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(ABSTRACT) 

This thesis is a study of classical and quantum gravity with Ashtekar 

variables. The Ashtekar constraints are shown to capture the essence of the 

constraints and constraint algebra of General Relativity in four dimensions. A 

classification scheme of the solution space of the Ashtekar constraints is proposed 

and the corresponding physics is investigated. The manifestly covariant equations 

of motion for the Ashtekar variables are derived. Explicit examples are discussed 

and new classical solutions of General Relativity are constructed by exploiting the 

properties of the Ashtekar variables. 

Non-perturbative canonical quantization of the theory is performed. The 

ordering of the quantum constraints as well as the formal closure of the quantum 

constraint algebra are explored. A detailed Becchi-Rouet-Stora-Tyutin (BRST) 

analysis of the theory is given. The results demonstrate explicitly that in quantum 

gravity, fluctuations in topology can occur and there are strong evidences of 

phases in the theory. There is a phase which is described by a topological 

quantum field theory (TQFT) of the Donaldson-Witten type and an Abelian anti- 

instanton phase wherein self-interactions of the gravitational fields produce 

symmetry breaking from SO(3) to U(1). The full theory is much richer and



includes fluctuations which bring the system out of the various restricted sectors 

while preserving diffeomorphism invariance. Invariants of the quantum theory 

with are constructed through BRST descents. They provide a clear and sytematic 

characterization of non-local observables in quantum gravity, and can yield 

further differential invariants of four-manifolds.
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Chapter 1 

Overview 

Our current understanding of space-time is based upon Einstein’s theory of 

General Relativity. However, in spite of the spectacular success of the classical 

theory, gravity has so far stood apart from the other three fundamental forces. 

These, the strong, weak and electromagnetic forces, have been made compatible 

with the demands of quantum mechanics. On the other hand, despite the efforts 

of many, a consistent theory of quantum gravity eludes us. Yet because gravity 

couples to all matter, consistency of the theoretical framework of physics requires 

that gravity be quantized. 

In four dimensions, the Einstein-Hilbert action is nonrenormalizable in the 

usual sense. The gravitational coupling constant G has dimension (mass)? 

(A =c=1) signaling that the number of counterterms needed is infinite. Although 

’t Hooft and Veltman{[HV] found that pure gravity is on-shell finite at the one- 

loop level, the result no longer holds when coupling to matter is considered. 

Explicit computations by Goroff and Sagnotti[GS] proved that even on-shell pure 

gravity diverges at the two-loop level. Despite its nonrenormalizability, there are 

many who believe that somehow an ezact treatment of the theory would yield 

sensible results because gravity has the privileged role of describing space-time. In 

perturbative treatments, the Hamiltonian cannot be guaranteed to be bounded 

from below so as to avoid dramatic instability. Yet the canonical analysis reveals 

that the exact Hamiltonian for manifolds without boundary is a linear



combination of the constraints and therefore vanishes when the constraints are 

treated exactly. For manifolds with boundary, the boundary Hamiltonian is in 

fact positive definite, as demonstrated by the celebrated proofs of Schoen and 

Yau[SY], Faddeev[FD] and Witten[WT4]. Of course exact treatment of the theory 

is easier said than done, for the constraints of the Einstein-Hilbert action are 

highly complicated. In fact they are non-polynomial in their dependence on the 

basic variables. An exact canonical quantization of the theory requiring that the 

quantum states are annihilated by the constraints will have to demonstrate the 

closure of the quantum constraint algebra as a consistency requirement. With 

conventional variables, the constraints are so intractable that not a single 

quantum state has ever been found and there is no consensus on the closure of the 

quantum constraint algebra. It is therefore not surprising that Ashtekar’s 

announcement of remarkable simplifications of the constraints attracted a great 

deal of interest. This thesis is a study of classical and quantum gravity with 

Ashtekar variables. 

In four dimensions, gravity faces yet other challenges. Although much has 

been learned recently about gravity in two and three dimensions|PO][WT2], there 

are several reasons to suspect that the extension of these results to four 

dimensions will not be straightforward. Using the moduli spaces of SU(2) and 

SO(3) anti-instantons, Donaldson and others have revealed that in four 

dimensions, there are far richer differential structures than in any other (see for 

instance [DK]). In General Relativity, diffeomorphism invariance is all-important, 

and it is reasonable to expect that the differential invariants of four-manifolds are 

significant to gravity. How these differential structures are accounted for in 

gravity is not entirely clear, and their complete characterization and evaluation



can prove to be a daunting task indeed. A simple count of the number of 

constraints and conjugate pairs shows that, unlike in two and three dimensions, 

pure gravity can have up to two local degrees of freedom in four dimensions. 

Witten, however, has suggested that gravity may also exist in a phase wherein 

there are no propagating local degrees of freedom and all excitations are 

global[WT1][WT3]. Such a phase would be analogous to a topological quantum 

field theory (TQFT). In particular, by considering the moduli space of anti- 

instantons, the Donaldson maps[DO], which are differential invariants of four- 

manifolds, were successfully identified as Becchi-Rouet-Stora-Tyutin (BRST) 

invariants of the corresponding TQFT by Witten. This thesis will show that in 

many respects, the Ashtekar variables are well suited to the analysis of questions 

on phases and differential structures in four-dimensional gravity and some answers 

to these questions will be given. 

In Chapter 2, the canonical analysis of the Einstein-Hilbert action is briefly 

‘reviewed. Due to diffeomorphism invariance, the canonical form of the action 

reveals that apart from boundary terms, the Hamiltonain consists solely of 

constraints. The Ashtekar variables[AS] are introduced and they are shown to 

capture the essence of the constraints and constraint algebra of General 

Relativity. 

Information pertaining to the question of phases in the theory can come 

from knowledge of the reduced phase space. In Chapter 3, the solution space of 

the Ashtekar constraints is demonstrated to be divided into sectors with striking 

discontinuities between them. For instance, there exists a sector with no local 

degrees of freedom. These sectors are classified according to the values of a 

parameter S and are suggestive of phases in the theory. In later chapters, S is



shown to play an effective role as an order parameter charaterizing various phases 

of the theory. 

The manifestly covariant equations of motion are derived in Chapter 4 

through the canonical formalism with a Hamiltonian consisting entirely of the 

Ashtekar constraints. They are shown to be equivalent to the Einstein Field 

Equations in four dimensions. The field equations written in the new form, 

indicate that in terms of their Ashtekar potentials, all Einstein manifolds can be 

thought of as anti-instantons. The reasons behind this claim are explored and it is 

shown how topological invariants of four-manifolds, such as the Euler number and 

signature, are expressed in terms of the Ashtekar variables. These, and a further 

invariant (later shown to be differential rather than topological in nature in 

Chapter 7) are shown to come from the integrals of the characteristic classes of S. 

The formalism developed in the earlier chapters is first applied to the 

discussion of explicit classical solutions in Chapter 5. Besides checking the validity 

of the framework, the examples show how Einstein manifolds manifest themselves 

in terms of the new variables and demonstrate that, compared to the traditional 

metric variables, the new variables have greater affinity with the differential 

structures of four dimensions. In the chapter, new classical solutions of the 

Einstein Field Equations are constructed by exploiting the properties of the 

Ashtekar variables. It is also discovered that there is an abelian anti-instanton 

phase wherein self-interactions of the gravitational fields generate dynamical Higgs 

fields and symmetry breaking from SO(3) to U(1). 

The non-perturbative canonical quantization of the theory is tackled in 

Chapter 6. There, the major concern of closure of the quantum constraint algebra 

is addressed. The ordering of the quantum superhamiltonain constraint is 
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examined with the help of an explicit representation of three-geometry, the 

Chern-Simons functional. Many orderings are uncovered and an ordering with 

formal closure of the quantum constraint algebra is proposed and its physical 

implications are discussed. A solution of the exact Ashtekar-Wheeler-DeWitt 

Equation, which corresponds precisely to the Type O sector of the reduced phase 

space discussed earlier in Chapter 3, is found. The existence of phases is also 

supported by the quantum theory. Phases without local degrees of freedom 

analogous to topological quantum field theories can exist. With regard to the 

question of topology change, there is explicit demonstration that in quantum 

gravity even fluctuations in topology can occur. 

Chapter 7 is concerned with the covariant BRST quantization of the 

theory. The BRST symmetry of the theory is discussed and the associated 

transformations of the variables and ghosts are worked out. Invariants and 

observables of the quantum theory are constructed through BRST descent 

sequences[CS2]. These descents provide a systematic and clear characterization of 

non-local observables in gravity with unbroken diffeomorphism invariance. The 

question of phases is analysed again in the context of the degeneracy of the 

descents. BRST invariant gauge-fixing and subtleties associated with Gribov 

ambiguities are discussed and explicit examples are given. A BRST invariant 

functional measure is constructed. Chapter 8 concludes the thesis with some 

remarks on the directions for further investigations suggested by this work.



Chapter 2 

2.1 Canonical analysis of the Einstein-Hilbert action 

The Einstein-Hilbert action with cosmological term is 

$= was Jo(R +22) (2.1.1) 

The first canonical analyses of the Einstein-Hilbert action were by Dirac/DI] and 

Arnowitt, Deser and Misner (ADM) [ADM]. In the ADM formalism, the space- 

time metric is decomposed into the spatial metric of constant-x° hypersurfaces, 

g;,and the lapse and shift functions, N and N', according to 

g;,N'N! + N? g,N' 

Iuv = . (2.1.2a) 

gi;N’ Sij 

1.€. 

ds? = + (Ndx°)? + g..(N'dx° + dx')(Nidx® + dx!) (2.1.2b) 

(Throughout this work, unless stated otherwise, lower case Latin indices will run 

from 1 to 3 while upper case Latin indices and Greek indices take values from 0 to 

3). The lapse and shift functions have geometrical interpretations in hypersurface 

deformations. Ndx° and N'dx° represent the normal and tangential components of 

the displacement vector connecting two points with the same label, x , on 

consecutive constant-x° hypersurfaces. The negative (positive) sign in (2.1.2) is to 

be used for metrics of Lorentzian (Euclidean) signature. 

The ADM decomposition of the metric allows the Einstein-Hilbert action



to be cast into the canonical form ( for reviews, see for instance [SU]|KH] besides 

[ADM]) 

5S = isc [ax [a rig. —~N'%,-N36 + boundary terms (2.1.3) 

with the momenta conjugate to g;, given by 

ij — VE ireii _ giitem m= + Taelan g’k™ _] (2.1.4) 

where K;; is the extrinsic curvature of the constant-x° hypersufaces. All spatial 

indices are raised and lowered by the spatial metric. #%, and % are called the 

supermomentum and superhamiltonian respectively. In terms of the conjugate 

variables they are repectively 

ci = - 2r3\; 

and 

H=+ SF (eis + Si8ix — GS) Tee - WER — 2X) 

= qpigval+ (KiKi; - (Ki) -°R +24] (2.1.6) 

In Eqn. (2.1.6), the vertical bar denotes covariant derivative with respect to the 

spatial metric and °R is the scalar curvature of the constant-x° hypersurfaces. The 

form of the action in (2.1.3) clearly indicates that the lapse and shift functions are 

Lagrange multipliers. The former for the supermomentum constraint 

6, = 0 (2.1.7) 

and the latter for the superhamiltonian constraint 

16 = 0 (2.1.8) 

Thus apart from boundary terms, the hamiltonian of General Relativity consists



solely of constraints. This is because the theory is reparametrization invariant and 

the constraints generate the diffeomorphism symmetry of the theory. The 

canonical analysis also reveals that, of the ten components of the space-time 

metric, only the six components of the spatial metric have conjugate momenta 

and there are four constraints on the conjugate pairs. Thus by this method of 

counting, General Relativity in four dimensions has two field degrees of freedom. 

The constraints are first class and obey the constraint algebra 

{ 3[N]], 36;[M?] }pa. = — H[(£2M)'] (2.1.9a) 

{ 3[N'] , 6M] Jp, = -[L<M] (2.1.9b) 

{ ¥[N] , ¥[M] }es. = ¥56i[g3( Naj,M —-Ma,N)] (2.1.9c) 
with £ denoting the Lie derivative. The smearing of the constraints are denoted 

by 

16(N] = | N% , 36,[N'] = | NiNg, (2.1.9d) 
mM? M3 

with M® being a constant-x° hypersurface. Note however that the structure 

function of (2.1.9c) depends on the dynamical variable g;; . 

2.2 The Ashtekar Variables 

The Ashtekar variables[AS] can be obtained from the 3+1 decomposition 

of the Einstein-Hilbert action through a series of canonical transformations[NHS]. 

For metrics of Lorentzian signature, the canonical variables are the complex 

Ashtekar gauge potentials 

Aj, = iK;, - 
1a 1a a Wibe (2.2.1) v
e



and densitized triads of weight 1, 

ci = ,/go"* (2.2.2) 

obeying the Poisson brackets 

  { Asa() , (7) Joy = SFM 5,065 HF) (2.2.3) 

{ Asa() s Ap() Ipp = { 2%) FF) Jpg =0 (2.2.4) 

wW,, 1s the torsionless spin connection compatible with the dreibein e;,, and modulo 

the constraint which generates triad rotations, K;, is related to the extrinsic 

curvature, K;,, through K;, = o*K,,. In terms of the Ashtekar variables, the 

constraint generating local SO(3) triad rotations which leave the spatial metric g'! 

= o'*o)_ invariant can be written in the form of Gauss’ Law 

= _ 2 oo = 2.2 
G, —_- i(167G) ( De a 0 ( ° 5) 

Ashtekar showed that, modulo this constraint, the usual supermomentum and 

superhamiltonian constraints of ADM achieved remarkable simplication when 

expressed in terms of the new variables. Indeed starting with the definition of A in 

(2.2.1), it is straightforward to show that, modulo Gauss’ Law, the 

supermomentum of Eqn. (2.1.5) is proportional to 

= _ 2 __ giap., H, = esc? Fiza (2.2.6) 

while 

H = exc! CaboT GPF. + Ae sdc€ijkT OPO" ) (2.2.7) 

is proportional to ,/g times the superhamiltonian of Eqn. (2.1.6). For metrics of 

Euclidean signature, one finds that by setting the i’s to unity, (2.2.6) and (2.2.7) 

are still proportional to the Euclidean-signature versions (those with the bottom 

signs) of (2.1.5) and (2.1.6) respectively. Thus one can take Gauss’ Law, (2.2.5), 

9



and the modified supermomentum and superhamiltonain constraints, 

H; = 0 (2.2.8) 
1 

and 

H=0 (2.2.9) 

as the new constraints of the theory with Ashtekar variables. Indeed for this new 

set of constraints, the constraint algebra takes the form 

{ H[N’] , Hj[M] }ps. = — Hi[(£:M)'] + G*[-iN'MF;;, (2.2.10a) 

{ Hi[N’] , HIM] ps. = -H[2M] + G*[-iMN‘o?e,1,.(Fiy°+ Aeo*)] (2.2.10b) 

( HIN] , HIM] Jpn. = +Hile*s!,( NoM - Ma )] (2.2.10¢) 

{ G'[a], GJ jpn. = Grlebaye, (2.2.10) 

{ Ga), HIN] Jon. ={ Gta] , HIN] } =0 (2.2.10e) 
The i’s are to be set to unity and the lower sign in (2.2.10c) should be used for 

metrics with Euclidean signature. (2.2.10a)-(2.2.10c) should be compared with 

(2.1.9a)-(2.1.9c). (2.2.10d) is simply the algebra of the generators the local SO(3) 

gauge transformations while (2.2.10e) expresses the gauge invariance of the new 

supermomentum and superhamiltonian constraints. Thus, despite the remarkable 

simplifications in the dependence of the constraints on the new variables, 

Ashtekar managed to capture the essence of the constraints and constraint algebra 

of four-dimensional gravity. 

