footprint of the scalar wave equation is 

F {at zt} = —2\isin B, (2-47) 

and is included in Fig. (25). For all frequencies, 8,, the footprint lies along the 

imaginary axis corresponding to waves with no dissipation (t.e. no real part). 

The unstable first-order downwind scheme has the footprint 

F jars} = —A(—2sin* B,/2+isin B,) . (2—48) 

This footprint is located in the positive real half-plane and mirrors the first-order 

upwind Fourier footprint. 

Stability restrictions for the footprints follow from the stability of a first-order 

linear ordinary differential equation with a complex constant, jp, 

du 
a peu. (2—49) 

With initial data u(0)=uo, the analytical solution has exponential form 

u(t) = uoe*’. (2—50) 

Obviously, stability of the ordinary differential equation requires that R {py} < 0. 

So, for a perfect temporal operator, a Fourier footprint lying in the negative real 

half-plane satisfies the stability requirements of the ordinary differential equation. 

However, explicit numerical operators are more restrictive than the differential equa- 

tion. 

Consider the first-order Euler explicit time discretization 

yet — y? 

= HU, (2-51) 
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Figure 25. Fourier footprints for the scalar wave equation with first-order upwind, 

central differencing, and first-order “downwind” and for the scalar heat equation 

with second-order central differencing. 
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which reduces to u”t? =(14+pAt)u”. The term “(1+pAt)” represents the amplifica- 

tion factor of the scheme. Introducing z= At, the polynomial of the Euler-explicit 

temporal operator is 

Pi(z) =1+z. (2-52) 

The temporal operator, in general, reflects the gain of the error from time level to 

time level, and for a stable scheme using Euler explicit time integration, |P,| <1. 

Likewise, all frequencies in the spatial discretization visualized with the Fourier 

footprint must be engulfed by the unit contour of the temporal operator as seen 

in Fig. (26). The Courant number scales the footprint to accomplish the task of 

numerical stability. 

More interestingly, individual frequencies in the Fourier footprint can be per- 

fectly damped by strategically matching the temporal and spatial operators. With 

the first-order upwind discretization, a Courant number of \=1/2 perfectly over- 

laps the highest-frequency wave (6, = 7) of the footprint with the root of the 

temporal polynomial, z = —1, as seen in Fig. (26). Recall that the highest fre- 

quency wave is located on the negative real axis at z = —2. However, since the 

low frequencies in the Fourier footprint are placed near the origin where the gain is 

unity, the longest waves are always poorly damped. This is true for all numerical 

schemes and is not specific to the preconditioned equations. Van Leer et.al. [65] de- 

sign optimally smooth multi-stage schemes for the Euler equations by overlapping 

the Fourier footprint and the temporal operator. By choosing appropriate stage 

weights and Courant numbers, they achieve optimal damping of specific waves in 

the high-frequency spectrum. Immediate applications for multi-grid algorithms are 

evident. 

For viscous flows, the heat equation serves as a model equation for the dissipa- 

tive behavior inherent to second-order derivatives. The heat equation in differential 

form with constant thermal properties is 

— =a. (2—53) 
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Figure 26. Overlap of the first-order upwind Fourier footprint of the scalar wave 

equation with the amplification polynomial from Euler explicit time integration. A 

CFL of A=1/2 yields perfect damping of the highest frequencies. 
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Second-order central differencing yields the purely dissipative footprint shown pre- 

viously in Fig. (25). The footprint is 

F {ars = —4y sin*(,/2). (2-54) 

Note that stability using Euler explicit time integration requires y< 1/2. This time 

step scales the Fourier footprint inside the stability circle of unit radius. We may 

expect that v=1/4 yields the optimal damping of the high-frequency error waves. 
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CHAPTER 

THREE 

PRECONDITIONING THEORY 
  

3.1 Simple Wave Analysis 

For a general hyperbolic conservation law of the form 

tLe (3-1) 
a systematic simple wave analysis follows four steps: determining the non-conservative 

form, the wave speeds, the plane wave fronts or wave crests, and finally, the wave 

front emitted by a point disturbance which is the envelope of all the plane wave 

fronts. The following two subsections describe the underlying simple wave structure 

of the Euler equations. A knowledge of wave propagation behavior is fundamental 

to the derivation of the preconditioning matrix which normalizes the characteristic 

waves’ speeds. 

8.1.1 One-dimensional Analysis 

The Euler equations in Eqn. (2—30) written in one-dimensional form and 

differentiated with respect to primitive variables, qg, are 

oq Oq 
A—=-+0 —2 +45, =% (3-2) 

where the flux Jacobian is 

up 0 
A=/|0 uu I/p|. (3—3) 

0 pa® u 
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For systems of two independent variables (2.e. one flux Jacobian), a diagonalized 

form of the Euler equations is possible. For systems of two or more independent 

variables, diagonalization is limited to systems with commuting flux Jacobians (1.e. 

AB=BA). When the Jacobians commute, they have the same left and right eigen- 

vectors, and consequently both directions have the same characteristic variables. 

The diagonalized form of the one-dimensional Euler equations is determined by 

transforming from primitive to characteristic variables by using the left eigenvec- 

tors of A. The flux Jacobian can be decomposed as A= TAT™! where T and T7! 

are the matrices of the right and left eigenvectors, respectively. The eigenvalues of 

the Jacobian rest along the diagonals of A. The characteristic variables, dw, are 

the elements of 

dw = T~1dq, (3-4) 

and the diagonalized equations are then 

Ow Ow 
Or +A ar 7 0. (3-5) 

The inverse operation of Eqn. (3—4) implies that the primitive variables may 

be considered as a linear combination of simple wave perturbations as 

dg = S- Todw* = SS bq*. (3—6) 
Qa 

Each perturbation is proportional to a right eigenvector of A, so any perturbation 

of the primitive variables can be projected onto the eigenvectors of A with the char- 

acteristic variables as weights. The spatial variation of a characteristic variable is 

the wave strength or intensity of a simple wave perturbation. The wave strength is 

independent of the choice of differentiation variables (e.g. conservative, primitive, 

or symmetrization variables). The speed, A, with which the simple wave perturba- 

tions propagate is called the wave speed and is also independent of the differentiation 

variables. However, the eigenvectors translate the effect of the simple wave intensi- 

ties onto the chosen set of non-conservative variables and, therefore, depend upon 

the choice. Plane wave fronts propagate normal to the wave speed vectors like the 

ocean’s wave crests crashing onto the shores of the East coast. 
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One-dimensional Entropy Waves 

The diagonalized system in Eqn. (3—5) has three-degrees of freedom consisting 

of one entropy wave and two acoustic waves. For the entropy wave, the convec- 

tive eigenvalue, characteristic variable and right eigenvector are the wave speed, 

strength, and projection respectively. These are 

1 
é 

hu=u, S0y=—S+5p, ru= Oh. (3-7) 
a 

0 

Since the entropy is proportional to this characteristic variable, these waves are 

called entropy waves. The wave decomposition says that entropy-like disturbances, 

6wy, propagate in the z-direction with a wave speed, A,, equal to the speed of the 

flow. The right eigenvector reveals that entropy disturbances cause variations in 

the density and do not affect the velocity or the pressure. 

One-dimensional Acoustic Waves 

The two acoustic waves share symmetry around the velocity vector. The 

forward-moving acoustic wave is described by 

1/a? 
1 

Ap=uta, bwe=5(Sptpadu), r= 4 1/(pa) ¢. (3-8) 
1 

The backward moving wave is 

1 1/a? 
A~=u-—a, dw_= 5 (6p — padu), r_=<¢ —1/(pa) >. (3-9) 

1 

For a stationary gas, pressure and velocity fluctuations propagate with the speed 

of sound symmetrically away from a point disturbance at the origin. Variations are 

translated onto the primitive variables according to the right eigenvectors. 
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3.1.2 Two-dimensional Analysis 

The two-dimensional Euler equations admit simple wave solutions of the form 

q = q(xcos@ + ysin@ — At), (3—10) 

where q(x,y,t) is a constant on a plane surface in (z,y,t) space. Inserting this 

solution into the non-conservative form of the governing equations with primitive 

variables and stream-aligned coordinates, 

=~ +A=- +B =0, (3—11) 

yields 

(—IAt + Acos6@+ Bsin6@)q = 0. (3-12) 

A non-trivial solution is possible if the characteristic wave speed, \(@), is an eigen- 

value of Acosé+Bsin@. Convective plane wave fronts translate normal to them- 

selves with speed, \(@), as shown in Fig. (27). For example, a particle that initially 

lies at the origin and on a convective plane wave front will propagate a distance 

AAt after a time, t = At. Equivalently, a line of particles at t = 0 defined by 

xz cos8é+ysin@ = 0 will lie along the line zcos@+ysin@=AAt. 

The wave decomposition of Eqn. (3—11) reveals four simple wave structures. 

Three waves are common to one-dimensional flow: the entropy and acoustic waves. 

The second dimension allows for a new wave, the shear or vorticity wave. 

Two-dimensional Entropy Waves 

The entropy wave propagates like the convective wave in Fig. (27). The eigen- 

value, entropy-like characteristic variable, and right eigenvector are 

1 

; 6 Ay =|Plcosé, bweo=-S +6, ry=4 5): (3-13) 
0 

This simple wave disturbance causes changes in the density in an identical manner 

as the one-dimensional case. 
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Figure 27. Propagation of the convective plane wave front after time step t= At. 
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Two-dimensional Shear Waves 

For the shear wave, the wave decomposition is 

0 
di =|Pleosé, Swi =8-V, read neh (3-14) 

0 

where §=—?cos6+jsin 6. For a plane wave, disturbances in the cross-flow velocity, 

éw 4, are propagated with the fluid velocity in the stream-wise direction causing 

variations in only the velocity components. This is the shearing or vortical motion 

shown in Fig. (28). 

Two-dimensional Acoustic Waves 

The two acoustic waves share symmetry about the flow speed. The forward 

moving acoustic wave is 

1 1 a ~ + cos 
Az =|V|[cos@+a, dwy = 3 (4p + pa 5|V'| cos 8) , y= pa) sind {” (3-15) 

pa 

and the backward moving wave is 

, p/a 
+ + —cos@ 

A~ =|V|cos@—a, dw =5 (4p — pa 5|V | cos 8) , re = Ta ) —sin8 

pa 
(3—16) 

A particle initially located at the origin on the acoustic plane wave front moves 

tangent to a translating and growing circle of radius, aAt, at t= At. This is the 

acoustic wave originating from a point disturbance shown in Fig. (29). 
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Figure 28. Effect of the simple shear wave on the velocity components. 
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Figure 29. Circular acoustic plane wave-front pattern propagating away from the 

tip of the velocity vector. 
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3.2. Normalizing the Wave Speeds 

This section begins by visualizing the previous mathematical depiction and 

summarizes much of the wave analysis of Van Leer et.al [64] and Lee [39]. Specifi- 

cally, their derivation of the perfect-gas preconditioner for supersonic and subsonic 

flow speeds is discussed beginning in the present section and continuing through Sec- 

tion 3.2.4. In addition, the necessary modifications to the Roe flux is paraphrased 

in Section 3.5. 

