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(Abstract) 

High resolution earth observation from geostationary orbit offers several 

advantages compared to traditional low earth orbit systems. Among the 

advantages are decreased time to scan the visible geo-disk and the ability to 

stare at a particular event. 

The following work is concerned with the design of a reflector antenna 

configuration for passive remote sensing and suitable for use on a geostationary 

platform; however, the resultant configuration is not limited to this application. 

The specific goal is the design of a reflector antenna configuration capable of 

precision beam scanning over a range of several degrees in all directions while 

minimizing vibration and inertial torque such as to have minimal effect on the 

other instruments sharing the platform. Desirable characteristics of such a 

reflector configuration are: a stationary feed consisting of a single element or a 

small array; simple reflector motions; and high primary aperture utilization for 

all scan directions (high illumination efficiency). 

This dissertation documents the development of a novel tri-reflector 

antenna configuration which addresses the design goals outlined above. The 

reflector configuration has been named the conjugate tri-reflector. The conjugate 

tri-reflector consists of a parabolic primary reflector an elliptical secondary 

reflector and a shaped tertiary reflector. Beam scanning is performed entirely by 

motion of the relatively small tertiary reflector. The proposed reflector 

configuration offers substantial improvement in scan performance compared to 

that achieved by feed displacement with a prime focus parabolic reflector and 

has a much higher aperture efficiency than comparable spherical reflector 

configurations.
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Chapter 1 

Introduction 

High gain antenna systems capable of producing narrow beamwidths are 

useful for applications pertaining to point to point communications and high 

resolution remote sensing. The use of a large aperture reflector offers the most 

economical method of obtaining the electrically large aperture dimensions 

necessary for high gain. In many, if not most, applications the reflector antenna 

configuration must be able to scan the main beam over a given region of space. 

In communications applications varying traffic demands dictate scan coverage 

and in remote sensing applications beam scanning is necessary in order to collect 

data over a given region. 

The following work is concerned with the design of an antenna 

configuration for passive remote sensing and suitable for use on a geostationary 

platform; however, the resultant configuration is not limited to this application. 

The specific goal is the design of a reflector antenna configuration capable of 

precision beam scanning over a range of several degrees in all directions while 

minimizing vibration and inertial torque such as to have minimal effect on other 

instruments sharing the platform. Desirable characteristics of such a reflector 

configuration are: a stationary feed consisting of a single element or a small 

array; simple reflector motions; and high primary aperture utilization for all scan 

directions (high illumination efficiency). The motivation behind this set of 

design goals is discussed in Chapter 6. 

This report documents the development of a novel tri-reflector 

configuration which addresses the design goals outlined above. The reflector 
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configuration has been named the conjugate tri-reflector for reasons discussed in 

Chapter 6. The conjugate tri-reflector consists of a parabolic primary reflector 

an elliptical secondary reflector and a shaped tertiary reflector. Beam scanning 

is performed entirely by tertiary reflector motion. The proposed reflector 

configuration offers substantial improvement in scan performance compared to 

that achieved by feed displacement with a prime focus parabolic reflector and 

has a much higher aperture efficiency than comparable spherical reflector 

configurations. For high gain applications a phased array feed can be used to 

compensate for scan induced phase errors. 

Chapters 2 through 5 present useful background information including: 

fundamental concepts of reflector antenna operation; concepts necessary to the 

design of array feeds; and a detailed literature review of beam scanning reflector 

antenna configurations. In Chapter 6 the conjugate tri-reflector is presented, the 

operational principals are discussed and geometrical optics (G.O.) synthesis and 

analysis methods are developed. In Chapter 7 G.Q. is used to compare several 

example tri-reflector configurations and to evaluate the effects of allowing 

different types of tertiary reflector motion. In Chapter 8 physical optics 

performance results are presented which verify the G.O. results. Conclusions and 

recommendations are presented in Chapter 9. 
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Chapter 2 

Reflector Antenna Fundamentals 

Convergent lenses and most types of reflector antennas are examples of 

focused aperture antennas. In this chapter fundamental principles of focused 

aperture antennas are presented and the relationships between the scalar field 

intensity at the focal plane, aperture plane and far-field are examined. Also 

presented are fundamental concepts of lens aberration theory which are useful for 

developing an appreciation of antenna performance. 

2.1 Principles of Focused Aperture Antennas 

Viewed in the transmitting mode a common property shared by all 

focused aperture antennas is the ability to convert a spherical wave diverging 

from a feed antenna located at the focal point to a plane wave propagating 

through the aperture along the axis of the antenna. In optics this process is 

often termed collimation, referring to the fact that geometrical optics rays, which 

are at all points perpendicular to the phase front, are parallel (columns) for a 

plane wave. The simplest focused reflector configuration is a single parabolic 

reflector. A cross-section of a parabolic reflector with focal length F is shown in 

Fig. 2.1-1. The surface of this reflector is given by 

2 2 
2=2 7 (2.1-1) 
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Figure 2.1-1. Cross-section of a parabolic reflector with focal point F showing 

collimation of transmit rays. 

“4
 

  

Figure 2.1-2. Diagram of the geometry used for (2.1-1). Vector 7’ is the position 

vector to points in the aperture plane which is located in the z=0 plane and 

vector 7 is the position vector to the observation point P. 
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where the focal point, also denoted by F, is located on the z-axis. In Fig. 2.1-1 

rays are shown for the parabolic reflector in the transmitting mode. In the 

receiving mode the process is reversed and incident parallel rays are focused to 

the point F’. 

An important property of focused aperture antennas is the approximate 

Fourier transform relationship between the aperture plane field distribution and 

both the far-field radiation pattern and the focal plane field distribution. This 

property can be easily shown. Using Huygen’s principle a scalar solution (7) 

can be obtained for the radiated field at observation point P located a vector 

distance r away from the coordinate origin O as a result of a monochromatic 

disturbance across an aperture plane described by the source function (7) 

(here 7” is the position vector from the coordinate origin to the aperture plane). 

This geometry is shown in Fig. 2.1-2. The radiated field is given by [2] 

v@) =f YG) AGF) CF a" 
aperture 

2.1-2 
oak F | _y ( ) 
FoF] Tr, 

= ve MOP) RF 

where the integral is performed over the aperture plane and in general the source 

term 7!(r!) is complex. In terms of linear system theory G(r,7‘) represents the 

system impulse response or scalar Green’s function and is the field radiated by a 

point source. The radiated field is the system response from the extended source 

~'(r') and is obtained by the convolution of the impulse response with the 

extended source. The function A(r,7’) is called the inclination (or obliquity) 

factor and is dependent on the source polarization [2]. If r and r’ are restricted 

to a small angular region in the neighborhood of the reflector axis, then A(r,r’) 

will remain essentially constant and (2.1-1) can be written as [2] 

Wl) =C | ple) ne di. (2.1-3) 
aperture 
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If the observation point is suitably far removed from the antenna aperture, then 

the term |r — "| is slowly varying over the extent of the integral and the term in 

the denominator of (2.1-3), which only affects the amplitude of the wave, can be 

considered to be constant and extracted from the integral. The term in the 

exponent, however, is multiplied by on and affects the phase of the radiation. 

This term always has a significant effect on the integral and cannot be ignored. 

Under these conditions equation (2.1-3) can be rewritten as: 

u(#) ~¢ | bl) en FRIF- FL gpt (2.1-4) 
aperture 

where R= |F—r"|. If both * and 7’ are written in rectangular coordinates, the 

exponential term becomes 

1 
jr—r] = [(@-2Ptiy-y)l +2’? 

1 
al? + y!? Wax! + yy! 2 

a _ ( 5 yy’) , (2.1-5) 

r r 

  =r|14 

where r = |7| = (a? + y? + 2)2. If the distance between the observation point 

and the aperture plane is much greater than the maximum dimension of the 

aperture, then the r? term in the denominators of (2.1-5) is much larger than the 

terms in the numerators. Under this condition (2.1-5) can be expanded in a 

binomial series and approximated by the first two terms giving 

ge4y? gle + v'y (2.1.6) 
Jr —P|ert — 

2r 
  

Antenna problems are customarily divided into three groups depending on the 

distance of the observation point from the source. The first group occurs when 

the observation point is so close to the antenna aperture that (2.1-6) does not 

adequately approximate (2.1-5). This is termed the near-field region. The other 

two groups depend on the relative magnitude of the last two terms of (2.1-6) [2]. 

The region where r is large enough that the term (z'? + y'”)/(2r) can be neglected 
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is termed the Fraunhofer or far-field region. The region in which this term 

cannot be neglected is termed the Fresnels region. In addition to the far-field 

region the term (zx’? + y’)/(2r) can also be neglected at the focal point of an 

antenna. The similarities between the far-field approximation and the focal 

point approximation are now discussed. 

2.1.1 Far-Field Approximation 

The far-field approximation can be made if the distance between the 

antenna aperture and the observation point P is increased such that 

k (2 +9") maz 7; €é1 (2.1-7) 

where the term (z’* + y’”),,4¢ can be approximated by the maximum dimension 

of the aperture squared, D?,,,,. Recalling that k =27/X and substitution into 

(2.1-7) leads to 

2 

p> TP xine. (2.1-8)   

If this condition is met, then (2.1-6) becomes 

a’xt+y/’ vy y (2.1-9) jf — Fer 

Substitution into (2.1-4) leads to 

— jkr . z'zt+y'y 

)= ee | wi(al,y') MD) daldy!. (2.1-10) 
aperture 

Sy
 

b( 

Equation (2.1-10) has the form of a Fourier transform and, therefore, implies a 

Fourier transform relationship between the radiated far field and the antenna’s 

aperture plane field distribution. 
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2.1.2 Focal Point Approximation 

A second circumstance under which the term (x!? + y!?)/(2r) in (2.1-6) 

can be neglected occurs when calculating the diffraction pattern in the focal 

region of a focused aperture antenna [2]. When viewed in the receiving mode a 

focused aperture antenna converts an incident plane wave into a converging 

spherical wave of radius F. This is shown for a parabolic reflector in Fig. 2.1-3. 

Here P is a plane wave incident on the reflector; S is a reflected spherical wave; 

p is the radial height to an arbitrary point on S; and Az is the axial distance of 

the point on S from the origin. From the Pythagorean theorem 

(F—Az)’+p?=F? or 2AzF = (p?—Az?). (2.1-11) 

If Az is small compared to p, Az*® can be ignored compared to p* on the right 

side of (2.1-11). For reflector antennas this corresponds to a large F'/D ratio 

where F' is the focal length and D is the diameter of the reflector. Under this 

condition 

0 
Az w~ oF (2.1-12) 

which is referred to as the “sagittal’ approximation, and the phase change 

introduced at the aperture of the antenna due to the focusing effect is 

gz? + 12 

¢=kAz =k" (2.1-13)   

and the source function y'(z'?, y'”) in (2.1-4) is multiplied by the additional term 

x? 4 y!? 

UF (2.1-14) 
  

e7? =e 

For r= F (2.1-14) exactly cancels the second term in (2.1-6). Therefore, the 

field at any point on the plane passing through the focal point F (focal plane) is 

given by 

; rx’ +yy’ 
e IKF F 

P(z,y,F) = —— | pz’, y') elk 

aperture 

) dz'dy!. (2.1-15) 
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Figure 2.1-3. A parabolic reflector with focal point F converts incident plane 

wave P into the reflected spherical wave S which is convergent on F. The radial 

distance to any point on S is given by p and Az is the axial distance of the point 

on S from the coordinate origin. 
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Equation (2.1-15) is identical to (2.1-10) if r is replaced by F. Therefore, near 

the axis of a focused aperture antenna with a large F'/D ratio both the far-field 

and the focal plane field distributions are related to the aperture plane field 

distribution by a Fourier transform. This similarity is expected because the far- 

field condition of parallel rays corresponds to a focus point at infinity. 

2.2 Lens Aberration Theory 

The term “aberration” is used by optical designers for any imperfection 

caused by a lens in reproducing the image of an object [3]. For antenna 

engineers, however, the emphasis is on phase error. Phase error is defined as the 

deviation of the phase of a wavefront compared to a reference (desired) 

wavefront. Usually the comparison is made over the aperture plane where the 

desired wavefront is a plane wave and the phase is easiest to represent. 

For reflector antennas phase error can result from errors in the feed 

illumination pattern, displacement of the feed from the focal point, or from 

reflector surface errors. Using geometrical optics rays can be traced from the 

feed to the aperture plane and a pathlength error AD can be defined as the 

difference in path length between any arbitrary ray and a reference ray. In most 

cases the reference ray is defined as the ray which exits through the center of the 

aperture. The resultant phase error is related to the pathlength error by 

AP =22 AL, (2.2-1) 

The pathlength error across the aperture plane can be expressed in 

cylindrical coordinates by the function AL(p,¢), where the center of the 

coordinate system is at the center of the aperture plane. To visualize the effects 

of different types of pathlength errors it is helpful to expand the pathlength error 

function in a power series in p and cos¢. This is the approach taken by 

Schwartzchild [1] and the resultant power series is known as the expansion of the 

perturbation eikonal of Schwartzchild. The five lowest order terms in this 
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expansion represent five “primary aberrations” also known as Seidel aberrations 

and are given by [1]: 

AL(p,¢) = ap cos¢ + Bp” + yp? cos(2¢) + 5p* cos ¢ + Ep’. (2.2-2) 

The five Seidel aberrations in the above equation are respectively identified as: 

distortion; curvature of field; astigmatism; coma; and spherical aberration. The 

surfaces resulting from each of these aberrations are shown in Fig 2.2-1 [3]. It 

has been shown that any aberration function of small amplitude can be 

approximated by the Seidel aberrations [3]. 

The adverse far-field radiation pattern effects caused by each of the Seidel 

aberrations can be demonstrated by reducing the problem to a two-dimensional 

case. This corresponds to an infinite cylindrical reflector extending along the 

y-axis with a finite parabolic cross section along the z-axis and an aperture field 

distribution which is a function of only x such that the primary aberrations can 

be found by setting ¢=0° in (2.2-2). For this case the distortion term 

degenerates into the linear error term az, the curvature of field and astigmatism 

terms degenerate into the quadratic error term (x?, the coma term degenerates 

into the cubic error term 6z* and the spherical term degenerates into the quartic 

4 (fourth-order) error term ex*. The five primary aberrations, therefore, 

degenerate into four types of errors: linear, quadratic, cubic and quartic [3]. 

The linear error term az does not perturb the far-field radiation pattern, 

but scans the beam by angle [3] 

— sin ~ & - 6, = sin (55) (2.2-3) 

where a is the linear dimension (width) of the aperture. Associated with the 

scan angle is a gain loss due to a reduction of the projected aperture by cos6,. 

The quadratic error term fz? raises sidelobe levels and causes null filling 

between lobes. Since the errors are symmetric with respect to the center of the 

aperture, pattern degradation will be symmetric about the 6=0 axis [3]. 

Following the analysis by Silver [4] the far-field pattern of a two-dimensional 

aperture with quadratic phase errors is given by 
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Figure 2.2-1. Surfaces corresponding to the five primary aberrations [3]. 

(a) Spherical aberration: AL = ep*. (b) Coma: AL = dp*cos¢. (c) Astigmatism: 

AL = yp*cos’¢ (similar to p?cos2¢ in nature). (d) Curvature of field: AL = Bp’. 

(e) Distortion: AL = ap cos ¢. 
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g(u) =5 | f(x) eilue—kBz") gy (2.2-4) 

where a is the linear dimension of the aperture, f(x) is a symmetric aperture 

amplitude distribution, u = (5%)sin@ and k=22. For small values of 6 the far- 

field power pattern can be expressed as [3] 

P(u) & © {go%(u) + [kB 90"(u)l? } (2.2.5) 

where go(u) is the pattern in absence of phase errors (8 =0) and g,)"(u) is the 

second derivative of go(u). The far-field patterns of a uniform amplitude 

aperture distribution with kf =0, 7/4 and a/2 are shown in Fig. 2.2-2. For 8 

sufficiently large the main beam becomes bifurcated with maxima occurring on 

either side of the 6 = 0 axis [3]. 

Using a similar technique for the cubic error term 62°, the far-field power 

pattern is given by [3] 

2 

Plu) & © [go(u) + £5 g90"(u) (2.2-6) 

The effect of this phase error is to scan the beam and reduce peak gain. In 

addition the main lobe loses symmetry and the sidelobes become asymmetrical. 

That is, the sidelobes decrease on the side of the main lobe near 6=0 and 

increase on the other side of the main lobe. The enlarged first sidelobe is 

referred to as the coma lobe. The far-field patterns of a uniform amplitude 

aperture distribution with ké = 0, 7/4 and 2/2 are shown in Fig. 2.2-3 [3]. 

For an aperture with quartic errors ex‘ the far-field power pattern is given 

by [3] 

2 (474,)] Plu) 4 goXu) + kega(u)] (2.2-7) 

Comparison with (2.2-4) indicates that the effects of quartic phase errors are 

similar to that of quadratic phase errors. The far-field patterns of a uniform 

amplitude aperture distribution with ke = 0, 7/4 and 2/2 are shown in Fig. 2.2-4 
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[3]. It may be noted that for the same peak error the effects of quartic phase 

errors are less pronounced than that for quadratic phase errors because the total 

error over the aperture is less. 

. The gain loss effects of quadratic, cubic and quartic phase errors are 

demonstrated in Fig. 2.2-5 for the case of a two-dimensional aperture [3]. From 

this figure it is evident that gain loss is most sensitive to cubic phase errors 

(those resulting from coma aberration). It is also noted that sidelobe 

degradation is most sensitive to cubic phase errors due to the appearance of the 

large asymmetric coma lobe. Quadratic phase errors can be corrected by axially 

displacing the feed from the focus point. This defocusing technique cannot be 

used to compensate for cubic or fourth order errors [3]. 
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Chapter 3 

Array Feed Compensation Techniques 

Phase errors and their effects on the resulting radiation pattern were 

discussed in the previous chapter. In this chapter techniques for correcting phase 

errors using phased array feeds are presented. The advantages of using an array 

feed can be explained by viewing a focused reflector system in the receiving 

mode. 

The aperture field distribution produced by a distant source is a plane 

wave with uniform amplitude and phase. For a focused reflector system this 

illumination produces the most compact focal plane field distribution possible; a 

result which follows from the Fourier transform relationship between the 

aperture plane field distribution and the focal plane field distribution as 

discussed in Sec. 2.1. If the reflector has surface errors, the resulting phase 

errors, which have approximately twice the surface error magnitude, cause the 

focal plane field distribution to be less focused and to spread [2]. Figure 3-1(a) 

shows the focal plane field distribution for a parabolic reflector along with mean 

focal plane distribution envelopes for the same reflector with random surface 

errors with rms variations of «= /18 and « = /9 [2]. If the plane wave does 

not arrive from the boresight direction, which is the scanned condition, phase 

errors cause the focal plane field distribution to spread and the maximum 

intensity position to shift away from the focal point. Typical field distributions 

in the focal region of a parabolic reflector resulting from an off-boresight incident 

plane wave are shown in Fig. 3-1(b) [1]. 

The goal of array feed compensation is to match the feed to the focal 
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Figure 3-1. Demonstration of the effects of random surface errors and off-axis 

reception of an incident wave front. (a) The mean focal plane distribution 

envelopes for a reflector with random surface errors with rms variations of 

€ =A/18 and ¢€ = X/9 [2]. (b) Typical focal plane distributions for axial and off 

axis reception of an incident wavefront [1]. 
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plane field distribution of the reflector when operated in the receive mode such 

that the maximum amount of power is transmitted to the receiver (analogous to 

impedance matching). For this application the advantages of using an array feed 

are clear. An array feed covers a larger area of the focal region, as opposed to a 

single horn feed, and is therefore able to capture more of the focal plane energy 

distribution. In addition, by varying the magnitude and phase of the array feed 

element excitations, an array feed can be used to compensate for changes in the 

focal plane field distribution due to both reflector surface errors and beam 

scanning. The concept of matching a feed to the focal plane field distribution 

has been formalized in the conjugate field match technique. This technique is 

now presented. 

3.1 The Conjugate Field Match (CFM) 

Technique 

The conjugate field match technique is based on maximizing the power 

received by one antenna due to the power radiated by a second antenna or, more 

generally, an incoming wave. For a lossless antenna the time-average power Pp 

available at the antenna terminals is given by [7] 

Pr= Sav A. (3.1-1) 

where Sy is the time-averaged power density of the incoming wave and A, is 

the effective aperture of the receiving antenna. The effective aperture A, is 

related to the physical aperture A, by [7] 

A. = €q, A (3.1-2) 

where €,, is the aperture efficiency. Substitution of (3.1-2) into (3.1-1) and 

rearranging terms leads to the following equation for aperture efficiency: 
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Pr a = 3, AS (3.1-3) €   

The antenna gain is related to the aperture efficiency and the physical antenna 

aperture area by [7] 

G = eqpAy VF (3.1-4) 

Figure 3.1-1 depicts a system consisting of a transmitting antenna 2 and a 

receiving antenna 1. According to Robieux’s theorem [4] the time-averaged 

power transferred to antenna 1 from antenna 2 is given by 

| | | (Br x fy — B, x A) -d5;P 

Ppr= 1 (3.1-5) ~ 

Re| | (#, x Hf) -d5, 
Sy 

  

where E, and H , are the transmit fields radiated by antenna 1, E, and H 2 are 

the transmit fields radiated by antenna 2 and the integrals are performed over 

the closed surface S, surrounding antenna 1. If the receiving antenna is located 

in the focal region of a reflector as shown in Fig. 3.1-2, then the received power is 

given by 

[3] | (Br x He, — Ba, A) -d5;P 

Pp=—2 — (3.1-6) 
Re| | (E, x Ht) -d5; 

$1 

K
o
l
e
 

  

where E,, and H, are the fields scattered by the reflector surface due to 

transmitting antenna 2. If it is assumed that transmitting antenna 2 is far 

enough away such that the incident fields E, and H 9 are planar across the 

reflector aperture, then the time-averaged power density incident on the aperture 

of the reflector is given by 
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Figure 3.1-2. System consisting of a transmitting antenna 2 and receiving 

antenna 1 surrounded by closed surface S$, and located in the focal region of a 

reflector antenna. Also shown is the focal plane Sp. 
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S 
Say = R A (3.1-7) 

where A, is physical area of the reflector aperture and the integral is taken 

across the reflector aperture plane. Substitution of (3.1-6) and (3.1-7) into 

(3.1-3) leads to the following expression for the reflector aperture efficiency: 

(3.1-8) 

It is noted that a similar expression has been obtained by Wood [5,6]. If a focal 

plane S;- is defined as shown in Fig. 3.1-2, then (3.1-8) can be approximated by 

7 ORe | | Bix A)- 455] (Re | | (B,, x #3.) -45r] 
Coco 

1
|
8
-
—
 

as x Hi, — E., x H,) -d5 pl” 

0 (3.1-9)   

where it has been assumed that most of the power transmitted by antenna 1 and 

most of the power scattered by the reflector surface due to incident fields E, and 

H,, crosses the focal plane surface Sp. From (3.1-9) it is seen that ¢,, has a 

maximum value of unity under the conditions E, = E*, and H L= H 3s" 

Therefore, if antenna 1 radiates the complex conjugate of the focal plane field 

distribution due to a plane wave incident from the direction of antenna 2, then 

the gain of the reflector/feed combination is maximized in the direction of 

antenna 2. Such a feed is said to be conjugate matched to the reflector focal 

plane field distribution. 

It is noted that for plane waves the electric field is orthogonal to the 
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magnetic field and, in addition, these fields are related to each other by [7| 

lS|= Zo (3.1-10) 
No
it
e 

where Z, is the intrinsic impedance of free space. Under the condition of planar 

fields over the surface of integration in (3.1-9), which is approximately valid for 

focused apertures, the orthogonality of electric and magnetic fields and (3.1-10) 

can be used to express (3.1-9) as 

1] | (By - By.) dS ef? 

TPE ase | [MEP ase om 
co CO 

  

Equation (3.1-11) is identical to the expression obtained by Midgley [3] who used 

a reradiation approach. 

From (3.1-9) and (3.1-11) it is seen that a perfect conjugate match 

requires that the feed extend over the entire focal plane and that the feed match 

the focal plane field distribution at all locations along the focal plane. While 

such a feed is, in general, impossible to obtain, an array feed can be used to 

conjugate match the focal plane distribution at a number of discrete locations 

corresponding to the feed element positions. There are two ways to determine 

the required conjugate field match (CFM) element excitations: direct conjugate 

field matching (DCFM) and indirect conjugate field matching (ICFM). These 

are outlined in the following two sections. A more detailed comparison of these 

techniques is presented by Smith [8]. 

3.1.1 Direct Conjugate Field Matching (DCFM) 

In DCFM the array feed element excitations are found directly from the 

focal plane field distribution. When the focal plane field distribution is 

calculated using numerical methods the technique is referred to as theoretical 

DCFM. This technique is well documented in existing literature [9,10,11]. It is 

noted that CFM was presented in terms of matching a feed to a reflector with a 
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uniform amplitude aperture distribution. This produces the highest possible gain 

but also results in high sidelobe levels (-17.6 dB for a circular aperture). To 

decrease sidelobe level, at the expense of a wider main beamwidth and decreased 

gain, theoretical DCFM can be used to match an array feed to a reflector with a 

tapered aperture distribution. This is achieved by assuming the incoming wave 

is amplitude tapered at the edges of the aperture. 

A disadvantage of using theoretical DCFM is the need for very accurate 

reflector surface data in order to calculate the focal plane field distribution. This 

constraint can be eliminated by directly measuring the reflector focal plane field 

distribution. This is called experimental DCFM and has been performed by 

Rahmat-Samii [12,13]. 

3.1.2 Indirect Conjugate Field Matching (ICFM) 

In ICFM the array feed element excitations are found using a far-field 

computer program [14,10,11]. To obtain CFM element excitations corresponding 

to a given beam scan direction direction (6',¢') the reflector is illuminated from 

each feed location using a normalized feed element pattern and the corresponding 

phase and amplitude of the far-field pattern in the (6',¢') direction is calculated. 

By reciprocity if each element is excited with the complex conjugate of the far- 

field value obtained above, then the element excitations will be conjugate 

matched to the focal plane distribution and gain will be maximized in the (6’, ¢’) 

direction [9,10]. ICFM can also be used to match the array feed to a reflector 

with a tapered aperture distribution by using a fictitious feed illumination 

amplitude taper when computing the element excitations [11]. 

An advantage of using ICFM compared to DCFM is that the element 

patterns are accounted for leading to a potentially better match. A disadvantage 

of ICFM is the difficulty in implementing the technique with measured far-field 

data, particularly when electrically large reflectors are considered. 

Array Feed Compensation Techniques 24



3.2 Alternative Array Compensation 

Techniques 

With the CFM techniques described in the preceding section the array 

element excitations are calculated in such a way as to give maximum gain if the 

feed elements are equally spaced and have identical patterns (this is shown in 

Sec. 3.2.3). For the case where a specific aperture plane field distribution or far- 

field pattern is desired, there is no guarantee that using CFM techniques for any 

given array will produce the best approximation possible. For this case it is 

advantageous to use a feed array synthesis technique which accounts for the feed 

array dimensions, element locations and element patterns. Three such 

techniques are “the least squared error technique” the “pattern synthesis 

compensation technique” and “directivity optimization”. These are now 

discussed. 

3.2.1 The Least Squared Error Technique 

The least squared error technique was developed by M.C. Bailey [15] for 

computing the array element excitations of a given feed array such that the best 

approximation (in a least squared error sense) to a desired complex-valued 

aperture plane field distribution is achieved. This technique was initially applied 

to the problem of surface distortion compensation. The computational 

algorithm, which is presented in detail below, is to match the actual aperture 

field produced by the feed array to the desired aperture field at discrete points. 

The method of least squares is then used to compute the feed array element 

excitations [15]. It has been noted that the method could also be used to 

calculate the excitation coefficients that approximate a desired far-field pattern 

[15]. 

To apply the algorithm it is necessary to specify the location of each of N 

array feed elements and the phase and amplitude of the aperture field 

distribution corresponding to each of the N_ feed elements considered 

individually. The desired complex-valued aperture field F4(z,y) is then 

Array Feed Compensation Techniques 25



approximated in the aperture plane, which is taken to be the zy-plane, at JI 

discrete points by [15] 

N 

F4(z;j, y;) ~ 2 An F(Z Yi), t= 1,2,3,.. of (3.2-1) 

where N is the number of feed elements, A, is the n‘" element excitation and 

f,(tiy;) is the normalized field at location (z,,y;) due to the n‘* feed element. 

The number of field points in the aperture 7 must be large enough to accurately 

represent the aperture plane distribution. The feed array can be of any 

geometry. The complex array element excitations A, are found such that the 

desired aperture field F'y(z,y) is approximated in a least-squared sense by the 

N-element feed array [15]. An outline of the least squared procedure is now 

presented. 

The quantity ¢ is defined as a measure of the error between F'y(z,y) and 

the approximation in (3.2-1) and is given by [15] 

c= YoFalenti)— Do An Faltovdl (3.2-2) 
n=1 

Minimizing € with respect to A,, for m = 1,2,3,...,N gives [15] 

  
ge ~~ 25> fale yi) (Fates Yi) — s> A, F rlZa vs) = 0 (3.2-3) 

n=1 

which yields N equations with N unknowns. Defining [15] 

fim(ZiVi) Fal zis ys) (3.2-4) \| 
M
e
 

B 
m 

-
 Hl b
d
 

SS. = 
mn Finl2a¥i) Fal Ziyi) (3.2-5) My

 
II s=1 

and using (3.2-4) and (3.2-5) in (3.2-3), allows the problem to be expressed in 

matrix form as follows: 
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Ay Si S12 ~ Sin B, 

~ _ So S29 ~ Son ~ (3 2-6) 

Ay Si Sno ~ Sin By 

Equation (3.2-6) is used to solve for the element excitations Ay. 

As Bailey notes, this technique does not maximize gain or sidelobes; it 

yields the best approximation in a least squared sense to a desired aperture field 

distribution within the pattern correction limits of the finite N-element array 

feed [15]. To date this method has only been applied using computed aperture 

field data; however, with a near field range it is possible that measured aperture 

field data could be used. 

3.2.2 The Pattern Synthesis Compensation Technique 

The pattern synthesis compensation technique is based on the iterative 

sampling method (ISM). ISM was originally formulated to synthesize radiation 

patterns with desired characteristics for line sources, linear arrays, rectangular 

apertures and rectangular arrays [16,17,18,19]. 

Pattern synthesis begins with an original secondary far-field pattern that 

is an approximation to the desired pattern [8]. The first iteration adds a series of 

correction patterns to the original approximate pattern. The individual 

correction pattern beam maxima are scanned to the locations where the pattern 

deviates from the desired pattern most and are then amplitude and phase 

weighted to properly correct the pattern at those points. Scanning of the 

correction beams is accomplished by adding displaced feeds, where displacement 

is relative to the feed position which produces the desired beam direction, or by a 

feed array weighted to electronically scan the correction beams in the desired 

directions. If the resulting pattern is not satisfactory after one iteration, more 

iterations are applied. For example, if the original pattern contains a sidelobe in 

a direction where a null is desired, a correction beam is steered to the same 

direction as the sidelobe and weighted to have a magnitude equal to that of the 
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unwanted sidelobe but 180° out of phase with it. This causes the sidelobe to be 

canceled by the correction beam when the excitation is added to the original 

excitation. The correction pattern will also affect the rest of the pattern because 

it has sidelobes and, therefore, subsequent iterations may be necessary for further 

improvement. 

The total corrected pattern is the sum of the weighted correction patterns 

and the original pattern. The amplitude and phase data for the correction 

patterns are related to the necessary currents on the antenna from which the 

required feed positions or array element excitations can be established. A 

detailed description of the pattern synthesis compensation technique is now 

presented. 

Figure 3.2-1 shows the geometry of an infinite cylindrical reflector with a 

y-polarized array feed [8]. For the i‘" iteration the total correction pattern of the 

reflector is [8] 

AFO(u) = a! G(u, ul?) (3.2-7) 

where G(u, ul?) is a normalized correction pattern produced by the reflector for 

the n'" array excitation, al) is the correction pattern weight, u = szn 6 and ul) is 

where the main beam of the n" correction pattern is centered. After J iterations 

the resultant improved pattern is [8] 

I . 
FMO(u) = FO 4 SAFO). (3.2-8) 

i=1 

Each normalized correction pattern for the cylindrical reflector is related to the 

current on the reflector surface g by the following integration over the reflector 

surface [8]: 

(uy ull) = |S 0! ines, 22) F AD as (3.2-9) 
Tt mn 

Sg 

where « is a constant, H inc 18 the magnetic field incident on the reflector surface 

due to the m"" feed, 7 is a position vector locating the integration points on the 
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Figure 3.2-1. ISM cylindrical reflector geometry [8]. 
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reflector surface and R, is a unit vector in the direction of the observation point. 

If the correction patterns are scanned by displacing the feeds, then the values of 

gf) in (3.2-9) are all zero except for the one that produces the n** scanned 

correction beam [8]. If the correction beams are scanned electronically, then gf) 

th array feed element that has been amplitude is the induced current due to the m 

and phase weighted to compositely produce the n“* scanned correction beam 

when superimposed with the induced currents due to the rest of the array 

elements [8]. The total correction current contribution due to the m*" feed for 

the 2" iteration is [8] 

Af = Dal 0 (3.2-10) 

and the total current on the reflector surface due to the m** feed after J 

iterations is [8] 

fH) =f) 4 > Af (3.2-11) 
ref,m  ref,m <4 ~ ref,m 

Therefore, once the weighting coefficients a‘) are found (3.2-10) and (3.2-11) are 

used to find the total current on the reflector due to the m'" feed element and 

the relationship between the feed element and the reflector surface current, 

which must be know to apply (3.2-9), is used to find the element excitation 

coefficient. 

th correction beam weighting Figure 3.2-2 shows the elements of the n 

scheme for the i** iteration at u?) [8]. In this figure F“~(u) is the corrected 

pattern at the i—1 iteration, G(u,u) is the correction pattern with peak at u) 

and F (ul) is the desired corrected pattern level at ul), Assuming F q(ul?) to 

be real and positive, the real-valued amplitude of a“ is [8] 

  

“(0 _ Falul) = [FE Pal?) n Gua) (3.2-12) 

where a) can be positive or negative (the phase of a is 0° or 180°). It is noted 
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FO-1)(u) 

\—————— G(u, u) 

N 74 LNs Ny / ’ Vv Pr U 

Figure 3.2-2. Representation of elements used in the ISM weighting scheme for 

i* iteration at ul) [8]. The F“~)(u) is the corrected pattern at the i—1' 

iteration. G(u,u) is the correction pattern with the peak at uf). F (ul) is 

the desired correction pattern level atu. 
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that the correction pattern beam must be either in phase or out of phase with 

Fl-(y), Therefore, the phase of the weighting coefficient a“) must satisfy [8] 

fo 

bat bat = OF (3.2-13) 
+ 180° 

where ¢g, ¢pf and ¢, are the phases of G(u, u), FEV (yl) and al), 

respectively. The terms in (3.2-13) can be rearranged to yield 

0° 

Pa = Or — da — +180" (3.2-14) 

and the complete correction pattern weighting for the n“" correction beam and 2!" 

iteration 1s 

a) = gf) 7a, (3.2-15) 

It is noted that the three-dimensional formulation is similar to the above 

two-dimensional formulation except for the three-dimensional case the surface 

integral in (3.2-9) becomes a double integral and the patterns and current 

distributions become bivariate [8]. 

3.2.3 Directivity optimization 

Directivity optimization is a method for obtaining array element 

excitations such that the directivity of the reflector/feed combination is 

optimized [14]. For a given reflector and M element array feed, with fixed feed 

positions and element patterns, the maximum directivity of the reflector/feed 

combination can be formulated in terms of a linear optimization problem with 

unknown array element excitation coefficients {J,,J,,...,Iyz} [14]. A closed form 

solution for {J,,J,...,Jy} can then be obtained by straight forward 
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differentiation [14]. 

