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1. INTRODUCTION 

A stochastic differential equation is defined as a differential 

equation, whose coefficients and initial or boundary conditions are 

random functions with prescribed statistical properties (cf. Refs .. 

1,2). Equations of this type arise in the investigation of numerous 

problems in physics, chemistry, enqineering, bio1oqy, etc. 

The solution of the problem consists in finding the statistical 

properties of the random function that satisfies the given equation. 

However, exact probabilistic solutions for representative stochastic 

equations encountered in physical applications are practically im

possible, even for specialized statistical processes. The alterna

tive approach is to either seek exact probabilistic solutions to 

simplified equations which approximate the original ones, or to 

resort to asymptotic or perturbative techniques. 

The contents of this work are grouped into three main parts. 

In the first part (cf. Chapter 2), a novel mathematical formalism is 

introduced, which is applicable to a general class of random dif

ferential equations. Linear and nonlinear equations are treated 

separately, due to the fundamental mathematical differences between 

these two classes of problems. The following two parts are devoted 

to applications of the techniques to specific physical problems. The 

nonlinear problems discussed are those of Vlasov plasma- and hydro

dynamic turbulence. First, the formalism is illustrated by direct 

application to the V1asov (cf. Sec. 3.1) and Navier-Stokes (cf. 
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Sec. 3.2) equations. The equations of direct-interaction (cf. Refs. 3, 

4) and quasi-linear (cf. Ref. 5) approximations are recovered. Next, 

the phenomenon of hydrodynamic turbulence is investigated in more 

detail at a lower level of approximation for the special cases of 

uniform and linear mean flow profiles (cf. Sec. 3.3). A number of 

closed form solutions is obtained, forming an extension of Deissler's 

(cf. Ref. 6) zero-third cumulant approximation results to the non

homogeneous, time-dependent case. 

The linear problems considered include the quantum-mechanical 

harmonic oscillator under a random perturbation (cf. Sec. 4.1), and 

the phenomenon of diffusion in a turbulent fluid (cf. Sec. 4.2). 

The problem of harmonic oscillation is investigated using the wave 

kinetic theory that has been developed by Besieris and Tappert (cf. 

Ref. 7) for a quantized motion of a freely propagating particle. A 

number of transport equations is derived, and physical observables 

are calculated for some special types of the stochastic potential. 

For the case of linear diffusion in a turbulent fluid, the results of 

Van Kampen2 are extended to sheared mean flows and an alternative 

method of treatment of the problem is proposed. 

One of the objectives of the present work, addressed mainly 

to engineering and physical communities, is to familiarize the reader 

with some of the available mathematical techniques concerning both 

linear and nonlinear random differential equations. 

Some of the mathematical methods used in the course of this 

work have been developed in the last few decades and have been widely 
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applied in quantum mechanics. They include exponential operators, 

time-ordering operations, etc. These are tools that have been proven 

powerful and effective in many areas, yet they are relatively unknown 

in the engineering community. To help the reader familiarize him

self with those methods, the most important formulas are collected 

in two appendices. 



2. MATHEMATICAL TECHNIQUES FOR LINEAR AND NONLINEAR STOCHASTIC 

DIFFERENTIAL EQUATIONS 

In this chapter we introduce the basic mathematical techniques 

that will be applied later to a variety of specific stochastic dif

ferential equations, describing different random physical phenomena. 

Sec. 2.1 contains a critical review of the literature; in Sec. 2.2 

we propose a new method of obtaining the equations for the statistical 

moments of a field quantity whose evolution "in time is governed by a 

nonlinear random differential equation. Sec. 2.3 contains a descrip

tion of the techniques in the area of linear stochastic problems 

already developed by other authors. 

2.1 Review of Theoretical Background 

A characteristic feature of a nonlinear stochastic equation ;s 

the so-called IIclosure problem. 1I The expressions for the statistical 

moments of the random function satisfying such an equation form an 

infinite hierarchy of coupled equations. In order to cut the 

hierarchy and obtain a closed set of equations for a finite number of 

moments some kind of stochastic approximation has to be used. 

Several significant advances have been made in treating this 

problem over the past few years. These new techniques are based on 

justified closure relationships that give rise to approximate closed 

equations for the first two statistical moments with some guaranteed 

consistency properties. The latter are of great physical importance 

4 
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since any judicious approximation must retain as many as possible 

of the salient features of the original exact problem. Kraichnan 3,4 

has introduced a technique, known as the direct-interaction approxi

mation, wherein the true problems of interest are replaced by 

stochastic dynamical models that lead, without approximation, to 

closed equations for covariances and averaged Green's functions. 

This method has been used extensively in the theories of hydrodynamic 

turbulence (cf. Ref. 3) and plasma turbulence (cf. Ref. 8). In an 

effort to understand Kraichnan's direct-interaction approximation, 

as well as peripheral contributions (cf. Refs. 9-11) related pri

marily to the problem of Vlasov-p1asma turbulence, Weinstock (cf. 

Refs. 12-14) has presented a generalization based on an exact, non-

perturbative statistical approach valid for both strong and weak 

turbulence. In the weak-coupling limit, Orszag's and Kraichnan's 

equations for the mean Green's function (cf. Ref. 8), as well as 

Dupree's turbulence equations (cf. Ref. 10), are recovered. Further 

restrictions lead to the well-known quasi-linear approximation. 

Weinstock's work has been recently reformulated by Balescu and 

Misguich15 , and, within the quasi-linear approximation, it has been 

applied to the Vlasov-plasma turbulence problem, with allowance for 

the presence of an external, stochastic electric field. Furthermore, 

a modified Weinstock weak-coupling limit, referred to as the're

normalized quasi-linear approximation, has been introduced16 , and 

its connection with Kraichnan's direct-interaction approximation has 

been discussed. 



6 

The main results in Kraichnan's direct-interaction approxima

tion are expressed in terms of closed equations for covariances and 

averaged Green's functions. On the other hand, Weinstock obtained 

for a Vlasov plasma a general set of closed equations in terms of 

smoothed and fluctuating quantities. Although a connection was 

established in the weak-coupling limit with Orszag's and Kraichnan's 

equation for the averaged Green's ·function, no attempt was made to 

derive closed equations for statistical moments of relevant field 

quantities. Along the same vein, in Balescu's and Misguich's work 

on the Vlasov equation with an external stochastic electric field, 

an equation is established for the first moment in the quasi-linear 

approximation (cf. Ref. 15). This equation, however, is not closed, 

as it contains a term proportional to the covariance. This diffi

culty is remedied by solving the equation for the first moment using 

an iterative procedure. 

In their most recent work, Misguich and Balescu (cf. Ref. 16) 

do close the equations for the first two moments by resorting to a 

renormalization at the level of the first moment. Given that ~(t) is 

a field quantity of interest, they derive expressions for its mean, 

E{u(t)}, and fluctuating, ou(t), part within the framework of the re

normalized quasi-linear approximation (a level related to Kraichnan's 

direct-interaction approximation). From the expression for o~(t), a 

relationship is set up for the covariance E{ou(t)ou(t')}. The rela

tions for E{p(t)}, E{ou(t)ou(t')}, together with an expression for a 

mean propagator (related to Kraichnan's averaged Green's function), 
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form, then, a self-consistent set. 

The procedure followed by Misguich and Balescu in order to close 

the equations for the first moment and the correlation function, when 

specialized to linear stochastic problems considered in the first

order smoothing approximation, has led in the past into difficulties, 

as pointed out by Morrison and McKenna 17 . At this stage, it is 

difficult to assess the degree to which these difficulties are 

alleviated when working with nonlinear stochastic problems at the 

. level of Misguich and Balescu's renormalized quasi-linear approxima

tion. A clarification of this ambiguity is highly desirable; how

ever, it will not be pursued as it is our intent to present an 

alternative technique for closing the equations for the first two 

moments of a field quantity ~(t) governed by a stochastic nonlinear 

equation of the form (a/at)~(t) = n~{t), in the special case that the 

operator ~ depends linearly on ~(t) (cf. Sec. 2.2). This is achieved 

via the Weinstock-Balescu~Misguich formalism, working, however, at 

the level of the second moment. We believe this approach is new and 

eliminates the closure difficulties mentioned earlier in connection 

with the work of Misguich and Balescu. 

The last section of this chapter (cf. Sec. 2.3) deals with two 

important methods used extensively in the field of linear stochastic 

differential equations: i) the method of smoothing; ii) the long

time Markovian approximation. The smoothing approximation is a 

linear counterpart of the Bogoliubov-Krylov-Mitropolski method of 

averaging for nonlinear differential equations (cf. Refs. 18, 19). 
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It has been used in connection with random problems by Keller20 , 

Tatarski and Gertsenshtein2l and Kubo22 . The conditions for the 

applicability of this method, its diagrammatic derivation (equivalent 

to the summation of infinite subseries of the perturbative solution 

for the first moment) as well as an extensive list of references can 

be found in a survey article on wave propagation in random media by 

Frisch23 . The long-time Markovian approximation ;s a useful asymptotic 

version of the method of smoothing. More details concerning its 

derivation and properties can be found in the papers by Kubo 22 , 

Besieris and Tappert7, Brissaud and Frisch24 , and in a recent review 

article on stochastic differential equations by Van Kampen2, who cites 

also many interesting physical applications. 

2.2 Nonlinear Stochastic Differential Equations 

In this section we present a new technique for closing the 

system of equations for the first two statistical moments of a field 

quantity governed by a nonlinear stochastic equation. The approach 

has been significantly motivated by a procedure outlined by Keller25 . 

In order for the discussion to be self-contained, the work of 

Weinstock, as reformulated by Balescu and Misguich, is briefly out

lined in Sec. 2.2.1. In Sec. 2.2.2 the Weinstock-Balescu-Misguich 

formalism is extended in order to derive two equivalent equations for 

the second moment using an exact, nonperturbative, statistical 

approach valid for an arbitrary stochastic nonlinear operator. These 

general results are specialized in Sec. 2.2.3 to the weak-coupling 

limit, and a complete set of ~losed equations is obtained for the 
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first two moments of the field ~(t) on the basis of an approximation 

corresponding to Kraichnan's direct-interaction approximation. 

Further simplifications lead to a complete self-consistent set of 

equations for the first two moments of lJ(t) in the stochastic quasi

linear approximation. 

2.2.1 Review of the Weinstock-Balescu-Misguich Formalism 

Consider the general nonlinear stochastic equation 

~t ~(t;a) = n(t;a)lJ(t;a), t ~ to; 

lJ(to;a) = lJo(a) · 

(2.la) 

(2.1b) 

Here, n(t;a) is a nonlinear stochastic operator depending on a 

parameter a E A, A being a probability measure space, and lJ(t;a), the 

random field quantity, is an element of an infinitely dimensional 

vector space H and can be either a scalar or a vector quantity. The 

discussion in this section is general and applies independently of the 

particular definition of the field lJ(t;a) and the operator n(t;a). 

The parameter a will be usually supressed for convenience. 

The stochastic operator n is split into two parts as follows: 

n = no + nl. The field lJ is, also, decomposed abstractly into two 

mutually independent terms, viz., ~ = AlJ + FlJ by means of the formal 

introduction of the two operators A and F. AlJ is called the average 

(or mean) component, and FlJ is the fluctuating part of lJ. The unique

ness of the decomposition as well as the mutual independence of the 

two components are ensured by prescribing the properties A + F = I, 
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A2 = A, F2 = F, AF = FA = 0," where I is the identity operator. 

The interconnection between the decompositions for the operator 

n and the field ~ is contained in the commutation relations 

[no' A]_ = a and [no' F]_ = a which constitute a mathematical state

ment of the fact that the fluctuating part of ~ is due only to nl. 

Therefore, no must commute with A, and, also, with F = I-A. 

The specific realization of the "projection" operators A and F 

which will be used in the ensuing work is the following: A~ ~ E{~}, 

F~ ~ o~, where E{~} and 8~ are the ensemble average and fluctuating 

(incoherent) parts of the random field ~(t;a), respectively. Within 

the framework of this specific realization, the aforementioned commu

tation relations signify that no is a deterministic operator and n, 

is a generally noncentered stochastic operator. 

Operating on (2.la) with the operator A yields the following 

equation: 

(2.2) 

On the other hand, operating on (2.1a) with the operator F = I - A 

results in the following two equivalent equations for the fluctuating 

part of the field ~: 

;t 8~(t) = (I-A)n(t)8~(t) + nl(t)E{~(t)} , (2.3) 

~t 8~(t) = no(t)o~(t) + (I-A)nl(t)8~(t) + Ql(t)E{~(t)}. (2.4) 

(An additional equivalent equation for 8~(t) given by Balescu and 

Misguich (cf. Ref. 15) is not being presented here since it will not 
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playa significant role in our discussion.) 

Equation (2.3) can be solved for o~(t) in terms of the mean 

field and the initial value of the fluctuating part of ~: 

t 
o~{t) = UA(t,to)o~{to) + f dt ' UA{t,t')nl(t')E{~(t')}. (2.5) 

to 

The Weinstock propagator UA is defined as the solution of the initial 

value problem 

(2.6a) 

(2.6b) 

In the case of infinite space, the solution for the propagator UA can 

be written symbolically as 

UA(t,to) = X exp{J:o dtl(I-A)n(t l )} , (2.7) 

where X denotes a time-ordering operator (cf. Appendix A). In general, 

the solution (2.7) must be modified to account for boundary conditions. 

Inserting (2.5) into (2.2) results in the equation 

a at E{~(t)} = no(t)E{~(t)} + Anl(t)UA(t,to)o~(to) 

t 
+ f dt ' E{nl(t)UA(t,t')nl(t')}E{~(t')} · (2.8) 

to 

In order to integrate (2.4), a propagator, W(t,to)' is intro

duced first by means of the equation, 

(2.9a) 
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(2.9b) 

whose solution, for an unbounded region, can be formally written as 

follows: 

In terms of this propagator, the integral of (2.4) is given by 

t 
o~{t) = W{t.to)o~{to) + f dt' W{t.t')[{I-A)nl{t')o~{t') 

to 

(2.10) 

+ n1(t')E{~(t')}J . (2.11) 

Iterating the last expression, we obtain the explicit solution 

t 
o~{t) = AW{t.tO)o~{tO) + J dt' AW{t.t')nl{t')E{~{t')}. (2.12) 

to 

where 

(2.13) 

Finally, substituting (2.12) into (2.2) we arrive at the following 

alternative equation for the first moment: 

~t E{~(t)} = no(t)E{~(t)} + A nl(t)AW(t,to)o~(to) 

t 
+ J dt' E{nl{t)AW{t.t')nl{t')}E{~{t')}. (2.14) 

to 

The formal expressions (2.8) and (2.14) derived by means of a 

nonperturbative statistical approach are valid for both weak and 
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strong random fluctuations. It should be pointed out, however, that 

neither (2.8) nor (2.14) constitutes a closed equation for E{~(t)}. 

This would definitely be the case if n were a linear operator. Here, 

however, n depends on the field ~ by assumption. 

In the sequel we shall make extensive use of expressions (2.2), 

(2.5), (2.8), (2.11), and (2.14). For the sake of simplicity we shall 

neglect in these relations the parts proportional to o~(to)' It must 

be emphasized, however, that this is a matter of convenience only 

and it will not detract from the generality of the formalism which 

will be developed in the following subsections. 