The wave speeds for the Euler equations are rewritten collectively as 

A(@) = a{M cos@ —1, Mcos@, Mcos@, Mcos6+ 1}. (38-17) 

The mathematical formula for determining the envelope of plane wave fronts from 

a general wave speed is 

z| _|cos@ —sin#@ (8) 

o 7 beer ne {ef (3-18) 

where (z, y) is the planar position of the wave front due to the wave speed, \(@). 

For supersonic flow, the convective wave speeds, \(@) = qcos@, form a circle 

with radius M/2. The convective plane wave fronts collapse to a point at the tip of 

the velocity vector. The 6-dependent acoustic wave speed forms a cardioid as shown 

in Fig. (30) for M=2. A polar plot of the eigenvalue, 4(@) = M cos 8+1, sweeps in 

the counter-clockwise direction starting at 6=0 radians. Consider the wave speed 

at this starting point. The wave speed non-dimensionalized by the speed of sound 

maps to a point on the z-axis at A=3. At 0=7/2, the wave speed moving in the 

cross-flow direction yields a point on the y-axis with A=1. The cardioid continues 

around as the angle traces through angles @€ (0, 27]. 

Also shown in Fig. (30) are two wave speeds separated by a differential angle, 

d@, and their corresponding acoustic plane wave fronts. The envelope of plane wave 
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fronts is simply the intersection of all of the wave crests. The acoustic plane wave 

fronts trace a circular envelope forming the Mach wedge. 

For the convective waves the plane wave-front envelope collapses onto a point at 

the tip of the velocity vector. In fact, any wave-speed pattern which forms a circle 

will collapse onto a wave-front envelope which is a point. This underlying wave 

structure is crucial to determining the proper characteristic wave preconditioning 

matrix. 

3.2.1 Convergence Difficulties 

The Euler equations exhibit convergence difficulties when the wave speeds and 

corresponding plane wave envelopes are drastically mismatched between the waves. 

The optimal preconditioning matrix would alter the plane wave-front envelope so 

that all the waves propagate at identical speeds. The wave-front envelopes for the 

Euler equations at several subsonic and supersonic Mach numbers are shown in 

Fig. (31). At the sonic Mach number the upstream acoustic wave moves at zero 

speed. Similarly, at the very-low-speed regime the convective waves are nearly 

stagnant while the acoustic waves propagate with the speed of sound. Numerically, 

these two regimes exhibit the worst convergence rates. 

8.2.2 Two-dimensional Preconditioning 

The preconditioning matrix attempts to optimally alter the wave speeds in 

the governing equations without affecting the steady-state solution. To derive the 

preconditioning matrix, we begin with supersonic flow. The non-conservative form 

of the Euler equations including the preconditioning matrix is 

OU OU OU 
> —P(AZ + BS, (3-19) 

The first step to determining the matrix, P, is called stream-wise preconditioning. 

This step amounts to setting P to the inverse of A which is a positive-definite matrix 
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Figure 31. Convective and acoustic wave patterns for the two-dimensional Euler 

equations at Mach numbers of M=0.1, 0.5, 1.0 and M=2.0. 
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for the supersonic-flow condition. Specifically, 

P=A"}, (3—20) 

We have now altered the governing equations but a steady-state solution to the 

preconditioned equations remains a solution to the unmodified Euler equations. The 

wave speeds admitted by the stream-wise preconditioned system are the eigenvalues 

of 

Icos@ + A7'Bsin8, (3—21) 

which are 

d(8) = a{ M cos 0 — sin 8, M cos 6, M cos@, 
M 

V M2 —1 (3-22) 
aS sin 6}. 

The preconditioned system may be simultaneously diagonalized with the change of 

M cos @ + 

variables 

dV = T~'dU, (3-23) 

where 

A?B=TAT". (3-24) 

The diagonal system is now 

ov OV OV I< +A a —( ar By? (3-25) 

The acoustic waves form a circle and the corresponding envelopes collapse onto 

points symmetric about the stream-wise axis. The acoustic and convective patterns 

for the stream-wise preconditioning are shown in Fig. (32). 

The dots represent the envelopes of the acoustic and convective plane wave 

fronts. We want to normalize the wave speeds which correspond to these wave- 

front envelopes. As shown in the figure, the ratio of the convective wave speed 

to the acoustic wave speed is M//M?-—-—1. Therefore, the acoustic waves must 
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Figure 32. Streamwise preconditioning wave pattern at M=2. The heavy circles 

are the convective and acoustic wave speeds. The dots represent the envelope of 

the plane wave fronts. 
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be scaled by the inverse of this magnitude so that the waves corresponding to the 

convective and acoustic wave-front envelopes propagate at equivalent speeds. The 

matrix, X, which changes the acoustic speeds in the stream-wise preconditioned 

system without modifying the convective waves is 

X = diag {r, 1,1, 7} (3—26) 

where 

;-vM =} 3-27 — M ( ~~ ) 

and scales the acoustic waves. 

This matrix multiplies the diagonal form of the stream-wise preconditioned 

equations as 
OV OV OV 
— = —-X(I— +A). 3—28 at Uae tAGy) (3-28) 

This is the last step in a two-step process that generates the supersonic precondi- 

tioning matrix. Now, the fully preconditioned system has wave speeds 

\(0) = a{/ M? — 1 cos 6 — sin@, M cos6, M cos6, 

V/ M2 — 1 cos @ + sin 6}. 

These wave speeds and associated plane wave fronts are shown in Fig. (33) for M =1. 

(3—29) 

Notice that the envelopes are all equally positioned away from the origin yielding 

unit condition number. Theoretically, we will obtain infinitely better convergence 

rate at sonic flow conditions. 

Working backwards to the original preconditioned form in Eqn. (3—19) yields 

the supersonic preconditioning matrix 

P=TXT A", (3-30) 

Performing all the algebra gives the supersonic wave-preconditioning matrix 

-vM? --M 0 0 
B Bp 

T T 

0 0 T 0 

0 0 0 1 
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where tT = VM? —1/M and B= VM? -1. 

Unfortunately, the subsonic preconditioning matrix does not follow the same 

two-step process that generates the supersonic preconditioning matrix. For subsonic 

flow the waves travel omni-directionally and the stream-wise preconditioning step 

with P = |A|~! does not reveal the same insightful propagation directions as do 

the acoustic waves for supersonic flow. To derive the subsonic matrix, assume the 

matrix shares the same sparseness as the supersonic preconditioning matrix. The 

general subsonic matrix is then 

A D 
D B P=|5 9 (3—32) 

HK 
O
O
 ©
 0 

0 
C 

0 0 0 

The task is to determine the entries A, B, C and D for the optimal subsonic char- 

acteristic wave pattern. The convective waves should remain unchanged and the 

acoustic waves should maintain their symmetry around the velocity vector. If the 

shear and entropy waves should remain unmodified, their speeds are \(@)=g cos 6. 

The stream-wise acoustic waves must be symmetric about the velocity vector, and 

at the incompressible limit, M —0, they must travel at the flow speed in opposite 

directions. With these constraints on the eigenvalues, the unknown matrix entries 

A= M?/V/1—M 

B=1/V1—-M?+1 

become 

  

  

(3-33) 
C=vV1-M 

D=-—-M/V1-—M? 

The resulting wave pattern is then 

A(6) = a{—My/(1 — M?) cos? 6 + sin? 6, M cos6, M cos 8, 
(3-34) 

My/(1 — M?) cos? 6 + sin? 6}. 

The plane wave fronts and plane wave-front envelopes at several subsonic and su- 

personic Mach numbers are shown in Fig. (34). Notice that the envelope of the 
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Figure 33. Comparison of acoustic and convective plane wave-front envelopes at 

the sonic Mach number, M =1. 
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plane wave fronts smoothly transition into the supersonic regime at M4=1. For the 

low-speed region the envelope of acoustic plane wave fronts become circles. In the 

incompressible limit, the wave speeds corresponding to the acoustic and convective 

fronts are perfectly matched. Specifically, the “acoustic” wave speeds adopt the 

convective speed rather than the sonic speed. 

A weakness exists at a stagnation point where the convective wave fronts for the 

preconditioned equations never reduce to points which should occur at exactly the 

zero flow condition. A smoothing procedure is suggested by Van Leer based upon 

physical reasoning, but is not employed in this dissertation. The preconditioning 

calculations are smoothed with a minimum threshold set for the offending terms. 

In the stream-aligned system with symmetrization variables as derived in Chap- 

ter 2, the two-dimensional preconditioning matrix, P, that optimally normalizes the 

acoustic and convective wave fronts at all Mach numbers is 

pM RM 0 0 

T T 
P- aM BR +1 0 0 (3-35) 

0 0 T 0 
0 0 0 1 

The switching parameters, 7 and §, are determined from the Mach number as 

1—-M?, £M<1, 

r= 1-M-?, if M>1,; 
1—-M?, ifM<1. 

(3-36) 

3.2.8 Three-dimenstonal Preconditioning 

The three-dimensional preconditioning matrix must equalize all the acoustic 

waves in an identical way. This requires that the wave speeds, which are now prop- 

agating in three dimensions instead of the restricted two-dimensional plane, have no 
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Figure 34. Convective and acoustic wave patterns for the two-dimensional precon- 

dittoned Euler equations at Mach numbers of M=0.1, 0.9, 1.0 and M =2.0. 
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angular dependence, ¢, in the cross-flow plane, Fig. (35). The only preconditioning 

matrix with the form of Eqn. (83—35) that satisfies this independence criterion is 

um? --mM 0 0 0 
B2 B? 

T T 
-—M —+4+10 0 0 

P=| p? ; (3—37) 
0 0 +r 0 0 
0 0 oO -r oO 
0 0 oOo oO 1 

Unfortunately, now 7 multiplies and shortens a stream-wise shear wave speed pe- 

nalizing the supersonic condition number. 

The theoretical acceleration in convergence rate is the ratio of the condition 

numbers with and without preconditioning. A summary of the subsonic and super- 

sonic condition numbers and corresponding theoretical acceleration rates is given 

in Table (9). The minimum theoretical speed-up for subsonic flow is (3./3)/2 and 

occurs at a Mach number of M4 =0.5. For supersonic flow, the benefit of precon- 

ditioning decreases as the Euler waves grow closer together with increasing Mach 

number. 

§.2.4 Preconditioned-Euler Fourier Footprints 

The wave structure is also evident in the Fourier footprint introduced in Chap- 

ter 2. For the preconditioned Euler equations, consider low-speed flow at M=0.1, 

first-order modified Roe flux (discussed in Section 3.5) and a Courant number of 

y=1. The full Fourier footprint is shown in Fig. (36). 

This footprint combines all four waves into a single Fourier transform. Each 

wave contribution may be visualized by showing only the convective and acoustic 

eigenvalues individually. The convective entropy and shear waves form circles just 

like the scalar wave equation as shown in Fig. (37). The magnitudes of the two 

convective waves are controlled by the unit terms in elements (4, 4) and (2, 2) of 

the preconditioning matrix in Eqn. (3—35). Replacing unity by a variable allows 
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Figure 35. Supersonic three-dimensional Mach cone illustrating angular variable, 
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Table 9. Theoretical convergence-rate acceleration based on the partial differential 

equations’ condition numbers. 

