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ABSTRACT 

Free-space optical communication technology has many advantages over RF/microwave 

in satellite and other spacecraft applications where reductions in size, weight and prime power 

requirements are combined with increased data transfer capability over long distances. 

Ultimately, the design and implementation of free-space optical communication systems is 

dependent on suitable analysis of the link. The analysis of these systems is difficult due to the 

complicated time-varying propagation of optical energy over the free-space channel. This 

difficulty is combined with a shortage of suitable analytical expressions for adequately 

determining the performance of free-space optical receivers. As the link must be modeled and 

analyzed, simulation of the free-space optical communication link can initiate the process of 

exploring the application of lightwave technology to the free-space channel. A_ prohibitive 

amount of time is required to simulate receiver bit error rate (BER) performance at the low 

error rates of interest. This dissertation presents the results achieved in reducing the amount of 

time required to simulate, to a given accuracy, the bit error rate performance of an APD based 

free-space optical receiver. 

An improved technique for the importance sampling simulation of direct detection APD 

receivers has been developed. Two methods for efficiently simulating and biasing the probability 

distribution function of the APD process are presented and discussed. This is the first use the 

Webb, MclIntyre, Conradi statistics in importance sampling simulation of an APD. The general 

procedure for applying importance sampling to the optical communication system simulation 

problem is presented in detail. The technique of importance sampling has been extended to 

include the simulation of maximum likelihood optical M-ary PPM receivers, an optical receiver 

relevant to free-space applications. The use of importance sampling is shown to reduce the time 

required to simulate M-PPM APD receivers by several orders of magnitude, from 9000 years to 

less than one hour in one example.
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CHAPTER 1 

INTRODUCTION 

The use of optical frequencies for spacecraft communication offers many advantages over 

traditional RF and microwave systems. These include increased bandwidth and data rate 

capability combined with a smaller size and weight for antennas. The realization of functional 

optical communication systems requires careful analysis and design. The analysis of free-space 

communication systems is difficult to perform analytically and must usually be performed with 

the liberal use of approximations. The task becomes exceedingly difficult when the effects of the 

atmospheric channel are considered because of the time varying nature of optical propagation 

through the atmosphere. Because of these difficulties, a simulation of the free-space optical 

communications system was chosen as the vehicle for analyzing link performance. 

Simulation is a powerful and flexible tool for the solution of nonlinear communication 

systems problems. Its primary weakness is in the time required to achieve accurate results, 

especially when working with systems with low probability of error. It is desired to investigate 

the effects of the free-space channel on the reception of optical signals with low probability of 

error when a direct detection Avalanche Photodiode (APD) based receiver is used. This research 

has been directed at reducing the amount of time required to simulate, to a given accuracy, the 

bit error rate performance of a free-space optical receiver. 

The simulator of a given communications system link can take different forms 

dependent on what aspect of the system is to be investigated. It is important then to consider 

at the beginning what the ultimate purpose of the simulator is to be, as this is a consideration 

during the design. 

1.1 LEO SATELLITE COMMUNICATION 

The original motivation for this study is rooted in a desire to improve the space to earth 

communications capability of small Low Earth Orbiting (LEO) spacecraft. Communication at 

optical frequencies should provide improved communications performance at a smaller size and 

weight. Such a system will operate as a burst-type communications link because of the time 

varying nature of the optical path through the earth’s atmosphere. 
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The current trend in LEO satellites is a return to small size and weight with specific and 

individualized functionality. This is a result of several factors related to the economics of launch 

and construction and a desire to shorten the average ten year time span required for the design, 

construction and launch of a large spacecraft with multiple functions. Other factors are 

technical; for example some missions are best suited to lower earth orbits, such as some earth 

sensing missions. This “smaller is better” trend is aided by the concurrent advancement of 

general electronic technology which is permitting the design of spacecraft that are smaller and 

more powerful. The new smaller spacecraft are nearly as powerful in their ability to gather and 

handle information as their larger, primarily geostationary earth orbit (GEO), predecessors. 

The communications capacity of these smaller spacecraft needs to grow with their increased 

capability. 

There are several issues that come into play when discussing communications systems 

for LEO spacecraft. Size and weight are always a consideration on any spacecraft but a smaller 

spacecraft bus implies less real estate on which to attach antennas. This creates a need for 

smaller antennas. As there is a direct relationship between the gain of an antenna and its size 

relative to a wavelength, one is immediately compelled to consider communication in the higher 

frequency portions of the electromagnetic spectrum. Additionally, the VHF/UHF and 

microwave spectra are crowded with space borne communications systems as well as terrestrial 

transmitters. The use of higher frequencies allows the use of smaller antennas and generally 

requires lower prime power while permitting a higher data bit rate. The penalty is that with 

increasing frequency the atmosphere begins to have a greater effect on the quality of the received 

signal. Another factor in any LEO satellite communication system is that due to their low 

altitude, LEO satellites are not continuously visible over a given earth location. If high data 

rate communication links can be achieved, even in bursts, then the utility of LEO spacecraft 

may be increased for some applications [1][2]. There is clearly a place for optical communication 

for LEO satellite to earth applications but the optical system must be designed to counter the 

specific difficulties of the atmospheric path. 

Optical communication through the atmosphere has been under study and consideration 

for over 30 years. Its modern study came with the perfection of practical coherent optical 

sources. It was then that communications engineers began to truly appreciate something that 

had been painfully known to astronomers for decades: that optical propagation in the 

atmosphere is subject to turbulence, beam wander, scattering and absorption. Optical 

communication between earth and a moving spacecraft will be subject to all of these problems 
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and more. Whether inside or outside the atmospheric channel, free-space optical links often 

require high antenna gain. The resulting narrow beams impose severe pointing and tracking 

requirements in order to maintain each optical terminal pointed at the cooperating terminal. 

This requires a knowledge of the spacecraft vibration spectrum and the design and engineering of 

realizable control systems to compensate for this error source. The pointing and tracking 

problem is but one example of the multitude of problems and issues involved in the 

implementation of an optical earth-space link. The study of free-space optical communications 

is truly multi-disciplinary and the subject can easily fill whole volumes [3][4][5]. We have 

therefore taken one piece of this problem for in depth study. We have chosen the issue of pulse 

propagation through the free-space channel and its effect on the direct detection reception of 

optical M-ary Pulse Position Modulation (M-PPM). 

1.2 OPTICAL COMMUNICATION SYSTEMS USING PPM 

1.2.1 M-PPM 

M-ary Pulse Position Modulation (M-PPM) has been shown to be superior to On-Off- 

Keying modulation over free-space optical channels[6]._ M-PPM is a discrete type modulation 

scheme in which information is imparted onto the signal by the position in time that an optical 

pulse appears after the beginning of the PPM word. The M-PPM signal format and the 

optimum receiver architecture for its reception are described in detail in Chapter 2. Briefly, the 

M-PPM signal consists of a series of PPM words. A PPM word is a period of time in which a 

single pulse of light is made to reside in only one of M equal time slots within the word. This 

arrangement results in an alphabet of M different PPM words. For example, if a PPM word is 

designed to have four possible time slots in which a pulse might reside then the receiver 

function, after becoming synchronized to the beginning of the M-PPM word, is to determine 

which of the four time slots within the word period contained the laser pulse. With an alphabet 

of four words each word can be assigned two binary bits. That is, since there are four 

combinations of two binary bits each PPM word carries the information of two binary bits. 

When the slot is selected, the transmitted signal can be decoded into binary based on which 

time slot within the M-PPM word was found to contain the pulse. 

1.2.2 The Free-Space Link 

A block diagram of a complete optical communication link is shown in Fig. 1.1. Each 

block can be simulated on a digital computer and a sampled signal waveform can be transmitted 
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through each block. The binary data source generates random binary data, with an equal 

probability of ones and zeros. This binary data are converted into a M-PPM waveform by the 

M-PPM encoder. This M-PPM signal is applied to a model of the laser transmitter. An 

accurate simulation of a realistic optical communications link requires that the turn-on, turn-off 

characteristics of the laser transmitter be included in this model of a transmitter. Any aspect of 

the transmitting optics which affects the quality of the transmitted waveform should be modeled 

as part of the transmitter as well. This may include, for example, any pointing and tracking 

loop hardware which may cause changes in the amplitude of the received signal due to variations 

in pointing. 

The transmitted waveform is applied to the model of the free-space optical channel. 

The channel model will vary depending on the link of interest and should model all channel 

effects which may result in the reception of an error. Such effects include any dispersive 

phenomena, multipath fading, attenuation due to channel scattering and absorption, etc. It 

may also include any background signal sources as well. After leaving the channel, the signal is 

applied to a model of the receiver. An accurate receiver model must include the effects of the 

pointing and tracking optics on the signal and any losses incurred by the receiver optics. The 

remainder of the receiver model includes models of the individual components; the APD, 

additive thermal noise of the receiver electronics, the preamplifier and filter and the PPM to 

binary decoding circuitry, for example. The output of the receiver is then the detected bit 

stream. 

1.2.8 The Optical Channel and the Mazimum Likelihood Receiver 

In an optical channel, whether free-space or fiber guided, the carriers of information are 

the photons emitted from the source. Photons arrive in a random fashion that can be described 

by quantum theory. The photon arrival times are Poisson distributed so that the number of 

photons that arrive in any finite length of time, a PPM slot interval for example, is also Poisson 

distributed. This quantum nature of the photon counting channel results in a signal with noise- 

like properties even in the absence of external noise sources. 

Pierce [7] showed that for the noiseless photon counting optical channel, PPM could 

obtain infinite channel capacity (in bits/photon) in the limit of infinite receiver bandwidth and 

infinite transmitted peak power. The optimum receiver in the maximum likelihood sense for a 

PPM signal counts detected photons in each slot [8][9][10][11]. The slot with the greatest count 

at the end of the PPM word is selected as the one which contained the transmitted pulse. It has 
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been shown that best performance of a PPM system in the presence of constant background 

radiation and a finite average power constraint is obtained by signaling with high peak power, 

short duration (impulsive) optical pulses [8] where the observable is the count of incident 

photons: the shorter the pulse the better the performance. This is not practical for at least two 

reasons. First, vanishingly short pulses would require an infinite bandwidth receiver, in the 

limit. Secondly, the finite average power constraint requires an ever increasing peak power 

which soon becomes impractical with real laser sources. 

Over the free-space optical channel, the field of view of the receive telescope collects not 

only transmitted signal energy but also optical energy from extraneous sources. This 

background energy is transformed into output current along with the desired signal energy. 

Thus one of the slots of the PPM word has the transmitted signal energy in combination with 

background energy. The remaining M-1 slots have only background radiation. These are the 

empty slots. All previous literature dealing with PPM has considered that the background 

energy in all the empty slots is constant over the PPM word. As is discussed at length elsewhere 

in this dissertation, channel effects and bandwidth limitations will place more energy in slots 

adjacent to the slots with the signal. For example, dispersion through the atmospheric scatter 

channel will place energy in the first empty slot after the signal slot. The effect of this on 

communication system performance has not been studied except, perhaps, on a worst case basis. 

Because such atmospheric phenomena are difficult to analyze, simulation is an alternative 

method for study and evaluation. 

As implied above, the optimal receiver for the PPM format can be shown to be a device 

which integrates the APD output over each pulse slot in the PPM word, compares the result in 

each slot and then selects the slot with the largest value as the slot most likely to contain the 

pulse of light [9][10]. No comparisons against a fixed threshold are required. The output from 

the integrator is proportional to the number of photons arriving during that time slot period. 

This proportionality is not deterministic due to the nature of the APD and the Johnson noise 

added by the preamplifier. The random nature of this proportionality is explored in Chapter 2. 

1.2.4 The Atmospheric Channel 

Communication through the atmosphere at optical wavelengths will be limited by 

attenuation due to absorption, attenuation due to scattering, and dispersion. Absorption refers 

to the processes of transferring energy into the atmospheric channel medium. Attenuation due 

to scattering refers to the loss of signal energy at the receiver due to the redirection of the energy 
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away from the receiver aperture as a result of interaction of the signal with particles in the 

channel. Dispersion is primarily a result of scattering by particles in the atmosphere. Turbulent 

variations in the index of refraction can also cause a small amount of dispersion. In this section, 

these processes are briefly reviewed. 

If a collimated beam of light is incident on a scattering medium, a cloud or fog for 

example, it will in general become physically wider (spatial spreading), decollimated (angular 

spreading), and less intense as a result the scattering of energy out of the beam [12]. 

Attenuation due to scattering is not the same as attenuation due to absorption since the latter 

implies a transfer of energy into the medium [13]. As the light is scattered through the medium, 

different distances along the various possible scatter paths imply different transit times. Thus, 

light from a transmitted pulse will leave the scattering medium over some range of time 

intervals longer than the incident pulse. This variation in transit times effectively lengthens the 

incident pulse, producing an effect often referred to as multipath time spreading. The amount 

of spread is of significant interest to the designer of a pulsed communication system since it 

limits the maximum rate at which pulses can be resolved [12]. 

As stated, dispersion can result weakly from an interaction of light with the turbulent 

refractive index variations found in the atmospheric channel. The dispersion due to scattering 

by refractive index turbulence alone is very weak. During typical turbulence conditions the 

dispersion for a 6-m aperture receiver is on the order of 0.07ps for a vertical path through the 

entire atmosphere and 0.695 ps for a 15km horizontal path. It is significantly less for a point 

receiver aperture, less than 0.001 ps [14]. The primary source of dispersion is interaction of light 

with particulate matter to be found in the atmosphere. Naturally occurring scattering particles 

include H4O molecules in the air in the form of vapor, as well as precipitation such as rain and 

snow. Man made aerosols, smog and pollutants for example, also form a scattering media in the 

atmospheric channel. Pulse stretching through clouds can be on the order of 70 ys [12][15]. 

The amount of dispersion observed is a function of the field of view of the receiving 

antenna (14][16]. As the antenna field of view is increased the amount of multiply scattered 

light able to reach the detector goes up. This must be accounted for in both modeling and 

experimental observations. 
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1.3 SIMULATION OF FREE-SPACE COMMUNICATION 

1.8.1 Monte Carlo Simulation 

As shown in Chapter 2, equations which describe the BER performance of a PPM 

receiver cannot easily be solved analytically. This is especially true if accurate statistics 

describing the output of the APD device are used. Monte Carlo simulation of the receiver, 

transmitter and the free-space channel will yield the desired BER performance bounds. Such a 

simulation enables such factors as pulse shape to be observed and treated as a variable through 

the analysis. Further, simulation permits analysis without defaulting to Gaussian statistics for 

the APD [17][18]. Simulation also permits the inclusion of system nonlinearities in the analysis. 

Thus simulation has been chosen to determine receiver performance. 

Simulation of the system requires accurate models of the transfer properties for each 

block in Fig. 1.1. The requirement for a tidy analytic formula for each of these processes is not 

strict so long as the process can be accurately and efficiently modeled on a computer. An 

accurate implementation of the chain of events affecting the signal and noise as they flow 

through a model of the receiver system is the basis of Monte Carlo type simulation of the 

system. In Monte Carlo simulation of the BER, a large number of bits are sent through the 

system and detected bit stream is compared to the original bit stream. An error occurs when a 

detected bit is not the same as the transmitted bit. The number of errors is counted. The BER 

is the ratio of the number of errors to the total number of bits observed. The pertinent details 

of Monte Carlo simulation and the models used for simulation of the APD and other system 

components are presented in Chapter 3. 

Since we are interested in the effect of channel phenomena on system performance, care 

should be taken in the design of the simulator to permit the simulation and study of received 

pulses with non-constant pulse shapes. Because this is a direct detection receiver, variations in 

the intensity of the received signal are important but changes in phase due to channel 

phenomena can be ignored. The desire to simulate non-constant, perhaps random, pulse shapes 

places certain requirements on the method of simulating the action of the APD. Without this 

requirement, look-up tables might be used to simulate the APD. Look-up tables for generating 

the APD statistics required for the simulator are valid but because of the signal dependent 

nature of the device, a different table is required for each input power level. When simulating a 

system without the channel, the shape of the input signal is well behaved and a finite number of 

look-up tables would be required and would suffice for the simulation. When channel effects are 
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included, the shape of the incoming pulse can vary greatly so that look-up tables become 

prohibitive. Thus, a method of simulating the APD has been pursued which does not rely on a 

look-up table. 

1.8.2 Time Required to Perform Monte Carlo Simulation 

The communications systems of interest are designed to carry information digitally with 

bit error rates in the range of 10~® or less. While flexible and powerful, Monte Carlo simulation 

suffers from the amount of time required to generate the error statistics of a system operating at 

very low BER. Classical Monte Carlo simulation requires the simulation of a minimum of ae 

information bits in order to predict the BER to within a 95% confidence interval. For example, 

to simulate a system with a BER of 19-6 requires 10’ bits to be sent through the system, 

corresponding roughly to the generation of 10 errors. 

Suppose it is desired to simulate a system accurately to a BER level of 10~ }2. Using 

the same 95% confidence level as above then it would be required to simulate 10!* bits. The 

time required for Monte Carlo simulation of a particular PPM system has been measured in our 

lab. The computing machine used in these studies is a SUN SPARC II. The simulation of five 

million binary bits required approximately 40 hours to complete. If these figures are 

extrapolated to the simulation of 10!° bits then it is determined that it would require 

approximately 9000 years to simulate 10!% bits. Note that this is approximately 9000 years for 

the generation of one data point on a BER versus input power curve. 

This is the problem addressed by this dissertation. This research has been directed at 

reducing the amount of time required to simulate, to a given accuracy, the bit error rate 

performance of an APD based maximum likelihood M-PPM optical receiver. 

1.3.8 Importance Sampling Simulation 

Importance sampling is a modified form of Monte Carlo simulation. The purpose is to 

reduce the total number of bits which must be observed (simulated) to obtain a given accuracy 

in the result. This reduction is achieved by modifying the simulation — biasing it in such a way 

as to produce more errors. This biasing of the simulation must be performed in a controlled 

fashion so that its effects can be compensated for at the conclusion of the simulation procedure. 

If performed properly, importance sampling can yield reductions in the number of bits required 

in the simulation by orders of magnitude. For example, the simulation of the PPM BER data 
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point in the example of Section 1.3.2, which required 9000 years, has been completed through 

the use of importance sampling accurately in less than one hour. The entire BER versus signal 

power curve including probability of error as low as 10~ 1? can be produced in less than a day. 

1.4 RESEARCH OBJECTIVES AND RESULTS 

To date, importance sampling has not been applied to the simulation of the maximum 

likelihood PPM receiver. Indeed, there is no literature describing the application of importance 

sampling to the simulation of M-ary systems. This dissertation describes the application of 

importance sampling to the simulation of an M-PPM APD based optical receiver. A model of 

the exact system under consideration is shown in Fig. 1.2. This is a simplified version of the 

complete system shown in Fig. 1.1. Importance sampling has been initially applied to the 

receiver model only. The development of a channel model has been left for future research and 

development. The laser transmitter model has been simplified to its barest components for the 

sake of minimizing and controlling extraneous (not internal to the receiver) error sources to the 

receiver system during the investigation and implementation of importance sampling. The 

internal details of the receiver model are presented in the dissertation. 

An improved technique for the importance sampling simulation of the direct detection 

APD receivers has been developed. Two methods for efficiently simulating and biasing the 

probability distribution function of the APD process are presented and discussed. These 

importance sampling APD models have application to the simulation of optical OOK threshold 

receivers as well. The general procedure for applying importance sampling to the optical 

communication system simulation problem is presented in detail. The science of importance 

sampling has been extended to include the simulation of maximum likelihood optical M-ary 

PPM receivers. This represents the first use of importance sampling in the simulation of optical 

PPM systems using an APD and additive Gaussian noise. The use of importance sampling is 

shown to reduce the time required to simulate M-PPM APD receivers by several orders of 

magnitude. 

1.5 OTHER FREE-SPACE SYSTEMS 

During the course of this study, the applicability of this research to other free-space 

optical communication problems became apparent. The natural immunity to background 

radiation and other properties of M-PPM are desirable in most free-space communications 

applications. Thus, this investigation of M-PPM APD receiver performance has many 
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implications outside the issue of optical earth to LEO satellite communication links. 

Links with a truly free-space channel, for example GEO to GEO, LEO to GEO, LEO to 

LEO intersatellite links, or earth orbit to deep space communication links, have all been 

considered candidates for optical frequency communication. These links have few channel 

propagation effects as the channel is a vacuum. Despite this, knowledge of PPM receiver 

performance to low levels of error rate may be desirable when considering such links. These 

systems will rely on complicated control systems in order to maintain correct pointing of each 

communications terminal. Characterization of the receiver over a wide range of input power 

levels can be combined with information concerning pointing and tracking capability to indicate 

overa]] system performance. 

There are many optical communication links which have significant channel phenomena. 

Besides the space to earth link described here there are space to ocean applications, air to air 

applications, and undersea links to name a representative few. Many of these links generally 

involve great distances. 

There is also interest in the performance of optical frequencies for use on the scatter 

channel communications link. These links make use of what is normally considered a hostile 

channel by using the scatter properties of the medium to direct energy into the receiver aperture 

in order to complete the link. Thus there is no line of sight path for the signal energy. Such 

links exist for the radio frequency portion of the spectrum but there is little mention concerning 

the optical scatter channel communications link in the literature. The question relative to this 

research concerns how would PPM with maximum likelihood detection well perform in this 

application. 

Another area for application of free-space optical communication technology is indoor 

optical communication. Applications such as real time video and high data rate communication 

from the desk top will drive future network topology. It has been predicted that the desk of the 

not too distant future will need a 150Mbps communications ability[19]..The personal 

communications revolution of today, referring here to the tremendous proliferation of cordless 

telephones, cellular telephones, pagers and even telephones on airplanes, is evidence that an 

ability to communicate without fiber and wire is strong in the user community. Research is 

currently underway at places like IBM and Bell Labs in the use of infrared systems to provide a 

wireless local area network capability([20][21][22][23]. Much of the current effort is directed at 

characterizing and compensating for the indoor optical channel. This channel has a large 
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multipath component which tends to broaden and distort the pulse shape. Simulation results 

have shown significant multipath dispersion contribution that broadens the pulse to over 

40 nS [23]. Additionally the indoor channel will have a large background component due to the 

wide FOV antennas required for the mobile indoor system. The research research described in 

dissertation is directly applicable to a study of the use of PPM in this indoor multipath 

environment. It is interesting to note that this, admittedly brief, survey of the indoor optical 

literature indicates that PPM has not been considered for indoor optical applications although 

PPM has inherent multipath immunity. 

A final form of communication, in the very broadest sense, is the remote sensing of 

objects in order to gain information pertaining to location, motion or composition. One 

example is radar, or lidar as it is known for the case of optical radiation. The transmission and 

reception of PPM from a single aperture has been suggested as having use in lidar. The concept 

is to form a Pseudo-random Noise (PN) coded lidar system that could resolve range to less than 

a single chip via the reception of and the synchronization to a PPM encoded PN sequence[24]. 

Reflected signals from uncooperating targets, such as clouds, will most likely contain a large 

multipath component. Again, it is hoped that the research reported here will improve the study 

of the feasibility of PPM in these applications through reduced simulation time. 

Analysis of these potential PPM applications requires an understanding of the effect of 

the channel on the pulse using a PPM maximum likelihood receiver. Even the vacuum channel 

systems benefit from the consideration of bandwidth as it effects PPM performance. The effects 

of bandwidth on receiver performance is difficult to analyze but can be studied through 

simulation. Other researchers have considered Gaussian pulse shape on PPM due to dispersion 

in the optical fiber channel[25](26][27]. All of these studies have analyzed the threshold 

detection receiver. It is therefore pertinent to consider the “greatest of” or maximum likelihood 

receiver structure. As this receiver is difficult to analyze, we propose to explore the performance 

through simulation. 

1.6 ORGANIZATION OF DISSERTATION 

Chapter 2 presents a description of the M-PPM signal format, the maximum-likelihood 

M-PPM receiver and an in-depth discussion of the error mechanisms of the APD receiver to be 

modeled. 

The fundamentals of Monte Carlo simulation are reviewed in Chapter 3. This permits 
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the introduction of principles for importance sampling simulation. Chapter 3 concludes with a 

discussion of the simulation package used to implement the techniques developed in this 

dissertation as well as a discussion of the models used for the APD and the PPM receiver 

system. 

Chapter 4 reviews previous approaches to the simulation of communication systems. It 

is seen that clear guidelines have not been established for the application of importance sampling 

to even the simple threshold detection receiver system and that the M-PPM system has not been 

considered. There are few references in the existing literature to the application of importance 

sampling to simulation of APD optical systems in general. Yet careful review of the literature 

has produced concepts and techniques useful in the application of importance sampling 

simulation to improving the simulation of M-PPM APD optical receiver systems. These 

techniques are distributed among various investigators with no universal approach to the 

application of importance sampling to communication system simulation. 

Chapter 5 presents the theory and practice of importance sampling as applied to the M- 

PPM maximum likelihood receiver. This includes a discussion of estimating the error in the 

simulation and techniques for determining the validity of the simulation operation. The 

optimum M-PPM bias function is derived and it shown to be unrealizable. Two sub-optimum 

alternatives are developed for experimentation and application. 

In Chapter 6, examples of the use of importance sampling in the simulation of M-PPM 

systems are presented. Comparison of the number of trials required for Monte Carlo simulation 

to the number of samples required for importance sampling simulation shows improvement of 

several orders of magnitude. The amount of improvement is dependent on the exact system 

architecture, particularly the amount of memory inherent in the system. 

Chapter 7 presents a summary of the results and concluding remarks. 
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CHAPTER 2 

OPTICAL PPM RECEIVER OPERATION 

2.0 INTRODUCTION 

In this chapter we discuss in detail the optical PPM modulation format, the maximum 

likelihood receiver structure, and the processes which contribute to an optical PPM word error. 

With this mathematically based treatment of the optical receiver in place we then describe the 

analysis options available for such optical systems in Chapter 3. 

2.1 OPTICAL M-ARY PULSE POSITION MODULATION 

2.1.1 Description 

PPM is a digital modulation format well suited to free space laser communication. It 

has low average power and provides some means of discrimination from background noise 

sources. The general PPM word structure is shown in Fig. 2.1(a). In M-ary PPM signaling, L 

binary bits are transmitted as a single pulse of light. This pulse can reside in only one of 

M = 2b possible time slots. We denote the time slot duration as T>; and the PPM word time as 

Ty where Tw —=M-T.g. Semiconductor laser diodes are both peak and average power limited. 

For a given average power, PPM signaling produces high peak power short duration pulses as M 

is increased. Such pulses are easier to distinguish from background and thermal noise. The 

value of M is constrained by the peak power output capability of the laser diode. (Peak 

power = M-average power) The peak power must be maintained below that level which 

produces facet damage in the laser. Peak power limitations of semiconductor lasers generally 

limit M to values of 8 or less [1][2]. 

For example, in Binary PPM (BPPM) M=2 and L=1. In other words, each bit is 

mapped into one of two PPM words. This is illustrated in Fig. 2.1(b) along with one of two 

possible mappings of binary data into PPM symbols. For another example consider Quaternary 

PPM (QPPM). In this modulation M = 4 and L = 2 so that every two bits are mapped into one 

of four PPM words. QPPM is illustrated in Fig. 2.1(c). Shown for illustration is one of the four 

possible mappings of binary data into PPM symbols. QPPM has been shown to be more 

efficient over most free space optical communications channels(3]. It was proposed for use on 

the ESA SILEX Project and also on NASA’s LCT communications projects[4]. 
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Fig. 2.1 M-ary PPM Signal Format 

where T designates the PPM slot time and Ty, designates the PPM word time. 
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2.1.2 PPM Word Error and Bit Error with Mazrimum Likelihood Detection 

The optimal receiver in the maximum likelihood sense for the PPM format can be 

shown to be a device which integrates the APD output over each pulse slot in the PPM word, 

compares the result from each slot and then selects the slot with the largest value as the slot 

that was most likely to have contained the pulse of light [5][6]. No comparisons against a fixed 

threshold are required. A generic block diagram of the optimum PPM receiver is shown in 

Fig.2.2. The output from the integrator is proportional to the number of photons arriving 

during a slot time period. This proportionality is not deterministic due to the random nature of 

the APD and the Johnson noise added by the preamplifier. The statistics of this random 

process are explored in Section 2.2.1. In this section we derive an expression for the probability 

of a PPM word error and the relationship between the probability of bit error given that an 

incorrect slot choice (a PPM word error) has been made. 

The probability of correct word reception, P.y, is the probability that the integrator 

output for the slot containing the transmitted pulse is greater than the output from any of the 

other PPM slots. Alternatively, the probability of word error, Py, in this type of receiver is 

equal to the probability that the output of the integrator for a slot not containing the 

transmitted pulse is greater than the output for the slot which contained the pulse. It is possible 

to develop an equation for P,y based on either alternative. We express the probability of word 

error as 1—{P,w}. 

Consider the case that the pulse was transmitted in the qt! PPM slot where 1 <q <M. 

Let Tg be the integrator output of the qth slot and r; represent the output of each of the other 

slots where i= 1, 2,..., M-1, M andi#q. The probability of the correct decision is 

Pow = prob(r,>r,) for all i= 1, 2,..., M-1, M andi#q 

or equivalently 

Pow = / [prob(r, = r)] - [prob(r;_)<r)] - [prob(r;_.<r)]-+ ... -[prob(r,_yy<r)], i#4 (2.1) 

all r 

The value of the integrator output, r, is a continuous random variable governed by 

probability density function discussed in Section 2.2. There are several mechanisms at work. 

Briefly, the randomness of the integrator output is the consequence of, first, the random Poisson 

distributed arrival times of the incident optical energy. These arriving photons are multiplied 

by the gain of the APD. This gain is a random quantity due to the physics of avalanche 
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where T¢ designates the PPM slot time. 
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multiplication. Finally the signal out of the APD is a current which is amplified by a 

preamplifier stage. This stage further corrupts the signal with additive Gaussian noise. These 

mechanisms combine with Inter-Symbol Interference (ISI) and other effects of filtering to yield a 

probability density function (PDF) for r, that we denote as J,(t) and a PDF for the r; as f(r), 

i=1, 2,..., M-l, M andi#q. We assume for now that the probability densities for the i #q 

time slots are equal. This corresponds to a constant average background noise level over the 

duration of the PPM word. With this notation the probability of correct detection is 

oo r M-1 

Poy = | Ho) / fee dr (2.2) 

Eq.(2.2) is simply a restatement of eq.(2.1) using the PDF fj(r) to calculate the Prob(r,<r). 

The probability of word error is then 
oo r M—1 

Poy = - [ tool | fee dr (2.3) 

Eq.(2.3) forms the basis of much of the development found in this work. 

The probability of a bit error is a function of Pew. Recall that each PPM word of M 

slots contains L binary information bits where L = logy(M). This yields an alphabet of gl Mm 

PPM words each representing L binary bits. We assume the general condition that all PPM 

words are equally likely, which is equivalent to assuming that the ones and zeros that generated 

them are equally likely. Under the additional assumption that an incorrect word can, with 

equal likelihood, be any of the other M—1 words then a given bit in this incorrect word may 

equally likely be any of the bits in the same bit position of the M—1 other words. Hence there is 

a wo probability of each of the other bits occupying that position, some correct and some 

incorrect. In M equally likely patterns, a given bit position can be a one or a zero M times. We 

immediately have that out of the M—1 other bits in that position, M are different from the 

given bit and (M1) are the same. Thus given that a word is in error each bit has a probability 

(M).ou of being incorrect. This leads to the following expression for the probability of bit 

error, P,, as 

_ ppp —1(_M_). P, = BER =3(M.). Poy (2.4) 
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2.2 APD Receiver Operation 

We have seen that PPM word errors occur when the photon count for a slot not 

containing the pulse is determined to be greater than the photon count of the slot which actually 

contained the pulse. Ignoring channel effects and bandwidth limitations, this error has a finite 

probability of occurring as a result of three error mechanisms in the APD based receiver. The 

random nature of the APD device is presented in the following sections as well as mathematical 

descriptions of thermal noise contributions to the APD based optical receiver. 

2.2.1 APD Error Mechanisms 

An APD is a photodiode with an internal gain mechanism. The existence of gain at the 

detector and before the preamplifier is advantageous for weak signal performance. This is the 

case in free-space optical systems as well as some long haul optical fiber systems. Consider the 

case of the reception of a weak signal by a device without internal gain, a p-i-n diode for 

example. The current out of the device is very small and must be amplified in order to make it 

large enough to measure. In many cases this small signal will be smaller than the thermal noise 

added by the receiver. Thus the limit on sensitivity becomes the noise level of the preamplifier. 

A device with gain, an APD or a photo-multiplier tube for example, at the front end of the 

optical receiver can extend the sensitivity by providing detected signals above the noise floor of 

the preamplifier. The sensitivity then becomes limited by the noise out of this detection device 

with multiplicative gain, including any noise inherent in the multiplication process. 

The first APD error mechanism concerns the quantum nature of the signal itself. The 

signal is essentially a group of photons which are Poisson distributed in their time of arrival 

while the number of photons is proportional to the intensity of the incident radiation. As a 

result the signal at the receiver is noise-like. As the incident photons arrive at the detector they 

are absorbed and converted to primary electron-hole pairs inside the avalanche region of the 

APD. This conversion is not 100% efficient. It is a function of the wavelength and the material 

of the device. This gives rise to a factor known as the quantum efficiency, 7, which describes the 

efficiency at which photons are converted to primary electrons and holes. Since we consider the 

output of the APD to be electrons we no longer discuss the holes. 

The mean number of photons fi that are absorbed from an incident optical field of 

intensity P)(t) watts in the time interval {t, t+di} is given by 
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t+dt 

i= | P,(7) dr (2.5) 

t 
where: h = Plank’s constant 

f = frequency of the radiation 

P(t) = incident optical intensity at frequency f. 

Recall that hf is the energy of a photon. Po(t) can include both signal and background power. 

Since one electron is formed for every absorbed photon, n is equivalently the mean 

number of primary electrons found in the avalanche region of the APD over the time di. The 

exact number is Poisson distributed about this mean. Hence the number of primary electrons, 

n, injected into the APD has a PDF f,,(n) given by 

fix(n) = 2 + exp(-7) (2.6) 
These primary electrons are accelerated through the avalanche region of the diode 

by the electric field from the reverse bias applied to the diode. This reverse bias controls the 

average gain of the device. As the electrons accelerate they collide with bound electrons to form 

new electron-hole pairs. Thus every primary electron results in g; secondary electrons out of the 

APD device where g; includes the primary electron and i = {0, 1, 2,..., n}. This number g; is a 

random quantity. It is a function of the detector’s physical characteristics and the applied 

reverse voltage. The mean of g; = <g;> is the average gain of the detector and is denoted as G. 

Thus while an APD provides gain, that is (on average) more electrons are output from the APD 

than the number of primary photo-electrons detected at its input, this gain is random. This 

uncertainty in the number of output electrons for a given number of primary electrons is the 

second mechanism to influence PPM word errors. Let us explore the statistics of this process. 

2.2.2 The Webb-McIntyre-Conradi (WMC) Density 

The probability density function describing the random number of secondary electrons 

output by the APD in response to a single primary photon was established by Personick[7] and 

Mclntyre[8] and confirmed by Conradi[9] to be 

eG) 
1-kK 

(1m tne) ED) 
l-K G [ea (2.7) 

[1+«(G,-1)](G,-1)! 1 I-k 

fy (83) = G 
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where: G = average gain = <g;> 

K = ionization coefficient 

I'(-) = gamma function 

The ionization coefficient K is a device parameter proportional to the ratio of the hole and 

electron ionization rates and is generally a property of the material from which the device is 

made. Silicon APD’s with k<0.01 are now available commercially. As we shall see, the excess 

noise out of the APD device is proportional to K so that smaller is better. Eq.(2.7) is sometimes 

referred to as the McIntyre density function. 

Thus for every primary electron there are g; electrons out of the APD device where g, is 

a random integer described by the above McIntyre PDF. The total number of electrons out of 

the APD over the time interval {t, t+d¢} is a random number r where 

r= 8 (2.8) 
:=0 

Recall that n is a Poisson distributed random variable and that each g; value is a random 

quantity under the McIntyre density function. Therefore r, the number of electrons out of an 

APD over the time interval {t, t+dt}, is a discrete random variable given by the summation of 

a random number of random variables. The range of r is 0 < r<oo as there is often a significant 

probability of zero primary electrons if the incident energy is small or the time scale, dt, is 

small. 

Of interest for both simulation and analysis reasons is the probability density function 

for the random variable r. The probability density function for r is, by definition, 

f.(r) = Pro De = i 
1=0 

= do Srjn (tl) - fr(n) (2.9) 

where: f,,(n) is the Poisson density function given in eq.(2.6) above 

  

n 
and Frjn(tla) = Pro > g,=Fr | = “the probability that the sum is equal to r given n.” 

1=0 

By definition the probability of r conditioned on n is 

  
Fryn(tln) = pro 58; =T : = Fy(€o) * fo(e1) * fo(B2) *.. * fo(En—1) + f,(En) (2.10) 

1=0 
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In eq.(2.10) there are n convolutions of the McIntyre density function, eq.(2.7). Recall that n is 

a Poisson distributed random variable. 

The convolutions are a result of the fact that the PDF of the sum of random variables is 

the convolution of the individual PDF’s. As written, Frin(tln) is generally in an intractable 

form. As proposed by Mclntyre[8], and later verified by Balaban, et al.[10], the conditional 

n+A(r—n) 

(1-k) 

nae] ea 
in-+(r—n)] (rn)! T(E) G 

probability is given as 

Frin(tln) = (2.11) 

If this expression is substituted into eq.(2.9) for the f(r) then we arrive at what is occasionally 

referred to as the Conradi density function: 

jaeeete—m)) 
l-K 

  

1+K(G-1 
fs) = gue” (7a) + f ; [cay et (2.19) 

n=0 [n+A(r—n)](r—n)! (Aa) G n} 

Eq.(2.12) is a function of Kk, G and ii. The first two are APD parameters, assumed 

given and constant, while ni is the mean number of primary photons and is a function of signal 

strength as given by eq.(2.5). The McIntyre and Conradi densities of eq.(2.11) and, particularly, 

eq.(2.12), constitute what is referred to as the exact APD statistics. 

Parenthetically, note that the Conradi density function also appears in the literature in 

the following form [11][12]: 

n+Ar - 

foy= 8a) furaic-nf | [aQey Bem p> 
a n=0 r(r-n)!T{ +140) G G — 

~ “\l-« 

It can be shown that this equation is the same as eq.(2.12) above. The limit r > 1 is given here 

but not in eq.(2.12) above. In both cases the f.(r = 0) is equal to the probability that n = 0 and 

is obtained from the Poisson density function of eq.(2.5). That is 

f(t = 0) = f,(n = 0) = exp(-n) 

Webb, McIntyre and Conradi (WMC) produced an approximation to the Conradi 

density function as[13]: 

CHAPTER 2 23



\ \ ~—(r—-nG)? 
f(r) = . 3° ex 204 | +39) for i<r<oo (2.13) 

 [eegep on 

where: G = the average gain of the APD 

o? = the variance of r=nG?F 

F KG+(2-4)(1-K) = the excess noise factor 

and A= vn F = FIT" 

The WMC density function is also a function of Kk, G and fi. A new parameter appears 

  

in this expression known as the excess noise factor, F, a function of K and the average gain G. 

The excess noise factor is the ratio of the actual noise out of the device to that which would 

exist if the multiplication process were noiseless. Noiseless multiplication implies that all 

primary electrons are multiplied by exactly the same factor. This is an ideal device such that 

the gain is a constant for each primary electron and not a random variable. Since F is 

proportional to K, a smaller « is better. 

The form of eq.(2.13) illustrates that the output density function is approximately 

Gaussian for values of r in the neighborhood of its mean, specifically, when |(r-iG)| < mG. 

The range of the equation which is shown above, i<r<oo, is that which was originally published 

by WMC in [13]. This range somewhat restricts the usefulness for precise simulation or analysis 

of PPM receiver problems although it has been successfully used in both analysis [11] and 

simulation studies [14]. The latter author used the approximation without reference to any 

restrictions on the range of the random variable. This may be because the exact density falls off 

rapidly for values of r<n. Physically the range of the random variable extends from zero to 

infinity. Many later authors have used this range when utilizing eq.(2.13). We also find it 

convenient to follow this trend and will assume that the approximation of eq.(2.13) is valid for 

0<r<co. 

In conclusion, we find that there exist two mathematical formulations for describing the 

statistics of the output for an APD. The first is the family of exact formulas, generally eq.(2.7) 

through eq.(2.12). The second is the WMC approximation shown in eq.(2.13). In theory, at 

least, there are three ways that these relations might be used to generate the random variates 

needed for the simulation of an APD in a PPM receiver. The first method is the 

implementation of eq.(2.8) which utilizes eq.(2.6) and eq.(2.7). This requires an ability to 
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generate Poisson random variates according to eq.(2.6). Generating Poisson random variates is 

a standard capability of most computer systems. We then must generate random variates 

distributed via eq.(2.7), which is not a standard function. The second method begins with the 

implementation of eq.(2.12) for a given mean primary photocount. This might be accomplished 

through a cumulative distribution function (CDF) look-up table approach but it would require a 

new table for each new mean photo count. Thus a table is not practical for simulations in 

which channel effects may cause variation of the input power to the APD. Lastly there is the 

WMC approximation of eq.(2.13). An efficient method of generating random variates 

distributed via eq.(2.13) has been developed[15]. Due to the ease with which random variates 

can be generated, the speed of this generation method over implementing one of the ezact APD 

statistical methods and the ability to generate APD random variates for a variable input optical 

intensity system, we have used the WMC PDF in our simulation studies. The method of 

generating random variates is described along with the APD model in Chapter 3, Section 3.3.2. 

2.2.8 The WMC Density as an Inverse Gaussian Probability Density 

In this section we show that the WMC PDF of eq.(2.13) is an inverse Gaussian density 

since they are related through a linear translation of variables. There are several consequences 

to this result. We immediately have a closed form cumulative distribution function (CDF) for 

the WMC PDF which was previously unavailable for application in APD detector analysis 

problems. There are now alternate methods for generating random variates governed by the 

WMC PDF which are useful for the simulation of optical systems. More generally, this finding 

makes available the extensive literature on the inverse Gaussian density for application to APD 

detector analysis problems. The inverse Gaussian density has been well studied and the reader 

new to the function is directed toward the excellent review found in [16] with many references, 

the discussion in [17] and [18], and the thorough analysis of the properties of the inverse 

Gaussian density function found in [19]. 

The inverse Gaussian density was first expressed by Schrodinger in 1915 to describe the 

first passage time in Brownian motion[16]. It was given the name inverse Gaussian by M. C. K. 

Tweedie[17] in 1945 who recognized that the cumulant generating function of this PDF and the 

Gaussian PDF are inverses. It is also known as Wald’s density, particularly in the Russian 

literature[16]. In Tweedie’s notation, the probability density function of a random variable X 

distributed as an inverse Gaussian with parameters jz and (7 is given by 
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fos w, B) -{ ° (2.14) 
0 elsewhere 

where jt and # are positive[16]. The cumulative distribution function of X, denoted as F(x), is 

expressed in terms of the standard normal (Gaussian) cumulative distribution function, ®, as 

F(x) = of Bc ssp ne a Bas (2.15) 

The standard normal cumulative distribution function can be realized in terms of the Q 

function, the error function or the complementary error function as desired. 

We now show that if a random variable distributed as the WMC PDF of eq.(2.13) is 

made the argument for a linear function and transformed into a new random variable then the 

PDF of the new variable will be the inverse Gaussian of eq.(2.14). Since the transformation is 

linear, the cumulative distributions of the original and transformed variables will be the same 

following a suitable change of variables. 

Beginning with the WMC PDF as given in eq.(2.13), the transformation is as follows. 

We define a new variable, x, as 

x= 1+(-—M) (2.16) 

The derivative of x with respect to r is 

  

dx _ 1 = (2.17) 

The PDF of the random variable x is determined by the fundamental transformation law of 

probabilities, which can be written[20] 

f(x) = ROL (2.18) 
oe   

where f,[X(r)] is the original density written with the appropriate substitution of variables. 

  

  

  

Thus 

l 4 ex] MC Dy 

f(X) ving 7 | ** (2.19) 

ox 

f(X) = ots # ex Mm? (2.20) 
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Comparison of eq.(2.20) with that of eq.(2.14) shows that the equations are identical if we 

assign 3B = d? and p=. 

The CDF of the WMC/inverse Gaussian density, eq.(2.15), can be written in terms of 

the APD parameters and the complimentary error function as 

2 
F(x) = Hon = a | + exp(2A H Ae} (2.21) 

where Z = Z(x) = 541 -*] has been used for notational simplicity. Eq.(2.21) is derived 

from eq.(2.15) after making the appropriate substitution of variables, i.e. Z(x), and using the 

  

complimentary error function expression for the Gaussian CDF. Equivalent expressions can be 

obtained by using the Q function or the error function. 

Having a closed form solution for the CDF of the WMC density brings new capability 

to the solution of some problems in communications using APD devices and avoids the need to 

devise numerical solutions or to approximate the density by a Gaussian. 

The recognition of the WMC PDF as an inverse Gaussian density opens up new 

approaches for solution of the APD optical receiver sensitivity calculation problem, including 

efforts incorporating the additive Gaussian noise component into the result, as well as other 

APD based optical detection problems in the literature. It provides a ready tool for the 

simplified calculation of the threshold and approximate error probabilities of optical receivers in 

applications. Eq.(2.21) can be used to provide a quick proof of the inadequacy of the Gaussian 

PDF assumption for modeling the APD output statistics. 

