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INTRODUCTION 

Unsteady viscous effects have proved to playa vital role in the 

stability of missiles and reentry vehicles. Small fluctuations of 

the angle of attack, gas injection through the skin and ablation are 

boundary layer phenomena that may have catastrophic effects on the 

stability of the body. Similar boundary layer phenomena have been 

studied quite extensively in conjunction with other applications of 

unsteady aerodynamics as, for example, helicopter rotor blades, 

turbomachinery cascades, fluttering wing sections, etc. In addition, 

unsteady phenomena, like a sharp change in the free stream velocity 

or in the rate of heat transfer, or injection velocities that may be 

suddenly turned on are not uncommon. 

Most of the engineering methods of calculating the flow fields 

about aerofoils and turbomachinery blades are based on inviscid 

theories, while important features, like separation, are either 

arbitrarily assumed or completely ignored. Yet it is now well-known 

that many important aerodynamic characteristics, as for example, the 

blade behavior for large angles of attack, the phenomena of stall, 

and in general their dynamic response are controlled by thin viscous 

layers, the boundary layers, that cover the skin of aerodynamic 

surfaces and most of all by separation. Moreover, the extreme 

environmental conditions imposed on the aerodynamic materials today 

necessitate a good estimate of skin friction and heat transfer rates 

before a certain design is finalized. 
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Boundary layer calculations have been confined for decades due 

to the complexity of mathematical models, to very simple configura

tions of rather academic importance. The evolution of the modern 

computer has recently permitted calculations for realistic configura

tions that have proved to be valuable engineering estimates. 

Boundary layer calculations have also been confined mostly to two

dimensional and steady flows. Only in the last two decades have 

problems like three-dimensional, compressible or unsteady boundary 

layers been considered. (See revie\'i articles in Refs. [1-4J.,) 

Generally these works can be grouped into two categories with regard 

to their applicability: (1) those which are confined to small 

amplitude fluctuations but which can handle in general any value of 

the frequency of fluctuation, and (2) those which are valid for any 

amplitude ,of fluctuation but in turn are confined to a specific type 

of dependence on time. Characteristic representatives of the first 

group are the works of Lighthill [5J, Illingworth [6J, Rott and 

Rosenweig [7J, Sarma [8,9J, Gupta [10,11J et al; and of the second 

group the works of Moore [12,13J, Ostrach [14J, Sparrow and Gregg 

[15J, Lin [16J, King [17J, et al. 

The present dissertation is an attempt to study some special 

classes of unsteady two- and three-dimensional incompressible and 

compressible boundary layer flows past different bodies that are 

encountered in engineering applications and can be grouped under 

the first category. It contains five chapters dealing with cross 
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flow effects in oscillating boundary layers, compressible oscillations 

over two-dimensional and axisymmetric walls with no mean heat transfer, 

compressib1e oscillations over two-dimensional and axisymmetric walls 

with mean heat transfer and higher approximation in unsteady incompres

sible boundary layers. It deals with problems of general character 

from which many particular problems come as special cases. The 

analysis is first formulated for a general value of the frequency but 

the results are presented only for small frequencies. 

Numerous investigators have followed the pioneering work of 

Lighhill, Moore and Lin, but mostly in the spirit of Lighthill's work. 

In most of these investigations the outer flow velocity is assumed to 

oscillate harmonically, Ue(x,t)=Uo(x)+EU,(x,t)eiwt. Solutions are 

then sought in the form q(x,t)=qo(X,Y)+Eq,(x,y)e iwt , where q is any 

flow quantity. The asymptotic expansion in powers of the small 

amplitude parameter E results ;n two different sets of equations. 

The first describes the variation of mean quantities like qo and is 

identical to the equations of steady boundary layer flow. The second 

describes the behavior of the oscillation amplitudes q,. In this way 

the problem is split into steady and unsteady parts without excluding 

fast or slow variations with time. Even in this form the problem does 

not permit a straight-forward solution and investigators have been 

forced to expand again in fractional powers of the frequency w or its 

inverse. Exceptions are only methods that employ numerical integra-

tion techniques [18-20J. In the present study we adopt the double 

expansion method ;n powers of € and w. 
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Ackerberg and Phillips [21] have recently reviewed the work of 

Rott and his co-workers [7,22] and addressed rigorously the mathemati-

cal implications of matching the solutions for large or small values 

of frequency. They have also discovered that for large values of the 

parameter ~~ (where x is the distance along the solid boundary and 

UOO is a reference velocity), the boundary layer can be separated in 

the direction perpendicular to the wall into an inner and an outer layer. 

The present study is concerned only with small frequency fluctuations. 

Oscillating flows with small reduced frequency ~L (where Land U
oo 

are 
00 

a typical length and velocity respectively), are, for example, the 

flow over a helicopter blade in forward flight, or the flow through a 

compressor fan in the presence of inlet distortions. 

The investigators that have followed the second category have 

considered a variety of physical problems. Moore [12J studied the 

compressible boundary layer on a heat-insulated flat plate for nearly 

quasi-steady boundary layer flow. Ostrach [14J, and later Moore and 

Ostrach [23J, extended the theory to include the effects of heat 

transfer but confined their attention to flat plate flows. Lin [16J 

separated each property into a time averaged and a fluctuating part 

and assumed a very large frequency, in order to solve first the 

equation for the fluctuating components. King [17] expanded only in 

powers of the frequency parameter but later assumed that the 

fluctuating part of the boundary layer properties is of the same 
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order with the frequency parameter. Large amplitude effects can be 

estimated in general only by purely numerical methods (Tsahalis and 

Telionis [24J). It has been decided in the present study to avoid 

restrictions on the dependence of outer flow on time so that transient, 

impulsive and oscillatory flows with large or small frequencies can 

be considered. 

Gribben [25,26J investigated the flow in the neighborhood of a 

stagnation point, which accounts for pressure gradient effects, albeit 

in a narrow sense. Gribben was mainly interested in the effects of 

a very hot surface and therefore simplified considerably his problem 

by assuming that the outer flow is incompressible and therefore 

further assuming constant outer flow density and temperature. Vimala 

and Nath [27J have more recently presented a quite general numerical 

method for solving the problem of compressible stagnation flow. 

The leading term in an asymptotic expansion of the Navier-Stokes 

equations for a large Reynolds number represents the classical 

boundary-layer equations of Prandtl. It is well-known that the 

Navier-Stokes equations are elliptic, whereas the classical 

boundary-layer equations are parabolic and thereby do not permit 

upstream influence. It is of interest to study how the higher-order 

terms in the asymptotic expansion reassert the elliptical nature 

suppressed in the leading term. Physically, these can arise because 

of the longitudinal curvature, transverse curvature, displacement, 

external vorticity, etc. The practical use of such higher-order 
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corrections lies in the fact that they are found to give good results 

even at distinctly non-asymptotic situations. So far, all the efforts 

in this area have been directed to steady flows (see Van Dyke [28,29J), 

thus unsteady flows have, in general, been unduly ignored. The aim 

of the present investigation is also to extend the theory of Van Dyke 

[28J to unsteady flows. 

In the general methods of approach of this dissertation, we obtain 

systems of general differential equations in a single variable. For 

the complete study of a particular problem, we solve these equations 

numerically by the shooting technique for various values of the para

meters. A straight-forward fourth-order Runge-Kutta integration scheme 

is employed and the values of the functions at the edge of the 

boundary-layer are checked against the outer flow boundary conditions. 

If these conditions are not met, a guided guess is used to readjust 

the assumed values at the wall, and the process is repeated until 

convergence is achieved. The approach adopted in the present thesis 

is based on asymptotic expansions in powers of small parameters: the 

amplitude ratio and the reduced frequency or its inverse. Both 

assumptions involved appear to be quite realistic. 

Each chapter is preceeded by a brief literature review pertinent 

to the special topic under examination. The first chapter is on 

cross-flow effects in oscillating boundary-layers. In this chapter 

we consider simultaneously the effects of three-dimensionality 

coupled with the response to outer flow oscillations. It is believed 

that the coupling will have significant implications in cascade flows 
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where the finite span blocks the development of cross flows. The or

dinary differential equations, though) are derived for the most 

general aerofoil configuration and are readily available for computa

tions. The numerical results presented are derived only for the 

special case of the flow over a swept-back wedge. Their value is 

qualitative. However, some interesting features of oscillatory three

dimensional flows are disclosed. In particular it is found that the 

coupling of the momentum equations permit the transfer of momentum 

from the chordwise to the spanwise direction. In this way it is 

possible to excite a fluctuating boundary layer flow in the spanwise 

direction even though there is no outer flow fluctuation in this 

direction. Moreover, it is discovered that the skin friction vectors 

oscillate in direction, and hence the orientation of the skin friction 

lines change periodically, even though the outer edge streamline 

configuration is not affected by the oscillation in amplitude of the 

outer flow. 

The second chapter deals with compressible oscillations over two

dimensional and axisymmetric walls with no mean heat transfer. In 

this chapter we study the response or laminar compressible boundary

layers_to fluctuations of the skin of the body or the outer flow, via 

asymptotic expansions in powers of the amplitude parameter and the 

frequency of oscillation. We study the fluctuating compressible flow 

over a wedge or a cone but for the very special case of a wall 

temperature equal to the adiabatic wall temperature. A well known 
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transformation then can be generalized ;n order to eliminate the 

energy equation. 

To the authorts knowledge this is the first attempt to study 

compressible boundary-layer flows with a non-zero pressure gradient 

and purely unsteady outer flow conditions. The most striking feature 

of such flows is the fact that the outer flow enthalpy ceases to be 

constant and varies proportionally to the time derivative of pressure. 

However, in this work, the enthalpy variations are of one order of 

magnitude higher than the level of the terms retained. The simplifying 

assumptions here are restrictive since the solution is only valid for 

a conducting wall with a temperature equal to the adiabatic temperature. 

The third chapter deals with compressible oscillations over two

dimensional and axisymmetric walls with mean heat transfer. The 

response of the compressible boundary-layer to small fluctuations of 

the outer flow is investigated. Unlike chapter two, the Prandtl 

number is to be taken here as an arbitrary parameter which need not be 

equal to unity. The governing equations and the appropriate boundary 

conditions are formulated for the first time in considerable general

ity. It is indicated that the outer flow properties do not oscillate 

in phase with each other. Such phase differences are augmented as one 

proceeds across the boundary-layer. Solutions are presented for small 

amplitudes again in the form of asymptotic expansions in powers of 

a frequency parameter. Ordinary but coupled non-linear differential 

equations for the stream function and the temperature field are 
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derived for self-similar flows. Results are presented for a steady 

part of the solution that corresponds to flat plate and stagnation 

flows and oscillations of the outer flow in magnitude or direction. In 

this chapter there is no restriction with respect to the temperature 

of the wall. 

In the fourth chapter, we study the higher approximation to fluct

uations of the outer flow in unsteady incompressible boundary-layers. 

The main purpose of this investigation is to extend the work. of Van 

Dyke [28J to unsteady flows. Second order equations for unsteady 

flows are derived from the Navier-Stokes equations by employing the 

method of matched asymptotic expansions. It is shown that the un

steady flow field can be described by two limiting processes ;n a 

fashion similar to the one employed for the steady flow. The 

asymptotic expansion for the inner and outer regions are matched in 

the overlap domain. The nature of second-order effects is studied 

for a flat plate and stagnation flow. The last chapter contains 

a summary and conclusions. 



CHAPTER ONE 

CROSS FLOW EFFECTS IN OSCILLATING BOUNDARY LAYERS 

1.1 Introduction 

Three-dimensional effects in boundary-layers have been studied 

extensively in the literature, and reviews on related topics can be 

found in most classical texts. In fact, in the last few years 

numerical solutions have appeared that treat the problem of the most 

general three-dimensional configuration without any assumption about 

symmetry of any kind. 

In this initial step of combining the effects of unsteadiness 

and three-dimensionality, we decided to follow the work of Sears [30J 

and Gortler [31J and consider configurations and outer flows that 

permit the uncoupling of the two components of the momentum equations. 

This is not really a very restrictive assumption and it corresponds 

to a variety of engineering applications. In fact it is possible to 

introduce a weak variation in the spanwise direction and generalize 

the present method. The spanwise component of the outer flow is now 

assumed in the form W(x,t)=Wo+sW,(x,t). The case W,=O is then the 

case of a swept-back wing with oscillations only in the chordwise 

direction. Solutions are also presented for a power variation of 

W,. 

The combined effects of three-dimensionality and unsteadiness have 

been considered most recently by McCroskey and Yaggy [32J, Dwyer and 

McCroskey [33J, and Young and Williams [34J. These authors were 

10 
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concerned with the helicopter blade problem and assume a large ratio 

of span to chord. They have also proposed corrections for small 

distances from the axis of the blade rotation. The perturbation 

procedure in these works is entirely different from the one employed 

in the present chapter. The above authors assumed solutions in 

inverse powers of the distance to the center of rotation, whereas the 

present method proposes solutions in powers of the amplitude of 

oscillation. It is interesting to note that their zeroth-order problem 

is a quasi-steady problem, essentially the same as our zeroth-order 

problem. Gupta [10,11J has also looked into three-dimensional and 

unsteady boundary-layer flow problems. He considered first [lOJ the 

impulsive flow over a corrugated body for a special case of a three

dimensional configuration. In a later publication [11J he also 

studied the impulsive start of a yawed infinite wedge and a circular 

cyl i nder. 

1.2 The Governing Equations and the Steady Part of the Motion 

The laminar boundary-layer equations of motion for incompressible 

three-dimensional flow are: 

~ + u ~ + v ~ + w ~ = _ 11£ + \) a2
u 

at ax ay az p ax ay2 

aw + U aw + v aw + w aw = 1 2.P.. + a 2 u 
at ax ay az - p az \) ayz-

~ + ~ + aw = 0 
ax ay az 

(1.2.1a) 

(1.2.1b) 

,(1.2.lc) 



with boundary conditions: 

u = v = w = 0 

u -+ U, W -+ W 
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at y = 0, ex > 0), 

as y -+ co; 

(1.2.2a) 

(1.2.2b) 

where x and z denote the coordinates in the wall surface, y denotes 

the coordinate perpendicular to the wall, u, v, ware the velocity 

components in the x, y, z directions respectively and v is the 

kinematic viscosity. Taking U = U(x,t) and W = W(x,t), that is an 

outer flow independent of z, we have (see Fig. 1.1) 

(1.2.3) 

We further assume that the outer flow consists of a small unsteady 

part and can be expressed in the form 

U(x,t) = Uo(x) + sUI (x,t), ( 

W(x,t) = WO(x) + eW
1 

(x,t) f 

where E is a small dimensionaless parameter. 