  

  

    

    

  

  

  

    

Mach No. Cond. No. Cond. No. Cond. No. 

Range (Euler) (Pre. Euler) Ratio 

1+M 1+ M 
< — Mf2 0<M<1/2 uM rv; 1—-M 

1+M to aM 
< — M2 1/2<M<l1 i-M i-M 1—-M 

(2-D or 3-D) 

M+1 
M > 1 (2-D) 1 Moi 

M+1 

M-—-1 
M M+1 /M+4+1 

-D M > 1 (3-D) Poi i Mol           
  

PRECONDITIONING THEORY 115



  

bo
 

  

  

{o
t 

t
d
 

      

5   

vs
 

sp
ae
e 

0: 
g
i
e
s
 os
 

7 
f
e
n
 

Gs Zs 
Lo
 A
 

on
y 

w
s
 

Ge
t-
0-
e0
 

£
 

3%
 

me
te

 
me

 
%
 

    

| 
i
J
 J
 

  ' to
 

j
j
 

i
 

ft 

' oS
) 

  

Porro fF FoF Ft Pru? > t ttt Tt TF PF fT tor tt               

i] —N i 

a 

1 UW i bo
 

t pd
 

©
 

po
nd
 

Figure 36. Full Fourier footprint of the preconditioned Euler equations at Mach 

number, M=0.1. 
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us to linearly stretch or compress the convective waves up and down the negative 

real axis. For stability these waves may be multiplied by twice their current speed. 

This affects the wave damping qualities of the high frequency waves since they are 

moved down the negative real axis. After doubling the convective wave speeds, the 

high-frequency errors in both the convective waves and acoustic waves are equally 

damped. 

The individual acoustic footprints are shown in Figs. (38) and (39). Error 

waves in both directions, 8, and f,, are zero at the origin. The low-frequency wave 

(8, =0) in the cross-flow direction and the high-frequency wave in the stream-wise 

direction (8, = 7) fall on the negative real axis at negative two. The high-high 

frequency region ($, =f, =7) collapses onto the negative real axis at negative four. 

8.2.5 Extension to Generalized Chemistry 

For the extension of the preconditioning matrix to include finite-rate chemistry, 

we adopt the formulation proposed by Grossman and Cinnella [24]. They assume a 

system of N species and M diatomic molecules considered to have contributions to 

the internal energy from non-equilibrium vibration. The modeled system is assumed 

to have J reactions of the form 

Vy Xi tug Xet---tuy Xn Hv Xi ty, ,Xet--+uyj;Xn, J =1,2,...,J, 

(3-38) 

where v; , and v;',; are the stoichiometric coefficients of the reactants and products 

respectively of species 2 in the j** reaction. For non-equilibrium chemistry, the rate 

of production of species 7 is determined by summing the contribution from each J 

reaction. The production term is written 

    

et a 
J N p Wii N 0 Vn, j 339 

= Mi S04 4s) [brs TT (fe) -w TL (4 ) | (3-39) 
j=l n=1 ” n= n 
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Figure 37. Convective shear and entropy waves of the full Fourier footprint at 

Mach number of M=0.1. 

PRECONDITIONING THEORY 118



Qo
 

  

  

  

    
    

                  

| 
2- 

1+ 

Im 4 
+ } 

S, -1 Se 
: tit 

-2- 

34 TF d Trdud bu oYedse ,iPpy tt oo 

5 4 3 2 -1 O 1 
Re 

Figure 38. Downstream-moving acoustic-wave portion of the full Fourier footprint 

at Mach number of M=0.1. 

PRECONDITIONING THEORY 119



  

  

  
    

  

  

                  

2 
yutene 

1 Gpiece: : aS 
Im 04 

-1- 

-2- 

340 Tue Le me eT gT toEad 

-5 -4 -3 -2 -] 0 1 

Figure 39. Upstream-moving acoustic-wave portion of the full Fourier footprint 

at Mach number of M=0.1. 

PRECONDITIONING THEORY 120



where pn is the mass density and M; is the molecular weight of species 1. The 

forward and backward reaction rates of reaction j are denoted ky ;(T) and k, ;(T), 

respectively, and are assumed to be known functions of the temperature. 

The thermodynamic model assumes all the species are of nearly the same molec- 

ular mass which allows for a single translational temperature (1.e. 7; = T for all 

species 2). Note, for example, that a very-small-mass species like electrons are not 

modeled adequately. With a single translational temperature and assuming that 

each species behaves as a thermally perfect gas, thermodynamic equilibrium allows 

e;=e(T) and p; = p;R,T. (3—40) 

The model for the non-equilibrium assumes that the internal energy is deter- 

mined from two contributions. One portion of the internal energy for each species 

is considered in thermodynamic equilibrium, and the other portion is in a non- 

equilibrium state. The internal energy per unit mass of species 7 is defined as 

Ee; = é,(T) + €n,;, (3-41) 

where é; is the equilibrium portion and e,, is the portion in thermodynamic non- 

equilibrium. The equilibrium portion is defined by 

T 

é= | éy,(r) dr + hy, (3-42) 
Tres 

where ¢,, = dé;/dT, and hy, is the heat of formation of species 7. The internal 

energy per unit mass of the mixture may be written as 

N M 
Pi ~ Pj 

e= —e,=eé+ —En.. 3—43 Py 2 en (3-43) 

With a simplified vibration model 

é; = %,T +h} (3-44) 
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and 

en; = Cu; » 

where h? is defined to be 

hy = hy, + €u; Treg. (3-45) 

For this model we assume translational and rotation equilibrium which would mean 

that for monatomic gases, Cy, = 2Ri, and for diatomic gases, Cy, = 2 Rj. The pro- 

duction of vibrational energy per unit mass, ey, , for diatomic gases is determined 

through a vibrational relaxation process for a harmonic oscillator [75]. The vibra- 

tional energy production rate is then 

where ej, is the equilibrium contribution, 

* R;0,,; 
e,. =a 
ve e(9e,;/T) —]1 

and ©,, is the characteristic temperature for vibration of species 7. We use a 

Landau-Teller model to determine the local relaxation time, 7;, of species 1. The 

relaxation time is then 
ky, T/6) e(k2,/T)' 

aD [1 — eu /D) 

where ky, and kz, for several elementary particles are available in Vicenti and 

Kruger [75]. 

  (3-47) 

For a inviscid, non-heat-conducting, three-dimensional flow with non-equilibrium 

chemistry and non-equilibrium internal energy, the governing equations modeled in 

differential conservation-law form are 

O 0 Oh of , 9g —-W a 
Foo, at dc Oy dz (3-48) 

The state vector of conserved quantities and flux vectors are of length N+M+4 

where N is the number of chemical species, M is the number of diatomic species 
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which are consider in vibrational non-equilibrium. The remaining four equations 

appear from the momentum and energy equations. The conservation variables, flux 

vectors, and source term are 

            

      

f 6p f pu) f = piv) 

PN pNU PNU 
pu pu? +p pvu | 

2 _ pv _ puv _ pv’ +p _ 
=) ow 0 FH) Saw 0 9=4 pw PP (3-49) 

PlEn, Pien,U P1En,V 

PM€ny PMEny U PM€ny 

Peo J \ puho / \ pvho J 

and 
f pw \ ( Wy ) 

pnw WN 
pwu 0 

_ pwr _ 0 _ 
A=) wtp f° W=% 0 , (3-50) 

Pien, Ww Pi€n, + en, W1 

PMEny W PMenmy + €ny UM 

\ pwho } \ 0   
In the above equations, p is the mixture density, (u,v,w) are the velocities in the 

(x,y,z) directions respectively, p is the pressure, eo is the total energy per unit 

mass, Ao is total enthalpy per unit mass, p; is the mass density of species 7, and 

€n, is the non-equilibrium portion of the internal energy per unit mass of species 

1. The total enthalpy is defined as hp =e€9 + p/p. The equations may be written in 

generalized coordinates by standard techniques available in Hirsch [34]. 

The system is completed by the definition of density 

N 

p=) pi (3-51) 
i=] 
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and the equation of state which is known implicitly through 

  

p=) piRiT (3-52) 

and 

M . 

=> I Ey, (7) dr + hy, + 5° e,,. (3-53) 
Tres j=l pP 

The mixture specific heats and gas constant are determined through 

~ pi pi = 25° f -> a (3-54) 
7=1 p i=1 

and 

(3-55) 

Following Grossman and Cinnella [24], the ratio of specific heats is conveniently 

defined 

> o
P
 

=
 

S
P
?
 

L
 

2 

Ph
e 4 

so that the frozen speed of sound becomes simply 

(3-56) a
,
 t 

> 
iP
 

The preconditioning matrix extended to generalized finite-rate chemistry must 

accommodate a flexible system of moving waves. Fortunately, no new kind of wave 

appears in the system. We have only entropy and vorticity waves moving with the 

fluid and acoustic waves propagating in Mach-number dependent directions. The 

non-equilibrium vibrational energies and mass fractions act strictly as convective 

waves. The variables, U, which symmetrize the inviscid flux Jacobians are defined 
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for generalized finite-rate chemistry in differential form as 

dp/(pa) ) 
dp — (pa”/p2)dp2 

dp — (pa*/pw)dpn 
du 

dU = ¢ dv (3-57) 
dw 

dp — (pa*/p1)dpr — (pa* /en, den 

dp — (pa*/ pa dom — (pa? [ens )denay 
dp — (pa*/p1)dpy } 

Note that this matrix reduces to the symmetrization variables of Eqn. (2—33) for 

    
two-dimensional flow of a perfect gas. The same derivation that generates the pre- 

conditioning matrix in Eqn. (3—35) yields the generalized finite-rate preconditioner. 

The preconditioning matrix for finite rate chemistry in a stream-aligned coor- 

dinate system is then 
T 149 T . 

| gM 0 --- 0 x! 000 -:- + 0 0 

0 1 0 

“. 0 
0 0 1 0 00 0 0 0 

—xM 0 0 gti 00 0 0 0 

P= 0 tees OD 0 r 0: : gi: 3-88) 
0 0 0 0 +r 0 0 0 
0 0 0 0 0 0 0 0 

0 

: Port . 0: 
0 ore eee Q 0 0 0 0 eee 0 1 0 

| 60 wee eee Q 0 000 --- --- 0 1,     
Here 7 and f£ are dependent upon the Mach number through 

V1—-M2, ifM <1, 
(3-59) 

r={ 1-M-2, if M>1; 
1-M?, ifM<l1. 
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3.3. Explicit Implementation 

As stated previously, the preconditioning matrix is derived in a coordinate 

system that is not appropriate for numerical implementation. To use the above 

preconditioning matrix, we must transform back to a conservative system and up- 

date the state variables of our choice. Note that the state variables may be the 

conservative or primitive variables or any other system which contains the velocity 

components and two thermodynamic variables. This includes both the pressure and 

density based formulations. It’s simply a matter of choice. 

