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(ABSTRACT) 

Three dimensional contact problems of square orthotropic laminates indented by a 

rigid spherical indentor are solved. Simplified problems of indentations of beam and 

isotropic square plate are studied first to develop an efficient numerical technique 

and to gather the knowledge of the shape of the contact area in order to solve for the 

three dimensional orthotropic cases. The approach combines an exact solution 

method in conjunction with a simple discretization numerical scheme. Numerical 

sensitivity due to the ill-posed nature of the problem was experienced but was cured 

by enhancing the numerical approach with a least square spirit. Well agreement is 

obtained by comparing the results of these simplified studies with available published 

solutions. For isotropic plate, contact area is found to be either a circle or a 

hypotrocoid of four lobes featured with a shorter length of contact along the through- 

the-corner directions of the plate. Hertz’s theory fails earlier than assuming the 

contact area to be a circle. In-plane dependence of the contact stress is presented 

to illustrate the difference of contact behavior between a square plate and a circular 

plate. Load-indentation relation reveals indenting a square plate is harder than in- 

denting a circular plate of a diameter equal to the side length of the square plate.



Solutions of multi-layered orthotropic cases are achieved by employing a modified 

analytical approach with the same numerical method. Three different configurations 

of plate are implemented for the orthotropic case, namely, a single layered 

magnesium (Mg) plate, which is slightly orthotropic, and a single and double layered 

plates of graphite-epoxy (G-E), which are highly orthotropic. Results for the (Mg) 

plate agrees with the previous isotropic case. Concept of modifying the previous 

hypotrocoids is introduced to seek for the contact stresses for comparatively large 

indentation conditions. Single-layered (G-E) plate was implemented for small! inden- 

tations. The result supports the validity of Hertz’s theory for small indentation and 

shows a relatively longer contact length in the direction of less stiffness. Two layered 

(G-E) plate illustrates similar distributions for the contact stresses along both of the 

in-plane directions with a smaller range of validity of Hertzian type behavior than the 

previous cases. The boundary effect prevails at the initial stage of indentation but is 

overcome by the effect of material orthotrpy as the indentation proceeds. Thus, the 

contact area for small indentation appears to be the same kind of hypotrocoids as 

located in the isotropic case but changes to be the other type of hypotrocoids as the 

indentation advances.
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INTRODUCTION



1.1 Physical Background 

Composite material are widely used because of the benefit of high stiffness-to-weight 

ratio and superior corrosion resistance. For a laminated composite structure, how- 

ever, a price is often paid due to the weakness in the direction transverse to the en- 

hancement. The sensitivity of laminated composite structures to a lateral projectile 

has long been experienced and studied extensively in the aerospace industry. A very 

typical example is the impact damage induced by a foreign object. Such impacts may 

occur due to the dropping of a tool (Jones, et. al., 1988), or a bird hitting on the aircraft 

during landing, take-off, or low-altitude maneuvers (Brockman, 1988). The effect is 

highly localized and will cause fiber breakage and layer delamination or there may 

be damage of more complicated nature through the thickness of the composite which 

may be composed of various staking sequences and layer orientations. In general, 

the damage is induced underneath the impact site in the interior or on the back side 

of the structure and is usually undetectable by visual inspection. Although NDI 

(Non-Destructive Inspection) procedures may be used to detect this kind of damage, 

full-scale NDI is, however, very expensive and time-consuming (Jones, et. al., 1988). 

Therefore it is necessary to develop and rely on other techniques to access and cure 

this type of damage. 

Theoretically, a typical bird-striking event, termed soft body impact, is believed to be 

a combination of nonlinear structural behavior, fluid-structure interaction, varying 

contact surfaces, and free surface flow phenomena (Brockman, 1988). In the case of 

stiff projectiles, the characterization may be even more complicated. For instance, 

in a high speed impact event, a stiff impactor may penetrate through the structure 

(Schonberg, et. al., 1987). In addition, the impact duration may be short enough to



induce a structural dynamics effect, namely the phenomenon of stress wave propa- 

gation. In reality, a full-scale solution for such a problem may require both static and 

dynamic consideration of linear and nonlinear elasticity, inelasticity, modal analysis, 

techniques of plasticity, fracture mechanics and perhaps knowledge of some other 

fields. In general, the number of involved fields is beyond what one can handle in 

practice. A major concern at present is the consideration of low speed impact in 

which the structural behavior remains in the elastic range and penetration and wave 

propagation are precluded (Schonberg, et. al., 1987; Sun and Sankar, 1985). In this 

case, the results of a quasi-static study can be of significant help in understanding the 

structural response in a typical impact condition (Sankar, 1987).



1.2 Present Study 

The aim of this study is to investigate the local contact stress of orthotropic laminates 

indented by a rigid spherical indentor simulating the low speed impact condition. In 

the first chapter, a literature review on related studies is presented at the beginning. 

The motivation behind this study and the research objectives are also illustrated. The 

second chapter deals with a simplified problem of a single-layered isotropic beam 

indented by a cylindrical indentor in order to compare the results obtained by the 

methodolology used in this study with some published results. The approach incor- 

porates Pagano’s exact solution technique (1970) for a sandwich plate and a point 

matching method proposed by Sankar and Sun (1983). Sensitivity observed during 

the numerical implementation and the curing methods are illustrated. An investi- 

gation of the numerical convergence is made to conclude an efficient programming 

technique. 

The solution methods developed in solving the beam problem are then employed and 

extended for studying three dimensional contact problems. First, since isotropy is a 

special case of orthotropy, the problem of an isotropic square plate indented by a 

rigid sphere is solved in chapter three. Because of the simplicity arising from the 

assumption of isotropy, the algebraic effort is significantly reduced, and the solution 

gives rise to an exact form for the expression of the displacement field which is much 

simpler than the approach presented by Pagano (1970). Conditions of both smali and 

large contact areas are considered. While the contact area for the former case is 

found to preserve a circular shape, the Hertzian type distribution of contact stress 

shows only a limited range of application. For the case where the contact area is 

large enough to be affected by the boundary support conditions, the contact area is



sought by introducing the concept of an irregular contact boundary and is proven to 

be a hypotrocoid of four lobes. For large indentation, contact stress obtained for the 

present square plate are compared with a circular plate solution to illustrate the rel- 

ative distinction. 

The solution methods are further extended in chapter four to solve three dimensional 

contact problems of typically layered orthotropic square laminates indented by the 

same indentor. The approach superposes the previously developed methods for the 

isotropic beam and plate problems with Chen and Frederick’s technique (1990) for 

solving the problems of multi-layered laminates. For the purpose of demonstration, 

the developed approach is implemented for both single-layered and multi-layered 

laminates. In investigating the single layer case, a nearly isotropic material is con- 

sidered first in order to compare the results with those obtained in solving the previ- 

ous isotropic plate problem. A highly orthotropic material such as high modulus 

graphite-epoxy used in typical laminated composites is then considered. Of this 

material, the single layer laminate is studied for small indentation conditions in which 

the contact area remains an elliptic shape. The major emphasis is the visualization 

of different rates of increasing the contact length along different in-plane directions 

as the indentation proceeds. Finally, a two layer laminate of the same material with 

a 0°/90° staking sequence is taken for implementation for various magnitudes of in- 

dentation. A strong intention is placed on investigating the variance of the correct 

contact area with the amount of indentation. The phenomenon that the contact area 

changes its shape from one family of hypotrocoids to the other as the indentation in- 

creases will be illustrated. Quantities of primary interest are the contact area and the 

associated contact stress distributions for various sizes of contact lengths along a 

prescribed direction. The load-indentation relations are also presented for both of the



three dimensional studies. Discussions of the numerical results will be addressed in 

each chapter in which comparison of the obtained solutions with the Hertzian type 

behavior will be made. Some concluding remarks are presented in chapter five to 

summarize this study.



1.3 Review of Previous Studies 

A large number of related investigations involving both theoretical and experimental 

methods have been conducted over the past decades. The purpose of these studies 

was to make progress in providing a better simulation and understanding about the 

real problem. Due to the complexity of the real phenomenon, primarily experimental 

approaches were used to study this type of problem in the early years when com- 

posite materials were first introduced. The number of experimental investigations is 

still increasing at present. Some empirical equations have been developed for both 

the load-indentation relation and the expression of residual strength as a function of 

impact energy. For example, Yang and Sun (1982) presented a static indentation law 

to relate the magnitude of the applied load and the amount of indentation. It was 

applied to an impact analysis by Tan and Sun (1985). Due to the formidability in 

finding the contact forces analytically, they suggested that experimental measures 

be undertaken in studying an impact problem. A dynamic contact law relating force 

and strain for the transverse impact of beams was proposed by Doyle (1984). How- 

ever, some difficulities in conducting a test were experienced (Yang and Sun, 1982; 

Sun, et. al., 1981). On the other hand, theoretical approaches seemed to be less 

productive. Nevertheless, theoretical methodology must be further developed not 

only for the purpose of interpreting and furnishing a better understanding of the ex- 

perimental results but also for providing an accurate prediction of the structural re- 

sponse during the entire event of impact. 

Of the analytical approaches, the earliest theory for the transverse indentation or 

punch type problem was the classical contact law established by Hertz (1881) over 

one hundred years ago. It was derived for the frictionless contact between an elastic



sphere and an elastic half space both of which were assumed to be isotropic and 

homogeneous. In many practical problems of the present time, the theory is still 

applicable in cases where the physical model of an isotropic half space can be em- 

ployed. On the introduction of anisotropy, which is a typical property of composite 

materials, the earliest study was due to Willis (1966, 1967) who applied Hertz’s con- 

tact law to an anisotropic semi-infinite body but presented some explicit formulas for 

the transversely isotropic case only. Several other analytical solutions for the contact 

or indentation problem of an isotropic body were published in 1960s, e. g., Popov 

(1961, 1962), Keer (1964), Meijers (1968) and Tsai (1969). A quasi-static impact on a 

multi-layered isotropic semi-infinite medium was studied later by Chen and Engel 

(1972). Several investigations in which the so-called transfer matrix approach was 

proposed to treat almost the same type of problem were made by Leon (1972, 1975). 

However, prior to the advent of sophisticated computational mechanics techniques, 

most of the analytical solutions were limited to very simplified cases. As the result 

of the development of modern high-speed computers, extensive numerical tech- 

niques have been developed to study the afore-mentioned problems. Most of studies 

which have been done on contact problems up to about 1980 may be found in the 

complete listing in Gladwell’s book (Gladwell, 1980). However, they were mostly 

confined to plane problems or isotropic cases only. 

In the mean time, another branch of contact mechanics dealing mainly with problems 

of wheel/rail contact was developed as well. By nature, most of these studies were 

to deal with rolling or sliding contacts which were usually non-Hertzian problems 

since consideration of the friction effect was required. Moreover, the loca! surfaces 

of the contacting bodies were quite often not quadratic although elementary studies 

of this type were usually to simulate a wheel/rail pair with two crossly contacted cyl-



inders. A review and survey of studies in this field was made by Kalker (1979, 1980). 

A detailed definition of a Hertzian contact problem was presented by Paul (1983), who 

also briefly classified contact problems in two categories according to the size of the 

contact length. When the contact length is small in comparison to the principal radii 

of the undeformed surfaces, the contact is classified as antiformal (or counterformal), 

when large it is conformal. One of the numerical! solutions for the non-Hertzian type 

of contact problem was published by Singh and Paul (1974) by using a simple 

discretization method. The concept of the so-called interpenetration curves between 

contacting bodies was introduced. jin particular, the numerical sensitivities of this 

type of problem were experienced and the required curing methods were presented. 

