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NOMENCLATURE 

a wave amplitude (unless otherwise specified) 

b constant from Sutherland's law (unless otherwise specified) 

Cf friction factor 

Cp heat capacity 

c complex wave speed 

e constant 

f functions in the liquid phase (subscripted) 

G inverse Froude number squared (not subscripted) 

g vertical acceleration (not subscripted) 

h film thickness 

i r:T 

k dimensional wave number 

IG inhomogenities in the gas phase 

IL inhomogenities in the liquid phase 

M Mach number 

m harmonic number 

P,p pressure 

Pr Prandtl number 

R liquid Reynolds number 

RG gas Reynolds number 

r recovery factor (unless otherwise specified) 

T temperature 

t time 

U,u x-component of velocity 

ix 
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Nomenclature Can't 

ut mean film-surface velocity 

V,v y-component of velocity 

W inverse Weber number 

x horizontal 'space coordinate 

Yty vertical space coordinate 

z variables in the gas phase 

a dimensionless wave number 

S functions in the liquid phase 

Y ratio of heat capacities (1.4 for air)(unless otherwise specified) 

o functions in the gas phase 

E magnitude of wave amplitude 

s functions in the gas phase 

n wave-displacement function 

K thermal conductivity 

A eigenvalues in the gas free-stream solution 

A pressure-perturbation parameter 

~ viscosity 

1T 3.1415 ... 

f) density 

a normal stress 

T shear stress 

¢ dissipation function (unless otherwise specified) 

~ function defined in Fourier expansion of ~ 

X shear-perturbation parameter 
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Nomenclature Con't 

¢ stream function 

w frequency 

Subscripts 

x,y,t partial derivative with respect to x,y,t 

a mean-flow quantities 

first-order quantities 

2 second-order quantities 

00 gas free-stream quantities 

m harmonic index 

Superscripts 

( ) I 

(~ 

* 

total derivative, also disturbance component 

dimensional variable 

complex conjugate 

adjoint 



I. INTRODUCTION 

The advent of new, sophisticated missions for reentry vehicles 

has generated a renewed interest in transpiration cooling as a 

protective system to insure the maintenance of reentry vehicle geometry 

and structural integrity from the effects of aerodynamic heating. The 

technique consists of injecting a liquid coolant in the stagnation 

regi on and all owi ng the 1 i qui d to be swept back over the body, pro- . 

viding a protective liquid layer. Thus, of particular importance 

in transpiration cooling is the estimation of the liquid removal by 

either entrainment or evaporation. To .estimate the amount of liquid 

entrained by the gas, one needs to determine the stability character

istics of the liquid/gas interface. To estimate the amount of liquid 

removed by evaporation, one needs to know the roughness characteristics 

of the interface; that is, the interface wave characteristics such as 

the wave length and amplitude. These estimates are also important 

because the multi-phase flow near the interface might increase the 

degree of turbulent transport (in the case of turbulent gas boundary 

layers) and cause transition in the liquid film. This phenomenon ;s 

called volumetric boiling. Moreover for maximum protection, the 

dominant liquid loss mechanism must be evaporation. 

If, as experiments indicate, the film is stable and relative-

ly uniform in thickness, then the film will uniformly cool the body 

by evaporation. However, if the film is unstable, uncovered areas 

will appear on the body between wave crests, and liquid droplets will 

be entrained by the gas; consequently, the effectiveness of the cool

ant film will be reduced. 

1 
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When the surface of the film is disturbed, a number of stabiliz

ing and destabilizing mechanisms come into play. In the absence of 

an external gas flow, the instability is caused by body forces acting 

outward from the liquid (Rayleigh-Taylor mechanism). 

The motion of the gas parallel to the liquid layer produces two 

important effects on the liquid. The first is the exertion of a mean 

shear stress at the liquid/gas interface, which in turn establishes 

a mean velocity profile in the liquid. The second is the exertion of 

pressure and shear stress perturbations on the liquid due to the appear

ance of waves on the interface. Whereas the former effect can be 

stabilizing or destabilizing depending on a number of conditions, the 

latter effect leads to pressure perturbation (Kelvin-Helmholtz) and 

shear perturbation (Craik-Benjamin) instability mechanisms. The former 

effect due to the mean vorticity in the liquid may lead to instabilities 

of the boundary-layer type (Tollmien-Schlicting mechanism). 

Miles (1960) analyzed the stability of a thin liquid film in a 

shearing motion in the absence of pressure and shear perturbations. 

He found the critical liquid Reynolds number for the Tollmien

Schlicting mechanism to be 203 based on the surface speed and film 

thickness. Moreover, he found that the liquid stability problem has 

two solutions and the instability is associated with the "slowll wave 

solution. In this investigation we are interested ;n flows with 

Reynolds numbers less than 203; consequently, we did not find any 

type of Tollmien-Schlicting instability. 
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Chang and Russell (1965) extended the classical Kelvin-Helmholtz 

problem of two, parallel, incompressible, irrotational streams by in

cluding compressibility in one stream and viscosity in the other. 

Their results show that a fluid adjacent to a supersonic stream (pressure 

perturbation in phase with the wave slope) is much more unstable than 

a fluid adjacent to a subsonic stream (pressure perturbation in anti

phase with the wave amplitude). Nachtsheim (1970) and Cresci & 

Starkenburg (1971) extended the analysis of Chang & Russell by including 

the effect of a linear liquid velocity profile. They obtained numerical 

solutions. Unlike Miles' case, Nachtsheim found that the instability 

is associated with the "fast" wave which derives its energy from the 

gas motion. Nayfeh & Saric (197lb) studied the effect of a body 

force having an arbitrary direction on the stability of thin films. 

They found that the nonlinear velocity profile of the film can signif

icantly affect the stability. 

Benjamin (1959) extended the analysis of Miles (1957) by in

cluding first-order viscous terms and determined the pressure and 

shear stresses exerted by an incompressible stream on a rigid wavy 

wall. This work was adapted by a number of investigators to determine 

the pressure and shear perturbations exerted by the rotational gas flow 

on the wavy surface of a liquid and to determine their effects on the 

linear stability of waves. For example, Miles (1962) analyzed deep 

water waves, and Cohen & Hanratty (1965) and Craik (1966) analyzed the 

linear stability of a liquid film adjacent to an incompressible viscous 

stream for large and small liquid Reynolds numbers, respectively. Craik 



4 

found that for thin films the shear perturbations dominate the pressure 

perturbations while for thick films this is not necessarily the case; 

consequently, the thin films are more unstable. 

For compressible supersonic flows, the mean-flow velocity decreases 

from its supersonic free-stream value at the edge of the boundary layer 

to a small velocity (nearly equal to that of the mean liquid surface) 

as shown in figure 1. Then, the phase of the pressure perturbation 

exerted on the gas by the liquid interface lies between the inviscid 

subsonic and supersonic values. The shear and pressure perturbations 

exerted by a compressible viscous stream in the absence of temperature 

gradients were analyzed by Lighthill (1953) for the case in which the 

mean flow is linear within the disturb'ance sublayer. Inger (1971) 

extended the supersonic analysis of Lighthill by including the effects 

of heat transfer and mass injection at the wall. However, Lekoudis 

et a1 (1976) showed that the aforementioned assumption is not valid 

for turbulent flows, because the disturbance boundary-layer thickness 

is not small when compared with the mean boundary-layer thickness; 

details of this work are included in Chapter 3. 

Since the experimental results show that the liquid surface 

velocity and the wavespeeds are very small compared with the gas free

stream velocity, one can assume the liquid surface to be stationary 

in calculating the pressure and shear perturbations. Moreover, since 

the gas Reynolds numbers based on the observed wave lengths are large, 

the mean flow can be assumed to be parallel. Inger's model was used 

by Grabow & Hhite (1973) to analyze the stability,of a liquid film 

for small liquid Reynolds numbers within the long-wave approximation. 
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They found that the pressure perturbation in antiphase with the 

wave amplitude is the dominant destabilizing effect, while the 

dominant stabilizing effect is the shear perturbation in phase with 

the wave slope. Bordner et al (1975) removed the restriction of small 

Reynolds numbers. They showed that including the effects of the 

mean-flow profile strongly changes the stability characteristics 

of the liquid film. They also showed that including the effects of 

viscosity in calculating the shear and pressure perturbations changes 

the f i 1 m s tabi 1 i ty characteri sti cs, but to a lesser degree. In 

this work, we determined the linear stability characteristics of the 

liquid films by taking into account the gas mean profile and the gas 

viscosity without any restriction on the size of the disturbance 

boundary 1 ayer. 

According to the linear analysis, the observed waves should 

correspond to the ones with maximum amplification rates. Although 

the linear analysis is in good agreement with the subsonic gas flow 

case, it is in poor agreement with the supersonic gas flow case. 

Moreover, the above linear theories predict that a liquid film adjacent 

to a supersonic stream is much more unstable than a liquid film 

adjacent to a subsonic stream, in disagreement with the experimental 

observations of Cohen & Hanratty (1965), Craik (1966), Gater & L'Ecuyer 

(1969), Saric & Marshall (1971), Gold, et al (1971), Marshall (1971), 

Gold (1973), and Saric et al (1976). Cohen & Hanratty and Craik gave 

data on the wave stability and wave properties for a stratified flow 

in a duct. In the experiments of Gater & L'Ecuyer, the gas flow was 

turbulent and nearly incompressible, and the liquid layer was found 
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to be unstable as evidenced by the liquid drops entrained by the gas. 

Gater & L'Ecuyer correlated the mass entrained with the entrainment 

group (q) 1/2/T where q.is the dynamic pressure of the gas and T is the 

surface tension of the liquid. In the experiments discussed next, the 

liquid was injected near the tip of a slender cone or wedge-shaped 

body placed in a supersonic wind tunnel. Gold and co-workers (1971, 

1973) and Saric, et al (1976) maintained the same range of entrainment 

group as Gater & L'Ecuyer but at supersonic speeds. They did not 

observe any entrainment. In fact, they found that the ratio of the 

r.m.s. wave amplitude to the mean thickness of the liquid layer de

creases as the surface pressure increases. This implies that "increasing 

the entrainment group is stabilizing, in contrast with the subsonic 

experiments. In the experiments of Saric & Marshall (1971) and Marshall 

(1971), the gas flow was laminar and supersonic, and stable waves without 

entrainment were observed. Marshall (1971) measured the instantaneous 

depth of the liquid film using an "end-effectll capacitance gauge. 

Using this data, Nayfeh & Saric (1973) calculated the ratio of the 

r.m.s. wave amplitude to the mean depth and found that this ratio de

creases as the shear increases. In contrast with the aforementioned 

experi mental observati ons, Cresci & Strakenburg (1971) observed hi gh 

entrainment rates. However, the entrainment might have occurred in the 

subsonic region around the blunt nose of the cone. 

These experimental observations can be explained qualitatively 

by using the nonlinear theory of Nayfeh & Saric (197la). They analyzed 

the nonlinear stability of a quiescent viscous liquid film parallel to 

an inviscid compressible gas for small liquid Reynolds numbers within 
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the long-wave approximation. In the subsonic case, they found that un

stable linear disturbances continue to be unstable in the nonlinear case; 

thus conditions exist for liquid entrainment by the gas, in qualitative 

agreement with the experiments of Gater & L1Ecuyer. In the supersonic 

case, they found that stable linear disturbances dampen faster while 

unstable linear disturbances do not grow indefinitely but become steady 

periodic waves. Thus, conditions for entrainment do not exist in this 

case, in qualitative agreement with the experiments of Gold and Saric 

and their co-workers. In a later study, Nayfeh & Saric (1973) removed 

the initial quiescent liquid assumption of their previous study by taking 

the liquid velocity profile into account. The latter results also pre

dict the existence of finite-amplitude periodic waves in the supersonic 

case, in qualitative agreement with the experimental observations. 

However, neither study is capable of predicting quantitatively the ob

served wavelengths and their corresponding wave speeds and amplitudes. 

For the case of an infinite Reynolds number, Nayfeh & Mook (1973) found 

that all wavy disturbances were unstable; this result is contrary to what 

was found for low Reynolds numbers and suggests that an analysis valid 

for arbitrary Reynolds numbers is needed. 