For a given observation direction (6',¢!) and reference polarization R! the 

following row matrix is defined [14]: 

(E =[E,, Eo... Ey] (3.2-16) 

where {F,,} are the complex valued scalar secondary far-field patterns in the 

observation direction due to each feed element. The values of {F,,} can be 

calculated or measured and mutual coupling effects can be included when 

establishing these values. The scalar fields {F,,} are related to the vector fields 

{En} by 

E,, = f!-E,,. (3.2-17) 

The combined far-field pattern of the M element array feed after scattering from 

the reflector, for the specified reference polarization, is given by [14] 

M 
(EI) = \ Ev! im (3.2-18) 

m=! 

where [) is a column matrix of the complex array element excitation coefficients 

{I,, Io,---) Ing} [14]. 

The optimization problem is to obtain the excitation coefficients which 

maximize directivity in the observation direction (6,4!) for the given feed array 

geometry and the reference polarization R'. Fora planar array feed the total 

time-average radiated power is given by [14] 

E,(7)- Ex(*) r? sind d0 d¢ (3.2-19) 

where E, (7) is the electric field produced by the array and Z, is the intrinsic 

impedance of free space. The electric field produced by the array is the sum of 

the complex weighted electric fields produced by each individual array element 
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Lin E., multiplied by the appropriate phase factor 

b
y
 M kt * = yo Im eFk@* Pm (3.2-20) 

th where py, = Ilm2£t+V¥mY +2ZmzZ is the position vector to the m'" array element 

with 2,, perpendicular to the plane of the array and 

au = sin8 cosd F + sin8 sind ¥ + cos 6 Z. (3.2-21) 

Substitution of (3.2-20) into (3.2-19) leads to 

x/2 2a 
M N ~ 

Pra =D oIm Ta tg | | Bl?) BAF) 
m=1n= 0 0 

ek (Om-Pn) 72 sind dO dd}. (3.2-22) 

If the quantity in parenthesis is designated A,,,,, then the above can be rewritten 

M N 

Prat = YY Lm Ty Amn = (UAT) (3.2-23) 

where I,, is the dimensionless excitation coefficient of element m and A is an 

MxM square matrix. 

In the observation direction (6',¢') the directivity for the reference 

polarization is [14] 

4n (EI) 
D= =~... 3.2-24 

Z) (I*A I) ( ) 

The excitation coefficients corresponding to maximum directivity are obtained 

within a constant of proportionality by setting the derivative of D with respect 

to the real and imaginary parts of JI,, equal to zero (dD/dre(I,,) =0, 

dD/dim(I,,) =0, m = 1,...,M) and solving for the required excitation coefficients. 

The result is [14]: 
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I) (A*)~* E*). (3.2-25) opt = 

Since, in general, both matrices A and EF) are complex valued, so are the 

optimum excitations in (3.2-25) [14]. The optimum (maximum) directivity then 

follows from substitution of (3.2-25) into (3.2-24) [14]: 

Dope = 42 (E*A EB). (3.2-26) opt ~~ Zo 

The element excitation coefficients corresponding to a conjugate field 

match are given by 

CFM: I) = E*) (3.2-27) 

and the corresponding directivity is [14] 

4 (E*EY 
Dorm = ZE"A E) (3.2-28) 

A comparison of (3.2-26) and (3.2-28) leads to the conclusion that CFM gives 

the optimum gain under the condition [14] 

Asnm = @ (constant), for allm=n 
A... =0, if m £n, (3.2-29) 

which requires that all feed elements have identical patterns and be equally 

spaced. 

3.3 Summary of Array Compensation 

Techniques 

This section presents a summary of the five techniques for obtaining array 

element excitations discussed in Secs. 3.1 and 3.2. 
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Direct Conjugate Field Matching (DCFM) 

Application: DCFM is used to obtain the element excitations for a given 

array feed which produce maximum gain for arrays consisting of equally 

spaced elements with identical element patterns. Modified DCFM can be 

used to approximate a desired aperture distribution, however, in this case 

there is no guarantee that the best solution has been obtained. 

Required Data: In order to use DCFM an accurate means of calculating or 

measuring the phase and amplitude of the reflector antenna’s focal plane 

field distribution is necessary. 

Comments: DCFM is limited because it does not directly account for 

element patterns or mutual coupling effects between elements. DCFM does 

provide a means for estimating the optimum location of the array feed 

elements. If dual polarized feed elements are considered, DCFM can be 

used to obtain the phase and amplitude of both feed element polarizations 

to reduce cross-polarization in the secondary pattern. 

Indirect Conjugate Field Matching (ICFM) 

Application: ICFM is used to obtain the feed element excitations for a 

given array feed which produce maximum gain for arrays consisting of 

equally spaced elements with identical element patterns. Modified ICFM 

can be used to approximate a desired aperture distribution, however, in this 

case there is no guarantee that the best solution has been obtained. 

Required Data: In order to use ICFM an accurate means of calculating or 

measuring the phase and amplitude of the secondary far-field radiation 

pattern is necessary. 
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Comments: ICFM does not lend itself to the use of experimental data 

because of the difficulty in accurately measuring the phase and amplitude of 

the secondary far-field pattern. ICFM is an improvement over DCFM 

because it directly accounts for element patterns and can be formulated to 

account for mutual coupling between elements. If dual polarized feed 

elements are considered DCFM can be used to obtain the phase and 

amplitude of both feed element polarizations to reduce cross-polarization in 

the secondary pattern. 

The Least Squared Error Technique 

Application: The least squared error technique is used to obtain the feed 

element excitations for a given array feed such that the best approximation, 

in a least squared sense, to the desired aperture field distribution is 

achieved. 

Required data: In order to use the least squared error technique an accurate 

means of calculating or measuring the phase and amplitude of the reflector 

aperture plane field distribution is necessary. 

Comments: The least squared error technique lends itself to the use of 

experimental data because of the ease with which the aperture plane field 

distribution can be measured using a near field range. The least squared 

error technique directly accounts for element patterns and can be 

formulated to account for mutual coupling between elements. No data 

exists for the use of the least squared error technique with dual polarized 

feed elements to reduce cross polarization in the secondary pattern. 

The Pattern Synthesis Compensation Technique 

Application: The pattern synthesis compensation technique is used to 

obtain the feed element excitations or positions for an array feed such that a 
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desired far-field secondary pattern is synthesized. 

Required Data: In order to use the pattern synthesis compensation 

technique an accurate means of calculating or measuring the phase and 

amplitude of the secondary far-field radiation pattern is necessary. 

Comments: The pattern synthesis compensation technique does not lend 

itself to the use of experimental data because of the difficulty in accurately 

measuring the phase and amplitude of the secondary far-field pattern. The 

pattern synthesis compensation technique directly accounts for the element 

radiation patterns and can be formulated to account for mutual coupling 

between elements. It also provides a means for obtaining optimum element 

positions. No data exists for the use of the pattern synthesis compensation 

technique with dual polarized feed elements to reduce cross polarization in 

the secondary pattern. 

Directivity Optimization 

Application: Directivity optimization is used to obtain the feed element 

excitations which maximizes the directivity of the secondary radiation 

pattern. 

Required Data: In order to use directivity optimization an accurate means 

of calculating or measuring the phase and amplitude of the secondary far- 

field pattern is necessary. 

Comments: Directivity optimization does not lend itself to the use of 

experimental data because of the difficulty in accurately measuring the 

phase and amplitude of the far-field radiation pattern. Directivity 

optimization directly accounts for the element radiation patterns and 

mutual coupling between elements. No data exists for the use of directivity 

optimization with dual polarized feed elements to reduce cross polarization 

in the secondary pattern. 
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3.4 The Double Fourier Transform Technique 

Methods for obtaining array element excitations to compensate for phase 

errors created by distorted reflector surfaces or scanning the main beam were 

discussed in Secs. 3.1 and 3.2. It is noted that the focal plane field distribution 

tends to vary rapidly in both amplitude and phase and, therefore, to match the 

focal plane field distribution the phase and amplitude of a feed array will also 

vary rapidly in both phase and amplitude. The rapid amplitude variation poses 

problems when trying to coherently add the signals from each element. Brennon 

[20] has shown that when coherently adding signals from several channels with 

different signal-to-noise ratios, the maximum resultant signal to noise ratio is 

obtained if the gain of each channel is made directly proportional to the RMS 

signal (voltage or current) in that channel with the constant of proportionality 

the same for each channel. Therefore, a correctly designed multiple element feed 

requires suitable amplitude weighting for each channel, which involves 

impedance-changing circuits. It is extremely difficult to make variable phasing 

and combining processes which maximize the resultant signal-to-noise ratio 

because the amplitude and phase across the array feed is highly dependent on 

scan direction, reflector surface errors and the frequency of operation. 

A solution proposed by Rudge and Davies [2] exploits the Fourier 

transform relationship between the aperture field distribution and the focal plane 

field distribution. A second spatial Fourier transform is performed on the focal 

plane distribution by an array feed placed on the aperture plane. The output of 

this second Fourier transform approximates the reflector’s aperture plane field 

distribution and, hence, has an approximately constant magnitude across the 

output terminals. For the case of scanned or distorted reflectors the phase across 

the output terminals will not be uniform, due to phase errors, so phase shifters 

are used before combining the signals. 

The initial hardware implementation of the double Fourier transform 

technique was restricted to one dimension with experimentation being performed 

on a variable-profile parabolic cylinder reflector with F/D = 0.5 [2]. This 

allowed the compensation method to be experimentally implemented via Butler 

matrix feed. The Butler matrix is a device consisting of a matrix of fixed phase 
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shifters and couplers, which are lossless in ideal form, whose output is a sampled 

spatial Fourier transform of the field distribution applied to the input. 

Figure 3.4-1(a) shows an example of the Fourier transform on a hypothetical 

focal plane distribution [2]. Rudge and Davies [2] used phase shifters after the 

Butler matrix to achieve a conjugate match with the focal plane field 

distribution and a second Butler matrix to recombine the signals. This is shown 

in Fig. 3.4-1(b) [2]. It is noted that the phase shifters could also be used to 

achieve the element excitations calculated from the least squared error 

technique, the pattern synthesis technique or directivity optimization. 

A benefit of using Rudge and Davies’ technique is that only the phase 

shifters have to be changed for different focal plane distributions and, therefore, 

active phase shifters under adaptive control could be used to continuously correct 

for changing phase errors due to changing reflector surface errors or different scan 

directions [2]. In their conclusions Rudge and Davies note that for three- 

dimensional reflectors a two-dimensional array feed is required and Butler 

matrices would probably be too hard to build, too lossy and too expensive. They 

suggest seeking alternative methods of performing the second Fourier transform 

such as a microwave lens or an additional reflector [2]. 
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Figure 3.4-1. (a) Sampled Fourier transform performed by a Butler matrix. 

| Z| represents the value of the focal plane field at the input of the matrix, |F| 

represents the value after transformation by the matrix [2]. (b) Schematic 

diagram for Rudge and Davies’ experimental 8-element array feed system. The 

top Butler matrix performs a Fourier transform on the focal plane distribution. 

The phase shifters are used to coherently phase the output signals of the matrix. 

The second Butler matrix is used to recombine the coherent signals [2]. 
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Chapter 4 

Parabolic Reflectors 

The parabolic reflector is the most studied reflector shape. A _ single 

parabolic reflector has the ability of focusing an incident plane wave to a small 

region about the focal point. Although parabolic reflectors exhibit poor scanning 

performance they are useful for many applications requiring scanning over a 

narrow angular region. In this chapter the lens aberration theory presented in 

Chapter 2 and the phased array compensation techniques presented in Chapter 3 

are applied to the parabolic reflector with an emphasis on scan performance. 

Also, multiple reflector configurations involving parabolic main reflectors are 

discussed. 

4.1 Parabolic Reflector Beam Scanning 

with a Displaced Feed 

A focus-fed parabolic reflector produces a secondary radiation pattern 

peak along its axis (e.g. the z-axis in Fig. 4.1-1). This secondary beam can be 

scanned off axis by a combination of a lateral (parallel to the focal plane) and 

axial (perpendicular to the focal plane) translation of a single feed element. 

Ruze [1] used scalar analysis to formulate expressions for the phase error caused 

by displacing the feed of an axis-symmetric parabolic reflector from the focal 
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point. This analysis is now presented. 

Consider a paraboloid with diameter 2a described by a spherical 

coordinate system centered at the focal point as shown in Fig. 4.1-1. The 

secondary far-field in the direction of the observation point P, which is specified 

by the spherical coordinates (8,¢), can be found by the following integration over 

the induced current on the reflector surface: 

B(6,d) = | [F(2)- B-F,(8) Bl *-F ap (4.1-1) 
sur face 

where J, is the induced surface current, f is the position vector to points on the 

reflector surface and R is the unit vector in the direction of observation point P. 

All leading constants in (4.1-1) have been suppressed. When the reflector is 

large with respect to the wavelength, as is usually the case, the surface can be 

considered locally flat and the surface current can be approximated by [2] 

J, 2Ax A; (4.1-2) 

where fi is the unit normal to the surface of the reflector and H j is the 

illuminating magnetic field arising from the feed. Equation (4.1-2) is often 

referred to as the physical optics (P.O.) approximation. 

The surface current in (4.1-1) is a complex-valued quantity. The phase of 

the current is found from the path length from the feed to the surface of the 

reflector. It is helpful to introduce the following variables [(1]: 

f(p) e~7* =J,(7) -—R-T5(7) R (4.1-3) 

where p is the pathlength from the focal point F' to the surface of the reflector as 

shown in Fig. 4.1-1 and ©! = kp. 

The surface integral in (4.1-1) can be reduced to a two-dimensional 

aperture integration by introducing integration variables ¢/ and r= psin@’, 

which are shown in Fig. 4.1-1. Making this variable substitution and applying 

(4.1-3) results in the following equation for the secondary far-field pattern [1]: 
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Figure 4.1-1. Paraboloid described by a spherical coordinate system centered at 

the focal point [1]. 
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5(6,4) = | | F(r,9!) e*-? Pe) rarag! (4.1-4) 

where f(r, ¢') plays the role of an effective aperture field distribution. If the feed 

is displaced a lateral distance ¢ from the focus, then the field in the (0,¢) 

direction is given by [1] 

N
 

o
A
 

x 

E(6,¢) = | flr,¢') eiklo'— 2" Ro) rdrdd¢! (4.1-5) 
0 

where it is assumed that the magnitude of the aperture field distribution remains 

unchanged. 

The following geometric relations are useful for analyzing the behavior of 

the phase factor in (4.1-5) (see Fig. 4.1-1) [1]: 

p= 5 = F(1+(z5) ) (4.1-6a) 

p =p |cos¢' sin!’ F+ sind! sind! 7 + cosO! Z] (4.1-6b) 

Ry = cos¢ sin F+ sind sind FG +cosd z (4.1-6c) 

p=pte,tt+e,2 (4.1-6d) 

p= p {1+ cos ¢' sind! +252 cost +5 FF (4.1-6e) 

If the displacements are small compared to the focal length, then 

€y €y 

p< F<! (4.1-7) 

and the phase factor in (4.1-5) can be written as follows by substitution from 

(4.1-6) and neglecting terms higher than the square of the parameters above [1]: 
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p'—p'- R, ~ 2F —«, cos¢ sin§ —e, cos8 

— p sin6! sin® cos(¢' — $) + €, cosd! sin 8 

2 
+e, cos6! +55 + p cos6'(1 — cos6) 

2 

-3 cos’ ¢! sin? 6. (4.1-8) 

The first three terms in the above expression are independent of the integration 

coordinates and can be taken out of the integral, these terms represent the phase 

pattern of the far field [1]. The next term is the phase factor of a smooth 

parabolic reflector with a feed at its focus [1]. The fifth term in (4.1-8) 

represents distortion and coma aberration. This can be shown by applying the 

following expansion [1]: 

sin 6! = 3 = i+) 

=5 f -(sn) +(se) ~~} (4.1-9) 

Substitution of (4.1-9) into the fifth term of (4.1-8) allows the phase factor due to 

this term, PF’, to be written as [1] 

PF, = u,rcos¢! F -(sr) +(sp) --| (4.1-10) 

where 

Us = Z = tan, (4.1-11) 

is a measure of feed squint [1]. The first term in (4.1-10) is identical in form to 

the distortion term in (2.2-2) where ¢= 4’, p=r and a=u,. Distortion is 

shown graphically in Fig. 2.2-1(e). For the two-dimensional case (i.e. for infinite 

cylindrical reflectors) this term can be expressed as a linear function of 
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x =rcos¢’. The linear phase error resulting from this term scans the beam by 

angle 6, in the xz-plane, where 9, is given by (2.2-3) with a = u,. The second 

term in (4.1-10) has the same form as the coma aberration term in (2.2-2) where 

@=¢', p=r and 6=u,/ (2F)’. Coma aberration is shown graphically in 

Fig. 2.2-1(b). For the two-dimensional case this gives rise to cubic phase errors. 

The asymmetric pattern degradation effects which result from cubic phase errors 

are shown in Fig. 2.2-3. The remaining terms in (4.1-10) are higher order coma 

terms and for reflectors with high F/D ratios cause negligible contribution to 

beam distortion [1]. 

The sixth through eighth phase factor terms in (4.1-8) introduce constant 

phase terms, field curvature terms, which are proportional to r?, and higher 

terms of even order [1]. This can be shown by expanding the terms in p using 

(4.1-6a) resulting in 

OF]. & PFo-3= cl - oF 4 55 + (p - 2F)(1 — e056). (4.1-12) 

The r? and higher order dependence in (4.1-12) can be obtained by using (4.1-6a) 

to write p in terms of r* and expanding in a binomial series as is done in (4.1-9). 

This leads to 

+ Fl1+ (sr) |c - cos6). (4.1-13) 

Field curvature is shown graphically in Fig. 2.2-1(d). For the two-dimensional 

case this gives rise to quadratic phase errors. The symmetrical pattern 

degradation effects resulting from quadratic phase errors are shown in Fig. 2.2-2. 

Field curvature can be eliminated by axially refocusing the feed. This 

result can be obtained from (4.1-8) by setting all the field curvature terms to 

zero resulting in the relation [1] 
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€ é, = 5b (4.1-14) 

The surface defined by (4.1-14) is referred to as the Petzval surface. 

By similar expansions of sin6! and 1/p the final phase factor term in 

(4.1-8) can be shown to introduce astigmatism and higher order terms as follows: 

  PF, =— oes cos? | (sm) — 3(sr) +: : (4.1-15) 

Astigmatism is illustrated graphically in Fig. 2.2-1(c). For the two-dimensional 

case this gives rise to quadratic phase errors. 

Following [1], the ratio of phase error due to astigmatism to phase error 

due to coma at the edge of the reflector, were the effects of aberration are worst, 

is 

F 
2u.s| ® vsti ( ) astigmatism _ D . (4.1-16) 

® oma — 1 D 2 PH 
For reflectors with small F/D values coma aberration dominates while for 

reflectors with large F/D values astigmatism becomes the limiting factor. For 

large F'/D values the Petzval surface losses its utility and the feed locus becomes 

poorly defined [1]. 

Rusch and Ludwig [3] used physical optics (P.O.) to obtain the feed 

motion path which produces the maximum scan-gain and compared this path 

with the Petzval surface. In this investigation an axis-symmetric parabolic 

reflector was considered with F/D=0.433 and D=34.. The geometry is 

shown in Fig. 4.1-2(a) [3]. The coordinate origin is located at the reflector focal 

point and the z-axis corresponds to the reflector axis of symmetry. 

Figure 4.1-2(b) shows the zz-plane focal field distributions resulting from 

y-polarized plane waves incident from scan angles of 0°, 8° and 16° where scanning 

is confined to the rz-plane (H-plane scanning) [3]. In this figure amplitude 
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Figure 4.1-2. Phase and Amplitude contours in the focal region plane-of-scan for 

a receiving parabolic reflector. (a) Geometry of reflector and incident wave 

cases. (b) Focal region amplitude contours [3]. 
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contours are depicted by solid lines and phase contours, which are separated by 

180 electrical degrees, are depicted by dashed lines. The maximum intensity 

points for 8° and 16° incidence are, respectively, 1.32 and 4.28 dB below the 

maximum intensity at the focal point for axial incidence [3]. For scanned 

incidence the amplitude and phase contours distort and spread, and at the 

maximum intensity point for each angle of incidence the constant phase contour 

is approximately parallel to the aperture plane (perpendicular to the reflector 

axis) [3]. It is noted that the maximum intensity points do not follow the 

Petzval surface. 

Reciprocity permits the contours in Fig. 4.1-2(b) to be interpreted in 

terms of the secondary pattern produced by a y-polarized infinitesimal electric 

dipole feed [3]. For example, if the desired scan direction is 8°, then the set of 

corresponding amplitude and phase contours on which the transmitting dipole is 

placed will yield the phase and amplitude of the field in that scan direction. 

Placing the dipole at the maximum intensity point will result in the maximum 

possible field being transmitted in the 8° scan direction. This field will be 

1.32 dB below the power radiated in the boresight direction when the dipole is 

located at the focal point. 

When directional feeds are used it is expected that the optimum gain for 

a given feed position is achieved by orienting the feed pattern to minimize the 

amount of power that misses the reflector surface (spillover). For a displaced 

feed this can be achieved by repointing the feed such that the feed maximum 

bisects the angle subtended by the edges of the reflector. However, analysis has 

consistently shown that unless spillover is excessively large (on the order of 

several dB) a higher gain is achieved for moderate F/D values when the feed 

axis is parallel to the boresight axis of the reflector [3]. An explanation for this 

phenomena can be obtained by observation of the constant phase contours in 

Fig. 4.1-2(b). The constant phase contours at the maximum intensity points are 

nearly perpendicular to the reflector boresight axis. | Consequently, by 

reciprocity, scan loss will be minimized when the feed phase front is parallel to 

the constant phase contour which corresponds to a feed pointing direction that is 

parallel to the reflector boresight axis. 

Rusch and Ludwig [3] investigated the use of directional feeds with the 
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axis-symmetric parabolic reflector. Three directional feed patterns and a dipole 

feed were considered [3]. The directional feeds had cos"@ electric field patterns 

with n = 1,2 and 3. A plot of the resultant maximum gain contours, calculated 

with the feed pointing angle parallel to the reflector boresight axis, is shown in 

Fig. 4.1-3(a) [3]. The curve for the dipole passes through the maximum intensity 

points shown in Fig. 4.1-2(b). The Petzval surface is also shown in Fig. 4.1-3(a). 

The maximum-gain contours are slightly displaced towards the focal-plane side 

of the Petzval surface and converge towards the Petzval surface as feed 

directivity 1s increased. A plot of scan loss versus scan angle obtained by moving 

the different feeds along the corresponding maximum-gain contours is shown in 

Fig. 4.1-3(b) [3]. For this plot scan angle is given in terms half-power 

beamwidths for the 34 \ aperture. Also plotted in Fig. 4.1-3(b) is the component 

of scan loss due exclusively to power missing the reflector surface. This spillover 

loss amounts to a fraction of a dB in all cases indicating that most of the scan 

loss is due to phase errors. 

4.1.1 Beam Deviation Factor 

A useful parameter when dealing with parabolic reflector beam scanning 

is the beam deviation factor (BDF) which is defined as 

Op BDF=+ (4.1-17) 
Op 

where 6, and 6, are the beam scan angle and feed tilt angle, respectively, as 

shown in Fig. 4.1-4 [4]. The BDF depends on the equivalent curvature of the 

reflector surface. In the limit of a flat plate reflector the BDF goes to unity. 

For small feed displacements the direction of the beam maximum occurs 

when the illumination weighted squared phase error is a minimum. Ruze [1] 

used this principle to derive the following expression for the BDF of an axis- 

symmetric parabolic reflector with feed motion restricted to the Petzval surface: 
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Figure 4.1-3. Scanning by displacement of a directional feed for an axis- 

symmetric parabolic reflector with F/D=0.433 and D=34,_ [3]. 

(a) Comparison of maximum transmit-gain contours and Petzval surface. 

(b) Comparison of total scan loss and spillover loss due to displacing but not 

axially repointing the feed. 
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Figure 4.1-4. Definition of feed tilt angle 6, and beam scan angle 0, [4]. 

    

  

  
  

6 ost p#2.0 
—-—~10 dB TAPER 

a f(r) «03 +07 (I-F*) 

06 ft tity __| 
025 0.4 LO 2.0 

Figure 4.1-5. Beam deviation factor versus F'/D value for three different 

illumination tapers [1]. 
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BDF = (4.1-18) 

where f(r) is the aperture amplitude distribution and a is the reflector radius. 

The derivation of (4.1-18) uses the phase factor expansion (4.1-8) with the last 

term, which gives rise to astigmatism, excluded. This truncation limits the 

range of validity of (4.1-18) to small scan angles and small F'/D values as evident 

from (4.1-16). It has been noted that for large scan angles and large F'/D values 

Ruze’s results more closely follow the results for a parabolic cylinder [5]. Ruze 

[1] used (4.1-18) to compute BDF versus F'/D for three different illumination 

tapers: a parabolic taper given by f(r) =(1—r’)? with p = 0 and 2; and a 

parabolic on a _ pedestal taper with a 10dB edge taper given by 

f(r) =0.3+0.7(1—r?). These results are shown in Fig. 4.1-5. In all cases the 

BDF approaches unity in the limit of very large F'/D values, as expected. 

Lo [4] derived the following useful approximation for the BDF of an axis- 

symmetric parabolic reflector with a lateral feed displacement 6: 

sin 1(6/F){(1 + (GR) I/[1 + Gy} 
BDF= an *(5/F) (4.1-19)   

where D is the diameter of the reflector, F is the focal length and & is an 

empirically determined constant such that 0<k<1. Usually k lies in the range 

of 0.3<k<0.7 with k increasing for higher aperture tapers [4]. For small values 

of 6/F (4.1-19) can be simplified to [4] 

2 D 1+%(2) 
BDF = c. 

14+ (2) AF 

(4.1-20) 
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4.1.2 Numerical Results for Scanning by Feed Displacement 

Mrstik [5] performed an analysis aimed at establishing the relationship 

between gain loss and F/D ratio for axis-symmetric parabolic reflectors. For 

this analysis G.O. was used to compute the root-mean squared (RMS) path- 

length variation for rays traced from the feed to the aperture plane. The 

optimum feed positions for beam scanning were obtained by iteratively locating 

the z-displacement ¢, that minimizes the pathlength variation for a given zx- 

displacement ¢, [5]. This geometry is shown in Fig. 4.1-1. 

Two types of reflector configurations were analyzed by Mrstik: axis- 

symmetric point fed paraboloids and line-fed parabolic cylinders. The beam 

deviation factor versus F'/D value calculated by Mrstik is shown in Fig. 4.1-6(a) 

[5]. For parabolic cylinders the beam deviation factor depends more strongly on 

aperture illumination and is in all cases closer to unity. 

For both the axis-symmetric paraboloid and the parabolic cylinder curves 

of maximum scan angle versus normalized aperture diameter such that scan 

induced gain loss does not exceed 1 dB were generated [5]. Results for the axis- 

symmetric paraboloid with F'/D values of 1 to 100 are shown in Fig. 4.1-6(b) [5]. 

Larger scan angles are possible for the tapered aperture distribution because the 

effective aperture diameter is reduced. 

Examples of scanned beams are shown in Figs. 4.1-7 and 4.1-8 [4]. 

Figure 4.1-7 shows the secondary radiation patterns for an axis-symmetric 

reflector with F/D=0.4 with the main beam scanned from 0 to 10 half-power 

beamwidths (HPBW) off axis [4]. The effects of coma aberration can be 

observed by the appearance of the large first sidelobe on the axis side of the main 

beam. This is commonly referred to as the coma lobe. In addition to the 

appearance of the coma lobe, the main beam broadens with increasing scan and 

the first sidelobe on the other side decreases, changes sign, and merges with the 

main beam and second sidelobe [4]. Figure 4.1-8 shows secondary radiation 

patterns for an axis-symmetric reflector with F/D=1 with the main beam 

scanned from 0 to 10 HPBW off axis [4]. Comparison with Fig. 4.1-7 shows the 

improved scanning characteristics associated with reflectors with higher F'/D 

values [4]. 
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Figure 4.1-6. Numerical results obtained by Mrstik for an axis-symmetric 

parabolic reflector [5]. (a) Beam deviation factor versus F/D ratio (F number). 

(b) Maximum scan angle for 1 dB gain loss; axis-symmetric parabolic reflector 

antenna. 
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Figure 4.1-7. Axis-symmetric parabolic reflector far-field patterns for ¢ = 0° as a 

function of lateral feed displacement in terms of the number of beamwidths 

scanned (F/D = 0.4, ET = -10 dB, BDF = 0.82) [4]. (a) 0 HPBW. (b) 2 

HPBW. (c) 6 HPBW. (d) 10 HPBW. 
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Figure 4.1-7 (continued). 
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Figure 4.1-8. Axis-symmetric parabolic reflector far-field patterns for ¢ = 0° as a 

function of lateral feed displacement in terms of the number of beamwidths 

scanned (F/D = 1.0, ET = -10 dB, BDF = 0.966) [4]. (a) 0 HPBW. (b) 2 

HPBW. (c) 6 HPBW. (d) 10 HPBW. 
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Figure 4.1-8 (continued). 
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A general result for parabolic reflectors is that for a given reflector 

diameter better scan performance can be achieved with a larger F'/D value. 

This conclusion is evident from Fig. 4.1-6(b) and is demonstrated by the 

patterns in Figs. 4.1-7 and 4.1-8. Drawbacks to using reflectors with high F'/D 

values are that they require larger support structures for the feed and larger feed 

motions to achieved a given angular scan as compared to reflectors with lower 

F/D values. The larger feed motions are a result of the beam deviation factor 

approaching unity for large F'/D values. 

4.1.3 Offset Reflectors 

Previous discussions only applied to axis-symmetric parabolic reflectors. 

For axis-symmetric configurations the feed antenna or subreflector is located in 

front of the aperture producing blockage. Aperture blockage can be reduced 

(efficiency increased) by offsetting the feed assembly. In general an offset 

reflector is constructed from a sector of an axis-symmetric parent reflector. For 

example an offset parabolic reflector can be formed by intersecting a parent 

paraboloid of revolution with a circular or elliptic cone with its tip at the focal 

point [4]. The geometry of an offset reflector is shown in Fig. 4.1-9(a) [4]. The 

parameters shown on this figure are defined below: 

F = focal length 

D = reflector diameter 

H = offset height (H = — D/2 for axis-symmetric reflectors) 

d = offset height of the circular projected aperture center = D/2+ H 

~,, = angle subtended to the upper tip = 2 tan '[(D+ H)/2F| 

w, = angle subtended to the center of the center of the projected 

aperture = 2 tan~'|(D/2 + H)/2F] 

L = angle subtended to the lower tip = 2 tan~'[H/2F] 

1) = angle subtended in the bisect direction = (, + W,)/2 

~, = half-angle subtended to the upper and lower tips = (,, + ,)/2 
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Figure 4.1-9. Offset parabolic reflectors. (a) Geometry of an offset parabolic 

reflector antenna [4]. (b) Angle definitions for the BDF of an offset paraboloid 

and BDF versus F'/D value for different offset angles 7, (4]. 
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w,. = half-angle subtended to the right and left sides = 

D 
| [oer +(D/2" fea+e + (H +D/2)? “F 

D, = parent parabola diameter = 2(D + H) for H > — D/2. 

  

The phase errors created by small feed displacements with offset reflectors are 

better characterized by the ratio of the focal length to the parent reflector 

diameter, F'/D, [4]. This value is given in terms of reflector diameter and offset 

height by 

F/D, = AD tHy (4.1-21) 

For scanning applications the offset height H should be kept as small as possible 

as evident from Fig. 4.1-6(b) with F/D replaced by F/D,. The BDF of an offset 

reflector expressed in terms of the angles defined in Fig. 4.1-9(b), as a function of 

F'/D value for different offset angles 7,, are shown in Fig. 4.1-9(b) [4]. It is 

noted that offset reflectors usually exhibit better scanning characteristics for 

negative scan directions (8g <0) because of the increase in the area of the 

projected aperture. 

4.1.4 Polarization Considerations 

Polarization purity is required for many communication and remote 

sensing applications and a high isolation between orthogonally polarized modes is 

desirable. Cross-polarization is a measure of polarization isolation. Cross- 

polarization in the far-field radiation pattern is introduced in two ways: from 

the geometrical configuration of the reflector(s) and feed position; and from 

cross-polarization in the feed radiation pattern. The latter contribution will not 

be considered here. 

Figure 4.1-10 shows a typical electric field distribution in the aperture of 
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Figure 4.1-10. Typical electrical field vector directions in the aperture of an axis- 

symmetric parabolic reflector feed by a vertically polarized feed [4]. 
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Figure 4.1-11. Cross-polarized fields in the ¢=45° plane (normalized with 

respect to the peak) for an axis-symmetric reflector (F'/D = 0.3) illuminated by 

a linearly polarized feed with three types of unbalanced E- and H-plane patterns 

and one balanced pattern [4]. The relative edge tapers (ET) of the feed patterns 

considered are indicated on the top of the figure. 
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an axis-symmetric parabolic reflector illuminated by a balanced vertically 

polarized feed [4]. This figure demonstrates the mechanism of cross-polarization 

generation. In both the E and H planes the horizontal field components, which 

give rise to cross-polarization, cancel due to reflector symmetry and no cross- 

polarization is generated in these planes. In the 45° planes, however, the 

symmetry is not present, the horizontal field components do not cancel and 

cross-polarization is produced. Typical 45-plane cross-polarization patterns are 

shown in Fig. 4.10. For an axis-symmetric parabolic reflector illuminated by a 

linearly polarized feed cross-polarization is maximum in the 45° planes [4]. 

A feed is called unbalanced if it has different E- and H-plane patterns. 

The aperture field distribution produced by an unbalanced feed is not symmetric 

resulting in increased cross-polarization. The 45-plane cross-polarization 

patterns produced by an axis-symmetric parabolic reflector fed by a balanced 

feed and several types of unbalanced feeds are shown in Fig. 4.1-11 [4]. Cross- 

polarization is also dependent on F'/D value and edge taper. A higher F'/D 

value, which corresponds to a flatter reflector, produces less cross-polarization. 

There is no cross-polarization in the limit of a flat plate, F/D-+ co. Likewise, a 

higher edge taper corresponds to an effective increase in F'/D value, since the 

illuminated diameter is decreased, and therefore reduces cross polarization. 

In contrast to axis-symmetric parabolic reflectors which have very low 

levels of cross-polarization offset reflectors fed by linearly polarized feeds can 

have very high levels of cross-polarization, even for balanced feeds [4]. For offset 

reflectors the amount of cross-polarization is least in the plane of symmetry and 

greatest in the plane orthogonal to the plane of symmetry, where these planes 

are the rz-plane and the yz-planes respectively as shown in Fig. 4.1-9(a) [4]. For 

offset parabolic reflectors cross-polarization depends on the feed pointing angle 

and increases with the angle between the feed axis and the axis of the parent 

paraboloid, w [4]. In Fig. 4.1-12 cross-polarized fields in the ¢ = 90° plane are 

shown versus feed-axis tilt angle » for an offset parabolic reflector with a 

diameter of D = 100 \ and an offset hight of H = 20 4. In practice, in order to 

reduce spillover, the feed axis is usually tilted toward the center of the reflector 

by the bisect angle ~g, which is defined as the average of the angles subtended 

by the upper and lower edges of the reflector. Levels of cross-polarization for 
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Figure 4.1-12. Cross-polarized fields in the ¢=90° plane (normal to the offset 

plane) for an offset parabolic reflector illuminated by a balanced linearly 

polarized feed for various feed-axis tilt angles wp [4]. 
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Figure 4.1-13. Maximum cross-polarization level of an offset parabolic reflector 

illuminated by a balanced linearly polarized feed [4]. 
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different values of bisection angle ~p, and half-angle , (see Fig. 4.1-9(a)) are 

shown in Fig. 4.1-13 [4]. It is noted that the bisection angle is a measure of 

reflector offset and the half angle is a measure of reflector curvature; therefore, 

Fig. 4.1-13 shows that cross-polarization increases both with increasing reflector 

offset and increasing reflector curvature. 

Both axis-symmetric and offset reflectors produce low levels of cross- 

polarization when illuminated by a balanced circularly polarized feed, however, 

offset reflectors produce beam squinting which is a shift of the main beam from 

the reflector axis [4]. The amount of squint depends both on the reflector 

geometry and the feed tilt angle and squint increases for combinations which 

produce higher levels of cross-polarization for a linearly polarized feed [4]. The 

following expression is a good approximation for the beam squint angle 9, [4]: 

- sin mri | (4.1-22) 

where the + signs are for right and left circularly polarized cases, respectively. 