The problem was said to be inherently ill-posed. Significantly, this means that the 

boundary conditions of the problem, including the applied load and the corresponding 

area were not well defined. They are usually unknown as well and have to be con- 

sidered in the solution procedure. Consequently, large differences in the results may 

be obtained upon slight changes in the manner of pursuing the approximate solution. 

The approach developed in this study was later modified by Paul and Hashemi (1978) 

who pointed out the cause of the previous numerical difficulities and presented an 

improved numerical method for solving this type of problem. In the improved 

method, a similar discretization technique was employed, however, the problem was 

posed in a different manner which was claimed to be able to avoid the afore- 

mentioned numerical sensitivity automatically. This improved method was further 

extended to solve a conformal contact problem (Paul and Hashemi, 1980) and prob- 

lems of contact between wheels and rails of arbitrary profiles (Paul and Hashemi, 

1980). A general numerical approach, termed the flexibility method, for elastic con- 

tact problems was presented by Hartnett (1980). Meanwhile, numerous studies were 

made to develop algorithms for the contact problems in this field (Kalker, 1980, 1981,



1983; Duffek, 1981, 1983). However, most of the analytical and numerical approaches 

of these studies were to deal with isotropic bodies which were assumed to be elastic 

half spaces with respect to the local contact regions. In this manner, a sophisticated 

contact problem could be reasonably solved by considering numerous simplified 

problems such as the Boussinesq problem in which the displacement field was easily 

obtained by the Boussinesq force-displacement relation (Timoshenko and Goodier, 

1970). 

In the structural mechanics field, although many of the structures may be built with 

a more regular geometry and shape than the wheel/rail system, technical difficulties 

may arise if different material properties exist, especially over the same in-plane 

surface or if the domain of the structure is finite and is poorly approximated by as- 

suming it to be a semi-infinite medium. In both cases, the problem of obtaining the 

local response around the contact area is formidable. However, for the isotropic 

case, studies were initiated in the early 1980s to investigate the local contact behav- 

ior as well as the global bending action of a finite beam or plate structure. More 

studies were made for the beam problem than for the plate. For example, Keer and 

Miller (1983) superposed the solution based on an integral transform technique for 

an infinite layer with a pure bending beam theory to calculate the contact stresses 

and the overall beam compliance for a finite isotropic beam. Sankar and Sun (1983) 

solved the same problem by taking the contact force to be a sum of various uniform 

loads in a manner similar to a stepwise constant pressure method which was appar- 

ently first introduced by Conway, et. al. (1966). A subsequent extension to an 

orthotropic case including the effect of initial stress was made later by Keer and 

Ballarini (1983) and Sun and Sankar (1985). All of these studies indicated an agree- 

ment of the Hertzian type stress distribution for the small indentation condition, and 

10



a deviation from the Hertzian behavior for the local contact stress in the case of a 

large contact area. In the meantime, the receding/advancing concept, namely 

decreasing/increasing the contact area or the so-called Dundurs problem for the case 

of a beam was studied by Pawlak et. al. (1985). Incorporating the dynamic effect, 

Keer and Miller’s approach for the isotropic beam (Keer and Miller, 1983) was ex- 

tended by Keer and Lee (1985) to treat a low speed impact problem of a beam with 

a large contact area. 

Solutions for the three dimensional contact problem of a finite plate apparently were 

first obtained by Keer and Miller (1983), who extended their original approach for the 

beam to a circular plate by the method of Hankel transform. In a similar manner, the 

subsequently formulated impact problem was studied by Keer and Woo (1984). 

However, both studies were limited to the isotropic case. In the past few years, other 

approaches for solving the contact problem for a beam or a half space were pro- 

posed. For example, the Green function technique as presented by Sankar (1987), 

Miller (1986) and Koshnareva, et. al. (1987) were used. However, interest in the im- 

pact problem of a laminated plate increased. For example, Shivakumar, et. al. (1985) 

presented both energy-balance and spring-mass models to predict the impact force 

and duration in the low speed impact for a transversely isotropic laminate. Large 

deflections and transverse shear effects were both considered but the impact stress 

distribution was not described. Cairns and Lagace (1987) were able to solve the 

contact problem of a thick composite circular plate subjected to a lateral load. How- 

ever, their solution was based on the consideration of cylindrical orthotropy without 

including the in-plane dependence of the response, which is one of the character- 

istics of the behavior of composite plates. Moreover, Hertz’s law was assumed for 

the representation of the contact stress, which is true only for the case of a small in- 
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dentation as noted earlier. Sankar (1988) calculated the contact and interlaminar 

shear stresses of both single and multi-layered circular plates by using a finite dif- 

ference approach. The influence of a soft layer on reducing the transverse shear 

stresses was investigated for the isotropic case only. Schonberg et. al. (1987) ex- 

tended Keer and Woo’s method (1984) to investigate the static and dynamic impact 

problem of transversely isotropic beams and plates. The in-plane dependence of the 

response was not considered; however, a thorough use of integral transforms in 

solving this type of problem was illustrated. For the elasto-static case of a 

transversely isotropic plate, another approach was formulated by Tsai (1986) without 

presenting the non-Hertzian type contact stress. A study of the effect of the trans- 

verse shear on an impact loaded plate was made by Mittal (1987), in which Hertz’s 

contact law was also employed to calculate the impact force. 

Recently, an experimental study was conducted by Poe (1988) to investigate the im- 

pact damage on the case of a solid rocket booster. It should be noted that the spec- 

imens were all taken from the full-scale structure to account for the exact curvature. 

The specimens contained off-axis layers but were considered as transversely 

isotropic bodies. Hertz’s law was applied in representing the contact stresses for a 

correlation study with finite element solutions. Meanwhile, another impact problem 

of a rectangular laminated composite plate was solved by Aggour and Sun (1988). 

Results were obtained by using a two dimensional finite element method based on 

a laminated plate theory. The contact stress between the plate and the impactor was 

assumed to be uniformly distributed and was calculated for each time step during the 

entire duration of impact by using Hertz’s contact law. A three dimensional finite 

element investigation on impact induced deformations as wel! as the locations and 

sizes of the resulting delamination in more general composite plates including off- 
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axis layers was studied by Wu and Springer (1988). Various boundary conditions 

were considered but the assumption of a point load for the contact force was intro- 

duced and was obtained from Hertz’s contact law. Apparently, an analytical solution 

for this type of problem for the case of orthotropy or general anisotropy has not been 

published. Hertz’s contact law, which in fact has been indicated by Tan and Sun 

(1985) to be invalid for a thin layered type structure such as a typical composite lam- 

inate has been employed by most researchers for treating a wide variety of plate 

problems. The effect of in-plane material orthotropy or general anisotorpy on the lo- 

cal contact behavior of the structure seems to have not been considered. In fact, it 

is anticipated that the task of finding the real contact profile when the in-plane mate- 

rial anisotropy exists, especially, for a thin and layered structure such as a fiber re- 

inforced laminated composite will be very tedious. 

Most recently, Chen and Gurdal (1990) investigated the effect of material orthotropy 

on the interlaminar normal stress for a laterally loaded orthotropic plate on an elastic 

foundation by using a double Fourier transform technique. The approach was modi- 

fied and extended by Chen and Frederick (1990) to solve a multi-layered orthotropic 

case with an emphasis on the interlaminar normal as well as shear stresses at the 

layer interfaces through the thickness. Both of these two studies did not account for 

the real contact problem since the assumption of a uniform distribution of the applied 

load was introduced. However, the in-plane dependence of the responses, especially 

the interlaminar normal and shear stresses, due to the material orthotropy were well 

illustrated. 
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1.4 Motivation 

Primarily, the motivation behind this study concerns the transverse impact of an air- 

craft structure by lateral projectiles. Due to the inherent invisibility of the impact 

damage, the residual strength of the structure after impact is extremely desirable 

since it completely determines the subsequent load carrying capability. On the other 

hand, knowledge of the damage initiation is equally important a priori information 

since the subsequent damage or failure mechanism will depend on it. Among the 

possible induced damages, two of the better known ones are fiber breakage and layer 

delamination (Brockman, 1988). Although an individual cause of damage may be due 

to transverse shear or interlaminar tensile normal stress, influences of both effects 

are likely to be mixed and depend on the relative stiffness, geometry, and hardness 

between the impactor and the structure. However, regardless of the possible con- 

figuration, an understanding of the real contact behavior between both bodies is re- 

quired in order to predict the possible failure occurrences before any damage is 

produced. This requires the determination of the contact stress distribution over the 

contact area once the foreign object has come in contact with the structure. Follow- 

ing determination of the contact stress, information on the structural response, in 

particular, the layer-by-layer stress state in the vicinity of the contact area through the 

thickness can be obtained. Predictions of where the damage will be initiated and how 

it will be propagated is then possible. 

The second motivation in conducting this study has to do with the need for a three 

dimensional analysis of an anisotropic contact problem since none of the existing 

publications in the literature have dealt with the three dimensional contact for a gen- 

eral anisotropic material. From the existing literature, two dimensional problems of 
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this type, namely a cylindrical indentation condition, seem to have been well studied 

and developed except for the case of contact for an off-axis layered beam. Although 

a two dimensional analysis may provide the technical foundation for a three dimen- 

sional study, the results may be of little value in predicting the actual behavior of the 

structure in practice since the real problem is always three dimensional. Unless the 

structure and the material properties are both axisymmetric, a three dimensional 

analysis is required in general. However, the three dimensional anisotropic case is 

very different from a two dimensional beam or a three dimensional axisymmetric 

problem. Physically, the difference is due to the possible inhomogeneity over the 

in-plane surface in the former case. Thus, for any magnitude of the applied load, al- 

though the contact length along any in-plane direction for the latter case is the same, 

it will be different for the general three dimensional anisotropic case. Therefore, one 

can always assume the contact length, for a beam or an axisymmetric problem to be 

known a priori from which the total applied load can be accordingly defined. For a 

three dimensional anisotropic case, however, only the contact length along one of the 

in-plane directions can be prescribed to correspond to a certain amount of the ap- 

plied load. Knowing this contact length, the length of contact along any other direc- 

tion will be a single-valued function subsequently. This function and thus the ratio 

between the contact lengths along different in-plane directions has to be found. Such 

a task, which amounts to finding the real contact area for a certain contact length 

along one of the in-plane directions, is believed to be the most difficult step in solving 

problems of this type. 

In reviewing related publications, although some studies have been concerned with 

three dimensional investigations (Cairns and Lagace, 1987; Mittal, 1987; Wu and 

Springer, 1988), the importance of the local contact behavior seems to have been ig- 

15



nored. As far as the local contact stress is concerned, for simplicity, it has been ei- 

ther assumed to be uniform or obtainable by Hertz’s law for all types of indentation. 