(1.2.4) 

Solutions of Eqs. (1.2.1) with the outer f10w given by Eg. (1.2.4) 

will be sought in the form 

u(x,y,t) = uO(x,y) + sU (x ,y, t) + (1 .2. 5a ) 
1 

v(x,y,t) = vO(x,y) + sv (x,y,t) + 
1 

(1 .2. 5b) 

w(x,y,t) = wO(x,y) + sw (x,y,t) + (1 .2. 5c) 
1 

Substitution of the above expressions in Eqs. (1.2.1) and (1.2.2) 

and collection of terms of order sO yields 
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Figure 1.1. Schematic of the flow field. 
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auo auo dUo a2uo 
Uo ax- + vo = Uo -+ \) aT dx 

awo awo dWo a2wo 
Uo - + Vo = Uo -+ \) . 

ax dx ar 
auo avo 
-+-= ax ay 0 

U~.= Vo = Wo = 0 at y = 0 

Uo + Uo(x), Wo + Wo as y + 00 

Similarly collection of terms of order sl yields 

aUl au o 
------'- + ul - + Uo at ax 

aWl awo aWl awo aWl 
at + Ul ax + Uo + Vl ay + Vo ay 

aWl aWo a2Wl 
+ UI ax + \) aT 

aUl aVl 
-+-= 0 ax ay 

Ul = vI = WI = 0 at y = 0 

Ul + U1(x,t), WI + WI(x,t) as Y + 00 

(1 .2 .. 6a) 

(l.2.6b) 

(1 .2. 6c) 

(1.2.7a) 

(1.2.7c) 

(1.2.8a) 

(1.2.8b) 

(1 .2. Bc) 

(1.2.9a) 

(1 .2. 9b ) 

Equations (1.2.6) and (1.2.7) have already been solved for 

various body configurations, by Prandt1, Schubart, Sears, Gort1er, 

Cooke, Moore, and others [35J. Special cases of these solutions, 

commonly used as test cases, are the flow past a yawed infinite flat 
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plate~ the flow past a yawed infinite wedge at zero angle of attack, 

the flow in the vicinity of a stagnation line of a yawed infinite 

cylinder, the flow over a yawed infinite circular cylinder, etc. 

In the present chapter we will seek solutions for outer flow 

velocity distributions of the form 

00 

Uo (x) = . l: c xm+2b W = W m+2b ,0 00 

b=O 
(1.2.10) 

where Cm+2b , m and Woo are constants. These distributions represent 

a variety of airfoil-like aerodynamic configurations at an angle of 

yaw. Introducing a two-dimensional stream-function 

vo = --dX 
(1.2.11) 

and following Howarth [36] and Gort1er [31J, we assume 

~o (x,y) = ((m+l~~mxm-l)~[2 b~O (1+b)Xm+2bCm+2bfl+2b(n)-CmXmfl(n)] 

(1 .2. 12a) 

(1 .2. 12b) 

where n is the familiar similarity variable 

(
( m+ 1 ) c xm-

1 ) ~ 
n = m y 

2v 
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Substituting Eqs. (1.2.10) through (1.2.12) in Eqs. (1.2.6a) and 

(1.2.6b) and equating the coefficients of equal powers of x, we get 

the following equations for the functions f,+2b(n), 92b(n): 

(1 b)f'" 1 em a f" I + 2 ~ (1+a)(m+l+4b-4a) (1+b-a) 
+ 1+2b - 2 cm+2b ob 1 a=O (m+l) 

(m+l+4b)(1+b) f' If + 1 cm fl If 
- (m+l) 1 1+2b 2 cm+2b nOb 1 1 

b (1 +a 
- 4 L: 

a=O 

+ ~ (m+2b-2a) 
m+l a=O 

cm+2acm+2b-2a = 0 
cmcm+2b 

9 11 + 2 ~ (m+l+4a)(1+a) 
2b a=O (m+l) 

b (l+a)(b-a) cm+2a cm+2b-2a 
-f19~b - 8 L: m+l c c C fl+2ag2b-2a 

a=O m m m+2b 

b 
+ 4 (m+l) f192b = 0 

The appropriate boundary conditions are 

(1.2.13) 

(1.2.14) 
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f 1 = f i = 0 ~ f 3 = f '3 = 0, f s = f 5 = 0, ... at n = 0 (1. ?. 1 5 a ) 

fi -+ 1, f3 -+ 1/4, fs -+ 1/6, f7 -+ 1/8, ... as n -+ co (1.2.15b) 

90 = 92 = ••• = 0 at n = 0 

90 -+ 1,92 ,94 , ... = 0 as n -+ co 

(1.2.16a) 

(1.2.16b) 

In order to render the functional coefficients fl' f3' ... of our ex-

pansion independent of the particular properties of the airfoil 

profile, that is the constants cm+2b , it is necessary to split the 

functions fs, f7' etc. as follows [35] 

(1.2.17) 

(1.2.18) 

The functions 94' 96' etc. can be split similarly so that finally the 

functions fl' f3' fSl' fS2' f71' ... and 92' g41' g42, ... are 

universal. 

It should be emphasized here that the above analysis can handle 

with acceptable accuracy any airfoil configuration. Moreover the 

universality of the results permits one to build the solution for any 

airfoil configuration without having to solve the differential 

equations again. Some of the configurations that traditionally have 

been used as test cases are special cases of the above formulation 

that require only the first term of our expansion. For example, 

(i) The flow past a yawed infinite wedge, or a yawed diverging 

ramp, at zero angle of attack: 
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Uo(x) = cmxm , i.e. cm > 0 }_ 

and cm+2b = 0 for b > 1 

(1.2.19) 

(ii) The flow past a yawed infinite circular cylinder of 

radius R: 

(1 .2.20) 

1.3 The Unsteady Part of the Motion 

Let us assume that the dependence of U1 and WI on space and time 

can be separated as follows 

- -U1 (x,t) = U1 (x)UM(t), W1(x,t) = W1(X)UM(t) (1.3.1) 

We will seek solutions to Eqs. (1.2.8) and (1.2.9) for the above outer 

flow, where the time function UM(t) will represent oscillatory or 

transient behavior. The functions U1(x) and W1(x) are also assumed 

in a power form: 

-

- i = cx 

where c and i are constants. 

A new stream function is defined 

ax 

(1.3.2) 

(1.3.3) 
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and Eqs. (1.2.8) and (1.2.9) become 

a2~1 aWl a2¢o a~o a2Wl a¢l a2wo 
atay + 3Y axay + 3Y axay - ax-ryz-

- dUM a - a ~l 
= U1(x) ~ + UM ax (UOU 1 ) + v ~ ( 1 .3. 4a) 

aWl aWl awo a¢l aWl aWl awo awo aWl 
-+--+--------at ay ax ay ax ax ay ax ay 

_ dUr~ dW1 a2wl 
= WI crt + UOUM dx + \) ayZ- (1.3.4b) 

(1.3.5a) 

(1.3.5b) 

Notice that again Eq. (1.3.4a) can be solved independently of Eq. 

(1.3.4b). Its solution is assumed in the form 

(1.3.6) 

where tl = cmt. It is tacitly assumed here that UM depends in such 

a wayan time that its derivatives satisfy the relation 

dk+1U 
M dk 

-dt""I(-+-=-l- « k UM( t) for all k. 
1 dt1 

Substituting Eq. (1.3.6) along with ¢o in Eq. (1.3.4a) and 
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dkU 
equating the coefficients of ~ x{2b+(1-m)(k-1)}, for k = 0,1,2, ... 

dt 1 

and b = 0,1,2, ... , we get the following differential equations. 

b c c 
F k' II ( 2 b ) ( n" + 2 r m+ 2 a m+ 2 b -2 a (1 +b -a ) ( 4 b _ 4a +m+ 1 ) f F \I ( 2 a ) ( ) 

a=O cm cm+2b (l+m) 1+2b-2a k n 

- f 1 (n)Fk(2b)(n) + 2 {!+2~:~1-m)k+m} fi(n)Fk(2b)(n) 

4 ~ (l+b-a) (t+2b+(1-m)k+m) cm+2a cm+2b-2a f' ( )F , (2a)( ) 
- a=O (m+l) cm cm+2b 1+2b-2a n k n 

b c c ( ) 
+ 2 r m+2a m+2b-2a ('+b-a){2t+4a+(1-m)(2k+l)}f" ( )F 2a ( ) 

a=O cm cm+2b m+l 1+2b-2a n k n 

__ -T---=-+-~2_k +-'..£...)} ff{ Tl ) F ~ 2 b ) ( Tl) + (~ 1 )( C cm ) Ii kl'" b 0 

m+2b 

2(1+m+2b) i (2b)) 
+ m+ 1 0k 0 - (m+ 1) F k _ 1 ( n = 0 (1.3.7) 

where 8 .. is the Kronecker delta and F, (2b)(n) = 0 so that Fk
, _(2,b)(n) 

lJ -1 

appear only for k = 1,2, .... note that if UM depends harmonically 

on time then dkUM/dtk ~ (iw)k and the summation in Eq. (1.3.6) con

tains terms of the form 

where ~ = wx/Uo is the familiar parameter characteristic of oscilla

tion in boundary layers [7,21,22J. The appropriate boundary condi-

ti ons are 
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F ~ 0 ) ( 0 ) = L Fa( 0 ) (0) = 0 L F ~ 0 ) ( (0) = 1 
dn ' dn (1 .3. 8a) 

F(2b){O) = ~ F(2b)(O} = ~ F(2b)(00) 0 f k 1 2 
k . dn k dn k = or = " ... b = 1,2, ... 

(1 .3. 8b ) 

In analogy to Eqs. (1.2.17) and (1.2.18), we can express ~l in 

terms of universal functions by assuming 

c2 

F(4)(n) = H(4)(n) + m+2 H(4)(n) 
k kl cmcm+4 k2 

(1.3.9) 

substituting Eq. (1.3.9) in (1.3.7) and collecting terms as 

before we derive differential equations for F~O)(n), F(~), H~~)(n), 

H~~)(n), etc. 

In order to solve Eq. (1.3.4b) we assume: 

00 c dkU 
WI = w.,ii

l 
l: ~ ~2b f /2b+( l-m) k-m}<2b) (n) (1. 3. 10) 

k=O b=O m dt1 

Substituting Eq. (1.3.10) along with $1' ~O' Wo in Eq. (1.3.4b) 
k 

and equating the coeffi ci ents of d UM x12b+( l-m) k-l}, we get 
dtk 

1 

Gil (2b) (n) + 2 ~ (1 +b-a) (4b-4a+m+ 1 ) cm+2a cm+2b-2a f, +2b-2aGk' (2a) 
k a=O m+l cm cm+2b 

I (2b) b {'+b-a} ( ()) cm+2a cm+2b-2a f' G(2a) 
- f1G k - 4 a=LO l+m i+2a+ l-m k-m 1 2b 2 k cm cm+2b + - a 
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+ ~lt+2b+(1-m)k-m I f I G(2b)_4 ~ (b-a) cm+2a cm+2b-2a I (2a) 
'- 111+ 1 ) 1 k a=O m+ 1 cm cm+2b g2b-2a F k 

+ ~ \2t+4a+(1-m)(2k+l) i. cm+2a cm+2b-2a gl F(2a) 
a=O l m+1 cm cm+2b 2b-2a k 

+f 2)( Cm ) <5 <5 + 2(t-m) <5 2 G(2b) - 0 
\m+l cm+2b ob lk m+l ok - m+1 k-l -

with boundary conditions 

G~2b)(O) = G~2b)(oo) = 0 for k = 0,1, ... and all b 

G~O)(n) = 1 and G:ib)(n) 

(1.3.11) 

(1.3.12) 

Thus the unsteady three dimensional boundary layer equations are 

reduced to ordinary differential equations which can be integrated 

numerically. 

The unsteady component of the skin friction along the chordwise 

and spanwise directions can now be expressed as follows: 

( m-l ~ dkU 
_ (m+1)CmX )2... 00 00 Cm+2b x{2b-(l-m)k} __ M F"(2b)(O) 

T 1X - ~ 2" U1 Z Z C dtlk k 
v k=O b=O m 

11 k (1.3.13) 

((m+l)CmXm-)~ ~ 00 00 Cm+2b x2b+(l-m)k-m d UM G, (2b)(O) 
TIz = ~ 2 W U1 Z Z 2 k k 

00 k=O b=O cm dtl 
(1.3.14) 

The resultant skin friction is 

(1.3. 15) 
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where 

w u 
00 

(1.3.17) 

The displacement thicknesses in the chordwise and spanwise directions 

are defined by 

(1.3.18) 

From (1.3.18), the unsteady correction to the displacement thicknesses 

in the two directions can be written as 

00 f (UOU1- u1Uo)dy 
o 

00 

f (WOWI - \vl Woo)dy 
o 

(1.3.19) 

(1 .3.20) 

The two components of the displacement thickness have been widely 

used ;n literature to describe the displacement effect of the boundary 

layer. However, the physical interpretation of two displacement 

thickness components ;s a little ambiguous. The displacement effect 

could only be described by a single length at a specific point x, Z 

on the solid surface. Moore and Ostrach [23J have suggested a 
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generalized definition for displacement thickness that reduces for 

incompressible flow to 

f f, U2+W2]~ 
~(X,Z) = ~ - UZ + wZ dy (1.3.21 ) 

It is now seen that the displacement effect is represented by a 

mean displacement thickness ~o and a fluctuating correction ~leiwt 

where 

(1.3.22) 

and 

J[ UU +ww UU +WW] 
~ 1 = 0 1 a i _ 0 1 Q J dy 

u2 + w2 U2 + W2 
(1.3.23) 

a a a a 

The integrand of Eq. (1 .3.23) contains the complex quantities UI and 

,wI. It is 'therefore necessary to estimate the phase of the compl ex 

number ~1 in order to predict the proper phase lag or advance of the 

displacement thickness. 

In the present chapter we only present calculations of the 

traditional quantities ctx and cfz. It appears that a physical 

interpretation of the phenomenon may then be easier to see. One can 

distinguish between the contributions of the spanwise and chordwise 

flow to the displacement effect. 

1.4 Results and Conclusions 

The present method is capable of handling any arbitrary airfoil 

configurations as we mentioned before. However, in the present 
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chapter we have considered a few special cases that have been treated 

widely in literature. This is not done for the sake of simplicity -

very little simplification is gained anyway but only for purposes of 

comparison with other calculations. 

The classical wedge flow was considered. Wedge flows are a 

special case of Eq. (1.2.10) for b = O. The zeroth order problem is 

solved first and the functions f1(n) are checked against the classi

cal tabulated results, (see for example Schlichting [35J) and found 

to agree up to the fifth decimal point. These functions were included 

in numerous publications and we do not feel it is necessary to replot 

them here. 

Next we consider two different types of fluctuations with 

small frequencies. 

(1.4.1) 

(1.4.2) 

For the first case, W = Wo, with b = 0, the double expansion in 

Eq. (1.3.6) reduces to a single expansion involving the functions F~O). 

Equations (1.3.7) were solved numerically for the unknown functions 

F~O), using a Runge-Kutta procedure. Figure 1.2 is a plot of the three 

functions of the series expansion of Eq. (1.3.6), that is when the 

amplitude of the velocity fluctuation is constant. The characteristic 
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~=O.O 

{3=0.2 
11=0.4 

w = Wo = const. 