Bordner and Nayfeh (1974) refined the previous nonlinear models by 

relaxing the restriction on the magnitude of the liquid Reynolds number 

and by including the effects of the gas viscosity and velocity profile 

in calculating the pressure and shear perturbations exerted by the gas 

on the liquid/gas interface. 
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In spite of all the improvements, the quantitative agreement with 

the available experimental date is still poor. The present study removes 

all the assumptions made in the previous studies (linear and nonlinear). 

Chapter 3 deals with the gas problem and examines the accuracy of the 

previous models. Chapter 4 presents the 1 i near stab; 1 i ty analysi s 

without any approximations. The result of Bordner & Nayfeh (1974) that 

the waves are weakly dispersive is confirmed. Finally,;n Chapter 5, 

nonlinear resonant interactions are analyzed. 



2. FORMULATION OF THE PROBLEM 

The purpose of the present study is to obtain further understand

ing of phenomena affecting the stability of liquid films adjacent to 

subsonic or supersonic boundary layers. This is done by a refinement 

of previous models for analyzing the problem and by comparing the pre

dictions of the models with experimental data. In this chapter, the 

governing equations are developed. The development of these equations 

folbws closely that of Bordner (1973) but the long-wave approximation 

has been abandoned in both the gas and the liquid phases. 

2.1 Equations for the Liquid Phase 

Equations for the disturbed motion of the liquid are developed 

which take into account the mean motion of the film, the viscosity of 

the liquid, a perpendicular body force, and the pressure and shear 

perturbations on the interface due to the gas flow. 

2.1.1 Dimensional Equations 

We are concerned with two-dimensional disturbances of the liquid 

film, which are depicted in figure 1. The liquid is assumed to have 
...., "" 

a uniform density p and viscosity~. The governing equations for the 

liquid motion in dimensional variables are 

U'" + v'" = 0 x y 

- -- ""'" 1 - ~ - ~ u- + uu~ + vu- + p- = - (u-- + u--) t x y p x p xx yy 

~ ~~ ~~ 1 ~ ~ ~ ~ ~ 
v- + uv- + vv- + - p- = g + - (v-- + v--) 
t x y ~ y p xx yy 

9 

(2.1.1) 

(2.1.2) 

(2.1.3) 
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where u and v are the velocity components in the x and y directions. 

The boundary conditions at the solid/liquid interface are 

u = 0, v = 0 at y = 0 (2.1.4) 

The thickness of the disturbed film is ~(i,i). The kinematic 

boundary condition at the liquid/gas interface is 

h- + uh~ = v at y- = ~ 
t x ' (2.1.5) 

The normal and tangential stresses acting on the interface due to 

the gas are a and T. A balance of normal and tangential forces at the 

liquid/gas interface yields 

where T is the surface tension coefficient. 

2.1u2 Mean Flow 

{2.l.6} 

(2.1.7) 

There is a mean flow of the liquid, as shown in Figure 1, due 

to the mean shear ~o exerted by the gas. Also, the gas exerts a mean 
.... 

pressure PogO The undisturbed conditions in the liquid are given by 

the following steady laminar solution of the previous equations: 

.... 
= uR,y/h o - 0 uo , Vo = (2.1.8) 

-
Po = P 09 - pg(ho - y) (2.1.9) 
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'" 
where ho is the mean depth of the liquid film and the gas/liquid inter-

face velocity ut ;s given by 

(2.1.10) 

If the liquid Reynolds number is large, the flow of the liquid will be 

turbulent and the analysis would involve perturbations ;n the Reynolds 

stresses. An analysis of this type is beyond the scope of the present 

investigation. 

2.1.3 Dimensionless Disturbance Equations 

.... 
We introduce dimensionless variables as follows: The x is made 

dimensional with the wave number k of an assumed sinusoidal distur

bance, while y and h are made nondimensional using the mean depth hOe 

In addition, the flow velocities and pressure are each resolved into 

steady and di sturbance components .. Thus, we wr; te 

x = kx , y = y/ho , 

Uo + U· = u/u t 
(2.1.11) 

po + pi = P/pu~ 
where 

a. = kho .... ""''''2 
Po = Po/PUt 

(2.1.12) 

The transformation of the mean-flow relations of the previous section 

gives 

Uo = y , Po = P /pu; + G(y-l) og N 
(2.1.13) 
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where 

G = gho/pi? 
R.. 

(2.1.14) 

is the inverse of the Froude number. 

We also introduce a dimensionless stream function $1(X,y,t) as 

defined by the following 

u' = 11.' Vi = - ,1.' "'y , "'x (2.1.15) 

The stream function identically satisfies the dimensionless continuity 

equation. After transforming the momentum equations (2.1.2) and (2.1.3) 

by means of the relations (2.1.11) to (2.1.15), we obtain 

l/J' + (y + $')l/J' - (1 + l/J' )l/J' +'p' = __ 1 (l/J' + a2l/J' ) yt y xy yy x x aR yyy xxy 
(2.1.16) 

,ltl + {y + lit' )".1 _ 1/.'11.' 1 pi - 1 (11. 1 + 211.' ) (2 1 17) "'xt "'y "'xx "'x"'xy - (iT y - aR "'xyy a ''''xxx .• 

where 
""Y' ~ #IV "..., 

R = hou~p/~ (2.1.18) 

is the liquid Reynolds number. The transformation of the boundary 

conditions (2.1.4) at y = 0 gives 

l/J' = 0 at y = 0 y 

The transformed kinematic boundary condition is 

h + (h + l/J')h + l/J' = 0 at y = h t Y x x 

The balance of normal and tangential stresses yields 

A
I a2Wh l_a2h2 

G(h 1) + xx + 2ex 1'" x + 2ex (,1.' 
aR = - (1+a2h~) R "'xy 1+ex2h~ R "'yy 

h 
_ N 211.') x at y - h 
~ "'xx 1+ zh z -a x 

(2.1.19) 

(2. 1 .20) 

(2 .. 1 .21 ) 
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(2.1.22) 

where 

(2.1.23) 

-2 

R 1-h-
Xl (i{h) X ] (2.1.24) =-- - To 

"''''2 l+h~ PU,Q, x 

W = 
T (2.1.25) 

-- "'2 
phou,Q, 

W is the inverse Weber number and the shear and pressure perturbation 

parameters AI and Xl are obtained from the analysis of the gas phase. 

2.1.4 An Expansion for Small Amplitude 

We shall assume a small, but fin;te-amplitud~ disturbance of the 

liquid surface. Defining the parameter € as the ratio of the wave 

amplitude to the mean depth, we let 

~I = €Wl + £2W2 + 0(£3) (2.1.26) 

h = 1 + €nl + £2n2 + 0(£3) (2.1 .27) 

pi = ~R (€Pl + £2 p2 ) + 0(€3) (2. 1 .28) 

AI = €Al + £2A2 + 0(£3) (2. 1 .29) 

Xl = SXl + £2X2 + 0{S3) (2.1.30) 

where € «1. The boundary conditions at y = h are transferred to 

y = 1 by expanding in a Tp.ylor series. Since we are going to examine 

the temporal variation of the wave~ we introduce the slow scale 

TI = st (2.1.31) 
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Substituting {2.1.26}to {2.1.31} into (2.1.16) to {2.1.22} and balancing 

powers of £, we obtain 

11. aR(lla + \hll } + 2a2d, _ a 3R(d' + \hlt ) 

~lyyyy - o/lyyt J~lXYY ~lXXYy ~lXXt J~lXXX 

+ a,
4 l1l = 0 lXXXX 

lIll = W = 0 at y = 0 ly 

(2.1.32) 

(2.1.33) 

(2. 1 .34) 

(2.1.35) 

(2. 1 .36) 

11. - aR(l', + ,nl. ) + 2a2tlt _ a 3 R(tJ; + \nll ) 
~2YYYY ~2yyt Jo/ 2XYY o/2XXYY 2xxt J~2XXX 

{2.1.37} 

at y = 0 (2. 1 .38) 

at Y = 1 (2.1.39) 

at y = 1 (2.1.40) 
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at y = 1 (2.1.41) 

2.2 Equations for the Gas Phase 

In this section~ we develop the equations that govern the distur

bances in the gas due to the appearance of waves on the liquid surface. 

These equat~ons are required to evaluate the pressure and shear pertur

bations at the interface. 

2.2.1 Dimensionless Equations 

The following analysis will take into account the mean gas velocity 

profile, v'iscosity, compressibility, and thermal conductivity. The 

major assumption that we shall make is that the gas velocity is suffi

ciently higher than that of the liquid so that the latter can be 

neglected. The assumption of neglecting the liquid and wave velocities 

results in the gas problem being one of steady motion. Other assump

tions are (1) ideal gas, (2) constant heat capacity, and (3) constant 

Prandt1 number. 

With the exception of the liquid depth h, all lengths in the gas 

problem are made nondimensionless by using the wave number k of an 

assumed sinusoidal surface disturbance. A dimensionless normal coordi

nate Y is defined so that it vanishes at the undisturbed liquid surface. 

All flow quantities are made dimensionless by using the free-stream 

conditions, denoted by the subscript 00. Thus, we let 



x = kx Y = , 

u = u/uoo v = , 

p = pip u2 , T = 
00 00 

The governing equations are 

16 

k(y-h o) 

v/uoo 

TIT 
00 

, 

h = il/ilo 

p = p/poo (2.2.1) 

II = ~/~ 
00 

Continuity 

(2.2.2) 

x-Momentum 

puux + pvuy + Px = ~G 1 [\l(tUx - tVy)Jx + [\l(U y + Vx)]yf 

(2.2.3) 

Y -~~omentum 

puvx + PVVy + Py = ~G 1 [\l(Uy + vx)Jx + [\l(~ Vy - t U)JA 

(2.2.4) 

Energy 

p(uTx + vTy) = (Y-l)M2[up + VPy + --R' ¢J + ----P'R [(llT) + (llTy)yJ 
00 x G r G x x 

State 

where 

¢ = 1l[2(u 2 + v2) + (uy + V )2 - -3
2 (u + Vy )2J 

X Y X X 

c II 
P = ~ 
r '" k 

u2 
M2 = __ co __ 

00 

(Y-l)c T P 00 

(2.2.5) 

(2.2.6) 

(2.2.7) 

(2.2.8) 

are the dissipation function, the gas Reynolds number, the Prandt1 

number, and the free-stream Mach number, respectively. 

The dependence of viscosity on the temperature is estimated by 

Sutherland's equation 
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(2.2.9) 

where T,' = T./T and B = B/T. It should be noted that it would be 1 00 00 

more appropriate to include the effects of the longitudinal viscosity 

coefficient, but thi·s consideration becomes worthless when turbulent 

boundary layers are calculated. 

Consistent with the previous assumption regarding the magnitude 

of the liquid velocities, the boundary conditions at the gas/liquid 

interface are 

u = v = 0 at Y = a(h - 1) 

The outer boundary conditions (i.e. at' Y + (0) are 

u = u 
00 

P .= constant 

T = T 
00 

(2.2.10) 

(2.2.11) 

which imply the vanishing of the perturbation quantities away from the 

interface. 

2.2.2 Mean Gas Flow 

The flowfields examined here have large Reynolds numbers. As a 

consequence, the gas problem can be simplified by neglecting the x varia

tion of the mean-flow properties (boundary-layer flow). Details of 

the particular calulations will be given in Chapter 3. 