A few remarks are in order. For metrics of Euclidean signature, the 

Ashtekar variables can be assumed to be real (and in the quantum theory, 

Hermitian with respect to a suitable inner product). There are seven constraints 

on the nine conjugate pairs. By this method of counting, there are two field 

degrees of freedom as in the case of General Relativity with the ADM variables. 

10



In the case of metrics with Lorentzian signature, the Ashtekar variables are 

complex in general and reality conditions have to be imposed on the variables so 

that real Lorentzian General Relativity with two local degrees of freedom is 

projected out by the new variables. In order to recover real Lorentzian General 

Relativity, we can for instance translate the reality conditions of the old variables 

to conditions on A,,and é'*. These conditions are that &* be real and 

(Aja — 56a wip)? = —(Aia ~ Hoar Wire) (2.2.11) 

which is equivalent to K;, being real. There are alternative sets of reality 

conditions which also allow for real Lorentzian General Relativity to be recovered 

from the new variables ( discussions on these reality conditions can be found in 

[ASL][FK][BS}). 

The Ashtekar constraints, unlike the ADM constraints, are polynomial (at 

most quartic in order) in their dependence on the new canonical variables. In non- 

perturbative canonical quantization, this simplifies the analysis of the ordering 

and formal closure of the quantum constraint algebra and facilitates the search for 

explicit quantum states of the theory. There is also the remarkable fact that in 

four dimensions, the constraint algebra (2.1.9) with General Relativity as its 

explicit representation, is modulo gauge-invariance, almost identical to the algebra 

(2.2.10) which has explicit representation in terms of the Ashtekar variables and 

constraints. These, by themselves, are enough to render the Ashtekar formalism 

worthy of further study. The following chapters will be concerned with the 

description of classical and quantum gravity in four dimensions in terms of the 

Ashtekar variables and the physical implications of the formalism. 

11



Chapter 3 

Classification of the initial-value data 

In this section, we exhibit a classification scheme of the solution space of 

the Ashtekar constraints . 

It is known that all Einstein manifolds in four dimensions can be classified 

according to the canonical forms of their Riemann-Christofel curvature tensors. 

Such a scheme was first given by Petrov[PE] and then considered by Penrose[PR] 

in the context of spinors and null tetrads. The scheme is tailored specifically for 

dimension four and every solution of the Einstein equations belongs to one of the 

Petrov types. 

In the ADM formalism, the supermomentum and superhamiltonian 

constraints are projections of the Einstein Field Equations tangential and normal 

to the three-dimensional hypersurface, M°, on which the initial data compatible 

with the constraints is specified. The solutions of the constraints when stacked up 

according to their x9- evolution by the Hamiltonian (which apart from boundary 

terms, is solely a linear combination of the constraints) are then solutions of the 

four-dimensional Einstein Field Equations. The phase space can also be thought of 

as the space of all possible classical solutions ( for a discussion on the covariance 

of the phase space of General Relativity, see [WC] ). It is therefore logical to ask 

whether a classification scheme such as Petrov’s can be incorporated directly into 

the initial-value problem and if so, to what extent it reflects the peculiarities of 

the reduced phase space and the corresponding physics. We shall see that indeed 

the solution space of the Ashtekar constraints can be classified in precisely such a 

12



manner. It is not obvious that the usual constraints of the General Relativity with 

the ADM variables allow such a clear and dramatic classification of the initial 

data. 

In the ADM formalism the metric is assumed to be non-degenerate i.e. it 

has non-vanishing determinant. Ashtekar’s formulation of the constraints allows 

for both degenerate and non-degenerate metric since the Ashtekar constraints, 

(2.2.5), (2.2.7) and (2.2.9) do not involve the inverse of the conjugate momenta 

&*, For non-degenerate metrics, the magnetic field of the Ashtekar connection , 

B® = 5eF 2 , can be expanded in terms of the densitized triads and the most 

general solution to the supermomentum constraint is[CA][CS1] 

B® = ai sb (3.1) 

with S being a symmetric 3x3 matrix which is x-dependent in general ( x denotes 

the position on the initial-value hypersurface). Note that (3.1) still solves the 

constraint even if the metric is degenerate. With this, the superhamiltonian 

constraint becomes an algebraic relation 

det(@)( TrS +’) =0 (3.2) 

and has solution 

TrS = S*,= -A (3.3) 

for non-degenerate metrics, and undetermined TrS for degenerate metrics. It is 

intriguing to note the apparent shift of the freedom from det(&) to Tr(S) when the 

metric is degenerate. (There have been speculations on the significance of metrics 

that have vanishing determinants at certain space-time points to topology- 

changing situations in quantum gravity[HO1]). 

S is in general complex for space-times with Lorentzian signature because 

13



the Ashtekar potential is complex. The complex symmetric matrix S$ can be 

classified according to its number of independent eigenvectors and eigenvalues as 

in the following table : 

Table 1. Classification of the initial data according to S. 

  

  

  
  

  

No. of indpt. eigenvectors; 3 2 1 

Number 3 I 

of distinct 2 D Il 

. 1 O N lil 
eigenvalues           
  

5°, 1s gauge-covariant. Gauge-invariant quantities on M® can be 

constructed from the characteristic classes of the matrix. They are 

c; = -Tr(S) =A (3.4a) 

cy = 5 [cy TrS + Tr(S?)] (3.4b) 

and 

C3 = 4 [ coTrS + c,Tr(S?) + Tr(S*)] (3.4c) 

The Bianchi Identity for the magnetic field implies that S has to satisfy the 

consistency equation 

[D,(S. &)], = 0 (3.5) 

or 

ab( DS), = 0 (3.6) 

when the Gauss’ Law constraint holds. 

There have been attempts to obtain metric-independent General Relativity 

by expressing &' in terms of B by inverting S [CA][JD1]. We do not advocate this 

14



because of the possibility of S being degenerate. For instance, the simple F = 0 

sector has S = 0 for finite momenta. We shall elaborate on the significance of 

cases with non-degenerate S later on in Chapter 5 and give explicit examples. In 

cases where S is invertible, the Ashtekar constraints can be simplified and we do 

arrive at the results of [CA] with 

a = (S1),.BP (3.7) 

and constraints 

B”( D;S)p, = 0 (3.8) 

(Sab = (S")oa (3.9) 

and 

det(B) [ (TrS™')? —Tr((S"*)?) + 2Adet(S")] = 0 (3.10) 

As noted by the authors of [CA], these are seven constraints on the nine complex 

components of S"! and the solutions should give two unconstrained degrees of 

freedom associated with General Relativity in four dimensions. However, as 

suggested by the discontinuities in the initial-value data and as we shall show, 

there can be phases with fewer degrees of freedom. 

It should be emphasized that, as in the Petrov[PE] classification scheme, 

space-times with Euclidean signature differ from those with Lorentzian signature 

in that Types II, III and N do not occur for the former. This is because for space- 

times with Euclidean signature, the Ashtekar variables are real and hence the real 

and symmetric S always possesses three independent eigenvectors. 

Under SO(3) gauge transformations 

07, B® = S’,,0°.a% , O €SO(3) (3.11) 

So for types I, D and O, S can be diagonalized into the form 

15



S = diag(a, B, -a-B-X) (3.12) 

by an SO(3) gauge transformation with the gauge transformation matrix 

constructed out of the eigenvectors of S. 

The characteristic classes of S may not always be independent. When there 

is only one eigenvalue, there is the relation 

Tr(S*) = Tr(S)(Tr(S*)) = 5(TrS)* = -2 9° (3.13) 

When two of the eigenvalues are the same, then 

6[ Tr(S*) +ATr(S?) —2A%]? = [ Tr(S?) - 3°] (3.14) 

We stress that the Petrov Classification scheme emerges naturally from 

the solution space of the Ashtekar constraints. The initial data fall into distinct 

classes exhibiting striking discontinuities. For instance, Type I corresponds to S 

having, in general, three x-dependent eigenvalues whose sum is — while for Type 

O, S has but one x-independent eigenvalue -4 . The mismatch in the allowed 

fluctuations for different sectors of the theory is suggestive of phases in the 

theory. This has implications for the quantum theory. We shall see in Chapter 6 

that the Type O sector ( S* =-76,) can be identified with an unbroken phase 

described by a topological quantum field theory(TQFT). Finally, it will be shown 

in the next chapter that for classical solutions i.e. when the equations of motion 

are satisfied, for non-degenerate metrics, 

Sab = 5 €oapcR oy ~ Roaov (3.15) 

where Ragcp is the Riemann Curvature tensor. Thus classification by S is in this 

case equivalent to the Petrov Classification. 
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Chapter 4 

4.1 The Equations of Motion 

The manifestly covariant equations of motion for the Ashtekar variables 

will be derived in this section. Explicit calculations will be done with metrics of 

Euclidean signature and the necessary modifications for metrics of Lorentzian 

signature will be indicated. 

In applying the canonical formalism to the variables, it is convenient to 

work in the spatial gauge in which the vierbein is written as 

N 0 
Can =I a: 4.1.1 Au we Cai | ( ) 

The form asumed in (4.1.1) is compatible with the ADM decomposition of the 

metric 

ds? = e,,,e,, dx dx” 

= N%dx°)? + gi(dxi+ Nidx dx! + Nidx®) (4.1.2) 

with the spatial metric g;, = e,;e°,. Thus the choice ( 2.4 ) in no way compromises 

the lapse and shift functions, N and N', which have geometrical interpretations in 

hypersurface deformations. Replacing N by —:iN (N is real) changes the signature 

to Lorentzian. In the spatial gauge, this is equivalent to replacing the one-form e, 

by — ep. On the constant-x° initial-value hypersurface, M3, €y = e,,0dx" vanishes 
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and we can write 

F. = €o A Tab eb + 5 Sa epcal® A ef (4.1.3) 

This is compatible with Eqn. (3.1). T however, must be chosen carefully because 

(4.1.3) implies that on M® 

d b b 
Foia = Tav(€oo€ im oi © o) + S2°€bcal “oe i 

= NT, ne”, + Ss Pepcae oe (4. 1 4) 

Apart from boundary terms which do not contribute to the equations of 

motion, the Hamiltonian of the Ashtekar formulation is[AT] 

H = Text] a9 d°x { 2NiGFi,, + Neen GaiFE + A Eabc€ i TeaiPake) 

— 2A,D;6"* } (4.1.5) 

with N =detie,,y1N. The Hamilton Equations for the x°-evolution of A, on M°, 

are 

Ain = {Ai, ’ H}p.. 

= Ne, G)F § + 4 Ne gbc€ ijn ok + 8:Aoa — e,Pc AgpAic ~~ NIF;., (4.1.6) 

With the use of Eqn. (3.1) and assuming non-degenerate metrics, this can be 

rewritten as 

Fon = — NS,pe”, + Sa Pencae cai + Cia( TIS +A) (4.1.7) 

The last term vanishes due to the superhamiltonian constraint and comparing 

with (4.1.3) , we observe that the choice of T = —S is consistent . Thus we have 

F, = Sa(—e°A e +5 6? ge’ Ae’) (4.1.8) 

The Hamilton Equations for the x°-evolution of &'4 are 

oe = { 5 H}pp. 
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= &,Dy(NaPPa% + 4, N(Djas)Pa¥ + [Ds(N'54)]* 

— (8,N')ai* — N(D,6i)* + Ag.e*, 76 (4.1.9) 

The constraints and the equations of motion can be organized into a 

manifestly covariant set. After some algebra, it can be shown that these 

equations can be written succinctly as 

[Dx], = 0 (4.1.10a) 

F, = Sap? (4.1.10b) 

with 

Sab = Sba > Ir S = -). (4.1.10c) 

and 

De =(-e°a em +p ere? Ae ) (4.1.10d) 

D in Eqn. (4.1.10a) denotes the exterior covariant derivative with respect to the 

Ashtekar connection one-form. The nine x°-evolution equations for A;, are in 

(4.1.10b) while the twelve equations in (4.1.10a) can be split into the three 

equations 

*[(DZ)*|,,3] = 0 (4.1.11a) 

which is equivalent to the Gauss’ Law constraint and the nine equations 

[*(DE)* ]| (4.1.11b) M3 

which, modulo Gauss’ Law, is the same as the x°-evolution equations for 64 je. 

Eqns. (4.1.9). The vertical bar denotes restriction (to M*) while * is the Hodge 

duality operation. The supermomentum and superhamiltonian constraints assume 

the form of (4.1.10c). 
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We have thus obtained the manifestly covariant equations of motion 

through the canonical formalism. Unlike some previous work on this 

topic[BE][SO], no assumptions on the values of the canonical variables or the 

lapse and shift functions were made. It will be shown that these equations are 

precisely the same as the Einstein Field Equations for dimension four. 

4.2 Einstein Manifolds and Anti-Instantons 

We shall now examine some of the physical implications of the equations of 

motion. Firstly, observe that ? is explicitly anti-self-dual i.e. 

+03 = 52 a=1,2,3 (4.2.1) 

Since the equation of motion (4.1.10b) says that F, is the contraction of a zero- 

form S with the two-form &, this implies that 

*F =—F, . (4.2.2) 

which means that all Einstein Manifolds in dimension four are anti-instantons 

when described in terms of the Ashtekar potentials (see also [JD2]). This is to be 

contrasted with the traditional view of identifying gravitational anti-instantons 

with solutions that have anti-self-dual Riemann or Weyl curvature. (Sometimes 

the term gravitational instanton is used in the literature to mean finite action 

solutions of the Einstein Equations). In general, Einstein manifolds do not have 

anti-self-dual Riemann or Weyl curvature but as we have demonstrated, the 

curvature of their Ashtekar potentials are always anti-self-dual. Note that the 

curvature of an arbitrary anti-instanton can always be expanded as F, = Y,,>°, 

but Y has to satisfy (4.1.10c) and (4.1.10a) has to hold for the configuration to 

describe an Einstein manifold. Thus the Ashtekar potentials of Einstein manifolds 

20



constitute a restricted subset of all anti-instantons. 

The twelve equations (4.1.10a) suggest that the one-form A, can be 

expresssed uniquely in terms of the vierbein e,. This is indeed the case, for the 

solution of (4.1.10a) is precisely 

A,= Woa-4 EsSW (4.2.3) 

where wap is the (unique) torsionless spin connection compatible with the 

vierbein. wag can be determined uniquely from the vierbein[EH1] through the 

torsionless condition 

de, twapre® = 0 (4.2.4) 

Eqn. (4.2.3) indicates that (apart from a factor of two due to our conventions) A, 

is the anti-self-dual part of the spin connection and so the two-form curvature of 

A has the form 

F, = Roa 5 €a” Rye (4.2.5) 

where Rag is the curvature two-form of the spin connection. It is then not difficult 

to show that (4.1.10b) is satisfied if and only if (the details can be found in the 

Appendix ) 

Sab = Rea» _ Roacb = Roy _ Re (4.2.6) 

and the constraints (4.1.10c) then imply that 

Rasen = Rag, (4.2.7) 

and the Ricci scalar 

R= 4) (4.2.8) 

It is well known that Eqn. (4.2.7) together with Eqn. (4.2.8) are equivalent to the 

field equations for Einstein manifolds in four dimensions ( see for instance [FC]) 
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Rup = NG pv (4.2.9) 

4.3 Four Dimensions and the Ashtekar Variables 

Dimension four is the lowest dimension for which the Riemann curvature 

tensor assumes its full complexity in that all four indices (anti-symmetric in pairs) 

are needed. Four dimensions also has the peculiarity that it allows a 

decomposition of the curvature two-form into components taking values in the 

(+1) eigenspaces, A>, of the Hodge duality operator x. The Riemann curvature 

tensor with four indices can be dualized on the left or on the right and, in the 

decomposition into components that are self and anti-self-dual, the Riemann 

curvature can be viewed as a 6x6 matrix mapping of AZ into A [AHS][EH1]. 

