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(ABSTRACT) 

Much progress has been made in recent years in active control of sound radi- 

ation from vibrating structures. Reduction of the far-field acoustic radiation can be 

obtained by directly modifying the response of the structure by applying structural 

inputs rather than by adding acoustic sources. Discontinuities, which are present 

in many structures are often important in terms of sound radiation due to wave 

scattering behavior at their location. In this thesis, an edge or boundary type dis- 

continuity (clamped edge) and a point discontinuity (blocking mass) are analytically 

studied in terms of sound radiation. When subsonic vibrational waves impinge on 

these discontinuities, large scattered sound levels are radiated. Active control is then 

achieved by applying either control forces, which approximate shakers, or pairs of 

control moments, which approximate piezoelectric actuators, near the discontinuity. 

Active control of sound radiation from a simply-supported beam is also examined. 

For a single frequency, the flexural response of the beam subject to an incident 

wave or an input force (disturbance) and to control forces or control moments is 

expressed in terms of waves of both propagating and near-field types. The far- 

field radiated pressure is then evaluated in terms of the structural response, using



Rayleigh’s formula or a stationary phase approach, depending upon the application. 

The control force and control moment magnitudes are determined by optimizing a 

quadratic cost function, which is directly related to the control performance. On 

determining the optimal control complex amplitudes, these can be resubstituted in 

the constitutive equations for the system under study and the minimized radiated 

fields can be evaluated. 

High attenuation in radiated sound power and radiated acoustic pressure 

is found to be possible when one or two active control actuators are located near 

the discontinuity, as is shown to be mostly associated with local changes in beam 

response near the discontinuity.. The effect of the control actuators on the far- 

field radiated pressure, the wavenumber spectrum, the flexural displacement and 

the near-field time averaged intensity and pressure distributions are studied in or- 

der to further understand the control mechanisms. The influence of the near-field 

structural waves is investigated as well. Some experimental results are presented for 

comparison.
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Chapter 1 

Introduction 

Beams can often be considered as a basic component in aerospace and mar- 

itime structures, as well as in building structures and mechanical machines or their 

supporting mounts. Usually, structure-borne vibrational waves propagate through 

these systems. In most cases, structures contain discontinuities such as a struc- 

tural joint or interface, which can be represented by an abrupt change in the struc- 

ture physical properties or dimensions. If subsonic vibrational (flexural, extensional 

and torsional) waves, traveling along a system, impinge on this kind of disconti- 

nuity, large scattered sound levels are consequently radiated into the surrounding 

space. This emission of sound is caused by the scattering of traveling waves into re- 

flected/transmitted near-field waves and reflected/transmitted propagating waves. 

These scattered waves produce supersonic wavenumber components in the vibra- 

tional response which are responsible of the far-field sound radiation. Beams, as 

part of a structure, can therefore transmit unwanted structural vibrations to other 

parts of the system and finally can also radiate unwanted sound. If this sound radi- 

ation is unacceptable, different passive control approaches are traditionally used to



attenuate noise and to reduce structural vibrations in order to decrease sound re- 

sulting from the wave interactions with discontinuities. However, passive techniques 

generally give poor control performances in the low frequency region. 

In the last decade, active noise contro] has emerged as a good practical 

possibility to reduce the scattered acoustic noise field, especially at low frequencies. 

In spite of the extensive application of active noise control in the last past years, 

no analytical studies have actually been presented on active control of acoustic 

sound radiation from elastic beams. However, it is noted that the active control 

method has been applied to reduce vibrations of beams. Nevertheless, a related 

study was conducted by Gu and Fuller [1] on the active control of sound radiation 

due to subsonic wave scattering from discontinuities on infinite fluid-loaded plates. 

Frampton [2] performed experiments on active control of acoustic radiation due to 

discontinuities on thin beams. Some of his experimental results are presented in this 

thesis for comparison. 

1.1 Previous work: Active noise control 

Good reviews of the concept and the historical development of active noise 

control or the anti-sound technique have been presented by Warnaka [3], Ffowcs- 

Williams [4], Ffowcs- Williams, et al. [5], Chaplin [6] and Leventhall [7]. 

The active control processes are based on the principle of superposition, 

which implies that it is possible to cancel noise by using ” anti-noise”. It uses the well- 

known fact that a physical mixing of coherent acoustic waves results in constructive 

or destructive interference which causes local intensification and attenuation of the



sound field, respectively. Therefore, the destructive interference of sound waves 

could in principle be used to eliminate unwanted noise. The concept of active control 

of sound thus is to generate an acoustic wave with exactly the same amplitude and 

the opposite phase (180 degrees out of phase) of the undesirable sound, so that 

locally the two overlapping fields produce a constant pressure field, which is the 

condition of silence. Any discrepancy in phase or amplitude of the two fields will 

reduce the degree of cancellation. The suppression of sound by mutual interference 

between elementary fields is the basis for the active noise control principle and has 

been enunciated by Huygens [8]. The Huygens principle states that a sound field 

at any point with a closed surface (referred to as a Huygens surface), produced by 

a sound outside the surface, can be reproduced exactly by an array of secondary 

sources distributed over the surface. Therefore, the sound within the surface can be 

locally reduced to zero if the secondary sources generate an out-of-phase version of 

the signal incident to the surface, so that a zone of silence is created. An alternate 

application is to enclose the sources within the Huygens surface. This results in a 

change of impedance seen by the primary field. Thus, the secondary sources may 

modify the radiation impedance of the primary noise source in a way to reduce the 

sound radiation from the noise source, as the sound radiation depends directly on 

the radiation impedance. The theory relies on an infinite number of perfect sources, 

which is not practically realizable. Thus, the implementation problem resides in 

generating a suitable secondary field to cancel the primary noise field. 

The idea is attractive because noise may be reduced without modification 

of existing noise sources or their arrangement. The utility of active noise control 

systems lies in their ability to reduce low-frequency noise. This is an area of con- 

siderable interest because of the high cost and relative inefficiency of conventional



passive materials at these frequencies. Active controllers differ from passive ab- 

sorbers in the fact that the former imply the presence of a control or active source, 

i.e. energy is added (or substracted) from the system. These active sources are sep- 

arately optimized and can be adapted to the changes of the system characteristics. 

Another important advantage of active noise control is the fact that the cancellation 

can be either extremely selective or global. Indeed, the sound radiated at a special 

frequency (narrow-band control) or in a precise direction can be attenuated inde- 

pendently to the other radiating frequencies or to the other direction of radiation, 

respectively. Also, sound radiation from a range of frequencies (broad-band control) 

or in a region of space can be controlled at the same time. 

In 1936, Paul Lueg [9] marked the commencement of active noise control, 

when he demonstrated the attenuation of the pressure due to a simple sound wave 

propagating in a one-dimensional duct by using a loudspeaker cancellation source. 

Unfortunately, the electronic technology at that time was insufficient for general 

experimental verification. Twenty years later, Olson and May published a descrip- 

tion of an electronic sound absorber” [10]. This idea initiated the developments 

that have made possible compact ear defenders in which the ear cavity is actively 

maintained at the silent condition of constant static pressure. However, Olson’s 

experimental work never went past the laboratory stage into fields of applications. 

About the same time, Conover [11, 12] from General Electric examined active con- 

trol of transformer radiated noise. The noise was reduced in certain areas by 6 dB 

but was also intensified in others. All these experiments were unsuccessful in terms 

of application in practice and thus the field died out in the late fifties and early 

sixties.



Again in the late sixties, a new interest was developed due to technological 

advances in computers. Much work was devoted to the transformer problem because 

the frequencies of noise are steady and periodic by nature. In Japan, Onada and 

Kido [13] analytically showed that transformer noise within a certain angle from the 

horizontal plane can be reduced by the use of additional sound sources. Other work 

has been devoted to duct problem, because at low frequencies sound waves in ducts 

could be reasonably modeled as one-dimensional plane waves. In France, Jessel and 

Mangiante [14] gave a theoretical approach to active absorption for application of 

noise reduction in air ducts. Swinbanks [15] also developed a method of attenuating 

propagating waves in ducts by actively operated sources mounted in the duct walls. 

Through the 1970’s, numerous papers were written on transformer and duct prob- 

lems while the field of applications of active methods were extended. Since then, 

active noise control has been a field of constant attention. It is the improvement in 

electronic and computer technology achieved with modern digital signal processors 

that now permits practical applications of active noise control. In order to produce 

a high degree of attenuation, the phase and amplitude of the two waves which have 

to interfere must in fact match with close precision. Therefore, equipment capable 

of considerable signal processing precision must be employed. 

Active noise control is now developing rapidly because it permits improve- 

ments in noise control and it allows noise control applications not previously possible. 

The eighties marked the beginning of industrial applications for active noise control. 

Chaplin [6] showed that a wide variety of industrial noise and vibration problems 

could be tackled by using active control methods. He envisioned a quiet ship where 

the engine- and propeller-induced low-frequency vibration would be reduced to im- 

prove comfort and safety of the passengers. He also presented some applications in



which the attenuation of exhaust noise and the reduction of vibration transmitted 

by a diesel engine to its seating by using active mounts would be achieved. Appli- 

cations of active noise control have been divided by Warnaka [16] into four different 

categories: duct noise, personal hearing protection, interior noise or noise radiated 

within an enclosed space, and noise radiated into three-dimensional space. As has 

been noted previously, early researchers into active noise control studied duct noise, 

which can be explained by the fact that it is a one-dimensional noise field control 

problem and so involves an apparently simple system. Good control results have 

been achieved and commercial systems for the active control of sound in ducts are 

available. Concerning hearing protection, earphones have been designed to block 

unwanted sounds while leaving human voices and all useful sounds untouched. In 

this application, the intense periodic noise is sensed by a miniature residual mi-. 

crophone, an earphone diagram generates an anti-sound which cancels the periodic 

noise, but leaves untouched speech and warning sounds. Such systems are already 

used in airports and by some aircraft pilots. The recent and current studies in active 

noise control are mostly concerned by noise radiated within an enclosed space and 

noise radiated in three-dimensional space. 

1.2 Current work: Active structural acoustic 

control 

A model for active noise control of sound radiated within an enclosed space 

has been developed by Lester and Fuller [17] to reduce aircraft interior noise. The air- 

craft fuselage has been modelled as an infinitely long cylinder. The primary acoustic 

field inside the cylinder is produced by the dynamic response of the shell to external



acoustic dipoles approximating the noise induced by propellers. A secondary control 

field is produced inside the cylinder by a distribution of acoustic monopole sources. 

The active noise control model produced reductions of 20 to 25 dB over a substantial 

region of the cylinder cross-section. Elliot and Nelson studied the active control of 

sound of engine noise in cars and propeller noise in the passenger cabins of aircraft 

[18, 19]. The sound in both cases tends to be dominated by low-frequency periodic 

noise from the car engine and from the propeller sweeping past the aircraft fuselage, 

respectively. They successfully developed feedforward controllers using a multichan- 

nel generalization of the LMS adaptive algorithm using as many as 16 loudspeakers 

and 32 microphones. In both of these applications, significant attenuation in sound 

pressure level has been experimentally demonstrated. 

Using the same control approach (i.e., acoustic sources as control sources), 

control of three-dimensional acoustic fields is a more complicated problem. Man- 

giante [20] studied the active control of free-field noise radiation from a simple 

source. He showed that there are some disadvantages with using acoustic sources 

as the control inputs among which are the number of sources required and the size 

and difficulties in implementation. 

Recently, Fuller and Jones [21, 22, 23] have demonstrated that the sound 

field inside a closed elastic cylinder, excited by an external acoustic source, can be 

reduced by application of a harmonically vibrating point force to the cylinder wall. 

It was found that global reductions of about 15 dB could be achieved with one or 

two control forces; thus, only a few control actuators were needed. In other words, 

reduction of the acoustic radiated field could be obtained by directly controlling 

or modifying the response of the structure rather than by adding a distribution of



acoustic sources in the enclosed sound field. The idea of this approach is that, if the 

important modes of the structural response in terms of the coupled interior sound 

field can be controlled, the radiated sound will be reduced globally with a small 

number of active inputs. 

Lately, this new technique, referred to as active structural acoustic control 

(ASAC), has also been extended to free-field sound radiation from a vibrating sur- 

face. The sound radiation is reduced by directly applying active control forces to the 

vibrating structure. Fuller (24] investigated the feasibility of this method on a baf- 

fled clamped circular plate, which was excited on one side by a plane acoustic wave 

as a noise input. The sound field radiated from the other side of the plate is then 

controlled by point forces applied directly on the plate surface. High attenuation 

was achieved with one or two actuators properly located. The large sound radia- 

tion decrease was shown to be due to the control forces modifying the plate source 

characteristics, effectively changing the response to a higher-order distribution asso- 

ciated with a lower radiation efficiency. However, the implementation of vibrational 

forces, i.e., magnetic shakers, has some disadvantages such as large volume and the 

requirement of a support structure. 

More recently, piezoelectric actuators, embedded or bonded to the structure, 

have been used as control actuators instead of point-force controllers. These compact 

distributed actuators overcome many of the disadvantages of point-force shakers. 

Wang [25] analytically demonstrated the potential of using multiple piezoelectric 

actuators in structural sound radiation control on plates. A piezoelectric actuator, 

when bonded to the surface of a structure, effectively induces a surface strain due 

to its contraction and expansion when excited by an oscillating voltage. Usually,



the piezoelectric elements are used in pairs positioned symmetrically on each side 

of the structure and driven with the same signal, 180° out of phase, resulting in 

uniform bending about the structure neutral axis. In this configuration, piezoelectric 

actuators create line moments acting around the actuator boundaries [26, 27]. Clark 

and Fuller (28, 29] experimentally studied the active control of sound radiation from 

a vibrating simply-supported rectangular plate excited by a harmonic point force 

disturbance. Control inputs were achieved by piezoelectric actuators bonded to 

the plate surface. Results of these experiments indicate that piezoelectric elements 

provide an efficient method for modification of structural response to attenuate 

sound radiation. Also, in this case, control of the far-field sound has been achieved 

by modal reduction; i.e., all the modal amplitudes are reduced when control is 

applied, or by modal restructuring; i.e., modal amplitudes can increased but the 

phase between modes induces attenuation of the acoustic field. 

Finally, it can be concluded from this literature review on active control of 

radiated sound that reduction of the three-dimensional radiated acoustic field can be 

obtained by directly modifying the response of the structure by applying structural 

inputs (this method is referred to active structural acoustic control) rather than 

by adding a distribution of acoustic sources in the surrounding sound field. Active 

control of sound radiation can then be achieved by applying either point forces or 

piezoelectric elements on the vibrating structure surface. 

~ It is apparent that all previous work has been concerned with control of sound 

radiation from homogeneous structures. However, there are many structures which 

have discontinuities such as ribs, etc. These discontinuities are often important in 

terms of sound radiation due to wave scattering behavior at their location. For



example, subsonic flexural waves, which themselves do not radiate sound to the 

far field, may lead to radiation when they impinge on such discontinuities. Thus, 

the active control of sound radiation from structural discontinuities is an important 

research topic that requires attention.’ 

1.3. Active control method on beams 

As has been previously noted, few studies have been performed on active 

control of acoustic sound radiation from beams. However, the active control method 

has been applied to reduce structural vibrations of beams. 

Active control of disturbances propagating along a waveguide (either a beam 

or a duct) has been studied by Mace [30]. Two active control systems of flexural 

waves in beams were considered. The first system consisted of measurements of 

displacement and rotation at one point (sensors) and the application of a point force 

and point moment (actuators) at a second location. The second arrangement used 

displacement measurements at two different points (sensors) and the application 

of two control forces (actuators). For each case, the optimal active controller was 

derived. Mace concluded that this simple two-input, two-output control system 

cancelling the flexural vibrations could easily be expanded to accommodate a much 

larger and more complex system. 

A study of active control of flexural wave reflections from terminations in 

beams was performed by Scheuren [31]. The control system was designed to can- 

cel the reflections from broad-band flexural waves by means of two measurement 

accelerometers and one point-force actuator. It was shown that reflected wave at- 
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tenuations of 25 to 30 dB were possible with this system depending on the quality 

of the approximate transfer function employed in the controller. Von Flotow and 

Shafer [32] also developed a similar approach to design a wave absorbing controller 

at the lower end of a hanging beam by the use of control forces. Wave-absorbing 

compensators were derived with the goal of minimizing the reflection of energy at 

the lower end. 

Another study performed by Miller, et al. [33] investigated the optimal 

control of power flow at structural junctions. A physical measurement feedback 

system was used to mimic the feedforward of incoming waves. The characteristics 

of this control system were derived by minimizing a cost function which incorporated 

the steady state power flow and minimum control efficiency. It was demonstrated 

that wave control models are much more accurate than modal control models. Also, 

active control of flexural power flow in beams using point-force inputs has been 

studied by Gonidou [34]. For different types of beams considered (infinite, semi- 

infinite, finite), it was demonstrated that the flexural power flow in the beam can 

be attenuated with a low number of active actuators. 

More recently, Fuller, et al. [35] experimentally investigated the simultaneous 

active control of flexural and extensional vibrations in elastic beams. The results 

demonstrated that high attenuation of both flexural and extensional response is 

achievable using pairs of piezoceramic transducers whose elements are symmetri- 

cally located and independently controlled by a multichannel adaptive controller. 

Burdisso and Fuller [36, 37| studied analytically and experimentally the behavior 

of a feedforward controlled simply-supported beam. It was shown that the simply- 

supported beam presents new eigenproperties when the control is applied to mini- 
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mize either the bending motion at one point on the beam or the radiated pressure 

level at one point in space. 

1.4 Scope of the work 

The purpose of this research is to show that active control of sound radiated 

by beam discontinuities is theoretically feasible. For incident subsonic waves, an 

edge or boundary type discontinuity (wave reflection at the edge) and point dis- 

continuity (wave reflection and transmission at one point) are studied in terms of 

radiation. These discontinuities are important in terms of sound radiation due to 

wave scattering behavior at their location. Subsonic flexural waves, which them- 

selves do not radiate sound to the far field, lead to important sound radiation when 

they encounter such discontinuities. Active control is then achieved by applying 

either control forces, which approximate shakers, or paired control moments, which 

approximate piezoelectric actuators, near the discontinuity. The object is to mini- 

mize the radiated sound by actively affecting the structural vibration. ’ 

For a single frequency, the flexural response of the beam subject to an in- 

cident flexural propagating wave and to control point forces or control moments is 

expressed in terms of waves of both propagating and near-field types. By adopting 

this approach, the effects resulting from near-field and propagating wave interac- 

tions with discontinuities are fully included. The far-field radiated pressure is then 

evaluated in terms of the structural response using the Rayleigh’s formula or a 

stationary phase method. Both approaches lead to an expression of the far-field 

radiated pressure in terms of a double spatial Fourier transform of the structure 
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velocity. 

Sound radiation is investigated as a function of the two vibration components 

for three different beam systems. First, the case of a boundary type discontinuity 

is considered by studying a semi-infinite beam with a clamped edge. The clamped 

boundary has been shown to be the most efficient radiator of all the possible simple 

boundary conditions. The second case is an infinite beam with a mass discontinuity. 

For large wavelength, this blocking mass can be represented by a point force and a 

line moment acting on the infinite beam at the location of the mass. The difference 

with the previous case is that in addition to the reflected waves, waves of both types 

are also transmitted. Finally, a finite simply-supported beam is studied mainly 

to investigate how the control of the far-field radiated pressure at a minimization 

point occurs and to establish whether the structural near-field waves, present at 

the forces location and the boundaries are important in determining and predicting 

control performances. 

A rectangular window of finite length can be applied to the beam displace- 

ment (for the beam system considered first) in order to obtain the radiation from 

only a finite length of the beam system, which is more realistic when the beam sys- 

tem is considered to be located in an anechoic chamber. To overcome the difficulty 

of the rectangular window, an exponential window can be used. In this case, the 

structure can still be considered semi-infinite. Nevertheless, the displacement am- 

plitude decreases in an exponential manner as the distance from the discontinuity 

increases. The contribution to the radiated sound from the positions far from the 

discontinuity is also reduced. 

The control force and control moment magnitudes are determined by opti- 
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mizing a quadratic cost function. The role of the cost function is directly related to 

the desired control performance; hence, different cost functions can be chosen. For 

example, in order to obtain a global attenuation of the far-field sound radiation, the 

cost function is defined as the acoustic power radiated from one side of the baffled 

beam and obtained by integrating the far-field acoustic intensity over a hemisphere. 

On the other hand, the cost function is taken to be the square of the pressure mod- 

ulus at a particular point in the space if decrease of the radiated sound is desired at 

this location. An equivalent approach is to take the cost function to be the square of 

the wavenumber spectrum modulus at the value of the wavenumber corresponding 

to the direction of radiation, which has to be controlled. The last two cost functions 

are completely equivalent when the control occurs in the far field, and lead to a 

directional active control approach. 

On determining the optimal control complex amplitudes, these can be re- 

substituted in the constitutive equations for the system and the minimized radiated 

field as well as other parameters can be evaluated. Various parameters influencing 

the control efficiency are studied. The effectiveness of the two different control ac- 

tuators (control point forces and pairs of control moments, the last representative of 

piezoelectric actuator) applied to the structure are compared in terms of attenuation 

obtained in the far-field radiated pressure. When a rectangular window is applied to 

the beam displacement, the sound radiation due to vibrational propagating waves is 

found to be very dependent on what the beam displacement is near and at the point 

where the window ends. Hence, the dependence of the control on the rectangular 

window length applied to the beam displacement is studied. The optimization of 

the quadratic cost function is solved for a specified position of the control actuators. 

Thus, the proper location of the control actuators has to be determined in order 
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to obtain the maximum decrease of the cost function to be minimized. The influ- 

ence in number and location of the control actuators is examined as a function of 

the attenuation obtained. The importance of the near-field component of the beam 

response in the control process is analyzed with respect to the propagating com- 

ponent. The effect of the control actuators on the far-field radiated pressure, the 

wavenumber spectrum, the flexural displacement, the near-field radiated pressure 

and the near-field averaged intensity distribution is extensively studied in order to 

further understand the control mechanisms. Also, some of the theoretical results 

are compared with the related experiments performed at Virginia Tech. 
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Chapter 2 

Semi-Infinite Beam With A 

Clamped End 

In this chapter, the case of a boundary-type discontinuity is considered 

by studying a semi-infinite thin beam with a clamped edge. The beam system is 

subjected to a disturbance, which is taken to be a subsonic flexural propagating 

wave. When this incident subsonic wave impinges on the clamped discontinuity, 

sound is produced in this area. The emission of sound is caused by the scattering of 

the traveling wave into reflected near-field and reflected propagating waves, which 

in turn produces supersonic wavenumber components in the vibrational response. 

These supersonic wavenumber components are responsible for the acoustic radiation 

in the far field. Active control of sound radiation is achieved by applying either 

control forces or paired control moments near the discontinuity. The control forces 

or control moments complex amplitudes are determined such that the acoustic power 

radiated from one side of the baffled beam is minimized. 
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2.1 Flexural beam response 

The Cartesian coordinate system used in this chapter is shown in Figure 

2.1. The beam is taken to be located in an infinite rigid baffle corresponding to the 

x,y-plane and is semi-infinite in the x-positive direction. The time dependance for 

all the fields is assumed to be e7**. 

2.1.1 Displacement due to an incident flexural wave and 

control point forces 

The most common control actuators intended to achieve active structural 

control are electromechanical shakers. They have been used for example by Fuller, et 

al. [24] to actively control sound transmission through plates, and also by Gonidou 

[34] to actively control power flow in beams. They can be theoretically modelled as 

point forces acting on the structure. In the first case considered, control point forces, 

approximating shakers, are applied to the beam system to achieve active control of 

sound radiation. 