2.2.3 Disturbance Equations 

As in the analysis of the liquid motion, we let h = 1 + £n(x,t) 

where £ « 1 and n = 0(1). The position of the ipterface is therefore 
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at Y = £an; this means that the disturbance components of the flow pro

perties are 0(£). Resolving all flow quantities into steady and dis-

turbance components, we write 

p = Po{Y} + £aPI + £2UP2 + 0(£3) 

T = Ta(Y) + £aTI + £2aT2 + 0(£3) 

P = Po + £apl + £2 UP2 + 0(£3) 

~ = ~o(Y) + £a~l + £2a~2 + 0(£3) 

{2.2.12} 

Substituting {2.2.12} into (2.2.2) to (2.2.7) and balancing powers 

of £, we obtain 

o{£) 

{2.2.13} 

POUOU 1X + POUbVl + PIX - k- [~O(UIYY + t u1XX + t vxY ) + ~IUO 
G 

+ ~b(u + v ) + ~ Ub] = 0 (2.2.14) 
IX IX IX 

PoUov + P - __ 1 [~(v + i v + 1 u + 11 U' 
I X I Y RG 0 I XX 3 1 YY 3 I X Y I-" I X 0 

4 2 + 11 I, ("3 VIY - "3 u I X )] = a ( 2 • 2 • 1 5 ) 

POUOTIX + PoT~vl - (y - l)M2[U o p + --R
l [~lU~2+ 2~oU~(u Y + v ) 

00 IX G I IX 

- R~Pr (~OTIXX + ~~TIY + T~~lY + ~oTIYY + ~lT~) ~ a 
(2.2.16) 

(2.2.17) 
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(2.2.18) 

(2.2.19) 

·14 
(PIUO + POUl)U 1X - (P1Ub + POU1y)Vl + RG [~l(UIYY + 3 u1XX 

+ 1 ) + (4 2) + ( + )] (2 2 20) 3 VIXY ~lX 3,UIX - 3 v 1Y ~IY u1Y v lX • · 

POUoV 2X + P2Y - ~G [Vo(v 2XX + j v2YY + } u2XY ) + V2XU~ + v~(t v2Y 

2 . 1 
- I u2X )] = - (POUI + P1UO)V IX - POVIV1y + RG r~l(vIXX 

4 1 4 2 
+ IVIYY + 3 UIXY~ + ~IY(3 v IY - 3 u1X ) + ~IX(UIY + v1X )] 

(2.2.21 ) 

PoUoT + PoTbv2 - (y - 1)M2[U op + --R

1 [~2UA2 + 2~oUo(u Y + v )] 2X 00 2X G 2 2X 

- R'Pr (~OT2XX + ~~T2Y + TO~2Y + ~OT2YY + ~2To) = - (POUI 
G 

1 
+ P1Uo)T 1X - (PoT 1y + PIT~)vl + (y - 1)M![uIP1X + V1P1y + RG x 

[2~lU& (~lY + V1X ) + j(U~X + V~Y) - t U1XV 1Y +(U 1Y + VIX)2] 

+ _'_(11 T + 11 T . + 11 T + 11 T ) 
R P r .... 1 X 1 X .... 1 1 XX .... 1 Y 1 Y .... 1 1 Y Y 

G 

Sutherland 1 s viscosity law gives 

(2.2.22) 

(2.2.23) 

(2.2.24) 
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~2 = ~o(2io - T;+B)T2 + ~o[8i~ + (T01B}2 - 2To(io+B}JTt 

= b1T2 + b2Ti 

We transfer the boundary conditions to the mean interface Y = 0 

by using a Taylor s~ries expansion. Assuming adiabatic flow, we obtain 

the following transferred conditions: 

u1(0) + n1Ub(O) = 0 

v1(0) = 0 

T1 (0) + n1Tb(0) = 0 

V 2 ( 0) = - an 1 v 1 Y ( 0 ) 

T2 (0) + n2Tb(O) = - an1T1y(O) - } TH(O)ani 

(2.2.25) 

(2.2.26) 

Substituting the expressions for the normal and tangential gas 

stresses at the interface into the definitions of A and X, (2.1.23) 

and (2.1.24), we obtain 

(2.2.27) 

(2.2.28) 
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P2 - R2~o (u - 2v y) = anI ~ [PI + 2~o (~ - 2V1y )] 
G 2X 2 ay RG IX 

+ a 2~1 (u - 2V 1y ) + 2a~Q n (u + V ) at Y = 0 
RG . I X RG I X I Y 1 X 

(2.2.29) 

Cf X2 1 1 a 
~ - ~ [~O(U2Y + V2X ) + U6~2] = anI ~av [~O(UIY + VIX ) + UO~I] 

G G 

+ a II (u + V ) - 2a ~ 0 n (v - u ) at Y = 0 
RG I Y I X RG I X I Y I X 

(2.2.30) 



3. LINEAR GAS PROBLEM 

Since the phase velocities of the waves examined in this study 

are much smaller than any typical velocity inside the gas boundary 

layer, the interface will appear as a stationary wavy wall to the gas. 

That is, the transient motion in the gas can be 'neglected. The waves 

on the interface introduce pressure and shear perturbations that 

affect their stability characteristics. 

Examining the problem of a shock impinging on a boundary layer, 

Lighthill (1953) simplified the Navier-Stokes equations by confining the 

effects of viscosity on the disturbance to a small (compared with the 

boundary-layer thickness) region near the wall. Moreover, he assumed 

the mean-flow profiles to be linear within the sublayer region. Outside 

this region the flow is rotational, but inviscid. A number of investiga

tors follwed his approach. In studying the separation problem, Stewartson 

(1969) included the effects of nonlinearity, Inger (1971) analyzed com

pressible boundary-layer flow past a wavy wall, while Mason and Inger 

(1974) studied the transonic-shock/boundary-layer interaction problem. 

Bordner, Nayfeh and Saric (1975) used the method of composite expansions 

(Nayfeh, 1973; Section 4.2) to analyze compressible, boundary-layer 

flows past wavy walls. When the wave amplitude is large enough to 

cause separation, the boundary-layer equations need to be solved numeri

cally, as done by Fannelop and Flugge-Lotz (1963) and Polak et al (1975). 

Benjamin (1959) studied incompressible boundary-layer flows over 

compliant boundaries and pointed out that, in the case of turbulent 

flows, the velocity might not be linear in the sublayer (the basic 

22 
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assumption in Ljghthill 's analysis) due to the large gradients involved. 

Next, we assess the validity of this assumption. 

3.1 Problem Formulation 

We use a semi-a~alytical technique to determine compressible vis

cous flows past wavy walls without restricting the mean flow to be 

linear in the disturbance sublayer. Comparisons are made with the 

experiments of Williams and Inger (1970). 

We consider a two-dimensional steady compress·ible flow over a 

wavy wall having the equation (see Fig. 2) 

y* = €* cos k.*x* (3. 1 . 1 ) 

or, e~uivalently, nl = noexp(ix). We assume a parallel mean flow and 

a linear disturbance. The parallel mean flow assumption limits the 

applicability of the present results to subsonic and moderately super

sonic flows as shown by Lees and Reshotko (1962) and Brown (1964). 

Equation (3.1.1) demands that any linear disturbance must vary sinu

soidally with the axia·1 distance. 

The governing equations for the disturbance are equations (2.2.11), 

(2.2.13)to(2.2.17), (2.2.25). Moreover, equation (3.1.1) demands that 

uI(x,y) ( ix = nou y)e + cc, 

VI (x-,y) ix = nov(y)e + cc 

T I (x,y) = noT(y)e ix 
+ cc (3.1.2) 

PI (x,y) =nop(y)e ix + cc 

PI (x,y) = nop(y)e ix + cc 
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where no= s*k* and cc stands for-the complex conjugate of the preceding 

terms. Substituting equations (3.1.2) into (2.2.13)to (2.2.17), we 

can express the disturbance equations ;n the form: 

dz. 6 1 L (JY-
j=l 

where 

ZI = u(Y) 

Z4 = p(V) 

a .. z . 
lJ J 

, 

; = 1, ... 6 

Z2 = du/dY., 

Z5 = T(V) 

Z3 = v(Y), 

Z6 = dT/dY 

(3.1.3) 

(3.1.4) 

and the aij's are given in Appendix A, if m is set equal to unity_ 

At the wall the no-slip and no-penetration conditions (2.2.23) 

yield the boundary conditions 

dUo u 1 = - ~ at V = 0 

and 

VI = 0 at Y = 0 

(3.1.5) 

(3.1.6) 

For the temperature perturbation, we assume either an isothermal wall 

Tl = - ~~o at Y = 0 (3.1.7) 

or a constant heat-transfer rate 

dT 1 _ d2 T 0 dY - -.~ at V = 0 (3.1.8) 

In arriving at these boundary conditions, the actual boundary condi-

tions were transferred to the mean position of the wall. This is justi

fied when s « 1; that is, when the amplitude s* of the disturbance 

is small compared with the disturbance wavelength A*. Since the flow 

is viscous, all disturbances must tend to zero as y + 00. 

To determine the rate at which the disturbances decay as y + 00, 

we note that the mean-flow quantities become constants as y + 00 and 
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equations (3.1.3) reduce to the following system of equations with con-

stant coefficients: 

dz = Az 
dY (3.1.9) 

where z is a 6 x 1 matrix and A is a 6 x 6 matrix that is defined in 

Appendix B. Equations (3.1.9) admit solutions of the form 

6 

Z. = L c .. exp(A.Y) for; = 1,2, ... ,6 
1 j=l lJ J 

(3.1.10) 

where the c .. are constants and the A. are the eigenvalues of the 
lJ J 

system 

IA - All = 0 (3.1.11) 

Since A is a 6 x 6 matrix, equation (3.1.1l) has six roots. Three of 

these roots have positive real parts and the other three have negative 

real parts as shown in Appendix B~ In order for the disturbance to 

vanish away from the wall, the solutions that grow exponentially with 

y must be discarded. This leaves three linear independent solutions 

that decay exponentially with y. Hence, as y ~ 00, the boundary con-

ditions are taken in the form 

Dz = 0 at Y = Yo (3.1.12) 

where Yo is any value larger than the boundary-layer thickness and 0 

is a 6 x 3 constant coefficient matrix that is defined in Appendix B. 

3.2 Mean-Flow Solution 

The first step in the computational procedure is the generation 

of the elements of the matrix A of equation (3.1.3). These coeffi

cients depend on the mean flow. For laminar flows, the mean-flow 
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profiles are generated by using the Illingworth-Stewartson transforma

tion (1964), which leads to a second-order integro-differential equa

tion of the form: 
Y 

~Y (c, ~~O) + (c 2 J ~: dY) ~~o = 0 (3.2.1) 
o 

where C1 and C2 depend on the variable viscosity. This equation is 

then solved by using finite differences. It is worthwhile to note 

the excellent stability of the Thomas algorithm and the insensitivity 

of the solution of this equation to the step size of integration. A 

representative of these calculations is shown in Figure 3. 

For turbulent flows, the mean-flow profiles are calculated by 

using a combination of different approaches as developed and pre

sented by Inger (1971). We are making the assumption of quasi-laminar 

behavior in the disturbance field; that is, the disturbance and the 

turbulent flow are uncorrelated. Then an equation of the form 

~ - f( R dY - cf ' G' effective viscosity coefficient, shear 

stress, turbulent sublayer thickness) (3.2.2) 

is integrated. An interation scheme is used to update the turbulent 

sublayer thickness so that the condition Uo(O) = 0 is satisfied within 

any prescribed accuracy. The velocity and temperature are related by 

the Crocco relationship. A representative of these calculations 

is shown in Figure 4. 

3.3 Computational Procedure 

Once the mean profile is calculated, A, dUo/dY, dTo/dY, and 

d2To/dy2 can be determined. Thus, the problem is reduced to the solu-
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tion of the system of six first-order differential equations (3.1.3) 

subject to the boundary conditions (3.1.5), (3.1.6), (3.1.12), and 

either (3.1.7) or (3.1.8). 

A straightforward integration of equations (3.1.3) utilizing 

superposition of solutions fails because of parasitic errors among 

the six solutions, due to the finite word-length of computers. We 

consider the following example from Scott and Watts (1975). Let 

Sl(X) be the solution of 

Sl(X) = S 1 (x) , 
(3.3.1 ) 

S 1 (0) = 1 , s'(O) = 0 

and S2(X) be the solution of 

s~(x) = S2(X) 

S2(O) = 0, s~(O) = 1 (3.3.2) 

Then Sl(X) = cosh x and S2(X) = sinh x. Mathematically, these two 

functions are linearly independent for all x. However, suppose we 

are using a computer which carries six digits. Then for x greater 

than about eight, the two functions Sl{X) and ~2(X) are identical. 

If the computer carries fourteen digits, the functions are distinguish-

able until about x = 17. In this study, we used a method developed 

by Scott and Watts (1975) which is based on the principle of super-

position and a normalization procedure. The approach is due to 

Godonov (1961). 

To explain the method, we consider linear boundary-value problems of 
the form SI(X) = F(x)s(x) + g(x) 

As(a) = Ct 

Bs(b) = S 

(3.3.3) 
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where ~ and g are vector functions with n components, F is an n x n 

matrix, A is an (n - k) x n matrix of rank n - k, B is a k x n matrix 

of rank k, a is a vector with n - k components, and 8 is a vector with 

k components. We shall assume that the given boundary-value problem 

has a unique solution. 