The matrix mapping can be written as 

os] 
The entries of the 3x3 matrix A,, are 

Aap = + (Roaob + Rox) t (Reso, + Recs ) (4.3.1) 

B and Care defined by changing the signs in the definition of A in (4.3.1) in the 

following manner: 

Aw~(4+,+,4+,+) ;Br (4+,-,-,-) 

Cta(+,-,+,-) ;C° ~(4+,4,-,4) 

It is easy to check that A(B) is self-dual (anti-self-dual) with respect to both left 

and right duality operations while C + (C ~ ) is self-dual (anti-self-dual) under a left 
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duality operation and anti-self-dual (self-dual) under a right duality operation. A 

metric satisfies Einstein’s Equations if and only if C* vanishes, i.e. the curvature 

assumes the block diagonal form in the above matrix decomposition[AHS]. Eqn. 

(4.2.5) says that F, is the doubly anti-self-dual part of the curvature. Therefore 

(apart from a multiplicative factor), S,,, can be identified with By, when the 

equations of motion hold. While only half of the non-vanishing components of the 

Riemann curvature tensor in four dimensions are contained in the curvature of the 

Ashtekar connection, F,, the equations of motion deduced from the Ashtekar 

variables are completely equivalent to those of Einstein’s. A and B interchange 

under a reversal of orientation because a reversal of orientation interchanges self 

and anti-self- duality. 

While not all Einstein manifolds have anti-self-dual Riemann or Weyl 

curvature tensors, a manifold is Einstein only if the curvature tensor constructed 

from the anti-self-dual part of the spin connection is anti-self-dual. It is precisely 

this which allows for the description of all Einstein manifolds in terms of anti- 

instantons when expressed in terms of the Ashtekar variables. In this context, for 

Einstein manifolds , the Ashtekar formulation is the realization of Proposition 2.2 

of [AHS] in the canonical framework. However, it should be emphasized that it is 

the remarkable simplification of the constraints provided by Ashtekar that makes 

non-perturbative canonical quantization viable. 

Finally, for Einstein manifolds, the Weyl two-form has the form 

Wap = Rap — de, rep (4.3.2) 

so the anti-self-dual part of the Weyl two-form is 

Ww, = Woa 7 sear We 
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= Roa — fe.PRy. + Al —&o A Cy + de,e, A €,| 

_ F, +45, (4.3.3) 

An Einstein manifold is therefore conformally self-dual [ or self-dual (also called 

half-flat) when 4 = 0 ], if and only if 

F, =-35, (4.3.4) 

i.e. if and only if 

S ab — - 36, (4.3.3) 

According to our classification in Chapter 3, S is precisely of Type O. 

Since 

LA LE = —26,,(*1) (4.3.5) 

where (*1) is the four-volume element (in local coordinates it can be written as 

Ey Ae, Ae, Ae3). Using (4.1.10b), 

Sa» = —*4(F,AD, +2, AF;) (4.3.6) 

and the equations of motion can be written as 

F,= —g[*(F,AS,)|D° (4.3.7a) 

(Dx), = 0 (4.3.7b) 

€bF, AD, = 0 (4.3.7c) 

F, AD? = ~2A(+1) (4.3.7d) 

Therefore it is possible, in principle, to eliminate S from the equations of motion. 

However, as we have seen (e.g. S of Type O corresponds precisely to the 

conformally self-dual sector), S plays an important role as a effective order 

parameter characterizing various sectors of the theory. Further evidence of this 

will be discussed in Chapter 5. 
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4.4 Ashtekar variables and invariants of four-manifolds. 

The gravitational field has the privileged role of describing the dynamics of 

space-time. Any viable classical and quantum theory of gravity must therefore be 

able to account for not just the the local description of curvature but also the 

global topological and differential structures that can exist. In this section, we 

indicate how the Ashtekar variables can be used to capture the global invariants 

associated with manifolds of dimension four, specifically four-dimensional Einstein 

manifolds. 

As discussed in Chapter 3, a specification of the initial-value data entails a 

specification of the characteristic classes of S . Take the gauge-invariant scalars on 

M® to be TrS =— A, Tr(S?) and Tr(S*). From these, the characteristic classes of S, 

C123 can be reconstructed. It is not difficult to show that when the equations of 

motion are satisfied, i.e. for Einstein manifolds, 

TrS = - (4.4.1) 

Tr(S?) = g{(Re @ -Ry ng )RAP} (4.4.2) 

Tr(S°) = ~Z6{(Rasop -R,, 4) ROP Rep*®} (4.4.3) 

Consider their integrals over compact four-manifolds without boundary. We have 

[ ,T#(S)(+1) = -\V= -A[S,az" (4.4.4) 

where V = [a , the four-volume, 

| Ta(S?)(+1) = 2n?{2x(M) - 37(M)} 
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— _1 a =-3] FLAF 

= 2n*P, (4.4.5) 

where y(M) and 7(M) are the Euler charateristic and signature of M respectively 

while P, is the Pontrjagin number of the SO(3) Ashtekar connection. 

[ Te(S°)(41) ~ -4] SyFtaFe (4.4.6) 

The signature of a manifold, 7(M), depends on the orientation of M because 

T(M) = dimH?*+ — dimH* (4.4.7) 

= bt -b; (4.4.8) 

where H** are the self and anti-self-dual subspaces of the second de Rham 

cohomology group and, bf and b, denote the number of independent self and anti- 

self-dual two- forms respectively. Reversing the orientation interchanges self and 

anti-self-duality, i.e. two-forms that are self-dual with respect to the metric for the 

original orientation will be anti-self-dual with respect to the same metric for the 

opposite orientation. So 

7(M) = —7(M) (4.4.9) 

where M has the opposite orientation to M. 

Reversing the orientation changes the spin connection in general and thus 

the Ashtekar connection. Consider the torsionless condition 

de* = —w', Are® (4.4.10) 

A transformation, for instance, of the form 

(e°, e?) 4 (e&° =—e°, c= e’*) (4.4.11) 
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reverses the orientation (since for the transformation e’ = Ue , the matrix U has 

determinant -1) but not the metric ds?. The new spin connection is related to 

the old by 

w g= ~ Hog w= Wey (4.4.12) 
Hence by Egn. (4.2.3), the new Ashtekar potential is 

A’, = Woe — FEaP Wy 

= A, —2wo, (4.4.13) 

The Pontrjagin numbers of the Ashtekar connections with respect to the two 

opposite orientations are 

Pj = 37(M) —2x(M) (4.4.14a) 

P; = 37(M)-2x(M) =—37(M) -2x(M) (4.4.14b) 

(Note that the Euler characteristic is invariant under a change of orientation of 

M). Since P* are the Pontrjagin numbers of the anti-self-dual Ashtekar 

connections, we must have P*+ <0 and an immediate consequence of this 

consideration and Eqns. (4.4.14) lead to the conclusion that for compact Einstein 

manifolds without boundary 

In] < 3x (4.4.15) 

This is called the Hitchin bound [HI]. By considering the Ashtekar potentials, its 

derivation was straightforward. Note also that for compact Einstein manifolds 

with Euclidean signature 

  

_ 1 ABCD 
x= saat] RawapR PPD 

= oI RapcpR*B°P(*1) > 0 (4.4.16) 
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with equality only if M is flat{SA]. 

In terms of the Ashtekar potentials, 7(M) and y(M) can be computed 

through (4.4.14) to give 

7(M) = ¢( Pit -Pr) (4.4.17) 

x(M) =-4( Pit +P) (4.4.18) 

If the Einstein manifold possesses an orientation reversing diffeomorphism, then 

P;t+= Py; and 7(M) = 0. The vanishing or non-vanishing of 7 has inportant 

physical implications for dimension four[FR]{EH1]. An application of the Atiyah- 

Patodi-Singer index theorem to the spin complex for compact Riemannian 

manifolds yields (see for instance [EH1]) 

ny-n_ = ~iP,(T(M)) 

= -37(M) (4.4.19) 

where nj are the number of normalizable +1 chirality zero-frequency Weyl 

spinors. P,(T(M)) is the Pontrjagin number of the tangent bundle i.e. of the 

5O(4) spin connection and is related to 7(M) by the Hirzebruch signature theorem 

P,(T(M)) = 37(M) (4.4.20) 
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Chapter 5 

5.1 Ashtekar variables and Einstein manifolds 

The formalism developed in the previous sections provides a coherent 

framework to discuss Einstein manifolds in the context of the Ashtekar variables. 

The consideration of explicit examples serves various purposes. It checks the 

validity of the framework and helps to develop some intuition on how Einstein 

manifolds manifest themselves in terms of these new variables. It also leads to the 

construction of new classical solutions through the Ashtekar variables. More 

importantly, it provides new insights in the nature of four-dimensional classical 

and quantum gravity. 

Every known solution of the Einstein Field Equations in four dimensions 

Ruy = App (5.1.1) 

can be put in the form of Eqns. (4.1.10). When the field equations are satisfied, 

we can use Eqn. (4.2.3) to obtain the Ashtekar connection for the manifold 

through Eqn. (4.2.4). The curvature and hence S can then be computed. 

In the discussion of explicit examples, it is convenient to introduce the one- 

forms 9,, such that 6, = —20, obey the Maurer-Cartan equations of the SO(3) 

algebra 

dd, +4e,>H, Ab, = 0 (5.1.2) 

Four dimensional polar coordinates (R,6,¢,~) are related to Cartesian coordinates 

by 

R? = (x°)? +(x")? + (x?)? + (x3)? (5.1.3a) 

29



x’ + ix? = Reos( 4 Jexp[ 5(¥+ ¢)| 

x* + ix® = Rsin( 3 Jexp| 5(¥- )| 

In terms of the polar coordinates, 0, can be written as 

0, = 5(sinyde — sindcosyd¢) 

0, = a( — cosy¢dé — sinésinyd¢) 

03 = s(dv + coséd¢) 

and it can be checked that the relation 

do, = €,°°O, A 0. 

(5.1.3b) 

(5.1.3c) 

(5.1.4a) 

(5.1.4b) 

(5.1.4c) 

(5.1.5) 

holds. For fixed values of R, (6, ¢, Y) parametrise three-spheres if the ranges are 

0<0<27 ,0<¢<27 and0<yp<4r (5.1.6) 

We shall start off with Type O solutions i.e. those with S,, =-36,b. As 

explained in Chapter 4, these solutions correspond to the conformally self-dual 

sector of Einstein manifolds. It is known that for 4>0, S* and the complex 

projective space CP, are the only compact simply-connected four-manifolds which 

are conformally self-dual[SA] 

5.2 Explicit examples 

(a) S* with the de Sitter metric and the BPST instanton 

The de Sitter metric on S‘ is 

ds? = [14 (87) ?[aR? +R?(0,2+ ©,? + O,2)] 

and the vierbein 
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eq= {114+ (By} ar , RIL + )170,)} 
The Ashtekar potentials can be computed as 

_ 1. be 
A, — Woa— 5fa Whe 

__ -20, 
~ 14(R/b)? 

giving 

F, = dA, +4e,PA, vA, 

= al —€) Ae, + de ance” Ae] 

Thus 

F, = S,°5, 
with 

b— 4r¢pnp__A S,° = 46,> =- 45 
provided we identify 

\ = (12/b?) 

The diameter of the four-sphere, S4, is 

b = ,/(12/d) 

(5.2.4.2) 

(5.2.4.3) 

(5.2.a.4) 

(5.2.4.5) 

(5.2.4.6) 

(5.2.a.7) 

(5.2.4.8) 

Under a reversal of orientation, realized for instance, by changing only the 

sign of e° i.e. using 

e's = {-[14+ (Rar , 21+ ®770,)} (5.2.4.9) 

the new Ashtekar connection computed through the new spin connection is 

2R70, 

MS= "Ps RD 
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and 

(5.2.a.11) 

S is therefore unchanged under the orientation reversal. It is known that S* has an 

orientation reversing diffeomorphism{[DK]. Explicit computations with the 

Ashtekar connections yield 

— 1 
P= 7] PaAPa 

=-4 

=P’, (5.2.a.12) 

The Euler characteristic and signature can then be computed using Eqns. (4.4.14). 

They are 

x(S*) = 2 (5.2.a.13) 

and 

7(S*) =0 (5.2.a.14) 

Note that for S*, the SO(3) Ashtekar connections for both orientations is zero mod 

4 and therefore the SO(3) connections can be lifted to be SU(2) connections[DK] 

with second Chern class 

c= —4P, = 1 (5.2.a.15) 

Actually, the Ashtekar potentials as given in (5.2.a.3) and (5.2.a.10) are 

precisely the SU(2) Belavin-Polyakov-Schwarz-Tyupkin (BPST) anti-instanton 

solutions[BPST]. The dimension of anti-instantons on S* modulo gauge 

transformations, for c. = 1, is known to be equal to five[AHS]. The parameters of 

this moduli space correspond to the size and location of the center of the anti- 
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instanton on S*. For the description of General Relativity in terms of anti- 

instantons through Ashtekar potentials, the additional diffeomorphism invariance 

collapses the moduli space to the unique Ashtekar potential determined by the 

vierbein since the solution must be translationally- invariant while the size of the 

anti-instanton is correlated to the cosmological constant according to (5.2.a.8). 

S* is not only conformally self-dual ( it is conformally self-dual since S is of 

Type O) but conformally flat. This is also evident in the context of Ashtekar 

variables because S is of Type O for two opposite orientations. S is of Type O for 

one orientation implies that W7 vanishes but the fact that S also remains 

unchanged under a reversal of orientation which changes the original W,* into the 

new W’. , allows us to deduce that both halves of the original Weyl two-form 

w= must be zero and so S* with the de Sitter metric is conformally flat. 

(b) CP, and the Fubini-Study metric 

A very intriguing example is the complex projective space CP, with the 

standard Fubini-Study metric 

  

2 2 2 

ds? —_dR?__,_(RO,)" | (RO,)" , (RO3) sob 
s (1+4R?)? (1 + 4R”) (1+4R?) (1+4R?)? ( ) 

Choosing the vierbien as 

— dR RO RO RO an{a IR 1 a es (5.2.b.2) 
+R) (a4ap?)? (sary? (1+ §R) 

the corresponding Ashtekar potentials are 

A,= —201 , A= 
T 

(1+4R?)? 

— 20, 

A 25 (1+¢R*) 
’ 
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~2—AR?)0 
Ay = aR Ps (5.2.b.3) 

(1+¢R’) 

These yield F, = S,,5° with Sap= — 35av- It is thus of Type O again. However, a 

calculation of the Pontrjagin number gives 

P.=2, | F,AF, = -3 (5.2.b.4) 

Note that P, is not a multiple of four and hence for CP,, the Ashtekar connection 

cannot be realized in a globally well-defined manner as an SU(2) connection since 

it would have c, = 3 which is non-integer. Since S is of Type O, CP, is 

conformally self-dual. Unlike S*, CP, does not possess an orientation reversing 

diffeomorphism. Under an orientation reversal CP, goes into CP, which has the 

same Fubini-Study metric. If we take for CP, , e’4= {-e) , e, }, then the 

Ashtekar potentials now are 

A’, = A, =0 

and 

Aa (5.2.b.5) 

giving 

F\= F’,=0 

F’, = dA’, 

= —A(—e’ 9 Ae; +€, Ny) 

=~- 5’, (5.2.b.6) 
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Thus CP, is described by an Ashtekar potential that is a non-abelian anti- 

instanton whereas CP, is described by an abelian anti-instanton! A 

straightforward computation of the Pontrjagin number for CP, yields P’|= -9, 

an answer which is different from that of CP,. So according to Eqns. (4.4.14) , the 

Euler characteristics and signatures are 

x(CP,) = x(CP.) = 3 (5.2.b.7) 

and 

r(CP,) =—7(CP,) = 1 (5.2.b.8) 

We therefore have 

rankQ = bjt +b> = y-2=1 (5.2.b.9) 

where @ is the intersection form of the manifold( see for instance [DK]). CP, 

(CP.) has intersection form 

Q=1(-l)=r=b -b> (5.2.b.10) 

Because CP, has r = +1 , bjt = 1 and by = 0. Therefore CP, cannot support an 

abelian anti-instanton ( which would have implied that by >1 because the 

curvature of an abelian anti-instanton is harmonic) but CP, can since it has tT = 

-—1, bjt= 0 and bj; = 1. This distinguished abelian anti-instanton is none other 

than the Ashtekar potential. For CP.,, it is known through the methods of 

algebraic geometry (see for instance [DK]) that the anti-instantons have 

Pontrjagin numbers P,; = —(3+4j) with j being a whole number and the space of 

anti-instantons on CP, modulo gauge transformations has for j=0, only a single 

point. This distinguished anti-instanton coresponds to the Ashtekar potential. 