We choose to transform from stream-aligned, symmetrization variables to Carte- 

sian, conservation variables. This requires a rotation of the velocity axes and a vari- 

able transformation. Preconditioning the governing equations and using standard 

Euler explicit time integration results in the following numerical procedure. 

At OQ 0q OU _AU AU Aq 
AQ = Vol dq OU OU BU oq 0g?) (3-60) 

To determine the time step, At, the CFL-like relaxation factor, v, is defined as 

y=. (3-61) 

The characteristic length, AL, is any length that reduces to the one-dimensional 

definition for grid-aligned flow. Notice the absence of the sound speed in the above 

CFL definition. For the preconditioned equations the spectral radius is simply the 

convective velocity, and does not include the sound speed. This new definition of the 

CFL number is important for the proper time-step calculation in slow-flow regions. 

Simplifying the notation we define 

dq OU _ AU OU 
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The matrix, P, for finite rate chemistry in three dimensions is 

    

P _— 7 PLOT ee aee er ( 7M?-8"\ 9 1 0 0 RB aaV 0 0 4 ( “3qF ) 

_1 P22 yr 2 (7M? -s? 
0 0 B? a2 > ( a? B2 ) 

0 : : 
T PN >T rM?— 2 

0 0 1 -BiaVT 0 0 (4) 

B? pa? 
0 0 0 1 O 0 0 

5 

0 
0 0 0 | 0 0 1 0 
0 0 ~ Reve 0 0 pM? 

where 
1 rn 

P=a Qtz —r)VIV + 7¢7I} . (3~64) 

If we update primitive variables, instead of conservative variables as in Eqn. (3— 

60), the Euler explicit algorithm becomes 

Aq= — Fa PSE R(a n), (3-65) 

3.4 Implicit Implementation 

For implicit time integration, we move the preconditioning matrix of Eqn. (3— 

19) to the left-hand side. Then, the system can be solved using any direct or 

indirect solver in the literature. Note that with very high time steps the effect of the 

preconditioning is canceled out. However, we can achieve significant improvements 

for low-speed flows and for simulations using approximate factorization. Standard 

Euler implicit time integration for the preconditioned equations yields the following 

formulation to update primitive variables: 

Vol 0Q_,- OR mo n 
Ar OP + By Aq = —R(q"). (3-66) 
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The matrix, P~!, for generalized finite-rate chemistry in three dimensions is 

    

r1 0 e+ 0 pVT/q? 0 --s - 0 fy (1-M?4+£) ] 

, ST 2 2 te 1 pp 2,87 07. 0 poVT/q? 2. #3, (1-M +£) 

-. 0 3 : , 

0 0 1 pnVT/q? 0 0 2% (1-M?+£) 
—-1 _ - 

P™=109 0 ll Q .-. we Q V /(pq?) 

0 0 0 1 0 -- O 0 
0° 

mt . 0 
O--- = 0 _0 O-- 01 0 

}O +s es 0 pV? /M? O --) ee) 0 (7+ 6?)/(7M?) | 

(3-67) 
where 

1 —-lDNars ¢ n= 4 (Co Yyry 4 4a]. (3-68) 
q T T 

The matrices 0Q/0q and 0q/0Q are given in Grossman and Cinnella [24]. 

3.5 Modified Flux Formulas 

In developing flux formulas for the preconditioned Euler equations, the form of 

the numerical scheme must consistently represent the modeled partial differential 

equations. Therefore, the artificial viscosity for an approximate Riemann solver 

must be modified for preconditioning. For the original Roe algorithm, the artificial- 

viscosity matrix [39] is 

A.V. = |A] = |Acos@ + Bsin 4], (3-69) 

which consistently represents the non-conservative form of the Euler equations. 

Here, cos@ and sin@ are the cell-face-normal direction cosines. The equivalent 

artificial-viscosity matrix for preconditioning must be 

|PA| = |P(Acos@ + B sin 6)| (3-70) 
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and not 

P|A| = P|Acos@ + Bsin6| (3-71) 

to consistently depict the preconditioned Euler equations. For a robust artificial- 

viscosity matrix, a slight modification is still necessary. The matrix |PA| con- 

tains singular terms for certain flow angles, particularly the free-stream direction. 

An alternative stems from the multi-dimensional Riemann solver research [52] and 

conservatively sums the fluxes from multiple Riemann problems. The alternative 

artificial-viscosity matrix is then 

|PA| = |PAcos 6;| + |PB cos 6;)| + |PC cos 6z)|, (3-72) 

where 93, 6;, and 6; are the direction cosines between the flow direction orthonor- 

mals and the cell face normal. The full equations are documented below. The 

inverse of P must premultiply the artificial-viscosity matrix so that the modified 

Roe flux is preserved upon multiplication of the residual by the preconditioning 

matrix. The resulting modified flux becomes 

“a 

fyaaye = ; (f; + fas) — 5 PUPA Qs 41 —Q;). (3-73) 

Grossman and Cinnella [24] proposed a Roe algorithm for finite-rate chemistry 

which employs the jumps in the mass fractions. The method proposed below incor- 

porates jumps in the species densities which is more efficient to code. The modified 

Roe’s scheme for three-dimensional implementation with finite-rate chemistry may 

be written 

1 _ 
fit1/2 = 5 (fi + fis) —5 > Il: (3-74) 

i=1 

PRECONDITIONING THEORY 129



where 

pilp [er] 

an /B [ow] 
i if + Phe 

=a, 5h + tay Melt ated 
Pien, |p [p1e€n,] 

pitean |B [omens] 
0; 0. 

f pile | 

pul 

= 3 (1+ bl+ Ail) ly 3} + 
pen, |p 

pitenne |B 
ee 
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[fls = FIPI (leos@ + loos) } 

    ; (3-77) 

tye [eq] |cos 8g] + rq, [wal] |cos 45 
pq lg, [vg] |cos 6, + Ma, [w.] |cos 6;| 

14, [vg] |cos 83] + 7g, [wg] |cos 4;| 
0 

    
where 

  (3—78) 

N M 

2 = > Bile + > Tosen,] + defy] + Hou] + Hd[e]. (3—79) 

Two sets of direction cosines are involved in the modified Roe algorithm. One 

set, (-)ge,(-)q,»(‘)gz, transforms from Cartesian coordinates to the Roe average 

stream-aligned coordinate system. This transformation may be determined by many 

different axis rotation sequences and is therefore somewhat arbitrary. The velocity 

vector in Cartesian coordinates has components {t,0,w}, so the unit vector along 

the stream-aligned coordinate 1s 

kg = {u/4, 6/4, 5/4}. (3-80) 
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The transformation used here is 

cos¢@ cos@sing sin@sing 
l, = |-—sing cos@cos¢ sin@cos¢ |. (3-81) 

Tq, Mg, Mg 0 —sin#@ cos 6 

The angles ¢,6 are determined from the velocity components as tan? = w/v and 

tang = /v?+w?/u. Note especially that a singularity occurs for u=q, (z.e. the 

flow is perfectly aligned with the Cartesian z-axis). This case represents the only 

flow condition that does not require a similarity transformation or equivalently the 

similarity transformation should be the identity matrix. To accommodate all flow 

cases a small perturbation on the order of the machine’s accuracy should be added 

to the y component of the velocity. With this change, cos@ = 1 and sin@ = 0 for 

the case when u=q, and the identity matrix is the similarity transformation. The 

jumps in contravariant velocity are constructed as 

[ug] = kee [u] + kg, [v] + be. fe] 
[va] = Mo. [el + %a, [el + 4, feo] (3-82) 
[we] = mq, [ul] + mq, [v] + mq, [v]. 

The other set are the afore-mentioned direction cosines between the stream- 

aligned coordinate unit vectors and the cell face normal, n. These are obtained with 

the dot product as 

cos6; =k,-n 

cos6, =1,-7 (3-83) 

cos6; =m,-n 

~~ Ne m ~ ~ 

from Roe averages as follows. 

p= JPR PL, (3—84) 

<u,/p > = — <vve> 6 = ove (3-85) 

</p>’ </p>’ </p>’ 
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Both the Roe and modified Roe algorithm have the property that for a station- 

ary discontinuity, the numerical flux function returns a full flux. This means that 

for left and right states which satisfy the Rankine-Hugoniot jump conditions, the 

numerical fluxes sum to yield machine-zero residual. This is also true for contact 

discontinuities and, unfortunately, for non-physical entropy shocks. A well-designed 

entropy fix (cf. Harten [31]) ensures that the second law of thermodynamics is sat- 

isfied without disturbing the flux function’s ability to perfectly resolve stationary 

discontinuities. 

PRECONDITIONING THEORY



3.6 Euler Implicit Damping Characteristics 

In this section, we retreat briefly to the one-dimensional Euler equations. From 

within this simple framework, the deficiencies of a typical compressible code can be 

seen. We analyze Euler implicit time integration with the preconditioning algo- 

rithms proposed above. Of course, we include the standard non-preconditioned 

scheme as a comparison. 

Recall that a discrete grid restricts the representative range of wavelengths and 

frequencies. The smallest wavelength and corresponding highest frequency that can 

be depicted on a finite discretization are 1 = 2Az and 8, = 7, respectively. The 

wavelength, wave number, and frequency are related through the following: 

27 

We are interested in the spectral radius at both long and short wavelengths, (1.e. 

6, — 0 and f, — 7) because typically, during convergence to the steady state, short 

waves decay quickly while long waves persist, expiring gradually. 

8.6.1 Local Time Stepping 

We want to determine the damping behavior of the implicit time operator over 

the entire Mach number range. The damping is determined by the gain matrix from 

a Von Neumann stability analysis. We want to determine the spectral radius, and 

thus the amplification factor, of the update matrix. This matrix is a function of the 

Mach number and the Fourier frequency. 

Performing a Von Neumann stability analysis of the Euler implicit procedure 

with Roe flux-difference splitting produces an amplification matrix whose inverse is 

given below. 

2A . 2 Bs wai 4lsin —+2 G + 0° Mal 
    Asin 6. (3-95) 
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The Courant number is defined as A = (u+a)At/Az. The smallest eigenvalue will 

be the inverse of the spectral radius. The three analytic eigenvalues of the inverse 

gain matrix are 

2A|M —-1 2  .A\M-—1 IM—1) Bs , AIM ~1| 
M+1 2 M+1 
d X 

An =1+ aie’ bs + a sin B,, (3—96) 

dy = 14+ 2dsin? & +2Xsin Bz. 

A~=1+ sin B,, 

  

A carpet plot of the spectral radii over a Mach number range of 10~? to 10 and 

Fourier frequencies from lowest to highest is given in Fig. (64). Notice that the 

spectral radius approaches unity in the limit of M — 0 for all wavelengths and 

equals unity at exactly Mach 1. A nearly unitary gain results in minimal damping 

of a solution error in these flow regimes. Notice that significant damping occurs 

for supersonic and moderate subsonic Mach numbers for the high frequency waves. 