The clamped edge reaction at x = 0 can be represented by a point force Fo 

and a line moment Mo of unknown magnitudes acting at this location for a thin 

beam. The response of the beam system due to 

e an incident flexural propagating wave of magnitude W,, (the disturbance) 

© a point force Fy at x = 0 due to the constraint (clamped edge) 

e a line moment Mo at z = 0 due to the constraint (clamped edge) 
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Figure 2.1: Coordinate system for the semi-infinite clamped beam. 
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e and L control point forces Fe atx =o§forj =1,L 

as described in Figure 2.2, has to be derived. Invoking the superposition principle 

and using Equations (A.16) and (A.19) developed in Appendix A giving, respec- 

tively, the flexural displacement of an infinite beam due to a point force and a line 

moment, the out-of-plane displacement of the system can be written as 

~ A 

_ 7 thee Fo tk |x| ik; |z| Mo tky\|z| —kylz| 
w(x) = We f + 4E TKS le f + ref _ son 2) Tare le f —e s | 

LiFe ob nlp as < t fle-as| . ~kyz\x-a5| 

+2 SEK [e tte | 21) 

Each force or moment creates two different types of flexural waves on each side of 

the application point: two propagating waves (e+'**? spatial dependence) and two 

nonpropagating near-field waves (e+*f* spatial dependence), since the thin-beam 

differential equation is of fourth order. 

The force Fy and the moment My magnitudes are found in such a way that the 

system satisfies the clamped boundary conditions at x = 0, which are defined by 

w(0) = 0 (2.2) 

““(0) = 0. (2.3) 

Finally, the out-of-plane displacement of the system for z > 0 is found to be, 

w(x) = Wy [et + sehr? — (1 4 ie*"] 
L iFe 

4 > a etFsle-o5 + be Rrle-95| 

2 4EIR | 
+ (ieee —(1+ ie #5) ethre _ ((1 + ijethres — e710) ew hs? , 

(2.4) 
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Figure 2.2: Semi-infinite clamped beam with incident wave and control point forces. 
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The last two terms in the first and second square brackets of Equation 2.4 correspond 

respectively to the propagating and near-field flexural waves reflected at the clamped 

edge. 

2.1.2 Displacement due to an incident flexural wave and 

paired control moments (piezoelectric actuator) 

Recently, piezoelectric actuators have been used as actuators to achieve ac- 

tive control. For example, Clark and Fuller [28, 29] used piezoelectric actuators 

to actively control sound radiation from plates. Fuller, et al. [35] used piezoelec- 

tric actuators to simultaneously control flexural and extensional waves in beams. 

As explained in Appendix A, a piezoelectric actuator, consisting of two co-located 

piezoelectric elements driven 180° out-of-phase, can be modelled as two line moments 

acting at each edge of the actuator, which are referred to as paired-line moments. 

Thus, to achieve active control of sound radiation, paired control line moments, ap- 

proximating piezoelectric actuators, are applied on the beam system. Therefore, in 

this case, the response of the beam system due to 

an incident flexural propagating wave of magnitude W,, (the disturbance) 

a point force Fy at z = 0 due to the constraint (clamped edge) 

e a line moment My at z = 0 due to the constraint (clamped edge) 

and L piezoelectric actuators, i.e. L paired control line moments Mf at x = af 

c for j = 1,L (the distance between two paired moments is L{,, corresponding 

to the length of the j* piezoelectric actuator) 
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as shown in Figure 2.3, has to be derived. The same approach as the one used in 

the previous section can be developed utilizing Equations (A.16), (A.19) and (A.21) 

from Appendix A, giving, respectively, the flexural displacement of an infinite beam 

due to a point force, a line moment and a piezoelectric actuator. In this case, for 

xz > 0, the out-of-plane displacement of the system is found to be 

W,, Jet + jethre (1+ i)ew*] 
w(z) 

“a 

c 

7=1 ETE 
J a e 

3 a 
Kf|l—| ae Cc. 

= 

+ 

pel keine 
—sgn(z — af) (eftsle a5} eT kyle a5) 

  

4 (—ieibs (05 +%05) _ ( _ ie Frloj+ha,) + eth ros 4 (1 _ i)e F195) eikye 

+ ((1 + ijethr lost bay) — pe~kslajtle,;) _ (1 + jets + ies) ews? , 

(2.5) 

2.2 Far-field radiated pressure 

It can be noted that, in terms of radiation, the beam system is considered 

as a two-dimensional structure and thus the displacement is taken to be constant 

along the width of the beam system. Hence, the two out-of-plane displacements 

already computed can be rewritten as 

w(2,y) = w(z), (2.6) 

for x > 0 and |y| < l,/2, where 1, represents the width of the beam. 

As explained in Appendix B, the discontinuity associated with the lateral 
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Figure 2.3: Semi-infinite clamped beam with incident wave and paired control mo- 

ments. 
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edges of the beam does not produce acoustic radiation in the far field, since the 

structural waves travel parallel to these lateral edges. Using either the Rayleigh’s 

formula or the stationary-phase method, it is demonstrated in Appendix B that 

the far-field radiated pressure associated with the beam vibration is given by the 

expression 

ikor 
p(r, 0, ¢) = —twpod(ko sin 0 cos ¢, ko sin 8 sin ¢) 5 , (2.7) 

Tr 

  

which is a function of the double spatial Fourier transform of the out-of-plane beam 

velocity for ,/k2 +k? < ko. It is also shown in Appendix B that a direction of 

radiation (8, ¢) is equivalent to a couple (kz, ky) in the wavenumber domain as 

ke = ko sin 6 cos ¢ 

ky = ko sin 6 sin ¢ 
(2.8) 

Therefore, in order to determine the far-field radiated pressure, it is now 

necessary to find the spectral response of the beam system under study. 

2.3 Double spatial Fourier transform of the 

beam velocity 

The double spatial Fourier transform of the beam velocity is defined by 

+09 p+oo . . 

(ke, ky) =| | v(z,y)e**"e" 4 dady , (2.9) 

which reduces to 

+00 +l, /2 . . 

0(ke, ky) = [ / v(x, yee dydz , (2.10) 
O ~Iy/2 
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as, in this case, the beam system is semi-infinite and is located in a rigid infinite 

baffle, i.e., v(z, y) = 0 for |y| > 1,/2 and z < 0. 

As the beam displacement is taken to be constant along the width of the beam (see 

Equation (2.6)), the integrals with respect to x and y are separable, i.e. 

+ly/2 +00 . 

O(kz, ky) = [ in chdy | u(x)e**** dz (2.11) 
™fy 

= O(ky)O(kz) , (2.12) 

where v(z) is given either by Equation (2.4) if control forces are applied to the beam 

system or Equation (2.5) if paired control moments are applied to the beam system. 

The expression of o(k,) is easily obtained by integration, yielding 

_ sin(kyly/2) 
e/3 (2.13) b(ky) 

The wavenumber spectrum is usually divided in two regions: the supersonic 

region defined by [ez + 2 < ko, and the subsonic region defined by [ke + > ko. 

As noted previously the far-field radiated pressure is proportional to the Fourier 

transform of the beam velocity for [kz + FB < ko; therefore, only the supersonic 

range of the wavenumber spectrum of the beam velocity contributes to the radiated 

acoustic pressure in the far field. It can also be noted that 0(k,) is simply the Fourier 

transform of a rectangular window of bandwidth |,. The method of separating 

the double spatial Fourier integral into two single integrals implies that o(k,) is 

independent of the control inputs. Thus, only the one-dimensional wavenumber 

spectrum 0(k,) is be studied before and after the control is applied to the system. 
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2.3.1 Without spatial window 

First, the beam system is considered to be exactly semi-infinite. The one 

dimensional wavenumber spectrum i(k,) is thus given by 

v(k,) = [ o(x)e"**** dz . (2.14) 

Using the expression developed by Keltie [38] from the distribution theory 

- (2.15) 
+00. 

| edz = 76(u) + — 
0 u 

the spectral response of the system with control forces is 

1 
iwd( ks — ky ket by 1m ORE Re) + Ee 

    (kz) = —iwW, ra(—h. - by) - 
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+ J |—=_ +; +e 1% 25(—k, + ky) 
X 4E Tk} i(k, + ks) i(k, — ky) 

e 7 tkea5 _ eT FFG en theas 

+ ie®f5n6(—k, + iky)   : + : 
(kz + tks) (kz — tks) 

+ (iei95 — (1 + ije“h95) (r6(—t. +) ~ 5 =) x Wf 

+ (-(1 + i)ethres + eh) (5(~- + tk;) _— ke <)] 5 (2.16) 

  

  

and the spectral response of the system with paired control moments is 

  

  

~ a, a ; 1 

| | (1 —3) —(i + 1)18(—ke + thy) — 7 7 
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In the wavenumber spectrum, flexural propagating waves are associated with 

two different components. The first component, related to the Dirac delta function, 

consists of a line spectrum at the structural wavenumber +k;. A line spectrum 

at k, = +k, (—k;) corresponds to the propagating flexural waves traveling in the 

x-positive (x-negative) direction. The second component, due to the fact that the 

propagating waves exist only for positive values of x (as the beam is semi-infinite) 

consist of a distributed spectrum also presenting a peak value at the structural 

wavenumber +k;. The flexural near-field waves also cause a distributed spectrum, 

which decreases as the wavenumber increases in absolute value. As mentioned pre- 

viously, only the supersonic wavenumbers in the beam system response contribute 

to the radiation of sound in the far field. The structural wave traveling along the 

beam is assumed to be subsonic, i.e. ky > ko. Thus, the Dirac delta functions do not 
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contribute to the radiated pressure as the line spectra are located in the subsonic 

region. Consequently, the radiated acoustic pressure is due to the flexural near- 

field components and also to the distributed spectra associated with the one-sided 

propagating waves. ’’ 

2.3.2 With a rectangular window 

When the beam is located in an anechoic chamber, the system can no longer 

realistically be considered semi-infinite, as the sound radiation is only due to the 

vibrating part of the beam located inside the anechoic chamber. In this case, only 

a finite length, /, of the beam is considered to be vibrating and radiating. In effect, 

this is similar to a rectangular window of finite length / applied to the semi-infinite 

beam response in order to obtain the radiation from only a finite length | of the 

beam system. Therefore, the one-dimensional wavenumber spectrum 0(k,) is given 

by 

l . 
0, (ke) = I u(z)e***dz . (2.18) 

0 

T'wo cases have to be considered depending on the position of the control force with 

respect to the window: the control force is either inside or outside the window. The 

spectral response of the system with control forces can be written as 

  

. | evilketkyl 1 ec ilkeky)! 1 en (iketks)l _ y 
Ur ky = -2 n _- 1 — (Re) wn te Rok tO See 

L we 
Je. k, 

2.19 +o gers lke) (2.19) 
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where, for 

  

    

and for af > l, 

as <1, 

5 (ke) eviksag _ piksag : evilke ky -ikzas ikea’ 
ve.(k,) = 1 a 
" (ke + ks) (ke — ky) 

ev ikeas _ pmhyas — o—iketky)l+kyaS _ ,~ikeas 
—t ; —72 ; 

(tk, — ky) (tk, + ks) 
, on eilkyake)l _ 4 

+i (iel¥95 — 1 + eres) 
| ~(iketky)l _ y 

*\ that —kpat\ © — (-(1+ de +e )) (2.20) 

en ilketky)l cen (ike ky) 
Orj(ke) = iethyog 2 igh 

(ke + ks) (tk, — kg) 
. a evilkeky)l _ Y 

+i (iS — + ajerHes) 
. —(iketky)I _ y 

1) tkyat , (—kyat\ © _ ee + i)et*r95 4 eos s) mab (2.21) 

When paired control moments are applied to the system, three cases have to be 

distinguished: the actuator is inside, partially inside/partially outside, or outside 

the window. The spectral response of the system with paired control moments is 

written as 

or (ke) 

where, for a 

~C 

TJ 

eni(ketky! 7 gc ilke-ky)l en (iketky)l 4 
  —iwW,, |i ith =, +(1+ Jee 

L ai MS 

+ Gere TEIR ° Re) » (2.22) 

Slandaj+ Li; <, 

evike(aS+Le;) _ tks (as+Le,) en ilks—ksi-iks(aSt+L5;) _ pike (aS +L%,) 

(he + Fy) + (ks = Fy) 
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+4 (—iet*(03+4s,) —(1- ie Rr (o5+Le,) + jethros 

ent(ke—ky)l _ 
Ele 

+4 ((1 + i) ethrla5+Le;) — jews lafthe,) _ (1+ iets 

en (iketky)l _ 7 
a a 

+ (1 —i)e7*e5) 

tie7*s*5) (2.25) 

In the case of a rectangular window, it is more difficult to analyse the different 

components in the wavenumber spectrum. However, the spectrum component asso- 

ciated to the propagating flexural waves still presents a peak value at the structural 

wavenumber +k,;. Due to the fact that the system has a finite length / (rectangular 

window of length /), this spectrum component can be related to the one obtained 

for a finite beam with a given modal distribution [39]. The flexural near-field waves 

still cause a distributed spectrum which decreases as the wavenumber increases in 

absolute value. 

2.3.3 With an exponential window 

Finally, to decrease the effect of the rectangular window and to asymptote 

towards the case without window, an exponential window is considered to be applied 

to the beam system displacement. Therefore, the one-dimensional wavenumber 

spectrum 0(k,) is given by 

+00 . 

5e(ke) = I v(x)en*t ete dy | (2.26) 
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where a is the coefficient of the exponential window. The spectral response of the 

system with control forces is 
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and the spectral response of the system with paired control moments is 
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    i(k) = —iwW,, ; 
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The different components in the wavenumber spectrum are almost similar to 
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the ones for the case where no spatial window is applied to beam system response. 

The spectrum component due to the propagating waves consists of a distributed 

spectrum presenting a peak value at the structural wavenumber +k;. The flexural 

nonpropagating near-field waves also create a distributed spectrum decreasing as the 

wavenumber increases in absolute value. In this case, it can be noted that, when the 

coefficient a of the exponential window is taken to be very small, then the velocity 

Fourier transforms computed above converge to the one calculated when no spatial 

window is applied. 

2.4 Optimal control theory: global active con- 

trol 

As explained in Appendix C, many cost functions can be selected to control 

the far-field acoustic radiation. In order to obtain a global sound attenuation, i.e. 

global active control, the cost function to be minimized is taken to be the total radi- 

ated power in the far field. The radiated acoustic power is obtained by integrating 

the far-field acoustic intensity over a hemisphere, 

II = / ” | PIP, 6 ONT cin odode (2.29) 
o 0 Poo 

where Cop is the sound velocity in the surrounding medium. 

To simplify the notation, the radiated far-field pressure can be written as 

» L 5 
Ptr, 8:8) = A(r8,8)Wa + Bul B, 8). (2.30) 

where the values of A(r,6,¢) and B;(r,6,¢) can be deduced from the previous 

derivations. The variable C; is either the j** control force or the j** paired control 
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moment (note that the value of the coefficients B;(r,6,¢) are different for a control 

force and for paired control moments). Therefore, the far-field radiated pressure is 

then given by 

p(r,6,¢) = ATW, + BIC, (2.31) 

where 

A = [A(r,6,¢)], (2.32) 

W, = [W,], (2.33) 

| Bi(r, 6, 4) 
B= , (2.34) 

LC By (r, 9, ¢) 

r Cy 
C = DL, (2.35) 

Cr   
and []?7 denotes the matrix transpose operator. In matrix form, the square of the 

pressure modulus is therefore 

Ip(r, 4,6)? = Wy[AA™ Wi + Wr[AB™]C* + CBA Wy + C*[BB* IC, 

(2.36) 

where ’*’ denotes the complex conjugate. 

Defining new matrices as 

(2 4 _ 
[AA] = r [ wag AAT? sin odods, (2.37) 

2 pr/2 

[AB] = | [ —_[AB*7 }r? sin 0d6d¢ (2.38) 
coco 
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Qn pr /2 

[BB] = I I (BB sin 0d6dé , (2.39) 

the expression of the far-field radiated sound power is then reduced to 

Il = W7|AA|W* + W2[ABJC* + CTAB) *We + CT[BBIC" , (2.40) 

where the first term represents the far-field radiated sound power when no control is 

applied to the beam system. The radiated sound power is a real quadratic function 

of the control inputs. Therefore, as shown in Appendix C, for a given magnitude 

of the incident flexural propagating wave and a given arrangement of the control 

inputs, this cost function has a unique minimum value associated with an optimal 

set of control inputs. It is demonstrated in Appendix C that, for this type of cost 

function, the optimal solution for the control inputs is given by 

C —([BB]-*)" [AB]? W,, = —([BB]"*)"[AB]? W, , (2.41) 

and that the associated minimum radiated sound power is then 

Tmin = W2([AA] — [AB][BB]71[AB]7*) Wz . (2.42) 

2.5 Results 

This section presents the analytical results of the active control of 

sound radiated by a semi-infinite clamped beam. Note that part of these results 

have been presented in [40]. Two frequencies of excitation, 100 Hz and 1000 Hz, are 

studied. They both correspond to a subsonic wave as their ratio ko/ky is equal to 

0.16 and 0.5, respectively. The beam characteristics are shown in Table 2.1. The 
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Table 2.1: Beam characteristics. 

  

Width 0.076 m 

  

Thickness 0.003175 m 

  

Young’s modulus 7.1 x 10?° N/m? 
    Density   2700 kg/m? 
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incident flexural propagating wave is assumed to have a displacement magnitude 

of 10 mm. The distance between the out-of-phase paired control moments, which 

corresponds to the length of a typical piezoelectric actuator, is constant and taken 

equal to Lf = 0.03 m. 

2.5.1 Semi-infinite clamped beam at 100 Hz 

In this section, no spatial window is considered to be applied to the beam 

system. The best location of the control forces or paired control moments is deter- 

mined in order to obtain the maximum decrease of the optimized radiated power. 

Figure 2.4 shows the maximum decrease of the sound power as a function of the con- 

trol input location. The maximum decrease in power shows a monotonic decrease 

when the forces are moved away from the clamped edge. When only one control 

force is applied to control the radiation from the beam system, it is found that this 

force has to be applied as close as possible to the clamped edge discontinuity, so 

that the radiation from the force reaction at x = 0 is cancelled. When two control 

forces are applied, it was found that these forces have to be close to each other 

to obtain large power attenuation (the distance between the two forces in Figure 

2.4 is taken to be constant and equal to 1 cm). They still have to be located near 

the discontinuity, so that they are able to minimize at the same time the radiation 

due to the force and the moment reaction at x = 0. On the other hand, only one 

piezoelectric actuator (one pair of out-of-phase control moments) is necessary to 

reduce the sound radiation of the same order as two control forces. It can also be 

seen that the piezoelectric actuator does not need to be located close to the edge 

discontinuity; the maximum decrease in power shows a significant peak when the 
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piezoelectric actuator is located between 0.2 and 0.3 m away from the discontinuity. 

The final position chosen for the control actuators and the respective power atten- 

uation obtained are summarized in Table 2.2. Note that the location of the control 

moments refers to the position ¢ = af, as shown in Figure A.4. 

Figure 2.5 shows the far-field pressure directivity at a radius r=10 m, radiated 

in the x,z-plane (—} <9 < 5, ¢ = 0; for convenience negative 6 corresponds to 

@ = 7) by the beam system for the different cases presented in Table 2.2. First, 

it can be noted that the radiation from the beam when no control is involved is 

related to a monopole-like radiation structural motion. In this particular case, the 

pressure radiated from, respectively, the propagating and near-field flexural waves is 

almost equal (Keltie [38] also demonstrated that these two different types of waves 

are equally responsible for sound radiation at low frequencies). These two types of 

flexural waves radiate in phase such that their associated radiated acoustic fields add 

coherently and the radiated field due to their interaction dominates the radiation 

and represents one-half of the total radiated acoustic power. When the control is 

invoked, the acoustic field associated with each of the two different types of waves is 

reduced but their proportionality in terms of the total radiated power is invariant. 

It can be observed as noted previously that, when only one control force is applied 

on the beam, the directivity pattern becomes a dipole radiation pattern. This 

corresponds to the fact that the radiation from the force reaction at z = 0 is highly 

attenuated and that the moment reaction at z = 0 still radiates. The large decrease 

of the radiation from the force reaction at x = 0 corresponds to the fact that the 

radiation from the propagating and near-field flexural waves associated with this 

force has been significantly attenuated. It can be noted that the pressure field is not 

minimum at 6 = 0. This probably corresponds to the fact that the radiation from 
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Table 2.2: Optimal control results for the semi-infinite clamped at 100 Hz. 

  

  

  

  

Type of Control Location | Power Attenuation 

(m) (dB) 

1 control force 0.01 20.8 

0.01 
2 control forces 42.4 

0.02 

1 pair of control moments 0.28 40.4 

(piezoelectric)         
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the force reaction is not completely canceled and is combined with the dominant 

radiation from the moment reaction. When two control forces are applied to the 

beam system, the radiation sound pressure level is markedly reduced by around 36 

to 70 dB. When one piezoelectric actuator is used to control the radiated sound 

power, the radiation sound pressure level is decreased by 34 to 55 dB. For these 

two last cases, the residual far-field pressure directivity pattern has to be related to 

a high order source as three lobes of directivity are distinguishable in Figure 2.5. 

Thus, it can also be considered that the force and the moment reactions at r = 0 

in relation to the control forces or paired control moments create a new radiating 

source of higher radiation order with an associated lower radiation efficiency. 

Figure 2.6 shows the displacement amplitude of the vibrating beam for the 

different control cases. When one control force is applied, the displacement amplli- 

tude is decreased near the clamped edge; the nodes of the uncontrolled vibrating 

beam become the antinodes of the controlled vibrating beam. When two control 

forces are applied, the displacement presents a maximum in magnitude where the 

control forces are acting. However, at a distance of approximately 0.35 m away 

from the clamped-edge discontinuity the displacement distribution is little changed 

by the control forces. When the radiated sound power is controlled by using one pair 

of control moments, the beam displacement amplitude is largely decreased between 

the clamped edge and the position of the control actuator, further away it is just 

slightly decreased. Thus, it can be noted that the large decrease in radiated sound 

power is not directly related to a large decrease in vibration amplitude of the global 

beam system. The changes in vibration amplitude due to the control are localized 

close to the clamped edge discontinuity. Therefore, it can be considered that control 

is effective in reducing sound radiation by reducing scattered wave motion near the 
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clamped-edge discontinuity. An alternative interpretation is that, under controlled 

conditions, the effective windowing of the beam response has been changed from a 

step window to close to a more smoother edged window near the discontinuity. This 

has the effect of reducing the low wavenumber components of the beam response as 

seen next. However, further study is needed in order to completely determine the 

influence of the shape of the window, under control, on the sound radiation. The 

results indicate the possibility of an alternative control strategy, where the envelope 

of the beam response is driven to a set windowed shape, which is known to have low 

supersonic wavenumber components. 

Figure 2.7 shows the one-dimensional wavenumber spectrum for the uncon- 

trolled and controlled cases. In the expression of i(k.) as defined by Equations 

(2.16) and (2.17), the Dirac functions are discarded, since a plot approaching in- 

finity is not practical. When no control is applied, the wavenumber spectrum in 

the supersonic region is constant, which is related to a monopole radiation pattern 

in the x,z-plane. It can be noted that for all the controlled cases, the wavenumber 

spectrum amplitude is largely decreased in the supersonic wavenumber region, which 

corresponds as discussed previously to the radiating wavenumber components. This 

effect is associated with the effective window shape of the beam response. On the 

other hand, the wavenumber spectrum amplitude is constant for the beam structural 

wavenumber ky and is increased for wavenumbers larger in absolute value than the 

structural wavenumber (|k,| > ks). When one control force is applied to the beam, 

the wavenumber spectrum presents one minimum in the supersonic region, which 

corresponds to a dipole radiation pattern in the x,z-plane as observed in Figure 

2.5. In the case of two control forces or one pair of control moments, two minima 

are located in the supersonic range, which are related to a radiation pattern in the 
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x,Z-plane with three lobes of directivity as noted in their associated pressure field 

in Figure 2.5. Therefore, the study of the wavenumber spectrum in the supersonic 

region gives a full description of the far-field radiated pressure directivity pattern of 

the system. 

The far-field radiation directivity patterns as well as the displacement and 

the wavenumber spectrum have been presented to evaluate the control performances 

and mechanisms. However, little study has been done on the near-field pressure 

distributions and the time averaged radiated intensity distributions under the same 

conditions. These parameters are important as they provide further insight into 

the control physical processes. Both pressure and time averaged intensity in the 

x,Z-plane are calculated using the expressions developed in Appendix D and for 

the different cases presented in Table 2.2. The different integrals are numerically 

evaluated using a Gauss-Konrod rule approach. 