2.2.2 Extension of the Weinstock-Balescu-Misguich Formalism to 

Second Moments 

The exact, nonperturbative, statistical Weinstock-Balescu

Misguich formalism outlined in the previous section culminated in the 

derivations of two alternative equations for the first moment [cf. 

Eqs. (2.8) and (2.14)] which, as pointed out earlier, are not closed 

by virtue of the nonlinearity of the stochastic operator n. 

In this section we shall extend the work of Weinstock, Balescu, 

and Misguich in order to derive two equivalent representations for 

the second moment [analogous to Eqs. (2.8) and (2.14)J using, again, 

an exact, nonperturbative, statistical approach. 

Let us assume that ~ depends on a set of variables s and on 

time, viz., ~ = ~(~,t). Moreover, let n = n[~,a/a~,t,~(~,t)J. [If 

there is no danger for ambiguity, we shall use in the subsequent dis

cussion the shorter notation ~ = ~(t) and n = n(~,t)J. 
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Consider next the quantity R(t,t') = ~(~,t)~(~1 ,t'). Dif

.ferentiating it with respect to t and using the original equation 

(2.1) for ~(~,t) results in the following equation: 

a at R(t,t') = n{~,t)R(t,t') . (2.15) 

Similarly, differentiating R(t,t') with respect to t' and using the 

equation of evolution for ~(~' ,t'), i.e., (a/atl)~(~1 ,tl) = 

n(~1 ,t')~(~1 ,tl), we obtain the expression 

a at' R ( t , t I) = n (~I ,t I ) R ( t , t I) . (2.16) 

It should be noted that both equations (2.15) and (2.16) are of 

the general form (2.1); hence, the Weinstock-Balescu-Misguich 

formalism introduced in the previous section is applicable. However, 

several basic departures from their general theory have to be made 

in order to account for the simultaneous manipulation of Eqs. (2.15) 

and (2. 16). 

Operating on (2.15) with the operator A yields the following 

equation for the coherent part of R(t,t'): 

~t E{R(t,t ' )} = no(~,t)E{R(t,t')} + A n1(~,t)oR(t,t') · (2.17) 

On the other hand, corresponding to (2.15) and (2.16), respectively, 

and using the Weinstock formulation (2.3), we obtain the following 

two equations for the fluctuating part of R(t,t'): 

~t oR(t,t ' ) = (I-A)n(~,t)oR(t,t') + nl(~,t)E{R(t,t')} , (2.18) 
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afr-oR(t,t') = (I-A)Q(~',t')oR(t,t') + Q1C~_',t')E{R(t,t')}. (2.19) 

Proceeding as in (2.5), Eq. (2.18) can be formally integrated as 

follows: 

oR(t,t') = UA(~,t,to)oR(to,t') 

t 
+ I dT UA(~,t,T)Ql(~,T)E{R(T,t')} · 

to 
(2.20) 

Analogously, the integral of (2.19) (evaluated at t = to) is given by 

oR(to,t') = UA(~' ,t l ,to)oR(to,to) 

tl 
+ J dT UA(~' .tl.T)nl(~'.T)E{R(to.T)} · 

to 
(2.21 ) 

The first part of the right-hand side of (2.21), i.e., the term pro-

portiona1 to oR(to,tO), ;s neglected for convenience. [It should be 

stressed, however, that in contradistinction to the initial value 

term op(to) in (2.5) and (2.6), which has been shown by Weinstock to 

be negligible for large t, no such justification has ever been made 

for the neglect of such terms as oR(to,to)]' The resulting expres

s;on is introduced in Eq. (2.20), 

This expression for oR(t,t l
) is substituted next into (2.17) in order 

to obtain the final form of the equation for the second moment 
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[analogous to Eq. (2.8) for the first moment]: 

~t E{R(t,t')} = Qo(~,t)E{R{t,t')} 

+ It dT E{Ql(~,t)UA(~,t'T)Ql(~'T)}E{R(T,t')} 
to 

tl 
+ I dT E{Ql (~,t)UA(~,t,to)UA(~' ,t' ,T)Ql (~' ,T)}E{R(to,T)L (2.23) 

to 

In order to derive an alternative equation for the second 

moment [analogous to Eq. (2.14) for the first moment], we proceed as 

follows: Corresponding to (2.15) and (2.16), respectively, and 

using {2.4}, we have 

~t oR{t,t') = no(~,t)oR(t,tl) + (I-A)nl(~,t)oR(t,tl) 

+ Ql(~,t)E{R(t,t')} , (2.24) 

a~i oR(t,t') = QO(~I ,t')oR(t,t') + (I-A)Ql{~' ,t')oR(t,t') 

+ nl (~I ,t I ) E {R (t , t I )} • (2.25) 

Proceeding as in (2.12), Eq. (2.24) can be integrated formally as 

follows: 

oR(t,t') = AW(~,t,to)oR(to,t') 

t 
+ f dT AW(~' t, T) Ql (~, T ) E{ R (T ,t I )} • 

to 
(2.26) 

Similarly, the integral of (2.25) (evaluated at t = to) is given by 

t l 

+ J dT AW(~" t' ,T)Ql (~' ,T) E{R(to ,T)} · 
to . 

(2.27) 
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Neglecting the first term on the right-hand side of (2.27) and using 

the resulting expression for oR(to,t ' ) in conjunction with (2.26), we 

find that 

t 
OR(t,t') = I dT Aw(~,t,T)n1(~,T)E{R(T,t')} 

to 

t ' 
+ J dT AW(~,t,to)AW(~' ,tl,T)nl(~' ,T)E{R(to,T)} · (2.28) 

to 

Finally, inserting (2.28) into (2.17) we obtain the desired alterna-

tive equation for the second moment: 

~t E{R{t,t ' )} = no(~,t) {R(t,t ' )} 

t 
+ f dT E{nl(~,t)AW(~,t,T)nl(~,T)}E{R(T,t')} 

to 

We close this section with two important remarks: (i) As in the 

case of Eqs. (2.8) and (2.14) for the first moment, neither of the 

equivalent equations (2.23) and (2.29) for the second moment is 

closed, again because of the nonlinearity of the stochastic operator 

n; (ii) the procedure outlined in this section can obviously be ex-

tended in order to derive equations for higher moments. 

2.2.3 Closed First- and Second-Order Moment Equations 

The exact nonperturbative results contained in the previous two 

sections are valid for an arbitrary nonlinear stochastic operator n. 
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In the sequel we shall restrict the discussion to the special case 

that Q depends linearly on the field~. The class of nonlinear 

stochastic equations (2.1) spanned by Q under this assumption includes 

two physically important problems: (1) hydrodynamic turbulence; 

and (ii) plasma turbulence. 

A. Direct-Interaction Approximation 

In the first part of this section we shall present a procedure 

for obtaining a complete set of closed equations for the first two 

moments of the field ~ in the framework of an approximation cor

responding to Kraichnan1s direct-interaction approximation. 

We introduce the propagator 

U{t,to) = X exp {J:
o 

dt' n{t')} (2.30) 

as the solution of the initial value problem 

(2.31) 

(2.32) 

in an unbounded domain. This, of course, is the fundamental problem 

associated with (2.1), viz., 

(2.33) 

(2.34) 

(2.35) 
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and, consequently, since ~(to) ;s specified, E{U(t,to)} may be chosen 

as the basic quantity in the place of E{~(t)}. 

Equation (2.8) for the first moment can be expressed in terms 

of U(t,to)' instead of ~(t), by substituting (2.34) as follows: 

~t AU(t,to) = Qo(t)AU(t,to) + AQ,(t)UA(t,to)(I-A) 

+ ft dt' E{nl(t)UA(t,t')nl(t')}AU(t' ,to). (2.36) 
to 

Weinstock has established that in the weak-coupling approximation, 

(2.37) 

(2.38) 

Assuming for simplicity that ~(to) is deterministic, {2.36} simpli

fies in this case to 

a if E{U(t,to)} = Qo(t)E{U(t,to)} 

t 
+ f dt' E{Ql(t)E{U(t,t')}nl(t')}E{U(t' ,to)} (2.39) 

to 

and (2.23) assumes the form 

:t E{R(t,t')} = no(~,t)E{R(t,t')} 

+ ft dT E{nl(~,t)E{U(~,t,T)}nl(~,T)}E{R(T,t')} 
to 

t J 

+ f dT E{nl(~,t)E{U(~',t',T)}nl(~' ,T)}E{R(t,T)} · 
to 

(2.40) 
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In deriving this equation we have made use of the fact that the 

propagators UA(~,t,to) and UA(~I ,t l ,T) in (2.23) commute. Further

more, we have used the relations 

UA(~,t,to)(I-A)E{R(to'T)} 

~ (I-A)E{U(~,t,to)}E{R(to,T)} 

~ (I-A)E{U(~,t,to)R(to,T)} 

= (I-A)E{R(t,T)} , 

the last equality following from the semi-group property of the 

propagator U. 

(2.41) 

Equations (2.39) and (2.40), together with (2.2), form a com

plete set of closed equations for the smoothed quantities E{p(t)}, 

E{R(t,t ' )}, and E{U(~,t,to)}. It should be noted that since nl ~ o~ 

by assumption, terms proportional to the covariance E{o~(t)Op(t')} 

appear in Eqs. (2.39), (2.40), and (2.2). However, making use of 

the formula E{~(t)~(t')} = (E{R(t,t ' )}) = E{~(t)}E{p(t')} + 

E{op(t)ov(t')}, the covariance function can be expressed in terms of 

first and second moments. 

The resolution of the closure problem in the weak-coupling 

limit presented here has been achieved at a level of approximation 

corresponding to Kraichnan's direct-interaction approximation; hence 

the title of this subsection. It should be emphasized that in contra

distinction to Kraichnan's direct-interaction approximation which is 

based on a stochastic modeling scheme, our technique has been 

developed along the lines of a modified Weinstock-Balescu-Misguich 
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formalism. Also, whereas in Kraichnan's work the main results are 

expressed in terms of closed equations for the mean field, the 

covariance, and an averaged Green's function, our results are given 

in terms of closed equations for the first two moments and the mean 

propagator E{U}. 

B. Quasi-Linear Approximation 

In this sUbsection we shall outline a procedure for closing 

the equations for the first two moments within the confines of the 

quasi-linear approximation. The latter is essentially a perturba

tional method at a level lower than the direct-interaction approxima

tion discussed earlier. It is applicable for small correlations and 

corresponds to retaining only the zero-order term in the series 

expansion (2.13), viz., AW 4 W. If this approximate expression for 

AW ;s substituted into (2.23), one has 

~t E{R(t,t')} = no(~,t)E{R(t,t')} 

t 
+ f dT E{Ol(~,t)W(~,t,T)Ol(~,T)}E{R(T,t')} 

to 

t l 

+ f dT E{Ol (~,t)W(~' ,t' ,T)ol (~' ,T)}E{R(t,T)} · 
to 

(2.42) 

In deriving this equation we have made use of the commutation of the 

operators W(~f ,t l ,T) and W{~,t,to)' as well as the semi-group property 

W(~,t,to)E{R(to,T)} = E{W(~,t,to)R(to,T)} ; E{R(t,T)}. (The last 

equality is valid only in the quasi-linear approximation.) 
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Equations (2.42) and (2.9), together with (2.2), form a com

plete set of closed equations for the averaged quantities E{~(t)}, 

E{R(t,t ' )}, and W(~,t,to). 

We wish to close this subsection by pointing out the difference 

between our technique for closing the equations for the first two 

moments and that reported recently by Misguich and Balescu (cf. Ref. 

16). Their method, which amounts to linearization of the equation 

for the covariance and application of the stochastic approximation at 

the level of the first moment, is directly specialized to the problem 

of V1asov-p1asma turbulence with an external stochastic electric field. 

It is presented here in a more general setting so that comparisons 

with our work can be made more easily. 

Starting from Eq. (2.5) for the fluctuating part of ~, viz., 

t 
o~(t) = f dt' UA(t.t')Ol(t')E{~(t')} , 

to 
(2.43) 

where the part proportional to o~(to) is neglected for simplicity, 

they obtain in the weak-coupling limit 

t 
o~(t) = J dt' E{U(t.t')}ol(t')E{~(t')} , 

to 

and, analogously, 

O~(T) = r dtIE{U(T.tl)}ol(t")E{~(t")}. 
to 

(2.44) 

(2.45) 

From the last two expressions, a relationship is set up for the co-

variance: 
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E{O\l(t)O\l(T)J = t dt' r dt" E{U(t,t')JE{rl,(t')E{\l(t')} 
to to 

x E{U(T,tll)}Ql(tll)}E{lJ(t")} . (2.46) 

This equation contains only covariances and mean fields; therefore, 

together with the equation for the mean propagator E{U(t,t l
)} [cf. 

Eq. (2.39)] and the equation for the mean field (in what they call 

the renormalized quasi-linear approximation), viz., 

tr E{lJ(t)} = no(t)E{lJ(t)} 

t 
+ J dt' E{rl,(t)E{U(t,t')Jrl,(t')JE{\l(t')J, (2.47) 

to 

constitutes a closed set. If we replace the propagator 

E{U(t,t l
)} by W(t,t l

) we obtain the traditional quasi-linear approxi

mation ll . 

2.3 Linear Stochastic Differential Equations 

Consider the linear stochastic differential equation 

~t f(t;u) = L(t;a)f(t;u) , (2.48) 

(2.49) 

Here, L is a linear stochastic differential operator and a a 

stochastic parameter (cf. Sec. 2.2.1). Decomposing the stochastic 

operator L, and the function f into mean and fluctuating parts, viz., 

L = Lo + Ll , f = E{f} + of, and proceeding as in Sec. (2.2.1), the 

equation of evolution in time of the mean part of f ;s obtained in 
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the form 

at E{f(t)l = Lo E{f(t)l 

t 
+ f dt' E{L,(t)AW(t,t')L,(t')} E{f(t')}, 

to 
(2.50) 

where 
00 [t ]n AW(t,to) = L J dt' W(t,t')(I-A)L,(t') w(t,to)' 

n=O to 
(2.51) 

with the propagator W defined as the solution of the initial value 

problem: 

(2.52) 

(2.53) 

For simplicity the condition efo = 0 has been assumed. 

Retaining the first term only in Eq. (2.51) results in the so-

called IIfirst-order smoothing approximation ll for linear stochastic dif

ferential equations23 . This step requires that the condition I ILl I 1« 
II Loll has to be satisfied. (The symbol 11·11 denotes a norm of 

the operator.) In general, the solution of Eq. (2.52) ;s of the form 

W ( t , to) = X exp {J:
o 

dt Lo ( 'r)} , ( 2 · 54 ) 

where X is the time-ordering operator (see Appendix A). If the 

operator Lo is time-independent, this formula reduces to 

(2.55) 
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The equation for the mean of f in the smoothing approximation has in 

this case the following final form: 

~t E{f(t)} = Lo {f(t)} 

t 
+ f dt' E{Ll(t) exp[(t-t')Lo] Ll(t')} E{f(t')}. 

to 

Changing the variable of integration in Eq. (2.56) by setting 

t l = t - T, we obtain 

t.r E{f(t)} = Lo E{f(t)} 

+ Jt dt E{L,(t) exp[TLo] L,(t-T)} E{f(t-T)} . 
to 

(2.56) 

(2.57) 

It has to be stressed, that in contradistinction to the nonlinear 

case this equation is closed, assuming we know the statistics of Ll

The asymptotic version of this equation for t ~ 00 is known as 

the "long-time Markovian approximation,,!7 

~ E{f(t)} = Lo E{f(t)} 
at 

+ [f:o dt E{L,(t) exp[TLo] L,(t-T)}] E{f(t)} · (2.58) 

The square brackets on the right-hand side of (2.58) signify that 

E{f(t)} lies outside the influence of the operator exp[TLo]; there

fore, this equation can be cast into the following equivalent form 

due to Van Kampen 2: 
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~t E{f(t)} = Lo E{f(t)} 

. + ~ dt E{L,(t) exp[TLOJ L,(t-T)} exp[-,LoJ E{f(t)}. (2.59) 
to 

Equation (2.59) is derived from Eq. (2.58) under the assumption that 

E{f(t)} varies slowly on the scale of the correlation time of Ll (cf. 