However, as the grid points in a simulation increase in number, longer wavelengths 

are numerically represented (7.e. 8, 4 0) and their gain approaches unity. 

8.6.2 Characteristic Time Stepping 

For analysis, we use the one-dimensional equivalent of the two-dimensional 

preconditioning matrix by replacing the wave scale, 7, with unity. A Von Neu- 

mann stability analysis with preconditioning and the modified Roe flux produces 

an amplification matrix whose inverse is 

Gl=I+ * |PAlsin? & + 3 
Vv 
Yj PAsin B, (3-97) 

where vy = uAt/Az. The three eigenvalues of the inverse are identical and are 

AW = Ay = Aq = 14 2vsin’ es +ivsin B,. (3—98) 

Notice the absence of the Mach number in the above equation. More specifi- 

cally, we have the same damping characteristics at all Mach numbers as the scalar 
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Figure 40. Gain over a range of Mach numbers for the Euler equations with 

first-order Roe flux-difference splitting using Euler implicit time integration and 

A = 1.0. 
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Figure 41. Gain over a range of Mach numbers for the preconditioned Euler 

equations with first-order modified Roe flux-difference splitting using Euler implicit 

time integration and v = 1.0. 
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Figure 42. Gain over a range of Mach numbers for the preconditioned Euler 

equations with first-order standard Roe flux-difference splitting using Euler implicit 

time integration and v = 1.0. 
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wave equation. This is precisely our goal. A carpet plot of the gain for the range 

of frequencies and the same representative range of Mach numbers is illustrated in 

Fig. (41). We see significant improvement from the damping shown in Fig. (40), 

which is the current state of the art. 

One should be careful. If the standard Roe algorithm is preconditioned without 

any flux modification as in Eqn. (3—46), the spectral radius degrades in the sub- 

sonic region for all frequencies as shown in Fig. (42). When treated implicitly, this 

formulation is unconditionally stable, yet the gain approaches unity as M — 0, and, 

thus, we have poor subsonic damping. Using an explicit time marching strategy, 

the same algorithm requires a prohibitively small time step for stability [40]. The 

modified Roe flux is necessary for preconditioning subsonic flows. 

3.7 A Note on Boundary Conditions 

This section describes the underlying finite non-linear waves for the precondi- 

tioned Euler equations emphasizing future work on characteristic boundary condi- 

tions. The characteristic compatibility relations appear in this dissertation as an 

original contribution. The one-dimensional preconditioned Euler equations differ- 

entiated with respect to primitive variables yields the following wave structure. 

§.7.1 Riemann Invariants 

Without preconditioning the characteristic compatibility equations are 

dp _ 

  

du + 0 (3-99) 
pa 

along the characteristic defined by 

< =uta. (3—100) 

The Riemann invariants are determined by integrating along the characteristic path 

and are 
2a + = . —1 R* =ut yn 1 (3—101) 
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The above quantities are invariant along their characteristic paths. The same anal- 

ysis of the preconditioned equations gives fundamental concepts to formulate the 

boundary conditions. After some minor algebraic manipulation, the compatibility 

equations are 

dp =0 (3—102) 

on the characteristic line defined by 

dre M-—1 3-103 

dt |M—1|" (3103) 
Notice that the sound speed is now absent and that the wave moves upstream for 

subsonic flow. The other “acoustic” wave equation is 

dp + pudu =0 (3-104) 

on 

dz 

Integration of the characteristic compatibility equations gives the Riemann invari- 

ants. Since , 

PL (2)"" (3—106) 

  

Po ao 

and 

p= 5 (3-107) 

the Riemann invariants are 

ho = a’ + ut = constant on dz =u 
y-1 2 dt 

M-—-1 (3—108) p = constant on — dt |M—1| 
x 

s = constant on — = u 
dt 

The above analysis encourages a subsonic inflow boundary condition to specify 

entropy and total enthalpy from the free stream and extrapolate pressure from the 

interior. However, we have found that the most consistent boundary conditions 

incorporate a ghost cell and utilize the numerical flux function on the boundary 

faces. 
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8.7.2 Curvature-corrected Symmetry Technique 

The preconditioned flux function is very sensitive to the boundary conditions 

applied. For the studies of this dissertation the curvature-corrected symmetry tech- 

niques of Dadone and Grossman [16] proved beneficial. Ghost cell boundary con- 

ditions are applied for all flow boundaries and the modified Roe flux extracts the 

appropriate upwind information from the surrounding data. Additionally with re- 

gards to limiters, boundary and interior cell interpolations are treated identically. 

Past researchers have stressed the importance of using a characteristic boundary 

condition in the sense of implicitly solving for the update state vector at the bound- 

aries by using the preconditioning matrix in the left-hand-side mass matrix. The 

present calculations specify the free-stream state for far-field boundaries and the 

impermeability boundary approach of Dadone and Grossman [16]. 

The tangency condition specifies the symmetric state which enforces tangency 

at a cell face. The boundary interface nomenclature is defined in Fig. (43). Ne- 

glecting surface curvature, the symmetry technique valid for steady flows over planar 

surfaces, is 

Pl,i = =P P2,i= p2 

Uri = Uy U2 i = —U2 
, and (3-109) 

Yi= vy, V2i= V2 

Pli= Pi P2,> Pi 

where 
uU= NzUtNyv 

(3—110) 
v= —Nyut Nzv 

and the cell-face unit normal is (fiz, fy). 

The curvature-corrected symmetry technique accounts for normal pressure gra- 

dients by satisfying the normal momentum equation and enforcing an impermeable 

boundary. The pressure is not symmetric on either side of the wall as is the case 

for a flat wall. With interpolated values at the wall of the velocity magnitude and 
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Figure 43. Nomenclature for curvature-corrected symmetry technique of Dadone 

and Grossman. 
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density, the pressure at the image cells is determined using the radius of curvature, 

R, and the mesh spacing, An, and Ang, as 

Pwlw _—7, — A 
Piji = P1 R m1 

  

(3-111) 
  

2 

P2,i = p2 — a Anz 

Assuming symmetry in entropy and total enthalpy and anti-symmetry in the 

contravariant velocity, then 

$11 = $1 

(ho); = (Ao), - (3-112) 

tii = —Uy 

The stagnation enthalpy, pressure and density give the velocity magnitude and thus 

v, ;. The Cartesian velocities are then easily found through matrix transformation 

ul [M2 Ay} Ju (3~113) 
Cas My Re v 1,2 1 

The second image cell is determined from symmetric entropy and stagnation en- 

thalpy 

$2.1 = $2 

(ho )o = (No )o 

However, the contravariant velocity, u, is determined such that @;,/pi + U,,/pr =0 

(3-114) 

at the cell face. With linear extrapolations of the left and right states, the velocity 

is 
  

pi + (p1 — p2)/2 (3-115) tio,; = 3ii1,; + 2 [ti + (a1 — G2)/2 2, i+ 2 [ta + (ai — ta )/2| p1,i + (P1,2 — p2,i)/2 

The Cartesian velocities for cell (2,7) are then easily determined with u2,; and qo :. 
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CHAPTER 

FOUR 

STEADY-STATE RESULTS 
  

4.1 Channel Flow 

A simple geometry is used to demonstrate the abilities of the preconditioning 

procedure to accelerate convergence to a steady state. The transonic flow through 

a channel with a circular-arc disturbance on the lower wall was the subject of a 

GAMM workshop in 1979. The proceedings were then published in 1981 [47]. The 

transonic flow is slow to converge because the transonic shock which forms on the 

recompression side of the arc is reluctant to find its final steady state position. 

Using this problem, we can determine the answers to many questions: How 

well does the preconditioning accelerate the convergence? What happens to con- 

vergence for different flux functions? What is the optimal Courant number to use 

with approximate factorization and, in particular, is this optimal value the same 

with and without preconditioning? What is the effective spectral radius of the 

iteration scheme? How does higher-order differencing change the performance of 

the preconditioned equations? How does the preconditioning perform across the 

entire subsonic Mach-number range? And, finally, how accurate are the computed 

incompressible solutions, which we can compare to the small-disturbance potential 

equation? 
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4.1.1 Numerical Synopsis 

The circular arc is nestled in the lower wall and has unit chord. The inflow 

and outflow boundaries are two chords away from the leading and trailing edges, 

and the top wall is 2.073 chords above the lower wall. The curvature-corrected 

symmetry technique of Dadone and Grossman [16] is used as our tangency boundary 

condition on the upper and lower walls. At the inflow and outflow boundaries, the 

corresponding left and right states are set at the free-stream value. A numerical flux 

is calculated at all boundaries which alleviates boundary condition stiffness from 

the newly modified Roe flux function. We integrate in time using approximate 

factorization, and use both Van Leer flux-vector splitting and Roe flux-difference 

splitting. 

Four different grids of dimension 31x16, 61x31, 91x61, and 18191 are used. 

All pressure contour plots are given on the 61 x31 mesh shown in Fig. (44). The 

Courant-number study below was done on the coarsest mesh to conserve excessive 

CPU time. 

4.1.2 Courant-Number Study 

The transonic flow solution has a free-stream Mach number of Af =0.85. Con- 

vergence of a flux balance residual to machine zero on a Cray YMP is obtained 

using MUSCL differencing (« =1/3) and the Van Albada limiter. The results for 

the range of time steps is shown in Fig. (45). 

First, notice the typical behavior of the approximate factorization algorithm 

(t.e. gains that approach unity for both small and large Courant numbers and an 

optimal Courant number in the middle on the order of 10). The Courant number 

corresponding to the minimum number of iterations appears to be different for 

local time stepping than for characteristic time stepping; however, the definition of 

Courant number differs between the two. The lowest number of iterations required 

to solve the transonic flow using flux-difference splitting is 496 with local time 
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Figure 44. Typical mesh used to simulate the flow through a channel. All pressure 

contour plots are presented on this 61 x31 grid. 
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Figure 45. Courant-number study using approximate factorization and Roe flux- 

difference splitting for the transonic channel. 
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stepping and 263 with characteristic time stepping. The optimal Courant number 

for local time stepping is not necessarily the proper selection for characteristic time 

stepping. The first-order results are similar. 

Pressure contours are shown in Fig. (46), and the lower wall distribution is 

shown in Fig. (47). The result from Rizzi’s shock-fitting code [47] is included as a 

nearly exact solution. Careful examination will show that the peak pressure using 

the modified Roe algorithm is lower than for standard flux-difference splitting. This 

can be attributed to a larger artificial viscosity associated with the modified flux 

algorithm. 