Figures 2.8 and 2.9 present, respectively, the near-field pressure distribution 

and the intensity vector distribution in the x,z-plane for the uncontrolled case. Note 

that the intensity vector plots are normalized to the maximum recorded value and 

the decibels are scaled linearly in vector length. The maximum intensity level and 

the corresponding vector is depicted above the right corner of the graph for scaling 

purposes. It should also be noted that negative values of x correspond to positions 

on the rigid baffle and positive values of x to positions on the beam. Near the surface 

of the beam system, the pressure distribution shows the cell type behavior associated 

with the displacement distribution. The highest pressure levels are located close to 

the clamped edge, i.e. where the reflected near-field wave is of importance. However, 

as the observation point moves away from the vibrating surface, the radiated field 
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becomes progressively more uniform and monopole-like in behavior. This monopole 

behavior develops from the cell near the clamped edge; each of the other cells tends to 

cancel the others’ radiation contribution [39]. Similarly, it can observed in Figure 2.9, 

depicting the intensity distribution, that the magnitude of the intensity vectors is 

maximum in the area near the clamped edge. Also, the vectors’ directions (outward 

from the vibrating surface) show that the energy is radiated from this area. 

When one control force is applied to the system, the pressure and intensity 

distributions in the near field demonstrate a marked change, as shown in Figures 

2.10 and 2.11, respectively. Close to the surface of the beam, the pressure field still 

exhibits a cell nature associated with the displacement distribution. However, it 

can be deduced that the displacement distribution has been changed by the control 

(nodes and antinodes have been moved), as was noted in Figure 2.6. The largest 

pressure levels are no longer located in the region near the clamped edge. Moving 

away from the vibrating surface, it is apparent that a region of low pressure has been 

generated in a direction close to 6 = 0° and that the radiated field is transformed 

to a dipole-like radiated field, as was observed in Figure 2.5. Likewise, the intensity 

vector distribution of Figure 2.11 for this case shows that the net radiation from the 

clamped edge has been effectively reduced as the first cell close to the clamped edge 

acts like an energy sink. 

Increasing the number of control forces to two gives additional interesting re- 

sults, as can be observed in Figures 2.12 and 2.13, respectively, showing the near-field 

pressure and the near-field intensity distributions. Again, the controlled pressure 

field shows a behavior similar to the displacement distribution near the surface of the 

beam without large changes in level, except near the clamped edge, where the levels 
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Figure 2.10: Near-field pressure distribution for the semi-infinite clamped beam with 
one control force at 100 Hz. 
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Figure 2.12: Near-field pressure distribution for the semi-infinite clamped beam with 
two control forces at 100 Hz. 
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are further attenuated, even though the displacement shows a maximum of ampli- 

tude in this area (as noted in Figure 2.6). However, at increasing distances from the 

beam system, the pressure field becomes increasingly more complex. Two regions 

of low pressure have been created, transforming the radiated field to a radiated field 

with three lobes of directivity (as was observed in Figure 2.5). The intensity vec- 

tor distribution again demonstrates that the radiation close to the clamped edge is 

effectively reduced. In this case, it appears that the energy flows along the beam 

surface and is absorbed in the region close to the clamped edge. It is interesting to 

note that an incident subsonic wave on an infinite beam would produce the same 

type of energy flow along the beam surface from —oo to +oo. For the semi-infinite 

beam case, the two control forces have transformed the clamped edge to an ”ac- 

tive” termination which is able to absorb the acoustic energy. Hence, most of the 

scattering effects due to the discontinuity are removed. 

When one piezoelectric actuator is used to control the sound radiation, the 

pressure and intensity distributions in the near field are as shown in Figures 2.14 

and 2.15, respectively. Again, the pressure field near the vibrating surface presents 

the same kind of behavior as described previously. Close to the clamped edge, the 

pressure levels are further decreased (compared to the two previous cases). This can 

be explained by the fact that the piezoelectric actuator is associated with the largest 

decrease in displacement amplitude near the discontinuity (as noted previously in 

Figure 2.6). As for the case with two control forces, two regions of low pressure 

are generated, creating a radiated field with three lobes of directivity (as noted in 

Figure 2.5). The intensity distribution for this case, shows that the radiation close 

to the clamped edge is completely cancelled, as the vector amplitudes in this area are 

extremely small. It is also interesting to note that although the far-field radiation 
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Figure 2.14: Near-field pressure distribution for the semi-infinite clamped beam with 
one pair of control moments at 100 Hz. 
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Figure 2.15: Near-field intensity distribution for the semi-infinite clamped with one 
pair of control moments at 100 Hz. 
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is almost identical for two control forces and a piezoelectric actuator, the near-field 

pressure and intensity distributions are markedly different. 

2.5.2 Semi-infinite clamped beam at 1000 Hz 

As for the previous case at 100 Hz, the proper location of the control forces 

or paired control moments is determined in order to obtain the maximum decrease of 

the radiated power at this higher frequency. Figure 2.16 shows the optimal decrease 

of the sound power as a function of the control input locations. The decrease in 

power shows first a monotonic decrease and then small oscillations around a constant 

value when the forces are moved away from the clamped edge. As was the case at 

100 Hz, when only one control force is applied to control the radiation from the 

beam system, the force has to be applied as close as possible to the clamped edge 

discontinuity, so that the radiation from the force reaction at z = 0 is cancelled. A 

similar phenomenon occurs when two control forces are considered; the two control 

forces have to be close to each other (as in the case at 100 Hz, the distance between 

the two forces in Figure 2.16 is taken to be constant and equal to 1cm) and also close 

to the discontinuity, so that they are able to simultaneously cancel the radiation 

due to the force and the moment reaction at z = 0. On the other hand, one 

piezoelectric actuator gives about the same maximum level of power attenuation 

as two control forces. Again at this frequency, the piezoelectric actuator does not 

need to be located as close to the edge discontinuity as the control forces. However, 

the piezoelectric actuator has to be positioned closer to the discontinuity than in 

the case at 100 Hz. This is due to the fact that the wavelength is much smaller 

in this case. The maximum decrease in power shows a significant peak when the 
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piezoelectric actuator is located between 3 and 5 cm from the discontinuity. The 

final position chosen for the control actuators and the respective power attenuation 

obtained are summarized in Table 2.3. It should also be noted that, due to the 

increase in frequency, the power attenuation in dB in these controlled cases is about 

half that obtained for the corresponding case at 100 Hz. 

Figure 2.17 shows the far-field pressure directivity at a radius r=10 m, radi- 

ated in the x,z-plane by the beam system for the different cases presented in Table 

2.3. First, it can be noted that the radiation from the beam when no control is 

involved is still related to a monopole radiation structural motion, induced by the 

back reaction force. However, the pressure levels at this frequency are higher than 

at 100 Hz, as expected since the supersonic region is increased. At this frequency, 

when no control is involved, the propagating waves radiate about 30 percent of 

the total acoustic power and the near-field nonpropagating waves about 21 percent. 

However, the interaction of these two types of wave is still responsible for about half 

(49 percent) of the acoustic radiation. When control is applied, the radiation due 

to the propagating waves and the near-field waves represents, respectively, about 33 

percent and 19 percent of the total radiated acoustic field, i.e. the importance of 

the near-field waves by comparison to the propagating waves is decreased in terms 

of radiation by the control. It can be observed as noted previously that, when only 

one control force is applied on the beam, the directivity pattern becomes a dipole 

radiation pattern, which corresponds to the fact that the radiation from the force 

reaction at x = 0 is cancelled and that the moment reaction at z = 0 still radiates. 

However, the pressure attenuation is smaller at this frequency than at the lower 

frequency studied previously. When two control forces are applied to the beam sys- 

tem, the radiation sound pressure level is reduced by around 14 to 47 dB. When 
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Table 2.3: Optimal contro] results for the semi-infinite clamped at 1000 Hz. 

  

  

  

  

Type of Control Location | Power Attenuation 

(m) (dB) 

1 control force 0.01 10.6 

0.01 
2 control forces 21.6 

0.02 

1 pair of control moments 0.04 20.1 
(piezoelectric)         
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one piezoelectric actuator is used to control the radiated sound power, the radiation 

sound pressure level is decreased by about the same level. For these last two cases, 

as was the case for the lower frequency, the far-field pressure directivity pattern is 

more complex and is related to a high order source with a lower radiation efficiency, 

as three lobes of directivity can be observed in Figure 2.17. 

Figure 2.18 shows the displacement amplitude of the vibrating beam for the 

different control cases. When one control force is applied, the displacement ampli- 

tude is slightly increased near the clamped edge (for zx < 0.035 m). However, the 

maximum amplitude of the first cell (the closest to the discontinuity) is about half 

that of the uncontrolled case, and again the nodes of the uncontrolled vibrating 

beam become the antinodes of the controlled vibrating beam. When two control 

forces are applied, the displacement again presents a maximum in magnitude close to 

the clamped edge. However, away from the clamped edge discontinuity the displace- 

ment maximum amplitude is slightly decreased. When the radiated sound power 

is controlled by one pair of control moments, the beam displacement amplitude 

is, as before, largely decreased between the clamped edge and the position of the 

control actuator. Further away from the discontinuity, the displacement maximum 

amplitude is about the same level. Thus, as was the case for the frequency studied 

previously, a large decrease in radiated sound power is not directly related to a large 

decrease in vibration amplitude of the global beam system. The most important 

changes in vibration amplitude due to the control are again localized close to the 

clamped edge discontinuity. This kind of result illustrates the subtle nature of active 

structural acoustic control; only very small local changes in vibration can induce a 

large reductions (or increases) in radiated sound. 
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Figure 2.19 shows the one-dimensional wavenumber spectrum, i(k,), for the 

uncontrolled and controlled cases. The same remarks as in the previous section 

(where the beam was excited at 100 Hz) can be made. When no control is applied, 

the wavenumber spectrum in the supersonic region is constant, which is related to 

a monopole radiation pattern in the x,z-plane. It can be noted that for all the con- 

trolled cases, the wavenumber spectrum amplitude is, as expected, largely decreased 

in the supersonic wavenumber region, which corresponds as discussed previously 

to the radiating wavenumber components. On the other hand, the wavenumber 

spectrum amplitude is constant for the beam structural wavenumber ky; and is in- 

creased for wavenumbers larger in absolute value than the structural wavenumber 

(|k| > ky). When one control force is applied to the beam, the wavenumber spec- 

trum presents one minimum in the supersonic region, which has to be related to a 

dipole radiation pattern in the x,z-plane, as observed in Figure 2.17. In the case of 

two control forces or one pair of control moments, two minima are located in the 

supersonic range, which has to be related to a radiation pattern in the x,z-plane 

with three lobes of directivity as noted in their associated pressure field in Figure 

2.17. 

The far-field radiation directivity patterns as well as the displacement and 

the wavenumber spectrum have been presented to evaluate the control performances 

and mechanisms at this frequency. Compared to the previously studied frequency 

(100 Hz), it can been noted that even if the mechanism of the control is similar, i.e. 

attenuation of the acoustic field first by decreasing the radiation due to the force 

reaction at z = 0 (one control force) and then by decreasing the radiation due to 

both force and moment reaction at z = 0 (two control forces or one piezoelectric 

actuator), the attenuations in power and in pressure are much smaller. Therefore, as 
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Figure 2.19: Wavenumber spectrum for the semi-infinite clamped beam at 1000 Hz. 
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the frequency of excitation is increased, the number of control forces or paired control 

moments has also to be increased in order to obtain the same level of attenuation. 

Both pressure and time averaged intensity in the x,z-plane are calculated in 

the near field, without control and for the different cases with control presented in 

Table 2.3, using the same approach as explained in the previous section. 

Figures 2.20 and 2.21 show, respectively, the near-field pressure distribution 

and the intensity vector distribution when no control is applied to the beam system. 

Close to the surface of the beam, the pressure field still presents a cell nature associ- 

ated with the displacement distribution. As expected, the highest pressure levels are 

situated near the clamped edge (first cell), where the reflected near-field wave is the 

most important in terms of displacement. Away from the vibrating structure, the 

pressure field becomes more uniform and shows a monopole-like behavior. It should 

be noted that, compared to the previous case for which the excitation frequency was 

100 Hz, the pressure levels are higher by about 40 dB, as already noted in Figure 

2.17, and that, due to the fact that the wavelength is much shorter, the monopole 

like behavior is developed closer to the vibrating structure. It can be observed in 

Figure 2.18 that the intensity vectors are maximum in magnitude and are directed 

outward from the vibrating structure near the clamped edge. This leads to the fact 

that that energy is radiated mainly from the first cell (the closest to the discontinu- 

ity). It is interesting to note that the monopole-like behavior of the radiated field 

develops from the cell close to the clamped edge (where the reflected near-field wave 

is important) and not directly from the clamped edge (where the reaction force and 

moment are located). This is probably due to the fact that the velocity of the beam 

is zero at the clamp edge and is maximum for the first cell. So, the fluid particle 
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velocity is smaller in magnitude extremely close to the clamped discontinuity than 

in the area above the first cell. 

When one control force is considered to be applied to the system, the pressure 

and intensity distributions show important changes as shown in Figures 2.22 and 

2.23, respectively. Close to the surface of the vibrating structure, the cell nature of 

the pressure can still be observed. However, the distribution of these cells has been 

changed due to the fact that the displacement is changed by the control force as 

noted in Figure 2.18. As a consequence of the control, the first cell (the closest to 

the clamped discontinuity) no longer presents the highest pressure levels. It is also 

apparent that a low pressure region has been created close to the direction @ = 0°, 

leading to a dipole radiation pattern in the far field as already noted in Figure 

2.17. Similarly, the intensity vector distribution shows that the radiation from the 

clamped discontinuity has been reduced as the vectors are no longer maximum in 

magnitude and are no longer directed outward in this area. 

As the number of control forces is increased to two, the pressure and intensity 

distributions, as shown in Figures 2.24 and 2.25 become more complex. However, 

it can be seen that the pressure levels near the clamped discontinuity are further 

decreased and that two regions of low pressure have been generated, leading to a 

radiated field with three lobes of directivity, as already observed in Figure 2.17. 

The intensity vector distribution demonstrates, as in the case at 100 Hz, that the 

energy flows along the beam surface and is absorbed in the area close to the clamped 

discontinuity. Hence, most of the scattering effects due to the clamped discontinuity 

are cancelled. 

When the sound radiation is controlled with one piezoelectric actuator, the 
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Figure 2.20: Near-field pressure distribution for the semi-infinite clamped beam 
without control at 1000 Hz. 
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Figure 2.22: Near-field pressure distribution for the semi-infinite clamped beam with 

one control force at 1000 Hz. 
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with one control force at 1000 Hz. 
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Figure 2.24: Near-field pressure distribution for the semi-infinite clamped beam with 

two control forces at 1000 Hz. 
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corresponding near-field pressure and intensity distributions are as observed in Fig- 

ures 2.26 and 2.27, respectively. Near the clamped discontinuity, the pressure levels 

are further decreased compared to the two previous cases with control forces. Sim- 

ilar to the case with two control forces, two low pressure regions are created. This 

is as expected since a pressure field with three directivity lobes was noted in Fig- 

ure 2.17. The intensity vector distribution shows the largest decrease of the vector 

magnitude close to the clamped edge. It can also be noted that the region near the 

clamped discontinuity acts like an energy sink. 

2.5.3 Comparison between the different beam windows 

This section presents the differences in radiated power and in control for 

the rectangular and exponential windows, which can be considered to be applied 

on the beam displacement. If a rectangular window of length / is applied to the 

semi-infinite beam response, then only the length / of the vibrating structure is re- 

sponsible for the radiation. In the case of an exponential window, the radiating part 

of the structure can still be considered semi-infinite. However, the displacement 

amplitude is decreased in an exponential manner as the distance from the clamped 

edge discontinuity is increased and the radiation contribution also decays with in- 

creasing x. It should be noted that, in this section, the frequency is chosen to be 

100 Hz. 

Figure 2.28 shows the radiated power in the far field as a function of the 

rectangular window length. The solid line represents the power radiated by the semi- 

infinite structure (no spatial window). It can be observed that the radiated power 

is highly dependent on the rectangular window length. The oscillation phenomenon 
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Figure 2.26: Near-field pressure distribution for the semi-infinite clamped beam with 

one pair of control moments at 1000 Hz. 
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is due to the fact that the radiated power mainly depends on the structure behavior 

close to the end of the window (near x=/) and also on the number of cells included 

in the window, as out-of-phase half-cells cancel each other in terms of radiation, 

as explained in [39]. Thus as the length of the beam is increased, the radiated 

power oscillates between a minimum and a maximum value. The minimum value 

corresponds to the radiated power with no spatial window, i.e. radiation from 

all out-of-phase half-cells cancel each other. The maximum value for the radiated 

power occurs when the radiation from the last half-cell (the closest to the end of the 

window) is not cancelled. 

To overcome the difficulty of the rectangular window, an exponential win- 

dow can be applied. The radiated power as a function of the exponential window 

coefficient, a, is presented in Figure 2.29. The solid line still denotes the radiated 

power from the semi-infinite structure. When the window coefficient is small (slow 

attenuation of the exponential function), the radiated power converges to that of 

the semi-infinite structure. In this case, the window allows the almost complete can- 

cellation in terms of radiation of all cells present in the structure displacement. As 

expected, when the coefficient is increased (i.e. rapid attenuation of the exponential 

window), the radiated power is decreased and large difference is found between the 

two cases (without and with window). 

In order to observe how the control is influenced by these two windows, the 

rectangular window length is fixed to | = 1 m and the coefficient of the exponen- 

tial window is chosen to be a = 1 (i.e. after c = 7m, the displacement is less 

than 0.1 percent of its initial value). Before the control is taken into account, the 

wavenumber of the different beam systems obtained, representing the far-field radi- 
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ated pressure for supersonic wavenumbers, is shown in Figure 2.30. It can be noted 

that the wavenumber spectrum in the case with the exponential window gives a good 

estimation of the case without window, except close to k, = +k;, where the peaks 

are not as sharp and high in magnitude. In the case of the rectangular window, the 

wavenumber spectrum can be related to that of a finite beam with a specified modal 

distribution, as described in [39]. The spectrum is still maximum in amplitude at 

k, = +k;. However, just outside the supersonic region, the spectrum presents two 

amplitude minima. Therefore, if the frequency is increased, the far-field pressure 

directivity pattern will be changed from a monopole-like pattern to a more complex 

pattern with increasing lobes of directivity. The same phenomenon can happen, 

when the length of the rectangular window is increased. 

The attenuation in power is presented in Figure 2.31 as a function of the 

position of the control inputs, for a rectangular window length equal to 1m. First, 

it can be noted that Figure 2.31 does not show the same monotonic decrease of the 

attenuation in power when the control inputs are moved away from the discontinuity, 

as in Figure 2.4. However, Figure 2.31 shows several peaks of large attenuation when 

the control actuators are located inside the rectangular window (x < 1m). When 

only one control actuator is considered to be applied to the system (i.e. one control 

force or one pair of control moments), the attenuation in power is increased as this 

actuator is moved further away outside the window. This corresponds to the fact 

that, if the actuator is located outside the rectangular window, the propagating and 

near-field flexural waves traveling in the x-positive direction (generated by this actu- 

ator) do not participate at all to the sound radiation. When the control actuator is 

positioned well out of the window, the effect of the near-field wave due to the actua- 

tor traveling in the direction of the discontinuity on the radiated power is extremely 
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small. Therefore, only one control force or one pair of control moments located 

well out of the window can totally control the radiated power as their associated 

propagating wave towards the discontinuity can exactly match the opposite of the in- 

cident wave (disturbance). It should be noted that, in this situation, the magnitude 

of the control force and the control moment representing the piezoelectric actuator 

approaches fF = id4E Thee iW, and M? = 4ETk3W,,/ (eth (eit Lai) — e*Fso1) re- 

spectively. When two control forces are applied (note that the two forces are located 

lcm apart), the attenuation in power shows an extremely large peak when they are 

located immediately outside the window at z = 1.01m and z = 1.02m, respectively. 

However, the attenuation in power globally decreases as the two control forces are 

moved away outside the rectangular window. Figure 2.31 shows that the power 

attenuation can be even smaller with two control forces than with one control force 

or one piezoelectric actuator. This is due to the fact that, when the two control 

forces are well out of the window such that their associated near-field waves travel- 

ing towards the discontinuity are negligible in term of radiation, the linear system, 

which has to be solved to determine the complex amplitude of the forces, becomes 

singular (over-determined). The position chosen for the control actuators and their 

associated power attenuation are summarized in Table 2.4. It should also be noted 

that in the case without control, the propagating waves radiate more than the near- 

field ones. However, their interaction still dominates the radiation (half of the total 

power). On the other hand, when control is involved, the near-field waves and the 

propagating waves radiate out-of-phase in such a way that they cancel each other 

in terms of radiation. 

The wavenumber spectrum in Figure 2.32 is studied without control and for 

the different control cases presented in Table 2.4 in order to predict the far-field 
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Table 2.4: Optimal control results for the rectangular window. 

  

  

  

  

Type of Control Location | Power Attenuation 

(m) (dB) 

1 control force 1.80 93.7 

1.01 

2 control forces 131.6 

1.02 

1 pair of control moments 1.80 95.1         
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radiated pressure. Without control, the spectrum is almost constant in the super- 

sonic region; so the radiation can be associated to a monopole radiation. First, 

it should be noted that, under control, the spectra amplitudes have been greatly 

decreased. One control force or one pair of control moments have almost the same 

effect on the far-field radiation. Both spectra show one minimum in the supersonic 

area, which leads to a dipole radiation pattern in the far field. They also peak for 

slightly different wavenumbers than the spectrum without control, which is maxi- 

mum at k, = +k;. This should produce a change in shape and distribution of the 

system displacement under control. When two control forces are used to control 

the radiated power, the wavenumber spectrum is extremely small in amplitude and 

is asymmetric in the supersonic region, corresponding to an asymmetric radiation 

pattern in the far field. 

Figure 2.33 shows the amplitude displacement for the uncontrolled and con- 

trolled cases presented in Table 2.4. The displacement amplitude is set to zero for 

xz > 1 as the rectangular window is considered to be 1 m long. Under control, the 

displacement is highly attenuated in magnitude (the displacement amplitudes have 

been multiplied by 104 in the case of one control force and one piezoelectric actuator, 

and 10)? in the case of two control forces, to make them visible on Figure 2.33). For 

all the control cases, the amplitude of the displacement is maximum at the location 

xz = 1m, which corresponds to the end of the rectangular window. In the case 

of one contro] force or one pair of control moments, the shape of the displacement 

under control is also slightly changed as nodes are slightly moved. This is expected 

because the maximum amplitude of their associated wavenumber spectra was not 

found at k, = +k;. 
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1.2



For the exponential window coefficient equal to unity, Figure 2.34 shows the 

attenuation in power as a function of the position of the control inputs. First, it 

should be noted that, without control, the near-field waves and the propagating 

waves radiate equally in phase. Their interaction is still responsible for half of the 

radiated power. Even if the uncontrolled case with the exponential window is very 

close to the case without window as observed previously, the power attenuation 

does not show exactly the same characteristics. When one contro] force is applied 

to the system, the maximum attenuation achievable is found with the control input 

located close to the discontinuity (0.02 m). Figure 2.34 presents a decrease and 

again a slight increase in the power attenuation when the force is moved away from 

the discontinuity. When two control force are considered (these two forces are still 

located 1 cm apart), a slight maximum is obtained around z = 0.2m. Thus, moving 

away from the clamped edge, the power attenuation is slowly decreased. Hence, in 

this case the two forces do not have to be located as close as possible to the discon- 

tinuity. When a piezoelectric actuator is used to control the sound radiation, the 

attenuation in power shows a peak at about x = 0.17m. At this position, the pair 

of control moments performs almost as well as two control forces. However, when 

the pair of control moments is moved away from the clamped discontinuity, Figure 

2.31 shows that an increase of the power attenuation is achievable. As noted pre- 

viously, this actuator is able to largely reduce the displacement amplitude between 

the discontinuity and its location on the beam. Then, it can be supposed that the 

exponential window shape (i.e. a decrease in amplitude as the distance from the 

discontinuity is increased) amplifies this behavior when the piezoelectric actuator is 

moved away from the discontinuity. The chosen control actuator locations and their 

associated power attenuation are summarized in Table 2.5. 
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Table 2.5: Optimal control results for the exponential window. 