Ref. 2). [The correlation time TC for a stationary, zero-mean 

random process Ll is defined by the condition that 

reT) = E{Ll(t) Ll(t-T)} equals zero (or is very small) for T > TC. J 



3. APPLICATIONS OF STOCHASTIC METHODS TO NONLINEAR RANDOM PHYSICAL 

PROBLEMS 

In this chapter we apply the techniques introduced in Sec. 

(2.2) to two important physical phenomena: Vlasov-plasma turbulence 

in the presence of an external stochastic electric field, and hydro

dynamic turbulence. 

3.1 Vlasov-Plasma Turbulence 

Plasma is defined as an ionized gas in which the total charge 

of the positively charged particles is equal to the total charge of 

the negatively charged particles. The moving particles produce 

electric and magnetic fields, affecting in turn their motion, which 

becomes disorderly or, in other words, turbulent. The state of 

plasma at a given moment of time is defined if we know the space 

coordinates and momenta of all the particles, and the electromagnetic 

field created by their motion. The exact solution of this problem is 

of course impossible. One of the simplest mathematical models of 

colisionless, one-species plasma is the self-consistent Vlasov

Poisson equation (for a derivation, see for example Ref. 5): 

{:t + Y • ~x + ~ES(X,t) + £.e(~,t)] · ~i}f(!5..,Y,t) = 0 , 

V • £.S(x,t) = 4 ~ e J
R
3 dy[f(!5..,y,t) - noo(yJ] · 

(3.1a) 

(3.lb) 

Here, e and m are the charge and mass of the particle, respectively, 

no is the density of a uniform background af neutralizing charge, 

27 
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ES{x,t) ;s the self-electric field, ~e(~,t) denotes the external 

stochastic electric field, and f(!,v,t) is the particle distribution 

function, that is, it describes the number of particles at the point 

of space !, that have the velocity y at the moment of time t. In 

order to account for the turbulent fluctuations we treat the distri

bution function as a stochastic quantity and prescribe the physical 

meaning only to its average over an ensemble of realizations (cf. 

Ref. 15). Another source of the randomness of the problem is intro

duced by allowing for the presence of an external stochastic electric 

, field Ee. 

Equations (3.l) can be brought into the general form (2.1), viz., 

;t f{.?i,y, t) = nf(~,y, t) , (3.2a) 

with 

(3.2b) 

on introducing the relationship 

(3.3a) 

where the opera tor L (~) is def-j ned by 

Q(x,x') is the Green's function for the Poisson equation. In the 

case of an infinite plasma, 
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1 1 
Q(!<..,~') = - 41T I~ - ~j I (3.3c) 

The coherent and fluctuating parts of the operator g [cf. Eq. (3.2b)] 

are given as follows: 

(3.4a) 

(3.4b) 

A. Direct-Interaction Approximation 

We present next a complete set of closed equations for the 

first two moments of the particle distribution function in the direct-

interaction approximation. 

The equation for the mean distribution function is given by 

(3.5) 

where, for simplicity, we have used the shorter notation ~t(!,t) = 

ES(x,t) + ~e(~,t). The equation for the second moment assumes in 

this case the following form: 

rL + v • .L + ~ E{Et(x,t)} · ~JE{R(s,SI ,t,t')} [at - a~ m - - ay] - -
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where ~ = (~,~J and E{R(~,1' ,t,t')} = E{f(~,t)f(~' ,t')}. Finally, 

the equation for the mean propagator E{U(~,t,to)} becomes in this 

case 

t t d 
E{U(~,t'T)}E{oE;(~,t)oEj(~'T)} aVj E{U(~,T,tO)}' 

(3.7) 

Equations (3.5) - (3.7) constitute a closed self-consistent 

set 1) in the absence of an external stochastic electric field; and 

2) in the case that E{oEe(~,t)of(x,~,t)} = O. Both of these restric

tions can be lifted without too much difficulty. However, we shall 

not pursue this issue further in this work. For ~e = 0, (3.5) -

(3.7) reduce to the direct-interaction equations derived by Orszag 

and Kraichnan on the basis of stochastic modeling (cf. Ref. 8). For 

the time being, due to their complicated form it is impossible to 

solve them, even with the use of the most powerful computers; however, 

at least in principle, they should be easier to solve than the 

Vlasov-Poisson equations. 

B. Quasi-Linear Approximation 

Within the domain of validity of the quasi-linear approximation, 

Eq. (3.5) for the mean particle distribution function is retained as 

it stands; however, in Eq. (3.6) for the second moment, E{U(~,t,t')} 

must be replaced by the propagator W(s,t,t l
) which, for the problem 

under consideration here, satisfies the equation 
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(3.8a) 

(3.8b) 

The solution of (3.8) for an unbounded Vlasov plasma can be formally 

written down as follows 

The remarks at the end of the previous subsection concerning 

the closure of the resulting equations for the first two moments apply 

here as well. 

3.2 Model Hydrodynamic Turbulence 

The physical phenomenon of hydrodynamic turbulence is unquestion

ably one of the major unsolved problems of classical physics as the 

full analytical predictions concerning turbulent flows on the basis 

of the Navier-Stokes equations would require the specification of 

initial conditions with unrealistic accuracy. On the other hand, 

numerical studies of turbulent flow fields would require mesh configu

rations lying beyond the capability even of the fastest existing 

computing machines. Because of these basic difficulties, it is of 

great interest to determine equations governing smooth, mean, or 

averaged quantities intimately related to physical observables, such 

as the Reynolds stress, turbulent spectral energy density, etc. (The 

notion "meanll or "average" has sometimes been interpreted as a 

space or time average. In current statistical theories of turbulence, 
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however, this term is understood as an ensemble average over various 

realizations of the same flow with different initial conditions.) 

Besides the purely probabilistic approach to turbulence in 

terms of distribution functions motivated by the pioneering work of 

Hopf26~ most of the useful work~ especially in the area of hydro

dynamic turbulence, has been centered around the derivation of equa

tions for the first two statistical moments of the velocity field: 

the mean flow and the correlation function. (The latter is related 

to the Reynolds stress and the turbulent spectral energy.) The main 

drawback of this procedure lies in the fact that it is impossible to 

derive exact closed equations for either of these mean quantities. 

An attempt, for example, to obtain an equation for the correlation 

function leads to an infinite hierarchy of coupled equations involv

ing all statistical-moments of the velocity field. 

A great amount of effort has been directed towards the resolu

tion of the aforementioned difficulty by devising closure schemes 

which result in a finite number of approximate closed equations for 

the first two moments. 

Early attempts along this direction, originating primarily with 

Prandtl 's mixing-length concept (cf. Ref. 27) are based for the most 

part on ad hoc assumptions. Relatively arbitrary closure assumptions 

are postulated that leave various constants, or even functions, to 

be determined by comparison with experimental data. Several methods 

in this category, for example, relate directly the Reynolds stress to 

the slope of the mean velocity, while others introduce heuristic 
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relationships between the Reynolds stress and the turbulent energy. 

It is true that most of these techniques have some basic physical 

justification or, at least t are constructed on the basis of sound 

dimensional analysis arguments. Nevertheless, their applicability is 

restricted only to special cases. A serious difficulty with most 

mixing-length theories, for example t is that they are strictly valid 

only when the spatial scale of inhomogeneity of the mean fields is 

large compared to the local mixing length. In this sense, one is 

left with a strong impression that these techniques represent merely 

highly specialized methods. This statement, however, is not entirely 

correct. These techniques, motivated primarily by pressing applied 

problems, have significantly influenced the progress in many areas of 

physics and engineering (e.g., oceanography, meteorology, astro

physics, etc.) in which turbulent flo~/s playa significant role. Even 

today, these methods are considered important engineering tools in the 

study of shear flows, turbulent boundary layers, and turbulent thermal 

convection. Inclusive surveys of the most recent developments of such 

methods can be found in Refs. 28-30. 

Let us now consider the motion of a fluid described by the 

Navier-Stokes equations 

; = 1,2,3, and the incompressibility condition 

(3. lOb) 
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Here, ~(~,t) is the fluid velocity vector field, v is the kinematic 

viscosity, [(~,t) is an externally supplied vector forcing function, 

p(x,t) is the pressure divided by the density, and x is the position 

vector. 

It is well known that at high Reynolds numbers the character of 

the fluid motion changes from laminar to turbulent. It is believed 

that the "chaotic" or turbulent flow is described adequately by the 

Navier-Stokes equations, the solutions of which (at high Reynolds 

numbers) are extremely unstable. Predictions concerning the turbulent 

flow on the basis of the Navier-Stokes equations would require the 

specification of initial conditions with unrealistic accuracy. 

Because of this, it is of interest to determine equations for smooth, 

mean quantities, such as the first and second moments of the velocity 

field. (The notion IImean" is used here synonymously with the 

ensemble average over various realizations of the same flow with dif

ferent initial conditions.) 

For simplicity we are going to deal with a "model" hydrodynamic 

turbulence, assuming that the pressure is uniform throughout the 

fluid volume. We shall also neglect the external force in (3.l0a). 

The simplified Navier-Stokes equations are then of the general form 

( 2. 1 ), vi z. , 

(3.lla) 

with 

(3. rIb) 
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The mean and fluctuating parts of the operator can be readily 

written down as follows: 

A. Direct-Interaction Approximation 

(3. l2a) 

(3.l2b) 

We are now in a position to write down explicitly a complete set 

of closed equations for the first two moments of the velocity field 

in the direct-interaction approximation (cf. Sec. 2.2.3). 

The equation for the mean velocity field [cf. Eq. (2.2)] 

assumes the form 

l:t - v'l2 + E{~,,<!!..t)} · :~jE{Ui(!!.,t)} = -E{o.!!(!!.,t) · ~x oUi(!!..t)}. 

(3.13) 

Corresponding to equation (2.40) for the second moment, we have in 

this case 

[~t - v'l
2 

+ E{.!!(!!.. t)} · :~~ E{ R1 j (!!..x I , t, t I )} 

= _d_ Jt dT E{U(t,r)}E{ouk(!!.,t)oUR,(!!.,T)} oxd E{RiJ·(~'~' ,T,tl)} 
aXk t a ~ o 

(3.14) 

where E{Rij(~'~' ,t,tl)} = E{ui(~,t)Uj(~' ,t l
)}. Finally the equation 
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for the mean propagator E{U(t,to)} [cf. Eq. (2.39)] becomes in this 

case 

[~t - v17
2 + E{!!J~,t)} · ~~lE{U(t,to)} 

= a!. t dT E{U(t'T)}E{QUi(~,t)QUj(~'T)} a~. E{U(T,tO)}· (3.15) 
1 to J 

On the right-hand side of the above equations, the propagator 

E{U(t,T)} operates only on those functjons that have T as the time 

argument. In the derivation of (3.14) and (3.15) we have made use of 

the incompressibility condition (3.l0b). The closure of Eqs. (3.13) -

(3.15) is more clearly evident on recalling the formula 

E{oui(~,t)OUj(!' ,tl)} = E{Rij(~,!' ,t,tl)} - E{Ui(X,t)}E{Uj(!' ,t)}. 

B. Quasi-Linear Approximation 

In order to write a closed set of equations for the first two 

moments of the velocity field within the region of applicability of 

the quasi-linear approximation (cf. Sec. 2.2.3), Eq. (3.13) for the 

mean velocity field is retained unaltered; however, in Eq. (3.14) 

for the second moment, E{U(t,t ' )} must be replaced by the propagator 

W(t,t l ) which, in turn, satisfies in the case of hydrodynamic 

turbulence the following equation [cf., also, Eq. (2.9)]: 

[:t - v17
2 + E{J!-,~,t)} · ~i]W(t'tl) = 0, t > to ; (3.16a) 

(3.16b) 
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The solution of (3.16) for an unbounded region can be formally 

written as follows: 

(3.17) 

The basic closed equations for the first two moments derived on 

the basis of the quasi-linear approximation by means of the procedure 

outlined above are valid for the general case of nonstationary, in-

homogeneous, and anisotropic turbulence. These equations simplify 

considerably by introducing additional constraints. 

As an illustration, we consider here the case of stationary 

turbulence. In this special case we need only be concerned with the 

equation of evolution of the correlation tensor of the velocity field: 

r;j(x,~I,T) ::: E{lJi(~,t)Uj(~',t-T)}. (The quantity E{u;(~,t)} = 

E{ui(~,to)} is assumed to be given.) We put, also, v = 0 in the ex

pression (3.l7) for the propagator W(t,to)' This means that we 

neglect the effect of viscosity on turbulence, but not on dissipation, 

an assumption that seems reasonable for well-developed turbulence. 

Under these restrictions, Eq. (3.17) reduces to 

(3.18) 

(the time-ordering operator is the identity operator in this case), 

and the correlation tensor evolves in time as follows: 
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(3.19) 

In order to evaluate explicitly the effect of the operator 

exp{-[E{~} . (a/a~)J(T-t)} in (3.19) we will make additional assump

tions, concerning the mean flow. We recall that exp[a(a/ax)Jf(x) = 

f{x + a), and exp(A + B) = exp A exp B provided that [A,BJ_ = 0, (cf. 

Appendix B). We assume that the exponential operator in (3.19) is 

factorizable, i.e., the commutators are close to zero [(a/axj)E{vi} ~ 

0, i 1 jJ or, for example, that we have a parallel mean flow, e.g., 

E{~} = (0,0, E{u3(.!.,to)}). In this case (3.19) reduces to the 

simpler equation 

This equation for the correlation tensor is rendered closed on 

specifying the initial condition rij(.!.'~' ,0). 

(3.20) 
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3.3 Linearization of the Hydrodynamic Equations for Special Types 

of Turbulent Flow 

The equations for the moments of the velocity field derived in 

the preceding section are still beyond the capabilities of the 

presently existing computers. They are also too complicated for any 

kind of theoretical analysis. In this section we develop an approach 

at a lower level of approximation, based on the small disturbance 

hypothesis. True, such an assumption may not be uniformly valid, 

especially in the boundary layer, where it is clearly violated by the 

bursting phenomena; nevertheless, some interesting features of the 

turbulent flow can be deduced. Within the weak turbulence approxima

tion, closed form solutions are found for the equations governing the 

random fluctuations of the velocity field under the assumption of 

special time-dependent, uniform or sheared, mean flow profiles. 

Constant, transient and oscillatory flows are considered. Such flows 

are often encountered in engineering applications, as for example in 

turbul ent bounda ry 1 ayers over he 1 i copter blades, or turbomach"j nery 

cascades, etc. 