4.1.8 Numerical or Effective Spectral Radius 

In this subsection, the residual histories of a grid-convergence cycle are used 

to determine the spectral radius of the numerical algorithm. After initial short 

wavelengths are smoothed, the residual history reflects the gain of the longest nu- 

merically achievable wavelength. The dominant long wave makes a residual history 

on a semi-log plot appear linear. The spectral radius for this one wave can be es- 

timated strictly by examining the residual history of this final damping region. If 

the error at iteration number n is a fraction (1.e. the spectral radius) of the error 

at iteration number n+1, or if 

enti = pe”, (4-1) 

then the spectral radius over several iterations numbered n to N is 

||R* |l2, *-" 
Ps = Lime! (4—2) 

A typical residual history for the transonic channel flow is shown in Fig. (48)., 

and the corresponding spectral radii over several mesh refinements are shown in 

Fig. (49). As the grid spacing becomes finer, the long waves are linearly less damped, 
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Figure 46. Pressure coefficient contours for the transonic M =0.85 solution. 
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Figure 47. Lower wall pressure coefficient for the transonic flow through a channel 

compared to the shock-fit results of Rizzi [47]. 
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and consequently iterations and computational time increase. Note that the spec- 

tral radius for the characteristic time-stepping algorithm is lower for all mesh sizes 

in comparison to local time stepping. This indicates that a solution using precon- 

ditioning may be obtained on a grid with roughly twice as many points in each 

direction in the same number of iterations (7.e. same spectral radius). 

4.1.4 Mach-Number Study 

In this subsection we investigate the performance of the preconditioning algo- 

rithm over a range of subsonic Mach numbers. Performance for preconditioning 

and local time stepping using Roe’s scheme is shown for first and higher order in 

Fig. (50). 

The preconditioning algorithm gives convergence in fewer iterations for all free- 

stream Mach numbers. We have successfully run at Mach numbers as low as M= 

10~® while the solution using the standard Roe algorithm with local time stepping 

was entirely inaccurate, as will be demonstrated in the next subsection. 

Performance for the flux-vector splitting scheme is shown for first and higher 

order in Fig. (51). The mass splitting technique poorly models the Riemann prob- 

lem for low Mach numbers and thus mathematically confuses the wave-based pre- 

conditioning matrix. Consequently, preconditioning with flux-vector splitting at 

low Mach numbers is unwise. The cross-over Mach number appears to be around 

Mw 0.5. 

To determine the result of preconditioning with higher-order interpolation, we 

calculate the percent savings over the Mach-number range for different accuracies 

and compare with the theoretical savings. Results are shown in Fig. (52). The 

savings were calculated as the difference between the required number of iterations 

divided by the iterations required without preconditioning. Preconditioning with 

higher-order interpolation is more efficient simply because the partial differential 

equations are modeled more accurately. Previous researchers have hypothesized 
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Figure 48. Residual history using approximate factorization with Roe flux-difference 

splitting for a transonic channel. 
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Figure 49. Spectral radius using approximate factorization with Roe flux-difference 

splitting for a transonic channel. The average grid size is one over the stream-wise 

grid dimension. 
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Figure 50. Convergence profile over subsonic Mach-number range using first and 

third-order MUSCL differencing with Roe flux-difference splitting. 
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Figure 51. Convergence profile over subsonic Mach-number range using first and 

third-order MUSCL differencing with Van Leer flux-vector splitting. 
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that higher-order spatial accuracy would yield better percent savings compared 

to the first-order method. This dissertation confirms for the first time that the 

preconditioning does accelerate the damping of the long waves which are better 

represented with higher-order differencing. 

4.1.5 Very-Low-Speed (M=107?) Flow 

An essential consideration for low Mach-number flows is accurate pressure in- 

terpolation. The ratio of the convective to pressure terms is 1/(yM7). This ratio 

approaches infinity at low Mach numbers. To accurately balance the flux of mo- 

mentum, the pressure must be scaled to be on the order of the convective terms. 

Past researchers have incorporated a gauge pressure referenced to the free-stream 

pressure. Interpolation and flux evaluation is done with this small pressure pertur- 

bation. Summing the gauge pressure and free-stream pressure recovers the absolute 

pressure through 

P = Poo +p’ (4—3) 

We have successfully utilized this strategy modeling very-low-speed flows. Note 

that to be perfectly consistent, we must scale the internal energy as suggested by 

Feng and Merkle [19]. For a perfect gas this is simply 

pe = (pe)oo + (pe)’, (4—4) 

where 

(Poo = (4-5) 

However, for a flow code which models both perfect-gas and finite-rate chem- 

istry, a gauge energy is impractical and was not done in the present computations. 

The consequence of this is seen in the residual history shown in Fig. (53). For very 

small residuals the energy balance exceeds the machine’s precision. Increasing the 

machine precision or using a gauge energy allows convergence to higher orders. 
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Figure 52. Percent savings using preconditioning over subsonic Mach-number 

range using Roe flux-difference splitting. 
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Figure 53. Very-low-speed channel flow residual history using approximate factor- 

ization and Roe flux-difference splitting. 
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The same channel geometry was run with a free-stream Mach number of M= 

0.001. The pressure coefficient on the lower wall is compared to the small-disturbance 

solution in Fig. (54). Thirty levels of pressure coefficient contours are shown in 

Fig. (55). Notice the symmetry in the data and in the contours stemming from the 

curvature-corrected symmetry boundary technique. This dissertation shows the 

first successfully accurate simulation at such a low Mach number. A comparable 

incompressible result calculated with a compressible code has never before been 

obtained. 

An alternative solution using preconditioning with a standard Roe scheme is 

shown in Fig. (56). Obviously the modified Roe flux is essential for reasons of 

both accuracy and stability. Recall from the discussion in Section 2.1.3, that the 

uncertainty of a solution to a high-condition number system may be large even with 

a small residual. This is clearly seen in the contours of Fig. (56). The culprit is the 

singular dissipation matrix in the standard Roe flux function. 

4.2 Eppler 387 Airfoil 

An Eppler 387 airfoil is simulated at a free-stream Mach number of M =0.05 

and angle of attack, a= 2°. There is little hope of accurately and efficiently cal- 

culating this inviscid flow-field with a standard compressible Euler code without 

including the preconditioning technique. The computation using preconditioning 

is compared to the experiment performed by McGhee [42] at NASA Langley Re- 

search Center in the low-turbulence pressure tunnel (LTPT). Their experiment was 

performed at a free-stream Reynolds number of Re,=60,000. A predominant phe- 

nomenon of the low-Reynolds number flow is the laminar separation bubble over 

most of the upper surface. 

This case typifies where we are with preconditioning and where we want to 

go. At present, we cannot simulate the complete Navier-Stokes equations and the 

laminar separation bubble using preconditioning. The reasons will be discussed in 
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Figure 54. Pressure coefficient for the very-low-speed flow over a circular-arc 

airfoil. 

STEADY-STATE RESULTS 160



Level Cp 

  

0.245 

0.206 

0.168 

0.130 

0.092 

0.054 

0.016 

-0.022 

-0.060 

-0.098 

-0.136 

-0.174 

-0.213     Ke 
N
Y
w
W
w
e
R
U
 

A
A
O
 
O
D
D
O
 

Y
 

  

  

2.0 3.0 

Figure 55. Pressure coefficient contours for very-low-speed flow through a channel 

using preconditioning and a modified Roe flux. 
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Figure 56. Pressure coefficient contours for very-low-speed flow through a channel 

using preconditioning and a standard Roe flux. 
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Chapter 5 as well as a possible solution which is effective for one-dimensional Navier- 

Stokes equations. In fact, obtaining accurate experimental data for this extremely 

sensitive flow-field is difficult also. Experimental data varies among different facil- 

ities because of the data’s sensitivity to free-stream turbulence and model surface 

roughness. Additionally, the model forces and pressure differences from the upper 

and lower surface are difficult to accurately measure. CFD can make great strides 

to contribute to the understanding of laminar separation and low Reynolds number 

flows. 

The inviscid computation with preconditioning used the 61x 41 mesh shown in 

Fig. (57). Convergence of the normalized flux residual to a tolerance of six orders 

was obtained in 708 iterations and 81 CPU seconds. We iterated using the mesh 

sequencing capabilities of GASP and three levels of grid refinement. The pressure 

coefficient contours of the flow field are shown in Fig. (58), and the surface pressure 

is compared to McGhee’s wind tunnel data [42] in Fig. (59). To verify our inviscid 

results, we compared to the results from Drela’s panel-method code [15]. The panel 

code also performs an integral boundary-layer calculation with the pressure field as 

an input. The boundary-layer solution is included for comparison and as a validation 

of this simpler method. 

4.3. Space Marching 

4.8.1 Three-dimensional Wedge 

As a three-dimensional test case for the flux function and preconditioning ma- 

trix we simulate a skewed wedge that was proposed by Rumsey, et.al. [52] for their 

five-wave multi-dimensional Riemann solver. The inflow Mach number is 2.8, and 

the geometry with pressure contours is shown in Fig. (60). The number of itera- 

tions required to converge an absolute residual by six orders per cross-flow plane is 

shown in Fig. (61). Approximate factorization is used in the cross flow plane with 
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Figure 57. Close-up of the 61x41 O-mesh surrounding the Eppler 387 airfoil. 
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Figure 58. Pressure coefficient contours surrounding the Eppler 387 airfoil. 
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Figure 59. Pressure coefficient on the Eppler 387 airfoil surface using precondi- 

tioned Euler, experimental and potential methods. 
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a non-linear residual update in the marching direction and a Courant number of 

five. Based on the condition numbers for three-dimensional M = 2.8 flow, we would 

expect 1.97 times better convergence rate. 

In practice, the preconditioned case converges 0.93 to 1.33 times faster than 

without preconditioning depending upon the cross-flow plane. So, for a few cross- 

flow planes the preconditioning is actually worse. The explanation is simple. The 

equations modeled in a marching calculation are only a subset of the full partial 

differential equations. A global iteration would represent a more fair comparison 

and, most probably (based on the experience of past test cases), convergence in 

fewer iterations. 

4.8.2 Azi-symmetric Nozzle 

The second marching case is the axi-symmetric reacting flow through a diverg- 

ing nozzle. This case helps to determine the effect of preconditioning for flow with 

equilibrium and finite-rate chemistry as well as non-equilibrium vibrational relax- 

ation. Four cases are run with different assumptions upon the thermodynamics. All 

cases use a Courant number of ten. 

The inflow temperature is a 9000 K and the inflow velocity is 3000 m/s yielding 

an approximately sonic inflow Mach number. We expect large benefits from pre- 

conditioning within this sonic flow regime. Perfect gas, equilibrium, and finite-rate 

chemistry with and without non-equilibrium vibration were run using the Kang 

et.al. [37] five-species air chemistry model. The Mach number, temperature and 

mass fraction of diatomic nitrogen are shown in Figs. (62), (63) and (64). Iterations 

per plane are shown for the above cases in Figs. (65), (66), (67) and (68). As the 

supersonic flow accelerates the condition number disparity becomes less, and the 

benefits of preconditioning decrease. Convergence rate is accelerated for all cases 

at the nearly sonic inflow condition. 
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Figure 60. Flooded and line contours of pressure and a representative section of 

the mesh for the three-dimensional wedge with inflow M = 2.8. Flooded contours 

upon the compression ramp. 
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Figure 61. Iterations per plane for three-dimensional wedge with inflow Mach 

number of M = 2.8 and approximate factorization in the cross flow plane. 
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Figure 62. Stream-wise Mach-number distribution on the centerline of the axi- 

symmetric nozzle. 
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symmetric nozzle. 
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Figure 64. Stream-wise diatomic nitrogen mass-fraction distribution on the cen- 

terline of the axi-symmetric nozzle. 
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Figure 65. Iterations per plane for reacting-nozzle case assuming air as a perfect 

gas. 
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Figure 66. Iterations per plane for diverging nozzle with a real gas assuming 

five-species equilibrium flow. 
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Figure 67. Iterations per plane for reacting-nozzle case assuming finite-rate reac- 

tions with species in vibrational equilibrium. 
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Figure 68. Iterations per plane for reacting-nozzle case assuming finite-rate reac- 

tions with three non-equilibrium vibration species. 
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4.4 Tabular Summary 

The theoretical and actual convergence-rate acceleration for the above test 

cases are summarized in Table (10). The N/A indicates test cases that would give 

poor solutions after a large number of iterations. The theoretical speed-up for 

the nozzle case is generous because stiffness from finite-rate reactions is neglected. 