We have used eq.(2.13) and eq.(2.21) in our APD receiver simulation studies along 

with Ascheid’s method of generating random variates. Eq.(2.21) is especially useful in the 

application of importance sampling techniques to the simulation of APD based optical receiver 

systems. This is discussed in Chapter 5. 

2.2.4 Preamplifier Noise 

An additional error mechanism to be considered is the additive thermal noise of the post 

detector electronics. The ISI contribution from the finite bandwidth of these electronics must 

also be considered and modeled in the simulation. The system bandwidth is typically 

dominated by the bandwidth of the preamplifier which follows the detector. Ample studies 

concerning the treatment of the optical preamplifier noise exist in the literature [21],[22],[23] so 
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it is not treated in detail here. With a noisy amplifier or a relatively noise free detector, for 

example an APD at low gain, the system noise temperature can be dominated by the noise 

temperature of the preamplifier. In systems with high APD gain and/or high excess noise ratio 

the APD statistics can dominate the receiver performance. The thermal noise power is a 

function of the thermal resistance presented by this amplifier. This noise temperature and 

resistance are functions of the amplifier design and controlled by the specific choice of a BJT or 

FET as the active device. For the simulation studies here, a model of a commercially available 

preamplifier in use in our lab was used. This model includes the thermal noise power and the 

filter bandwidth characteristics as specified on the data sheet. 

In general, we note that the thermal noise contribution is a zero mean Gaussian 

distributed process. The variance is given by 

9 _ 4kTB,, 
on, = (2.22) 

th Rup, 

where B,,, is the effective noise bandwidth of the equivalent filter of the system and Ry), is the 

thermal resistance of the amplifier. This additive process serves to increase the variance of the 

output signals presented to the integrator and ultimately to the PPM slot comparator circuit. 

2.2.5 Other Error Sources 

There are other mechanisms which contribute to PPM word errors. These include 

timing jitter in the recovered slot and word clocks and bandwidth limitations which result in 

inter-symbol interference. When channel effects are included, pulse dispersion may contribute to 

misplacing pulse energy into neighboring empty slots. In the analysis of maximum likelihood 

PPM receivers, dispersion and IS] have traditionally been treated as an increase in the 

background noise level in the empty PPM time slots. One purpose of this investigation is to 

account more exactly for the effects on receiver performance of dispersion or ISI. 

As for timing jitter, it has been has suggested that the effect of timing jitter can be 

investigated simultaneously with the same set of simulations[24]. The procedure is to collect an 

error histogram based on samples taken at the proper time within a slot and to also sample at 

times adjacent to this position. Statistics can be obtained as a function of variance from the 

proper slot sample time in this way and this permits an analysis of timing error performance 

while all other phenomena remain constant. 
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2.2.6 Concerning Extinction Ratio 

The intent of this discussion is to put down in plain English and math what extinction 

ratio is and how to measure it as well as what it is not. We present an argument for redefining 

extinction ratio as the integral of the power in a slot so that dispersion can be looked at in a 

more realistic fashion. 

We have made some references to extinction ratio in the above discussion. Extinction 

ratio refers to the non-zero intensity level emitted when the laser source is “off” relative to the 

“on” intensity. In practice, laser diodes are not switched completely on and completely off in a 

high speed data link. Rather, the output of the laser is switched from a high intensity to a low 

intensity. The level of light emitted in the “off” condition is a function of the laser diode 

threshold relative to the bias point, the duty cycle, and the amplitude of the input modulating 

signal. With PPM, the effect of light being emitted from the laser source during the empty slot 

periods is to raise the background noise level. The question pertinent to this research is: what is 

the effect of non-zero background level on PPM maximum likelihood receiver performance? To 

discuss this question in terms of extinction ratio we must make clear our definition of extinction 

ratio. 

Confusion arises because there are two competing definitions of extinction ratio found in 

the literature. If we define the intensity of the signal during “on” pulses as I, and the intensity 

of the “off” pulses as Ip then extinction ratio is first defined as the ratio of intensity of the “on” 

pulse to the intensity of the “off? pulse[11]. Let us denote extinction ratio defined this way as 

R, so that 

I 
Ry So 

Observe that extinction ratio defined in this way has a valid range from one to infinity, with an 

infinite extinction ratio implying a large signal to noise ratio. 

The second definition of extinction ratio is the inverse of the first definition and is 

therefore the ratio of the intensity of the “off” pulse to the intensity of the “on” pulse 

[21)[22}[25]. Let us denote extinction ratio defined this way as Ry so that 
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Observe that extinction ratio defined in this way has a valid range from zero to one, with an 

extinction ratio of zero representing the ideal case, i.e. implying a large signal to noise ratio. In 

this work we adopt the second definition. 

If BER performance penalty is to be characterized in terms of extinction ratio, then a 

precise definition of extinction ratio is required. When required we will adopt the second 

definition above for extinction ratio. This is to avoid the use of quantities which go to infinity 

in favor of quantities which range form zero to one. Where possible we will use an extended 

definition of extinction ratio because there is a need to readdress the definition of extinction 

ratio when referring to photon-counting, that is integrating, optical receiver structures. 

Either of the above definitions yields a parameter that is convenient to measure in the 

lab because it is ostensibly easy to observe on an oscilloscope. The weakness in the above 

definitions, and the measurement, occur when one considers that the background intensity, that 

is the intensity in the emply slots, is typically not constant over the PPM word. This level 

becomes a subjective quantity on the part of the person making the measurement for one must 

make a judgment as to what the “off” level is. The time varying background level may result 

from channel influences on the background radiation or a time dispersive action from the 

channel which causes signal energy to spill into the next slot period. An action we might refer 

to as over-fill. Over-fill can also be a result of incorrect transmitter design, i.e. one with pulses 

that are too long in duration, or a result of incorrect frame and slot timing recovery in the 

receiver. The over-filling of a PPM slot will not be readily observed on an oscilloscope as 

contributing to error since the observed floor of the empty slots will appear constant. The value 

measured and used for extinction ratio will not reflect the true error causing properties of an 

incompletely extinguished slot period. In other words, over-filling of the PPM slot will not be 

perceived as contributing to a poor extinction ratio yet this placement of energy into an adjacent 

slot will contribute to an increase in BER. A better definition of extinction ratio, one which 

would account for the non-constant background level, would take the ratio of the integral of the 

energy in the PPM “on” slot to some combination of the energy integrated over each of the 

empty PPM slots. Many modern oscilloscopes are capable of making this measurement. 
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CHAPTER 3 

MONTE CARLO SIMULATION 

3.0 INTRODUCTION 

The options available for the analysis of optical systems might be divided into two 

broad categories: analysis and simulation. A combination of simulation and analysis, often 

referred to as a semi-analytical treatment, is sometimes possible. In a semi-analytical 

simulation only part of the system is simulated with the results used in a computation of the 

final result. Simulation is often the only method available for the realistic treatment of optical 

systems owing to the nonlinear nature of the system function and the difficulty inherent in the 

use of accurate statistical functions for the avalanche photodiode. We therefore present this 

chapter on Monte Carlo simulation methods which includes a presentation of the basic models 

used and the fundamentals of importance sampling. 

3.1 Monte Carlo Methods 

In this chapter we review two Monte Carlo techniques available for the computer 

simulation of link performance as characterized by the BER of a digital system. A tutorial 

description of each simulation technique is given beginning with conventional Monte Carlo, what 

we will refer to as classical Monte Carlo simulation. The presentation defines the notation used 

in this work and presents the basic principles of this widely used simulation method. Following 

the discussion of classical Monte Carlo simulation is a tutorial description of the modified Monte 

Carlo technique known as Importance Sampling. We present these Monte Carlo techniques 

using as an example the analysis of a simple baseband binary Non-Return to Zero (NRZ) 

communications system. 

For the interested reader, there are at least five techniques for the simulation of 

communications systems. These techniques are: 

1) Monte Carlo simulation 

2) Importance Sampling (or modified Monte Carlo simulation) 

3) Extreme-Value theory 

4) Tail Extrapolation 

5) Quasi-Analytical (noiseless simulation combined with analytical representation of noise) 
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A ready introduction to these techniques can be found in [1] where the application of each to the 

computer simulation of BER is presented in a tutorial fashion along with pertinent references. 

An excellent description of importance sampling can be found in [2] which references some of the 

original work. The JEEE Journal on Selected Areas in Communications has published two 

special issues entitled “Computer-Aided Modeling, Analysis, and Design of Communication 

Systems” in January 1984 and January 1988. A third issue is scheduled for publication in early 

1993. 

8.1.1 A Binary NRZ Example 

At some level, many binary digital communications receivers can be modeled by the 

baseband on-off keyed (OOK) system shown in Fig. 3.1. NRZ pulses can be assumed without 

loss of generality. In this model a pulse of V volts lasting for the whole of one bit period is sent 

if a “one” is to be transmitted. If a “zero” is to be communicated then no pulse is sent. The 

received signal is corrupted by noise. This noise may be additive, which is often assumed in the 

literature, or it may be signal dependent as is the case for optical systems. We have allowed for 

the possibility of signal dependent noise in a general mathematical sense by denoting the 

combination of signal and noise through the function Q(-), with the result a signal y. The 

signal and noise is then processed by the receiver and equalizer system function g(-). The 

voltages at the output of the sampling device form a randomly distributed sequence of voltage 

values {v;}. The value of v; is randomized by the noise processes affecting the signal through 

the system. The values of v; will follow one of two probability densities depending on which 

signal was sent; i.e. whether the signal is a ‘one’ or a ‘zero’. A representative diagram of these 

PDF’s is shown in Fig. 3.2. In the figure, /o(v) is the probability density function of the voltage 

level to be examined by the threshold logic device given that a ‘zero’ was sent; f;(v) is the PDF 

given that a ‘one’ was sent. Note that in the signal dependent noise case the probability 

densities fo(v) and f,(v) may not be of the same shape. Signal dependent noise is the case for 

optical receivers with APD detectors as discussed earlier. 
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Fig. 3.2 Probability Distribution Functions of the Detected Voltage 

where V is the detected voltage, Vp is the threshold voltage, fo(v) and f,(v) are the 

PDF’s of the detected voltage given that the signal was a 0 or a 1 respectively. 

CHAPTER 3 34



To summarize, the output random variable v can be expressed mathematically as a 

function of the input variables and the system function as: 

The hypothesis that sy was sent, Hp: uv = g(xo) = g[Q(sg,n)] (3.1 a) 

The hypothesis that s, was sent, H): v= g(x ,) = g[Q(s,n)] (3.1 b) 

where: sy = the ‘zero’ signal 

Ss, = the ‘one’ signal 

n = the noise process 

x = Q(s,n) = the input random process (signal and noise) 

and g(:) = the transfer function of the system being simulated 

This is a statement of the detection problem in terms of Neyman-Pearson hypothesis testing. 

The variable y represents the random signal at the input to the transfer function. We will 

denote the PDF of this random process as f(x). 

When simulating such a system on a digital computer the time variable is by necessity 

discretized and the signals throughout the system are sampled. In truth the signal values are 

quantized owing to the finite word size of the machine. We are permitted to ignore this fact in 

most instances due to the great precision available on modern computing machines and will 

treat signal values as if they were continuous valued yet discretized in time. In the mathematics 

of the simulation then the sampled value at the threshold decision device is: 

yie= glx; Xi-1> Xj-ge eres Xi-K] 

g[Q(s(2),n,), Q(s(t-1),n;_4); Q(s(t-2),n;_9); eee) Q(s(+-K),n;_ x)] (3.2) 

Expressed as above we have explicitly acknowledged the fact that the detected voltage at time 1 

will, in general, have a contribution from the previous signals input into the system. This is a 

system with memory. A memory of length K as described by the above equations. This is often 

the actual condition, a result of filter ringing and other forms of electronic memory inside the 

receiver. We require this situation to be addressed by a simulation procedure as well. Note that 

in the importance sampling literature system memory as defined above is often called the system 

dimension. We will continue to use the word memory in the context above in order to reserve 

the word dimension to refer to the value of M in M-ary PPM systems. 

The conditional PDF's of the detected voltage v; will also be a function of the previous 

samples and can be denoted as: 
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Ho: Fo(v;) = el xox Xi-1» Xj—21 +++ X:_K)] 

glf{Q(so(i),n,), Q(s(t-1),n;_1) Q(s(t-2),n;_9), teeny Q(s(+m),n;_ 4) } (3.3 a) 

Hy: A) = glhixays Xi-1> Xi-2. es Xi-K)] 

gl Q(s,(i),n,), Q(s(i-1),n;_4)5 Q(s(i-2),n;_9), oe) Q(s(t+m),n,_ x) }). (3.3 b) 

The density fog Xj-1) Xj-2) «++ » X;_-K) is the joint probability density function of the K past 

signal and noise input samples. 

The purpose of the threshold device in the receiver shown in Fig. 3.1 is to determine 

whether bit; was a ‘one’ or ‘zero’ based upon the examination of the voltage sample v;. The 

technique is to decide that a ‘one’ was sent if the voltage is above (in this example) a 

predetermined threshold voltage, V7, (see Fig. 3.2) and to decide that a ‘zero’ was sent if the 

voltage is below this threshold. An error will occur if the voltage is below threshold when a 

‘one’ was sent. An error will also occur if the voltage is above the threshold when a ‘zero’ was 

sent. Mathematically the probability of error under each hypothesis is 

co 

Ho: Probferror|‘zero’] = Py = / fo(v)dv = 1-F (Vr) (3.4 a) 

Vr 

Vr 
Hi: Prob[error|‘one’] = P, = / fv) dv = Fy(Vr) (3.4 b) 

—0o 

where F,(-) and F,(-) are the corresponding cumulative distribution functions. The total 

probability of error, P,, is a weighted combination of the above probabilities: 

P, = Prob(0)-P) + Prob(1)-P, (3.5) 

where Prob(0) and Prob(1) are the probabilities of sending a ‘zero’ and a ‘one’ respectively. In 

practice, all data links use techniques that ensure equal numbers of ones and zeros are 

transmitted. Hence it is usually appropriate to assume Prob(0) = Prob(1) = 0.5. The quantity 

‘P,’ is otherwise known as the BER. 

A computer simulation of such a system can assist in either the determination of the 

optimum value of Vp or to predict system performance in the form of BER, or both. In our 

work we are only concerned with the analysis of the BER performance of a system through 

simulation. In the next section we describe the Monte Carlo simulation of a baseband binary 

OOK system in which the goal is to determine the BER performance. 
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3.1.2 Monte Carlo Simulation 

This section describes the theory and implementation of Monte Carlo simulation for 

determination of bit error probability. The emphasis is toward the introduction of a modified 

form of Monte Carlo simulation known as importance sampling which is presented in Section 

3.2. 

The use of Monte Carlo simulation in determining the BER is straightforward, albeit 

time consuming for determination of low probability of bit error. The method is to implement 

mathematical models of the component parts of a communication system and to form them into 

a computer program through which sampled signals can be processed. To determine the BER, 

one must count the number of information bits found to be in error at the detector output, 

knowing which bits were sent. The BER is simply the ratio of the number of bits in error to the 

total number of bits transmitted. In other words: 

P,=2 (3.6) 

where n=the number of v; observed to cause an error, N=the total number of v; observed and 

P, is the estimate of the error probability, P,. Note that this is simply the fundamental 

definition of probability and that the estimate will approach the true probability of error as 

N-0o. 

In practice the question which needs to be answered is how large must N be given that 

it must be finite. It can be shown that for a 95% confidence interval, the total number of bits 

transmitted and examined through the system, N, should be (at a minimum) ten times greater 

than {1]. That is 
Pe 

N> - (3.7) 

where P, is the probability of error. A 95% confidence interval means that the true probability 

of error is bounded as: 0.5P, <P.< 2P,. with a probability of 0.95. For example, if a BER 

(=P,) of 107° is the error rate of the system, then at least 101° bits must be run through the 

model of the system to have 95% confidence in the result to within 0.5x1079 < P.< 2x 107°. 

The derivation of this result can be found in [1] where the confidence intervals associated with 

error counting are derived. 

The requirement to simulate 10!° bits or more through a system to determine one point 

on a BER curve illustrates the time consuming nature of this type of BER estimation. Its 

strength is in its ease of implementation and ability to analyze any system, linear or nonlinear, 
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that can be modeled in a computer program. It is the purpose of importance sampling to reduce 

the number of bits which must be simulated through the system and yet still achieve an 

estimate that lies within a desired confidence interval. The generation of a BER curve to 

include probability of error down to 107° via a BOSS simulation of a free space optical 

communications system using QPPM modulation can take between 1 and 2 days on a SUN 

SPARC workstation. BOSS is a communication system computer simulation package described 

in Section 3.3.1 below. 

In order to introduce importance sampling into the Monte Carlo simulation procedure, 

we describe the procedure again in a more mathematical fashion. Consider the probability of 

error given a zero is sent, the Hy hypothesis. From eq.(3.4 a), we write 

Po= / fo(v)dv (3.8) 

Vr 

We concentrate on the probability of error given a zero is sent but the following development 

applies equally to P,, the probability of error given a one is sent. Eq.(3.8) can also be written 

as: 

Po= | holr)folv)dv (3.9) 
—0o 

1 V > Vr 

where we define: ho(v) = (3.10) 

0 v< Vr 

The function ho(v) is a deterministic function of the random variable v. Cast in this form, we 

see from eq.(3.9) that Po is the expected value of the function hg(v). 

Monte Carlo simulation is simply a discretized version of eq.(3.9) over a finite limit, to 

the extent that the integral sign is replaced with a summation. Performing this substitution 

results in a loss of equality which in turn initiates an estimation to the true probability of error 

as in eq.(3.6). The objective of Monte Carlo estimation is then to generate an estimator of Po 

(the true probability of error) which we denote as Po. This estimator is defined as: 

if 
Pond, ho(v;) (3.11) 

Eq.(3.11), along with a dual statement relating to P,, describes the Monte Carlo estimation 

procedure. It is important to note that the expected value (the mean) of the estimator Py can 
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be shown to be Pp, ie. 

E[Pol = Po- (3.12) 

Thus the estimator Py is said to be an unbiased estimator. Further, assuming independent 

errors (this may not be the case for some forms of signal coding) the variance of Po is: 

P,(1—Po) 
2. *0 (0) (3.13) 

where we note that the variance decreases with increasing N. This is actually a restatement of 

the property observed from eq.(3.6) above. As the variance decreases the estimator is contained 

closer to the mean. Since the estimator is unbiased, the mean is the desired probability of error, 

Py. In other words the estirmate can be made to be as close to the actual value as we like simply 

by increasing N. The penalty is increased computing time. 

Eq.(3.13) might also be recast as: 

ot = + / Sov) (1-Pg) dv. (3.14) 

Vr 

This form illustrates that the variance of Py might also be decreased if we could find an 

alternate PDF for the voltage at the threshold device, fo(v). This is the principle behind the 

technique of importance sampling. Importance sampling is a procedure to decrease the variance 

of the Monte Carlo estimator via the use of an artificial PDF, say flv), so that the variance can 

be made sufficiently smal] with fewer samples through the system. 

3.2 Importance Sampling 

3.2.1 Basic Concepts 

As introduced at the end of Section 3.1.2, the modified simulation technique called 

importance sampling is the process of introducing a modified probability density function into 

eq.(3.9), and ultimately eq.(3.11), to reduce the computation time of the simulation process. 

The reduced run time is obtained by causing the variance of the estimator to become smaller for 

a given number of simulation samples, N. In this section we present the theory and practice of 

importance sampling as applied to a binary NRZ system. 

We examine the theory of importance sampling by postulating that we know of a new 

output PDF which will reduce the variance and thus investigate its effect on the mathematics of 
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Monte Carlo simulation. If we call this new PDF folv) (note that the ‘*’ does not signify a 

complex conjugate, only a modified function) then we form directly from eq.(3.9): 

Po= J bole) BO he 

or Po= onto (3.15) 

  

  where: hg(v) = ho(v)- Jol) (3.16) 

fl v) 

The probability of error is now estimated by: 

N 

=H hdl (3.17) 
i=1 

Ee
 

Examination of eq.(3.17) as compared to eq.(3.11) shows that the output sequence {v,} is now 

distributed by the PDF fav) and that this alteration has been compensated for by an alteration 

of the counting function hg(v). The counting function is now hg(v) which is hg(v) weighted by 

the ratio of fo(v) to flv). 

This completes the importance sampling procedure. It remains only to show that taking 

the above actions reduces the variance of the estimator, that the estimator is unbiased (In the 

sense that the expected value of the estimator is the true value.) and to describe how one might 

choose a bias function for the input random process. It has been shown repeatedly elsewhere 

that the importance sampling estimator is unbiased and that following the above procedure will 

reduce the variance of the estimator, see for example [1] and [3]. As for choosing a bias 

function, this has been the subject of much of the literature on importance sampling as can be 

seen in Chapter 4. We discuss some of the basic principles of bias function selection in the 

remainder of this section and in the next section. 

There is some important distinctions which should be made at this time concerning the 

bias function. The goal is to bias the output PDF’s in such a way as to favor the v,’s that cause 

errors to occur. The PDF at the output is unknown. If it were known there would be no need 

in performing the simulation since the BER could be calculated directly using eq.(3.4) and 

eq.(3.5). The principle method of achieving a biased PDF fv) at the output is by biasing the 

input samples to the system, that is by altering the PDF of the input random variable, f(x). 

This PDF is known (or assumed) by the user. It forms the input to the simulation. In order to 
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implement importance sampling we must know (or guess) how the random variables at the 

input map into the random variables at the output through the system transfer function g(x). 

One must also know which portions of the output PDF to bias in order to promote the 

occurrence of errors. Stated another way, if the regions of the input variable, y, which 

contribute to an important event are known, then the distribution of the input random variable 

is modified in such a way that more samples are taken from these important regions. 

A simple example is shown in Fig. 3.3 in which the PDF f(x) is modified to form f CO: 

In this example, if FO is used rather than f(y), then more samples will come from regions 

[x,,X,] and [x3,x,]. Notice that this leads to fewer samples from other regions. If an input 

sample x is selected from FO then its probability of selection is biased relative to the true 

probability as described by f(y). We define the bias B(y) as: 

B(y) = oe (3.18) 

Since the output random variable v is determined from x, the probability that v=v,, 

where v=g(x), is increased (or decreased) by the bias B(y). Therefore the weight, or the 

significance, of the output sample v; is altered by the bias to x at the input. If the input 

samples are selected according to the bias B(x), then the weight, W(x), of each output sample is 

decreased (or increased) by the weight of the input sample. This weight is 

W(x) = £0. = (3.19) 
f(x) Boo 

In classical Monte Carlo simulation each input and output has a weight of 1 for all y. This 

change in weighting must be accounted for in interpreting the results of the modified simulation. 

3.2.2 On Biasing and Unbiasing 

The unbiasing of the output random variable is performed as the errors are counted and 

collected. Eq.(3.17) is a description of the process of unbiasing. Recalling the definition of 

hg(v) from eq.(3.16) we see that since the biased output PDF, for); is greater than the 

unbiased output PDF, fo(v), in the region of y > V7 then we sum numbers less than one when 

counting the errors produced in our simulation. Knowing that errors are more likely to occur by 

design, then they do not count as much. This can be seen mathematically if we write out hg(v) 

  

as fol) v>Vr 

h3(v) = fol) (3.20) 
0 v< Vr 

CHAPTER 3 41



0.5 

o 
S 

S 
No
 

WO
 

a
 

Pr
ob

ab
il

it
y 

of
 
X 

oO pa
 

0.0 

Fig. 3.3 

CHAPTER $8 

> £00) 

      
Biasing of a Probability Distribution Function 

where the dashed line is the original PDF, f(x), and the solid line is the biased 

PDF, f (x). The probability of producing random variates in the regions [x,, x,] 

and [x,,x,] has been increased under the density f(x. 
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What is needed is a method of biasing the PDF of the output random variable v to insure 

improvement over classical Monte Carlo. An intuitive feel for why importance sampling works 

is helpful in this pursuit. Consider the following description. 

Insight into the biasing and unbiasing procedure can be found by reconsidering the 

process for simulating the baseband binary NRZ communications system shown in Fig. 3.1 using 

Monte Carlo techniques without importance sampling. Recall that in this example n(t) is a 

Gaussian distributed random signal added to the input signal to form an input random process 

x. The goal is to generate a BER curve which describes the BER performance of the system as 

a function of input signal to noise power. The procedure begins by selecting an input signal to 

noise power level and running the simulation until the BER performance at that level is known. 

This provides one point on the BER curve. This procedure is repeated at various input signal to 

noise levels until there are enough points to determine the curve of BER performance as a 

function of input signal to noise level. 

Let us consider a single simulation process for obtaining an individual point on the BER 

curve. During the simulation we generate an independent sequence of random numbers 

representing the sampled version of our noisy input signal x = n(t)+s(t), assuming here additive 

noise for simplicity. This sequence is distributed according to the PDF of the input random 

process which we have called f(y). These samples are processed through the receiver system to 

generate a new random sequence that we have called vy which has a PDF f(v). Thus the receiver 

processing performs a mapping of the random variable y into the random variable v. Using 

these output samples we could construct an estimate of the PDF of v in a histogram form. In 

order to predict performance we must generate enough v,’s to accurately depict the histogram 

for that PDF. When we have generated a suitable histogram, we can estimate the probability of 

error by integrating the PDF above or below threshold as the case may be. This integration is 

performed by counting the number of samples above (or below) the threshold voltage and 

dividing by the total number of samples. This process yields an estimate of the integral of the 

tail of the PDF since the total area under the PDF is one by definition. This is an 

interpretation of eq.(3.6) or eq.(3.11) that is helpful in understanding the unbiasing process and 

why importance sampling works as a whole. 

Considering Monte Carlo simulation as the generation of a histogram estimate of the 

output PDF, f(v), provides insight into the roll of importance sampling and the technique for 

biasing and unbiasing of the random variables. For example, traditional Monte Carlo 

simulation requires that sufficient output samples be generated to estimate the entire PDF f(v) 
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to within a desired level of confidence, but in reality we are only interested in estimating the 

area of f(v) under the tails, above and below threshold of the appropriate output density. 

Importance sampling is a technique for causing more output samples to fall into the tail areas of 

the PDF histogram. When we know the shape of the tail f(v | 0) above threshold or the shape of 

the tail f(v | 1) below threshold then the generation of output samples can stop. 

Consider that the output histogram is generated by dividing the v axis into a finite 

number of intervals called bins. Each bin represents a portion of the total probability that we 

denote as p;. That is, the probability that the output random variable vy will be in the j*” 

histogram bin [vy j- ¥ jl is p j- An estimate of this probability, P > is obtained as 

nh: 5 a BG 
P;=lim ¥ (3.21) 

where: n, = the number of samples in the interval [v j-Y 3] 

N = the total number of samples. 

In this discussion, the interval [V7, oo) in the output histogram can either be thought of as 

th some finite set of bins [Yj-w v,] or equivalently that the 7" bin spans the entire interval [V7, 

oo). We will generally refer to the interval as the j‘" bin as either interpretation by the reader 

will serve. 

When constructing the histogram of the output random variable v for the case of 

classical Monte Carlo simulation, the weight of all of the n, that fall into the jth bin [v 5-1 v,] 

is one. This is intrinsic to eq.(3.11) above, but when constructing a histogram of the output 

random variable yv for the case of importance sampling, then the weight of all the n j that fall 

into the j** bin [v ;-1 ¥,] is given by 

n 

Wats] A A (3.22)   

where x; j is the it/ input sample that produces an output sample in the j*” bin [vy joa jl 

If the biased estimate of the probability in the j*" bin is P* then 

n* se AG 
P = fim | N (3.23) 

where: nt = the weighted (biased) number of samples in the interval [v ;_1, v,] 

N = the total number of samples. 

The unbiased output for the j” bin will be obtained by multiplying the biased estimate by the 
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average weight of the bin. That is 

  

* 
* Nn, 

p=w..mely 
J Wools] N= Ny Boxy 

rn r) * 
or P, = Wau) P5 (3.24) 

Hence, in order to unbias the histogram we need to sum the weights of each of the v that caused 

an error at the output and then divide by N, the total number of v. 

3.2.8 Sample Size Reduction Factor 

Let the estimator of the jh bin obtained through modified Monte Carlo simulation be 

called P inj and let the estimator of the j‘* bin obtained through classical Monte Carlo 

simulation be called P cj; Comparing the variance of these estimators, o 2 mj and o j Provides an 

indication of the amount of improvement that can be obtained through the application of 

importance sampling. We show that the variance of P., ; can be significantly smaller for a given 

value of N if the biasing is chosen such that B(y)>1 for every xE1,. The interval I,, possibly 

disjoint, is the set of all x such that y € {x,| v; =g(x,)} where v; € [v,_1, V5]. 

Recalling eq.(3.13), we have 

j= — NP (approximation for p; < 1) (3.25) 

This can be written as 

o2. = t | f0 dx (3.26) cj N. 

1. 

where N., is the total sample size for classical Monte Carlo simulation. Similarly the variance of 

the modified Monte Carlo estimator is 

08,58 | Wayifv) fo) (3.21) 
iF 

where N,, is the total sample size for classical Monte Carlo simulation and W(x) is the average 

weight of the elements in the j*” bin. 

The variance of the two estimators will be equal for a given confidence in the estimator. 

That is, for a given error in the estimators 
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/ Foo ax 

. i (3.28) = vr wy 

™ J Wavts3(0 “00 dx 
1. 

Jj 

Hence R   

where: R= the sample size reduction factor. 

Eq.(3.28) shows that for an equivalent amount of error in the estimation, the ratio of sample 

sizes will be greater than one; that is, the N,, will be less than N., if the x in the interval | j are 

biased greater than one: B(x) >> 1 or equivalently W(x) < 1. 

An example of the use of the modified Monte Carlo procedure as applied to a classic 

communications system such as the NRZ case used here is given in Section 4 of [2]. The reader 

is referred there for a numerical example illustrating the procedure as well as numerical 

comparisons of the reduction in sample size. The authors establish that the reduction in sample 

size increases with lower values of p, the probability of error. It is shown in [2] that a 107? 

probability of error can be estimated using the importance sampling technique with a sample 

size of N,, = 104. The accuracy of the estimate is equivalent to the simulation of N= 108 

samples taken from an unbiased sample set. A non-zero memory length will inhibit the 

reduction in sample size but the savings is still significant. 

3.3 Optical Receiver Simulation Model 

8.8.1 BOSS 

The Block Oriented System Simulator, BOSS[4], is a general purpose simulation 

package designed to run on a DEC VAXStation or a SUN SPARC workstation. The simulation 

work presented here has been performed using a SUN SPARC II platform running BOSS version 

2.7. (Some of the initial work was performed at Goddard Space Flight Center on a SPARC I 

using version 2.6.) BOSS may be viewed as an operating system for simulation-based analysis 

and design of communication systems. It oversees all software functions that are necessary to 

build simulation models, to execute simulations, to view the results and to perform design 

iterations. BOSS provides an interactive framework for simulation-based analysis and design 
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with capabilities to develop simulation models in a hierarchical fashion using graphical block 

diagram representations. It is an example of a software package that is designed to take 

advantage of the integrated hardware/software environment offered by workstations. Using this 

block diagram approach the user can configure and execute waveform level simulations, review 

the results and then perform design iterations.[5] 

BOSS is written in LISP and implemented on a workstation to take advantage of the 

processing power and the integrated hardware/software environment. BOSS assumes that 

fundamental devices and modules, subsystems and systems can be represented in a hierarchical 

block diagram form. The topology of a system or subsystem is specified using a graphical block 

diagram editor. A high resolution graphics terminal is used to display, edit, and interact with 

block diagrams and to enter parameter values. To construct a new module, the user selects 

from a set of modules which exist in the module library, places them on the screen and connects 

them together using the block diagram editor. Library modules are represented on the graphics 

terminal by icons of blocks with labels. Moving blocks on the screen and connecting them is 

performed using a mouse as a pointing device. Thus, BOSS eliminates the need for an 

intermediate language for describing the topology of the system. BOSS encourages a 

hierarchical approach to model building whereby the user starts with a set of simple building 

blocks and synthesizes increasingly complex models rapidly. Once a model definition is 

complete, it is easily added to the model library and can be recalled as a singled functional block 

at a higher level in the system design. The user can also enter FORTRAN subroutines as 

models into the BOSS library[5]. This capability has been used in the implementation of much 

of the importance sampling related building blocks since these do not exist in the BOSS library. 

Each module in the BOSS library is in actuality a FORTRAN subroutine. BOSS 

generates FORTRAN simulation code from the block diagram representation and the simulation 

is executed with no user intervention. In general, the user needs no knowledge of FORTRAN 

nor has any indication that a FORTRAN program is being executed. The block diagram 

representation of the system, run-time parameter values, and the simulation results are all kept 

together by BOSS in one or more databases. The user can view the simulation results along 

with block diagrams of the system and run-time parameters in a window environment[5]._ Many 

of the figures in this document are printed BOSS block diagrams and BOSS windows. 

8.8.2 APD Model 

The physics and the statistics which describe the signal dependent gain process of an 
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APD have been described in Chapter 2. We now describe the implementation of a complete 

model of an APD device suitable for implementation on a digital computer. 

There are two contributions to the output current of an avalanche photodiode that are 

modeled. The first is the dark current and the second is the current due to the signal. The dark 

current is current which flows out of the device even in the absence of incident light. This 

current consists of two components: the dark current due to surface leakage, tp, and the bulk 

dark current, tp. The surface leakage current depends on surface defects in the semiconductor, 

cleanliness, bias voltage and surface area. A common method of reducing surface dark current is 

through the use of a guard ring structure during the construction of the device which shunts the 

surface current away from the load resistor. Since the avalanche multiplication process takes 

place inside the semiconductor material the surface current is not affected by avalanche gain. 

The bulk current, on the other hand, arises from electrons and/or holes which are thermally 

generated in the p-n junction region of the diode. In an APD these carriers get accelerated by 

the electric field present in the gain region of the device and are thus multiplied by the 

avalanche gain mechanism[6]. 

While surface leakage current is a result of the voltage bias across the device, it is 

relatively insensitive to it. Most importantly it does not experience any multiplicative effects 

from the gain of the device since it is effectively outside of the device. Surface current is a small 

contribution to the total output current and is essentially constant. In the modeling of the 

APD, we have not implemented a surface current term due to its small magnitude and its 

constant nature. In an integrating receiver such as this, a constant would only provide an offset 

without contributing to the error performance. 

Our APD model is placed in the system so that the input is optical power in watts. 

This power must be converted to a mean number of incident photons per unit time in order to 

make use of eq.(2.13). As discussed in the previous section, time is discretized during simulation 

and we shall denote this unit of time as dt. The conversion from optical power to number of 

photons is obtained through multiplication by a constant. The constant is obtained through 

manipulation of eq.(2.5) where it is assumed that the input optical power is constant over the 

time period dt so that the integration disappears. Let this constant be called the power constant 

defined as 

_Andt 
power constant = 7 (3.29) 

where C is the speed of light and A is the wavelength of the incident radiation. The mean 
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number of photo-electrons per dt is calculated at each simulation sample step from 

i = (power constant) - power (3.30) 

Note that the value of the power constant is constant throughout a given simulation and needs 

only be calculated once at the beginning. Note also that this implementation does not restrict 

the optical power to be one of a finite number of values, predetermined before the simulation, so 

that we are free to introduce channel effects into the simulation. 

After obtaining a mean number of photons due to the input optical intensity, the dark 

current of the device must be added prior to the gain mechanism module. This involves the 

addition of a constant, the value of which is determined via the specification of the parameters 

for the APD to be simulated. Specifically the dark constant is 

dark current | 
unit charge dt (3.31) 

dark constant = 

This expression gives the number of electrons per unit time di. Again this value is constant 

throughout the simulation and need only be calculated once. This value is summed with the 

mean number of primary photo-electrons from above and the result becomes the parameter fi 

used in eq.(2.13). A module to generate random variates as per the WMC density has been 

constructed inside BOSS using the primitive definition facility. 

The block diagram of our APD model is shown in Fig. 3.4. The block titled WMC 

RANGEN generates random variates as per the WMC density given the input number of mean 

photo-electrons and parameters for the gain and ionization coefficient. The original topology for 

this module was provided by Dr. Tony Martino of Goddard Space Flight Center. His model was 

similar but used an implementation of the exact statistics of eq.(2.7) through eq.(2.12) in place 

of the WMC random generator. Initially, the input optical power goes through some circuitry 

to guarantee that the input optical power is positive. This was implemented in order to 

safeguard against slightly negative values which can occur after the implementation of an FFT 

prior to the APD. The optical power is multiplied by the power constant and then the dark 

current term is added. The sum is then input to the random variate generator module WMC 

RANGEN. 

The WMC density given in eq.(2.13) describes the distribution of the number of 

electrons out of the APD, denoted here and in Chapter 2 as r. For simulation purposes the 

input is n, the mean number of primary electrons as found from eq.(2.5) summed with the dark 

current contribution as described above. The parameters of the expression are K and G. These 
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parameters are described in Section 2.2.2 and are constant throughout the simulation. 

An efficient method of generating the random variates according to the WMC density is 

given by Ascheid[7]. The process is based on the acceptance-rejection method. It is easily 

implemented on the computer and has been used for the studies here. Briefly, the method 

begins with a zero mean, unit variance Gaussian random variable, x. The generation of 

Gaussian random variates is a well established procedure. It is shown in [7] that if a new 

random variable, z, is defined as a function of x as: 

z= h(x) =x K+ JSP + 1 (3.32) 

then this new random variable has a PDF: 

144 2 
f(z) = == 2A. oof — —41_ \ (3.33) 

V 2a 1422 2(1+4) 
(1+) 

The WMC PDF is obtained through a simple algebraic maneuver such that: 

fwac(y) = 2 ar fw) =2 ¢(y) f(y) (3.34) y 
A 

where y is related to r through the transformation 

y=topG (3.35) 

The procedure for generating a WMC random variate is as follows: 

1) Generate a uniform random number U € [0,1] 

2) | Generate a normal random variate x as N[0,1] 

3) Compute z = h(x) using eq.(3.32) 

4) Test for g(z) > U: if true then accept y =z, if not go to 1). 

Note that, probably due to a typographical error, the procedure as originally given in [7] 

incorrectly rejects the variate if g(z) as greater than or equal to U. Otherwise, the procedure is 

correct as given in [7] and is both simple to implement and efficient. The module WMC 

RANGEN was created and added to the BOSS library of modules using the BOSS primative 

module creation procedure. 

To summarize, the complete APD model is implemented as follows. First, the value of 

the mean input, 1, is calculated from the input optical power and the dark current at each 
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simulation instant di. Each fi value is applied to the WMC RANGEN module block which 

generates a WMC distributed random variate via Ascheid’s method. The resultant random 

variable represents the number of electrons out of the APD. This value is converted to a current 

through multiplication by the unit charge and division by the unit time, di. This conversion to 

current from electrons is the purpose of the final multiplication shown in the APD model of 

Fig. 3.4. In our implementation, we convert the number of electrons to microamperes for 

convenience as follows. The random variate out of the WMC RANGEN block, r, is a number 

representing the number of electrons out of the APD device over a time dt with incident energy 

P(t). This value is converted to a current, I, by multiplying by the unit charge and dividing by 

the time period di. 

I= i where: q = 1.6021917x107?9 C (3.36) 

The variable I represents the amount of current out of the APD over each time interval dt. 

A comparison test was performed between the APD which uses the WMC generator and 

the APD originally in use at GSFC which implemented the exact statistics of eq.(2.7) through 

eq.(2.12). No difference was found in the statistics of the output. A strictly controlled time 

comparison was not made but it appears that the APD based on the WMC RANGEN using the 

Ascheid algorithm is faster. This seems reasonable since repeated generations of a random 

variable for each APD output value r is not performed under Ascheid’s technique. The APD 

using the WMC generator is generally more robust to differing input light levels since the exact 

implementation becomes increasingly slower as the optical input level becomes greater. At 

larger input optical powers the number of random variables to be summed, ft, is larger and 

hence it is slower. The WMC density is held to adequately describe the APD multiplication 

statistics for large and smal] values of fi. The speed is also insensitive to the values used for 

parameters G and kK. 

3.8.3 PPM System 

Referring to the block diagram of an optical PPM system in Fig. 3.5, a complete 

description of the simulation procedure follows. The simulation begins with a binary data 

source: a generator of random one’s and zero’s. This source feeds a PPM encoder which forms 

an M-ary PPM word from every L bits of input binary data. The output of the PPM source is a 

logical level from which optical pulse shapes representing the PPM words are derived. 

The samples representing the optical pulse shape are produced by a model of the laser 
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source. The laser source model generates optical power levels corresponding to the input logical 

levels. In other words, it maps the input logical levels (on or off) of the input PPM stream into 

optical power levels. Parameters for the laser model are the output power level, the extinction 

ratio of the laser transmitter and the background radiation level. The last two, along with the 

APD bulk dark current, cause APD output to exist during the empty slot periods. These 

quantities are predetermined inputs to the simulation. The output pulse shape can easily 

include the turn on and turn off characteristics of the laser diode[8] but this has not been 

implemented in the work reported here. 

In order to incorporate bandwidth constraints and pulse shape phenomena into the 

simulation and yet perform the simulation on a discrete time machine, each PPM word is 

sampled. As a convenience we have ensured that each PPM slot is divided into an integer 

number of samples. This number is selectable by the user. As before, let the time space 

between samples be denoted as dt. The Nyquist sampling rate must be satisfied in the selection 

of dt if pulse dispersion through the receiver is to be emulated. For square pulses the bandwidth 

is infinite and therefore cannot be sampled without introducing aliasing. | Obviously 

approximations must be made for the case of pulses with sharp edges. It has been shown that 8 

to 16 samples during the period of a rectangular pulse with zero rise time is sufficient to 

characterize the waveform accurately[9]. The goal is to preserve the amplitude information 

along the simulation path. 

The samples produced by the laser source provide input to a model of the APD. At 

each time interval dt, the APD module generates a number representing the amount of output 

current (in 4A) based on the input optical power for that time interval, di, and the APD 

parameters as described above. The parameters of the APD model are the ionization ratio, kK, 

and the average gain, G. The current from the APD is then summed with a zero mean 

Gaussian distributed random variate with a variance equal to the noise power of the receiver 

noise temperature. This emulates the additive noise of the preamplifier circuit. 

The noisy current samples are passed through a low pass filter that emulates the filter 

characteristics of the receiver and preamplifier. In the case of an integrating matched filter, the 

output of the filter is then summed over a slot period, T,, with the output dumped after each 

slot. These slot sums are compared in order to determine which PPM word was received. The 

received word is then converted to binary bits. These detected bits are compared to the 

transmitted bits (properly delayed) to find transmission errors which are identified and counted. 

Alternatively, if pulse shaping is used for bandwidth reduction the noisy current samples from 
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the output of the low pass filter can be passed through a matched filter (square root raised 

cosine, for example) and the output sampled at the appropriate point in the slot period. In this 

latter case the two filters can be combined into a single filter element. 

3.4 The PPM Problem 

The application of importance sampling to M-ary PPM reception utilizing the optimum 

receiver of Chapter 2 has not previously been attempted. All previous applications of 

importance sampling have dealt only with threshold detection receivers. The comparison which 

takes place between received slot energy requires a new and extended definition of bias function 

realization in order achieve a reduction in run time. The implementation of importance 

sampling in the simulation of the maximum likelihood optical M-ary PPM receiver is different 

because the objective of the simulation is more than just the estimation of a tail probability but 

is the estimation of the integral in M-space inside a closed surface. This closed region represents 

the region of error probability in much the same way that the tail of a Gaussian represents the 

region of error probability in our NRZ receiver example above. Further, one of the input 

processes of this optical system is not additive in nature but multiplicative and signal 

dependent. Others have dealt with the simulation of APD based receivers but have improved 

run time only through quasi-analytic techniques and some measure of improved APD 

simulation. 

The successful implementation of IS to M-ary PPM simulation provides an improved 

analytical tool for the investigation of any number of PPM system phenomena. This simulator 

can be expanded to explore pointing and tracking effects and other channel phenomena such as 

turbulence. This should provide a powerful tool to NASA and others working with PPM to 

explore system issues through simulation. Improved and efficient Monte Carlo simulation of the 

receiver, transmitter and the dispersive channel will permit the analysis of BER performance 

bounds not currently possible. Such a simulation can enable such factors as pulse shape to be 

observed and treated as a variable through the analysis. Further, simulation will permit such 

analysis as these without defaulting to Gaussian statistics for the APD. 

In Chapter 4 we review the previous work in the area of importance sampling and use 

the results from this previous work dealing with threshold detection to point the way to 

implementation for the multi-dimensional bias function necessary for M-ary PPM. 
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CHAPTER 4 

APPROACHES TO IMPORTANCE SAMPLING 
AND 

OPTICAL SIMULATION 

4.0 INTRODUCTION 

Importance Sampling (IS) is a modification to Monte Carlo simulation developed by the 

general statistics and mathematics community to increase the efficiency of Monte Carlo 

simulation([1][47]._ It reduces the number of samples required for a desired accuracy in the 

estimate and thus reduces the amount of time required to make a thorough study. Interestingly, 

one of the earliest references to its use in the analysis of a communication system concerned the 

simulation of an optical system[2]. While our concern here is in the use of IS for optical 

communications, the majority of work using IS in the communications area has been in contexts 

other than optical communications. The next importance sampling work in the communications 

area was four years later[3], co-authored by the author of [2]. Shortly afterwards importance 

sampling was adopted by the radar community where it was used to speed the simulation of 

false alarm thresholds in radar systems|4][5]. It has been applied to many areas of 

communication engineering since then. Increased computing power and greater availability have 

fueled an increased interest in simulation methods for solving nonlinear communication system 

problems. 