Furthermore, note that unlike CP, which is Type O, CP, has 

S’= diag( 0, 0, - 2) (5.2.b.11) 
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and is therefore of Type D. The fact that CP, corresponds to an abelian anti- 

instanton suggests that a bundle reduction from SO(3) to U(1) has occurred. We 

shall see that it is indeed possible to interpret S,, in terms of dynamical Higgs 

fields and exhibit the symmetry breaking mechanism explicitly. This issue will be 

addressed in section 5.6. 

This example indicates that in the description of topological and 

differential invariants, the Ashtekar variables seem more natural than the metric 

(which cannot even distinguish between opposite orientations). It also serves as a 

striking example of the fact that diffeomorphism invariance does not imply 

invariance under orientation reversal (classically, time-reversal and parity 

operations are contained in orientation reversal). 

(c) The Schwarzschild solution 

The well-known Schwarzschild solution is our next example. This will be 

discussed in the context of the Ashtekar variables. The Euclidean Schwarzschild- 

de Sitter (also known as Kottler) solution has metric 

ds* = (1 -2m_ 4 r?)dr? 4 (1 — 2m _ 4 r?) 1 gy? +r7d6? + r*sin76d¢? (5.2.c.1) 

where m is G/c? times the mass. Taking the veirbein to be 

om _ 2 2\2 om _d 12)\2 ; eg = {(1-4P-gr°)? dr, (1-4-2 1°)? dr, rdé, rsinod¢ } (5.2.c.2) 

yield the Ashtekar potentials 

A, = ( 3-3 r) dr + coséd¢ (5.2.c.3a) 

1 
A, = —(1-2M_4 1’)? sinede (5.2.c.3b) 

1 
A; = (1 2m _ 4 r)? da (5.2.c.3c) 

and F, = Sapo with 
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S is Type D when m £0 and Type O in the m=0 limit. One can view the mass 

term as an excitation breaking out of the Type O sector. The \ = 0 limit can also 

be taken to give the usual Schwarzschild solution without cosmological constant. 

The reversed orientation with e’,= (—€ , e, ) gives 

A’, =-( % —31)dr—cosddg = — Ay 

A’, = A, ; A’, = A; (5.2.c.5) 

but leaves S unchanged. In the 1 = 0 limit, the metric has an event horizon at 

the Schwarzschild radius r = 2m and singularity at r = 0. To show that the 

Euclidean Schwarzschild solution is periodic in time one can follow [HA], and 

consider first the Lorentzian solution in Kruskal coordinates[KS] with the metric 

written as 

ds? = 32m* exp( —55 )(-dt? + dr?) +1r7(d6? + sin?¢d¢?) (5.2.c.6) 

The Kruskal variables satisfy 

T?—t? = (sf -l)exp( sh, ) (5.2.c.7) 

for all r>0. Thus on the section with t being pure imaginary, the metric is 

positive definite, r>2m and t = ir has period 87m because of the relation 

— 1 ; 
t = (g-1)? exp( im ) sinh( is ) (5.2.c.8) 

We can now compute the invariants through the Ashtekar potentials (with \= 0) 

to give 
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___l 2 P, =-;),[Tr (S?)(*1) 

=-1]; li, [= [ 2" mdr a dr asinddo a dg 
v e=0 6=0 J r=2m T=0 

= -4 

=P’, (5.2.c.9) 

(Note the ranges of the variables in the above integrations). Therefore y = 2 and 

7 = 0, in agreement with previous results[CD]. 

Finally we remark that a general Type D metric with zero cosmological 

constant can be written as S = diag(-2a ,a,a). If a>O0,S_ is gauge- 

equivalent to 

Sab = 3? Sap babr (5.2.c.10) 

since the latter can be diagonalized to S = diag( -24?, 1g? ; 4 ). For the 

Schwarzschild solution, ¢? = 3m . In isotropic coordinates with 
r 

r=(14+238)?r’ (5.2.c.11) 
or’ 

the matrix S in (5.2.c.10) with 

1 5 

g° = (3m)*(r’) 2(1 +38) “x (5.2.c.12) 

yields 

. 9a..Ib - 
B® = PIC map (O _ a } a, (5.2.c.13) 

2r’ 

This establishes the gauge-equivalence between the Schwarzschild solution in 

Ashtekar variables in our general formalism and the solution (5.2.c.13) exhibited 

in [FKS]. 
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(d)The Eguchi-Hanson metric 

The Eguchi-Hanson (EH) metric with cosmological constant can be written 

as([EH1](EH2][EH3] 

ds? = [1 -(#)*-aR?] "dR? + R°(0,? + ©,”) 

+ R?[1 - (#)*—aR7]0,? (5.2.d.1) 

We can choose the vierbein as 

i i 
eq= { [1-(@)*-gR*] 7dR , RO, , RO, , [1 - (F)*— gR?PROs } (5.2.d.2) 

This gives the Ashtekar potentials as 

1 
A, = —2[1-(8)*-4R770, (5.2.d.3a) 

1 
A, = -2[1-(§)*-gR7]’O, (5.2.d.3b) 

Ag = —2[1+(#)*-GR7]0s (5.2.d.3c) 

and F, = S,,»° with 

. 4at 4at 4 
S = dia Re -3 , 33-4 ; ~ $2, -2) (5.2.d.7) 

Thus, S$ is Type D when a#0 and Type O when a=0. One can view a as an 

excitation which causes the configuration to break out of the Type O sector. 

Reversing the orientation with e’4={-e9, e,} gives the manifold EH 

which has Ashtekar potentials 

A’, =A,=0 , A’3= ~3RO, (5.2.d.8) 

and F’, = S’,,5° with S’ = diag( 0 , 0 , —A ). Like CP, S’ for EH is non- 

invertible and EH is described by an abelian anti-instanston. However the Eguchi- 

Hanson manifold has a boundary of real projective three-space, RP, ( see [EH3]) . 

Note also that the abelian anti-instanton A’; ( which does not involve the 
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parametar a) is anti-self-dual with respect to EH with e’, for arbitrary \ and 

value of the parameter a. In the \ = 0 limit, S’ vanishes and EH therefore 

becomes half-flat. We shall exhibit the Eguchi-Hanson metric as a specific solution 

from two different classes of explicit solutions: first from the F=0 sector and also 

from the abelian anti-instanton sector. 

5.3 Remarks 

It is, in principle, possible to discuss all known Einstein manifolds in the 

context of Ashtekar variables in the manner prescribed at the beginning of this 

section. In all the examples we have obtained the Ashtekar potentials after 

knowing the vierbein although one can perform the reverse if one chooses the 

specific potentials together with the corresponding values of S in the examples 

given. In the next sections, the Ashtekar formalism will be used to construct new 

solutions. 

S for Einstein manifolds with Euclidean signature, is real-symmetric and 

has real eigenvalues although it has complex eigenvalues for those with Lorentzian 

signature. In the latter case, four x-dependent functions can be obtained from the 

real and imaginary part of Tr(S”) and Tr(S*). Despite the apparent paradox , 

there is no loss in this freedom for manifolds with Euclidean signature. The 

Ashtekar potential being the anti-self-dual part of the spin connection when the 

equations of motion hold, has a chirality (more precisely, orientation) associated 

with it. The imaginary components of Tr(S?) and Tr(S*) for Lorentzian signature 

are simply the components which change sign under orientation reversal. For the 

case of Euclidean signature, Tr(S”) and Tr(S*) too can be divided into components 
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which are invariant under orientation reversal and those that change sign. 

5.4 The F = 0 sector and hyperkahler manifolds 

When the curvature of the Ashtekar connection vanishes, the metric is 

half-flat i.e. its Riemann curvature tensor is self-dual. S vanishes and for simply- 

connected manifolds, the connection can be set to zero globally. The equations of 

motion reduce to 

dd, = 0 (5.4.1) 

Since X, is anti-self-dual, by (5.4.1) it is closed and harmonic. The three linearly 

independent harmonic anti-self-dual two-forms 5, span b, . Thus 

Since the curvature vanishes, for compact manifolds without boundary 

0 = P\= 37(M) -2x(M) (5.4.3) 

In such cases, 7 takes the maximal value of the Hitchin bound i.e. 

7(M) = 2x(M) (5.4.4) 

But we also have the relation 

x(M) = b, +2 = bjt + by +2=b3¢ +5 (5.4.5) 

and 

7(M) = bat _- bz = bat -3 (5.4.6) 

The relations (5.4.4-6) imply that in the F=0 sector, simply-connected compact 

Einstein manifolds without boundary have 

bs} =19, b> = 3, T=16, y = 24 (5.4.7) 
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It is known that K3 manifolds and the four-torus T* are the only compact 

manifolds without boundary admitting metrics of self-dual Riemann 

curvature[EH1]. T4 is not simply- connected and has t = y = 0 since its metric is 

flat, so choosing the convention that 7 =-—16 for K3, we can identify the simply- 

connected compact half-flat manifolds without boundary (which has 7 = 16 and x 

= 24) as K3 manifolds. They have intersection form[DK] 

Q 3/0 | [Bs (5.4.8) 

Note that in the decomposition of the curvature tensor into self and anti-self-dual 

components discussed in section 4.3, B = 0 for this sector, and since P, vanishes, 

by (5.4.7) 

P’, =—37(M) —2x(M) = -96 (= 0 mod4) (5.4.9) 

So the SO(3) connection that lies in the A-part of the Riemann curvature in 

section 4.3 can be lifted to a SU(2) connection. The metric therefore has SU(2) 

holonomy and is thus hyperkahler[SA]. It is interesting to note that hyperkahler 

metrics have been associated with conditions for unbroken supersymmmetry in 

the compactification of superstrings ( see for instance [GSW] ) while in the 

context of gravity in four dimensions with Ashtekar variables, these hyperkahler 

metrics are associated with the unbroken topological field theory of the moduli 

space of flat connections. 

In the context of Ashtekar variables, the reversed orientation of the half- 

flat sector yields K3 surfaces. Note that although F and S vanish, when the 

orientation is reversed, F’ and S’ need not be trivial (otherwise the metric is flat). 

It has been calculated that K3 surfaces are parametrized by 58 parameters[PA1]. 

(5.4.9) tells us that they must be associated with an Ashtekar connection with 
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Pontrjagin number of — 96. 

We now construct some explicit half-flat Einstein manifolds which are not 

necessarily simply-connected or without boundary. They will have F = 0 but 

F’ £0. 

We assume the vierbein is of the form 

eq= {—a(R)AR , {(R)O, , g(R)O,, (R)® } (5.4.10) 
This yields 

, 2 
A, ={{- (e+h -f) a Dre, (5.4.11a) 

h? 2 

A, ={§-O+*-8) ha, (5.4.11b) 

; 2 
A,={% rg -¥) Die, (5.4.11¢) 

The primes denote siffrentiaton with respect to R. Further simplifications can be 

achieved by assuming f = g. Setting A, = 0 for F=0 ( which is valid locally even 

if M is not simply-connected), we need to solve 

Fa (5.4.12a) 

and 

bh’, b= 2 = (5.4.12b) 

Sustituting a = o from (5.4.12a) into (5.4.12b) yields 

(hy, =2 5.4.13 

Changing variables tou = h?andv = f?, (5.4.13) reduces to 
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(uv)? = (v’)’ (5.4.14) 

The solution is 

2p ,b Al h? = f? + (5.4.15) 

So the metric is 

ds? = a7dR? + £?(0,? + Q,?) + h?0,? (5.4.16) 

(f?)’ with a = “Oh? h as in (5.4.15) and b, an intergration constant. However, f is a 

free function of R. 

Reversing the orientation does not change the metric (5.4.16). However a 

switch of orientation to e’,4={-—€o, e,} changes A into 

A’7\= -2ho, (5.4.17a) 

A’, = -2ho, (5.4.17b) 

A’; = -2(2-8)0, (5.4.17c) 

assuming the relations between h, a and f hold. A short computation yields F’, = 

Spy? with 

> gs 4b _4b 8b S’ = dia 6 -2e) (5.4.18) 

Thus the equations of motion still hold but S’ is now of Type D when b#0. We 

know that P,;= 0 but for compact manifolds without boundary, 

> _ 1 ’ ’ P’, =- gal PAP. 

= 12b? | (£*)’ dR (5.4.19) 

assuming 0, ¢ and y span three-spheres for fixed values of R. This means that it is 

possible to obtain explicit self-dual Einstein manifolds with non-trivial Pontrjagin 
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numbers through the construction outlined above by choosing the appropriate fs. 

Consider the case of f = R and b =— a, then we have S’ = dia de, , fa 

83; ) and through (5.4.16) 

ds’ = [1 —(§)*] *dR? + R*(0,? + 0,7) + R*[1 — (G) ‘10s? (5.4.20) 

This is the zero cosmological constant limit of the Eguchi-Hanson metric discussed 

in example (d) previously. ( Note that our conventions are such that EH with \ = 

0 is half- flat. ) 

5.5 Abelian anti-instantons and Kahler-Einstein manifolds 

When S is equivalent to the form diag(0, 0,—A), the Ashtekar potential is 

described by an abelian anti-instanton. In the gauge in which S is diagonal, the 

only non-vanishing component of the curvature is F, . The equations of motion 

reduce to 

dA; = F; = —AX; (5.5.1a) 

dx, -A3;AL, = 0 (5.5.1b) 

and 

dX,+A;Ax, = 0 (5.5.1¢c) 

Endowing the manifold with a complex structure, the combination 

satisfies 

dd*++iA,;A Dt = 0 (5.5.3) 

and we can take (5.5.la), (5.5.3) and S= diag(0,0,—A) to be the equations of 
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motion for the assumed manifolds. Consider 

Q! = -e°+ie® (5.5.4a) 

and 

1? =e! + ie? (5.5.4b) 

Then 

DI=ENAN® ja =1,2 (5.5.5) 

is closed (ie. dD°= 0) by (5.5.1a) and D* is the Kahler form of the manifold. So 

Einstein manifolds which are endowed with complex structure and described by 

Ashtekar potentials which are abelian anti-instantons can be identified as Kahler 

manifolds. 

We shall now construct explicit metrics which have Ashtekar potentials 

that are abelian anti-instantons. For simplicity, we shall assume the vierbein is 

again of the form of (5.4.10). So, the Ashtekar potentials will be as in (5.4.11). 