4.2 Electronic Scanning 

The scan capability of a parabolic reflector with a single displaced feed 

element is very limited and is dependent on the F'/D value [1,4]. Phase errors 

associated with beam scanning cause the focal plane field distribution to shift 

from the reflector focal point and spread as discussed in Chapter 3. This energy 

can be recaptured and scan characteristics can be improved by using a 

distributed feed system such as a phased array feed. When using an array feed it 

is possible to scan the beam using a large stationary array or a small movable 

array. Both of these cases are now discussed. 

4.2.1 Beam Scanning with Stationary Array Feeds 

The advantages of using a stationary array feed, particularly for space 
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applications, is that there are no moving parts and it is possible to form multiple 

beams. The disadvantage is that a large array must be used to intercept the 

focal plane energy distribution which moves during scanning as is shown in 

Fig. 4.1-2(b) [3]. 

A comprehensive investigation of beam scanning using a stationary array 

feed with an axis-symmetric parabolic reflector was performed by Blank and 

Imbraile [6]. This investigation lead to simple “rules of thumb” for the optimum 

choice of planar array feed configuration (number and type of elements). The 

reflector configuration addressed consists of a single reflector with a circular 

diameter D and a maximum subtended angle # as shown in Fig. 4.2-1(a) [6]. 

The feeds considered are a single circular element, which is used as a reference 

for gain calculations, and a triangular grid array of 7, 19 or 37 elements as shown 

in Fig. 4.2-1(b) [6]. The elements of each array are identical and have circularly 

symmetric unidirectional electric-field radiation patterns of the form [6] 

F() = cos%(¥). (4.2-1) 

The minimum spacing between element centers d, is related to the exponent gq in 

(4.2-1) by [6] 

d = ,/+99 (4.2-2)   

where the value of 6 depends on the type of element used and d, is given in 

wavelengths. In this investigation Blank and Imbraile [6] considered two types 

of elements: circular waveguides with 6 = 2.07, and radiators with a higher 

effective aperture, such as disk-on-rod elements, for which b = 2.47 was used. 

Spacing element centers greater than d, apart would imply gain loss since the 

“open” areas left between the elements would not be available to capture the 

incident energy; therefore, in the investigation, all elements spacings were set to 

d, [6]. The array diameter d, of such a “well packed” feed array is given by [6] 

dy; = kd. (4.2-3) 
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Figure 4.2-1. Geometrical parameters of the parabolic reflector and array feed 

used by Blank and Imbraile [6]. (a) Reflector parameters. (b) Triangular grid 

array of circular elements showing the focal plane coordinates r, ¢’. 
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where k = 1, 2,3 and 7 corresponds to feed element numbers N = 1, 7,19 and 

37, respectively. 

Blank and Imbraile [6] also considered the effects of reflector surface 

distortions of the form 

Az = ep*cos(LC) (4.2-4) 

where ¢€ is the maximum deviation in wavelengths, s is a real number, p is the 

distance from the z-axis to a point on the reflector surface normalized to the 

reflector radius, DL is the integer number of periodic scallops in the distorted 

reflector and ¢ is the angle shown in Fig. 4.2-1(a). Blank and Imbraile [6] 

performed analysis for the following parameter values: « = 0.0, 0.12 and 0.2; s=1 

and 2; and L=3. These values are based on typical data for gravity-induced 

distortions as a function of pointing angle for large ground-based reflectors [6]. 

For distorted reflectors the optimum choice of the element diameter d, for 

maximum on-axis gain with a given number of array elements, N, depends on 

the need for greater or lesser granularity and/or greater or lesser aperture area to 

match the array feed to the focal plane field distribution [6]. For a 7 element 

array feed and the gravitational distortion parameters listed above the element 

diameter which gives the maximum on-axis gain, d,,, is approximately equal to 

the diameter required by a single feed element to achieve a — 10 dB edge taper, 

d., [6]. For an 18 or 37 element array feed and the gravitational distortion 

parameters listed above the element diameters which give maximum on-axis 

gain, d.,, and d,37, are approximately equal to one third of the diameter required 

by a single feed element to achieve a —10 dB edge taper, d,,/3 [6]. The 

optimum element diameters can be expressed as a function of reflector F'/D 

value and element efficiency b as follows [6]: 

dug Xda ~ 4/32 (5) (4.2-5 a) 

dijg = de37 J (+5) (4.2-5 b) 

The corresponding array configurations for N =1, 7,19 and 37 elements are 
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shown in Fig. 4.2-2(a) [6]. 

Calculated gain loss as a function of scan angle (in half-power 

beamwidths) for an axis-symmetric parabolic reflector with F/D=1 and 

distortion parameters ¢«=0,0.12A,0.2A, s=2 and L2=3 are shown in 

Fig. 4.2-2(b) [6]. The optimum element diameters for maximum on-axis gain for 

this reflector where found to be d,, = 2.1 A, d.4g = 0.8 A and d,37 = 0.71 A, which 

approximately satisfy (4.2-5) [6]. Comparison of the results in Fig. 4.2-2(b) with 

the array diameters shown in Fig. 4.2-2(a) indicate that the maximum possible 

scan angle for a given array (scan limit) is dictated by the angle for which the 

focal plane distribution shifts past the outer elements of the array. The array 

with the largest diameter, that with N =7 elements, can achieve scan angles of 

approximately 2.25 HPBW, while the array with the smallest diameter, that 

with N = 19 elements, can only achieve scan angles of approximately 1.5 HPBW. 

It is noted from Fig. 4.2-2(b) that scan performance for the 7-element 

array is not continuous over the whole scan range. This is because the element 

spacings for this array are too coarse to continuously match the focal plane field 

distribution over the scan range. Blank and Imbraile [6] state that for 

continuous scanning the far-field beam crossovers of two adjacent elements 

should not be lower than their 3 dB points, which corresponds to one half-power 

beamwidth [6]. To achieve this the elements spacings must satisfy the following 

relationship [6]: 

  LI6A/(F d, < 116. (5) (4.2-6) 

where BDF is the reflector beam deviation factor. It is noted that the 

restrictions imposed on d, by (4.2-6) are not always consistent with the 

requirements for maximum on-axis gain. For example, with F/D=1 and a 

—10dB edge taper Fig. 4.1-6(a) gives BDF ~0.96 for which (4.2-6) gives 

d. <1.2 A; however, for this reflector and a 7 element array feed on-axis gain is 

maximized for d,; ~ 2.1 A which does not satisfy (4.2-6) and, therefore, results in 

“stepped” beam scanning as is shown in Fig. 4.2-2(b). For a 37 element array 

feed on-axis gain is maximized for d.37~0.71 A which satisfies (4.2-6) and, 

therefore, allows continuous beam scanning over the entire scan range as shown 
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in Fig. 4.2-2(b). 

4.2.2 Beam Scanning with Movable Array Feeds 

Beam scanning with a movable array feed allows for the use of a smaller 

array since the array can be continuously repositioned to the optimum location 

to capture the focal plane energy distribution. _ Mechanically, however, a 

movable array increases complexity and is particularly undesirable for space 

applications where the inertial torque created by moving a massive feed assembly 

must be accounted for. The added calibration (for radiometers) and reliability 

problems which result from the use of flexible cables necessary for a movable 

feed must also be considered. 

Rudge and Withers [7] pioneered the use of movable array feeds. They 

noted that the Fourier transform relation between the reflector aperture 

distribution and the focal plane field distribution remains valid for incident plane 

waves inclined (scanned) with respect to the reflector boresight direction. 

However, for such inclined incident waves the Fourier transform relationship is 

expressed between the reflector aperture plane and one of a set of transform 

planes which are normally inclined to the centerline of the angular cone 

subtended by the perimeter of the reflector aperture (i.e. the subtended angle at 

the new “focal point” must remain constant and equal to 26*) [7]. The locus of 

transform planes and associated electric field distributions for a plane wave 

incident from the boresight direction and a plane wave incident from the scan 

angle w are shown in Fig. 3-1(b) [7]. Although the Fourier transform 

relationship is maintained for scanned incidence significant distortion of the focal 

plane field distribution, particularly coma aberration, is observed due to phase 

errors introduced by the reflector surface. 

Rudge and Withers [7] constructed an experimental configuration for 

operation at 5 GHz with a cylindrical offset parabolic reflector having a width of 

1.8m and an F/D value of 0.5. This configuration is shown in Fig. 4.2-3. The 

array feed system is a linear array of eight elements and the feed network was 

designed to produce a sampled Fourier transform on the input field as discussed 

in Sec. 3.4 [7]. The experimental array configuration introduced an insertion loss 
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Figure 4.2-3. Schematic of experimental cylindrical reflector configuration and 

adaptive primary-feed block used by Rudge and Withers [7]. The reflector 

diameter is 1.8 m and F/D = 0.5 [7]. 
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on the order of 1 dB and was mounted on a movable carriage to permit the 

aperture plane of the array to be moved around the focal region [7]. 

For each scan angle the feed array position and element excitations were 

obtained by experimental iteration [7]. The reflector configuration was moved so 

that the target transmitter made an angle of » with the reflector boresight. The 

feed array was then moved along the 26* locus (see Fig. 3-1(b)) and placed at the 

point corresponding to the highest output power. The array feed phase shifters 

were then adjusted to maximize the output power. With the new element 

phases the array feed was again moved along the 26* locus until a new point 

giving the highest output power was reached. The phase shifters were then 

readjusted to maximize output power at the new point. This procedure was 

repeated until the array location and element excitations corresponding to the 

maximum received power were obtained. The following three measurements 

were then performed: 

a. Secondary radiation pattern with a single feed place at the center of the 

array. 

b. Transform field distribution across the plane of the array. 

c. Secondary radiation pattern with the array feed. 

The results of these measurements for »~=0° and %=15° are shown in 

Fig. 4.2-4(a)-(c). 

The measurements are in close agreement with theory. Comparison of 

Figs. 4.2-4(a) and (b) demonstrated the predicted double Fourier transform 

relationship between the far-field radiation pattern and the transform plane field 

distribution. For the array feed a scan range of +15° is observed with less than 

0.5 dB gain loss. Comparison of Figs. 4.2-4(a) and (c) indicate a slightly higher 

sidelobe level in the boresight direction for the array feed. This is the result of 

increased aperture blockage due to the array feed [7]. 

Hung and Mittra [8] performed a numerical investigation into the scan 

capabilities of an axis-symmetric parabolic reflector fed by a small movable array 
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Figure 4.2-4. Experimental results obtained by Rudge and Withers for the 

reflector configuration shown in Fig. 4.2-3 at 5 GHz [7]. 

(a). Scanned pattern with conventional single-element primary feed. (i) Feed 

on axis. (11) Feed offset to scan the beam by 15”. 

(b). Transform plane field distributions. (i) Focal plane with target 

transmitter along antenna boresight. (ii) Reflector transform plane with 

target transmitter offset 15”. 

(c). Steered-antenna radiation pattern with adaptive (array) primary feed 

(i) Primary feed center at focal point (boresight). (ii) Primary feed center 

offset to scan the beam by 15”. 
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feed. The reflector geometry used by Hung and Mittra is identical to that shown 

in Fig. 4.1-2. The reflector diameter is 360 in (9.14 m) with F/D = 0.48 [8]. 

The focal region field distribution was calculated using reciprocity by repeatedly 

computing the radiated far field of the reflector in the intended scan direction for 

different feed locations in the focal region [8]. The far-field patterns were 

calculated using a Fourier-Bessel series technique in which the physical optics 

currents on the reflector surface are expanded in terms of elementary sinusoidal 

functions using a fast Fourier transform algorithm and the surface integration is 

carried out analytically in terms of the Fourier-Bessel series [8]. Calculations 

were performed at f =19.17 GHz corresponding to an aperture diameter of 

D = 548 X [8]. 

The array size, position and feed element spacings were determined from 

the focal region distribution [8]. The array used is a 27 element RN? array with 

interelement spacings of 0.01 m and identical TE,, mode circular horn elements 

[8]. The array center was located at the point corresponding to maximum 

intensity in the focal region distribution and the element excitations 

corresponded to the complex conjugate of the focal plane distribution at the 

element locations. Secondary patterns of the parabolic reflector fed by both a 

single horn and the 27 element array feed are shown in Fig. 4.2-5 for the 

boresight direction and scan directions of 2.5° and 5° [8]. For the 27 element 

array feed improvement in both gain and sidelobe level is observed compared to 

the results for the single horn; however, for the array feed considerable coma is 

observed in both the 2.5° and 5.0° scan directions indicating that further 

improvement could be expected by the use of a larger feed array. 

Lam et al. [9] performed a comparison of directivity optimization and 

CFM. The reflector configuration considered consisted of an offset parabolic 

reflector with diameter D = 108.15 4, focal length F = 94.87 X and offset height 

H = 16.87 2 [9]. The diameter of the parent reflector is D, = 2(D + H) = 250 

and F'/D, = 0.38, which is considered a deep dish [9]. Beam scanning to 2.85° 

(five half-power beamwidths) was accomplished using a 7-element feed array. 

The center of the feed array was placed at the position corresponding to 

maximum gain in the 2.85° direction for a single feed [9]. The feed elements used 

were y-polarized with identical cos%(@) element patterns [9]. The element 
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Figure 4.2-5. Secondary patterns obtained by Hung and Mittra at 

f =19.17 GHz with an axis-symmetric parabolic reflector with diameter 

D=9.14 m and F/D = 0.48 [8]. Results are shown for a single displaced feed 

element and a movable array feed with 27 elements spaced 0.01 m apart [8]. (a) 

Boresight operation. (b) Beam scanned by 2.5°. (c) Beam scanned by 5.0". 
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patterns were asymmetrical with the E-plane pattern defined by gp and the H- 

plane pattern defined by q, [9]. Results were calculated for both “low” q 

elements and more directive “high” q elements. Both cases showed similar 

characteristics. 

The values used for the low gq elements, which are more reasonable for the 

interelement spacings considered, are gg = 1.0 and q; = 0.0 [9]. It is noted that 

the original results published in reference [9] are in error and corrected results 

appear in reference [10]. For interelement spacing of d=0.4 A the directivity 

obtained by CFM was 45.883 dB and the directivity obtained by directivity 

optimization was 46.985 dB, the difference being 1.102 dB [10]. For d=0.5 A 

the directivity obtained by CFM was 48.049 dB and the directivity obtained by 

directivity optimization was 48.605 dB, the difference being 0.556 dB [10]. For 

spacings of d>A the difference in directivity obtained by the two methods 

becomes negligible [9]. 

4.3 Dual Reflector Configurations 

Microwave dual reflector antennas evolved from their optical counterparts 

often used in telescopes. The addition of a second reflector creates an additional 

parameter which can be varied to tailor the reflector configuration for a specific 

need. For example, a subreflector placed between the main reflector and the 

focal point can be used to fold the optics and reduce the overall length of the 

reflector configuration while creating a better feed position. Also, a subreflector 

can be used to increase the effective F'/D value of a reflector configuration to 

improve scan performance and increase magnification. For offset reflectors a 

subreflector can be used to decrease cross-polarization [12]. 

Dual reflector configurations can be divided into two _ categories: 

Cassegrain configurations and Gregorian configurations. For Cassegrain 

configurations the subreflector is placed between the main reflector and the focal 

point (or focal region for defocused main reflectors). For Gregorian 

configurations the main reflector focal point (or focal region) is placed between 
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the two reflector surfaces. 

4.3.1 Classical Dual Reflector Configurations 

Classical dual reflector configurations are comprised of a parabolic main 

reflector and either a hyperbolic or an elliptic subreflector corresponding to a 

Cassegrain or a Gregorian configuration, respectively. An axis-symmetric 

Cassegrain configuration is shown in Fig. 4.3-1 [11]. One of the two focal points 

of the hyperbolic subreflector is the real focal point of the configuration and is 

located at the desired feed location, the other focal point is a virtual focal point 

and is located at the focus of the parabolic main reflector. For Gregorian 

configurations one of the two focal points of the elliptic subreflector is the real 

focal point of the configuration and is located at the desired feed position, the 

other is a virtual focal point and is located at the focus of the parabolic main 

reflector. 

The seven parameters shown in Fig. 4.3-1 are related by the following 

three equations [11]: 

    

  

  

tan (#2) =+ ip (4.3-1) 

fang, ~ tang, ~?D (432) 

on ( Pe $e 

Sey ws 
where the positive sign in (4.3-1) applies to Cassegrain configurations and the 

negative sign applies to Gregorian configurations. In a typical case the 

F 

performance and space limitations and ¢,, D, and L, are then calculated. It is 

parameters D Ff. and ¢, are determined by consideration of antenna 
mo) mo) 

important to note that the value of the parameter ¢,, which determines the 
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Figure 4.3-1. Geometry of an axis-symmetric classical Cassegrain reflector 

configuration [11]. 
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required beamwidth of the feed pattern, can be specified independently of the 

ratio F,,,/D,,,; Which determines the shape of the main reflector. 

The surface of the main reflector is given by the equation 

z= om (4.3-4) 

The surface of the subreflector is given by the equation [11] 

z,=a | 1+(4) — 1 (4.3-5) 

  

  

where 

oot or) __sin( 5 

sin (fo) 

F. a=7* 
e€ 

b=a vVe?—-1 

and parameter e is the subreflector eccentricity. For Cassegrain configurations 

(hyperbolic subreflectors) e>1, while for Gregorian configurations (elliptic 

subreflectors) 0 < e <1 [11]. 

There are two equivalence concepts which are helpful in predicting the 

performance of classical Cassegrain and Gregorian configurations: the virtual feed 

concept and the equivalent paraboloid concept. 

4.3.1.1 The Virtual Feed Concept 

With the virtual feed concept the combination of real feed and 

subreflector are replaced by a virtual feed at the focal point of the main reflector. 

Thus, the antenna configuration becomes an ordinary single reflector having the 

same main reflector but a different feed [11]. This is shown in Fig. 4.3-2(a) for 

an axis-symmetric Cassegrain configuration. If both the real and virtual feeds 
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Figure 4.3-2. (a) Virtual feed concept for classical Cassegrain reflector system 

[11]. (b) Equivalent parabola concept for classical Cassegrain reflector system 

(11). 
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had dimensions much larger than a wavelength, then the configuration of the 

virtual feed could be determined by finding the optical image of the real feed in 

the subreflector [11]. This may be useful for array feeds; however, this condition 

seldom exists for single feeds and diffraction effects of the feed at the surface of 

the subreflector must be considered. For both Cassegrain and Gregorian 

configurations the virtual feed usually has a broader beamwidth for the same 

edge taper (¢, > ¢,) and, therefore, has a smaller effective aperture. There are 

several microwave antenna applications for which the ability to obtain a different 

effective aperture from that of the feed is helpful. For example, for wide band 

applications it is difficult to reduce the overall size of the feed aperture to a 

wavelength or less and maintain efficiency over the bandwidth. On the other 

hand, a large feed aperture requires a long focal length for efficient utilization of 

the main reflector aperture, which increases the size of the antenna structure. 

This problem can be solved by use of a Cassegrain configuration which can 

incorporate a large real feed while employing a short focal length for the main 

reflector [11]. 

4.3.1.2 The Equivalent Paraboloid Concept 

The equivalent paraboloid concept has proved useful in predicting the 

beam scan characteristics of classical Cassegrain and Gregorian configurations for 

small feed displacements and small scan angles. With this concept the 

combination of main reflector and subreflector are replaced by a single equivalent 

parabolic reflector at a certain distance from the real focal point [11]. The 

equivalent paraboloid for an axis-symmetric Cassegrain configuration is shown in 

Fig. 4.3-2(b). The equivalent paraboloid, based on ray analysis, can be defined 

by the following set of equations [11]: 

  

  

Dra r 
IF. = tan($) (4.3-6) 

2 

t= 778 (4.3-7) 
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    s) tan( $ 
$e = — 2 /_ eth (4.3-8) 
FT —l1 

m tan( $] v © 

where e is the subreflector eccentricity as defined for (4.3-5). Equations (4.3-6) 

and (4.3-7) describe the equivalent paraboloid in terms of its equivalent focal 

length F, [11]. Equation (4.3-8) presents alternate expressions for the quantity 

F./F,,, the ratio of the equivalent focal length to the focal length of the main 

reflector. In (4.3-8) the positive sign applies to Cassegrain configurations and the 

negative sign applies to Gregorian configurations [11]. 

Rusch et al. [12] studied the derivation and application of the equivalent 

paraboloid concept for offset Cassegrain and Gregorian configurations. The 

geometries used for this study are shown in Fig. 4.3-3 [12]. The main reflector 

has focal length F and the subreflector has eccentricity e and interfocal distance 

2c [12]. Four Cartesian coordinates are shown in Fig. 4.3-3 [12]: 2x-y-z, centered 

at the paraboloid/subreflector focus with the z-axis colinear with the axis of the 

parent paraboloid; z,-y,-z,, also centered at the paraboloid/subreflector focus 

with the z,-axis colinear with the axis of the parent subreflector (z, possess 

through both subreflector focal points); xg-yg-zg, centered at the second focus of 

the subreflector with the zg-axis colinear with the z,-axis; and x,-y,-z,, also 

centered at the second focus of the subreflector with the z,-axis, which is the 

feed boresight direction, rotated by angle a with respect to the z,-axis. The 

angle a, which is the angle between the feed boresight axis and the parent 

subreflector axis, is called the feed tilt angle. The angle @, which is the angle 

between the parent main reflector axis and the parent subreflector axis, is called 

the subreflector tilt angle. 

The surface of the main reflector is given by [12] 

_ 2F - 
Pe~TLa cos@ (4.3-9) 

and the surface of the subreflector is given by (12] 
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Figure 4.3-3. Offset classical Cassegrain and Gregorian reflector geometries used 

by Rusch et al. {12]. (a) Cassegrain. (b) Gregorian. 
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p. = d(2E — p,) (4.3-10) 

where the parameter o takes the value —1 for Cassegrain configurations and +1 

for Gregorian configurations, and e is the eccentricity as defined for (4.3-5). 

Equations (4.3-9) and (4.3-10) are more general than (4.3-4) and (4.3-5) because 

they allow for offset configurations where the axis of the feed, subreflector and 

main reflector are tilted with respect to each other. Additional useful 

relationships are [12] 

_c, e?-1 . 
pg eXe cosb,—1 (43-11) 

Ts | e—l | 6, ° 
tan > = e+l (tan%) . (4.3-12) 

Equivalent paraboloids for the offset Cassegrain and Gregorian 

configurations are shown in Fig. 4.3-4 [12]. The surface of the equivalent 

paraboloid, given in the zry-y,-z, coordinate system, can be calculated by the 

following equations {12]: 

2F 
_— eq - 

Peq~T4 cos6 (4.3-13) 

and 

le* -1| F.=-Fx_-_& 7-1 3. 
og = FX (e?+1) —2ecosf (4.3-14) 

In configurations where the main reflector has a circular projected 

aperture it is usually desirable to orient the feed boresight axis, z;, along the axis 

of the equivalent parent paraboloid. This makes the equivalent paraboloid axis- 

symmetric and reduces cross polarization [12]. However, this could produce an 

excessive amount of spillover since, in general, the equivalent paraboloid axis is 

not aligned with the subreflector angular center. With reference to Fig. 4.3-4 

[12], for a given main reflector offset angle 9) (8 is the angle to the center of the 

main reflector) it is possible to find a subreflector tilt angle 6 and feed tilt angle 
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Figure 4.3-4. Equivalent paraboloid parameter definitions for the offset 

Cassegrain and Gregorian reflector configurations [12]. (a) Cassegrain. 

(b) Gregorian. 
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a such that the z,axis is colinear with the axis of the equivalent paraboloid 

parent reflector and is pointing towards the center of the subreflector, which is 

necessary for good illumination. The angles a and f are given by [12]: 

tar( 2) - (s 1) tan( 2 5 20) (4.3-15) 

tan($) = (: + 1\tan( 2) (4.3-16) 

For reflector configurations whose parameters are chosen according to (4.3-15) 

    

  

and (4.3-16) the equivalent parabola is axis-symmetric and its axis automatically 

coincides with the subreflector center. This leads to minimum spillover and 

cross-polarization levels [12]. Rusch et al. [12] performed performance 

calculations on both offset Cassegrain and Gregorian configurations in order to 

test the preceding equivalence theory. In both cases the parabolic reflector had a 

focal length of F' = 62.5 A, an aperture diameter of D=100 . and an offset 

height of dy = 75 X (see Fig. 4.3-5) [12]. The parent hyperboloid and ellipsoid 

had eccentricities e equal to 1.996 and 0.501, and interfocal distances 2c equal to 

20.41 A and 32.82 A, respectively [12]. Both subreflectors had an z-axis projected 

length of 20 A with their axes tilted by 6=9 and their feeds tilted by 

|a| = 26.64" [12]. These values of § and a satisfy both (4.3-15) and (4.3-16). 

Both configurations had the same equivalent paraboloid with F., = 179.13 4 

because both were designed using the same parabolic reflector, the same £ angle 

and inverse subreflector eccentricities [12]. The feed used possessed a circular 

symmetric raised cosine pattern and provided an edge taper of — 10 dB [12]. 

Typical principal plane patterns, computed using P.O./P.O., are shown in 

Figs. 4.3-5 to 4.3-7 [12]. The spherical coordinate system used for the radiation 

patterns is based on the z-y-z coordinate system shown in Fig. 4.3-3 [12]. 

Figure 4.3-5 shows patterns for the feed placed at the configuration focal point 

[12]. Subreflector diffraction causes the peak of the dual reflector patterns to be 

~ 0.5 dB lower than the peak of the equivalent paraboloid pattern [12]. For the 

co-polarized patterns the sidelobe structures of the two patterns track fairly 

accurately to as low as 30 dB below the pattern peak, the agreement being 
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Figure 4.3-5. 

Gregorian reflector configurations and their equivalent paraboloid [{12]. 

Boresight radiation patterns for the Cassegrain configuration and equivalent 

paraboloid. 

equivalent paraboloid. 
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(b) Boresight radiation pattern for Gregorian configuration and
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reflector configuration and its equivalent paraboloid in the ¢ = 90° plane with the 

feed displaced to effect beam scanning [12]. (a) Beam scanned by 1 HPBW. 

(b) Beam scanned by 2 HPBW. 
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reflector configuration and its equivalent paraboloid in the ¢ = 90° plane with the 

feed displaced to effect beam scanning [12]. (a) Beam scanned by 1 HPBW. 

(b) Beam scanned by 2 HPBW. 
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slightly better for the Gregorian configuration [12]. For cross-polarization, 

however, agreement is poor and the dual reflector configurations produce higher 

levels of cross-polarization due to subreflector diffraction effects, which are 

absent in the equivalent parabola geometry. The cross-polarization levels of the 

equivalent parabola is zero in both the ¢ = 0° and ¢ = 90° planes and — 25 dB in 

the ¢ = 45° plane and, therefore, is too small to appear in Fig. 4.3-5 [13]. 

Under scanned conditions, achieved by displacing the feed, agreement 

between the equivalent paraboloid and the dual reflector geometry deteriorates 

rapidly with increasing scan angle [12]. This is shown in Fig. 4.3-6 for the 

Cassegrain configuration and Fig. 4.3-7 for the Gregorian configuration [12]. In 

order to isolate spillover effects two sets of curves are computed: one with the 

feed boresight parallel to the xz-plane and another with the feed realigned to aim 

toward the point where the z,axis intercepts the subreflector [12]. Feed 

realignment is important in dual reflector configurations because of the narrow 

feed pattern and in both the Cassegrain and Gregorian cases scan performance 

was improved by feed realignment. 

In all cases agreement between the equivalent paraboloid cross- 

polarization results and the dual reflector cross-polarization results were poor 

[12]. More importantly, there is significant difference between the equivalent 

paraboloid co-polarization results and the dual reflector co-polarization results at 

one half-power beamwidth (HPBW) of scan and gross differences at two HPBW 

of scan [12]. The authors note that this disagreement for the scanned case is 

expected since the equivalent paraboloid construct is only valid for focused feeds 

[12]. 

The failure of the equivalent paraboloid technique to accurately predict 

wide angle scan performance is highlighted in a study by Rahmat-Samii and 

Galindo-Israel (13]. Their study compared the equivalent paraboloid technique 

to a GTD/P.O. (geometric theory of diffraction on the subreflector physical 

optics surface current integration on the main reflector) analysis for an offset 

Cassegrain configuration {13]. The main reflector had the following dimensions 

(see Fig. 4.3-5) [13]: D=100 A, dg = 70 and f =96 A. The subreflector had 

diameter D, = 14.11 A and magnification M =1.5, where M is related to the 

eccentricity e by 
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  mM=etl (4.3-17) 

Gain loss as a function of the number of half-power beamwidths scanned is 

shown in Fig. 4.3-8 [13]. The plots in Fig. 4.3-8 compare the characteristics of 

the Cassegrain, the equivalent paraboloid and the main reflector by itself. The 

plots show that the equivalent paraboloid gives good results to approximately 1.5 

HPBW of scan but for wider scan angles the performance of the dual reflector is 

closer to that of the single main reflector. 

Krichevsky and Difonzo [14,15] studied optimum feed locations for beam 

scanning in the plane of symmetry with offset Cassegrain and Gregorian 

antennas. Their results indicate that the optimum feed locations for Cassegrain 

configurations are located along a hyperbolic curve while the optimum feed 

locations for Gregorian configurations are located along an elliptic curve [14,15]. 

4.3.2 Beam Scanning by Subreflector Motion 

Kitsuregawa [16] studied beam scanning through the use of a moving 

subreflector and a stationary feed for an offset Cassegrain configuration. The 

geometry used is shown in Fig. 4.3-9 [16]. The optimum displacement of the 

subreflector was determined by minimizing the difference between the actual 

subreflector and an ideal subreflector which is shaped and positioned such that 

the beam is scanned in the desired direction. 

With Kitsuregawa’s method comparison between actual and _ ideal 

subreflectors is performed at N discrete locations [16]. Position vectors from the 

feed to the actual subreflector without displacement are designated by S; 

(2 = 1,2,...,N), position vectors to the actual subreflector with displacement are 

designated by S‘ and position vectors to the ideal subreflector are designated by 

S; [16]. When the rotation of the subreflector is represented by the matrix A 

and the displacement by vector d, Si is given by [16] 

SL=A-S,4d (4.3-18) 
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Figure 4.3-8. Scan loss comparison for a Cassegrain configuration with M = 1.5 

and D = 100 A, its main reflector with F'/D, = 0.4 and its equivalent paraboloid 

with F./D, = 0.6 [13]. Scanning is accomplished by feed displacement [13]. 
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Figure 4.3-9. Geometry used by Kitsuregawa [16] for beam scanning with 

subreflector motion. Optimum subreflector displacement is found by minimizing 

the difference between points on the initial subreflector, S;, and points the ideal 

subreflector corresponding to a desired scan direction, S;. 
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and the squared error is given by 

N. 

= (Si — S;)-#,,]? (4.3-19) 

where ft,; is the subreflector normal unit vector at the point designated by S; 

[16]. When the beam is scanned in the rz-plane, as shown in Fig. 4.3-10, A and 

d are represented as follows: 

A=| 0 1 0 (4.3-20) 

d =d,i,+4d, i,. (4.3-21) 

The equations used to determine 6, and d for least squared error are given by 

[17] 

al» Al ar | 
a0," Od,~"» ad,~° (4.322) 

    

=z 

Figure 4.3-10(a) shows the subreflector displacement parameters 6,, d, 

and d, for beam scan angles between —0.5° and 0.5° corresponding to a typical 

offset Cassegrain configuration with a 4.2 m main reflector aperture [16]. 

Fig. 4.3-10(b) shows absolute gain at 20 GHz as a function of scan angle for both 

linear subreflector displacement and the least squared error subreflector 

displacement [16]. Scanning performance obtained with the least squared error 

subreflector motions show considerable improvement. 

4.3.3 The Dual Parabolic Reflector Configuration 

In Sec. 3.3 the double Fourier transform technique is discussed. With this 

technique an array feed is placed in the focal plane and a sampled spatial Fourier 

transform is performed electronically by use of a Butler matrix. With a dual 
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Figure 4.3-10. Examples of characteristics of Cassegrain configuration with beam 

scanning accomplished by subreflector motion [16]. (a) Subreflector 

displacement parameters [16]. (b) Gain reduction versus scan (deflection) angle 

obtained for a 4.2 m main reflector at 20 GHz [16]. Dashed line: results for 

linear subreflector motion. Solid line: results for least squared error motion. 
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parabolic reflector configuration a parabolic subreflector is used to optically 

obtain the Fourier transform of the focal plane field distribution. This is 

accomplished by placing the focal point of the parabolic subreflector at the same 

location as the focal point of the parabolic main reflector as shown in Fig. 4.3-11 

[17]. The operation of the reflector configuration can be explained in terms of 

conjugate points. By definition, conjugate elements in an optical configuration 

have the property that the rays originating from a point of one element are 

transformed by the optical configuration into rays which pass through a 

corresponding point of the other element [17]. Two such corresponding points 

are Called conjugate points [17]. For the dual parabolic reflector configuration 

the main reflector aperture plane is designated by %, and the feed array plane is 

designated by %', as shown in Fig. 4.3-11. On 2, the center of illumination is 

determined by the ray which corresponds to the center point Cy of the 

paraboloid and, therefore, the center of the array C, should be placed on this 

ray. If the points Cy) and and C, are conjugate points, as is approximately true 

for the dual parabolic configuration, then all rays incident on the main reflector 

at Cg, regardless of incidence angle, will be reflected to the center of the array at 

C’. This is shown in Fig. 4.3-11 for two rays which subtend an angle of 64, [17]. 

The conjugate relationship, therefore, allows for a stationary array feed and 

insures a high level of illumination for all scan angles. In addition, if S'p and XY, 

are two planes orthogonal to the central ray through points Cy, and C, 

respectively, then 3’, and »’, are approximately conjugate planes in the vicinity 

of Cy and C, and the field E, on Z, is the image of the field Ey on YX’. For an 

array feed placed on 2, the resultant radiation characteristics can be predicted 

with reasonable accuracy by modeling the entire array feed reflector 

configuration by a large image array located at X'). The element positions in the 

image array are a magnified image of the element positions in the feed array 

with the relative phase and amplitude excitations preserved (as predicted by the 

above geometrical optics theory). The element patterns in the image array are 

equivalent to the corresponding element patterns in the feed array after being 

transformed by the optics. The diameter of the image array D, is related to the 

diameter of the feed array D, by the magnification factor M [17]: 

_ Fo _ Do =F => (4.3-23) M 
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Figure 4.3-11. A Gregorian arrangement of two confocal paraboloids magnifying 

a small feed array [17]. The main reflector and the array are approximately 

conjugate elements. 
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where the focal length of the main reflector is Fy and the focal length of the 

subreflector is F,. The magnification factor can be chosen to be much greater 

than unity so that the feed array can be much smaller than the main reflector 

[17]. 

In Fig. 4.3-11 the array is relatively close to the subreflector which is a 

disadvantage for some applications. In the example presented by Dragone and 

Gans [17] a greater distance was desired in order to place a frequency diplexer 

grid between the array feed and the subreflector. The distance between the 

array and the subreflector was, therefore, increased by placing a hyperbolic 

reflector between the two parabolic surfaces as shown in Fig. 4.3-12 [17]. In this 

case the focal point of the parabolic subreflector is placed on the second focus of 

the hyperboloid. It is noted that the use of a diverging element between the two 

parabolic reflectors increases the distance that the focal fields move during scan 

and, therefore, necessitates a larger parabolic subreflector to prevent spillover. 

The reflector configuration shown in Fig. 4.3-12 was designed for use as a 

hypothetical communication satellite in geosynchronous orbit at 105° W 

longitude [17]. The antenna uses two feed arrays separated by a quasi-optical 

diplexer to transmit at 12 GHz and receive at 14 GHz [17]. The configuration is 

designed for a field of view of 3° elevation and 6 azimuth, which approximately 

correspond to the continental United States, and the corresponding dimensions 

are shown in the figure [17]. Because the plane of the array and the aperture 

plane are only approximately conjugate planes there is appreciable variation in 

illumination over the array aperture during beam scanning which results in gain 

loss. It is assumed that the spacing of the array elements is very small so that 

any desired phase distribution over X’, can be produced by the array excitation. 