The literature concerning the use of IS in problems of communications engineering can 

be divided broadly into two main categories. The first is devoted to the derivation or discussion 

of optimum bias functions, Fe pel -). It should be noted that much of the IS literature devotes 

some discussion to the choice of bias function. It has been felt, and not without justification, 

that the choice of bias function is of great significance when implementing the technique. It is 

seen that the optimum bias function results in a zero variance of the estimator and hence, in 

theory, only one sample need be simulated. But the optimum bias is unrealizable since its 

implementation requires foreknowledge of the solution sought through simulation. However, 

much insight into IS can be obtained through the study of the optimum bias function, so we 

have chosen to group these works together. This permits the introduction of the concept of an 

optimum bias function and enables it to be contrasted with the optimum bias function for the 
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M-ary PPM maximum likelihood receiver found in Chapter 5. 

The second category of IS literature consists of works whose primary focus was not the 

optimum bias function. These works fall into several subcategories. Most of them develop a 

particular approach to a suboptimum solution to the bias function. There are several of these 

and each has been developed and used in the simulation of a specific type of communication 

system problem. Although there are differences in the communication systems considered, they 

are predominantly systems with additive Gaussian noise and the detection method has been that 

of threshold detection exclusively. While additive Gaussian noise and threshold detection have 

been the rule, each of these papers has made some contribution to the understanding of IS in 

communications system simulation or has developed a unique approach to applying IS to 

communication system analysis and is therefore of interest to our work. 

Additionally, there are some works which have addressed system memory issues. The 

ability to reduce the number of bits required to be simulated using IS is directly related to the 

memory of the system. Here, memory refers to the number of prior samples which have 

influence on the current bit decision. In the literature, this memory is sometimes referred to as 

the dimensionality of the system in order to prevent confusion with the other concepts of 

memory. We retain the use of the term memory in order to apply the term dimension to the 

factor M in our M-ary PPM discussions. Several techniques have been developed to mitigate the 

effects of memory. Most rely on a linear system model or one that can be linearized with some 

level of confidence that the resulting linearized system is a suitable approximation to the 

original nonlinear system. We treat these systems together in order to gain insight into methods 

of dealing with system memory. Especially as M gets larger, PPM simulation tends to require a 

large number of samples to represent the PPM waveform. Hence the effects of memory and 

methods to mitigate its effects are of concern here. 

Related to system memory is the issue of multiple noise sources. The optical systems 

under study here have at least two distinct noise sources in the receiver. These are the non- 

additive noise of the APD device and the additive Gaussian noise of the preamplifier. If the 

entire link is considered, random atmospheric effects can be considered as an additional noise 

source. Thus the ability to apply IS to simulations in which more than one random input exists 

is of importance. There has been a relatively small amount of work considering more than one 

random input. It has been principally associated with the simulation of satellite links in which 

thermal noise is added at the satellite transponder and also at the downlink receiver. 
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The technique of importance sampling has found much use in other fields of engineering 

and non-engineering alike where a casual search of the literature will find it applied to problems 

of quantum physics, simulation of bio-medical systems, and almost any area in which simulation 

is used to analyze a problem. The literature identified here is that concerned with electronic and 

communication systems. This is sufficient since the electrical engineering literature is seen to 

contain all contributions relevant to this study. The purpose of this chapter is to review the 

literature available concerning importance sampling and to present it in a fashion that permits 

the reader to quickly understand the current state of the art. 

To accomplish our purpose we have divided the literature as described above and now 

summarize this partitioning. Section 4.1 reviews the derivation of the optimum bias function 

and related works. This is, by necessity, oriented toward additive Gaussian noise and threshold 

detection since the maximum likelihood receiver structure has not been considered. The 

notation used in the summary presented here is general enough to permit the non-additive noise 

case to follow easily. In Section 4.2, we review each of the versions of importance sampling that 

occurs in the literature and summarize what makes it distinctive. In most cases, they are 

distinctive in the approach taken to obtain a suboptimum bias function. Section 4.3 groups 

those works which make a contribution to two ancillary issues relevant to the implementation of 

IS. These concern methods of dealing with the deleterious effects of system memory on IS 

variance reduction and the consequences of multiple input noise sources in the simulation. As 

an aside, the reader may notice that there is some overlap in each of these groups, as might be 

expected, since several researchers addressed not only bias function selection but system memory 

as well. Our groupings, while convenient to this cause, are not recognized as boundaries in the 

world of importance sampling. 

The next section, Section 4.4, is necessary for completeness in this coverage of the IS 

literature. It groups the various types of systems which have been simulated using IS. It 

illustrates that the IS approach used is very dependent on the nature of the system being 

studied. The final section, Section 4.5, is a review of pertinent optical systems simulation 

efforts. As noted above, most of the body of work concerning importance sampling has been 

concerned with other than optical systems. Yet some literature exists. None has brought the 

application of importance sampling to the simulation of APD optical receivers without resorting 

to Gaussian approximations for the APD model or the use of a look up table for the generation 

of APD shot noise random variates. Also in this section is a review of optical system simulation 

in which importance sampling was not used. These works are relevant in that they can be 
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studied for applicable techniques and models for the simulation of optical components and 

channels. 

4.1 OPTIMUM BIAS FUNCTION 

Monte Carlo simulation, both unmodified and modified (i.e. IS), is an estimator of the 

expected value of the function of a random variable or variables. In the communications system 

context, the function is often nonlinear. The PDF’s of the input random variables are 

considered the only thing known to the investigator other than a model for the system function. 

The expected value is estimated by counting the number of occurrences of the output of interest 

and dividing by the number of trials. The modification to Monte Carlo analysis which is known 

as IS is simply to skew the input PDF’s so that there are more than a natural number of 

occurrences of the outcome of interest, i.e. bit errors in a communications system are the 

important events. The counting process, in this case, is incremented by a number less than one 

(the weight) in order that the result be an unbiased estimate of the true (unmodified) output 

probability. It is the variance of this estimate which is of concern when trying to determine the 

accuracy of the estimate using either of the Monte Carlo methods. 

The variance of the unmodified Monte Carlo estimate is well known as(20][29] 

gibj=rt ee (41) 
where P, is the estimate of the true expected value P,, the probability of bit error, and N is the 

number of trials. As can be seen the variance decreases with order N. It is the purpose of IS to 

cause the variance to decrease at a rate faster than N~*. When this is achieved then fewer 

input simulation samples need to be examined for a given error in the estimate. Or conversely, 

the variance will be smaller and hence the estimate better for the same number of input samples 

N. 

In discussing the optimum biasing function we need to define what is meant by 

optimum. The interpretation has been slightly different for different authors. If we could find a 

bias function which caused the variance of our IS estimator to be zero then this would seem 

ideal, if not simply optimum. Imagine if the variance could be made zero, perhaps made zero 

regardless of the number of trials N, then only one experiment would be required in order to 

determine P - An estimate with zero variance means that P, = P, if the estimator is unbiased. 

We find that such an optimum bias function does exist mathematically but that it is 
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unrealizable. It is unrealizable because it requires one to know the answer being sought in order 

to construct the bias function. Yet study of this optimum bias function can indicate some the 

the pertinent properties to look for in a suboptimum choice of bias function. This is the subject 

of Section 4.1.1 below. 

If we can’t have the optimum bias function described in the above paragraph then a 

realizable alternative needs to be sought. The unrealizable optimum solution is derived in an 

unconstrained sense. The derivation is unconstrained in that there are no mechanisms built into 

the derivation which will eliminate the unrealizable optimum from the set of possible functions 

derived as optimum. To eliminate the possibility of the unrealizable optimum function from the 

derivation is to constrain the derivation. Two methods of constraining the derivation in order 

to achieve a suboptimum bias function are discussed in Section 4.1.2. 

The optimum bias function is approached in a different light in Section 4.1.3. Here the 

bias function, and IS in general, is treated in a sequence-dependent fashion. That is, the 

simulation is carried out for each input bit sequence that is possible under the system memory. 

For example, if the current bit decision is influenced by not only the current signal but also the 

signals from the five previous bits then then there are 2° = 32 different bit sequences to be tested 

since each sequence will produce a different result, in general. The BER of the entire system is 

then found by determining the BER for each possible input sequence and averaging the result. 

IS and bias function determination are treated in this context in Section 4.1.3 and we show that 

the entire concept is of importance when analyzing systems with ISI contributions to the output 

error rate. 

The final section, Section 4.1.4, presents some interesting and useful phenomena that 

have been developed as researchers have worked through the mathematics of IS. 

4.1.1 Unconstrained Optimum Bias Derivation 

The optimum bias function sought is one which will minimize the variance of the IS 

estimator. We first present a mathematical description of the IS BER estimation which is both 

general and rigorous. Similar derivations abound in the literature[21][39][29]. The purpose in 

repeating it here is to provide a vehicle for the presentation of the optimum bias function and to 

do it using notation which will carry over to the non-additive noise case which is typical for 

optical communications. Most of the derivations in the literature are not general since they 

inherently assume additive noise. This presentation is important not only for understanding 
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what has been done but also for what has been added to the understanding by this work. 

In M-ary PPM the receiver must decide between M hypotheses. Let us consider the 

signal detection problem in which we wish to decide between two hypotheses, M = 2, 

Hy: R = g[Q(sp, n)] 

and H,: R= g[Q(s,, n)]. (4.2) 

where Ris the K-dimensional receive vector, 8 and s, are the respective K-dimensional signal 

vectors and n is the K-dimensional input noise vector. K represents the memory of the system 

since it is seen that it takes K input samples to produce an output vector. The decision process 

is based on some manipulation or attribute of the receive vector R. Q is the function which 

combines the input vectors in order to generate the input to the system transfer function g(-). 

Often Q(-) is assumed additive. The system transfer function may or may not be linear. This 

system arrangement is portrayed symbolically in Fig. 4.1. 

Define Q,5 C R¥ to be the region of RK space where hypothesis Hy is chosen. Similarly, 

Q,¢ R* to be the region where hypothesis H, is chosen. The average probability of a wrong 

decision can be written as 

Pe=Up| fj (0) de-+ 04 | fay ar, a (4.3) 
2, Ny 

where Il, and II, are the a priori probabilities that Hy and H, are true. The probability density 

functions Fry H, |?) and Try H,@) are the density functions of the received vector conditioned on 

the hypotheses Hy and H,. In general the detection system in direct detection optical 

communications receivers is asymmetric so that the PDF’s of the receive vectors are asymmetric. 

To simplify notation, we proceed with only one half of the the RHS of eq.(4.3), that is 

for only one hypothesis. The developments are easily applied to the other hypothesis. 

Pea = Ma | Ae) a for k= 0 or 1 (4.4) 

OQ, 

At this point we normalize by the probability weighting factor II, and make it clear that in the 

remainder of this development we are discussing the probability of error for one symbol, 0 or 1 

in this binary case. This is the symbol probability of error, i.e. for a single hypothesis. This 

permits us to drop the conditional subscript, realizing that it is simply part of the total system 

error probability. We do this with no loss of generality since each part can be developed 
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Fig. 4.1 Symbolic System Model 

where 0. is the input noise process which is distributed according to the density f(n) and 

s is the input signal process which is distributed according to the density f(s). These are 

combined at the input of the receiver through the function Q(s, n) to form the random 

variable x. The system transfer function is g(-) so that g(x) =r. The random variable 

r is distributed according to the probability density function fp(r) and is the random 

variable examined by the decision device in order to decide which signal was sent. This 

detected signal is S. 
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separately from this point forward. 

The probability of error under a single hypothesis, the symbol error, is then 

Pe= | fale) dr (4.5) 
2 

where (2 is the subspace of RX defined by all possible values of r that result in a symbol error. 

As each output vector r is a direct consequence of input vectors s and n and since we will be 

biasing only the noise vectors and not the signal vectors, let us rewrite the probability of error in 

terms of the input vectors and the joint probability density function of s and n. 

P= | fos n) dsdn (4.6) 

2 

It is important to distinguish the densities and their implications here. Referring to Fig. 

4.1, the density function f(s, n) is the joint probability density function of the signal and noise 

vectors after they have been combined via the process Q. In the additive noise case, this is 

generally a simple translation of the input noise PDF. In the optical case this is not so since the 

noise is signal dependent as discussed in Chapter 2. The region 2 is that region of the x* 

system input space that results in a bit error. The PDF of the received signal vector, fp(r), is 

the PDF at the system output before the detector, for example at the threshold decision device 

input. The region {2 is the region of the RK system output space, the region of all possible 

vectors r, in which a bit error occurs. Mathematically, the receive vector r = g/Q(s, n)] where g 

is the system transfer function. 

Define an indicator function 

1 (s,n) EQ 

H(s, n) -{ 

(42 

Eq.(4.6) can now be written as 0 (s,n) ~Q 

PL= | H(s, n) f(s, n) dsdn 
(4.8) 

xk 

Eq.(4.8) is an expression defining P, as the mean, the expected value, of the function H(s, n). 

This is the basis for unmodified (classical) Monte Carlo simulation since the estimator for this 

mean is 

N 
P= > H(s,, n;) (4.9) 

=1 t 

Z
|
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where N is the number of trials of the simulation. The vectors s; and n; are the sampled input 

vectors which are independent and identically distributed. The estimate P, can easily be shown 

to be an unbiased estimator, i.e. E[P.] = P,, with a variance 

.. PLP, 
oP] = dr (4.10) 

  

which is true for independent input samples. For a discussion of the case when the inputs 

cannot be considered independent see [24]. 

For importance sampling, or modified Monte Carlo, simulation we write, from eq.(4.8) 

  

P= | H(s, n) W(s, n) f (s, n) dsdn (4.11) 

x* 

where f(s, n) is a joint PDF over the space X* and 

W(s, n) = As n) (4.12) 

(s, n) 
* 

is the weight. If the simulation is built so that f (s, n) governs the input random process, the 

estimator for P. becomes 
* 

Po = we H(s;, n;) W(s;, 0,) (4.13) 
1 2 

where N* the number of simulation trials. This estimator is unbiased because 

E,[P*] = | (P:) f(s, n) dsdn (4.14) 

xk 

Z
 

N* * 
= | FL H(s;, n;) W(s,, oof (s, n) dsdn (4.15) 

1=1 

* 

4 

= WF | H(s;, n;) W(s;, n,) f (s, n) dsdn (4.16) 
i= KK 

1 x = wd | H(s,, n;) f(s, n) dsdn (4.17) 
i= xk 

1 x 
=n dy he=Pe (4.18) 
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The variance of the IS estimator is found from 

2rp* ry * r)* g2[P 2] = £,{(P2)?}— E*{P3} (4.19) 

The first term on the RHS can be simplified as 

N* 

E,4(P2)"} = BA aS H(s;, n;) W(s;, oo (4.20) 
t= 1 

2 * * 

= | Se fa", n;) W°(s,, n,)} + S efit, n;) W(s;, 0;) H(s,, n,) W(s;, 0 as (4.21) 

i= j= 
oe ] 

2 x 

= Fa N* E,{H7(s;, n,) W(s,, n)} + > BHC, n;) W(s,, n;) H(s,, n;) W(s;, n,)} (4.22) 

j= 
a) 

= mn H°(s,, n;) W*(s;, n,)f (s, n) dsdn |+ 

2 * 
NF N*[N* — (PP + > cov fit, n;) W(s,, ,) H(s;, nj) W(s;, n,)} (4.23) 

i4j= 

#5 

where we have used E[XY] = E[X]E[Y] +COV[XY] and COV means covariance. Noting that 

H?(s;, n;) = H(s,, n;) we continue as 

= ey H(s;, n;) W(s;, n;) f(s, n) in 

xXx 

2 * 

=| Ninval(e,P+ 9 cov.{it, n,) Ws, 0;) H(s,, n,) W(sy, m,)}} (4.24) 
Se 
t# 
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= i-| H(s,, n,) W(s;, n,)f(s, n) dsdn + 1 ~ i:|(P J + 
x* 

1 oN Fal Dy COV.LBG n,) W(s,, n,) H(s;, n;) W(s,, n,)} (4.25) 

i#j 

Substituting the above expression into eq.(4.19) for the variance and noting that 

  LF = -52| H(s,, n;) f(s, n) dsdn (4.26) 

x* 

then the variance of the IS estimator is 

g2lPe] = E.{(P2)"}— {Pe} (4.27) 

= aa H(s,, n,)[W(s; n,) —- P2ifs, n) dsdn+ 

x* 

2N* 
(4) S- COV, {H (5; n,) W(s;, n,) H(s,, n;) W(s,, n,)} (4.28) 

i,j3=1 

#5 

If H(s;, n;) W(s;, n;) and H(s,, n;) W(s,, n;) are independent for 1 # j then 

g?{P 2] = | H(s;, n,)[W(6;, n,) - P,]f{s, m) dsdn (4.29) 
xk 

In the simulation of optical communications systems the input samples can usually be 

considered independent. Some forms of coding can create a condition in which the input 

samples are not independent from bit to bit. 

Eq.(4.29) is an expression for the variance of the IS estimator and as such has been the 

starting point for various analytical journeys into IS methodology by many researchers. They 

have considered the subtleties of this equation and found a variety of ways to interpret and 

utilize its message. We explore many of these things in the following paragraphs. 

Without further ado, the optimum bias function can be found by inspection of eq.(4.29). 

If the optimum bias is to be found from minimizing the variance then it can be seen that the 

variance can be made zero if 

f (s,m) = Hen pA 9) (4.30) 
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Eq.(4.30) might be rewritten as 

  

bs As ») (s, n) € Q 

f is n) = . (4.31) 

oP 0 otherwise 

This latter form enables one to better examine the salient features of the optimum solution. 

This result was presented in [21] where it was presumably arrived at by inspection just 

as it was here, in [29] where it was arrived at through minimization of the variance using the 

calculus of variations, in [39] by applying the Lagrange multiplier method and in [36] where it 

was arrived at through the use of Jensen’s inequality on the first term on the RHS of eq.(4.23). 

The result briefly appears in many works, particularly those discussing bias function issues, but 

the above references represent some of the more noteworthy. 

First let us discuss the obvious paradoxes which make this the trivial solution to the 

optimum bias problem. To construct the optimum PDF we must know the region 9 and the 

area in that region under the joint PDF f(s, n). This is P,. The value of P, is precisely the 

value which is to be estimated! The true importance region 9, or its counterpart Q, is generally 

unknown at the start of simulation process as well. It is often known at the output of the 

system, in terms of the threshold, for example, but at the output the PDF(s) of the signal(s) 

involved are not known. If they were known there would be no need in simulating the system. 

The notable features of the optimum bias function are its the shape and its region of 

existence. It seems significant that Fool n) should have the same shape as the unmodified 

PDF in the region of importance and zero elsewhere. It has the same shape but is scaled by a 

constant. The result is that the weight for any (s, n) pair will be a constant — the desired P, it 

turns out. With a zero variance, then only one trial is required but the weight used in the error 

count of that trial will be the desired answer. Further, we are guaranteed that if Foptl® n) is 

made to govern the simulation effort then every trial will result in a significant event, a bit error 

in this case, since only (s, n) pairs in the error region of the sample space X* will be generated 

using this joint PDF. This brings up the general point, that every simulation trial which does 

not produce an important event, a bit error, is a wasted effort because no real information is 

added to the knowledge of the system’s error behavior. 

In summary, the following things have been identified by researchers in the literature as 

the important aspects of the optimum bias function. First, it should resemble the nonbiased 
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PDF as much as possible in the significant region. To do so means that the weights generated 

are constant and small, i.e. close to the desired probability of error value. Further the optimum 

PDF should be as smal] as possible, if not zero, outside the important region. This will promote 

the generation of output errors and decrease the simulation time. These features of the 

optimum bias have been noticed by previous researchers and various means have been employed 

in order to arrive at, or approximate, this function. These are presented in Section 4.2 below. 

4.1.2 Constrained Optimum Bias Derivation 

As seen in Section 4.1.1, an unconstrained mathematical derivation for the optimum JS 

bias function yields a solution that while ideal is unrealizable. Recognizing this, some attempts 

have appeared in the literature to derive an optimum bias function while constraining the 

possible outcomes to not include the unrealizable optimum. The results are uninspiring. The 

first uses Large Deviation Theory to find a function or class of functions which are 

asymptotically efficient[36]. The second attempts to minimize the variance of the IS estimator 

by trying to find the density function which is closest to the unconstrained optimal solution in 

the Ali-Silvey sense[30]. A discussion of and the results from each of these works is presented in 

this section. 

An asymptotically efficient probability density function for biasing an IS simulation 

would be one for which the computational burden of estimation grows less than exponentially 

fast. If you consider that the accuracy of Monte Carlo estimation improves as N then the goal, 

or the constraint to be used in the derivation of a suboptimum IS bias function, would be to 

cause the accuracy to improve at a faster rate. To obtain an asymptotically efficient simulation 

a class of “exponentially twisted” (otherwise known as “tilted”) densities from large deviations 

theory were considered in [36]. Of practical interest, they consider the optimum bias derivation 

considering the multidimensional input case. They arrive at an asymptotically efficient 

exponentially twisted density which is, in general, made of convex combinations of exponentially 

twisted densities. The form of the combination is governed by the dominating point of the 

system to be simulated. In the linear ISI case this solution agrees with the shifting method of 

Lu and Yao[25] who describe a method of forming a biased input PDF by “shifting” the original 

input density. This is often referred to as improved tmportance sampling and is presented in 

Section 4.2.3 below. The important point is that shifting of the input PDF’s can be 

asymptotically efficient. They demonstrate that Scaling Importance Sampling (SIS), i.e. scaling 

to increase the variance, and Efficient Importance Sampling (EIS) are NOT asymptotically 
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efficient. The methods SIS and EIS are discussed in detail in Sections 4.2.2 and 4.2.7 

respectively. 

While this work presents a method of forming suboptimum solutions which are 

optimum in the asymptotically efficient sense, a deeper study of Large Deviation Theory is 

required for proficient utilization of these results to the biasing of signal dependent APD noise in 

the M-PPM problem of concern here. They discuss two particular types of problems which are 

helpful. The first is independent identically distributed (i.i.d.) sums or Markov sums. The 

second is the simulation of systems with small Gaussian noise inputs. An example considering 

the simulation of a digital communications channel with nonlinear ISI is presented. 

A general framework for determining a constrained optimal solution from any constraint 

set is presented in(30]. The technique requires one to find a class of functions which is least 

favorable in terms of Bayes risk from sets of functions that are closest to the optimum solution 

in the Ali-Silvey sense. While this method is the most general found it is too complicated to 

produce any practical results in the span of one person’s life time. 

4.1.3 Sequence-Dependent Derivation 

The optimum bias function can be approached in yet another manner. In a digital 

system with ISI] and a memory greater than one symbol, the analysis and derivation of the 

optimum (and suboptimum) bias function and the simulation itself can be considered separately 

for each symbol sequence through the system[40]. Let m be the memory of the system in 

number of symbols. This can be related to K, the memory of the system in terms of simulation 

samples, by 

mT 
K= =a (4.32) 

where T, is the symbol duration and dt is the sampling interval. If M is the number of different 

symbols, then given that the first symbol is fixed, this is the conditioning symbol in the 

subsequent analysis, there are L = M™~—! possible realizations of s. For clarity, let us denote s 

explicitly as 

s = {s(t), s(t — dt), s(t —2dt), ..., s(t —- [K - 1]dt)} (4.33) 

While the work in [40] does not lay to rest the method of optimum bias for IS 

simulation any better than any of the other papers discussed in this chapter, it does present 

some noteworthy concepts for consideration. 
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First is a concept that the authors refer to as the “System Threshold Characteristic” 

(STC). The STC is a function created out of the analysis of a system which contains the ISI 

characteristics of the system. It can be looked upon as a conditional probability density 

function which describes the error probabilities of the system around threshold conditioned on 

the noise vector n. It is actually first introduced and used by these authors in [17] wherein more 

effort is placed in defining STC than in [40]. If one considers the distribution of voltages at the 

input to the decision device, even in the absence of noise in the system the voltage is still 

random due to ISI effects - the output being different for each randomly occurring signal 

sequence. When the distribution of the noise at the decision device input is considered as well 

then the result is the voltage distribution normally considered at that point in the system. The 

STC is a distribution conditioned on a particular noise voltage at a particular point in the 

system. It can be understood by considering the usual error analysis of a communications 

system as follows. 

We begin by considering the probability of error, P,, much as before. 

P= | H[g(s, n)| f(s) fn) dsdn (4.34) 

where ” 

s = {s(t;), s(t, — dt), s(t, - 2d), ..., s(t; -[K — 1] dé)} (4.35) 

n= {n(t;), n(t;- dt), n(t;-2dt), ..., n(t; -[K - 1] dt)} (4.36) 

H(-) is the indicator function as before and g(-) is the system function in which we have 

included the signal and noise combining function © for notational simplicity. Note also that we 

have implicitly assumed that the signal and noise are independent in the above formulation. 

The STC is simply the integral over s in eq.(4.34), denoted T(n) 

T(n) = | H[g(s, n)] f(s) ds (4.37) 
— 00 

It thus embodies the ISI characteristics of the system. We might now write eq.(4.34) as 

co 

P= | T(n) f(n) dn (4.38) 

— 00 

While T(n) is never found explicitly it provides a useful tool for considering the behavior of 

these systems. By conjecturing about the properties of T(m), we gain understanding. For 
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example it must be that 0 < T(n) <1 and that for some region of noise vectors n there will 

always be a symbol error. For other regions of n there will never be an error but in between 

there must be a region wherein some values of noise n will result in an error for some 

combinations of symbol inputs and not for others. In utilizing this concept of T(n) the authors 

have treated this region as a straight line from 0 to 1 between some unknown noise voltage 

points a and # on the possible voltages around threshold. For a fuller discussion of this concept, 

see [17] and [40], but the fundamental benefit is to acknowledge that the characterization of ISI 

needs to be a part of the simulation effort. This concept is also used to investigate the effect of 

memory on IS performance as discussed in Section 4.3.1. 

In [40] a sequence-dependent version of the optimum bias function is formed using the 

STC concept. It is i fin) nEQ. 

x JL : 
f@)= i=1,2,..., L (4.39) 

‘ 0 otherwise 

The constant A; is defined in [40] as a normalizing factor based on the STC and ultimately on 

the probability of error sought. This result is simply a sequence-dependent version of eq.(4.30), 

the unrealizable optimum bias function in the non-sequence-dependent case. It suffers from the 

same inconsistencies in that construction of such a function still requires prior knowledge of the 

error probability and precise knowledge of the important region, specifically the error regions for 

each of the L sequences. 

There is a final result of interest from this approach. It is shown that, for a linear 

system at least, the biasing scheme should have a time varying mean. This presumes that 

shifting of the mean is the method of biasing used. The time variance is proportional to the 

impulse response of the system. The theory developed in [40] asserts that the optimum direction 

to bias the input is the direction of the impulse response in K-dimensional space. It is pointed 

out that this optimum degenerates to the shifting method (IIS) of Lu and Yao([25] in the single 

dimension case. 

To summarize, the sequence-dependent approach to IS points out that there are several 

things to consider. First, consider the optimum bias function of eq.(4.39). If it could be 

synthesized and used to govern the simulation effort, the variance of the output for that 

sequence would be zero. Hence, that sequence would only need to be tried once. If there are L 

sequences, each m bits long, then mL bits is the number of bits that would need to be 

simulated. This represents the maximum improvement possible under these ideal conditions. In 
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other words, this mL limit represents the minimum number of bits which must be simulated 

under any optimum or suboptimum bias condition if ISI is to be fully accounted for in system 

performance. Secondly, this concept of shifting the input bias in the direction of the system 

impulse response, i.e. the time varying bias function, will apply to any system and any bias 

method. In most IS implementations in the literature, the bias function is a constant in time. 

Most analyses of the IS procedure assume this. It is shown in [40] that keeping the bias 

constant places some limits on the possible improvement from IS. A constant bias is only 

optimum in the case of an integrate and dump system response. Even when such a device is 

used in the system, the overall system response is other than constant. 

4.1.4 Additional Phenomena from the Optimum Bias Derivation 

As part of the derivation, analysis and discussion of IS and biasing for IS in the 

literature, several useful properties of interest to this work have been developed. We collect 

them in this section for review and discussion. This permits their use in later discussion. These 

phenomena are all a part of and associated with the mathematics of IS as found in this chapter. 

The items are not formally named but are denoted here for later reference. To begin, we present 

the concept of the average weight along with some indication of its usefulness. Next, we relate a 

property of the weighting function and its relation to the probability of error value that is being 

estimated. Specifically we show that the maximum weight must be greater than the probability 

of error. Finally we present expressions for the upper and lower bounds on the IS estimator 

variance. These expressions are handy for bounding the estimator error. They can also be used 

to estimate the amount of improvement in simulation size over classical Monte Carlo. While 

this section is somewhat of a conglomeration, it represents some of the more useful ideas from 

the attempts in the literature to reduce IS to a universally applicable technique. 

The Average Weight 

The concept of average weight is very useful for monitoring the status of the IS 

simulation. With some development it may provide a mechanism for applying feedback to the 

IS simulation procedure so that the biasing and the simulation itself becomes adaptive and more 

automatic. Observe that the variance of the IS estimator, eq.(4.29), can also be written as 

2b, _ 1 loo 2 g2[P2] = |W — P2] (4.40) 

where W is defined as 
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  W= | As, n) fis, n) dsdn = E}H(s, n) W(s, n)| (4.41) 

xK f (s, n) 

Note that W is the expected value of the weight function over the input region X* and that this 

expectation is taken with respect to the non-biased PDF. 

It can be shown that for importance sampling to be effective we require W < P [29]. 

This can easily be seen by comparing the variance of the estimate using classical Monte Carlo, 

which is 

.. P,fl-P, 
gle J= Fell =F , (4.42) 

to the IS variance from eq.(4.40), written as 

W ~ P,P. P 
2rp* ‘| e 

g.[Pe] — N* ° 
(4.43) 

The definition of W, which we refer to as the average weight, has been used to develop a 

suboptimum bias function[29]. Specifically, it has been used to contrive the optimum amount of 

shift. 

The more useful role for the average weight is in monitoring the variance of the IS 

estimate as shown below. The IS improvement ratio is defined as r= a and is obtained by 

equating the variance of the Monte Carlo estimator and the variance of the IS estimator as 

described in Section 3.2.3. If this is done using the above expressions we find that 

P.—P? 
r= [Pe— Pe] , (4.44) 

N" [w-p?] 

If W could be evaluated analytically (and this is not an impossible occurrence) then the variance 

of the IS estimator could be evaluated exactly, and the improvement ratio would be known and 

the optimum bias as a function could be established. 

Often W cannot be found analytically. A method has been established to estimate W 

concurrent with the IS simulation[29]. Doing this provides some indication of how well 

importance sampling works, or has worked. In other words, W, and with it r and the variance, 

can be estimated along with the estimation of P,. This can be seen by rewriting W in eq.(4.41) 

as 

  W= | As, n) f(s, n)dsdn = | W(s, n) ffs, n) dsdn = E,|H(s, n) W(s, n)| (4.45) 
x f (s, n) xk 
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—_— * 

Where W is now written as the expected value over f (s, n), the density function which governs 

the IS simulation. From this equation, we form an estimate of W, which we denoted as W, as 

* 

Z 

We NF H(s;, n,) W(s,, n,) (4.46) 
1 

Given an estimate of W we can estimate the improvement ratio and the variance of the IS 

estimator. This technique has been tried and shown to work in the simulation of one- 

dimensional Laplacian densities and 10-dimensional Gaussian densities[29]. It provides a 

significant tool for obtaining confidence in the IS estimate. 

Maz[W(s,n)] must be > Pe 

It has been shown that the estimated P, is bounded by the largest weight value which is 

produced in the summation[14]. The result is applicable for any bias method so that the proof 

is in terms of a general IS parameter a. For example, a may be the amount of shift or represent 

the amount of variance increase. In the general case the weight, as a function of a and the 

random variable y, might be expressed as 

Ky) _ fy 

fly Kye) aay 
    W(y,a) = 

Let H(y) be the system indicator function. Since f(y,@) > 0 V (y,a) and 1>H(y) >0V y then 

x , a 
Po= ye Hy) We) Sys = maxiW(ya)] = max{W( ua) (4.48) 

This proves that the largest weight used in IS must be at least as great as the value trying to be 

estimated. That is, we must maintain 

max{W(y,a)] > P. (4.49) 
This means that there is a limit to the amount of bias that should be applied. If the 

weights are made too small, i.e. the bias made too great, then the resulting estimator will be 

biased. The above property has been used to show that an over translation of the input bias 

function results in an underestimation of P, and then exploited as a means of determining the 

optimum shift to use for IS through an iterative procedure[14]. 
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Upper Bound and Lower Bound on IS Variance 

An upper and lower bound to the importance sampling estimation variance has been 

derived[28][26]. Consider a generalized weight function 

iy _ fy W(y,a) - Y= (4.50) 
f(y Ave) 

    

and a decision space 9, where perhaps Q=[y: y>T] for example. Then the estimation 

variance has been shown to be upper and lower bounded as 

P. oF s(a) < of p(a) = <$|max{W(y,a)]- P,| (4.51) 

p2 1 
o3.5(a) > 03. p(a) = x Pay @) a (4.52) 

where P,(q) is the error probability using the modified PD f (y), ie. Pj (a) = tf (s,n, a) dsdn 
2 

which can be estimated in the usual fashion as P, (a) = (number of errors)/N*. 

Nis then upper and lower bounded by The improvement ratio r= ne 

yi - 

Ma) < Tryp(a) = ena a (4.53) 

=P] l (4.54) 
max|W(¥,«)| — P.| - [max{W(4,0)] —- P,| 

The proofs for these results can be found in [28] and [26]. 

(a) > ryp(a) Tf 

The bounds above provide direct approaches for estimating the simulation variance and 

improvement ratio. Particularly useful in this regard is the upper bound on the variance since 

that indicates how well the simulation is proceeding and the lower bound of the improvement 

ratio since that indicates a conservative estimate of the number of trials that must be 

performed. Note that these expressions rely only on knowing the maximum weight value in a 

the decision space. One further point: equalities in the above expressions are obtained if 

W(y,a) = W is any constant in the decision region 2. This suggests that a constant or nearly 

constant weight value is desirable. The optimum bias function also has a constant weight. 

Some of the sub-optimum versions of importance sampling presented in Section 4.2 also suggest 

that a nearly constant weight value is desirable. 
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4.2 VARIOUS VERSIONS OF IMPORTANCE SAMPLING 

While the acronyms used to denote each of the various IS methods in this section have 

been adopted and expanded from those found in the literature, it will be quickly evident to the 

reader that other names and acronyms exist for many of these methods. There is no standard. 

Indeed, many titles in the literature contain the words “efficient importance sampling” or 

“improved importance sampling.” Some of these refer to the techniques defined here; many do 

not. The names find some standard usage but primarily only with the authors who originally 

cooked up the technique and the name. We have attempted to adopt names and notation which 

come close to the set of acronyms which finds some measure of universal usage in the literature. 

Some compromise and extension has been made in order to make the acronyms unique. 

Without this there would be four CIS acronyms, one each for Classical Importance Sampling, 

Conventional Importance Sampling, Conditional Importance Sampling and Composite 

Importance Sampling. Each of these occur in the literature. It is regrettable that the names 

“efficient importance sampling” or “improved importance sampling”, for example, do not give 

any indication of the type of IS that is being discussed. More descriptive names could be given 

to these types of IS but it was decided that to do so would only compound the problem and 

leave the reader with no familiarity with what is actually found in the literature. This 

discussion is the first attempt to catalog in one place the various IS methods found in the 

literature. 

4.2.1 Classical Monte Carlo (MC) 

An explanation and presentation of the mathematical principles of Monte Carlo 

simulation has been given in Chapter 3. The literature concerning unmodified Monte Carlo 

simulation methods, which we refer to as classical Monte Carlo, can be found in abundance in 

the scientific and engineering literature of many fields as well the purely mathematical and 

statistical literature. This includes many textbooks devoted to the subject. A complete 

accounting of this literature is not practical or necessary for this work. It is prudent to cite 

some of the more readable works on the subject for the interested reader, particularly those 

works oriented towards utilizing Monte Carlo methods in the analysis of communications system 

problems. 

The review by Jeruchim[24] of several simulation methods, including classical Monte 

Carlo and importance sampling, is very good in that it presents MC and IS in the context of 

communication system analysis and because it presents the two together along with other 
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techniques so that they may be contrasted and compared. It suffers only in that the 

presentations are succinct and thus may not be fully beneficial to the reader new to these 

techniques and their nomenclature. 

For more in depth study, there are several texts which discuss and describe importance 

sampling as well as other methods of simulations and their principles[41-46]. Excellent 

descriptions of simulation techniques and more recent developments presented in a more modern 

context can be found in the January 1984 and the January 1988 issues of the JEEE Journal on 

Selected Areas in Communications, Vol. 2, No. 1 and Vol. 6, No. 1 respectively. These issues of 

the journal have concentrated on computer simulation of communication systems. A third issue 

devoted to computer aided analysis and design of communications systems is expected in the 

early part of 1993. 

4.2.2 Scaling Importance Sampling (SIS) 

The scaling version of IS refers to forming a bias function by increasing the variance of 

the input noise density function. Typically this has been a Gaussian density function. 

Increasing the variance of the input noise process will cause more samples to be taken from the 

tails of the distribution. This can be performed by creating a zero mean unit variance Gaussian 

random generator whose output is a value X, for example. A new Gaussian random variate, Y, 

can be created from X by applying it to the following function: Y=aX+. The random 

variable Y will then have a mean of @ and a variance scaled to a. The mean is not varied for 

SIS as we have defined it here, i.e. @ is always zero. An example of the creation of an SIS 

biased PDF is shown in Fig. 4.2 where an increase in variance, a > 1, is depicted. 

SIS is often referred to as CIS, for Classical Importance Sampling, particularly by the 

authors Lu and Yao(25] or as Conventional Importance Sampling, again CIS, as in [22] and 

other works by these authors. This title of classical or conventional attests to its 

implementation as the first widely used bias technique beginning with its presentation by 

Shanmugam and Balaban{3] in one of the first IS works in the communications literature. The 

only previous work had discussed methods of modifying the look-up table used to generate 

random variates(2]. It has been referred to as scaling only by more recent authors. It was 

presented in [3] simply as a means of increasing the number of samples from the tails of the 

input Gaussian density function. The system analyzed was a simple baseband communications 

system with additive Gaussian noise and a memoryless nonlinearity followed by threshold 

detection. The authors of [3] were demonstrating the use of IS on a very simple communications 
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Fig. 4.2 Scaling Importance Sampling (SIS) Bias Function Example 

where f(x) is the original input PDF, F(x) is the biased PDF obtained by 

increasing the variance of f(x), X is the mean of f(x) and f (x. 
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system problem, that is, they were as much introducing IS as they were analyzing a 

communications problem. 

A method of scaling was presented in [3] which was adopted by many of the researchers 

who followed. A bias function B(x), where 

  

ey -fx09 
B(x) = Fx)’ (4.55) 

was formed as B(x) = ool (4.56) 

*« 

where c is chosen so that area under the new PDF function, f(x), is equal to one and and a 

chosen for maximum improvement in sample size reduction. It can be shown that choosing c 

c= 4 fos} (4.57) 

will maintain the area under the PDF equal to one and that the variance of the new PDF is 

such that 

increased by ci where a is in the interval (0, 1). This bias method was frequently adopted 

and is referred to often in the IS literature as classical or conventional IS. 

As discussed in [3], the amount of IS improvement is a function of the choice of a and 

that the optimum a; a defined as that value of a providing the most IS improvement, is a opt? 

function of system memory and the probability of error to be estimated. An expression for a opt 

is given in [3, eq.(20 b)]. It is a function of the unknown tail threshold (if it were known there 

would be no need in performing the simulation) and the system memory. The authors suggest 

that “a conservative value of a = 0.5 can be used in most cases without lowering the value of r 

significantly” where r is the sample size reduction to be obtained from IS. This inability to 

determine the optimum IS parameters (a@ in this case) to use in the simulation without first 

knowing the result of the simulation is typical of the IS problem and recurs throughout the 

literature. Indeed, this problem has been the focus of much of the IS research to be found in the 

literature. 

Scaling remains a popular method of biasing the input noise density in a simulation. Its 

popularity diminished somewhat when it was proven that shifting the mean of the input noise 

density function, what we have called here Improved Importance Sampling (IIS) for historical 

reasons, was a better method of biasing. It has been shown that IIS is fundamentally able to 

yield larger improvement ratios over scaling. This is discussed in Section 4.2.3. 
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It is interesting to note that increasing the variance of the input noise PDF is equivalent 

to increasing the noise power and hence lowering the input C/N ratio. This change in input 

C/N ratio is then adjusted for at the output by the weighted counting of errors. 

Comparisons of SIS to later methods of bias function generation are plentiful. They can 

be found in [25](27](28] where SIS and IIS techniques are applied to an AWGN threshold 

detection system similar to that discussed above in [3]. IIS is consistently shown to outperform 

SIS. SIS has been compared to EIS in an extensive set of experiments[22]. More is said 

concerning this comparison when EIS is discussed in Section 4.2.7 below. It was the bias 

method used in a study of satellite multihop links where two input noise sources existed in the 

simulation model[{23], one at the terrestrial receiver and one noise source at the satellite 

transponder. 

Derivations of the optimum bias functions for Viterbi decoders generate a 

multidimensional bias function[20][19]._ These have been shown to reduce to the SIS bias 

method in one dimension. In these cases, the bias technique has been denoted as Modified SIS. 

The generation of a bias function by increasing the variance maintains the same shape, 

the same general properties, as the original non-biased PDF function for the input noise in the 

simulation. It has been conjectured that this is a desirable property, in that replacing the 

original function with a function that bears little resemblance to the original may result in 

deficient simulation results owing to the simulation of signals which do not resemble realistic 

signals in the system. 

4.2.8 Improved Importance Sampling (IIS) 

Improved Importance Sampling (IIS) is simply a shifting of the mean of the input PDF 

in such a way as to create more input random variates in the tail of the PDF which causes more 

errors. In the binary communication receiver case with input signals of +A volts and —A volts, 

threshold detection and AWGN, for example, the mean of the input noise density function is 

shifted up (positive) when the input signal is — A and shifted down (more negative) when the 

incoming signal is a +A volts. An example of a representative IIS biased PDF, frr(x), is shown 

in Fig. 4.3 along with the original PDF fy(x), for comparison. This causes more samples to be 

taken from the appropriate tail region of the original noise PDF. The reader may notice that 

this arrangement effectively lowers the input C/N ratio in a manner similar to that mentioned 

in the discussion concerning SIS. This lowering of the input C/N ratio is, again, a controlled 
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Fig. 4.3 Improved Importance Sampling (IIS) Bias Function Example 

where f(x) is the original input PDF, f(x) is the biased PDF obtained by 

shifting the mean of f(x) by C, X is the mean of f(x) and x* is the mean of f (x). 
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process which is compensated for by the way in which errors are counted. 

IIS first appeared in January of 1988[25]. It was shown to perform better and yield 

greater savings in sample size than increasing the variance using SIS. This result was 

conjectured to stem from the fact that the input signal variance is smaller with IIS than with 

SIS. Both methods lower the input C/N ratio but IIS lowers the C/N ratio and yet maintains 

an input signal with the same variance. With a smaller variance at the input, the variance at 

the output will be smaller by necessity. As is typical, the system used for comparison in [25] 

utilized threshold detection with AWGN. The authors derive the optimum shift, Cont) and 

variance improvement for both SIS and IIS. This derivation is good for comparison of the 

methods but the resulting formulas are in terms of the unknown thresholds and, moreover, the 

derivation assumes a linear system. Again, here is the classic IS problem wherein the optimum 

IS parameter depends on the answer sought. 

IIS is discussed again and compared with SIS in [26],[27] and [28]. Two of these works 

discuss IIS in the context of digital communications systems and one in the context of 

estimating radar false alarm probabilities. They are also notable in that they develop an upper 

and lower bound to the IS estimator variance as presented in Section 4.1.4. A technique is 

presented in which the upper bound is used to derive a suboptimum shift, C, of the input 

density function[28]._ The method is valid in principle, but on closer inspection one is still left 

with needing at least some idea of the desired probability of error in order to make a reasonable 

choice, Nevertheless, the technique is useful. 

In an effort to simplify the optimum shift selection problem, an iterative method was 

developed to find Cope through a series of short simulation runs[14]. It was observed that if the 

mean of the input PDF was not shifted enough, C<<Coot then very few errors, often none, 

would be generated in a very short simulation run of perhaps 100 bits. The exact number to use 

being somewhat arbitrary. A small shift in the input PDF means that the PDF used in the 

simulation is not yet very different from the original unmodified PDF and having no errors 

generated in a short simulation run is a natural occurrence if the probability of bit error is 

small. More importantly, it was observed that if the mean of the input PDF was shifted beyond 

the optimum, C>>C then the observed BER decreased with increasing shift for a constant opt? 

set of input parameters. This latter property can be shown mathematically to occur[14]. The 

BER measured even for a small number of sample bits was constant for values of C, the amount 

of shift, in the region around the C,,,. The procedure suggested by these observations is to 

perform a series of short simulation runs, keeping all things constant except for the amount of 
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shift. If the BER results are plotted versus the amount of shift then it is possible to observe a 

region of shift in which the BER is generally constant, somewhere before the region in which it 

decreases quickly. In this way one can select a near optimum value of shift parameter for a 

given system. 