The equations of motion (5.5.1b,c) are satisfied because the Ashtekar potentials in 

(5.4.11) are computed through (4.2.3). A further assumption of 

A3 = c(R)O, (5.5.6) 

implies 

F, =c’dra 0, + 2cO, A 0, (5.5.7) 

Again the prime denotes differentiation with respect to R. To satisfy S = 

diag(0,0,- A), we must have 

c=-Xah , 2c= —-XMg (5.5.8) 

It is easy the check that if we assume f=g then the condition (5.5.8) implies the 

vanishing of A, and A, , and we are left with matching (5.5.6) to (5.4.11c) i.e. 
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h’_(2f—h*) _ (5.5.9) 
a f 

Eliminating f? from (5.5.9) through (5.5.8) gives 

—Afh?c)P = S[c8} + 2[c?] (5.5.10) 

This gives the coefficients for the vierbein as 

h? = -Af c(c +3) +5 } (5.5.11a) 

and 

° 2 

a? — a , P= gr = -2 (5.5.11b) 

where b is an integration constant. Note that the metric 

ds* = a?dR? + f?(0,? + 0,7) + h?0,? (5.5.12) 

is determined completely by b and the abelian anti-instanton cO, and c is a free 

function of R. 

Now consider reversing the orientation as before, but not changing the 

relations (5.5.11). The new Ashtekar potentials are 

A’, = —2L9, (5.5.13a) 

A’, = -t0, (5.5.13b) 

A’3= (-§-2+28)0, (5.5.13c) 

(There should not be any confusion between the primes on the L.H.S. of (5.5.13) 

which have the meaning of new and those on the R.H.S denoting differentiation 

with respect to R). It can be checked that F’, is now non-abelian and has the form 

F’, = Sap? with 

Ss’ = diag{ - 3[1 - 23] 31-33 , -31+441) (5.5.14) 
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Of course TrS’ =—A, but remarkably, S’ is no longer (0,0,—A) . It is Type D for 

b #0 and Type O when b = 0. 

The Pontrjagin numbers can now be computed. For the first orientation 

with abelian anti-instanton gauge potentials, 

—_ 1 Pi= 7G [Far 

__ [{ctrar (5.5.15) 

The Pontrjagin number for the reversed orientation yields 

P’, = Ay[FaaFa 

4n2 

—_ | iS 4.8b_4b"paR (5.5.16) 

If we use 

AR? c=-—4%__  , p=0 5.5.17 
2(1 + AR?) 

as an example, all the results obtained in example (b) for CP, and CP, will be 

recaptured. Another special case but with non-vanishing b is 

c= —3R? , b= — 3y?a' (5.5.18) 

This gives all the results of the Eguchi-Hanson metric and EH discussed in 

example (d). 

5.6 Symmetry breaking, abelian anti-instantons and Ashtekar variables 

It has been observed that S can play an effective role as an order 

parameter characterizing the Type O sector which corresponds classically to 
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conformally self-dual Einstein manifolds. Further evidence of S playing the role of 

order parameter comes from the study of Ashtekar connections that are abelian 

anti-instantons. Consider the cases when S_ can be expressed in terms of a triplet 

of real Higgs fields ¢, through 

Sab = + OaPp (5.6.1) 

The real and symmetric S satisfies the supermomentum constraint and can always 

be diagonalized by an SO(3) gauge transformation into S = diag(0, 0,—A) with 

lell = VA (5.6.2) 

The +(-—) sign in (5.6.1) is to be chosen when is negative (positive). In the U- 

gauge with ¢, = ||||6,3 and A, 2 = 0 ( which yields F, , = 0) , we have 

(Dd), = 0 (5.6.3) 

(5.6.2,3) are gauge and diffeomorphism-invariant statements (and so will be valid 

for all gauges and coordinate systems) which precisely describe the Higgs vacuum 

and symmetry breaking from SO(3) to U(1). The symmetry breaking is thus a 

gauge and diffeomorphism-invariant concept. We have already discussed the 

explicit example of CP,. It appears that self-interaction of the gravitational fields 

are strong enough to generate dynamical Higgs fields and symmetry breaking. Note 

that S is non-invertible in this abelian anti-instanton sector. The abelian anti- 

instanton sector is yet another possible phase of non-perturbative gravity. 

As a corollary, we remark that for regular ©’s and F’s, Einstein manifolds 

with abelian anti-instantons can occur only if the cosmological constant is non- 

vanishing. This is because for abelian anti-instantons, we can always go to the U- 

gauge and choose F, . = 0 and then S has to take the form S =diag( 0, 0,—) in 

order to satisfy TrS = —A and F,,= 0. 
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Chapter 6 

Non-perturbative canonical quantization of the theory 

6.1 Ordering of the constraints 

In the passage from the classical to the quantum theory, a major concern is 

the ordering of the non-commuting operators which make up the Hamiltonian. In 

General Relativity, this problem is more than the usual ambiguity in the ordering 

since, apart from boundary terms, the Hamiltonian is a linear combination of the 

constraints and the ordering adopted must be such that the quantum constraint 

algebra is anomaly free i.e. the quantum constraint algebra closes. In Dirac 

quantization, physical states are annihilated by all the constraints so the closure 

of the quantum constraint algebra is a consistency requirement. The quantum 

constraint algebra for General Relativity with the old ADM variables has been 

studied by many people, but to the present day, there is no consensus on whether 

or not there exists an ordering for which the quantum constraint algebra closes. 

(For a good review and discussion on this topic, see [TW]). With Ashtekar’s 

simpler constraints, the choice of ordering and the physical implications of a 

particular choice are more transparent. An ordering for which the quantum 

constraint algebra closes formally will be given and the physical consequences of 

this will be examined. 

The ordering of the all-important superhamiltonian constraint, Eqn. 

(2.2.7), whose quantum version will correspond to what will be called the 

Ashtekar-Wheeler-DeWitt Equation, will be explored first. At the classical level 
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the other constraints, Gauss’ Law and the supermomentum constraint, generate 

gauge transformations and gauge-covariant three-dimensional diffeomorphisms 

respectively. The classical superhamiltonian constraint is 

H = Feral eave OPK jc + Feabe€igc Torok" ) = 0 (6.1.1) 

If we make the reasonable assumption that in the ordering of H, F is to be kept 

whole, then the general form for H ( without the benefit of Hermitian conjugation 

) is 

B= zh aanedyeSiS + Ber MES + rey SPSS + Aeprceyy SSMS) (6.1.2) 

a, @ and y are the attached weights to each ordering with the condition 

a+ b+ =1 (6.1.3) 
As in Dirac quantization with constraints, we demand that physical states are 

annihilated by the constraints acting on them. The straightforward { , }oBT ll | 

quantization prescription for the canonical variables A,, and 6'* which have 

Poisson brackets 

  { Ais) (9) },, = ORS) 5,055 822-3) (6.1.4a) 

{ An(®) Ap) Jon = {2% FH) J, =0 (6.1.4) 
can be realized in the A-representation, with A acting on the quantum state V by 

multiplication while 6 acts on Y by functional differentiation 

UA] =   

16nG om. s—¥IA] (6.1.5) 

In the A-representation, WV is a functional of the Ashtekar potential. 

We do not expect to obtain the general solution to the Ashtekar-Wheeler- 

DeWitt Equation, but the factor ordering problem can be enlightened by the 
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choice of test solutions. However it must be emphasized that once a particular 

ordering investigated through a test solution is decided on, the ordering is the 

same for all the possible quantum wave functionals. 

An obvious choice for gauge-invariant three-geometry is the Chern-Simons 

functional. Classically, it is invariant under small gauge transformations generated 

by the Gauss’ Law constraint and under three-dimensional diffeomorphisms 

generated by the superhamiltonian constraint (2.2.6). The Chern-Simons 

functional is 

3 ijk . a 7 abc c= (én TG | d°x eA; adjiAi? + I A; aAjpAxc ) (6.1.6) 

Assuming that VY depends on A only through C, and bearing in mind the 

identity 

6€ ia 5A. =i6G B (6.1.7) 

the constraint 

  

HY =0 (6.1.8) 

translates into 

éxvetind BE(2)[5*(z) , BY(D)]( (a + 28 + 360 +450) 
6C? 

+ [6%(%) , [6(@) , H(A) v¥ + 4H 
Bias) Rib/z) Bkc/s 1 6 = + Bia(x)Bib(x)Bk(#)( (a + p+) Sy + 3xc3 )}=0 (6.1.9) 

Demanding that the coefficients of the divergent (ambiguous) terms containing 

the commutators evaluated at coincident points vanish, and together with the 

condition (6.1.3), we can solve for the ordering and the quantum state YW . The 

results are : 

(i) For vanishing cosmological constant 
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(a) a#2, (a, 8,7) = (a,1—a,0 ) 

é with seu = =0Q. 

This includes the ordering of [JS2] which is (a, 8, y) = (1, 0, 0) 

(b) (a, 8,7) = (2, —1, 0) 

which gives the superhamiltonian constraint as 

det(B) 4 : aw = 0 (6.1.10) 

Note the role of C as gauge-invariant three-geometry . Eqn. (6.1.10) is to the 

Ashtekar-Wheeler-DeWitt Equation 

  

  

_ earctin BGR FR 6A, ° UA] = = 0 (6.1.11) 

as 

§2 3 V+ "RY=0 (6.1.12) 
(6 §)? 

is to the Wheeler-DeWitt Equation 

“( Gage Ben 6 + fg 5R ) ” Ug] = (6.1.13) 

The parentheses denote ambiguity in the ordering and G stands symbolically for 

three-geometry[WD]. It should be noted that while G is symbolic, C is an explicit 

representation of three-geometry. 

(ii) For non-vanishing cosmological constant, (a, f,7) = (0, 0, 1) 

with 

WY = I exp ( =st ) (6.1.14) 
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él — 9). where I is a topological invariant of A;, (i.e. sAn 

This solution and ordering was also discussed in [CS1] and [KO] . This solution 

has 

  gay = — SBYy (6.1.15) 

Although & does not commute with F, by virtue of (6.1.15), Eqn. (6.1.14) still 

solves the supermomentum constraint 

_ 2 giah (Teac) o Fie! = 0 (6.1.16) 

and the Gauss’ Law constraint 

A Wy 2 Bi _ G,v = (i6nG) (D,o’ ),¥ = 0 (6.1.17) 

is satisfied by virtue of the Bianchi Identity. Eqn. (6.1.15) gives quantum 

justification to the classical Ashtekar-Renteln ansatz([AR| 

Bke _ — Agke 
(6.1.18) 

Once the ordering has been settled, it is not necessary to confine W to be a 

functional of A through C only . Among the many orderings (a,f,7) = (0,0,1) has 

the advantage that the quantum constraint algebra can be shown to close formally 

(with the structure functions appearing to the left of the quantum constraints) if 

we adopt for the other constraints the orderings displayed in Eqns. (6.1.16) and 

(6.1.17). 

6.2 The quantum constraint algebra 

With the quantum constraints ordered as 

Aa __ 2 (py giya G= (i6rG) (D,<') (6.2.1) 
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H, = —2 _ Gif. (6.2.2)   

and 

H = me Cr Eabet gO agih(F yc + 25*°) (6.2.3) 

the quantum constraint algebra is 

{ Hy(N'] , Hj[M4]} = -H,[(2£.M)'] + G*[-iNMF,,, ] (6.2.4a) 

{ H,[N4) , H[M] } = — H[2-M] + G[-iMNiaibe Eabe( Fie + €jo*)] (6.2.4b) 

{ H[N] , H[M] } = -He*oi,( NaM - Ma, )| (6.2.4c) 

{ Ga] , G°[A,] } = Gfe.ra,8] (6.2.4d) 

{ G*{a,] , HIN] } = { G*la,] , HIN] } =0 (6.2.4e) 

and closes formally. It has the same form as the classical constraint algebra 

exhibited in Chapter 2. 

6.3 Physical interpretation of the ordering 

The quantum superhamiltonian constraint for the ordering (a,,7) = (0, 0, 

1) takes the form 

HW = 6G EabcljkO Or” QkW [A] = 0 (6.3.1) 

where 

\ke _ ke | AGk Qe = B + 36 

= 4(16rG)exp( =3° )5-5— AS exp( 3© (6.3.2) 

and Q = | d°x 5A;,Qi* is precisely of the form of the constraint of a topological 
w3 

quantum field theory (TQFT)[WT1] selecting physical quantum states of the 

TQFT according to 

09



Q’ =0 (6.3.3) 

Indeed, Eqn. (6.1.14) is the solution of Eqn. (6.3.3) and is sufficient for Eq. 

(6.3.1). For configurations obeying the Ashtekar-Renteln ansatz, the reduced 

Euclideanized action indeed acquires the form 

—~ __3_ Arort = say] Fah Fe (6.3.4) 

which yields constraints generating gauge and topological invariance. For gravity, 

the TQFT sector has 4 playing the role of the square of the coupling constant 

and (GA)! playing the role of the 6 angle. 

It is amusing to note that Eqns. (6.1.14) and (6.3.4) are in rough agreement 

with the Hartle-Hawking proposal[HH] for the ‘‘wavefunction of the universe”. 

The Hartle-Hawking proposal is that the quantum state should be of the form 

V[e(M*)] ~ | [Dg] exp( fx) (6.3.5) 
with M® being the boundary of M and A, is the Euclideanized action. For our 

case, because F, AF, = (167G)dC, roughly speaking 

YW = I exp ( = \~ [Dal exp( [ Argrt) (6.3.6) 

In the limit A + 0 , for finite momenta , Q'*— B'* and the above ordering 

implies that in the vanishing cosmological constant limit F = 0 is a sufficient 

condition for Eqn. (6.3.1). The vanishing of the curvature is a gauge-invariant and 

diffeomorphism- invariant statement but note also the consistency of the ordering 

adopted for H, in Eqn. (6.2.2) in the limit 4 = 0. In the limit of vanishing 

cosmological constant, within the QU = 0 sector, the states are characterized by 

gauge-inequivalent classes of flat connection i.e. by homomorphisms Hom|(7,(M?°), 

G)]/(AdG) realized by Wilson loops Tr[P(exp | A.di)] where c denotes a closed 
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loop and G is the gauge group SO(3). Even within the QW = 0 sector, there are 

indications of a possible phase transition when \ reaches a critical value. For 4 # 0 

, Q generates arbitrary deformations of A , 

dgAi= {An 2/ civ” Sep. = AGe (6.3.7) 
M 

In the A = 0 limit , 

S9-p Ain = LoAia (modulo F=0 and G*=0) (6.3.8) 

Such a change in the symmetries of the configuration variable generated by Q 

should also be reflected in the reduced phase space. As an example, consider M® 

homeomorphic to S? . Large gauge transformations on S* are not connected by 

infinitesimal gauge transformations generated by Gauss’ Law . If A4#0, the 

topological symmetry generated by Q connect all possible configurations and 

collapses the moduli space of A under Q and G* to a single point. There are no 

local degrees of freedom. When \ hits the critical value of zero, Q no longer 

generates arbitrary deformations so in the moduli space configurations differing by 

large gauge transformations are distinct. (See [HO2] for a similar discussion). Such 

a mismatch in the degrees of freedom is indicative of a phase transition. 

In the above, within the Qu = 0 phase, we are only referring to zero field 

degrees of freedom (because the number of constraints matches the number of 

conjugate pairs) but there can be non-trivial global fluctuations. However, the 

ordering adopted raises even more intriguing prospects for quantum gravity in 

dimension four. The superhamiltonian constraint factorizes as in Eqn. (6.3.1). A 

sufficient condition for HY = 0 is for Eqn. (6.3.3) to be satisfied but the 

constraints of General Relativity allow for 
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QU 40 and HY =0 (6.3.9) 

together with constraints (6.2.1) and (6.2.2). Clearly in such a scenario topological 

invariance is then broken and naive counting allows for up to two unconstrained 

local degrees of freedom to emerge. There have been speculations on an unbroken 

topological phase in gravity in four dimensions before but the scenario described 

above shows how one can break the topological invariance without breaking the 

invariances associated with gravity and gives a precise prescription of how 

quantum gravity with two local degrees of freedom can arise as a broken TQFT. 

The explicit realization of such a scenario would require regularization, for 

instance, to eliminate ambiguities in the constraints associated with the product of 

non-commuting operators evaluated at coincident space-time points . 