  

  

  

  

Type of Control Location | Power Attenuation 

(m) (dB) 

1 control force 0.02 35.3 

0.20 

2 control forces 46.6 

0.21 

1 pair of control moments 0.17 42.3         
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Figure 2.35 depicts the one-dimensional wavenumber spectrum without con- 

trol and with the different control cases presented in Table 2.5 in order to predict the 

far-field radiated pressure. Almost the same characteristics as observed in Figure 

2.7 can be noted. The control cases lead to a decrease of the spectrum amplitude 

in the supersonic area and an increase of amplitude for wavenumbers greater in ab- 

solute value to the structural wavenumber, as expected. However, a slight decrease 

in amplitude can be noted around kz, = —k;, when two control forces are consid- 

ered. When one control force is applied, the far-field radiated pressure is seen to be 

dipole-like in behavior, as only one amplitude minimum is present in the supersonic 

area. For two control forces and one piezoelectric actuator, two minima in the spec- 

trum amplitude are located within the supersonic region. This provides a three-lobe 

pressure directivity pattern in the far field. Thus, the far-field pressure directivity is 

for these cases similar to the one obtained for the case without the spatial window. 

The amplitude displacement is shown in Figure 2.36 for the uncontrolled and con- 

trolled cases. When no control is involved, the effect of the exponential window can 

be observed as the maxima of amplitude decrease exponentially with axial distance. 

One control force has little influence on the displacement magnitude; only a slight 

attenuation at the displacement maxima and a slight change of the node location 

are noticeable. When two control forces are considered to be applied on the system, 

the displacement is decreased in magnitude and is also changed in shape. The vi- 

brational amplitudes are largely attenuated near the clamped edge. Thus, it can be 

supposed that the control is effective in cancelling the force and moment reactions 

due to the discontinuity. Also, the piezoelectric actuator leads to a decrease in the 

displacement amplitude near the clamped edge. However, Figure 2.36 shows a max- 

imum of amplitude at the location of this actuator and a change of the shape of the 
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displacement as the node and antinodes are moved. 

2.6 Comparison between experimental and ana- 

lytical work 

Experiments were conducted by Frampton [2] with the intention of demon- 

strating the feasibility of active control of acoustic radiation due to subsonic wave 

scattering by discontinuities on thin beams. The ”semi-infinite” beam studied in 

these experiments had a clamped discontinuity at one end (wave reflection only); the 

other end was placed in an anechoic termination which made the beam appear infi- 

nite to waves propagating in that direction by preventing their reflection, as shown 

in Figure 2.37. All experiments were performed in a 5.6m x 2.8m x 2.1m anechoic 

chamber. The goal was to actively affect the scattered waves in such a manner as 

to minimize the acoustic radiation at a particular point (minimization point) in the 

acoustic field. Due to space limitations in the anechoic chamber, this minimization 

point was located in a region which is the border between the far and near field for 

the operating frequencies; this region is termed the "radiation field”. A comparison 

of the analytical and experimental results is presented in this section. Note that 

these results have already been described in [41]. 

2.6.1 Experimental set-up 

Figure 2.37 is a schematic of the experimental system. Each component of 

the system is briefly described below (for more details see [2, 41]). The beam used 

in the experiments was made of aluminum (Young’s modulus and density as shown g y 

94



  

  

  

          

  

  

      
  

  

  
  

  
  

      

   
  

  

    
  

  

Digital Signal 
——_—__—fm <—_——_—_—__—_—_——_ 

Controller Generator 

Power 
Amp 

Anechoic Error __ |} 
Microphone IZ Chamber y 

ve Power 

NI Beam < 

Input 
Clamped Edge Control 

a _--- Actuator 
s 4° Actuator : Attenuating 
4 y Duct... .< 

cc = 
Baffled length 

Anechoic 
Termination 

SK       

  

Figure 2.37: Schematic of the experimental set-up for the beam with a clamped 
edge. 

95



in Table 2.1) and was 3.66 m long, 0.102 m wide and 0.00318 m thick. The beam 

was arranged such that one end was outside the anechoic chamber. This end of the 

beam was placed in an anechoic termination and passed through a hole in the wall 

of the anechoic chamber. The anechoic termination was a pyramid-shaped wooden 

box filled with sand. This configuration caused flexural waves which encounter the 

termination to experience a gradual increase in impedance. Therefore, the flexural 

waves were absorbed by the anechoic termination and no reflected waves were cre- 

ated. This served to make the beam appear infinite in the x-positive direction. 

Along with the anechoic termination, the input shaker was fastened to the beam 

outside of the anechoic chamber by a point attachment and stinger. Since the input 

shaker produced a significant amount of noise, it could have affected the outcome of 

the experiments. By attaching the input shaker to the beam outside of the anechoic 

chamber, passing the beam through a narrow (1 cm) slit in the wall of the cham- 

ber and then through an attenuation duct (a rectangular duct 25 cm long made of 

plywood and lined with fiberglass insulation), the amount of noise produced by the 

input shaker and entering the anechoic chamber was minimized. 

For the purpose of studying the radiation from the beam in the upper half-space and 

for facilitating comparison with theoretical models, the beam was surrounded by a 

plywood baffle in the horizontal x,y-plane. Since the theoretical model assumes an 

infinite baffle, some differences between the infinitely baffled theory and the finitely 

baffled experiments were expected. However, it should be noted that the scattering 

noise source was at the clamped end, which was close to the center of the baffle. 

In addition, the assumption was made in the theoretical model that none of the air 

near the surface of the beam is able to move back and forth across the baffle. Since 

it would be impossible to achieve a perfect seal between the edge of the baffle and 
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the edge of the beam without interfering with the vibrational response of the beam, 

some differences between theoretical and experimental results were expected. 

The clamped discontinuity was constructed from a large (10cm x 7cm x 20cm) 

block of aluminium and a steel clamping plate (10cm x 7cem x 0.5cm). By placing 2 

cm of the end of the beam between the clamping plate and the block and tightening 

three clamping screws, an approximate clamped-end condition was achieved. 

Thirteen miniature 1/4” microphones were used in the experiments. They were 

attached to a semicircular, steel array with a radius of 0.86 m centered over the dis- 

continuity and suspended from the anechoic chamber ceiling. The angular position 

of each microphone in the array is shown in Table 2.6. In each case, the array could 

be situated in either a perpendicular or axial position. While in the perpendicular 

position the semicircular array was perpendicular to the long axis of the beam, in 

the axial position the microphone array was parallel to the long axis of the beam. 

Ten accelerometers were used to sense the beam vibrations in each experiment. The 

data received from the accelerometers were utilized to calculate the complex ampli- 

tudes of an assumed displacement equation using a least-squares regression method 

as described in [2] and [41]. By taking a spatial Fourier transform of the beam 

response, the wavenumber spectrum was determined in order to predict the far-field 

radiated pressure and indicate wether the far-field levels were attenuated. 

Two types of control actuators were used in these experiments: a shaker and a set 

of piezoelectric patches. The shaker was attached to the underside of the beam and 

baffle 3.8cm from the discontinuity, as it was previously demonstrated that this was 

the best location for control of the acoustic field due to wave scattering. The noise 

produced by the shaker was also minimized by wrapping it in fiberglass insulation. 

The piezoelectric patches of length 3.8 cm were bonded to each side of the beam at 
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Table 2.6: Microphones position on semicircular array. 

  

Microphone No. | Position @ (deg.) 

  

T7.1 

64.3 

51.4 

38.6 

25.7 

12.9 

0.0 

-12.9 

-25.7 

-38.6 

-51.4 

-64.3 

-77.1 
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a distance of 1.9 cm from the clamped discontinuity. Patches on opposite sides of 

the beam were driven 180° out of phase to produce pure bending on the beam. 

A multiple channel Filtered-X LMS algorithm was used in these experiments. Exper- 

imental uses of this control algorithm are discussed by Gonidou [34] for vibrational 

control and by Clark and Fuller (28, 29] for noise control. This type of control 

system implements variable-coefficient FIR filters. The coefficients of the FIR fil- 

ters are updated by the LMS algorithm, which employs a steepest gradient descent 

method for minimizing the least-mean-square error. A complete description of this 

algorithm is given by Elliot, et al. [42]. 

Only two cases (same as in [41]) among all the experiments which have been 

performed in [2] are presented here. The first case involves a shaker as control 

actuator and an error microphone located at position 4 on the axial microphone 

array (see Table 2.6) for an excitation frequency of 510 Hz. The second case uses 

a piezoelectric actuator as control actuator and an error microphone at the same 

location as in the previous case for an excitation frequency of 320 Hz. These two 

frequencies correspond to subsonic flexural waves and have also been chosen in 

such a way that the anechoic termination and the clamped discontinuity have good 

performance. 

2.6.2 Analytical model 

Since, in the experiments, the input shaker was located outside the ane- 

choic chamber, only the propagating wave traveling in the x-negative direction is 

taken into account (from the input shaker, the propagating waves traveling in the 

X-positive direction are absorbed by the anechoic termination and the disturbance 
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nonpropagating near-field waves are negligible at distances well away from the dis- 

turbance). Therefore, Equations (2.4) and (2.5) developed previously can be used to 

described the beam system when the control shaker and the piezoelectric actuator 

are respectively, involved. 

The pressure field has to be calculated for the same microphone locations as 

in the experiments. Because of the space limitation in the anechoic chamber, the 

experimental microphone array is not placed in the acoustic far field. Therefore, the 

pressure has to be determined using Rayleigh’s integral, or Equation (B.3) derived 

in Appendix B. In the acoustic field corresponding to locations on the microphone 

array in this study (i.e. not completely in the far field), this integral has no closed- 

form solution. Therefore, it was numerically computed over the surface Sy of the 

vibrating beam located in the anechoic chamber in order to compare theoretical and 

experimental results. The surface Sg is defined by 0 < zp < ) and —l,/2 < yo < 

l,/2, where J, is the length of the baffled portion of the beam inside the anechoic 

chamber and 1, is the beam width. 

It is apparent that the pressure can also be written as a function of the 

incident wave and the control force or control moment as 

p(r,6,¢) = A(r,0, 6)W, + B(r,0.¢)C° , (2.43) 

where the expressions of A(r,8,¢) and B(r,6,¢) can be deduced from the displace- 

ment equations and are obtained by numerical integration. The quantity C* can 

be either the control force or a pair of control moments (note that the value of the 

coefficient B(R, 0, ¢) is different for a control force and a pair of control moments). 

As in the experiments, the acoustic field is minimized at one microphone 
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location, the square of the pressure modulus has to be minimized in the analytical 

model at the same location in space (this location is noted (r°, 6°, ¢°)). Therefore, 

the cost function in this case is 

\p(r°, 8°, 6°)|? _ |A(r°, 0°, $°)|?|W,, |? + W,A(r®, 0°, 6°) B*(r°, 8°, ¢°)C™ 

+ C°B(r°, 6°, )A*(r°, 0°, 6°) We + |B(r°, 0°, 6°)|?|C°]? (2.44) 

which is a real quadratic function of the control input. Thus, it can be deduced, as 

demonstrated in Appendix C, that the optimal control input is given by 

- A(r°, 6°, o°) B*(r°, 0°, ¢°) A 

Coa W,, . 2.45 
|\B(rs, 6c, g°)|? ( ) 
  

The far-field pressure has been shown to be proportional to the wavenumber 

spectrum of the beam velocity in the supersonic region. As the experiments were 

performed at locations which did not fulfill far-field radiation conditions, it is instruc- 

tive to use the beam wavenumber spectrum to predict and study the actual far-field 

radiation without and with control. As noted previously, the anechoic chamber was 

not large enough to allow measurements of the pressure levels directly in the far 

field. Therefore, this technique overcomes the physical limitations of the anechoic 

chamber. Thus, the wavenumber spectrum is calculated using Equations (2.16) or 

(2.17), depending on which type of control (shaker or piezoelectric actuator) is used. 

It should be noted at this point that the value for the magnitude W,, of the 

incident propagating wave is deduced from the experimental data collected from the 

accelerometer array for the uncontrolled case (see [41]). Also the length of the beam 

which is baffled and located in the anechoic chamber, /,, has been determined as 2 

mm. 
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2.6.3 Results 

2.6.3.1 Frequency of excitation 510 Hz 

For the first case considered in this section, the beam system is excited at 

a frequency of 510 Hz. The error microphone is located at a position identical to 

position 4 on the axial microphone array (see Table 2.6) and the control actuator is 

a shaker located at 3.8 cm from the clamped end of the beam. 

The experimentally measured acoustic field without and with control in the 

axial and perpendicular position is shown in Figure 2.38. It can be noted that the 

radiation from the beam system without control, is related to a monopole radiation 

structural motion, mainly due to the back reaction force applied by the constraint. 

When control is invoked, an attenuation of 36 dB at the error microphone is achieved. 

Although the rest of the acoustic field does not experience such dramatic attenua- 

tion, sound pressure levels are globally attenuated. This implies that controlling the 

acoustic field at one point is not always at the expense of increasing levels elsewhere 

in the acoustic field. 

The theoretically predicted acoustic field for the same situation and coordi- 

nates is presented in Figure 2.39. These values are calculated assuming the same 

parameters that were used in the experimental set-up. First, the complex amplitude 

of the incident propagating wave is determined from the displacement experimental 

data without control. Then, this actual value is used in the theoretical model for the 

magnitude of W,,. The sound pressure levels are computed at the same locations as 

the experimental microphone array in the axial and perpendicular positions. Before 
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the control is applied, the results agree very well with those obtained experimen- 

tally. The analytical sound pressure levels were expected to be higher than the 

experimental ones due to the fact that the baffle is not infinite and perfect in the 

experiments, allowing some of the air near the surface of the beam to move back 

and forth across it. However, the theoretical model showed the pressure levels were 

dependent on the beam length considered to be located inside the anechoic chamber. 

This length was difficult to determine due to the attenuation duct used to minimized 

the noise produced by the input shaker outside the anechoic chamber and to the 

absorbing elements of the anechoic chamber. This length was assumed to be equal 

to the length of the baffle surrounding the beam (in the x-direction), which was 

I, = 2m. When the control is applied, theory predicts a large attenuation at the 

error microphone and slight attenuation throughout the rest of the acoustic field. 

The most noticeable difference between analytical and experimental results is that 

theory predicts an extremely low pressure level at the error microphone location 

while experimentally the sound pressure level was about 17 dB. This is due to the 

noise floor associated with the microphones used in the experiments, which is at 

about 15 to 18 dB. 

Figure 2.40 shows the theoretical and experimental beam displacement for 

the 510 Hz case. The experimental waves are a result of determining wave ampli- 

tudes from the wave decomposition and then calculating the overall beam vibra- 

tion, as explained in [41]. The actual point measurement values are also included 

for comparison. The theoretical and experimental results do not agree as well for 

the displacement as for the acoustic field results. Although the general shape of the 

standing waves both with and without control are similar, theory predicts decreasing 

vibrational amplitudes with control while experimental results show the opposite. 
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This is probably due to two factors. First of all, the clamped-end condition used 

in the experiments is assumed to be perfect in the theoretical analysis. Although 

the clamp showed good characteristics, it was by no means perfect, because for the 

experimental uncontrolled case the magnitude of the incident and reflected prop- 

agating waves calculated from the accelerometer data was found not to be equal. 

Secondly, when the control actuator was turned on, the input impedance seen by 

the input shaker changed, which caused the amplitude of the incident propagating 

wave to change (i.e. the disturbance source is not of infinite input impedance). In 

the theoretical analysis, it is assumed that the incident propagating wave amplitude 

W,, is the same without and with control. These two factors can also explain the 

fact that the analytical model does not predict as large attenuation in the acoustic 

field (except at the error microphone) as the experimental measurements. However, 

it should be noted that both theory and experiments demonstrate that the most 

important changes in the beam vibrational displacement under control are localized 

close to the clamped-edge discontinuity. Thus, as was shown in the previous sec- 

tions, it is apparent that the control is effective in reducing the sound radiation by 

modifying the scattered wave motion near the discontinuity. 

The wavenumber spectrum of each structural displacement function shown on 

Figure 2.40 is shown in Figure 2.41. Even though the theoretical and experimental 

displacements do not agree well, the resulting wavenumber spectra do in the range 

presented in Figure 2.41. This means that theoretical and experimental results 

agree well on the wavenumber composition of the structure motion. The errors in 

actual displacement are thus associated with large axial wavenumbers which are not 

important in terms of radiation. As was demonstrated previously in this chapter, the 

far-field acoustic pressure is a function of the wavenumber spectrum in the supersonic 
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region, i.e. the supersonic region of the wavenumber spectrum describes the far-field 

radiation pattern. Without control, both spectra are almost constant in magnitude 

in the supersonic region. This is equivalent to a monopole radiation pattern in 

the far field. When the control is applied, the theoretical model predicts larger 

attenuation in the supersonic region than the experiments. However, theoretical and 

experimental spectra are minimum in the wavenumber region directly corresponding 

to the directions close to the direction defined by the error microphone (6° = 38.6° 

and ¢° = 0° correspond to k& ~ 5.8 m7). Therefore, while applying control to 

the acoustic field of this experiment, the supersonic wavenumber components are 

attenuated. This implies that the acoustic far-field radiation is attenuated as well. 

Considering the method of obtaining the beam response, these results are considered 

very good. 

2.6.3.2 Frequency of excitation 320 Hz 

For the second case, the beam system is excited at 320 Hz. The error 

microphone is located at the same position as in the first case. The control actuator 

is a 3.8-cm long piezoelectric actuator located 1.9 cm from the clamped end. 

The acoustic field for the experimental case without and with control is 

shown in Figure 2.42 for the axial and perpendicular directions. When no control is 

applied, the sound radiation again is related to a monopole radiation pattern. This 

is expected since the clamp exerts a reaction force component on the beam, which 

leads the monopole radiation. When the control is activated, an attenuation of 32 

dB is obtained at the error microphone, while the rest of the acoustic field is again 

globally attenuated. Thus, also in this case, the control of the acoustic field at the 
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error microphone leads to a reasonable decrease in the pressure levels in both axial 

and perpendicular directions. 

Figure 2.43 shows the analytical acoustic field for the same situation. Be- 

fore the control is applied, the predicted results agree well with those obtained 

experimentally. When the control is invoked, large attenuation is achieved at the 

microphone location. A slight increase of the pressure level can be observed for the 

microphone located at position 2 on the axial array. Elsewhere else in the acoustic 

field, the sound pressure levels are attenuated. 

The theoretical and experimental displacement amplitude without and with 

control are shown in Figure 2.44. While the two agree fairly well without control, 

they do not agree well with control. This is especially evident for positions near 

the clamped end of the beam. This may be due, as mentioned previously, to the 

fact that the experimental clamped end is not perfect and that the piezoelectric 

actuator when the control is invoked causes a back reaction changing the amplitude 

of the incident wave. The accuracy of the decomposition method used for the 

experimental results may also have caused these differences, because the method is 

sensitive to the phase and amplitude from the accelerometer signals and the position 

of these accelerometers. Also, the theoretical model makes the assumption that the 

piezoelectric patches are perfectly bonded on the beam (thin and constant layer of 

glue), which may not have the case in the experiments. However, as in the previous 

case, the most important changes in the beam displacement can be observed for 

both results under control close to the clamped-edge discontinuity. 

The resulting theoretical and experimental wavenumber spectra are shown in 

Figure 2.45. Both agree very well for the case without control, predicting a monopole 
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radiation pattern in the far field (as the spectra are almost constant in the supersonic 

region). When the control is applied, the theoretical model predicts a minimum of 

radiation in the directions close to the direction defined by the error microphone 

(as observed in the previous case with the control shaker). For the experimental 

case under control, the dip in the spectrum occurs outside the supersonic region. 

This may be due to some measurement errors for the accelerometer array, which 

could also explain the differences in the two displacements with control, as observed 

previously in Figure 2.44. However, these results also demonstrate that controlling 

the pressure level at one point in the acoustic field of these experiments (i.e. not 

completely in the far field) results in attenuation in the acoustic far field, as all the 

supersonic wavenumber components are reduced. 

2.7 Summary 

First, the active control of sound radiation from a semi-infinite beam with a 

clamped edge discontinuity was studied analytically. Control forces approximating 

shakers and a pair of control moments approximating piezoelectric actuators were 

shown to be effective in actively modifying the vibrational response of the system in 

order to obtain a global minimization of the radiated acoustic field. High attenuation 

in radiated acoustic power and pressure in the far field was generally achieved when 

control actuators are located close to the discontinuity. Two control forces were 

necessary to completely control the acoustic far field radiated from the clamped- 

edge discontinuity because they were able to cancel at the same time the radiation 

from the force and the moment reaction due to the clamped edge. The attenuations 

in radiated acoustic fields obtained by applying two control forces or one pair of 
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control moments were comparable. Therefore, the use of a piezoelectric actuator 

seems preferable because it does not have to be located as close as possible to 

the discontinuity (which is the case for the control forces) and also the maximum 

achievable power attenuation is less sensitive to its location along the beam. 

The attenuation of the radiated acoustic field was related to a decrease in 

the supersonic wavenumber components in the vibrational response of the system 

and not necessarily to a decrease of the amplitude in the global vibrational response 

of the system. Control was demonstrated to change the effective window shape of 

the beam vibration distribution, as the changes in the beam response were found 

to be localized near the discontinuity. These changes resulted in the reduction of 

the low wavenumber components of the beam response leading to lower radiation. 

Therefore, significant sound attenuation can be achieved with very small changes 

in global beam response. The pressure and intensity distributions in the near field 

show that the highest levels of radiation are located close to the clamped-edge 

discontinuity, where the reflected structural near-field wave is of importance. Under 

control, the pressure distribution in the near field shows the same characteristics 

as in the far field, as one or two regions of low pressure levels are created. The 

intensity vector distribution with contro] demonstrates that the net radiation from 

the discontinuity is effectively reduced. The increase of the frequency of excitation 

led to smaller power and pressure attenuation. However, the control mechanism was 

found to be identical for both frequencies studied. 

Two different windows were applied to the beam displacement: a rectangular 

window and an exponential window. In the case of the rectangular window, the 

radiated power was found to be highly dependent on the window length and the 
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structure behavior close to the end of the window. When one control actuator (one 

control force or one pair of control moments) was used, the high power attenuation 

was obtained when the actuator was located well outside the rectangular window, 

such that the near-field wave traveling toward the discontinuity and waves of both 

types traveling in the x-positive direction do not participate to the radiation. In this 

case, the propagating wave due to the actuator in the direction of the discontinuity 

was able to match the opposite of the incident wave (disturbance). Two control 

forces produced high power attenuation when located right outside the window. 

However, they did not perform as well as the other actuators when located well 

outside the rectangular window. This is due to the singularity of the linear system 

to be solved in order to obtain the amplitude of the control forces. In the case of 

the exponential window, the results presented almost the same characteristics as the 

case without a spatial window, even if the best location for the two control forces 

was not extremely close to the discontinuity. 

Experimental results on active control of acoustic radiation due to subsonic 

flexural waves on a semi-infinite” beam with a clamped end were compared to the 

related analytical ones. Good agreement between theory and experiment was found. 

Large pressure attenuation at the error microphone, along with a global decrease 

of the pressure levels in the acoustic field in both axial and perpendicular direc- 

tions, was obtained by actively modifying the system vibrational response using a 

control shaker and a piezoelectric actuator located near the discontinuity. Both the 

ory and experiments agreed on the fact that control was associated with reductions 

and changes in the shape of the vibration distribution close the clamped-edge dis- 

continuity. That is, control was effective in modifying scattered wave motion near 

the discontinuity; the vibrational magnitudes away from the discontinuity were left 
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largely unchanged. It was also inferred from the wavenumber spectra of the beam vi- 

brational response that, while controlling the pressure level at the error microphone 

location in the acoustic field of these experiments, the acoustic far-field radiation 

was also attenuated. When the control was applied, this was demonstrated by an 

observed decrease of the wavenumber spectrum in the supersonic region. 
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Chapter 3 

Infinite Beam With A Mass 

Discontinuity 

In this chapter, the case of a mass discontinuity is considered by studying 

a infinite beam with a blocking mass. As in the previous chapter, the beam system 

is subjected to a disturbance, which is chosen to be a subsonic flexural propagating 

wave. When this incident subsonic wave impinges on the mass discontinuity, emis- 

sion of sound is caused by the scattering of the traveling wave into reflected near-field 

and reflected propagating waves and also transmitted near-field and transmitted 

propagating waves, which in turn produces supersonic wavenumber components in 

the vibrational response. As noted previously, these supersonic wavenumber compo- 

nents are responsible for the acoustic radiation in the far field. Thus, active control 

of sound radiation is achieved by applying either control forces or paired control 

moments, as was the case for the semi-infinite clamped beam system. 
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3.1 Flexural beam response 

The Cartesian coordinate system used in this chapter is shown in Figure 3.1. 