Under this assumption, if g? denotes the power distribution on ZU, due to the 

array excitation and f* denotes the power incident on XY’, do to a plane wave 

incident on the main reflector aperture, then the aperture efficiency €,, can be 

calculated by (see Sec. 3.1) 
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2 

fgdz i (fj 
  ap = —= % (4.3-24) 
i] f? de dy | | g? dz dy 

where the integrations are performed over the plane designated by J}. 

Figure 4.3-13 shows the geometric optics array illuminations and_ the 

corresponding losses in gain given by (4.3-24) for uniform array excitation [17]. 

Also shown are the losses for a tapered excitation of —10 dB at the edge of the 

array [17]. Two cases, A and B, are shown in Fig. 4.3-13 [17]. In case A the 

array is centered at C, with diameter given by D)/M [17]. For this case the 

scan loss is zero for boresight operation (64, = 0), but becomes relatively high at 

the edge of the field of view due to spillover past the array feed. In case B the 

scan loss is minimized at the edge of the field of view by increasing the array size 

and slightly offsetting the array center. All losses for the 10 dB edge taper in 

Fig. 4.3-13 are normalized with respect to a — 0.45 dB taper loss as calculated by 

(4.3-24) for case A and boresight operation (66) =0) with a 10 dB edge taper 

[17]. Contours of scan loss for case B and a 10 dB edge taper are shown in 

Fig. 4.3-14 [17]. The positive values for some scan directions are due to the 

— 0.45 dB normalization. 
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Figure 4.3-13. Vignetting at the array plane during beam scanning for the 

reflector configuration shown in Fig. 4.3-12 [17]. In case A the array is centered 

at C, and the diameter is given by D)/M such that there is no spillover for 

boresight operation [17]. In case B the array has been enlarged and offset to 

minimize spillover at the scan limits [17]. All losses for the 10 dB taper are 

normalized to — 0.45 dB, which is the value calculated by (4.3-24) for case A 

and boresight operation (66) = 0°) with a 10 dB edge taper [17]. 
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Chapter 5 

Shaped Reflector Configurations 

Beam scanning characteristics of the parabolic reflector and classical 

Cassegrain and Gregorian reflector configurations were presented in Chapter 4. 

Increased design flexibility and the ability to tailor the reflector configuration for 

specific applications is possible by using more complex shaped reflector surfaces. 

This chapter introduces shaping techniques and presents examples of specific 

shaped reflector configurations designed for improved beam _ scanning 

characteristics. 

The most efficient computational approach for shaped reflector synthesis 

is geometrical optics (G.O.), which uses rays to represent the flow of energy 

through the reflector system. In addition to being fast G.O. has the advantage of 

yielding frequency independent solutions for the reflector surfaces. For 

electrically small reflectors, however, diffraction effects become important and 

G.O. can not be used [21]. In the following only electrically large reflectors are 

considered and, therefore, only G.O. synthesis techniques are presented. 

The reflector configurations discussed in Secs. 5.1-5.6 improve beam 

scanning performance by increasing the scan range for which a “good” focus is 

achieved. These configurations, which are frequently referred to as imaging 

systems, can employ feed motion to scan a single beam or can use several feeds 

to produce multiple simultaneous beams. The reflector configurations discussed 

in Secs. 5.7-5.8 require motion of the feed and one or more subreflectors to 

achieve beam scanning and are not appropriate for producing multiple 

simultaneous beams; however, these configurations are capable of achieving much 
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higher gain than is possible with the imaging systems. 

5.1 The Prime Focus Spherical Reflector 

The unique beam scanning properties of the spherical reflector can best be 

described by considering a prime focus spherical reflector in the transmit mode. 

The secondary beam produced by the configuration can be scanned by moving 

the feed along a spherical “focal” surface. The spherical center of the focal 

surface is coincident with the spherical center of the main _ reflector 

(see Fig. 5.1-1) [1]. As the feed is moved the feed pointing angle is changed so 

that the feed boresight direction is maintained normal to the focal surface. For 

each feed position a different portion of the spherical reflector is illuminated and 

the secondary beam direction is equal to the direction of the surface normal at 

the center of the illuminated portion. If spillover is neglected, the phase and 

amplitude distribution of the illuminated portion will remain unchanged for all 

feed positions and corresponding scan directions. Therefore, the performance of 

the spherical reflector is independent of scan angle. This property makes 

spherical reflectors very attractive for wide scanning applications. 

A disadvantage of the prime focus spherical reflector is the associated 

spherical aberration. The amount of phase departure from that of a plane wave 

is a function of the aperture diameter and the radius of the reflector surface [1]. 

The functional relationship can be established through the use of geometrical 

optics. A diagram of a spherical reflector is shown in Fig. 5.1-1. This particular 

reflector is also referred to as a hemispherical reflector because it constitutes half 

of a total sphere. The spherical center is located at point C' and the radius is R. 

Rays FB and BA are arbitrary incident and reflected rays originating at point F 

and intercepting the aperture plane at point A, which is a radial distance r from 

the z-axis. The focal length f is equal to the length of ray OF. For the range of 

variables 0 <r/R<0.6 and 0.45 < f/R <0.5, the approximation can be made 

that reflected ray BA is parallel to the z-axis [1]. Under this condition, the total 

path length from the focal point F to the aperture plane point A is given by [1] 
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Figure 5.1-1. Spherical (hemispherical) reflector geometry [1]. 
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Figure 5.1-2. Total pathlength error for a spherical reflector of radius R versus 

normalized focal length f/R for several values of normalized aperture radii a/R 

[1]. 
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|FB|+|BA| =d = VR? 4 fr + (VR? —(R-f)P. (51-1) 

The pathlength difference between an axial ray FOC and a non-axial ray FBA 

is given by [1] 

A=R+f-d. (5.1-2) 

Therefore, using (5.1-1) and (5.1-2), the pathlength error in wavelengths is [1] 

A/d\ = (R/d)(2-—m—s— V1 +m? — 2ms) (5.1-3) 

where m=1—f/R and s=y/1—(r/R)’. 

When considering pathlength error over a given aperture a_ useful 

parameter is the total pathlength error (A/X)jo.q, which is defined as the 

difference between the maximum positive and maximum negative pathlength 

errors [1]. In Fig. 5.1-2 the total pathlength error for a spherical reflector is 

plotted as a function of the focal length f for different aperture radii a [1]. . All 

parameters in Fig. 5.1-2 have been normalized with respect to the radius of the 

spherical reflector R. The optimum focal length for each aperture is determined 

by the minimum of the corresponding curve [1]. The optimum focal lengths 

found from Fig. 5.1-2 are only valid for uniformly illuminated apertures because 

implicit in (5.1-3) is the assumption that all rays have equal weighting. 

For the case of a uniformly illuminated aperture the total pathlength 

error is least when the pathlength error at the edge of the aperture is zero [1]. 

Thus, equating (5.1-3) to zero and solving for f, the optimum focal length for a 

uniformly illuminated aperture of radius a is found to be [1] 

fop = 4 (R+ VR? =a’). (5.1-4) 

Experimental evidence indicates that for tapered aperture distributions the 

optimum focal length is somewhat longer than this result [1]. If the aperture 

radius a is small compared to the radius of the sphere R, then (5.1-4) yields the 
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commonly used approximation for the optimum focal length, f,, ~ R/2. 

For a uniformly illuminated aperture the relationship between the 

maximum permissible aperture size and the total allowable pathlength error is 

given by [1] 

aM“ _ 14.7(A/A) rotat - 

(nox (B/N) O29) 
For example, if the total pathlength error is limited to (A/A):o4q: = 1/16 at 

11.2 GHz for a spherical reflector with R= 5 feet, then R/\ = 56.896 and the 

maximal permissible illuminated diameter is 2a = 3.56 feet. 

Li [1] presented experimental results for a hemispherical reflector with a 

10 foot aperture diameter (R=5 feet). Measurements were performed at 

11.2 GHz and the illuminated diameter of the reflector, as defined by the 10 dB 

beamwidth of the feed, was 2a = 3.56 feet such that the total pathlength error 

was limited to (A/A)jo1q2 = 1/16 as calculated above. The resultant measured 

secondary pattern had a 3dB beamwidth of 1.76°, a relative sidelobe level of 

— 20 dB and an absolute gain of 39.4 dB [1]. The total useful scan range was 

140°, however, it is noted that this scan range corresponds to a reflector which is 

very under illuminated. The aperture area efficiency, as defined by (6.7-26), is 

1] = D2 — 0.25, ( ° ) 

therefore, only 25 % of the aperture area is used for any given scan direction. 

5.2 The Parabolic Torus Reflector 

The parabolic torus reflector is useful for applications requiring beam 

scanning in only one plane or in a conical path. For planar scanning the 

parabolic torus is generated by rotating a parabola of focal length F' about axis 

CG which is perpendicular to the axis of the parabola as shown in Fig. 5.2-1. 
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Figure 5.2-1. Geometry of the parabolic torus reflector 
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The radius of the circular cross-section of the torus in the rz-plane is given by r. 

A general equation describing the reflector surface is given by (5.2-1). The 

resultant reflector roughly combines the focusing quality of a paraboloid with the 

wide scanning characteristics of a sphere [2]. The focal region of a planar 

scanning parabolic torus is an arc with radius R and center of curvature located 

at C. Beam scanning is accomplished by moving a single feed along the focal arc 

or using multiple feeds to create several simultaneous beams. The diameter of 

the illuminated portion of the reflector is approximately equal to the reflector 

height h shown in Fig. 5.2-1. For a given illumination and focal length F' non- 

linear optimization can be used to find the value of R which minimizes aperture 

plane phase errors. However, in most cases it is adequate to make the focal arc 

coincident with the focus of the parabolic cross-section as shown in fig. 5.2-1. 

The F/D value of the illuminated portion is usually made equal to unity or 

larger in order to control spherical aberrations [2]. 

An offset parabolic torus antenna designed to simultaneously track several 

satellites in geostationary orbit is shown in Fig. 5.2-2 [2]. The dimensions of this 

reflector are F,, = 1.17 m , R=1.33 m and the radius of curvature of the circular 

cross-section in the xz-plane is r=2.5m [2]. The aperture dimensions are 

1.35 mx 2.5 m [2]. The reflector has a planar (azimuthal) field of view of +15° 

in the xz-plane and is designed to produce a 0.8° beamwidth at 22 GHz [2]. The 

measured boresight gain was 47.4 dB and remained essentially constant over the 

30° scan range [2]. By feed squinting the azimuthal field of view was increased 

by 5° in both the positive and negative directions with a measured 1.4 dB gain 

reduction over the extended azimuthal scan range [2]. 

For most applications scanning in a single plane is not adequate. 

Scanning orthogonal to the usual scan plane (elevation) can be accomplished by 

displacing the feed in the direction normal to the plane of the focal arc [2]. This 

method was used with the antenna shown in Fig. 5.2-2 to scan the beam from -5° 

to +2° in elevation with a measured gain deviation of 1 dB over the entire 7 

scan range [2]. 

An application for which the parabolic torus is particularly well suited is 

earth observation from low earth orbit (LEO). For such applications the torus 

can be used to generate simultaneous spot beams along a swath which is 
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Figure 5.2-2. Top and side views of a parabolic torus reflector designed to track 

several satellites in geostationary orbit and produce an 0.8° beamwidth at 20 GHz 

[2]. (a) Top view. (b) Side view. 
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perpendicular to the direction of satellite travel. This type of scanning, which is 

referred to as “push broom”, is shown in Fig. 5.2-3 [3]. General requirements for 

push broom scanning are a wide swath width and a constant incidence angle over 

the swath width. To maintain a constant incidence angle over the swath width 

conical scanning is required as shown in Fig. 5.2-3 [3]. To obtain a conical 

scanning torus the angle between the axis of the parent parabolic cross section 

and the rotation axis of the circular arc is made identical to the off-nadir angle 8 

as shown in Fig. 5.2-4 (3]. Using the parameters shown in Fig. 5.2-4, a general 

expression for the position vector P from the focus point on the z-axis to points 

on the surface of the torus reflector is given by{3}: 

P(0,4)=RC+ré (5.2-1) 

where 

C = sin F — cosy 2 (5.2-2) 

€ = cos(B — 6) #+sin (8-0) C (5.2-3) 

r= (Fc0s8) (5.2-4) 

and 

F = focal length of parabolic cross section, 

R = radius of focal line arc, 

( = off-nadir angle (8 = 90° for a planar scanning torus), 

x,y, Z = unit vectors in the direction of the x, y and z-axis respectively. 

In the above it has been assumed that the focal curve given by & is coincident 

with the focus of the parabolic cross-section. As with the planar scanning torus 

the optimum value of R is dependent on the focal length F and the size of the 

illuminated region. 
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Figure 5.2-4. Geometry of a conical scanning parabolic torus reflector. The 

rotation axis is tilted by the off-nadir angle 8 with respect to the beam axis [3]. 
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5.3 The High Aperture Efficiency Symmetric 

Reflector (HAESR) 

The high aperture efficiency symmetric reflector is intended for 

applications requiring beam scanning in only one plane. Beam scanning is 

accomplished by feed motion along a focal curve or multiple feeds can be used to 

create several simultaneous beams [4]. For a maximum allowable aperture plane 

phase error the HAESR can achieve a much higher aperture illumination 

efficiency than possible with the parabolic torus and, therefore, a much smaller 

reflector can be used to achieve the same scan performance. The shape of the 

HAESR reflector surface is found in a two step process [4]. First, a fourth-order, 

even polynomial curve representing the reflector profile in the plane of scan is 

found using least squares to minimize scanned ray pathlength errors. Second, 

even polynomial terms in x and y which minimize astigmatism for both the 

unscanned and maximally scanned beams are added to form the three 

dimensional surfaces. The full design procedure is now outlined for a reflector 

designed to have a scan range of +a [4]. It is noted that the reflector 

configuration 1s symmetric about the zy-plane and, therefore, only the +a scan 

direction need be considered in the following design procedure. 

The first step in the design procedure is to find the best scanning profile 

curve (the profile curve of a torus is circular). To initiate this step it is helpful 

to consider the ellipse shown in Fig. 5.3-1 [4]. The ellipse has foci at 

(x,z) =(+c,0) and a vertex point at (0, —6). A ray starting at the focus point 

(c,0) and reflecting at point (0, —b) will pass through the second focus point at 

(—c,0). This ray subtends angle a= tan™~'(c/b) with the z-axis. A tilted 

parabola can be defined which “best fits” the ellipse in the region about (0, — 6) 

as shown in Fig. 5.3-1 [4]. The tilted parabola has boresight direction a and is 

defined such that it passes through the vertex point (0,—b) with the first 

derivative at (0,—b) equal to zero (dz/dz| _,)=0) [4]. The preceding 

condition requires that the focal point of the tilted parabola (z,,y,) be located 

along the line between (0, —b) and (c,0). The tilted parabolic surface is given 

by [4] 
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Figure 5.3-1. Ellipse and best fit tilted parabola used to initiate the design of the 

best scanning profile curve for the HAESR reflector [4]. 
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2,(2,y) = b(2t/c? ~ x/e—1) — V (2tb/c?)?(1—ex/t) —(y/c)’ —_(5.3-1) 

where t is the distance of the focal point from the vertex point (0, — 0) along the 

line between (0, — b) and (c,0). 

Using the tilted parabola for the +a scan direction provides the basis for 

an improved profile based on the fourth-order even polynomial [4] 

Z,(2) = —b4r 2? 4+7,21. (5.3-2) 

The z* term represents a fourth-order correction to the untitled parabola given 

by the first two terms in (5.3-2). As long as the ratio r,/rz is small, the 

difference near z= 0 between z,,(z) and an untitled parabola with focus along 

the z-axis is small and, therefore, phase errors for beam pointing in the boresight 

direction are small [4]. Adding the z* term allows for a good fit between z,,(z) 

and the tilted parabola z,(z,0) at points removed from +=0 [4]. Thus, the 

profile curve z,,(rz) resembles an untitled parabola with focus on the z-axis for 

unscanned rays intersecting the curve near x=0, and a tilted parabola with 

focus at (x,,y;) for scanned rays intersecting the curve at points removed from 

x=Q [4]. The coefficients r, and r, are obtained by using the least squares 

method to minimize the difference between z,,(z) and z,(x,0) over a specified 

range (or profile segment). An important aspect of the design is that different 

intervals or profile segments are used for different scan directions. Also, for any 

nonzero value of r, performance near the z=0 axis is sacrificed in return for 

improved performance at the a scan limit [4]. 

It is desirable to maximize the length of the matching profile segment 

since this segment corresponds to the size of the usable portion of the reflector 

for scanned beams [4]. The size of the matching segment and the coefficients r, 

and r, are related to the focal length parameter t. As t is increased the reflector 

becomes flatter, the values of the coefficients decrease, and for a specified 

maximum allowable phase error the length of the matching segment can be 

increased. The size of the matching section and the value of the feed position 

parameter ¢ are design parameters much like the F/D value for parabolic 
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reflectors [4]. These are selected by iterative reduction until the maximum error 

over the matching segment is less than a specified tolerance [4]. 

The second step in the design process is to extend the two-dimensional 

profile into a three-dimensional reflector surface. This is accomplished by adding 

terms of the form 2?" and y’" to the profile of (5.3-2) resulting in the surface 

equation (4] 

26(2,Y) = Z.0(t) + Py? +Qa°y’ + Ry? + Saty?. (5.3-3) 

The coefficients P, Q, R and S are found by matching to the ideal tilted 

paraboloid, however, for the three-dimensional case optimization is performed 

over a circular matching area instead of a profile segment [4]. The coefficients P, 

Q, R, S and the diameter of the matching area are related to the focal length 

parameter ¢t. As ¢ increases the reflector becomes flatter, the values of the 

coefficients decrease, and for a specified maximum allowable phase error the 

diameter of the matching area can be increased [4]. 

Rappaport [4] investigated the validity of the preceding design procedure 

by analyzing two example reflector configurations. The first configuration was 

designed to have a scan range of a= +30° and the second configuration was 

designed to have a scan range of a= +8.5°. Performance of the configurations 

were evaluated using geometrical optics (G.O.) to obtain the aperture field 

distribution and the Fast Fourier Transform (FFT) to calculate the 

corresponding far field pattern [4]. 

A normalized (normalized by the focal length) profile of the reflector 

configuration designed to scan a= +30° is shown in Fig. 5.3-2 [4]. Also shown 

in Fig. 5.3-2 is the locus of feed positions corresponding to the + 30° scan range. 

The feed motion is more complicated than the circular feed path required for a 

parabolic torus. The illuminated region of the reflector has a diameter of 30 A 

and the maximum phase error is limited to 8° ( ~ 0.023 A) [4]. The full profile of 

the reflector is 54 A and the corresponding aperture area efficiency, as defined by 

(6.7-26), is n, ~ 56 % [4]. A torus reflector with similar scanning capabilities (8° 

maximum phase error) would have to be approximately 45 % larger and would 

have an aperture area efficiency of n, ~ 39 % [4]. 
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Far-field patterns in the plane of scan are shown in Fig. 5.3-3. 

Figure 5.3-3(a) shows the radiation pattern for the 30° scan direction and 

Fig. 5.3-3(b) shows the radiation pattern for boresight operation. Also shown in 

Fig. 5.3-3 is the ideal pattern formed by a 30 4 diameter parabolic reflector. In 

Fig. 5.3-4 the performance of the HAESR and a parabolic reflector with the same 

focal length as the HAESR are compared over the 30° scan range [4]. For the 

unscanned beam the parabolic reflector has a peak gain that is 0.2 dB greater 

and a relative sidelobe level that is 2.5 dB lower than that produced by the 

HAESR [4]. However, for the 30° scan direction the beam produced by the 

parabolic reflector suffers a gain loss of 2 dB and a 9 dB increase in the relative 

sidelobe level while the characteristics of the beam produced by the HAESR 

remains relatively unchanged over the 30° scan range. 

The effects on peak gain and relative sidelobe level caused by increasing 

the frequency with the HAESR are shown in Fig. 5.3-5 [4]. It is noted that while 

the peak gain remains relatively flat over the scan range for D = 60 \ and 90 4, 

the effects of increased phase errors at the higher frequencies are evidenced by 

the decrease in peak gain. For D = 60 X and 90 A the peak gain produced by the 

HAESR is approximately 44 dB and 46 dB, respectively, while the peak gain 

produced by an ideal parabolic reflector at the two frequencies is 45.5 dB and 90 

dB, respectively [4]. 

For the design of the a= +8.5° reflector configuration the aperture area 

efficiency was maintained at 7, = 49.2 %; however, with the smaller scan range 

the maximum phase error was decreased to 7.56 (20.021 A). The 

instantaneously illuminated aperture diameter is 500 \ and the +8.5° scan range 

corresponds to +68 beamwidths. The scan performance of this configuration is 

shown in Fig. 5.3-6 [4]. The peak gain of the unscanned beam is 1.2 dB below 

that produced by an ideal parabolic reflector and the relative sidelobe level is 

— 13.9 dB [4]. For the 8.5° scanned beam the peak gain is only 0.4 dB below the 

peak gain produced by an ideal parabolic reflector and the relative sidelobe level 

is — 11.6 dB (4]. 
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Figure 5.3-3. Radiation patterns produced by the HAESR reflector designed to 

scan +30°, and a 30. parabolic reflector with F/D=1 [4]. (a) Radiation 

pattern through the plane of scan for the 30° scanned beam. HAESR reflector- 

solid; parabolic reflector-dashed. (b) Radiation pattern through the plane of scan 

for the unscanned beam. HAESR reflector-solid; Parabolic reflector-dashed. 
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5.4 The Schwarzschild Reflector Configuration 

The Schwarzschild reflector configuration is constructed of two shaped 

reflectors in a Cassegrain arrangement. The shape of the reflectors are defined 

such that as the feed is moved to the focal point from a displaced position the 

primary aberration coefficients in the perturbation eikonal of Schwarzschild 

(discussed in Chapter 2) go to zero with zero slope [5]. Therefore, for very small 

scan angles, the primary aberrations are vanishingly small and the beam 

scanning performance of the Schwarzschild configuration is enhanced compared 

to the classical Cassegrain reflector configuration. 

White and DeSize [5] developed a method for obtaining a two-dimensional 

cylindrical Schwarzschild configuration. The geometry used is shown in 

Fig. 5.4-1 [5]. Figure 5.4-1(a) shows a cross-section of the reflector configuration 

and Fig. 5.4-1(b) shows an expanded view of the feed and aperture regions. Only 

half of the cross section is shown in these figures because the structure is 

rotationally symmetric about the z-axis. A ray parallel to the z-axis and 

separated from it by a distance H is reflected first by the main reflector and then 

by the subreflector. The angle between the final segment of the ray and the z- 

axis is a. The reflector system focuses incoming rays parallel to the z-axis to a 

point at the coordinate origin. If the source is displaced a small distance y 

normal to the x-axis, a new scanned plane wave should emerge from the system 

with a tilt angle @ relative to the original plane wave. Assuming the 

displacement y is small relative to the dimensions of the system, the change in 

the ray path length from the focal point to the aperture plane is given by [5] 

c 

Ap & y sina. (5.4-1) 

As shown in Fig. 5.4-1(a), the ray path length from the aperture to the emergent 

wave with tilt angle @ is given by [5] 

Ap = FH tan 6. (5.4-2) 

To ensure that all ray path lengths from the displaced focal point to the tilted 
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Figure 5.4-1. Geometry of the Schwarzschild reflector configuration [5]. (a) 

Cross-section of a generalized axis-symmetric Schwarzschild configuration. (b) 

Expanded view of the aperture plane and focal region of the Schwarzschild 

configuration. 
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plane wave are equal (corresponding to the phase error free condition for which 

all primary aberration coefficients are zero) (5.4-1) and (5.4-2) must be equal: 

y sina = H tan 8 (5.4-3) 

or 

fi ._V¥_ of (5.4-4)     

where F is a constant independent of H. Equation (5.4-4) is referred to as the 

Abbe’ sine condition and is used in optical lens design [5]. 

White and DeSize [5] have obtained equations which satisfy (5.4-4) for the 

cross-sectional curves shown in Fig. 5.4-1. The subreflector is defined by p(a) 

which given by the following function (5): 

  

F 4 
~Fo=bD _ FS p=etE tg 1 (-s) *4 (5.4-5) 

where 

s = sin*(a/2). (5.4-6) 

The main reflector is defined by z(H) which is given by the following [5]: 

F F-2t, 

r= t+" s(1—s)+4,(1—-s) 9 (1- Pye (5.4-7) 
ty 1 

where 

pf ___H___ (5.4-8)   

Comparison of the equation for the parabola and the Taylor series 

expansion of (5.4-7) indicates that the two surfaces differ only by the presence of 

higher order terms (i.e. order 3 and greater). Therefore, it is possible to define a 

Schwarzschild reflector configuration and a classical Cassegrain configuration as 
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being “equivalent” if the main reflector surface curvatures on axis are the same 

to first order and the separation between main reflector and subreflector surfaces 

are the same [5]. For this case the constant F' in (5.4-5) is equal to the focal 

length of the equivalent Cassegrain configuration [5]. 

White and DeSize [5] used geometrical optics to analyze the performance 

of several dual reflector configurations. Pathlength error as a function of 

aperture position for a Schwarzschild configuration and the equivalent classical 

Cassegrain configuration, both with a magnification of m=2 and the feed 

located on the surface of the main reflector, are compared in Fig. 5.4-2 [5]. For 

this figure the aperture plane is parallel to the y-axis and is symmetric about the 

z-axis. Odd order (coma) aberrations cause the pathlength error curves to be 

anti-symmetric about the y=0 axis while even order aberrations cause the 

pathlength error curves to be symmetric about the y=0 axis. For both scan 

directions the Schwarzschild configuration shows a reduction in coma, as 

evidenced by the greater symmetry in the pathlength error curves, compared to 

the classical Cassegrain configuration. For the 5° scan case the improvement of 

the Schwarzschild configuration over the classical Cassegrain system is more 

pronounced than for the 10° scan case [5]. This result is expected because the 

design of the Schwarzschild configuration only ensures improved scan 

performance for small scan angles. White and DeSize [5] describe an over 

compensation method which decreases the amount of coma aberration over the 

scan range. Over compensation is obtained by calculating the amount by which 

the Schwarzschild main reflector deviates from a parabolic surface and then 

creating a new main reflector which increases this deviation by some percentage. 

The subreflector is then shaped such that phase errors are eliminated for 

boresight operation. For example, the reflector configuration is referred to as 

100 % overcompensated if the main reflector doubles the deviation between the 

parabolic main reflector and the Schwarzschild main reflector. Pathlength error 

curves for a range of off-axis scan directions for a 100 % over compensated 

reflector configuration with magnification m = 2 are shown in Fig. 5.4-3 [5]. 
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Figure 5.4-3. Path error curves in the aperture plane of a 100% 

overcompensated reflector configuration with magnification factor m = 2 [5]. 
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5.5 The Bifocal Reflector Configuration 

With two shaped reflectors it is possible to create a reflector configuration 

with two perfect focal points corresponding to + angular limits of scan. The 

impetus behind this design is the observation by Rao [6] that a bifocal dielectric 

lens has a wider angle scan capability than a dielectric lens with a single focus. 

Therefore, it is reasonable to assume that a bifocal reflector configuration will 

exhibit better beam scanning performance than a single focus reflector 

configuration. 

Rao’s [6] design technique for the bifocal reflector configuration involves 

obtaining a set of bifocal curves and then forming an axis-symmetric surface by 

revolving the curves about a central axis. A disadvantage of this design 

technique is that rotating the two dimensional curves to form a three 

dimensional structure spreads the two perfect focal points into an imperfect focal 

ring. Also, only axis-symmetric structures can be designed using this technique 

leading to aperture blockage. Despite these limitations theoretical analysis of a 

bifocal reflector configuration designed by this technique showed considerable 

scan improvement compared to an equivalent classical Cassegrain configuration 

[6]. A technique for obtaining a set of bifocal curves is presented later in this 

section. An example set of bifocal curves are shown in Fig. 5.5-1 where focal 

point B(0,d) corresponds to the —a@ scan direction and focal point A(0,d) 

corresponds to the +a scan direction [6]. 

A comparison performed by Rao [6] considered a bifocal configuration and 

a Classical Cassegrain configuration for which the main reflector diameters were 

6.48 m and the subreflector diameters where 1.25 m. The bifocal configuration 

had a focal ring corresponding to a 6° scan direction. Figure 5.5-2(a) shows the 

calculated secondary patterns for the bifocal configuration and those calculated 

for the classical Cassegrain configuration at 4 GHz over a scan range of 0° to & 

[6]. The variation in gain is 1.5 dB for the bifocal configuration versus 5.8 dB for 

the classical Cassegrain configuration, and the variation in half-power beamwidth 

is 0.8°-0.9° for the bifocal configuration versus 0.8°-1.5° for the classical Cassegrain 

configuration. The sidelobes are lower for the bifocal configuration except for 

patterns which are close to boresight. Boresight gain for the bifocal configuration 
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bifocal dual reflector [6]. (a) 4 GHz results. (b) 6 GHz results. 
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is several dB lower than that for the classical Cassegrain configuration. Figure 

5.5-2(b) shows the calculated secondary patterns for the same example at a 

frequency of 6 GHz [6]. In this case the variation in gain over the scan range is 

2dB for the bifocal configuration versus 9.3 dB for the classical Cassegrain 

configuration, and the variation in half-power beamwidth is 0.6-0.7 for the 

bifocal configuration versus 0.6°-1.2° for the classical Cassegrain configuration. 

Rappaport [7] extended Rao’s [6] technique by developing a method for 

generating three dimensional bifocal reflector surfaces with two perfect focal 

points. An advantage of this method is that it facilitates the design of offset 

configurations leading to reduced aperture blockage. A disadvantage is that 

improved scan capabilities are only obtained in the plane containing the two 

focal points as opposed to a conical region corresponding to the focal ring in 

Rao’s technique. Rappaport’s design procedure can be explained with reference 

to Fig. 5.5-3 [7]. Angle a specifies the scan direction and is measured 

counterclockwise from the z-axis in the xz-plane. Focal point F’, corresponds to 

the +a scan direction and focal point F’, corresponds to the — a scan direction. 

To eliminate phase error all path lengths from F’, to the +a scanned aperture 

plane must be equal, and likewise for F, and the —q@ scanned aperture plane. 

The aperture center parameter C is the z-coordinate of the intersection line of 

the two scanned aperture planes. Adjusting C’ has the effect of moving the 

relative positions of the two aperture planes. Therefore, setting the path length 

from each focal point to their respective aperture planes to be equal to a 

constant L, and varying C, has the same effect as fixing the position of the 

aperture planes and using two different path length parameters (L, for one focus 

and L, for the other) which are varied independently of each other. 

To initiate the design procedure a set of bifocal curves must first be 

obtained. To perform this step the following parameter values are specified: the 

scan angle a (the total beam scanning capability of the reflector is +a); the 

focal point positions F', and F,; the path length from the focal points to their 

respective aperture planes L; the aperture center C; an initial point on the 

subreflector S,; and the subreflector normal at S,, Ws). 

Beginning with these initial parameters outgoing ray Ri, is traced from 

focal point F', to subreflector point S,, where k =1 for the initial subreflector 
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Figure 5.5-3. Geometry used for Rappaport’s design procedure for the offset 

bifocal dual reflector antenna [7]. 
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point. The normal at this point n>, is used to find the reflected ray Roy such 

that Snell’s law of reflection is satisfied. Using parameters @ and C’ the position 

of the constant phase plane corresponding to the +a scan direction is found. 

Ray Rat must be perpendicular to the constant phase plane and this property, 

along with the total pathlength LD, is used to find the point on the main reflector 

M, and the normal at this point fy, such that Snell’s law of reflection is 

satisfied and 

Riz + Ry, + Rp =— L. (5.5-1) 

Next, the system is considered in the receiving mode. The constant phase plane 

corresponding to the —qa scan direction is found using a and C and the ray Ri, 

is defined such that it is perpendicular to this plane and intersects the main 

reflector at point M,. Using t,,;, and applying Snell’s law of reflection reflected 

ray Rh, corresponding to incident ray Ri, is found. Finally, using Ri, the 

position of the second focal point F,, and the total path length L, a second point 

on the subreflector S,,, , and surface normal ng, ,, are defined such that 

Ri,+ Ry + Ry = L (5.5-2) 

and Snell’s law is satisfied on the subreflector. The entire process is repeated 

with a second ray Rit 41 Which travels from F, to S,4, and after several 

repetitions a locus of points and corresponding normals are found for both the 

main reflector and the subreflector. It is noted that with the above procedure 

there is no guarantee that the points and normals found for each reflector specify 

a continuous curve and hence a realizable solution. To ensure a continuous curve 

a cubic spline can be specified through the set of point corresponding to each 

reflector using the normal at the first and last points on each curve. If the 

normals at the rest of the points agree with those calculated by the cubic spline 

routine, it is assumed that a valid curve has been found [7]. 

Once a set of valid two dimensional curves are found the procedure is 

repeated to synthesize a three dimensional surface by choosing a new initial 

subreflector point which lies off of the plane of symmetry and performing a new 
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iterative generation, thus producing a second set of reflector curves [7]. A third 

set of curves is generated from a third subreflector point, and the process is 

repeated until the curves construct a surface. Although each curve in the process 

may be realizable, joining the curves to form a realizable surface presents the 

same problem as does joining the points with a curve. The sequence of initial 

subreflector points determines the relative positions of the reflector curves and 

hence the feasibility of joining them into a surface [7]. Therefore, a trial 

transverse polynomial z= P(y) with P(0) =0 is selected, which determines the 

shape of the subreflector in the third dimension [7]. The sequence of initial 

subreflector points and surface normals are given by [7] 

535 = (Zo, iAy, <0 + P(iAy)) (5.5-3 a) 

(5.5-3 b)   

where (29,0, z 9) and (n,;,,0,7,,,) are the initial subreflector point and its normal, 

" increment in the y-direction. Optimizing the transverse and iAy is an 7‘ 

polynomial and quantifying the effects of small variations has been identified as 

an area requiring future investigation [7] 

Rappaport [7] used this algorithm to design and construct an offset bifocal 

reflector configuration with a scan capability of +8. To simplify construction it 

was desired to obtain a bifocal configuration for which a parabolic main reflector 

could be used. Therefore, to obtain a transverse polynomial a set of bifocal 

curves were found for which the main reflector approximated a paraboloid. 

Then, given the bifocal main reflector, the unscanned system focal point and the 

z-intercept of the subreflector, the closest classical Cassegrain configuration was 

found. The subreflector of the closest Cassegrain configuration was then used to 

obtain the transverse polynomial P(y) [7]. 

The example bifocal configuration designed by Rappaport had a main 

reflector diameter of 130 4, a subreflector diameter of 47.5 4 [7]. A comparison 

of calculated peak gain for the bifocal configuration, the most efficient Cassegrain 
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Figure 5.5-4. Comparison of calculated peak gain versus scan angle for an offset 

bifocal reflector configuration, an offset parabolic reflector, the most efficient 

classical Cassegrain configuration and the optimum scanning Cassegrain 

configuration [7]. Each constrained to fit within the same volume and have a 

130 \ diameter aperture [7]. 
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+8° beam scan directions for an offset bifocal dual reflector with a 130 \ aperture 
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configuration and the optimum scanning Cassegrain configuration (the optimum 

scanning Cassegrain is the classical Cassegrain from which the polynomial P(y) 

was taken) are shown in Fig. 5.5-4. Each of these configurations are constrained 

to fit within the same volume and have a 130 A aperture diameter [7]. 

Rappaport [7| constructed a model of the bifocal configuration for 

operation at 36 GHz. The main reflector was cut from a commercially available 

parabolic microwave reflector and the shaped subreflector was cut from high 

density styrofoam and coated with conducting paint [7]. The feed used was a 

conical Potter horn with a 9° flare angle and a 7X diameter aperture [7]. 