To satisfy the static equilibrium condition, an accurate calculation of the contact 

stress should produce all compressive stresses and satisfy the free stress condition 

along the contact boundary as long as it is a smooth indentation, i. e. frictionless, and 

the indentor has no sharp edge. In accordance with the physical assumption of an 

isotropic homogeneous half space on which Hertz’s law is based, the Hertzian type 

behavior can only be true for axisymmetric contact problems for small indentations 

(Schonberg, et. al., 1987). Although a circular plate may be of practical interest, the 

properties of general anisotropy or orthotropy are usually manufactured into rectan- 

gular plates. Obviously, a thin structure of a laminated composite violates the hy- 

pothesis of a half space. The material inhomogeneity and the asymmetric properties 

of a typical composite laminate also violate the conditions for Hertzian contact. The 

previously mentioned in-plane inhomogeneity of a typical laminated composite will 

result in different bending rigidities and thus different tendencies for wrapping around 

the curvature of a given indentor along different in-plane directions at any instant of 

an impact event. This condition may prevail in an asymmetric isotropic structure as 

well. Hence, calculation of the contact stresses in these cases requires a technique 

which is capable of taking into account the possibility of an irregular shape for the 

contact area, rather than arbitrarily applying Hertz’s theory. 

This study is also motivated by the need for quasi-static investigations of impact 

problems. Although the elasto-dynamic condition exists in reality, it can be reason- 

ably assumed that the indentation occurs over a longer period of time in a low speed 

impact. The local deformations and stresses can therefore be approximated by an 

elasto-static solution. in fact, a static indentation study conducted by Sankar (1987) 

16



has been shown to be able to provide useful information about failure mechanisms 

and failure loads for a jow speed impact event. The present study is accordingly 

motivated. 
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1.5 Objectives 

In this study, the main objective is to investigate the contact stress distribution for 

typical finite orthotropic laminated composite plates indented by a rigid spherical 

indentor. The low speed impact phenomenon of laminated composite structures in- 

duced by a foreign impactor will be simulated by using the quasi-static condition. 

Major emphasis will be placed on the investigation of the effect of the in-plane ma- 

terial orthotropy on the distribution of the contact stresses. In this regard, the contact 

stress distribution along different in-plane directions will be displayed for various 

sizes of the contact area. A strong intention is aimed at solving the correct contact 

area for a general three dimensional contact problem and investigating the effect of 

finite boundaries alone or the coupled effect of material orthotropy and finite bound- 

ary on the loca! contact behavior. Another intention is to test the validity of Hertz’s 

contact law and accordingly to evaluate the limits of its application. A subsequent 

objective is to investigate and present the load-indentation as well as the load-contact 

size relations. 

Theoretically, the purpose of this study is to demonstrate the use of elementary and 

tractable approaches, namely a series expansion technique in conjunction with a 

point matching method, in solving a sophisticated contact problem. In the 

computational/numerical phase, the major aim is to illustrate the cautions necessary 

to achieve a satisfactory convergence and accuracy of the results. Due to the ne- 

cessity of considering a rectangular plate, numerical implementation which accounts 

for both in-plane directions is required and will be demonstrated. A subsidiary ob- 

jective in conducting this study is to detect inherent numerical sensitivities similar to 

those experienced by Singh and Paul (1974). Appropriate techniques for an appro- 
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priate remedy will be demonstrated. For the purposes of comparing the results and 

attaining the guidances in treating the three dimensional orthotropic problems, some 

simplified cases such as the problems of an isotropic beam and an isotropic square 

plate will be studied. Another intention is to introduce the concept of irregular shape 

of the contact area in solving the three dimensional contact problems for the case of 

large contact area. In summary, this dissertation is to serve as a fundamental study 

for the three dimensional contact problems of laminated composites in the framework 

of the theory of elasticity. 
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CHAPTER Il 

AN ISOTROPIC BEAM PROBLEM 
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2.1 Introduction 

In this chapter, a cylindrical indentation problem of a two dimensional isotropic beam, 

the same as the one presented by Keer and Miller (1983) and Sankar and Sun (1983), 

is solved. In addition to the aim of reproducing previously published results, one of 

the major objectives in studying the beam problem is to detect any possible numer- 

ical sensitivity and to demonstrate remedial approaches for dealing with it. The other 

reason for solving this simplified problem is to find an efficient technique for numer- 

ical convergence which will be useful in treating the three dimensional cases. Since, 

for the latter cases, it is known that implementation along both of the in-plane di- 

rections is required, a question of interest is whether the convergence behavior will 

be the same and whether can it be assured along both of the in-plane directions. For 

implementation, a technique to detect the convergence behavior along an individual 

direction is needed. A study of the two dimensional beam problems can therefore 

provide significant information for this purpose. To begin the study, a brief de- 

scription of the beam problem will be given first. It will be followed by a detailed 

approach for solving this problem. The numerical technique will be used to obtain 

results for several examples. The convergence problems, numerical sensitivities, 

and the required suplemental methods are discussed also. 

2.2 Description of the Problem 

The two dimensional case of an isotropic beam, subjected to a cylindrical indentation 

is shown in Figure 2. The beam is taken to be homogeneous through the thickness 

and composed of a single layer. It is indented by a rigid cylinder at the center of its 
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length on the top surface and is simply supported at both ends. Friction between the 

cylindrical tndentor and the beam is neglected. The governing field equations in this 

case are 

(A +1)Uy, 44 + (A —1) Uy, 93 + 2g, 13 = 0 (3.1) 

(A —1)u3, 14 + CA +1)ug, 33 + 2u, 13> 0 (3.2) 

where u, and u; represent displacements along the x and z directions respectively, 

  

2 

and uu = oe .. etc. As for the plane stress condition considered by Keer and 

- §2+6pn 
Miller (1983) and Sankar and Sun (1983), 2 = Biden Here, A and » are the Lame 

. E _ eu , 
constants expressible as n = 21 +9)’ A= toy" and E and v are Young’s modulus 

and Poisson’s ratio, respectively. The boundary conditions for the beam in the 

through-the-thickness direction are 

39K, ) = dai(X, L) = 994(%, 4) =0 (4.1) 

39%, — = MY), kK -F ISe (4.2) 

oa(X 2) =0,  [x-F 20 (4.3) 

where A is the thickness of the beam, f(x) is the unknown contact stress beneath the 

cylindrical indentor. and L is the length of the beam. The contact length 2c is as- 

sumed to be a known value. Meanwhile, the transverse displacement, u;, of the 

points in the contact region has to satisfy the contact relation due to the indentor, i. 

e., 
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us(0, --2) — u(x,-4)=—sF—, [x-F Ise (4.5) 

where R is the radius of curvature of the indentor. Furthermore, the simply supported 

edge conditions require that 

04,(0, z)=04,(L, z)= u,(0, z) = ug(L, Zz) =0 (4.6) 
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2.3 Formulation of the Solution 

Basically, the approach used in obtaining the solution is along the lines proposed by 

Sankar and Sun (1983). At the very beginning, the unknown contact stress f(x) for a 

prescribed contact length 2c, is assumed to be a summation of various uniform sub- 

loads each over an individual interval inside the contact length as shown in Figure 

3. To solve for the magnitudes of the sub-loads, the solution will be obtained in two 

steps. First, the transverse displacements u, at points along the length c due to all 

of the sub-loads of unit magnitude are to be solved. However, instead of superposing 

a bending theory for a beam and an elasticity approach as employed by Sankar and 

Sun (1983) at this stage, an exact solution following the method presented by Pagano 

(1970) will be found for the displacement field directly. The second step will be to 

establish algebraic simultaneous equations for the magnitudes of various sub-loads 

based on the contact relation given in equation (4.5). Finally, the magnitudes of all 

of the sub-loads will be found by solving these equations to obtain an approximate 

solution for the unknown contact stress f(x). 

2.3.1 Displacements due to a typical sub-load 

Following Pagano’s method (1970), in satisfying the boundary ‘conditions, a typical 

sub-load g,(x) will be expressed in terms of a Fourier series as follows 

a(x) = >. ty sin(px) (5) 
n= 1 
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where p =“ and é, is the Fourier coefficient. Accordingly, the displacements due 

to g; will be a superposition of those induced by each term in the series. Hence, it is 

necessary to find the displacements due to a typical term in equation (5). 

2.3.1.1 Expressions for the Displacements and Stresses 

To solve for the responses of the beam for the prescribed edge support conditions, 

a form similar to that of equation (5) for a sub-load will be used for the displacement 

components. Thus, 

U,(x, Z) = U,(z) cos(px), u(x, z) = U,(z) sin(px) (6) 

where U,, U; are unknown displacement functions which must be determined. To 

accomplish this, expressions (6) are substituted into the governing equations (3). 

These give rise to the equations 

[(A —1)D? — (A +1)p7]U, + 2pDU, = 0 (7.1) 

— 2pDU, + [(A +1)D? — (A —1)pJU, = 0 (7.2) 

where D= 2. The fundamental solution for the U,’s is Ke (j= 1, 3), where the K,’s 

and p are constants. To obtain non-trivial solutions for the U,’s, the characteristic 

equation derived from equations (7) has to be satisfied, which is, 

(A —1)p" — (A +1)p” 2pp 
_ _ =O 8 

— 2pp (A +1)p? — (4 —1)p" ° 
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The roots of this characteristic equation are p = p,p,-—p, —p. Therefore, with two re- 

peated roots, the solutions for U,, U; can be written as, 

Uy = (a + 43Z)C, + (@q + ayZ)S,, Ug = (by + b3z)C, + (by + byz)Sz (9) 

where C,=cosh(pz),S,=sinh(pz), and the a,’s, b,’s (k=1, 2,3, 4) are constants. 

However, a,’s and b,’s are related by equations (7). Upon substituting expressions (9) 

into equation (7.1), performing some rearranging, and recognizing that C,, S,, zC,, zS, 

are independent functions, it is possible to express the b,’s in terms of a,’s as, 

by =a —-4ag, be = a (10.1) 

bo =a, —4a,, by = a3 (10.2) 

Therefore, the transverse displacement function U,(z) can be further written as 

A A 
Uz = a,8, + aC, + a,(zS, — p C,) + a,(zC, — D> S,) (11) 

From the expressions for the displacement components, the stress components, in 

the case of plane stress, can be readily derived. In terms of the displacements, these 

are (Sokoinikoff, 1956), 

  

04, = Cry 4 + C1933 » 833 = CypUy.4 + Cy4U3,3 » O43 = M(Uy 3 + U3 4) (12) 

In equation (12), Cy = 2u + Cy, and Cy = 2A q (12), Cy = 2u 12 eed + ou" 
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Upon substituting the displacements of equations (6), into equations (12), and em- 

ploying equations (9) and (11), the expressions for the stress compoments may be 

written as 

a4, = {T'(a,C, + a8,) + as[KS, + PzC,] + a,[KoC, + P'zS,]} sin(px) (13.1) 

43 = {ag/K,S, — 'zC,] — I'(a,C, + a,8,) + a,[K,C, — 'zS_]} sin(px) (13.2) 

O43 = w{2p(a,S, + aC.) + a[(1 — A)C, + 2pzS,] + a,[(1 — 4)S, + 2pzC,]} cos(px) (13.3) 

where T =— 2up, and K,=(1—A)Cu, Ke = (1 — AC}. 