As before, the beam is taken to be located in an infinite baffle corresponding to the 

x-y plane and is infinite in the x-direction. The mass discontinuity is chosen to be 

positioned at z = 0, is assumed to be attached to the beam in a symmetric fashion 

and is lumped along a line to avoid the generation of in-plane reaction. However, the 

mass discontinuity generates both translational and rotational forces on the beam 

due to its inertial characteristics. The time dependance for all the fields is again 

assumed to be e7*, 

3.1.1 Displacement due to an incident flexural wave and 

control point forces 

First, control point forces, approximating shakers, are applied to the beam 

system to achieve active control of sound radiation. 

The mass discontinuity reaction on the beam at z = 0 can be represented 

by a point force Fy and a line moment Mo of unknown magnitudes acting at this 

location. The response of the beam system due to 

e an incident flexural propagating wave of magnitude W,, (the disturbance) 

a point force Fi) at z = 0 due to the constraint (mass discontinuity) 

a line moment Mp at z = 0 due to the constraint (mass discontinuity) 

and L control point forces Fe at x =a% forj =1,L 
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Figure 3.1: Coordinate system for the infinite beam with a mass discontinuity. 
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as described in Figure 3.2, has to be derived. Using Equations (A.16) and (A.19) 

developed in Appendix A representing, respectively, the flexural displacement of an 

infinite beam due to a point force and a line moment, the out-of-plane displacement 

of the system can be written 

aA 

  

  

_ ry tkyx iFo tky|z| —kylx|| _ Mo tkylz| _ o—yzle| w(z) = Wert? + TEIK le FIFI 4 ge*S son) FET le f eS | 

Lape 
etksle-a5| . —kyz|c—a5| ; Dag k i + 2¢€ (3.1) 

As noted in the previous chapter, each force or moment creates two different types 

flexural waves on each side of the application point: two propagating waves (e+'*/? 

spatial dependence) and two nonpropagating near-field waves (e+*!” spatial depen- 

dence). 

The force Fy and the moment My magnitudes are found in such a way that the 

system satisfies the conditions of compatibility of displacement and slope at rt = 0 

between the beam and the mass discontinuity, which are defined by 

Fy = w*m,zw(0) (3.2) 

. é My = wd; 55 (9) (3.3) 

where mg, and J, are, respectively, the mass and rotary inertia of the discontinuity. 

Solving this system of two equations and two unknowns yields 
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Replacing the expression for Fy and Mo in Equation (3.1), the out-of-plane displace- 
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Figure 3.2: Infinite beam with mass discontinuity subjected to incident wave and 
control point forces. 
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ment of the system is finally found, for —oo < r < +00, 

w(z) = W, lefts 
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The two last terms in the first and second square brackets of the previous equation 

correspond, respectively, to the propagating and near-field flexural waves reflected 

(if z < 0) and transmitted (if c > 0) by the mass discontinuity. 

3.1.2 Displacement due to an incident flexural wave and 

paired control moments 

A second way to achieve active control of sound radiation is to apply paired 

control line moments, approximating piezoelectric actuators on the beam system. 

Therefore, in this case, the response of the beam system due to 

e an incident flexural propagating wave of magnitude W,, (the disturbance) 
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e a point force Fy at z = 0 due to the constraint (mass discontinuity) 

e a line moment My at c = 0 due to the constraint (mass discontinuity) 

e and L piezoelectric actuators, i.e. L paired control line moments M fatr=ag 

for 7 = 1, L (the distance between two paired moments is L‘,, corresponding aj} 

to the length of the j*" piezoelectric actuator) 

as shown in Figure 3.3, has to be derived. The same approach as used in the 

previous section can be developed utilizing Equations (A.16), (A.19) and (A.21) 

from Appendix A, giving, respectively, the flexural displacement of an infinite beam 

due to a point force, a line moment and a piezoelectric actuator. In this case, the 

force and the moment induced by the mass discontinuity are given by 
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For —oo < xz < +00, the out-of-plane displacement of the system is then 

w(z) _— lefty? 
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3.2 Far-field radiated pressure 

Also in this chapter, the beam system, in terms of radiation, is considered 

as a two-dimensional structure and thus the displacement is taken to be constant 

along the width of the beam system. Hence, the two out-of-plane displacements 

already computed can be rewritten as 

w(x,y) = w(x), (3.10) 

for —oo < x < +00 and |y| < l,/2, where J, still represents the width of the beam. 

As explained in Appendix B, the discontinuity associated with the lateral 

edges of the beam does not produce acoustic radiation in the far field. Using ei- 

ther the Rayleigh’s formula or the stationary-phase method, it is demonstrated in 

Appendix B that the far-field radiated pressure is given by the expression 

tkor 

Qnrr ’ 
  p(r, 9, ¢) = —iwppd(ko sin 0 cos ¢, kg sin 6 sin ¢) (3.11) 
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which is a function of the double spatial Fourier transform of the out-of-plane beam 

velocity for ,/k2 + k? < ko. This expression is the same as the one used in Chapter 2. 

Therefore, in order to determine the far-field radiated pressure, it is now necessary 

to find the spectral response of the beam system under study. 

3.3. Double spatial Fourier transform of the 

beam velocity 

The double spatial Fourier transform of the beam velocity is defined by 

+00 p+oo . . 

O(ke, ky) =| / o(a, yee dady , (3.12) 

which reduces to 

~ +00 +1, /2 ‘ke ke 

O(ky, ky) = / L In v(z, yee 4 dydz , (3.13) 

as, in this case, the beam system is infinite in the x-direction and is located in a rigid 

infinite baffle, i.e. v(z,y) = 0 for [y| > 1,/2. As in the previous chapter, because 

the beam displacement is taken to be constant along the width of the beam (see 

Equation (3.10)), the integrals with respect to x and y are separable, i.e. 

+ly/2 +00 . 

O(ky, ky) = E in ey dy [. v(z)e7**** dx (3.14) 

= 5(ky)o(he) (3.15) 

where v(x) is given either by Equation (3.6) if control forces are applied to the beam 

system or Equation (3.9) if paired control moments are applied to the beam system. 
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The expression of i(k,) is the same as the one obtained in the previous chapter 

sin(kyl, /2) 
o(ky ) = k,/2 ’ (3.16) 

which is simply the Fourier transform of a rectangular window of bandwidth J,. 

As before, the wavenumber spectrum is divided in two regions: the supersonic 

region defined by fhe + 2 < ko, and the subsonic region defined by [kz + kB > 

ky. Only the supersonic range of the wavenumber spectrum of the beam velocity 

contributes to the radiated acoustic pressure in the far field; the far-field radiated 

pressure is proportional to the Fourier transform of the beam velocity for [2 + KP < 

ko. 

Again, only the one-dimensional wavenumber spectrum 0(k,) are studied 

before and after the control is applied to the system, as the method of separating 

the double spatial Fourier integral into two single integrals implies that 0(k,) is 

independent of the control inputs. 

Therefore, the one-dimensional wavenumber spectrum 0(k,) is given by 

(ke) = f ~ v(a)ent dz. (3.17) 

The domain of integration has to be split into two regions, x < 0 and x > 0, as 

the functions e**s!*|, e~*sltl and sgn(x) are present in the expression of the system 

out-of-plane displacement and have different values in these two regions. Therefore, 

the same approach as used in the previous chapter and Equation (2.15) can be used 

to obtain the one-dimensional wavenumber spectrum 0(k,). Then, it can be found 
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that the spectral response of the system with control forces is 
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and that the spectral response of the system with paired control moments is 

    

i(ke) = —iwW,, [206(ky — ke) 
twa t 

=z k ~~ ky * GET + — ium, (5K the) + Egy tr olks — Fe) 
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As in Chapter 2, the different components of the wavenumber spectrum can 

be studied. The flexural propagating waves are associated with two different com- 

ponents. The first component, related to the Dirac delta function, consists of a line 

spectrum at the structural wavenumber +k;. The second component, due to the 
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fact that the propagating waves are different for positive and negative values of z, 

consists of a distributed spectrum also presenting a peak value at the structural 

wavenumber +k;. The flexural near-field waves also cause a distributed spectrum, 

which decreases as the wavenumber increases in absolute value. 

As mentioned in the previous chapter, the Dirac delta functions do not con- 

tribute to the radiated pressure as the line spectra are located in the subsonic region. 

Consequently, the radiated acoustic pressure is due to the flexural near-field compo- 

nents and also to the distributed spectra associated with the different propagating 

waves. 

3.4 Optimal control theory: global active con- 

trol 

In order to also obtain a global active control, the same cost function as in 

the previous chapter is considered. This cost function is the radiated power in the 

far field 

— an px/t lp(r, @, ¢)|? 2.7 

Using the same approach as in Chapter 2, the far-field radiated sound power can be 

rewritten as 

Tl = W2[AA|Ws + W2[AB)C* + CT[AB]"* We + CT[BBIC* , (3.21) 

where the matrices [AA], [AB] and [BB] are functions of the new system. Thus, 
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the optimal solution for the control inputs is given by 

C = —([BB)"')"[AB]"W, = -([BB)*)"[AB]’ W, , (3.22) 

which can be replaced in the previous equations to determine the different fields 

under the control conditions. 

3.5 Results 

This section presents the analytical results of the active control of sound ra- 

diated by an infinite beam with a mass discontinuity. Two frequencies of excitation, 

100 Hz and 1000 Hz, are studied, both corresponding to a subsonic wave in term 

of structural phase speed. The beam characteristics are given in Table 2.1. The 

mass characteristics are presented in Table 3.1. The incident flexural propagating 

wave has a displacement magnitude of 10 mm, as in the case of the semi-infinite 

clamped beam. The distance between the out-of-phase paired control moments, 

which corresponds to the length of a piezoelectric actuator, is again chosen to be 

LS = 0.03 m. 

3.5.1 Beam with a mass discontinuity at 100 Hz 

In order to determine the optimal location of the control forces or paired 

contro] moments, the maximum decrease of the sound power as a function of the 

control inputs location is studied and shown on Figure 3.4. The attenuation in power 

shows a peak when one control force is located right under the mass at x = 0. This 

corresponds to the fact that at this position the control force is able to completely 
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Table 3.1: Mass discontinuity characteristics. 

  

Width 0.076 m 

  

Thickness 0.04 m 

  

Length 0.05 m 

  

Density | 2700 kg/m?         
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compensate the force reaction due to the mass at z = 0, such that the residual power 

is only due to the moment reaction generated by the mass discontinuity. When two 

control forces are considered to be applied to the system, it is found that the best 

power attenuation is obtained when these forces are located in a symmetrical fashion 

with respect to the blocking mass (i.e. aj = —a{). By locating the two forces on 

each side of the blocking mass, their associated radiation is able to cancel at the 

same time the radiation due to the force and moment reaction due the blocking 

mass. The best location for the forces is as close as possible to the position z = 0, 

as the attenuation in power shows a monotonic decrease as the forces are moved 

away from the discontinuity. In Figure 3.4, it can be noted that the piezoelectric 

actuator does not need to be located too close to the discontinuity to obtain large 

power attenuation. However, it does not reduce the radiated power as much as two 

control forces. The final location chosen for each control type and the respective 

power attenuation obtained are summarized in Table 3.2. 

The far-field pressure directivity at a radius r = 10 m, radiated in the x,z- 

plane is shown in Figure 3.5, without and with control, for the different cases pre- 

sented in Table 3.2. The acoustic pressure radiation from the beam system when no 

control is involved is related to a monopole radiation structural motion, as the sound 

pressure levels are almost constant in all directions. In this particular case, it can 

be demonstrated that the propagating and near-field flexural waves radiate almost 

equally and in phase such that their respective acoustic field adds coherently. When 

the control is involved, these acoustic fields are reduced but their proportionality in 

terms of the total radiated power is invariant. It can be observed that when only 

one control force is used, the directivity pattern becomes a dipole radiation pattern 

and that the pressure levels are attenuated by about 33 dB. As the control force is 
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Table 3.2: Optimal control results for the infinite beam with a mass discontinuity 

at 100 Hz. 

  

  

  

  

Type of Control Location | Power Attenuation 

(m) (dB) 

1 control force 0.00 37.8 

-0.01 

2 control forces 75.4 

0.01 

1 pair of control moments -0.28 36.7 

(piezoelectric)           
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located at 2 = 0, the radiation from the force reaction (also located at r = 0) due to 

the blocking mass is completely cancelled, and only the associated moment reaction 

still radiates. When two control forces are considered to be applied on the system, 

the radiation sound pressure levels are highly reduced (around 68 to 90 dB), which 

corresponds to the fact that the radiation from both force and moment reactions 

due to the discontinuity is minimized. When one piezoelectric actuator is applied 

to control the sound radiation, the pressure level is only decreased by 30 to 50 dB. 

However, for these last two control actuators, the far-field pressure directivity pat- 

tern presents the same characteristic, as three lobes of directivity are observed in 

Figure 3.5. Therefore, a new and more complex radiating source of higher radiation 

order and lower radiation efficiency has been created. 

Figure 3.6 presents the displacement amplitude of the vibrating system with- 

out and with the different control actuators. When one control force is applied, the 

displacement amplitude presents new characteristics. Small oscillations around the 

constant amplitude value of 10 mm can be observed for negative values of x; for 

positive values of x, the the transmitted wave amplitude is constant and equal to 

10 mm. When two control forces are applied to the system, the same phenomenon 

can be noted. However, in this case, the amplitude of the displacement is almost 

constant and equal to 10 mm for any position on the beam. It should be noted that 

the incident subsonic flexural propagating wave (disturbance) was chosen to have 

a displacement magnitude of 10 mm. Therefore, if the displacement amplitude is 

constant and equal to 10 mm on each side of the blocking mass, it is equivalent to 

saying that the incident flexural wave does not now encounter the mass discontinu- 

ity, but thus propagates as on an infinite beam. This will lead to no radiation in 

the far field as the wave is subsonic. Thus, two control forces are almost totally able 
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to cancel the force and the moment reaction due to the mass discontinuity, such 

that the blocking mass appears to have disappeared from the beam for the incident 

wave. This leads to low pressure levels in the far field, as observed in Figure 3.5. 

When the radiated sound power is controlled by using one pair of control moments, 

the beam displacement amplitude is largely decreased between the blocking mass 

and the actuator position. By reducing the amplitude of the wave impinging on 

the mass, the amplitude of the transmitted waves is also reduced. However, for 

negative values of x away from the discontinuity, the maximum of displacement is 

increased. Therefore, for this actuator, control is effective in reducing the scattered 

wave motion near the mass discontinuity. 

Figure 3.7 shows one-dimensional wavenumber spectra 0(k,) for the uncon- 

trolled and controlled cases. In the representation of the spatial Fourier transform 

of the beam velocity distribution, the different Dirac functions, present in Equations 

(3.18) and (3.19), defining o(k,) are not taken into account, as a plot approaching 

infinity is not practical. When no control is considered, the wavenumber spectrum 

in the supersonic region is constant, which is associated with a monopole radiation 

pattern in the x,z-plane as was observed in Figure 3.5. As expected, for all the 

controlled cases considered, the amplitude of the wavenumber spectrum is largely 

decreased in the supersonic region corresponding to the radiating wavenumber com- 

ponents. On the other hand, the wavenumber spectrum is increased in magnitude 

for wavenumbers larger in absolute value than the structural wavenumber. For both 

cases with control forces, this phenomenon occurs for wavenumbers much larger in 

absolute value than the ones shown in Figure 3.7. The wavenumber spectrum in 

the supersonic region gives the same description of the far-field radiated pressure 

directivity pattern as observed in Figure 3.5. In the case of one control force, the 
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spectrum presents one minimum in the supersonic range, which corresponds to a 

dipole radiation pattern in the x,z-plane. For two control forces or one pair of control 

moments, two minima can be observed in the region of interest. This is associated 

with a radiation pattern with three lobes of directivity in the x,z-plane. 

As in the previous chapter, both pressure and time averaged intensity in the 

x,zZ-plane are calculated using the expressions developed in Appendix D and for the 

uncontrolled case and the different control cases presented in Table 3.2. 

In Figures 3.8 and 3.9 are presented, respectively, the near-field pressure dis- 

tribution and the intensity vector distribution in the x,z-plane for the uncontrolled 

case. Near the surface of the beam system, the pressure distribution shows the 

cell behavior for x < 0 and constant pressure level for x > 0 associated with the 

displacement distribution. The highest pressure levels are located close to the mass 

discontinuity for z < 0, i.e. where the reflected near-field wave is of importance. 

However, as the observation point moves away from the vibrating surface, the ra- 

diated field becomes progressively more uniform and monopole-like in behavior. In 

Figure 3.9, it can be observed that the magnitude of the intensity vectors is maxi- 

mum in the area x > 0 near the mass discontinuity location, where the transmitted 

near-field wave amplitude is the largest. Also, the direction of the vectors (outward 

from the vibrating surface) shows that the energy is radiated from this area. 

Figures 3.10 and 3.11 shows respectively the changes in the pressure and the 

intensity distribution in the near field, when one control force is applied to the beam 

system. Close to the surface of the beam, the pressure field exhibits extremely small 

changes in level on the left side of the blocking mass and is constant on the right 

side. This is associated with the small changes in amplitude of the displacement 
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Figure 3.10: Near-field pressure distribution with one control force for the infinite 

beam with a mass discontinuity at 100 Hz. 
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distribution, as noted in Figure 3.6. However, it can be deduced that the amplitude 

of the transmitted wave has been increased, since the pressure levels are increased 

near the vibrating surface on the right side of the discontinuity. Away from the 

vibrating surface, it is apparent that a region of low pressure has been generated 

in a direction close to 6 = 0° and that the radiated field is transformed to a dipole 

like radiated field, as it was observed in Figure 3.5. Likewise, the intensity vector 

distribution for this case shows that the maximum vector amplitude has been slightly 

increased (by around 1 dB), probably due to the fact that the transmitted wave 

amplitude has been increased. However, the energy flows along the surface of the 

beam instead of radiating to the far field, as the blocking mass has little effect on 

the energy propagation. This corresponds to the fact that a subsonic wave does not 

radiate energy into the far field if it does not encounter a discontinuity on an infinite 

beam. 

When the number of control forces is increased to two, results can be observed 

in Figures 3.12 and 3.13, which respectively show the pressure and the intensity dis- 

tributions in the near field. The controlled pressure field presents a behavior similar 

to the displacement distribution near the surface of the beam, i.e. the pressure levels 

are almost constant along the vibrating surface. However, the pressure field becomes 

more complex as the distance from the vibrating structure is increased. Two regions 

of low pressure have been created, transforming the radiated field to a radiated field 

with three lobes of directivity (as noted in Figure 3.5). As shown in Figure 3.13, the 

intensity vector distribution is practically identical to the one with one control force. 

Because the energy flows along the beam surface without any important changes, it 

seems that the two control forces are able to almost perfectly cancel the force and 

the moment reactions due to the mass discontinuity, in such a way that the new 
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system looks infinite and without any discontinuity to the incident subsonic wave. 

This has to be related to the fact that, as noted previously, a subsonic wave on an 

infinite beam does not produce any energy radiation to the far field; the intensity 

vectors are parallel to the beam and decay in magnitude with increasing z. 

When one piezoelectric actuator is used to control the sound radiation, the 

pressure and intensity distributions are shown in Figures 3.14 and 3.15, respectively. 

The pressure field near the vibrating surface again shows the cell behavior on the 

left side of the discontinuity described previously. The pressure levels near the 

beam surface are largely reduced on the right side of the mass discontinuity, as 

the amplitude of the transmitted wave is highly decreased in this case (see Figure 

3.6). Close to the discontinuity for z < 0, the pressure levels are also attenuated, 

which can also be related to the vibration amplitude of the system under control. 

As for the case with two control forces, two regions of low pressure are generated, 

creating then a radiated field with three lobes of directivity (as noted in Figure 

3.5). However, the attenuation in pressure level is not as large as in the previous 

case. The intensity distribution shows that the energy radiation is important in the 

area where the piezoelectric actuator is located, and that there is almost no energy 

radiation from the right side of the mass discontinuity. In this case, the maximum 

amplitude of the intensity vectors is largely attenuated (by about 16 dB). 

3.5.2 Beam with a mass discontinuity at 1000 Hz 

The proper location of the control inputs is again determined in order to 

obtain the maximum decrease of the radiated power. Figure 3.16 presents the max- 

imum achievable attenuation in power as a function of the control input locations. 
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Figure 3.14: Near-field pressure distribution with one pair of control moments for 
the infinite beam with a mass discontinuity at 100 Hz. 
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When only one control force is applied to control the sound radiation, the maxi- 

mum decrease in power shows a peak at x = 0.0m. Thus, the best location for 

the control force is right under the mass discontinuity, as in the case at 100 Hz. 

When the force is moved away from the blocking mass, small oscillations of the 

power attenuation can be observed. This oscillation phenomena again occurs when 

two control forces are considered. The two forces are still assumed to be located 

symmetrically with respect to the blocking mass. However, they have to be po- 

sitioned as close as possible to the mass discontinuity, so that they can cancel at 

the same time the radiation due to the force and moment reactions caused by the 

constraint. At this frequency, the piezoelectric actuator still does not have to be 

located extremely near the mass discontinuity. However, because in this case the 

wavelength is smaller that in the previous case (100 Hz), it has to be situated closer 

to the blocking mass. A slight peak is observable in Figure 3.16, when the actuator 

is positioned between z = —0.09m and x = —0.05m. Table 3.3 summarizes the 

location and the respective power attenuation achieved for the different types of 

control. For this frequency of excitation (1000 Hz), the obtained power attenuation 

is smaller than for the previously considered frequency (100 Hz). 

Figure 3.17 shows the far-field pressure directivity pattern at a radius r=10 

m, radiated in the x,z-plane for the uncontrolled and the different controlled cases 

presented in Table 3.2. First, it can be observed that the attenuation in pressure 

is not as high as in the previous case at 100 Hz. However, when no control is 

invoked, the radiation pattern can still be associated with a monopole radiation 

structural motion, as the pressure level is almost constant in all directions. In this 

case, without any control, the near-field waves radiate about 21 percent of the total 

acoustic field and the propagating waves around 30 percent. Their interaction is 
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Table 3.3: Optimal control results for the infinite beam with a mass discontinuity 
at 1000 Hz. 
  

  

  

  

Type of Control Location | Power Attenuation 

(m) (dB) 

1 control force 0.00 11.7 

-0.01 

2 control forces 24.7 

0.01 

1 pair of control moments -0.07 18.7 

(piezoelectric)           
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still responsible for about half (49 percent) of the acoustic radiation. With control, 

the radiation due to the near-field waves and the propagating waves is changed to 

about 18 percent and 33 percent of the total acoustic field, respectively. Therefore, 

as was the case for the semi-infinite clamped beam at 1000 Hz, the importance of 

the near-field waves by comparison to the propagating waves is decreased in terms 

of radiation under control. When one control force is applied to the beam system, 

a dipole radiation pattern is generated, corresponding to the fact that this control 

force is trying to cancel the radiation from the force reaction due to the blocking 

mass. The pressure levels are decreased by more than 8 dB. When two control 

forces or a pair of control moments are applied to control the sound radiation, the 

directivity pattern becomes more complex. Three lobes of directivity can be seen in 

Figure 3.17, corresponding to the fact that a higher radiation order source has been 

created. However, two control forces perform better than the piezoelectric actuator, 

as 19 to 54 dB attenuation in pressure level is obtained (14 to 54 dB attenuation 

for the piezoelectric actuator). 