Measured versus calculated secondary patterns for scan angles of 8°, 0°, and — 8 

are shown in Fig. 5.5-5 [7]. The bifocal configuration achieved a scan angle of 

+8 with a peak gain variation of only 3 dB and a first sidelobe level not 

exceeding 15 dB below the beam maximum, with no aperture blockage for any 

scan direction [7]. 

5.6 The Scan Optimized Dual Reflector 

Configuration 

With a dual reflector configuration it is possible to create two perfect 

focal points corresponding to two distinct far-field scan directions, such 

configurations are discussed in Sec. 5.6. While it is not possible to create more 

than two perfect focal points with a dual reflector configuration, improvement 

over the scan performance possible with a bifocal configuration is possible by 

applying scan optimization [8]. With scan optimization the shapes of the main 

reflector and subreflector are “optimized” in the sense that aperture plane phase 

errors are minimized over the entire scan range. It is noted that the phase errors 

do not necessarily vanish in any given scan direction and, therefore, in general, 

no perfect focus point exists for the configuration. 

Albertsen et al. [8] presented an optimization approach for which shape 

optimization is performed by an iterative procedure starting with an “initial” 
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guess classical Cassegrain configuration. Optimization is initiated by choosing a 

set of directions which span the scan range and optimizing performance for those 

directions. In each iteration the set of best feed positions for the given set of 

scan directions are calculated. For the set of feed positions the reflector surfaces 

are adjusted in a symmetrical way in order to reduce aberrations for the defined 

set of scan directions. The process is repeated until convergence to a “best” 

solution for the given set of scan directions. The procedure is more explicitly 

outlined in the following. 

For the iteration procedure the surfaces are expanded in terms of cubic 

basis splines. Thus, the main reflector surface f(z,y), is expanded in the series 

[8]: 

y) = ois B(x) B,(y) (5.6-1) 
t57 

and the subreflector surface, g(x, y), is expanded in the series 

(2, y) = > 4; B(x) By) (5.6-2) 

where B(x) and B,(y) are basis-spline functions and c;; and d;; are the 

expansion coefficients [8]. 

The reflector configuration is optimized using geometrical optics (G.O.). 

Rays are traced from the scanned aperture plane to the focal region. A point r; 

in the focal region is found for each ray such that the pathlength from r; to the 

aperture plane is the same for each ray. The feed position is defined as the mean 

value @ of the points r; and the variance is given by [8] 

v= OH r,—%) (5.6-3) 

The variance is used to obtain an estimate of the magnitude of phase aberration. 

For each iteration in the optimization procedure the optimum feed position for 

the given scan direction is calculated by obtaining the values of r; which 

minimize the variance given by (5.6-3) [8]. Optimization of the reflector surfaces 

is then performed by a numerical Levenberg-Marquardt algorithm for 
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minimization of a sum of squares of nonlinear functions [8]. In this case the sum 

of squares to be minimized is given by (5.6-3) and the variables are the c;; and 

d;; coefficients of (5.6-1) and (5.6-2) [8]. 

Albertsen et al. [8] presented several reflector configuration examples. 

For the starting point an offset classical Cassegrain configuration was used. A 

cross-section of the initial reflector configuration in the plane of symmetry is 

shown in Fig. 5.6-1. The subreflector is a plane and the main reflector is a 

parabola for which F/D=1.5. The diameter of the main reflector is D = 300 A 

and a 10 dB edge taper was used. Two types of scanning were considered [8]: a 

planar scan range of +7 orthogonal to the plane of symmetry; and a 3.5° conical 

scan. If the plane of symmetry is defined to be the zz-plane, then the planar 

scan range is defined by ¢ = 90°, 6=0-7 and ¢ = 270°, 0=0-7, and the conical 

scan range is defined by ¢ = 0-360", 0 = 0°-3.5°. 

For planar scan two examples were considered [8]. For the first example 

scan optimization was performed for the following two scan directions to form a 

bifocal configuration: ¢=90°, 6=7; and ¢=270°, 6=7. For the second 

example scan optimization was performed for the following five directions to 

create a more uniform distribution of phase aberrations through out the scan 

range: ¢= +90°, 0=0°, 3.5 and 7. For the conical scan case scan optimization 

was performed for the following nine scan directions [8]: 6 = 0°, and 6=3.5, 

@=07, +45°, + 90°, £135° and 180". 

The maximum gain of the three shaped configurations and the non-shaped 

classical Cassegrain configuration are presented on Table 5.6-1 [8]. The results 

for the planar +7 scan range will be considered first. 

The non-shaped configuration has a peak gain of 58.51 dB for boresight 

operation and suffers a gain loss of 11.98 dB over the +7 scan range. The 

bifocal configuration has a peak gain of 58.38 dB in the 6 = 7, ¢ = +90 scan 

directions corresponding to the perfect focal points and suffers a 3.05 dB gain loss 

over the +7 scan range. The configuration optimized for the five scan 

directions has a peak gain of 58.31 dB in the boresight direction and suffers a 

gain loss of only 0.16 dB over the + 7 scan range. It is evident that the 

configuration optimized for the five scan directions achieves by far the best scan 
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Figure 5.6-1. Cross-section of the initial reflector configuration used to obtain 

the scan optimized dual reflector configuration [8]. The aperture diameter is 

D/X = 300 and F/D = 1.5 [8). 
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performance while sacrificing only 0.2 dB of gain loss in the boresight direction 

compared to the classical Cassegrain configuration. 

  

  

Table 5.6-1 

Maximum Gain vs Scan Direction for Various Reflector Types [8] 

Scan Direction Classical Bifocal Optimized for | Optimized for 
0 od Cassegrain Five Directions | Nine Directions 

0.00° 0 58.51 55.33 58.31 57.37 
1.75° 90° 97.01 09.01 58.29 

3.50° 90° 52.82 56.19 58.24 57.58 
5.29 = 90" 49.48 57.57 58.21 
7.00° 90° 46.53 58.38 98.15 

3.50° 0° 52.05 96.50 

3.50° = 180° 53.65 56.40             
  

The +7 planar scan results on Table 5.6-1 are plotted in Fig. 5.6-2 in the 

form of gain loss versus scan angle [8]. For this plot gain loss is taken with 

respect to a uniformly illuminated 300 \ aperture for which the gain is 59.48 dB. 

Results for the 3.5° conical scan case are also presented in Table 5.6-1 [8]. 

The non-shaped configuration has a peak gain of 58.51 dB in the boresight 

direction and suffers a gain loss of 6.46 dB over the conical scan range. The 

configuration optimized for nine scan directions has a peak gain of 57.58 dB in 

the ¢= 90°, 9=45° scan direction and suffers a gain loss of 1.18 dB over the 

conical scan range. While the results for the conical scan configuration were not 

as impressive as those for the planar scan configurations, a 5.28 dB gain 

improvement was obtained with only a 0.93 dB loss in peak gain. 
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5.7 The Gregorian Corrected Spherical 

Reflector Configuration 

To conserve space and keep required motions to a minimum, it is 

desirable to limit the F'/D ratios of mechanically scanned microwave systems to 

approximately 0.5 or less [9]. If a spherical reflector has an F/D ratio of 0.5 and 

the total pathlength error over the aperture is limited to /16, then the 

maximum size of the illuminated aperture is restricted to 58.8 A, as calculated by 

(5.1-5) assuming D=a and F=R/2. Therefore, for systems with F'/D ratios 

that are 0.5 or less and aperture diameters that are 58.8 A or greater, some 

method of spherical aberration correction is needed if satisfactory antenna gain 

and beam shape are to be maintained. 

The simplest method for correcting spherical aberration is with a single 

correcting subreflector as described by Holt and Bouche [9]. Positioned in a 

Gregorian configuration, the correcting subreflector is able to completely 

compensate for the spherical aberration caused be the spherical main reflector 

[9]. The secondary beam is scanned by moving the correcting subreflector and 

feed as a unit along a spherical surface [9]. A diagram of a spherical main 

reflector and correcting subreflector is shown in Fig. 5.7-1(a) [9]. If the spherical 

reflector subtends a cone of full angle 26 and the illuminated portion of the 

spherical reflector, due to rays reflected from the subreflector, subtends a cone of 

full angle 2a, both measurements made with respect to the center of curvature of 

the sphere (see Fig. 5.7-1), then the system scanning capability is a cone of full 

angle 2(G8—«a). Scan angles greater than 2(8—a) result in main reflector 

spillover as based on geometrical optics. 

A parabolic surface reflects incident parallel rays to a single caustic point 

(focus point) and subreflectors can be placed either before or after the caustic 

point to create a Cassegrain or a Gregorian configuration, respectively. The 

situation is more complicated for a spherical reflector. Rather than a caustic 

point incident parallel rays are reflected to form a caustic region. The envelope 

of the caustic region is called the caustic surface and is specified by zx, and y, 

which are given by [9] 
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F paraxal focat point    

Figure 5.7-1. Spherical reflector with correcting secondary reflector [9]. (a) 

geometry of the configuration(9]. F' = paraxial focus, V = reflector vertex, 

EE = reflector aperture, AOJ = reflector wavefront, 2(6 — a) = total scan angle, 

P = corrector focus, N = corrector vertex, KK = corrected aperture. (b) Ray 

trace of the caustic region for a plane wave reflected from a spherical surface. 
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R(3 cos 6 — cos36) 
  

  

I.= 7 (5.7-1a) 

y= R(3 sin = sin 38) (5.7-1b) 

A ray trace of the caustic region is shown in Fig. 5.7-1(b) [9]. The darkened 

boundary of the cone shaped caustic surface is clearly seen in this figure. Energy 

density is high within the caustic surface and maximum near the paraxial focal 

point F' located half way between the center of curvature for the spherical 

reflector O and the reflector vertex [9]. Inside the caustic region two or more 

reflected rays pass through each point while outside this region only one ray 

passes through each point. In general, each point on the subreflector surface can 

only correct for the pathlength error of a single ray, therefore, the correcting 

subreflector must be located outside of the caustic region [9]. 

Closed form expressions for correcting subreflector surfaces can be 

obtained by requiring that all rays traced from the feed to the aperture plane 

(located at O) have equal path lengths [9] 

    

AB+BM+MP=OV4VN+NP. (5.7-2) 

Holt and Bouche [9] derived the equations for the correcting subreflector surface 

using a normalized configuration with the main reflector defined as a section of a 

sphere of unit radius. For this configuration, points on the reflector surfaces are 

defined as follows [9]: 

(c,s) = (cos6, stn@): xz, y coordinates of points on the spherical main reflector 

surface. 

(u,v): x, y coordinates of points on the correcting subreflector surface. 

(n,o0): x, y coordinates of the vertex N of the correcting subreflector. 

(p,o): x, y coordinates of the feed position P. 
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With these coordinates the location of the paraxial focus F becomes (1/2, 0) and 

(5.7-2) can be rewritten [9] 

cos6 + [(u—c)? + (v—s)?]'/? + [(u— p)? 4+ v?]}/? =2—2n+4 p. (5.7-3) 

Calculation of the slope of ray BM yields [9] 

  tan 20 = 7—<. (5.7-4) 

Simultaneous solution of (5.7-3) and (5.7-4) for the coordinates (u, v) of points on 

the subreflector surface yields [9] 

_¢—[c?—4(1 ~n) — (1 — p”) + (2+ p — 2n)"](2c? — 1) 
4(pc? —-c—n+1) 
  (5.7-5) 

(2cu—1)s St (5.7-6) v=+ 

where n < 1/2 and p> 1/2. 

A cross section of the caustic region and four specific examples of 

correcting subreflectors are plotted in Fig. 5.7-2 [9]. The angles noted on the 

subreflectors indicate the corresponding angular dimension of the illuminated 

portion of the main reflector, a (see Fig. 5.7-1) [9]. For teardroped shaped 

reflectors A B and C the points where the reflector intercepts the caustic surface 

determines the geometrical limits of usable corrector surface [9]. Subreflector D 

is located inside the caustic surface and therefore is not a valid solution. For a 

given feed position p>1/2 and a given angular aperture illumination 2a, the 

corrector with minimum diameter and, therefore, the subreflector which causes 

the least amount of aperture blockage, is obtained by placing the corrector 

vertex at the paraxial focal point, F = (1/2,0) (surface B in Fig. 5.7-2) [9]. It is 

noted that for this case the caustic surface intersects the subreflector surface 

which leads to diffraction effects [18]. 
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Figure 5.7-2. Cross section of Gregorian corrector shapes and there relation to 

the caustic surface formed by rays reflected from a spherical reflector surface [9]. 

  

Figure 5.7-3. Measured H-plane patterns for a 10 foot spherical reflector 

(n = 0.5, p = 0.6) fed by a correcting reflector and horn combination at 9.34 GHz 

(9]. The scan range shown in + 15° [9]. 
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Holt and Bouche [9] presented experimental results for a spherical 

reflector with both a radius of curvature and an aperture diameter of 10 feet 

corresponding to a 60° cap from a complete sphere [9]. To keep the correcting 

subreflector as small as possible the subreflector vertex was placed at the 

paraxial focus point, n= 0.5. The feed was placed at a point 1 foot from the 

paraxial focus corresponding to p=0.6. For this reflector configuration the 

correcting subreflector surface, as obtained from (5.7.5), is given by the 

following [9]: 

  

_ _ c—(c? - 2c + 1.6)(2c? - 1)}. 
xz, = 120 u = 120 | 4068-0) +2 inches (5.7-7) 

and 

(2uc - 1)s]. 
Y, = £120 v = 120 Oo - 1 inches. (5.7-8) 

The feed/subreflector illumination pattern had a conical angle of 2a = 60° such 

that the entire surface of the main reflector was illuminated [9]. Therefore, 

a = 6 (see Fig. 5.7-1) and in (5.7-7) and (5.7-8) 

~ 30° <6 < 30° (5.7-9) 

For the marginal ray §6=a= 30", (5.7-8) yields y= Ru,,,, = 7-5 inches and, 

hence, the diameter of the correcting subreflector is 15 inches (12.5 % of the 

main reflector diameter). Aperture blockage due to the correcting subreflector is 

approximately 1.5 % of the area of the main reflector aperture. Any amount of 

beam scanning results in main reflector spillover and a corresponding decrease in 

gain and beamwidth because the main reflector is fully illuminated for boresight 

operation. 

Experimental results at 9.44 GHz, corresponding to a 96. aperture, 

showed a beamwidth of 0.59° and a first sidelobe level in the range of — 11 dB to 

—12dB. Typical H-plane patterns over the +15° scan range are shown in 

Fig. 5.7-3 [9]. Over the scan range the side lobe levels remain constant and the 

beamwidth increases. The increase in beamwidth, which results in an 
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approximate 4 dB gain loss at the scan limit, is due to the effective decrease in 

the size of the illuminated aperture due to main reflector spillover. At 24 GHz, 

corresponding to a 245 \ aperture, the measured beamwidth was 0.22” and the 

first sidelobe level was again in the range of —11 dB to —12 dB [9]. 

High sidelobe levels are associated with the Gregorian corrected spherical 

reflector configuration because the subreflector geometry required to correct for 

spherical aberrations causes a high inverse illumination taper across the main 

reflector aperture [9]. A more desirable illumination taper can be obtained by 

introducing a second subreflector as is discussed in the next section. 

5.7.1 Method for Increasing Aperture Efficiency 

With the Gregorian corrected spherical reflector it is possible to increase 

main reflector illumination efficiency by oversizing the correcting subreflector 

and illuminating a different portion of the subreflector for different scan 

directions. Figure 5.7-4(a) shows a cross-section of the traditional scanning 

scenario for a spherical reflector with a correcting subreflector. The feed and 

subreflector move together as a fixed unit. The main reflector is oversized to 

allow for + 5° of scan with no spillover, as defined by the edge rays, and to have 

a 30 m illuminated region on the main reflector. The resultant main reflector 

physical diameter is 36 m. Figure 5.7-4(b) shows the method for increasing main 

reflector illumination efficiency. The subreflector motion is identical to that 

shown in Figure 5.7-4(a), however, during scan the feed is tilted to illuminate a 

slightly different portion of the subreflector such that the same portion of the 

main reflector is illuminated for all scan directions. Increased blockage due to 

the larger subreflector could be eliminated by using an offset configuration. A 

disadvantage of this concept is the increased complexity associated with 

independent motion between the subreflector and feed horn. 
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Figure 5.7-4. Comparison of scanning scenarios for a 25 m spherical reflector 

with a Gregorian corrector over a scan range of +5°. The solid line indicates 

feed and subreflector positions for boresight operation and the dashed line 

indicates feed and_ subreflector positions for the 5° scan direction. 

(a) Conventional scanning scenario with oversized main reflector to prevent 

spillover. (b) Scanning scenario with oversized subreflector and relative motion 

between the feed and subreflector such that the same region of the main reflector 

is illuminated for each scan direction. 
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5.8 The Dual Corrected Spherical Reflector 

Configuration 

A spherical main reflector with a single correcting subreflector was 

introduced in Sec. 5.7. The single subreflector was able to correct the spherical 

aberrations caused by the main reflector; however, the corrector caused an 

inverse illumination taper in the aperture of the main reflector leading to an 

unacceptably high side lobe level {9]. Mittra and Galindo-Israel (10| have shown 

that with a reflector system consisting of two shaped reflectors it is possible to 

control both the phase and amplitude distribution in the aperture of the larger 

reflector. Therefore, two shaped subreflectors can be used as a feed system for a 

spherical main reflector to provide control of both phase and amplitude in the 

aperture of the main reflector. For such three reflector configurations the 

subreflector which is optically closest to the main reflector is called the 

secondary reflector and the reflector which is optically closest to the feed horn is 

called the tertiary reflector. Also, for consistency, the the term primary reflector 

is applied to the main reflector. With two correcting subreflectors beam 

scanning is achieved by moving the feed and the two correcting subreflectors as a 

rigid unit along a spherical surface. As with the single corrector discussed in 

Sec. 5.7, the aperture efficiency can be improved by oversizing the subreflectors 

and rotating the feed relative to the subreflectors to illuminate the same portion 

of the primary reflector for all scan directions. 

The origins of dual reflector shaping to achieve control of both amplitude 

and phase can be traced to Kinber [11] in 1962 and Galindo [12] and Green [13] 

in 1963. The goal of these early works was to obtain dual reflector configurations 

with both high aperture efficiency and low spillover for radio astronomy. The 

objective of dual shaped reflector synthesis can be described with the help of 

Fig. 5.8-1 [10]. The bundle of rays radiated from the feed is the G.O. 

representation of the feed pattern in both phase and amplitude [10]. The output 

bundle of rays corresponding to a specific feed pattern after two reflections is 

required to have [10]: (i) a prescribed phase front; (ii) a prescribed energy density 

distribution; and (iii) a prescribed periphery. 
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Figure 5.8-1. Geometrical optics representation of the problem to be solved by 

dual reflector synthesis [10]. 
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Figure 5.8-2. Geometry of a dual shaped reflector configuration [21]. 
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A non-mathematical approach was taken by Green who observed that for 

a two reflector configuration of high magnification (a large ratio of main reflector 

to subreflector diameter) the distribution of energy in the main reflector aperture 

is largely controlled by the subreflector curvature while the phase distribution is 

largely controlled by the main reflector curvature [13]. For prime focus parabolic 

reflectors a csc*(6/2) feed power pattern results in a (maximum-gain) uniform 

amplitude aperture distribution; therefore, Green took a given feed pattern and 

designed a circularly symmetric subreflector which radiated a csc*(@/2) power 

pattern [13]. The subreflector designed by Green did not radiate a spherical 

wave front. To compensate for the nonspherical incident phase front, Green 

perturbed the shape of the main reflector making it non-parabolic [13]. He found 

that this perturbation had only a small effect on the aperture energy 

distribution. He thus obtained an aberration free phase front and a very good 

approximation to a uniform amplitude distribution [13]. It has been noted that 

it is difficult to show whether further iterations in perturbing the shape of the 

secondary reflector and primary reflector would converge to an exact solution 

[13]. 

For rotationally symmetric (axis-symmetric) reflector configurations a set 

of differential equations can be obtained which yield an exact solution for the 

shapes of both the main reflector and the subreflector corresponding to a desired 

aperture phase and amplitude distribution. This is referred to as the differential 

approach [11,12]. 

5.8.1 The Differential Equation Approach 

The differential equation approach was introduced by Kinber [11] and 

Galindo-Israel [12]. Referring to Fig. 5.8-2, the following principles of 

geometrical optics are used to develop a set of coupled differential equations [21]: 

1. Snell’s law: at each reflector the incident and reflected rays and the 

surface normal are coplanar and the angle of incidence equals the angle of 

reflector [21]. Hence, 
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o = tan [exe] (5.8-1 a) 

oy = —tan 8 (5.8-1 b) 

2. Conservation of Energy: energy flow along each differential tube of rays 

remains constant, even when the tube undergoes reflection [21]. Hence, 

I(x) c dx = F(@) sin dé (5.8-2) 

where F(@) is the axially symmetric distribution of power radiated by the 

primary feed and I(r) is the power distribution in the main reflector 

aperture. 

3. Theorem of Malus: ray directions are normal to the constant-phase 

surfaces and this condition is maintained after any number of reflections 

[21]. 

Rearranging the above three simultaneous differential equations in the unknowns 

p, 9 and y yields the following set of ordinary, nonlinear simultaneous equations 

which can be solved to achieve an exact solution for the reflector surfaces [21]: 

  
d 0+ 
7 =p ae tan | 5 8) (5.8-3) 

da__ = I(x) (5.8-4) dz sin OF(0) 

ou = —tan i (5.8-5) 

A complete description of the synthesis procedure is found in [12]. 

If the offset reflector problem is formulated by the same method as that 
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employed for the axis-symmetric problem, there results a set of partial, instead 

of ordinary, nonlinear simultaneous equations which must be solved [10, 14,15]. 

The existence of a solution to these differential equations requires that they form 

a total differential [10]. Galindo and Mittra [14] showed that in many cases the 

equations form a nearly total differential, Hence, in order to obtain a solution 

one or more of the three requirements must be relaxed [10]. For example a 

solution can be obtained for a pair of reflectors which satisfy the aperture power 

constraint (ii) and the periphery constraint (iii) but do not fully satisfy the phase 

constraint (i). The main reflector can then be reshaped to eliminate residual 

aperture plane phase errors; however, this compromises constraints (ii) and (iii) 

[15]. 

5.8.2 The Iterative Approach 

Iterative techniques have been developed to solve the problem of 

synthesizing offset dual shaped reflector systems [16,17]. With these techniques 

the synthesis problem is reduced to solving a set of linear equations by locally 

expanding the reflector surfaces in terms of smooth surface functions. As with 

solutions based on differential equations, iterative techniques only guarantee 

convergence to physically realizable reflector surfaces for axis-symmetric 

configurations; however, an advantage of iterative techniques is that the solution 

is easier to control. For example, in order to obtain a nearly exact solution for 

offset configurations, the iterative technique developed by Kildal [18] 

incorporates a floating mapping procedure which automatically relaxes the 

aperture plane power distribution constraint until a solution which satisfies the 

phase constraint and “best satisfies” the aperture plane power constraint is 

achieved [18]. Kildal’s [18] method has been used to design a pair of offset dual 

correcting subreflectors for the 305 m spherical reflector antenna at the Arecibo 

observatory. A diagram of the primary reflector, correcting subreflectors, feed 

and sample rays is shown in Fig. 5.8-3 [18]. The reflectors are offset to eliminate 

blockage due to the tertiary reflector. The feed has a theoretical cos"(@/2) 

pattern and n is adjusted to give a — 18.19 dB illumination taper at the edge of 

the tertiary reflector, which corresponds to @ ~ 30°. The correcting subreflectors 
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Figure 5.8-3. Cross-section of the spherical primary reflector and Gregorian dual- 

reflector feed proposed for use on Arecibo [18]. (a) Detail of the dual reflector 

feed. (b) Complete tri-reflector configuration. 
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are designed to produce a primary aperture edge taper of — 6 dB. 

The aperture plane field distribution calculated using G.O. is shown in 

Fig. 5.8-4(a) and the aperture plane field distribution calculated using P.O. at 

1 GHz is shown in Fig. 5.8-4(b) [18]. There is good agreement between the G.O. 

and P.O. calculated fields; however, the P.O. field has a finite slope at the G.O. 

boundaries and the P.O. field has a dip at the center of the aperture. The slope 

is an expected result of edge diffraction [18]. The dip, which is more pronounced 

at low frequencies and is not at the center of the illuminated aperture, has been 

shown to be a diffraction effect associated with the paraxial focus (i.e. the cusp of 

the caustic surface) and is referred to as cusp diffraction [18]. Cusp diffraction 

represents a general physical limitation which occurs when a reflector surface is 

located too close to a cusp as is the case with the secondary reflector shown in 

Fig. 5.8-3 [18]. Cusp diffraction can be reduced by moving the secondary 

reflector surface further away from the paraxial focus, however, this results in a 

larger subreflector surface and more aperture blockage. Kildal [18] notes that the 

size of the illuminated portion of the primary reflector can be increased without 

increasing spillover by making the illuminated aperture elliptical with the largest 

cross section orthogonal to the plane of beam scanning; however, the 

corresponding radiation pattern will assume a slightly elliptical cross section. 

5.8.3 The Optimization Approach 

A third method for generating shaped dual reflecting surfaces is to make 

use of nonlinear computer optimization techniques [17,19]. An advantage of this 

approach is that it is easy to implement for offset configurations while other 

approaches require extensive manipulation to ensure convergence to a best 

solution [15, 16]. 

A good example of the optimization approach is the technique used by 

Watanabe [19] to design a pair of shaped subreflectors to be used with a spherical 

primary reflector. With Watanabe’s technique the shapes of the correcting 

subreflectors are determined such that the following two conditions are satisfied 

[19]: 
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Figure 5.8-4. Co- (solid curve) and Cross- (dashed curve) polarized aperture 

fields for the tri-reflector configuration shown in Fig. 5.8-2 [18]. (a) Obtained by 

geometrical optics. (b) Obtained by physical optics integration. 
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a. No phase aberrations are present in the aperture of the primary 

reflector. 

b. The difference between the desired aperture intensity distribution and 

the intensity distribution obtained by shaping the correcting 

subreflectors is minimized. 

The reflector configuration considered by Watanabe [19] is shown in 

Fig. 5.8-5. With Watanabe’s [19] notation the primary reflector, secondary 

reflector and tertiary reflector are referred to as the main reflector, sub-reflector 

and aux-reflector, respectively. Watanabe’s approach begins with an initial guess 

for the specified feed pattern I,(@) and the shape of the aux-reflector, which is 

represented in spherical coordinates by r = f(8,¢) [19]. With this starting point 

the following procedure is performed [19]: 

(1) For the given aux-reflector function f the shape of the secondary 

reflector which satisfies the aberration free requirement (a) is 

obtained. 

(2) For the given tertiary reflector and secondary reflector, the intensity 

distribution in the aperture plane I(p,, ¢,) is calculated based on the 

feed pattern I ,(@). 

(3) The difference between the calculated aperture plane energy 

distribution and the desired aperture plane energy distribution 

I a(Par¢q) is used to obtain the error 

c=] [Pa 44) — Tal Par b0)l? ds. (5.8-6) 
aperture 

Using the above three steps the shapes of the subreflectors satisfying 

requirements (a) and (b) are obtained by solving the variational problem of 
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Figure 5.8-5. Offset spherical reflector with two correcting subreflectors designed 

by Watanabe [19]. 
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finding the stationary function f which minimizes the functional e€ represented 

by procedures (1), (2) and (3) [19]. The variational problem is converted into an 

optimization problem by expanding f into a series and solving for the coefficients 

using non-linear optimization techniques [19]. 

In order to evaluate the validity of this design technique, Watanabe [19] 

designed two sets of correcting subreflectors to be used with the same spherical 

primary reflector to create two desired aperture distributions. The two resulting 

reflector configurations are referred to as the #1-antenna and the #2-antenna. 

The #1-antenna is designed for low sidelobe characteristics while the #2-antenna 

is designed for high gain. The difference between the two desired aperture 

distributions causes a difference in gain of 0.9 dB [19]. 

For both antennas the radius of the spherical primary reflector is 

R, = 3.954 m and the major and minor axes of the elliptical primary reflector 

aperture are 2.8 mx 1.9 m [19]. The diameter of the instantaneously illuminated 

area of the primary reflector is 29, = 1.765 m and the corresponding aperture 

area efficiency as calculated by (6.7-26) is 7, = 58.56 %. The scan range before 

primary reflector spillover, in terms of G.O., is 16° azimuth and 2’ elevation [19]. 

For both the #1-antenna and the #2-antenna the size of the sub-reflector 

is approximately 0.36mx0.24m and the size of the aux-reflector is 

approximately 0.23 m x 0.22 m [19]. The feed used was a dual mode conical horn 

with diameter 0.108 m giving a -—25dB edge illumination on the tertiary 

reflector for both the #1-antenna and #2-antenna [19]. 

Both the #1l-antenna and the #2-antenna were constructed and the 

radiation characteristics were measured. The 34 GHz gain measurements, as a 

function of beam steering angle, are shown on Table 5.8-1. For these results 7 

indicates the beam scan angle in the azimuth plane while ¢ indicates the beam 

scan angle in the elevation plane. The maximum gain reduction over the scan 

range of |n| <8 (60 beamwidths) and |¢| < 2° (15 beamwidths) is 0.4 dB for the 

#1 antenna and 0.6 dB for the #2-antenna [19]. 
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Table 5.8-1 

Gain Measured at 34 GHz for the #1-Antenna and #2-Antenna 

for Various Azimuth (7) and Elevation (€) Scan Angles [19] 

  

  

n ¢ #:1-Antenna | #2-Antenna 

(deg)| (deg) gain (dB) gain (dB) 

0 —2 55.7 56.4 

0 0 595.9 56.6 

0 2 55.9 56.6 

8 —2 55.5 56.0 

8 0 55.7 56.2 

8 55.7 56.3           
  

Figure 5.8-6 shows measured azimuthal plane far-field radiation patterns 

for both the #1l-antenna and the #2-antenna [19]. The dotted lines indicate 

cross polarization patterns and the dot-dash lines indicate null tracking patterns. 

In both cases the null depth is approximately — 40 dB [19]. 

With the three reflector configuration shown in Fig. 5.8-5 beam scanning 

is achieved by moving the feed and two correcting subreflectors as a unit along a 

spherical surface. To allow beam scanning with a stationary feed Watanabe [20] 

designed a three reflector beam waveguide. A diagram of this configuration is 

shown in Fig. 5.8-7 [20]. While this configuration allows for a stationary feed it 

requires motion of all five subreflectors. A concept for mechanically realizing the 

required subreflector motions is shown in Fig. 5.8-8 [20]. 
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Figure 5.8-6. Measured radiation patterns for two tri-reflector configurations 

designed by Watanabe [19]. The measurements are made at 34 GHz and both 

configurations have illuminated primary reflector aperture diameters of 1.765 m 

[19]. (a) Results for #1-antenna. (b) Results for #2-antenna. 
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Figure 5.8-7. Cross section of Watanabe’s [20] beam waveguide feed (reflectors 4, 

5 and 6) used in conjunction with the spherical primary reflector and two 

correcting subreflectors (reflectors 2 and 3). 
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Figure 5.8-8. Watanabe’s [20] design for mechanically realizing the motions 

required for the five subreflector beam waveguide shown in Fig. 5.8-7. 
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5.9 Summary of Shaped Reflector 

Configurations 

This section presents a summary of the shaped reflector configurations 

discussed in this chapter. Because each configuration offers a large amount of 

performance flexibility, depending on the particular design, the approach used 

here is to qualitatively compare the reflector configurations using Table 5.9-1. 

Table 5.9-1 

Qualitative Comparison of Reflector Configuration Performance 

  

  

  

  

Reflector Scan Scan Sca 
Configuration Re (deg) Range (BW) Mechanism 

pri ne Focus Spherical Large Small Feed, motion, or 
ector multiple feeds 

Prime | Focus Parabolic Torus Large * Medium Feed, motion, or 
ector multiple feeds 
  

igh Apert We Efficienc Lar Medi Feed motj 
ymmetric Reflector (AESR) ee eqvum eed, motion or 

multiple feeds 
  

Schwarzschild Reflector Medium Small Feed. motion. or 
multiple feeds 

  

  

  

  

Bifocal Dual Reflector Medium Medium Feed, motion, or 
multiple feeds 

Boa n Optimized Dual Medium Medium Feed, motion or 
eflector multiple feeds 

Gregorian Corrected Large Large Motion of feed and 
Spherical Reflector subreflector as a 

rigid unit 

Dual Corrected Large Large Motion of feed and 
Spherical Reflector two subreflectors 

as a rigid unit           
  

Beam scanning is limited to a single plane or a conical path. 

Beam scanning is limited to a single plane. 

+
+
 
—
t
 

X 

Has very high sidelobes due to inverse aperture illumination taper. 
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Chapter 6 

The Conjugate Tri-Reflector Antenna 

In this chapter a tri-reflector antenna configuration is introduced which 

accomplishes beam scanning by motion of a small tertiary reflector. The 

proposed reflector configuration is referred to as the conjugate tri-reflector for 

reasons which will be made apparent in Sec. 6.2. The conjugate tri-reflector was 

initially developed for passive remote sensing from geostationary orbit, however, 

it is not limited to this application. Important attributes of the reflector 

configuration are high gain and beam scanning over a range of several degrees in 

all directions with minimum reflector motion, no feed motion and high primary 

aperture utilization for all scan directions. In the following principles of 

conjugate tri-reflector operation and a detailed design procedure are presented. 

Also presented are techniques for obtaining optimum tertiary reflector motions 

and evaluating beam scanning performance. 

6.1 Design Constraints and Reflector 

Configuration Selection 

The design of a high gain reflector configuration for passive remote 

sensing and suitable for use with a geostationary platform involves a number of 

unique design constraints. These are now outlined: 
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Elimination of Feed Motion: The feed and associated electronics, which must 

be moved with the feed in order to maintain radiometric calibration, 

constitute a dense package. This is particularly true for multiple frequency 

applications where several feeds are required and for array feeds which may 

be used to provide phase error compensation as discussed in Chapter 3. 

Therefore, it is desirable to have a stationary feed to reduce power 

consumption and decrease vibration and inertial torque which can effect 

beam pointing of other instruments sharing the platform. Also, a stationary 

feed increases reliability in that flexible cables do not have to be used. 

Small Feed Array Size: A feed array is useful in that it allows for 

compensation of both systematic phase errors due to beam scanning and 

phase errors due to mechanical limitations in reflector construction. A large 

feed array, however, increases power consumption and reduces radiometric 

sensitivity. Therefore, it is important to keep systematic and mechanical 

phase errors to a minimum in order maintain a small feed array size. 

Simple Reflector Motion: To reduce mechanical complexity and increase 

reliability it is desirable to keep reflector motions as simple as possible. Also, 

the large primary reflector should be kept stationary and motion should be 

restricted to the smaller subreflectors in order to keep inertial torque as small 

as possible. 

High Primary Aperture Utilization: Approximately the same portion of the 

primary reflector should be illuminated for all scan directions so that the 

reflector does not have to be oversized and can be kept as small as possible. 

There are several existing reflector configurations which partially meet the 

above design constraints and show promise for geostationary applications. All of 

these configurations provide for a stationary feed and primary reflector. 

Watanabe [1] introduced a configuration consisting of a spherical primary 

reflector and five subreflectors (see Sec. 5.8). Two of the subreflectors are used 

to correct for spherical aberration and provide a desired mapping between the 
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feed pattern and the primary aperture amplitude distribution. The remaining 

three subreflectors form a beam waveguide which permit beam scanning with a 

stationary feed. Watanabe’s [1] configuration provides for wide angle scanning 

with virtually no scan induced phase errors; however, it suffers from low primary 

aperture utilization and requires complicated motions involving all five 

subreflectors. 

Kitsuregawa [2] demonstrated beam scanning with a classical Cassegrain 

reflector configuration using a stationary feed and a moving subreflector (see 

Sec. 4.3). However, this configuration requires large, complicated motions of the 

subreflector and is limited to very small scan ranges due to scan induced phase 

errors. 

Electronic beam scanning with no reflector or feed motion has been 

demonstrated using array-fed dual reflector configurations consisting of a 

parabolic primary reflector and either a parabolic [3] or an elliptic [4] secondary 

reflector (see Sec. 4.3). With these configurations the reflectors are used to 

produce a magnified image of the feed array in the aperture of the primary 

reflector. These configurations exhibit moderately high primary aperture 

utilization and lend themselves to applications requiring multiple simultaneous 

beams or rapid electronic beam scanning. However, for high gain applications 

they require large feed arrays. 