2.3.1.2 Solutions for the Unknown Coefficients 

In the previous equations (13), the unknown coefficients a,’s are to be found by ap- 

plying the boundary conditions through the thickness of the beam. Thus, 

h 
Ox3(X, 7) =0- 

2up(C,a, + S,a) + [C,.(1 — a)S, + pphC, Jag + [C,4(1 — A)C, + pphS,jaz,=O = (14.1) 

h 
649(X, > )=0 > 

2p(Sa, + C,a,) + [(4 — A)C, + phS, Ja, + ((1 — A)S, + phC, Ja, =0 (14.2) 

h 
O33(X, — “5 ) = — f, sin(px) 

2up(C,a, — S,a) — [wphC, + Cy4(1 — AS, Jag + [C1,(1 — AC, + wphS Ja, = —t, (14.3) 
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h 
d43(X%) — a) = 0 > 

2p( — Sa, + C44) + [(1 — A)C, + phS,Jag —[(1 — A)S, + phC, Ja, = 0 

where C, = cosh(ph/2) and S, = sinh(pA/2). Rearranging equations (14) gives 

(14.1) + (14.3)> 

— 4upC,a, + 2[C,4(1 — AC, — uphSJa, = — t, 

(14.1) — (14.3)3 

— 4upS a. + 2[C,,(1 — A)S, — wphC, Ja, = t, 

(14.2) + (14.4) 

2pC a) +[(1 —1)C, + phS, Ja, =0 

(14.2) — (14.4) 

2pS,a,+[(4 —A)S, + phC,Ja, = 0 

(14.4) 

(15.1) 

(15.2) 

(15.3) 

(15.4) 

Solving the above equations (15) for the a,’s, it follows from (15.1) and (15.4) that, 

  

  

—t - 2pSt 
a= (1 A)S, + PACA], a4=—p 

Similarly, equations (15.2) and (15.3) give, 

t - — 2pC,t 
ay = D, [(1 —A)C, + pAS,], a3=—p 

where, 

Dz = 4up[2C,S,+ph], Dy, = 4yp[2C,S, — ph] 

(16.1) 

(16.2) 

(17) 
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Basically, the quantity of the primary interest is the transverse displacement u,; on the 

top surface where the indentation occurs. This is, 

Usi(%,— 3) = D Us, —-y ) sinter) (18) 
n=1 

where, as can be seen from equation (11), 

A 
P 

h h h A 
Us, — 5) = — Spay + Cpa + (S54 —- Cy)ag + (Sy. — C4) 84 (19) 

The a,’s were previously found in equations (16) and expressed in terms of &,. 

2.3.2 The Indentation Problem 

Having solved for the transverse displacement u; for any x location on the top surface 

of the beam due to any sub-load g{x) with unit magnitude, the next step is to solve 

for the magnitude of each sub-load. Employing the point matching method as pre- 

sented by Sankar and Sun (1983), the indentation problem requires the development 

of as many equations, similar to equation (4.5), as the number of sub-load, due to the 

same number of distinct points over the length, c, i. e., 

(x) — L/2)" 
(Us)o — (U3), = a natal oR (20) 

provided the contact length, 2c, is small in comparison with R. In equation (20), 

j= 1, 2,..., K, for the case of K reference points x;’s selected along the length, c. Next, 

the following definitions are introduced, 

(Us3)) = displacement u, at the center on the top surface 
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(u3); = displacement u; at x; on the top surface 

However, upon considering the contribution due to all of the sub-loads g's, it is ob- 

vious that 

K K 

(U3)o ~ > Uso, Pi, (Ug) = > (Us) P; (21) 
j= i= 1 

where (Us)o,;, and (us);; are (Us), and (u;); due to the sub-load g(x), respectively. P, is 

the magnitude of g(x). Therefore, 

. (xj Lar 
> [lusdo, — (Ug), ,J P;) = oR. J 1, 2, ..., K. (22) 
i=1 

Equations (22) define a set of K simultaneous equations for the K unknown magni- 

tudes P,’s for all of the sub-load q;’s, (i = 1, 2, ....,K). Solving these equations for the 

P;’s, an approximate representation for the unknown contact stress can be con- 

structed. 
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2.4 Numerical Implementation 

2.4.1 Summary of the Numerical Procedures 

The numerical procedure for solving the beam problem starts with the discretization 

of the presumed semi-contact length c into K segments, where K is a prescribed finite 

number. It should be noted here that since the indentor is smooth with no sharp 

edges, a prescribed contact length, 2c, automatically implies a zero contact stress 

right at the contact boundary, Kae +c, which is known a priori without any calcu- 

lation. Along the length c, a set of K points with the coordinates x;,,’s 

(j= 1,2,...,K) can be identified upon which various uniform sub-loads are to be 

constructed. Typically, a uniform sub-load gx) of unit magnitude can be defined in 

a manner such that, 

Q(X)=— 1, L— X44 SX S44 

=0Q, e/sewhere (23) 

One way of discretizing the length c, for example, is to take a uniform division with 

X41 = ++ + xc such that the K points x;.,’s are equally spaced. Due to this set of 

sub-loads, the displacements at any location inside the contact length can be calcu- 

lated by the forthgoing solution procedures to obtain the coefficients (Us)o;— (Us),; of 

equations (22). Based on the solutions for the P,’s in equations (22), an approximate 

contact stress distribution along c is available. By the nature of approximation, the 

solutions for the P,’s give the contact stress at a location x, where x<x<x,,, with 

magnitude 
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K 

039(X, -2) = » P, (24) 
k=] 

In an average sense, the afore-mentioned location x can be reasonably taken to be 

KES(K + X09), i. e., the mid-point between the boundaries of the adjacient sub- 

loads. In performing the calculation of (Us)o;— (Us),,, however, concerns about nu- 

merical convergence arise in this step and thus consume most of the numerical 

effort. Before obtaining any numerical results, further investigation into this step of 

implementation may be required. 

2.4.2 Convergence Problems 

Lack of convergence may arise from two sources, the first arises from the approxi- 

mation of the total contact stress by the constructed sub-loads, and the other from the 

summation of the series expansion in calculating the displacements. The first source 

has been discussed by Sankar and Sun (1983) which relates to the required number 

of subdivisions, i. e., the number of sub-loads used in representing the unknown 

contact stress. Although 10 to 40 uniform divisions were made by these authors it 

was stated that the required number depends upon the relative size of the contact 

length with respect to the thickness of the beam. A higher number of divisions will 

be required if a relatively large contact length is considered because of the greater 

likelihood that the contact stress will deviate from the Hertzian type distribution. Due 

to the intention that the approach developed for the present beam problem will be 

extended to the solution of three dimensional contact problems, a more efficient 

technique to accelerate the convergence must be found. In this regard, it is reasoned 
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that the distribution of contact stress in the central region of the contact area will be 

more uniform than the distribution in the vicinity of the contact boundary, in partic- 

ular, in the case of a large contact area. A non-uniform discretization on the contact 

length which gives a finer cut around the contact boundary is feasibly more accurate 

than the uniform discretization scheme. Therefore, this concept will be employed in 

this study. Accordingly, the points in the semi-contact length c on which various 

sub-loads will be constructed are defined by, 

L J . 
Heap texsin( sez), j= 1, 2,...., K. (25) 

As will be shown later, such a non-uniform discretization method provides the nu- 

merical results with the same accuracy, but with a fewer number of sub-loads in 

comparison to the uniform discretization scheme employed by Sankar and Sun 

(1983). 

The second source of lack of convergence is due to the need to take a finite number 

of Fourier terms in the calculation of the coefficients (us)o, and (us),;.. In concept, one 

can visualize that, due to the nature of the discontinuity at the ends of any sub-load, 

many more terms will be required to give accurate calculations for the displacements 

for locations close to the loading boundary to overcome the well known Gibb’s phe- 

nomenon (Arfkan, 1973). On the other hand, a narrow sub-load may require more 

terms as well in the calculation for the displacement as mentioned by Sankar and Sun 

(1983) because the load tends to behave as a delta function. However, if the point of 

interest is relatively far from the loading ends, fewer terms will be required in accu- 

rately calculating the displacement. Thus, questions arise as to the fewer number 

of terms required in this case and the manner in which convergence can be guaran- 
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teed. In fact, the potential answers to these questions are imbedded in the ex- 

pressions for the displacements themselves. First, for a typical sub-load gi{x) of unit 

magnitude defined in equation (23), the Fourier coefficient f, in equation (5) can be 

4 cos(pXx;.:) 

pL 

that the even-numbered terms give no contribution and thus only odd numbers for n 

easily derived to be &, = . In performing such a derivation, it is observed 

need to be considered in the definition of p in equation (5). Next, in view of the ex- 

pressions (18), (19), and (16), equation (18) may be rewritten as 

u(x, SE) =) Ue, cos(px; . 1) sin(px) (26) 
n= 

where U;, is an expression similar to that given in equation (19) with the term 

cos(px;,,) factored out of the definition of &, i. e., similar to the expression for the a;’s 

in equations (16). Hence, alternatively, equation (26) becomes 

oo 
_ U 

UZ )= > SC siak SO +x, Msi Se — x49 27) 
N= 4 

where U;, are terms free of any trigonometric functions and are of asymptotically de- 

caying nature similar to the transformed responses mentioned by Chen and Gurdal 

(1990). Therefore, from equation (27), it is possible to determine the term at which the 

individual summations should be truncated to produce a local maximum or minimum 

value. Meanwhile, since x and x,,, both have non-negative values, in general, the 

first summation gives the dominant term which has a higher magnitude and higher 

frequency of oscillation whereas the second summation gives a relatively lower 

magnitude and lower oscillating frequency, i. e., it will converge slower than the first 

summation. The relative magnitudes of the individual summations can be calculated 

and compared by including all terms up to the critical terms where their local extrema 
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occur. In this way, it is possible to determine the number of terms which will be 

needed for the displacement calculation at any location due to the sub-load q,, for any 

specified accuracy of convergence. Although Sankar and Sun (1983) mentioned that 

at least 1000 terms should be taken into account, a precise answer depends on the 

relative position between the point of interest and the loading ends as previously 

mentioned. In fact, it was found that more than 2000 terms may be required for lo- 

cations close to the boundary of a sub-load. However, for a typical sub-load, fewer 

than 200 terms may be required for most of the remaining points. 

Based on the previous effective technique, it is observed that up to 80 % of the re- 

quired CPU time can be saved although the calculation without this consideration 

generally takes less than one minute. However, as will be discussed later, by ex- 

tending the current idea of detecting terms to a three dimensiona! problem, it is 

possible to obtain a more significant saving of effort of numerical calculation. 

2.4.3 Examples and Results 

The intention here is to test the current simplified approach against published results. 

Thus, the numerical examples presented by Keer and Miller (1983) and Sankar and 

Sun (1983) are adopted. Consistent with these publications, the same material prop- 

erties and geometry are considered, i. e., 

Length of the Beam (L) : 2.0 in. 

Thickness of the Beam (h) : 0.1 in. 

Lame’ Constants (A, hp) : Both 1.0 * 10° (Psi) 

Radius of the Spherical Indentor (R): 1 in. 
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For the purpose of comparison, results are presented for two cases, a small inden- 

tation condition with c=0.5h and a large indentation with c=4.0h. In the first ex- 

ample, the small indentation case is considered. In order to verify the previous 

argument of taking the magnitudes of various sub-loads to calculate the contact 

stress at an average location, both the uniform and non-uniform discretization 

schemes are implemented. For the uniform discretization scheme, the sub-loads 

were constructed on the points x), = = + 4 x c, which were also the points chosen 

in calculating the displacements (u,),, in equations (22) in order to solve for the un- 

known magnitude P,’s. The contact stress distribution in this case was found to be 

convergent by taking K>10 and after taking 1500 terms in calculating the series ex- 

pansion (18). For K = 10, the magnitudes of the various sub-loads, the normalized 

magnitudes of sub-loads with respect to two times of the average applied stress, and 

the amount of the total contact force are listed in Table 1. It should be noted that the 

magnitude of the outermost sub-ioad is not zero. For the second implementation, the 

non-uniform division method as shown in equation (25) is employed in order to 

achieve a finer cut close to the contact boundary. Using the same number for K and 

taking up to 4000 terms in the series expansion (18), results for the same quantities 

are shown in Table 2. In this case, it was found that although the magnitude of the 

outermost sub-load was reduced substantially, it still had not become exactly zero. 