The unbroken topological phase corresponds to S,, = -—Aé,, and in the 

scheme of Chapter 3 belongs to Type O. Classically , for non-degenerate metrics , 

it corresponds to conformally self-dual Einstein manifolds. In the Ashtekar 

formulation, then, classical half-flat respectively self-dual Einstein manifolds can 

be interpreted in the quantum mechanical context, under appropriate ordering of 

the constraints, as moduli spaces of flat connections ( MSFC ) and TQFT of the 

| Tr(F AF) type respectively. 

In the general scheme, S plays the role of the parameters characterizing the 

various phases. As we have discussed in section 5.6, there is also an abelian anti- 

instanton phase where self-interactions of the gravitational fields is strong enough 

to produce dynamical Higgs fields and symmetry breaking form SO(3) to U(1). 

The rich and intricate relationships that can exist between different phases of the 

theory and their physical ramifications remain to be explored. 

It should be pointed out that although the solution Eqn. (6.3.3) restricts 
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the fluctuations to a certain sector of the theory (namely Type O), this is different 

from minisuperspace models where certain degrees of freedom are frozen out by 

assumptions of homogeneity etc. on the metric before solving the simplified 

Wheeler-DeWitt equation. Note that no assumptions were made on the variables 

and (6.1.14) is a genuine solution of the full Ashtekar-Wheeler-DeWitt equation. 

The restriction to Type O is a consequence of a possible true quantum state of the 

theory! Recall that the discussion of classical solutions in Chapter 5 tells us that 

all conformally self-dual Einstein manifolds belong to Type O (specifically, S* and 

CP, which have different values of topological invariants such as the Euler 

numbers and signature). So in the phase space the same quantum state has non- 

trivial amplitude distribution for intitial data which correspond to topologically 

distinct classical manifolds. Thus from fundamental considerations of the exact 

theory, there is explicit demonstration that in quantum gravity even fluctuations 

in topology can occur. 

Lastly, it should be emphasized that while the Dirac quantization scheme 

need not be the final word on such a rich and complicated theory, it is 

nevertheless instructive and one can expect broad features of the theory to recur 

for various schemes. In the next chapter, the method of Becchi-Rouet-Stora- 

Tyutin (BRST) quantization will be performed to yield further insights into the 

theory. 
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Chapter 7 

BRST quantization of the theory 

In this chapter, the Becchi-Rouet-Stora-Tyutin (BRST) analysis of the 

theory[BRST] will be performed. The method of BRST quantization has been 

applied successfully to the study of many physical systems[BR]. It is particularly 

suited to the analysis of systems with constraints. For such systems, one is 

concerned with quantities modulo constraints. With Dirac quantization, one is 

dealing with weak equalities. For instance, observables only need to commute 

with the constraints modulo constraints. In simple systems it is easy to identify 

observables and their equivalence classes but for the complicated set of constraints 

that we have to deal with, the canonical Dirac quantization scheme is too 

unwieldy to produce unambiguous results. In BRST quantization, one deals with 

strong equalities. Observables are strictly invariant under BRST transformations 

and physical states are those annihilated by the BRST charge. Equivalence 

modulo constraints is replaced by the concept of BRST cohomology and the 

identification of observables and physical states consist of solving for the BRST 

cohomology of the theory. There are further reasons for BRST quantization of the 

theory. Recently Witten[WT1] managed to give a _ successful physical 

interpretation of Donaldson’s work[DO] on further differential invariants of four- 

manifolds. This was achieved through the BRST analysis of a topological quantum 

field theory (TQFT). It is reasonable to expect that differential invariants of four- 

manifolds are indeed observables of General Relativity and further invariants of 

four-manifolds and observables can be constructed through a BRST analysis of 
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four-dimensional gravity with Ashtekar variables. 

7.1 The action and Ashtekar variables 

We shall work with Riemannian manifolds and start with the action 

proposed by Samuel[SAM] and Jacobson and Smolin|JS2] 

A= 2F,AD, + 3 DA) (7.1.1) TBs | 
where as before, the anti self-dual two-form 

La = Fea e, Ae, — eg Ae, (7.1.2) 
a 

In the Ashtekar formalism, the metric is considered to be a derived 

quantity and can be expressed in terms of D by using the relation 

Eu = Fe fabe E297 D8 bb ot 5 (7.1.3) 
ap “yu 

We first check that the action reproduces the same results that were 

obtained through the canonical formulation of Chapter 4. In applying the 

canonical formalism to the above action, it is convenient to work in the spatial 

gauge introduced in section 4.1. With this decomposition, it is straightforward to 

work out that the above action is equivalent to 

A= d'x { 26!A,, + 2Ao,D;5%* + 2NIG*F;,, BG 
—N(€qgncF#GPFS + 4 exnc€igy Taira) \ 3 

+ boundary terms (7.1.4) 

bearing in mind the that 6 and N are of the form 

~t _ xiik abc 

GI 5 eee en ey (7.1.5) 

K
o
l
e
 

N =detce,;)1N (7.1.6) 
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Therefore aesay is readily identified as the conjugate variable to A,,. The 

variables Ay,, Ni and N clearly are Lagrange multipliers and the resulting Ashtekar 

constraints can be obtained by the variation of the action with respect to these. 

The constraints are the same as the Ashtekar constraints of Chapter 2. 

The equations of motion are obtained by varying the action with respect to 

A and e. The variation of the action yields 

6A = TEeG| 4, ~2DEah bat (2F,Ae+4 E,ece, Ae, Ae, ) Ad€g 

—(2F, Ae +2€,e, AF, + Ae, eg Ae, AC.) Abe, (7.1.7) 

The equations of motion are therefore 

[Dz], = 0 (7.1.8a) 

2(F, Ae + €.°e, AF.) = — Als en NG, AE, (7.1.8b) 

and 

2F, Ae, = ~ de,Pre, Ney Ae (7.1.8d) 

In the action, A, there is a contribution only from the anti-self-dual part of the 

curvature because © projects out the anti-self-dual part of F. We may therefore 

expand F in terms of © by 

F, = Sapo? (7.1.9a) 

With this, the equations of motion reduce to 

[Dz], = 0 (7.1.9b) 

Sab= Oba (7.1.9c) 

and 

TrS =-)A (7.1.9d) 
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These are precisely the equations of motion derived in Chapter 4 by considering 

the constraints and the evolution of the conjugate variables through the Hamilton 

Equations with a Hamiltonian which is made up solely of the Ashtekar 

constraints. 

7.2 Invariance of the theory and the BRST symmetry 

The symmetries of the action and the associated BRST invariance will now 

be considered. It is easy to see that the action is invariant under SO(3) gauge 

transformations as well as four-dimensional diffeomorphisms. Working with <A, 

which is explicitly gauge-invariant, we can consider the effect of diffeomorphisms 

g, of M into itself, generated by the vector field 8. On the one-form variables A, 

and e,, the induced variations are Lie derivatives 

6A, = Lad, 

and 

de, = £ pea (7.2.2) 

with ig denoting interior multiplication or contraction with the vector field 6. In 

local coordinates, 6 can be written as 64@,. If we denote the Lagrangian four-form 

as L, then under diffeomorphisms 

= (igd + dig)L (7.2.3) 

and the invariance of the action is equivalent to the condition 
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(7.2.4) 

The action is therefore invariant if M is without boundary. Otherwise, suitable 

physical boundary conditions can be imposed. For instance, the field variables A 

and e and/or 8 can be made to vanish on the boundary, or § can be restricted to 

be tangential to the boundary. Since SO(3) gauge invariance is a symmetry of the 

theory, one can also consider diffeomorphisms for which the exterior derivative 

operator in the Lie derivative is replaced by the covariant derivative to make it 

compatible with the canonical analysis. In the BRST analysis, this is equivalent to 

a redefinition of the gauge ghost field. 

In the BRST formalism, the classical gauge and diffeomorphism 

symmetries are mimicked by transformations with the parameters replaced by 

ghosts pg and &. (Related BRST analyses of General Relativity with conventional 

rather than Ashtekar variables exist/BB] ). Thus the BRST transformations of the 

variables are (henceforth 6 shall mean dppR57) 

6A, = —Dp,t+2;,A, (7.2.5) 

be, = —€,ppe.t Lee, (7.2.6) 

6&5 = Leo (7.2.7) 

For a general differential form x 
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There is a sign difference in the second term ( compared to Eqn. (7.2.3)) because, 

unlike a normal vector field, € carries a ghost number of 1. The above BRST 

tranformations of the vierbein implies that the antiself-dual two form, %, 

transforms according to 

6X, =—€,>¢p,b. + Ld, (7.2.9) 

The standard procedure of splitting the gauge ghost p into p = n —igA allows us to 

write the BRST transformations in a gauge-covariant manner 

6A, = —Dn, + iF, (7.2.10) 

6D, = —€,>mU.+ igDE, - Did, (7.2.11) 

The BRST transformations for the ghosts are 

én, = —1€,.>*mn, +5 id F, (7.2.12) 

and 

6€ = aeeé ie. 6€4= €%8,€H (7.2.13) 

In the BRST formalism, the tranformations are generated by the BRST 

charge Q i.e. for a variable 7, 

db = {v, Qhpp. (7.2.14) 

The BRST charge is Grassmanian. Therefore Q? = 0 and the Jacobi identity for 

the BRST transformations implies that BRST transformations are nilpotent i.e. 

6? = 0. It can be verified that the BRST transformations above are indeed 

nilpotent. The variables (A, 7, ©, €), which are (1, 0, 2 ) forms and a vector-field 

respectively, are assigned ghost numbers ( 0, 1, 0, 1) and carry a grading equal to 

the form degree plus the ghost number. By this we mean that if x,. are pi 

forms with ghost numbers g; 9, then 
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Xr Axe = (-1)PxoAxy 3 P = (Pi + £1)(P2 + Se) (7.2.15) 

The geometrical nature of BRST transformations has been studied by 

various authors[TM]. The above transformation rules for A and 7 may also be 

obtained by considering the multiplet (A, 7) as a connection A and d+6 as the 

total exterior derivative. A , which carries a grading of 1, can be decomposed into 

its (1, 0) and (0, 1) components as ( the ordered pair (p, q) denotes the 

differential form degree and ghost number) 

A,=A, +n, (7.2.16) 

Its curvature is 

F, = (d+6)A, +e,PA, aA, (7.2.17) 

One can check that the transformation rules for A and 7 are equivalent to the 

statement 

F, = exp(ig)F, = (I+ ig +a idk. (7.2.18) 

Eqn. (7.2.18) reduces to the “‘soul-flatness” condition, F = F, in ordinary gauge 

theories when diffeomorphism invariance generated by £ is absent. The concept of 

“horizontality” in curved space is the statement that F must be expanded in 

terms of F and its contractions with the ghost € as in (7.2.18). The BRST 

transformation of F as a consequence of (7.2.10) is 

6F, = -¢,>mF.~ (Di), (7.2.19) 

It can be verified that the curvature F satisfies the consistency condition 

DF, = (d+6)F, + e,PA, AF, = 0 (7.2.20) 

which is the Bianchi Identity. 
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7.3 BRST invariance and the Descent Equations 

The BRST transformations of the variables allow us to deduce certain 

relations between quantities in the phase space. These relations take the form of 

descent sequences which will be shown to be crucial to the identification of 

observables of the theory. We shall now derive the descent sequences. 

First, note that F satisfies the Bianchi identity. As a consequence, Tr( F2) 

obeys (Tr denotes the trace over the gauge group indices) 

D(Tr( F®)) = 0 (7.3.1) 

Since the gauge group is $O(3), it suffices to consider n = 2. By expanding F,AF, 

in terms of the ghost number, i.e. by writing 

the resulting BRST cohomology descent equations from (7.3.1), i.e. 

(d+6)(F, AF,) = 0 

are 

dw? =0 

dWe = -dwst! for g = 1,2,3 

Wi =0 
with 

We = F,AF, W} = i,(F,AF,) 

W3 = side(F.AF,) Ws = ar igigig(F.AF,) 

Wé = dridddie(FAAF,) 
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Equations (4.9) are called the BRST descent equations. We shall see that they 

play a crucial role in the construction of BRST-invariant observables of the 

theory. There is thus an off-shell descent sequence involving the curvature of the 

Ashtekar connection. 

We now investigate whether it is possible to construct other descents. In 

view of the fact that on-shell, i.e. when the equations of motion are satisfied, the 

covariant curl of © is zero and © transforms in the same way as F, one therefore 

expects that a BRST cohomology and descent analogous to (7.3.4) exists for E as 

well. This is indeed true if one also makes use of the other equations of motion 

(7.1.9a,c,d). This suggests that even off-shell, a descent involving © could be 

realized. However for off-shell computations we should keep all terms involving 

DS. We thus find that the BRST transformations of & and € imply 

5(i0,) =—e,bem id, + 4 id DE, - 51D id Dla (7.3.5a) 

65; iia) =- eben, id De + ir igigi DE, (7.3.5b) 

So, instead of the Bianchi Identity for F , we have 

we . 1:: 
[Dy],= (d + 6)(Z, + igha toy gig.) 

+ €.P(Ay +m) A (De +ighe +57 igigS,) 

= DY, + igGDE, + digi DE, + picid DE, (7.3.6a) 

1.€. 

[D¥],= exp(i,)[D¥], (7.3.6b) 

Thus we see that the consistency condition is the requirement that DX must be 
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expanded in terms of D= and its contractions with the ghost €. For DF, this 

expansion is trivial because of the Bianchi Identity for F. By considering 

DSA .) we have 

(d+6)(5, A35,) = 2[D¥], a5, (7.3.7) 

and expanding 5, A y. in terms of ghost number 

~ ~ 4 

EAl.= Do Vig (7.3.8) 
s= 

yields , for g=0 , the identity 

d(X,A5,) = 2[Dz], Ax, (7.3.9a) 

while for g=1,2,3,4 we have 

§(Z,AD,) =—dlig(Z, A Z,)] +igd(Z, A 5,) (7.3.9b) 

Slig(Z,AZ,)] =- dipiid(Ds Az,)] + riigied (ZA >) (7.3.9c) 

bl5ii gig(Z,AZ,)] = - disigieig(S, AD,)| + digi (Ey AD,) (7.3.9d) 

S[digie(EADs)] = dis ii (BaD) thiddged(B.a¥,) — (7.3.96) 

Sltigigigi(D, AE.) = Hicigigigigd (B.A5,) (7.3.9£) 

It is remarkable that although L, unlike F, is not covariantly constant off-shell, 

the non-exact terms on the R.H.S. of Eqns. (7.3.9) actually vanish because they 

are all contractions, with ¢, of d(Z,AZ,) which is zero in four dimensions. Thus in 

four dimensions, we do have another BRST cohomology sequence with descent 

equations 

dv$=0 (7.3.10a) 

éVi,= -dvsr for g= 1,2,3 (7.3.10b) 
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6V5 = 0 (7.3.10c) 

where 

Vi= E,Ax, V3= ig, AZ) 

. lic: 
V3 = srigig(ZaA Da) V3 = arieigie(Za A >) 

Vi= tt cigigig(ZaAD,) 

The existence of the two descents above naturally leads us to ask whether a 

further descent can be constructed from 5,AF, by considering D&, aF,). It is 

straightforward to verify that from 

(d + 6)(S,AF,) = [DE], AF, (7.3.11) 

we arrive at 

§(D,AF,) =—dlig(E,AF,)] +igd(D, F,) (7.3.12a) 

Slig(D,AF,)] = — digid(D.n F,)| + pied (S.A F,) (7.3.12b) 

Slpigig(E.AF.)] =— dlxicigi¢(EAA F.)] + wigigied (EA F,) (7.3.12c) 

lgtiieig(DaAF.)] = —dlgidddig(D.nFa)] +tiddgded(Z.aF,) — (7.3.12d) 

Sididdd-(Z,AF,)] = did dddgd(D, Fy) (7.3.12e) 

The non-exact terms on the R.H.S. are again contractions, with the ghost €, of 

d(X,AF,) which also vanishes in four dimensions. There is thus a third BRST 

cohomology descent sequence. While the two previous descents involve either F 

or & but not both together, this third set of descent equations involves both © and 

F i.e. the conjugate variables ¢ and A. The corresponding descent equations can 

be written as 

dU° = 0 (7.3.13a ) 
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SU, = - aust for g= 1,2,3 (7.3.13b) 

6U5 = 0 (7.3.13c) 

with 

Uf= X,AF, U3 = ig(2,AF,) 

UZ= Hig (D,F,) U3 = wid (D.AF,) 

Us = figdig(D, AF,) 

7.4 BRST Descents and Invariants 

In this section, we shall exploit the descent equations derived earlier to 

identify the invariants of the theory. These invariants are to be used as the basic 

building blocks in the construction of observables of quantum gravity in four 

dimensions. In doing so, a clear and systematic characterization of the observables 

relevant to four-dimensional classical and quantum gravity emerges. The question 

of observables in General Relativity is a complicated one. Even to the present 

day, there is no systematic characterization of the observables of quantum 

gravity. Although one suspects that differential invariants of four-manifolds ought 

to be observables of the theory, it is not clear how these observables can be 

constructed out of the basic fields of the theory. 