The actual speed-up is actually somewhat lower since the reacting nozzle flow is a 

marching calculation. 
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Table 10. Theoretical and actual convergence-rate acceleration for the presented 

test cases. N/A indicates test cases that were impractical without preconditioning. 

  

  

  

  

  

  

Test Case Mach No.| Theory| Actual 

V.L.S. Channel 0.001 1001 N/A 

T. Channel 0.85 6.50 3.56 

Eppler 387 0.05 21.0 N/A 

3-D Ramp 2.80 1.97 0.92-1.33 

Nozzle 1.046 44.5 4.27           
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CHAPTER 

FIVE 

VISCOUS PRECONDITIONING 
  

The idea behind characteristic time stepping is to transform as closely as pos- 

sible the behavior of a system of equations into that of a scalar equation. The 

progress of this transition can be visualized with the Fourier footprint. The Fourier 

footprint reflects the stability of a first-order ordinary differential equation and thus 

any positive real part causes disturbances to grow exponentially. 

The footprint results from determining the eigenvalues of the Fourier transform 

of a discrete time step, At, times the semi-discrete form of the residual. For the 

first-order scalar wave equation, the Fourier footprint is a circle with a Courant- 

number radius resting in the negative real half of the complex plane. The final 

criterion for numerical stability is set down by the method of time integration. The 

footprint and the characteristic polynomial of the time evolution scheme determines 

which waves are most effectively damped [65]. 

The one-dimensional preconditioned Euler equations share the same Fourier 

footprint as the scalar wave equation. However, if we include the viscous terms 

which comprise the Navier-Stokes equations, the Fourier footprint becomes pro- 

hibitively skewed as the cell Reynolds number approaches zero, or 

puAz 
  Rear= — 0. (5-1) 

This footprint with the inviscid preconditioning is shown in Fig. (69). Note that 

the axes are not one-to-one and that the footprints for high Reynolds numbers are 
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nearly circular. The conclusion is that the convective and acoustic waves in the low 

Reynolds number viscous limit cause more stiffness than the original equations. 

What do we want the footprint to look like? The one-dimensional heat equation 

yields a footprint which lies on the negative real axis with no imaginary part. The 

footprint is bounded by zero and twice the Courant number. We would hope that as 

the cell Reynolds number approaches the viscous limit, the Fourier footprint would 

approach the footprint of the heat equation for all three waves in the system. To 

accomplish this, we must derive a new preconditioning matrix that is designed for 

the task. 

To determine the viscous preconditioning matrix, we adopt the symmetriza- 

tion variables proposed by Abarbanel, et.al. [1]. These variables symmetrize both 

the inviscid and viscous flux Jacobians, which is beneficial because we can then 

determine a positive definite preconditioner. These variables are also known in 

differential form as 

a 4p 

v7 p 

Q.
 

NS
 

it a.
 

£ aw (5-2) 

a 
V1) T 

The non-conservative form of the Navier-Stokes equations are then 

OZ OZ OZ 

cae (45; + Av) : OS) 

where 
1 Sy 

ua, (1 (5-4) 

anal 
Y 

and 

(5-5) 
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Figure 69. Fourier footprint using the inviscid preconditioning on the one-dimensional 

Navier-Stokes equations with unit CFL, v=1. 
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For convenience we define matrices, A and A,, which are non-dimensionalized by 

the velocity and kinematic viscosity, u and v, respectively. These matrices are 

1 UA 0 
;_i 11 "4 veI A= A= MYA 1 M Vy |? (5—6) 

0 1 Yy=1 1 
MW 

and 

A, = =A, = diag {0, 4/3, y/Pr}. (5-7) 
VU 

The Fourier footprint of the preconditioned Navier-Stokes equations with Roe’s 

approximate Riemann solver and second order central differencing is 

Fi arPZ} = —iv,PA sin, 

~ 2v, P|A| sin?(B,/2) (5-8) 
4v, 

PA, sin?(8,/2).   

Rear 

This can be rearranged by separating the real and imaginary parts to give 

AZ _ 2A, \ ., 
F{arPS| =—2v,P (14+ Rea sin* (Pz /2)   

z= (5-9) 
—iv, PAsin B;. 

To control the growing negative real part, we must choose the viscous precondition- 

~ —1 

~ 2 
P= (14 4 2h , (5-10) 

ing matrix to be 

  

Rea; 

With this formulation, we recover the inviscid preconditioner in the inviscid 

limit of Rea, — oo. The Fourier footprint for this preconditioning matrix is shown 

for Mach numbers of M = 0.1, 0.5, 0.9and 2.0 in Figs. (70), (71), (72) and (73), 

respectively, for several representative cell Reynolds numbers. Notice that as the 

cell Reynolds number becomes large, the footprint becomes circular. Also, notice 

the controlled behavior for decreasing cell Reynolds numbers. All three waves are 
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slowly collapsing onto the negative real axis as totally dissipative waves. Finally, 

notice that the high-frequency acoustic and entropy waves are forced to meet at the 

real axis. 

As an initial plausibility test case, we consider the simple damping of a 5% 

pressure disturbance in the center of a M = 0.1 flow field. A pressure distur- 

bance couples both the linear convective and the non-linear acoustic waves. We 

use MUSCL differencing with Roe’s approximate Riemann solver and second-order 

central differencing for the viscous fluxes and investigate the convergence rate at 

several cell Reynolds numbers. Since Euler explicit time integration with «=1/3 is 

unstable for some waves, we use the optimal 3-stage scheme of Van Leer, et.al. [65]. 

The recommended stage weights are a, = 0.2884, a2 =0.5010 and a3 = 1.0 with a 

Courant number of vy = 1.3254. 

We compare the proposed viscous preconditioning with the inviscid precondi- 

tioning of Eqn. (83-35) with r=1 and include the standard scheme without precon- 

ditioning. The results are shown in Fig. (74). In the inviscid limit, the inviscid and 

viscous preconditioners converge the normalized residual to a tolerance of 10 orders 

in 30 iterations. Without preconditioning convergence is met in 195 iterations. At 

M =0.1, the expected convergence rate acceleration for the one-dimensional Euler 

equations 1s 11. 

Notice how the performance of the inviscid preconditioner deteriorates as the 

cell Reynolds number decreases. The threshold is around Rea; * 2. We have 

observed the same behavior for the two-dimensional preconditioning. The viscous 

preconditioning holds true to form for all cell Reynolds numbers and converges the 

lowest Reynolds number case in 572 iterations. This is compared to 5767 iterations 

without preconditioning. Running the inviscid preconditioning at the low end was 

impractical. We estimate convergence in more than 100,000 iterations for Rea, = 

0.01. 

The problem with preconditioning the viscous equations with the inviscid pre- 

conditioning matrix in Eqn. (3-35) was first discovered by solving the thin-layer 
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Navier-Stokes equations at M=0.1. 
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Figure 72. Fourier footprint using viscous preconditioning on the one-dimensional 

Navier-Stokes equations at M =0.9. 
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Figure 73. Fourier footprint using viscous preconditioning on the one-dimensional 

Navier-Stokes equations at M =2.0. 
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Navier-Stokes equations over a flat plate. Note that a Blasius profile simulation has 

cell Reynolds numbers on the order of those in this pressure-damping example. The 

viscous equations with an inviscid preconditioning matrix are extremely stiff near 

the no-slip wall and converging the solution is prohibitively difficult. The velocity 

profile with preconditioning unrealistically tries to reverse its flow direction and 

separate. Applying the same idea as stated in Eqn. (5-10) with the proper inviscid 

preconditioning matrix and a thin-layer viscous flux Jacobian results in a cleaner 

footprint, but results to date have been unsuccessful. Lee and Van Leer [40] have 

successfully implemented the technique described in this Chapter for damping a 

small pressure disturbance in two dimensions. 

To compute a more realistic problem, we consider the internal structure of a 

normal shock with upstream Mach number of M = 2.0 and a cell Reynolds num- 

ber of Rea, +1.5. Note that this problem is in the continuum transition regime 

where the Navier-Stokes equations are not strictly valid, but merely serves as a test 

problem for determining the numerical convergence-rate acceleration for the viscous 

preconditioning matrix. The domain is bounded by a distance of 45 mean free paths 

upstream and downstream of the shock. The mean free path assuming hard, elastic 

spheres may be determined from the upstream viscosity, density, and temperature 

(which are denoted p41, pi, and J), respectively) through the expression 

1644 \ = ———_+—_.. 5-11 
+ 5p1 (24 RT; )1/2 (0-1) 

These properties and the mean free path are determined assuming sea-level, stag- 

nation temperature and density and Sutherland’s viscosity formula, 

3/2 

WT) = OFTG (5-12) 

where Cy =1.458 - 10~°kg/(Ms/K) and C,=110.4°K. 

This problem was proposed by Fisko and Chapman [20] and Grossman et.al. [26] 

during their examination of real-gas effects at hypersonic Mach numbers for monatomic 
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and diatomic gases. The normal shock solution is shown along with the inviscid 

solution in Fig. (75). The viscous test case did not require a limiter. Residual histo- 

ries with and without viscous preconditioning are shown in Fig. (76). Convergence 

is obtained in 2536 and 5091 iterations, respectively. 
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CHAPTER 

SIX 
DUAL TIME STEPPING 
  

6.1 Stiffness from Chemical Processes 

Not surprisingly, the problem of stiffness with chemical processes boils down 

to a time-scale mismatch. For a fluid-dynamic state near equilibrium, the charac- 

teristic fluid-dynamic and chemical time scales brawl like prize-fighters. This can 

hardly be considered a fair fight since the characteristic time for the flow is much 

larger than for the reactions. To restore peace and order, a normalization similar to 

characteristic time stepping for the Euler equations is necessary; except, this time, 

for the chemical reaction rates. 

The chemical time scales result from the reaction rates of chemical dissociations 

and recombinations. For example, the model equation for the rate of chemical- 

species production is 
dpi = ky pi, (6-1)   

where ky is the rate at which forward reactions progress. This equation frequently 

models decaying processes and, for our application, yields a chemical time constant, 

Tchem; of 

1 
Tchem = ky (6—2) 

For a gas close to equilibrium, the reaction rates are nearly instantaneous (1.e. 

kz— oo and Tehem 70). The classic text by Gear [21] discusses the time scale dis- 

parity in ordinary differential equations typically encountered in chemical kinetics 

and electrical network analysis. In CFD, analysis for systems of partial differential 
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equations has been the subject of many papers with the recent funding for hyper- 

sonic flow research. Of renoun are the early works of Bussing and Murman [6] and 

Eklund et.al. [18]. 