The simulation of systems with several different types of input PDF’s have been studied 

experimentally using the iterative method described in the proceeding paragraph[14]. All of the 

systems have a threshold detection decision device. The PDF’s examined are the Gaussian, 

Rayleigh, asymmetrical exponential and the APD noise density functions. All of these are 

additive except for the APD shot noise. The mathematics used to develop their results is 

general enough to consider both additive and non-additive input noise. They report 

improvement factors over MC simulation ranging from three to eight orders of magnitude. This 

is the only work which discusses shifting of APD shot noise statistics. The authors report using 

the WMC approximation for the shot noise in the APD model. 

Further, the authors in [14] acknowledge that shifting one-sided PDF’s is not straight 

forward. This is because when shifting down one-sided statistics it is conceivable that you will 

arrive at a PDF which is non-zero for values less than zero. In other words, by shifting you can 

create a f(x) from which negative value random variates can be drawn. In the case of an APD 

this corresponds physically to simulating an APD in which current flows in the opposite 

direction for certain values of input optical power. To quote, “For single-sided PDF’s like the 

Rayleigh and the WMC, a modification of the standard, translation-based biasing technique had 

to be used for the IS estimator ... to be correct.”{14] They do not say what this modification 

should be or how they produced the results reported for the Rayleigh and WMC densities. In 

Table 1 of [14] they report improvement factors from 10° to 10° for systems using the WMC 

density function. 

One of the best derivations for the optimum IS bias density function is given in [29]. 

After deriving the unrealizable optimum the authors go on to derive IIS as a suitable 

suboptimum bias function. With the mathematical approach taken they are able to show that 

the best choice of C, i.e. the amount of shift, is specific to every noise density function and 

signal to noise ratio. Once again the optimum shift value cannot be determined. They go on to 

claim that shifting one half of the distance between the binary signals is a robust choice. While 

their derivations are general, they chose to apply the results to systems utilizing the generalized 

Gaussian family of density functions. A later work by these authors utilized these results and 

applied them to the simulation of the DS-SSMA problem using various non-Gaussian detector 
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structures and background noise distributions[31]._ One significant result from these works is 

that it was shown that the gain in the number of simulation trials required for a fixed accuracy 

over standard Monte Carlo simulation was approximately inversely proportional to the error 

probability. As the number of simulation samples required for given accuracy in standard 

Monte Carlo is proportional to the BER, this means that in theory a properly applied IS method 

should require a constant number of samples throughout the generation of a BER curve. 

4.2.4 Pseudo-Optimum Importance Sampling (PIS) 

The literature examples discussed in this section and the next present a fundamentally 

similar technique for generating a bias function which attempts to approximate the optimum IS 

bias function of eq.(4.30) or eq.(4.31). Observing the salient features of the optimum bias 

function and without knowledge of the true importance region and of P, it was decided to select 

a suboptimum PDF as 

. fem) men 
f(s, 0) = (4.58) 
6 0 otherwise 

where an assumed importance region Q has been created. This suboptimum bias function can 

also be expressed in a form reminiscent of eq.(4.30) as 

f(s n) = He(s, n) f(s 0) (4.59) 

H,(s, n) is not an indicator function. Symbol decisions are still made according the decision rule 

dictated by the system model, H(s, n), as always. The constant € is a small number conjectured 

to be close to P, and held to a relationship with OQ; as it is the value which normalizes the 
x 

integral of f (s, n) to one, i.e. 
6 

8 

€= | H,(s, n) f(s, n) dsdn (4.60) 

—oo 

Eq.(4.60) forms the link between the selection of € and the selection of Q-. Select one and you 

select the other. Implicit in the adoption of this technique is the ability to solve the integral in 

eq.(4.60). Hence the PIS technique is limited to use with PDF’s for which this integral can be 

solved or, at least, approximated with high accuracy. A one dimensional example of the 

Pseudo-Optimum IS bias function is shown in Fig. 4.4 along with the original PDF function. 

Also shown is the unknown threshold value, Vr, and the assumed cutoff for the bias function at 

CHAPTER 4 84



1.6 

P
m
t
 
f
k
 

me
k 

oO 
bv 

BP 
© on
 

Pr
ob

ab
il

it
y 

of
 
X 

=) 00
 

0.4 

0.2 

0.0 

Fig. 4.4 

CHAPTER 4 

        
Pseudo-Optimum Importance Sampling (PIS) Bias Function Example 

where f(x) is the original input PDF, f(x is the biased PDF, V7 is the true 

system threshold, x > V7 is the true important region, 6 is the assumed error 

threshold, x > 6 is the assumed important region, X is the mean of f(x). 
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6. The assumed important region in this example is for those x values greater than 6. The true 

important region consists of those x values greater than V7. 

This bias scheme was first suggested in [21] following a derivation of the optimum bias 

function. (Aside: The technique was referred to as OIS in [21]. OIS was an acronym for 

Optimum Importance Sampling. We have chosen not to call it optimum importance sampling 

because it is not.) A slightly modified form of PIS was presented in [39]. A comparison 

between using the Gaussian density function and the Rayleigh density function for f(s, n) in the 

above expressions was studied for [9]. In the next few paragraphs we discuss some pertinent 

features of the above method and describe how it might be implemented. In Section 4.2.5 we 

present a similar method whose objective was not necessarily to approximate the optimum bias 

function but which shares some striking similarities to this method. 

Concerning the selection of € and {2,, let us consider two cases(21]. In this discussion we 

express our functions in terms of one random vector x without loss of generality. 

Case 1: Assume that H,(x) > H(x) for all x. That is, the true importance region is a subset of 

the assumed one for all x. Recalling the variance for the IS estimator from eq.(4.29) 

oy = J. | H(x)[W(x) — P,] x) dx (4.61) 
Vx 

Using the above PIS bias method we have 

  

_— Ix) __€ W(x) = 7 = B@) (4.62) 

Under the conditions of Case 1 

2px) — 1 _—€ g2(P2] = ys | H(x) re P,| fx) dx 
Vx 

= ne Pel ~P.) (4.63) 

Setting the variances equal for the IS and non-IS estimator it is possible to express the sample 

size Savings ratio as 

N (1 ~~ P.) ~ 

N*~ (=P) “=P ee 
In other words the amount of improvement is directly dependent on how closely our assumed 

importance region is the true importance region or, similarly, how close our € is to P,. Consider 

  N ~1 N. 1 ~ . . . 
that wee for € > P, and that Ne © EP, for € + (1+K)P, which means that the improvement 
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ratio can be made to go as Po! if K can be made as small as desired. This ability has been 

referred to as asymptotically efficient by other researchers[36] and is desirable in that it means 

that the number of samples required for simulation would remain constant regardless of how 

small P e became. 

Case 2: Assume that H,(x) < H(x) V x. That is, the true importance region is actually larger 

than the assumed one which means that the assumed region does not contain all of the true one. 

(This condition corresponds to the case the 6 > V7 in Fig. 4.4.) In this case 

2rpxy — 1 —€ g(r] = J, | H(x) fags P, fix) dx + 00 (4.65) 
Vx 

This result is due to the existence of a range of x in which H(x) =1 while H,(x)=0. This 

result is reported in [21] and [39]. It is not precisely correct since under the conditions of case 2 

the estimator p* becomes biased. The following explanation is in order. 

If the assumed importance region is smaller than the actual one then, since input 

samples are drawn from this region only, an error will occur at every trial. Every weight that is 

used in the summation is € < P, so that 
N* 

Po=yeD = €<P, (4.66) 
+=1 

With an error on every trial the output will be constant and the variance will be zero. But the 

estimator is now biased so that the expected value of the estimator is € which is less than the 

desired P,. The trouble with eq.(4.65) is that the integration is carried out over all x. This is 

the correct definition and method of calculating the variance. It does not precisely predict the 

simulation variance since the simulation is governed by the (incorrectly) biased PDF so that 

none of the x variates which result in the H(x) = 1 while H;(x) = 0 condition will be generated 

in the simulation. Hence under the conditions of case 2, the output will be constant, the 

variance will be zero but the estimator is now biased so that the result obtained by the 

simulation will be wrong. This result was first pointed out in [9] where it is stated that under 

the conditions of case 2, the “the estimator is not a meaningful measure.” 

We see that PIS has the potential to be a very powerful technique if it can be 

implemented. An adaptive method of implementation has been suggested for the case of 

additive Gaussian noise[21]. It requires one to first make a conservative conjecture as to the 

values of OQ, and €. It should be large enough to contain the true importance region yet small 

enough to keep € small. After implementing the bias function of eq.(4.58) one should have a 
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sample size reduction in the range of (e~}, P>}). By counting the number of errors and 

maintaining a large percentage for a given number of trials, the accuracy and the goodness of 

the chosen parameters can be judged. Three numerical examples of simulating satellite links are 

reported in [21] with good agreement to published values down to the 10~?° level using 512 

bits. 

A modified form of PIS is reported in [39]. Here, an effort is made to ease the selection 

of the optimum importance region through the blurring of the cut-off between the region of the 

PDF that should be zero and the region that is not. This concept originated by rethinking what 

the form of the optimum bias solution is telling us. It might be interpreted that the PDF which 

governs the simulation should have a region that is zero, a region that is shaped like that of the 

original PDF and a transition region in the middle which moves the value of the PDF from zero 

to non-zero in a continuous manner. If the unknown threshold can be assured of existing in the 

transition region then the bias function will produce correct results. This places less stringent 

requirements on the selection of the assumed importance region at the cost of some loss in 

sample size reduction performance. Note that the PIS technique from [21] described above can 

be considered a special case of this modified form, one with an infinitesimally small transition 

region. 

One might notice that the important region is often the tail of the density function. 

Hence the choice of an assumed importance region generally amounts to the selection of an 

assumed threshold that, as pointed out above, should include the actual unknown threshold. 

For the additive white Gaussian noise case, an investigation was made comparing the use of the 

Gaussian tail (GT) to the Rayleigh tail (RT) in the type of IS biasing we have described here 

and denoted as PIS(9]. The purpose is to investigate how each performs in the context that the 

true threshold is not known and an estimate must be used. The analysis shows that the RT 

gives better performance than the GT in the case that the value V> is not known. If Vy is 

known (there is no point in doing the simulation) the GT is best. Indeed, as we can see from 

examination of eq.(4.63) the GT yields a zero variance in the case of V7 known. The RT 

variance is small for V-- known and goes to zero as V7 oof9]. 

The strikingly similar AIS method, discussed in the next section, has also been 

compared to the RT and GT bias functions[9]. The AIS technique is found to be more robust 

than the RT when the V7 is unknown. As V7 becomes better known, the RT performs better 

than AIS. For a specific system example, it is shown that if the threshold is known within 10% 

at P.= 10-3 or within 5% at P= 10~-}° then the RT method yields a greater sample size 
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reduction than the AIS method. Thus the comparison work of [9] presents an interesting lesson. 

When beginning the investigation of a completely unknown system perhaps the techniques of 

AIS or IIS should be utilized in the beginning. As the system becomes known and for 

verification purposes the PIS technique using a RT as the biased input distribution forms the 

most robust combination. 

4.2.5 Absolute Value Importance Sampling (AIS) 

What we have chosen to call here the Absolute value Importance Sampling (AIS) 

method forms a bias function in the following manner. If the system has an input process which 

generates random variates X then the new random variates, X’, are related to X as 

X/=|X|+C (4.67) 

This is a translation of the absolute value of the original random variable. Assuming for a 

moment that it is the positive tail of the density function which is of interest, this technique 

increases the probability of random variates in the positive half of the density function by two. 

The shift increases the tendency for random variates to be generated only in the important 

region. Just as with the PIS method of Section 4.2.4, the shift cannot be made greater than the 

(unknown) threshold lest the IS estimator become biased and unusable. This technique is 

equally applicable to studies concerning the lower tail of the density function through use of a 

negative sign before the absolute value bars in eq.(4.67) along with an appropriate change in 

direction of the shift. 

The PDF of X’ is 
. 2f(x-C) x>C 

foo={ (4.68) 

0 x<C 

assuming that it is the positive tail of the PDF that is to be promoted in the simulation. An 

example is shown in Fig. 4.5. It should be pointed out that this technique seems to require a 

symmetric PDF for its implementation. All reported cases of its use have involved the use of 

Gaussian PDF’s in the additive noise environment(8][37]. The effect of “folding” the PDF via 

the absolute value operator of an asymmetric PDF would need to be studied before attempting 

this method. 

While this technique shares some resemblance to IIS through the act of shifting, the 

similarity with PIS is striking. Many of the same comments concerning the selection of the 

proper assumed threshold or assumed importance region apply here as well. Here, these 
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Fig. 4.5 Absolute Value Importance Sampling (AIS) Bias Function Example 

where f(x) is the original input PDF, f (x) = 2| fix ~—C) | is the biased PDF, Vy is the 

true system threshold, x > Vy is the true important region, 6 is the assumed error 

threshold, x > 6 is the assumed important region, X is the mean of f(x), 6=x+C. 

CHAPTER 4 90



comments apply to the amount of shift. For example, the performance of this bias technique 

improves as C is made closer to the unknown threshold and as already mentioned the technique 

degenerates to a biased estimator if the shift is made beyond the unknown threshold, i.e. the 

assumed importance region is made too small. The mechanism and explanation for this is the 

same as already discussed in the PIS case. 

Interestingly, and to add to the IS name confusion, this method was first described as a 

“composite” bias method[8]. It was also presented and published independently at 

approximately the same time where it was called Shifting the Absolute Value[37]. Analysis 

shows that this scheme is better than simple translation by approximately a factor of 2.5[8]. 

This makes sense since in the additive noise case there is a higher probability of generating a 

random variable X in the range which causes an error. The work also draws parallels with 

Devetsikiotis and Townsend[14] in the shifting and the discussion of the use of non-Gaussian 

functions for the biased PDF. 

A comparison between several linear and nonlinear biasing methods, including AIS has 

been performed[37]. As defined in [37], the linear methods are SIS, which is called Variance 

Modification (VM), and IIS, referred to as Mean value Modification (MM). The analysis in [37] 

assumes linear systems with additive Gaussian noise throughout with the hope of contributing to 

the understanding of nonlinear non-Gaussian systems. The combination of SIS and IIS, that is 

shifting with increased variance, is also analyzed. Computation is presented to show that a 

combination of SIS and IIS degenerates to just IIS when optimized. In something of a 

contradiction, the combination of SIS and [JS is developed as suboptimum in [40]. The 

nonlinear options to PDF biasing explored in [37] are: 1) AIS, which this author calls Shifting 

the Absolute Value (SAV), and 2) PIS, which this author calls Sample Elimination (SE). As 

discussed in Section 4.2.4, PIS requires some knowledge of the threshold and implies an ability 

to evaluate the area under the PDF. Some investigation of interval (rather than tail) estimation 

using these approaches is presented. 

Analysis and experimental results using linear systems with AWGN and threshold 

detection show that AIS is more efficient than either of the linear techniques and more robust in 

the selection of parameters[37]. The PIS method is seen to approach the optimum but is very 

sensitive to parameter choice. For example, when the threshold uncertainty is within 1% PIS 

provides a greater increase in sample size savings than AIS. When the threshold is known only 

to 10% AIS provides consistently better improvements in sample size reduction. 
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4.2.6 Conditional Importance Sampling (CIS) 

Conditional Importance Sampling (CIS) is an adaptive variation of IS that changes the 

bias applied to some input PDF conditioned on the realizations of some other random sources. 

This permits the shaping of a biased joint input PDF to match the optimum solution[11]. The 

principles of applying this method to nonlinear communications systems are presented in [11] 

which reports the improvement over unconditional (non-adaptive) IS to be significant. 

We adopt the example used in [11] in order to explain the concept. Consider a 

baseband binary system with phase noise and AWGN. Let the random variable for the phase be 

g. The phase noise has a symmetric PDF assumed to be 

{(d) = mae (4.69) 

The signal is +A. The signal, the phase noise and the additive thermal noise are assumed 

independent. The threshold device chooses +A relative to a threshold set at zero volts. 

Without additive noise, the signal component at the decision device is + A-cos(¢) depending on 

whether a +A or —A signal was sent. Let us concentrate on the hypothesis that a +A signal 

was sent, hence the voltage at the decision is A-cos(¢), a random voltage. For each value of ¢ 

there are a range of possible additive noise values which when added to A -cos(¢) will produce a 

negative value. This becomes a received voltage below threshold when it should be above. The 

concept of CIS is to generate a random variate ¢ based on the PDF in eq.(4.69) and then, 

conditioned on the ¢ generated, to limit the possible random noise variates to those guaranteed 

to cause an error. The error region in this case would be those values of N < —cos(¢). In other 

words, the PDF used to generate the random variates for the noise is conditioned on the value of 

¢@ generated. This combination presents an error condition to the detector at every trial. 

In summary, CIS describes a technique which is applicable to the case when there is 

more than one error (noise) input PDF to the system. The first random variate is drawn from 

the undistorted PDF. The second random variate is drawn from a PDF which has been 

conditioned, usually by controlling the range of possible output values, by the value of the first 

random variate so that the combination of the two will occur in the space guaranteed to cause 

an error. This is fine in principle and seems to work great in the examples used by the authors 

in [11] but it still relies on knowing what the error region is. That is, one must know the 

conditional dependence and, just as important, how the conditional dependence is transferred 

through the system to the decision device if the adaptive technique is to be programed and 
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implemented. 

The CIS technique was compared to SIS and IIS where it was shown that the 

performance of CIS is best{11]. It is also shown that IIS (shifting) can lead to performance that 

is worse than classical Monte Carlo. This side effect of shifting too far was identified in [14] and 

used in an iterative method of determining the optimum shift. 

4.2.7 Efficient Importance Sampling (EIS) 

Efficient Importance Sampling (EIS) is a technique developed to mitigate the effects of 

system memory. “The basic idea behind EIS is that if we have a linear system and L additive 

Gaussian noise sources, the sampled noise value at the decision point is still a Gaussian random 

variable. If we can characterize that Gaussian random variable directly, the deleterious effects 

of memory disappear because in the weight formula each of the densities will be one 

dimensional”[18]._ But, of course, a linear system with Gaussian inputs can be analyzed 

mathematically, i.e. without simulation. The extension of the EIS principle to nonlinear non- 

Gaussian systems is given much treatment in [17], [18], and [22]. 

EIS is based on the following development. Let V be the output of the receiver at the 

point of the decision device. This is a random voltage with a PDF f,(v). The probability of 

error (BER) is given by 

P, = / fv) av (4.70) 
ven 

where 22 is the region of the output variable that corresponds to an error. In the fashion typical 

of IS we define a function H(v) so that 

1 ven 

H(v) = (4.71) 

0 vg 

We now have 

P.= / H(v) fy(v) dv (4.72) 

The remainder of the development follows the typical pattern in that we construct a new bias 
* 

function from which to draw the random variates for our simulation, call it f/(v). 

Mathematically this is 

  

t Fv(v) P.= | HW) —fy(v) dv (4.73) 

I flv)" 
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Eq.(4.73) is the same as eq.(4.72) as long as fv) is well behaved. As is usual with IS 

derivations the probability of error is the expectation of the weighted function H(v) 

P, = E,[H(v) W(v)] dv (4.74) 
x 

where E, is the expectation taken with respect to f(v) and W(v) is the weight. In the 

simulation process an estimation of this expectation is made through counting weighted errors. 

The difference in this development and the IS development as it usually appears, for 

example as in Section 4.1.1, is that typically the development is related back to the input PDF, 

the one that is known to the person performing the simulation. It is not usually left in terms of 

the output PDF as seen in eq.(4.70) through eq.(4.74) above. This is known as the output 

version of importance sampling[17]. 

It is shown in [17] that the variance of the output importance sampling estimator is a 

function of only the single weight of this biased output random variable v. This is equivalent to 

a memory length of exactly one in contrast to the input version of importance sample normally 

described. When the weight used for the unbiasing of the IS error count is actually a 

multiplication of K independent weights from the input of the system, as it is for the input 

version of IS, then the variance of this estimator will be greater than if the weight is derived 

from a single term at the output as above. Of course the trouble with this approach is that we 

do not know a priori what the output PDF ff,(v) is. If we did then there would be no need for 

simulation. 

This approach/method is developed from the start assuming a linear system with L 

additive Gaussian inputs. In this case it is known that the output noise is Gaussian since the 

inputs are. The full development can be examined in Section V of [17]. The incongruity evident 

from our brief explanation above is treated. It is shown that the output weight function 

W(v) = fu(v) (4.75) 

iv) 

can be formed using the fact that for a linear system the output can be written as 

K-1 

y= dh; xX; (4.76) 

Jj = 

Here, the {h 3} is the (perhaps estimated) impulse response and the x; form the input noise 

sequence. Thus the K-dimensional noise vector that affects the output is still under the control 
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of the simulation user but knowledge of {h 3} permits it to be combined into a single equivalent 

noise sample at the output. 

This approach does indeed mitigate the effects of memory. It is limited to linear 

systems or as the authors put forth in [17] “linear statistically equivalent systems”. This 

amounts to a linearization of the input response of the system. This equivalent or pseudo 

impulse response can be be estimated within the simulation itself through a statistical regression. 

Examples and a discussion of fitting to a linear regression model by a pre-simulation ‘sounding’ 

procedure is given in [17]. EIS and SIS are compared thoroughly in [22] where the method is 

seen to work and perform well against SIS for the examples given. It is demonstrated to give 

reasonable results for systems that could not be considered linear. The reader may note that the 

only reported use of EIS is by the authors of [22][18][17]. 

In summary, EIS is a technique whose primary purpose is to mitigate the effects of 

memory. It relies on a linear system, or at least a “linearized” one, in order to process the input 

noise samples through the system, as in eq.(4.76). Note that the determination of the impulse 

response coefficients {h,} has the added side effect of determining precisely what the system 

memory is. Knowing K is required for performing IS since it indicates how the weights should 

be calculated. This is true for EIS but also for the other input versions of IS as well since the 

weight used in the error counting process is the product of the last K input weights, assuming 

they are independent. 

4.2.8 Combination of EIS and PIS (MEIS) 

There have been only two references to applying IS to M-ary communications[10][33]. 

In [10] simulation of 16-QAM and 64-QAM systems by combining EIS and PIS is discussed. In 

using EIS the authors assumed a Gaussian noise density at the input to the decision device. An 

equivalent noise source was developed by sounding out the system prior to simulation. They 

develop an equivalent noise source by simulating a Gaussian input through a linear system to 

obtain the variance at the output. After determining the equivalent noise source, it is biased by 

forming a PIS type PDF from the Gaussian. The non-Gaussian PIS noise generator is a simple 

read from a pre-stored file. Even though this is technically an M-ary simulation, each symbol is 

treated individually so that in the final analysis this is simply another case of AWGN with 

threshold detection. 

Many of the developments are incomplete or seem flawed. For example, a method for 
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choosing 6, the assumed cut off point for the non-Gaussian PDF (see Section 4.2.4), is 

contradictory. An expression is given for determining 6 given the percent number of errors AND 

Vr. If you know Vy then you know where to put 6! BER plots and time comparisons of MEIS 

to EIS and classical MC are given. 

4.2.9 Householder Importance Sampling (HIS) 

The deleterious effects of system memory on IS simulations are well known. A method 

to mitigate the effects of system memory through the controlled correlation of input samples has 

been established[13]. The technique is applicable to linear systems with i.i.d. zero-mean 

Gaussian input noise. The transformation is accomplished by processing the noise through a 

suitably constructed orthogonal Householder transform. Hence the name we have chosen for it 

here, Householder Importance Sampling (HIS). The transformation of the system results in a 

sample size reduction equivalent to that obtainable for the IS simulation of a system with a 

memory of 1 without changing its statistical properties. 

The construction of the Householder matrix requires some knowledge of the system 

transfer function which can be obtained through a sounding procedure, given in [13]. This 

system function, h, is also mentioned in [40] where it is used to determine a time varying mean 

shift to be applied to the noise distribution. The sounding of a system to obtain its impulse 

response is of importance for EIS as well[17][18][22]. HIS is very similar to EIS in its operation. 

A detailed comparison would be required in order to determine the extent of the similarity. The 

relationship, if any, between these results would be an interesting analysis to make but has not 

been performed here since these linear system results are of marginal interest to the optical PPM 

problem. 

This technique has been applied to a nonlinear digital satellite channel where both up- 

link and down-link noise are present[33]. The system studied transmitted 4-PSK and 8-PSK 

modulated signals. As in [10], the M-ary modulation detection reduced to a threshold detection 

problem in the final analysis and in the application of IS. 

4.3 SYSTEM MEMORY AND MULTIPLE NOISE SOURCES 

4.8.1 System Memory 

The memory of a system will decrease the improvement, i.e. the reduction in required 

sample size, available through importance sampling. For example, the computation of the ratio 
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of a using the variance increasing IS method (SIS) showed that, for a P, of 10 —&, the sample 

size reduction for a unit memory simulation is on the order of 25,000 and for a memory equal to 

five samples, it is 1000[3]. 

System memory, in the context of this report at least, refers to the number of past input 

samples which have some influence on the current bit decision. In the optical systems of interest 

here this is generally a result of filtering effects. Digital filter modules implemented with IIR 

structures in reality have an infinite memory, although the influence of past input samples on 

the current output diminishes with time. The simulation of signal synchronizers and 

implementations of Viterbi decoders result in systems with extremely long memories as well. 

These devices are not currently of interest in this work. In M-ary PPM, as M increases the 

number of simulation samples required to represent the waveform of the symbol generally 

increases. This is because a PPM word is made of a pulse and M —1 non-pulse time slots. If it 

is decided that it requires 8 samples to represent the pulse, then in order to maintain uniform 

sampling throughout, there will be 8-M samples required to represent the entire word. Our 

work to date indicates that all of the samples in the PPM word which resulted in a bit error 

must be considered in the IS weight calculation procedure. System devices with long memory, 

filters for example, may necessitate the consideration of more samples but, at a minimum, the 

number of samples required to represent the PPM word must always be considered. Hence the 

affects of memory are of importance to this work. A review of existing methods of dealing with 

system memory is the subject of this section. 

The discussion above concerning the number of bits in a M-PPM word increasing with 

M brings up an interesting point that should be developed at the start of any consideration of 

memory. Subject to certain constraints, the amount of memory in terms of samples is under the 

direct control of the system designer. An example will illustrate. If the system memory, due to 

filters and equalizers is m bits long then the memory in terms of samples is K = mT,/dt 

samples long where T, is the time length of a bit and dt is the time between samples. The 

simulation designer has direct control of the sample time di. If one chooses to simulate a system 

using 8 samples per bit versus 16 samples per bit then one has cut the memory in half. Of 

course there are limits to how few bits can be used to represent a waveform and maintain some 

level of confidence that the pertinent properties of the waveform have been preserved. ‘These 

limits are dictated by Nyquist’s sampling theorem and a judgment of how much bandwidth is 

required to be maintained throughout the simulation in order to preserve the authenticity of the 

measurement. Digital signals present an interesting problem in that pure square waves have an 
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infinite bandwidth. In practice, 8 to 20 samples per bit has been suggested as sufficient for such 

signals. 

The effect of a system memory greater than one on IS performance, and methods of 

mitigating its effects, have been amply studied and analyzed(3][17][18][22][13][33][12][19][20]. A 

very enlightening analysis which graphically illustrates the effects of memory on sample size 

reduction is found in [17] and also in [18]. Here, using the concept of the system threshold 

characteristic, an expression is derived which can be used to calculate the sample size 

improvement ratio of IS over classical Monte Carlo as a function of increasing standard 

deviation bias, i.e. SIS. While the results presented in [17] and [18] are calculated in terms of 

the IS parameter governing the amount of variance increase for SIS, we have observed similar 

results as a function of C where C is the amount of shift applied to input PDF’s. Indeed the 

effects illustrated in these graphs, that of the optimum IS parameter being a function of memory 

and specifically that at larger memories significant IS improvement occurs over a relatively 

limited range of the shift parameter, was used as a method of finding the optimum parameter 

through repeated short simulation runs({14]. The analysis, displayed on a graph in Fig. 4.6, 

shows a marked decline in sample size savings with an increase of memory assuming a constant 

P, estimation of 10 —-8 The improvement ratio decreases from over 10° for K=1 to ~ 5000 for 

K=10 to less than 10 for K=60. Further, and of equal interest, the optimum IS bias parameter 

decreases with increasing memory. In other words as the memory of the system increases, the 

amount of shift or amount of increase in the variance which is optimum becomes smaller and so 

does the improvement over classical Monte Carlo. 

To compound the situation, the exact memory length is often not known prior to 

simulation. At other times it is known but known to be effectively infinite. This can happen 

with some signal synchronizers, Viterbi decoders and, of particular interest here, with IIR 

implementation of filters within the system simulation model. While the effect of prior samples 

on the current output diminishes in most of these cases as the samples get older, a finite value 

must be selected as a cut-off for use in calculating the weight in a practical simulation. To 

explain the effect of using the incorrect memory on IS simulation, let us consider an output 

variable Y which is a function of K independent input variables X,, Xj, X3, ..., Xx, that is 

Y= g(X,, Xo, X3, eeey Xx) (4.77) 

where g(-) represents the system transfer function and is an ordinary function of K variables 

which may be linear or nonlinear. Following an analysis first found in [3], let us compute the 
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Fig. 4.6 
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bias of Y and examine the effect of memory on the IS estimator’s performance. 

Let y= g(2,;; Zo51 Tay) ees Tyger ees 2K:i) (4.78) 

* 

Each input sample z,,,; is selected from the biased PDF f (z) so that the weight of each input 

sample relative to the unbiased PDF f(z) is 

Kemi) Som = Wi (4.79) 
Ff (2mi) 

Since the jth output sample y; is determined by the value of K independent variables, the 

W(2ni) = 

probability of y; is increased or decreased by the product of the increased or decreased 

probability of occurrence of each of the K input samples. The weight of y; is the inverse of this 

increased or decreased probability. Mathematically we have 

W(y,) = il Wan = W; (4.80) 
m=1 

Recall that the unbiased estimator from an IS based Monte Carlo simulation is 

a ] N* 

P= wes (4.81) 

which was an approximation to the expected value 

8 

* 

ELA) W(o] = | HO)WOos () dy (4.82) 

Suppose that the memory length of the system is not known a priori. This is not an 

unusual occurrence. Let us investigate the effect of calculating the weight W; from eq.(4.80) 

using a value of K which is greater than the actual system memory. If the weight computation 

is carried out using a memory of K+1 instead of the correct memory of K then the computed 

weight of y; is 
K+1 

Wt(y) = [] We; mai) = Wi Wi_ x (4.83) 

m= 

where W,, is the correct weight for y;. Notice that the expected value of W(x) over all x is 

E.[W(x)] = | W(2)f (z) dz=1 (4.84) 
—- cw 
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so that the value of W*(y,) averaged over all possible values of W;_ x will be equal to W,j. 

Therefore the estimator in eq.(4.81) and eq.(4.82) will be unaffected, that is, unbiased. However 

the variance of the estimator will be enlarged due to the required averaging of the excess 

weight(s). 

On the other hand, if the weight computation of eq.(4.80) is made using a memory 

length of K — 1 instead of the correct length K then the computed weight of y; is 

  

- K=1 W. 
W~(¥) = T] We; m4) =W— (4.85) 

m=1 i-K 

where, again, W, is the correct weight for y;. The expected value of We over all x is 

f { f@ _1 /_{_lef _| JF EL we| | wey (x) dz V6 f (x) dz 1 (4.86) 

since fia is generally greater than f(z). The value of W~ (y,) averaged over all possible values 

of (W;_ Kk) will be not be equal to W; and the estimate of the tail probability will be 

skewed, i.e. biased. Hence, we have shown that if the memory is selected too large, the result 

will be correct but the efficiency of the IS simulation will be compromised. If the memory used 

to calculate the weight is too small then the answer will be biased. 

Two importance sampling methods have been developed with the specific intent of 

mitigating the effects of memory. These are the EIS method and the HIS method described in 

Sections 4.2.7 and 4.2.9 respectively of this report. The objective of each is to effectively make 

the memory length of the system equal to one, where the maximum improvement through IS is 

obtained. EIS does this by “pushing” the bias through a linear system, or a statistically 

linearized equivalent, and applying the bias at the output, i.e. at the input to the decision 

device. An experimental comparison of SIS and EIS which illustrates, first, the improvement 

due to use of EIS and, secondly, the deleterious effects of memory on IS simulation has been 

performed(22]. The EIS method and PIS were combined to simulate a satellite transponder{10]. 

As for HIS, the method processes the noise through a Householder transformation based on the 

system response so that the noise is biased at the input but that the effect is still that of a 

system with memory of one. The reader is referred to the sections of this report describing these 

methods for further details and references. 

Since memory has such a large effect in the simulation of Viterbi decoders, there has 

been much activity by those simulating these devices to develop methods of mitigating the 
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effects of system memory on the benefits of IS[12][19][20][34][35]. A rule is given in [20] for 

determining the amount of memory to use, i.e. what a suitable memory truncation point is for 

minimal estimator bias balanced against increased estimator variance, for the IS simulation of 

(n,k,m) convolutional codes through a Viterbi decoder. Truncation of long or infinite memory is 

also addressed in [17], see Section 3B. In general, two approaches to the simulation of Viterbi 

decoders have appeared, one is the block method|19][20] and the other is known as an error event 

simulation method[34][35]. Signal synchronizers, i.e. phase locked loops, are often called out as 

systems with long memory in the IS literature but there have been no works addressing the IS 

simulation of these devices. 

4.3.2 Multiple Noise Sources 

Multiple noise sources often occur in the simulation of realistic systems. This has often 

been associated with satellite communications links and multi-hop communication links wherein 

noise is added at the satellite transponder and again at the ground terminal receiver. This 

scenario has seen treatment in the literature[23][18][22]._ The noise in radar system simulation is 

often the result of multiple input noise sources and has been studied[4][32]. Other treatments of 

multiple inputs have arisen in the context of general considerations concerning the 

implementation of IS[17][40]. Our interest in multiple noise inputs concerns both the receiver 

model and the simulation of a channel and channel effects. The optical receiver has two noise 

sources. The first is the signal dependent shot noise of the APD device. The second is the 

additive Gaussian noise of the pre-amp following the APD. In the simulation of a free-space 

system through the atmospheric channel, the channel causes a random time varying change in 

the amplitude, angle of arrival and phase of the received signal. This then would constitute yet 

another noise source in the simulation. 

Several questions arise in applying importance sampling to the simulation of systems 

with multiple noise inputs, some of which have been addressed in the literature. For example, 

do all the noise sources in the system need to be biased? Are they all biased the same? The 

answers to these questions have been examined in the literature. We briefly report some results. 

It has been shown that the variance of the IS estimator increases as the number of 

independent sources increases[17]. It is logical and has been shown that the memory of the 

system goes up as the number of independent sources increases[17]._ Assume for a moment that 

all the noise sources are equally biased; it has also been shown that the amount of biasing 

applied to the noise sources needs to decrease as the number of independent noise inputs 
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increases[32]. These three statements are in harmony with a similar finding concerning 

increasing memory where it has been shown that increasing memory causes the optimum 

amount of IS bias to decrease and the potential amount of IS improvement to decrease[17][18]. 

Hence it seems that increasing the number of input noise sources produces the same side effects 

on IS performance as increasing system memory. We invite the reader to reconsider Fig. 4.6 in 

the light of these statements concerning multiple noise sources. 

The question exists as to whether all of the noise sources need to be biased. This has 

been investigated and the following observations and guidelines result. The first observation 

seems obvious yet needs to be stated; if an input is not biased its memory will not affect the 

estimator’s variance[17]._ It should be noted that each noise input generally has a different 

memory associated with it as a result of physical separation in the system model. For example, 

in the one-hop satellite link the noise source added at the transponder has a memory determined 

by the filters in the transponder and satellite HPA models combined with the filtering in the 

ground terminal receiver model. The noise source added at the ground terminal “sees” only the 

filtering of the ground terminal receiver. Hence, in general, this noise source will have a 

different memory than the noise source at the transponder. 

In a system with multiple noise sources, each source has a different level of influence on 

the generation of an error, in general. If a noise source is a significant contributor to the overal] 

system error performance then the variance of the estimator will not be reduced significantly by 

applying IS only biasing to the other, less significant, input sources[17]. This seems reasonable 

when you consider that the act of not biasing the primary error producing input is akin to 

performing Monte Carlo simulation without importance sampling. The difficulty lies in 

determining the relative importance of each input noise source on error generation within the 

model. No guidelines for making such a determination can be found in the literature. Perhaps 

this is because it is too system specific to address. 

An interesting experiment was carried out to explore this relationship between the 

amount of biasing and the level of contribution by the noise source to output errors{17]. It 

proceeded as follows: suppose we have two zero-mean Gaussian noise sources Z and y that 

combine additively to produce a composite noise. Consider 

Nq= art By (4.87) 

where we set a? + 8? =1. If the E[z’] = E[y’] = 07 then the relationship between a and f will 

cause the E[n3] = 0” as well. The ratio of a/@ is thus a measure of the relative importance of 
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the noise sources in causing errors. A simple integrate and dump filter was assumed for the 

system and the relative power levels were set to ensure P, = 10 —& Assuming that only z was 

biased and using equations developed in [17], the normalized variance (N-o?[P,]) versus the 

relative ratio of 8/a, i.e. the relative importance of y to z to the constant total power of ny, 

was plotted. This plot can be seen in Fig. 4.7. For reference, the normalized variance for the 

case of no bias, that is no IS, is plotted and also the normalized variance when both Zz and y 

were biased equally. These are the dashed lines at the top and bottom of the graph respectively. 

It is seen that the act of not biasing y when it is an important contributor to the output greatly 

increases the variance of the estimator, by approximately three orders of magnitude over the 

equal biasing of both processes. The interesting phenomenon seen from this experiment is that 

when y is not a significant contributor, less than approximately 0.22, it is better to not bias y! 

It is conjectured that when the ignored variable has little effect on the outcome of the 

experiment, its inclusion in the weighting merely produces additional variance in the 

estimator([17]. This latter point is well taken for APD based optical receivers since the additive 

noise from today’s low noise preamp devices is often dominated by the APD shot noise, 

especially when the APD is used at high gain. 

Mitchell[4] was among the first to address multiple input sources in the radar and 

communications system context. In his classic work, he illustrated that IS improvement was 

possible when more than one source was involved through the use of several interesting and 

pertinent examples. Jeruchim[23] again showed the validity of IS in the multiple noise source 

environment and suggests the semi-analytic treatment of the last noise source in satellite multi- 

hop simulation if the final receiver can be made linear. Hahn, et al.[18] first pointed out that 

neglecting an important noise source can greatly reduce the IS improvement ratio. It is 

important to note that the use of EIS, when it can be applied, effectively combines all sources at 

the end of the system and eliminates the need to determine the optimum relative bias between 

multiple input noise sources. Parhi and Berkowitz(32] derived the criteria for optimally biasing 

an arbitrarily weighted sum of independent exponential variates. They show that the PDF 

biasing needs to decrease as the number of independent noise sources increases. Hahn and 

Jeruchim[17] present probably the most complete treatment of multiple input noise sources to 

date. We have quoted most of their results above. Jeruchim, et al.[22] considered a satellite 

link with one hop and two input noise sources. They almost immediately assumed that the 

noise sources were equally biased and carried on with the analysis. The only justification given 

was for the convenience of simplifying the mathematics. Results from [17] and [40] seem to 
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Fig. 4.7 Variance of the BER Estimate When One of Two Error Contribution 
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source y to noise source X. (Fig. 5 from Hahn and Jeruchim (1987)[17]) 
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indicate that unless the relationship between the sources is known, equal biasing is at least safe. 

Wolfe, et al.[40] devoted one paragraph to the multiple input system as part of their sequence- 

dependent IS analysis. Having shown that one of the best strategies of biasing through shifting 

was to make the shift time varying in accordance with the impulse response of the system, they 

extend this result to say that each noise source should have a time varying shift in accordance 

with the impulse response “seen” at that particular point in the system by that noise source 

input. 

4.4 VARIOUS SYSTEMS 

This section provides a measure of completeness to this review of the importance 

sampling literature. Its purpose is simply to group the IS works according to the type of system 

to which it has been applied. It is intended to permit the reader to quickly determine which 

references are concerned with a system of interest. Some of the works discussed below are not 

discussed elsewhere in this report. A number of them contain some original and unique 

approaches to the simulation of certain systems with unique problems. It is important to note 

that maximum likelihood detection of the type of interest to this research has not been 

considered elsewhere. 

4.4.1 Digital Detection 

Digital threshold detection has been the primary focus of most of the works referenced 

in this chapter and throughout this work. This category dominates the literature on IS by far. 

In some sense the categories in the remainder of Section 4.4 simply represent some of the easily 

identifiable subcategories of digital detection which may require special attention or unique 

consideration. Many of the digital receiver simulations were oriented toward the ground to 

satellite transponder to ground link[21][22][23][33]. A general threshold receiver architecture 

without specific application was the object of analysis in many cases [8][9][10][14][25][28][3]. In 

other cases the system was modeled as a general decision making device over an unspecified 

region 2 of the decision variable[17][18][26][29][37][39][40]. One unique example is the work 

which considered both phase noise and threshold detection in a generalized receiver 

application[11]. The papers dealing with fiber optic communication systems all assumed 

threshold detection(2][16][38]. 
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4.4.2 Viterbi Decoders 

Viterbi decoders represent systems with long memory. The memory is infinite in 

theory, that is, the current bit decision is based on the input of all the previous bits through the 

decoder. But the effect on the current decision is not equal for all of these bits, the most recent 

bits affect the current bit decision more than the earlier. What then should be the relative 

weighting of the input bias weights to the error counting process? The problems associated with 

simulating Viterbi decoders using IS are addressed in [19] and [20]. Here, the IS simulation of 

(n,k,m) convolutional codes through a Viterbi decoder is studied and guidelines for truncating 

the memory used for weight generation is given. 

A Viterbi decoder study can also be found in [34] which develops an error event 

simulation method which is more robust than the block method developed in [19] and [20]. This 

method involves the use of a linear translation based on the distance properties of the code and 

knowledge of the Viterbi decoder error event phenomena. See also [35] for discussion related to 

the simulation of these systems. 

The IS simulation of Viterbi decoders and long memory effects are also studied in [12]. 

This work describes three bias schemes applicable to Viterbi coded systems, i.e. systems with 

long memory. It presents a partial weighting scheme in which the biased input is applied in 

bursts for a number of samples less than K, the memory. This is a modification of conventional 

IS to give improvement due to long memory. They also present, in the context of Viterbi 

decoders, two simple extensions to SIS biasing (increasing the variance). The first is to vary the 

mean (shift) as well as scale and, second, to use a non-Gaussian bias density. As they study a 

complex valued system, they apply these methods separately to each of the quadrature channels. 

The result is that they consider three bias routines. The first, called conventional, is to simply 

increase the variance of both the I and Q channel signals. In the second, star, the variance is 

increased in one dimension and the mean is shifted in the second. The third, cross, constitutes 

the use of a non-Gaussian density function in which the density is uniform with zero mean in 

one dimension and a mean of +—. in the other dimension. The cross bias method was found 

to cause estimator bias. No explanation was offered. 

4.4.8 Radar - False Alarm Rates 

The IS simulation of radar false alarm rates and associated radar performance 

parameters was one of the first applications of IS considered in the communications engineering 
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literature[5][4]. The realistic simulation of radar systems involves the use of non-Gaussian 

PDF’s and often the system is one in which multiple noise inputs exist. IIS was discussed in the 

context of radar systems simulation in [27]. 

False alarm thresholds and MTI delay line cancelers are studied in [32]. In this work, 

the criteria for optimal IS simulation of an arbitrary weighted sum of independent exponential 

variates is derived. The method involves the decorrelation of the clutter in order to perform IS. 

This is required in order make the input clutter samples independent. This is a multiple input 

study as well. It demonstrates that the amount of PDF biasing needs to be reduced as the 

number of input variates increases for a constant threshold. 

4.4.4 DS-SSMA 

Direct Sequence-Spread Spectrum Multiple Access systems constitute systems with non- 

Gaussian input noise statistics. The focus of most of the simulation work in this area has been 

in predicting the effect of a random number of uncorrelated and random phased background 

signals on the performance of an individual user. Analytical methods exist for placing bounds 

on this problem but simulation has been considered as a means of analysis as well. IS has been 

applied to the simulation of DS-SSMA systems in [31], [34] and [35]. Each of these papers 

provides insight to and references for the problem of simulating DS-SSMA systems. 

4.4.8 Large Networks 

In this age of ISDN and global communication, networks and in particular large 

networks are increasingly under study. The simulation of the signal routing behavior of these 

networks and the switching systems inside them is becoming a standard tool for analysis. The 

application of IS simulation to these networks has been considered in [15] and the references 

therein. 

4.4.6 Adaptive Equalizers 

The IS simulation of an adaptive system presents a unique challenge. It is the intent of 

IS to artificially but realistically and in a controlled fashion create more errors than would 

normally occur under a given set of conditions. It is the intent of an adaptive equalizer to 

compensate for, to adapt to, the incoming signal and to reduce these errors. A unique solution 

to this quandary is presented in [6]. The adaptive system is simulated via the use of ‘twin 
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systems,’ each running in parallel with the same input signal. One system, the IS system, is fed 

biased noise samples in order to create additional errors. But the equalizer tap values of the IS 

system are updated from the non-IS system in order to prevent the IS system from 

compensating to the unrealistic errors. 