Figure 1.2. The functions Fk(O)(n) representing the unsteady 
part of the chordwise velocity for a steady outer ,cross 

flow (9. ::: 0, see Eq. (1.3.7) 
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overshoot that was reported first by Lighthil1 is shown in the plot 

of F6(O). In Fig. 1.3 we have plotted the response of the cross flow 

to the fluctuations represented by Eq. (1.3.11) when £ = O. It is 

most interesting to note that even if the outer flow spanwise velocity 

is independent of time, a fluctuating cross flow is generated in the 

boundary layer, that gets stronger for smaller values of the pressure 

gradient. This is due to the nonlinearity of the boundary layer 

equations. The mixed terms in Eq. (1.2.8b) that are fed from the 

solution of Eq. (1.2.8a) are driving the w-component of the velocity, 

generating an oscillatory cross flow. 

Figure 1.4 shows the fluctuating part of the amplitude of skin 
Uox ~ -1 

friction coefficient Cf = Tl(---) (~UOUl/v) and the wall phase 
lx v 

lead for the chordwise flow, as functions of the frequency parameter 

wx/Uo0 For the spanwise flow it was discovered that the skin friction 

oscillates in phase with the outer flow while its amplitude is prac-

-tically constant as shown in Fig. 1.5, where C =T (~)~(l1WoU])-l 
fl z lw v v • 

This result can be interpreted physically as follows. The direction 

of the skin friction vector and hence the orientation of the skin 

friction lines is oscillating with time but in phase with the outer 

flow. As the outer flow chordwise velocity increases the skin friction 

direction starts turning towards the positive spanwise direction while 

the opposite effects occur when the outer flow chordwise velocity 

decreases. 

Velocity profile amplitudes as calculated by summing up the first 
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Figure 1.3. The functions Gk(O)(n) representing the unsteady 
part of the spanwise velocity for a steady outer 
flow, see Eq. (1.3. 11 ) . 
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Figure 1.4. The skin friction coefficient in the chordwise 
direction and its phase lead for a steady outer 
cross flow. 
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three terms of the expansions of Ul = Q~l/ay where ~l is given by Eq. 

(1.3.6) and Wl by Eq. (1.3.10), are shown in Figs. 1.6 and 1.7. In 

Fig. 1.6 the chordwise amplitude variation shows again the character-

istic overshoot, a property that appears to be suppressed as the 

pressure gradient increases. In Fig. 1.7 the amplitude of the span-

wise velocity fluctuation appears to be uniformly decreasing for 

larger pressure gradients and shows a mild dependence on the frequency 

parameter. The spanwise and chordwise components of the displacement 

thickness amplitudes are shown in Fig. 1.8 as functions of the frequency 

parameter. Again it is observed that the pressure gradient tends to 

suppress the amplitude of the fluctuation. It is further noticed in 

this figure that for zero pressure gradients, the chordwise component 

;s dominant and in fact shows a sharp increase with the frequency 

parameter. For nonzero pressure gradients it appears that the 

spanwise component grows larger, even though it remains a weak 

function of the amplitude parameter. 

Similar calculations were performed for outer flow fluctuations 

in both the spanwise and chordwise direction (see Eq. (1.4.2)). The 

first three universal functions corresponding to the fluctuating 

spanwise component are shown in Fig. 1.9 and appear to be qualitatively 

similar to those of Fig. 1.2 that represent the chordwise response. 

Fig. 1.10 is a plot of the skin friction coefficient amplitude and its 

phase advance versus the frequency parameter ~~. It is interesting 

to note that for a constant W the phase advance is practically zero, 
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7] 
Figure 1.6. The amplitude profile of the unsteady part of the 

chordwise velocity for a steady outer cross flow. 
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Figure 1-.7. The amplitude profile of the unsteady part of the span
wise velocity for a steady outer cross flow, 

- m 
Wc = WOc/cmx . 
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Figure 1.8. The spanwise and chordwise displacement thicknesses 
for a steady outer cross flow. 
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Figure 1.9. The functions G~O)(n) representing the unsteady part of 

the spanw;se veloci'ty for an oscillating outer cross 

flow, see Eq. (1.3. 11 ) . 
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Figure 1.10. The skin friction coefficient in the spanwise d~rection 
and its phase lead for an oscillating outer cross flow. 
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whereas now the phase is even larger than the corresponding values of 

the chordwise flow (see Fig. 1.3). 

In Fig. 1.11 the velocity profiles of the spanwise fluctuation 

amplitude are shown to resemble greatly the chordwise profiles (see 

Fig. 1.5). Finally the displacement thickness is shown in Fig. 1.12. 

It is now observed that the amplitude of the spanwise skin friction 

component is sharply affected by the frequency parameter, in fact 

more than the chordwise component. The reader is cautioned at this 

point to the fact that the dimensionless quantity u~ depends on the 

frequency as well as on the distance x in ~ nonlinear way, since Uo 

itself is a function of x. The results are presented here in terms of 

the function ~~ to preserve universality. 
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Figure 1.11. The amplitude profile of the unsteady part of the 
spanwise velocity for an oscillating outer cross 
flow. 
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Figure 1.12. The spanwise and chorwise displacement thickness for an 
oscillating outer cross flow. 



CHAPTER TWO 

COMPRESSIBLE OSCILLATIONS OVER TWO-DIMENSIONAL AND 

AXISYMMETRIC WALLS WITH NO MEAN HEAT TRANSFER 

2.1 Introduction 

Most of the contributions in the area of oscillatory viscous flows 

are concerned with incompressible flows. Moore [12] first considered 

compressibility effects in a work already mentioned before. Illingworth 

[6] then studied the effect of acoustic waves on low-speed compressible 

boundary layers. His external fluctuations were therefore of a wave 

type and not simply a spatially uniform time oscillation. Sarma [8J 

gave a unified theory for the solutions of unsteady incompressible 

boundary layers which he later extended to compressible boundary layers 

[9J. However, he considered steady outer flows and introduced the 

unsteady effects via boundary conditions on the boundaries of the body 

in the form of blowing or parallel motion of the skin. King [17J in

vestigated the response of the fluctuations of the boundary layer to 

oscillatory outer flows and in particular studied the problem of an 

oscillating slender wedge in a hypersonic stream. In this chapter we 

consider the problem of unsteady compressible boundary layers by assum

ing that the amplitude of the fluctuations ;s small. The theory is 

extended to include the effects of fluctuating flows imposed by os

cillations of the skin or the outer flow. The latter case appears to be 

very interesting from the mathematical point of view, because of the 

fact that the pressure is then also a function of time and a few new 

40 
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terms appear in the momentum equation. It should be emphasized here 

that the two problems mentioned above: fixed bodies in oscillating flows 

or oscillating bodies in steady uniform flows, cannot be treated mathe

matically through the same model. In other words it is not possible to 

derive the one flow field from the other, by a simple transformation of 

the frame of reference. This is due to the fact that the inertia term 

introduced when transforming the coordinate system to match the one case 
dUe • dUe 

with the other, involves the term Poo ~ 1n the one case and P ~ 

in the other case where p, Ue and t are the density, the edge velocity 

and time respectively. The two effects are equivalent only if p = poo. 

In view of the above comments it should be pointed out that in the 

present investigation we capture for the first time a truly unsteady 

compressible boundary layer with nonvanishing pressure gradients. The 

only restriction pertains to the wall temperature which ;s confined to 

temperatures around the adiabatic. 

In this chapter the differential equations are presented for the 

first time in their most general form, for the case where the tempera

ture is a function of the velocity only_ For fluctuating compressible 

boundary layers then, numerical solutions could be derived for arbitrary 

values of the frequency parameter. Telionis and Romanu;k [20J have 

recently performed such calculations for incompressible flows, 
I 

integrating numerically in a two-dimensional space for the steady and 

unsteady components of the motion. The present numerical results are 

presented in terms of dimensionless functions that represent terms in 

the series expansion. Parameters like the wall temperature or the Mach 
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number are contained in the coefficients of our expansions. It is 

therefore possible to use the present information in order to quickly 

generate solutions of flows about two-dimensional or axisymmetric con-

figurations for a wide variety of parameters. Physically these solu

tions correspond for' example, to a wedge that oscillates in a compress

ible flow. The axisymmetric case may not be as interesting in practice 

since it corresponds to a cone with an apex angle that fluctuates about 

a mean. 

2.2 The Governing Equations 

Two-dimensional or axisymmetric laminar compressible boundary-layer 

flow ;s governed by the continuitYt the momentum and the energy equa-

tiona 

a p + 1 a (prj u) + a ( pv) = 0 at J ax ay r . 

p(~ + IJ 2..!! + v ~) = .£E. + a ( au) at ax ay - ax ay ~ ay 

aT aT aT (.£E. .£E.) _ ~ a ( aT) 
PCp (at + u ax + v ay) - at + u ax - P ay ~ ay 

r 

(2.2.1) 

(2.2.2) 

+ 1l(2..!!)2 ay 
(2.2.3) 

In the above equations u, v and x, yare the velocity components and the 

distances parallel and perpendicular to the wall, respectively as shown 

in Figs. 2.1 and 2.2. p, p, and T are the density, pressure, and 

temperature, and Cp' ~, and Pr the specific heat for constant pressure, 

the viscosity, and the Prandtl number respectively. the quantity r = 

r(x) defines the body of revolution for axisymmetric flow, and j takes 

the values 0 and 1 for two-dimensional and axisymmetric flow, respecti-



y..,u. 

.. 
UQ) .. 

Figure 2.1 Schematic of the flow field with oscillating outer flow. 

..p. 
w 



44 

'-u 
V') 

o 
..c.: 
+-> 

-c 
r-
aJ .,.. 
4-

3: 
o 
r-
4-

aJ 
..c.: 
+-> 
4-
o 
U .,.. 

+-> 
ta 
E 
Q) 

.J:: 
U 

V) 

.,.. 
LJ... 



45 

vely. It is interesting here to note that for oscillating flow, the 

shock waves should have a wavy shape, with wave length 2TIa/w where a is 

the speed of sound and w is the frequency of. oscillation. 

If the properties at the edge of the boundary layer are denoted by 

an index e, then the quantities Ue, Te, Pe and the pressure, p, which is 

uniform across the boundary-layer, obey the equations 

(2.2.4) 

U2 

~ - C (0 + U a )(T + e) at - Pe pate ax e 2C p 
(2.2.5) 

The above equations can be supplemented with the equation of state, 

valid for a perfect gas with constant specific heat. 

p = pRT (2.2.6) 

with R the universal constant of gases. Equation (2.2.6), for a bound

ary-layer flow can be written as 

T Pe ~ 
Te = P = pae 

(2.2.7) 

where ae is the speed of sound at the edge of the boundary layer, 

a~ = yRT and y is the ratio of the specific heats. 

In this chapter, we assume that the Prandtl number is equal to 1 

and that the viscosity varies linearly with temperature. An integral of 

the energy equation for non-vanishing pressure gradient can then be 

written as 

(2.2.8) 
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The continuity equation is satisfied identically if the stream 

function ~(x,y,t) is introduced 

(2.2.9) 

(2.2.10) 

The index s in the sequel will denote a quantity evaluated at some 

standard state of the fluid. 

There are three transformations available for treating the boundary 

layer equations for compressible flow. They are due to Howarth, Von 

Miser and Crocco. Illingworth [6] has shown though, that Howarth1s [37] 

transformation, later generalized by Moore [12], is the simplest to 

apply in compressible boundary layer theory_ 

According to Moore [12], the y coordinate is replaced by 
y 

Y = J dy Ps 
o 

A new stream function is introduced 

P 1/ 
~(x,Y,t) = (~) 2W(X,y,t) 

in terms of which the velocity components become 

u = ~ aY 

(2.2.11) 

(2.2.12) 

(2.2.13) 

v = - ~ (L) 1/2 [ (_, .£Q. + i d r) W + 2.Y!. + !i ~ + !i + _, .2.2. Y] 
p Ps 2p ax r dx ax ax aY at 2p at 

(2.2.14) 
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If Eqs. (2.2.13) and (2.2.14) are substituted in Eq. (2.2.2) and 

Eqs. (2.2.4) and (2.2.5) are used to eliminate the pressure p we arrive 

at 

(2.2.15) 

where v ;s the kinematic viscosity. 

The appropriate boundary conditions at the wall are 

(2.2.16) 

where ub is the wall velocity and 

(2.2.17) 

In this chapter we will consider oscillatory outer flows, over fixed 

walls ub(t) = a and steady outer flows over oscillatory walls for two

dimensional or axisymmetric configurations. 

Once Eq. (2.2.15) is solved and the velocity field is known, one 

can substitute in Eq. (2.2.8) in order to get the temperature and then 

via Eq. (2.2.7), the density profile. 

2.3 Small Amplitude Oscillations and Steady Part of the Motion 

As we did in Chapter 1, we express the outer flow velocity and 

temperature in the form 

Ue(x,t) = Uo(x) + EU1(X,t) 

Te(x,t) = To{x) + eT 1 (x,t) \ (2.3.1) 
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where £ is a small constant parameter. This implies that the amplitude 

of oscillation is small but time dependence is arbitrary and both high 

or low frequency oscillations can be considered. Alternatively we may 

assume that the skin of the body oscillates with a velocity, Ub(t) = 

eiwt 
£ • 

A solution to Eq. (2.2.15) is now sought in the form 

~(x,Y,t) = ~o(x,Y) + £~l(X,y,t) + 0(£2) (2.3.2) 

but only terms of order s will be retained here. Substituting Eq. 

(2.3.2) in Eq. (2.2.15) and collecting terms of order £0 we arrive at 

[u 02 _ (~) 2] _ '\nll a 21j; OJ } u .Q!La. + v a 311.10 aY 70/0 avz- 0 dx s ~ (2.3.3) 

where ae is replaced by the speed of sound that corresponds to the fixed 

temperature of the wall 

(2.3.4) 

Similarly we deduce from the boundary conditions (2.2.16) and (2.2.17) 

that 

~o = 0, a¢o/aY = 0 at Y = 0 (2.3.5) 

a¢o/aY + Uo(x) as Y + 00 (2.3.6) 

Collecting terms of order £ now yields 
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_ (~+ i dr 1p ) ~ ={l + [2a 2(1 _.g U2)]-1 x ax r dx 1 aY w 2a
w 

0 

[(y-l)(Ua - (~*O)2) - y1po ~~~O]} [~~l + ~x (UOU 1)] 

+ { [a~ ( 1 - !~ 1 u ~ ] - 1 [ (y-1 ) (u 0 U 1 _ ~~ 0 ~* 1 ) 

W 

- y(~o ~~~l + 1pl ~~~O)] + Yi' UoUl[a~(l - i~l Ua)]-2 x 
w 

[(y-l)(U5 - (~~O)2) - YWo ~~~O]}Uo ~~o + Vs ~~Wl (2.3.7) 

and the corresponding boundary conditions become 

1pl = 0, a1pl/aY = ub(t) at V = 0 

aWl/aV + U1 as V + 00 

(2.3.8) 

(2.3.9) 

Notice that at this level of approximation we can deduce from the energy 

equation that 

epTo + 1 U5 = Ho = constant (2.3.10) 

and that the pressure fluctuations are of order 8
2

• 

The first equation, Eq. (2.3.3) represents the steady part of the 

motion and can be solved once and for all, regardless of the particular 

unsteady motion assumed. The second equation, Eq. (2.3.7) governs the 

corrections due to the unsteadiness that the outer flow imposes on the 

boundary layer and it will be solved separately for oscillations of the 

outer stream or the wall. 