Any solution of (3.3.3) can be written as a linear combination 

of solutions of the homogeneous equation and a particular solution of 

the inhomogeneous equation; that is, 

t(x) = CIUl(X) + C2U2(X) + •.• ~ ckuk(x) + vex) 

= U(x)c + vex) (3.3.4) 

where U(x) denotes an n x k matrix whose columns Ul(X), ... , uk(x) 

are linearly independent solutions of the homogeneous system 

U1(x) = F(x)U(x) (3.3.5) 

and vex) is the solution of 

v'(x) = F(x)v(x) + g(x) (3.3.6) 

In particular, (3.3.4) will satisfy (3.3.3) if the initial conditions 

for the u.(x) and vex) are chosen so that 
1 

AU(a) = 0 
(3.3.7) 

Av(a) = a 

respectively. In order to specify the constants Cl, •.• , ck in 

(3.3.4), we evaluate (3.3.4) at x = b, substitute the result into 

(3.3.3), and obtain 

Bs(b) = BU(b)c + Bv(b) = 8 (3.3.8) 

This represents a system of k linear equations for the k unknowns 

c = (CI, ... , ck)T, which we refer to as the superposition or linear 
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combination coefficients. The solution of the original boundary-value 

problem (3.3.3) is now completely specified. Note that all of the 

equations to be integrated, namely (3.3.5) and (3.3.6) along with 

(3.3.7~ can now be treated as initial-value problems. This allows us 

to use sophisticated integrators for the initial-value problems. We 

have arbitrarily defined the initial point to be a; so the integration 

proceeds from a to b. In practice, the choice of initial point is 

made by the user of the code. This can be important in achieving an 

efficient solution. 

Although the superposition method is conceptually simple and 

works in many instances, it has two major drawbacks. In order for 

the method to yield accurate results, it is imperative that v(x) and 

the columns of U{x) be linearly independent for all x. The initial 

conditions, as given by (3.3.7), theoretically insure that v(x) and 

the columns of U(x) are linearly independent. However, due to the 

finite word-length used by computers, the solutions may lose their nu

merical independence. The resulting matrix problem in (3.3.8) may be 

so poorly conditioned that c cannot be determined accurately. 

The second problem, although also related to the finite word

length of the computer, is a loss of significance and can occur even 

if the linear combination vector c has been computed accurately. This 

will normally occur if the base solutions are large compared with the 

desired solution; that is, accuracy is lost in the recombination of 

(3.3.4). 

Since the real parts of the eigenvalues of A are well-separated, 

one cannot continue to calculate accurately six linearily independent 
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solution vectors of Equations (3.1.3). If two of the A. differ by a 
J 

factor of 10, one solution grows by the factor exp(10nfi~) relative to 

the other, as one integrates n steps toward the wall. Thus a round-off 

irro~ of 10-12 may quickly dominate the solution. These character

istics are similar to those encountered in the solution of the Orr-

Sommerfeld equation, and thus one can use one of the techniques that 

have been successfully used for its solution. 

To reduce the computational time while keeping reasonable accuracy, 

we use a fifth-order Runge-Kutta routine to- perform two integrations, 

the step size used in one of them is twice the step size used in the 

other. Comparing the results of these integrations, we determine a 

"global error" based on the difference between the results of these 

integrations. If this error is less than a prescribed value, the in

tegration is continued and orthonormalization is not needed. However, 

if the global error is above the prescribed value, the solution vectors 

are orthonormalized and then the integration is continued. The ortho

normalization is carried out using a modified Gram-Schmidt method. 

The number of orthonormalizations needed depends on the eigenvalues 

of A, the Reynolds number being the main factor. For laminar mean-

flows, about 8 orthonormalizations are needed, requiring about 5 

minutes on an IBM 370/158 computer. For turbulent mean flows, we ex-

amined cases where up to 150 orthonormalizations were needed, requiring 

about 40 minutes. Application of the free-stream boundary conditions 

at different y~stations was used as a check. The mean-flow quantities 

quantities appear as parameters in (3.1.3). Howeve~ they need to be 

specified very accurately. Seventh-order polynomial interpolation has 
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failed to produce satisfactory results. Hence, the mean-flow equations 

are reintegrated as a nonlinear initial-value problem simultaneously 

with the solution of the perturbation equations. 

3.4 Results of the Wavy-wall Problem and Discussion 

Lighthill (1953) examined the interaction of shock waves with a 

boundary layer. Inger (1971), analyzing compressible flow over wavy 

walls, extended the analysis of Lighthill by including the effects of 

heat transfer. Their analyses are based on the assumption that the 

mean-flow profiles are linear within the disturbance sublayer. 

Figures 3 and 4 show that this assumption is invalid unless the dis

turbance sublayer is extremely thin in comparison with the mean bound

ary layer, especially for turbulent mean flows. Figure 5 shows that, 

for large wavelengths, the laminar sublayer in a turbulent boundary 

layer can be thinner than the disturbance sublayer. 

In Figures 6 and 7, we investigate the validity of the assump

tion that the turbulent mean-flow profiles are linear within the dis

turbance sublayer. To this end, we show the variations of the ampli-

tudes of the pressure and shear perturbations with the ratio of the 

thicknesses of the disturbance sublayer and the mean boundary layer as 

calculated from Lighthill's analysis and the present analysis. It is 

clear from Figure 6 that Lighthill's theory is valid only for very 

small values of oslo. When (0 /0) ~ 35 x 10-4, there is an order-of
s 

magnitude difference between the amplitudes of the shear perturbations 

calculated from the Lighthill and the present analysis. As oslo in

creases, the magnitude of the difference increas~s rapidly. Figure 7 
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shows the variations of the positions of the maximum pressure and shear 

perturbations with 0 /0. This figure shows that there are also large s 
differences between the values calculated from Lighthill's theory and 

-4 our results for values of oslo as small as 20 x 10 . Whereas Light-

hill's theory predicts that ~ - ~ = 120°, regardless of the value of 
p s 

° /0, our results show that ~ - ~ is a strong function of oslo as s p s 
shown in Figure 7. Thus, the assumption that the mean-flow profiles 

are linear in the disturbance sublayer is valid only for very small 

values of 0 /0. s 
Williams and Inger (1970) presented experimental data for the 

pressure perturbations exerted by a compressible flow on a wavy wall. 

Figures 8 and 9 compare the experimental amplitudes and phases of the 

pressure perturbations with those calculated from both Lighthill's 

theory and our theory. These figures show clearly that our analysis 

is an improvement over Lighthill 's theory, especially for the phase 

angle. We note that as the Mach number increases, the maximum pressure 

predicted by the present theory approaches its supersonic position 

faster than the maximum pressure predicted by Lighthill's theory. 

Figures 10 and 11 show that in the case of laminar flows, the 

assumption of linear profiles within the disturbance sublayer is valid 

for quite large values of oslo compared with the case of turbulent 

flows, as one would expect. 



4. LINEAR STABILITY ANALYSIS 

In this chapter, we analyze the linear stability of a liquid 

film adjacent to a compressible gas stream. The solution is valid 

for all wavenumbers and Reynolds numbers. The principal assumption 

is that the wave amplitude is infinitisimal. 

It will be assumed that the experimentally observed waves corres

pond to those with a maximum linear amplification rate. The results 

of this analysis are compared with both subsonic and supersonic experi-

ments. 

Improvements over the work of Bordner et al (1975) include a numer

ical solution of the Orr-Sommerfeld equation (without any simplifying 

assumptions) and an improved solution of the gas equations. Also calcu

lations are made for turbulent boundary layers. 

4.1 Linear Equations for the Liquid 

The assumption of an infinitisimal disturbance, which implies 

£ + 0, allows us to drop all nonlinear terms in the problem. However, 

in this chapter, we will not place any restrictions on the magnitude 

of a or R. 

To eliminate PI from (2.1~34~ we use the x-momentum equation 

P = 11, + a21lt _ aR('" + 'hI, _ tI, ) 
IX o/lyyy o/lXXY o/lyt JO/ 1XY o/IX (4.1.1) 

The liquid interface ;s assumed to have the following two-dimensional 

trave 11; n9 -wave form 

nl = noei(x-ct} (4.1.2) 
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The parameter c ;s the complex wave speed. The real part of c is the 

phase speed of the wave and the imaginary part is the amplification 

rate of the disturbance. The solution of (2.1.32) is assumed to have 

tt.le form 

(4.1.3) 

Substituting (4.1.1) - (4.1.3) into equations (2.1.32) - (2.1.36) 

and eliminating the variable p, we obtain the following governing 

equations for the liquid problem: 

¢iv _ 2a2¢11 + a4 cf> = iaR(Y-c)(cf> - a2
cf» yy 

cf>(0) = 0 , cf>1(0) = 0 

C = 1 + ¢(l) 

where we have assumed 

(4.1 .4) 

(4.l.5) 

(4.1.6) 

(4.1.7) 

(4.1 .8) 

(4.1.9) 

Equation (4.1.4) is the Orr-Sommerfeld equation for a linear primary 

velocity profile which, together with the boundary conditions (4.1.5) 

(4.1 .8), forms an eigenvalue problem for c. The constants A and 

X are complex; the real and imaginary parts are the components of A 

and X which are in phase with the amplitude and the slope of the wave, 

respectively. These constants are determined from the analysis of the 

gas phase in Section 4.2. 
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4.2 Linear Equations for the Gas 

The gas problem is solved in Chapter 3. From the solution we 

calculate the pressure and shear-perturbation coefficients. Equations 

(2.2.27) and (2.2.28) give 

a. 
X --

cfRG 
4.3 Experiments 

(4.2.1) 

(4.2.2) 

Early experiments with a nearly incompressible, turbulent gas flow 

by Gater and L'Ecuyer (1971) showed a ·stable liquid layer. However, 

they only considered laminar boundary layers. As part of an independent 

parallel effort, Gold (1973) conducted experiments with turbulent bound-

ary layers. 

In this work, we compare the analysis with the experimental re

sult of Saric et al (1976). The experiments were conducted in New York 

University's hypersonic wind tunnel at a free-stream Mach number of 6. 

This tunnel is an intermittent, blowdown-to-vacuum type. It;s electri

cally heated. The test section is axisymmetric, 60 cm long and 30 cm 

in diameter. 

The model is a spherically blunted cone having a nosetip diameter 

Of 2.54 cm. The nosetip is removable and is made of porous stainless 

steel manufactured by McDonnell-Douglas using a special process. The 

liquid was expelled through the tip by means of a high-pressure system 

connected to the base of the model. 
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The interface response was photographed with high-speed 16 mm and 

35 mm cameras. The cameras observed the model through a side window 

on the tunnel in the presence of top, bottom, and side lighting pro

vided by high-intensity tungsten lamps. The depth of the liquid and 

the waves superpose.d on the 1 i qui d-gas interface measured by two 

lIend-effect" capacitance gauges similar to those developed by Nachtsheim 

and Seegmiller (1968) and Marshall and Tiederman (1972). 

Waves were observed to form on the surface of a stable liquid 

film. This was true for all liquid Reynolds numbers, fluids, and for 

both laminar and turbulent boundary layers, if the gas boundary layer 

is supersonic. However, experiments with subsonic boundary layers 

show considerable entrainment. Careful pressure measurements in 

the nose region of the model show that the entrainment is not due 

to flow separation, and it must be due to instabilities of the liquid 

surface. 

The results of Gold (1973) are qualitatively in agreement with those 

of Saric et al (1976), but the experiments differ in their details. Gold 

used both wedge and cone-shaped models, but his collant was pure water. 

Therefore, the only way he could change the liquid Reynolds number 

was by changing the flow rate. Also he used a photo-densitometer to 

determine the wave characteristics, while Saric et a1 used an end

effect capacitance and motion pictures. Therefore, he did not pre

sent frequency or wavenumber data. He observed a reduction of the 

wave amplitude with increasing gas shear, which was also observed by 

Saric et ala The main difference between these two sets of experiments 
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is that Gold did not concentrate on the interface characteristics; in

stead he concentrated on the behavior of the heat-transfer rates and 

on the angle-of-attack effects. 