The existence of the BRST descents allows us to construct observables of 

the theory which are manifestly BRST-invariant by integrating over the homology 

cycles. Such a procedure was used by Witten to construct the Donaldson 

invariants through a topological quantum field theory[WT]]. 
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Consider elements of the homology groups, 7,¢H,( M ); p = 0....,4 

Picking an element YF? of the W,V, or U descent, we see that 

6) 4, 8? ~ - Jay 4 ¥ 88 

~ | Or, Yet 

= 0 (7.4.1) 

Moreover, the BRST cohomology class of Yr? (%p) = | y. Yp? depends only on the 
P 

homology class of y, because the descent equations guarantee that for 7, and Cp 

= 7p + du,4,€H,(M ); p =9,...,3 

4- _ _ 
YD” Gp) = | sp:4Oup,, YpP 

_ 4-p 4- 

= ¥pPOp) + | wpyittP 

= Ye? (7p) -6) Yea (7.4.2) 

We also have 

ab —_— _ ‘ ab 6| F.AF, = | ong ie 8 F, AF,) (7.4.3) 

Thus, provided the boundary terms vanishes ( which is automatic if M has no 

boundary ), a further global invariant, | S*>F_AF,, is present . It is possible to 
M 

construct a descent in which S**F, AF, is the zero ghost number four-form. This 

can be achieved by using 

D( S*F, AF, ) = (DS®)a FAR, 
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= [(DS) > + i,(DS)®>) AF, aF, (7.4.4) 

with 

Sap = —p(FAAD, + DLAFy) 
The descent is 

d( S*®F, AF, ) =0 

5( SF, AF, ) =-dlig( S*F,AF, )] + igd( SF, AF, ) (7.4.5a) 

5fi-(S*F,AF,)] = - di cig( SF, AF, )] + xi cigd( S*F,AF,)  (7.4.5b) 

SlSidig(SFAAF,)] = —dlgiicigig( SPFLAF, )] + digigigd( SF, AF, (7-4.5¢) 

lg cigig(S*FAF,)] = - dit cigigig( SF, AF, )] 

+ ai cigigigd( SF, AF, ) (7.4.5d) 

Li dgigi¢(S*F, AF] = ai cigigigied( SPF LAF, ) (7.4.5e) 

The non-exact terms on the R.H.S. again vanish in four dimensions. Unlike the 

previous descents, this set of descent equations explicitly involves the duality 

operator * and hence the inverse of the metric g,,,, which is defined through Eqn. 

(7.1.3). Since degenerate metrics cannot be ruled out in quantum fluctuations and 

the descent involves complicated products of non-commuting operators, it remains 

to be seen whether the descent survives regularization. Even in the classical 

context, it is would be of interest to investigate the interplay between degenerate 

metrics and the invariants of the descent. 
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7.5 Further invariants 

In TQFTs, the form with zero ghost number in the descent equations, 

called the top-form, can be regarded as the action before gauge fixing. The action, 

(7.1.1 ), is a combination of the two top-forms involving Vj and Uj while W4, can 

be added on to the action density and will give a term analogous to the 6-term in 

QCD. Using the same techniques in the construction of the V, U and W-descents, 

further descents and invariants can be obtained by starting from other top-forms. 

The top-forms are gauge-invariant four-forms of zero ghost number. Examples 

involving the torsion two-forms are 

TiAT,, (#T,)AT,, T,AD,, (*T,) AX, 

TAF, (*T,)AF,, ToATo, (#To) AT, 

ST AT, 9°(+#T,) AT; , ST, AF, , 

S*>(xT,) AF, , S°>T, A Dy , 92°(*T,) AD, 

where the torsion two-forms are defined as 

T, = (De), (7.5.1) 

and 

To = dey (7.5.2) 

Note that unlike the torsionless spin connection, the Ashtekar connection ( which, 

at the classical level, is the anti-self-dual part of the spin connection) is not 

necessarily torsionless. 
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7.6 BRST-invariants and observables 

It is clear that if the BRST-invariants obtained through the descents are 

used as building blocks to construct operators which in general, can be expanded 

as products of these invariants, then the operators will be BRST-invariant and 

qualify as observables of the quantum theory. The invariants are non-local in the 

sense that they are all integrals over homology cycles. An apparent paradoxical 

situation occurs for an invariant which is at the bottom of the descent, i.e. an 

operator with ghost number equal to four. It appears that this operator when 

integrated over a zero homology cycle i.e. a point in space-time, is a BRST- 

invariant. This seems to contradict the intuition that a diffeomorphism-invariant 

theory cannot have local observables, i.e. observables that depend on space-time 

points. (Even a scalar field is not diffeomorphism invariant.) This apparent 

paradox is resolved by noting that the descent equations guarantee that the same 

invariant at different space-time points really belong to the same BRST- 

cohomology class and therefore its expectation values at different space-time 

points are the same. For example, the descent equations guarantee that 

dy‘ = —6y3 (7.6.1) 

so when integrated along a path connecting the points x and y in M, 

Y4(x) = Yaly) - 6] ¥8 (7.6.2) 
for all space-time points x and y in the same connected component. It appears 

that the BRST formalism yields what is expected of the theory. It is however 

remarkable that in the quantum theory, it is precisely the BRST-cohomology 

classes of the observables that are non-local and there exist relations among 

invariants which belong to the same descent sequence. 
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7.7 Degeneracy of the descents and phases in the theory 

In the earlier discussions on the intial-data and non-perturbative canonical 

quantization of the theory, we presented some arguments of possible phases in the 

theory. This question will now be analyzed in the context of the BRST-invariant 

observables. 

In the Type O sector corresponding to conformally self-dual Einstein 

manifolds 

F,=-35, (7.7.1) 

There are no local degrees of freedom and the reduced action is 

Arget =-7g 30 | FeAFa (7.7.2) 

The resulting constraints are Gauss’ Law and the Ashtekar-Renteln ansatz of Eqn. 

(6.1.18). This set of constraints however, is reducible since the constraint (6.1.18) 

generates deformations of the gauge potentials, and so if it holds, so will Gauss’ 

Law. The BRST analysis of this TQFT action has been performed (see [BRT] and 

references quoted therein for details) and the expectation values of the BRST 

invariants from the descent equations were successfully identified with the 

Donaldson maps by Witten [WT1][DO]. If we let dzgp7 be the BRST 

transformation, then the action is invariant under 

érartA, = —Dn.+, (7.7.3a) 

Srqrtls =— hte Monet ba (7.7.3b) 

dtarT¥, = — sea Me -D¢, (7.7.3¢) 

Storr = — a" Me (7.7.3d) 
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Comparing with Eqns. (7.2.10) and (7.2.12), the restricted Type O phase of the 

theory can be reduced to the TQFT of (7.7.2) with Donaldson-Witten invariants, 

if we identify »y and ¢ to be 

v,=iF, and ¢, = did,F, (7.7.4) 

In this sector the role of © has been eliminated in terms of F. From the vantage 

point of the BRST invariants and observables, we see that in this phase the 

elements of the W, V and U-descents are degenerate because of (7.7.1). When 

we break out of this sector the descents become independent and the observables 

are characterized by many more invariants. Note that even within the Type O 

sector when 4 hits the critical value of zero, F vanishes and & is no longer 

correlated to F. So for this critical value of \, the W and U-descents are trivial 

but the V-descent is not. Since exact diffeomorphism symmetry is unbroken all 

the observables are non-local and locked up in the descents. 

7.8 BRST invariance of the gauge-fixed action 

It is not sufficient to demonstrate only BRST invariance of the classical 

action A. It is well known in quantum field theory that the effective action can be 

different from the classical action. There can be contributions due to the necessity 

of gauge-fixing in the functional path integral. For instance in pure gauge theories, 

the quantum effective action consists of the classical action, gauge-fixing terms 

and a contribution from the Faddeev-Popov determinant of the functional integral 

which can be written as an integral the over Grassmannian Faddeev-Popov ghosts 

and antighosts[FP]. After gauge-fixing, the effective action is no longer gauge- 

invariant but it is nevertheless BRST invariant and it is precisely this BRST 
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symmetry of the quantum theory that gives rise to the Slavnov-Taylor 

identities[BRS]. 

There is a known method of systematically adding gauge-fixing terms to 

the classical action in a BRST-invariant way. This can be achieved by adding to 

the classical action a gauge-fixing Lagrangian of the form L,,= 6x. The BRST 

invariance of the gauge-fixed action is then explicit. This is because for the 

classical action the BRST transformations mimicked the original symmetry of the 

classical variables while the gauge-fixing term will be invariant because of the 

nilpotency of BRST transformations. The gauge-fixing Lagrangian however has to 

involve antighosts because the Lagrangian has zero ghost number but 6 always 

increases the ghost number the quantity it operates on by one unit. Typically L, + 

is of the form 

Ly f= 5[gf(fields)| 

= b f(fields) —g6é[f(fields)] (7.8.1) 

The antighost(s), , and auxiliary field(s), b, tranform according to 

6g =b (7.8.2) 

and 

6b = 0 (7.8.3) 

(Note the nilpotency of the transformations). f(fields) = 0 is the gauge-fixing 

condition. To take an example, consider pure gauge theories. In the functional 

integral, the integration over the auxiliary field b will produce a delta function 

enforcing the gauge-fixing condition (which can be chosen as the Lorentz gauge) 

while the integration over the ghosts and antighosts produces the Faddeev-Popov 

determinant through the second term of (7.8.1). We shall discuss the relevant 
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gauge-fixing conditions for the gauge and diffeomorphism symmetries that we 

have to contend with and the complications and subtleties that are associated 

with the gauge-fixing of the theory, but for the moment we stress that the all- 

important BRST invariance of the quantum theory will be ensured if we adopt 

the above procedure in gauge-fixing. Actually, to prove strict BRST invariance of 

the quantum theory in the functional path integral approach, there must also be 

considerations regarding the invariance of the functional measure. This will be 

considered at the end of the chapter when we prove formal invariance of a suitable 

measure for the quantum theory with Ashtekar variables. 

7.9 Gribov ambiguities and observables 

The expectation value of an observable can be computed through 

<0> = | D(all fields)O expi(A+ JL, 1) (7.9.1) 

The integral is over all fields including ghosts anti-ghosts and auxiliary fields. The 

gauge-fixing Lagrangian will be of the form of (7.8.1) to preserve BRST- 

invariance. However, it must be noted that there can be Gribov ambiguities[GR] 

due to zero modes of the Faddeev-Popov determinant. To be specific, consider as 

gauge-fixing condition for diffeomorphisms, the de Donder gauge 

Bu ( Bo "”) = 0 (7.9.2) 

where (go), is a background metric. For the gauge degrees of freedom, we can 

consider the covariant Lorentz-gauge condition 

(go)""D°,Ay, = 0 (7.9.3) 

where D° denotes the covariant derivative with respect to some background gauge 
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potential A°. The gauge-fixing Lagrangian then takes the form 

Lge. = 5 | { Er ge Oyl Vo 8”) +7"G0)!”D Ava }(%0l) (7.9.4) 
This gives 

Lge= | brdy( Bo”) - F142 yl /eoe™”)} 

+ b*\/E (8o)"”D°yAva —7°6{/B0(80)" D°pAva} dé*x (7.9.5) 

Upon integrating over the auxiliary fields b, the first and third terms will enforce 

the seven gauge-fixing conditions. The second and fourth terms can be written as 

€ uM" e” and 7°N? m, respectively. Integrating over the ghost and antighost pairs 

will yield the Faddeev-Popov determinants of M and N. However, there can be 

zero modes of the matrices corresponding to 

5{3y(VEo”)} =0 , 8{,/B(G0)"”D°yAvat = 0 (7.9.6) 
It should also be noted that (7.9.6) are precisely the classical equations of motion 

of the total gauge-fixed action when we vary with respect to the antighosts. 

Supposing that we are looking at a fixed vierbien and gauge field, then (7.9.6) will 

be the equations of motion for the ghosts. Obviously, a sufficient condition for 

(7.9.6) to occur is when the metric and the gauge fields have BRST fixed points 

i.e. they are left invariant under some BRST transformations. By definition, 

transformations generated by Killing vectors leave the metric invariant. Thus, if 

the diffeomorphism ghost € is of the form of a Killing vector multiplied by a 

space-time independent Grassmanian € , then there exists non-trivial zero modes 

of the matrix M. In ordinary gauge theories, Gribov ambiguities can be 

circumvented if we restrict ourselves to the perturbative regime (see for instance 

[IZ]). For gravity, it may not be possible to avoid the zero modes nor is it 

desirable to do so, because the existence of BRST fixed points reflect the 
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underlying symmetries of four-manifolds. Indeed in the TQFT with Donaldson- 

Witten differential invariants, the existence of zero modes of the gauge-fixing 

condition is necessary for the expectation values of BRST invariants with non-zero 

ghost numbers to be non-trivial (see [WT1][WT3][BRT]). The same line of 

reasoning can be applied to gravity but we expect more differential invariants 

because of the occurence of many more descents. In TQFT with the classical 

action of (7.7.2), only the W-descent is possible. Furthermore, the invariants can 

assume non-integer values (we shall provide some explicit examples of this). 

Another difference between TQFT and gravity is that for the former, 

computations in the classical limit give the same results as the full quantum 

theory because the expectation values of the invariants can be shown to be 

independent of the coupling constant and therefore they can be evaluated at the 

classical limit/WT1]. 

7.10 Explicit examples 

We now give some explicit examples of what these invariants can be. We 

have already discussed in Chapter 4 how F,AF, is related to the Euler number 

and signature which are topological invariants. In the classical solutions, these 

come from the integrals of Tr(S?) for two opposite orientations. It is natural to 

question what the integral of Tr(S*) gives. Consider the explicit example of the 

Schwarzschild solution discussed in example (c) of Chapter 5. The proper 

qauntum BRST-invariant to consider is | SF AF, with 
M 

Sa = —$*( FAAD, + E,AF,) 
On-shell, the integral is equivalent to the integral of —2Tr(S*). From the descent 
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equations we have 

ab _ . ab | Sp AF, = -| ie( SPF AF, ) (7.10.1) 
OM 

For the classical Schwarzschild solution, 

S*P AF, = 12 mar pdr Asindda A dg (7.10.2) 

The Schwarzschild solution however has boundary at r=2m and r=oo. We assume 

the ghosts are the Killing fields albeit with a Grassmannian character. No Killing 

vectors of the Schwarzschild solution has an r-component and so the boundary 

term on the R.H.S. of (7.10.1) vanishes and 

I, SF, AF, = { [- [; |. 12 m*4, pdr Asineds Ad¢ 
T=0 r=2mJ 6=0/) ¢=0 fr 

= 4, (7.10.3) 

is an additional invariant characterizing the Schwarzschild solution besides the 

Euler number and signature calculated earlier. This is hardly surprising. It is 

reasonable to expect the Schwarzschild solution is characterized by the mass in 

the solution but note that the Schwarzschild mass is non-topological in nature and 

therefore represents a differential, rather than topological , invariant of the four- 

manifold. Furthermore, the mass is not put in by hand as an invariant of the 

manifold but is obtained as a special case of the BRST-invariants constructed 

from the fundamental fields of the theory so we know its relation to other objects 

in the descent. For instance, the Schwarzschild mass need not be an invariant for 

quantum gravity because from Eqn. (7.10.1), we see that quantum fluctuations of 

the ghosts which cause them to deviate from the classical Killing vectors can 

contribute to the boundary term and the mass will no longer be BRST-invariant. 