Statistical studies of decaying, weak turbulence were quite 

successful in predicting turbulent dissipation and transfer of energy 

between eddies of various sizes for the isotropic, homogeneous case 

(cf. Refs. 31, 32). More recently, Deissler6 and Hasen33 have 

extended such theories to flows with linear mean profiles. Assuming 

homogeneous flow, that is, assuming that the second-order correlation 

tensor E{oui(~,t)oUj(~' ,t)}, where QUi' the velocity fluctuation 
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vector, depends only on the relative distance vector ~ - ~', and 

dropping the triple correlations, they solve the differential equa

tions for E{ouiOUj}' In the following, an alternative method is 

introduced in order to study the possible interaction between a uni

form or sheared mean flow and weak turbulence. In Subsection 3.3.1 

we outline some basic concepts of the theory, which amounts to a 

linearization of the stochastic disturbance equations. In Subsection 

3.3.2 we examine the uniform but unsteady mean flow, while in Sub

section 3.3.3 we deal with steady shear flow and extend the work of 

Deissler and Hasen to nonhomogeneous flows. Finally, in Subsection 

3.3.4 we study the coupling of the random fluctuations with an un

steady sheared mean flow. 

3.3.1 The Governing Equations 

Consider the incompressibility condition and the Navier-Stokes 

equations in the following form: 

au· 1 
ax. 

1 
o , 

au; au; = _ ~ + 2 
a:t + u j ax. ax. vV u; · 

J 1 

(3.21a) 

(3.2lb) 

Here, u; and p denote the stochastic velocity vector and pressure. 

Vector and tensor quantities will be denoted with one or two indices, 

respectively. The indicial notation and the familiar summation con

vention will be used throughout for all dependent variables. Position 

vectors are denoted with underbars when they appear as independent 
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variables within a parenthesis and with proper indices when they are 

used to denote differentiation. Taking the divergence of Eq.(3.21a) 

one may arrive at an equation for the pressure34 

(3.22) 

which, in turn, can be used to eliminate p from the Navier-Stokes 

equations. Let us assume now that we can decompose the velocity and 

pressure fields in the usual way: 

u· = u· + cSu· , 1 1 1 
(3.23) 

p = p + cSp , (3.24) 

where Ui and P denote the ensemble average of the velocity and 

pressure, respectively, viz., 

P = E{p} (3.25) 

and cSui'cSP represent the random fluctuations of the velocity and the 

pressure, respectively. We now assume that the turbulent fluctuations 

are small, that is, we propose to consider here only flows with low 

turbulence Reynolds number32 . This assumption is not too unrealistic, 

even though it is well known by now that some turbulent fields in

volve quite large random fluctuations. 

Substitution of Eqs. (3.23) and (3.24) into Eqs. (3.21b) and 

(3.22) and taking an ensemble average yields the familiar equations 

that govern the mean flow. These equations are coupled with the 

fluctuations via the Reynolds stress. The equations that govern the 
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random fluctuations read 

(3.26) 

{3.27} 

In the above equations quantities nonlinear in terms of the small 

fluctuations have been dropped. This approach, therefore, ;s equiva

lent to Deissler's6 who works with the equat·ions for the velocity and 

pressure correlation but disregards tripple correlations. 

Equation (3.27) can be solved in general using an appropriate 

Green's function. For an infinite domain, the well-known solution to 

Poisson's equation is given by 

- roo 2 a2(u.ou.) 
op(~,t) = J 1 dx 

I~ - ~II ax~ax~ (3.28) 1 J 

Solutions to Eq. (3.26) can now be constructed in general as follows 

(cf. Appendix A): 

oUi(~,t) = G(~,to)oUi(~,to) 

It aU· 
+ to G(~.t.S)cSUj(~'S) ax~ ds 

+ r G(~.t.s) a~. cSp(~.s)ds · 
to ' 

(3.29) 

The above expressions are integral equations for the unknown functions 

oui(xi,t). In the sections that follow we shall consider several 

sp.ecial cases, whereby the term oujaui/axj vanishes and the first 
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convolution integral of Eq. (3.29) is eliminated. For such cases, 

calculations of a second moment can be performed if the initial dis

tribution of the velocity and its second moment is known. 

Specifically, 

rij(~,~',t) = E{aui{~,t) OUj(~I,t)} = 

= G(~,t,tO)G(~1 ,t,to)rij(~'~' ,to) 

+ r G(~,t,slG(~' ,t,tolE{a~. op(~,sl OUj(~' ,tol}dS 
to 1 

+ r G(~', t,s lG(~, t ,to lE{ QUi (~, tol a!. QP(~' ,5 l }dS 
to J 

+ r r G(~,t,slG(~',t,s'lE{a~. op(~,sl 
to to 1 

_d_ apex I ,s' )}dSdS I • 

dXj -

3.3.2 Uniform Unsteady Mean Flow 

(3.30) 

Let us assume that the ensemble average of the velocity field 

is given by 
00 

E{ui} = Uif(t) , (3.31) 

where Ui is a constant vector and f(t) an arbitrary function of time. 

Equation (3.26) then reduces to 

(3.32) 

It should be noted that for a constant Ui' the right-hand side of 

Eq. (3.27) vanishes by virtue of the continuity equation, and, 
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therefore, p satisfies Laplace's equation. For the infinite domain 

we are considering, and assuming that pressure fluctuations are 

bounded at inf"inity, the only nonsingular solution for op is zero or 

an arbitrary function of time only, throughout the space; that is, 

op = op(t). As a result, the pressure disappears from Eqs. (3.26). 

The general solution to these equations for an infinite domain, 

without the pressure term on the right-hand side, is given by 

(3.33) 

In the sequel we shall consider to = 0 and for brevity we shall omit 

to from the arguments of the propagator G, i.e., G(~,t,O) = G(~,t). 

The operator G(~,t) is given in general in terms of an infinite 

series 

G(~,t) = exp[; 6n(t)] 
n=l 

(3.34) 

(cf. Appendix A); however, in the particular case we are considering, 

all 6 n for n ~ 2 vanish since the operator -Ujf(t)a/axj + vv2 

commutes with itself. Thus, 

-U~g(t) __ d __ + vtv2 
J dXj 

(3.35) 

where g(t) = J: f(t)dt. 

It should be noted that since the operators a/dXj and v2 commute, the 

exponential term in Eq. (3.34) can be factored (cf. Appendix B), and 

the solution to our problem reads -
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(3.36) 

Equation (3.36) represents a closed form solution for the 

instantaneous velocity fluctuation. To bring this result into a 

more familiar form, let us calculate the velocity correlation 

(3.37) 

Since the operator G is deterministic, the ensemble average simply 

gives 

rij(~,~1 ,t) = G(~,t}G(~1 ,t)E{oui(~,O)OUj(~' ,O)} 

= exp[~Uig(t)[a!i + a!iJ] exp[vt(vi + Vi,)Jrij(~'~I'O) . (3.38) 

Several simple initial conditions will now be assumed: 

A. Purely Random Field 

rij(~,~' ,0) = Aijo(~_~'); where Aij is a constant and 0 is the 

Dirac delta function. Equation (3.38), then, via Eqs. (83) and (84), 

becomes 

A. 'H(t) [(X - Xl )2~ I _ lJ - -
rij(~,~ ,t) - 3/2 exp - 8 t · 

(8nvt) v 
(3.39) 

To facilitate comparison with familiar results in the theory of 

turbulence, we introduce next the conventional center-of-mass and 

relative position coordinates: 



1 
R=-(x+x') - 2 - -
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r = x - Xl • 

In terms of these variables, the velocity correlation becomes 

A· ·H (t) (r2 ) 
rij<.!:.,~,t) = lJ 3/2 exp - 8" t'l . 

(8nvt) v ) 

(3.40) 

(3.41 ) 

It is seen that the time dependence of the mean flow does not affect 

the random fluctuations. Moreover, the homogeneity property, 

implicit in the initial condition, ;s preserved for t > O. Thus the 

above solution reduces to the well-known results of Batchelor31 and 

Deissler32 for steady mean flows. One simply needs to take a Fourier 

transform in order to arrive at 

The energy spectrum now can be derived by contracting the correlation 

tensor and integrating over the surface of a sphere in the ~-space. 

One can immediately see that the turbulent energy decays exponential

ly with time. 

B. Gaussian Field 

rij (~ .. ,~I ,0) = Aijexp[ -a(~ + ~1)2 - b(~ - ~I )2J; where a and b 

are positive constants. Note that in terms of the coordinates of 

Eq. (3.40), the energy ;s initially distributed ;n a Gaussian form: 

rii(~'~'O) = Aiiexp(-4a~2). By virtue of the formulas of Appendix B, 

one can bring Eq. (3.38) in the form: 
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r ( R t) = Ai j H ( t ) exp [_ _'_[1 ,) r2 
ij ~'-' [(8avt+l)(8bvt+l)]3/2 8vt - 1+8vbtJ-

(3.43) 

Consider first the special case where the mean flow does not 

fluctuate, with time. Specifically, we let f(t) = 1, corresponding to 

which get) = t. The Gaussian distribution of the energy is then 

diffused in space, as time increases: 

= AijH(t) 
[(8avt+l) (8bvt+l)]3/2 

(3.44) 

Next consider the special case of a mean flow that fluctuates 

harmonically about a constant, that is f(t) = 1 + Bsin(wot). Here, B 

is the relative amplitude and Wo is the constant frequency of the 

externally imposed deterministic fluctuation. This type of time 

dependence is very common in engineering applications, for example, 

in flows through turbomachinery cascades, flows over helicopter 

blades or internal flows through blood vessels, etc. For this par

ticular form of the dependence on time, Eq. (3.43) becomes 

= Ai jH (t) { 1 ( 1) 2 
rij(~,~,t) [(8avt+l)(8bvt+l)]3/2 exp - 8vt 1 - 1+8vbtJ~ 

(3.45) 
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This case is characterized by a fluctuation superimposed on the 

decaying process. Moreover, the fluctuating part has a 90° phase 

advance with respect to the mean flow and its amplitude decreases 

with the increase of the frequency of the forced oscillation. This 

means that high-frequency oscillations would be filtered out and 

would never excite the turbulent field. 

3.3.3 Steady Sheared Mean Flow 

Consider a mean flow with a linear velocity profile, a case 

extensively studied both theoretically and experimentally34,35. 

Specifically, let 

U,(x,y,z) = ay U3(x ,y ,z) = o. (3.46) 

We decided in this section to sacrifice elegance for the sake of 

clarity by using a mixed notation and replacing o'ccasionally the 

coordinates xl' x2' x3 and the velocities aUl' 6u2' aU3 with the 

symbols x, y and z and u, v, w, respectively. Within the limitations 

of our weak turbulence assumption, the differential equations that 

govern the fluctuating velocity components [cf. Eqs. (3.26)] become 

au a 2 a at = (-ay ax + v\/ ) U - av - ax ap , (3.47) 

av _ ( a 2) a - - -ay - + v\/ V - - op at ax ay' (3.48)· 

aw a 2 a at = (-ay ax + v v )w - az 0 p (3.49) 
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A general solution to the above set of equations can be written 

in terms of convolution integrals to account for the forcing functions 

ap/ax and ap/ay. Meaningful physical interpretation though cannot 

be extracted without tedious numerical calculations of the integrals 

involved. In the present section, we shall seek instead closed form 

analytical solutions to simplified equations, namely: 

au = {-ay ~ + vv2)u - av ax (3.50) 

(3.51 ) 

(3.52) 

This is certainly not fully justified, and the new equations cannot 

be used to study precisely the phenomenon of hydrodynamic turbulence. 

Nevertheless, we believe that the mechanism of turbulent interaction 

between the mean sheared flow and the random fluctuations is not 

completely ignored and, as a result, Eqs. (3.50 - 3.52) constitute 

an approximate model for the phenomenon of weak turbulence. More

over, Deissler6 pointed out that the contribution of pressure for 

this particular problem is confined to the coefficient of exponential 

functions and, therefore, does not participate in the exponential 

growth or decay of the disturbances. In fact, Burgers et al. 30 

indicated that for the present case the pressure terms disappear 

altogether from the contracted form of the velocity correlation equa-

tion. 
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The propagator for all three differential expressions in Eq. 

(3.50-3.52) ;s given by (cf. Appendix A) 

G(~,t) = exp(~l) = exp[J: (-ay ~x + VV2)dt). 

Defining now the operators 

a 
B = -ayt ax 

it is easy to see that 

[A,[A,B]] = 0 and [B,[B,[A,B]J] = 0 , 

and that 

hence, according to Eq. (86), 

G(~,t) = exp(vtv2)exp(-ayt ~xJ 

exp(vat
2 a~~yJexp(- i va2t

3 :~2J · 

(3.53) 

(3.54) 

(3.55) 

(3.56) 

(3.57) 

(3.58) 

The order of the operators can be interchanged for computational 

convenience in accordance with the identity given in Eq. (87). Thus, 

G(~,t) = exp(vtv2)exp(vat2 a~~xJ 

exp(i va2t3 :~2Jexp(-ayt ~xJ · (3.59) 



51 

Solutions to Eqs. (3.51) and (3.52) can now be easily con

structed: 

v(~,t) = G(~,t)v(~,O) , (3.60) 

w(~,t) = G(~,t)w(~,O) . (3.61) 

Considerable physical insight can be gained by calculating the 

velocity correlation. Consider, for example, 

rvv(~,~1 ,t) = E{v(~,t)V(~' ,t)} 

= G(~,t)G(~1 ,t)E{v(~,O)V(~' ,O)} (3.62) 

Since G(~,t) and G(~I,t) commute, 

rvv (~.~' • t) = exp [vt (,,2 + ",2)] exp [vat2 (a~~x + a)~x ,n 

(3.63) 

In terms of the coordinates ri and R; given by Eqs. (3.40), the 

velocity correlation becomes 

rvv(r. • .!P) = exp [2vt ar ~~rij exp [2vat2 ar~~r2j exp ~ va2t 3 :~yJ 

exp[-atr2 a;l]exp[~ vt aR~aRijexP8 vat
2 aR~;R2j 

(3.64) 
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The corresponding expression in Fourier space has the form 

(3.65) 

For homogeneous turbulence the above result may be further 

simplified as follows: 

Except for a factor k-4 which arises from the pressure, this is 

identical to the result derived by Deissler6 and Hasen33 . 

(3.66) 

It is immediately seen that for a uniform mean flow, that is, 

for a = 0 the velocity correlation and, similarly, the turbulent 

kinetic energy, which is a summation of terms like rvv(~,t), are 

attenuated exponentially with respect to time; furthermore, the 

attenuation ;s more violent for large wave numbers, that is, for 

small eddies. For sheared flow, though, it is possible that the 

turbulent energy increases with time for a while, if the product k2kl 

is negative. However, the term a2/3 k2t 2 will soon overpower the 

term ak2k,t and the energy will eventually start decreasing 

exponentially. 

For a physically reasonable initial condition, Deissler6 pro

poses a correlation that corresponds to isotropic turbulence31 . 
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Specifically, 

(3.67) 

For this particular case, our Eq. (3.66) becomes 

Similar results have been derived by Hasen33 . 

Comparing the method employed by Deissler6 with ours, we ob

serve that he solves equations for the second moment and then only 

in the Fourier space. In fact, his method is confined to linear mean 

flow profiles, because only then he can arrive at partial differential 

equations of the first order, that have closed form solutions. If 

a quadratic profile is assumed, then one would come up with second 

derivatives in phase-space. In the present method and at the same 

level of approximation, we work directly with equations for the 

random fluctuations. The solutions are then combined in order to 

form second moments. Moreover our analysis proceeds in the physical 

space and only for purposes of comparison with earlier theories we 

calculate the Fourier transform of the final result. Deissler's work 

is confined to homogeneous flows. The present analysis is not 

limited to such flows and again, only for the sake of comparison, our 

result is reduced to Deissler's. Finally, the present method can 

take into account the time dependence of the mean flow. 