Consider in general 
m r = UIX, UO = cox (2.3.11) 
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For subsonic flow this corresponds to the flow about a wedge or a 

cone for two dimensional or axisymmetric flow respectively. For the 

supersonic case, the flow about a wedge and cone can be derived if 

m = O. 

Solutions to Eq. (2.3.3) will be sought now in an expansion form 

= 2vsx )1/2 ~ c~n 2mn+m ( ) 
CO((m+l+2j)U o L 2 x f'+2n n n=O a n w 

(2.3.12) 

where 

(2.3.13) 

This expansion is reminiscent of GHrtler's [38J expansion for 

incompressible flow, about the Falkner-Skan solution. The present 

series has been previously used by Sarma [9J and other investigators 

referenced therein and represents an extension to compressible flow. 

Sub s t i tu tin 9 E q s . ( 2 • 3. 11 ) and ( 2 . 3. 1 2 ) i n E q • ( 2 • 3. 3) and eq u at i n 9 

the coefficients of c2na-2nx2mn+m-l on both sides for successive in-o w 

tegral values of n, we get 

f l " = - f1fY - m+~~2j (1 - (fl)2) 

_ ( 2m ) (1=1)n-1 
m+l+2j 2 for n > 1 

(2.3.14) 

(2.3.15) 
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The corresponding boundary conditions are 

(2.3. 16) 

(2.3.17) 

(2.3.18) 

It should be noticed here that the Mach number based on the speed 

of sound evaluated at the wall, M = coLm/aw with L a typical length, 

does not appear in the differential equations for .the functions f,+2n' 

The Mach number effect will be introduced only when the series repre

sented by Eq. (2.3.12) is calculated. Thus, the present method of 

solution is not restricted with respect to specific values of this 

parameter. 

2.4 The Unsteady Part of the Motion for Oscillating Outer Flows 

Let the unsteady part of the outer flow in Eq. (2.3.1) be given by 

U1(x,t) = clxteiwt (2.4.1) 

where Cl and £ are constants. The solution to Eq. (2.3.7) for small 

frequencies will be again sought in the form of a series expansion 

2v x 1 00 00 2n 
~l(X,y,t} = [( +'!2')U ] /2 C1 L L ~2° x{2mn+i+(1-m)q) x 

m J 0 n=O q=O a n 
w 

(2.4.2) 

The differential equations that govern the functions F(2n)(n) can be q 

derived by substituting Eqs. (2.4.1) and (2.4.2) along with Eqs. 
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(2.3.11) and (2.3.12) in Eq. (2.3.7) and collecting coefficients of 

wqx2m+,Q,+(l-m){q-l) for consecutive values of the integers nand q. The 

differential equation for F~O) is given below 

F' I' (0) = _ f F"(O) _ 2t+(1-m)(2g+1)+2j f"F(O) 
q 1 q m+ 1 +2j 1 q 

+ 2[m+£+(1-m)g] f'F'(O) 
m+l+2j 1 q 

2 2(m+£) 
m+l+2j °lq - m+l+2j °Oq 

+ 2 F'(O) 
m+l+2j q-l (2.4.3) 

where F:~n)(n) = O. The general form of the differential equation for 

F~2n), for n ~ 1 is given in the Appendix A [Eqs. (2.Al)]. The appro

priate boundary conditions are 

and 

F~O)(O) = 0, F~(O)(O) = 0 

F~(O)(n) + 1 as n + 00 

F(2n)(O) = F' (2n)(0) = F,(2n)(00) = 0 for n > 1 
q q q -

(2.4.4) 

(2.4.5) 

(2.4.6) 

Equation (2.4.3) is governing the unsteady part of incompressible 

flow. This equation along with the differential equations given in 

Appendix A [Eqs. (2.Al)] are solved numerically. Some results are shown 

in Figures 2.3 and 2.4 for different wedge and cone angles, respectively, 

for t = O. This corresponds to an outer flow disturbance that is 

independent of space. It could be interpreted as a fluctuation of the 

angle of attack of a wedge in supersonic flow. Note that for flow past 

a cone or a wedge, the included angle S is given by 
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Q - 2m and m2+m, respectively. 
f.J - m+3 

The steady and unsteady velocity distributions are 

(2.4.7) 

(2.4.8) 

The true normal coordinate y from Eq. (2.2.11) is given by 
y 

P 1/ J y = (f) 2 

o 

where the pressure ratio is 

The displacement thickness can be written as 

The unsteady part of the skin friction coefficient now is 

(2.4.9) 

(2.4.10) 

(2.4.11) 
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+ (UiWX )2 I c
2
20
n x2mnF~(2n)(0) + •.• ] (2.4.12) 

o n=O a n 
w 

and the rate of heat transfer per unit surface area becomes 

llC T 
Q=- (.:=.=.£.~) =0 

Pr 'Oy y=O 
(2.4.13) 

Equation (2.4.13) implies that there is no heat transfer for steady as 

well as for unsteady flow. That is, the body ;s insulted. In other 

words, this solution represents an unsteady disturbance on a compres-

sible flow over a wall which is given the adiabatic temperature. Our 

results show that to order s, the wall remains insulated at all times. 

Results are discussed in Section 2.6. 

2.5. The Unsteady Part of the Motion for Bodies Oscillating in 

a Steady Stream 

Consier now the case U1(x,t) = O. The outer flow velocity and 

temperature are then independent of time and temperature varies ac

cording to 

(2.5.1) 
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where, Ts ' is the constant stagnation temperature. The pressure is 

independent of time throughout the whole flow field. Equations {2.2.4} 

and (2.2.8) further reduce to 

~ U dUo - ax = Pe 0 cr.x- (2.5.2) 

L = 1 + ~ (Ua - u2
) Te 2ae 

(2.5.3) 

The equation (2.3.7) describing the unsteady part of the stream function 

can be simplified in turn 

Th+~Th+ E.h& _ (~+ j dr,Ii) ~ 
atay aY axaY aY axaY ax r dx % aY 

_ (~+ i dr W ) ~ = _ a- 2 (1 _ ~ U2 )-1 x ax r dx 1 aY w 2a
w 

0 

[( 1) ~E.h (a 2
wl a2WO)]U dUo y- aY ay + Y Wo ~ + $1 ~ 0 dx 

+v ~ s aY (2.5.4) 

and the appropriate boundary conditions are 

~1 = 0, ~~1 = ub(t) at Y = 0 (2.5.5) 

~~l = 0 as Y + 00 (2.5.6) 

where ub(t) may be an arbitrary function Of time. It should be em

phasized here that the wall temperature fluctuates and as a result aw' 

are constant only to order £2. To carry this analysis to a higher order 

for oscillating walls, one would have to retain ae in the forcing terms 

of Eq. (2.5.3). In the present case we will assume ub(t) = seiwt 

and seek a solution in the form 
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~1 = ( 2vSX )1/2 ~ ~ C~n x{2mn+(1-m)q}(ciWo)qeiwt<l>q(2n)(n) 
(m+1+2j)U o n~O q~O a2n 

w (2.5.7) 

Substituting Eq. (2.5.7) in (2.5.4) along with Eqs. (2.3.11) and 

(2.3.12) and equating the coefficients wqc~na:2n x{2mn+(1-m)(q-l)} 

on both sides, for consecutive values of nand q, we get the following 

equation for $~O)(n). 

~"I(O) = _ f ~II(O) _ ((1-m)(2g+~)+2j) f"~(O) 
o/q lo/q m+1+2J o/q 

+ 2~m+(1-~lq] f'$'(O) + ( 2 .)~'(O) 
m+ 1 + 2J 1 q m+ 1 + 2J 0/ q - 1 (2.5.8) 

where <I>~~2n)(n) = O. 

The general form of the differential equation for the functions 

$~2n) for n > 1 is given in Appendix A [Eqs. (2.A2)]. 

The boundary conditions for n = 0 are 

¢~(O)(O) = 1, ¢~O)(O) = 0 

¢~(O)(n) ~ 0 as n ~ 00 

and for n > 1 

$~2n)(0) = 0, $q(2n)(O) = 0 

¢,(2n)(n) ~ 0 as n ~ 00 
q 

(2.5.9) 

(2.5.10) 

(2.5.11) 

(2.5. 12) 

Thus, the unsteady compressible boundary-layer equations are 

reduced to ordinary differential equations. Notice that Eq. (2.5.8) is 

the differential equation for unsteady incompressible flow. This 

equation along with other equations given in Appendix A [Eqs. (2.A2)] 

are solved numerically. The first three functions representing the 

unsteady part of velocity when the wedge and the cone are oscillating 
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about a steady mean are shown in Figs. 2.5 and 2.6 respectively, for a 

few values of the pressure gradient parameter 6. 

The next term in the expansion that captures the compressibility 

effects is represented by the functions ~~2n) for n = 1. Numerical 

results are plotted in Figs. 2.7 and 2.8 for a wedge and a cone, re

spectively. 

The unsteady velocity distribution is then given by the series 

(2.5.13) 

The pressure ratio (piPs) ;s given by Eq. (2.4.10), and is the same 

for both steady and unsteady flows in this case. From Eq. (2.2.11), we 

define the boundary layer thickness 0 as 

00 

Ps 11 f -1 d 
where 00 = (Il) 2 J [1 + Za~ ~ u~ - (a~QH]dY is its steady component. 

o 

The skin friction coefficient is given by the following series: 

Tl~ 
Cfb = PsU oUb 

(2.5.15) 
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The rate of heat transfer per unit area from the wall to the fluid 

is given by Eq. (2.4.13) and in this case 

(2.5.16) 

where To is the skin friction in steady flow. 

2.6. Results and Conclusion 

In this chapter, the numerical results are presented in terms of 

dimensionless functions that represent terms in the series expansions. 

Parameters like the wall temperature or the Mach number are contained in 

the coefficients of our expansions. It is therefore possible to use the 

present information in order to generate quickly solutions about two-

dimensional or axisymmetric configurations for a wide variety of para-

meters. 

We consider two different types of fluctuations with small fre

quencies. In Section 2.4 we consider oscillating outer flows and in 

Section 2.5 we study bodies oscillating in a steady stream. 

From Section 2.4, it is interesting'to note that when n = 0, i.e. 

when the Mach number ;s zero, the problem reduces to an incompressible 

flow problem. Figure 2.9 shows the behaviour of the amplitude of un

steady velocity profile when M = 0 and wx/Uo = 0.4, an incompressible 

case for a wedge. The familiar overshoot, characteristic of the os-

cillatory component seems to be suppressed when the pressure gradient 

increases. Compressibility effects of the oscillatory part of the 

velocity can be captured in the expansion of Eq. (2.4.2), if the terms 

F(2) are included. To this end Eq. (2.Al) in Appendix A is integrated q 
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numerically for n = 1 and results are presented in Figs. 2.10 and 2.11 

for a wedge and a cone respectively. It appears from the figures that 

the well-known three dimensional effect of compressible flows pertain to 

the fluctuating components of the velocity as well. That is, the ampli

tudes of oscillation are stronger for a two dimensional than for an 

axisymmetric configuration. Moreover, the wedge permits much higher 

phase angles than the cone. This can be seen from the relative magni

tude of the functions F~2} and F~2). Large phase advances or delays can 

be quickly identified by observing the function F~2) and it can be seen 

in Fig. 2.10 that large phase values should be expected for sharp 

wedges, a fact that will be presented clearly in a figure that follows. 

In Fig. ,2.12, we have plotted the amplitude and phase advance of 

the skin friction coefficient versus the frequency parameter wx/Uo for a 

wedge. The increase of the phase advance with frequency parameter 

appears to be strongly affected by the pressure gradient parameter. 

Stronger pressure gradients give smaller phase angles. The Mach number 

though, seems to have a rather mild effect which implies that the in

compressible unsteady correction on the compressible field may be a good 

approximation. The reader should recall that the zeroth order equa

tions, that is the equations for the f l+2n 's are solved for compressible 

flow and their solutions appear as coefficients or forcing functions in 

the equations for the F~2n),s. It should be emphasized here that the 

parameter M = cLm/aw has the physical meaning of a Mach number but is 

not related to the velocity of the free stream. Moreover the results 

presented in Fig. 2.10 for M = 0.8 hold for a variety of locations on 

wedges of different included angles, wall temperatures and free stream 

Mach numbers. 
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Finally it should be noticed from Section 2.5 that Eq. (2.5.3) 

implies that the heat transfer at the wall is zero only if u vanishes at 

the wall. If u = sub(t), (ub(t) = eiwt ) at the wall, then Eq. {2.5.3} 

represents a temperature distribution with a fluctuating wall value: 

T 
~ = 1 + ~ (U 2 - S2U 2 ) Te 2ae 0 b 

However, notice that the average of the above expression is equal to the 

adiabatic temperature Ta = 1 + i~1 Ua and further that the oscillating 
e 

part is of order S2. Therefore to order S we can assume that the wall 

temperature and speed of sound aware constants. Physically this 

problem corresponds to the following situation. Let us assume that the 

body has exactly the temperature Ta. Any temperature above Ta or below 

Ta would imply that heat would flow away or towards the body. If now 

small oscillations are imposed, the thermal balance is destroyed and we 

have a contribution to heat transfer equal to the expression given by 

Eq. {2.5.16}. 

In Figs. 2.13 and 2.14 we have plotted the amplitude and the phase 

of the skin friction against the frequency parameter for oscillating 

wedge skins. Once again it is observed that the Mach number does not 

affect significantly the results and therefore the incompressible un

steady correction on the compressible mean flow may be considered an 

acceptable approximation to the problem. 



ICfbl 

0.6 f3 = 0.4 
M=O 
M=0.8\ 

0.4 

0.2 

71 

!3 = 0.2 
M =0.0 
M =0.8 

o~--~--~--~--~--~--~----~~ 
o 0.1 0.2 0.3 0.4 

wx 
Uo 

Figure 2.13 Amplitude of skin friction coefficient for oscillating 
wedge. 
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Figure 2.14 Phase angle for skin friction coefficient for oscillating 
wedge. 



CHAPTER THREE 

COMPRESSIBLE OSCILLATIONS OVER TWO-DIMENSIONAL AND 

AXISYMMETRIC WALLS WITH MEAN HEAT TRANSFER 

3.1 Introduction 

In Chapter Two we studied the fluctuating compressible flow over 

a wedge or a cone but for the very special case of a wall temperature 

equal to the adiabatic wall temperature. As mentioned earlier in the 

general introduction, this is the first attempt to study a flow with 

nonzero pressure gradients and purely unsteady flow conditions. The 

most striking feature of such flows is the fact that the outer flow 

enthalpy ceases to be constant and varies proportionally to the time 

derivative of the pressure. However in the problem treated in 

Chapter Two, the enthalpy variations are of one order of magnitude 

higher than the level of the terms retained. Moreover the simplifying 

assumptions are quite restrictive since the solution ;s valid for a 

conducting wall with a temperature equal to the adiabatic temperature. 