The conjugate tri-reflector configuration was developed to specifically 

address the design constraints outlined above. The configuration consists of a 

parabolic primary reflector, an elliptical secondary reflector and a shaped tertiary 

reflector. Beam scanning is achieved entirely by motion of the relatively small 

tertiary reflector. This configuration accomplishes beam scanning of several 

degrees in all directions with minimum reflector motion, no feed motion and high 

primary aperture utilization for all scan directions. A limitation of the conjugate 

tri-reflector is that phase errors are incurred as a result of beam scanning. Scan 

induced phase errors are dependent on the specific tri-reflector configuration 

considered and on the degree of tertiary reflector motion complexity allowed. 

Such factors are considered in Chapter 7. The principles of conjugate tri- 

reflector operation are now discussed. 
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6.2 Principles of Operation 

Operation of the conjugate tri-reflector is similar to that of the array-fed 

dual reflector configurations described by Dragone [3] and Skahill [4]; however, 

with the conjugate tri-reflector the array feed has been replaced by a movable 

tertiary reflector. A diagram of the reflector configuration is shown in Fig. 6.2-1. 

The parent primary reflector is a parabola of revolution with focal point located 

at F,. The tertiary reflector has a non-analytic shape and is synthesized 

according to the algorithm discussed in the following section. The system focal 

point is located at F. The essential element is the elliptical secondary reflector. 

The parent secondary reflector is formed by rotating an ellipse with foci at F, 

and Ff, about the axis formed by the line passing through these two points. For 

this reflector points F', and F' are conjugate points and any ray passing through 

one point will be reflected by the elliptical surface and intercept the other point 

[3]. If the point F is placed on the primary reflector surface and the point F% is 

placed on the surface of the tertiary reflector, then the primary reflector and the 

tertiary reflector will be conjugate elements in the vicinity of points F, and F%, 

respectively [3]. It is this conjugate relationship which gives rise to the name 

conjugate tri-reflector. Any ray striking the primary reflector at point F,, 

regardless of incidence angle, will be reflected to the point F, on the tertiary 

reflector surface. This behavior can be understood by considering two cases of 

incoming plane waves, one along the z-axis and one arriving at angle 9. This is 

shown in Fig. 6.2-1 with incident rays R, and Ri. Ray R, is parallel to the z- 

axis and ray Ri represents a scan of angle 6 with respect to the z-axis. After 

reflection from the primary and secondary reflector surfaces, corresponding rays 

R; and Ri, intersect the tertiary reflector at point F4 giving rise to reflected rays 

R, and Ri. If the initial tertiary reflector position is such that reflected ray R, 

intersects the feed point F’, then reflected ray Ri, can be made to pass through 

the point F by rotating the tertiary reflector by angle a about point F4 where a 

is given by 

cos~"(R;- R$). (6.2-1) 
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Figure 6.2-1. Basic elements of the conjugate tri-reflector antenna configuration. 

Ray paths are shown for incident rays R, and R! which strike the parent y Pp 1 1 p 
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Figure 6.2-2. Definition of scan direction angles @ and ¢. 
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If the reflector configuration is considered to be transmitting instead of 

receiving, then by reciprocity the ray reflected at point F, can be made to scan 

through angle 6 by rotating the tertiary reflector by angle a about the point F%. 

The same is approximately true for rays which intersect the primary reflector in 

the neighborhood of F,. If F, is placed at the center of the primary reflector 

aperture, then these scanned rays correspond to the region of maximum energy 

density and, therefore, the beam produced by the reflector configuration can be 

scanned by rotating the tertiary reflector about point F}. This does not mean 

that rotation about F4 results in the best scan performance in terms of 

minimizing aperture plane phase errors; however, it is expected that the 

optimum tertiary reflector motions will not require the center of the tertiary 

reflector to move far from the point F} and, hence, reflector motion will be 

reduced. 

The previous discussion was confined to scanning within the plane of 

symmetry (rz-plane); however, the same arguments hold true for beam scanning 

out of the plane of symmetry. In the following scanning in @ and ¢, which are 

shown in Fig. 6.2-2, results in a conical coverage region. For this case the 

tertiary reflector must be allowed at least two degrees of rotational freedom as 

discussed in Sec. 6.4. 

6.3 Synthesis Procedure 

Geometrical optics (G.O.) is used for conjugate tri-reflector synthesis. 

The parameters necessary for synthesis are illustrated in Fig. 6.3-1 and are 

summarized on Table 6.3-1. The aperture plane passes through point P, and is 

rotated about this point for any desired synthesis scan direction (6,,¢,). For 

purposes of clarity Fig. 6.3-1 is a cross-sectional view and ¢, is not shown. The 

parent primary reflector is a paraboloid of revolution with vertex at the 

coordinate origin and focal point F, located along the z-axis. The projected 

aperture of the primary reflector is circular with center at x, and diameter d. 

The parent secondary reflector is an ellipse with one focal point F', located on 
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Figure 6.3-1. Geometry (in cross-section) of the conjugate tri-reflector antenna 

configuration depicting synthesis parameters. Superscript indicates the mn‘" 

point joined by a common ray path. 
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the primary reflector surface and the other focal point F', located on the tertiary 

reflector surface. By the definition of an ellipse, the distance between F, and F', 

for any ray which intercepts the secondary reflector surface is equal to a constant 

which is designated by e,. The feed is located at the point F’. 

Table 6.3-1 

Conjugate Tri-reflector Synthesis Input Parameters 

  

  

  

  

  

  

  

  

  

Symbol Definition 

P, The point about which the aperture plane rotates. 

(9...) The synthesis scan direction. 

F, The focal point of the parabolic primary reflector. 

Lr. The z-coordinate of the center of the primary reflector. 

d Projected diameter of the primary reflector. 

F,, F4 The two foci of the elliptical secondary reflector. 

e, The distance from F', to Fs for any ray which intercepts 

the secondary reflector surface. 

F The desired feed location.       
  

The synthesis parameters on Table 6.3-1 are sufficient to specify the 

aperture plane corresponding to a synthesis scan direction (6,,¢,), the primary 

reflector and the parent secondary reflector. Therefore, beginning with these 

three surfaces, rays are traced from the aperture plane to the feed point F. For 

each ray path Snell’s law of reflection is enforced at the primary and secondary 

reflector surfaces and a tertiary reflector point is calculated such that all ray 

paths traced from the aperture plane to F' have equal pathlengths. The 

pathlength is obtained by the additional constraint that the tertiary reflector 

surface pass through the secondary reflector focal point F'}. The result is a locus 

of points which define the tertiary reflector surface. With this procedure the 

aperture plane can be specified for any desired scan direction and for each scan 
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direction a unique tertiary reflector surface is obtained. It is noted that for each 

scan direction a slightly different portion of the parent secondary reflector is 

illuminated. By calculating the illuminated portion of the parent secondary 

reflector for a number of limiting scan directions the perimeter of the reflector 

can be approximated such that there is no spillover (in terms of G.O.) for the 

specified scan range. 

A detailed description of the synthesis procedure is presented in the 

following three steps. 

Step 1 

In the first step a set of points which define the surface of the primary 

reflector are chosen. The choice of position and number of primary reflector 

points is arbitrary; however, there should be enough points to adequately 

describe the reflector surface and they should be evenly spaced. A useful method 

for generating primary reflector points has been developed for this application. 

With this method the set of points is designated by 

{Pr}, m=0,..., M (6.3-1) 

n=1,.... N(m) 

and the z, y and z-coordinates of each point are given by Py, Pyy and Pry 

where the coordinate system is shown in Fig. 6.3-1. The surface of the parabolic 

primary reflector is given by the equation 

: 2442 
z= 9(2,y) = SO (6.3-2) 

where f, is the focal length of the parabolic reflector. The mn‘ point on the 

surface of the primary reflector is obtained by defining Py" and Py’ and using 

(6.3-2) to calculate Py". The location of points PY," and PY" are calculated 

using the xy-plane projection of the primary reflector surface. The projection is 

circular with diameter d and center coordinates (x,,0,0). The ry-coordinates of 

the primary reflector points are located on a set on M concentric rings which are 
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equally spaced over the projected aperture. Each ring is centered at (2,,0,0) and 

has radius 

Tm = m( 547), m=0,...,M (6.3-3) 

and circumference 

Cc m = 277 yp, m=0,...,M. (6.3-4) 

To obtain a set of points which are evenly spaced across the aperture the arc 

distance between adjacent points on each ring is set equal to the distance 

between rings, which is d/(2M). If the angle subtended between adjacent points 

on the m*" ring is designated by ¢,,, then 

whe = ban = b,n( 54) (6.3-5) 

where ¢,,T,, is the approximate arc length between adjacent points. From 

(6.3-5) the subtended angle between adjacent points on the m*" ring is found to 

be 

bm = a4 for m > 0. (6.3-6) 

The number of points located on the m™ ring is specified by N(m) where 

N(m) = int (37), for m > 0 
m (6.3-7) 

N(m) = 1, for m = 0 

and the right side of (6.3-7) is rounded to the nearest integer. The rectangular 

coordinates of each initial point are related to r,, and N(m) by the following: 

  

mn __,, n2T —_— - Prr=r,, cos( Gn) m=0,...,M@ (6.3-8) 
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  mn _ Tm sin n2n ) m= 0,. . ..M (6.3-9) 

n=1,...,N(m). 

All examples presented in this work were synthesized using M =7 which results 

in 171 surface points. An example of the set of initial points which results from 

using M = 7 is shown in Fig. 6.3-2. 

For each initial point the surface normal is obtained by the equation 

~  —09,/0r &—09,/Oy ¥+Z 
n=, F+n,7F+y4,7= (6.3-10) 

‘ V(89,/8z)° + (89,/8y)" +1 

where the signs on the right side of (6.3-10) correspond to the reflector geometry 

shown in Fig. 6.3-1. 

Step 2 

In this step rays are traced from the aperture plane to the surface of the 

parent secondary reflector to obtain the set of secondary reflector points {P7""}. 

For a specified synthesis scan direction (6,,¢,) the incident ray direction at the 

mn'* point on the primary reflector surface is given by 

a 

= — sin8, cos¢, £ — sin8, sing, ¥ — cos¢, Z. (6.3-11) 

Applying Snell’s law the reflected ray direction is given by [5] 

amn __ pn _ aan" _ Pm yam, (6.3-12) i) 

The reflected ray direction can also be expressed explicitly in terms of the 

intersection point on the parent secondary reflector surface by 
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Figure 6.3-2. Example of the set of 171 primary reflector surface points 

synthesized by using M = 7. 
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ryt = 
Pye Pr PY —PYy pyr pmnr > 

( zit )y+( ie (6.3-13) 

/ (Pm — tn") )? + (PRs _ mn? + (Po — pry? 

Equating £, #7 and Z components of (6.3-12) and (6.3-13), together with a few 

algebraic manipulations, yields the following two equations: 

  

Prn = K, (Pm — Pm) 4 pm (6.3-14) 

where 

K, = be ty 
ris —2 (7 “Ty ) Nyy 

and 

pr — 7, (pmn_ pmn) 4 pmn (6.3-15) 

where 

L,= _ re _ 2 (ay - ry") nn 

  

T1L92 TrU9l ry ial ry —2 (7 ) nj 

Equations (6.3-14) and (6.3-15) represent two independent equations for the 

three unknowns P37", Py and Py". A third independent equation can be 

obtained from the following equation for the elliptical surface of the parent 

secondary reflector: 

= 92(y,2) = (6.3-16) 

  

—(G+ Dy + Ez) + (G+ Dy + Ez) —4A(By? + Cz? + Fyz + Hy + Iz+J) 

2A 
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where 

  

A=1-—da F= —2bc 

B=1-8° G= —2(ad+ F%,) 

C=1-¢ H = —2(bd + F',) 
D= —2ab I = —2(cd + F%,) 

B= —2ac J=F24 PR 4 Phd? 

and 

_ fil _ Fl 
g = Fae Fs c= Fa Aes 

p — Pay = Pry 

d= 2 e, +3: 

The sign preceding the radical on the right side of (6.3-16) is dependent on the 

geometry of the configuration considered and is negative for the geometry shown 

in Fig. 6.3-1. Substitution of (6.3-14) and (6.3-15) into (6.3-16) leads to the 

desired equation: 

Pye = “2s Fa — FA 2 (6.3-17) 
2 

where 

A, = (2A+ DK, + EL,)? —(DK, + EL,)?+4A(K7B + L3C + FK,L,) 

B,=4A(G+ Dat+ EB+2BK,a4 2CL,8 + 

F(K,8+L,0)+ K,H + 1,1) 
C,=4A(Ba? + CB’? + FaB+ Hat+Ip+J) 

and 

a= —K pr + pm 
B= —L,Pi+ Pi. 

The Conjugate Tri-reflector Antenna 189



In (6.3-17) A,B,C,D,E,F,G,H,I,J and K are defined in (6.3-16) and K, and L, 
are defined in (6.3-14) and (6.3-15). The sign preceding the radical on the right 

side of (6.3-17) is dependent on the geometry of the configuration considered and 

is negative for the geometry shown in Fig. 6.3-1. Once P33" is found, Pz" and 

P" can be obtained directly from (6.3-14) and (6.3-15). 

The surface normal at each secondary reflector point is obtained from the 

following equation: 

Aly = Ny, E+ ny, F +n, F= t+ Og2/Oy ¥ ~ 092/02 @ (6.3-18) 
of + (Bg2/ Oy)? + (8g2/9z)? 

where the signs on the right side of (6.3-18) correspond to the illuminated 

portion of the parent secondary reflector shown in Fig. 6.3-1. 

Step 3 

The final step of the synthesis procedure renders the set of points {P7'"} 

which define the tertiary reflector surface and the corresponding set of surface 

normals {737'"}. Applying Snell’s law the direction of the ray reflected from the 

mn" point on the surface of the secondary reflector is given by [5] 

ry" = — ry" _ 9 (ny"" - rr") ni ny (6.3-19) 

where 73"" is given by (6.3-13). The reflected ray direction can also be expressed 

explicitly 3 in terms of the intersection point on the tertiary reflector surface by 

(Py - PR") & ze + (Pay — we y + (PR _ Pm") Zz z 

J (PI = ppry + (P3 Py — Pyr)? + + (Py - Pyr)? 

smn 
3 = (6.3-20)   

Equating z, 7 and Z components of (6.3-19) and (6.3-20), together with a few 

algebraic manipulations, yields the following two equations: 
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Equating the left side of (6.3-23) and the right side of (6.3-28), and rearranging 

terms, leads to the equation: 

[Rg | + Re" [Ri] +e, + [Ra — [Rr] — [Re | (6.3-31) 

= 134855 Ps Py eps Fy, F), PY", Py"). 

It is noted that all arguments of the length function [J, are known and that 

(6.3-24), (6.3-25), (6.3-29) and (6.3-30) can be used to calculate the value of 13}. 

Substitution of (6.3-21) and (6.3-22) into the two terms on the left side of 

(6.3-31), and rearranging terms, leads to the following equation for the 
th z-coordinate of the mn" point on the tertiary reflector surface 

pmn — (6.3-32) 

{(ump)? +2 Pmn(iney/1 + (Ke)? + (Ly)? + Ky (PRY — F,) + Ly (PR — F,)) 

— (Par — F,)' —(Pyy— Fy)" + (Pat) — (FY $+ 

2{imy/1 + (Ky) + (Ly)? + Ky (PR — F,) + Ly (Poy — F,) + Pr — F.} 

where K, and L, are defined in (6.3-21) and (6.3-22). Once P3%" is found, P33" 

and P3," can be obtained directly from (6.3-21) and (6.3-22). 

The surface normals {#3'"} corresponding to the set of tertiary reflector 

surface points {P3'"} are obtained directly from Snell’s law of reflection [5]: 

omn __ pian _ ony. pm) ame, (6.3-33) M4 

The following three independent equations arise from the 7, 7 and Z components 

of (6.3-33): 

mt mrt syn eS N mn 
Var — ra, —_ — 2(75 °T 3 ) Ns (6.3-34) 
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rn pn — _ O (AMM. FMM) pn (6.3-35) 

mn 

rae 732 = — (ng - Fy") ng (6.3-36) 

Division of (6.3-36) by (6.3-34) leads to 

mn mmr 
nN3, —_ M, N3. (6.3-37) 

where 
mn mr 

M, _ 4, 132 
—_ min mr: 

"4x —T3r 

Division of (6.3-35) by (6.3-34) leads to 

ngy = N, 733" (6.3-38) 

where 

mn mn 

N, = 3 2 — pmn_ min: 
"4x 32 

Substitution of (6.3-37) and (6.3-38) into (6.3-33) yields 

  

mr ee _ 6.3-39 Nar if (rye + N, By. + M, rs.) ( ) 
  

and ny" and nj," can be obtained directly from (6.3-37) and (6.3-38). The sign 

preceding the radical on the right side of (6.3-39) is dependent on the geometry 

of the configuration considered and is negative for the geometry shown in 

Fig. 6.3-1. 
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6.4 Definition of Tertiary Reflector Motion 

Parameters (a, 8,T) 

Beam scanning with the conjugate tri-reflector is accomplished entirely by 

tertiary reflector motion. The tertiary reflector is allowed two rotational degrees 

of freedom specified by angles a and f and three translational degrees of freedom 

specified by the vector T. Tertiary reflector motion is preformed by first 

rotating the tertiary reflector about the point P, shown in Fig. 6.4-1(a) and then 

linearly translating the reflector. Tertiary reflector rotation is discussed first. 

6.4.1 Tertiary Reflector Rotation 

Tertiary reflector rotation is performed with respect to the local 2jk- 

coordinate system shown in Fig. 6.4-1(a).. The zyz-coordinate system shown in 

Fig. 6.4-1(a) is identical to the coordinate system used in Fig. 6.3-1. The origin 

of the 7jk-coordinate system is located at the point P, and the axis directions are 

specified by the unit vectors 7, 7 and k. The direction of the k-axis is colinear 

with the direction of the tertiary reflector surface normal at the point F'%. 

Therefore, in the ryz-coordinate system, k is given by 

k=k, @+k,G+k Z=nh, F+nh, 7+ n§, 2 (6.4-1) ~ 
” 

where 74 is the tertiary reflector surface normal at the point F5. The angle 

subtended by k and the 7 is given by 

6. = cos '(k,) (6.4-2) 

and the angle subtended by the projection of k onto the xy-plane and & is given 

by 

ke = tan *(k,/k,). (6.4-3) 
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Figure 6.4-1. Definition of tertiary reflector coordinate system. (a) Location of 

the tertiary reflector coordinate system with respect to the (z,y,z) antenna 

coordinate system. (b) Tertiary reflector rotation about the j-axis by angle a. 

The tertiary reflector remains fixed with respect to the 2'j'k’-axes. (c) Tertiary 

reflector rotation bout the 7’ axis by angle #. The tertiary reflector remains fixed 

with respect to the 2!"7"k"'-axes. 
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Angles 6,, and ¢,, are used to define 7 and j as follows: 

7 = (cos6,, cosd,,) £+(cosb,, sindz,) F —(sinO,,) Z (6.4-4) 

and 

j = —(sind,,) E+ (cosdy,) F+0 Z (6.4-5) 

= Jett jy ¥t3, Z. 

Tertiary reflector rotation is performed in two steps. In the first step the 

tertiary reflector is rotated about the j-axis by angle a. This is shown in Fig. 

6.4-1(b) where the tertiary reflector remains fixed with respect to the 7'j/k’- 

coordinate system. In the second step the tertiary reflector is rotated about the 

'-axis by angle @. This is shown in Fig. 6.4-1(c) where in this case the tertiary 

reflector remains fixed with respect to the 2!'j"k!'!-coordinate system. The set of 

tertiary reflector points after rotational transformation {P3;"} are related to the 

corresponding points before transformation {P3'"} by the following: 

Pore Py, — Pre Pi. 

PRVI=A-'RA| PR-P,, |4+| Pry (6.4-6) 

P3rz P3r ~ P,.. P,. 

where 

tp, ty 2, 

A = Ix Jy Je (6.4-7) 

k. ky ke 

and 
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cosa sina sinB sina cosf 

R= 0 cos B — sinB 

—sina cosasinB cosacosf 

(6.4-8) 

The set of reflector surface normals {73;"} corresponding to the 

transformed set of tertiary reflector surface points {P3"} are obtained from 

{nz"} by the following: 

mn mn 
352 N35 

mn|_%Aa-1p A mn ngry{= A” RA ngy (6.4-9) 
mn mn 

N3rz n3, 

where A and R are given by (6.4-8) and (6.4-9). 

6.4.2 Tertiary Reflector Translation 

Tertiary reflector translation is performed in the zryz-coordinate system 

shown in Fig. 6.4-1(a). Each point on the tertiary reflector surface is translated 

by the vector T where 

(6.4-10) 

The set of tertiary reflector points after linear transformation {P37 ay are related 

to the corresponding set of points before transformation {P3i"} by the following: 

m7 mn 

3rtx 3rz T, 

mn | __ mn 

mn mn 
Porte 3rz T 

Tertiary reflector translation has no effect on the direction of the surface 

normals; therefore, {ny7} = {ny}. 
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6.5 Transmit Ray Path Calculation 

Geometrical optics (G.O.) is useful in the preliminary stages of reflector 

configuration investigation because G.O. is fast and, therefore, allows a large 

number of candidate configurations to be considered before moving to more 

accurate, but numerically more intensive, analysis methods. In the following the 

procedure used for calculating a set of G.O. transmit rays from the feed to the 

primary reflector aperture plane is presented. 

A typical transmit ray path is shown in Fig. 6.5-1(a) where the aperture 

plane corresponds to the (6,¢) scan direction. The method used to calculate the 

transmit ray paths is identical to the approach used in Sec. 6.3. The ray paths 

calculated correspond to the set of rays which intersect the tertiary reflector 

surface points {P3;?}, where the rt subscript is used to indicate that the motion 

transformations described in Sec. 6.4 have been performed on the tertiary 

reflector. Corresponding intersection points are found on the parent primary and 

secondary reflector surfaces and the aperture plane. It is noted that no surface 

interpolations are performed during transmit ray path calculation. By avoiding 

surface interpolations transmit ray paths can be calculated accurately and 

rapidly and, therefore, used efficiently within an iterative routine to find the 

optimum tertiary reflector motions corresponding to a given scan direction. 

Transmit ray paths are calculated in the following three steps. 

Step 1: Ray Tracing From the Feed to the Secondary Reflector Surface 

In this step a set of rays are traced from the feed to the set of tertiary 

reflector surface points {Pj}} and from the tertiary reflector surface to the 

surface of the parent secondary reflector to obtain the set of secondary reflector 

surface points {P"}. The incident ray direction at the mn‘ point on the 

surface of the tertiary reflector is given by 

amin __ ( 3rtx ~~ F,) r + ( Srty ~ F,) y 
3rt _— mn 2 mn 2 (6.5-1) 

v( 3rtr F,) + (Perty ~ F,) 

+ (Pot - BF.) & 

+ (Pr, — F,)° 
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Figure 6.5-1. Transmit ray tracing diagrams. (a) Diagram of the conjugate tri- 

reflector antenna configuration (in cross-section) showing major components and 

important parameters for transmit ray tracing analysis. Also shown is the 

aperture plane coordinate system. (b) Diagram of the feed coordinate system. 
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Applying Snell’s law the reflected ray direction is given by [5] 

Port = Part — 2 (Zr Prt) M3re- (6.5-2) 

The reflected ray direction can also be expressed explicitly in terms of the 

intersection point on the surface of the secondary reflector by 

pmn _ (Porte ~ Porte) = + ( Orty ~ Porty) U y + (Porte — Srtz) 2 z (6 5-3) 

Mort 7 mn mn mn mia mn m™m 2 ° ° 

J (PR ~ pm) + (Pty ~ pir)? + (Porte ~ Prt) 

Equating 7, y and Z components of (6.5-2) and (6.5-3) results in the following 

three equations 

2( aimn  =mn mn 
3rtr — Sl Mgrt * Port )NSrte 

(P Orie —P Brix) 
  

  

  

. (6.5-4) 
mn mn mn mn mn mn 

~ (Pr. Pre) oo (Pyty ~ Brty) + ( 2rtiz Pre) 

mn a—mn smn), mn 
'3rty — 2(n3rr 7 Port) NSrty 

7 mn mn \2 mn mn \2 mn mn \2 , 
J (PR, ~ P3rtx) + PE ~ P3rty) + ( 2rtz P3rtz) 

vmn —~mn smn), mn 
'3rtz — 2(73 rr V3rt )ngrts 

mn mn 
(Ports ~~ Ports) (6 5-6) 

mn mn mn mn \2 mn mn \2" " 
(PE. ~~ Pyrite) * (Potty — P3rty) + (Ports ~~ P3rtz) 

Division of (6.5-5) by (6.5-4) yields 

mn _ Tv mn mn mn 
Potty — K3( Porte ~~ Part) + + Potty (6.5-7) 
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where 

n oa~mn =mn 
K.= '3rty ~ 2(n3rt Pr Bet) NS rty 

37 mn — (nme. ren) mn * 
"3rtr 3rt “'3rt)3rtr 

  

Division of (6.5-6) by (6.5-4) yields 

ortiz = L3( Porte — Pre) + PRrte (6.5-8) 

where 

  

mn mn 
L.= '3rtz 2(n3rt . T3rt )N3rtz 

3 (nm aomn mn . 

3rtr — “(2 3rt ° T3rt)23rte 

Equations (6.5-7) and (6.5-8) represent two independent equations for the three 

unknowns P23, Poy and Py, A third independent equation can be obtained 

from the equation for the secondary reflector’s elliptical parent, (6.3-16). 

Substitution of (6.5-7) and (6.5-8) into (6.3-16) gives the desired equation 

Porte = — By + 2 ‘ 22 (6.5-9) 

A, 
  

where 

A, = (24+ DK3+ EL;)’ — (DK, + EL,) +4A(K3B + 12C + FK3L;) 

B,=4A(G + Da+ EB +2BK 30+ 2CL38 + F(K30 + La) + K3H + LI) 

Cy = 4A(Bo? + C8? + FaB+ Hat+Ip4+J) 

and 

_ mn Mn 
a= — Ky Porter + Porty 

mn pmn 
p= — — Ls Porte + Ports 

where A,B,C,D,E,F,G,H,I and J are given by (6.3-16) and K, and ZL, are given 
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by (6.5-7) and (6.5-8). The sign preceding the radical on the right side of (6.5-9) 

is dependent on the geometry of the configuration considered and is negative for 

the geometry shown in Fig. 6.5-1(a). Once P3777, is found from (6.5-9), Poyr, and 

Py", are found from (6.5-7) and (6.5-8) and 7337 is obtained from (6.3-18). 

Step 2: Ray Tracing From the Secondary Reflector Surface to the Primary 

Reflector Surface 

The ray tracing approach described in Step 1 is repeated to find the set of 

parent primary reflector surface points {Py??} which correspond to the set of 

secondary reflector surface points {P77}. The incident ray direction 77,7 at the 

mn" point on the surface of the secondary reflector is given by (6.5-3). Applying 

Snell’s law the corresponding reflected ray direction is given by [5] 

rn — Fn — O(a PNA (6.5-10) 

The reflected ray direction can also be expressed explicitly in terms of the 

intersection point on the surface of the primary reflector by 

amn _ (Pirts ~ Paris) + (Party — Party) G+ (Pir. — Part.) 2 
rt mn mn mn mn mn \2 — (6.5-11) 

J (Pm, - pyr)’ + ( Irty | mn + (PT — Qrtz) 

  

Equating 7, ¥ and Z components of (6.5-10) and (6.5-11) results in the following 

three equations: 

  

mn smn smn) mn 
Qrtx 2(n yr Tr ort) 2rtz 

mn mn 
( Irtrz Porte) (6 5-12) 

mn mn mn mn \2 mn mn \2 
Jem. Porte) of (Pitty — Prrty) + ( lite — Porte) 
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mn —~mn_ smn\,mn 
Vorty — 2(n yr ml art) orty 

(Party — Porty) 
= mn mn \2 mn mn \2 mn mn \2 (6.5-13) 

vi Irtz arte) + ( Irty arty) + (Pits ~ PYrtz) 

mn —~mn aomn\..mn 
Vortz — 2(ay “7 art) Nort: 

(Parte ~~ Pyrite) 
  

  

  

- . . . (6.5-14) 
mn — pmn 4 ( mn __ pmn ) 4 ( mn _ pmn ) 

( Irtr Dree) Irty arty Irtz 2rtz 

Division of (6.5-12) by (6.5-14) leads to 

mn __ mn mn mn 
Porte — K4( Irtz Qrtz) + Porte (6.5-15) 

where 

mn —~mn smn\ mn 
K,-— Vortr — 2(R ort 7 art rte 

27 ,mn 2(nyr . ry) mn ° 

2rtz Nort “Tart art: 

Division of (6.5-13) by (6.5-14) leads to 

mn — man mm mr 

Irty — Lo Pir: a arte) + Party (6.5-16) 

where 

vmn —~mn smn)\,.mn 
2rty ‘2rt 2rt 2rty L.- 7 — (nyt PR )n 

27 ,mn “mn <>m in n° 
Tortz — 2( ort . Pont) Ores 

Equations (6.5-15) and (6.5-16) represent two independent equations for the 

three unknowns Piji,, Pyrr, and Py, A third independent equation can be 

obtained from the equation for the primary reflector’s parabolic parent, (6.3-2). 

Substitution of (6.5-15) and (6.5-16) into (6.3-2) gives the desired equation 
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mn -B,+ vs i-4 Pa (6.5-17) lrtz — 
1 

where 

B, =2 Ky PR, +2 Ly Pt, —2 K} Pp, —2 1 Pw, —4f, 
C,= K3 (Pm)? +13 (Pm) —2 K, Pri, Pmt,—2 Ly, Pm, PRi.+ 

(Prn,) + (PR) 

and IX, and L, are given by (6.5-15) and (6.5-16). The sign preceding the radical 

on the right side of (6.5-17) is dependent on the geometry of the configuration 

considered and is negative for the geometry shown in Fig. 6.5-1(a). Once PYV}, is 

found from (6.5-17), Piyt, and Py;7, are found from (6.5-15) and (6.5-16) and niyt Irtz 

is obtained from (6.3-10). 

Step 3: Ray Tracing From the Primary Reflector Surface to the Aperture Plane 

The ray tracing approach is repeated once more to find the set of aperture 

plane points {P"?} which correspond to the set of primary reflector surface 

points {P77}. The incident ray direction 77% at the mn‘ point on the surface of 

the primary reflector is given by (6.5-11). Applying Snell’s law the 

corresponding reflected ray direction is given by [5] 

pan a _ OC Imm at (6.5-18) 

The reflected ray direction can also be expressed explicitly in terms of the 

intersection point on the surface of the primary reflector by 

artzr lrtz (Part — Pie ) t+ (Party — Prrty) y + (Parte — Pris) z amn __ 
art (6.5-19) 

V( Parte — Pitt) + (Party — Pivty)’ + (Pat — Pir)” 

The Conjugate Tri-reflector Antenna 205



Equating 7, 7 and Z components of (6.5-18) and (6.5-19) results in the following 

three equations 

mn mn smn). mn 
Tirte — 2(Ryr . ryt) Mie 

  

_ (Pm, — Pr.) 
2 2 

J (Pm, — Pim) + (Pm, — Pm)? 4 (pme,— pm ) 

amin mn mn —~mn 
Tirty — a(n re . rit) rty 

(Part — Pry) 
  

_ arty 

a” mn mm 2 mr mn 2 mn mn 2 

v( artx Prrte) + (Party ~ PYrty) + ( artz irtz) 

mn mn smn\ mn 
Tirtz — Q(Airt . Tyee) pee 

( mn | pmn ) 
artz Irtz 
  

J (Pm, — Pm)? + (Pm, — 

Division of (6.5-20) by (6.5-22) leads to 

Piviy) + (Pats ~ Pit)” irty artz 

pm — Ky,(Pm — Py?) + Pri. 

artz artz 

where 

smn mn smn) mn 
K _ Mirter 2(R Th 7 it) Irtzr 

i= 
sn —mn smn), mn ° 

7 Irtz Q(t ? ee) rt: 

  

Division of (6.5-21) by (6.5-22) leads to 

artz 
mn __ mn mn mn 

P —_ L,(P — PIs) + Pivty arty 

where 
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mn amin smn mans 

_ Tirty — 2(Airt Tire) Mrty 
~~ mn —mn =z-mn mn ° 

"ist: — a(n . Tirt) ete 
Ly   

Equations (6.5-23) and (6.5-24) represent two independent equations for the 

three unknowns Poyi,, Party and Poy, A third independent equation is obtained 

from the following equation for the aperture plane: 

z=P,,+(P,,—2) tan? cos¢4+(P,,—y) tan sing (6.5-25) 

where @ and ¢ are the polar angles of the designated scan direction. Substitution 

of (6.5-23) and (6.5-24) into (6.5-25) gives the desired equation 

Ports = {Part (Por + Ky Pints — Pitta) tand cosg + (6.5-26) artz 

(Pay + Ly Pitt. — Pivi,) tand sing} 

(1+ K, tan@ cos¢ +L, tan8 sing) 

where Ky, and L, are given by (6.5-23) and (6.5-24). Once P™", is found from 

(6.5-26), Pmt, and Pi? are found from (6.5-23) and (6.5-24). arts arty 

A useful parameter is the length of the mn‘ ray path from the feed to the 

aperture plane. This parameter is given by the following: 

  

lan = (Pate — Fx)? + (PRity— Fy) + (Pit, — F.) (6.5-27) 
  

+/(PRn, — Pm)? + (Pea, — Pn.) + (Pra, — Pm) 

  

mn mn \2 mn mn \2 mn mn \2 
+ J (Pr, _ Porte) + (Pity ~~ Porty) + ( Irtz Ports) 

  

mn mn 2 mn mmm 2 mm mim 2 

+ V(Pr, ~~ Pirin) + (Party ~~ Poity) + (Porte ~ Prrte) . 

The Conjugate Tri-reflector Antenna 207



6.5.1 Definition of Aperture Plane and Feed Coordinate Systems 

It is useful to define both an aperture plane and a feed coordinate system. 

The aperture plane coordinate system is shown in Fig. 6.5-1(a). This is a two 

dimensional coordinate system located on the aperture plane which is defined by 

(6.5-25). The center of the aperture plane coordinate system is located at the 

intersection point between the aperture plane and the transmit ray for m = 0 and 
n= 1, (Pe P®! P®! arr) ayrt)/ azrt)) Transmit ray intersection points are located on the 

aperture plane by cylindrical coordinates p,,,, and ~,,, which are given by 

  

_of (Pn — Pee)” + (Pe, — P2,,)’sin® 
  

  

Pinn = tan ; ; (6.5-28) 
J (PZ, — Pore) + (Part _ Pore) cos’ 

and 

Pmn = (Pm, ~ pe.) + (Poyrt ~ po.) + (Port — pe)’. (6.5-29) 

The feed coordinate system is shown in Fig. 6.5-1(b). The axes directions 

of the feed coordinate system are given by Z,, yy and Z,. The origin of the feed 

coordinate system is located at the focal point F and Z, is taken as the direction 

of the ray between the focal point and the central tertiary reflector point P3},. 

In the zyz-coordinate system shown in Fig. 6.5-1(a) the direction of 7, is given 

by 

zy = Zpp T+ 2Zpy YZ, 2 (6.5-30) 

(P3rz—F.) 2 ~ = (Patt —- Fe) E+ (P3ny—- Fy) 7+ 

4 (P3,—-F.)” J (Peis ~ F,)° + (Potty ~ Fy) 

where F',, F, and F, are the x, y and z-coordinates of the focal point F. The 

angle subtended between 7, and Z is given by 

6, =cos~*(z;.) (6.5-31) 
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and the angle subtended between the projection of Z; onto the zy-plane and & is 

given by 

Ps = tan~1(324) (6.5-32) 

Angles 6, and ¢, are used to obtain unite vectors , and Y; as follows: 

o~ 

Ey = 2s, E+ 25,9 +25, 7 (6.5-33) 

= (cos6; cosh;) + (cos6, sings) ¥ — (sinO;) Z 

= —(sing,s) £4 (cosds) ¥ +0 Z. 