The solution of Eq. (3.50) is a little,more complicated, since 

it involves a convolution integral that depends on v(~,t): 
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u(~,t) = G(x,t)u(~,O) - a It G(~,t-s)v(~,s)ds . 
o 

This expression can be used to calculate the Reynolds stress: 

ruv{~'~' ,t) = E{u{~,t)V(~' ,t)} = G(~,t)E{u(~,O)v(~,O)} 

- a It G(~,t-S)E{u(~,S)V(X' ,t)}ds . 
o 

(3.69) 

(3.70) 

The calculation of the velocity correlation in the x direction in-

volves double convolution integrals and a numerical integration would 

be necessary. 

3.3.4 Time-Dependent Sheared Mean Flow 

We consider here a mean flow with a time-dependent shear. 

Specifically, we assume that 

(3.71) 

With E(t) = -ayf(t)a/ax + vv2, we calculate the functions ~i(t,to) 

(cf. Appendix A): 

(3.72) 

(3.73) 

(3.74) 

hn(t,O) = 0 for n ~ 4 , (3.75) 

where 
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(3.76) 

(3.77) 

(3.78) 

Our solution can be constructed in terms of the propagator 

(3.79) 

Once again we can factorize this expression according to the identity 

given by Eq. (86): 

G(!£, t) = exp (vtv2 )exp ( -aY9, (t) ~x )exp [va (t9, (t) + 92 (t» a!~Y1 

exp [- t va292( t)9, (t) ~:21 exp [- ~ va2tg~( t) ::21 

exp [-2va293 (t) ~:2j · (3.80) 

Interchanging the order of the exponential operators according 

to Eq. (87), we finally arrive at the expression 
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Let us again calculate, for homogeneous turbulent flow, a 

component of the velocity correlation in the Fourier space: 

rvv(t,t) = eXP{-2vtCk2 + a9,(t)k,k2] - 2va92(t)k,k2 

- 2va2k~ [} 92(t)9, (t) + } t9i( t) - 293]} 

We consider next the following special cases: 

a) f(t) = 1 + at . 

(3.81 ) 

(3.82) 

This corresponds to a linear shear profile that becomes steeper 

and steeper as time increases. In this case the functions 9i become 

and for the homogeneous flow, Eq. (3.82) assumes the form 

- 2va2ki(} t 3 + h t4 + i5 a2t5)}rvv(k"k2 + ag,(t)k, ,k3,O) 

(3.84) 

Once again, it is observed that the term ak,k2[t + ~a t 2) may permit 

a temporary increase with time. This will be of course quickly 
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dominated by higher powers of time and the solution will eventually 

decay. It is interesting to note that for small mean flow shear, 

that is, for small a, this effect is even more pronounced. The growth 

of this term is further reinforced due to the unsteady effects, that 

is, the presence of the term 2at2/3. It may be possible that this 

growth may violate the validity of the present analysis, before the 

higher order terms take over. Such an instability effect could 

conceivably be the catalytic effect for the creation of large turbu-

lent eddies, a phenomenon that we cannot capture with our low 

turbulence Reynolds number approximation. 

b) f(t) = 1 + asin(wot). 

This corresponds to a linear shear profile with a slope that 

oscillates with a frequency Wo about a mean equal to 1. The func

tions gi' after some algebra, are found to be 

(3.8S) 

(3.86) 

1 a 2 . 2 1 a 2 __ 1 a 2 t + - - Sln wt - - -- t cos2wt coswt 
8 w3 24 w2 3 w2 

+ ~ :2 t sinwt - tr; t 2coswt . (3.87) 

The term proportional to kl in the exponential of Eq. (3.82) 

now becomes 



58 

(3.89) 

The solution decays again with time, as the term proportional 

to ~ t 3 is dominant. 

Finally, we can consider a mean flow fluctuation independent of 

space 

Ul(x,y,z,t) = ay + a sin(wot) U2 = 0 U3 = 0 (3.90) 

This case can be treated relatively easily with the present method. 

On the other hand, it is quite significant in practice, because it 

. has been observed that the deterministic part of fluctuating turbu

lent boundary layers is almost uniform across the thickness of the 

boundary layer36 at least for large va,lues of the frequency. 

The propagator G, by virtue of Eq. (8.6), becomes 

and the velocity correlation reads 

(3.92) 
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Taking a Fourier transform of the above expression we arrive at an 

equation almost identical to Eq. (3.65) 

rvv(t.~.t) = eXP[-2vt(t2 + ak2k1t + ~2 k~t2)] 

exp[- } vt[K2 + aK2K1t + ~2 K~t2) + ~O (1 - COS(wot))K1] 

(3.93) 

The new term represents a frequency modulation proportional to the 

amplitude and inversely proportional to the frequency of the forced 

fluctuation. The effect disappears if homogeneity ;s assumed. 



4. APPLICATIONS OF STOCHASTIC METHODS TO LINEAR RANDOM PHYSICAL 

PROBLEMS 

In this chapter we shall apply the techniques introduced in 

Sec. 2.3 to two physical problems: the quantum-mechamical harmonic 

oscillator under random noise and the diffusion in a turbulent fluid. 

4.1 Quantum Mechanical Harmonic Oscillator 

In this section we investigate the behavior of a three-

dimensional harmonic oscillator under a random perturbation, using 

the approach developed by Bes1eris and Tappert.7 Kinetic equations are 

derived for the stochastic Wigner equation (the exact equation of 

evolution of the phase-space Wigner distribution function) and the 

stochastic Liouville equation (correspondence limit approximation) 

associated with the quantized motion of a particle in the field of a 

randomly perturbed elastic force. 

Consider the stochastic Schrodinger equation 

itr ;t $(~,t;a) = Hop(~,-irr :x ,t;a)lP(~,t;a), t .:. to' XE R3; (4.la) 

rt = - --2 v2 + V(x,t;a) m - (4.lb) 

(4.1c) 

Here, Hop is a self-adjoint, stochastic operator depending on a 

parameter aEA, A being a probability measure space. In addition, 

$(x,t;a), the complex random wave function, is an element of an 

60 
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infinitely dimensional vector space H, and V is the potential field 

which is assumed to be a real, space- and time-dependent random 

function. 

In the course of this work we shall deal explicitly with the 

following three distinct categories of the potential field: 

(i) V(~,t;a) = } kx2 + oV(~,t;a) , 

(ii) V(x,t;a) = } kx2[1 + oG(t;a)] , 

(iii) V(!,t;a) = } k[~ - aoH(t;a)]2 , 

(4.2a) 

(4.2b) 

(4.2c) 

where x = I~I, k is a positive real constant number, and a is a fixed 

vector quantity. The first category corresponds to a linear 

harmonic oscillator immersed in a zero-mean, space- and time-dependent, 

random potential field oV(~,t;a); the second is the case of a harmonic 

oscillator whose frequency is modulated by the zero-mean, time

dependent, random field oG(t;a); finally, the third type of potential 

is associated with a harmonic oscillator whose equilibrium position 

is perturbed via the zero-mean, time-dependent, random function 

oH(t;a). (This is closely linked to the Brownian motion arising from 

a randomly forced hannonic oscillator.) 

The ra'ndom quantum mechanical harmonic oscillator problem cor

responding to potential fields of types (ii) and (iii) has already 

been investigated extensively by several workers under specific 

restrictive assumptions about the random processes oG(t;a) and 

oH(t;a). We cite here the early treatments of the Brownian motion of 
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a quantum oscillator by Schwinger37 , and the quantum theory of a 

randomly modulated harmonic oscillator by Crosignani et al. 38 and 

Mollow39 . A more complete account of the statistical analysis of 

the quantum mechanical oscillator, with applications to quantum 

optics, can be found in the recent review article by Agarwa1 40 . 

Besides its generic significance in quantum mechanics, the 

random harmonic oscillator is of fundamental importance in other 

physical areas since it provides a dynamic model incorporating 

salient features common in all of them. For example, Shrodinger-like 

equations of the form (4.1) and (4.2) playa significant role in 

plane- and beam-electromagnetic and acoustic wave propagation. They 

are usually derived from a Helmholtz equation within the framework of 

the parabolic (or small-angle) approximation. Statistical analyses 

of optical wave propagation in randomly perturbed lens-like media 

have been undertaken by Vorob ' ev4l , Papanicolaou et al. 42 , 

McLaughlin43 , Beran and Whitman44 , and Chow45 . Along the same vein, 

starting from a space-time parabolic approximation to the full wave 

equation, Besieris'and Kohler46 have recently considered the problem 

of underwater sound wave propagation in the presence of a randomly 

perturbed parabolic sound speed profile. 

It is our intent in this section to present a unified stochastic 

kinetic analysis of the random harmonic oscillator which is equally 

applicable to the three types of potential field in (4.2), without 

imposing physically unjustifiable restrictions on the random processes 

BV, oG and oH. Special emphasis will be placed on the additional 
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effects contained in our formulation as compared with previously 

reported results. It should be pointed out that althought the dis

cussion in this paper will be restricted to the quantum mechanical 

random harmonic oscillator, the main results are also applicable to 

other physical problems by virtue of the statements made in the 

previous paragraph. 

4.1.1 The Wigner Distribution Function 

In the following we shall be concerned with the time evolution 

of the "measurable" physical quantities. 

The phase-space analog of the equal-time, two-point density 

function for a pure state, 

(4.3) 

is provided by the Wigner distribution function which ;s defined as 

follows: 

f(~.E..t;a) = (21Tn}-3 J
R

3 dl. ei E.'lI?r p(~+~ l.'~-il.,t;a). (4.4) 

This quantity is real, but not necessarily positive everywhere. The 

total wave energy and wave action are given in terms of the Wigner 

distribution function as follows: 

E = J
R

3 d~ J
R
3 dE. H(~.E..t;a)f(~.E..t;a) • 

A = J R3 d~ J R3 dE. f (~.E.. t ;a) · 

(4.5a) 

(4.5b) 
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Here, H(~,£,t;a) is the Weyl transform of the operator Hop and is 

given explicitly as 

p = 1£/ . (4.6) 

The total wave energy is not conserved since the potential field is 

assumed to be time-dependent. On the other hand, the total wave 

action ;s conserved because of the self-adjointness of the Hamiltonian 

operator, a property satisfied by the three types of potential fields 

in (4.2). 

The time evolution of the Wigner distribution function ;s 

governed by the equation 

a at f(~,£,t;a) = Lf(~,£,t;a) , (4.7a) 

(4.7b) 

The potential-dependent term on the right-hand side of (4.7b) can be 

cast into the following three useful representations7: 

K(iii£'. t ;a) = (in) -1 (Mr) -3 J R3 dl. e i £"1I1'f 

x [V{~ - } l.,t;o:) - V{~ + ~ l.,t;o:)] ; 

(ii) ef(ii.£..t;a) = (itf}-1(21f1f)-3 J 3 dl. eiE: lIlf 
. R 

1 1 
x p (~ + '2 y,~ - '2 x., t ;0:) 

(4.8a) 

(4.8b) 
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(iii) ef{!..Q..t;(l) = V{!..t;~) ff. Sin[~(;!. • :£jJf{!..Q..t;(l) . 

(4.8c) 

We shall refer to the exact equation of evolution of f(~,~,t;a) as 

the stochastic Wigner equation. 

It is seen from (6.8c) that in the correspondence limit (n~O), 

a a .? 
ef(~,~,t;a) = a~ V(~,t;a) • aE.. f(~,~,t;a) + OCrr) · (4.9) 

Within the limits of this approximation, we shall refer to (4.7) as 

the stochastic Liouville eguation. 

We shall list next the specific realizations of 8f(~,~,t;a) 

corresponding to the three choices for the potential field V(~,t;a) 

in (4.2): 

(i) ef(~.Q..t;(l) = ~X • ~Q. + :!. 5V{~.t;(l) • ~£1f(~.Q..t;(l) 
+ 0 (n2) ; (4. lOa) 

(ii) ef{~.Q..t;(l) = [kX • ;Q. + k5G{t)~· ~£lf{~.Q..t;(l) (4.10b) 

(iii) ef{~.Q..t;(l) = [k~ • ~Q. - k5H{t)~ • ~£lf{!..Q..t;(l) . (4.10c) 

It should be noted that the last two expressions for ef(~,£,t;a) are 

exact. This is due to the special forms of the representations for 

V(~,t;a) in (4.2b) and (4.2c). 

The Wigner distribution function and the operator L [of Eq. 

(4.7)] are separated next into mean and fluctuating parts: 

(4.l1a) 
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L = E{L} + oL . (4.llb) 

In the subsections to follow we obtain the kinetic equations for the 

ensemble average of f in the first-order smoothing and long-time 

Markovian approximations (of Sec. 2.3). Having established an 

expression for the mean Wigner distribution function by solving 

either of the kinetic equations and assuming that the total action 

(probability) is normalized to unity, the following physically mean

ingful C'measurabl e") averaged quantities can be determined by 

straightforward integration: 

(i) probability density in configuration space: E{p(x,~,t)} = 

Id£ E{f{~,£,t)} ;. 

(ii) probability density "in momentum space: E{p(~,£,t)} = 

Id~ E{f(x,~,t)} , where p(~,~,t) is the momentum representation of the 

density function; 

(iii) probability current density in configuration space: E{~} = 

Jd£{E!m)E{f(~,£,t)} ; 

(i v) centroid of a wave packet: E{~ (t)}: f d~ f dE. ~E{ f(~,E., t)}; 

(v) spread of a wave packet: 

E{oR(t)} = Id~ JdE. (~_~)2E{f(~'E.,t)} ; 

(vi) angular momentum about a point ~: 

E{!1} : f d~ f dQ£ (~-~) x £J E{f(~..e., t)} ; 

(vi i) average momentum: E{Ee (t)} = f d~ I dE. E. E{f(~,E., t)} 

(viii) momentum spread of a packet: 

E{ cr~ (t)} : J d~ JdE. (E.-E-(Y E{ f(~,E.' t)} . 
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4.1.2 Kinetic Theory for the Stochastic Wigner Equation 

The results of the previous section are specialized here to the 

stochastic Wigner equation (4.7) corresponding to the potential field 

given in (4.2a), viz., V(~,t;a) = (1/2)kx2 + oV(~,t;a). It is con

venient to use for this purpose the representation (4.8a) for 

ef(~,R' t ;a). 