The displacement amplitude of the vibrating beam system without and with 

the different contro! actuators is presented in Figure 3.18. For all the control cases, 

the displacement amplitude is decreased close to the blocking mass for negative val- 

ues of x. Away from the mass discontinuity, for negative x, the maximum amplitude 

of the displacement is decreased when one or two control forces are applied to min- 

imize the sound radiation. However, For either one or two forces, the amplitude of 

the transmitted wave is largely increased (for positive value of x). When one pair of 

control moments is utilized, the transmitted wave is decreased in amplitude. This 

control actuator leads to the largest decrease of the displacement amplitude near 

the mass discontinuity. However, the displacement amplitude is slightly increased 
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away from the blocking mass for negative values of x. Therefore, it can again be 

noted that a decrease in radiated sound power or pressure is not directly connected 

to a decrease in vibration amplitude of the global system. 

The one-dimensional wavenumber spectrum is depicted in Figure 3.19 for 

the uncontrolled and controlled cases. Again, the same characteristics as in the 

previous cases can be noted. For all the different control cases, the amplitude of the 

wavenumber spectrum is largely decreased for the wavenumbers in the supersonic 

region, responsible for the sound radiation, and is increased for wavenumbers larger 

in absolute value than the structural wavenumber. For the uncontrolled case, as 

expected, the amplitude of the spectrum is almost constant in the supersonic region. 

This corresponds to a monopole radiation pattern, as it was observed in Figure 3.17. 

In the case of one control force, one minimum in the spectrum amplitude is obtained 

in the supersonic range, which is equivalent to the dipole radiation pattern noted in 

Figure 3.17. For either two control forces or one pair of control moments, Figure 3.19 

presents two minima in the region of interest, which is associated with a radiation 

pattern with three lobes of directivity, as noted in Figure 3.17. 

3.6 Comparison between experimental and ana- 

lytical work 

The experimental results discussed here were also conducted by Frampton 

{2}. The beam studied in these experiments has a blocking mass on its middle; the 

two ends of the beam are each placed in a separate anechoic termination, so the 

beam appears infinite in both directions. The acoustic radiation is minimized at 

a particular point in the acoustic ’near field” using a multiple channel Filtered-X 
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LMS algorithm, as in the previous experimental results presented in Section 2.6. A 

microphone array and an axial accelerometer array are again used to determine the 

radiated acoustic field and the flexural response of the vibrating beam, before and 

after the control is applied. The wavenumber spectrum is calculated in order to 

study the influence of the control on the far-field acoustic radiation. A comparison 

of the analytical and experimental results is also presented in this section. 

3.6.1 Experimental set-up 

A schematic diagram of the experimental system is shown in Figure 3.20. 

The beam is the same as the one used in the experiments presented in Chapter 

2. The main difference with the previous experiments is that a second anechoic 

termination is placed at the second end of the beam and is located inside the anechoic 

chamber. Therefore, in this case, the beam can be considered as infinite in both 

directions, as no waves are reflected from both ends. The blocking mass consists of 

two blocks of metal, which are placed on each side of the beam in a symmetrical 

way and clamped together with screws. Two masses were constructed. The first one 

(mass #1) is made of aluminum and has the dimensions 5.08cm x 12.7cm x 3.81cm. 

The second one (mass #2), made of steel, is 2.54 cm long, 12.7 cm wide and 5.08 

em high and thus is shorter (in the x-direction) and heavier than the first. The 

microphone array is of the same type as the one used for the experiments on the semi- 

infinite clamped beam, located at a radius of 0.76 m from the mass discontinuity 

(see Table 2.6 for microphone positions). A shaker and a set of piezoelectric patches 

are again the two types of control actuators used in these experiments. The shaker 

is attached to the under side of the beam and baffle at a distance of 3.2 cm on the 
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right side (positive x) of the blocking mass. The piezoelectric actuator is bonded to 

the beam at x = —7 cm on the left side of the discontinuity and is 3.8 cm long. 

Only two cases among all the experiments which have been performed on the 

infinite beam with a mass discontinuity are presented in this section. The first case 

involves a shaker as control actuator, an error microphone located at position 7 on 

the axial microphone array for an excitation frequency of 690 Hz. The second case 

uses a piezoelectric actuator as control actuator, an error microphone at position 

10 on the axial microphone array for an excitation frequency of 510 Hz. These two 

frequencies correspond to subsonic flexural waves. 

3.6.2 Analytical model 

The analytical model used the same derivations as the ones developed in Sec- 

tion 2.6.3. However, in this case, Equations (3.6) and (3.9) are used to described the 

vibration of the beam system when the control shaker and the piezoelectric actuator 

are involved, respectively. The wavenumber spectrum is calculated using Equations 

(3.18) and (3.19), depending on which type of control (shaker or piezoelectric actu- 

ator) is used, in order to observe the influence of the control on the far-field acoustic 

radiation. Again, the value for the magnitude W,, of the incident propagating wave 

is deduced from the experimental data collected from the accelerometer array for the 

uncontrolled case. Also, the length of the beam baffled and located in the anechoic 

chamber, /,, has been determined as 2 m. 
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3.6.3 Results 

3.6.3.1 Frequency of excitation 690 Hz 

For the first case considered in this section, the beam system is excited at 

a frequency of 690 Hz. Blocking mass #1 is positioned on the beam. The error 

microphone is located at position 7 on the axial microphone array (6 = 0°) and 

the control actuator is a shaker located at x = 3.2 cm (to the right of the blocking 

mass). 

The resulting experimental acoustic field without and with control in the 

axial and perpendicular position is shown in Figure 3.21. It can be seen that the 

radiation from the beam system when no control is involved is similar to monopole 

source radiation. When control is invoked, an attenuation of 23 dB at the error 

microphone is achieved. The pressure levels in the rest of the acoustic field in both 

the axial and perpendicular directions are also attenuated. Thus, the control of the 

acoustic pressure at one point leads to a global attenuation of the acoustic field. 

The theoretically predicted acoustic field for the same situation is shown in 

Figure 3.22. These values are calculated assuming the same parameters used in the 

experimental set-up, and again the sound pressure levels are computed at the same 

locations as the experimental microphone array in the axial and perpendicular po- 

sitions in the acoustic field. Note that the complex amplitude of the incident wave 

W,, is obtained from the displacement experimental data without control. Before 

the control is applied, the results agree well with those obtained experimentally. 

The analytical sound pressure levels are slightly higher than the experimental ones, 
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especially noticeable on the perpendicular array, due to the fact that the baffle is 

not infinite and perfectly sealed in the experiments, allowing some of the air near 

the surface of the beam to move back and forth across it. As for the case with 

the clamped edge discontinuity, the theoretical model shows that the length of the 

beam considered to be radiating is an important parameter in terms of pressure 

levels. In the present results, this length is equal to the length of the beam in the 

x-direction surrounded by the rigid baffle (ly = 2m). When the control is applied, 

theory predicts a larger attenuation at the error microphone than produced by the 

experiments. It also indicates an increase in pressure level in the directions defined 

by microphone position 2, 3 and 4 on the axial array. However, the most impor- 

tant difference between analytical and experimental results is that theory predicts 

extremely low pressure level for the perpendicular array. This is probably due to 

the fact that the theoretical model assumes a constant displacement amplitude for 

the beam in the y-direction, which may not have been the case in the experiments 

(for example if the control shaker was not positioned exactly on the central axis of 

the beam). 

Figure 3.23 shows the corresponding theoretical and experimental beam dis- 

placements. Even if the theoretical and experimental results agrees for the general 

amplitude of the displacement without control, they do not for locations close to the 

mass discontinuity. Also, on the left side of the mass (negative x), theory predicts 

increasing vibrational amplitudes with control, while experimental results show the 

opposite. However, both results present an increase of the transmitted wave ampli- 

tude on the right side of the mass (positive x). It should be noted that, in order to 

fit the experimental accelerometer data, a reflected propagating wave from the sec- 

ond anechoic termination (inside the chamber) had to be taken into account. This 
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correspond to the fact that, in Figure 3.23(b), the amplitude of the displacement 

is not constant on the right side of the blocking mass (z > 0.2m). This reflected 

wave was not considered in the theoretical model. Again, in the theoretical analysis, 

it is assumed that the incident propagating wave amplitude W,, is the same with- 

out and with control. However, in the experiments, when the control actuator was 

turned on, the input impedance seen by the input shaker changed, which caused 

the amplitude of the incident propagating wave to change. The spike of amplitude 

near x = 0 in Figure 3.23(b) is probably a result of the assumption in the analytical 

model that the blocking mass was of infinitesimally small length. In order for this 

assumption to be valid, the structural wavelength must be much greater than the 

length of the blocking mass. In this case, while the blocking mass #1 had a length 

of 5.08 cm, the structural wavelength was about 20.6 cm, which gives only a ratio of 

about 4. Then, it seems that this ratio was not large enough to completely validate 

the assumption. In addition, modelling the blocking mass as having a finite length 

would have required a much larger number of accelerometers. 

The wavenumber spectrum of each structural displacement function shown 

in Figure 3.23 is presented in Figure 3.24. The main differences in theoretical and 

experimental displacements (ie. the peak of amplitude close to x = 0 and the 

reflected propagating wave from the second anechoic termination present in the 

experimental results and not in the analytical model) lead to differences in the 

resulting wavenumber spectra. Note that the far-field acoustic pressure is a function 

of the wavenumber spectrum in the supersonic region, i.e. the supersonic region of 

the wavenumber spectrum describes the far-field radiation pattern. Without control, 

the analytical spectrum is almost constant in magnitude in the supersonic region, 

corresponding to a monopole radiation pattern in the far field. This was expected 
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as the pressure pattern in the "near field” depicted in Figure 3.22 was already 

monopole like. On the other hand, the spectrum obtained from the experimental 

accelerometer data without control shows an almost monotonic increase in amplitude 

in the supersonic region, leading in the far field to a pattern with increasing pressure 

level as 6 increases. However, when control is applied, both spectra show increases 

and decreases in amplitude in the supersonic area. The theoretical spectrum presents 

an increase for the supersonic wavenumbers 6 m=! < k, < ko and a decrease for the 

other supersonic ones, with a minimum corresponding to a direction close to 0 = 0. 

The experimental spectrum depicts an increase in amplitude for positive supersonic 

wavenumbers and a decrease for negatives ones, with a minimum for k, = —9.5m7?, 

Therefore, both theory and experiments predict that, while applying control, some 

supersonic wavenumber components are attenuated and some are increased. This 

implies that the acoustic far-field radiation is attenuated in some directions and 

increased in others. 

3.6.3.2 Frequency of excitation 510 Hz 

For the second case, the beam system is excited at 510 Hz. The error micro- 

phone is located at position 10 on the axial microphone array (see Table 2.6). The 

control actuator is a piezoelectric actuator. In order to better furfill the assumption 

of infinitesimal length of the mass discontinuity, a second blocking mass (mass #2) 

with a shorter length than the first one was used. In this case, the ratio between the 

structural wavelength and the blocking mass length is increased to about 9 (larger 

than in the previous case, which was around 4). This is expected to diminish the 

“spike” effect at c = 0. 
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The acoustic field for the experimental case without and with control is shown 

in Figure 3.25 for the axial and perpendicular directions. When no control is applied, 

the sound radiation has a monopole radiation pattern. When the control is involved, 

an attenuation of 41 dB is obtained at the error microphone, while a global reduction 

on the order of 8 dB is obtained in the rest of the acoustic field. Again, controlling 

the acoustic field at the error microphone leads to a decrease of the pressure levels 

in both axial and perpendicular directions. 

The analytical acoustic field for the same situation is presented in Figure 3.26. 

Before the control is applied, the predicted results agree well with those obtained 

experimentally. The uncontrolled pressure levels are again slightly higher than the 

experimental ones. This is, as noted previously, probably due to the finite size of the 

rigid baffle used in the experiments. When the control is invoked, large attenuation 

is achieved at the microphone error location. Elsewhere in the acoustic field, the 

sound pressure levels are slightly attenuated. 

Figure 3.27 shows the theoretical and experimental displacement amplitude 

without and with control. The two agree well without control, while they disagree 

with control. This is especially evident for positions near the blocking mass and 

also for positions on the right side of the mass (positive x). This may be due 

to several factors. First, under control, the piezoelectric actuator creates a back 

reaction changing the amplitude of the incident wave. Secondly, near the blocking 

mass, it seems that some error in measurements of the accelerometer data under 

control occurred. As noted previously, the accuracy of the decomposition method 

for the experimental results is very sensitive to this type of error. Also, the large 

increase of the vibrational amplitude on the right side of the blocking mass (positive 
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x) for the experimental case under control is partially due to a significant reflected 

propagating wave from the second anechoic termination (inside the chamber). Note 

that this wave is not taken into account in the analytical model. 

The resulting theoretical and experimental wavenumber spectra are presented 

in Figure 3.28. For the uncontrolled case, both spectra predict a monopole radiation 

pattern in the far field, since they are almost constant in the supersonic region. Un- 

der control, the theoretical model shows a slight decrease of radiation in all directions 

(defined in the supersonic region). On the contrary, the spectrum obtained from 

the experimental data with control is increased in magnitude for all wavenumbers. 

These differences in wavenumber spectrum between analytical and experimental 

results under control are due to the fact that the corresponding displacement am- 

plitudes did not agree well as noted previously. Especially, the significant amplitude 

of propagating waves on the right side of the discontinuity leads in the wavenumber 

domain to a distributed spectra peaking at k, = +k; with large amplitude. This 

causes the wavenumber spectrum amplitude to greatly increase under control. 

3.7 Summary 

The active control of sound radiation from an infinite beam with a mass dis- 

continuity was analytically studied. As in the case involving the semi-infinite beam, 

control forces and a pair of control moments, approximating, respectively, shakers 

and piezoelectric actuators, were shown to be effective in actively modifying the sys- 

tem vibrational response in order to reduce the radiated acoustic field. The results 

demonstrate that the contro] actuators have to be located close and symmetric to 
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the mass discontinuity to achieve high attenuation in radiated acoustic power and 

pressure in the far field. If only one actuator is used in the control process, it has to 

be located on the incident wave side, such that the wave can be changed before it 

impinges on the discontinuity. The attenuation of the radiated acoustic field is again 

related to a decrease of the supersonic components of the vibrational response of the 

system and not necessarily to a decrease of the amplitude of the global vibrational 

response. In the near field, the pressure and intensity distributions demonstrate that 

the highest levels of radiation are located near the mass discontinuity, i.e. where the 

reflected and transmitted structural vibrational near-field waves are of importance. 

They respectively show that, under control, one or two regions of low pressure lev- 

els are generated by reducing the radiation from the blocking mass discontinuity. 

The maximum power attenuation is decreased when the frequency of excitation is 

increased. Therefore, the number of actuators has to be increased in order to obtain 

the high level of power attenuation as the frequency is increased. 

Experimental results on an ”infinite” beam with a blocking mass were com- 

pared with related analytical ones. Large pressure attenuation was obtained at the 

error microphone location along with a global decrease of the pressure field in both 

the axial and perpendicular directions when using either a shaker or a piezoelec- 

tric actuator to actively modify the beam vibrational response. Differences between 

experimental and theoretical results were observed mainly due to the two reasons. 

First of all, theory assumes that the mass is lumped along the line at c = 0. In the 

experiments, even if the ratio of the structural wavelength and the blocking mass 

length is chosen large in order to validate this assumption, some peaks of ampli- 

tude are observed in the displacement distribution at z = 0. A second reason of 

disagreement between experiments and theory is that the second anechoic termi- 
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nation used in the experiments did not fulfill its role very well, as some reflected 

waves, which were not taken into account in the analytical model, were generated. 

However, it was shown that, while controlling the pressure level at one point in the 

acoustic near field”, the acoustic far field radiation was not necessarily attenuated, 

as the wavenumber spectrum was not necessarily decreased in magnitude in the 

whole supersonic region. These results indicate that for good sound reduction the 

error microphones need to be located much further from the beam in the acoustic 

field. 
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Chapter 4 

Finite Simply-Supported Beam 

Recently, the dynamic behavior of a feedforward controlled simply-supported 

beam has been studied by Burdisso and Fuller [36, 37] analytically and experimen- 

tally. They demonstrated that the simply-supported beam has new eigenproperties 

to the disturbance when the control is applied to minimize either the out-of-plane 

motion at one point on the beam or the radiated pressure level at one point in 

space. However, they used a modal decomposition approach to develop their ana- 

lytical work. Using this approach, an infinite number of modes has to be considered 

in order to include the effect of the structural near-field waves. In the modal ap- 

proach, only the lowest mode numbers are usually considered, and therefore, the 

structural near-field waves are usually not included. In this study, the wave ap- 

proach is utilized rather than a modal expansion in order to take into account the 

influence of the nonpropagating near-field waves. 

In this chapter, active control of sound radiation from a finite simply- 

supported beam is studied. The beam is subjected to a harmonic input force and the 

resulting acoustic field is minimized by applying a control point force (both forces 
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approximating shakers). For a single frequency, the flexural response of the beam 

subject to the input and control forces is expressed in terms of flexural waves of both 

propagating and near-field types. The optimal control force complex amplitude is 

derived by minimizing the acoustic radiated pressure at a single point located in 

the far field. On determining the optimal control force, it can be resubstituted in 

the constitutive equations for the system and the minimized fields can be evalu- 

ated. The main scope of the work is to investigated how the control of the radiated 

pressure at the minimization point occurs and to determine the importance of the 

structural near-field waves in terms of predicting performance in active control of 

structurally radiated sound. To this end, the radiated pressure due to the flexural 

propagating wave and the flexural near-field wave, respectively, is compared at the 

minimization point before and after the control is involved. It should also be noted 

that in this case, the position of the control force is fixed (i.e. it is not optimized to 

obtain the best control condition) and that the system is chosen to be identical to 

that considered previously in [36, 37]. Note that these results have been presented 

in [43]. 

4.1 Simply-supported beam flexural displace- 

ment 

The Cartesian coordinate system used in this analysis and the location of the 

simply-supported beam in the coordinate system are shown in Figure 4.1. The beam 

is taken to be located in an infinite baffle (in the x,y-plane) and simply-supported 

boundary conditions are applied at both ends, i.e. at z = +1/2, where / is the total 

length of the beam. The time dependance for all the fields is assumed to be e~***. 
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Figure 4.1: Coordinate system for the simply-supported beam. 
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The simply-supported beam is first excited by an input shaker, modelled as 

a point force F,, located at « = ay. To achieve active control, a control point force 

F, located at x = ay, approximating a contro] shaker, is then applied to the beam. 

This system is described in Figure 4.2(a). 

Consider an infinitely long beam. F, and M, and Fy and M, applied on 

the infinite beam in the manner shown in Figure 4.2(b) with the correct complex 

values will create at 2 = —I/2 and x = 1/2 respectively the boundary conditions 

of a simply-supported beam. Hence, the part of the infinitely long beam, which 

located between —1/2 < x < 1/2, will behave in every respect as if there were 

simply-supported condition at both ends [44]. Thus, the response of the beam due 

to 

an input point force F,, located at c = a, (the disturbance) 

a point force F located at 2 = —I /2 (due to the simply-supported condition) 

e aline moment M, located at z = —! /2 (due to the simply-supported condition) 

a point force F) located at x = 1/2 (due to the simply-supported condition) 

a line moment M, located at x = 1/2 (due to the simply-supported condition) 

and a control point force F, located at z = a, 

has to be derived. 

In this case, the beam is assumed to be slightly damped. Structural damping 

is included by using a complex modulus of elasticity defined as 

a 

E = E(1-i8) , (4.1) 
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Figure 4.2: (a)Schematic of the simply-supported beam. (b) Forces and moments 
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where £ is the damping ratio or loss factor. The equations developed in Appendix 

A are also valid when F is replaced by the complex modulus of elasticity. It can be 

noted that the structural bending wavenumber ky also becomes complex due to the 

damping. 

Thus, using the superposition principle and Equations (A.16) and (A.19), 

the flexural displacement of the beam system as shown in Figure 4.2(b) is given, for 

—I/2<2< 1/2, by 

iF, t spelen ; | wir) = an e! flr-an| 4+ je ks le-on| 

(@) = Fang | | 
4 fetter) 4 genre] Ms [efby(et) _ e-hy(e+)] 
4EIk3 4E Tk? 

iFe [ky be) 4 genky(b-a)] M2 pieyb-e) — g-ke(f-a) fe UES 7? 4 ge SIN 277) 4 = e277) — eT Ba 
4ETKS | | 4ETk? | | 

iF [ ékyle-acl 4 ¢-~kyle—ael 4 Je [etkslemael 4 jemkslemeel] 4.2 
4ETkS | | (4.2) 

The forces, F, and Fy, and the moments, M, and Mz, are found in such a 

way that the system satisfies the simply-supported boundary conditions at r = —1/2 

and at x = [/2, which are defined by 

w(2 = —1/2) = w(r = 1/2) =0 , (4.3) 

and 

O*w Ow Her = 1/2) = az (e = 1/2) =O. (4.4) 

Then, the four unknowns magnitudes are given by a system of four linear equations, 
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which can be written in matrix form as 

(1 +2) (ets! + tes!) 0 —ik (ett! — en Fr!) 

(ets! + ie *s!) (1 +2) ik,(et*s! _ en Fy!) 0 

(—1+i) (eM! + te7*r') —2ik; ik, (efs! + e#s!) 
(elt iemh!) (14a) —iky(elte! + e-*s!) Dik, 

F, r — (fsa) + ie *s(aton)) 

Fy _ — (ei#s(2-2n) + ie~*r(g-on)) x 

* M, 7 —(-e tky(3 +n) + ie~br(zten)) Fy t 

My 5 —(— etks(5—- On) + 1e —ks(4 ~an)) 

| —(etks(gtee) + ie ks(gtae)) 

~(etks(a-2) 4 ge-ks(z-ee)) | 
—(—eiks(atee) 4 gemkr(atoe)) [oo 

i —(—eths (2-2) 4 ie7*1(2-e)) 

(4.5)   
Therefore, the four unknowns F,, Fy, M, and M, are determined as functions 

of the input point force F, and the control point force F,. For simplification of the 

notation, the unknowns are given by 

F, An(t) A.(1) 
Fy _ A,(2) r A.(2) 7 

Wt |= | Anta) |" * | Acta) | “) 
M, A, (4) A.(4) 

where the A,(j) and A,(j) for 7 = 1,4 can be deduced from Equation (4.5) after 

standard matrix manipulation. 

Thus, the flexural displacement of the simply-supported beam is given, for 

—1/2< 2 < 1/2, by the following expression 

iF, or sg 
W(x = = n e’ tlz-an| + je Rr le—an| 

() = TETK | 

+ (An(1) + tkyAn(3))e +2) + (GA,(1) — ky A,(3))e7hs +2) 
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+ (An(2) — thy An(4))e 2-9) + (GAQ(2) + thy An(4))e 2-9) 

iF, 

+ (Ad(1) + ikyA-(3))e"*@42) + (1A,(1) — thy A.(3) es 2) 

[eftsle-ac 4 ben Frle—ael 

+ (Ac(2) — ikpAc(4))e/- + (iAe(2) + ikyAc(4))e~*(2-9)] . (4.7) 

It should be noted at this point that a simply-supported boundary condition 

only transforms an incident propagating (or near-field) wave into a propagating (or 

near-field) wave; travelling waves incident on a simple support do not generate a 

reflected near-field wave (unlike a clamped boundary condition, which couples an 

incident propagating wave with a reflected propagating wave and a reflected near- 

field wave). Thus, in this case, the input force (disturbance) and the control force 

are mainly responsible for the presence of near-field flexural waves and the near- 

field waves at the simply-supported boundaries are due to the reflection of incident 

near-field waves created by these two forces. 

4.2 Far-field radiated pressure 

From the radiation point of view, the simply-supported beam system is 

considered as a two-dimensional structure and thus the displacement, as in the 

previous cases, is constant along the width of the beam. Hence, the out-of-plane 

displacement can be rewritten as 

w(z,y) = w(z) , (4.8) 

for |z| < 1/2 and |y| < l,/2, where 1, represents the width of the beam. 
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Using the spherical co-ordinate system as shown in Figure 4.1, as derived 

in Appendix B using the method of stationary phase, for a 2-D system with light 

fluid loading, the far-field radiated pressure can be closely approximated by the 

expression 

tkor 

p(r, 9, d) = —twpod(ko sin 8 cos ¢, kg sin 6 sin ¢) = , (4.9) 

  

where 0(k,, ky) represents the spatial Fourier transform of the velocity of the simply- 

supported vibrating beam structure. 