4.5 REVIEW OF OPTICAL SYSTEMS SIMULATION 

4.5.1 Optical Systems Simulation Using Importance Sampling 

The first reported use of importance sampling in the simulation of optical 

communications systems is reported by Balaban[2]. This paper is directed toward traditional 

fiber optic communications systems and used optical non-return to zero (NRZ) pulses with 

threshold detection as an example. The approximation due to Webb, McIntyre and Conradi[48] 

was used for the APD statistics. As an aside, this work seems to have originated the name 

“WMC PDF” for this approximation. (As pointed out in Chapter 2, this PDF is actually an 

Inverse Gaussian density function.) In Section 3 of [2], they perform a numerical solution for 

the BER of a system using the WMC PDF and compare this to an analysis using a Gaussian 

PDF for the APD statistics. 

As for Monte Carlo analysis of the system, they simulated a system with a very defined 

and finite memory length filter. The biasing of the WMC PDF is performed by altering the 

values in the WMC PDF table which is used to generate WMC random variates. They describe 

two biasing methods, one in which the biased PDF is made quasi-uniform over a range of the 

input variable and the second where the bias is a constant multiplier, and hence a constant 

weight, over each interval of the input variable. They used the second method to bias the tails 

of the densities as this was threshold detection. The amount of biasing was by trial and error. 

Both the APD and the additive Gaussian noise were biased using generally the same method. 

The output was taken in a histogram format and smoothing was performed using asymptotic 

functions to find the best fit of a known function to the tails of the output density function. 

This is the first work which simulated an optical system using importance sampling. As 

such it is the first work to consider biasing of the APD statistics. They did not resort to a 

Gaussian approximation for these statistics as was typical at the time. The work presented in 

this dissertation is an improvement over that found in [2] in that the biasing of the APD is 

performed without table modification and is thus faster and more convenient to use. Further, 

the resulting estimator is accurate enough to represent the answer without the added 
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complication of curve fitting to a histogram. The error associated with this process is not 

discussed in [2]. 

The shifting of the APD density function was presented in [14] with very few details 

concerning its implementation. The reader is referred to Section 4.2.3 of this thesis for a 

detailed discussion of this investigation. The primary purpose of the work was to present their 

iterative method of determining the optimum shift for ITS simulation. An in depth discussion of 

APD biasing was not presented. 

4.5.2 Semi-Analytical Optical Systems Simulation 

There are two recent works in the literature discussing the simulation of optical systems 

which do not promote IS but do use some form of semi-analytic treatment in order to minimize 

simulation time. These are Elrefaie, Townsend, Romeiser, Shanmugan [16] and Townsend and 

Shanmugam [38]. Each of these is reviewed in this section. 

The work by Elrefaie, Townsend, Romeiser, Shanmugan|[16] presents what the authors 

call a “hybrid” approach, which means that it combines simulation with analysis. Analysis is 

used to account for thermal noise. There are essentially three simulation topic areas addressed 

in this work 1) baseband signal generation, 2) optical waveform generation and shaping, and 3) 

application of noise statistics to optical signals. Each of these topics is also of interest to this 

research. The system under study is a single-mode fiber system. Excellent models for optical 

source waveforms, fiber attenuation, fiber dispersion and receiver noise are presented. Results 

are presented for both LED and laser sources, using both p-i-n and APD detectors. According 

to the authors, the advantage of simulation over purely mathematical analysis is that simulation 

permits the use of complicated models for system elements, permits waveform comparison with 

measured data and that, if desired, measured data can be used in the simulation. In their 

“hybrid” approach, what is commonly referred to as a semi-analytic approach, analysis is used 

to decrease computation time for certain statistically based phenomena. In this case, it is 

thermal noise. 

The simulations in [16] were performed using SYSTID[49][50]. Receiver thermal noise is 

handled analytically since the receiver is assumed linear prior to the detector. Shot noise is 

nonlinear and is therefore simulated. As discussed earlier, in order to account for ISI the input 

bit pattern must contain all possible combinations of K bits where K is the memory of the 

system in bits. These authors claim that a K in the range of 6 to 10 is sufficient to account for 
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the ISI phenomenon found in single mode fibers and optical filters. 

An interesting and detailed method of modeling the source waveform is presented in 

[16]. It is noted that laser sources require modeling of mode partition noise, chirping and 

reflection. The optical fiber model accounts for dispersion in the signal. The references 

concerning fiber dispersion have some applicability to free-space dispersion. The simulation 

results show that fiber dispersion causes a greater penalty on the APD receiver than the p-i-n 

receiver. This is believed to be due to the higher excess noise generated out of the APD when 

the power is increased to compensate for ISI. 

The models used for detector simulation in [16] are of interest to our research. The 

authors in [16] claim that p-i-n shot noise is often neglected since the thermal noise of the pre- 

amp which follows dominates the error mechanism while with an APD the “shot noise becomes 

comparable to or greater than the thermal noise.” In their p-i-n model, they implemented the 

shot noise anyway since they wanted to use it in their APD model. The APD model used in 

[16] begins by calculating the average number of input electron hole pairs per unit time. This 

value was used as the mean value in a Poisson distributed random number generator. The 

Poisson distributed random variate was then used to determine the number of McIntyre 

distributed random variates to be summed. This is the model that has been referred to as the 

exact approach, see Chapter 2 for a discussion. Both the Poisson and McIntyre random variates 

are generated from look-up table CDF’s generated by summations of the PDF’s. On the order 

of 10-1000 calls to the McIntyre CDF are made for each simulation sample. This time 

consuming processes is somewhat mitigated after the first run by storing the APD value for use 

during subsequent runs in which the APD parameters are the same. 

It was found that when the variance of shot noise is equal to the variance of the thermal 

noise, 2048 bits are enough to estimate BER down to 10~?°. If shot noise variance is greater 

than thermal variance then more bits are required but the authors are not specific. For the shot 

noise limited receiver with ISI, they recommend the use of their APD model along with tail 

extrapolation techniques. An alternate approach is suggested but not examined. This would be 

to use a Gaussian shot noise model, and then determine the first and second moments at the 

output using simulation (as in [51] or [52]). 

In the semi-analytic approach used in [16], the mean and variance of the Gaussian noise 

at the threshold detector input is determined via a calibration run using only the thermal noise 

as input. During the BER simulation, each sample in an output bit is treated individually. At 

CHAPTER 4 111



each sample in the pulse the probability of error is determined by the distance of the output 

sample from the threshold. This makes use of the Gaussian noise density at the detector which 

was determined from the calibration run. In other words, a Q-function look-up is perform for 

each sample in the simulated bit. Each of these is averaged with the probability of bit error at 

that particular sample for each bit throughout the simulation to obtain a final BER average. 

Doing this for each sample in the bit enables the study of timing jitter. For example, if there 

are 16 samples in a bit there will be 16 probability of bit error outputs, one for each time 

position along the bit. The minimum BER of the 16 shows the optimum sample time and its 

associated BER. 

The work by Townsend and Shanmugam([38] represents the most recent work addressing 

the simulation of optical systems. The work concentrates on a method of improving the 

efficiency of digital lightwave communication simulation via 1) an acceptance-rejection method 

of implementing the APD WMC statistics and 2) by utilizing tail extrapolation to reduce run 

time. They also implement a semi-analytical treatment of additive thermal noise which is 

similar to that already discussed in [16] and is not discussed further here. They do not mention 

the consideration of timing jitter in their analysis. As an aside, the introduction provides a good 

review of optical link analysis options that have been seen in the literature. As such it provides 

a reference list for a review of numerical methods as well as simulation approaches. 

This work uses BOSS for it simulation efforts and therefore, in some sense, represents a 

standard to be met or beaten for improving optical simulation run time. They report 

simulation results down to the 107)? level using 30,000 bits ten times with an acceptable 

confidence interval using only the semi-analytical treatment. The confidence interval is 

determined by use of Student’s t-distribution. The tail extrapolation analysis is performed with 

3000 bit runs. The errors associated with tail extrapolation can be greater than the simulation 

approaches such as the semi-analytic techniques or the method presented here. In fact the 

method of performing a tail extrapolation is described in some detail in [38]. A derivation of the 

validity of performing a tail extrapolation is given which adds new insight into the process to 

the literature. Tail extrapolation can be performed by using several simulations at pseudo- 

thresholds; short simulations of 3000 bits in this case. The trouble is that errors in this process 

can be magnified by the log-log scale used in the analysis and by the extrapolation process itself. 

The acceptance-rejection method of Ascheid[7] is more efficient and easier to implement 

than the clumsy method presented in [38]. Yet, [38] provides the first attempt at efficiently 

generating the random variates based on WMC statistics. They utilize two comparisons for 
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judging their generator. First, they compare the run time of their generator to a generator using 

the exact method, used for example in[16]. Second, they display figures overlaying histograms 

of 100,000 points generated at a constant power via their generator and the exact approach for a 

visual comparison. 

4.6 SUMMARY 

In this chapter we have reviewed all of the pertinent literature concerning the 

application of importance sampling to communications systems. We have seen that much of the 

literature is concerned with threshold detection receivers, additive noise and the development of 

suboptimum bias functions for particular system simulation efforts. Yet this review has 

provided tools for the application of importance sampling to the non-threshold detection, non- 

additive noise simulation of optical systems which we can draw upon. 

We began with a description of the optimum importance sampling bias function. We 

have seen that it is formed from a weighted subsection of the original input noise density, the 

subsection being that portion of the input density which is responsible for errors and the weight 

being that constant which causes the area under the new density to become equal to one. This 

optimum bias function is unrealizable since its construction requires knowledge of the the very 

quantities sought through simulation, namely the probability of error and equivalently the 

portion of the input density which is responsible for bit errors. The optimum bias is developed 

from attempting to minimize the variance associated with the Monte Carlo estimator. We have 

reviewed both constrained and unconstrained derivations of the optimum bias function. 

Simulation using the optimum bias function, if it could be done, would result in a variance of 

zero for the estimator. 

Through examination of the sequence-dependent derivation of the the optimum bias 

function we have seen that the memory of the system will limit the minimum number of bits 

required to be simulated. The minimum number of bits required for simulation is determined 

from the number of possible signal sequences which in turn is determined by the memory of the 

system in number of bits. If there are L sequences, each m bits long, then mL bits is the 

number of bits that would need to be simulated in order to of account for ISI in the system. 

We collected a set of properties associated with the mathematics of the importance 

sampling. These have been developed at different times and in different forms by various 

researchers. The first of these is the average weight, W. The average weight has several useful 
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properties and can be estimated along with the simulation. It is shown that W must be less 

than or equal to probability of error, P,. It is shown that the variance of the estimator is 

directly related to the average weight as well as the sample size improvement ratio. The 

average weight can therefore provide an indication of how well the IS simulation is performing. 

A property concerning the maximum weight value is developed which states that the 

maximum possible weight must be greater than the probability of error to be estimated. When 

forming a bias function through shifting or increasing the variance, the maximum weight will in 

general decrease with increasing shift or increasing variance. Hence there is, in general, a 

maximum amount of shift or variance increase for a given P, estimate. Beyond this maximum 

the estimated probability of error will be biased smaller than the true probability of error. This 

property was identified and used in [14] as a means of determining the optimum shift to be 

applied to bias the input density through a series of short simulations. The significance of the 

maximum weight is seen again in the application of PIS. The assumption of an importance 

region and the maintenance of the same shape of the original input noise density results in a 

weight value which is a constant. This is the parameter € in eq.(3.58) or eq.(3.59). We know 

from the properties of the maximum weight that this € must be at least as great as the 

probability of error to be estimated. This is seen again in the discussion of PIS in Section 4.2.4 

where two cases, one in which the assumed importance region is smaller than the true region 

and one in which the assumed importance region is at least as great as the true region. It was 

shown in the analysis of case two that if the region is too small, which means that € < P,, then 

the estimate will be biased and smaller than the true probability of error. 

Finally, expressions for the upper and lower bound of the variance of the importance 

sampling estimate were presented. These expressions can be used to indicate the validity of the 

importance sampling simulation and to predict the sample size improvement over classical 

Monte Carlo. It is interesting that the importance sampling estimator variance is upper 

bounded by an expression involving the maximum possible weight. From this and the previous 

properties we see that keeping track of the statistics of the weights generated will provide 

information concerning the status of the importance sampling simulation. 

We reviewed various versions of the importance sampling that have been developed. 

Most are distinguished by the method of forming a bias function. Scaling Importance Sampling 

(SIS) refers to forming the bias function by increasing the variance of the input noise density. 

Improved Importance Sampling (IIS) biases the input density by shifting the mean. Pseudo- 

Optimum Importance Sampling (PIS) forms an approximation to the optimum bias function by 
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assuming an importance region. It is shown that this assumed region must completely contain 

the true importance region. Absolute-Value Importance Sampling (AIS) forms a bias function 

by folding, through the absolute value operation, the input noise density. The folded density is 

also shifted to promote the generation of random variates from the tail region of the input 

density. This method shares some similarity with the PIS method. Conditional Importance 

Sampling (CIS) is applicable to systems with more than one input noise density. In CIS 

random variates from one density are conditioned on the values generated from the first random 

input noise density. The conditioning is performed in a manner guaranteed to promote 

communication errors. 

Finally two versions of importance sampling simulation for combating the effects of 

system memory on the amount of improvement are developed. The first, Efficient Importance 

Sampling (EIS), describes a method of applying the bias to the output probability density by 

finding a statistically equivalent linear model of the system under study. The coefficients of a 

linear model are found by performing an analysis procedure prior to the simulation. The second 

method also requires a linear or at least a linearized system model. With this model the input 

noise samples are processed through a Householder transfer function based on the system model 

prior to simulation through the system. Therefore we have denoted this method as Householder 

Importance Sampling (HIS). Both of these methods, when they can be applied, result in an 

importance sampling simulation with the equivalent of a system memory of one. 

We have also reviewed the results found in the literature concerning the affects of 

system memory on the improvement in sample size possible from importance sampling. We 

have seen that as the system memory goes up, the potential reduction in the number of 

simulation samples required over classical Monte Carlo for a given estimator variance goes 

down. We have also seen that as the amount of memory goes up, the amount of bias to be 

applied to the input density needs to decrease; all other parameters being constant. Knowledge 

of system memory issues is important in any application of importance sampling but it is 

particularly important in M-ary PPM since the number of samples required for representing a 

PPM word is large. 

It is shown that the variance of the IS estimator increases as the number of independent 

noise sources increases. The effect of multiple noise sources on importance sampling simulation 

is particularly relevant to optical systems simulation since we are essentially guaranteed to have 

more than one input noise source. In optical systems, the probability of error will be influenced 

by the shot noise of the detector and the additive thermal noise of the electronic circuits after 
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the detector. The shot noise of the detector is a non-additive signal-dependent noise source. 

Very little has been published on the importance sampling simulation of signal-dependent noise 

sources. This includes a general lack of discussion on biasing the statistics of APD devices. We 

have seen that the amount of bias applied to each of the noise sources in a multiple noise source 

system should be proportional to the amount of influence the noise source has on bit errors. The 

determination of the level of influence on communication error for each input noise source is 

difficult. When in doubt we are advised to bias all sources equally. At the same time we find 

that if a noise source has little influence on the probability of error it is best to not bias this 

source as to do so will increase the estimator variance rather than reduce it. 

In Section 4.4 we grouped the importance sampling references according to the system 

to which it was applied. Besides the general digital communications system, importance 

sampling has been applied to Viterbi decoder simulation, radar simulation, DS-SSMA systems, 

large networks and adaptive equalizers. 

In the last section we reviewed the simulation of optical systems both with and without 

importance sampling. There has only been one reference to optical system simulation using 

importance sampling. This was a fiber optic system using NRZ modulation, an APD detector 

and threshold detection. The APD statistics were biased through manipulation of the look-up 

table used to generated the random variates. The use of a look-up table limits the input signal 

to the detector to a finite number of power levels. This would not be suitable in the simulation 

of systems which included channel effects. 

The other optical simulation references utilized semi-analytical or tail extrapolation 

techniques in order to decrease the time required to obtain results through simulation. Tail 

extrapolation techniques are prone to error. The semi-analytical methods rely on a linear 

system between the detector and the decision device. 

CHAPTER 4 116



CHAPTER 5 

M-PPM 
IMPORTANCE SAMPLING 

SIMULATION 

5.0 Introduction 

In this chapter the mathematical foundation of importance sampling as applied to the 

M-PPM maximum likelihood receiver is established. The derivation begins with a mathematical 

development of classical Monte Carlo as applied to the M-PPM receiver. This description 

introduces the concept of a multi-dimensional probability space in which the error region of the 

receiver can be said to exist. The concept of a conditional indicator function is also introduced. 

With classical Monte Carlo and its associated concepts in place, the modification to Monte 

Carlo known as importance sampling is derived for the M-PPM receiver in Section 5.1.2. This 

includes a derivation of the IS estimator, a proof that the estimator is unbiased and a derivation 

of the estimator variance. The optimum bias function for the M-PPM receiver is developed in 

Section 5.1.3. From this expression, various bias methods and requirements on the bias function 

for reducing the sample size are developed in the remainder of Section 5.1. 

In Section 5.2, the various bias function alternatives are explored in detail. This 

includes a brief description of bias methods which are not desirable. It is shown that shifting 

the mean of the input densities is a viable method of biasing the input statistics of the M-PPM 

APD optical receiver. A conditional bias method is also proposed based on the unique character 

of the M-PPM receiver decision mechanism. There are several possible methods to implement 

each of these techniques. Two versions are selected and the details of implementing each are 

presented in Sections 5.4 and 5.5 respectively. The complete simulation model and associated 

issues are presented in Section 5.3. 

5.1 Application of Importance Sampling to M-PPM Maximum Likelihood Detection 

As indicated in Chapter 4, the technique of importance sampling to improve the time 

required for Monte Carlo simulation is well documented for the threshold detection receiver. 

The application of IS to the simulation of APD based optical receivers has received very little 
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attention while the maximum likelihood optical PPM APD receiver has not been addressed at 

all. We begin Section 5.1 with a discussion of Monte Carlo simulation as applied to the M-PPM 

receiver. Section 5.1.1, establishes the mathematics of Monte Carlo simulation, wherein the 

estimator is developed and shown to be unbiased and an expression for the variance of the 

Monte Carlo estimator is also presented. This discussion introduces the concept of a multi- 

dimensional probability space and a conditional indicator function. In Section 5.1.2, importance 

sampling is derived for the PPM receiver. We develop the M-PPM IS estimator and show that 

it is unbiased and also present the variance for the M-PPM IS estimator. In Section 5.1.3 we 

present the optimum bias function for the M-PPM receiver. Finally, in Section 5.1.4 we present 

some useful expressions for the ratio of sample size improvement of M-PPM IS over M-PPM 

Classical Monte Carlo simulation. 

5.1.1 Monte Carlo Simulation of M-PPM 

In this section we discuss the mathematics of classical Monte Carlo analysis for M-PPM 

signaling. In order to simplify some of the ensuing mathematics and to permit the use of figures 

and diagrams, we use Binary Pulse Position Modulation (BPPM) for illustration. Its extension 

to higher order PPM words is straight forward. The important results and concepts are 

expressed in terms of the general M-PPM case for completeness. 

Binary pulse position modulation was introduced in Chapter 2 and perhaps is the 

simplest form of PPM modulation. Recall that in BPPM the PPM word time frame is divided 

into two time slots. For illustration purposes, we define a binary one to be encoded by a laser 

pulse in the first time slot with the second slot empty. A binary zero will be encoded with a 

pulse in the second time slot and the first slot empty. For clarity, we will refer to the first time 

slot as slot A and to the second time slot as slot B. A BPPM word was illustrated in Fig. 

2.1(b). For computer simulation, a sampled version of this signal is generated. 

Unlike a threshold detection receiver, where the hypothesis decision is based on a 

comparison of the measured output voltage against a fixed threshold, the maximum likelihood 

receiver compares the photon count from each time slot and selects the slot with the largest 

count as discussed in Chapter2. This is a relative measure as the decision of slot A is made 

relative to the value in slot B and vice versa. Thus a comparison is made between two random 

variables, instead of the comparison of a random variable against a fixed threshold as is made in 

a traditional threshold detection receiver. We reflect this new understanding with a small 

modification to the PPM receiver model. In Fig. 5.1, we present a model of the BPPM receiver 
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where we have expressly shown the output to be two random variables. The random variable X 

represents the measurement of slot A while Y is the random variable representing the 

measurement of slot B. These two random variables are made available for examination at the 

end of each PPM word frame. Slot A is selected as containing the transmitted laser pulse if X is 

greater than Y and slot B is selected as containing the transmitted laser pulse if Y is greater 

than X. 

For analysis, we initially assume that the random variables representing each slot 

Measurement are independent. In our BPPM example this means that X and Y are 

independent. This assumption is reasonable under normal receiver operating conditions. Some 

fraction of independence will be lost due to pulse spreading or slot timing errors, both of which 

result in some transmitted laser energy arriving in an adjacent empty slot. In this event the 

measured value for an empty slot can be argued to be dependent on the value of the slot 

containing the pulse. In proper receiver operation there is no dependence. This is because the 

operation of the receiver considers each slot measurement independently so that any additional 

light in an adjacent slot is perceived only as additional background light. We will find that the 

results presented are valid regardless and that slot independence is a convenience rather than a 

requirement. 

Continuing our definition of BPPM modulation encoding, let us denote the probability 

of sending a pulse in slot A as P(A). P(A), for example, might be the probability of sending a 

one. We denote the probability of sending a pulse in slot B as P(B) and this might be the 

probability of sending a zero. The actual probability of sending a one or a zero is a function of 

the source statistics and does not play a part in the development that follows. Let the overall 

word error probability be denoted as Py, defined as 

Pew = (Pew | A): P(A) + (Pew | B)- P(B) (5.1) 

where P,y,| A is the probability of word error given that the pulse was sent in the A slot and, 

similarly, P,y |B is the probability of word error given that the pulse was sent in the B slot. 

Poy |A and P,y|B are the symbol error probabilities for the slot A symbol and the slot B 

symbol respectively. Let us denote each of these symbol error probabilities as P,, and P.p so 

that Po, =Pey|A and Ppp =Ppy|B. The P,, is simply the probability that Y is greater 

than X given that the pulse was sent in the A slot. Similarly, the Pep is the probability that X 

is greater than Y given that the pulse was sent in the B slot. Hence, eq.(5.1) can be rewritten as 

Pew = prob(Y>X | A)- P(A) + prob(X>Y | B) - P(B) (5.2) 
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Let us concentrate on the error probability for a single symbol as the total word error 

probability is simply the weighted sum of the individual symbol error probabilities as shown in 

eq.(5.2). We arbitrarily consider the case that the laser pulse was sent in slot A. P,, is a 

function of two probability densities f(X | A) and f(Y | A). Representations of these densities are 

shown in Fig. 5.2. [We drop the conditional notation, i.e. (...|A), in the remainder of this 

discussion as redundant.] These output PDF’s describe the distribution of the two voltage 

random variables observed at the decision device. They are a result of processing the APD 

output current through the receiver system. As discussed in Chapter 2, the output current of the 

APD is summed with the Gaussian distributed thermal noise of the preamplifier. This noisy 

signal current is filtered through the remainder of the receiver system and finally integrated to 

produce a test sample for each PPM time slot. The computer simulation is a discrete time 

model of this processing. Under the hypothesis of symbol A, the laser pulse resides in slot A and 

therefore, in general, the mean of f(X) will be larger than the mean of f(Y) as shown in Fig. 5.2. 

Bear in mind that all of the statements in this section have a dual case in which the 

laser pulse was sent in slot B. This includes the existence of two other probability density 

functions f(X | B) and f(Y | B) in which the mean of f(Y), i.e. f(Y |B), is in general greater than 

the mean of f(X), ie. f(X |B). In fact, all of these arguments apply directly to the M-PPM case 

since the only change is that we then have M slots, {A, B, C, ...} and would therefore compare 

M random variables at the decision point of the receiver. In this discussion we are simply 

considering the probability of error for an arbitrarily selected symbol. The results will be the 

same whether we have two symbols, as in BPPM, or M symbols. 

Considering the case of the laser pulse sent in slot A, i.e. symbol A, we can write the 

Pea, as 

P.4 = prob(Y>X) = / fx) | f(¥) dy dx (5.3) 

The double integral is a mathematical expression for prob(Y>X) utilizing the definition of 

PDF’s. If we define a function H(y|x) in the same spirit as traditionally defined for Monte 

Carlo and IS simulation mathematics (see for example eq.(3.10), §3.1.2) then we write: 

1 y>x 
H = 5.4 WIN={) Vo, (5.4) 

Eq.(5.3) can now be written as 

coo oo 

P.4 = prob(Y>X) = / Ax) | H(y | x) f(Y) dy dx (5.5) 
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Fig. 5.2 Slot Measurement Output Probability Density Functions: {X) and f(Y) 

(These distributions have been simulated using the WMC PDF with parameters: 

G = 100, K = 0.02, n= 5 and n = 10.) 
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= [> [ao la foo fravax (5.6) 

= E{H(y | x)| (5.7) 

1 N 

mz No A: | x;) (5.8) 
i=] 

where it can be seen that we have defined P,, as the two dimensional expectation of our 

conditional indicator function H(y | x). 

The last step, eq.(5.8), is an estimation of this expected value as a summation. Let us 

denote the estimator for Poa as Poa: Hence let 

N 
5p 1 Peg = yy 2H 1 x) (5.9) 

1=1 

Note that the Monte Carlo simulation process is an estimation of the expected value of an 

indicator function just as it is in the case concerning the simulation of binary systems. Under 

the operation of the M-PPM maximum likelihood receiver, the indicator function is now a 

conditional operator. This marks one of the fundamental differences between Monte Carlo 

simulation for the threshold receiver and Monte Carlo simulation of M-PPM receivers. 

Let us take a moment to reflect on the results to this point and attempt to provide 

illustrations for some of the concepts that have been expressed mathematically. If f(X) and f(Y) 

are independent then the product f(X) f(Y) in eq.(5.6) is the joint probability density of the pair 

of random variables X and Y, denoted generally as f(X,Y). If we consider these two random 

variables as coordinates on a plane, they would be plotted as a two dimensional probability 

density function f(X, Y) on the coordinate system shown in Fig. 5.3. Fig. 5.3 displays the the 

joint probability space showing the two orthogonal axes over which the random variables X and 

Y are distributed. Note that X and Y have non-zero probability over the first quadrant of the 

2-D probability space only. Fig. 5.4 is an orthographic view of the same probability space 

showing that the joint probability density forms a surface in probability space. The extension to 

higher order PPM formats is straightforward but cannot be illustrated as in Fig. 5.3 or Fig. 5.4. 

For example, QPPM requires a five dimensional space to depict the probability surface formed 

from the PDF’s of the four slots in the PPM word. As can be seen in Fig. 5.4, BPPM forms a 

three dimensional image which can be illustrated and from which principles can be presented. 

Hence, we have concentrated on BPPM to develop and present our ideas and concepts. 
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The RV X is plotted along the horizontal axis and the vertical axis is for RV Y. 
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Joint PDF of X and Y 

 
          

 
 

Fig. 5.4 Orthographic View of the Two-Dimensional Joint Probability Surface 

X is the output random variable for the slot A, Y is the output random variable 

for the slot B. 

(This joint output density was simulated using the same PDF’s shown in Fig. 5.2.) 
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The line X = Y shown in Fig. 5.3 marks the error boundary for a BPPM word error. 

Given that the laser pulse was transmitted in slot A then an incorrect choice will be made if the 

X and Y values produced at the end of the BPPM word measurement fall into the space above 

the line X = Y. This is the area in which Y > X so that the receiver will incorrectly decide that 

the pulse was in slot B. In terms of importance sampling, this is the important region, the 

region where errors occur. By application of the definition of joint probability we note that the 

P.4 is equal to the area under the surface of the joint PDF above the X =Y line. This is 

actually a restatement of eq.(5.3) or, equivalently, eq.(5.6) in words. 

The conditional indicator function H(y |x) from eq.(5.4) is shown in Fig. 5.5. It is a 

surface with the value of one over the region above the X = Y line (the area in which Y > X) 

and zero elsewhere. This view of H(y |x) can be applied to a physical interpretation of eq.(5.6) 

where it is seen that the function H(y |x) is multiplied with the joint PDF and the limits of 

integration are extended to the entire range of the joint PDF. In other words, this 

multiplication selects the portion of the joint PDF (with a weight equal to one) that represents 

the P,,. The extension of the limits to +0co permits the surface integral to be interpreted as 

the expected value of the function H(y |x) as in eq.(5.7). All of these statements are directly 

analogous to the development of Monte Carlo simulation as presented in Chapter3 or in the 

literature. 

The estimation of the expected value of H(y|x) is represented in eq.(5.8) or eq.(5.9). 

Monte Carlo simulation is the process of generating the random variates (x,,y;) and charting 

them into the probability space of Fig. 5.3, Fig. 5.4 or Fig. 5.5. The function H(y |x) acts to 

accumulate the points which fall into the Y>X portion of the plane, thus this becomes the 

important region. Each point that falls into the area where Y>X increments the error count 

summation by one, i.e. each point has a weight of one, while (x,,y,;) points outside this area 

increment the summation by zero. Since the (x;,y,;) variates are generated according to the 

joint PDF, this summation and its subsequent division by the total number of simulated bits as 

per eq.(5.9), is an estimate of the area under the joint PDF surface in the region above the 

X = Y line. To reiterate, this area represents P, 4. 

A completely analogous set of statements and expressions exists for the case that the 

laser pulse was transmitted in slot B. Here we deal with two different PDF’s which might be 

called f(X | B) and f(Y | B) if we follow the notation used above. We can write 

Pep = Pew | B= prob(X>Y) = [#9 | #9 dx dy (5.10) 
00 y 
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Fig. 5.5 Orthographic View of the Two-Dimensional Conditional Indicator 

Function H(y | x). 

X is the output random variable for the slot A, Y is the output random variable 

for the slot B. 
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where we have again dropped the conditional notation of the PDF’s. We must also define an 

appropriate indicator function which will yield the area under the joint PDF surface below the 

X = Y line. In this case we define 

1 x>y 
H(x ={ 5.11 (x|y) 0 x<y (5.11) 

This permits us to write 

Pen= f ftv) [ Wely) AX)axay (5.12) 

= J JG ly) F(X) CY) dy dx (5.13) 

= HH(x|y)| (5.14) 

iw ; ey) HG; ly) =Pep (5.15) 

where we have defined P,y |B as the two dimensional expectation of a function H(x|y). The 

function H(x|y) is similar to our earlier function H(y|x). The function H(x|y) is simply a 

mirror image of the function H(y | x) since it is one where H(y | x) is zero and zero where Hy | x) 

is one. 

We now wish to extend the expressions for the Monte Carlo estimator of the BPPM case 

developed above to the general M-PPM signal format. We will adopt again the notation 

introduced in Chapter 2 and assume that the pulse was transmitted in the gt PPM slot where 

1<q<M. Let Tq be the integrator output of the gt slot and r; represent the output of each of 

the other slots where 1= {1, 2,..., M-1, M} and 1#q. The probability density function for rg 

we denote as f,(r) and a PDF for each slot variable r; as fi(r), where 1= {1, 2, ..., M} and 

iq. With this notation, the probability of error for the q’ h symbol is 

Peg = / * folt) / fil) dry / falta) dra... / filed dr;... / falta) ay dr, (5.16) 
—oo Tg Ty Tg rg 

where 14 q for any of the integrals inside the bracket. In the M-PPM case we define a 

conditional indicator function as 

1 foranyr;>1,,t#9 
H(ty, Tay eee Ty eee Tagi CF QT q) = { 0 elsewhere (5.17) 
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To simplify notation, let us define the following vector notation for the M-ary conditional 

indicator function in eq.(5.17) as 

H(t; xq | Tq) = H(r,, 1g, --- 3 Ty eee Ti TF q| tq) (5.18) 

Eq.(5.16) is now rewritten as 

Peg = prob(r,>r,) = | feo J. . [HG dq! rq)|Ar)- SG; $q) Sty) dr;|dr, (5.19) 

- / me / "Hr ¢ 9| rq fea) fers)o- Ses q)- Seng) ari ]arg (5.20) 

= [Gig gl) | Hh teoa (5.21) 
—~oOo | 

where, for simplicity, we have notated the multiple integrals of eq.(5.20) in the form of multi- 

dimensional integral as shown in eq.(5.21). This is again the expected value of the indicator 

function and can be written as 

Peg = EAC, 4q! r9)| (5.22) 

This expectation can be approximated by 

1 ca HD Hes 4951") = Pea (5.23) 
j= 

We see that the Monte Carlo estimator for the general M-PPM symbol Q is of the same form as 

before in eq.(5.9) for the BPPM case. We have only extended the definition of our conditional 

indicator function in order to incorporate the additional slots in M-PPM. 

Concerning the assumption of independence between each of the slot counts, this can 

easily be relaxed as it was useful only in the explanation and development of eq.(5.21). One 

could have also started with the general case and defined the joint probability density function 

for the set of slot random variables r; as fer To, «+ Tj, +» Iqg). Beginning with a joint 

probability density one can immediately write the general version of eq.(5.20) as 

oo 

Peg = prob(r,;>rg) = / H(r, <q | tr, To; veey Thy eee Tu) dr (5.24) 

where dr = dr, drog...dr;...dryy 
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Again for notational simplicity, let us write the joint probability function of the slot random 

variables in terms of the r vector so that 

Sty Tay es By ee TA) =f) (5.25) 

where r=1j,, fo, --., Tj, --- Tyg. With this notation eq.(5.24) becomes 

oO 

Peg = prob(r,;>rq) = / H(t, 4 q| rg) A) dr (5.26) 

—0o 

Eq.(5.26) is a general expression of the probability of error for symbol Q. It assumes no 

independence between slots or any particular value for M. Note that this generalization has no 

effect on the form of eq.(5.22) or the estimator in eq.(5.23) as the expected value of the function 

remains the same. 

When the slots are independent the joint probability density function is the product of 

the individual probability densities so that 

M 
fr) = fs ty, ea ty ty) = [] fod (5.27) 

+=1 

If eq.(5.27) is substituted into eq.(5.26) then we obtain eq.(5.21). 

It is important to establish that the estimator we have developed in eq.(5.23) is 

unbiased, that is, that the expected value of the estimator is the quantity sought. We will again 

default to the BPPM case for ease of notation and explanation. In this case, we would like to 

establish that the expected value of the summation in eq.(5.9) is P, 4. 

N 
FP .4]= NOL H(y; | 7) (5.28) 

i=] 

ae 
=H a) (5.29) 

1=1 

oo oo N 

=1 | J SoH 1x) f0.KY) dy ax (5.30) 
—00 *=1 

N Co poo 

=A [Of nels) (OAM avex (5.31) 
t=1 “go oo 

iw 
= wdPe A (5.32) 
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Therefore we have established that the estimator of eq.(5.9) is an unbiased estimator. A similar 

development can be made for the P. B OF, indeed, any of the symbols in the general M-ary PPM 

case so that we have that the estimator of eq.(5.23) is an unbiased estimator. 

We would like to establish the variance of the estimator of eq.(5.23) for future reference. 

This will permit comparison with the importance sampling estimator variance and analysis of 

the improvement ratio. We again default to the BPPM case where the variance of the estimator 

of P, 4 in eq.(5.9), o7(P. 4); is found from 

o°(P.4) = H(P.4)"|-E[Pea] (5.34) 
which, using eq.(5.33), immediately becomes 

2 A a 

o*(Bea) =F (Pea)?|- [Peal (5.35) 
To simplify the first term on the Right Hand Side (RHS), we begin as 

5 2 1 N H(P.4)?]= WD Hosts) (5.36) 

=x yw y;|%;) + you (y;|x,)H (y5 1x5) (5.37) 
I= t,9= 

t# 9 

= xa yee, Ix)}+ 0 > Ff |x;)H(y,|x,)} (5.38) 
i, j= 
tF#j 

- 
=n. Ef{nry, lsd} + DO [ete |x) }e{ny, ; Ix) }+ cov{ity, |x,)H(y; | xh (5.39) 

  
N 

L i oz 

= dyn -E{H(y; 1x3) } + N(N = DE*LH(y; |x) } + YL confi, [xB |x,)} (5.40) 

L re 

i Ie 

where we have used the property that E[XY] = E[X]E[Y] + COV[XY] and COV[-] refers to the 

covariance. 

If H(y,;|x,) and H(y,|x,) are independent for 1#j then the covariance term is zero. 
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The H(y,;|x,) and H(y,|x,) are independent for each « # j if each (x,,y,) pair is independent. 

In the simulation process, care is taken to insure that the generated samples are independent. In 

this case the variance of the estimator becomes 

o7(P. 4) = A(P,4)2| - [Peak (5.42) 

= HP ea +(1- wPea —P24 (5.43) 

P,,4(1-—P _ eAl N eA) (5.44) 

which is the usual form for the variance of the Monte Carlo estimator. Compare, for example, 

eq.(5.44) to eq.(3.13). The variance of each symbol in the general M-PPM case would have the 

same form as eq.(5.44). 

At this point we have developed the basic expressions describing the Monte Carlo 

simulation of the maximum likelihood optical M-PPM receiver. We have written the expression 

for the estimator in eq.(5.23). We have shown that the estimator is unbiased in eq.(5.28) 

through eq.(5.33). Finally, we have generated an expression for the variance of the estimator in 

eq.(5.44) where it is seen to resemble the variance expression for threshold detection Monte 

Carlo estimator. In the next section we develop a similar set of equations describing the 

application of importance sampling to M-PPM. 

5.1.2 Multi-Dimensional Importance Sampling 

The application of importance sampling to the type of two or more dimensional 

probability space introduced in Section 5.1.1 follows a procedure similar to that described in 

Chapter3 for the one dimensional baseband communications system. Here, importance 

sampling simulation is developed for the general M-PPM signal format assuming nothing 

concerning independence between slots. We return to the notation of Section 5.1.1 where the 

pulse is assumed to have been transmitted in the g* PPM slot where 1<q<M. The 

development of importance sampling for the general M-PPM format begins with the general 

expression for the probability of error for the general symbol Q in eq.(5.26). We proceed by 

multiplying and dividing by an as yet undefined PDF fi) so that 

(Note that the superscript asterisk [+] denotes a modified function, not complex conjugation.) 
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Peg = prob(r,>r,) = ne, #q! aries) dr (5.45) 

—oOO 

°° fa) = H(r. I; Ir, = Ie) f (r) dr (5.46) 

| Fa TF) —oo 

  

= / H(t; 4 g| ry )f (r) dr (5.47) 
—00 

= EJ" (r; 2 | *4)] (5.48) 

wher H* =H Ar) =H e (r; dq | r4) = (r; £4 | To) = A(T 2g | tg) WO) (5.49) 
f(r) 

or equivalently 
* W(r foranyr;>1r,,1# 9 

H (1; #q | 4) ={ ( ) q * (5.50) 

0 elsewhere 

We have defined = Ar) (5.51) 

FO) 

as the weight of the conditional indicator function. Note that it is a general function of the 

vector r, the set of slot random variables. 

As in previous developments of importance sampling, our estimator is the expected 

value of a modified indicator function, H"(r; 4 4|1,) of eq.(5.49) or eq.(5.50). The expected 

value is taken with respect to the biased PDF’s used in the simulation so that it is marked with 

a subscript ‘+’. From eq.(5.48) we now write the importance sampling estimator for the general 

M-PPM slot Q as 

Ne 
ote _ ] 

Peg =yed,8 “(ti5 #95 |¥q3) (5.52) 

where N* is the number of M-PPM slot Q words that are examined in our importance sampling 

estimate of Peg: 

Nest, it is shown that the general M-PPM estimator is an unbiased estimator and then a 

general expression for the variance of the M-PPM importance sampling estimator is developed. 
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To be an unbiased estimator, the expected value of the right hand side of eq.(5.52) 

should be Peg. Note that this is the expected value taken relative to the modified PDF’s. The 

expected value of the right hand side of eq.(5.52) is then 

a 1 N* 

E,! <9] =E, nF (135 £5 /"q3) (5.53) 
j=1 

i,|& | 
= RE DH (is ¢ 95 ay) (5.54) j= 

=by E .[H "(ti5 £ail%q | (5.55) 
j= 

N° . 
=o /- H*(r; gl tof (ar (5.56) 

N* 
=i, 2 [ H(r; ql tqlflx) ar (5.57) 

= Wz) Pea = Peg (5.58) 
j=1 

Thus the importance sampling estimator is unbiased. 

Just as for the classical Monte Carlo M-PPM error estimator, we would now like to 

establish the variance of the estimator shown in eq.(5.52). We proceed as before and write 

o°(Ptq) = EB (Ptg)?|- EAP 29] (5.59) 

which immediately becomes 

0° (Pq) = E,|(Pig)”|- P2o (5.60) 

after application of eq.(5.58). 

To simplify the first term on the RHS, we write 

2 

1 N’ E(Pig)?]=E J(5¥4esl*)] (5.61) 
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=e. SH pail tat HMC gg Fas)" Ca gob | at) (5.62) 
ak 

=n yr, {HP (a5 gga lt rai) } + x ABCs 4 99 (Tas) H "(tin g ot |Tgu)} (5.63) 
Js 

N* 

= 52 ye, {H (x4; Z a5 r;)W? (r ee Pali £45} %qjp) WO) Hie ¢ gi | rg) W(r4)} 
28 

(5.64) 
  = [IN EAH (r, #4! reWrCe) + 

  

N* 

= Do ES i#ailte dwer)E f(r, # gk | tga) W(r,)} 
j, k= 
a xk 

    > COV AH (r,; 4 aj ¥qj) WO; JH(rip gt | gu) W(rK)} (5.65) 
J) =1 

J#k 

again, we have used the property that E[XY] = E[X]E[Y] +COV[XY] where COV[-] refers to 

the covariance. Continuing... 

= a . [ ®e: 4q| r4)W(r)f (r) 7 + 

abs N*(N*— 1)EH(; 4 gl ty wer) b + x COV, {H"(F,5 4 95 | ¥g,)E" (ri ¢ gx |Tox)} (5.66) 
1,j=1 

t#J 

x 

  = xa [ . ic £q | rg) W(r)f(r) ir 

  N*(N*—1)P2) 4 s. COV AB, tail "ap) Hin ¢ of | 9), (5.67) 
1, j=1 

t#j 

Na 
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= y= / H(t; x | t4)W(r) fir) dr + P25 — yePeQ + 

—OO 

  

N* 

xy > COV. {H*(r,,; Z#aj | 95) H" (re # gk | rad} (5.68) 

4, J=1 
t#j 

Eq.(5.68) is an expression for the first term of the RHS of eq.(5.60). Substituting eq.(5.68) into 

eq.(5.60) and making use of the fact that 

co 

P2o= | Wj g9/")Peo far (5.69) 
—00 

we obtain 

o*(Pig) = E,| (Pz9)?|- P2 (5.70) 

= af ”H(r; #q| tg) W(r)f(r) dr — Fea 

N* 

  

3,j9=1 
t#j 

1 [* i 
= al H(t; 4 g| tq) W(x) - Peglfir) dr+— )> COV, {H"(F; £95 1¥qj) Hin ¢ gk | 7), 

00 N t, j=1 

tF9 (5.72) 

If H"(r,5 4 95 1%qz) and H" (rin ¢ gk | %qu) are independent for j# k then the covariance term is 

zero. In this case the variance of the importance sampling estimator can be written as 

o*(Pr9) = yF / ~H(r; 4q/ r4)| W(x) ~ Peg| Kx) dr (5.73) 

The reader is encouraged to compare eq.(5.73) to eq.(4.29) in order to note the similarities and 

differences between this expression and the expression for the variance of the importance 

sampling estimate for the threshold detection receiver. 

The basic expressions describing the application of importance sampling to the 

simulation of the maximum likelihood optical PPM receiver have been developed. We have 

written the expression for the estimator in eq.(5.52). We have shown that the estimator is 

unbiased in eq.(5.53) through eq.(5.58). Finally, we have generated an expression for the 

variance of the estimator in eq.(5.73). In developing these equations we have assumed nothing 
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concerning the independence of the measured slot random variables. Neither have we assumed 

or determined any properties required by the biased function f(r) in order to insure that the 

importance sampling simulation will require fewer samples than a classical Monte Carlo 

simulation for an equivalent error in the estimate. The form of the biased function fi 

determines the value(s) of the weight function W(r). The desired form of the weight function 

will be the subject of the next section. How to generate it is the subject of the remainder of this 

chapter. 

5.1.38 Optimum Bias Function for M-PPM 

The optimum bias function for the threshold detection receiver was presented in 

Chapter 4 as that PDF which minimizes the variance of the importance sampling estimator. It 

was seen that an unrealizable bias function existed which actually made the variance equal to 

zero. This function was obtained through various means by various authors, the most straight 

forward of which was by inspection. 

Through inspection of the variance of the importance sampling estimator for the PPM 

receiver, a similar optimum bias function can be obtained. Consider the expression for the 

importance sampling estimator variance for the general M-PPM slot Q in eq.(5.73). Modeled 

after the threshold detection receiver optimum bias function, we postulate 

H(r; xq | ry) f(r) 5.74 Peg (5.74) foot) = 

as the optimum bias function to minimize the variance of the estimator. Adopting eq.(5.74) as 

the bias function in importance sampling simulation, we obtain the following expression 

fi) Peg 
W nj = 5.75 

ont) fopt() H(t; 4 qT) 6.7) 
  

which describes the weights generated under the optimum PDF bias function. Importance 

sampling simulation of the M-PPM receiver using the optimum bias function in eq.(5.74) leads 

to a zero estimator variance much as it did in the threshold detection case discussed in 

Chapter 4. By inserting eq.(5.75) into eq.(5.73) we find that the variance is indeed zero. 

o? (Pg) = te Hr, 4ql Tq)|Wopel?) - Pea] fr) dé =0 (5.76) 
— oc 
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We see that we are left with a situation completely analogous to the case of the 

threshold receiver. In eq.(5.74) we have an expression which causes the variance of the 

estimator to be zero but which is as unrealizable as its threshold detection counterpart since the 

construction of the optimum bias function requires a priort knowledge of the quantity sought, 

Pegs and a priori knowledge of the region of the input density over which errors will occur, the 

important region. 