A. The First-Order Smoothing Approximation 

The mean and fluctuating parts of the operator L in (2.5) are 

given explicitly as follows: 

Lo = - 1 n • ~ + kx • a 
m.t:.. ax - aE.' (4.12) 

L, = J d.E.. ' oK(~,.E.-R', t ;a) (~ ) 
R3 

(4.l3a) 

I) K(~.E.. t; ex) = (Hr) -1 (21fff") -3 J R3 dr. e ; E.' yff" 

x [ 0 V (~ - t y , t ; a ) - 0 V (!. + -} .l, t ; a)] • (4.13b) 

Introducing (4.12) and (4.13) in (2.60), we determine the following 

kinetic equation for the ensemble average of the Wigner distribution 

function within the framework of the first-order smoothing approxima-

tion: 

(4. 14a) 
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eE{f(x,p,t;cx)} =. Jt dT f d1?.' f d1?." E{oK(~,1?_1?..' ,t;cx) 
. 0 R3 R3 

x oK[~ COSWOT - (1?.'/mwo)sinwoT,~ mwo sinwoT 

+ E."COSWoT-1?.", t-T;cx]}E{f[~ COSWOT - (1?.·/lTkUo)sinwoT,p",t-T]} , 

(4. 14b) 

where 000 = (k/m)1/2. In deriving this equation we have made use of 

the propagator property 

(4.15) 

For the sake of simplicity, we shall assume that oV{~,t;cx) 

[which enters ·into (4.l4b) via the defining equation (4.l3b)] is a 

spatially homogeneous, wide-sense stationary random process, viz., 

The correlation function is even in both ~ and T. In our subsequent 

work we shall require the spectrum [i.e., the space-time Fourier 

transform of r(~,T)] viz., f(.e.,u) = F4{r(~,T)}. It;s related to the 

space-time Fouri er trans form of oV (~, t), vi z., oV (.e.,u) = F 4 {oV (~, t)} 

in the following manner, 

E{ 0\1 (Q.,u) oV C~_' ,U I )} = 0 C~.+Q.I ) 0 (u+u' ) r (Q.,u) . (4. 17) 

It should be noted that r(.e.,u) is real, nonnegative, and even ;n 

both £. and u. 
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The operator e on the right-hand side of (4.l4a) may now be 

evaluated explicitly. The resulting kinetic equation for the mean 

Wigner distribution function assumes the following form: 

(L + In. L - kx • LI E{ f(x n t "o.)} at m.r.. ax - apJ _'.r..' , 

(4. l8a) 

Q(x,£.,£.' ,T) = (2'J1"tr,-3 J
R
3 d.l r(.l,·rj 

x COS{.lo (£.-£.')/tr + (£.~£.') -[x COSWOT - , (£.+£.') m~o SinwOT-~ /If}. 
(4. lab) 

This rather formidable integro-differential equation constitutes a 

uniform approximation, valid for any value of time, from which short 

and long time limiting cases can be considered. (The latter will be 

dealt with in detail in the following subsection.) The right-hand 

side of (4.7) contains a generalized operator (nonlocal, with memory) 

in phase space due to the presence of random fluctuations in the 

potential field, as well as to the interaction of these random in

homogeneities with the deterministic profile of the potential field. 

No special assumptions concernin~ the scale lengths of the potential 
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fluctuations have been made in deriving (4.18). The only condition 

(which is implicit in the first-order smoothing approximation) is 

that the potential fluctuations be sufficiently small. Finally, it 

should be noted that in the limit Wo + 0 (absence of deterministic 

inhomogeneities), (4.18) coincides with Eq. (4.5) of Ref. 7. 

B. The Long-Time Markovian Approximation 

By imposing additional restrictions, the k"inetic equation can 

be simplified considerably. The long-time Markovian approximation 

[cf. Eq. (2.62)] yields the following expression: 

[;t + ~ p • ;~ - k~ • ;p) E{f(~.~. t ;a)} = J R3 d~' W(~.~.~') 

X [E{f(~,~' ,t;u)} - E{f(~,~,t;u)}] 

2 fOCI W(~,~,~I) = n-2 dT r (E.-E.' ,T ) 

o 

(4. 19a) 

(4. 19b) 

where r(~,T) is the spatial Fourier transform of the correlation 

funct ion r (l., T ) • 

Equation (4.19a) has the form of a radiation transport equation, 

or a Baltzman equation for waves (quasi-particles in phase space). 

The expression for the transition probability [cf. Eq. (4.19a)] is 

space-dependent (in contradistinction ta the case of a potential 

field having a constant deterministic part) and obeys the principle 

of detailed balance, viz., W(~'E.,~I) = w(~,~' ,~). The latter implies 
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conservation of probability (total mean action). 

The integration over l on the right-hand side of (4.19b) can 

be carried out explicitly resulting in the following more revealing 

form for the transition probability: 

00 

W(~'E.,£.I) = E Wn (~'£,'.E.I ) 
n=-oo 

Wn (~,~,~") = f I n [w) cos [~ - n 2H cos [n[ 6 + rJJ r(~-~" ,ntrwo) 

- sinHa + f)]rH(~-~I,ntrwo)} ; 

(4.20a) 

(4.20b) 

(4.20c) 

(4.20d) 

(4.20e) 

rH(E.-E.' ,nnwo) in (4.20b) denotes the Hilbert transform of the 

spectrum r(E.-E.' ,n~wo) with respect to its second argument, viz., 

" _ 1 Joo r ( · ,w) d rH (. n nwo ) - - P k w · , ~ w-n Wo 
_00 

(4.21 ) 

I n (.) denotes a Bessel function of the n-th order. 

The representation of the transition probability W in (4.20a) 

as an infinite sum is a manifestation of the discrete nature of the 

quantum mechanical stochastic harmonic oscillator. The term Wn, for 

example, can be interpreted as the transition probability of the 

scattering event that changes the energy of the particle by an 

amount ntrwo. 



72 

If the correlation function r(~,T) decreases rapidly in T, so 

does the spectrum f(Rtu) in u and its Hilbert transform fH(QtU) with 

respect to its second argument. Under these conditions, since the 

Bessel functions and the sinusoidal terms in (4.20b) are bounded, it 

is possible to approximate the transition probability W in (4.20a) by 

a sum of the first few terms, i.e., 

N 
W::: L Wn , 

n=-N 

where the integer N can be estimated from our knowledge of the 

correlation time of the random process oV(~,t;a). 

It is clear from (4.19b) that in the limiting case Wo + 0 

(stochastically perturbed free particle), 

(4.22) 

(4.23) 

which, upon integration, yields the following expression for the 

transition probability. 

(4.24) 

[cf. Eq. (4.7), Ref. 7]. The same result can also be obtained from 

(4.20) provided that the operations lim and infinite summation are 
wo+D 

not interchanged. 

We shall close this subsection with the following remark: If 

the lower limit in the integral on the right-hand side of (4.l9b) 

were replaced by -00 (this corresponds to the specification of initial 
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data at t = _00 instead of t=O), the expression for Wn in (4.9b) 

would be modified as follows: 

The terms in (4020b) proportional to the Hilbert transform 

rH(~-~',nnwo) which are absent in (4.25) can be interpreted as repre-

senting the effect of "switching on" the interaction between the 

random fluctuations of the potential field and the inhomogeneous 

deterministic background at the finite initial time t=O. In the 

special case of a potential field with a constant deterministic part, 

one has the relationship 

W LTMA = 1 W LTMA 
to=O 2 to=-oo (4026) 

for the transition probabilities corresponding to initial data 

prescribed at to=O and to=_ooo (LTMA is an abbreviation for the term 

Long-Time Markovian Approximation.) 

C. Kinetic Equations in Special Cases 

We shall derive here the explicit form of the kinetic equation 

in the long-time Markovian approximation limit for several special 

types of random functions aV(~,t;a). 

Case (i): aV(~,t;a) has a-function correlations in time. Let 

r(~,T) = y(~)a(T). It follows,'then, that r(~,u) = y{~), where 

y(E] is the Fourier transform of y(~). The transport equation (4.19) 

specializes in this case to 
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(4.27a) 

(4.27b) 

The right-hand side of (4.27a), with W given in (4.27b), is identical 

to Eq. (5.1) in Ref. 7. It is, therefore, due solely to the random 

fluctuations of the potential field. The terms in the more general 

kinetic equation {4.l9} arising from the interaction of the 

deterministic profile and the random fluctuations of the potential 

field are completely eliminated in this special case. 

The spectrum y(~) is real, nonnegative, and even. As a con

sequence, the transition probability W(~,~I) [cf. Eq. (4.27b)] ;s 

real, nonnegative, and obeys the (detailed balance) property 

W(£,£'} = W(£' ,£). The scattering rate (also called the extinction 

~oefficient or collision frequency) is defined in general as 

(4.28) 

In the case under consideration here, the scattering rate is indepen-

dent of £ and is given by 

1 
'J = n2 y(O) . (4.29) 

Using this result, (4.17) can be rewritten in the following form: 
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(4.30) 

The solution of the above equation and its consequences will be dis-

cussed in the next subsection. 

It can be shown by means of the Donsker-Furutsu-Novikov47-49 

functional method that for a potential field fluctuation aV(~,t;a) 

which constitutes a a-correlated (in time), homogeneous, wide-sense 

stationary Gaussian process, the kinetic equation (4.27) for the mean 

Wigner distribution function is the exact statistical equation (see 

a 1 so Ref. 7). 

Case (ii): aV(~,t;a) has no time dependence. Assuming that 

r(~,'t) = Y(l) , we have r(£.,u) = Y(EJa(u). The transition probability 

W becomes 

2 A fOO fas i n (000 't + a) - bj 
W(~,£.,£.I) = rr2 y(£.-£.') dT COS 1- IT ' 

o .-
(4.31 ) 

where a, b, and a are defined in Eqs. (4.20c) - (4.20e). It must be 

pointed out that the conditions for the applicability of the long-time 

Markovian approximation {i.e., E{f} should very slowly in ~ and t 

compared to the correlation lengths and times) are clearly violated 

in this case. In this sense, (4.31) should be considered only as a 

formal result. Finally, in the limit as 000+0, (4.31) reduces to Eq. 

(5.4) of Ref. 7, viz., 
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21T '" [~~J W(~.,E.') =r Y(Q.-Q.')a 2m - 2m · (4.32) 

Case (iii): aV(!,t;u) has a-function correlations in space. 

Let r(t,T) = (21Th)3 a(Y)Y(T). It follows, then, that r(E.,u) = y(u), 

where y(u) denotes the time Fourier transform of yeT). The mean 

Wigner distribution function evolves in time according to (4.19a), 

with the transition probability given by 

00 

W(!,E.,Q.') = l: Wn (!,Q.,.e.' ) (4.33a) 
n=-oo 

(4.33b) 

YH(nnwO) stands for the Hilbert transform of the temporal spectrum 

y(nnwo) [cf., also, Eq. (4.2l)J. 

4.1.3 Harmonic Oscillator with Additive, a-Correlated in Time Noise 

In this subsection we integrate equation (4.30) and find some 

of the observables of the system described by its solution. For 

simplicity we restrict ourselves to the one-dimensional case, as the 

generalization to three dimensions are obvious. 

Taking a double Fourier-transform of (4.30) we obtain the 

following initial value problem: 

[a 1 a a 1 [ 1 J '" LIT - mq au + ku aq + 02 y(O)-y(tfu)J E{f(q,u,t)} = 0 , (4.34a) 
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(4.34b) 

where 

f(q,u,t) = (~w~2 J dxdp e-i(qx + up) f(x,u,t) . (4.35) 

We introduce now a new function, 

g(q,u,t) = evt E{f(q,u,t)} , (4.36) 

together with a new set of variables (r,~), defined by the relations 

u = ~ r cos ~, 

q = r sin ~ , 

The equation for the time evolution of g(~,t) = 

g(r sin ~, ~ r cos ~,t) takes now the following form: 

[~t + Wo ~$ - ~ Y ( $ ) ] 9 ( $ , t) = 0 , 

g(~,O) = go(~) , 

'" (or ) where y(~) = Y 7mf cos 4> • 

(4.37a) 

(4.37b) 

(4.38a) 

(4.38b) 

Using the method of characteristics we find the solution of (4.38). 

It is given by 

(4.39) 

Returning to the old variables, we obtain, finally, 
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t 
E{f(q,u,t)} = exp{-vt + 1-2 f y(nuCOS(WOT) + ~ Sin(wOT»dT} 

~ 0 ~o 

(4.40) 

We can find now all the important physical observables directly from 

(4.39), making use of the fact, that the moments of E{f(x,p,t)} can 

be expressed in terms of the derivatives of .E{f(q,u,t)}. For example, 

the average total energy of the system is given by the formula 

E{E(t)} = J dx dp (~+ k~2~E{f(X.P.t)} = 

2 " . 2" j -(2IT)2(--' a E{f{g,u,t)} + ~ a E{f(g,u,t)} 
2m a2u2 2 aq2 (4.41) 

substituting (4.40) into the above expression, we obtain 

E{E(t)} = E{E(O)} - k yll(O) • t · (4.42a) 

As y"{O) < 0, we can see immediately that this model predicts 

amplification of the energy of the particle due to the stochastic 

noise. The above formula is valid also for the case of free propaga

tion (wo~)' For the three-dimensional case, (4.42a) is replaced by 

E{E(t)} = E{E(O)} - h y"(O)t . 

Expressions for other physical observables are listed below: 

i) E{xc{t)} = E{xc(O)}cos{wot) + m~ E{pc(O)}sin(wot) 
o 

(4.42b) 
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ii) E{CI~(t)} = E{CI~(O)}cos2(wot) + [m!J2E{CI~(O)}Sin2(wot) 

+ ~o E{Clxp (O)}sin(2wot) - {~~l2 [~- Sin~~:ot)j 

iii) E{pc(t)} = E{pc(O)}cos(wot)-mwoE{xc(O)}sin(wot) ; 

iv) E{cr~(t)} = E{cr~{O)}cos2(wot) + (mwo)2 E{cr~(O)}s;n2(wot) 

2 [t sin(2wot») 
- fTlWo E{crxp (O)}sin(2wot) - y"(O) '2 + 4wo J' 

where E{CI~p(O)} = J dx f dp xp E{f(x.p.O)} - E{xc(O)}E{pc(O)}. The 

corresponding expressions for the case of free propagation have the 

fo 11 ow; ng form: 

i) E{xc{t)} = E{xc(O)} + } E{Pc(O)}t 

ii) E{CI~(t)} = E{CI~(O)} + ~ E{CI~(O)}t2 - ~ E{CI~p(O)}t - y;~~) t 3 

iii) E{Pc(t)} = E{pc(O)} 

iv) E{cr~(t)} = E{cr~(O)} - y"(O)t . 

It is interesting to note that the average spread of the wave packet, 

E{cr~(t)}, grows with time due to the presence of the stochastic noise. 

The growth is proportional to the first power of time for a particle 

in the field of an elastic force, and to the third power of time for 

a freely propagating particle. On the other hand, the spread of 

momentum, E{a~(t)}, grows linearly with time in both cases. 
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4.1.4 Kinetic Theory for the Stochastic Liouville Equation 

The results of Sec. 2.3 will now be specialized to the 

stochastic Liouville equation, i.e., Eq. (4.7), with the specific 

realizations of ef(~,~,t;a) given in (4.10a) - (4.10c). 

A • V (~, t ; ex ) = (1 /2 ) kx 2 + 0 V ( ~, t ; ex ) • 

The mean part of the operator L in (4.7) is given in (4.11). 

On the other hand, the fluctuating part of L assumes the following 

form: 

oL = *- oV(X,t;a) • *-+ O(n2) . 
o~ - o~ 

(4.43) 

On the basis of the first-order smoothing approximation only [cf. 

Eq. (2.60)], one has the kinetic equation 

(L + In. a _ kx • L E { f (x , n , t ; ex ) } at m.t:. - aB. _.t:. 

= L · [Jt d, E{4- oV(X,t;Cl) h oV(x' ,t-,;Cl)}]. bE{f{x' ,n' ,t-T;ex)} aE. 0 o~ - o~ - dE. _.t:. 

(4.44) 

where 

(4.45a) 

(4.45b) 

By virtue of the homogeneity and stationarity of the random process 

OV(X,t;Cl) (cf. Sec. 4.1.2), 

(4.46) 
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where 

(4.47) 

Equation (4.44) can be finally written as follows: 

(.L + 1 n • .L - kx • .LI E{f(x n toa)} at m.r:.. a!. - dE) _'.1:.." 