In the present chapter, we are concerned with compressible boundary 

layers, and we will concentrate our attention only on the basic 

difficulties encountered ;n unsteady compressible flows. 

The problem ;s posed as follows. Given the outer flow fluctua

tions in the velocity, find the response of the boundary layer and in 

particular the response of the skin friction, heat transfer and 

perhaps the location of separation. Flows through turbomachinery 

blades and flows over rotating helicopter blades or about fluttering 

73 
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wing sections are some typical examples where the present theory will 

find application. In fact, it is well known that, in the cases 

mentioned above, compressibility ;s one of the most significant factors. 

However, very little research has been carried out along this direction, 

and until now, no one has attempted to solve the problem for a truly 

unsteady outer flow. 

In this chapter, we study fluctuating flows over wedges and cones 

only, including the cases of flat plate and two dimensional or 

axisymmetric stagnation flow. The theoretical development here 

;s not restricted with respect to geometry (as in Refs. [6,12,14,23J, 

or with respect to the variation with time of the outer flow (as in 

Refs. [9,17J) or with respect to the temperature of the wall as in 

(Refs. [25,39]). The formulation is again based on the assumption 

of a small amplitude that is very realistic for a large number of 

practical application. The general form of the governing equations in 

the two-dimensional space are presented. These equations are readily 

available for numerical integration that requires very little storage 

space compared to the purely three-dimensional calculation. Such 

calculations have been successfully performed for the case of incom

pressible flow [18,20]. Instead we seek here solutions in terms of 

asymptotic expansions in powers of the frequency and the distance along 

the wall. 

3.2 The Governing Equations 

Two dimensional or axisymmetric laminar compressible boundary-
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layer flow is governed by the continuity equation, the momentum 

equation and the energy equation given by (2.2.1), (2.2.2) and (2.2.3) 

in Chapter Two. 

The boundary conditions require, for a fixed wall with no suction 

u = v = 0 

T = T w 

at 

at 

y = 0 (3.2.1a) 

y = 0 (3.2.1b) 

while at the edge of the boundary-layer the flow joins smoothly, within 

the boundary-layer approximation, with the outer flow 

u -+ U , e T -+ T e as y -+ 00. 

where the subscript e denotes properties of the outer flow. 

(3.2.1c) 

The outer flow distributions cannot be prescribed arbitrarily as 

in the ca~e of incompressible flow. The outer flow pressure, velocity, 

density, and temperature distribution must be compatible and should 

satisfy Equations (2.2.4) and (2.2.5) and the equation of state, Eq. 

(2.2.6), given in Chapter Two. For incompressible flow, any distribu

tion of the outer flow velocity corresponds to the evaluation at 

y = 0, that is the inner limit, of some potential flow. For compres

sible flow, one may choose arbitrarily the distribution of one of the 

quantities p, Pe , Ue , Te' The other three quantities, however, should 

be calculated from the system of Eqs. (2.2.4), (2.2.5) and (2.2.6). 

One further comment: the reader should notice in Eq. (2.2.5) that for 

unsteady flow, the total enthalpy ;s not constant but fluctuates with 

the time derivative of the pressure. 
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Just as in Chapter Two, a function ~(x,y,t) is introduced accord-

ing to the relationships 

1 Ps a j ___ Ps _d,¥ 
u = -. - - (r If) 

rJ P ay P ay 
(3.2.2a) 

(3.2.2b) 

where the subscript s denotes evaluation at some prescribed point of the 

flow. The function '¥ will be referred to in the sequel as the stream 

function, even though its values cannot be related directly to mass 

flow rates. The velocity components so defined, satisfy identically 

the continuity equation and thus the system is reduced by one 

equation and one unknown, since '¥ can now replace u and v. A familiar 

transformation is introduced again here 

~ y T 
y = (JL) J 2.. dy 

ps 0 T 
(3.2.3) 

It is found convenient to work with a modified stream function 

(3.2.4) 

which is related to the velocity components according to the rela

tionships 

(3.2.5) 
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(3.2.6) 

+~+~~+(dY+_l ~Y)] 
ax ax aY at 2p at 

Finally it is assumed that viscosity varies linearly with 

temperature 

1.l _ T 
;; - Ts (3.2.7) 

Substituting the expressions given by Eqs. (3.2.5) and (3.2.6) in 

Eqs. (2.2.2) and (2.2.3) of Chapter Two and us i ng Eqs. (2.2.4), (3.2.3), 

(3.2.4) and (3.2.7) we arrive at 

a2 tlJ d :,.p 
~ art + Vs ~ (3.3.8) 

aT + 3$ ~ _ (~+ "~I i dr) ~Ty 
at aY ax ax 0/ r dx 0 

(3.2.9) 

where y is the ratio of the specific heat and a is the speed of 

sound, a2 = yRT. 

The system of equations (3.2.8), (3.2.9) and (2.2.6) can be 

solved for the unknown functions $, T and p for any two-dimensional 
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or axisyrrnnetric unsteady compressible boundary-layer flow, if appro

priate boundary conditions are imposed. 

3.3 Small Amplitude Oscillations 

The method of solution developed in the following sections can 

be used for a wide variety of unsteady flows. As in the previous 

chapters, we express the outer flow velocity distribution as 

where £ is a small amplitude parameter. Again we seek solutions to 

Eqs. (3.2.8) and (3.2.9) in the form 

, ( ) i wt ~(x,Y,t) = ~o(x,y) + s~l x,Y e + (3.3.2) 

( ) iwt T(x,Y,t) = To(x,Y) + sT1 x,Y e + (3.3.3) 

( ) iwt p(x,Y,t) = po(x,Y) + SPI x,Y e + (3.3.4) 

Substitution of Eqs. (3.3.2) to (3.3.4) in Eqs. (3.2.8) and (3.2.9) 

and collection of terms of order £0 yields 

(3.3.5) 
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Q~O QTo a~o j dr aTc .ToUodUo/dx a~o 
ay ax - (ax + l/Jo r dx) ay - - ---~--::--

C T (1 -
P c 

(3.3.6) 

where Tc is given by 

(3.3.7) 

The quantity Tc is a constant of the energy level as Eq. (2.2.5) 

indicates and ac is the speed of sound corresponding to the constant 

temperature Tc. The function CpTc,(x,t), defined by Eq. (3.3.7), 

represents the fluctuating part of the enthalpy of the outer flow. 

Similarly collecting powers of order yields 

iWaWl aWl a2 wo awo a2Wl awo . d a2$1 
--:-:- + - -- + - -- - (-.- + $0 J..~) ~ aY axay aY axay ax r dx ayL 

aWl j dr a2~0 
- ax + W1 r dx) 3'fT 
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ya2~1 a2~O .dUo a2~O d' 
-2a-~-(-1-_--L~-~:-J -U-~-) {No arr + 1/11 ayr} Uo dx 1/10 avz- [dx (UOU1 )+iwUtJ} 

e 

Tel/Te y-l U U - if 0 1 dU a2~oa ~1 

1 _y-l u2 Uo~ 1/10 arr + Vs 3V" 
~ 0 ' 

e 

(3.3.8) 

and 

. dUo dTa T 1 1 2 
- Uo dX ¢o av (T e -.Y.;-) U1 Uoeoswt 

C al 
---------1~?y-;1--2~--------- } 

- 2a7 Uo 
e 
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3.4 Outer Flows and Boundary·Conditions 

If the outer flow velocity distribution is prescribed, then the 

outer pressure, density and temperature distributions can be calculated 

from Eqs. (2.2.4), (2.2.5) and (2.2.6). For a small amplitude 

fluctuation given by Eq. (3.3.1), we expect that the other properties 

of the outer flow will behave similarly. 

iwt Pe(x,t) ::: Pea (x) + EPe,(x)e + 

p(x,t) ::: po(x) + EP1(x)eiwt + ... 

(3.4.1) 

(3.4.2) 

(3.4.3) 

In terms of these quantitites, the boundary conditions at the edge of 

the boundary layer become 

aljJl 
--+ Ul aY as Y -+ 00 

as Y -+ 00 

The no-slip and no-peneration conditions at the wall require 

WO ::: WI ::: 0 at y ::: 0 

and finally at the wall, we demand that 

T ::: T w at y' ::: 0 

(3.4.4) 

(3.4.5) 

(3.4.6) 

(3.4.7) 

(3.4.8) 
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where Uw and Tw are the wall velocity and temperature, respectively. 

Substitution of Eqs. (3.4.1 - 3.4.3} and Eq. C3.3.ll into Eqs. 

(2.2.4), (2.2.5) and (2.2.6) and collection of terms of order SO 

yields 

apodUo - ax- = PeoUo dx 

. d U2 
o = P e OUo dx CT eO + "2f-J. 

P 

The solution to the above system is 

2 
T = T - Uo/2C eo co P 

y/y-l 
Po/p = (T - U2/2C ) 

S caP 

P ~ 
- =.2. (T _ U2/2C ) y/y-l 
Pea Rca p 

where Tc is a constant of integration (see Eq. 3.3.7). 

(3.4.9) 

(3.4.10) 

(3.4.11) 

(3.4.12) 

(3.4.13) 

(3.4.14) 

Collecting terms of order E, we get after rearranging 

dPI Uo· dUo PoUo dUo d 
-:::r.:-x = - P.l - + T e - - p [;wU +:r::'"x (UaU1 )] ux TR dx . e 1 T a dx '0 1 ux eo 

(3.40'15) 

dT 1 i w i wU1 1 d 
d~ = PI C U - iwTe1 --c--ccrCUaUl) (3.4.16) 

pP eo a P P x 
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We were unable to find a closed form solution to the above system of 

equations. However, a numerical integration can accompany the 

matching of a numerical solution of the boundary-layer equations and 

thus provide at each step the boundary condition at the edge of the 

boundary layer. In this way, the outer inviscid flow equations can be 

solved simultaneously with the boundary-layer equati·ons. In the 

present chapter we will present analy't;cal solutions in the form of 

coordinate expansions in powers Of~x. 

Let 

00 

PI = E (iw)np1n , Tel 
n=O 

00 

00 

= L: ( i w ) nT 1 n ' 
n=O 

(3.4.18) 

Once again the familiar perturbation process, assuming that w is 

sma'l, gives an infinite sequence of sets of differential equations. 

The first two sets are 

dT 10 _ 1 
dX - - C ~x (UOU1 ) (3.4.20) 

p 

(3.4.21 ) 
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and 

(3.4.22) 

(3.4.23) 

(3.4.24) 

while for n > 2 we get 

(3.4.25) 

(3.4.26) 

(3.4.27) 

The system of Eqs. (3.4.19) through (3.4.21) has a closed form 

solution 

(3.4.28) 

TlO = -UOU1/Cp {3.4.29} 

p u U eo a 1 
(y-l)Teo 

PIa (3.4.30) 

The solution of the other systems of equations is quite straightforward 
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but involves expressions like fU1dx and may appear a little involved. 

In the present chapter, we will consider solutions for outer 

flow velocity distributions given by 

m Uo = cox (3.4.31) 

In terms of the above expressions the solution given by Eqs. (3.4.12) 

to (3.4.14) becomes 

po/ps = (Tc 
C2 2m 

OX 
2C ) 

P 

P C2 2m 
s OX 

Peo = --R (T - 2C ) 
i C P 

(3.4.32) 

y/y-l 
(3.4.33) 

l/y-l 
(3.4.34) 

and the solution of order E given by Eqs. (3.4.28) to (3.4.30) becomes 

PIO 
Ps = - - (T R c (3.4.35) 

(3.4.36) 

(3.~.37) 
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Finally, the first correction that accounts for terms of order w, that 

is the solution to Eqs. (3.4.22) to (3.4.24), for the special case of 

power variations of Uo and U1 , can be written as follows 
2+1 

Clx Po 
PI 1 = - ( 2+ 1 ) RT 0 (3.4.38) 

(3.4.39) 

(3.4.40) 

Notice that the fluctuating part of the pressure, temperature, and 

density are not in phase with the velocity. Retaining terms of order 

£ and w only, we can write the fluctuating part of the pressure and 

temperature as follows 

PI UOU1 iwx J -= - RfQ [1 Po + Uo(2+1) (3.4.41) 

UOU 1 iwx ] 
Tel = - -[1 Cp + Uo Ct+ 1 ) (3.4.42) 

Therefore the pressure and temperature lead the outer flow velocity by 

the same phase angle. This should not be confused with phase differ

ences that appear within the boundary layer. The reader should recall 

for example that even for incompressible flow with pressure and outer 

flow temperature fluctuating in phase with the outer flow velocity, 

the skin friction and wall heat transfer usually lead and lag 
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respectively~ the outer flow. 

3.5 Method of Solution 

A new independent variable, familiar from self-similiar flows is 

again introduced 

{m+l+2j)Uo ~ 
n :: l 2v x 'J y 

s 
(3.5.1 ) 

Solutions to Eqs. (3.3.5) and (3.3.6) will be sought in the form of 

series expansions 

tfJo(x,Y,t) 

(3.5.2) 

U2 2n 
( ) ( y-1 2) co Co 2mn ( ) To x,Y,t = Tc 1 - 2 a 2 L -zn x g'+2n n 

n=O a c c 

(3.5.3) 

The steady-state problem for compressible flow over wedges or 

cones has been studied extensively in the literature [40,41]. It 

should be noticed that the above formulation holds for arbitrary values 

of the Prandthl number, the ratio of specific heats, and the pressure 

gradient. For m=O, that is for a flat plate the series expansion is 

essentially an expansion in powers of the Mach number. For flows 

with pressure grad;ent~ however, the above expressions become coordinate 

expansions and hold for any value of the Mach number 

near the leading edge of the wedge or the cone. These expressions are 

substituted in the differential equations (3.3.5) and (3.3.6) and equal 
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powers of x, that is 2mntm-l powers for n=O,l, ... , are collected. The 

following ordinary but coupled differential equations are then 

derived 

f I I I = f fll ( 2m ) ( f I 2 ) 
1 - 1 1 - m+l+2j 91- 1 

fill 
·1+2n 

2m 
m+l+2j 91+zn 

n-l s 
+ m E (Y-2,)n-s-1 ( E ) 

Y m+ 1 +2j f 1 +2qf~I+2S-2q s=O q=O 

for n > 1 

gIl = - P f 19i r 

1 n 
- m+l+2j E [4m(n-q)+m+l+2j]f1+ (n-q)9 1+2q q=O 2 - 1 

n-1 
+ m+l~2j E {ym+ Y2' [4m(n-q-l)+m+l+2j]} 

q=O 

(3.5.4) 

(3.5.5) 

(3.5.6) 
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n-1 
f I (1) 4 f" f" x 1+2(n-q-l)ql+2q- Y- q=O 1+2q 1+2(n-l-q) (3.5.7) 

for n > 1 

The boundary conditions in terms of the functions f and 9 become 

f(O) = fl(O) = 0 for n > 0 
1+2n 1+2n 

f' (00) -+ 0, 
1+2n 

g(O) = 0 for n > 1 
1 +2n 

g(oo) -+ a for n > 1 
1+2n 

(3.5.8) 

(3.5.9) 

(3.5.10) 

(3.5.11) 

The constant quantity T is a dimensionless temperature related to 
wO 

the wall temperature via Eq. (3.5.3). T = 0,1, and> 1 then 
wo 

corresponds to a cold wall, zero temperature difference and a hot 

wall, respectively. 