However, the total contact force calculated by both methods of discretization were 

found to be different in less than 1 %. In addition, it is observed that by following the 

averaging methods proposed in equation (24), the contact stress distributions ob- 

tained by both techniques were found to be indistinguishable and are both in full 

agreement with the results of Keer and Miller (1983) and Sankar and Sun (1983). The 

results are shown in Figure 3, where the contact stress was normalized with respect 

to the average applied stress multiplied by two and was plotted against the normal- 
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ized coordinate along the semi-contact length c, i. e., x =(x—L/2)/c. As expected, 

the stress profile in this case preserved the Hertzian type behavior. Therefore, It can 

be stated conclusively that, the previously mentioned technique of averaging is re- 

quired when seeking an approximate solution for the problems of this type. Further- 

more, the previously mentioned free stress condition along the contact boundary may 

serve as a guideline as well in treating three dimensional problems. 

Next, the case of Jarge indentation with c = 4.0h is considered. Employing the same 

type of non-uniform discretization and normalization schemes, an agreement with 

Sankar and Sun’s (1983) result is also obtained as shown in Figure 4. In this case, a 

larger number of divisions on the contact length and terms in the Fourier series are 

taken to increase the likelihood of convergence. A very severe deviation from the 

Hertzian type distribution for the contact stress is obtained. Peaking occurs close to 

the contact boundary and the contact stress in the central portion is zero which, as 

has been mentioned by Sankar and Sun (1983), indicates a wrapping phenomenon 

of the beam along the curvature of the cylinder. 

2.4.4 Numerical Sensitivities 

It should be noted here that the contact stress presented so far are all obtained by 

calculating the displacements at the same points which define all of the sub-loads in 

order to enter into the second step of the indentation problem. In fact, for a set of 

sub-loads, i. e., an approximate solution for the contact stress, the selection of the 

points at which the displacements wil! be calculated in the application of equation (22) 

is supposed to be arbitrary. Several trials were thus made in solving for the contact 
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stresses by finding the displacements at the points of coordinates K=S (4%) 

where x;,,’S are the points defining the sub-loads q,’s (i= 1, 2, ..., K) and x; =>. In 

the case where c = 0.5h, for example, the problem was solved by taking the same 

number for K, i. e., K = 10, and the same number of terms in the Fourier series (18). 

However, the result for the contact stresses in this case was found to be entirely dif- 

ferent from the solution presented by Sankar and Sun (1983). In order to attempt an 

improvement, the number of terms used in the series for calculating the displacement 

was increased; however, the result was not improved. Both the stress distribution 

and the magnitude of the total contact force were found to disagree with Sankar and 

Sun’s (1983) solution more strikingly by such an attempt. By taking up to 10000 

terms, which is in fact much more than required according to the previously men- 

tioned technique of detecting terms, the distribution of the contact stress as shown 

in Figure 5 arises. A very steep peak value close to the contact boundary arises 

while the magnitude of the contact stress in the central portion is significantly re- 

duced in comparison to Sankar and Sun’s (1983) result. In view of these differences, 

it is obvious that the same kind of numerical sensitivities as experienced by Singh 

and Paul (1974) exist in the present problem. 

A very detailed explanation of this sensitive behavior was given by Singh and Paul 

(1974) who indicated that the ill-posed nature of the problem itself caused these kinds 

of numerical difficulities. Mathematically, this means that the boundary conditions, 

in particular, the applied load in the current beam case were not well defined. Thus, 

in solving such a problem with an approximate method, accordingly, some errors will 

be introduced in the solution steps. In the present solution technique for the beam 

problem, correspondingly, significant errors were imbedded in equations (22) which 

interpret the contact relations (20) in an approximate sense. Although the right hand 

38



side of equation (22) is exact, unfortunately, the coefficients on the left hand side are 

inexact. Singh and Paul (1974) mentioned that in solving such a set of K simultaneous 

equations, the solution which arises will be for a problem other than the one desired. 

They reasoned that the inexactness which occurs in the coefficients of such approxi- 

mate equations is perhaps random in nature. Consequently, instead of a formulation 

using just the same number of equations as the number of unknown sub-loads, a 

possibility of reducing the random errors may exist by a formulation employing more 

than the regularly required number of equations thereby averaging off the inexact 

coefficients. Following this idea, Singh and Paul (1974) presented the Redundant 

Field Point method (RFP) which is essentially based on the spirit of the well-known 

least square technique which is used regularly for curve fitting. This approach will 

be employed in the present study. Thus, M additional points were chosen in the 

calculation of the displacements and equations (22) were modified to take the fol- 

lowing form 

[A] {P} = {x} (28) 

where [A] is a (K+M)xK coefficient matrix with the elements A,,’s defined by 

Ari = (Us)o; — (Us)x, ANd (Us), is the displacement u, at x, due to g;. {P} is an K x 1 col- 

umn matrix composed of the magnitudes of the sub-loads P; and {X} is a (K +M) x1 

(x. — L/2)? 
QR, 

equation (28), it is obvious that the definition of mean-square error, «?, will be given 

right hand side vector with components X,= (k= 1,2,...,K).. From 

by 

(K + M) x &° = (AyP) — X)(AgP) — X) (29) 
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To minimize e«?’, it is necessary that 8 0 (i=1,2,...,K). A set of K simultaneous 
OP, 

equations similar to equations (22) will be obtained which can be cast in the matrix 

form 

[A]{P} = [A] LAP} = [A] (x3 (30) 

where [A] is a K x K matrix defined by A; = Ak Ay = AvAy (i,j = 1, 2, ..., K). Thus, in- 

stead of solving equations (22), the problem is to solve equations (30) for the un- 

known magnitude P,’s of the sub-loads q,’s. 

To demonstrate the power of the RFP method, the previous condition of numerical 

sensitivity was reconsidered. M was taken to be equal to K and u; was calculated at 

coordinates x{j = 1,2,...2k) where x; = He + Xj;44), Xen = X41 and the x;,,’s are the co- 

ordinates which define the domains of the various sub-loads q;’s (i = 1, 2,....,K). The 

contact stresses given by employing the above method is identical to those shown in 

Figure 5, thus indicating that the problem associated with numerical sensitivity has 

been cured. Feasibly, the RFP method should prove useful in solving three dimen- 

sional problems as will be discussed later. 
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CHAPTER Iil 

INDENTATION OF AN ISOTROPIC 

SQUARE PLATE 
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3.1. Introduction 

In this chapter, contact problem of an isotropic square plate indented by a rigid 

spherical indentor is solved. There are several reasons to conduct this investigation. 

First, although the main objective of this dissertation is to solve a three dimensional 

contact problem for an orthotropic laminate, isotropy is a special case of orthotropy. 

Thus, solving the isotropic problem can provide knowledge of both theoretical and 

numerical concerns. Theoretically, a three dimensional contact problem must deal 

with a surface for the contact area, rather than a length as has been treated in a two 

dimensional beam problem. Feasibly, the characteristics of the contact surface may 

be gleaned from the isotropic case. Furthermore, since the problems considered in 

this dissertation involve a finite boundary, knowledge of the effect of the boundary 

support conditions upon both the contact surface and the structural behavior is ex- 

tremely desirable before introducing any material anisotropy. Moreover, such 

knowledge may also be of importance for an experimental study. For example, dur- 

ing an indentation test of composites, the specimen is usually supported by some 

type of mechanical fixtures. Therefore, information is often needed about the cir- 

cumstances under which the experimental results will not be affected by the specific 

support conditions. Numerically, a three dimensional problem usually requires im- 

plementations along both of the in-plane directions. To develop step-by-step numer- 

ical implementation procedures, especially the procedures which are able to assure 

numerical convergence for an anisotropic case, it is necessary to have a thorough 

understanding of the approach when the material anisotropy vanishes. 

The present study will begin with a description of the physical problem. The main 

emphasis will be placed on developing an approach to achieve a solution. Basically, 
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the approach foilows the method used for the previous beam problem. In other 

words, the displacement field in a prescribed contact area wil! be determined first to 

establish the contact relations, in order to obtain an approximate solution for the 

contact stresses. However, presentation of the detailed approach will be preceded 

by a discussion concerning the distinction between a three dimensional problem and 

the two dimensional case and the required caution in extending a two dimensional 

approach to solve the present problem. In solving for the displacement field, the 

simplicity due to material isotropy is illustrated and used to obtain an expression for 

the transverse displacement which is much simpler than the approach presented by 

Pagano (1970). Numerical results are presented for cases ranging from a small in- 

dentation to a large contact area. For the latter cases, the so-called hypotrocoidal 

shape for the contact area is introduced. The limits of validity of both the circular 

contact area and the Hertzian type distribution for the contact stresses are investi- 

gated. 
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3.2 Statement of the Problem 

A single-layered isotropic square plate is considered, as shown in Figure 6. It is 

simply supported on all edges so that only normal! displacement but no tangential 

displacement is allowed along each edge. The plate is indented by a rigid sphere at 

the center of the top surface. Friction between the plate and the indentor is neg- 

lected. Both the domain of the contact region, Q(x, y), and the contact stresses, 

f(x, y), under the indentor are to be determined. The expressions for the stress 

components in this case are (Love, 1954), 

on] fata a A Uy 

oo|=| 1 Ata A Uy (31.1) 

Cag A A At 2u | | up. 

523 Uz t Ug 

Oa, | =H! Ug, + 43 (31.2) 

O19 Uo.4 + U4 9 

where u;(j= 1, 2,3) are the displacement components along the three coordinate 

Ou 
axes and W,= anette. Also, 4 and p are the same Lame constants as those used 

in the previous beam problem. Therefore, the governing field equations in terms of 

the displacement components are 

C304, 44 + HU, 99 + BUY, 33 + Colla 19 + Colla, 13 = 0 (32.1) 

Cyly 49 + Ha 44 + Calo, 22 + HU2 93 + Cpls 23 = 0 (32.2) 

CyUy 13 + Cpla 03 + HUg 44 + HUs 29 + Cols 9g = 0 (32.3)



2 2 

where U1 = = ux, y, 2), Una = oe tal y, Z)...etc. In addition, C,=A + 2u and 

C,=A+y. The origin of the z coordinate is at the mid-plane of the plate. Therefore, 

the boundary conditions along the through-the-thickness direction are, 

aX Ys )=— MK y), for (x, y) in Ax, y) (33.1) 

G4a(X, Y, — 4 )=0, e/sewhere (33.2) 

054(% ¥s— 2) = 29% Ys) =0 (33.3) 

633(X, y 2) = oealx, yA) = cai(x, y,2)=0 (33.4) 

where o; (i, j= 1, 2, 3) are the stress components and h is the thickness of the plate. 

Next, in correspondence to equation (4.5), a certain contact relation must be satisfied 

by the points in contact between the plate and the indentor, i. e., 

2 2 

us(L/2, L/2, —h/2) — use, y, —h/2) =A EO EY) in aex,y) (93.8)   

where L is the edge length of the square plate. Meanwhile, the simply supported 

edge conditions require 

644=Up=U,=0, for x=0, L (33.6) 

Oop =U, =Ug=0, for y=0, L (33.7) 
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3.3 Overview of a Three Dimensional Contact Problem 

In this dissertation, an attempt is made to solve the three dimensional contact prob- 

lem by applying and extending the previous approach for the beam problem. Atten- 

tion has to be paid to the distinction between a three dimensional problem and a two 

dimensional study in order to understand the additional considerations required in 

making the extension. The major consideration basically concerns the fulfillment of 

a correct contact area. Prior to the presentation of the solution method for the pres- 

ent isotropic case, the possible shape of the contact area will be discussed to intro- 

duce the hypotrocoidal shape of contact area. 