(4.48) 

For random fluctuations which are statistically homogeneous t 

wide-sense stationary, and, in addition, a-correlated in time 

[r(y,T) = y(~)a(T)], the time integration on the right-hand side 

of (4.44) can be carried out explicitly, with the result 

(.L + 1 n • L - kx • aJE{f(x,n,t;a)} at m.r:.. ax - a[J - .r:.. 

(4.49a) 

1 1 im r a2 ] 11 = -"2 y~ [ayay y(~) (4.49b) 

The right-hand side of this transport equation is identical to that 

in Eq. (6.2) of Ref. 7, which was obtained under the assumption that 
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wo=O. This shows that there is no interaction between the deter

ministic potential field and the random fluctuations under the 

presently specified statistical properties. It should also be noted 

that if, in addition to the prescribed properties, oV(~,t;a) is a 

Gaussian process, the kinetic equation (4.49) is the exact statistical 

equation for the Wigner distribution function within the stochastic 

Liouville approximation. Equation (4.49) is a variant of the 

equation of Kramers50 . A fundamental solution for it can be found by 

a method introduced by Wang and Uhlenbeck51 . Equation (4.49) can be 

also obtained from (4.34) if we expand the y(nu) term in the latter 

to order nl. As a result, the expressions for the physical ob

servables listed in subsection {4.1.3} remain unchanged. However the 

formulas for the observables of the third and higher orders, calculated 

on the basis of Eq. (4.34), will have terms of at least first order 

in ~, which will not appear in the corresponding Liouville approxima

tion. 

In the long-time Markovian approximation, (4.44) simplifies to 

[~t + ! ~ · ~~ - k~ • ~.Q~E{f(~>E.,t;Cl)} 

= ~~ • ~.Q, (l ) (~,~) · ~~ + Q (2) (~,!!..) • ~~1 E{ f(~~, t;Cl)} . (4.50) 

This is a Fokker-Planck equation in phase-space. The space- and 

momentum-dependent dyadic diffusion coefficients are given by 
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(4.5la) 

x [_ L ( )] sinwoT 
a a r 't-, T • 
't- Y.. mwo 

(4.5lb) 

Equation (4.50) can be derived by applying the long-time Markovian 

approximation [cf. Eq. (2.62)J directly to the stochastic Liouville 

equation. Alternatively, it can be derived from the transport equa

tion corresponding to the long-time Markovian approximation of the 

stochastic Wigner equation [cf. Eq. (4.l9)J under the restriction 

that oV(~,t;a) varies slowly in space. This can be done by following 

the method used by Landau to derive the Fokker-Planck equation for a 

plasma from a Boltzmann equation (cf. Refs. 7, 52, 53). 

B. V(~,t;a) = 1 kx2[1 + oG(t;a)J. 

The exact stochastic Wigner equation in this case assumes the 

fonn 

(L+l n • a 
at m.r::... ax 

d 
koG(t;a)~ • dB.. f(~,Q.,t;a) · 

(4.52) 

One has, then, in the first-order smoothing approximatirin, 
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[.L + 1 n • .L - kx • .LI E { f ( x , n , t ; a) } at m.t:. ax - a Q] - l:.. 

(4.53) 

where r(T) = E{oG{t;a)oG(t-T;a)}, and ~' ,£. are given in (4.45). 

This kinetic equation can be rewritten as follows: 

(.L + 1 n • .L - kx • .L)E{f(x,n,t;a)} at m.t:. a~ - aeJ - l:.. 

= k2 ;2.' U: dT r(-r) ~[~COSWOT - (l/mwo)2.sinwoT] 

(
S i nWOT . a + a ) E{f ( 1. 

x mwo ax COSWOT dpj .! COSWOT - mwo £ slnWOT ,£ COSWOT 

(4.54) 

For a harmonic oscillator whose frequency is modulated by a 

wide-sense stationary, o-correlated (in time) random process, viz.", 

r(T) = DO(T), where 0 is a constant, the integration on the right

hand side of (4.53) can be performed explicitly, yielding 

(:t + k £!.. • ~~ - k~ • ~.e)E{f(~.£!...t;a)} = k2D(~ • ;.e)2E{f(~'2..t;a)} · 

(4.55) 

The one-dimensional version of this equation was derived previously 

by Mallow (cf. Ref. 4). If oG(t;a) is a zero-mean, wide-sense 

stationary, Gaussian process, with r(T) = DO(T), Eq. (4.55) is the 

exact statistical transport equati~n. This can be established by 
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means of the Donsker-Furutsu-Novikov formalism. 

Equation (4.55) corresponds to a Fokker-Planck equation in 

phase-space, with a quadratic diffusion coefficient. The latter is 

due entirely to the presence of random fluctuations. No exact funda

mental solution for (4.55) seems to be possible in the general case. 

However, closed systems of equations for moments of any order can be 

obtained. For example, since 

E{x(t;a)} = J dx J dn x E{f(x,n,t;a)} , 
- R3 - R3.r:.. - _.r:.. 

(4.56a) 

E{~(t;a)} = JR3d~ JR3d~~ E{f(~,~,t;a)} , (4.56b) 

one derives from (4.55) the following equation of motion: 

(4.57a) 

(4.57b) 

The "Initial conditions required for their solution are obtainable from 

(4.56), viz., 

E{x(O;a)} = J dx J dn x E{f(x,n,O;a)} = Xn , 
- R3 - R3 ..t:.. - - ..t:.. -v 

(4.58a) 

(4.58b) 

It follows, then, that 

(4.59a) 
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(4.59b) 

where Wo = (k/m)1/2. We note, next, the following: (1) The random 

perturbation G(t;a) has no effect whatsoever at the level of the 

first two moments. (This, of course, is not the case for higher 

moments.); (2) Equation (4.59) gives the expressions for the position 

and momentum of a classical harmonic oscillator characterized by a 

frequency wOo [This;s due to the fact that the stochastic Liouville 

(4.52) ;s identical to the equation governing the classical distribu

tion function fc(~,~,t;a) = o[x-~(t;a)Jo[~-~(t;a)J, fc(~,£,o;a) 

= o(x-~)o{£-Eo)' where (d/dt)~(t;a) = (l/m)~(t;a), (d/dt)£(t;a) 

- - k[l + oG(t;a)]~(t;a), and ~(O;a) =~, £(O;a) = Eo]. 

In the long-time Markovian approximation, (4.53) simplifies to 

the Fokker-Planck equation 

- + - n • - - kx • - E{f x n t a } (
3 1 3 3 1 ( . ) at m.r:.. a~ - ap _'.r:..' , 

= r L . Q( 1 ) (x , n) • L + ~- • Q( 2) (x ,n) • Ll E{ f (x n t·,...)} ld£ -- - .t::. dE. d£ - - .t::. d~] _'.1:.' ,u. • 

(4.60) 

The two dyadic diffusion coefficients are given as follows: 

'!P) (~.o.I!) = -[[n!oj 2 ( dT r (T)S in2woT]~ E. 

+ [2~o J: dT r(T)_Sin2wOT]~ ~ . (4.61b) 
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In general, no exact solution to (4.60) seems to be possible. How-

ever, closed systems of equations for moments of any order can be 

obtained by taking appropriate phase-space moments. For example, 

using the definitions of the average position and momentum [cf. Eq. 

(4.56)J, the following equations of motion can be readily derived 

from (4.60): 

d 1 
dt E{~'<t;a)} = m E(pJt;a)} , (4.62a) 

d Of E{Q(t;a)} = - k E{~.-'t;a)} + cl E{~{t;a)} - c2 E{p{t;a)}, (4.62b) 

where the constant coefficients cl,2 are given by 

(4.63) 

(4.64) 

The latter one may be expressed in terms of the spectrum r(u) as 

follows: 

c2 = [.--L) ~2 [ f ( 0) - r ( 2wo )] • 
mwoJ 

The former one may be written as 

where 

(4.65) 

(4.66) 

(4.67) 
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is the Hilbert transform of r(u). (P denotes the principal value.) 

Eliminating E{~(t;a)} between (4.62a) and (4.62b), we obtain· 

the second-order equation 

for the mean position vector. It is clear from this expression that 

the presence of random fluctuations has a significant effect, even at 

the level of the first statistical moment. The average position is 

damped by an amount proportional to c2" According to (4.65), this 

damping may be negative when the fluctuations are particularly strong 

at twice the unperturbed frequency. Furthermore, a shift in the 

oscillator frequency arises, which is determined by the Hilbert 

transform of the spectrum of the correlation function r(T}. Identical 

results have been reported by Van Kampen (cf. Ref. 2) who applied the 

long-time Markovian approximation directly to the equations of 

motion of a one-dimensional classical harmonic oscillator. The 

coincidence of his results with ours is not surprising at all since 

the mean trajectory of the quantum mechanical oscillator is exactly 

the same with the path traversed by a classical harmonic oscillator. 

[More generally, this statement is valid whenever the potential field 

V(x,t;a) in (4.1) is such that the exact Wigner equation is of the 

fonn of a Liouville equation.] 

C. V(.!,t;a) = ~ k[x-~ oH(t;a)]2 

The Wigner distribution function is governed in this case 

exactly by the stochastic Liouville equation 
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(~t + ~.E. • :X - kx • ~pjf(~'.E..t;(l) = koH(t;(l)~ • ~.E. f(~ • .E..t; ) · 

(4.69) 

The kinetic equation for the mean Wigner distribution function in the 

first-order smoothing approximation has the form 

- + - n • - - kx • - E{f x n t (l } (a 1 a a J ( . ) at m.r::.. a~ - aE _'.r::..' , 

2 a [rt [SinwoT a a J = k _. J dT r(T)a a • - + COSWOT -
. a E. 0 - - mwo a ~ a'p 

(4.70) 

For a random process oH(t;a) which is wide-sense stationary and 

o~corre1ated in time, viz., r(T) = DO(T), where D is a constant, the 

time integration in (4.70) can be carried out explicitly. The resu1t-

ing transport equation ;s 

a 
ax kx :pJE{f(~..E..t;(l)} = k2D[~ • ~prE{f(~ • .E..t;(l)} . 

(4.71 ) 

If, in addition to the above assumptions oH(t;a) is a Gaussian 

process, (4.71) is the exact statistical equation for E{f(~,Q,t;a)}. 

The stochastic Liouville equation (4.69) is identical to the 

equation governing the classical distribution function fc(~,£,t;(l) 

with the Brownian motion of a si~ple harmonic oscillator, viz., 
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(d/dt).!(t;a) = (l/m).e.(t;a), (d/dt).e..(t;a) = - k~-'t;a) + aoH(t;a), 

with .!(o;a) = ~, .e.(o;a) = £0. Equation (4.71) has an exact funda

mental solution since it is identical to the equation satisfied by 

E{fc(.!,.e.,t;a)}, and the latter has been studied extensively (cf. Ref. 

24) . 

In the long-time Markovian approximation, (4.70) reduces to a 

simpler transport equation 

= fL . o(l) • L + .L . 0(2) • Ll E{f(x n t oa}} la.e. = aB.. a.e. = d~] _'.t:." • 

. The dyadic diffusion coefficients are given by the expressions 

0(1) = [k2 J: dT r(T)COSWOT]~~ • 

(2) = [~O I: dT rh )SinwOT]~ ~ • 

(4.72) 

. (4.73a) 

(4.73b) 

They can be easily written in terms of the spectrum r(u) and its 

Hilbert transform as follows: 

(4.74a) 

(4.74b) 

Since both R(l) and Q(2) are constant, a general fundamental solution 

for (4.72), in a form of a multidimensional Gaussian distribution, 

can be determined [cf. Ref. 51]. 
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4.2 Diffusion in a Turbulent Medium 

Diffusion of a physical scalar quantity n, convected by a 

turbulent fluid, is governed by the equation 

~t n(~,t;(l) = (0'72 - !!(~,t;(l)·'7)n{~,t;(l) , 

with initial condition 

(4.75a) 

(4.75b) 

Here, ~ = (x,y,z) is the position vector, D is the molecular diffusion 

coefficient and !!(~,t;(l) is the velocity field of the random fluid, 

satisfying the equations of continuity and conservation of momentum. 

The quantity n could be temperature in the special case of an in

compressible flow with no dissipation, mass concentration of a certain 

species, etc. A discussion of the properties of the above equation, 

as well as a review of related literature, can be found in the work 

of Van Kampen2. 

In this section we are going to assume that the stochastic 

properties of ~ are known. In general, one has to solve for a coupled 

set of stochastic differential equations with statistical moments of 

!! satisfying the equations of the type described in Chapter 3. 

In subsection 4.2.1 we shall apply the long-time Markovian 

approximation to the case of zero-mean flow [E{~} = (O,O,O)J, and 

compare the results with those of Van Kampen. Subsection 4~2.2 con

tains the extens10n of the analysis to the case of the linearly 

. sheared mean fl ow [E{~) = (ay ,0 ,0) ] . 



92 

4.2.1 Diffusion in a Turbulent Fluid with Zero Mean Velocity 

Let us assume that the motion of the fluid is described by a 

stationary random velocity field ~(~,t;a), with a zero-mean value 

(i.e., ~ = o~ and a velocity correlation tensor rij(l,T) = 
E{ou;(!,t)oUj(X-y,t-T)}. (In the sequel we are going to supress 

the parameter a for the sake of clarity of notation.) An equation 

for the time evolution of the mean part of n in the first-order 

smoothing approximation can be readily obtained from (4.75) with the 

help of the formalism outlined in Sec. 2.3 for a linear stochastic 

equation of the type ~t f = Lf. The mean and fluctuating part of 

the stochastic operator L can be easily identified as follows: 

L = Dv2 
o ' (4.76a) 

(4.76b) 

Substituting these expressions into (2.60) we obtain the equation for 

the mean of n in the smoothing approximation: 

~t E{n(!£.t)l = Dv2E{n(!£.t)} + t dT a!; E{oui(!£.t)eXP[Tv2J 
o 

(4.77) 

In the long-time Markovian approximation we obtain from (2.63) the 

expression 

d {. foo d at E{n(!£.t)} = Dv2 + 0 dT aXi E{ou;(!£,t)eXP[Tv2JWj(!£,t-T)} 

eXP[-Tv2J} E{n(~t)l. (4.78) 
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From the form of the last equation we conclude that the mean part 

of n is diffused in space, with the diffusion coefficient being a sum 

of the molecular diffusion coefficient 0 and the space- and time 

dependent contribution due to the turbulent motion of the fluid. 