Similarly, solutions to Eqs. (3.3.8) and (3.3.9) will be sought 

in the form 

2v x ~ 

= [(m+l~~j)Uo] cl 

C
2n 00 00 0 

r r""2nx 
n=O q=O a c 

(3.5.12) 
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2n 
COCl 00 00 Co x2mn+~+m+(1-m)q 

T (x,Y,t) ~ -c--- E E ~ 
P n=O q=O a c 

(3.5.13) 

The above expressions are substituted in Eqs. (3.3.8) and (3.3.9) and 

equal powers of x are collected. For n=O, the general form of the 

differential equations for F~O) and G~O) are 

FIII(D) = _ f F"(O) + m+2+(1-~)g 2f ' F' (O) 
q 1 q m+l+2J 1 q 

_ 21+2(1-m)Q+(1-m)+2j f"F(O) + 2 F'(O) 
m+l+2j 1 q m+1+2j q-l 

_1 G"(O) = 2(t+m+(1-m)q)G(0)f' 
P
r 

q m+l+2j q 1 

4m ( a ) 2m I (0) 
+ ("(-1) (m+l+2j) 9 3F~ - (m+1+2j) F q 91 

I (0) 1 
- f1Gq - (y-l)(m+l+2j) {(2t+2c l-m)q 

+((l-m) + 2j)F~O)93 + (4m+22+2(1-m)q+(1-m) 

+ 2J")F(2)g'} + 1 (22+2(1~m)g+(1-m)+2j}F(O)a' + 
q 1 2 m+l+2J q - 1 

(3.5.14) 
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(0) 2m 9 F'(O) + ym F gl + (m+l+2j)(y-l) q 1 ~(m-+~1+~2~j~) lq 

+ 2 91fi ((m+Q,)o + 0 ) - frF"(O) (m+l+2j) oq lq q 

+ 2 G(O) 
(m+l+2j) q-l (3.5.15) 

where 0 •• is Kronecker1s delta. 
1J 

The equations for F(2) and G(2) are 
q q 

given in the Appendix B. 

The boundary conditions in terms of the functions F(2n) and q 
G(2n) read 

q 

F' (2n) (0) = 0 
q 

G~O)(O) = 1, G~2n)(O) = 0 for q ~ 1, n ~ 0 

FO(O)(~) ~ 1, Fq(2n)(~) = 0 for q,n ~ 1 

for q ~ 2, n ~ 0 

{3.5.16} 

(3.5.17) 

(3.5.18) 

(3.5.19) 

The ordinary differential equations were solved numerically by 

the shooting technique. Each system of coupled equations as for 

example the system for f" g, or f3' 93 etc., ;s replaced by systems 
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of first-order differential equations. Two more boundqry conditions 

at the wall are assumed and the problem is solved as an initial value 

problem. A straightforward fourth-order Runge-Kutta integration 

scheme is employed and the values of the functions at the edge of the 

boundary layer are checked against the outer flow boundary conditions. 

If these conditions are not met, a guided guess is used to readjust 

the assumed values at the wall and the process ;s repeated until 

convergence is achieved. 

3.6 Results and conclusions 

In this chapter, we present numerical results only for Pr = 0.72 

and for the cases of m=O and m=l, that is only for a steady part of 

the flow that corresponds to compressible flow over a flat plate or 

stagnation flow. The method is by no means confined to these values 

of m and our subroutine can produce results for any intermediate 

values that correspond to wedges and cones of different included 

angles. In the case of m=O, the zeroth order problem is simplified 

considerably since the momentum equation is uncoupled from the 

energy equation. Nevertheless, some interesting features of the 

unsteady part of the flow are present especially in the case of the 

outer flow velocity fluctuations that vary with a power of x, Ul=c,x t
. 

Physically, this corresponds to a flat plate that oscillates and 

bends as if it were pivoted at its leading edge. 

The differential equations that govern the functions f, and 9, 
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were solved numerically as described in the previous section. The 

results· we~e· checked and agree with the well-known 

da ta of Ref. [41]. The same subroutine was used to solve 

numerically the differential equations that govern the functions F~O) 
_ (0) 

for q-O,1,2 and GO . In Fig. 3.1, we have plotted the functions 

F6(0), FI~O) and F~(O) for 1=0, that is Ul=Cl and different wall 

temperatures. This corresponds to a change of the free stream in 

magnitude and not in direction. If 1=0, the function FO(O) is 

independent of the wall temperature, TwO' FlaO) clearly indicates an 

overshoot, a characteristic feature of the fluctuating component of 

the velocity. It is interesting to note that the other functions are 

strongly affected by the wall temperature. In fact, comparing 

results for hot walls and hot streams, it appears that the trend can 

be completely reversed. This is not true for 1=1, that is for 

Ul=c,x, as Fig. 3.2 shows. Apparently, the velocity fluctuations 

override the effect of the hot stream, and the trend of the curves is 

more uniform. In this case, wall temperature appears to affect 

violently the amplitude of the velocity fluctuations at the level 

of F6(O) as well. The reader should notice that the overshoot of 

F6(O) is now much stronger than in the case Ul=Cl . 

In Figs. 3.3 and 3.4, we have collected some of the calculated 

terms of the velocity expansions for a stream fluctuating in 

magnitude, 1=0, and a stream fluctuating in direction 1=1, respectively. 

In the traditional terminology, we call the real and imaginary parts 
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of the fluctuating velocity, 

in-phase 

(3.6.1) 

and out-of phase velocity components 

( ) _ (WX) ,(O)() uout x,n - u- F1 n 
o 

(3.6.2) 

The reader may observe a stonger overshoot for streams fluctuating in 

direction over a hot wall. The phase angle profile can be readily 

calculated from Figs. 3.3 and 3.4. 

In Fig. 3.5, we have plotted the skin friction phase angle as a 

function of the frequency parameter. It should be noticed that for a 

stream fluctuating in magnitude the skin friction is lagging the outer 

stream flow. Figure 3.6 ;s a plot of the variation of the dimension

less skin friction vs. the frequency parameter wx/UO' It appears 

that no considerable changes are involved except perhaps for a 

fluctuating plate and a hot wall. Finally, in Fig. 3.7, we have 

plotted the unsteady part of order 00° of the temperature function 

G~O) for three different values of the wall temperature Two' 

Calculations were also performed for m=l, that is for stagnation 

mean flow with imposed fluctuations. Figure 3.8 shows the functions 

Fe (0), F, (0), F2 (0). The overshoot of the in-phase velocity profile 

is shown to be greatly diminished as compared to the flat-plate case 
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3.5 

3.0 

2.5 

100 

-~---~------~~~--~-~~ 

.L=o 

.1 = I 

...... ----. ............... ---- .... 

2 0 ---- ......... . 

Tw 2.0 --------------------------io---------

1.5 
----------------------T~~-;O~§-------

1.0 

O.51--..........::::::::::::.-=:::::==-----~---t 

o .I .2 
wx 
Uo 

.3 .4 .5 

Figure 3.6. The dimensionless skin friction as a function of the 
frequency parameter for m=O. 



101 

l.0 

0.5 

......... 

~ 0 I---_----I~~__+--___fo--_+-TJ__j 
2.0 
(!) 

-0.5 

-1.0 

Figure 3.7. The profile of the temperature function G~O) for 1=0 
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m=O. The functions F,(O), which strongly affects the out-of-phase 

velocity component and therefore the phase angles, appears to 

have smaller values. From these results and the results from 

intermediate values of m that are omitted due to lack of space, we 

concluded that the phase function decreases as the pressure gradient 

increases. This is clearly observed in Fig. 3.9, in which the phase 

advance is plotted as a function of the frequency function. It appears 

that for more adverse pressure gradients that is from 

o and approaching 1, the overshoot of the velocity profile and the 

phase angles are 'suppressed. 

The double expansions of section 3.5 contain the correction of 

compressibility on the unsteady part of the motion. It is interesting 

to note that for n=O, the expansions represent the incompressible 

disturbance on a compressible mean flow field. Compressibility appears 

to affect significantly the fluctuating components of the velocity and 

temperature. It is indicated that overshoots and wall slopes of 

velocity and temperature can be increased significantly as compared 

to incompressible flow. This implies larger fluctuating values of the 

skin friction and heat transfer. Finally it is again verified that 

larger favorable pressure gradients suppress the phenomena of 

unsteadiness. 
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CHAPTER FOUR 

HIGHER APPROXIMATION IN UNSTEADY 

INCOMPRESSIBLE BOUNDARY LAYERS 

4.1. Introduction 

A major problem that arises if higher order corrections are to be 

considered for unsteady boundary layers is the fact that such correc

tions may be comparable to the higher order terms of frequency or space 

perturbations, that are commonly employed in unsteady flow theories. In 

particular, higher order boundary layer theory is essentially an inner 

and outer expansion, with Re-1/ 2 as a small parameter. Any further 

expansions, as for example expansions in powers of the amplitude or the 

frequency parameter, or expansions of the coordinate type, would require 

a careful estimate of the relative order of magnitude of the parameters 

involved. In the earlier chapters we essentially introduced double and 

triple expansions. However, it was tacitly assumed that the constant 

Re-1/ 2 was much smaller than E or w~Uo etc. and therefore all the 

corrections investigated were more" important than the higher order 

boundary layer corrections. In the present chapter we will examine this 

situation: the possibility that the Re- 1/ 2 and E are comparable, that is 

the cases Re-1/ 2 = 0(£2), 0(£) etc. 

The only other attempt to examine the coupling of unsteadiness with 

higher order theory is due to Afzal and Rizv; [42J. However these 

authors employ an exact self-similar solution for the first order un-

steady flow, following the analysis of Yang [43,44]. In this way they 
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avoid any further perturbations. Moreover their solution is valid only 

for stagnation flow and only for a special form of dependence on time, 

i.e. U1 = s/(l-at) where a. is a constant. 

In the present chapter we present the unsteady higher order bound-

ary-layer theory for oscillations with small amplitude. We then provide 

some typical numerical results to account for the nonlinear unsteady 

effects on the displacement terms. 

4.2 Formulation of the Problem ---

The unsteady laminar incompressible flow of a viscous fluid past a 

two-dimensional and axisymmetric body is governed by continuity and the 

Navier Stokes equations. The oncoming stream is assumed to be irro-

tational. These equations in nondimensional form are 

divV = 0 (4.2.1) 

a'J 1 . at + ~. grad ~ + grad P = - Re curl (curl ~) (4.2.2) 

where Re = VoL/v is the characteristic Reynolds number, Vo is a 

characteristic speed and L is a characteristic length. The boundary 

condition for the above equations at a solid boundary is 

v = a (4.2.3) 

Far upstream, the flow approaches a stream with a uniform velocity. 

For two dimensional and axisymmetric flow the coordinate system 

defined in Fig. 4.1 is often used. Here n is the distance normal to the 

surface and s the distance along the surface measured from the stagna-

tion point, ¢ is the azimuthal angle for axisymmetric flow and is a 
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linear distance normal to the plane of flow for the two-dimensional 

flow. K(s) denotes the longitudinal curvature of the body taken posi

tive for a convex surface. In axisymmetric flow, 8(s) is the angle that 

the tangent to the meridian curve makes with the axis of the body and 

r(s) is the normal distance from the axis. These parameters are con-

nected by the relations 

sin e = dr ds 
The length element d~ can be written as 

dt2 = (1 + Kn)2ds 2 + dn 2 + (r + n cose)2jd~2 

(4.2.4) 

(4.2.5) 

where j is an index which takes the values zero for two-dimensional and 

one for axisymmetric flows. 

In the sections that f.ollow we repeat some of the classical steps 

of the analysis in order to demonstrate how the unsteady terms are 

introduced and how they couple with the other terms of the differential 

equations. 

4.3 Outer and Inner Expansions 

4.3.1 Outer expansion 

It is an established fact that as the Reynolds number, Re, in-

creases, the flow away from the surface approaches an inviscid flow. We 

call this the "Euler" or "outer" limit (Van Dyke [28J). The outer limit 

may be defined as Re + ~ with x fixed, and the outer expansion can be 

written as 
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V(x,t;Re) = VI(x,t) + Re-
1

/
2 V2 (x,t) + 

~ ~ ~ ~ 

P(x,t;Re) = PI(x,t) + Re-
1

/ 2 P2 (x,t) + } (4.3.1) 

- - -
Likewise the components of V in the coordinate system of Fig. 4.1 have 

the outer expansions 

u(x,t;Re) = U1(x,t) + Re-
1

/ 2 U2 (x,t) + ••• 
- - } (4.3.2) 

v(x,t;Re) 

It is implied that the functions ~1' ~2' etc. and their derivatives are 

all of order one. 

Substituting these equations into the equations of motion (4.2.1) and 

(4.2.2) and equating like powers of Re, yields equations for successive 

terms of the outer expansion. 

The first-order equations are 

div VI = 0 (4.3.3) 

aV l 

at + yl · grad ~l + grad PI = 0 (4.3.4) 

which are the Euler equations for the unsteady inviscid flow. 
{ 

The second-order equations are 

div V2 = 0 (4.3.5) 
-

a at y2 + yl · grad y2 + ~2 · grad ~l + grad P2 = 0 (4.3.6) 

which are the perturbed Euler1s equations and give the displacement of 

the outer flow due to the first-order boundary layer. Notice here that 
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viscous terms appear in the outer expansion beginning only with the 

third approximation. 

Equation (4.3.4) can also be written as 

(4.3.7) 

Integrating Eq. (4.3.7) along a stream line, we get 

(4.3.8) 

where B ;s Bernoulli's function and depends upon upstream conditions. 

As the basic inv;scid flow is assumed to be irrotational, there 

exists 'a velocity potential ~l(X,t) defined by 

u = E.!L V = 2.1l. 
1 as ' 1 an (4.3.9) 

Eq. (4.3.8) now gives 

(4.3. 10) 

which is the classical Bernoulli's equation for unsteady potential 

flow. Integration of Eq. (4.3.6) along a stream line yields 

L f V 2 • dx + VI· V 2 + p 2 = 0 
at - - - -

(4.3.11) 

Since the basic flow is irrotational, the perturbed flow can also be 

shown to be irrotational. Thus we define a velocity potential 

~2(~,t) as 

U2 = ~ V2 = ~ as' an (4.3.12) 
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Eq. (4.3.11) can now be written as 

(4.3.13) 

This equation represents the perturbed Bernoulli's equation for unsteady 

potential flow. 

The outer expansion breaks down at the body surface" where the no

slip condition cannot be satisfied due to the loss of one highest order 

derivative in the Navier Stokes equation. 