This expression, as noted previously, gives the far-field radiated pressure as 

a function of the double spatial Fourier transform of the out-of-plane beam velocity 

for ,/k2 + k? < ko, which is defined as the supersonic region. 

It is now necessary to find the spectral response of the simply-supported 

beam under study. 

4.3. Wavenumber spectrum 

The double spatial Fourier transform is again defined by 

+oo too . ; 
d(ke, ky) = f. [. v(z, yee drdy , (4.10) 

which in this case reduces to 

1/2 ply/2 . 
D(ke, ky) =/ f v(x, ye te“ dyda , (4.11) 

i/2 Ji, /2 

as the beam is again assumed to be located in a rigid infinite baffle, i.e. v(r,y) = 0 

for |z| > 1/2 and |y| > l,/2. 
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As the beam displacement is again taken to be constant along the width of 

the beam (see Equation (4.8)), the double integral can be separated into two single 

expressions 

~ _ en yy —tker b(kz, ky) = [re rela v(r)e"'"*" dr 

(ky )8 (ke (4.12) Rr
 

where v(x) can be derived from Equation (4.7). 

The expression of 0(k,) is identical to that obtained previously 

_ sin(k,l,/2) 
o(ky) = B/2 (4.13) 

and the expression of i(k,) is found to be 

hw F, etksan _ pilky—kz) $tikyan eikzan _. eilksthe) 5 —ikyan 

z + 
4E Ik? ky ~k, ky + ky 

eikzan _ o-(kptike)b—kyan — pikzan _ e—(ky—ike) pth pan 

ky + ik, r kj — ik, 
_ gilky+he) 

r (A, (1) + tks A,(3))e ~theg ie 

    

  

  

  

ky + ke 
_— —(ky—-tkz)l 

_ ~ik,t i e€ 

l —_— i(ky—ka)t 

+ (A,(2) — ikyA,(4))e#* 8 ———— ky — ke 
il _ e7 (ky tike)! 

A, (2) + ky A,(4))ette2 + (An(2) + bpAa(4)) ele 
4 iwF, etkrae — eilke—ke) Etikyae + etkzMe _ etlksthe) 5—tky are 

4BIkS ky — ke ky + ke 
1 etkeae _ p—(kytike) thar ; cikzae _ o-(ky-ike) btkyare 

ks + tk, ky — ik, 

1—e i(ks+kz)! 

A.(1) + ik ~iks5 + (Ae(1) + ip Ac(B) jer 
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_ on (ky—ike)l 

+ (A,(1) — kyA,(3))entes 2 ky — ik, 

+ (Aj(2) — ikyAe(4))ettes 
ik il— ew (kstike)! 

By separating the double spatial Fourier integral into two single integrals, 

o(k,) is then found to be independent of the input and control forces. Thus, only 

the one-dimensional wavenumber spectrum i(k,) will be studied before and after 

the control is applied. 

4.4 Optimal control theory: directional active 

control 

In the following control strategy, the sound pressure level is to be minimized 

in the far field at one specified point located at (r.,9-,¢-) in the spherical co- 

ordinate system. Thus, the optimal complex amplitude of the control point force 

F, is obtained by minimizing the square value of the pressure modulus at the point 

(re, 9, Ge) in the far field. Therefore, in this case, the cost function, defined as the 

square of the pressure modulus, is 

A = p(re, Ge, be)p" (Te, Fe, be) , (4.15) 

where ’*’ denotes the complex conjugate. 

To simplify the notation, the far-field radiated pressure at (re, 4¢, de) is rewrit- 
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ten as 

P(Te, O., be) = N(re, Be, be) Fy + Cire, Be, e)F, ’ (4.16) 

where the values of N(r.,0-,¢-) and C(re,@.,¢-) can be deduced from Equations 

(4.9), (4.13) and (4.14). Therefore, the cost function A to be minimized can be 

rewritten as 

A = N(re,9e, be)N* (re, 9e, be) Fn Ft + N (re, 9e,be)C* (te, Oe, be) Fink? 

aw 

+ 

+ N(re, Be, $e)O (res Bes $e) Fae + Cre, Be, be)O"(res Ge, be) FFE . (4.17) 

This cost function is a real quadratic function of the control force and is 

equivalent to Equation (C.1) in Appendix C in a one-dimensional case. Therefore, 

using Equation (C.3), the optimal control force complex amplitude is determined as 

N (ey Ger Ge) gr (4.18) Fo=- 
° Cre, 6., be) 

It was demonstrated in Appendix B, that a direction of radiation (6, ) in 

the far field is equivalent to a couple (ke, k) in the wavenumber domain, defined by 

kp = osin 8 cos ¢ . (4.19) 

ky = ko sin @sin } 

Therefore, minimizing the radiated pressure in the far field at (r.,6.,¢,) is equiva- 

lent to reducing the wavenumber spectrum at (kze, kye), where kz. and ky. can be 

determined using the previous equation. Wavenumber domain control approaches 

based on this concept have been demonstrated in [45]. The control force is then 

independent of the radius r,, if r. is large enough to place the minimization point 

in the far field. Thus, this type of control is referred as a directional control, as the 
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radiation is ‘minimized in the direction (6, ¢-) in the far field. 

4.5 Individual flexural wave contribution 

Since the out-of-plane displacement of the beam is given in terms of both 

propagating and nonpropagating near-field waves, it is possible to determine their 

relative contribution to the radiated far-field pressure. 

Equation (4.7), giving the out-of-plane displacement of the simply-supported 

beam, can be rewritten in the form 

w(t) = Wye(2) + Was(2) , (4.20) 

where w,,(z) and w,;s(z) represent respectively the propagating (terms in e***/*) 

and nonpropagating near-field (terms in e+*s*) components of the out-of-plane beam 

flexural displacement. Upon taking the spatial Fourier transform of each displace- 

ment component, the far-field radiated pressure can be then expressed as 

P(r, 8, b) = Ppr(r, 8, d) + Pras (7, 9, 9) ; (4.21) 

where pp,(r, 8, ¢) and p,;(r, 6, ¢) are respectively the pressure radiated by the prop- 

agating and near-field components of the beam displacement. This decomposition 

of the pressure into two components respectively due to the propagating waves and 

to the near-field waves is expected to show the mechanisms by which the control 

is achieved at the minimization point, as well as enabling a study of the relative 

contributions and importance of the different wave types. 
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4.6 Results 

The beam characteristics are presented in Table 4.1. The input point force 

is taken to have a magnitude of 1 N and located at tr = a, = —0.4/. The control 

force position is fixed at 2 = a, = 1/8. Three different frequencies of excitation are 

studied: 31.7 Hz, corresponding to the first flexural mode of the system, 126 Hz, 

corresponding to the second flexural mode of the system, and 600 Hz, corresponding 

to an off-resonance frequency of the system. The radiated pressure is computed at 

a radius r = 7.62 m from the center of the beam, which is well into the far field. 

The pressure field is minimized at the location (r, = 7.62 m,@. = 0,¢, = 0) in 

the spherical co-ordinates, which is at a distance of 7.62 m above the center of 

the beam in the x,z-plane. By minimizing the radiated pressure in the far field at 

this location, the wavenumber spectrum is minimized at k,, = 0 and k,, = 0, as 

explained previously. Since only the one-dimensional wavenumber spectrum 6(k,) 

is studied, its amplitude is expected to be minimized at k,, = 0 under control. 

4.6.1 On-resonance excitation at 31.7 Hz 

Figure 4.3 shows the far-field pressure radiated in the x,z-plane by the 

simply-supported beam for an excitation frequency of 31.7 Hz, corresponding to 

the first mode resonance point. First, it can be noted that, as expected for this 

frequency, the radiation from the beam, when no control is involved, is similar to a 

monopole source corresponding to the structural motion of the first mode. For this 

particular case, the radiated pressure due to the propagating flexural waves and the 

near-field flexural waves respectively is shown in Figure 4.4(a) and is monopole like 
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Table 4.1: Simply-supported beam characteristics. 

  

Width 0.04 m 

  

Length 0.38 m 

  

Flexural stiffness | 5.305 Nm? 

  

Density 6267 kg/m 

  

Damping Ratio 0.1%         
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Figure 4.3: Far-field pressure radiated in the x,z-plane for the simply-supported 
beam at 31.7 Hz. 
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Figure 4.4: Components of the far-field pressure radiated in the x,z-plane for the 
simply-supported beam at 31.7 Hz. (a) without control. (b) with control. 
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for both of them. It can be seen that the radiation is mostly due to the propagating 

waves and that the two different types of waves radiate in phase such that their 

associated radiated fields add coherently (as the total sound pressure level is larger 

than either each). When the control force is applied to the beam in order to at- 

tenuate the pressure at the minimization point, Figure 4.3 shows that the pressure 

is nearly completely attenuated (reduction of 81 dB in all directions). In Figure 

4.4(b), it can be observed that the radiated pressure due to the propagating flexural 

wave has been attenuated by about 65 dB, and that the radiated pressure due to 

the near-field waves has been reduced by 15 dB. When the control is invoked, the 

sound pressure levels associated to these two types of waves are equal (about 15 dB 

in all directions). However, as the total radiated pressure is completely attenuated, 

it can be deduced that these two different flexural waves now radiate out-of-phase, 

such that their associated radiated field cancel each other. 

Figure 4.5 shows the out-of-plane displacement without and with control. 

Before the control force is applied, the displacement corresponds to that expected. 

The mode shape corresponds to the first mode of the simply-supported beam with 

a maximum of vibration at the center of the beam. When control is applied, the 

displacement of the beam is reduced to a very low level of vibration (hardly observ- 

able on the figure). Therefore, in this case, the attenuation of the radiated pressure 

is associated with direct attenuation of the vibratory motion of the beam. 

The one-dimensional wavenumber spectrum (d(k,)) is shown in Figure 4.6. 

In the case without control, the spectrum corresponds exactly to that expected for 

a fundamental mode, with a maximum of amplitude at k, = 0 (see [39]). When the 

control is involved, the wavenumber spectrum amplitude is reduced to an amplitude 
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Figure 4.5: Displacement for the simply-supported beam at 31.7 Hz. 
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Figure 4.6: Wavenumber spectrum for the simply-supported beam at 31.7 Hz. 
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close to zero for all the wavenumbers. The extremely small amplitudes in the super- 

sonic region (region defined as the radiating wavenumber components) correspond 

to the fact that the pressure is nearly completely attenuated (as noted in Figure 

4,3). 

4.6.2 On-resonance excitation at 126 Hz 

For the second case, the beam is excited with a frequency of 126 Hz near the 

second mode of vibration. Figure 4.7 shows the far-field radiated pressure without 

and with control. For the uncontrolled case, the radiation pattern is similar to that 

of a dipole radiator, as it is expected for the second mode of vibration. However, 

the sound pressure level is not zero at 9 = 0, as the pressure radiated by the second 

mode by itself should be. This is probably due to the fact that the vibratory motion 

has small components from other modes and so is not perfectly anti-symmetric 

with respect to the center of the beam due to the non symmetric position of the 

disturbance force. Figure 4.8(a) shows that the propagating flexural wave is mostly 

responsible for the sound radiation in all direction except for 6 close to zero. The 

near-field flexural waves still radiate as a monopole radiator, even if the overall 

motion is dominantly dipole like. At 6 = 0, these two types of waves radiate in 

phase. When the control is invoked, the sound pressure level is attenuated at the 

minimization point and for @ very close to zero, elsewhere it is slightly increased 

(about 2.5 dB). Figure 4.8(b) shows that the pressure field due to the near-field 

waves has been decreased by 6 dB; on the other hand, the pressure field due to 

the propagating waves has been increased by about 2 dB. However, at @ = 0, the 

acoustic pressure radiation due to the propagating waves and the one due to the 

201



  

      
  

°o 

-45 45 

aa << a ~ | 
fp 

/ Ny \\ 
/ ly \ / 1 

/ i \ 
I ! \ 

go°| - } 90° 
90 60 30 0 30 60 90 

Sound Pressure Level (dB ref. 20 Pa) 

without control 

~ — — — with control 

Figure 4.7: Far-field pressure radiated in the x,z-plane for the simply-supported 
beam at 126 Hz. 
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Figure 4.8: Components of the far-field pressure radiated in the x,z-plane for the 
simply-supported beam at 126 Hz. (a) without control. (b) with control. 
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near-field waves are equal and out-of-phase, such that the total radiated pressure at 

6 = 0 is cancelled. This result implies that the attenuation at the error point is due 

to the interaction of the propagating and near-field waves; a result, which stresses 

the importance of the near-field components. 

The out-of-plane displacement can be observed in Figure 4.9. It corresponds, 

as expected, to the second mode of vibration, with a node at the center of the beam 

and a maximum displacement at z = +!/4. When the control is applied, the mode 

shape is unchanged but the vibration level is increased. Thus, in this case, the 

attenuation of the pressure level at the minimization point in the far field leads to 

an increase of the vibratory motion. Note that the near-field terms in the structural 

response are unobservable. However, being monopole like, they are more efficient 

radiators than the propagating component, which increases the near-field structural 

motion importance in terms of the radiated acoustic field. 

The one-dimensional wavenumber spectrum for the uncontrolled and con- 

trolled cases can be observed in Figure 4.10. The shaded region denotes the super- 

sonic region. As expected for the uncontrolled case, the wavenumber spectrum peaks 

for kz ~ +|ky|, where |ks| is the modulus of the complex structural wavenumber. 

This maximum can also be related to k, ~ +27/Il, corresponding to the second flex- 

ural vibrational mode of the simply-supported beam determined by modal analysis. 

When the control is applied, the amplitude of the wavenumber spectrum is largely 

reduced at k, = 0 and is slightly increased for all other wavenumbers. This increase 

of magnitude in the supersonic region and the large decrease at k, = 0 correspond 

to the observation made on Figure 4.7. The spectrum still presents the same peaks, 

i.e. the mode shape of the beam is not changed by the control (as noted previously 
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Figure 4.9: Displacement for the simply-supported beam at 126 Hz. 
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in Figure 4.9). 

4.6.3 Off-resonance excitation at 600 Hz 

The last case studied corresponds to an off-resonance excitation of the simply 

supported beam at 600 Hz. Figure 4.11 shows the far-field radiated pressure without 

and with control. The radiation pattern without control is almost like a dipole 

radiation pattern with only a slight node around 6 = 0, implying contributions from 

several modes. In Figure 4.12(a), it can be noted that the near-field flexural waves 

still radiate as a monopole radiator, and are radiating 12.5 dB more in level than the 

propagating waves at 6 = 0. The two wave components radiate in phase and thus 

add coherently. When the control is applied, the far-field radiation from the beam 

is reduced to a dipole radiation structural motion, with no radiation in the direction 

6 = 0. The sound pressure levels are also well reduced for the directions close to 

6 = 0 and slightly attenuated elsewhere. It can be noted in Figure 4.12(b) that at 

6 = 0, the radiation from the near-field waves has been reduced by 7.3 dB and the 

one from the propagating waves has been increased by 5 dB. The attenuation of the 

total sound pressure level at 6 = 0 again occurs because the two components radiate 

equally and out-of-phase. 

Figure 4.13 shows the out-of-plane displacement, which is close that cor- 

responding to the fourth mode (507 Hz), without control. Three node and four 

anti-nodes can be observed; however, the displacement distribution is not symmet- 

ric with respect to the center of the beam. When the control is invoked, the mode 

shape is changed as the location of two nodes are moved, and the maxima of am- 

plitude are attenuated. It can also be noted that the displacement amplitude is 
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attenuated between z = —I/2 and the location of the input force. In this case, the 

minimization process leads to a small decrease of radiation for directions not close 

to 6 = 0 and to a change of mode shape and a decrease in maximum amplitude of 

the out-of-plane displacement. 

Figure 4.14 shows the one-dimensional wavenumber spectrum with and with- 

out control. For the uncontrolled case, two main peaks can be observed close to 

k, ~ +|k;| and two other ones closer to k, = 0 located at kz = +|k;|/4. The two 

main peaks, also corresponding to k, ~ 47/I for modal analysis, shows that the 

fourth flexural vibrational mode is mostly responsible for the response of the beam 

at this frequency. When the control is invoked, the spectrum amplitude is reduced 

in all the supersonic region with a large attenuation at k, = 0. The general shape 

of the spectrum is changed (the values of k, for which the peaks occur are slightly 

increased), which is related to the change in the mode shape of the vibrating beam 

noted previously. 

4.6.4 Control comparison without and with near-field 

waves 

It is interesting to investigate the control performance by calculating the op- 

timal control forces using only propagating waves and then calculate the minimized 

field using the expressions, which include both near-field and propagating waves. 

Such calculations should give some insight on the consequences of neglecting the 

near-field waves, when predicting the performance of realistic ASAC system. Table 

4.2 presents the amplitude and phase of the control forces in order to control re- 

spectively the total pressure field and the pressure field only due to the propagating 
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Table 4.2: Optimal control force amplitude and phase. 

  

Frequency 

of 

excitation 

Force to control 

pressure due to 

both wave types 

Force to control 

pressure due to 

propagating waves only 

  

1** Mode 31.7 Hz 0.334435 N , £179.99° 0.334232 N , 2179.99° 

  

274 Mode 126 Hz 0.252983 N , £179.98° 0.112613 N , £179.89° 

    Off-Resonance 600 Hz   0.427298 N , £179.86°   0.152152 N , 2179.30° 
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waves minimized in the direction 6 = 0. First, it should be noted that the control 

force is for all cases out-of-phase (phase close to 180°) with the input or disturbance 

force. 

For the first mode of the simply-supported beam, the control of either the 

total pressure or the pressure due to the propagating waves leads to almost the 

same optimal amplitude value for the control force. This was expected, as it was 

noted in Figure 4.4(a) that the propagating flexural waves are mainly responsible 

for the sound radiation at this frequency. When control minimizes the pressure due 

to only propagating waves at 0 = 0, the pressure due to the near-field waves is 

still reduced by half in all directions (i.e. in the same way as observed in Figure 

4.4(b) when control minimized the total radiated pressure). However, in this new 

control situation, the pressure due to the propagating waves are highly reduced 

in all directions and becomes negligible compared to the pressure radiated by the 

near-field waves. Therefore, the total pressure field under this control situation is 

approximately equal to the pressure field due to the near-field waves under control, 

which is about 16.5 dB in all directions. 

For the second mode and off-resonance cases, Table 4.2 shows that the op- 

timal control forces calculated with the near-field waves neglected are significantly 

different than when both wave types are included (corresponding to the realistic sit- 

uation). Figure 4.15 presents the controlled radiation directivity (calculated using 

both wave types) for the frequency of 600 Hz, corresponding to the optimal gain 

derived from only propagating wave information. When compared with Figure 4.11, 

it is apparent that the main effect of ignoring the near-field waves on calculating 

the optimal gain is to markedly reduce the attenuation obtained at the error micro- 
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phone. At other locations, the residual sound levels are increased by approximately 

3 dB. Calculations reveal that the residual value at the error microphone in Figure 

4.15 is equal to the near-field waves contribution at this point. This observation 

agrees with the usual observability requirements in control system performance (i.e. 

to be controlled, a variable has to be first observed). 

4.7 Summary 

The active control of sound radiation from a simply-supported beam was 

analytically studied. For excitation on- and off-resonance, a control point force ap- 

proximating a shaker were shown to be effective to actively modify the vibrational 

response of the system in order to obtain directional sound control, i.e. the min- 

imization of the acoustic radiated pressure at one point located in the far field. 

The large decrease of the radiated pressure at the minimization point was shown 

to be caused by the destructive combination of the pressure radiated respectively 

by the propagating flexural waves and the nonpropagating near-field flexural waves 

(equal and out-of-phase). This phenomenon proves that, even if the near-field flex- 

ural waves can be neglected in terms of vibration, they play an important role in 

terms of radiation and control. This characteristic is due to the high radiation eff- 

ciency associated with the monopole source term of the structural near-field waves. 

The attenuation of the radiated acoustic pressure at the minimization point in the 

far field was related to a decrease of the supersonic wavenumber component, corre- 

sponding to the direction of minimization, in the vibrational response of the system. 

This attenuation was not necessarily associated with a decrease of the amplitude in 

the global vibrational response of the system. The results in general demonstrate 
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that structural near-field waves play an important role in active structural acoustic 

control and should be considered in the design of ASAC systems. 
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Chapter 5 

Conclusions 

The goal of this work was to show that active control of sound radiation due 

to subsonic wave scattering from discontinuities on beams is theoretically feasible. 

Subsonic flexural waves do not radiate sound to the far field except when they en- 

counter discontinuities. The resulting sound radiation is due to the wave scattering 

behavior at the discontinuities location. Two types of discontinuities were studied 

in terms of radiation: an edge or boundary type discontinuity (wave reflection), and 

a point discontinuity (wave reflection and transmission). These discontinuities were 

located on three different beam systems: a semi-infinite beam with a clamped edge, 

an infinite beam with a mass discontinuity, and a finite simply-supported beam. 

The active control of sound radiation was achieved by applying either control forces, 

approximating shakers, or paired contro] moments, approximating piezoelectric ac- 

tuators directly on the structure. 

The flexural response of the different beam systems was expressed in terms 

of waves of both propagating and near-field types. By adopting this approach, the 

effects resulting from near-field and propagating waves interactions with disconti- 
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nuities are fully included. This method also allowed for the investigation of the 

importance of the near-field waves in the control mechanism. The far-field pressure 

was then evaluated using the Rayleigh’s formula or the stationary phase method, 

both approaches leading to an expression in terms of the double spatial Fourier trans- 

form of the structure velocity. Different cost functions were considered depending 

on the desired control performances. For a global control (i.e. global attenuation 

of the far-field radiation), the cost function was defined as the radiated acoustic 

power. For a directional control (i.e. attenuation of the far-field radiated sound at 

one point in space or in the equivalent direction), the cost function was taken to be 

the square of the pressure modulus at the minimization point, or the square of the 

wavenumber spectrum modulus for the wavenumber equivalent ot the direction of 

radiation to be controlled. 

In the case of a global control, the influence of several parameters such as the 

number of control actuators, the type of control actuators, the location of control 

actuators, and the frequency, was investigated in terms of attenuation of the radiated 

field. The influence of spatial windows, such that a rectangular window and an 

exponential window, applied on the displacement of the semi-infinite clamped beam 

was studied. Some experiment results were also presented and compared with related 

analytical ones for the semi-infinite clamped beam and the infinite beam with a 

mass discontinuity. In order to understand the control mechanism, changes in the 

beam vibrational distribution and radiated field were studied using the far-field 

radiated pressure, the flexural displacement, the wavenumber spectrum, the near- 

field pressure distribution, and the near-field averaged intensity distribution. 

Several important conclusions were identified. 
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. Control forces, approximating shakers and pair of control moments, approx- 

imating piezoelectric actuators were shown to be effective to actively modify 

the vibrational response of the system in order to obtain global or directional 

control of the radiated acoustic field. 

. High attenuation in radiated acoustic power and pressure in the far field was 

generally achieved when control actuators were located close to the disconti- 

nuity. This was due to the fact that the control was effective in reducing sound 

radiation by modifying the scattered wave motion near the discontinuity. 

. One control force could only cancel the radiation from the force reaction due to 

the discontinuity. On the other hand, two control forces or one pair of control 

moments were able to simultaneously highly reduce the radiation from the 

force and the moment reactions at the discontinuity. A new radiating source 

of higher order with an associated lower radiation efficiency was created. 

. The attenuation obtained by applying either two control forces or one pair 

of control moments was found comparable. However, the use of piezoelectric 

actuator seems preferable as it does not have to be located as close as possi- 

ble to the discontinuity and also the maximum achievable attenuation is less 

sensitive to its location along the beam. 