3.3.1 Criterion for a Correct Contact Area 

In solving an impact problem, one of the major concerns is the history of the varying 

contact surface. Correspondingly, for a three dimensional indentation problem, the 

main issue is the domain of the contact area for any magnitude of indentation. Ex- 

cluding any material anisotropy, knowledge of the effects of the edge support condi- 

tions upon the shape of the contact area may still be formidable. At the initial stage 

of indentation, the contact area may be small enough so that the effect of the bound- 

ary conditions is negligible. In such a case, the contact area is feasibly a circle and 

the distribution of the contact stresses is likely to follow Hertz’s law. However, three 

questions may be posed for such a solution. The first two are associated with the 

validity of Hertz’s law and the circular shape of contact area. The third one has to 

do with the shape of the contact area and the contact stress profile when the effects 
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of boundary conditions prevail. An additional question may be raised as to whether 

the validity of Hertz’s law or the circular contact shape will break down first. 

Answers to the afore-mentioned questions will provide clues for the solution of the 

orthotropic contact problem. In comparison to the present problem, the previous 

beam problem with cylindrical indentation is much easier since the contact area is 

simply a length. Thus, the significant difference between these two problems is ob- 

vious. For the previous cylindrical indentation problem, the contact length is always 

a permissible one regardless of the magnitude of the length. Alternatively, this 

means any length of contact is practically possible from which the total indentation 

load may be determined. In contrast, for a general three dimensional problem, the 

ratio between the contact lengths along different in-plane directions is fixed for a 

certain length along an in-plane direction as has been mentioned in the first chapter. 

Therefore, an arbitrarily prescribed contact area may not be physically possible, es- 

pecially when the effects of the finite boundary conditions are significant. For an ar- 

bitrary contact area, the contact length in one direction may be either longer or 

shorter than the correct one with respect to the contact length in another direction. 

Subsequently, the following implications will be demonstrated, which is in the spirit 

of the approaches for the studies made by Singh and Paul (1974) and Paul and 

Hashemi (1978, 1980). For a length which is longer than the correct one, a tendency 

of separation between the indentor and the plate may exist along that direction. Thus 

the contact stress near the contact boundary is likely to be tensile. On the other 

hand, if the prescribed contact length is shorter than the exact one, the contact stress 

in the neighborhood of the contact boundary may exhibit a higher compressive value 

than the correct magnitude. Thus, the length of contact along that direction has to 

be increased to redistribute the undue high parts of the contact stress profile. In 
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summary, the contact stress around the contact boundary along some of the in-plane 

directions may be tensile if the contact area is imposed arbitrarily in solving the 

problem. Alternatively, a correct contact area is one which is subjected only to all 

compressive contact tractions in the vicinity of the contact boundary, as will be illus- 

trated later in this chapter. 

3.3.2 Hypotrocoids of Four Lobes 

Following the afore-mentioned arguments, a question still exists as to the shape of 

the contact area when the effects of the boundary conditions influence the local con- 

tact behavior. For the present isotropic case with symmetric loading and boundary 

conditions, there is no distinction between the x and the y axes. Therefore, the con- 

tact lengths in the x and the y directions will be the same regardless of the magnitude 

of the contact length and the amount of indentation. However, the behavior along a 

45° direction which passes through the corners of the plate will be different. The 

length along this direction is greater than those along the coordinate axes and thus 

it is comparatively easier to bend and induce a transverse deflection along the diag- 

onals of the plate. However, the relative fraction of the total load carried along dif- 

ferent directions is unknown. Therefore, without any further investigation, it is not 

possible to predict whether the contact length along the 45° direction will be Jonger 

or shorter than that along the x or the y axis. In any case, a curve which evenly 

intersects the x and the y axes and gives either a greater or a shorter length along 

the 45° direction is appropriate for representing the contact boundary. Geometrically, 

a curve possessing such properties is a hypotrocoid, which is often used in designing 

gears and rotors for a transmission system. Specifically, the desired curve is a 
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hypotrocoid of four lobes which satisfies the symmetry pattern for an isotropic square 

plate. Referring to Holmes (1978), a typical hypotrocoid of four lobes is shown in 

Figure 7. It can be defined by the following coordinates, termed the freedom 

equations, 

xX = 3r, sin(@) —tsin(36) , y= 3rg cos(@) + tcos(38) (34) 

where rs; and t are the parameters which control the appearance of the hypotrocoidal 

curves. Both rs and ¢t are positive with O<¢t<rs, and @ is the angle measured clock- 

wise from the positive y direction. The intersection of this curve with the coordinate 

axes occurs at a distance kx = 3r,; +f, away from the origin. Therefore, to generate 

a set of such curves with a fixed intersection on the coordinate axes, it is only nec- 

essary to impose different values for t and take rs = (kx — 9/3. For the purpose of 

demonstration, such a set of constant-intersection hypotrocoids which give shorter 

lengths along the 45° direction than the distance from the intersection with a coordi- 

nate axis to the origin is displayed in Figure 8, and is referred as group A. The pa- 

rameter ¢ is taken to range from 0.02 to 0.12 and the coordinate of the intersection 

along the coordinate axes kx is taken to be 1.0. To produce a set of similar curves 

which give longer lengths along the 45° direction, referred as group B, a coordinate 

transformation is made in equations (34). The freedom equations in this case can be 

shown to be 

x =3r, sin(@)+¢sin(36é) , y=3r, cos(@) — tcos(3é@) (35) 

A set of curves of group B with the same parameters fs, f, and intersection ky, is il- 

lustrated in Figure 9. However, as will be verified later, only the curves of group A 

are useful in pursuing the correct contact area for the relative large indentation con- 

dition in which the effect of boundary conditions are important. 
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3.4 Analytical Procedures 

To develop the method for solving the present problem, the same precedures as 

used in the previous approach for the beam problem are followed. Since, in concept, 

both the contact area Q(x, y) and the distribution of contact stresses f(x, y) are un- 

known, the problem is more ill-posed than the previous beam problem. The only 

known information is that the contact area will be deformed so that its transverse 

displacements u; remain in contact with the surface of the indentor thus giving rise 

to identical curvatures. In consideration of these factors, the problem will be solved 

in several steps. First of all, a candidate contact area will be proposed. Although the 

contact area for the present problem is possibly either a circle or a hypotrocoid as 

mentioned earlier, it should be noted that any proposed contact area is subject to 

numerical verification. A discretization over the contact area will be made in order 

to define various uniform sub-loads over each sub-area in the contact region in order 

to construct an approximate representation of the unknown contact stresses. Next, 

similar to the approach used in treating the previous beam problem, the magnitudes 

of the sub-loads will be solved in two steps. In the first step, the transverse dis- 

placement at the each point in the contact area due to each sub-load of unit magni- 

tude is found. In this step, however, instead of superposing a bending theory and an 

elasticity solution as was used in the approach by Sankar and Sun (1983), a closed 

form solution for the transverse displacements is obtained based on the exact sol- 

ution method developed by Pagano (1970). However, although Pagano’s approach 

can be immediately applied, the formulation employing exponential functions as used 

by Pagano (1970) requires dealing with large numbers for the coefficients in the final 

algebraic equations. His procedures is inefficient and inconvenient for numerical 

implementation, especially if a multi-layed plate is considered. Therefore, in solving 
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for the displacement field in the present problem, Pagano’s approach (1970) will be 

modified by using hyperbolic functions. Furthermore, because of the necessity of 

considering a polygonal region to approximate the proposed contact area, an exten- 

sive effort will be undertaken in deriving the expressions for the Fourier coefficients 

for the series expansion of a typical sub-load. A complete algebraic formulation is 

then conducted which will result in closed form expressions for the transverse dis- 

placement field and the other field quantities. 

Although the current study of the isotropic problem deals with only a single layer, it 

is expected that the approach developed here will prove to be very useful in the study 

of multi-layered isotropic plates. Based on the transverse displacements obtained for 

the points in the proposed contact area, a set of simultaneous contact relations are 

established in a three dimensional manner by following the same procedures for in- 

dentation as used in solving the beam problem. A candidate approximate solution for 

the unknown contact stresses can be obtained by solving the formulated simultane- 

ous equations for the magnitudes of various sub-loads. The candidate solution is 

then checked to see if compressive stresses are obtained at all points inside and 

around the contact boundary. !n case of any violation of the afore-mentioned criterion 

of contact, the solution procedures are repeated by proposing a modified candidate 

for the contact area based on the previous one. This procedure is performed until the 

contact criterion is satisfied everywhere. 

3.4.1 Composition / Discretization of Candidate Contact Area 
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In extending Sankar and Sun’s method (1983) for a beam, to the problem of a plate, 

It is noted that differences arise in the representations of the contact area and contact 

stress profile. For a beam, the contact area, i. e., the contact length, is always the 

exact one regardless of the manner of discretizing the contact area to establish the 

sub-loads and to obtain the real contact stress distribution. For a plate however, a 

typical proposed contact area, whether it is circular or non-circular, can only be ap- 

proximated by a polygonal! region composed of various sub-areas as shown in Figure 

10. Each sub-area is subjected to an individual uniform sub-load. The exact pre- 

scribed contact area is thus approached asymptotically when the divisions are made 

increasingly small along both of the in-plane directions in the contact area. Further- 

more, because of logical reasoning that the contact stress distribution will be more 

uniform in the central portion than around the boundary of the contact area, the non- 

uniform discretization scheme used in solving the beam problem will be employed 

along both of the in-plane directions for the present problem. Thus, taking into ac- 

count the symmetry of the problem, only one quarter area of the contact region will 

be considered and a loading factor of 4 will be used for each sub-loading area. 

Following the above arguments, it is possible to label all the sub-loads as well! as the 

sub-areas as follows. For example, for a typical sub-load f,, where k = 1, 2,..., K; 

{= 1, 2,....,,K —k+1 for the case of K divisions on each of the semi-contact lengths 

a and b along x and y axes respectively, the corresponding sub-area will be 

An r=4%ea1 Vin Mi) KEPEK +1 (36.1) 

Aa x = Agu — 1) + 2% — XV 41 — Vi) Axa = Ac ty + 22 — VOX 44 XK) (36.2) 

Ani 44 —) = Ani — ay + 2% + Xu et — 2x)(Vegok—Ve41—w k = 2, 3, wy K— 1. (36.3) 
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Apparently, the sub-area is a rectangle ifk+/4K+1. lfkK+/=K +1, the sub-area 

is the summation of a rectangle and a small triangle or a tapered area. The total 

number of sub-loads (or sub-areas) is K x (K + 1)/2 and the approximated polygonal 

region will underestimate the exact candidate contact area. However, by allowing the 

number of divisions to increase, which implies involving more points in obtaining the 

approximate contact stresses, the approximated area will approach the exact one. 