5.1.4 Sample Size Reduction 

Through the use of importance sampling, we wish to reduce the number of simulation 

samples required in order to obtain a valid estimate of the probability of error. In order to 

ascertain the desired properties of the weight function W/(r) let us examine and compare the 

normalized error of the M-PPM classical Monte Carlo estimate and the normalized error of the 

M-PPM importance sampling estimate. The normalized error of the estimates given by 

eq.(5.23) and eq.(5.52) are proportional to the variance of the estimators[1][2]. It follows that a 

comparison of the variance of each estimator will indicate the relative strength of each estimate. 

Let the variance for the counting estimator of eq.(5.23) be o2,, where the subscript C designates 

the classical Monte Carlo estimation. This variance was produced in eq.(5.44) as 

53, = Peal! = Pea) 6.1 

=" / ~ A(T, #q|"q)|! — Peg] ir) dr (5.78) 

=} / [ ~ Peg]flx) dr (5.79) 
Q, 

where the area of integration, {2,, in the last expression is the region such that r; >1r, , 1 x 9. q 

Similarly, let the variance for the counting estimator of eq.(5.52) be oF 5; where the 

subscript JS designates Monte Carlo estimation with importance sampling. This variance is 

given in eq.(5.73) as 

oat, H(t, 4a! r,)[W@) _ Peg fir)dr (5.80) 
— co 

= be [ [We —Peglfin) ar (5.81) 
4 
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where again the area of integration in the last expression is the region such that r; > Tos? # gq. 

For a given normalized error, the variances for each estimator will be equal. Therefore 

we can derive a sample size reduction factor, R, by setting the variances equal and solving as 

follows 

2 2 

x / [! — Peq]fx) dr = y / [Wo) - Peg|f(r) dr (5.83) 
Q 

  

q Q, 

/ [L — Peg}fla) ax 
Q 

R=aN-=—4 (5.84) 
N Jo - Peg| fir) dr 

Q, 

If we design the weighting function W(r) to be less than 1 in the region Q, then eq.(5.84) shows 

that the ratio R of the number of samples used in the classical Monte Carlo simulation to the 

number of samples used in the modified Monte Carlo simulation will be greater than one. This 

indicates a reduction in the number of samples which must be simulated in order to achieve the 

same level of error in the estimate. The amount of this reduction will be directly proportional 

to the amount of bias applied to the simulation statistics. In the remainder of this chapter, 

methods are explored for biasing the APD parameters in order to cause more errors to occur 

with a weight function that is less than one. 

For importance sampling in the M-PPM case, we have devised a conditional indicator 

function, eq.(5.49), which we repeat below 

H* =H A) =H Ww 5.85 (Ti 4q|t) = (igaltd a= (t; 2 q/%q) WC) (5.85) 
r 

or equivalently 

  

* W(t) foranyr,>r,,:#4 

H(t; ¢ q| Tq) =| 4 (5.86) 
0 elsewhere 

We defined the weight function W(r) as 

W(r) = fr) _ ii, Tay eee y Tis eee y TA) (5.87) 

fi) fap Toy eee Fyy eee TAQ) 
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We have seen the role that the weight function plays in importance sampling simulation through 

our examination of threshold detection receiver simulation. We know, therefore, that we control 

the efficiency of the importance sampling process via our control of the weight function. The 

weight function, in turn, is determined by our choice of biased sampling function f(s). We 

have not, until now, discussed how to bias the input densities of the M-PPM simulation. 

We consider the case that the random variables representing the measurement over each 

slot in the M-PPM word are independent. Assuming independence, the joint probability density 

of the set of slot variables becomes equal to the product of individual slot variable probability 

densities. That is 

M 
Ft) = fy, tq) 0s Tye Ty) = Il f,) (5.88) 

1=1 

Under these conditions the weight function becomes 

M 

II fe, 

W(r) = (5.89) 

[lf 
| 

An) fl) Atu) (5.90) * 

fa,) ft) ~~ fw) 

= W(r,): W(r,)- ... » Wty) (5.91) 

In other words, under the assumption of independent slots one can control the overall 

value of the weight function by controlling the weights of each individual slot. We might, for 

example, bias only one of the slots while the other slots remain unbiased with a weight of one. 

The mathematical development of M-PPM IS has not placed any restrictions on which slot is 

biased. One might bias the slot which contains the pulse: somehow lower its value relative to 

the empty slots in order to cause more errors. One might artificially raise the value of one or 

more of the empty slots. This will increase the probability that an empty slot value will be 

found to be greater than the value of the slot which contained the pulse, thus causing more 

errors to occur. Alternatively, one might raise the empty slot values and simultaneously lower 

the pulse slot value in order to increase the probability of errors occurring. Note that all of 

these options are akin to lowering the signal to noise ratio at the detector in order to cause more 

errors, reminiscent of the IS procedure in the threshold detection receiver. In SIS (§4.2.2), the 

variance of the input noise source was increased which is equivalent to increasing the noise 

power. In IS (84.2.3), the mean of the input noise source is shifted in such a way as to lower 
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the signal to noise ratio and to create more errors. 

If we bias the input statistics to just one of the slots, either raising the average value of 

an empty slot or lowering the average value of the pulse slot, then we create more errors. We 

also cause the weight for that slot to be less than one. Examination of eq.(5.91) shows that even 

if only one slot has a weight less than one, the overal] weight will be less than one. As pointed 

out in eq.(5.84), if the weight term is less than one then fewer simulation samples will be 

required for a given estimation error margin. 

We have not addressed whether it is better to bias all of the slots or just one. Eq.(5.91) 

and eq.(5.84) give no insight nor indicate any preference. Let us examine specific methods of 

how to create more PPM word errors, causing W(r) < 1.0 and reducing the required number of 

simulation samples, by examining the BPPM case in detail. As in Section 5.1.1, we again 

concentrate on the case that the laser pulse was sent in slot A. For continuity, let us quickly re- 

derive importance sampling for the case of BPPM. We begin with eq.(5.6) where we multiply 

and divide each of the PDF’s by as yet undefined PDF’s f(x) and f(y) so that 

Pe4 = prob(Y>X) = I [ae |x) f(X) f(y) dy dx (5.92) 

—ooO —o0O 

= f° [ag 2 fox x) Fant (Waves (5.93) 
Jota FR) UF 

  

=f [we foof aya (5.94) 

= E,[H*(y | x)] (5.95) 

where H*(y |x) = H(y| vss AY) ay pOWOQW(Y) (5.96) 
FoF) 

The expected value of H*(y | x) is estimated through our simulation process by 

N* 

eA = wD H"(y,|x;) (5.97) 

For notational convenience, we have defined the weight over the PDF of X and the weight over 

the PDF of Y to be 

w(x) = 2X) (5.98) 
f(x) 
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and W(Y)= AY) (5.99) 

Ff (Y) 
respectively. We can now write 

A*(y,1x;) = WED WO) 957% (5.100) 
0 ¥;<%; 

We desire that the probability of producing the random variates (x,,y,;) in the region 

above the X = Y line be greater than it is in the unbiased case. Thus we want f(X% > f(X) 

and/or f(y) > f(Y) in the region that X >Y. If we can achieve this, examination of the 

definition of H*(y |x) in eq.(5.96) shows that each term in the summation will either be zero or 

a value less than or equal to one since each non-zero term is weighted by the ratio AX) and 

IY) F(X) 
f(y) 

  

Let us consider the above equations while examining the probability regions for X and Y 

and the probability densities f(X) and f(Y) depicted in Fig. 5.2, Fig. 5.3 and Fig. 5.4. We 

would like to increase the probability of generating (x,y) pairs in the region Y > X. We have 

several options for accomplishing this. They are: 

1) we might raise the mean of f(Y) 

2) we might lower the mean of f(X) 

3) we might both raise the mean of f(Y) and lower the mean of f(X) 

4) we might generate an X value, say x,;, and then generate a Y value conditioned on this 

value x; such that the possible Y values are limited to values of Y > x;. The 

probability density used would be the tail of f(Y) above the value Y = X; 

This is by no means an exhaustive list as other methods or combinations might be conceived. 

For example, one might increase the variance of one or both of the densities f(Y) or f(X). 

Increasing the variance will increase the probability of random variates from both the upper and 

lower tail regions of the density at the expense of values near the mean. This action may not 

necessarily increase the occurrence of (x,y) pairs in the region Y > X. Given the difficulties 

inherent in increasing the variance of the WMC PDF, described in detail in Section 5.2.2 below, 

this method of biasing was abandoned early in this work. 

Case 1) Raise the Mean of f(Y): If we raise, that is shift up, the mean of f(Y) to form a new 
  

PDF f(y) then fy) will generally be greater than f(Y) in the upper region the Y axis of Fig. 

5.3 or Fig. 5.4. This means that there will be a greater probability of generating Y random 
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variates in the upper region of the Y-axis where f (Y) > f(Y). Considering the (x, y) probability 

space shown in Fig. 5.3, we see that this means that more (x,y) pairs will be generated in the 

area Y > X. This corresponds to the generation of more BPPM word errors. 

In the region that f(y) > f(Y) then the weight W(Y) will be less than one. Under the 

conditions of Case 1), the f(X) density used to generate X random variates is unmodified so that 

W(X) = 1.0 for all X. With W(Y) generally less than one in the important region, the modified 

sampling function H*(y | x) will generally be less than one in the summation of eq.(5.97) used to 

generate the estimate of P, ,. 

Case 2) Lower the Mean of f{X): If we lower, that is shift down, the mean of f(X) to form a 
  

new PDF FX then fF will generally be greater than f(X) in the lower region the X axis of 

Fig. 5.3 or Fig. 5.4. This means that there will be a greater probability of generating X random 

variates in the lower region of the X-axis where f (X) > f(X). Considering the (x, y) probability 

space shown in Fig. 5.3, we see that this means that more (x, y) pairs will be generated in the 

area Y > X which again corresponds to the generation of more BPPM word errors. 

In the region that F(X) > f(X) then the weight W(X) will be less than one. Under the 

conditions of Case 2), the f(Y) density used to generate Y random variates is unmodified so that 

W(Y) = 1.0 for all Y. Under these conditions, the modified sampling function H*(y |x) will 

generally be less than one in the summation of eq.(5.97) used to generate the estimate of P, 4. 

Case 3) Both Raise the Mean of f(Y) and Lower the Mean of f{X): If we both lower, that is shift 

down, the mean of f(X) to form a new PDF f(®) and raise, that is shift up, the mean of f(Y) 

to form a new PDF f(y) then we will enhance the probability that the (x, y) pair generated will 

be in the region Y > X. Both of the weight functions, W(X) and W(Y), will be less than one in 

  

general. Therefore the modified indicator function will generally be less than one in the error 

region. Thus we have increased the probability of an important event occurring and have 

caused the weight used to increment the error count to be less than one. 

Case 4) Generate a Y Value Conditioned On the X Value Such That Y > X: If we condition the 

Y value on the value generated for the X random variate so that Y > X is guaranteed, then we 

are guaranteed to generate an (x,y) pair in the error region. The modified joint probability 

function for conditional M-PPM IS will be f(X)f(Y), modified by a constant, in the region y > x 

and zero elsewhere. The constant insures that the area under the PDF is equal to one. This 

might be written as 
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JOOR) . y>x 
f(%Y) =| (5.101) 

0 x<y 

where e= [| [poopyyayax (5.102) Is 
= / AX) — Fy(X)] dx (5.103) 

0 

- / AO ax— [AXP y(X) dx (5.104) 
0 0 

=1- / {OF y(X) ax (5.105) 

The expression for € in eq, (5.105) has not yet been solved analytically. It can be seen 

that the value of € will be less than one when one observes that the integral in eq.(5.105) is 

bounded by one. Consider that both f(X) and Fy(X) are positive for all X and that 

0 < Fy)(X) < 1.0 for all X so that 

/ FOF YX) dx < / * AX)dx = 1.0 (5.106) 
0 i) 

Thus € is positive and less than one. The weight function under the conditions of case 4) can be 

expressed as 
€ y>x 

w(x, y) = A%Y) (5.107) 
y<x 

Note that the weight is the constant € regardless of which (x, y) pair is generated. 

The properties desired of the densities at the output of the receiver have now been 

presented. Basically, we desire the weight function W(r) to be less than one, at least in the error 

region. It has been shown that this will cause a reduction in the number simulation samples 

required for a given error in the estimate. In the next section, specific methods to generate 

output densities with the desired properties through manipulation of the input are explored. 

5.2 M-PPM Bias Function 

5.2.1 On Input Versus Output Importance Sampling 

Throughout Section 5.1, all of the M-PPM importance sampling development and 

expressions have been given in terms of the random variable measured at the output of the slot 
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integrator before the decision device. This is the output version of importances sampling, using 

the term introduced in Chapter4. We have ascertained some desired properties for the densities 

of the output variables. We must now begin a discussion concerning how to cause the random 

variables at the output to have these properties via control of the input processes of the 

simulation. 

Our PPM receiver model has two input densities, the signal dependent shot noise of the 

APD detector and the additive thermal noise of the amplifier and receiver electronics. The 

signal dependent noise can be biased but perhaps not in the same fashion as the additive noise 

densities. To consider the APD device model as a noise source, it might be thought of as a 

device which performs a mapping of a deterministic input value to a random output. The 

deterministic value is the amount of incident light, which results in a specific number of incident 

primary photo-electrons. The APD maps the number of incident primary photo-electrons to a 

random number of output electrons according to a specific probability density function. For the 

APD, the PDF which describes the mapping is not constant since it is a function of the number 

of primaries. In these terms, there are essentially two approaches by which to skew or bias the 

output of the APD in some desired fashion and yet preserve, as much as possible, the basic 

properties of the APD during a simulation. One might alter the input to the mapping, one 

might alter the mapping function or perhaps some combination of the two. 

The reader may notice that little discussion has been offered concerning the biasing of 

the additive thermal noise of the receiver. This is because there is a wealth of information 

concerning the biasing of Gaussian input densities already available in the literature and 

presented in Chapter4. We also find that often the thermal noise component of the receiver has 

a very small effect on the generation of PPM errors owing to the high gain of the APD under 

typical free-space optical communication system conditions. In other words, more often than 

not the receiver is shot noise limited rather than thermal noise limited and, as discussed in 

Section 4.3.2, under these conditions it is not always beneficial to bias the thermal noise 

component of the receiver. 

5.2.2 On Increasing the Variance of the WMC PDF 

Increasing the variance of the APD output is one method of modifying the mapping 

between the number of input primary photo-electrons and the output. Consider the WMC PDF 

of eq.(2.13) used to generate the output of the APD, repeated below for convenience. 
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1 1 —> or r)= - —————, ex = 5.108 fwacl ) one - 3 2074 14(E=8G)| ( ) 

+3 iP 
or 

where: r = the number of output electrons from the APD 

n = the mean number of primary photo-electrons 

G = the average gain of the APD 

o? =1G*F = the variance 

F= KG+(2-4)(1-K) = the excess noise factor 

kK = ionization ratio 

\- VnF 
=F: 

The variance is seen to be proportional to the mean number of primary photo-electrons, 

and 

i, the average gain, G, and the excess noise factor. What is not obvious from examination of 

eq.(5.108) is that an increase in the variance of the PDF causes a shift in the maximum value of 

the density. This is particularly evident when fi is small. When 7 is large the WMC PDF 

appears approximately Gaussian, although it is not, and increasing the variance within the 

function, within eq.(5.108), begins to have the desired effect. The shift in the mean, or more 

precisely a change in the general shape of the function, causes the sample values to be generated 

in a fashion not intended by the increase in the variance. It was found that on average the 

generated weight values are not less than one dependent on the value of ff. Various methods of 

compensating for the change in mean as a function of the increase in variance were considered 

without success. 

This method of biasing the WMC PDF was abandoned since it was not a particularly 

efficient method of generating more samples in the error region of the M-PPM receiver. 

Increasing the variance will cause more samples to be generated in the tails of the WMC PDF 

distribution but this action alone will not necessarily cause an increase in the number of output 

sample sets in the error region of the M-PPM receiver. This is because the M-PPM receiver is 

dealing with sets of random variable. While it is desired to generate random variates from the 

upper tail of the density during the empty slot periods, it is desired to generate random variates 

from the lower tail of the density during the pulse slot period. Simply increasing the variance 

will generate more variates of both ends of the density simultaneously and does not efficiently 

result in more M-PPM errors. 
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5.2.8 On Shifting the Mean of the WMC PDF 

As introduced in Section 5.1.4, shifting the output of the APD in such a way as to 

increase the probability of occurrence in one or the other of the tails of the APD output 

distribution is a direct way in which to increase the error probability in the M-PPM receiver. 

For example, increasing the mean in one or more of the empty PPM slots will increase the 

probability of error. Similarly, the mean of the APD output during the slot containing the pulse 

could be shifted down in order to create more PPM word errors. Note that the ability to shift 

the APD output density is also of interest in the simulation of optical receivers using threshold 

detection. Shifting the APD density could be used to cause errors in an optical threshold 

receiver in exactly the same way as shifting the mean of the Gaussian input density of a 

threshold receiver subject to additive noise. 

Shifting down, i.e. making smaller, the mean of a one-sided density such as the WMC 

PDF must be performed carefully. This is because physically an APD does not absorb electrons 

at the output in response to incident light; it creates current. As the mean of a one-sided 

density is shifted in a negative direction, parts of the lower portion of the density begin to exist 

and have a non-zero probability in the region of the variable below zero. This means that the 

model for an APD based on such a distribution has a finite probability of producing negative 

values for the number of output electrons. This would violate physica] reality, of course, as it 

corresponds to the absorption of current at the output of the APD. There are two alternatives 

for preventing this problem. 

Any solution to the problem of shifting the mean of a one-sided PDF down demands 

that the new PDF be truncated at zero and made to have a zero value of the probability density 

for all values less than zero. The two solutions offered here differ only in how the integral of the 

resulting probability function is made to maintain a value of one, as required by a legitimate 

PDF. When the original PDF is truncated below zero some of the area is thrown away. In the 

first solution, the truncated probability is spread evenly throughout the remainder of the PDF 

above zero, in the second solution the probability mass in the truncated portion can be 

concentrated at the X =0 point of the output variable. This second solution increases the 

probability of generating zero output electrons from the APD. The increase in the probability of 

zero output electrons from the APD may or may not be the most desirable of the two 

alternatives offered here. The choice is dependent on the system and the desires of the 

simulator. 
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It might at first seem conceivable that the mean of the WMC PDF could be shifted, up 

or down, by shifting the input number of primary photo-electrons. This is equivalent to shifting 

the signal power levels up or down. This is not a viable alternative since the variance and the 

shape of the WMC PDF are also functions of the mean number of input primaries. In other 

words shifting the input does more than shift the output and will not in general produce the 

desired results. This is a property of the signal dependent nature of the APD noise source. 

Therefore, the shifting of the APD output is best performed by adding or subtracting a constant 

from the random variate generated by the WMC random generator in order to control the 

results better. In the case of shifting down, if the result is negative it is either thrown away and 

a new variate is generated or the result is set to zero. It is in this way that the two methods of 

shifting down, described above, are realized. 

As discussed, the desired M-PPM word errors can be generated by shifting the APD 

output down in the slots containing the pulse, shifting the APD output up in the slots that are 

empty or a combination of both. We have implemented IS in the M-PPM receiver by shifting 

up the mean of the APD output during the empty slots and leaving the APD output values 

during the slot containing the pulse unchanged. This was implemented because of the ease in 

which the APD output can be shifted up versus the complications inherent in shifting a one- 

sided density down. The capability of shifting down the APD WMC density has been greatly 

enhanced through the discovery of a CDF for WMC density during the course of this research. 

This discovery came late in this work and has not yet found application in this aspect of the 

study. The implementation of an APD model able to shift both up and down is of greater 

concern to the simulation of threshold detection optical receivers and has been left for 

development during future research activities in this area. 

5.2.4 On Conditional Importance Sampling and the M-PPM Receiver 

The concept of conditional importance sampling in the context of M-PPM receiver 

importance sampling simulation was introduced in Section 5.1.4. It was described there in terms 

of the BPPM system variables X and Y but can be extended to the M-ary case without 

modification. In terms of the general M-PPM format, the generation of the random variates for 

all empty slots is conditioned on the full slot random variable. It should also be possible to 

condition the value of the random variates for the pulse slot on the empty slot values. The 

decision to consider here the conditioning the empty slot values on the pulse slot was made 

somewhat arbitrarily. 
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It should be pointed out that the concept of a conditional bias function for the M-PPM 

receiver has as much or more in common with the Pseudo-Optimum Importance Sampling (PIS) 

method of §4.2.4 as it does with the Conditional IS (CIS) bias function method discussed in 

§4.2.6. This is because the purpose of the conditioning during the importance sampling 

simulation of the M-PPM receiver is to restrict the input values to those which will cause an 

error. Recall that in PIS, a pseudo-threshold was chosen somewhere in the range of the input 

variable. This pseudo-threshold, 6, was to be selected so that the true (unknown) threshold was 

enclosed in the assumed importance region demarcated by 6. Having selected 6, random 

variates were selected only from that portion of the PDF which remained in the assumed 

importance region. The conditional importance sampling proposed here for the M-PPM receiver 

delivers the same effect. 

Consider again the BPPM case, by conditioning the empty slot variable on the pulse 

slot variable only that portion of the PDF surface on the side of the X = Y line guaranteed to 

cause errors are generated. Thus we have set up a pseudo-threshold in the joint probability 

surface of Fig. 5.4. While this pseudo-threshold appears as a line in the BPPM case, and is thus 

easily visualized, it can be made to exist in any order (any value of M) M-PPM modulation. In 

a fashion analogous to the one dimensional PIS bias function method, the conditioning operation 

proposed here forms a demarcation in M-dimensional probability space. This demarcation 

results in the formation of an assumed importance region. 

Considered another way, the conditional importance sampling bias function for M-PPM 

simulation is a natural consequence of the way in which the M-PPM receiver operates. Recall 

that the M-PPM receiver under study here required a conditional indicator function to describe 

the Monte Carlo simulation of the receiver. This indicator function selected that portion of the 

joint probability surface wherein some r, ¢q2tq AS discussed elsewhere, this is a conditional ¢" 

operation. The function H(r;4,|r,) assumes the value of 1.0 for a particular set of Titq 

conditioned on the particular realization of r,- There is a direct analogy in the binary threshold 

receiver case. There, the indicator function selected a particular range of the output (or 

equivalently the input) random variable based on the threshold, where the threshold is a 

constant on the range of possible values. In a similar fashion the PIS bias function was based 

around the selection of a constant pseudo-threshold 6, a constant on the range of possible values. 

All of the lessons learned from the study of PIS in Chapter4 will apply to the 

conditional importance sampling bias function proposed here. These include the observed 

benefits as well as the observed precautions. One precaution concerned the guarantee of an error 
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in the probability of error estimate if the pseudo-threshold 6 was chosen in such a way as not to 

include the true threshold. Under these conditions, every simulation sample resulted in an error. 

The sum of the weights in this case could not approach the true probability of error in the limit 

because each individual weight was less than the true probability of error. In the M-PPM case, 

the error region and thus the position to place our pseudo-threshold boundary would seem clear. 

This is not necessarily the case. 

Examination of the conditional indicator function H(r; 4 ,|1T4) seems to indicate exactly 

where the pseudo-boundary should be, at the point where r; ¢qc%q This is true at the output 

density. We must condition the variables and processes at the input to the receiver simulation. 

In the BPPM case this might appear to be exactly at the X = Y line where the variables X and 

Y are now the APD output random variable. This may not be the case due to ISI and filtering 

effects through the receiver. Therefore a guard region, an offset, should be incorporated into the 

generation of the conditional APD random variates. If we call this offset © then the APD 

output random variates Y would be generated so that they are greater than or equal to (X — 0). 

This offset is positive and can be made closer and closer to zero as required. In this way, we 

gain some control of the conditioning operation during the simulation and thus some control on 

the average weight value. 

Of practical concern is the exact relation of the individual samples for the output 

random variates of the empty slot APD values to the individual samples of the pulse slot APD 

values. The sampled M-PPM signal can be made to have a constant integer number of samples 

for each slot. This can be assured by careful design of the simulation through judicious choice of 

the sampling interval, di, and the time length of a M-PPM word. The output formulation of 

conditional importance sampling introduced in Section 5.1.4 was in terms of the single random 

variable produced at the output of the integrator. When implementing this bias method, one 

must work with the output of the APD, ignoring for the moment the additive thermal noise 

source. Thus we must condition the group of random variates representing the output of the 

APD during an empty slot against the group of random variates representing a pulse slot. 

There are several possibilities for doing this and some consideration of the general relationship of 

the group of slot random variates to the single integrator output random variable r is in order. 

The integrator random variate r; can be simplistically thought of as the sum of the 

group of APD random variables which form a particular slot 1. This group of random variables 

is subject to processing through the receiver filter which blurs this concept but this simplification 

will permit the development of several possible conditioning methods. Given that Ty is the sum 
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of the group of APD output random variates for the slot Q, assumed to contain the pulse, how 

do we generate the group of APD output random variates for a slot r; F q 8° that we condition 

Ti Zq to be greater than or equal to Tq) OF more precisely t,—-9 where © is the desired offset. 

Some of the possible options are: 

(1) First generate the pulse slot APD output samples and form an average. This 

average would be used as the threshold for the generation of the empty slot APD output random 

variates. This method effectively finds the mean value of the pulse slot and then ensures that 

each APD output random variate generated in the empty slots is at least a great as this mean, 

or more precisely the mean minus O where O is the desired offset. 

(2) First generate the pulse slot APD output samples and save each. Each individual 

sample is then used as a threshold, after taking account of the desired offset 0, for the 

corresponding empty slot APD output random variate. 

(3) This method is a variation of method 2) above. Once again we must first generate 

the pulse slot APD output samples and save them. This time the order of the samples would be 

mixed. The mixed up set of the ON slot APD samples would be used as the threshold (after 

being adjusted by ©) for conditioning the range of each empty slot APD output random 

variable. 

In all of these methods, the sum of the APD output random variates of an empty slot are 

conditioned so as to be greater than or equal to the sum of the APD output random variates 

from the ON slot, minus any offset. 

To check this and to provide an example, let us apply some mathematics to method 

two. Let there be K samples per M-PPM slot and let each APD output current random variate 

be E,, E,, ... , Ex during an empty slot. Let O,, O,,..., Ox be the set of APD output 

current random variables for the M-PPM OWN slot, slot Q. Under the simplification that rg is 

equal to the sum of the APD output samples we write 

K 
r= 210% (5.109) 

Each empty slot APD output current random variable, E;, is generated according to the upper 

tail of the WMC PDF, limited to values greater than or equal to (O;— ©). Hence each r,;, where 

i# q, is related to r, as 

K K K 
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We see that under the conditions of this simplification we are guaranteed to generate an 

r; greater than or equal to r, only if O=0. As discussed, the simplification used here does not q 

incorporate the filtering effects on the APD output current random variates. The purpose of the 

offset © is to provide contro] and some guard against the effects of filter ISI on the summation. 

That is, it is a guard against making the assumed importance region too small. If the 

processing of the APD output random variates, including the effects of additive noise, causes the 

magnitude of any of the E, to decrease or the magnitude of any of the O, to increase in the 

summations of eq.(5.110) then we cannot comfortably insure that we will have included the 

entire importance region in our assumed one without the use of an offset ©. As discussed in 

relation with the PIS bias method in §4.2.4, if the assumed importance region is smaller than the 

true one then the resulting estimation will be biased. 

The inclusion of an offset in the conditional importance sampling method with cause the 

bias function of eq.(5.101) to become 

X)(Y 
JOKY) y>x-9O 

f(X%Y) =| (5.111) 
0 O-x<y 

With the offset included, the constant becomes 

e= / ~ / AOA) ay dx (5.112) 
0 z-0O 

- / *AXO[1 — Fy(X - ©)] ax (5.113) 
0 

=1- [ foory(x-0) dx (5.114) 
0 

since Fj(-) is zero for values of X less than zero eq.(5.114) can be rewritten as 

=1- / {OOF y(X) dx (5.115) 
0 

From eq.(5.115) we see that € is the expected value relative to the X density of the CDF of the 

Y random variable, that is 

€=1-E,|Fy(X)| (5.116) 

This formulation suggests that value of € might be estimated, perhaps along with the 

simulation procedure itself. The expected value in eq.(5.116) would be estimated as 
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L 
E x{Fy(X)|= td Fy(x,) (5.117) 

where L is the number x; random variates drawn during the course of the simulation. This 

suggests that the conditional IS simulation might proceed in the following manner. One would 

vary the parameter © until approximately 100% errors are made to occur. This provides an 

estimation of the importance region. At the same time, the E x{Fy(X)] would be estimated for 

that particular ©. With ©, and knowledge of € then the BER estimate is complete. It is €. 

The trouble with this approach is that the estimate of € can not be made accurately without as 

many trials as would be required in classical Monte Carlo simulation since importance sampling 

has not been applied to the estimation of €! One has traded one estimation problem for another 

and once again the “optimum” bias function is beyond reach. It seems that the best option if 

one had to commit to using conditional IS for the M-PPM system would be to develop a strictly 

analytical method of determining, or estimating, € after simulating the system to find 0. 

Unrelated to the inability to determine €, it is possible to generate random variates 

according to the distribution of eq.(5.111). A method for doing so is presented in Section 5.4 

where the implementation of conditional M-PPM importance sampling is described. The ability 

to demonstrate conditional IS for the M-PPM receiver rests on being able to solve, or at least 

approximate, the integral expression in eq.(5.114). To date, no suitable solution is known to 

exist. In preparation for this eventuality, and because parts of the technique have spin-off 

benefit to the PIS type simulation of APD based optical threshold receivers, the conditional M- 

PPM importance sampling method will remain a part of this discussion. In Section 5.4 we 

describe the implementation of this method ignoring the fact that the solution to eq.(5.114) does 

not yet exist. The exercise is worthwhile if only for its benefit to the APD based threshold 

detection receiver simulation problem. 

5.3 M-PPM IS System Model 

5.8.1 Performing [S Simulation 

In the previous sections, the theory of applying IS to the simulation of M-PPM APD 

receivers has been developed. In the remainder of this chapter, the implementation of IS 

simulation of the receiver is described. This will necessitate the discussion of the system as a 

whole and the introduction of some auxiliary modules required for the BER determination of the 

receiver system. 
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Let us first discuss the simulation of a system without the added complication of 

importance sampling. This would be the system used for classical Monte Carlo simulation. Fig. 

5.6 shows a complete system diagram of the M-PPM system that is to be simulated as it would 

appear for classical Monte Carlo simulation. The construction of such a system block diagram 

would be the first step in performing such a simulation using BOSS or any of simulation 

package. BOSS modules or combinations of BOSS medules will have to be constructed to 

perform each of the functions shown in the block diagram of Fig. 5.6. 

The progression of waveform samples is for left to right in the system of Fig. 5.6. The 

binary bit source is a standard BOSS module. The user specifies only the bit rate, the relative 

probability of ones and zeros and a seed for the random generator. The seed is used in a 

pseudo-random bit generator and provides some minimal control over the resulting bit stream 

since the use of the same seed will spawn the generation of the same bit stream. The ability to 

repeatedly use the same bit sequence can be of a benefit on occasion. The output is a stream of 

logical true and false values which form a sampled binary bit stream. The sampling interval is 

set by the user at the start of the simulation run. 

Progressing through the system, the bits are fed into a M-PPM encoder which uses the 

bit stream to form a M-PPM wave form. There is no standard BOSS module for encoding M- 

PPM from binary. This was constructed from modules in the BOSS library. The output 

waveform is still a stream of logical true and false values. These values are fed to a model of a 

laser which converts the logical true and false values into values of optical power. These values 

of optical power enter the receiver when they are applied to a model of the APD. The action of 

the APD has been described in detail elsewhere and need not be repeated here. The output of 

the APD is a value of current in microamperes which is immediately summed with a random 

value representing the thermal noise of the receiver system. These samples are then applied to a 

preamplifier/filter model. This block simulates the bandwidth limiting properties of the optical 

receiver preamplifier. As the type of filter and its properties have a great effect on the receiver 

simulation and on the application of importance sampling, it is discussed in more detail in 

Section 5.3.2 below. It might be pointed out that the model of the APD has no bandwidth 

limiting properties. These have been assumed to be much greater than the preamplifier so that 

the system bandwidth is set by the bandwidth of the preamplifier filter. 

Following the preamplifier, is the slot integrator. This integrator has been implemented 

using a convolutional filter. The convolutional filter is a standard BOSS module in which the 

impulse response is specified by the user and is, by necessity, finite. As the signals are 
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processed, the module performs a continual convolution of the impulse response with the 

incoming signal. 

The filter/integrator impulse response used in many of these studies is shown in Fig. 

5.7. The impulse response is equal to one for the first half of the response thus providing the 

integrating action of a matched filter. The number of samples is made to correspond to the 

number of samples used in a PPM slot over the time period of a PPM slot. The second half of 

the impulse response is at a constant value of — 0.05, again for the number of samples in one 

PPM slot. The integrator is made slightly imperfect with the addition of the section at — 0.05. 

This section subtracts from the previous integrator value and adds a memory to the system of 

two slot lengths. Using this filter in an M-PPM IS simulation means the system length for each 

bit error is the number of samples in one word plus one more slot’s worth of samples. This was 

felt. to be realistic for actual system performance while providing a measure of control of the 

system memory for experimentation purposes. 

Implied in the above integrator design is a perfect slot clock. The slot, bit and M-PPM 

word clocks used in the APD receiver simulation are assumed given and in perfect 

synchronization with the incoming signal. This simplification was necessary for the development 

of importance sampling and can be relaxed with future development. There is nothing about 

the importance sampling procedures developed here that require such a clock. An improvement 

to the system simulation would be to incorporate the circuitry required to derive the time clocks 

from the incoming signal. The effect of memory on these types of circuits will have to be 

explored and accounted for in the simulation process. An alternative method to account for 

timing jitter on the received signal has been suggested by Elrefaie, Townsend, Romeiser and 

Shanmugan[3]. This method was discussed in Section 4.5.2 and uses a perfect timing clock at 

the receiver and considers the BER at various sampling points along the bit. 

The output of the integrator is applied to the M-PPM decoding module. Here, each of 

the samples representing the output of the slot integration is compared. The largest is selected 

as the slot containing the pulse. Based on the slot selection, a binary word is determined and is 

produced at the output of this module. This output is a waveform of logical true and false 

samples which represents the detected, i.e. the received, binary bit stream. It is this bit stream 

that is to be compared with original binary bit stream in order to detect the occurrence of 

errors. 

The last block performs the comparison between the original bit stream and the 
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detected binary bit stream. This block must be implemented from BOSS library modules. In 

classical Monte Carlo simulation, there is primarily one output from this block which is a count 

of the total number of errors found. This can be augmented by a count of the total number of 

bits observed and, since the numbers are in the computer anyway, why not have the machine 

take the ratio of the number of errors to the number of bits to provide the estimate to the BER. 

This completes the system description and simulation method for classical Monte Carlo. 

Several of the modules described above must be modified in order to implement importance 

sampling into the simulation. These changes can be observed through comparison of Fig. 5.6, 

the block diagram for the classical Monte Carlo simulation system, and Fig. 5.8 which shows the 

block diagram of a system similar to that of Fig. 5.6 but which incorporates importance 

sampling. First, notice that the error source inputs of the receiver, the APD and generator of 

thermal noise samples, have been modified. There is both an internal modification to the 

function of the block, represented by the * on the module diagram, as well as the addition of a 

second output. The additional output port provides the weight value of each random sample 

generated by these blocks. These weights must be collected and combined to form the 

appropriate weight value for each symbol. The symbol weight is applied to the module for 

detecting and counting bit errors. 

The comparison module is also modified under importance sampling. In classical Monte 

Carlo simulation, each detected bit error increments the error count by one. In importance 

sampling simulation, each detected bit error increments the error count by the weight of the 

symbol in error. It is shown that additiona] outputs are desirable from the IS simulation of the 

system in order to monitor the validity of and thus control the procedure. 

Thus for importance sampling simulation we require modification to the way the APD 

operates, (possibly) the way the thermal noise is generated and finally modification to the way 

that errors are counted. It also requires the addition of circuitry which will handle the weight 

values and prepare them for the counting procedure. The modification to the APD function is 

perhaps the biggest task. Two methods for performing this have been selected out of the 

possibilities outlined in Section 5.2 above. The first concerns the shifting of the APD output. 

This is discussed in Section 5.4 below. The second concerns the generation of conditional APD 

random variates and the calculation of the CDF of the WMC probability density. This is 

described in Section 5.5 below. As for the other aspects of importance sampling 

implementation, there is the determination of the symbol weight. This is presented in Section 

5.3.3 below. The modifications to the calculation of the BER and the other outputs from the 

CHAPTER 5 158



  

Random 

Binary 
Data 

Source   

  

    
    

M-PPM 
Encoder 

  

Control 

  

Simple 
Laser 

    

  

  
  

Fig. 5.8 Block Diagram for the Importance Sampling Simulation of BER 

CHAPTER § 

  

  

  

      

Compare 

Errors 

counted by weight 

            
  

  

sy
sI

AN
, 

      

    

Pre-Amp/ : QPPM |[¢ bits 

a -O-+ Filter Lol ntegrator}—m Decade Pr 
‘ 

i 

‘ 

t 

Ly 

' 

t) 

, 

e 

' 

e 

t 

t 

a 

4 

' 

' 

~ Preparation 

Importance Sampling APD Receiver 
ee eee 

  

Symbol 

Weight 

    Weight 

      

159



comparison module pertinent to the implementation of the IS is discussed in Sections 5.3.4 and 

5.3.5 below. 

5.8.2 On Filtering and System Memory 

An infinite impulse response (IIR) filter, as the name implies, has an infinite memory. 

The incorporation of an IIR filter into an importance sampling simulation model requires that 

the system memory used for weight calculation to be an approximation of the actual system 

memory. The appropriate value to use for the system memory depends on the particular filter. 

Examination of the magnitude of the impulse response usually indicates a point at which the 

magnitude is insignificant. Choosing the system memory length to be at this value will 

generally introduce a negligible amount of bias into the simulation results. As discussed in 

Chapter 4, when in doubt of the system memory it is better to assume a longer value than one 

too short. 

In order to gain a measure of control over the length of the system memory many of the 

simulation results were carried out using only the convolutional filter, leaving out any 

preamplifier filter, particularly any IIR filter. With the convolutional filter, the filter impulse 

response is specified by the user. Since the impulse response is specified by the user, the length 

of the memory associated with it is known. 

5.3.3 On Calculating PPM Word Weight 

For the implementation of importance sampling in M-PPM, the calculation of bit error 

rate must be altered in the method of counting word errors. Instead of counting each error and 

incrementing the count by one, the bit error count must be incremented by the weight of the 

PPM word found to be in error. Note that we have specified incrementing the bit error count by 

the M-PPM word weight. This works because of the inherent ability of randomly generated 

word errors to generate random bit errors, assuming random words are being transmitted. The 

random condition means that the error count will naturally sort out the relationship of bit errors 

to word errors established in Chapter 2. For example, there are two binary bits per QPPM 

word. If a word error is detected then one bit may be in error or both bits may be in error after 

decoding the incorrect word. The number of bits found in error depends on which word is 

assumed correct and how many bits in this word are in the same position as in the correct word. 

One bit at least will always be in error for a given word error, sometimes more than one. When 
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more than one bit is in error then the weight of that word is counted more than once. If all is 

random, as specified above, then the result will reflect the correct relationship between word 

errors and bit errors. The weight of the PPM word is found as follows. 

Recall that each PPM slot is sampled. Each sample is processed through the laser and 

then the APD individually. Regardless of which method of importance sampling is used, at the 

output of the APD a random value has been generated according to a modified PDF. An 

integer number of these samples represent the PPM slot. The PPM slot is processed through an 

integrator or other equalizing filter in order to form a value representing the photon count for 

that slot. Since each of the slot samples was generated independently, the photon count is 

derived from the summation or other combination of a set of independent random variables. 

The probability of a particular value of slot count is thus the product of the probability of the 

individual samples. Similarly, the weight of a PPM slot is thus the product of the weights of 

each of the samples. Since the receiver treats the PPM word as if composed of independent 

PPM slots, the weight of a PPM word is the product of the weights of the individual slots. 

Putting these things together, the word weight is the product of the weights of the individual 

samples. 

Given that each bit error is incremented by the word weight, the minimum memory for 

a particular bit error is one word length worth of samples. As discussed elsewhere, filtering and 

other processing may cause a particular bit decision to be influenced by a particular number of 

previous samples that we have referred to as the system memory. It can be seen then that each 

bit and thus each bit error is the result of processing the set of samples that make up the word 

from which it came. Each of these samples has had its impact on the final result. 

In the simulation studies here, the weight of each individual APD sample has been 

produced at the output of all of our IS APD models concurrently with each individual output 

current sample. When these individual weights leave the APD, it may be necessary to apply 

them to a first-in first-out delay module in order to delay them by the same delay experienced 

by the corresponding current sample as it travels through the system processes. This is because 

the bit error counting is performed at the end of the system, naturally, and it is required that 

the weights arrive at the bit error counter at the same time as its corresponding sample. After 

delay, if any, the weights are applied to a module constructed to continually calculate the 

product of the K previous weights where K is the number of samples in the memory of the 

system. The module used is called the SLIDING SAMPLE PRODUCT and an example of its 

use can be seen in Fig. 5.9. The SLIDING SAMPLE PRODUCT might be described as a sliding 
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product window since the individual weights are provided as input and the output is continually 

updated as the product of the last K of them. The number of weight samples used in the 

product is adjustable, being specified by the user at the beginning of the simulation. Fig. 5.9 is 

a completed simulation block diagram for the importance sampling simulation of a PPM 

system. The example shown in Fig. 5.9 is that of a BPPM importance sampling system using 

shifting of the APD density in order to bias the input. 

5.3.4 On Calculating System Bit Error Probability 

At this point we have developed expressions for estimating, both with and without 

importance sampling, the probability of error for a particular M-PPM symbol. The total error 

probability for a M-PPM link, given that we have the probability of error for each individual 

symbol, should be stated for completeness. Similarly, we have an expression for the variance of 

the estimator for an individual symbol] but have said nothing concerning the variance of the 

overall bit error rate estimate. 

As implied by eq.(5.1), the total system word error probability is the weighted sum of 

the individual error probabilities. Therefore 

Pew = Peg: P(A) + Peg: P(B) +... + Peg: P(Q) +...+PeagP(M) (5.118) 

where we have M different symbols and have assigned letter names to each symbol, beginning 

with A. If through a simulation process we generate an estimate for each of the symbol error 

probabilities then we form an estimate for the word error probability in the same manner 

Pew = Peg: P(A) + Peg: P(B) +... + Peg: P(Q) +... + Peng - P(M) (5.119) 

The symbol error estimates are simply the classical Monte Carlo estimates or the importance 

sampling estimates of eq.(5.23) or eq.(5.52) respectively. Proper simulation of a 

communications link would require that the symbols be generated with the actual probability of 

occurrence. Alternatively, each symbol could be simulated and the estimation of each symbol 

error probability combined as per eq.(5.119). In the simulation work performed here, all 

symbols are assumed equally likely and a generated in that fashion. Errors are counted at the 

binary level and enough bits are counted to ensure that all symbols and all combinations of 

symbols have been adequately represented. 

If the symbols are equally likely then the estimate for the word error probability 

becomes 
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Pp l M 

~ w= 77 Pea (5.120) 

The summation becomes equal to Peg only if all of the symbol error probabilities are equal. 

This condition constitutes a symmetric error channel. 

The variance of the total word error probability estimate is given by a weighted sum of 

the variances for each symbol estimate. This is because the variance of a sum of random 

variables is equal to the sum of the variances as long as they are uncorrelated. The probability 

of error for each symbol should be independent and uncorrelated under normal operating 

conditions. Therefore, assuming equal probabilities of all M symbols, the variance of the word 

probability estimate, tae is 

1 a ew) = 4d? 2(Peq) (5.121) 

The summation will equal o* (Peg) only for a symmetric error channel. 

5.8.5 On Calculating Average Weight 

There are basically two possible reasons to simulate a communications system. A 

simulation can be used to examine waveforms through the system. It can also be used to 

estimate error rates through the production and counting of errors. It is the latter quantity that 

is of primary interest to this research. Therefore, the primary output from the simulation 

experiments performed here is a numerical value for the bit error rate. A number, or group of 

numbers, is generated at the culmination of a simulation run. A description of the module 

which produces this output is in order for better interpretation of the results. 

A module was designed and constructed out of modules in the existing BOSS library to 

measure, calculate and to print at the end of a simulation run the necessary output quantities. 

There are actually several quantities of interest. These are 

1) the number of bits found in error 

2) the maximum weight value used in the calculation 

3) the minimum weight value used in the calculation 

4) the estimate of the average weight 

5) the estimate of the BER 

6) the total number of bits examined 
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The module constructed to produce and print these quantities is shown in Fig. 5.10 and is 

named: LOGICAL BER_AVGWT MAX_N_MIN. This module is installed into a system with 

an enable signal option and is designed to be enabled and executed only once per binary bit. 