. The reduction of the radiated acoustic field was not directly related to a de- 

crease of the amplitude in the global vibrational response of the system. How- 

ever, the changes in the vibration distribution due to the control were localized 

near the discontinuity. Thus, the control was effective by reducing the scat- 

tered wave motion near the discontinuity, i.e. where the near-field waves are 

of importance. In the case of the semi-infinite clamped beam, it was deduced 
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that the effective windowing of the beam response was changed from a step 

window to a more smoother edged window close to the discontinuity. This has 

the effect of reducing the low wavenumber components in the spectrum of the 

beam response. Therefore, significant sound attenuation can be achieved with 

very smal] changes in the beam response. 

6. The wavenumber spectrum in the supersonic region was shown to provide 

a full description of the far-field radiated pressure directivity pattern of the 

system. Thus, the reduction of the radiated acoustic field was directly related 

to a decrease in the supersonic wavenumbers in the vibration response of 

the system. The decrease in amplitude of the wavenumber spectrum in the 

supersonic region was found to be due to small changes in the beam vibration 

distribution near the discontinuity. 

7. As the frequency of excitation was increased, the performances of the control 

were diminished for a same type and number of actuators. It was deduced that 

the number of actuators has to be increased when the frequency is increased 

in order to obtain a constant magnitude of attenuation. 

8. A comparison between analytical and experimental results showed that they 

demonstrated the same trends. They both agreed on the fact that, while con- 

trolling the pressure field at one point in the acoustic ”near field”, the acoustic 

far field was also globally attenuated for the semi-infinite clamped beam. In 

the case of the infinite beam with a blocking mass, the far-field radiation was 

not necessarily reduced in all directions, due to the more complicated waves 

interactions at the discontinuity location. 

9. It was demonstrated that, when a rectangular window was applied to the 
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10. 

11. 

displacement of the semi-infinite clamped beam, the radiated power was highly 

dependent on the window length. When located well outside the window, 

either one control force or one pair of control moments was able to almost 

completely cancel the effect of the incident wave, as only part of the waves 

generated by the actuator was participating to the radiation. 

To overcome the difficulty of the rectangular window, an exponential window 

was considered to be applied to the system. The results showed almost the 

same characteristics as the case without spatial window. 

In the case of the simply-supported beam, the large decrease of the radiated 

pressure at the minimization point was shown to be caused by the destructive 

combination of the pressure radiated respectively by the propagating flexu- 

ral waves and the nonpropagating near-field waves. This demonstrated that 

structural near-field waves play an important role in active structural acoustic 

control and should be considered in the design of ASAC system. 
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Chapter 6 

Recommended Future Work 

A few investigations in ASAC are recommended as follows: 

1. Beams have been considered through out this thesis. However, other structures 

used in practice such as plates, cylinder and shells are also of interest. It 

would be interesting to generalize on more complex structures, the previously 

described behavior of sound radiation under control. 

2. More experiments allowing control and sensing in the acoustic far-field could 

be conducted in order to further validate the theoretical model. 

3. It was found that the pressure in the far-field was directly related to the 

wavenumber spectrum in the supersonic region. Therefore, global control 

could be obtained by taking the cost function equal to the integral over the 

supersonic region of the square of the wavenumber spectrum modulus. This 

would allow to control the far-field acoustic radiation with only information 

obtained from the vibrational distribution. Experimentally, such a control 

could be implemented by using a distributed sensor (for example PVDF film) 

223



directly applied on the structure and spatially filtering out subsonic wavenum- 

ber components. 

. In the present study, the length of the piezoelectric actuator was considered 

constant. However, the attenuation of the radiated acoustic field is function of 

the actuator length. Therefore, an optimization of the piezoelectric actuator 

geometry, as well as its location, should be performed in order to increase the 

control performance. 

. For all of the analytical work presented in this thesis, an harmonic single 

frequency disturbance was assumed. However, the disturbance is often random 

or broadband in practice. Therefore, it would be of interest to extend this work 

to a broadband frequency excitation. 
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Appendix A 

Vibrations Of Infinite Thin 

Beams 

In the analysis, beams are assumed to follow the basic Bernouilli-Euler 

theory of bending (thin beam theory). The solutions are then valid under the 

following assumptions: 

e The loads act normal to the surface and the resulting displacements are as- 

sumed to be uniform in the vertical section of the beam. 

e The deformations are small compared to the beam thickness. 

The shear deformations are negligible compared to the bending deformations. 

The neutral axis is unstrained. 

The rotational inertia is not taken into account. 

The cross-sectional area remains constant and normal to the neutral axis. 
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Most of these derivations have been developed from basic vibration theories [46, 47, 

48, 49]. 

A.1 Equation of motion 

In this section, the Bernouilli-Euler theory of bending is used to develop the 

equation of motion. All the beam parameters are taken to be constant throughout 

the length of the beam. Figure A.1 shows the free-body diagram corresponding to 

a beam element of length dz. The bending moment about the y-axis is given by 

0? w(z, t) 
Ox? , 

M; = EI (A.1) 

where EJ is the flexural stiffness (F is the Young modulus of elasticity and J the 

cross-sectional area moment of inertia), w(z,t) is the flexural displacement in the 

z-direction. 

Using the moment equilibrium about the y-axis and neglecting the rotary 

effect, the shear force is evaluated as a function of the bending moment 

_ OM, 
Ts Ox 

  (A.2) 

From Newton’s first law, the sum of the forces on a beam elementary segment of 

length dz is 

0’ w(z, t) (A.3) 

where p is the volume density of the beam material, S is the beam cross-sectional 

area and q(z, t) is the external force per unit length. When the derivative of Equation 
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Figure A.1: Free-body diagram of the beam. 
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(A.2) with respect to z is substituted in Equation (A.3), the resulting equation is 

0°M; 

Ox? 
  

6? w(s, t) 
+ 9(z,t) = pS—a a (A.4) 

The substitution of the second derivative with respect to x of the bending moment 

M; into Equation (A.4) yields 

4 2 zy? w(x, t) 4 0S w(z,t) 
Ox4 Ot? = q(x, t) ° (A.5) 

Assuming a time dependence of the form e~**, where w is the angular frequency, the 

basic equation of motion for beam loaded with a force/unit length q¢(z, t) is finally 

obtained 

O*w(z,t) 2 _ 
EI—y — pSw*w(z,t) = g(z,t) . (A.6) 

A.2 Flexural response to a point force 

The point force applied to the infinite beam, as shown in Figure A.2 is 

denoted by F'6(x — a)e~*t, where F is its complex magnitude (in Newton) and 

6(z — a) is the spatial Dirac delta function, i.e. the point force F is applied at the 

location x = a. This force is in complex form in order to take into account phase 

differences. In Equation (A.6), this point force is substituted for the forcing term 

q(z,t); there results the following equation 

4 A . 

pe) — pSw?w(z,t) = Fé(x — ae" , (A.7) 

which can be rewritten as 

aA 

P ~iut Er? —aje , (A.8) 
O*w(z, t) 

act kiw(z,t) = 
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Figure A.2: Infinite beam with a point force. 
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where the structural wavenumber is defined by 

Sw?\*/4 ky = (= . (A.9)   

The spatial Fourier transform of Equation (A.8) gives 

+00 44 +00 , / O*w(z,t) vey, _ kt f w(x, the’ da 

-—0o Oxr4 

+oo , . . 
= / F6(x — ae" dz. ~~ (A.10) 

Denoting the spatial transform of w(z,t) by 

+00 . 

(2,1) = / w(2, te" de , (A.11) 
— oo 

knowing that the spatial Fourier transform of the delta function 6(2 — a) is 

+00 . . 
/ 6(z — a)e*'’”*' dr = e *” (A.12) 
—oo 

and assuming that 

Puw(z,t) A w(z,t)  Ow(z,t) 
    ag? ag? a 0 at c=+oo, (A.13) 

Equation (A.10) can be reduced to 

v*w(v,t) — kpw(v,t) = Fe7tte-tve (A.14) 

or 

~ Freéive —iwt 

Then, taking the inverse spatial Fourier transform of Equation (A.15) and using the 

method of residues, the displacement due to a point force F located at any position 
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zx = aon the beam is obtained: 

a 

F ; . w(x, t) _ TEE jeftsle-al 4+ ie“Frle—all| ent (A.16) 

It can be noted that a point force creates two different flexural waves on each side 

of the application point: a propagating flexural wave (first term in bracket) and a 

nonpropagating near-field flexural wave (second term in bracket). 

A.3 Flexural response to a line moment 

The line moment is assumed to be constant in magnitude across the beam 

width and can be described as M6'(x — a), where M is its complex magnitude and 

xz = a is its location, as shown in Figure A.3. In Equation (A.6), this line moment 

is substituted for the forcing term, which gives 

a 

M ~iw — kfw(2,t) = BT —aje"™ , (A.17) 
d*w(z, t) 

Ox* 

Using the same derivation as in the previous section, it can be shown that 

. ivMe~ivo tw 
w(y, t) = El(*— ky t : (A.18) 

Taking the inverse spatial Fourier transform, the displacement due to a line moment 

located at any position z = a on the beam is then obtained: 

—Msgn(z — a) 

w(t) = —~“ Tare 
[eibrle-al _ evkylenal] goiet, (A.19) 

where 

+l ifr>a 

—1 otherwise 
sgn(x — a) = (A.20) 
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Figure A.3: Infinite beam with a line moment. 
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In this case, it can be noted that a line moment also creates two different flexural 

waves on each side of the application point: a propagating flexural wave (first term 

in bracket) and a nonpropagating near-field flexural wave (second term in bracket). 

However, the phase between these two waves is different from the case when a point 

force is applied (previous section). 

Equations (A.16) and (A.19) give the out-of-plane displacement of an infinite 

beam submitted to a point force and a line moment respectively. Using the super- 

position principle, the out-of-plane displacement of an infinite beam due to multiple 

point forces and/or multiple line moments can be easily derived by combining these 

two equations. 

A.4 Flexural response to a piezoelectric actua- 

tor 

A piezoelectric actuator, when bonded to the surface, effectively induces a 

surface strain due to its contraction and expansion when excited by an oscillating 

voltage. Usually, the piezoelectric elements are used in pairs positioned symmetri- 

cally on each side of the structure and driven with the same signal, 180° out-of-phase, 

resulting in uniform bending about the structure neutral axis. In this configuration, 

piezoelectric actuators create line moments acting around the actuator boundaries, 

as shown by Dimitriadis et al. [27]. The width of the piezoelectric actuator is taken 

to be the same as the width of the beam. Crawley et al. [26, 50] demonstrated that 

a piezoelectric actuator bonded on a beam in the configuration mentioned above 

can be modelled as two line moments concentrated at each edge of the piezoelec- 

tric actuator, as shown by Figure A.4. If the piezoelectric actuator length (in the 
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Figure A.4: Infinite beam with a piezoelectric actuator 
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x-direction) is denoted by Z,, the out-of-plane displacement due to a piezoelectric 

actuator acting on an infinite beam can be deduced from the theory of the previous 

section (Equation (A.19)) using the superposition principle 

—M . 

w(z,t) = 4ETKR [sgn(x — (a + L,)) (eftsle-(otZa)| _ eWhsle—(o+Le)l) 

—sgn(z — a) (eftsle—al _ e~hsleal) ev iat (A.21) 
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Appendix B 

Acoustic Pressure Radiated From 

A Vibrating Structure 

It should be noted that, in terms of radiation, the beam system is considered 

as a two-dimensional structure and then the displacement is taken to be constant 

along the width of the beam system. It is also assumed in this study that the fluid 

loading is negligible, i.e. the beam vibration is not affected by the fluid motion due 

to sound radiation. 

It is conceivable that the discontinuity associated with the lateral edges of 

the beam could produce acoustic radiation. Lyon [51] investigated the acoustic 

radiation associated with the scattering of structural waves in a plate obliquely 

incident on a line discontinuity. It was shown that the far-field acoustic radiation 

would occur only if the projected structural wavenumber component along the line 

discontinuity is less than the wavenumber in the surrounding acoustic medium. In 

the present study, the structural waves travel parallel to the lateral edges (only in the 

x-direction) of the beam. Therefore, the trace wavenumber along the edges is equal 

to the structural wavenumber k;. As it is assumed that the flexural waves traveling 
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along the beam system are subsonic, i.e. the structural wavenumber is greater than 

the wavenumber in the surrounding acoustic medium, no far-field acoustic radiation 

occurs due to the discontinuity associated with the lateral edges of the beam. 

The coordinate system used to evaluate the acoustic pressure field in the 

following sections is shown in Figure B.1. 

B.1 In the near field 

In principle, the sound field generated by a vibrating surface can be evaluated 

by solving the wave equation subject to the boundary conditions imposed by the 

surface and by any other bodies present. It has been shown by Lord Rayleigh [52] 

that the wave equation and boundary conditions can be combined in an integral 

equation, known as the Kirchhoff-Helmholtz integral. 

For a single harmonic vibration of frequency w and for a planar vibrating 

surface Sp located in an infinite rigid baffle, the integral giving the acoustic pressure 

at an observation point located at (r,@,¢) in the acoustic medium is reduced to the 

so-called Rayleigh’s integral as 

p(r, 6,4) = I 2iwpov(xo, yo)g(R)dSo , (B.1) 

where v(Zo, yo) is the out-of-plane velocity of the vibrating surface, R is the distance 

between the elementary source dSp and the observation point and po is the density 

of the acoustic medium. The free-space Green’s function is defined by 

eikoR 
_ 2 g(R) = 
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Figure B.1: Coordinate system for pressure evaluation. 
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where ko is the acoustic wavenumber given as kg = w/co and co represents the speed 

of sound in the acoustic medium. Then, the Rayleigh’s integral can be rewritten as 

eikoR 

(0,8, 4) = —iwpo | v(20, yo) dS - (B.3) 
0 

  

Since v(z9, yo)dSo is the volume velocity of an elementary area of the surface 

So, the planar vibrating structure located in an infinite bafHe is equivalent of a 

distribution of point sources. 

Equation (B.3) is generally not tractable when the observation point is lo- 

cated in the near field (i.e. close to the vibrating surface). In this case, a numerical 

integration is performed over the surface So of the vibrating structure to evaluate 

the pressure in the near field. 

Note that the rigid baffle is considered in order to eliminate the dipole effect 

created by the motion of the fluid between the front and the back of the vibrating 

structure. Thus, the presence of the rigid bafHle implies that all of the sound power 

is radiated by the vibrating structure into a hemispherical half-space bounded by 

the plane of the baffle. The requirement that the baffle be infinite means that edges 

are far enough removed for the diffraction effects originating there to be ignored. 
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B.2 In the far field 

B.2.1 Rayleigh’s formula 

In the far field, the distance R between the elementary source dSo located 

at (zo, yo) and the point of observation located at (r,0,¢) is approximated by 

24 4/2 
R= 1 ~ zosind cosd— yo sind sin 6 +0 | O*10) , (B.4) 

Replacing Equation (B.4) into Equation (B.3) and neglecting the error term (last 

term in Equation (B.4)), the Rayleigh’s integral is transformed into the so-called 

Rayleigh’s formula as 

  
tkor oo ; 

p(r, 8,¢) = ~iwpo= [ v( xo, Yo)e Fe in (0 cos ot 40 SIN) GS, (B.5) 
2ur So 

The double spatial Fourier transform of the structure velocity is defined as 

+00 f+oo k k 

(kz, ky) = / / v(Zo, yo)e Pe | YY drodyo , (B.6) 

which reduced to 

0(kz, ky) =f. v(x, yo)e te darodyo , (B.7) 
0 

as the vibrating structure is located in a rigid infinite baffle. Notice that the double 

spatial Fourier transform of the system velocity at the values k, = kgsin @ cos ¢ and 

ky = ko sin @ sin ¢ is equal to 

0(ko sin 6 cos ¢, ko sin @ sin ¢) = f v(Zo, yo)e*™ sin 6(ro cosd+yosind) qo dug , (B.8) 
0 
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which is the integral present in Equation (B.5). Therefore, the Rayleigh’s formula 

is reduced to the expression 

tkor 
e 

6,¢)=-1   0(ko sin 6 cos ¢, ko sin @ sin ¢) . (B.9) 

Thus, the far-field pressure is given as function of the double Fourier transform of 

the structure velocity. 

B.2.2 Stationary-phase method 

For a general rectangular sound radiator, the acoustic radiated pressure 

can be also expressed [46] as an inverse double Fourier transform over a continuous 

wavenumber spectrum 

  p(r, 0, ro) = ny? 

fo [- a o(ke, oa eit (KB —k2—kG)?/? cos 6+k,z sin 6 cos #+ky sin sind] dk dk, (B.10) 

This integral can always be evaluated in the far field. Equation (B.10) can be 

rewritten as 

  
W po 

r,0,¢ A, B.11 P(r, 9,6) = (On)? (B.11) 

where 

+oo p+oo . 

A = / / D(kz, ky em dk dhy , (B.12) 

(kz, ky) 
O(k,,k,) = ———4+_~ . 

Wk, ky) = —[(kj — k2 — k?)*/? cos6 + k, sin 6 cos ¢ + ky sin # sin ¢] .(B.14) 
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For large positive value of r, the stationary-phase method assumed that the 

principal contribution to the integral A arises from the neighborhoods of the phase 

stationary points, i.e. the region where the phase is constant with either of the 

-irW (ke, two integration parameters, because rapid oscillations of e *y) tend to cancel 

contributions to the integral. The stationary points of the phase k, and k, are 

therefore defined by 

ou aw < - 
Dk, ~ Ok, 0 at ke =k, and ky=ky . (B.15)   

Then, the approximate value of the integral A is given by the expression [53] 

27 1 

“o'r DE BYPF O(k,, bye Fahy) (B.16) 

where the determinant D is given by 

OvVev ey, 
  

It can be shown that the stationary points are 

k, = kosin 9 cos (B.18) 

ky = kosin@sing . (B.19) 

Hence, noting that (kj — k2 — k?)!/? = kg cos@ or \/k2 + k2 = kov/1 — cos? 9, it can 

be deduced that 

  

  

~ = b(ky,k oh) = Seed | (B.20) 
W(k,, ky) = —ko , (B.21) 

— 1 
Dke, ky) = (F op) . (B.22) 
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Thus, the integral A is found to be approximated by 

tkor 

A = —2ini(ke, ky) —. (B.23) 
r 

  

Finally, the far-field radiated pressure is given by the expression 

thor 

p(r, 8, ¢) = —twpod(ko sin 8 cos ¢, kg sin 6 sin ¢) 5   - (B.24) 

Hence, the stationary-phase method and the Rayleigh’s formula do not con- 

sider the same approximation, yet they give the same expression for the radiated 

pressure in the far field (as Equations (B.9) and (B.24) are identical). Both formu- 

lations show that the far-field radiated pressure is a function of the double Fourier 

transform of the out-of-plane structure velocity for [kz + 2 < ko, which is defined 

as the supersonic region in the wavenumber spectrum. It can also be noted that in 

the far field, a direction of radiation (6 , ¢) is equivalent to a couple (ke, ky), defined 

by Equations (B.18) and (B.19) in the wavenumber domain. 
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Appendix C 

Optimal Control Theory 

To develop an optimal control, a cost function must be chosen and then 

minimized. This cost function representing the acoustic quantity of interest is taken 

to be a real quadratic function of the strengths of the control inputs introduced to 

control the radiated acoustic field. For a given arrangement of the vibrating system, 

this quadratic cost function has a unique minimum value associated with an optimal 

set of control inputs. The most general cost function is defined by the total radiated 

power, which is obtained by integrating the far-field radiated acoustic intensity over 

a hemisphere. Such a cost function usually leads to a global sound attenuation. The 

cost function can also be defined as the sum of the squared pressure modulus at a 

finite number of position in space, if a finite number of microphones are located in 

the radiated acoustic field. Similarly, the cost function can also be defined through 

a finite number of accelerometer located over the surface of the vibrating structure. 

Any of these possible cost functions can be written in matrix form as a function of 

the disturbance or noise vector N and the control input vector C 

A = NT[A|N* + NT[AB]C* + CT[AB]**N* + CT[BIC™ , (C.1) 
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where the matrices [A], [AB] and [B] are a representation of the radiated acoustic 

field to be minimized, ’*’ denotes the complex conjugate and []? is the matrix 

transpose operator. The first term in Equation (C.1) represents the primary radiated 

acoustic field due only to the disturbance applied to the system. It can also be noted 

* that the matrix [B] is an hermitian matrix having the property [B]? = [B)*. 

A general solution for this type of optimization problem has been developed 

by Nelson et al. [54]. The condition for the global minimum of the cost function A 

iS 

OA ~—=—S LOA 

where C? and C! represent the real and imaginary part of the control vector C 

respectively. If LZ control inputs are considered to minimize the chosen acoustic 

field, the function A is dependent on 2L variables constituting the real and imaginary 

parts of the control input vector. This kind of cost function then describes a *bowl 

shaped’ hypersurface, which has a unique global minimum. Figure C.1 shows an 

example of surface described by such a cost function when only one control input is 

considered (L = 1). 

Thus, taking the derivatives of the cost function A with respect to the real 

and imaginary part of the control vector leads to the optimal solution for the control 

complex amplitudes 

C = -((B}) [ABP = -((B] ABI (C.3) 

where []~! denotes the inverse matrix function. To ensure a unique global minimum, 

the hermitian matrix [B] must be positive definite, i.e. all eigenvalues of [B] are real 
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Figure C.1: Example of a real quadratic cost function. 
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and positive. 

Thus, replacing Equation (C.3) into Equation (C.1), the minimum of the cost 

function A is 

Amin = N7([A] — [AB][B]-*[AB]"*)N" . (C.4) 
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Appendix D 

Intensity Distribution In The 

Near Field 

The sound intensity distribution in the acoustic field has been proved useful 

in studying the flow of energy. Sound intensity is a vector quantity equal to the 

time average of the product of the sound pressure and the associated particle velocity 

vector in the acoustic medium. The magnitude and direction of the intensity vectors 

are a measure of how energy or sound propagates from the source, in this case the 

vibrating structure, into the surrounding acoustic medium. 

The Rayleigh’s integral giving the radiated acoustic pressure in the near 

field has been derived in Appendix B in the spherical co-ordinate system (Equation 

(B.3)). It can be rewritten in the rectangular cartesian co-ordinate system as 

    
ikoR _ _twpo f e€ p(2,y,2)=—SE | -v(20,yo)dSo , (D.1) 

where R is given by 

R = [(z — 20)? + (y — yo)? + 27]? . (D.2) 
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This integral is numerically evaluated in order to compute the pressure at the loca- 

tion (x,y,z) in the near field. 

D.1 Particle velocity in the near field 

The fluid particle velocity vector, d, can be determined by using the mo- 

mentum relation 

~ 
e 2 ~ 

d(z,y,z) = -——Vp(z,y,z) , (D.3) 
Pow 

where the vector operator V is defined in cartesian co-ordinate system by 

<
 II 

2|
e (D.4) 

Therefore, the fluid particle velocity vector is expressed as 

So (Enzo oRA) 2" v(z0; yo)dSo 

* 1 ae \ ike RL) «i 

d(z,y, 2) = —5— Jig, LvedPoRV) eM" u(x, yo)dSo | - (D.5) 

S50 - a oe v(20, Yo) dSo 

It can be noted that the three components of the particle velocity vector are given 

  

by integrals. These integrals cannot be evaluated analytically in the acoustic near 

field. Therefore, they are numerically integrated over the surface So of the vibrating 

beam. 
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D.2 Time averaged intensity in the near field 

As a complex representation is employed to describe the pressure and particle 

velocity fields, the averaged intensity or mean active intensity is defined by [55] 

I(z,y,z) = - Real {p(t,y,z)d"(2,y,2)} ; (D.6) 

where the ’Real’ function gives the real part of a complex expression, p(z,y,z) is 

the radiated acoustic pressure given by Equation (D.1) and de, y,z,) is the fluid 

particle velocity given by Equation (D.5). Note that this implies intensity is a vector 

quantity. Equation D.6 represents the quantity which the most widely measured and 

corresponds to the most commonly stated definition of sound intensity as the long- 

time-average rate of flow of sound energy through a unit area of fluid. 

Attention will be restricted to the representation of the intensity vector in 

the x,z-plane because intensity distributions in three dimensions are too complex to 

visualize and illustrate. Therefore, only the first (x) and the third (z) components 

of the intensity vectors will be calculated and combined to give a total vector. 
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