3.4.2 Response due to a Typical Sub-load 

Consider a typical sub-load f,,, which is symmetric with respect to the center of the 

plate over the corresponding sub-area Ay. For this sub-load, the governing equations 

are the field equations (32) and the boundary conditions (33). Employing Pagano’s 

approach (1970), the load f,, will be expanded in a double Fourier series, i. e., 

f= >, >, Tam Sin(p x) sin(q y) (37) 
n=im=1 

“, g =. The expressions 

for the T,m’s for the various sub-loads are derived and listed in Appendix-A. Obvi- 

where the 7,,’S are the Fourier coefficients and p= 

ously, the response due to f, is the sum of all the contributions given by all of the 

Trm’S. Therefore, it is necessary to formulate the method to be used in solving for the 

response due to each Thm. 

3.4.2.1 Expressions for the Displacement Functions 
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At the outset, the expressions for the displacement components are assumed to be 

in the following form in order to satisfy the boundary support conditions posted in 

equations (33.6) and (33.7), i. e., 

u, = U,(z) cos(p x) sin(q y) (38.1) 

Uy = U,(z) sin(p x) cos(g y) (38.2) 

U, = U,{z) sin(p x) sin(q y) (38.3) 

where the functions U,; (j= 1, 2, 3) are functions of z only. Substituting equations (38) 

into equations (32), this give rise to the equations for the U,’s. (j = 1, 2, 3) 

[nD® ~ (C,p* + uq°)U, — CypqU, + CypDU, = 0 (39.1) 

— Cypqu, + (wD? — (up? + Cyq”)]U, + CyqDU, = 0 (39.2) 

— C,pDU, — CygDU, + [C,D? — u(p? + q’)]U, = 0 (39.3) 

where D ==. Following the previous approach used for the beam problem, the U; 

are expressed as K,e* where the K;’s (j= 1, 2, 3) are constants. The characteristic 

equation derived from equations (39) is 

up’ — Cap* — ng? — C,pq Cypp 

— Cypq up” — up — C.q° Cyqp = 0 (40) 

— Cypp — Cypp C.p° — u(p” + q°) 

Solutions for the characteristic equation (40) are in the form of triply repeated pairs 

of roots p= +r, where r=./p*+q?. The displacement functions can therefore be 

expressed in terms of the exponential functions as presented by Pagano (1970). 
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However, instead of using the exponential functions, the hyperbolic functions are 

employed here for convenience. Thus, the displacement functions may be expressed 

as 

Uy = (a4) + agZ + 25:2°)Ch + (Gq) + AgizZ + AGZ)S), (41) 

where i= 1, 2, 3, and a; (j= 1, 2, ...,6) are unknown constants to be determined. In 

addition, C, = cosh(rz), and S, = sinh(rz). In equation (41), there are 18 constants of 

which only 6 are independent. To deduce the various relations between the unknown 

constants, equations (41) are substituted into equations (39). This results in 18 

equations for the a;,’s. Solving these equations, the following relations are obtained. 

  

  

85; = ag = 0 (j= 1, 2, 3) (42.1) 

g 443 r | 431 
Ge+n=paerm (i=1,2); => (42.2) 

433 G44 

443 4 a1 420 C, | 431 
=F1P +q — Dp (42.3) 

43 a4 449 444 

A+3u 
where C, = +n Thus, the independent constants are taken to be ay, aa, 

G12, G22, 4, Au. !n this way, the expressions for the U;’s can be rewritten as 

Uy = (244 + 2834)Cy + (Aq + 2844)Sp, (43.1) 

q q 
Up = (849 +2 Ag1)Cy + (Gg2 +2 4a1)Sp (43.2) 

    

Pao, + Jang Cay — ZF Ag4 Par t+ ayn — CyGgs — 2F Ay 
U, = r p C,, + —— 5 |s, (43.3) 
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It should be noted that, similar to equations (42), the relationships between the un- 

known constants have been proposed by Pagano (1970) with the use of exponential 

functions. In particular, equations (42.1) are found to be identically obtained. How- 

ever, the remaining relations are different from the results derived by Pagano (1970). 

3.4.2.2 Expressions for the Out-of-Plane Stress Components 

To solve for the unknown constants appearing in equations (43), it is necessary to 

derive the expressions for the stress components and then apply the boundary con- 

ditions (33). Of primary interest are the out-of-plane stress components a3; 

(j = 1, 2, 3) since the boundary conditions are in terms of out-of-plane stresses only. 

Taking the appropriate derivatives of the displacement functions (43), and recalling 

the stress-displacement relations (31), the out-of-plane stresses can be deduced to 

take the form 

Gag = {2u[P(Aq4Cp + An4Sp) + W(G42Cp + 2q25p)] + 24834 + Zp@44} sin(ox) sin(qy) (44.1) 

pg 
Bag = HLF (4448p + Ap4Cp) + By(aq25p + AggCp) + Zgaqq + 24244} sin(px) cos(qy) (44.2) 

Pq 
Gay = UL —E— (q2S8p + AoC) + BglaqiSp + aq1Cp) + 2549 + Zg@44} COs(px) cos(qy) (44.3) 

where, 

21 = GalCn + BaSy, 2p = GaZSn t+ BaCy, 23 = Qp2Sp, + BC (45.1) 

Z4 = GpzC, + B-Sp , Zs = 2rzSp, + B.C, ’ Z5 = erzC, + BS» (45.2) 
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2 gq 
Ya=—~p» G= p> B,= (1+ 2u) > Be, By=---+Fr (45.3) 

=+—+r, B,=1-C, (45.4) 

3.4.2.3. Imposing the Boundary Conditions 

The boundary conditions in the through-the-thickness direction, i. e., equations (33.1) 

to (33.4) will be satisfied next. For a typical term 7,, in equation (37), the following 

equations can be deduced. 

h 
O3q(X, Ya) =0 - 

2ulp(ay,Cy + A484) + GAC, + az2S4)] + 24 4831 + Zp 4444 = 0 (46.1) 

h ; , o2e(X Vs) = — Tam sin(px) sin(qy) > 
2ulP(aq4Cy. — 4945.) + G(aygCy — Ag9S,)] + 2, aay + 2 _Ag4 = — Tam (46.2) 

h 
Oa0(X, Y, 5 )=0 —_ 

Pq 
Ee (A448 4 + 9404) + BylayaS, + A92C,) + Zy 4894 +24 484, = 0 (46.3) 

h 
8 30(X, y,— a )=0 > 

pq 
a (= 4484 + A94C4) + Bel — A425, + Go2C,) + Zg_ ag, + Z4 Ag, = 0 (46.4) 

h on(%¥t)=0 3 
Pq 

BY(a44S4. + @y,C,) + fF _ (@49S, + AoC ,) + 25 4934 + Z5 4441 =0 (46.5) 
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h 
O31(X, ¥, “= 0 7 

Pq 
Bal ~_ 44454 + G,C,) + Tr ( — By994 + Ay7C,) + Zs 43; + 25 444 = 0 (46.6) 

where the Z,,’s and the Z,_’s (j= 1, 2,...,6) are the values for the functions Z,’s 

evaluated at z= and z= -2 respectively. It can be shown that Z;,_=— Z,, if 

j=1,4,6, and Z,_ =: 2,, if j= 2, 3,5. In addition, C, = cosh(rh/2) and S, = sinh(rh/2). 

Rearranging equations (46) gives 

(46.1) + (46.2) 

  

Ga — Tam 
2y(Paq4 + Gare) + (AA, + Ba)ag = Ze (47.1) 

+ 

(46.1) — (46.2)4 

Ya Tam 
2u(pag, + Faq) + (—S~ he + Ba)aa = 2S, (47.2) 

(46.3) + (46.4)> 

Pg rg 
F_ 44 + By aoo + (6B, + Pp hHy)as, =Q (47.3) 

(46.3) — (46.4)> 

Pq rq 
“T 444 + B,a42 + (B, + p_ hHo)aa =0 (47.4) 

(46.5) + (46.6) 

Pg 
Bgao, + —F— 49 + (8, + rhH;)az, = 0 (47.5) 

(46.5) — (46.6) 

Pq 
Bea, + Fr 449 + (B, + rhHo)ag, =0 (47.6) 

  

S 
where H=—, He = = 

+ + 

known constants appearing in them. These solutions are 

The above equations can be readily solved for the un- 

q — 2r q —er 
H2= party Bar = Ki Far» B22 =p Bary 431 = RK at (48.1) 

and, 
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_ __ Tam Tam 
a4 aC 4k,C, ' 721" akyS, 

  (48.2) 

where, 

K;=B8,+rhH;, Ko=B,rhHe (48.3) 

r? 

p- 

2 4 1 
{u— Ko [urhH,+C,B,]}, ky => {a+ Kk, [urhHe + C,B,]} (48.4) k= 5 

3.4.2.4 Transverse Displacement on the Top Surface 

Substituting z= -4 into equation (43.3), the displacement function U; on the top 

surface, referred as Uy, will be 

4 1 rhs, rhc, 
Us, = [P(Ga1C 4 — 4454) + G(Gn2C4 — 84954)] + Dp [( a CC, )ag1 + (C,S4 — a Jaga] 

Via equations (48), the above expression may be written as 

    

Tam H; He 
U3, —_ 4 (4 + C,)( k Ke + kgky ) (49) 

where, 

p ‘ 
ko = k= rlu — Kern + C,8.)] (50.1) 

p 1 
kg =" Ky = Fb — Ky (urhHe + C,B,)] (50.2) 

Thus, from equation (38.3), the transverse displacement at any point P(x, y) on the top 

surface, due to a typical term T,,, in equation (37), is Ux sin(o x) sin(q y). By summing 
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up the contributions due to all of the T,m’s, the transverse displacement u; at P(x, y), 

due to a typical sub-load f,, will be 

(us) = >, >, Us, m) sin(p x) sin(q y) (51) 
n=zin=1 

3.4.3 The Indentation Problem 

Having solved for the transverse displacement for any point of interest P(x, y) on the 

top surface of the plate due to a typical sub-load 4, the procedures of the Point 

Matching Method employed in treating the beam problem can be easily employed in 

a three dimensional manner to solve for the magnitude of various sub-loads P,,. First, 

in view of equations (20), the simultaneous equations based on the contact relations 

on the top surface of the plate for the present case will be 

L | L 
(xi “> ) + (Yj- >) 

(Us)p —_ (U3); = OR ; i, J = 1, Qyevery K. (52) 
  

where (Us)) = u; at x= y= =. 

the contributions due to all of the sub-loads f,,’s, equation (21) can readily be modified 

and (us), = us at (x, y;). Meanwhile, upon considering 

to take the form 

K K~K+1 K—-kK+1 

(Ug)o = » » (Us)o, Pk» (Ua) > » (Ug) ij, xP ki (53) 
k=1 /=1 k=1 /=1 
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for the case of K divisions made on both of the semi-contact lengths a and b. In 

equation (53), (Us)o,«u is the displacement (us). due to sub-load f,,, and Py, is the magni- 

tude of f,,. Consequently, 

K K-k+1 L L 
‘ (xi- >) +(Yy- >) _ 

» » L(ua)o, ki (U3) jp, wi lP xy = OR » fy f=, 2,....,K. (54) 

k=1 [=1 
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3.5 Numerical Implementation 

3.5.1 Technical Remarks 

The numerical procedures employed for the present isotropic plate problem are the 

same, in spirit, as those used for the previous beam problem. However, due to the 

inherent difference between a three dimensional problem and a two dimensional one, 

the present problem requires a more extensive caution in the numerical implemen- 

tation. First of all, for a certain contact length along one of the in-plane directions 