The equation for the time evolution of the space Fourier trans

form of the mean part of n is obtained readily from (4.77): 

X E{aui(~,t)aQj(~' ,t-T)}(ki-q;-qi')(kj-qj)exp[(-~ + 2~ - ~)DT] 

x E{n(~-~-~' ,t-T)} , (4.79) 

where the Fourier transforms are defined as usual: 

E{n(k,t)} = 1 3 J E{n(_x,t)}e-i~-~ d_x , 
- (2n) 

(4.80a) 

A 1 J -ik-x aU i (k , t) = 3 aU i (~, t) e - - d~ • 
- (2n) 

(4.80b) 

The long-time Markovian approximation version of (4.79) has the form 

~t E{nC~_,t)} = {-Dt2 - J: dT J dq fij{q,T)ki{krqj) 

x exp[(-q2 + 2t • sODT]} E{n{t,t)} , 

where 

A 1 J ( ) -ik·x riJ" (Js.,t) = 3 r1'J' x,t e - - dx . 
(2rr) - -

(4.81) 

(4.82) 

Equation (4.81) is obtained from (4.78) with the use of the following 

properties of the Fourier transform: 
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(i) The Fourier transform of a product of two functions is given 

as the convolution in ~ space of their respective Fourier transforms: 

(f • g)" = J d9..1 f(t - 9..') 9(9.1
) ; 

(ii) The Fourier transform of a derivative of a function is given 

by the fonnul a 

[_a f] A = k. f ° 
ax' l ' , 

(iii) Due to the assumption of stationary and homogeneous turbulence, 

the double Fourier transform of the correlation tensor satisfies the 

relation 

E{oU;(9..!lt)OUj(9..' ,t-T)} = E{OU;(9.,T)OUj(9..' ,o)} = f;j(9..,T)8(9.. + 9..') 

In principle, Eq. (4.81) presents a general solution of the 

problem in this approximation. However, substituting a specific form 

of the tensor f ij (9..,T) for the case of hydrodynamic turbulence results 

in a diverging expression, a difficulty discussed by Van Kampen in 

Ref. 2. We know from Sec. 3.3 that for isotropic, homogeneous, 

stationary, decaying turbulence the correlation tensor of the fluid 

velocity field can be written explicitly in the following general 

form: 

2 
r
A 

(n) F,oJ.(q)e-Vn· T , ; j .::t.' T = .::t. (4.83) 

where Fij(9.) ;s a known function of q. Substituting (4.83) into 

(4.82) we obtain, finally, 

(4.84) 
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where the renormalized diffusion coefficient Q is given by the 

fonnula 

Q(~) = D + ~2 f~ dT f d~ F;j(q)k;(kj-qj)exp{[-(D+v)~2 + 2D~·gJT}. 
_ 0 

(4.85) 

This expression is divergent for T~ because, for I~I < 2DI~1 (D+v}-l, 

~he exponent is positive. According to Van Kampen, this is due to 

the fact that for small ~ (that is, long wavelengths), the fluctua

tions of the velocity field are insufficiently damped in time by 

viscosity, and, therefore, the asymptotic version of the equation for 

the mean part of n fails to exist. In the following analysis we are 

going to show that it is, in fact, possible to obtain such an 

asymptotic form of this equation. 

Applying the Fourier transform operator directly to (4.75), we 

get 

~t ;; (~. t) = - D~2n(~. t) + J d~ u; (~. t)(k; -q;)n (~-~. t) · (4.86) 

In this case, we identify the mean and fluctuating parts of the 

stochastic integrodifferential operator L, ;n the notation of Sec. 

(2.3), as follows: 

Lo n(~,t) = - D k2 n(~,t) , (4.87a) 

(4.87b) 

The first-order smoothing approximation gives us the following equa

tion for the mean E{n(~,t)}: 
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. ft 2 
X f{oui(~,t)oUj(~' ,t-T)}exp[-(t-q) DT](ki-qj-qi')(kj-qj) 

x f{n (~~_~I ,t-T)} . (4.88) 

In the long-time Markovian approximation, we obtain now the following 

equation: 

(4.89) 

(4.90) 

For the velocity correlation rij given by the expression (4.83) we 

finally obtain 

Q(t) = 0 + ~2 J~ dT J d~ exp{[-D(t_~)2 - V~2]T}ki(kj-qj)Fij(~) · 
_ 0 

(4.91 ) 

This form of the renormalized diffusion coefficient is finite for all 

values of t. This proves that the above approximation is not equiva

lent to the one discussed by Van Kampen. The physical explanation of 

the divergence problem provided in Ref. 2, therefore, is not neces

sarily true, and the difficulties lie in the mathematical approach. 

4.2.2 Diffusion in a Turbulent Fluid with Linearly Sheared Mean Flow 

In this subsection, we assume that the mean velocity of the 

turbulent fluid is of the form: E{~} = (ay,O,O). Using the same two 
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. 
types of stochastic approximations as in the preceding section, we 

seek to determine the influence of the sheared mean flow on the 

renormalized diffusion coefficient. 

The decomposition of the stochastic linear operator L is 

achieved in the usual way, viz., 

L = ov2 a - ay ax ' 0 (4.92a) 

Ll OIJ ou. a = . v = . 
1 aXi (4.92b) 

The equation for the evolution in time of E{n(~,t)} in the long-time 

Markovian approximation can now be written in the following form: 

~t E{n (!.. t)} = {(OV2 - ay ~x) + ( dT a!; 

E{ aU; (!.. t)G (!.. T) aUj (~. t-T)} a!j G- 1 (~, T)} E{n (~. t)} • (4.93) 

where 

(4.94) 

and the propagator G-l{~'T) is defined by the relation 

(4.95) 

Using the results of Sec. 3.3 we can write the propagator G(~,T) in 

an equivalent form, more suitable for calculations: 

G(X,T) = exprOT(V2 + aT L + 1 a2T2 LJ] - L ayax 3 ax2 

x exp [-aTY ~x] = exp ~ [a~J] exp [-aTY ~x] • (4.96) 
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where H[a!tj is defined as above for the sake of brevity. It;s easy 

to show now that the propagator inverse to G is given by the expres-

s;on 

We can now calculate the Fourier transform in (4.93). The resulting 

equation assumes the form 

E{OUi(~,t)OUj{~' ,t-T)}k; Qj exp[H(ik~ - ;q~) 

- H(iX!)]}E{n(~,t)} , 

where 

and 

Use has been made here of the following property of the Fourier 

transform operator'(.)A: 

( 
-aTy ~ 1 A 

e ax f = 
A 

f(~' ) 

where 

(4.98a) 

(4.98b) 

(4.99a) 

(4.99b) 

Based upon the results of Sec. 3.3, we can write the correlation 

tensor of the turbulent fluctuations of the velocity field (assuming 

stationarity and homogeneity) in the form 
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E{oU;(~,t)OUj{~' ,t-T)} = exp[-VT(~t + aTklk2 + t a2t 2k,2)] 

x f ij (~,T )o{~ + ~') , (4.100) 

where the function fij{~,T) does not depend on time exponentially. 

Substituting this result into (4.98), we finally obtain 

(4. 101 a) 

where 

(4.l01b) 

This result is an extension of Van Kampen's work to flows with 

linearly sheared profiles. However, the above formula is divergent 

again, and the divergence is even stronger than in the isotropic 

case. Thi sis contra ry to the phys i ca 1 i ntui t ion, as the p're~ence of 

the sheared mean flow results in the much faster damping of the 

turbulent fluctuations (cf. Eq. (4.100)), and it is another manifesta

tion of the fact that the source of the divergence is mathematical 

rather than physical. 

We apply now the Fourier operator to the initial equation (4.75) 

and, using the long-time Markovian approximation, we obtain the 

following convergent formula for the renormalized diffusion coef

ficient: 
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(4.102) 

We may, therefore, conclude that the latter procedure is 

better justified, as it allows one to obtain an asymptotic version 

of the problem which is compatible with physical intuition. 



5. CONCLUSIONS AND RECOMMENDATIONS 

The work in this thesis represents an effort to understand, 

extend and utilize some of the mathematical techniques used in the 

theory of random differential equations. 

The formalism outlined in Sec. 2.2 allows one to obtain in a 

straightforward way the equations for the statistical moments of a 

field quantity governed by a nonlinear stochastic differential equa

tion, at different levels of approximation. It seems, however, that 

the approximation used in Sec. 3.3 in connection with the problem of 

hydrodynamic turbulence is at the highest possible level at which any 

analytical results can be obtained. It is hoped that the equations 

of the type described in Secs. 3.1 and 3.2, which are more correct 

from the point of view of general stochastic theory, will prove more 

useful and meaningful with the advent of more powerful modern computing 

machines. The results of Sec. 3.3 could be extended to include the 

case of a quadratic mean profile, which resembles more realistically 

the flow in a turbulent boundary layer. The effect of a wall could 

also be taken into account with the use of modified propagators 

accounting for the boundary conditions. That would give us some in

formation about the structure of the viscous sublayer and the inner 

layer of a turbulent boundary layer. It;s felt that in this region, 

the linear mean profile assumption and the small disturbance approxi

mation are quite realistic, but the pressure fluctuations playa 

vital role and cannot be ignored. In this case, some numerical 
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calculations would be necessary in order to yield results for com

parison with experimental data. 

The problem of the quantum mechanical harmonic oscillator 

under random perturbation, discussed in Sec. 4.1, is open for many 

possible extensions. It would be very interesting, for example, to 

include the presence of an electromagnetic field, by adding an 

appropriate vector potential. It should also be pointed out that 

the results in Sec. 4.1 are applicable ;n the area of wave propaga

tion (electromagnetic or acoustic) in randomly perturbed lens-like 

media by virtue of the isomorphism between the SchrBdinQer equation 

and the parabolic approximation to the Helmholtz equation. 

The stochastic equation describing the problem of diffusion 

in a turbulent fluid (cf. Sec. 4.2) could be modified by including 

terms proportional to the second power of the diffused scalar 

quantity n. Such a model describes the important physical phenomenon 

of dispersion of pollutants in the presence of a turbulent flow field, 

as well as a great variety of flows involving chemical reaction 

processes that are very common in practical applications. Finally, 

the mathematical questions raised in Sec. 4.2 show clearly the need 

for a more careful examination of the meaning and the region of 

validity of the long-time Markovian approximation. 
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APPENDIX A 

Throughout the present dissertation we use methods of solution 

that have been developed in the last few decades and widely used in 

physics and quantum mechanics. They include exponential operators, 

time ordering functions, etc. These are tools that have been proven 

to be powerful and effective in certain areas, yet we found that they 

are relatively unknown to the engineering community. In this appendix, 

and the one that follows, we review some of the most basic ideas and 

present several useful formulas and identities. For more details 

the reader is referred to Wilcox54 and Misguich and Balescu15t16. 

Consider the differential equation 

au(x,t) = L(~,t)u(~,t) + F(~,t) 
at 

(A. 1 a ) 

(A.l b) 

where L(~,t) is a differential operator containing space derivatives 

only. The solution can be written as follows: 

t 
u(~. t) = G(~. t, to)uo (~) + f G(~. t. t' ) F(~, t' )dt'. (A.2) 

to 

The propagator G{~,t,to) is a space operator, defined as the solution 

of an initial value problem, viz. 

106 



107 . 

where I is the identity operator. For an unbounded domain, G(~,t,to) 

is given explicitly by the formula 

XL(~,tl)L(~,t2) ... L('~,tn) 

= X expU:o l(~'S)dS] (A.4) 

The symbol X in this expression denotes a time-ordering operator and 

is defined by 

XL(x,tl)L(~,t2) ... L(~,tn) 

= L(~,tkl)L(~,tk2) ... L(~,tkn) , (A.5) 

where tkl ~ tk2 ~ ... ~ tkn· 

In general, the propagator G(~,t,to) can be found by an expan-

sion of the form 

(A.6) 

The operators 6n(xi,t,to) can be expressed in terms of the operator 

E(xi,t) as follows: 

(A.7) 



laB 

(A.B) 

{[[[L3,L2],L4],L1] + [[[L3,L4],L2],L,] + 

+ [[[L"L2],L3],L4] + [[[L4,L,],L3],L2]}, (A.'O) 

where Ln denotes L(~,tn) and bracket symbols stand for the commutator 

of two operators. It can be seen that if L does not depend on time, 

the time-ordering operator reduces to the identity operator. 



APPENDIX B 

This appendix includes a number of basic formulas and identities 

of the algebra of exponential operators. It is provided here with 

the intention of familiarizing the reader with some elementary 

operations used in the present work. 

As a simple example of an exponential operator, consider the 

operator L = ca/ax, with c a constant. The exponential operator in 

{A.4} corresponds in this case to a summation of derivaties, viz. 

G(x,t,to) = eca/ ax = 1 + (t-to) a/ax 

+ 1/2(t-to)2 a2/ax2 + .•• (B.l ) 

Similarly, for the operator L = cia/ax;, with Ci a constant vector, 

the exponential operator in (A.4) corresponds to a spatial displace

ment. Specifically, 

(B.2) 

and 

(B.3) 

It should be noted, however, that if L is a more complex operator, 

the interpretation of the exponential operator in (A.4) is not always 

obvious. For example, for a Laplacian operator ca 2/ax;axi' with c a 

constant, the propagator in (A.4) corresponds to an integral operator 
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exp rc a/;x.] f(x. t) 
L "J . 

H (t) f I [(~ - ~I) 2J I 

= (4nc)3/2 d~ exp - 4c ]f(~ ,t) (B.4) 

The exponential of a summation of two operators can be factorized 

only if the operators commute, namely 

if 

[A,B] = AB - BA = 0 . 

If the operators A and B do not commute, then, in general, 

exp(A + B) = expA·expB·exp(- } [A,B]) • 

exp(~ [B,[A,B]] + t [A,[A,B]]~ ... 

(B.5a) 

(B.5b) 

(B.6) 

Moreover, if the operators A and B do not commute, the order of the 

product of exp A and exp B can be interchanged as follows: 

expA-expB = expB·expA-exp([A,B]) (B.7a) 

if 

[A,[A,B]] = [B,[A,B]] = 0 . (B.7b) 
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LINEAR AND NONLINEAR STOCHASTIC DIFFERENTIAL 

EQUATIONS WITH APPLICATIONS 

by 

Wojciech Bogus+aw Stasiak 

(ABSTRACT) 

Novel analytical nonperturbative techniques are developed in the 

area of nonlinear and linear stochastic differential equations and 

applications are considered to a variety of physical problems. 

First, a method is introduced for deriving first- and second

order moment equations for a general class of stochastic nonlinear 

equations by performing a renormalization at the level of the second 

moment. These general results, when specialized to the weak-coupling 

limit, lead to a complete set of closed equations for the first two 

moments within the framework of an approximation corresponding to the 

direct-interaction approximation. Additional restrictions result in 

a self-consistent set of equations for the first two moments in the 

stochastic quasi-linear approximation. The technique is illustrated 

by considering two specific nonlinear physical random problems: 

model hydrodynamic and Vlasov-plasma turbulence. 

The equations for the phenomenon of hydrodynamic turbulence are 

examined in more detail at the level of the quasi-linear approxima

tion, which ;s valid for small turbulence Reynolds numbers. Closed 

form solutions are found for the equations governing the random 



fluctuations of the velocity field under the assumption of special 

time-dependent, uniform or sheared, mean flow profiles. Constant, 

transient and oscillatory flows are considered. 

The smoothing approximation for solving linear stochastic dif

ferential equations is applied to several specific physical problems. 

The problem of a randomly perturbed quantum mechanical harmonic 

oscillator is investigated first using the wave kinetic technique. 

The equations for the ensemble average of the Wigner distribution 

function are defined within the framework of the smoothing approxima

tion. Special attention is paid to the so-called long-time Markovian 

approximation, where the discrete nature of the quantum mechanical 

oscillator is explicitly visible. For special statistics of the 

random perturbative potential, the dependence of physical observables 

on time is examined in detail. 

As a last example of the application of the stochastic tech

niques, the diffusion of a scalar quantity in the presence of a 

turbulent fluid is investigated. An equation corresponding to the 

smoothing approximation is obtained, and its asymptotic long-time 

version is examined for the cases of zero-mean flow and linearly 

sheared mean flow. 