4.3.2 Inner Expansion 

We stretch the normal coordinate by introducing the boundary-layer 

variable 

(4.3.14) 

and study the inner limit defined as the limit of the solution for 

Re ~ 00 with sand N fixed. The normal velocity and stream-function are 

expected to be small in the boundary layer, and must be stretched in a 

similar fashion. A solution for the inner layer is then sought in the 

following expansion form, 

u(s,n,t;Re) = ul(s,N,t} _1/2 ( ) + Re U2 s,N,t + •.. 

v(s,n,t;Re) = _1/2 ( ) -1 ( ) Re VI s,N,t + Re V2 s,N,t + (4.3.15) 

P(s,n,t;Re) = Pl(s,N,t) + Re-
1

/ 2p2(S,N,t) + 

Substituting Eqs. (4.3.15) into Eqs. (4.2.1) and (4.2.2) and collecting 
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the coefficients of like powers of Re-
1

/
2, we arrive at differential 

equations of successive order. 

The first-order equations 

.£E.L = ° aN 

along with the boundary conditions at the wall 

are the classical unsteady equations of Prandtl. 

(4.3.16) 

(4.3.17) 

(4.3.18) 

(4.3.19) 

The collection of coefficients of Re-
1

/ 2 gives the following 

second-order equations 

~s [rj (u2 + NUlj c~se)] + r j ~N [V2 + (K + ~ cos e) NVI] = 0 

(4.3.20) 

K[.L (N aUI) - VI .L (NUl) - N· aUl] + J. cose ~ (4321) aN aN aN at r aN .. 

~= Ku 2 
aN I 

The boundary conditions at the wall are 

U2(S,0,t) = 0, V2(S,0,t) = ° 

(4.3.22) 

(4.3.23) 



At the outer edge of the layer the solution will be matched to the outer 

solution. 

4.3.3 Matching Conditions 

Matching of the inner and outer solutions according to Van Dyke 

[45J requires that 

g-term inner expansion of (q-term outer expansion) 

= q-term outer expansion of (p-term inner expansion) 

(4.3.24) 

Matching conditions for the first-order are found by taking p=q=l. 

The one term outer expansion of u is U1(s,n,t); rewritten in inner 

variables gives U1 (s,Re-
1
/ 2 N,t); and expanded for large Re gives 

U1(s,O,t) as its one-term inner expansion. Conversely, one term of the 

inner expansion is ul(s,N,t); rewritten in outer variables gives 

ul(s,Re
1
/ 2 n,t); and expanded for large Re gives U1(s,oo,t) as its one

term outer expansion. Equating these results, and proceeding similarly 

with pressure gives the following matching conditions. 

ul(s,N,t) = U1(s,O,t) 
N-+co 

Pl(s,N,t) = B(t) - t Ur(s,O,t) - ~tl (s,O,t) 
N-+co 

For p = 2, q = 1, we get 

V1(s,O,t) = 0 

V2 (s,Q,t) = Limit [vl(s,N,t) - N ~~1 (s,N,t)J 
N-+co 

(4.3.25) 

(4.3.26) 

(4.3.27) 

(4.3.28) 
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Eq. (4.3.28) is an important matching condition for the second-order 

outer flow and represents the effect of displacement of the inviscid 

(outer) flow by the boundary-layer (inner). The quantities on the right 

hand side of Eq. (4.3.28) represent the effect of the classical bound-

ary-layer equation upon the outer flow. 

Finally, matching conditions for the second-order boundary layer 

problem are found by taking p=q=2 in Eq. (4.3.24). 

uz(s,N,t) = Uz(s,O,t) - NKU1(s,0,t) 
N~ 

Pz(s,N,t) = Pz(s,O,t) + NKU1(s,0,t) 
N~ 

4.4 First and Second-Order Boundary-layer Theory 

(4.3.29) 

(4.3.30) 

Equation (4.3.18) shows that PI is constant across the boundary 

layer, and its value ;s given by Eq. (4.3.26). Thus Eqs. (4.3.16) and 

(4.3.17) can be rewritten in the classical boundary layer equation form 

+ ~~l (s,O,t) 

with boundary conditions 

Ul(S,O,t) = Vl(S,O,t) = 0 

(4.4.1) 

(4.4.2) 

(4.4.3) 

(4.4.4) 

Integrating the normal-momentum Eq. (4.3.22) and using the matching 

condition Eq. (4.3.30), we obtain 
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co 

P2(s,N,t) = NKUI(s,Q,t) + Kj [UI(s,Q,t) - uf(s,N,t)]dN 

N 

(4.4.5) 

The second-order pressure gradient,~~2 , is therefore written, using the 

outer flow relations, as 

co 

~~2 (s,N,t) = ~s { K[NUl(s,Q,t) + j {Ul(s,Q,t) - uHs,N,t)}dN]} 

N 
a a - as U1 (s,Q,t)U 2 (s,Q,t) - at U2(s,Q,t) (4.4.6) 

Substituting Eq. (4.4.6) in Eqs. (4.3.20) and (4.3.21), the second order 

equations are 

+ ~N (N ~~l) - VI ~N (NUl)] - ~s [KNUf(s,O,t) 
00 

K J (U 2 2)dN] a (u u ) + aU 2 + jcose aUI (4 4 8) + 1 - U 1 + as 1 2. at r aN .. 
N 

with boundary conditions 

U2(S,O,t) = V2(S,Q,t) = Q 

u2(s,N,t) = U2 (s,O,t) - KNU 1 (s,Q,t) as N + co 

(4.4.9) 

(4.4.10) 

In Eq. (4.4.8), the terms with the coefficients of j c~se, K and U2 

arise due to the second-order effects of transverse curvature, longi

tudinal curvature, and displacement respectively. 
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In specific applications it is convenient to work with the stream 

function. The continuity equations, Eqs. (4.4.1) and (4.4.7) are 

identically satisfied by introducing first-and second order streamfunc~ 

tions ~l' ~2 according to 

. all,.' alii. 
rJul - ~ rJ v = -~ - aN' 1 as (4.4.11) 

r j (U2 + NUlj c~se) = ~~2 , r j [V2 + (K + j~ose)NVl ] = _ ~~2 

(4.4.12) 

Substituting Eqs. (4.4.11) and (4.4.12) in Eqs. (4.4.2) and 

(4.4.8), we get the first-order and second-order boundary-layer problems 

in terms of stream functions. 

First-order problem: 

~ + aWl .L (_1~) 1 aWl ~ ~ - ju ( Q ) 
ataN aN as r j aN - r j as aN - aN - r 1 S, ,t x 

~~1 (s,Q,t) + r j ~~l (s,Q,t) (4.4.13) 

~l{S,Q,t) = ~Wl (s,Q,t) = Q (4.4.14) 

(4.4.15) 

The corresponding second-order problems are 
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.L {_' (~_ N ~ jCOS6}+ .L [_,_ 2.tl{2h _ N ~ jCOse} ] 
at r j aN aN r, as r2j aN . aN aN r 

_ -' ~.L [_, {2h _ N ~ jCOS6}J _ -' ~ x 
r j as aN r j aN aN r ~ r j aN 

[~{2h _ (K + jCOS6)N}~]_ 13
2 [~t 2h - N ~ jcos61 ] = 

rJ as r as aNT rJ aN aN r J 

K[ N ~ a (N a (1~) 1 aWl a (N 1 ~)J - J ataN + aN aN JaN + J as aN J aN r r r r 
00 

- ~s [KNUf(s ,0, t) + K f (Ut - (; ~*l) 2dN + a (U lU 2) 
N r 

+ ~~2 + ~j ~~-p-jc~se (4.4.16) 

a ¢2(S,Q,t) = aw- ¢2(S,Q,t) = a (4.4.17) 

~~2 = ~j[U2(S,O,t) + NUl(S,O,t)(jC~S6 - K)] as N + 00 (4.4.18) 
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4.5 Method of Solution 

The second order effects are linear and they can be studied in

dependently of each other. In this section we will confine our atten

tion to the effects of displacement only and we will disregard the 

effects of longitudinal and lateral curvature, free stream vorticity 

etc. We will study here two-dimensional oscillatory flows with small 

amplitudes. 

Consider an oncoming uniform flow with a velocity given by 

(4.5.1 ) 

where U and U are constants and £ is a small amplitude parameter. 
000 001 

We now consider the first order outer flow solved and assume that the 

first order velocity distribution is given by 

( ) () £ ()( iwt -iwt) UI s,Q,t = Uia S + 2 Ull s e + e (4.5.2) 

where UIO and UII are known functions of s. 

At this point and before we proceed with expansions in powers of £ 

we should specify the relative magnitude of our two small parameters, 

Re-
1

/ 2 and £. Let us first consider: 

(a) Re-
I

/ 2 = 0(£2) 

This would be realistic for relatively low Reynolds number flows. 

For example, for amplitude ratios of the order £ = 0.1, the corres

ponding Reynolds number would be of the order of 104. A proper way to 

approach this problem then would be to assume the solution in the form 

of a double expansion [46J in powers of £ and Re 
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(4.5.3) 

In the above expansion the functions ~ij are functions of sand N and an 

overbar denotes the complex conjugate of a quantity. 

Notice that up to order E we have recovered the classical unsteady 

first-order boundary-layer theor~ which has been the subject of 

investigation of all earlier chapters. At the level of S2 we now have 

the second harmonic as well as a steady part of the flow which will con--' 

bine the higher order displacement correction as well as the nonlinear 

contribution due to the steady streaming. 

The expression given in Eq. (4.5.3) should be substituted in the 

Navier Stokes equations and the familiar steps of stretching and collect

ing powers of E should be carried through. However, it appears easier 

now to derive the governing equations o~ iJJ;j ,directly from the 

equations of the previous sections. If proper care is taken of the 

nonlinear terms that appear, we can arrive at. 

Order EO: 

~ a 2
WIO _ ~ a2~lO = 

aN asaN as aN (4.5.4) 
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Order se i wt : 

~ a2
p2Q + ~ a2WIO + ~ aW20 _ ~ a2~10 _ ~ a2~20 

aN asaN aN asaN aN asaN as aN as aN 

_ .L (U u ) = 1 ~ a2W11 + 1 31/Jll a2~11 _ llY!.ll aZiji 
as 10 20 2 as aN 2 as aN 2 aN asaN 

(4.5.6) 

. 2 3 _ ~ a ~10 = a $12 
as aN aN 3 (4.5.7) 

This method can be easily carried to higher order equations. At 

the level of S3 we will derive two differential equations by collect

ing coefficients of eiwt , and e3iwt. These can be solved for the un

known functions 1/J12 and 1/J21 which represent the third harmonic and the 

higher order oscillatory correction respectively. 

The equations derived in this section are all linear partial 

differential equations with two space variables sand N. Their numeri

cal solution is today considered straightforward and can be accomplished 

on a modern computing machine in a few seconds. In this section, for 
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the purpose of comparing with earlier classical results,we will seek 

self-similar solutions for the cases of flat plate and wedge flows. 

(b) Re-
1
/ 2 = O(s) 

This assumption corresponds to very low Reynolds numbers and such 

flows may be encountered perhaps in biological applications. Now the 

higher order steady correction will be of the same order with the 

fluctuating part of the flow and our expansion should have the form: 

(4.5.8) 

Collecting terms in a similar fashion we arrive at 

(4.5.9) 

= iWU 11 + U ~ + U ~ + a3W11 
10 ds 11 ds aN (4.5.10) 

Order s 

~ a2W20 + ~ a2WIO _ ~ a2W20 _ ~ a2t1o 
aN asaN aN asa~ as aN as aN 

= ~s (U 10U20 ) + ~~W20 (4.5.11) 
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Notice that now the higher order equation does not contain any streaming 

terms. Equations of order £2e2iwt and £2 eiwt can be derived which will 

be used to solve for the unknown functions ~12 and ~21. Numerical 

analysis can be used again to solve the equations successively. 

4.6 A Numerical Example 

In this section we will study the case of Re- 1/ 2 = £2 and fluctu-

ating flows over configurations that permit self-similar solutions of 

the first-order problem, that ;s 

(4.6.1) 

We then seek solutions to the differential equations for ~lO' Eq. 

(4.5.4) in the form 

(4.6.2) 

where 

(4.6.3) 

The fluctuating part of the flow can be expressed again in the form 

of an expansion, for small frequency parameters, as described in the 

earlier chapters. 

00 

[ 2 ] m \ lciwo')as(l-m )aFa(n) ~ll = m cos L \ 
(m +l)coS -1 a=O 

(4.6.4) 

The differential equations that govern the functions f(n) and Fa(n) 

are then given by 
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fll t + ffu + ~m+l (1 - (f')2) = 0 (4.6.5) 

Fl II + (2m +(1-m .. )(2a+l) F fll + fF" 
a m +1 a a 

2 I' 

F = 0 -m+l a-l (4.6.6) 

where 8 .. is Kroneckerls delta and the appropriate boundary conditions 
lJ 

that correspond to first order matching are 

f(O) = f' (0) = 0 

f' (co) = 1 

Fo(O) = F b (0) = 0 

Fo(co) = 1 

Fa(O) = F'(O) = F'(co) = 0 for a > 1 a a 

(4.6.7a) 

(4.6.7b) 

(4.6.8a) 

(4.6.8b) 

(4.6.9) 

The terminology here may be a little confusing. We insist to consider 

the matching of the steady and fluctuating parts of the flow, that is 

th t iwt "th th t 'U U iwt f' t e erms ~10 + 8~11e ,Wl e erms 10 + 8 lIe ,as a lrs 

order matching, in order to retain the classical terminology of boundary 

layer theory. In this sense we still consider first-order matching to 

correspond to p = 1, q = 1 although we have already taken 2 terms in our 

expansions. 

Let us proceed now to the equations of order 82 and solve the 

equation for the steady part of the higher order boundary layer strearn

function, that is Eq. (4.5.6). We will seek again solutions to this 

equation in an expansion form for small frequencies: 
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t/J20 

Notice that although t/J20 in the expansion is independent of time 

it is necessary to include a frequency dependent term in Eq. (4.6.10) to 

account for the nonlinear effects that are introduced through the terms 

that depend on t/Jllo 

The equation that governs the functions Ga(n) are 

Go' I I _ m4m+l- Golfl + fG'! + fllGa + 4m - 1 [(F')2. ... m +1 - m+l m 0 

G l' , I 4 G I f I + fG III + 5 - 3m G f II = -'- [2 F IF' - ( F I' ) 2 
- m+1 1 m+' 1 m+l 0 2 

5-3m F Fit m+l F Fit + 3-m F FIIJ --2- 20 --2- 02 -2- 11 

(4.6.11) 

. (4.6.12) 

Matching up to this order now requires solution of the outer flow and in 

our notation, t~is impli~$ that (Van Dy~e [47J 

for m = 0, (flat plate) 

G (0) = G1 (0) = a a a 
G~(oo) + a for a = 0,1, ... 

for m f 0 

Go(O) = Go(O) = 0 

G (00) + a a for i = , ~ 2, ... 

(4.6.l3a) 

(4.6.13b) 

(4.6.14a) 

(4.6.14b) 

(4.6.15a) 

(4.6.15b) 
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It is very interesting to note that for steady flow, the nonlinear 

terms that depend on the fluctuating part, WII, disappear from Eq. 