In the feed coordinate system the direction of mn‘ ray 7? is specified by the 

polar angles 61,,, and ¢/,,, which are given by 

Onan = Cos” "(FHT + Z,) (6.5-35) 

and 

1 = tan ' ort YS | (6.5-36) 
art U yz 

6.6 Tertiary Reflector Motion Optimization 

Once a locus of transmit ray paths from the feed to the aperture plane are 

known, several functions can be defined such that the function minimum 

corresponds to the optimum values of a, 8 and T fora specified tertiary reflector 
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rotation point P, and scan direction (8,¢). One function which could be used is 

the rms pathlength deviation ALave(%, B,T 9, ¢). This is a natural function to 

use since it is related to the rms aperture plane phase error by 

6 =2Z AL 
Xr ave (6.6-1) 

and, therefore, minimizing AL,,. minimizes aperture plane rms phase errors. It 

was found by trial and error, however, that the function AL,,. leads to poor 

convergence properties for a, § and T and a better function to use is the rms 

pointing error given by 

_ . M N(m) 2 

f(a, ,7,,8) = > Yo (WalPmn) (Fatt xFa(%,9))) (6.6-2) 

where 7™" is the direction of the mn" transmit ray at the aperture plane, art 

7 4(9,) is the desired scan direction given by 

7 4(6,¢) = sin8 cosd F + sinO sing F + cosb Z (6.6-3) 

and W,(Pmn) is a weighting factor corresponding to an approximate aperture 

amplitude distribution. In the examples presented in Chapter 7 the weighting 

factor is taken to be a parabolic taper on a pedestal with a 16 dB edge taper as 

given by the following equation [6]: 

Wi(Pmn) =C+(1— ey _ (222) (6.6-4) 

where C = 0.0158, d is the diameter of the primary reflector and p,,,, 18 given by 

(6.5-29). 

In most cases it is desirable to constrain the amount of allowable tertiary 

reflector linear translation. This is easily accomplished by adding a weighting 

function to €(a, B,T,9,¢) such that the resultant value increases when the 

translational motion exceeds the desired maximum. The weighting function 

WAT macs l T) used for this purpose has the following form: 
max) 
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W(Tmazst)=0, for Tyrax < ~T2+T?24+T? (6.6-7a) 

and 

W (TmazsT) = C(T maz — VT2 +T? +T?), (6.6-7b) 

for Tar > T2347? 4+T? 

where T,,.7 18 the maximum allowable translational movement and C’ is an 

arbitrarily large constant. 

For a specified scan direction (6,¢) any one of a number of nonlinear 

optimization schemes can be used to find the values of a, #8 and T which 

minimize the sum £ +W,. In the examples presented in Chapter 7 Powell’s 

method [8] is used because it has the advantage of not requiring calculation of 

the gradient. 

6.7 Geometrical Optics (G.O.) Performance 

Evaluation 

For a given scan direction (6,¢) and set of optimum values for the 

tertiary reflector motion parameters a, 8 and T,, G.O. is used to calculate the 

following two useful performance parameters: the normalized primary aperture 

diameter d/X [3] such that gain loss due to scan induced phase errors does not 

exceed a specified threshold; and the primary reflector area efficiency 1,. 

Primary reflector area efficiency is useful as a measure of how efficiently the 

primary reflector is utilized for any given scan direction. The normalized 

aperture diameter d/A is useful because electrical size is the limiting quantity 

and for a given primary reflector aperture diameter d the maximum frequency of 

operation (for a specified maximum gain loss) can be inferred. Calculation of 
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this parameter requires knowledge of the mapping function between the feed 

pattern and the resulting primary aperture amplitude distribution. Calculation 

of the feed-to-aperture mapping function is now discussed. 

6.7.1 Feed-to-Aperture Mapping Function 

The mapping function between the feed radiation pattern and the primary 

aperture electric-field amplitude distribution is obtained from the locus of 

transmit rays. If it is assumed that there is no spillover in the reflector 

configuration, then conservation of energy dictates that the power input by the 

feed be equal to the power exiting the primary aperture. This is expressed by 

the following relation: 

an 4/2 . 2x 9M 

| [ 1B. (0,¥) pdpdyp = | [lz |E p|?(0',¢') sin6! dé!’ dd’ (6.7-1) 
Oo 0 0 0 

where d is the diameter of the primary reflector, E.(p,?) is the aperture plane 

electric field distribution, 64, is the maximum angle subtended by the tertiary 

reflector as viewed from the feed point F and E r(0',¢') is the feed radiation 

pattern. Equation (6.7-1) can be written in the following differential form by 

introducing the Jacobian functions J,(p,~/m,n) and J,(6',46'/m,n): 

\Ea(Pmns Pian) |? Pinn J1(Pmns Dinn/™, n) 

(6.7-2) 

— [Eo (O ims Pinn) |? sin Oran J,(6} m7) Pran/™, n) 

mn Pmn> Minn and ¢',,, are calculated by (6.5-28), (6.5-29), (6.5-35) and 

(6.5-36) and are shown in Fig. 6.5-1. The Jacobians J, and J, used in (6.7-2) are 

approximated using finite differences as follows: 

0 Trt 0 TTLIV 0 UT 0 MIU 

J1(Pmns Pmn/™, 2) =( a Nf ve )-( 5 \( on ) (6.7-3) 

where 
mn 
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where 

OPmnn 0 Pmn 

  

    

  

Om ~ Pm+i,sn—~ Pmn Om ~Vmtizn— Pmn 

Oran OPmnn 
Fem Bin 41 — Pian, On ~Ymn +1 — Pmn 

and 

Bee Se) (oe) Se) 
! t _ mn mn |] __ mn mr - 

J (Onno Pimn/™,N) — ( Om On On Om (6.7 4) 

where 

8 inn gf — 6! O¢mn ! — di om ~ m+i,n mn, Om ~ Tmrin mn 

a6"... Oran 
Fe Gin, 1 — Onn Fe = bin, n +1 ~~ rma" 

Rearranging terms in (6.7-4) leads to the following equation for the aperture 

plane electric field amplitude distribution in terms of the radiated feed pattern: 

  

ro ~ |E (Ons Pinn) |? sin Onan J(F ans Pian|™; >) 

[BalPrans Pron)! 7 Pinn Ji (Pmns Pimn/™, 1) (6.7-5) 

6.7.2 Normalized Primary Aperture Diameter d/, 

The tolerance theory developed by Ruze [7] is used to approximate the 

normalized primary aperture diameter d/A such that gain loss due to scan 

induced phase errors does not exceed a specified threshold. For any aperture 

plane phase error distribution 6é(z,y) the directivity of the reflector system is 

given by [7] 
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co 

| | Baley) oF) der dy 
  

| |E,(a,y)?? 2% dx dy 

where the integrals are evaluated over the primary aperture plane. If it is 

assumed that the phase and polarization of E,(z,y) are constant across the 

aperture plane then (6.7-6) can be rewritten as [7] 

2 

| E,(z,y)| e%) da dy 
D= + = . (6.7-7) 

J 
{ Jie x,y)| ede dy 

CO 

If 6(z,y) is small the exponential can be expanded in a power series and the ratio 

of directivity with phase errors D to directivity with no phase errors Dy can be 

  

written 

— ~1-8 4+ (6) (6.7-8) 
0 

where 

[| 1B.e,u)| eu) de dy 
&2 — — © == _ 

[| E.@eu)l de dy 

Ee (z;,¥;)| 6°(x 5, 9;) 

  Ie (6.7-9) N 

, 2 |E.(2;,¥s)| 
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and 

  

_ i | | (z,y)| 6(x y) dz dy 

6 =-—2 te = 

| | |E,(z,y)| dx dy 

oo
 il ° Se
. It ° 

  (6.7-10) 9 

where it assumed that points z; and y; are equally spaced in a rectangular grid 

across the aperture plane. The aperture field distribution |E.(zj yal is obtained 

from |E.a(Yimn>Pmn) ls which is given by (6.7-5) by polynomial interpolation. The 

phase error (ins) is related to the pathlength from the feed to the aperture 

plane for the 77‘ ray, denoted by l,., by the equation 17) 

é(z;, y;) = — oe (i;- lave) (6.7-11) 

which is given by (6.5-27), using polynomial where /;; is obtained from l,,,, 

interpolation. 

The average pathlength J... can be defined such that 6=0 by 

substituting (6.7-11) into (6.7-10) and setting the resulting equation equal to 

zero. The average pathlength thus obtained is 

N ON 
= » dW gli; (6.7-12) 

where the normalized weighting factor W;, is given by 

|   S “ets . (6.7-13) 
alZi¥5)| 

W,.= 
t7 

i i
t
o
 

ty
 

The ratio of directivity with phase errors D to the directivity with no phase 
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errors D, can then be written 

Q 

—_ 2N WN 
#. =1-8=1- (22) Xu 2 Wisllis — lave)” (6.7-14) 

2S j= 

where 6 is obtained by substitution of (6.7-11) and (6.7-13) into (6.7-9). 

Multiplying both sides of (6.7-14) by the primary reflector diameter d and 

rearranging terms leads to the following equation which relates the maximum 

normalized reflector diameter d/\ to the maximum allowable gain loss due to 

phase errors D/ Do: 

an\ XY & 2 
(27) Xu »~ W (1; ~~ lave) 

J3=0 

(6.7-15)   (4/.)m ~ 

It is noted that significant variation in diameter of the illuminated portion 

of the parent primary reflector can result from beam scanning. To account for 

this effect the following value is used to approximate the diameter of the 

illuminated portion of the primary reflector in (6.7-15): 

9 N(M) 
d~ N(M) >» Pun (6.7-16) 

where Pymyn 18 given by (6.5-29). 

6.7.3 Primary Reflector Area Efficiency n, 

The primary reflector area efficiency is a useful parameter because it 

indicates how efficiently the primary reflector aperture is utilized for any given 

scan direction. The definition of area efficiency is now derived. 

The zy-plane shown in Fig. 6.7-1 represents the aperture plane of an 

antenna. The region enclosed by the curve I,(z,y) represents the portion of the 

aperture plane which is illuminated by a feed. The illumination over this region 

is given by E.(z,y) which assumes zero values outside of this boundary. I ,(z,y) 

is indicated by a dashed line in Fig. 6.7-1 and the area enclosed by this curve is 
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Figure 6.7-1. Aperture plane of a reflector antenna. The region enclosed by 

curve I ,(x,y) represents the portion of the aperture plane which is illuminated 

by a feed. I,(x,y) is indicated by a dashed line and the area enclosed by this 

curve is designated by A,;. The region enclosed by the curve I,(x,y) represents 

the physical antenna aperture. I,,(z,y) is indicated by a solid line and the area 

enclosed by this curve is designated by A,. Only the area given by the 

intersection of A, and A, gives rise to forward radiation. 
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designated by A,;. The region enclosed by the curve I,(z,y) represents the 

physical antenna aperture which, if illuminated, gives rise to forward radiation. 

I (x,y) is indicated by a solid line in Fig. 6.7-1 and the area enclosed by this 

curve is designated by A,. The curve I,(z,y) can represent either the boundary 

of an iris or the rim of a reflector for which the portion of E,(x,y) which falls 

outside of I,(x,y) represents either scattered radiation or spillover, respectively. 

In either case only the area given by the intersection of A, and Ay, gives rise to 

forward radiation. This “used” area is designated by 

A,=A,NA; (6.7-17) 

By definition the directivity of the system described above is given by [6] 

|| | B.(e,y) de dy 
  Dp =45 —*«_ . (6.7-18) 

M | [Baal ae dy 
Ay 

Gain is related to directivity by [6] 

G=eD (6.7-19) 

where the radiation efficiency e is defined as the ratio of the power radiated in 

the forward direction P, to the total power input by the source P;,, [6] 

rn (6.7-20)   

If it is assumed that ohmic losses and subreflector spillover are negligible, then 

[| 1B.(e,u)P de dy 
em au (6.7-21) 

| | |E,(z,y)|? dx dy 

Ay 

  

and from (6.7-18), (6.7-19) and (6.7-21) the gain is given by 
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  . (6.7-22) 

By definition gain is also given by [6] 

G = eq Ay 45 (6.7-23) 

where €,, is the aperture efficiency and A, is the physical aperture area. 

Equating (6.7-22) and (6.7-23) leads to the following equation for aperture 

efficiency 

\| | B,(2,y) dx dy|’ 

(6.7-24)   

A 
Cap = — . 

A,| | [B.(2,u)|? de dy 
Ay 

It is noted that (6.7-24) gives the aperture efficiency corresponding to the 

direction of highest gain while the equations defined in Sec. 3.1 give the aperture 

efficiency with respect to a specified direction defined by a second antenna. If it 

is assumed that an idealized feed is used such that F,(z,y) has both uniform 

amplitude and phase over A;, then a “normalized” aperture efficiency or “area 

efficiency” can be defined as 

(Au? _ (4p Ay? 
a —_ A,Ays ~— A,A; (6.7-25)   

If there is no spillover at the primary reflector and the only loss of gain is due to 

under illumination, then (6.7-25) reduces to 

ws 
Na = A.” 

p 

(6.7-26) 

It is noted that some authors mistakenly refer to (6.7-26) as aperture efficiency, 

however, this is clearly not the case due to the simplifying assumptions used. 
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In the following chapter aperture area efficiency given by (6.7-25) is used 

as a figure-of-merit to evaluate primary aperture illumination as a function of 

scan direction. The use of area efficiency is preferable to aperture efficiency 

because area efficiency is independent of the feed pattern used. For the 

conjugate tri-reflector the set of G.O. transmit rays which intersect the edge of 

the tertiary reflector are used to obtain the G.O. edge of illumination at the 

parent primary reflector. The illuminated portion of the primary aperture 

I ,(z,y) is approximated by the zy-plane projection of the G.O. edge of 

illumination at the parent primary reflector, which is given by the following set 

of points: 

(Pin, PM}, n=1,...,n(M) (6.7-27) 

where {Pyr;} is given by (6.5-17). The physical aperture I,(z,y), defined by d 

and r, in Sec. 6.3, is approximated by following the set of points: 

{Pi", PM, n = 1,...,n(M) (6.7-28) 

where {P7""} is given by (6.3-1). It is noted that (6.7-27) and (6.7-28) assume 

that rays reflected at the primary reflector are approximately parallel to the 

z-axis shown in Fig. 6.5-1(a). A plot similar to Fig. 6.7-1 is obtained by plotting 

the points given by (6.7-27) and (6.7-28) together on the same graph. Such plots 

are said to depict aperture plane vignetting [3]. Plots of aperture plane 

vignetting are useful because they depict in a qualitative manner both spillover 

and under illumination at the primary aperture plane. 
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Chapter 7 

Conjugate Tri-reflector G.O. 

Performance Results 

The conjugate tri-reflector antenna configuration is comprised of a 

parabolic primary reflector, an elliptic secondary reflector and a shaped tertiary 

reflector. These three elements can be arranged to form three distinct types of 

realizable tri-reflector configurations which are referred to as: Cassegrain J; 

Gregorian; and Cassegrain IJ. In this chapter the electrical and mechanical 

characteristics of representative cases of these three reflector configurations are 

compared. Also included in the comparison is an offset prime focus parabolic 

reflector with beam scanning accomplished by feed translation. In all cases 

comparison is performed over an elliptical scan range that subtends + 2.5° in the 

zz-plane and +5 in the yz-plane. 

Electrical performance evaluations are obtained using the geometrical 

optics (G.O.) methods developed in Chapter 6. The specific scan directions 

considered are (see Fig. 6.3-2): 

d = 0.0, = 0.1°- 2.5° 

d = 45.07", 6=0.1° 3.1° 

d= 90.0, 8=0.1~ 5.0° (7-1) 

o = 135.0°, 6 = 0.1 3.1° 
¢ = 180.0°, 6 = 0.1°- 2.5° 
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where for each value of ¢ ten equal increments of 6 are used with the first and 

last value of @ indicated in (7-1). It is unnecessary to consider ¢ = 225°, 270° and 

315° because the configurations are symmetrical about the zxz-plane. As 

discussed in Chapter 6, for each scan direction tertiary reflector motion 

parameter values a, § and T are obtained by numerical optimization and the 

normalized aperture diameter d/\ and the aperture area efficiency n, are 

calculated. The normalized aperture diameter is calculated subject to 1 dB gain 

loss due to scan induced phase errors. Therefore, D/Dg = 0.7943 in (6.7-15). 

The feed pattern used is 

E,,(6') = cos?6' (7-3) 

where 6! is defined with respect to the feed coordinate system as shown in 

Fig. 6.5-1(b). The value of g is chosen such that 

20 x log(cos? 6.) = —15 dB (7-4) 

where 6! is the average half angle subtended by the tertiary reflector as viewed 
ave 

from the feed with the tertiary reflector positioned for boresight operation. 

7.1 The Cassegrain I Configuration 

The cross-section of an example Cassegrain I configuration is shown in 

Fig. 7.1-1. This configuration is referred to as Cassegrain because the secondary 

reflector surface is placed between the primary reflector surface and the primary 

reflector focal point F,. Also shown in Fig. 7.1-1 are ray paths for rays striking 

the top, center and bottom of the primary reflector for scan angles of ¢ = 0° and 

6 = 2.5, 0 and —2.5.. To create Fig. 7.1-1 a separate tertiary reflector was 

synthesized for each scan direction using the procedure described in Sec. 6.3. 

Different line types have been used to indicate the portion of the secondary 

reflector illuminated for each scan direction. The synthesis parameter values 
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Figure 7.1-1. Cross-section of an example Cassegrain I tri-reflector configuration. Ray paths 

are shown for rays striking the top, center and bottom of the primary reflector for scan angles 

of 6 = 0’ and 8 = 2.57, 0 and — 2.5". 
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used are shown on Table 7.1-1. These parameters are defined on Table 6.3-1 and 

shown in Fig. 6.3-1. 

Table 7.1-1 

Synthesis Parameter Values used for 

Cassegrain I Configuration Synthesis 

  

  

  

  

  

  

  

  

        

Parameter Value (m) 

P, (21.87,0.0,2.83) 
F, (0.0,0.0,42.19)t 
z, 21.87 
d 25.0 

F, (21.87, 0.0, 2.83) f 

9 (-1.56, 0.0, 33.75) t 

e, 47.72 

F (-2.03, 0.0, 38.44) t 
  

t indicates values in xryz-coordinate system 

Front and side views of the Cassegrain I configuration are shown in 

Fig. 7.1-2. The tertiary reflector shown in this figure was synthesized with 

6,=0.0° and ¢,=0.0°. The primary reflector has an offset height of 

H = 9.375 m (see Fig. 4.1-9) and an F/D value of 1.69. The zy-plane projected 

area of the primary reflector is A, = 490.9 m*. The secondary reflector is 

oversized such that there is no spillover for the scan range defined by (7-1). The 

secondary reflector rim is an ellipse with a major axis of 2a, =11.54m and a 

minor axis of 2b,=6.16m. The projected aperture area of the secondary 

reflector, as approximated by A, ~ maby, is 55.8 m?, which is 11.36 % of the 

primary aperture area. The tertiary reflector rim is an ellipse with a major axis 

of 2a, = 4.03 m and a minor axis of 2b, = 3.78 m. The projected aperture area of 

the tertiary reflector, as approximated by A, ~ ma3b3, is 11.96 m?, which is 2.4 % 
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Figure 7.1-2._ Front (a) and side (b) views of the Cassegrain I configuration. The secondary 
reflector is oversized to allow for beam scanning over an elliptical scan range which subtends 

+ 2.5° in the xz-plane and + 5° in the yz-plane (see Fig. 6.2-2). 
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of the primary aperture area. The overall length of the reflector configuration as 

measured along the z-axis is 39 m and the overall height as measured along the 

z-axis is 38 m. For boresight operation the average half angle subtended by the 

tertiary reflector as viewed from the feed is 6/,,, = 24.48° for which (7-3) yields 

q = 18.33. If it is assumed that the feed is a pyramidal horn, then the feed 

aperture size d, can be approximated by [1] 

/ + 0.5 
d,/ ~“ a (7.1-1) 

For q = 18.33 (7.1-1) yields d; ~ 3.68 4. 

In the following section the scan performance of the the conjugate tri- 

reflector shown in Fig. 7.1-2 is investigated using the G.O. techniques developed 

in Chapter 6. Beam scanning is accomplished entirely by tertiary reflector 

motion which is constrained to two degrees of rotational freedom about point F%. 

It is noted that the tertiary reflector was synthesized with 6, =0.0° and ¢, = 0.0° 

and, therefore, the aperture is only free of phase errors for boresight operation 

along the z-axis. 

7.1.1 Scan Performance for Two Degrees of Rotational Freedom 

About Point F% 

Scan performance was calculated with the tertiary reflector constrained to 

two degrees of rotational freedom. Motion optimization was performed with 

P, = Fi, and T,,ar = 0 as discussed in Chapter 6. Calculated values for motion 

parameters a and ( are plotted versus scan angle @ for the five values of ¢ 

indicated in (7.1) in Figs. 7.1-3-7.1-7. The corresponding values of the 

normalized aperture diameter d/\ and primary reflector area efficiency n, are 

plotted versus @ in Figs. 7.1-8 and 7.1-9. The results of the above performance 

calculations for the limiting scan directions in (7-1) are summarized on 

Table 7.1-2. 

Conjugate Tri-reflector G.O. Performance Results 227



  Se 

      

Tf ore Tor 

4- 4 

i) 
o 
<a 

e 
re 4 

é 
Gq ‘ 

5 : 
a 

ma i 
& a | 
= 

LH i 
| 

i 
4 

' 
' 

0 eet tt a 

-20 -15 -10 “5 0 3 10 15 

Rotation Angles (a, B), deg. 

Figure 7.1-3. Cassegrain I configuration tertiary reflector rotation angles @ and ( used to scan 
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Figure 7.1-4. Cassegrain I configuration tertiary reflector rotation angles @ and (3 used to scan 
the main beam over the range 9 = 0.1-3.1° with @ = 45.0°. 
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Two Degrees of Tertiary Reflector Motion (a, 8) 

Cassegrain I Performance Results 

Table 7.1-2 

  

  

  

  

  

              

P, =F), Tmax = 9 

¢ 6 a Bp d/r Na 

(deg) | (deg) | (deg) | (deg) 
0 2.5 | 9.08 0.0 213 0.78 
45 3.1 | 7.45 8.63 208 0.84 
90 5.0 | -1.41 16.33 57 0.87 
135 | 3.1 | -6.53 6.52 64 0.80 
180 | 2.5 | -7.11 0.0 68 0.79   
  

The highest frequency for which this configuration can operate over the entire 

scan range with less than 1 dB of gain loss due to scan induced phase errors is 

that for which d/\ = 57. For the 25 m aperture this corresponds to a maximum 

operating frequency of fy = 0.68 GHz. 

primary aperture plane for the limiting scan directions. 

Figure 7.1-10 shows vignetting at the 

It is noted that this 

configuration suffers from a large amount of vignetting leading to poor aperture 

utilization. This conclusion is also evident by the low values calculated for the 

aperture area efficiency 7,. 
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7.2. The Gregorian Configuration 

The cross-section of an example Gregorian configuration is shown in 

Fig. 7.2-1. This configuration is referred to as Gregorian because the primary 

reflector focal point F, is placed between the primary and secondary reflector 

surfaces. Also shown in Fig. 7.2-1 are ray paths for rays striking the top, center 

and bottom of the primary reflector for scan angles of ¢ = 0° and @ = 2.5", 0° and 

—2.5°. To create Fig. 7.2-1 a separate tertiary reflector was synthesized for each 

scan direction using the procedure described in Sec. 6.3. Different line types 

have been used to indicate the portion of the secondary reflector illuminated for 

each scan direction. The synthesis parameter values used are shown on 

Table 7.2-1. These parameters are defined on Table 6.3-1 and shown in 

Fig. 6.3-1. 

Table 7.2-1 

Synthesis Parameter Values used for 

Gregorian Configuration Synthesis 

  

  

  

  

  

  

  

  

        

Parameter Value (m) 

P, (21.87,0.0,2.83)+ 
F, (0.0,0.0,42.19) 
Le 21.87 

d 29.0 

F, (21.87,0.0,2.83){ 
Fi (4.69,0.0,43.75)} 
e, 54.80 
F (-3.12,0.0, 40.62) f 
  

{ indicates values in xyz-coordinate system 
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Front and side views of the Gregorian configuration are shown in 

Fig. 7.2-2. The tertiary reflector shown in this figure was synthesized with 

6,=0.0° and ¢,=0.0°. The primary reflector has an offset height of 

H = 9.375 m (see Fig. 4.1-9) and an F'/D value of 1.69. The zy-plane projected 

area of the primary reflector is A, = 490.9 m*. The secondary reflector is 

oversized such that there is no spillover for the scan range defined by (7-1). The 

secondary reflector rim is an ellipse with a major axis of 2a, = 9.95 m and a 

minor axis of 2b,=6.74 m. The projected aperture area of the secondary 

reflector, as approximated by A, ~ maby, is 52.7 m?, which is 10.73 % of the 

primary aperture area. The tertiary reflector rim is an ellipse with a major axis 

of 2a, = 3.40 m and a minor axis of 2b, = 3.28 m. The projected aperture area of 

the tertiary reflector, as approximated by A, Y 1a3b3, is 8.75 m?, which is 1.78 % 

of the primary aperture area. The overall length of the reflector configuration as 

measured along the z-axis is 48 m and the overall height as measured along the 

z-axis is 388m. For boresight operation the average half angle subtended by the 

tertiary reflector as viewed from the feed is 6/,,,, = 11.22° for which (7-3) yields 

gq = 89.49. For a pyramidal horn (7.1-1) yields an aperture dimension of 

d, = 8.04 A. 

In the following sections the scan performance of the the conjugate tri- 

reflector shown in Fig. 7.2-2 is investigated using the G.O. techniques developed 

in Chapter 6. Beam scanning is accomplished entirely by tertiary reflector 

motion. Two cases of tertiary reflector motion are considered. In the first case 

motion is constrained to two degrees of rotational freedom about point F4 and in 

the second case two degrees of rotational freedom and three degrees of 

translational freedom are allowed. These cases are presented in Secs. 7.2.1 and 

7.2.2, respectively. It is noted that the tertiary reflector was synthesized with 

6, =0.0° and ¢, = 0.0° and, therefore, the aperture is only free of phase errors for 

boresight operation along the z-axis. 

7.2.1 ocan Performance for Two Degrees of Rotational Freedom 

About Point F 

Scan performance was calculated with the tertiary reflector constrained to 
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Figure 7.2-2. Front (a) and side (b) views of the Gregorian configuration. The secondary 

reflector is oversized to allow for beam scanning over an elliptical scan range which subtends 
+ 2.5° in the zz-plane and +5” in the yz-plane (see Fig. 6.2-2) 
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two degrees of rotational freedom. Motion optimization was performed with 

P,= Fi, and Taz = 0 as discussed in Chapter 6. Calculated values for motion 

parameters a and # are plotted versus scan angle @ for the five values of ¢ 

indicated in (7.1) in Figs. 7.2-3-7.2-7. The corresponding values of the 

normalized aperture diameter d/A and primary reflector area efficiency 7, are 

plotted versus @ in Figs. 7.2-8 and 7.2-9. The results of the above performance 

calculations for the limiting scan directions in (7-1) are summarized on 

Table 7.2-2. 

Table 7.2-2 

Gregorian Performance Results 

Two Degrees of Tertiary Reflector Motion (a, /) 

P,= Fh, Taz = 0 
  

  

  

  

  

  

¢ 8 a B d/A Na 

(deg) | (deg) | (deg) | (deg) 
0 2.5 | 8.65 0.0 170 0.85 
45 3.1 | 841 -7.04 170 0.84 
90 5.0 | 4.86 -1.89 246 0.87 
135 | 3.1 | -7.62 -1.03 270 0.94 
180 2.9 -10.22 0.0 207 0.90               
  

The highest frequency for which this configuration can operate over the entire 

scan range with less than 1 dB of gain loss due to scan induced phase errors is 

that for which d/A\ = 170. For the 25 m aperture this corresponds to a maximum 

operating frequency of fy, = 2.04 GHz. Figure 7.2-10 shows vignetting at the 

primary aperture plane for the limiting scan directions. Considerable reduction 

in vignetting is observed compared to the results obtained for the Cassegrain | 

configuration. 
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7.2.2 Scan Performance for Two Degrees of Rotational Freedom and Three 

Degrees of Translational Freedom 

Scan performance was calculated with the tertiary reflector allowed two 

degrees of rotational freedom and three degrees of translation freedom with the 

maximum linear translation constrained to 0.25m. Motion optimization was 

performed with P,=F and T,,q-=0.25m as discussed in Chapter 6. 

Calculated values for motion parameters a, /, and T are plotted versus scan 

angle 6 for the five values of ¢ indicated in (7.1) in Figs. 7.2-11 - 7.2-15. The 

corresponding values of the normalized aperture diameter d/\ and primary 

reflector area efficiency 7, are plotted versus 6 in Figs. 7.2-16 and 7.2-17. The 

results of the above performance calculations for the limiting scan directions in 

(7-1) are summarized on Table 7.2-3. 

Table 7.2-3 

Gregorian Performance Results 

Five Degrees of Tertiary Reflector Motion (a, f, T) 

  

  

  

  

  

  

P= Fh, Trax = 0.25 

g 6 a B T, Ty T. d/x Na 

(deg) | (deg) | (deg)| (deg) | (m) | (m) | (m) 
0 25 [851 | 0.0 |0.247 | 0.0 | 0.037] 211 | 0.83 
45 3.1 [8.08 |-6.87 [0.25 [| 00 | 0.0 215 | 0.83 
90 5.0 | 4.61 [-17.74 [0.25 | 0.0 | 0.0 350 | 0.85 
135 [| 3.1 |-8.80/-10.45 |-0.04 | 0.015 |-0.247] 322 | 0.88 
180 | 25 110.14/ 0.0 [025 | 00 | 0.0 248 | 0.88                     
  

The highest frequency for which this configuration can operate over the entire 

scan range with less than 1 dB of gain loss due to scan induced phase errors 1s 

that for which d/X = 211. For the 25 m aperture this corresponds to a maximum 

operating frequency of f,,; = 2.53 GHz. Figure 7.2-18 shows vignetting at the 

primary aperture plane for the limiting scan directions. A small increase in 

vignetting is observed as a result of allowing tertiary reflector translation. 
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Figure 7.2-11. Gregorian configuration tertiary reflector rotation angles @ and ( and 

translation distances T',, T', and I’, used to scan the main beam over the range 6 = 0.1°-2.5° 
with ¢ = 0.0°. (a) Rotation angles. (b) Translation distances. 
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Figure 7.2-12. Gregorian configuration tertiary reflector rotation angles @ and ( and 
translation distances T’,, 7’, and T’, used to scan the main beam over the range 9 = 0.1°-3.1° 
with @ = 45.0°. (a) Rotation angles. (b) Translation distances. 
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Figure 7.2-13. Gregorian configuration tertiary reflector rotation angles a@ and 2 and 

translation distances T',, T', and 7’, used to scan the main beam over the range 0 = 0.1°-5.0° 
with @ = 90.0°. (a) Rotation angles. (b) Translation distances. 
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Figure 7.2-14. Gregorian configuration tertiary reflector rotation angles @ and ( and 
translation distances T,, T, and T’, used to scan the main beam over the range 9 = 0.1°-3.1° 
with @ = 135.0°. (a) Rotation angles. (b) Translation distances. 
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Figure 7.2-15. Gregorian configuration tertiary reflector rotation angles @ and { and 
translation distances T’,, Ty and T', used to scan the main beam over the range 9 = 0.1°-2.5° 
with @ = 180.0°. (a) Rotation angles. (b) Translation distances. 
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Figure 7.2-16 Normalized aperture diameter d/A for the Gregorian configuration subject to 1 
dB maximum gain loss due to scan induced phase errors. Tertiary reflector motion is allowed 
two degrees of rotational freedom and three degrees of translational freedom. The scan range 

is given by (7-1). 
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Figure 7.2-17. Primary aperture area efficiency 7, for the Gregorian configuration. ‘Tertiary 
reflector motion is allowed two degrees of rotational freedom and three degrees of translational 

freedom. The scan range is given by (7-1). 

Conjugate Trit-reflector G.O. Performance Results 248



  

  

    

25 LTT 

' 4 

20 - 
- 

E 

4 

ish | 

10 F- 
4 

& 1 

” 

— 
z 0 L 

3 

» 6 -5 4 

~10 r 4 

-15 F- 
4 

sree @=2.5°,9=0° 
po aeeeeeeeseee @=3.1° 9 = 45° 1 

-29 bo co @=5.0° 9 =90° 
o--2--- @=3.1° 9 = 135° | 
——— 6=25°.9= 180° 

—25 4 L 1 i ‘ I 4 i 1 l , 1} 4 1 1 14 I 1 
  

-25 -20 -15 -10 -5 0 5 10 is 20 25 

x-axis (m) 

Figure 7.2-18. Primary aperture plane vignetting for the Gregorian configuration for the 
limiting scan directions in (7-1) and tertiary reflector motion allowed two degrees of rotational 
freedom and three degrees of translational freedom. 

Conjugate Tri-reflector G.O. Performance Results 249



7.3 The Cassegrain II Configuration 

The cross-section of an example Cassegrain II configuration is shown in 

Fig. 7.3-1. This configuration is referred to as Cassegrain because the secondary 

reflector surface is placed between the primary reflector surface and the primary 

reflector focal point F',. Also shown in Fig. 7.3-1 are ray paths for rays striking 

the top, center and bottom of the primary reflector for scan angles of ¢ = 0° and 

6 = 2.5, 0° and —2.5°. To create Fig. 7.3-1 a separate tertiary reflector was 

synthesized for each scan direction using the procedure described in Sec. 6.3. 

Different line types have been used to indicate the portion of the secondary 

reflector illuminated for each scan direction. The synthesis parameter values 

used are shown on Table 7.3-1. These parameters are defined on Table 6.3-1 and 

shown in Fig. 6.3-1. 

Table 7.3-1 

Synthesis Parameter Values used for 

Cassegrain II Configuration Synthesis 

  

  

  

  

  

  

  

  

    

Parameter Value (m) 

P, (28.12, 0.0,4.69)+ 
F, (0.0, 0.0, 42.19)t 
z, 28.12 
d 25.0 

F, (28.12, 0.0, 4.69) f 

F; (9.37, 0.0,39.37) t 
é, 51.52 

F (0.625, 0.0,35.0)     
  

{ indicates values in xryz-coordinate system 
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Figure 7.3-1. Cross-section of an example Cassegrain II tri-reflector configuration. Ray paths 

are shown for rays striking the top, center and bottom of the primary reflector for scan angles 
of 6 = 0’ and 6 = 2.5", 0’ and — 2.5° 
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Front and side views of the Cassegrain II configuration are shown in 

Fig. 7.3-2. The tertiary reflector shown in this figure was synthesized with 

6,=0.0° and ¢,=0.0°.. The primary reflector has an offset height of 

H = 15.625 m (see Fig. 4.1-9) and an F'/D value of 1.69. The zy-plane projected 

area of the primary reflector is A, = 490.9 m’. The secondary reflector is 

oversized such that there is no spillover for the scan range defined by (7-1). The 

secondary reflector rim 1s an ellipse with a major axis of 2a, = 9.87 m and a 

minor axis of 2b,=6.52 m. The projected aperture area of the secondary 

reflector, as approximated by A, ~ ma,b,, is 50.58 m?, which is 10.3 % of the 

primary aperture area. The tertiary reflector rim is an ellipse with a major axis 

of 2a, = 4.52 m and a minor axis of 2b, = 4.30 m. The projected aperture area of 

the tertiary reflector, as approximated by A, Y 7a3)3, is 15.24 m?, which is 3.1 % 

of the primary aperture area. The overall length of the reflector configuration as 

measured along the z-axis is 42.5 m and the overall height as measured along the 

z-axis is 40.6 m. For boresight operation the average half angle subtended by 

the tertiary reflector as viewed from the feed is 6!,, = 12.94 for which (7-3) 

yields g = 67.13. For a pyramidal horn (7.1-1) yields an aperture dimension of 

d,~ 6.97 A. 