4.4 Results of the Linear Model and Discussion 

To determine solution of the liquid problem, we converted (4.1.4) 

into a system of four first-order equations and subsequently solved 

them as a two-point boundary-value problem. Thus, we avoided using 

approximate evaluations of integrals of the Airy Functions (which con

stitute a solution to the Orr-Sommerfeld equation for a linear velocity 

profile) as it was done by Bordner et a1 (1975). A complex Newton

Raphson iteration scheme that converges rapidly was used to obtain the 

correct eigenvalue c. Another improvement is the input data for the mean

flow calculations. These were taken from the output of BLIMPL. BLIMP 

is a computer code developed by Kendall and Bartlett (1972) and Ander-

son and Kendall (1969) to calculate the gas boundary-layer properties. 

BLIMPL is a nonsimilar, variable-property, boundary-layer solver, 

developed by Gross and Kendall (1970), based on BLIMP. It is modified 

for liquid layers such as those found in transpiration-cooling systems. 

The air-aver-water calculations were made by first running BLIMP under 

conditions of a gas-aver-water where quasi-steady equilibrium was 

assumed between the liquid and the gas at the interface. The interfacial 

shear and mass transfer, along with the equilibrium temperature, were 

calculated. These results were then used as input to BLIMPL, which in 

turn calculated the velocity and temperature distributions in the liquid. 
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Depending on the wall conditions of the liquid and the amount of blow

ing, an iterative procedure was carried out between the two programs 

to get the convergent results. 

Integral boundary-layer properties (such as boundary-layer thick

ness, free-stream conditions, and Reynolds numbers) were taken from BLIMPL 

so that the mean-flow calculations correspond very accurately to the flow

field down to the measuring capacitance gauges. 

For the case of laminar boundary layers the results are similar 

to those of Bordner et al (1975). The comparison between the theory 

and the experiments is based on the maximum amplified waves. The 

theory predicts the trends in the experimental data IDut the quantita

tive agreement is poor. 

Calculations are also made for turbulent boundary layers. Figure 

12 shows the comparison between the predicted and observed frequencies. 

The agreement is poor. The case of pure water is not shown~ but the 

calculations show the corresponding curve to be in the region of 10 kHz. 

Figure 13 shows the predicted wavenumbers. Due to the thinness of the 

liquid film (high shear) in this case, it is not possible to obtain 

wavenumber measurements. 

Calculations are also made for subsonic boundary layers. BLIMPL 

is not used in this case. The mean flow properties correspond to the 

following experimental test matrix: 
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TYPE OF FREESTREAM STAGNATION MACH Re x 10-6 
FLOW PRESSURE (atm) TEMPERATURE NUMBER m· 

( oK) 

LAMINAR 0 .. 510 464 0.72 3.94 

TURBULENT 2.687 497 0.85 20.54 

Figures 14 and 15 show the amplification rates for laminar and turbu

lent flows, respectively. Comparing these curves with the work of 

Bordner et al (1975) and our calculations for the supersonic case, 

we see that the range of wavenumbers for which a positive amplifi-

cation rate exists is much higher in the subsonic case, for the con

ditions corresponding to those in the experiments. Hence, we conclude 

that, in spite of the improvements made, the linear model is still in-

adequate to predict the observed waves. A nonlinear analysis is need

ed in order to obtain better agreement with the experiments and pre

dict the waveamplitudes, something that the linear theory cannot do. 

Bordner (1973) found that the waves are weakly dispersive for 

low wavenumbers, which include the experimentally observed ones. 

Hence, the nonlinear theory should include a number of harmonics in 

the first-order solution. Figure 16 supports this argument. It shows 

the variation of the phase speed with the wavenumber. The curve shows 

that at low wavenumbers, harmonic resonances may occur; that is, waves 

with wavenumbers which are multiple integer of each other have the 

same or approximately the same phase speed. Experimental evidence 

comes from Saric et al (1976). At each liquid Reynolds number for the 
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turbulent flows, two waves having frequencies in the ratio of two to 

three are observed. Our calculations show that in the case of laminar 

flows, the fundamental frequency is below 40 Hz, which cannot be measur

ed, due to the finite length of the model. 

Figure 17 shows that for low liquid Reynolds numbers resonance 

conditions do not exist, which is supported by experimental observations. 

Figure 18 compares the predicted frequencies for a turbulent gas bound

ary layer with the observed frequencies. The predicted frequencies 

correspond to conditions of perfect resonance. 

With the experimental evidence that the observed waves are due to 

harmonic interactions, we proceed in the next chapter to describe a 

nonlinear stability analysis that accounts for second-harmonic resonance. 



5. THE NONLINEAR STABILITY ANALYSIS 

Nayfeh and Saric (1973) studied the nonlinear stability of dis-

persive waves on a thin film adjacent to a supersonic gas stream. 

They assumed an inviscid irrotational gas and obtained a solution 

valid for a « 1 and R = 0(1). They found that waves grow according 

to 

da = dt (5.1.1) 

where Cl is the linear amplification rate, C3 is the nonlinear correc

tion to the amplification rate, and £a is the wave amplitude (rela

tive to the film thickness). 

The most significant result of Nayfeh and Saric is that c3 is 

negative. This means that linearly unstable waves (c1 > 0) will grow 

to a finite amplitude of £a =1- Cl/C3" and remain at this amplitude. 

This result is in quantitative agreement with observations in super

sonic experiments. Also, the stabilizing effect of amplitude may 

explain the low entrainment rates observed by some experimenters. 

However, they neglected the gas viscosity and mean profile in calcu-

. 1ating the pressure perturbations exerted by the gas on the interface. 

In spite of the success of this new model in predicting the existence 

of the experimentally observed periodic waves, it cannot predict quanti

tatively the observed wavelengths and their corresponding a~plitudes. 

Therefore, this model was improved by Bordner and Nayfeh (1974) by in-

cluding the effects of gas viscosity and mean profile in calculating 

the pressure and shear perturbations exerted by the gas on the gas/ 

liquid interface. In the next section, we use thJs analysis with the 

improved gas model of Chapter 3 to correlate the data. 

41 
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5.1 Comparison with the Experiments, for the Model of Bordner 

and Nayfeh 

As we mentioned in the previous section, the observed frequencies do 

not correspond to the maximum amplified disturbances suggested by the 

linear theory. The nonlinear theory shows that due to the stabilizing 

effect of the nonlinearity, these disturbances do not grow indefinitely, 

but achieve steady-state amplitudes. Moreover, the steady-state ampli

tude of the maximum amplified wave according to the linear theory does 

not have the largest steady-state amplitude. In fact, it is very much 

smaller than the steady-state amplitude of the wave corresponding to 

Im(cg) ~ o. Therefore, we follow Bordner and Nayfeh (1974) and corre

late the observed frequencies and wavenumbers with those corresponding 

to Im(cg) = o. 
For the case of laminar boundary layers, the predicted frequencies 

and wavenumbers agree closely with the new experimental data (figurcis 

19 and 20). An "important resul tis that for sma 11 wavenumbers we ob

serve positive nonlinear amplification rates, which means growing waves 

contrary to the experimental observations. By examining this region 

of wavenumbers more carefully, we found a second zero of the nonlinear 

amplification rate. However, it occurs at a frequency and a wavenumber 

too small to be measured. 

For the case of turbulent boundary layers, we made again the 

"quasi-laminarll assumption (i.e., the disturbances and the turbulent 

fluctuations are uncorrelated). The nonlinear theory predicts two 

maximum-amplitude waves; that is, there are two frequencies for which 
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Im(c3) = O. This is in agreement with the experiments which show two 

dominant frequencies for each run. The variation of the predicted 

frequencies with the liquid Reynolds number is shown in Figure 21 along 

with the observed frequencies. Moreover, the variation of the pre

dicted wavenumbers with the liquid Reynolds number is shown in Figure 

22. We are not able to determine accurately the wavelengths from the 

data, for the reason explained before. 

In spite of the success of the present nonlinear analysis in pre

dicting the observed frequencies, it cannot predict quantitatively the 

observed amplitudes. 

The principle assumptions made i~ the analysis of Bordner and 

Naf~h (1974) are: 

1. long waves (a« 1) 

2. small amplitude (E « 1), and 

3. dispersive waves. 

The prediction of observed wave properties will be made on the basis 

of maximum amplitude, rather than maximum amplification. 

Some obvious deficiencies of the dispersive model are its inabili

ty to predict wave amplitude and its inability to predict wave speeds 

and frequencies corrected for amplitude effects. Bordner and Nayfeh 

(1974) noted that wave speeds for the two modes approach each other at 

low wavenumbers. For the range of wavenumbers where the difference 

in (real) wave speeds is O(E), the waves are weakly dispersive. 

The discovery that waves are weakly dispersive at the lower range 

of wavenumbers, which indluces the observed wavenumbers, is a very 

significant result. It means that the behavior of observed waves and 
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the factors affecting their stability are quite different than what 

we expected. For example, an initial sinusoidal disturbance in this 

region will grow to a periodic disturbance which deviates appreciably 

from a sinusoidal shape. Also, wave modes will interact strongly or, 

in other words, energy will be readily transferred from higher to 

lower harmonics. The number of modes involved in the process could 

be two, three, or more depending on the size of the detuning for the 

high modes. 

Bordner and Nayfeh (1974) improved upon their solution by carry

ing out an expansion with the first-order term containing the funda

mental and its second harmonic; they found that the steady-state 

amplitudes of the fundamental and its second harmonic are finite, but 

the amplitude of the third harmonic has a singularity. Adding the 

third harmonic to the first-order solution, they found that the ampli

tude of the fourth harmonic has a singularity. Thus, the waves are 

weakly dispersive for small a and it appears that either a large num

ber of harmonics needs to be included in the first-order solution or 

a new method of analysis, such as the method of strained coordinates 

(expansion in terms of characteristics), needs to be employed. 

Figure 23 ~hows the anomaly of the dispersive wave solution, 

in the case of a turbulent boundary layer. Below a ~O.3 we note that 

the amplitudes of the fundamental wave and the second harmonic are 

comparable in magnitude. This violates the assumption made that the 

amplitude of the fundamental is 0(£) and the amplitude of the second 

harmonic is 0(£2). However, we should note also that the amplitude 

of the second harmonic is very small at high wave numberS, where the 

waves seem to be dispersive. 
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Before we attempt to analyze the nonlinear stability of weakly 

dispersive waves, we digress a little and look over a simpler case, 

a third-order resonant interaction. 

5.2 Third-Order Resonant Wave Interactions 

The rippling observed on small progressing gravity waves has been 

investigated since the beginning of the century_ Harrison (1909) and 

Wilton (1915) found nonlinear resonances to occur at a denumerable set 

of critical wavenumbers k = (pg/nT)1/2, where g is the gravity accelera

tion, p and T the density and surface tension of the liquid, and n is 

any integer greater than unity. The first two correspond to wave

lengths of 2.44 and 2.99 em for the case of deep water. These re-

sonances occur whenever waves having different wavenumbers have the 

same (or approximately the same) phase speed. 

Different investigators proposed quite different mechanisms for 

the generation of the ripples. Louquet, Higgins (1963) and Crapper 

(1970) considered the capillary waves as a small disturbance on a main 

gravity wave. However, McGoldrick (1972) pointed out that this approach 

has the following limitations: the ratio of the wavelength of the dis

turbance to that of the gravity wave is small and the resonant waves 

must have identical phase speeds, which do not always meet experimental 

verification. 

Kim and Hanratty (1971) proposed quadratic interactions as the 

generating mechanism for the appearance of higher harmonics on progress

ing capillary-gravity waves. Their model and their experiments refer 
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al so to the shallow water case, where the waves, in addition to being 

weakly nonlinear, are also weakly dispersive. 

McGoldrick (1970) used the method of multiple scales to investi

gate the second-harmonic resonant case, both analytically and experi

mentally. He reported large differences in the measured surface ten

sion and viscosity of the water used -in his experiment from their 

nomimal values. The reason is the dirtiness of the water surface. 

Nayfeh (1973) examined the temproal and spacial modulation of the in

teracting harmonics for the second-harmonic resonant case. McGoldrick 

(1972) examined experimentally third and higher-order resonances. He 

observed that peak interactions occur slightly off the exact resonant 

frequency. Admitting that the algebra required to analyze these waves 

is too cumbersome, he used a model equation (Bretherton's equation) to 

explain qualitatively the results of his experiments. Nayfeh (1971) 

used the method of multiple scales to analyze the third-harmonic 

resonant case when the frequencies are exactly in the ratio of three 

to one. 