This needs to be explored further for it can have implications for the process of 
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quantum decoherence and Hawking radiation of black holes. 

Another example is CP,#4CP, ( the connected sum of CP, and CP, ) with 

the Page metric. The manifold is without boundary and the Page metric can be 

written as[PA2] 

ds? = ER’ aR? 4 4(? -R2)(0,2 + 0,2) + Re (7.10.4)   

with 

K= aR + (1-2/2A)R? + 12(1 — 17) (7.10.5) 

The three Euler angles, ¢, 6 and 7, have the usual ranges but R ranges from ~— Rg 

to Ry with Ro= vi. According to Page’s analysis, to obtain an Einstein metric free 

of all singularities, 1 must take the astounding value of 

i= 3(1+4v?) 

~ V4i0(3 +v?) 

with 

zs 1 
y= —1-[2+a-—a"]4+[4-a+a1+8(a-a?)?(ata’)'? (7.10.6) 

and 
1 

a =(/2+1)8 

With the above, | = 0.96602504 
1 
2 

i 
and Ry = vil x 0.27213076\ 2. Obmitting the 

details, we find the Page metric is of Type D and transcribing it into our previous 

formalism, we obtain 

P, = P’;= -8 (7.10.7) 

and thus x = 4 and 7 = 0. The volume term, which is BRST-invariant, is 

| DarZe ~ 150.862? (7.10.8) 

A further example of a BRST-invariant of the Page metric is 
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li, Sp AF, © 347.622A (7.10.9) 

One can also obtain BRST-invariants with non-zero ghost numbers by assuming 

the ghosts are in the form of Killing vectors multiplied by a Grassmannian 

parmeter €. For instance, with the ghost € = ex ( a is a Killing vector of the 

Page metric ), the BRST invariant obtained by integrating over the homology 

three-cycle 3; parametrized by -Ryp<R<Ry),0< 6 < mand 0<¢< 27 is 

[, ig(SF,AF,) © €27.663A (7.10.10) 
3 

7.11 BRST invariance of the measure 

The BRST-invariance of the total gauge-fixed action was shown in section 

7.8. To check the BRST-invariance of the quantum theory, it is necessary to show 

that the generating functional is invariant under BRST transformations . For 

that, it remains to show that the functional measure is also invariant. If the 

measure is not invariant i.e. the Jacobian of the transformation is not unity, 

anomalies can occur. For instance, Fujikawa[FU] showed that the anomaly of the 

axial current can be understood as the non-invariance of the path integral measure 

of the fermion fields. When there is more than one classical symmetry, it may 

turn out that the measure cannot be made invariant under all the symmetries. 

One or more of the classical symmetries may have to be given up at the quantum 

level . There is no good reason to suspect that the SO(3) gauge invariance and 

diffeomorphism invariance relevant to us cannot be made compatible at the 

quantum level. The closure of the quantum constraint algebra discussed in 
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Chapter 6 supports this. However, it is a non-trivial exercise to demonstrate the 

explicit BRST-invariance of the measure. 

A BRST-invariant measure can be constructed. It is obtained by 

integrating over the field variables weighted with appropriate powers of the 

determinant of the vierbein. The diffeomorphism ghost measure needs careful 

treatment. We shall adapt the work of Fujikawa et al [FEA] to our context. The 

BRST-invariant measure takes the form 

D [by] D [b*] D €")D [7*] D [na] D [ete na] D [een ae] ehD [er/FA vale (7. 11.1 ) 

The proof of the BRST invariance of the above measure will be carried out by 

proving the invariance of the separate measures. 

Firstly, note that under BRST transformations 

6b, ,= 0 le. by = by, (7.11.2) 
ya 

so the Jacobian of the transformation, det| n , is unity. For the anti-ghosts €   

and 7, we have 

b€, = by i.e. ey = &, + by (7.11.3a) 

and 

67° = b? ie. 7° = 7* + b? (7.11.3b) 

For an infinitesimal transformation of a field y, the Jacobian can be evaluated by 

using 

= det ow |=! +t (6¥) (7.11.4) 

The trace of a matrix M?,,4, (x,y) is defined to be | 5(x-y)6® , 64 p MPLAR (x,y) 

dxdy. and we adopt the convention of the right derivative for the partial 
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derivative with respect to Grassmanians. The Jacobians of the BRST 

transformations for the anti-ghost measures are therefore equal to one. Thus the 

auxiliary field and anti-ghost measures are BRST-invariant. 

The gauge ghosts transform according to (7.2.12) i.e. 

7, = Na 5 a MeN + 5 OF wa (7.11.5) 

The Jacobian of this transformation is 

6 3 

det | 7 | =1 + tr(—e,'n,) (7.11.6) 

In the above, the second term on the R.H.S. vanishes because of the trace over 

  

the indices a and b of the antisymmetric Levi-Civita tensor. So the gauge ghost 

measure is BRST- invariant. 

The invariance of the vierbien measure is less apparent. The BRST 

tranformations of the vierbein in Eqns. (7.2.6) and (7.2.7) 

Cua = ete, + €¥d,(e/4e,4) + 40,€" (een) + a,e¥ (eM 4e,4) 

  

- eon pye fey. (7.11.7) 

where €,4 = e/fe iy. 

This means that the Jacobian, det ce 9 | , is 

L+ tr{[(ea, + FOpE")b?y + OyE?}OP, — €o4>Bp,]5(x-y)} (7.11.8) 

The last term of (7.11.8) vanishes due to the anti-symmetry of the Levi-Civita 

tensor and (7.11.8) reduces to 

1+ 16tr{(é”, + 50,£”)5(x-y)} (7.11.9) 

The Jacobian of the field transformations is an infinite dimensional expression 

which has to be regularized. Following Fujikawa et al , we can regularize the 
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Jacobian by using a mode cutoff . This goes as follows: A field ¢(x) can expanded 

as 

= » c,¢,(Xx) 

where {¢,(x)} is a complete set of eigenfunctions of an operator. Then 6(x-y) — 

S_¢;(x) ¢,(y) and the regulated expression for tr{(é”0, + 50,<" )é(x-y)} is 
t 

Y fax 9; (x)(E’0, + 50,6")4,(x) (7.11.10) 

with cutoff at large N. But (7.11.10) is equal to 

N 

> | dx 49,(¢%6) (7.11.11) 
2 

and vanishes provided certain boundary conditions (e.g. ¢, vanishes at the 

boundary or the ghost ¢ is tangential to the boundary) are imposed. With these 

assumptions, the veirbein measure is BRST-invariant since the Jacobian of the 

transformation is unity. 

The diffeomorphism ghost measure, DJe!/ 4] ny presents yet other 

complications. To obtained a BRST-invariant measure , Fujikawa et al evaluated 

the Jacobian for the BRST transformation on the ghost measure as follows: 

  In = de] faz] 5S], ee le, (7.11.12) 

where €, = el/e uat?. The first factor 

Peua + een ytd, + 5 OY eqa(0,€") 
  [e fae | 

dE™(z) 
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+ HA (eM Pea )]5(x-2) (7.11.13) 

while the second factor 

  oe"(2) |. = @'/2(@1)9B§(z-y) (7.11.14) 

Integrating the product of the factors over z and taking the determinant, the 

Jacobian is [FEA] 

Jen = 1 + 4 tr{(e%a,+ 50,6")6(x-y)} (7.11.15) 

We observe that the trace term is the same as that of (7.11.9) . Thus the 

regulated Jacobian is unity. 

Finally, we discuss the gauge field measure, D[e*/ *A nalg: Consider Awa = 

eXA ua: Under a BRST transformation 

(A)’ pa = “A na + {€”0,(e*Apa) + k(d,€”) XA ya} —e6"0 Avs 

—e"(34Na + €s°A atte — €a°°E” AA pc) (7.11.16) 

So the Jacobian of the transformation is 

  

Ae) Cua det | ~~ | = 14 tr{[€’0,,67 65, +k(0,€") 6? 6%, ]6(x-y) — = }7.11.17 ot ORG LT ET tLleGuh hy FLOW EM Oley) ~ Fale HLT 

where C,,. = et dyAv, and the last term in (7.11.17) is to be evaluated in the 

Same manner as was the case for the diffeomorphism ghost measure, i.e. 

BC a(x) _ aC a(X) Aag(Z) 
  

— €?8,69,6(x-y) 

The last term within brackets in (7.11.16) gives no contribution to (7.11.17) 
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because of the trace over the anti-symmetric Levi-Civita tensor. The Jacobian 

(7.11.17) reduces to 

1 + tr{[12é"0, +12 k(d,£”) — 36" £7, ]6(x-y)} 

=1 + 9 tr{[é’a, + $k(0,€”)]6(x-y)} (7.11.19) 

Provided k= 3 , the trace term is of the form of (7.11.9) and is a total divergence. 

We may therefore conclude that for this value of k, the Jacobian under BRST is 

unity and the gauge field measure, D{e*/®A yalg » 18 BRST-invariant. 

The functional measure (7.11.1) is thus invariant under BRST 

transformations of the variables. Although the invariance of the measure is 

achieved in a rather formal sense, it nevertheless enhances the viability of the 

BRST-invariant functional integral formulation of quantum gravity in four 

dimensions with Ashtekar variables. 
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Chapter 8 

Remarks 

The results obtained in this work have been summarized in the overview 

given in Chapter 1. Here, some remarks will be made on directions for further 

research suggested by this work. They will show that what has been described so 

far is only a beginning on a complete description of quantum gravity in four 

dimensions. 

At the classical level, as demonstrated in Chapters 4 and 5, General 

Relativity in four dimensions can be successfully described by the Ashtekar 

variables. The formalism developed in these chapters can be quite effective in 

yielding explicit solutions which are rather difficult to obtain through the metric 

variables. We have also discussed some Kahler and hyperkahler metrics in the 

context of the Ashtekar variables and more explicit solutions can be expected 

through similar constructions. 

There is strong evidence of phases in the theory and we have discussed 

some of them. The rich and intricate relationships that can exist between the 

phases remain to be explored. 

In this work, we have not considered the coupling of matter fields to four- 

dimensional gravity. The coupling of matter fields will change the explicit form of 

the constraints and hence the reduced phase space, but the set of constraints will 

remain if matter fields are coupled in a diffeomorphism and gauge invariant 

fashion. They reflect the local symmetries of the theory. At the quantum level 
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however, the new constraints with matter fields (particularly chiral fermions) can 

have dramatic consequences. For instance, the closure of the quantum constraint 

algebra would have to be re-examined and there could well be information in the 

quantum constraint algebra pertaining to the cancellation of anomalies. For 

instance, the quantum constraint algebra closes only for special coupling constants 

and/or number of species of the matter fields. With the ADM variables, the 

quantum constraints are too unwieldy to provide unambiguous answers, With the 

traditional constraints, even the closure of the quantum constraints for pure 

gravity has not been demonstrated. The Ashtekar constraints however are much 

simpler, and results pertaining to the closure or non-closure of the quantum 

constraint algebra with matter fields will be of great interest. 

As demonstrated, for instance in the explicit example of CP,, 

diffeomorphism invariance does not imply invariance under orientation reversal 

which includes time-reversal and parity. The action displayed in Chapter 7 is also 

not invariant under orientation reversal. Whether or not the non-invariance of the 

theory under orientation reversal has anything to do with the observed parity and 

T-violation that we know of is a question that deserves further consideration. 

The exact values of the BRST invariants obtained in Chapter 7 will 

doubtless change when matter fields are added, but it must be emphasized that in 

the derivation of these invariants only the BRST transformation properties of the 

variables are used. These invariants will therefore remain as observables even if 

matter fields are added provided diffeomorphism and gauge-invariance are not 

violated. In fact, the forms assumed by invariants do not depend the specific 

action chosen ( their expectation values do) but only on the BRST symmetry of 

the theory. 
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In Chapter 7, some quantum observables of the theory were identified. It 

remains to be seen if the computation of their expectation values yields 

meaningful answers. In this regard, the lesson from TQFT is that the Gribov 

ambiguities are to be addressed by insertion of appropriate non-zero ghost number 

invariants. In TQFT with Donaldson-Witten invariants, some of the computations 

of expressions of the form of (7.1.9) correspond to the evaluations of the 

intersection numbers of the moduli space. For gravity, the physics behind 

observables with non-zero ghost numbers ought to be clarified. On a more 

concrete note, in section 7.10 it was pointed out that the Schwarzschild mass can 

change due to boundary contributions from quantum fluctuations of the ghosts. 

This line of attack ( which starts from fundamental principles) on the quantum 

mechanical stability of the black hole ought to be pursued. It should be noted that 

recent investigations on black hole evaporation using string theory techniques 

have questioned the Hawking radiation process[WT5][NE]. 

Lastly, the quantization of gravity remains one of the outstanding problems 

of theoretical physics despite the efforts of many. This thesis did not, and cannot, 

address many of the formidable issues in quantum gravity. Some outstanding 

difficulties not discussed in this work include questions of measurement and 

collapse of the quantum states, quantum coherence and decoherence, transitions 

between quantum states, the emergence of physical time from quantum geometry, 

gravitational collapse and singularities. 
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APPENDIX 

The the left and right duals are defined as 

Reson = 5€ABEFR cp (Al) 

ABCD — S€cperRap (A2) 

We have seen that 

(DE), =0 
A= Wy he hu, (43) 

So 

F,= dA, + de, A, AA, 

= Ro, -} €.>Ri 

= 3(Roape — de,°Rycppje” Ae” 

= (Roao — Rega Je? Ae? + (Rox - Row )eP_ge® Ae® 

= Sip(-e°Ae Pte b ye’ Ae?) (A4) 

iff 

Sab = Rezo, — Roach = Roos 7 Rexge (A5) 

The superhamiltonian constraint 

Sab= Sha 

Reson = Rag, and Roscb = Resey 
With this 

Rea = = e.€ » Rosob 
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= Ria 

and 

b 
R. 3 =e jRoaob 

_ .b sl 
=e ij(5€b Re) 

= Re. 

Therefore 

R ABCD Rascp 

Furthermore, 

Tr S = Re, ~ Roaoa 

1 
= 5a” Racoa ~ Roaoa 

= — Roaoa 

(A6) 

(A7) 

(A8) 

(A9) 

because of the cyclic identity for the Riemann curvature tensor (c,2-°Regop = 0). 

The Ricci scalar 

— RAB R= Rap 

= 2Roaoa + Rabab 

But 

Rabab = Eab Cap Ran 

— d, _e 
= €ab Cab Roave 

= 2Roaoa 

So 

R = 4Roaoa 
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(A10) 

(A11) 

(A12)



Thus 

TrS8 =-A eR=4) 

Note that Einstein manifolds are solutions of 

Ruv = 9p 

and therefore for them 

R=4A 
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(A14) 

(A.15)
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