The module works using the print signal modules seen on the right hand side of the block 

diagram of Fig. 5.10. These blocks print the value of the input when the print module is 

executed. This blocks are executed only once, at the end of the simulation, as they are 

controlled by the enable signal produced by the MODULO_N IMPULSE TRAIN block. This 

block is set to output a true only at the end of the simulation run. 

Many of the above quantities, one through six, are self explanatory and some are 

related. The number of bits found to be in error is simply the result of a running count of the 

bit errors. Examination of the number of errors produced provides information concerning the 

amount of bias that has been applied. If all of the bits are in error then most likely the results 

are wrong as discussed in the Chapter4 concerning PIS. If very few errors were generated then 

the results are weak at best since this means that not enough important events have been 

examined in order to make a good estimate. This means that either more bits must be 

simulated or more bias must be applied to the input densities. Similarly, the total number of 

bits examined, number 6) in the list above, is simply a running count of the number of times 

that the LOGICAL BER_AVGWT MAX_N_MIN module is executed. As the module is 

executed once per bit this is the total number of bits simulated. This number is used in the 

calculation of the BER and the average weight. Also, printing it for examination provides a 

check that the simulation was performed as intended. 

Each weight value used in the calculation of the BER is examined by the LOGICAL 

BER_AVGWT MAX_N_MIN module and the value of the maximum and minimum weight is 

stored and printed. Examination of these quantities provides some indication of the status of 

the importance sampling procedure. Recalling some of the IS properties found in the literature 

and discussed in Chapter 4, it was shown that the maximum weight needed to be greater than or 

equal to the probability of error under study. If it was not, then the results could not be valid. 

It was also shown, through examination of the optimum bias function solution, that it is 

desirable to generate weight values that are constant or nearly so. Comparison of the maximum 

and minimum weight provides some indication of the variance in the weights generated. The 

ability to examine the minimum weight has provided vital information when trying to identify 

and eliminate underflow errors during the development of the importance sampling techniques 

described here. 
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Recall from Chapter 4 that the average weight was identified as a useful tool for gauging 

the status of the importance sampling procedure. It can be estimated along with the simulation 

and this estimate used to make a running estimate of the variance of the BER estimate. The 

ability to estimate the estimator variance is seen as a possible mechanism for providing feed- 

back into the importance sampling simulation procedure. This feed-back would be used to 

adjust the amount of bias applied to the input densities and to indicate and automatically stop 

the simulation when a user specified error in the estimate had been achieved. These principles 

and the procedure to estimate the average weight were described in Chapter4 and will not be 

repeated here. 

For clarity and completeness, the definition of the average weight for the M-PPM 

estimator and its relation to the M-PPM estimator variance are as follows. Retaining the 

concept of the average weight as defined for single dimensional importance sampling, the multi- 

dimensional average weight, W, is defined as 

We fae, 4 q/bq) Wr) fx) dr (5.122) 

Beginning with eq.(5.73), the variance of the importance sampling estimator is expressed in 

terms of the average weight as 

of, = def HG, ¥q! r)/W() — Peg|fx) dr (5.123) 

— oO 

= J Meegglt WOR ar / "H(t; ¢ ql t4)Peo fer (5.124) 
— co 

— liw_ p2 = WW - P2q| (5.125) 

_1i/W = WPT Pea Peo (5.126) 

Just as in the one dimensional case discussed in Chapter4, we see that in order to 

obtain a variance smaller than the variance of the classical Monte Carlo estimator, W must be 

less than Peo. This is seen clearly if we equate the variance for the classical Monte Carlo 

estimator, eq.(5.44), to the variance of the importance sampling estimator above and form an 

improvement ratio in a manner similar to that in eq.(5.84). 
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2-0? (5.127) 9c =O1s 

Peg(1 ~ Peg) 1| W 
N = NAP Lg” Pea |Peo (5.128) 

1-P 
pod __loPeal (5.129) 

N" |W _p Peg €@ 

The average weight is estimated during the simulation of a M-PPM simulation in the 

same manner described in Chapter 4 during the single dimensional importance sampling 

simulation. From the definition of the average weight in eq.(5.122), we notice that the weight 

function is average over the entire probability space and that is is averaged with respect to the 

unmodified probability density function f(r). Using a similar manipulation as in the single 

dimensional case, it can be written that 

W= jae, #q! tg) W(r) fx) dr (5.130) 

= jae: xq r4)W?(n)f (r) dr (5.131) 

= EJ H(, #q r)W(0)| (5.132) 

a 

which is the expected value with respect to the biased density f (r). This expected value can be 

estimated in the usual fashion as 

We J [H(r,; Za! rs) W°(r5)| (5.133) 

we
 (| ten
d 

where W is the estimate of the average weight. The accumulation of the w(r,) terms and the 

division of the total by N”* is performed by the LOGICAL BER_AVGWT MAX_N_MIN 

module. The estimate of the average weight is printed at the end of the simulation along with 

the other quantities listed in 1) through 6) above. 
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5.4 M-PPM Shift Up IS APD Model 

5.4.1 Generation of Shifted Random Variates 

Shifting the mean of the output density of the APD random variate generator is 

accomplished be simply adding (or subtracting) a constant for each random variate that is 

generated. This is more desirable than shifting the input because it provides better control of 

the weight values generated and the amount of bias applied. The shift up IS APD block 

diagram is shown in Fig. 5.11. This block diagram might be contrasted with the block diagram 

of the unmodified APD module shown in Fig. 3.4 so that the modifications which cause the 

output to be shifted can be seen clearly. As shown, the output of the WMC random variate 

generator, the block labeled WMC_RANGEN, is summed with a constant. This summing 

operation shifts the mean of the output random variates. The value of the user supplied 

constant is the shift parameter and is provided through the block labeled CONST SELECT. 

The details of the operation of this block along with entire shift up APD model is presented in 

Section 5.4.2 below. 

5.4.2 Weight Calculation 

The weight is a simple matter to calculate when shifting the output, especially in the 

context of a block diagram simulation package such as BOSS. Recall that in the APD model, a 

value for the number of input primaries in determined from the incident input light at each 

simulation step. This ff value is applied to a WMC random variate generator module which 

produces an output r based on fi and the other APD parameters. The random variate r is then 

summed with the shift constant C to form the shifted output variate r’. The weight of the 

output variable r’ is found, as per the definition of weight, as 

W(t’) = fe) =f) (5.134) 
fa) fo) 

This is valid because the value of the shifted probability density f( -) at r’ is the same at the 

probability density of the unshifted density f(-) at r. 

This realization simplifies the construction of an APD with a shiftable output which 

also calculates the weights of the modified output variables. This is because only one type of 

module which calculates the value of the WMC PDF need be designed and constructed. As no 

block previously existed in the BOSS simulation package which would calculate the value of the 
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WMC PDF a module was constructed using the primary module definition capability of BOSS. 

This is accomplished by first writing the FORTRAN subroutine code that will perform the 

desired operation of the block, in this case, the calculation of the function f(r). This subroutine 

is incorporated into the BOSS operating structure and made to look like any of the other block 

diagram modules in the BOSS library. The completed module for calculating the value of the 

PDF function f(r) is called PDF_CALC (WMC). This module has two inputs, 7 and r. The 

block has one output which is f(r). It also requires as input the APD parameters for the average 

gain G and the ionization ratio kK. The subroutine code which forms the basis for this module is 

given in Appendix 5.1. 

5.4.9 Shift Up IS APD Model 

One of the major changes to the shift up APD model of Fig. 5.11 from that of the 

normal APD model of Fig. 3.4 is that at the top of the block diagram there is an input to 

control the shifting operation. This input controls the value of the shift parameter that is 

produced at the output of the CONST SELECT block. This block provides one of two user 

supplied constants depending on whether the logical valued control signal is true or false. For 

this application the input control signal is that of the logical M-PPM signal. When the control 

signal is true, during the ON periods of the input signal (which need not be PPM), the CONST 

SELECT block outputs one of two constant values it holds. When the control signal is false, 

during the OFF periods of the input signal, the CONST SELECT block outputs the other value. 

The values of these constants are provided by the user as part of the initialization of the 

simulation run. Thus for an importance sampling APD there is an additional] input required in 

order to control the biasing operation. 

For example, in the current applications of this APD we only want to shift up. 

Therefore the constants are provide as a positive constant for use when the control is false and a 

value of zero for use when the control is true. Thus during the empty slot periods, the logical 

M-PPM control signal is false and each of the empty slot APD output current samples will be 

modified by the addition of a positive constant. During the slot which contains the pulse, the 

control signal is true and thus each of the ON slot APD output current samples will not be 

modified since the additive constant is zero. 

The two blocks required for calculating f(r) and f(r) also appear in the shift up APD 

block diagram of Fig. 5.11. These are the PDF_CALC (WMC) modules described in Section 

5.4.2 which have been relabeled for clarity of function. The ratio of the output values from each 
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block is taken at each sample interval and provided as output from the APD block. Thus the 

weight of each output current random variate is produced along with its corresponding output 

current sample. 

5.5 M-PPM Conditional IS APD Model 

If conditional IS for the M-PPM APD receiver, as introduced in Section 5.1.4 and 

Section 5.2.4, is to be implemented a method of generating random variates according to the 

probability density of eq.(5.111) is required. As discussed in §5.2.4, it is possible to generate 

conditional random variates but not possible to know their weight. The generation of 

conditional random variates requires the design and implementation of a new module not found 

in any simulation library. This module will implement an efficient method of generating 

random variates according to the upper tail of a WMC probability density. The module would 

take as input a given threshold, the quantity [x—©] in eq.(5.101), and generate a WMC 

distributed random variate r according to that portion of the WMC density greater than or 

equal to [x — 0]. The generation of the random variate would be based on the input number of 

primary photo-electrons fi in the usual fashion as well as the APD parameters of gain G and 

ionization ratio kK. The design and implementation of a module to generate variates from only 

the upper portion of a WMC PDF is presented in Section 5.5.1. 

A second module has been implemented which performs a calculation of the CDF of the 

WMC PDF at the input threshold. This is Fy(-) in eq.(5.105). The module to calculate the 

WMC CDF will be the subject of Section 5.5.2. 

The remainder of Section 5.5 describes how these new modules are incorporated into a 

block diagram which will enable the implementation of conditional importance sampling for the 

M-PPM receiver. Section 5.5.3 describes the implementation of a conditional APD model. 

Section 5.5.4 explores a higher level module which completes the conditional importance 

sampling task. This module enables the formation of the M-PPM words in which the empty 

slots are conditioned on the pulse slot. 

5.5.1 Generation of Conditional WMC Random Variates 

Although it is not (yet) possible to calculate the value of € in eq.(5.105), or more 

precisely eq.(5.114), it is fairly straightforward to generate WMC random variates conditioned 

to exist only in a given probability region as described by eq.(5.101). Continuing to concentrate 
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on the BPPM case, we will assume for discussion that it is desired to generate Y random 

variates conditioned on the X random variates. Recall that the X variates are the values of the 

APD output for the pulse containing the slot. The choice of conditioning the generation of the 

Y variates on the X variates was arbitrary. It is just as easy to generate X random variates 

conditioned on the Y (empty slot) random variates. 

To generate random variates conditioned as per eq.(5.101), there is no reason to modify 

the way in which the X variate is generated. Hence the weight of the X random variates, W(X), 

will equal 1.0 for all X. After X is generated, it is used to condition Y by limiting the range of 

possible Y values that can be generated. Our modified probability density function for the Y 

random variates will look like the tail of the f(Y) for Y > T, where the threshold (x — ©) as been 

generalized to some value T. It will have the same shape but will be modified by a constant in 

order to cause the area under the PDF to be equal to one. That is, under the conditions of case 

4) in Section 5.1.4, f(y) will be defined as 

AY) y;>T 

fy)= { 1.0 ~ Fy(T) (5.135) 
0 y;<T 

T 

where Fy(T) = [fe dy 

Fy(T) is the cumulative distribution function of the PDF f(Y) evaluated at T. Therefore 

1.0—F,(T) is the probability that y;>T. Thus the area under the biased PDF f(y) is equal 

to unity. 

Note that the weight function for optical PIS simulation will be constant, less than one, 

and can be expressed as 

10-Fy(T) y;>T 

Wiy;) -| (5.136) 
0 y,<T 

where T is the assumed threshold. Note also that the weight for each y; is a constant regardless 

of which y, variate is generated. The weight depends only on the value of the threshold. 

The design and construction of a partial WMC random variate generator will also 

permit the pseudo-optimum type importance sampling to be performed on a APD based optical 

threshold receiver. An optical PIS simulation would be performed in a fashion directly 

analogous to the procedure described in §4.2.4 for the additive noise receiver. Thus for both M- 

PPM importance sampling as well as threshold receiver IS simulation, it is desired to design a 
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WMC random variate generator which generates variates from only the upper portion of the 

WMC PDF, above a given threshold, in an efficient manner. Ascheid’s algorithm|4] for 

generating WMC random variates is both efficient and easy to implement. It is desired to 

maintain these properties in the partial WMC random variate generator to be constructed. 

Therefore consideration is given to incorporating this algorithm into the design. 

A possible method of generating random variates above a given threshold would be to 

use a simple acceptance-rejection routine. In this method, a random variate is generated 

according to the Ascheid method in the normal fashion. If it is greater than or equal the desired 

threshold, we keep and use it. If it is less than the threshold, we reject it and generate a new 

one. This procedure would be repeated until a suitable random variate is obtained. The 

problem with this method is that we have lost all of the efficiency of the random number 

generation method. If T is the threshold and Fj(-) is the CDF of the WMC PDF then, on 

average, we would obtain an acceptable random variate only [2 —F y(T)]- 100% of the time. 

This might be an acceptable percentage for small values of T, perhaps in the neighborhood of 

the mean, but to generate random variates at only the extreme upper tail of the distribution 

would most likely require several cycles of the Ascheid random number generator before an 

acceptable variate is obtained and would become very time consuming. Let us consider a 

modification to Ascheid’s algorithm. 

It is desired to modify Ascheid’s algorithm in order to generate random variates only 

from the upper portion of the WMC PDF, above some given threshold T. To understand how 

this might be done, let us discuss and examine how the method works. Ascheid’s algorithm for 

generating WMC distributed random variates was introduced in §3.3.2. The reader may wish to 

refer to this before proceeding here. In truth, it is quite straight forward and can be explained 

easily with the aid of Fig. 5.12. Fig. 5.12 is a plot of the transformation function h(x). Recall 

that 

2 = h(x) = [a4 (3)? + 1 (5.137) 

Ascheid’s method works by first generating an X random variate (Not to be confused with the 

slot A random variate X.) distributed according to a zero mean unit variance Gaussian PDF. 

This corresponds to choosing values along the X axis of Fig. 5.12 according to a Gaussian 

probability density. Each X value is mapped onto the Z axis through the transformation of 

eq.(5.137). Thus, Z random variates are generated and it is found that these variates are 

distributed according the the following PDF. 
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Fig. 5.12 Transformation Function h(x) Used in WMC Random Variate 

Generation Method by Ascheid[4]. 

The solid line is a plot of Z = h(x) = ae (SP + 1 with A chosen arbitrarily. 

The abscissa variable, X, is a unit variance, zero mean Gaussian random variable 

used to generate random variates Z through the transformation h(x). 
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Z 

fz(z) = Ja Beta (5.138) 

age 4 
The PDF of eq.(5.138) is almost the desired WMC PDF in normalized form. A 

normalized WMC PDF is obtain through a simple acceptance-rejection procedure performed on 

the random variate Z. On average, less than two Z variates need be generated before a 

legitimate WMC random variate is found. The reader is referred again to §3.3.2 and to 

Ascheid[4] for an explanation of the remainder of the procedure. We will not address it here for 

it is at this point that we can modify the algorithm in order to generate WMC random variates 

above a desired threshold. 

Suppose it is desired to generate WMC random variates only from the upper portion of 

the WMC density greater than or equal to some threshold T. The value T is some number of 

output electrons. The Z random variates are normalized so that the value T corresponds to a Z 

value, Zp, as 

Zp = Toe (5.139)   

Except for rejecting those Z random variates that do not meet the acceptance-rejection test, it is 

as if the WMC random variates were distributed along the Z axis of Fig. 5.12. Since the 

transformation of eq.(5.137) is monotonicly increasing, then one can easily generate random 

variates that are greater than or equal to some Z- by limiting the Gaussian random variates to 

only those greater than or equal to some X,. The value X, is obtained as that X value which 

corresponds to the value Zp. It is found by using the inverse of h(x) in eq.(5.137), which is 

Lr X,=hl (Zp) = (5.140) 

14% 

If we only generate Gaussian random variates greater than of equal to X, then we will 

only generate WMC random variates greater than or equal to Z. Once they are de-normalized, 

Z random variates greater than or equal to Z7 correspond to WMC random variates greater 

than or equal to T. Thus, if an efficient method of generating Gaussian random variates above 

a given threshold X, can be obtained, then we can generate WMC random variates above a 

desired threshold, T. 

A method to generate Gaussian random variates limited to those above a given 

threshold is given by Knuth[5]. It is repeated here without explanation. 
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Step 1) Generate two random variates U and V which are uniformly distributed (0, 1] 

Step 2) Form X =[X?—2In(V)| 

Step 3) IF U-X > X, then GO TO Step 1) 

else X is a Gaussian distributed random variate greater than or equal to X,. 

This method, which we will refer to as the tazl method, is not valid for X, values less than zero. 

The method was tested and investigated for efficiency. Its efficiency was found to be a function 

of the threshold X,. As X, approaches zero from a positive direction the efficiency becomes 

worse until it appears to not work at all for X,=0. Because this method is not valid for all 

possible X, of interest to our simulation, alternate methods were devised in order to efficiently 

generate Gaussian random variates from the upper tail given any possible threshold X,. 

Through experimentation, the number of trials required to generate a valid Gaussian 

random variate for a given threshold using the tail method was determined. Using the error 

function to solve for the area under the Gaussian PDF above a given threshold, the average 

number of trials required by an acceptance-rejection procedure to generate Gaussian random 

variates above a threshold was also determined. In performing acceptance-rejection for Gaussian 

random variates in the positive portion of the PDF, it is assumed that each random variate is 

generated using the absolute value operation. That is, only positive Gaussian random variates 

are generated by the procedure. The average number of trials was determined for each method 

and are tabulated in Table 5.1 below for comparison. 

  

  

  

  

  

  

  

  

  

TABLE 5.1 Efficiency of Random Variate Generators 

Tail Method acceptance-rejection 

Threshold number of trials number of trials 

2.0 1.2 21.9 

1.0 1.5 3.15 

0.7 1.86 2.066 

0.66 1.877 1.96 

0.6 2.12 1.82 

0.5 2.3 1.62 

0.1 8.8 1.08           
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It is seen that as the threshold gets larger the tail method becomes more efficient and the 

acceptance-rejection becomes less efficient. Conversely, as the threshold gets closer to zero the 

tail method begins to require an increasingly larger number of trials in order to generate a valid 

Gaussian random variate while the acceptance-rejection method becomes more efficient. This 

suggests that alternate methods of generating Gaussian random variates above a given threshold 

should be chosen based on the value of the threshold 

A procedure for generating Gaussian random variates above a given threshold was 

implemented which uses alternate methods based on the value of the threshold. If the threshold 

is less than zero, acceptance-rejection is used with an unmodified Gaussian random number 

generator. If the threshold is greater than or equal to 0.66 then the tail method is used to 

generate random variates. If the threshold is between 0.0 and 0.66 then acceptance-rejection is 

used with a Gaussian random number generator made to generate only positive random 

variates. Using this variable technique, the average number of trials required to generate a 

suitable Gaussian random variate above any given threshold in the range of + co should be less 

than two. 

After the threshold limited Gaussian random variate is generated, it is applied to 

Ascheid’s method in the usual fashion. A FORTRAN subroutine for implementing this 

conditional WMC random variate generator was written and incorporated into BOSS in the 

form of a primitive BOSS module called CIS_UP WMC_RANGEN. The code used to 

implement this function can be found in Appendix 5.2. 

Note that a similar procedure can be used to generate the conditional WMC random 

variates below a given threshold. In fact only small modification to the code found in Appendix 

5.2 would be required. The partial Gaussian random variate generator could remain essentially 

unchanged, only modifying the sign of the generator at particular points in order to generate 

Gaussian random variates below a given threshold instead of above. Otherwise the technique 

would remain the same. The construction of a partial WMC random variate generator for both 

above and below a given threshold will permit the importance sampling simulation of optical 

APD threshold receivers using a technique denoted as PIS in §4.2.4. This Pseudo-Importance 

Sampling technique will also require the ability to calculate the CDF of the WMC PDF. The 

Construction of a BOSS module to perform this calculation is described in Section 5.5.2 below. 
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5.5.2 Calculation of Cumulative Probability 

The design of a second BOSS module which will perform the calculation the CDF will 

be the subject of this section. This is the calculation of F(T) in eq.(5.101) or eq.(5.135) where 

Fy(-) is the CDF of the WMC PDF. The solution presented here is not to be considered the 

optimum numerical method to overcome the overflow and underflow conditions which can occur 

under certain simulation conditions utilizing this function. The determination of such an 

optimum solution was not the subject of this research. What is presented here is a discussion of 

the problems associated with the computer calculation of the WMC CDF and the method used 

in this study to overcome them. 

The expression for the cumulative distribution function of the WMC PDF seems to be 

of manageable complexity when considered for manual solution. The computer implementation 

of the WMC CDF in eq.(2.21), repeated below for convenience, requires some study in order to 

prevent overflow and underflow errors from occurring during the calculation. The WMC CDF 

contains the APD parameters and can be written in a variety of forms depending on which 

expressions are chosen for the CDF of a Gaussian probability density which form part of the 

formula. It is given in eq.(5.141) below in a form which uses both the regular and the 

complimentary error function. 

- exp(22 
Fy(x) = Her|= GS yh pO M0 ~ oi (5.141) 

where Z=Z(x)= \5 1 -¥ 

  

me \ Ao 

nF 

A=FI10 
M=nG 

o=+/nFG 

F = excess noise factor of the APD 

This form was found convenient for computer solution as explained below. 

There are effectively two parts of eq.(5.141) which can cause error during the machine 

calculation of the function. Under some realistic input conditions, the 2\” term in the 

exponential can be very large. For example, simulation conditions used in the studies reported 

here sometimes caused ar? to became equal to 8913.2 which is a problem because the 

exponential of 8913.2 is bigger than the largest number available on the SUN Workstation. 
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This is an overflow condition. It can be shown that the term 

{10a en} 

is small under the conditions that result in a large 2” term. That the above term is small can 

be seen if one considers that the product of the large exponential and the term in brackets, 

summed with a complimentary error function term (which is between zero and one) and divided 

by two forms a valid cumulative distribution function. A CDF is always between zero and one. 

The value of the error function approaches one in the limit for increasingly positive values of the 

error function argument. Therefore the difference, shown in the bracketed expression above, of 

the error function term subtracted from 1.0 becomes exceedingly small. It is as small as the 

exp(2A?) term is large. This is the underflow condition. 

Using double precision arithmetic, the largest number possible on the SUN Workstation 

is approximately 2.2 x 10298. It can be shown that 

2.2 x 10308 = exp(709.98) (5.142) 

We will use this fact to solve both the underflow and overflow conditions simultaneously by 

repeatedly factoring the right hand term of eq.(5.141) in the following manner 

First, 2\? is tested. If it is less than 703 then nothing need be done and eq.(5.141) can 

be solved as it is written. The value 703 was chosen arbitrarily as being large but slightly less 

than the maximum 709.98 value. If 2A? is greater than or equal to 703 then we make the 

following algebraic manipulation to the right hand side of eq.(5.141) 

exp(2A7) {10 — os] Ge = exp(D) fero(709) — exp(702) - os Gen (5.143) 

where D= a2 — 702 

When the manipulation is performed, each of the terms inside the brackets {.} on the RHS is 

calculated using quadruple precision mathematics. When completed, the term D is tested to 

determine if it is or is not still greater than of equal to 703. Assuming that it is, then D is 

decremented by 702 and the result from the calculation of the terms in the brackets is multiplied 

by exp(702). This process is repeated until D becomes less than 703 at which time the 

calculation is completed by multiplying the term in the brackets by exp(D). This manipulation 

might be written as 
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2 A(Z+1)]t _ exp(2A if10 - os] Gen = 

= exp(D) {70} 700} . Sa — exp(702) - oi Ce (5.144) 

where D = 2A? —n(702) and n = the largest integer such that D is positive and less than 703. 

The calculations are performed from the inner most brackets to the outer. The error function is 

determined using double precision as this is the highest precision available for this built-in 

function. The subtraction and all of the multiplications are performed using quadruple precision 

mathematics. The result is combined with the first term on the RHS of eq.(5.141) in double 

precision with the final result a single precision real number in the range of zero to one. 

There is one other underflow condition which can possibly occur. If the CDF function, 

eq.(5.141), is evaluated at values of X much much less than the mean then the function assumes 

very small values. The smallest single precision number possible on the SUN Workstation is 

approximately 1.175 x 107 38 A test was devised to determine if the given X value would cause 

the function F\(x) to be less than the smallest permissible real value. If it is determined that 

Fy(x) will be less than 1.175 x 10-38 then F y(X) is assigned the value of zero and no further 

calculation is made. Under anticipated operating conditions it is not clear that the WMC CDF 

will ever be evaluated at X values which would result in this anticipated underflow condition. It 

was decided to implement the underflow test in order to make the CDF calculation code more 

robust. 

The test is derived by first reformulating the CDF of eq.(5.141) in terms of the Q- 

function and then to use a bounding function to simplify and form an upper limit to Fy(x). 

Using the Q-function, eq.(5.141) can be written as 

Fy(x) = ic "| + exp(2A2) {Q peso (5.145) 

Study of the behavior of each of the terms in the expression above determined that the right 

hand term was the site of the underflow for small values of x. The complimentary error 

function term on the left hand side, erfc(-), was tested with many large values of the argument 

and not found to underflow. It is suspected that the built-in complimentary error function has 

underflow protection although documentation concerning the internal workings of the built-in 

functions was not available. Regardless of the reason, the development of a bounding function 
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for the right-hand term provides a suitable test for underflow values of the cumulative 

distribution function and was found to prevent the occurrence of underflow errors when tested. 

The Q-function is bounded as 

  Q(v) < Tae expr} for v>3 (5.146) 
2nv 

This is a valid bound for the Q-function in eq.(5.145) as the argument of the Q-function is 

always larger than 3 in the underflow condition of concern. Using this bound, the following 

manipulation is made. 

  

  

  

_ \2 2 

__ vz 2). | —2A(Z +1)? = Jizan exp C+) (5.148) 

= ae i _@ in) (5.149) 

__ vi _aE- 0" = yaa 9 (5.150) 

Hence, it is shown that 

2 [Paz+)) vi (z- »* exp(2A 12 Jt Is Jin Za 1)" -—37- (5.151) 

The natural logarithm of the minimum single precision real number, 1.175 x 10-38, 

shows that 

1.175 x 10 ~ 38 = exp( — 87.3365) (5.152) 

To test for the underflow condition the following relationship is examined: 

2 2 
Is [— 87] greater than or less than if vi \. A is 1) I (5.153)   

J2n \(Z +1) 

where [n{-} is the natural logarithm. If the quantity on the right hand side is less than — 87 

then the CDF value, if evaluated, will be less than 1.175 x 19-38, Therefore, we consider a 

CDF value this small to be zero and assign it that value without further computation. This test 
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prevents the underflow condition due to the attempted evaluation of incredibly small values of 

the CDF. 

The FORTRAN subroutine which forms the basis of the primitive BOSS module 

developed to evaluate the CDF of the WMC density is given in Appendix 5.3. 

5.5.8 Conditional IS APD Model 

With the design and construction of the two new primary BOSS modules above, one for 

generating conditional WMC random variates and the other to calculate the CDF of the WMC 

density, we are able to partially implement a conditional importance sampling APD model. 

The APD model described here can be used to implement the conditional importance sampling 

simulation for the M-PPM receiver as described in Section 5.2.4. There are two block units 

which are needed. The first is a complete APD unit, similar to the normal APD model 

described in Section 3.3.2, but modified to take a threshold value. The threshold value is used 

with the conditional WMC random variate generator described in Section 5.5.1 so that the 

output of the APD is conditioned to be greater than or equal to the input threshold. The 

second block unit required is one which will generate APD values for the slot containing the 

pulse and then to use these values as the conditional values for the generation of the APD values 

of the empty slots. This is a tricky proposition when one considers that the pulse slot may be 

the last slot in the M-PPM word and that these values are needed before the other slots are 

generated. The solution requires a more complicated APD model than is normally used. It uses 

the conditional APD model inside. We first present the conditional APD model and then, in 

the next section, the system used to form conditional importance sampling M-PPM words. 

The conditional APD model is shown in Fig. 5.13. It is called CIS_UP APD which is 

an abbreviation for Conditional Importance Sampling — Upper PDF tail APD. The CIS_UP 

APD is the same as the normal APD model, see Section 3.3.2 and Fig. 3.4, except for two 

changes. The first is the threshold input shown at the top. The threshold is assumed to be in 

units of the output current in microamperes. The input threshold value is therefore divided by 

the same electron constant used to convert the number of output electrons from the random 

number generator to current. The result at the output of the division block is a threshold value 

in units of number of electrons. This number is provided to two blocks: the CIS_UP 

WMC_RANGEN which is the conditional random number generator that was described in 

Section 5.5.1, and the WMC cumulative distribution calculation module that was described in 

Section 5.5.2. 
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The optical input portion of the CIS_UP APD functions in the same manner as the 

normal APD model so that the value at the output of the addition block is n, the average 

number of primaries. The value n is provided to both the CIS_UP WMC_RANGEN module 

and the CDF_CALC (WMC) module. The conditional random number generator uses the 1 

value and the threshold number to generate a WMC distributed random variate greater than or 

equal to the threshold number. This is the number of secondary electrons, conditioned on the 

threshold number, and it is multiplied by the electron constant in order to convert it to output 

current in microamperes. The fi value is used by the CDF calculation block to calculate Fy(-) 

at the threshold. This is the F(T) value shown in eq.(5.135) or eq.(5.136). The F)(T) value 

calculated by the block is subtracted from 1.0 and output from the CIS_UP APD module as the 

weight value for the APD output current random variate. 

This completes the conditional APD block. In order to perform conditional M-PPM 

importance sampling, it is necessary to adopt a method of generating conditional M-PPM words 

in which the samples in the empty M-PPM slots are conditioned on the samples generated for 

the M-PPM slot which contains the pulse. This is the subject of the next section. 

5.5.4 Conditional IS M-PPM Word Generator 

In order to demonstrate that the conditional importance sampling method proposed for 

use in the M-PPM receiver could be implemented, lacking only knowledge of € as discussed 

previously, it was decided to construct the remaining module needed for the implementation of 

the bias function method introduced as case 4) in Section 5.1.4. The result is the M_ARY CIS 

APD block as shown in Fig. 5.14. Its function is to generate APD values for the slot containing 

the pulse and then to use these values as the conditional values for the generation of the APD 

values of the empty slots. This requires some storage capability since the pulse slot may not be 

the first slot in the M-PPM word and the pulse slot APD output values are needed in order to 

provide the conditioning information necessary for the generation of APD output values for the 

other slots. 

The conditional importance sampling method chosen for implementation was case 2) in 

Section 5.2.4, that of saving the individual APD output samples from the ON slot and using 

them as the threshold values for each corresponding sample of the OFF slots. The M_ARY CIS 

APD block diagram shown in Fig. 5.14 performs this function and its operation is described in 

the following paragraphs. Please note that the M_ARY CIS APD block has been designed to 

be used with any value of M. All of the components which require knowledge of the word length 
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or the number of samples in a word have been keyed to an input parameter “M”. The user 

specifies this constant as part of the simulation set-up so that all of the vector lengths and word 

delays are appropriate for the chosen M-PPM format. The only restriction is that there be an 

integer number of samples per PPM slot. Even this mild requirement could be lifted through 

careful (and more complicated) design of the individual components. The description concerning 

the internal workings of this module has been left to Appendix 5.4. 

5.6 SUMMARY 

In this chapter we have derived the application of importance sampling for the 

maximum likelihood M-PPM APD based optical receiver. This has never been explored before. 

This has included a derivation of the importance sampling estimator and the variance of this 

estimator. We have introduced the concept of a multi-dimensional probability of error region 

required for describing the M-PPM receiver. We have introduced the concept of a conditional 

importance sampling estimator and seen that such a conditional estimator is required in order to 

describe the operation of this receiver adequately. The conditional estimator is indispensable for 

describing receiver operation in terms of importance sampling. 

We have derived the optimum M-PPM importance sampling bias function and shown 

that it is, in many ways, similar to the single dimensional optimum importance sampling bias 

function. One primary difference is that the importance region is multi-dimensional and is 

expressed in terms of a conditional operator function. This conditional nature of the importance 

region has suggested a conditional method of bias function implementation. The 

implementation of this conditional bias function method requires the solution of an integral of 

the area of a multidimensional WMC probability function over the area of the assumed 

importance region. This integral has not yet been solved. The solution of this integral would 

permit the solution of the probability of error for the M-PPM receiver analytically, assuming no 

additive noise component. Hence, while a solution to this integral must exist, it has not been 

determined as yet. 

The mathematical treatment of the importance sampling for the M-PPM receiver allows 

for a variety of possible bias methods. The number of possibilities is large. Only two methods 

of biasing the M-PPM simulation statistics have been explored in detail here. The first is a 

shifting of the APD densities, a version of which has been implemented, as described in Section 

5.3, and will be used to demonstrate IS for the M-PPM receiver. The results are presented in 

Chapter 6. The second is the fore mentioned conditional method. Modules for its 
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implementation have been constructed, especially those which have dual use in the simulation of 

APD threshold receivers. 

We have discussed several methods of biasing the WMC APD statistics. It was shown 

that increasing the variance of the signal dependent WMC distribution was not a practical 

method of generating the desired statistics at the output of the M-PPM receiver. Shifting the 

mean, both positively and negatively, has been discussed and positive shifting of the APD 

density has been used to implement importance sampling for the M-PPM receiver. The 

conditional bias function method was also presented along with various options for specifying 

the relationship between the samples of the ON slot and those of the OFF slots. 

Specific techniques for implementing the shifting and conditional importance sampling 

bias methods have been selected. BOSS modules designed to perform these methods of 

importance sampling have been designed and described here. These include the generation of 

conditional WMC random variates, the calculation of the cumulative distribution of the WMC 

PDF, the design of an APD model with biased output densities which are efficient and do not 

rely on table look-up methods in order to produce and bias the outputs. The generation of 

conditional WMC random variates has never been attempted or described before. A cumulative 

distribution function for the WMC probability density function has not been realized before. 

The intricacies of its machine calculation in the APD simulation setting of interest here have 

been reviewed and a BOSS primitive module has been designed which permits its calculation 

without error. Until this work, all reported simulations of an APD using importance sampling 

have utilized a look-up table. The utilization of the Ascheid’s efficient WMC random variate 

generation technique in an importance sampling context has not been reported previously. 

In the next chapter, the ideas and concepts developed here are confirmed through 

experimentation. 
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APPENDIX 5.1 
Subroutine WMCPROBCALC 

Subroutine Code for WMC PDF Calculation 

This FORTRAN subroutine is used to form a new BOSS library module which has been 

labeled: PDF_CALC (WMC). This module accepts a value for the mean number of primary 

photo-electrons, f, and a value for the number of secondary electrons, assigned the variable x in 

the code below. The module PDF_CALC (WMC) then calculates the value of the WMC 

probability density at the value x, fyjyo(x), using this subroutine. The BOSS module 

PDF_CALC (WMC) uses the APD parameters of average gain and « in the calculation. 

subroutine wmcprobcalc (x,meanx,avgain,k,alpha,probx) 

x = the number of secondaries out of apd whose probability is desired. 
meanx = the average number of primaries incident to the apd. 
avgain = the average gain, G 
k = the ionization ratio 

alpha = the bias constant, 0<alpha<=1, the variance is increased by 

1/alpha, set alpha=1 for unbiased WMC pdf calculation. 
probx = the output, = the probability of x secondaries with WMC pdf. 

aA
 

aA 
A
A
A
 

A
a
n
 
A
A
 

implicit real+8 (a-h,o-z) 
include ’/bossdir/system/BOSSFORTRAN.INC’ 

real x,meanx,avgain,k,alpha,probx 

cnst = 1.0/sqrt(2.0 * 3.141592653589793) 

fe = k+avgain+(2. — (1./avgain))+(1. —k) 
root = sqrt(fe + meanx) 
sig = avgain + root 

sig = sig/sqrt(alpha) 

delta = root/(fe ~— 1.) 
delmean = x — (meanx * avgain) 
denom = 1.0 + (delmean/(sig + delta)) 

probx=cnst /(sig*(denom+**1.5))*exp( — (delmean++2) /(2.+(sig**2)+#denom)) 

return 

end 
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APPENDIX 5.2 
Subroutine CISWMCRAN 

Subroutine Code for Generating Conditional WMC Random Variates 

This FORTRAN subroutine is used to form a new BOSS library module which has been 

labeled: CIS_UP WMC_RANGEN. This module accepts a value for the mean number of 

primary photo-electrons, nf, and a threshold value in units of number of secondary electrons. 

The module CIS_UP WMC_RANGEN then produces a random variate distributed as per the 

WMC probability density function limited to those values above the threshold value. This 

random variate is used as a value for the number of secondary electrons. The BOSS module 

CIS_UP WMC_RANGEN uses the APD parameters of average gain and « in the calculation. 

The WMC random variates are generated by various methods depending on the value of 

the threshold. All of them are modifications to the method of generating WMC random 

variates first given by Ascheid[3]. The methods differ only in how the Gaussian distributed 

random variate used as a seed for the WMC random variate is generated. Depending on the 

value of the threshold, the proper Gaussian random variate is generated by acceptance-rejection 

or by an algorithm for generating Gaussian random variates from only the tail of the Gaussian 

density[4]. 

subroutine ciswmcran(avgprinum,avggain,elecnum,s] ,s2,fe,sseed,isfirst,pseed,k,thresh) 

implicit none 

include ’/bossdir/system/BOSSFORTRAN.INC’ 

integer sseed,pseed 
real avgprinum, avggain,elecnum,s1,s2,fe,k 
real ran,root,u,g,x 

real delta,sigma,y 
real v1,v2,r,fac,gstore 

real thresh,gt,tp,T 
integer isfirst,arej,ab 

if(isfirst.eq.0) then 
sseed=pseed 

fe=k+*avggain+(2.-1./avggain)+(1.-k) 
sl=sqrt(fe)/(fe-1.) 
s2=avggainssqrt(fe) 
isfirst=1 

end if 

root = sqrt(avgprinum) 
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delta = sl+*root 
sigma = s2+root 

T=(thresh-(avgprinum+avggain))/sigma 
gt=delta/((2+#delta)+T) 
tp=T/sqrt(1+(T/delta)) 

if (tp.le.0.0) then 
ab=0 

arej=7 
else 

if (tp.ge.0.66) then 
ab=7 

arej=0 

else 

ab=7 

arej=7 
endif 

endif 

u = ran(sseed)+gt 

generate gaussian random number 

if (arej.gt.0) then 
v1=2.0+ran(sseed )-1.0 
v2=2.0*ran(sseed)-1.0 
r=v1l*42+v2*"%2 
if(r.ge.1.0) go to 1 

fac=sqrt(-2.0+*log(r)/r) 
if (ab.gt.0) then 

gstore=abs(v1+fac) 
g=abs(v2+fac) 

else 
gstore=v 1 «fac 

g=v2+fac 

endif 

if (g.lt.tp) then 
if (gstore.It.tp) then 
goto 1 

else 
g—gstore 

endif 
endif 

else 
vl=ran(sseed) 
v2=ran(sseed) 
g=sqrt(tp++#2-(2*log(v1))) 

if ((v2*g).gt.tp) goto 3 
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endif 

transform variable 

x= g/2.0/delta 
y = g*(x+sqrt(1.0+x++2)) 
x = 1.0/(2.0+y/delta) 

Test below changed from .gt. to .le. KRB 2/17/92 
if (x .lt. u) go to 2 

elecnum = sigma+y + avgprinum*avggain 

Test elecnum >= 0.0 else reject 

if (elecnum .It. 0.0) go to 2 

return 

end 
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APPENDIX 5.3 
Subroutine WMCDFCALC 

Subroutine Code for Evaluating the Cumulative Distribution Function 

of the WMC Probability Density 

This FORTRAN subroutine is used to form a new BOSS library module which has been 

labeled: CDF_CALC (WMC). This module accepts a value for the mean number of primary 

photo-electrons, 1, and a threshold value, x, in units of number of secondary electrons. The 

module CDF_CALC (WMC) then calculates the value of the WMC cumulative distribution 

function at the value x, Fyaso(x), using this subroutine. The BOSS module CDF_CALC 

(WMC) uses the APD parameters of average gain and « in the calculation. The calculation of 

the CDF is based on the CDF of the Inverse Gaussian density. 

a 
a
a
 
a
a
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subroutine wmcedfcalc (rxbar,rthr,rprob,rgain,rk) 

rxbar = the average number of primaries incident to the apd 

rgain = the average gain, G 
rk = the ionization ratio 

rthr=rthreshold 

rprob = the output, = the probability of x<rthr 

implicit none 

real+16 qq702,qdd,qqe,qlhs 

real+8 dfe,dlam,dzthr,drt2z,dx1,dx2,da,dc,dprb,d_erf,d_erfe 
real rxbar,rthr,rprob,rgain,rk 

dfe=(rk*rgain)+(2.0 — (1.0/rgain))+*(1.0 -—rk) 
dlam=dsgqrt(dfe«rxbar) /(dfe - 1.0) 

dzthr=(1.0/dfe)+(rthr+(dfe — 1.0) /(rxbar+dfe«rgain)) 
drt2z=dsqrt(2.0*dzthr) 

dx2=dlam+(dzthr+1.0)/drt2z 

da= — (dlam+#2)*((dzthr — 1)#*2) /(2*dzthr) 
dc=da ~ DLOG(dx2) 

if (de .It. — 86.0) then 
rprob=0.0 

else 

dx1=( - dlamx*(dzthr — 1.0))/drt2z 
da=2.0+(dlam+*+2) 
if (da .gt. 703.0) then 
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dc=da — 702.0 

qq702=QEXP(QEXTD(702.0)) 
qdd=qq702«d_erf(dx2) 
qqe=qq702 — qdd 

10 if (dc .gt. 703.0) then 
dc=dc — 702.0 

qqe=qq702+qqe 
go to 10 

else 
qlhs=QEXP(QEXTD(dc))*qqe 

end if 
else 

qqe=QEXP(QEXTD(da)) 
qdd=qqe+d _erf(dx2) 
qlhs=qqe — qdd 

end if 

dprb=0.5+(d_erfc(dx1)+DBLEQ(qlhs)) 
rprob=sngl(dprb) 

end if 

return 

end 

Appendiz 5.3 194



APPENDIX 5.4 
The M-ARY CIS APD Module 

The M_ARY CIS APD is shown in Fig. 5.9 and has three inputs. These are, from 

bottom left and proceeding clockwise, the logical M-PPM signal, the optical M-PPM signal and 

the M-PPM word clock. The logical M-PPM signal is the same signal used to drive the laser. It 

is simply a logical true or false assignment to each of the samples which make up the M-PPM 

word. The optical M-PPM signal is the received optical signal and represents the optical power 

incident on the APD. The M-PPM word clock is a logical 50% duty cycle square wave whose 

rising edge corresponds to the beginning of each PPM word. This signal is necessary for timing 

purposes. 

The M_ARY CIS APD has two outputs. These are, from top right and proceeding 

clockwise, the APD output current in micro-Amps and the weight of each output current 

sample. It may be noticed that even though this module contains two complete APD modules 

the inputs and the outputs make it seem as though it is a single importance sampling APD with 

two extra inputs, the M-PPM word clock and the logical M-PPM signal. What is not obvious 

from looking only at the inputs and outputs is that there is a delay of one complete M-PPM 

word from the time that the optical energy arrives until the time that the corresponding output 

current is available. Let us explore the reason for this. 

The M_ARY CIS APD shown in Fig. 5.9 works in the following manner. As the input 

optical M-PPM signal arrives at the APD so also does a logical M-PPM signal which serves, 

sometimes in combination with the M-PPM word clock, as a control signal for the internal ° 

processing of the optical signal. The optical signal is immediately applied to a WMC_APD 

module OR it is not, depending on whether the logical M-PPM signal is true or false. The 

WMC_APD block is a normal unaltered and non-importance sampling APD model except for 

the addition of the small diamond shaped input at the bottom of the WMC_APD block which 

is an enable control. When the input to this control is true then the WMC_APD functions 

normally. When the input to the enable control is false then the module is effectively turned off 

and the output value is frozen at the last value prior to being disabled. The WMC_APD enable 

control is tied to the logical M-PPM signal so that during the empty slots the WMC_APD is 

turned off and only when the OWN slot arrives does the WMC_APD take the input optical power 

and generate an output current sample. 
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The SELECT block following the WMC_APD is also controlled by the logical M-PPM 

signal, When the control signal is true then the output of the SELECT block is the upper signal 

which corresponds to the output of the WMC._APD. When the control signal is false, during 

the M-PPM OFF slots, then the output of the SELECT is the lower signal input which is the 

optical power values for the OFF slots. The output of the SELECT block goes to two different 

modules. The first is a MULTI STAGE DELAY and the second is a SERIAL_TO PARALLEL 

converter. 