In the following sections the scan performance of the the Cassegrain II 

conjugate tri-reflector shown in Fig. 7.3-2 is investigated using the G.O. 

techniques developed in Chapter 6. Beam scanning is accomplished entirely by 

tertiary reflector motion. Four cases of tertiary reflector motion are considered: 

two degrees of rotational freedom about point F}; two degrees of rotational 

freedom and three degrees of translational freedom; two degrees of rotational 

freedom and one degree of translational freedom; and two degrees of rotational 

freedom about an optimum rotation point. These cases are presented in 

Secs. 7.3.1, 7.3.2, 7.3.3 and 7.3.4, respectively. It is noted that the tertiary 

reflector was synthesized with 6, = 0.0° and ¢, = 0.0° and, therefore, the aperture 

is only free of phase errors for boresight operation along the z-axis. 
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7.3.1 Scan Performance for Two Degrees of Rotational Freedom 

About Point F', 

Scan performance was calculated with the tertiary reflector constrained to 

two degrees of rotational freedom. Motion optimization was performed with 

P,= F} and Trae = 0 as discussed in Chapter 6. Calculated values for motion 

parameters a and # are plotted versus scan angle @ for the five values of ¢ 

indicated in (7.1) in Figs. 7.3-3 - 7.3-7.. The corresponding values of the 

normalized aperture diameter d/\ and primary reflector area efficiency 7, are 

plotted versus @ in Figs. 7.3-8 and 7.3-9. The results of the above performance 

calculations for the limiting scan directions in (7-1) are summarized on 

Table 7.3-2. 

Table 7.3-2 

Cassegrain II Performance Results 

Two Degrees of Tertiary Reflector Motion (a, () 

P.= F), Tmax = 0 

  

  

  

  

  

  

¢ 6 a Bp d/X Na 

(deg) | (deg) | (deg) | (deg) 
0 2.5 | 6.61 0.0 152 0.86 
45 3.1 | 6.30 -5.59 159 0.87 
90 5.0 | 2.88 | -14.24 287 0.91 
135 | 3.1 | -5.97 -7.58 413 0.92 
180 | 2.5 | -7.68 0.0 344 0.89               
  

The highest frequency for which this configuration can operate over the entire 

scan range with less than 1 dB of gain loss due to scan induced phase errors is 

that for which d/X = 152. For the 25 m aperture this corresponds to a maximum 

operating frequency of fy, = 1.82 GHz. Figure 7.3-10 shows vignetting at the 

primary aperture plane for the limiting scan directions. Considerable reduction 

in vignetting is observed compared to the results obtained for the Cassegrain I 

and Gregorian configurations. 
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7.3.2 Scan Performance for Two Degrees of Rotational Freedom and Three 

Degrees of Translational Freedom 

Scan performance was calculated with the tertiary reflector constrained to 

two degrees of rotational freedom and three degrees of translation freedom with 

the maximum linear translation constrained to 0.25 m. Motion optimization was 

performed with P,=F and T,,,,=0.25m as discussed in Chapter 6. 

Calculated values for motion parameters a, £, and T’ are plotted versus scan 

angle 6 for the five values of ¢ indicated in (7.1) in Figs. 7.3-11 - 7.3-15. The 

corresponding values of the normalized aperture diameter d/ and primary 

reflector area efficiency 7, are plotted versus 6 in Figs. 7.3-16 and 7.3-17. The 

results of the above performance calculations for the limiting scan directions in 

(7-1) are summarized on Table 7.3-3. 

Table 7.3-3 

Cassegrain II Performance Results 

Five Degrees of Tertiary Reflector Motion (a, 8, T) 

P.= F4, T mar = 0.25 

  

  

  

  

  

    

d 9 a B T, | T, | T. d/X | 1 

(deg) | (deg) | (deg)| (deg) | (m) | (>) | 
0 2.5 | 6.56 | 0.00 |-0.23 | 0.00 |-0.08 | 396 [0.91 
45 | 3.1 |5.77 [-5.63 |-0.20 | -0.03/-0.14 | 395 | 0.91 
90 | 5.0 [3.98 |-13.86 |-0.20 | -0.11| 0.09 | 1129 |0.94 
135 | 3.1 |-6.10/-6.08 [0.20 | -0.14]-0.01 | 1779 | 0.90 
180 | 25 |-7.49] 0.00 | 0.25 | 0.00 | 0.01 | 2708 | 0.91                 
  

  
The highest frequency for which this configuration can operate over the entire 

scan range with less than 1 dB of gain loss due to scan induced phase errors is 

that for which d/ = 396. For the 25 m aperture this corresponds to a maximum 

operating frequency of fy, = 4.75 GHz. Figure 7.3-18 shows vignetting at the 

primary aperture plane for the limiting scan directions. 
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Figure 7.3-17. Primary aperture area efficiency 1, for the Cassegrain II configuration. 

Tertiary reflector motion is allowed two degrees of rotational freedom and three degrees of 
translational freedom. The scan range is given by (7-1). 
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7.3.3 Scan Performance for Two Degrees of Rotational Freedom and 

One Degree of Translational Freedom 

Scan performance was calculated with the tertiary reflector allowed two 

degrees of rotational freedom and one degree of translational freedom with the 

maximum translation distance constrained to 0.5m. Motion optimization was 

performed with P,=F) and T,,,,=0.5m as discussed in Chapter 6. The 

direction of tertiary translation was along the line between the focus point F' and 

the secondary reflector focal point F4. The slope of this line is 

_ Fi, ~~ F, M= FoF. (7.3-1) 

Substitution of the appropriate values from Table 7.3-1 yields M =2.0. 

Therefore tertiary reflector motion parameters T, and T’, are related by 

T,=2T, (7.3-2) 

and T,=0.0. The distance of tertiary reflector motion is given by the scalar 

parameter JT’ where 

T = sign(T,)-\/T24+T? (7.3-3) 

and a positive value of T indicates motion away the feed and a negative value 

indicates motion toward the feed. 

Calculated values for motion parameters a, 8, and T are plotted versus 

scan angle 6 for the five values of ¢ indicated in (7.1) in Figs. 7.3-19 - 7.3-23. 

The corresponding values of the normalized aperture diameter d/X and primary 

reflector area efficiency 7, are plotted versus @ in Figs. 7.3-24 and 7.3-25. The 

results of the above performance calculations for the limiting scan directions in 

(7-1) are summarized on Table 7.3-4. 
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Figure 7.3-20. Cassegrain II configuration tertiary reflector rotation angles @ and 7 and 
translation distance J’ used to scan the main beam over the range 6 = 0.1°-3.1° with @ = 45.0°. 
(a) Rotation angles. (b) Translation distances. 
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Figure 7.3-21. Cassegrain II configuration tertiary reflector rotation angles @ and 3 and 

translation distance T’ used to scan the main beam over the range 6 = 0.1°-5.0° with @ = 90.0°. 
(a) Rotation angles. (b) Translation distances. 
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translation distance Z' used to scan the main beam over the range 9 = 0.1°-3.1° with 
@ = 135.0°. (a) Rotation angles. (b) Translation distances. 
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Primary aperture area efficiency 1, for the Cassegrain II configuration. 
Tertiary reflector motion is allowed two degrees of rotational freedom and one degree of 
translational freedom. The scan range is given by (7-1). 
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Table 7.3-4 

Cassegrain II Performance Results 

Three Degrees of Tertiary Reflector Motion (a, 3,T) 

  

  

  

  

  

                

P.= Fb, Taz = 0.5 

¢@ | 6 [a]e |? |p Ta 
(deg)| (deg) | (deg)| (deg) | (m) 
0 2.9 6.20 0.0 -0.38 716 0.92 

45 3.1 5.87 | -5.99 | -0.37 759 0.92 

90 5.0 2.45 | -14.85 | -0.23 1159 0.94 

135 3.1 -9.21 | -7.28 0.21 1626 0.91 

180 2.5 -6.58 | 0.0 0.29 3437 0.88   
  

The maximum translational motion is 0.38 m and, therefore, the constraint of 

T naz = 90-5 was never reached. The highest frequency for which this 

configuration can operate over the entire scan range with less than 1 dB of gain 

loss due to scan induced phase errors is that for which d/A = 716. For the 25 m 

aperture this corresponds to a maximum operating frequency of fa, = 8.59 GHz. 

Figure 7.3-26 shows vignetting at the primary aperture plane for the limiting 

scan directions. 
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7.3.4 Scan Performance for Two Degrees of Rotational Freedom About an 

Optimum Rotation Point P, 

Scan performance was calculated with the tertiary reflector constrained to 

two degrees of angular motion about the point P, = (9.37,0.0,36.40). It was 

found by trial and error that rotation about this point reduces scan induced 

phase errors. The point P, is shown in relation to the Cassegrain II 

configuration in Fig. 7.3-27. Motion optimization was performed with T,,,,. = 0 

as discussed in Chapter 6. Calculated values for motion parameters a and f are 

plotted versus scan angle 6 for the five values of ¢ indicated in (7.1) in 

Figs. 7.3-28 - 7.3-32. The corresponding values of the normalized aperture 

diameter d/X and primary reflector area efficiency 7, are plotted versus @ in 

Figs. 7.3-33 and 7.3-34. The results of the above performance calculations for the 

limiting scan directions in (7-1) are summarized on Table 7.3-5. 

Table 7.3-5 

Cassegrain II Performance Results 

Two Degrees of Tertiary Reflector Motion (a, () 

P, = (9.37, 0.0, 36.40), Tynar = 0 

  

  

  

  

  

  

¢ g a B d/X Na 

(deg) | (deg) | (deg) | (deg) 
0 2.5 | 7.32 0.0 721 0.92 
45 3.1 | 6.97 -6.48 776 0.92 
90 5.0 | 3.14 | -15.92 643 0.93 
135 | 3.1 | -6.07 | -7.76 644 0.94 
180 | 25 | -7.73 | 0.0 650 0.93               
  

The highest frequency for which this configuration can operate over the entire 

scan range with less than 1 dB of gain loss due to scan induced phase errors is 

that for which d/\ = 643. For the 25 m aperture this corresponds to a maximum 

operating frequency of fa; = 7.72 GHz. Figure 7.3-35 shows vignetting at the 

primary aperture plane for the limiting scan directions. 
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Figure 7.3-33. Normalized aperture diameter d/ for the Cassegrain II configuration subject to 

1 dB maximum gain loss due to scan induced phase errors. Tertiary reflector motion is 
constrained to two degrees of rotational freedom about the point P, = (9.37, 0.0,36.40). The 
scan range is given by (7-1). 
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7.4. The Prime Focus Parabolic Reflector 

A side view of the offset prime focus parabolic reflector considered is 

shown in Fig. 7.4-1. The reflector is identical to the prime reflector used in the 

Cassegrain II configuration shown in Fig. 7.3-2. The diameter of the reflector is 

d = 25 m, the offset height is H = 15.625 m (see Fig. 4.1-9) and the F'/D value is 

1.69. The feed is pointed such that the beam peak strikes the center of the 

reflector. .For boresight operation the average half angle subtended by the 

= 15.22° for which (7.4) yields g = 48.36. 

For a pyramidal horn the corresponding aperture dimension as approximated by 

(7.1-1) is dy ~ 5.93 J. 

reflector as viewed from the feed is 6 we 

With the prime focus parabolic reflector beam scanning is accomplished 

exclusively by feed displacement. In the following section the scan performance 

of the prime focus parabolic reflector shown in Fig. 7.4-1 is investigated using the 

G.O. techniques developed in Chapter 6. 

74.1 Scan Performance for Three Degrees of Feed Translation 

To accomplish beam scanning the feed is allowed three degrees of 

translational motion defined by the vector 

T=T,f+T,G+T, Z. (7.4-1) 

This vector indicates the distance and direction of feed displacement from the 

reflector focal point. In Figs. 7.4-2 - 7.4-6 motion parameters T,, T, and T, are 

plotted versus scan angle @ for the five values of ¢ indicated in (7.1). The 

corresponding values of the normalized aperture diameter d/X are plotted versus 

6 in Fig. 7.4-7. The results of these calculations for the limiting scan directions 

are shown on Table 7.4-1. 

Conjugate Trt-reflector G.O. Performance Results 282



  

    
  

45 7 T T T ’ T T T 

Primary 

35 F 7 

_— 256 4 

£ 
a bh 

® 
o 

{ 
* 

15 F 7 

5 = — 

5 e 

Feed 

-5 a I 1 1 1 ! r I 

0 10 20 30 40 

z—axis (m) 

Figure 7.4-1. Side view of the prime focus parabolic reflector. 

50 

  

  

    

      

5 TN yor? Pr FY t l yr or 1 rery T 

4b 

bb 
oO 
ao 

o~ 
© 
a 

o a ™ 3 
Sc 
< 
cq s 

3 t 
oO ' 
n ! 

GE 2+ 
2 ‘ ~Q ‘ 

s 1 mt 

S ' = ' 
' 

ty 
4 

q 

4 

‘ 

4 

8 
. t 

t 

t 

QO bee batt { pe at 

-5 -4 -3 -2 -l 0 1 2 3 4 

Feed Translation Distance ( T,, T,, T, ), m 

Figure 7.4-2. Prime focus parabolic reflector feed translation distances T’,, T', and T’, used to 
scan the main beam over the range 6 = 0.1°-2.5° with ¢ = 0.0°. 

Conjugate Tri-reflector G.O. Performance Results 283



  

  

      

  

  

TT 

4 

T. 
ay errecen T, a 

bb sroeeenenennes T, 

Ss | ~ 

“~ 
@D 
= 

o 4 

3 

G 
« 
Oo 
mn 

E Z g 7 1 
~ 

d | ont 

= 
1F- 4 

j | 

0 pe a td a a   
  

-5 4 -3 -2 -1 0 1 2 3 4 5 

Feed Translation Distance ( T,, T,, T, ), m 

Figure 7.4-3. Prime focus parabolic reflector feed translation distances T',, T', and T’, used to 
scan the main beam over the range 6 = 0.1°-3.1° with ¢ = 45.0°. 

  

  

  

      

5 ree mT Tr rr pyr rr Terre peer ey nr 

‘ : . : 

\ 
\ 

\ 
\ 
\ 

\ 
i N 

\ 
4 . 4 

\ 
. N 

ba ‘ 
a \ 
vu ‘ 
on \ 

Dm \ 
= \ 

eo 34 ‘ 4 
_ 

ob \ 
c \ 
< ‘ 

4 
cq \ 1 

3s ‘ 
Qo \ 
n x 
f ‘ 

N EG 2b ‘ 
oO \ 
m ‘ 

\ s ‘ | 
oc \ 
s \ 

\ 
‘ | ‘ 

] \ 
\ 

\ 
\ 

\ 
\ . | 

\ 
\ 
\ 
\ 

Q Ht tLiiiit. pe pe a   
  

os) -4 +3 -2 -1 0 1 2 3 4 5 

Feed Translation Distance ( T,, T,, T, ), m 

Figure 7.4-4. Prime focus parabolic reflector feed translation distances T',, T\, and T', used to 
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Table 7.4-1 

Prime Focus Parabolic Reflector Performance Results 

Three Degrees of Feed Motion (T,, T,, T,) 

  

  

  

  

  

  

¢ 6 T., T, T. d/X 

(deg) | (deg) | (m) | (m) | (™) 
0 2.0 -1.62 0.0 -1.28 219 

45 3.1 -1.40 -1.81 -1.16 178 

90 5.0 -0.12 -4.12 -0.16 113 

135 3.1 1.50 -1.81 1.03 200 

180 2.5 1.69 0.0 1.19 253                 

The highest frequency for which this configuration can operate over the entire 

scan range with less than 1 dB of gain loss due to scan induced phase errors is 

that for which d/\ = 113. 

maximum operating frequency of fa, = 1.35 GHz. 

For the 25m aperture this corresponding to a 

Note, the maximum feed 

translation is in the ¢ = 90° scan direction for which |T| = 4.12 m. 
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7.5 Summary of Geometrical Optics 

Performance Results 

A summary of the electrical performance results for the four reflector 

configurations investigated in Secs. 7.1-7.4 is presented on Table 7.5-1. The scan 

range considered is given by (7-1). On Table 7.5-1 parameter fy indicates the 

maximum frequency of operation over the scan range for a 25m primary 

reflector aperture and a maximum gain loss of 1 dB due to scan induced phase 

errors and parameter 7, indicates the lowest calculated aperture area efficiency 

over the scan range. A summary of the physical attributes of the reflector 

configurations is presented in Table 7.5.2. Specific conclusions follow. 

1. Cassegrain I Tri-reflector: 

e The most desirable tertiary reflector location for placement of motion 

actuators. 

e The smallest overall dimensions. 

e With tertiary reflector motion limited to rotation about F') suffers from 

high aperture plane phase errors during beam scanning resulting in a 

low operating frequency. 

e Unacceptably high aperture plane vignetting. 

2. Gregorian Tri-reflector: 

e Undesirable tertiary reflector location for placement of motion actuators. 

e Largest overall dimensions. 

e With tertiary reflector motion limited to rotation about F4 suffers from 

high aperture plane phase errors during beam scanning resulting in a 

low operating frequency. 

e Allowing tertiary reflector translation results in only a small improvement 

in aperture plane phase errors during beam scanning. 

e Low aperture plane vignetting. 
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3. Cassegrain II Tri-reflector: 

e Undesirable tertiary reflector location for placement of motion actuators. 

e Reduced overall dimensions compared to the Gregorian tri-reflector. 

e With tertiary reflector motion limited to rotation about F', suffers from 

high aperture plane phase errors during beam scanning resulting in a 

low operating frequency. 

e Allowing for more complex tertiary reflector motions results in a 

substantial reduction in aperture plane phase errors during beam 

scanning. 

e Low aperture plane vignetting. 

Three Example Conjugate Tri-Reflector Configurations and an 

Table 7.5-1 

Summary of Computed Electrical Performance Results for 

Offset Prime Focus Parabolic Reflector 

  

  

  

  

                
  

Configuration | Degrees of Tertiary tu Na Vignetting Tertiary 
Type Tertiary Motion (GHz) Motion 

CassegrainI | (a, #) f 0.68 0.78 High Simple 

Gregorian (a, 8) t 2.04 0.84 Medium Simple 

(a, B, T,, T,, T,) t 2.53 0.83 Medium Complex 

Cassegrain II | (a, f) t¢ 1.82 0.86 Medium Simple 

(a, B, T,, Ty T.)t 4.75 0.90 Medium Complex 

(a, B, T) * 8.59 0.88 Medium Medium 

(a, B) ** 7.72 0.92 Low Medium 

Parabolic (T,, Ty, T.) tt 1.35 Complex 

{ rotation about point P, = F%. 

t rotation about point P, = Fy and 0.25 m max translation in all directions. 

« rotation about P, = Fy and 0.382 m max translation along a linear path. 

** rotation about an optimum rotation point. 

tt Three degrees of feed translation. 
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Table 7.5-2 

Summary of Physical Attributes of the 

Three Example Conjugate Tri-reflector Configurations 

  

  

  

              
  

Configuration | Sub Surface Area Tertiary Surface Area | Overall Overall 
Type (% Primary Aperture} (% Primary Aperture) | Length (m) | Height (m) 

Cassegrain | 11.36 2.4 39 38 

Gregorian 10.73 1.78 48 38 

Cassegrain II 10.30 3.1 42.5 40.6 

7.6 References 

1. Y.Rahmat-Samii, P. Cramer, K. Woo and S. W. Lee, “Realizable Feed- 

Element Patterns for Multibeam Reflector Antenna Analysis,” JEEE Trans. 

on Ant. and Prop., vol. 29, no. 6, pp. 961-964, November 1981. 
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Chapter 8 

Conjugate Tri-reflector P.O. 

Performance Results 

In Chapter 7 synthesis and analysis of several example conjugate tri- 

reflector configurations was performed using geometrical optics (G.O.). In this 

chapter more accurate physical optics (P.O.) analysis is applied to two example 

configurations to confirm the results presented in Chapter 7. The example 

configurations considered are the Cassegrain II configuration with tertiary 

reflector motion constrained to two degrees of rotational motion about the 

optimum point P, as discussed in Sec. 7.3.4 and the prime focus parabolic 

reflector discussed in Sec. 7.4. The Cassegrain II configuration was chosen 

because it represents the best compromise between tertiary reflector motion 

complexity and scan performance. The prime focus parabolic reflector, which is 

identical to the prime reflector in the Cassegrain II configuration, was chosen to 

highlight the effects of the Cassegrain II suboptics on beam _ scanning 

performance. 

The P.O. results presented in this section where obtained using the 

reflector code GRASP7 [1]. For the prime focus parabolic reflector the surface 

was represented by an analytic second order equation. For the Cassegrain II 

configuration P.O. integration was performed on all three reflector surfaces and 

the primary and secondary reflector surfaces were represented by analytic second 

order equations while the tertiary reflector surface was represented by a set of 

surface points. Surface interpolation must be performed twice on the set of 
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tertiary reflector surface points during radiation pattern calculation and this is a 

potential source of error. 

8.1 P.O. Results for the Cassegrain II 

Configuration 

The feed pattern used for the Cassegrain II configuration was a Gaussian 

distribution with a —15 dB edge taper at the average half angle subtended by 

the tertiary reflector, 6!,... For this configuration 61, = 12.94° (see Sec. 7.3). 

The feed boresight direction was directed toward the secondary reflector focal 

point F4 and the feed was kept stationary for all scan directions. The feed 

polarization was parallel to the rz-plane shown in Fig. 7.3-27. The frequencies 

5.76 GHz and 7.68 GHz were considered, which correspond to d/\ = 480 and 640, 

respectively. For both frequencies radiation patterns were calculated for the 

following scan directions (see Fig. 6.2-2): 

¢=0.07, @=0.0° (boresight direction) 

$=0.0, 6=2.5° 
$= 45.0, 0=3.1° 
¢= 90.07, 6=5.0° (8.1-1) 
$ = 135.0", @=3.1° 
$ = 180.0", 6 = 2.5" 

These scan directions correspond to the boresight direction and the limiting scan 

directions for the scan range given by (7-1). 

8.1.1 Cassegrain II 5.76 GHz P.O. Results 

Normalized contour plots of the co-polarized and cross-polarized radiation 

patterns calculated at 5.76 GHz are shown in Figs. 8.1-1 - 8.1-6. Principal plane 
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Figure 8.1-1. Normalized contour plots of co-polarized (a) and cross-polarized (b) radiation 
patterns in the 6 = 0°, ¢ = 0° scan direction calculated at 5.76 GHz for the Cassegrain II 

configuration with tertiary reflector rotation about point P, as shown in Fig. 7.3-27. 
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Figure 8.1-2. Normalized contour plots of co-polarized (a) and cross-polarized (b) radiation 

patterns in the 6 = 2.5, ¢ = 0° scan direction calculated at 5.76 GHz for the Cassegrain II 
configuration with tertiary reflector rotation about point P,. as shown in Fig. 7.3-27. 
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Figure 8.1-3. Normalized contour plots of co-polarized (a) and cross-polarized (b) radiation 
patterns in the 0 = 3.1°, @ = 45° scan direction calculated at 5.76 GHz for the Cassegrain II 

configuration with tertiary reflector rotation about point P,. as shown in Fig. 7.3-27. 
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Figure 8.1-4. Normalized contour plots of co-polarized (a) and cross-polarized (b) radiation 
patterns in the 6 = 5°, @ = 90° scan direction calculated at 5.76 GHz for the Cassegrain II 

configuration with tertiary reflector rotation about point P, as shown in Fig. 7.3-27. 
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Figure 8.1-5. Normalized contour plots of co-polarized (a) and cross-polarized (b) radiation 
patterns in the 6 = 3.1°, @ = 135° scan direction calculated at 5.76 GHz for the Cassegrain II 

configuration with tertiary reflector rotation about point P, as shown in Fig. 7.3-27. 
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configuration with tertiary reflector rotation about point P, as shown in Fig. 7.3-27. 
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patterns showing beam scanning in the ¢=0° plane (¢=0°,6 = +2.5°), the 

@ =45° plane (¢ = 457,09 = +3.1’) and the ¢ = 90° plane (¢ = 90°,8 = +5.0°) are 

shown in Figs. 8.1-7 - 8.1-9. Gain, aperture efficiency €,, (see (3.1-4)), half- 

power beamwidth (HPBW) and relative cross-polarization level (XPOL) are 

tabulated on Table 8.1-1 for the scan directions considered. The scan range 

encompasses approximately 30 HPBW in the ¢=0" plane and 60 HPBW in the 

¢@ = 90° plane with a total gain variation of 1.05 dB. 

Table 8.1-1 

Cassegrain II Physical Optics Results 

f = 5.76 GHz, d/A = 480 

  

  

  

  

  

  

  

¢ 0 Gain Cap HPBW | XPOL 

(deg) | (deg) | (dB) (%) (deg) (dB) 
0 0.0 62.44 77 0.155 | -28.37 
0 2.5 61.39 60 0.171 | -31.61 
45 3.1 61.41 61 0.170 | -30.10 
90 5.0 61.39 61 0.172 | -25.24 
135 3.1 61.91 68 0.154 | -24.91 
180 2.5 61.90 68 0.155 | -25.38               
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Figure 8.1-7. Principal plane patterns in the ¢@ = 0° plane calculated at 5.76 GHz for the 

Cassegrain II configuration shown in Fig. 7.3-27. Beam scanning is accomplished by tertiary 

reflector rotation about the point P, shown in Fig. 7.3-27. Co-polarized E- and H-plane 

patterns-solid; cross-polarized E- and H-plane patterns-dashed. 

  65 TTT TT TT Tr ,TTrTTy TrorrrTTrryrrr rrr TOT TTrrrTyT | | 

35 F 

A
n
t
e
n
n
a
 

G
a
i
n
,
 

dB
i 

Zo 5 

              
    —+4 -3 -2Z —1 0 1 

Main Beam Scan Angle (6), deg. 

Figure 8.1-8. Principal plane patterns in the @ = 45° plane calculated at 5.76 GHz for the 

Cassegrain II configuration shown in Fig. 7.3-27. Beam scanning is accomplished by tertiary 

reflector rotation about the point P, shown in Fig. 7.3-27. | Co-polarized E- and H-plane 

patterns-solid; cross-polarized E- and H-plane patterns-dashed. 
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Figure 8.1-9. Principal plane patterns in the ¢ = 90° plane calculated at 5.76 GHz for the 
Cassegrain II configuration shown in Fig. 7.3-27. Beam scanning is accomplished by tertiary 

reflector rotation about the point P, shown in Fig. 7.3-27. Co-polarized H- and H-plane 

patterns-solid; cross-polarized E- and H-plane patterns-dashed. 
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8.1.2 Cassegrain I 7.68 GHz P.O. Results 

Normalized contour plots of the co-polarized and cross-polarized radiation 

patterns calculated at 7.68 GHz are shown in Figs. 8.1-10 - 8.1-15. Principal 

plane patterns showing beam scanning in the ¢ = 0° plane (¢ = 0°,8 = +2.5°), the 

@ = 45° plane (¢ = 45°,6 = +3.1°) and the ¢= 90° plane (¢ = 90°,9 = +5.0°) are 

shown in Figs. 8.1-16 - 8.1-18. Gain, aperture efficiency €,, (see (3.1-4)), half- 

power beamwidth (HPBW) and relative cross-polarization level (XPOL) are 

tabulated on Table 8.1-2 for the scan directions considered. ‘The scan range 

encompasses approximately 40 HPBW in the ¢=0° plane and 78 HPBW in the 

¢@ = 90° plane with a total gain variation of 1.37 dB. This is in good agreement 

with the 1 dB gain variation predicted by G.O. in Sec. 7.3.4. 

Table 8.1-2 

Cassegrain IT Physical Optics Results 

f = 7.68 GHz, d/A = 640 

  

  

  

  

  

  

  

Q 6 Gain Eap HPBW XPOL 

(deg) | (deg) | (4B) (%) | (deg) | (AB) 
0 0.0 64.96 77 0.123 -28.35 

0 2.5 63.67 58 0.128 -31.67 

45 3.1 63.72 58 0.128 -30.21 

90 5.0 63.59 57 0.129 -25.01 

135 3.1 63.99 62 0.122 -24.88 

180 2.5 63.96 62 0.123 -25.54               
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Figure 8.1-10. Normalized contour plots of co-polarized (a) and cross-polarized (b) radiation 
patterns in the 6 = 0°, 6 =0° scan direction calculated at 7.68 GHz for the Cassegrain II 
configuration with tertiary reflector rotation about point P, as shown in Fig. 7.3-27. 
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Figure 8.1-11. Normalized contour plots of co-polarized (a) and cross-polarized (b) radiation 
patterns in the 6 = 2.5, ¢ =0° scan direction calculated at 7.68 GHz for the Cassegrain II 
configuration with tertiary reflector rotation about point P, as shown in Fig. 7.3-27. 
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Figure 8.1-12. Normalized contour plots of co-polarized (a) and cross-polarized (b) radiation 
patterns in the @ = 3.1°, @ = 45° scan direction calculated at 7.68 GHz for the Cassegrain II 

configuration with tertiary reflector rotation about point P,. as shown in Fig. 7.3-27. 
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Figure 8.1-13. Normalized contour plots of co-polarized (a) and cross-polarized (b) radiation 
patterns in the 6 = 5°, @ = 90° scan direction calculated at 7.68 GHz for the Cassegrain II 
configuration with tertiary reflector rotation about point P,. as shown in Fig. 7.3-27. 
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Figure 8.1-14. Normalized contour plots of co-polarized (a) and cross-polarized (b) radiation 
patterns in the 6 = 3.1°, @ = 135° scan direction calculated at 7.68 GHz for the Cassegrain II 
configuration with tertiary reflector rotation about point P,. as shown in Fig. 7.3-27. 
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Figure 8.1-15. Normalized contour plots of co-polarized (a) and cross-polarized (b) radiation 

patterns in the 6 = 2.5°, ¢ = 180° scan direction calculated at 7.68 GHz for the Cassegrain II 
configuration with tertiary reflector rotation about point P,. as shown in Fig. 7.3-27. 
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Figure 8.1-16. Principal plane patterns in the ¢ = 0° plane calculated at 7.68 GHz for the 

Cassegrain II configuration shown in Fig. 7.3-27. Beam scanning is accomplished by tertiary 

reflector rotation about the point P, shown in Fig. 7.3-27. Co-polarized E- and H-plane 

patterns-solid; cross-polarized E- and H-plane patterns-dashed. 
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Figure 8.1-17. Principal plane patterns in the ¢ = 45° plane calculated at 7.68 GHz for the 

Cassegrain II configuration shown in Fig. 7.3-27. Beam scanning is accomplished by tertiary 
reflector rotation about the point P, shown in Fig. 7.3-27. Co-polarized &- and H-plane 

patterns-solid; cross-polarized E- and H-plane patterns-dashed. 
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Figure 8.1-18. Principal plane patterns in the ¢ = 90° plane calculated at 7.68 GHz for the 

Cassegrain IT configuration shown in Fig. 7.3-27. Beam scanning is accomplished by tertiary 

reflector rotation about the point P, shown in Fig. 7.3-27. Co-polarized E- and H-plane 

patterns-solid; cross-polarized &- and H-plane patterns-dashed. 
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8.2 P.O. Results for the Prime Focus 

Parabolic Reflector 

The feed pattern used for the prime focus parabolic reflector was a 

Gaussian distribution with a —15 dB edge taper at the average half angle 

subtended by the reflector, 6/,.. For this configuration 6!,,,=15.22° (see 

Sec. 7.4). The feed boresight direction was directed toward the center of the 

reflector and the feed pointing angle was kept constant as the feed was displaced 

to effect beam scanning. Feed polarization was parallel to the xz-plane shown in 

Fig. 7.4-1. Calculations were performed at 1.2 GHz, which corresponds to 

d/X=100. Radiation patterns were calculated for the following scan directions 

(see Fig. 6.2-2): 

¢=0.0°7, @=0.0° (boresight direction) 

@¢=0.0, 06=2.5° 

$= 90.0, 6=5.0° (8.2-1) 
$ = 180.0°, 6 =2.5° 

Beam scanning in the diagonal planes given by ¢=45° and ¢=135° was not 

considered. 

Principal plane patterns showing the calculated co-polarized and _ cross- 

polarized radiation patterns in the ¢6=0° plane (6=0°,6= 42.5) and the 

¢@ = 90° plane (¢ = 90°,6 = + 5.0°) are shown in Figs. 8.1-1 and 8.1-2, respectively. 

Gain, aperture efficiency €,, (see (3.1-4)), half-power beamwidth (HPBW) and 

relative cross-polarization level (XPOL) are tabulated on Table 8.2-1 for the scan 

directions considered. The scan range encompasses approximately 6.3 HPBW in 

the xz-plane and 12.3 HPBW in the yz-plane with a total gain variation of 1.22 

dB. This is in close agreement with the 1 dB gain variation predicted by G.O. in 

Sec. 7.4. 
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Figure 8.2-1. Principal plane patterns in the @=0° plane calculated at 1.2 GHz for the 
Cassegrain II configuration shown in Fig. 7.3-27. Beam scanning is accomplished by tertiary 

reflector rotation about the point P, shown in Fig. 7.3-27. Co-polarized E- and H-plane 
patterns-solid; cross-polarized £- and H-plane patterns-dashed. 
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Figure 8.2-2. Principal plane patterns in the ¢@ = 90° plane calculated at 1.2 GHz for the 

Cassegrain I] configuration shown in Fig. 7.3-27. Beam scanning is accomplished by tertiary 

reflector rotation about the point P, shown in Fig. 7.3-27. Co-polarized E- and H-plane 

patterns-solid; cross-polarized E- and H-plane patterns-dashed. 
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Table 8.2-1 

Prime Focus Parabolic Reflector Physical Optics Results 

f = 1.2 GHz, d/A = 100 

  

  

  

  

              

d 6 Gain Eap HPBW XPOL 

(deg) | (deg) | (dB) (%) (deg) (dB) 
0 0.0 48.84 78 0.700 -32.06 

0 2.5 48.38 70 0.793 -32.57 

90 5.0 47.63 o9 0.814 -32.74 

180 2.5 48.68 75 0.807 -32.65   
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Chapter 9 

Conclusions and Recommendations 

The goal of this work was the design of a high gain reflector configuration 

capable of beam scanning and suitable for use on a geostationary platform. The 

following design constraints were established: elimination of feed motion; small 

feed array size; simple reflector motion; and high primary aperture utilization for 

all scan directions. The conjugate tri-reflector configuration was established as a 

candidate for meeting these constraints. Investigation of the conjugate 

tri-reflector configuration involved the development of effective geometrical 

optics synthesis and analysis techniques. The techniques used are presented in 

Chapter 6. 

Three types of conjugate tri-reflector configurations were identified and 

compared in terms of both mechanical and electrical suitability. This 

comparison is performed in Chapter 7. The Cassegrain II configuration showed 

the most promising results. Specifically, the Cassegrain II configuration with 

tertiary reflector motion restricted to two degrees of rotational freedom about the 

optimum point P,(shown in Fig. 7.3-27) represents a good compromise between 

tertiary reflector motion complexity and beam scan performance. 

Physical optics analysis using GRASP7 was performed on_ the 

Cassegrain II configuration shown in Fig. 7.3-27 for several limiting scan 

directions over an elliptical scan range that subtends +2.5° in the 6 =0° plane 

(see Fig. 6.2-2) and +5.0° in the ¢ = 90° plane. The results of these calculations 

are presented in Chapter 8. The reflector configuration demonstrated the 
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capability of scanning 48 HPBW (half-power beamwidths) in the ¢=0° plane 

and 78 HPBW in the ¢=90° plane with a gain variation of only 1.37 dB. 

However, the configuration suffers from moderately high cross-polarization with 

relative cross-polarization in the range of —25 dB. 

Future efforts should place emphasis on the Cassegrain II configuration. 

Specific areas of concentration should be: 

A detailed trade-off study between tertiary reflector motion complexity and 

scan performance. 

Efforts to reduce the dimensions of the tertiary reflector as compared to the 

dimensions of the primary and secondary reflectors. 

Efforts to increase scan performance using reflector surface optimization. 

Efforts to reduce cross-polarization. 

An investigation into the use of array feeds to improve scan performance. 
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