In this investigation, we extend the results of Nayfeh (1971) to 

examine the third-harmonic resonant case when the frequencies are not 

exactly commensurable and compare quantitatively the analytical results 

with the experimental results of McGoldrick. Hopes of extending this 

kind of analyses to higher order relies on the use of the computer to 

handle the necessary algebraic operations, as Schwartz did (1974) for 

Stokes waves. 



47 

5.2.1 Problem Formulation 

We introduce a Cartesian coordinate system whose x-axis lies in 

the undisturbed free surface and its y-axis is directed away from the 

liquid. The governing equation for the velocity potential ~ is 

(5.2.1 ) 

in the region 

- 00 < x < 00, - 00 < y ~ n(x,t) 

The surface elevation is given by n(x,t). Here, lengths are normaliz

ed with k = (pg/T)1/2 and time with (gk )-1/2, where p is the liquid 
c c 

density, T is the surface tension, and. g is the body acceleration di-

rected toward the liquid. The boundary conditions at the interface 

are 

(5.2.2) 

(5.2.3) 

For deep water 

v~ -+ 0 as y -+ _00 {5.2.4} 

Equations (5.2.1)-(5.2.4) are solved by use of the method of multiple 

scales (Nayfeh, 1973). We "introduce the "slow" variable T 2 = s2t 

and "long" variable X2 = S2X, where s is proportional to the steepness 

ratio of the waves. Moreover, we seek a uniform third-order expan-

sion in the form .. 

(5.2.5)· 

{5.2.6} 
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Here, To and Xo are the usual time and length variables t and x. 

Substituting equations (5.2.5) and (5.2.6) into equations (5.2.1)

(5.2.4) and equating coefficient of like power of £, we obtain equa

tions (2.9) - (2.17) of Nayfeh, the only difference being the presence 

of a k in his equations due to the different nondimensionalization. 

The solution of the O(e) problem gives the dispersion relation: 

(5.2.7) 

Since we are interested in the third-harmonic resonant case (i.e., 

k2 ~ 1/3), we let the first-order solution contain both the fundamental 

and its resonating third harmonic; that is 

(5.2.8) 

+ kay + if) + cc (5.2.9) 

where 6 = klXO - wITo is a fast varying phase, the A are the amplitudes, n 
and 

(5.2.10) 

. Substituting this solution into the 0(£2) problem, we obtain 

- ~2 A~exp(2if + 6i6)] + cc (5.2.11) 

(5.2.12) 
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where cc stands for the complex conjugate of the preceding term. 

Substituting the solutions of the o(s) and O(S2) problems into 

the 0{S3) problem, we obtain inhomogeneous equations whose particular 

solutions contain secular terms. Elimination of the secular terms 

leads to the following solvability conditions: 

1 

1 38A 1A2A3 ] 

(5.2.13) 

~~! + w~ ~~~ = i i~8wl [-205A rexp(-ir) - 230A 1A1A3 + 261A3A3J 

(5.2.14) 

where the w~ are the group velocities. These two hyperbolic first-
1 

order equations govern the modulation of the amplitudes and the phases 

of the interacting harmonics. 

5.2.2 Viscous Effects 

Before attempting any comparison with the experiments, we shall 

incorporate the effects of viscosity which, for relatively short waves 

such as the ones examined here, playa dominant role after some distance 

of propagation. If the surface is clean and the Reynolds number of the wave 

R = w/vk2 is large, the influence of viscous dissipation is to attenu-

ate infinitesimal waves exponentially with distance from the generating 

source, the modu1ous of decay (logarithmic decrement) being given by 

~ = 2vk2/w· per unit distance. McGoldrick repo~ts an order of magni-

tude variation in ~, depending on the cleanliness of the liquid sur

face. Taking the above factors into account, letting A = -21 a exp(iB ), 
n n n 

and separating real and imaginary parts in equations (5.2.13) and 

(5.2.14), we obtain 



50 

1 
dal _ 41(31 2 

aia3sinY - lilal dX 2 - 48wlwl (5.2.15) 
1 

da3 = 4l(3}i aisinY - ligas dX 2 144wIW3 (5.2.16) 

1 

iJh - (3)2 (77at + 369alaacosY + 138a~) dX 2 432wIW~ 
(5.2.17) 

1 

s!fu.. - {3l~ 3 

(205 !.J... cosY + 230ay - 261a~) dX 2 - 720WIW3 as (5.2.18) 

where 

(5.2.19) 

Analytical solutions of the system of Equations (5.2.15) -

(5.2.19) are not available in general. However, they can easily be 

integrated numerically using any of the standard forward-integration 

methods. We used a Runge-Kutta routine with a variable step size 

and an error control provided by IBM's scientific subroutine package. 

5.2.3 Results and Discussion 

Caution has been exercised to reproduce McGoldrick's initial con

ditions. He varied the frequency of the wavemaker and plotted the 

response as a function of the period; ok is related to the period by 

1 1 ° = 3liw (- - -) k W3 WI (5.2.21) 

where liw is the difference between the operating frequency and the 

resonant frequency. Figure 24 shows a comparison between the analyti-

cal and experimental results. By neglecting viscous dissipation one 

overpredicts the maximum amplitude of the third harmonic by about 

100%. Including the viscous effects leads to a good prediction of the 
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maximum amplitude but not the period at which it occurs. Figure 24 

shows that maximum interaction occurs at a period slightly less than 

the exact-resonant value, which is 119.5 msec. 

The above calculations were based on the static value for'surface 

tension. However, ,it is well known that the IIdynamic" surface ten

sion is less than the "static ll one. Moreover, our numerical results 

show that the period corresponding to the maximum interaction is very 

sensitive to the value of the surface tension. In fact, Figure 24 

shows that basing the analytical results on a value of the surface 

tension that is about 2% less than the static value leads to an agree

ment with the experimentally observed period for maximum interaction. 

It should be noted tha~ although the analytical results can be 

made to predict the maximum amplitude and the period of interaction, 

by choosing a value for the surface tension, the theory cannot predict 

the amplitude at periods below the one correspondinq to the maximum 

amplitude. 

Figure 25 shows the variation of the amplitudes of the two harmonics 

with distance. Unfortunately McGoldrick did not repeat his measurements 

at different axial stations. Figure25 shows the initial growth of the 

third harmonic and the subsequent decay of both harmonics as the vis

cous effects dominate the nonlinear interaction. These results are 

in qualitative agreement with McGoldrick's earlier experiments. Measure

ments at different axial stations seem to be very important, because 

the amplitude of the third harmonic changes considerably over relatively 

short distances. 
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Figure 26 shows the variation of the amplitude of the fundamental 

with period, 120 cm away from the wavemaker. To compare the analyti

cal and experimental results, we need to estimate the value of ~, 

because nominal values overpredict the amplitude at the period corres

pondi ng to exact re.sonance by a factor of about 3. In Fi gure 26 " the 

values of ~ were choosen to reproduce the experimental results away 

from resonance. Figure 26 shows that the analysis overpredicts the 

amplitude of the fundamental in the region near resonance by a factor 

of about 3, which means that the assumption that viscosity acts 

independently from the nonlinear interactions is not good when its 

effects are dominant. An improvement of the solution in the region 

where viscosity is important could be obtained if its effect was cal

culated from a series expansion (in terms of the Reynolds number). 

The first term would be the one used in ~.2.15). 

5.3 Second-Harmonic Resonant Interactions 

The linear analysis of Chapter 4 and the experimental results of 

Saric et al (1976) indicate the existence of resonant interactions 

among the harmonics of the waves. 

In this section, we examine the case of second harmonic resonance. 

The present analysis is based on the gas model of Chapter 3 which 

does not restrict the extent of the disturbance layer to regions close 

to the walls in which the mean profiles are linear. 

5.3.1 First-order problem 

The results of Chapter 4 show that for the wavenumbers of interest 
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and for any pair in the ratio two to one, the quantities 

are 0(£). Thus, a near second-harmonic resonant condition exists. 

To determine a unif~rm expansion, we include both the fundamental 

and its harmonic in the solution of the first-order problem; that is, 

we let 

where 

2 i8 
~l = L Am(T1)e m + c.c. 

m=l 
2 i 8 

~l = L A (Tl)~ (y)e m + c.c. 
m=l m m 

8 = m(x - c t) m m 

(5.3.1) 

(5.3.2) 

(5.3.3) 

The phases 8m are fast varying functions and the amplitudes Am are 

slowly varying functions. 

Substituting (5.3.1) - (5.3.3) into (2.1.32) - (2.1.36) and 

separating harmonics, we obtain the following linear problems for the 

liquid phase as in Chapter 4: 

(5.3.4) 

<p = <p' = 0 m m at y = o· (5.3.5) 

cp'll - 3(ma)2¢' - imaR[(ma)2W - G - (c -l)cp' - ¢]- imAl(m) = 0 
m m m m m 

at y = 1 (5.3.6) 

cp" + (ma) 2¢ = xlm) at y = 1 m m (5.3.7) 

c = 1 + cp m m (5.3.8) 
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where 

d2 
(ma)[2(mct) + iaR(y - em)] dy2 + (ma)2[(ma) + iR(y-cm}] 

(5.3.9) 

in the Orr-Sommerfeld operator for Couette flow. 

Equations (5.3.4) - (5.3.8) are solved as in Chapter 4 by letting 

w(m) = J.. w(m) =,+,' w(m) = J..'-' w(m) = ,+,111 
1 ~m' 2 ~m' ~m' ~m (5.3.10) 

and hence transforming them to 

dw~m) 4-
8~n:) w~m) = 0 1 I i = 1 , ... 4 dy j=l lJ J 

(5.3.11) 

w\m) = w~m) = 0 at y - 0 (5.3.12) 

W(m) + y(m)w(m) - x(m) 
3 21 1 - 1 at y = 1 (5.3.14) 

where the B~~) and Y~~) are given in Appendix C, the AIm) and x\m) 
are determined from the gas analysis and are given in Appendix D, and 

e(m) = i(ma)R[(ma)2W - G] (5.3.15) 

Similarly, the solution of the first-order gas problem is Written 

in the form 

2 () i e 
~l(X,y,t) = I A (T1)z m (Y)e m 

m=l m 
(5.3.16) 

where ~1 stands for any of the first-order gas properties and the ZIS 

are defined in (3.1.4). Substituting (5.3.16) into (2.2.13) - (2.2.17), 

we obtain 
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- I a~~) z~m) = 0 i = 1, •.. 6 
j=l 1J J 

(5.3.17) 

where the a~~) are given in Appendix A. The boundary conditions and 
1J 

the method of solution of (5.3.17) are given in Chapter 3 and in 

Appendi ces A and B .. 

5.3.2 Second-Order Problem 

Substituting the solution of the first-order problem into the 

second-order equati,ons leads to an inhomogeneous set of equati ons and 

boundary conditions. The homogeneous part of these equations is the 

same as the first-order problem. Since the first-order problem has 

a nontrivial solution, the second-order inhomogeneous problem will 

have a solution if, and only if, a solvability conditions is satisfied 

(i .e. secular terms are el-iminated) .. We note that, since the fundamental 

and its harmonic travel with the same phase speed, all terms proportional 

to exp[i(8 2 - 28 1 )J and exp(2i8 1 ) as well as those proportional to 

exp(i8 1 ) and exp(i8 2 ) produce secular terms. 

To determine the solvability conditions, we seek a particular 

solution for the second-order problem in the form' 

2 

n2 = L H exp(i8 ) + C.C. (5.3.18) 
m=l m m 

2 

'1'2 = L ~m(y)exp(i8m) + c.c. (5.3.19) 
m=l 

Substituting (5.3.18) and (5.3.19) into (2.1.37) - (2.1.41) and 

equating the coefficients of exp(i8m)on both sides, we obtain 
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df~m) 
d 1 I s~~) f~m) = IL~m) i = 1, ... 4 
y j=l lJ J , 

(5.3.20) 

f\m) = f~m) = 0 at y = 0 (5.3.21) 

= imA(m) + e(m)H + IL(m) at y = 1 
2 m 5 

where 

f~m) + Y~T)f{m) = xim) + IL~m) 

f(rn) =(c - l)H + IL(m) 
1 m m 7 

f(m) = <p f(m) = <pI fern) = <p" fern) = <pili 
I m' 2 rn' 3 m' 4 m 

Equation (5.3.24) follows from the kinematic conditon. 