The SERIAL_TO PARALLEL converter is also controlled via an enable input 

connected to the logical M-PPM input signal. The enable signal turns the SERIAL_TO 

PARALLEL converter on during the M-PPM OWN slots. When the converter is on, the input 

values, which in this case are the output current samples from the WMC_APD, are read into a 

vector. The number of elements in the vector is the same as the number of samples in an M- 

PPM slot. The action of the SERIAL_TO PARALLEL converter is thus to collect the output 

current samples of the M-PPM ON slot into a vector. The action of this block will be the same 

regardless of the position of the M-PPM ON slot in the M-PPM word since it is controlled by 

the logical M-PPM signal. At the end of the ON slot the output of the SERIAL_TO 

PARALLEL converter is a vector containing the output current samples of the M-PPM ON slot 

and as a result of the action of the enable control these samples will remain there until the 

SERIAL_TO PARALLEL converter is activated again. Since there is only one ON slot per M- 

PPM word, the set of APD output current values have been collected and saved and will be used 

as the threshold values during the generation of the OFF slot samples. 

At the beginning of the next M-PPM word, the input M-PPM word clock will rise true. 

The M-PPM word clock is sampled by a module called the RISING EDGE TRUE which looks 

for the false to true transition. When the transition occurs the module output is a single true 

pulse. This pulse commands the PARALLEL TO_SERIAL converter to latch and store the 

contents of the vector at the output of the SERIAL_TO PARALLEL converter. While the 

PARALLEL TO_SERIAL converter contro] input is false, as it is throughout the remainder of 

the M-PPM word, the stored vector is read out serially. When the end of the vector is reached, 

the output begins again at the first element of the vector. The PARALLEL TO_SERIAL 

converter is programed to act as a circular shift register under these conditions. Thus the 

output current samples from the M-PPM ON slot are created and saved and made available in a 

cyclical fashion beginning at the next M-PPM word. 

Since all of the M-PPM slots must be examined in order to be sure that the M-PPM ON 
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slot has been processed and made available at the output of the PARALLEL TO_SERIAL 

converter, there is a one M-PPM word delay following the WMC_APD and SELECT block. In 

BOSS, the module which performs this sort of delay is called a MULTI STAGE DELAY. A one 

word delay is installed following the the output of the SELECT. Recall that the output of the 

SELECT at this point is the optical background power during the M-PPM OFF slots as the 

APD current has not been generated as yet for the M-PPM OFF slots. In order to keep the 

logical M-PPM control signal in sync with the optical signal, this control signal is delayed for 

one M-PPM word as well using the second, lower, MULTI STAGE DELAY module. 

As each WMC_APD output sample is read out from the PARALLEL TO_SERIAL 

block, the offset constant is subtracted from each. In order to insure that negative threshold 

values are not generated, each sample is tested to insure that it is greater than the offset 

constant. If it is not then the threshold value is selected as zero. Otherwise, each output 

current sample is diminished by the offset and sent to the CIS_UP APD for use as a threshold. 

The CIS_UP APD takes the delayed optical signal as input, as well as the threshold 

values. The CIS_UP APD is controlled by the logical M-PPM signal in much the same way as 

the WMC_APD block was. When the logical M-PPM signal is false, the CIS_UP APD is 

turned on, the input from the MULTI STAGE DELAY is the optical power corresponding to 

the M-PPM OFF slots, and the threshold generated during the M-PPM ON slots are used to 

condition the random variates generated by the CIS_UP APD. During the M-PPM OFF slots, 

when the CIS_UP APD is on, the SELECT module which controls the APD current output 

selects the values generated by the CIS_UP APD module to be the output. During the M-PPM 

ON slots, the CIS_UP APD is disabled and the SELECT block at the output selects the output 

of the MULTI STAGE DELAY to be the output. Recall that it is during these times that the 

previously generated WMC_APD output current samples are at the output of the MULTI 

STAGE DELAY. 

As for the weights, they are also applied to a SELECT block at the weight output which 

is controlled by the logical M-PPM signal. When the logical level is true, during the M-PPM 

ON slot, the output weight is selected as the constant value 1.0. This is the correct weight value 

because the output current samples at this time are the current samples generated by the 

WMC_APD which was not modified. When the logical level of the M-PPM control signal is 

false, during the M-PPM OFF slots, the weights are selected as those generated by the CIS_UP 

APD module. This is valid since the CIS_UP APD is enabled during this time and the output 

current samples have been conditioned on the non-modified WMC_APD output current values. 
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CHAPTER 6 

SIMULATION STUDIES 

6.0 Introduction 

The theoretical aspects of importance sampling as applied to the simulation of the M- 

PPM receiver were presented in Chapter 5. Chapter 5 also included a description of the design 

of two different M-PPM receiver importance sampling simulation systems. The first was a 

system in which the mean of the APD output density is shifted up during the M-PPM OFF 

slots. This will be referred to simply as “shift up importance sampling.” ‘The second was the 

M-PPM conditional importance sampling (CIS) system. CIS has been partially implemented, 

lacking only an analytical solution for the (constant) weight of each PPM word. 

In this chapter, results and observations are presented which make use of the theory 

from Chapter 5. Results are presented from the simulation of a BPPM system using shift up 

importance sampling. As part of the presentation, a procedure is provided for performing 

importance sampling simulation of the M-PPM receiver. The results demonstrate that the 

theory of importance sampling developed for the M-PPM receiver is accurate. Shift up 

importance sampling has been used to produce BER curves down to the 1071? BER level of 

error probability. A demonstration that the importance sampling estimator is unbiased is also 

provided. It is observed that the effect of increased memory of QPPM over BPPM diminishes 

the amount of improvement available from the procedure. Finally, we show that the CIS 

system does generate errors in the predicted and necessary fashion. 

6.1 Shift Up M-PPM Importance Sampling 

The M-PPM receiver system for the shift up importance sampling simulation of BPPM 

can be seen in BOSS block diagram form in Fig. 5.9. The shift up importance sampling system 

for QPPM is very similar. In the QPPM system, the input data source generates a QPPM 

waveform, naturally, and the decoding from QPPM to binary is more complicated than the 

decoding of BPPM to binary but otherwise the two block diagrams are the same. 

At high values of bit error rate there is no need to use importance sampling in the 

generation of a BER versus input power curve. This is because the generation of errors is very 

probable when the BER is high and therefore very few bits need to be observed. Thus to begin 
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the production of a BER curve it is convenient to use classical Monte Carlo. Classical Monte 

Carlo is used until the BER becomes so low that the generation of data points begins to require 

the observation of a large number of bits so that the amount of time required becomes excessive. 

In the shift up systems, importance sampling can be effectively turned off by setting the value of 

the shift constant to zero. Alternatively, a copy of the importance sampling system can be 

generated within BOSS and the shift up APD replaced with an unmodified APD model. In this 

case the input to the weight counter would be made equal to a constant value of one. Using 

either technique, one is able to simulate system BER performance using classical Monte Carlo 

simulation with exactly the same system as used to perform IS simulation. 

6.1.1 MC BER Results 

BER curves generated using classical Monte Carlo simulation of a BPPM and a QPPM 

optical system are shown in Fig. 6.1. Each of these systems contains a specialized/simplified 

version of the BPPM and QPPM receivers. These receivers have no additive Gaussian noise 

source and there is no post APD filtering aside from the convolutional filter integrator of the 

type described in §5.3.2 of Chapter 5. This simplification eliminates the second noise source so 

that the issues surrounding importance sampling simulation of systems with multiple noise 

sources are circumvented. This also results in a system with effectively infinite bandwidth. 

The lack of a thermal noise source in the system was found to be irrelevant to the 

resulting BER performance. This was confirmed by placing an additive Gaussian noise source 

after the APD with a noise power equivalent to that of a commercially available preamplifier. 

The BER performance of this system with a thermal noise source was the same as the system 

without the noise source. This is believed to indicate that the APD receiver is shot noise limited 

under the conditions of this simulation. Shot noise limited meaning that the error performance 

is dominated by the excess noise out of the APD so that the additive thermal noise is 

insignificant. 

The error bars for each point in Fig. 6.1 are the one sigma standard deviation of the 

estimate. Recall that the standard deviation for Monte Carlo estimation is given by 

omc = PePeod) (6.1) 

The system parameters used to produce the BER curves of Fig. 6.1, as well as many of 

the other results presented here, are displayed in the Table 6.1 below. These parameters were 
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used in the simulation of both the BPPM and QPPM systems. Note that the data bit rate is 

only lkbps. It will be shown that, as far as importance sampling is concerned, the actual bit 

rate used is irrelevant and that a more significant parameter is the number of samples per PPM 

slot. With a data bit rate of 1000 bits per second and dt, the sampling interval, at 5x 107° 

seconds then the number of samples per PPM slot is 10 for both the BPPM and QPPM systems. 

  

  

  

  

  

  

  

  

  

  

  

TABLE 6.1 Classical Monte Carlo Simulation Parameters 

dt (sampling interval) 5.0E-5 seconds 

data bit rate 1000 bits per second 

signal power variable W 

background power 1.0E-11 WwW 

wavelength 0.81 microns 

APD gain 200 ratio 

quantum efficiency 0.75 ratio 

K (APD ionization ratio) 0.02 ratio 

dark current 0.0052 nanoamperes 

shift constant 0.0 number of electrons           
The background power level appears at the APD input during the OFF slots and it was 

arbitrarily selected to be 1x10~1! W. The wavelength is a common semi-conductor laser 

wavelength. The quantum efficiency, the ionization ratio and the dark current were selected as 

typical of the RCA C30921E silicon avalanche photodiode. The average gain was set at 200 

which is typical for free-space receiver applications. For Monte Carlo simulation the amount of 

the shift, i.e. the shift constant, is set to zero. Note that setting the amount of shift to zero will 

cause the shift up APD to automatically generate a weight value of one as indicative of Monte 

Carlo simulation. 

With the importance sampling bias turned off for the BPPM and QPPM systems, BER 

data points were generated down to a level of approximately 10~° in Fig. 6.1. This required 

the observation of more than 10’ bits for some of the lower BER values, a process which 
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required several days to complete. As a result of this research, such time is no longer required 

but a Monte Carlo test was performed here in order to have data points generated using MC 

simulation for comparison to those generated by IS simulation. 

6.1.2 TS BER Results 

A BER curve for BPPM is shown in Fig. 6.2 which has points generated using both 

classical Monte Carlo and importance sampling. The points connected by a solid line are from 

classical Monte Carlo and this is the same BPPM BER curve presented in Fig. 6.1. 

The remaining points, connected by a dashed line, show the results of importance 

sampling simulation using N*=1000 for ail input power levels except those at 

P,= 1.25x 10711 W where N* = 104 was used. At each power level five simulations were 

performed using different bit streams and different seeds for the noise source random generators. 

The BER values plotted in Fig. 6.2 are the average of the five simulation runs. As can be seen, 

the importance sampling portion of the curve is in good agreement with the Monte Carlo 

portion of the curve. Further, the variation over each of the five importance sampling runs is 

minimal. This can be seen in Fig. 6.3 which shows the individual BER points used to construct 

Fig. 6.2. 

The data points at P, = 1.25 x 10-1! W are at the 10~}? level. To generate these 

points using classical Monte Carlo would require the observation of approximately 1013 bits. 

The time required for the Monte Carlo simulation of five million binary bits through this BPPM 

system required approximately 40 hours to complete when performed on a SUN SPARC II. (The 

simulation code is a FORTRAN program generated through the BOSS simulation package.) 

Extrapolating this rate to the simulation of 103 bits, it is determined that it would require 

approximately 9000 years to simulate 10!% bits and thus obtain one data point on the BER 

versus input power curve. As mentioned, these points were generated using N* = 10* bits which 

required less than one hour for the generation of the five points used in Fig. 6.2 and shown in 

Fig. 6.3. 

6.1.8 Procedure 

When generating the importance sampling results of Fig. 6.2 and Fig. 6.3, the following 

procedure was developed and used. 

Recalling Fig. 4.6, it is observed that there is an optimum value for the importance 
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sampling bias parameter. The bias parameter in the case of the shift up systems is the amount 

of shift and the optimum value is that shift which yields the largest possible reduction in the 

number of observed bits. The primary part of the procedure is to determine the appropriate 

amount of shift. In total three parameters must be determined, besides the selection of a 

suitable shift value, one must determine a suitable number of bits to be observed, N*, and a 

value to use for the memory of the system when calculating the weight of a PPM symbol. All 

three of these parameters are interrelated and the procedure below will produce a selection for all 

three. 

The memory of these simplified systems is well known due to the use of the 

convolutional filter. This was the reason for selecting it for use, so that system memory would 

be well controlled during the development of IS. Recall from §5.3.2 that the impulse response of 

the convolutional filter integrator is two slot periods long. The value of the impulse response is 

a constant 1.0 during the first half of the filter and a constant — 0.05 during the second half, as 

displayed in Fig. 5.7. The use of this filter makes the system memory equal to that of a PPM 

symbol plus one more slot’s worth of samples. As discussed in Chapter 5, the PPM decision is 

based on the entire PPM word regardless of the filter. In this case the trailing part of the 

convolutional filter causes the last slot of the previous PPM word to also affect the current PPM 

word. Because the convolution process adds one more sample at the end of the impulse 

response, the system memory is equal to the number of samples in a PPM word plus the number 

of samples in a slot plus one. Thus the BPPM system with ten samples per slot has a memory 

of 31 while the QPPM system with 10 samples per slot has a memory of 51. 

Concerning the shift, one can safely shift too little and the results will be valid provided 

that enough bits have been observed. This is the primary penalty for using a shift amount 

smaller than the optimum shift value, that a larger number of bits must be observed in order to 

obtain valid results. That is, the value of N* will need to be larger since the improvement ratio 

is smaller than that which is obtained if one uses a value of shift closer to the optimum. To see 

that a small shift is safe, consider that one need not shift at all. This is a default to the classical 

Monte Carlo simulation case and the improvement ratio becomes one. 

It can be seen in Fig. 4.6 that shift amounts greater than the optimum are still valid for 

a finite range but incorrect results will be obtained for values of shift that are far greater than 

the optimum. As the shift is increased the maximum weight value decreases as will be observed 

in the plots which follow. It was pointed out in Chapter 4 that if the maximum weight value 

used in the weighted error summation becomes less than the true BER value then the results 
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will be wrong. That the maximum weight value will decrease with increasing shift is a property 

that was proven for any PDF satisfying some very mild conditions by Devetsikiotis and 

Townsend[1]._ The technique developed here is an enhanced version of the method proposed in 

[1] using this property. 

The optimum shift value will be different for each input power level. In order to 

determine the best shift value, the input signal power is held constant and several simulations 

are performed starting with a small shift and then incrementing the amount of shift to larger 

and larger values. At the beginning, a value for N* needs to be assumed as well as a system 

memory value. The N* assumption is based on a rough estimate of the BER level to be 

determined and an estimate of the improvement ratio to be expected. This assumption is based 

partly on experience but also on observation of the results from the MC simulations or the 

previous IS simulation. For this reason, it is recommended to pursue BER information from 

high levels of BER to low levels of BER. 

That the N* and system memory choices are valid can be confirmed, as described below, 

through observation of the following quantities. At each step in the shift five items are recorded 

at the end of the simulation: 1) the maximum weight, 2) the minimum weight, 3) the estimated 

average weight, 4) the number of errors observed and 5) the BER. These quantities are then 

plotted versus the amount of shift as shown in the example of Fig. 6.4. Searching for the trends 

described below on a plot similar to Fig. 6.4 will indicate the optimum shift, the validity of the 

choice for N* and the validity of the value used for the system memory. 

A plot similar to Fig. 6.4 needs to be generated for each signal power level on the curve 

where it is desired to determine the BER level. The plot in Fig. 6.4 was used in the generation 

of the BER plot of Fig. 6.2 for the BER data point at a signal power of 1.18x 1071! watts. 

Although busy, a single plot of all the quantities is instructive since a judgment must be made 

based on the magnitudes of each quantity relative to the others. In other words, it is necessary 

to consider several items at once when determining the validity of the IS simulation parameters. 

Therefore, it is ultimately more convenient to observe the plots on one graph. The busy nature 

of Fig. 6.4 makes it a somewhat inconvenient vehicle for explanation. Therefore, individual 

components of Fig. 6.4 are reproduced and displayed separately for use in the following 

discussion. 

There is a value of shift that must be obtained before errors begin to occur. As the shift 

is increased the number of errors continues to increase. This is shown in Fig. 6.5 where the 
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number of errors has been normalized by dividing by the total number of bits (1000 in this 

case). The BER versus shift curve also appears in Fig. 6.5 for reference. The number of errors 

generated relative to the total number of bits observed is an important consideration. Just as 

with classical Monte Carlo, the variance of the estimate of the BER is smaller with an increasing 

number of errors observed. Although the variance of the IS estimator, eq.(5.73), does not 

appear to depend directly on the number of errors generated, the weight function W(r) does. As 

W(r) becomes smaller the variance of the estimator becomes smaller. We have already seen 

that the weight value generally becomes smaller with increasing shift and that the number of 

errors becomes greater with increasing shift so that one might infer that the two are correlated. 

Further, the lower bound to the variance of the estimator becomes smaller with increasing 

numbers of errors as seen in eq.(4.52). Similarly, the upper bound to the improvement ratio 

becomes larger with increasing numbers of errors generated as per eq.(4.53). Finally, our 

estimate of the average weight becomes better with an increased number of errors as seen in 

eq.(5.133). Thus, we have strong indication that producing a high percentage of errors is 

desirable. 

Fig. 6.6 is a plot of the minimum weight, the maximum weight and the measured BER 

as a function of the amount of shift. As the shift is increased, the minimum weight value 

observed during the course of the simulation run begins to fall rapidly. The maximum weight 

value maintains a somewhat steady value until at a certain point it begins to drop rapidly with 

increasing shift. This drop indicates the shift is becoming too large and occurs at a shift values 

greater than approximately 40000 in Fig. 6.6 or equivalently Fig. 6.4. It is observed that the 

BER maintains a similarly flat or relatively constant value until it also begins to drop. The 

existence of an identifiable flat region in the BER curve indicates that the N* value is large 

enough and that the memory value used is sufficient. As seen in Fig. 6.6, the BER curve also 

begins to drop at shift values greater than 40000. One last point, as the maximum weight falls 

it becomes, at some point, less than the average value of the BER through the flat region. 

When the maximum weight becomes less than the BER through the flat region, the shift is too 

great as per the theorem developed in [1]. Thus the optimum shift must be somewhere less than 

40000 or 45000 or so in Fig. 6.4. 

Note also the point at which that minimum weight becomes less than the measured 

BER level. They cross at a shift of approximately 23000 in Fig. 6.6. After observing various 

plots of this type it has been noted that this point, where the BER and the minimum weight 

cross, always occurs at low values of the shift in the region where the BER curve is generally 
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flat. Also note that the average weight becomes greater than the minimum weight. This can be 

observed in Fig. 6.4 where it is seen that the average weight and the minimum weight cross at 

about the 30000 shift value. These trends concerning the minimum weight and the average 

weight have been observed repeatedly over many importance sampling trials when the 

parameters are correct. 

It becomes plain that there is currently no firm method to determine the optimum shift 

to use. Yet the example of Fig. 6.4 illustrates all of the necessary features. If the number of 

observed bits, N*, is large enough and the memory used in the calculation of the weight is 

sufficient for the system memory then the generally flat region in the BER curve of Fig. 6.4, and 

equivalently Fig. 6.5 or Fig. 6.6, will be observed. The flat region in the BER curve provides 

perhaps the strongest clue but needs to be considered along with the general trend of the 

maximum weight (Does it have a flat region as well before falling off?), and with the number of 

errors (Has there been a significant number of errors produced?) and also considering the status 

of the average weight. (Is the average weight generally between the maximum weight and the 

minimum weight?) From the plot of the weight quantities of Fig. 6.4 it can be seen that there 

is a generally flat region of the BER curve which exists between values of shift from 15000 to 

about 40000 to 45000 or so. 

The BER value measured at the input power of 1.18x10~1! W was determined using 

classical Monte Carlo and has been plotted in Fig. 6.4 also. It is the solid line at a BER level of 

7x107°. This information is not available, of course, when determining the optimum shift but 

was included in Fig. 6.4 to provide some reference for the concepts above. 

For additional examples, all of the BER versus shift plots used in the generation of the 

IS BER points of Fig. 6.2 are shown in Fig. 6.7 through Fig. 6.10. Fig. 6.7 is the shift plot for a 

constant power level of 1.16 x 10— 1! W. It also includes a line at the MC determined BER level 

of 5.5x10~° for reference. Note that the generally flat region of the BER and maximum 

weight versus shift curves extends over a large range of the shift parameter. This attests to the 

large improvement ratio at this BER level. Fig. 6.8 is a shift plot at the 1.2x10—1! W power 

level. Note that there no MC derived BER line since Monte Carlo simulations at this BER level 

would require days to produce. Note also that the generally flat region of the BER and 

maximum weight versus shift curves is followed by the region of decreasing values. From Fig. 

6.8 it is seen that valid shift values would be less than approximately 50000. Fig. 6.9 is a shift 

plot for the constant power level of 1.22x10~1!1 W. The same classic features can be observed 

in this plot as well. 
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In Fig. 6.10 is shown the relative number of errors, the BER for N* = 1000, and the 

BER for N* = 10K versus shift for the signal power level of 1.25 x 10 —11 W. The other weight 

parameters have been eliminated from this plot for clarity. Consider that the flat region of of 

the BER curve for N* = 1000 is relatively small and not as clearly defined as in the previous 

plots. To confirm the valid range of shift parameter, the sequence of simulation runs was 

repeated at N* = 10k for shift values in the range of 50000 to 80000. It is seen that the stable 

region of the BER curve is in the suspected range. Further, it is seen that increasing N* brings 

the stable region of BER curve into focus and thus indicates that the N* needs to be increased 

from the N* = 1000 value. 

6.1.4 A Counter Example 

Fig. 6.4 presents an example of a valid shift plot when all of the IS parameters are 

valid. Let us consider a counter example. When importance sampling was applied to the 

QPPM system using the parameters of Table 6.1, all was not as it might be. Fig. 6.11 shows 

the result of applying the technique above to the IS simulation of the QPPM system whose 

classical Monte Carlo BER performance results were shown in Fig. 6.1. The number of bits 

observed at each value of shift was 5000 as compared to the N* = 1000 used for most of the 

BER points in the BPPM system. The memory of the QPPM system using the parameters of 

Table 6.1 is 51. Despite the increase in N*, the BER and the maximum weight are seen to fall 

continuously from very small values of shift onwards. The number of errors at these shift values 

is small, less than 10 out of 5000 bits, indicating that N* will have to increase in order to 

produce valid results. 

In other words, importance sampling is not very efficient in this case. For large values 

of system memory, importance sampling becomes less efficient at reducing the number of bits 

that need to be observed. This can be seen in Fig. 4.6 where it is observed that for large 

memory values, the curves do not reach large values of improvement ratio. The memory of the 

QPPM system is dominated by the number of samples per slot, which in turn is set by the 

parameters of dt and bit rate as specified in Table 6.1. 
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6.2 Observations 

6.2.1 Estimation Error Bounds 

After performing the IS simulation it is important to be able to generate a confidence 

interval for the estimate produced. In Chapter 4, upper and lower bounds to the importance 

sampling variance were provided from the literature[2][3]. Recalling eq.(4.51) through eq.(4.54), 

the variance has been shown to be upper and lower bounded as 

P 
Ofs < Cp = ye [max{W()]-P, | (6.2) 

Pp? 

2 2 ——e/_l_ _ 
Os 2°LB= srw 1 (6.3) 

where P,(r) can be estimated as P,(r) = (number of errors)/N*. 

The improvement ratio R = N can be upper and lower bounded by N* 

P,(r)[1 ~ P.| 

P {1 — P,(r)| (6.4) R<Ryg= 

R>Rypp=; [1—P.| ~ 

[max{W/(r)| —P -| ran) —P | 

These bounds can be used to estimate the simulation variance and improvement ratio of the M- 

PPM IS simulation. 

  (6.5) 

The estimate of the average weight that is taken during the simulation can also be used 

to provide an estimate of the variance of the estimate. Recalling eq.(5.125) 

G35= JAW —P2] (6.6) 
a 

This expression can be used with the variance expression for the classical Monte Carlo estimate, 

see eq.(6.1), to form an improvement ratio estimate based on the estimated average weight. 

P (1 -P.) 
~ 

W-P 
e 

R N _ 
N* — (6.7) 

As an example of the utility of these expressions the following example is offered. The 
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upper and lower bounds to the variance and the standard deviation will be calculated using the 

values produced by a representative importance sampling simulation. The simulation used will 

be one of the simulation examples used in the plot of the BER based on IS generation of 30% 

errors. The following output quantities were produced during the IS simulation of the BPPM 

system when the input signal power was 1.18 x 107 1 w; 

number of bits = 1000 

number of errors = 316 

maximum weight observed = 1.894 x 10~ 4 

average weight observed = 5.1232 x 10-1! 

P = 3.9147x 1077 

Using these values in eq(6.2) through eq.(6.7), the following bounds and estimates are obtained: 

3.137 x 10-1 = 0} p < ofg < Of; p =7.4x10~ "4 

which leads to bounds on the standard deviation of 

1.8213x 10-8 =o, < 075 < Oyg=2.72x 1077 

for BER of 3.9147x 1077 

Using the average weight the variance and the standard deviation are estimated to be 

o? . = 5.1078 x 10~ 14 

Org = 2.26x10~7 

which is seen to fall between the upper and lower bounds of the variance calculated above. 

Similarly, the improvement ratio is bounded as 

5.29 x 10° = Ry, p< R< Rypg =1.8x 10° 

and the improvement ratio obtained using the estimated average weight is 

R = N 7.664 x 103 N* 

which is between the upper and lower bounds of the improvement ratio. 

Thus the quality of the IS estimate can be determined. 

6.2.2 An Unbiased Estimator 

In order to confirm that the importance sampling estimator is truly an unbiased 
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estimator, a simple experiment was performed. Using the parameters as per Table 6.1, the BER 

value of the BPPM system at a signal power of 1.16 x 10~ 1! W was estimated using importance 

sampling and using Monte Carlo simulation. A large number of bits were observed in each case, 

i.e. both N and N* were large. The large number of samples in the Monte Carlo simulation was 

used in order to provide a BER data point with great accuracy. The BPPM BER at 

1.16x 10711 W was determined using MC to be 5.06x10~° with a standard deviation of 

2.123x10—>. This result is the average of five simulation runs, one with N = 10° and the other 

four with N = 5.0 x 10°. 

An importance sampling simulation of the same BPPM system was performed using a 

shift value of 39000, corresponding to approximately 20% error generation, and N* = 5.0x 10°. 

The BER using this IS simulation was 4.562 x 10 ~ 5 well within experimental error and in very 

good agreement with the Monte Carlo simulation result. The standard deviation of the IS result 

was determined through use of the estimated average weight to be 1.321x107°. The average 

weight is exceedingly reliable in this case since it was estimated based on the observation of over 

1 million errors. Both of these points are plotted at the 1.16x10~1! W power level in Fig. 6.2 

and Fig. 6.3. It is seen that they are almost indistinguishable from each other. 

If the IS estimator were a biased estimator it should have become evident after the 

simulation of five million bits: therefore it is not. 

6.2.3 Percent Number of Errors 

From the discussion of the procedure to determine the amount of shift to use, it is seen 

that there is a large range of shift values which might be used. It has been observed empirically 

that shift values in the range where the minimum weight crosses the measured BER are safe and 

have been used. This region corresponds to the generation of about 100 errors out of 1000 bits 

for the system of Fig. 6.4, that is about 10% of the bits are in error. The guidelines given above 

for the selection of the amount of shift included consideration the percent number of bits in error 

as well as observations of the slope of the BER versus shift curve, the maximum weight versus 

shift curve and the relative values of the average weight and minimum weight to the measured 

BER. All of these together indicate suitable values of shift to use. To specify that the 

generation of 10% errors as the only criteria may be the quickest indicator of a suitable shift but 

will not always be accurate by itself. Consider Fig. 6.11 as a counter example, at the shift 

where 10% errors are made to occur the BER value is far from correct. One must also observe 

the trend of the maximum weight versus the amount of shift, for example, to make sure that 
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one is not operating in a region where the maximum weight is falling. 

The question remains concerning what effect the percent number of errors has on the 

BER results. To test this, the BPPM system was simulated using importance sampling at five 

different shift values. The shift values used caused 10%, 30% and 50% of the bits observed to be 

in error during the simulation at each signal power. The results of this experiment were plotted 

together and shown on the BER plot of Fig. 6.12. As can be seen there is no perceived 

difference in using 10% versus 30% versus 50% generated errors. The BER curves of Fig. 6.2 

and Fig. 6.3 were produced using the 30% generated error BER values shown in Fig. 6.12 except 

for the point at P = 1.16x 107 11 W which was at a 20% error rate shift. 

6.2.4 CIS Error Generation 

In order to determine the validity of the CIS M-PPM importance sampling concept, the 

system was built and simulated. As there is not yet a valid weight constant to use in the 

simulation, one can only observe the generation of errors. Fig. 6.13 is a plot of number of errors 

produced using conditional importance sampling versus the amount of offset. As predicted by 

the theory of Chapter 5, as the amount of offset goes to zero the number of errors generated goes 

to 100%. 

6.3 Summary 

The application of importance sampling to the M-PPM receiver has been demonstrated. 

It has provided an ability to characterize the BER performance of optical receiver systems to 

very low probability of error levels, levels that. were heretofore unobtainable. A procedure for 

performing importance sampling simulation of these receivers has been specified which includes 

an ability to specify the accuracy of the BER estimate through bounds on the estimation 

variance. Issues concerning importance sampling have been explored. For example, it has been 

demonstrated that the importance sampling estimation system used here is unbiased. The 

choice of bias point, referring here to the amount of shift, has been explored. It was 

demonstrated that accurate results are obtained over a range of shift values which result in the 

generation of different percentage amounts of errors during the same simulation. Finally, the 

validity of the CIS technique to generate errors in a controlled fashion has been demonstrated. 

CHAPTER 6 221



SIOLKY 
poyerous) 

YG 
pue 

YE 
“Y%OT 

u
s
 

soamy 
Yad 

WddA 
219 

“Ba 

(SHBM 
11-0 [X) 

Jomo 
[eusIg 

yeog 

 
 

oT 
vil 

eT 
Cl 

a 
OT 

I
I
A
 

t
s
 

CLOT 
.\ 

SIOII9 
40S 

SI 
--+-— 

fF 
z
r
 

\\ 
S
I
O
I
I
O
 
W
O
E
S
]
 

-
-
-
#
-
-
-
 

1
-
0
1
 

* 
SIOIIS 

S
O
T
 

SJ 
-
-
7
-
-
—
 

\Y 
Wddd 

‘OW 
—
—
 
f
 

ordl 
Ww 

qa 

vd 
7g 

= 
juormmy 

¥Ieq 
‘Z0'0=4 

‘007=D 
:ddV 

A
 

T
I
-
d
0
'
 [ 

= 
z
o
m
o
d
 
p
u
n
o
i
s
y
o
e
g
 

goInos 
JoIIa 

ATUO 
SI 

G
q
V
  
 

suljdweg 
sourjiodwy 

pue 
opled 

o
o
]
 

[vorsse[D 

W
d
d
d
 
[
e
n
d
o
 

222 CHAPTER 6



SIO 
W
d
d
d
l
 
2UIsQ 

yesYC 
jo 

yUNOUTY 
snssva 

payesoUay 
sIOLIG 

jo 
IoqumMN 

ET-9 
“Sty 

(SUOI}99[9) 
J8SJJO 

JO 
J
U
H
O
W
Y
 

OO00P 
OO00E 

00002 
0000 T 

0 

“A 
dursoid 

ou 
--- 

a
-
-
-
 

7 

i 

4 

> 

> 

T T ! 

# 

T q 

  
AM 

11-d0° 
T="d 

‘MM 
TT-A8T 

T=°d 
‘“Wddd 

Jo 
vorefnuig 

SID 
JOSJIO 

SNSIOA 
SIOIIG 

Jo 
Joquinyy 

OOT 

002d 

OO¢ 

OOr 

00S 

009 

OOL 

008 

006 

OO0T 

slo1rq Jo Joquinyny 

223 CHAPTER 6



CHAPTER 7 

SUMMARY AND CONCLUSION 

This concludes the derivation and demonstration of the use of importance sampling to 

reduce the amount of time required to simulate a M-PPM APD optical receiver. The ability to 

apply importance sampling to the simulation of these receivers increases the utility of this tool 

for the investigation of free-space optical communication links utilizing this technology. It is 

now possible to characterize receiver performance to BER levels heretofore unobtainable. This 

will enhance the ability to investigate free-space optical communication links as the simulation 

procedure was developed to include non-constant input optical pulse shapes which can result 

from channel} influences. 

In Chapter 2, the fundamental operation of the M-PPM maximum likelihood receiver 

was reviewed and presented. This included a description and explanation of the APD output 

statistics. The approximation to the output PDF known as the WMC PDF was introduced. It 

was seen that an APD model based on this approximation was both valid and carried the ability 

to accept any input power level as input. The use of this PDF in the simulation results in an 

efficient model, in terms of computer time, due the existence of a WMC PDF random variate 

generation method given by Ascheid. A CDF for the WMC PDF was discovered in the course 

of this research and presented in chapter 2 as well. The existence of a CDF for the WMC PDF 

greatly enhances the ability to perform certain importance sampling operations using an APD 

model based on the WMC statistics. This CDF, or more likely the link established here between 

the WMC PDF and the inverse Gaussian probability density, should aid in the analytical 

treatment of APD receivers as well. Chapter 2 concludes with a discussion of the remaining 

error sources in an APD optical receiver and a description of extinction ratio. 

Chapter 3 presented the theory and practice of classical Monte Carlo simulation and its 

modified form known as importance sampling. This discussion introduced the basic concepts of 

biasing the input noise sources in a simulation and the subsequent unbiasing required to obtain 

the correct results from the simulation. Monte Carlo simulation and importance sampling 

simulation were introduced using a threshold detector receiver example. This is referred to as 

the one dimensional case, as opposed to the multi-dimensional case which characterizes the M- 

PPM receiver, in this dissertation. Chapter 3 concludes with a discussion of the simulation 
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package BOSS used to demonstrate some of the concepts developed in this dissertation. The 

model used for the unmodified APD and the basic PPM receiver system simulation model are 

given in Chapter 3 as well. 

The available literature on the subject of importance sampling is reviewed in Chapter 4. 

The concept of an optimum bias function is introduced and examples from the literature for 

biasing the input error densities to a simulation are discussed in detail. It is seen that there is 

no universal approach to the application of importance sampling and that approximately nine 

methods to bias the input error densities of a simulation can be identified from the literature. 

Some of these are attempts to approximate the optimum bias function. The pseudo-optimum 

importance sampling (PIS) method is the prime example of this with absolute value importance 

sampling (AIS) and conditional importance sampling (CIS) falling into this category as well. 

Several methods have been developed with the purpose of mitigating the effects of system 

memory, as in efficient importance sampling (EIS) and Household importance sampling (HIS). 

The staples of importance sampling biasing must be considered to be the techniques of 

increasing the variance of the input noise densities, scaling importance sampling (SIS), and the 

technique of shifting the mean of the input densities known in the literature as improved 

importance sampling (IIS). It is shown that IIS leads to a more efficient importance sampling 

operation than SIS. Chapter 4 also contains a discussion of system memory as it effects the 

ability of importance sampling to reduce the number of samples that must be observed in the 

simulation procedure. 

Chapter 4 also groups the importance sampling literature by the type of system that is 

addressed. Chapter 4 concludes with a presentation of optical system simulation literature that 

has addressed the need to increase the speed of the estimation. This includes one discussion of 

the use of importance sampling in optical APD threshold receiver simulation. The APD model 

used in that work was based on a look-up table method for generating the APD output random 

variates. Other works describe the use of semi-analytical techniques to increase the speed of the 

calculation, including the use of tail-extrapolation. 

Chapter 5 presents the theory and practice of importance sampling as applied to the M- 

PPM maximum likelihood receiver. This discussion introduces the concepts of a conditional 

indicator function and a multi-dimensional probability of error region. An optimum bias 

function for the M-PPM receiver is developed. It is shown to hold properties similar to its one- 

dimensional analog in that it is effectively unrealizable. The variance of the M-PPM importance 

sampling estimator is established and is used to determine the desired form of the biased input 
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noise densities. The desired form of the biased input density is, of course, that which will 

decrease the number of samples required to be observed in the simulation process over the 

number in the classical Monte Carlo case. 

At this point, Chapter 5 begins the development of two of the many possible bias 

methods which can be applied to the M-PPM APD optical receiver. The first of the two 

methods is to shift the mean of the APD density up during the periods that the PPM slot is 

empty. The second is a variation on the PIS importance sampling technique as it is applied to 

the M-PPM receiver architecture. We have designated this as conditional importance sampling 

for in this method the values of the M-PPM OFF slots are conditioned on the values of the M- 

PPM ON slots in such a way to guarantee the generation of an M-PPM symbol error. This M- 

PPM conditional IS method is seen to be only partially implementable at this time. The 

technique requires the solution of an integral of the M-PPM joint probability density function 

over an assumed importance region of the M-dimensional probability space. This integral has 

yet to be solved. 

The design and construction of modules to implement each of the two M-PPM 

importance sampling methods is described in Chapter 5. The first APD model is one in which 

the mean of the output statistics are shifted up, i.e. made more positive. This will cause the 

generation of more PPM errors if used during the M-PPM OFF slots. The second APD module 

is one in which the output is limited to values greater than a given threshold. The resulting 

output random variates of this conditional APD are distributed according to the tail of the 

WMC PDF above the threshold. The design algorithm for generating these variates is given. 

This same design can be modified to produce an APD which generates APD output values which 

are less than a given threshold. The combination of these two conditional type APD’s could be 

used in the PIS type simulation of optical APD threshold receivers. Further, a technique for 

implementing the machine calculation of the WMC cumulative distribution function is also 

presented. These models are put together to form a technique to generate M-PPM words in 

which the OFF values are conditioned on the PPM OWN slot value. The construction of a 

simulation block diagram to perform this function is described. The complete system model for 

the importance sampling simulation, using either the shifting method or the conditional method, 

of the M-PPM APD receiver is given and discussed in Chapter 5. This includes a discussion of 

the modified method of counting errors which is required to unbtas the importance sampling 

simulation and a description of how to calculate the M-PPM symbol weight. 

In Chapter 6, some of the principles developed in this dissertation are demonstrated. 
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The use of importance sampling on the simulation of BPPM and QPPM receiver systems is 

demonstrated. Reduction by several orders of magnitude in the number of bits required to be 

observed is demonstrated through the production of a BER curve for the BPPM receiver down 

to a level of 10~!%. We also demonstrate that the importance sampling estimator is unbiased 

through a simple test. It is found that the importance sampling simulation of QPPM is not as 

efficient as the IS simulation of BPPM. This is due to the increased memory inherent in the 

QPPM word. The technique for applying importance sampling is described in detail, including 

a description of how to determine that the procedure is working correctly. Finally, conditional 

importance sampling for the M-PPM receiver is implemented and shown to function as predicted 

lacking only the solution of the joint PDF integral as discussed above. 

This research has accomplished the goal of providing the basis of an improved 

simulation tool for the investigation of free-space optical communication systems. The work 

described here has also opened up several paths for future work in the area of importance 

sampling, in the areas of optical receiver investigation and optical receiver simulation. Let us 

discuss them individually. 

The investigation of importance sampling as applied to the M-PPM receiver can 

continue at great length. For example, the effects of word length on the improvement ratio 

performance of the M-PPM importance sampling receiver needs to be investigated. After 

characterizing the magnitude of the problem, appropriate methods to mitigate the deleterious 

effects of increased memory can be investigated. For example, the extent of the problem may 

necessitate the somewhat drastic action of implementing some memory reducing from of IS, like 

EIS, to the simulation of M-PPM receivers or it may only require careful attention to sample 

interval selection. 

The consequences relative to the choice of memory length used in the IS simulation of 

the M-PPM receiver should be characterized. Assuming an incorrect memory length or the 

assumption of a finite memory length when using a IIR filter in the system can lead to errors in 

the simulation. The memory length choice to use in the simulation of any system, M-PPM or 

otherwise, using an ITR filter is an open issue in the science of importance sampling. 

Other methods of implementing importance sampling simulation of the M-PPM receiver 

should be investigated. The methods selected here, shifting up during the OFF slots and 

conditional IS in which the OFF slots are conditioned against the ON slot, were chosen as 

representative examples only. Investigation should be made as to which of the many possible 
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bias methods presented in Chapter 5, if any, might yield better performance over another. For 

example, is it just as good to shift up only during the OFF slots as it would be to shift down 

during the ON slot? Perhaps it results in a more efficient simulation if one shifts both up and 

down during the appropriate slot in the PPM word. Each of these methods should be 

implemented and compared for efficiency and accuracy. 

As for optical receiver simulation, it is now possible to apply importance sampling to 

the simulation of APD optical receivers utilizing threshold detection. Two methods are now 

available for investigation. Shifting, both up and down, of the APD output can be applied to 

the simulation of such a receiver. The ability to do this is now greatly enhanced by to the 

discovery of a CDF for the WMC PDF and with it the ability to form an accurate APD model 

in which the output density is shifted down. The application of importance sampling to this 

sort of receiver simulation should be investigated and implemented. As a result of this research, 

it is also possible to apply pseudo-optimum type importance sampling to the optical APD 

receiver. This is possible due to the development of a conditional random variate generator of 

the WMC probability density in the course of this work, the discovery of a CDF for the WMC 

density and the development of a method for the machine calculation of the CDF of the WMC 

density. This latter ability is necessary for the calculation of the weight value of the conditional 

WMC random variate. Each of these methods should be implemented, explored and compared 

for efficiency. This will provide an improved tool for the characterization of fiber optic receiver 

performance. 

In the general area of importance sampling, the average weight is seen to provide 

indication of the status of the importance sampling simulation. It is proposed that the average 

weight estimate, in combination with the maximum and minimum weight and the number of 

errors generated proportional to the number bits observed, can be used to determine in some 

automatic fashion the optimum shift value for the bias function. It might also be used to 

determine when the simulation has reached a specified accuracy in order to automatically 

terminate the simulation. In other words, it is suspected that the average weight, along with 

the other IS system indicators above, could be used to provide feed-back to the simulation 

process in order to automatically control the selection of the optimum bias parameter and to 

terminate the simulation when complete. Further research is required to determine if this is 

possible or practical. 

It is now possible to carry on with investigation of free-space optical communication 

links through the atmosphere between earth and LEO satellites. 
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APD 

AWGN 

BER 

BJT 

BPPM 

BSTJ 

CDF 

CIS 

COV 

GLOSSARY 

Absolute value Importance Sampling, in which the input noise density is biased by 

taking the absolute value and shifting the mean. 

Avalanche Photodiode 

Average White Gaussian Noise 

Bit Error Rate, also known as the Bit Error Ratio 

Bipolar Junction Transistor 

Binary Pulse Position Modulation = 2 slot pulse position modulation 

Bell System Technical Journal 

Cumulative Distribution Function 

Conditional Importance Sampling, in which one or more of the input noise densities 

is conditioned on the value of another input noise density in such a way as to 

generate errors. 

covariance 

DS-SSMA Direct Sequence - Spread Spectrum Multiple Access 

dt 

EIS 

erf 

erfc 

ESA 

f) 

fC) 

FOV 

GLOSSARY 

simulation sampling interval in seconds 

Efficient Importance Sampling, an importance sampling technique developed to 

mitigate the effects of system memory by transferring the input noise densities to the 

output through the use of a linear or linearized system transfer function. 

error function 

complimentary error function 

European Space Agency 

unmodified probability density function 

modified (biased) probability density function 

Field of View 
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Gbps Giga-bits per second 

GEO Geostationary Earth Orbit 

GHz Giga- Hertz 

GSFC Goddard Space Flight Center, NASA 

HIS Householder Importance Sampling, an importance sampling technique developed to 

mitigate the effects of system memory by transferring the input noise densities to the 

output through a Householder transformation based on system transfer function. 

i.i.d. independent and identically distributed 

IIR, infinite impulse response 

Os Improved Importance Sampling, in which the input noise density is biased by shifting 

the mean. 

ISDN Integrated Services Digital Network 

ISI inter-symbol interference 

K ionization ratio of the APD, the ratio of the ionization rate of holes to electrons 

LEO Low Earth Orbit 

Lidar lightwave version of Radar 

M-PPM _ M-ary Pulse Position Modulation 

Mbps __mega-bits per second 

MC Monte Carlo, usually referring to classical Monte Carlo simulation 

MEIS Modified Efficient Importance Sampling, combined use of EIS and PIS 

N the number of trials (number of bits observed) in classical Monte Carlo simulation 

N* the number of trials (number of bits observed) in importance sampling simulation 

NASA National Aeronautics and Space Administration 

NRZ Non-Return to Zero 

OOK On-Off Keying 

PDF Probability Density Function 
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PIS 

PPM 

PSK 

QPPM 

SIS 

WMC 

GLOSSARY 

Pseudo-optimum Importance Sampling, in which a biased input noise density is 

obtained by assuming an importance region and truncating the true input density 

outside this assumed region. 

Pulse Position Modulation 

Phase Shift Keying 

Quaternary Pulse Position Modulation = 4 slot pulse position modulation 

Radio Frequency 

Right Hand Side 

Scaling Importance Sampling, in which the input noise density is biased by increasing 

the variance. 

Webb, McIntyre and Conradi; more properly known as P. P. Webb, 

Robert J. McIntyre and Jan Conradi. 
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