As an example of the numerical ramifications of a time-scale disparity, consider 

the scalar wave equation with a “chemical” source term, 

Ou Ou u 

‘Ot . Oz — ~ Tohem (6-3) 

  

Using Euler explicit time integration and first-order upwind differencing yields a 

stability restriction of 

aAt/Az <1 

At/Tehem < 2. 

Fast chemical processes result in nearly instantaneous chemical time scales and the 

second equation for stability implies convergence to a steady-state solution in a 

prohibitively large number of iterations. 

To determine the preconditioning for source term stiffness, consider the one- 

dimensional Euler equations and the reaction, O2 = 20. The equations are 

OQ , Of — pt — —4 
Ot Or A, (6-4) 

where 

PO2 PO,U WOr 

_ J} po _ pou _ J wo _ 

Peo puho 0 

For this dissociation-recombination reaction, the production terms are 

  wo, = —Mo, i, POr _ 5, PO 

  

Mo, Mo (6-6) 

Co PO. _ 1, PO 
wo = 2Mo [i fee hfe | ; 

where ky and ky are the forward and backward reaction rates. 
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If we treat the convective terms explicitly and the source term implicitly, we 

dH} AQ_ (of " fr oS] 8 = (6-2) 6-7 
By analogy to a preconditioned formulation, we can identify the preconditioning 

obtain 

matrix for chemical reactions as 

PoU=J- ai (6—8) 

A formulation which treats the chemical source terms implicitly is a practical 

method for preconditioning the chemical reaction rates, but what is really hap- 

pening to the time scales? 

For simplicity of demonstration, consider the point implicit procedure with 

only the forward reaction, ky. The source-term preconditioning yields 

1+ kyAt 0 0 0 
poe “Pky AtMo,/Mo ° ° (6-9) 

0 001 
From the unit elements of the preconditioning matrix above, we see that the updates 

for momentum and energy-conservation quantities are based upon a fluid-dynamic 

time scale, At. However, the species continuity equation is preconditioned to give 

an update based upon T,pem. Solving for the change in diatomic oxygen, we have 

—At Fj+is2 — Fj-1/2 
—-(# |) j_arere fin _ Apo, (; ky 3 :) | ic f PO2 (6—10) 

In the limit of infinite reaction rate, the effective time step becomes 

  

At 
lim 7 Yat — Tchem- (6-11) 

(AS )-00 1 + (44) 

The update equation in the limit is 

f; — fz_ Apo, = —Tehem [fae toe ~ kspo.) , 

so the species equation receives a scaled time step on the order of its characteristic 

reaction rate. Modern production-level codes implement these ideas to effectively 

simulate chemically reacting flows. 
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6.2. Dual Time Stepping 

A time accurate, low-speed combustion problem has two degrees of stiffness. 

The convective and acoustic waves are not only incompatible with each other, but 

also with the characteristic time scale of the chemical reactions. The preconditioning 

for normalizing the wave speeds is discussed in Chapter 3. From the previous 

discussion in Section 6.1, a point implicit procedure for the chemical source terms 

is theoretically an effective preconditioning for variable chemical reaction rates. 

Because of the chemical stiffness, temporal accuracy for reacting flow through an 

explicit algorithm is impractical. 50, Withington et.al. [81] propose an implicit 

formulation known as dual time stepping which uses the preconditioning of Choi and 

Merkle [13] while treating the source terms implicitly. Dual time stepping allows 

for arbitrarily high-order time-accurate solutions at all Mach-number flows. This 

method incorporates a second temporal derivative (1.e. a “pseudo-time derivative” ) 

for converging to the root of a time-accurate discretization. Standard relaxation 

techniques apply in “pseudo-time”, and the physical time derivative of the conserved 

state vector is calculated to high order. 

In this dissertation, we incorporate dual time stepping with Van Leer’s precon- 

ditioning matrix. The implicit governing equations with a pseudo-time derivative 

dQ _ dq _ aQ m+1 

Sop Se (F 1 RQ) . (6-12) 

We wish to discretize the time derivative of the conservative variables to arbitrary 

are 

order. The dual-time-stepping procedure iterates in “pseudo-time”, 7, to find the 

solution at the n+ 1** time level in “real-time”, t. For the purposes of linearization 

and arbitrary temporal accuracy, the general one-sided temporal derivative of the 

conserved variables is written as 

ag\"** — aQrt! — ¢(Q", Qr-},...) 
(FZ) ~ At (6-13) 
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where a is a constant coefficient and ¢ is a linear combination of the previous time- 

level’s conservative variables. The state vector of conserved quantities at time level 

n+1 is unknown. This is the state that is iterated upon. So, replacing n+1 with 

m-+1 in Eqn. (6-13) and linearizing in “pseudo-time”, we have 

  

  

aQ\™*? — a(Q™ + 324g) — 6(Q7, Q",.--) 614 
Ot 7 At (6-14) 

where Aq=q™t!—q™. This is rearranged to become 

aQy""* _ 4 2Q, , aQ™ — 4(Q",Q""1,...) 

Substituting into the system in Eqn. (6-12), yields the system to numerically solve 

which is 

| 1 Bp 5 4.20 , 2) Ag=- [sor grr) 
At Ar 04 At dq Oq + I 

(6-16) 

We may use any relaxation scheme we wish to determine the steady-state solution 

to the above equations, and upon convergence in “pseudo-time” 

grt _— q™ —~ grt — Q(q™). (6-17) 

The results of this chapter are obtained by using approximate factorization in 

“pseudo-time” and second-order accuracy in “real-time”. The cases presented serve 

only to demonstrate viability of the above proposed time-accurate implicit formu- 

lation and not as proof of its application to chemically reacting flows. Numerical 

one-sided temporal derivatives for Q; are given in Table (11). 

As an example, consider a second-order temporal approximation. The physical 

time derivative is discretized as 

  

ntl _ 3Qnt} _ 4Q” + qr 

t = At + O(At?) (6—18) 
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Table 11. Numerical coefficients for a high-order one-sided temporal derivative of 

the form Q?t? = [aQr*? — 4(Q”,Qr-},...)] /At. 

  

  

  

  

  

Q: a 6(Q",Q™},...) 

O(At)| 1 gr 

O(At?) ; 2Q" — 5a" 

O(At*) -= ~3Q" + =Qr _ ign 

ocart)| —23| 49" +8Q"? - Sqr? +29"         
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The corresponding second-order values of a and ¢ are 

a= 3/2 

n_gn-l 6-19 ¢= 18 @ ( ) 

The dual-time-stepping procedure iterates upon Q"t! in “pseudo-time”. Upon 

convergence, the second-order temporal solution results. This implicit procedure 

allows for larger physical time steps and arbitrary temporal accuracy for flows with 

stiff chemical processes. 

6.3. Sod’s Problem 

As a test case for the dual-time stepping, a 10:1 driver-to-driven shock tube is 

calculated to second-order temporal and third-order spatial accuracy. The Venkat- 

Spekraize [59] spatial limiter is employed to control oscillations around disconti- 

nuities. This problem enjoys wide use in the high-order-accuracy literature. The 

initial conditions divide in half a uniform 100-cell mesh for a tube of unit length . 

The solution is determined after 20 dual-time steps and terminated at a physical 

time of ¢=0.0005. The left and right states are specified as 

p 1 p 0.125 

u> =<¢0>, and ur = 0 . (6—20) 
PJ, 1 p 0.10 r 

The numerical and exact density distributions are depicted in Fig. (77). The nu- 

merical contact, shock and expansion fan faithfully propagate at the correct speeds. 

Convergence of the residual plus the time derivative to ten orders of magnitude in 

“yseudo-time” required between 36 and 68 iterations for the 20 physical time steps. 

6.4 Instantaneously Perturbed Wall 

A two-dimensional test case simulates the transonic evolution of flow around a 

suddenly perturbed channel wall. The above preconditioning is applied for a perfect 

DUAL TIME STEPPING 199



P/P 4 

1.2 

1.0 

0.8 

0.6 

0.4 

0.2 

0.0 

  

  

  

        
  

  

Init. Cond. 

Exact soln. 
2nd Order 
  

      
  

        

  

w
e
e
n
 

n
n
a
n
 

of 

  
    gee wen wa oe       

Figure 77. Density variation for Sod’s shock-tube problem. 
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gas and the 61x31 mesh used in Section 4.1. The calculation begins with all cells 

initialized to the M,. = 0.85 free-stream state. The evolution progresses through 

100 physical time steps with second-order temporal and third-order spatial accu- 

racy. Convergence to ten orders in “pseudo-time” uses approximate factorization 

and the iterations required per outer loop are shown in Fig. (78). In separate cases, 

the calculation used the inviscid preconditioning of Chapter 3 and the simple con- 

servative Jacobian as the mass matrix, P~! in Eqn. (6—16). Characteristic time 

stepping for this test problem shows eratic convergence-rate performance which is 

not understood. The flow evolution for the preconditioning case with modified Roe 

flux-difference splitting is shown in Figs. (79-83). 
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Figure 78. Iterations per physical time step for the evolution of the transonic 

channel flow. 
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t=2 ms 

   
Figure 79. Evolution of the transonic channel flow from a free stream at t=2ms. 
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Figure 80. Evolution of the transonic channel flow from a free stream at t=4ms. 
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Figure 81. Evolution of the transonic channel flow from a free stream at t=6ms. 
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Figure 82. Evolution of the transonic channel flow from a free stream at t=8ms. 
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Figure 83. Evolution of the transonic channel flow from a free stream at t=10ms. 
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CHAPTER 

SEVEN 

CONCLUSIONS 
  

Part II of this thesis documents the formulation for extending the matrix pre- 

conditioning of Van Leer to finite-rate chemistry and for implicit time integration. 

A significant effort was made to document the entire theoretical process of precon- 

ditioning from the underlying physical wave structure to the matrix that normalizes 

the wave speeds. 

Implementation through perfect-gas experiments confirms convergence acceler- 

ation at all subsonic Mach numbers with significant improvement in the transonic 

and incompressible regimes. Inviscid incompressible flows are quickly and efficiently 

calculated using a compressible formulation and eigenvalue stiffness is effectively re- 

duced. Results for marching a chemically reacting flow proves likewise beneficial at 

low supersonic speeds. 

The dual time stepping procedure is documented and utilized for second-order 

temporal accuracy within an implicit formulation. The future application is for 

low-speed combustion problems (e.g. diffusion flames or the internal combustion 

engine). 

In addition, the one-dimensional Navier-Stokes equations are effectively precon- 

ditioned. Future work must robustly simulate all flow regimes, namely the realm of 

the complete Navier-Stokes equations. A viscous preconditioning which controls the 

high-frequency errors seems the most profitable extension to multiple dimensions. 
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