(4.5.6) and therefore the right-hand side of Eq. (4.6.11) vanishes. 

This equation then and the corresponding boundary conditions become 

homogeneous and if the solution is unique, then it is equal to zero. 

That is for steady flow over a flat plate the second order boundary 

layer terms vanish. However if a fluctuation is included in the first 

order boundary layer, then a streaming effect drives the second order 

terms, even with U20 = o. 

Equations (4.6.5), {4.6.6} and (4.6.11), (4.6.12) subject to the 

appropriate boundary conditions were solved numerically as described in 

previous chapters. The method was tested, for steady stagnation flow, 

against the numerical results of Van Dyke [47J. In particular the value 

of Fid{O) was chosen for comparison. The reader should be cautioned about 

the fact that in this paper the notation is different and Van Dyke1s F'd(n) 

corresponds to our Go(n). The numerical results compare as follows: 

Fid(O) = 1 .84882, GH(O) = 1 .848894. 

In Fig. 4.2 we display the profiles of the functions Go and G1 

for m = 0, that is a flat plate. For steady flow these functions are 

identically equal to zero. This solution therefore represents a secondary 

steady flow which seems to have a recirculating character. It appears as a 

vortex embedded in the boundary layer. Similar results for m = 1, that 

;s for stagnation flow are shown in Fig. 4.3. In this figure the 

departure from steady flow is evident. 
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Figure 4.2 Second order boundary layer profiles, Gb(n) and 
Gl(n) for a flat plate. 
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Figure 4.3 Second order boundary layer profiles of Go(n) for 
stagnation flow. 



CHAPTER FIVE 

SUMMARY AND CONCLUSIONS 

Oscillating laminar boundary layers have been investigated exten-

sively as described in the introduction. In this dissertation it is 

attempted to extend the theory of oscillating flows into categories of 

problems that have not been attacked so far. In particular the problem of 

three-dimensional boundary layers and the cross flow effects, the pro

blems of compressibility and heat transfer and the problem of higher 

order boundary layer effects, are investigated. This is done within the 

framework of Lighthill IS theory, that is for outer flows that oscillate 

harmonically with small amplitudes, € «1. The theory ;s therefore 

based on a small amplitude assumption, which, however, appears to be 

very realistic for most practical applications. The governing equations 

are derived in their most general form, for the cases mentioned before 

and within the first order boundary-layer approximation and the small 

amplitude assumption, that ;s Re » 1 and € «1. It is therefore 

tacitly assumed for the theory of chapters 1 through 3, that Re-1/ 2 « € 

and therefore any higher order boundary-layer corrections are small 

compared to the unsteady terms of the expansions in terms of the ampli

tude parameter. In chapter four we investigate exactly this situation, 

assuming that the Reynolds number is not as large and as a result its 

inverse square root is comparable to the amplitude parameter Re-1/ 2 = 

O( ). 

Numerical solutions are derived for special cases in terms of 

coordinates expansions. The first term of the steady part of the ex-
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pansion corresponds to self similar flows, that is the flat plate, the 

wedge and the stagnation- flow. More terms are included in the coordi

nate expansion to account for non-similar flow situation. This is a 

classical and well-known method with many advantages and disadvantages. 

For example it is well-known that its results are global and readjusting 

the values of the parameters involved, one may derive immediately the 

solution about a large family of body configurations. However, the 

accuracy of the method is known to be poor in regions of adverse pres

sure gradients, especially if the neighborhood of separation is ap

proached. With the advent of the modern computing machines,direct 

integration of the partial differential equations appears today straight

forward and perhaps cheaper. The present solutions therefore, especially 

due to the special body configurations considered, have rather qualitative 

value. Their asymptotic character is a limiting factor but on the other 

hand it offers physical insight and understanding of the counteracting 

and complex effects of oscillating boundary layers. 

The fluctuating part of the solutionis also assumed in the form of 

a series expansion and now the frequency of the oscillation is included. 

The parameter that emerges as the proper coordinate is wx/U, as des

cribed in detail in the earlier chapters. This imposes a further limita

tion to the present solutions. To insure that in the frequency expan

sions the terms of order (WX/U O)2 are more important than the next term 

in the amplitude expansion we must again assume that S2 « (WX/U O)2. 

The problem is thus reduced to sets of nonlinear and linear but ordinary 

differential equations that are solved simultaneously. 
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Basic conclusions are drawn in each chapter for the particular 

situation involved. Some highlights of the results are also included 

here. Investigating a special case of three-dimensional flows it is 

discovered that the non-linearity of the boundary layer couples the 

crosswise and spanwise velocity components and may generate a fluctua

ting cross flow. Phase differences are induced and the skin friction 

lines fluctuate in direction. This is a very interesting phenomenon: 

if the outer flow fluctuates only in magnitude, that is if the outer 

flow· streamlines are fixed in space, the nonlinearity of the boundary 

layer and the cross-flow coupling generate a set of skin friction lines 

that fluctuate in direction. 

In compressible oscillating boundary layer flows,one is encountered 

with phenomena that have not been considered before. Here special care 

is required for the outer flow conditions. Inviscid pressure, density, 

temperature and velocity fluctuations must be compatible with the 

momentum and energy equation. Simple inviscid solutions are here pro

posed and the response of the boundary layer to such outer flows is 

studied. Skin friction, heat transfer and displacement thickness 

fluctuations are investigated. It appears that for low frequencies 

compressibility tends to reduce the fluctuating component of the skin 

friction but increase its phase lead. Moreover it appears that the wall 

temperature has a strong effect on the velocity and temperature pro

files. The skin friction amplitude and the phase angle increase 

considerably with the temperature of the wall. A very interesting and 

strong effect is discovered in relation to outer flows fluctuating in 
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direction. It appears that the velocity and temperature overshoots are 

substantially larger than if the outer flow fluctuates only in magni

tude. In all of the cases considered the pressure gradient of the mean 

flow has a suppressing effect on the overshoot of fluctuating profiles. 

However, the most significant contribution of the present investigation 

with regard to the compressibility effects is the identification of the 

total enthalpy fluctuations and the technique for circumventing the 

difficulties in solving the coupled unsteady nonlinear equations of 

momentum and energy. 

Finally in chapter four the combined effects of higher order theory 

and externally imposed harmonic oscillations are considered for the 

first time. Assuming that Re- l / 2= 0(£2) one arrives at the conclusion 

that the second order boundary layer corrections, following the termi

nology of van Dyke, are influenced by the nonlinear streaming contri

butions of the fluctuations. This effect generates solutions for the 

flat plate, a case for which the second order steady boundary-layer 

solution is identically equal to zero. The second and third harmonics 

which are of order, S2 and €3 respectively satisfy linear differential 

equations which can be solved successively_ 

Recapitulaing, the present dissertation employs a well-known 

asymptotic theory in order to study special aspects of unsteady bound

ary-layer flows that have not been considered up to now. Double and 

triple expansions are introduced with the limitations described before. 

Ordinary differential equations are solved numerically and one may 

build the solution to a specific problem by evaluating the parameters s, 
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Re- l / 2 and wx/U o and summing up the first few terms of the asymptotic 

terms involved. On the other extreme of the available methods one would 

have to integrate the systems of equations directly, by a finite differ

encing scheme. However this method would require the solution of coupled 

nonlinear partial differential equations in three or four independent 

variables. Moreover, due to the parabolic character of the equations, a 

two- or three-dimensional mesh of storage would be required, respecti

vely. Clearly the best method should lie somewhere in between. The 

present work essentially replaces a large portion of the numerical 

calculations by analysis, at least for the special body configurations 

and outer flow fluctuations considered. It therefore offers physical 

insight to the design engineer and identifies the basic features of the 

flow. Moreover it provides test cases for numerical calculations that 

would be later constructed to solve the most general problem. 
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APPENDIX A 

The ordinary differential equations that govern the functions 

F(2n) and ¢(2n) for n > 1 appearing in the expansions of Eq. (2.4.2) 
q q -

and (2.5. 7) are 

F"·(2n) = _ f (~ma+m+l+2j) f F"(2n-2a) 
q a=O\ m+l+2j 1+2a q 

+ 4m. "" Y-l "'" f' F' 2d-2a n-1 ( )n-d( d ()) 
m+l+2J ~O 2 ~O 1+2a q 

( 
4m) ( Y - 1 ) n 4m n - 2 

- m+1+2j (n-1) --2-- ~oq + m+l+2j Ooq ~o (n-d-l)x 

(
y 1) n-d d 
i.-; (F:o f, +2/ i +2( d-a l) 
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~ n -1 ( )n -d -1 ( d ( d 2 ) + Ym .) ~ Y - 1 ~ f FII S - a 
m+l+2J ~O 2 ~O 1+2a q 

d 
+L: fit F(2d-2a)) ( 2 1 I (2n) 

a=O 1+2a q + m+l+2jIFq-l 

where F I (2n)(n) = 0 and -1 

<p I" (2n) = _ 1: (4ma+m+l+2j) f <p u (2n-2a) q a=O m+l+2j 1+2a q 

_ ~ {4m(n-a )+(l-m) (29+1)+2j}fll <p (2n-2a) 
a~O m+l +2j 1 +2a q 

+ 2~ (2mn+m+(1~m)q )fl <pI (2n-2a) fro m+l +2J 1 +2a q 

(2.A1) 

( ) n -1 ~ )n -d d ) + 4m. L Y - 1 ( " f I <p I (2d - 2 a ) m+l+2J d=O 2 a~ 1+2a q 

n-l )n-l-d d +1- Ym .) L: I-Y-l (" f <pl' (2d-2a) \m+l+2J d=O' 2 ~O 1+2a q 

+ d fll <p (2d-2a)\+ ( 2 .) <p I (2n) 
a=O 1+2a q J m+l+2J q-l 

(2.A2) 



APPENDIX B 

The differential equations for the functions F(2) and G(2) of q q 

the expansions (3.5.12) and (3.5.13), respectively, are 

Fill (2) = _ f F"(2) _(5m+l+~j_\fFn(O) + 2(2m+,Q,+(1-~q+1\f'FI (2) 
q 1 q m+1+2J J 3 q m+l+2J / 1 q 

+ 2/3m+~+(1:m)g)f'F'(O) _ 2,Q,+2(1-m)g+~1-m)+2j f"F(2) 
\ m+l+2J 3 q m+l+2J 3 q 

_/4m+2,Q,+2(l-m~q~(1-m)+2j ) f"F(2) ( ) 
\ m+l+2J . 1 q n 

( 
(m+!l) <5 a g +0 i g ) 2m ( Y - 1) ( 0 ) 2m ( Y - 1) x 

- 2 m+l+2j 93 - m+l+2j Gq (n) m+l+2j 

(ooq + ~!1 0lq) 91 + m+i~2j f F~(O) 

+ m+ i~2j f l' F~ 0) + m+ i +2j ((mH) 0 oq + 0lq)f1 f l' (3. B1 ) 

( m+1+2j )_1 GII(2) = (5m+,Q,+(1-m)q)f'G(2) _(m+l+2j)f GJ (2) 
2 P q 1q 2 1q r 

+ (£+m+(l-m)q)f'G(O) _ (5m+l+2j)f G'(O) . 3 q 2 3 q 

+ 1 {4mF' (0)9 + 2mg Fl (2) t _ {2mg F' (0) 
(Y-l) q 5 3 q J -3 q 

(2)} __ 1_ {(2£+(1-m) (2g+1 )+2j ) 9 IF (0) 
+ mg F~ y-1 2 5 q 

+\4m+2,Q,(1-m) (2q+l+2j »)F(2) I + (am+2£+(1-m) (2q+l )+2j )F(4)g' } 
2 q 93 2 q ., 
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where G_ 1 =.0. 

+ 1 {(22+(1-m)(2g+1)+2j )F(O) ,+ (4m+2t+(1-m)(2g+1)+2j ) )( 
2 2 q q3 2 

F~2)gi}+(g3 ~ll 0zq+Olq} + 2(~-1) (f193 + gi f3) x 

((2+m)ooq+olQ) + (glf3+g3fl)~m+~)ooq+olq)+m(Y-l) x 

( fiG (0) + fig ) + G (2) _ (m+ 1 +2j ) (ftl FU (2) + fll Fit ( 0) (3. B 2) 
1 q 1 1 g-1 2 1 Q 3 q 
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TWO AND THREE-DIMENSIONAL INCOMPRESSIBLE 

AND COMPRESSIBLE VISCOUS FLUCTUATIONS 

BY 

Tej R. Gupta 

(ABSTRACT) 

Small unsteady disturbances of boundary-layer flow fields are often 

encountered in engineering applications, as for example, in the aero

dynamics of a helicopter rotor or a turbine cascade or in a fluttering 

airfoil as well as in a variety of bioengineering problems. The present 

dissertation is a unified attempt to study some special classes of 

unsteady two- and three-dimensional incompressible and compressible 

. boundary-layer flows. The general character of the mathematical problem 

is investigated first for each particular area. Asymptotic solutions 

are then provided based on the assumption of small amplitude and small 

frequency of oscillation. Systems of general differential equations in 

a single variable are obtained and solved numerically by the shooting 

technique. A straightforward fourth order Runge-Kutta integration 

scheme is employed and the values of the functions at the edge of the 

boundary-layer are checked against the outer flow boundary conditions. 

In the first chapter we study simultaneously the effects of three

dimensionality coupled with the response to outer flow oscillations. It 

;s believed that the coupling will have significant implications in 



cascade flows where the finite span blocks the development of cross 

flows. Some interesting features of oscillatory three-dimensional flows 

are disclosed. In particular it is found that the coupling of the 

momentum equations permits the transfer of momentum from the chordwise 

to the spanwise direction. In this way it is possible to excite a 

fluctuating boundary layer flow in the spanw;se direction even though 

there ;s no outer flow fluctuations. In the second chapter the response 

of laminar compressible boundary layers to fluctuations of the skin of 

the body or the outer flow are studied in the special case of a wall at 

the adiabatic temperature. Unsteady outer pressure fluctuations are 

considered for the first time and their effects to the energy equation 

and heat transfer is estimated. The analysis holds both for two-dimen

sional and axisymmetric configurations. 

. In the third chapter the response of the compressible boundary 

layer to small fluctuations of the outer flow is extended to account for 

arbitrary wall temperatures. The governing equations and the appro

priate boundary conditions are formulated for the first time in con

siderable generality. It appears that the outer flow properties do not 

oscillate in phase with each other. Such phase differences are augment

ed as one proceeds across the boundary layer. Results are presented for 

a steady part of the solution that corresponds to flat plate and stag

nation flows and oscillations of the outer flow in magnitude or direc

tion. 

In the fourth chapter, the unsteady higher order boundary layer 

theory for oscillation with small amplitude are presented. First, the 



second order equations for unsteady flows are derived from the Navier

Stokes equations by employing the'method of matched asymptotic expan

sions. Then the nature of second-order effects is examined for a flat 

plate and ,stagnation flow through typical numerical results that account 

for the nonlinear unsteady effects on the displacement terms. 