(5.3.22) 

(5.3.23) 

(5.3.24) 

(5.3.25) 

The 1Li 

are inhomogeneities in the liquid phase, are functions of the first-

order liquid problem, and are defined in Appendix C. 

Similary, we seek a particular solution for the second-order 

gas problem in the form 

~2(X,y,t) = t w(m)(Y)exp(iS ) 
m=l m 

(5.3.26) 

where 

(m) 
WI = U2 , 

(m) 
W3 = v~m) (m) 

, Ws = T~m) 

(m) du(m) (m) = p~m) rm) _ dT~m) = 2 W2 dY W4 ,OOG - dY 

(5.3.27) 

Substituting (5.3.26) - (5.3.27) into (2.2.18) - (2.2.23) and 

equating the coefficients of exp(iS 1 ) and exp(iS2 ) on both sides, we 

obtain 

doo~m) 
dY' - i ~~~) w~rn) = IG~m) i = 1, ... 6 

j=l lJ 1 1 
(5.3.28) 
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where the IG. are functions of the solution of the first-order gas 
1 . 

problem and are defined in Appendix D. 

The boundary conditions at the wall (2.2.26) can be rewritten as 

= - H U& + IG~m) m 

= - H To + IG~m) 
m 

at Y = 0 (5.3.29) 

Moreover, the second-order pressure and shear-perturbation parameters 

(2.2.29) - (2.2.30) can be rewritten as 

(5.3.30) 

at Y = 0 
(5.3.31) 

5.3.3 Solvability Condition 

To determine the solvability condition of the inhomogeneous 

second-order problem, we multiply (5.3.20) by q~m)(y), (5.3.28) by 

g~m)(y), integrate the result by parts in the corresponding intervals 

to transfer the derivatives from fn and wn to qn and gn and obtain 

J 
d (m) 

f~m)q~m)Jl+ [_ f~m) qi - (I 8~~)f~m))q~m)JdY 
1 1 0 1 dy j=1 lJ J 1 

1 0 -f (m) (m) - I L i q i dy i = 1, ••• 4 (5.3.32) 

o 00 00 dg(m) 6 

(m) (m) ] + ji[ (m) i ( \' 
Wi gi 0 -wi dY - .~l 

00 0 J-

= ~IG~m)9~m)dY ; = 1, ... 6 (5.3.33) 
o 

We choose the qi and gi to be solutions of the adjoint homogeneous 

problem. To define the adjoint homogeneous probiem, we first set the 



58 

inhomogeneities IL(.m) and IG~m) equal to zero in (5.3.32) and (5.2.33). 
1 1 

Then, we equate to zero each of the coefficients of'fn and wn in the in-

tegrands in (5.3.32) and (5.2.33). Using the homogeneous boundary con

ditions of the second-order problem and manipulating the remaining 

terms in the sum of '(5.3.32) and (5.3.33), we determine the boundary 

conditions to be satisfied by qn and gn. The result ;s 

at y =0 

dq(m) 4 

-d1- + L 8~~)q~m) =0 i =1, .. 4 
Y j=l J 1 J 

at y = 1 

+ Y~T)(l - Cm)]q~m) + g~m)Uo(O) + 9~m)Td(0) = 0 

at·y = 1, Y = 0 

g~m) _ r~m) q~m) = 0 at y = 1, Y = 0 

g~m) _ o~m)qfm) = 0 at y = 1, Y = 0 

9 im) = 0 at Y = 0 

d (m) 
gi + I a~~)g~m) = 0 i = 1, ... 6 

dY j=l J 1 J 

g~m) bounded as Y ~ 00 

1 

(5.3.34) 

(5.3.35) 

(5.3.36) 

(5.3.37) 

(5.3.38) 

(5.3.39) 

(5.3.40) 

(5.3.41) 

Wi th the qn and gn defi ned, the so 1 vab-j 1 i ty condi ti on can be 

determined by adding (5.3.32) and (5.3.33), taking into consideration 

(5.3.34) - (5.3.40), and obtaining 
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+ (IL(m) + IG(m»q(m)] = Q 
6 11 3 y=l (5.3.42) 

Y=Q 
Rearranging (5.3.42) for m = 1 and 2 yields the following coupled 

equations: 

~~~ + EIA1A2 exp[iRe(e 2 - 2e 1 ) + 2Im(c2)t]= 0 (5.3.43) 

~~~ + E2A1 exp[-iRe(e 2 - 2el) + 2Im(cl - C2)t] = 0 (5.3.44) 

where E1 , E2 are given in Appendix F. Letting 

we rewrite (5.3.43) and (5.3.44) in the form 

(5.3.46) 

(5.3.47) 

where 

is the detuning parameter. Putting 

Em = 2Tmexp( i <pm) , A~ = ~ am exp( i 8m} , (5.3.49) 

and separating real and imaginary parts in (5.3.46) - (5.3.47), 

we obtain 
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~~~ -2Im(c2)a2 ~ T2a1coS(-82 + 281 + $2 - rT 1 ) = 0 

a2 ~~~ + T2 a1sin{-82 + 281 + $2 - rT 1) = 0 

(5.3.50) 

(5.3.5l) 

(5.3.52) 

(5.3.53) 

These equations govern the time modulation of the amplitudes and the 

phases of the interacting harmonics. 

5.3.4 Solution of the Adjoint Problem 

Equations (5.3.34) - (5.3.40) constitute the adjoint homogeneous 

problem. It can be observed that because of the form of the inter

face conditions (5.3.37), (5.3.38) and (5.3.39) the gas problem and 

the liquid problem cannot be solved in succession, as it was done for 

the original problem. The solution of the adjoint problem is ob

tained as follows. 

For Y greater than the boundary-layer thickness, (5.3.41) consists 

of a system of equations having constant coefficients, having solutions 

in the form 

g\m) = f c~~) exp(A.Y) i = 1, ... 6 
1 j=l lJ J 

(5.3.55) 

We note that the A's are the same as the ones for the original pro

blem,(3.l.10). Discarding the solutions that grow exponentially leaves 

three linearly independent solutions that decay exponentially with Y. 

Hence, as Y + 00, the boundary conditions are taken in the form 

D*9 = a at Y = Yo (5.3.56) 
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where Yo is any value larger than the boundary-layer thickness and 0* 

is a 6 x 3 constant coefficient matrix that is defined in Appendix E. 

Using the boundary conditions (5.3.56), we numerically integrate 

the homogeneous system of equations (5.3.41) to generate two linear 

independent solutions g~l) and g~2) satisfying, respectively, the 
1 1 

following two wall conditions: 

g~l) g~2) 
0 .. 

g~l) = 0 g~2) = 1 (5.3.57) 

g~ 1 ) 0 g~2) 0 

Then, the general solution of the gas problem can be written as 

i = 1, ... 6 (5.3.58) 

We also generate two linear independent solutions q~l) and q~2) for 
1 1 

the liquid problem. 

These solutions satisfy the system (5.3.35), the wall boundary 

conditions (5.3.34) and 

( q~l) \ ~~ (2) ) 0 q3 

= 

I 0 \ ' 

= (5.3.59) 

q f 1 ) q~2) 1 
o~m) 

at the interface, respectively. Then, the general solution of the 

liquid problem can be written as 

(5.3.60) 

The interface conditions (5.3.36) - (5.3.37) are used to determine the 
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coefficients Cl and C2 • Since they are homogeneous, the determinant 

of the system 

(1) (2) y\T»c 
q2 C1 + (q2 - ~ 2 = a (5.3.61) 

4 

{(Cm - l)q~m) + TYi~)(l-Cm) - r~m)THO)]/rim) + g~l)UHO) 
(1) I } + {(c ~l)q(2) + [e{m) - o(m)U1(O) 

+ 95 To(O) C1 . m 2 1 0 

+ Y~~)(l - cmJ/o~m) + g~2)U&(O) + ~~2)T~{O)} C2 = 0 

(5.3.62) 

must vanish, which provides a check for the eigenvalue determined from 

the solution of the original problem. The solution of the adjoint 

problem is then determined by letting 

(5.3.63) 

(5.3.64) 
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5.3.5 Results and Discussion 

The solutions of the linear problem and its adjoint provide the 

coefficients Tl, T2, ¢1 and ¢2 of the system (5.3.50) - (5.3.53). This 

system and the initial values for the wave amplitudes at t ="to consti

tute an initial-value problem for al and a2. Since these initial con

ditions are unknown, we cannot repeat the procedure of Section 5.2. 

Moreover, since we are examining self-sustained oscillations and since 

the experiments indicate stable finite-amplitude waves, it is of interest 

to look at steady-state solutions of the system (5.3.50) - (5.3.53). 

For the case of phase-modulated waves, the steady-state amplitudes 

are given by the solution of the system 

Im(cl) - Tlalcos(82 - 281 + rTI + ¢1) 

2Im(c2)a2 - T2atcOS(- B2 + 281 - rTl + ¢2) 

r - T2atsin(- 82 + 2Bl - rT 1 + ¢2) 

+ 2Tla2sin(82 - 281 + rTl + ¢l) 

B2 - 281 + rT 1 

= 0 

= 0 
(5.3.65) 

= 0 

= constant 

This system has been solved by using a standard Newton-Raphson iteration 

scheme. To cover the range of wavenumbers from 0 to 0.5 in steps of 

0.05, one needs computing times the order of 60 minutes on an IBM 370/158 

computer. For the case of a turbulent gas boundary layer, the estimated 

computation time is the order of 10 hours. In this case, the distur

bance field is assumed to be uncorrelated with the turbulent fluctuations 

to 0(£2). 

Figures 27, 28 and 29 show the variation of the steady-state ampli

tudes with wavenumber, at different liquid Reynolds numbers. The pre-
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dicted wave amplitudes are the order of the observed ones. This consti

tutes an improvement over the previous nonlinear results which overpre

dict the maximum amplitudes by an order of magnitude. Moreover, the 

results show that the wave amplitude decreases as the liquid Reynolds 

number increases. This implies that the effect of the second-harmonic 

resonance is less important at the higher liquid Reynolds numbers. 

For the case of high wavenumbers, the second harmonic is highly atten

uated and the iteration scheme fails to converge to a solution. 

Figure 30 compares the predicted and observed r.m.s. wave ampli

tudes. The predicted amplitude is calculated from the steady-state 

amplitudes al and a2. The agreement i~ good for the 40/60 water/glycerin 

mixture. The present model is an improvement over the dispersive model 

and the previous weakly dispersive model. However, the solution is 

still useful only in the intermediate range of Reynolds numbers as was 

the previous weakly dispersive model. This limitation is due to the 

fact that the wavespeeds approach unity as the liquid Reynolds number 

becomes large and therefore the waves are less dispersive. At large Rey

nolds numbers, the calculated amplitudes are unrealistic because they 

are bigger than the mean liquid depth. Consequently, the present model 

is inadequate for large liquid Reynolds numbers. 

For the case of low Reynolds numbers, the results overpredict the 

amplitudes by a factor of about 3. It should be mentioned that the 

experiments do not show a second frequency for this range of Reynolds 

numbers. 

The experiments show that, although there is a dominant frequency 

at each Reynolds number, and, in some cases, a dominant fundamental and 
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second harmonic, the spectrum contains also the higher harmonics. More

over, the results of the linear problem indicate the possibility of the 

interaction of the fundamental frequency with its second and third har

monics, as we can see in Figures 16 and 17. Therefore, the range 

of validity of the present model could be extended by adding more har

monics to the solution. However, the algebraic labor would increase 

considerably because of the gas problem. 

Figures 31 and 32 compare the predicted with the observed frequen

cies and wavenumbers. These results show that the present n.odel con

stitutes an improvement over the previous models (Saric, et al 1976). 

Additional solutions of the system (5.3.50) - (5.3.53) were not 

found despite a numerical search with different initial guesses. Our 

numerical results show that the steady-state amplitudes are weakly de

pendent on the transverse location outside the mean boundary layer at 

which the freestream conditions are applied. 



6. CONCLUSIONS AND RECOMMENDATIONS 

The stability of a film adjacent to a compressible boundary layer 

was analyzed by using a model that accounts for the viscosity and the 

mean velocity profiles of the liquid and the gas, body forces, surface 

tension, compressibility and thermal conductivity of the gas, and 

nonlinear effects. The main acheivement of the present study is an 

improved method for analyzing wave stability and obtaining quantitative 

predictions of the wave characteristics. Some specific results of the 

present study are enumerated below: 

1) All assumptions used in the previous studies regarding the 

wavelength and the liquid Reynolds number were removed. The 

explicit appearance of the Reynolds number in the equations 

for the gas phase necessitated the use of orthonormalization 

procedures for solving these equations. A general purpose 

code (SUPORT) utilizing these procedures was used. Finite 

differences and Kaplan's filtering method could not be used 

for the case of turbulent boundary layers due to the presence 

of extreme growth rates. 

2) The results of Chapter 3 show that Lighthill 's model is in

adequate to describe steady disturbances in a compressible 

tutbulent boundary layer because the disturbance sublayer does 

not lie within the linear portion of the mean profiles of 

the main boundary layer. Hence, future studies of shock-wave 

boundary-layer interactions should include viscous effects on 

the disturbance throughout the flow field. 

66 
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3) The results of the linear stability model (Chapter 4) show 

that it can be used for order of magnitude estimates but it 

cannot be used to predict the observed wave characteristics 

for turbulent flows, in agreement with previous work. More

over, the phase speed calculations show that the waves are 

subject to resonance conditions at low wavenumbers, which in

clude the experimentally observed ones. 

4) The dispersive wave model of Bordner and Nayfeh (1974) was 

used to calculate the wave characteristics for the case of 

turbulent gas flows. The results show that two conditions 

exist at which the amplitude·is maximum for the same liquid 

Reynolds number, in agreement with the experimental results. 

But the dispersive model is inadequate to predict wave 

amplitudes! Moreover, the appearance of the second harmonic 

in the experiments suggests the presence of a nonlinear reson

ant interaction. 

5) Based on the estimates of the linear theory and the experi

mental information, a model was developed (Chapter 5) that 

analyzes second-harmonic resonant interactions. The steady

state amplitudes calculated using this model suggest that~ 

for the intermediate range of liquid-Reynolds numbers, the 

observed waves are a result of this type of interaction. For 

the higher liquid-Reynolds numbers more harmonics are pro

bably needed to predict the amplitudes. 

The present nonlinear analysis .is capable of predicting part of the 

experimental observations. Including the third harmonic in the weakly 

dispersive model may extend the validity of the analysis to higher liquid-



68 

Reynolds numbers. However, the algebraic labor and the computational 

times involved would increase considerably. Also, three-dimensional 

effects need to be considered. A simple analysis with a linear model 

would determine if conditions for strong nonlinear wave-wave inter

actions are present~ Furthermore, the effects of mass transfer at 

the interface need to be ascertained. Although the mass transfer 

slightly affects the eigenvalues (Saric, Touryan and Scott, 1976) for 

the problem of slag deposition in an MHD generator, it may have a non

negligible effect on the nonlinear problem through changes in the 

eigenfunctions. Finally,hypersonic effects need to be included in the 

analysis to properly model the reentry environment. 
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APPENDIX A 

a(m) - a(m) - a(m) - a(m) - a(m) - 0 a(m) = 1 
11 - 13 - 14 - 15 - 16 - , 12 (A.l ) 
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To 1-10 110 3To 

a(m) 24 = 
R 

im G 
1-10 

_ b l Ub 
110 

_ 'm 2 YU M2 a(m) b Uti + m2Uo = -~ 3 0 00' 25 1-10 3To ' 

a~T) = - im. a~~) = ~~ • a~~) - - imyUoM!. a~~) = im ¥!- . 

a~~) = a~~) = 0 

(A.2) 

(A.3) 

. RGUo 
1m -

To 

+ ! (1-1 Q T Q + 1-1TD To 0 ) ] / P, a ~ ~ ) 
3 To 

4 iYmM2 T' 
= 00 [ U' + U ( '+ l!..a..!JL

To 
)], - '3 P 110 0 0 110 

(m) i [b U ' 4m ( U I + U I )] a (m) - 4 i m1-1 0 U 0 a45 = p 1m 0 + 3T o 1-10 0 01-10' 46 -.- 3To 
(A.4) 

(A.5) 

a(m) -
66 - (A.6) 

P R • 4 U M2 = G + 1m "3 Y110 0 00 
(A.7) 
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(B.l ) 

(m) (m) (m) (m) m2. 2 . a 2 1 - m 2. + -j mR a - a = 0, a 2. I. = - -3 YM
oo 

+ 1 mRG, - G' 22 - 23 ~ 

(B.2) 

a
(m) 
31 a(m) - 0 

36 -

(B.3) 

a(m) (m) . /( 4; 2) (2' )/( 4i M2) 
'+ 1 = 0, a,+ 2 = - 1 m RG +""3 mYMoo ' a 4 3 = - m - 1 m RG RG + 3 mY 00 ' 

a(m) 
44 

(m) (m) 4. /(R 4. M2) = a45 = 0, a46 = 3 1m G + 3 lmY 00 (B.4) 

a(m) 51 - a(m) 
- 52 

- a(m) - 53 = a~~) = a~W) = 0, a~~) = 1 (B.5) 

a(m) = a~~) - a(m) = 0, a~~) = - imRPr(Y-l)M2, a(m) = imRGPr + m2, 61 - 63 00 65 

a (m) - 0 
66 - (B.6) 

_(m) _ a(m)a(m) + a(m)a(m) + a(m)a(m) 
~1 - 2'+ 42 34 43 64 46 (B.7) 

~(m) _ a(m)a(m) + a(m)a(m) + a(m)a(m) 
~2 - 25 42 35 43 65 46 (B.8) 

(B.9) 

(B.l0) 

A~~l = ± { l (Elm) + ai~» - [l (Eim) - ai~»2 + E~m)a~W)]~}~ 
(B.l1) 
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The boundary conditions as Y + 00 read 

(B.12) 

where Oem) is a 6 x 3 matrix consisting of the first three rows of the 

matrix [B(m)J- 1• The matrix B(m) has the elements: 

B(m)(3,i) = (a~T)F{m) + a~T)Fim) + a~~)F,m»/A~m) 

B(m)(4,i) = Firn ) 

where for A~m) = A~~~ 
1 

F(rn) - (m) '\2. 
2 - a6S - 1\ 

1 

(m) _ (m) 
Fz - - a6S 

(B.13) 

(B.14) 

(B.15) 

(B.16) 

(B.17) 

(B.18) 

(B.19) 

(B.20) 

(B.21) 

(B.22) 
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o(m) _ o(m) - o(m) - 0 o(m) -- 1 
~ll - ~13 - ~14 - '~12 (C.l ) 

o(m) _ o(m) - o(m) - 0 o(m) - 1 
~21 - ~22 - ~24 - '~23 - (C.2), 

oem) _ o(m) - o(m) ~ 0 oem) - 1 
~31 - ~32 - ~33 - '~34 - (C.3) 

(C.4) 

s~~) = (ma)[2(ma) + iR{y - c )] , S~~) = 0 m 
(C.5) 

Y~T) = imaR , Y1~) = - 3(ma)2 + i(ma)R(c - 1) m 
(C.6) 

(C.7) 

(C.8) 

(C.g) 

IL~m) = ~x [- 2a2(~IYY - a2~IXX)nIX - (PlY + 2a2~lxyy)nl] at y = , 
(C.10) 

IL~m) = 4a2~IXyn1X - nl(~IYYY - a2~IXXY) at Y = , (C.,,) 

IL~m) = - (nl + W )n - nl~ at y = 1 
ly 1 lXY 

(C.12) 
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where 

r ~ m) _ all 0 ( 0 ) 
- cfRG 

IG\m) = 0 

APPENDIX D 

= _ M!l1 T21 _ 2b 2 U& TTl im IG(m) aRG 11--3 3 +-
llo l.Io l.Io 

{(P1UO + POU1)U 1X + (P1U~ + POU1y)Vl - ~o [Vl(U 1yy 

(D.l ) 

(D.2) . 

(D.3) 

(D.4 ) 

(D.5) 

4 1 4 2 } + 3 l.I lXX + 3 v1Xy ) + l.Ilx(3 ulX - 3 vIy ) + lllY(U ly + vIX )] 

( D;6) 

= - a[p Ul + PIU + P yV1+ V yPI + TUo (PlT l ) ] IX IX I lOX (D.7) 

= {4l.1Q (To IG(m) + dIG\m» + 4l.1o IG(m) + 2b U'T T 
3 To 3 dY 3 3 I 0 I IX 

(0.8) 

IG~m) = 0 (D.9) 
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IGim) 

IG~m) 
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(Y-l)M~blPr 2b T' T~b~ T2 b Til 
- - Tt - 1 Q TIT -~ I -~ Tt 

110 110 1 Y 110 110 

RGPra { 
+ 110 (POUI + Pluo)T1X + (POT ly + p1T~)Vl - (Y-l)M! 

{UIP + VlP Y + --R
1 [211l UO{11 Y + V ) + !3 (U 2 + V2 

) 
IX I G 1 lX 1 X 1y 

-t (U 1X + V~Y) - t U1XV 1y + (U 1y + VIX)2]} 

+ R~pr (~IXTIX + ~ITIXX + ~lyTIY + ~ITIYY)} (D.1D) 

UII 
= - ci( u n 1 + _0 nt) at y = 0 IY 2 (D.l1) 

= - aV1ynl at Y = 0 (D.12) 

Til 
- - a(T Iyn1 + -f nt) at Y = 0 (0.13) 

+ ~lU~ + ~IYU~] + ~ [~IUIY + 2~OnlX(vlY - u1X )] at Y = 0 

(D.15) 



APPENDIX E 

The boundary conditions for the adjoint gas problem as Y ~ ro read 

(E.l ) 

where O*(m) is a 6 x' 3 matrix consisting of the first three rows of the 

matrix [B*(m)]-l. The matrix s*(m) has the elements: 

B*(m)(2,i) = (- F1(m) - a~~)F~(m))/A~m) 

B*(m)(3,i) = - ar~)F~(m)/Aim) 

B*(m)(4,i) = F~(m) 

B*(m)(5,i) = F~(m) 

B*(m)(6,i) = (_ a~~)F~(m)_F~(m))/A~m) 
1 

where for A~m) = A~~~ 

F*(m) = 1 
1 
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(E.2) 

(E.3) 

(E.4) 

(E.5) 

(E.6) 

(E.7) 

(E.8) 

(E.9) 

(E.l0) 



81 

and for ,~m) _ ,(m) 
A, - Ag'''',S,6 

F*(m) = 0 
1 (E.ll) 

(m) _ (m) 
F! - - a6'" (E.l2) 

(E.13) 

where a~~) and A~m) are defined in Appendix B. 
lJ 1 



APPENDIX F 

= {~- I foo rG(mlXg(mldY - I JI rdmlxq(mldY 
"' 1 1 "' 1 1 1= 1= 

o 0 

+ r~ (1 m ) q 4( m ) ( m)\ I G ( m ) I G ( m ) ( m ) + ( ( m ) ( m ) ( m ) I G ( m ) 
~6 - 91 J 7 - 8 93 rs q3 - 95 9 

+ (q~ml _Y~Tlq~ml _ Y~Tlq~ml) rL~ml + (rdml + rG\~l)q~ml 

+ (rd ml 
+ rG~T~q~mlJ~~1 IaRj[<p~ - (ma)2<Pm]q~mldY 

+ [qlml _ Y~Tlq~ml _ YITlqfml] i-I (F.1) 
y=oJ 
y=l 
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NONLINEAR WAVE INTERACTIONS IN SUPERSONIC WIND 

GENERATED WAVES 

by 
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ABSTRACT 

The nonlinear stability of thin liquid films adjacent to a 

compressible gas flow was analyzed by a combination of perturbation 

and numerical methods. The solution is valid for two-dimensional 

disturbances and small amplitudes. The model for the liquid layer 

includes the effects of the mean motion of the film, viscosity~ sur

face tension, gravity, stress perturbations on the interface due to 

the gas stream and wave amplitude. The gas model considers the mean 

velocity profile, gas viscosity and compressibility and wave ampli

tude. The assumption that the viscosity only effects the disturbance 

in the gas near the wall was found to be inadequate for the case of 

turbulent boundary layers. It was found that resonant conditions 

exi and that the waves are nondispersive at the lower range of wave 

numbers. A model that accounts for second harmonic resonance was de

veloped. This model improves the agreement between the predicted and 

the observed wave amplitudes. 