(taken to be the x axis, for example), the problem is to find the correct associated 

contact area. For this, it may be necessary to propose several trials for the contact 

area to implement the development of the method of solution. As can be seen from 

the derivation of the solution procedures, each trail requires double summations in 

finding the displacement field. Therefore, the CPU cost is expected to be much 

higher than in the previous beam case. Technically, The non-uniform discretization 

scheme proposed in equation (25) will be used along both of the in-plane directions 

to discretize the present contact region. The method of detecting terms developed 

in solving the beam problem will be similarly applied here along both the x and the 

y directions. Meanwhile, the Redundant Field Points Method (Singh and Paul, 1974) 

will be employed as well to preclude the extreme numerical sensitivity which has 

been experienced previously. In this regard, M more points are chosen along both 

the x and the y directions to calculate the displacements. Due to the involvement of 

double summation, equation (54) is now modified to read 

LA’ ]{P’ }={X'} (55) 
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where [A’] is a Mx x Kr coefficient matrix with My = (K + M) x (K+M 4+ 1)/2, Kr=K 

(K+ 1)/2, and the elements A’,’s are defined by A’, = (Us)os— (Us). where /=K 

+ (K — 1)+... 4(K —i+ 1)4+j, and J=K+(K—1)+...4+ (K-—A+1)+/. {P’} is a K;x 1 

column matrix containing the magnitudes of the sub-loads P’,’s, and {X"} is a Mx x 1 

right hand side vector with components X’,= [(x; -)+ (y;- 5) WC2R). As a 

counterpart of equation (29), the definition of the mean-square error e? in the current 

case will be given by 

  

2 , , ? ‘ , ; 

My x & = (A yP'y — X' A’ P57 — X’5) (56) 

2 

Minimizing «? requires Zz = 0 (/ = 1, 2,...., Kr). A set of Kr simultaneous equations 
J 

equivalent to equations (29) can be obtained in the following form 

[A’]{P’} = LA'VTAI(P'} = LA (X} (57) 

where [A’] is an K;x Kr matrix defined by A’ = A'LA'y = A’wA’y (i, f= 1, Qyees Kr). 

Equations (57) are to be solved to conclude the numerical procedures in finding an 

approximate solution for the unknown contact stress. 

As to the problem of numerical convergence, it is clear that the rates of convergence 

along both of the in-plane directions should be the same. Because of isotropy, this 

implies that the number of terms required to calculate (us), «4 and (Us), ~ are the same. 

Thus, (us), should be calculated in the same way as (us),, and eventually Py, = Py, to 

be consistent with physical reality. The afore-mentioned argument can serve as an 

additional check against the results obtained for the contact stress distribution. 

3.5.2 Numerical Results and Discussion 

63



For the purpose of demonstration and with an intention of maintaining consistency 

with previous study of the beam problem, the same material properties will be used 

for the isotropic plate and its edge will have a length equal to the length of the pre- 

vious beam. The thickness of the previous beam will be adopted here as well. Inthe 

numerical examples, various lengths of contact along the coordinate axes are con- 

sidered ranging from a small indentation with semi-contact length a=c=0.5h to a 

large contact area in which a=c = 4.0A. 

First, the case of c=0.5h is implemented. The contact area is taken to be a circle 

with various numbers of divisions on the length c. The contact stress are found to 

be all compressive over the contact area and thus the proposed circular shape for the 

contact area is correct for such a smali indentation condition. The convergence of the 

total contact force with respect to the number of divisions, K, on c is investigated at 

the beginning and is shown in Figure 11. It is obvious that the total contact load 

converges very quickly even with a small number of K which may be less than 10. 

For K=8,9,10, for example, the total contact force is essentially constant. For 

K = 10, the distribution of contact stresses along the y direction for various x locations 

is shown in Figure 12. The contact stress was normalized with respect to an inti- 

=<, where P is the total contact load and the mated average contact stress, og = 

y coordinate was normalized with respect to the semi-contact length c, i. e., 

y =(y —L/2)/c. As can be reasonably expected, the distribution in this case retains 

the Hertzian type behavior and is close to an ellipsoid in shape. In particular, it 

should be noted that the curve of contact stress along x = 0.0(x = (x — L/2)/c) in Figure 

12, i. e., the radial direction, is the same as the result presented by Keer and Miller 

(1983) for a contact problem of a circular plate with the same contact length. Appar- 

ently, this indicates that the size of the contact region in this case is sufficiently small 
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so that the local contact behavior is not affected by the finite boundary of the plate, 

regardless of its shape. 

For the case of c = 1.04, the contact area is also taken to be a circle for the first at- 

tempt and is proven to be correct as well since the contact stresses over the circular 

area are found to be all compressive. With the same scheme, the normalized contact 

stress for c= 1.0h is plotted in Figure 13 versus the normalized y coordinate along 

the length c. It is clear that the distribution in this case can not be represented by the 

Hertzian type solution. However, although the deviation of the contact stress from 

Hertz’s law is visible, it is still not very appreciable. 

The next example to be considered is the case of c=2.0h. For the first attempt, the 

circle is still proposed to be the candidate contact area. A three dimensional surface 

plot is displayed in Figure 14 using the same normalization scheme to illustrate the 

contact stress distribution over a quarter region of the proposed circular contact area. 

There is a abrupt ascending, i. e., a steep jump of compressive contact stress near 

the end of the contact lengths along both of the x and the y directions. Whereas, 

numerically, it is observed that contact stresses in the neighborhood of the contact 

boundary around the 45° direction exhibit a small tension. Thus, the proposed circu- 

lar contact area fails to represent the true contact region. Due to the presence of a 

slight tension along the the 45° direction and a steep compression along O° and 90° 

directions, an implication can be drawn that the contact length along the 45° direction 

should be reduced from the original length or, alternatively, the contact lengths along 

the x and the y directions should be increased comparatively. This suggests the 

consideration of a hypotrocoidal shape of group A as shown in Figure 8 as a candi- 

date to represent the contact area. For the second attempt, a hypotrocoidal curve 
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with a small parameter G=p= 0.01 is taken to implement the solution approach. 

Even such a small parameter C, is found to produce all compressive stresses over 

the contact area as shown in Figure 15 in a three dimensional manner for the nor- 

malized contact stress. The distribution is further demonstrated in Figure 16 in a two 

dimensional fashion by plotting the similarly normalized contact stress along various 

radial directions with respect to the x axis versus a normalized radius, r= Je +y¥, 

where x = (x — L/2)/c, y = (y — L/2)/c. Due to isotropy and the symmetry of the plate, 

only the directions ranging from 0° to 45° passing through the corners of the plate are 

included. It is obvious that the contact stress distribution in this case deviates sig- 

nificantly from the Hertzian type solution. Peaking occurs near the boundary of the 

contact region. Similar to the phenomenon detected by Keer and Miller (1983), a 

slight wrapping of the plate around the spherical indentor prevails in the central por- 

tion of the plate where the magnitude of the contact stress is reduced considerably. 

As can be seen from Figure 16, the maximum value of the contact stress is located 

at approximately r= 0.8 in this case and can be as high as 45 % of ow. While, the 

minumum contact stress which occurs at the center of the contact region is just about 

13 %. Thus, although the correct contact area deviates only slightly from a circle, the 

distribution of contact stresses is far from the Hertzian type result. The afore- 

mentioned wrapping also diminishes the directional dependence of the contact stress 

over the corresponding region. As can be seen for r<0.7, for example, the contact 

stresses are distributed equally along all of the in-plane directions. In the outer re- 

gion of the contact area, the orientational dependence of the contact stress distrib- 

ution is visible. The 0° direction passing through the mid-span of the plate contains 

the maximum profile of the stress. The magnitude is reduced gradually when one 

goes from the 0° direction to the 45° direction where the contact stress profile reaches 
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its minimum. However, it is evident that the distinction between the contact stresses 

along different in-plane directions in this case is nearly negligible. 

The last example to be considered is the case of a comparatively large indentation 

with c = 4.0h. In order to obtain a thorough understanding of how the solution for this 

case is achieved, the first choice for the contact area is taken to be a circle. Results 

for the corresponding candidate solution for the contact stress is presented in Figure 

17. Severe tensile stresses are observed in the vicinity of the contact boundary in a 

direction of oriented approximately 45° with respect to axes x and y. Along the di- 

rections of the x and the y axes, on the other hand, sharp peaks of compressive 

contact stress appear near the contact boundary. Because the proposed circular 

area fails to represente the correct contact region, the use of a hypotrocoidal curve 

with C, = 0.02 is motivated in the second attempt at proposing the shape of contact 

area. The corresponding solution for the contact stress distribution is shown in Fig- 

ure 18. As can be seen, a serious reduction in the amount of tension obtained by 

previously proposing a circle for the contact area is not visible in the current attempt. 

In the next trial, the previous C, is doubled, i. e., C, is taken to be 0.04. The contact 

stress distribution for this attempt is displayed in Figure 19. It is obvious that the 

reduction of the severe tension is still marginal. For the next attempt, the magnitude 

of C, is taken to be 0.06. As shown in Figure 20, apparently, the abrupt tension still 

exists in this case although it is decreased in magnitude by a considerable amount. 

Finally, by taking C, = 0.075, the tension is eliminated. Normalizing by the same 

scheme as used in the previous case, the contact stress versus radial distance re- 

lation for this case is presented in Figure 21. For comparison and for the purpose of 

revealing the influence of the boundary effects arising from different geometries of 

the plate, Keer and Miller’s solution (1983) for the same amount of indentation is 
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displayed. It is obvious that the contact stress in this case is extremely non-Hertzian. 

Near the central region of contact where r/c<0.25 approximately, the contact stress 

is essentially zero for all the directions. While close to the contact boundary along 

any direction, a steep peaking of the stress is observed. As mentioned by Keer and 

Miller (1983), this indicates full wrapping of the plate over the indentor is developed 

in this case which results in zero shear stresses on the plate over this region. As to 

the directional dependence of the contact stress, apparently, the contact stress is 

distributed identically along any in-plane direction for a circular isotropic plate. The 

result for the present case is quite different from Keer and Miller’s solution (1983). 

The first distinction which is to be noted from Figure 21 is the size of the region of 

zero contact stress. For the square plate, it is evident that, from the central region 

to the border of the contact area, the contact stress along any direction gains in 

magnitude earlier than for the circular plate. This implies that, near the center of the 

contact area, the domain of the region free of contact stress in the square plate will 

be smaller than in the circular plate for the same magnitude of indentation. In addi- 

tion, from center to the boundary of the contact area, the contact stress distributions 

along different directions reach their peak values at different locations and have dif- 

ferent magnitudes which are all different from the result for the circular plate. For 

@ = 0°, for example, the peak value of the contact stress can be higher by 25 % than 

the circular plate result, although their locations are nearly the same. Thus, the 

contact stress along the directions of coordinate axes,.i. e., passing through the 

mid-span the square plate, is distributed over a wider region than in the circular 

plate. Due to a shorter length of contact, the contact stress along the 15° direction is 

distributed over a narrower range than along the 0° direction. However, in compar- 

ison with the case of a circular plate, the peak value of the contact stress along this 

direction is higher by about 15 % and the corresponding location is closer to the 
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center of indentation. From the 15° to the 30°-direction, both the maximum contact 

stress and the contact length are reduced by about the same amounts as those from 

the O°- to the 15°-direction. Along both the 30° and the 45°-directions, the contact 

stresses are distributed over a similarly narrower width and their peak values are 

found to be smaller than in the circular plate. 

Finally, the relation between the total contact load and the displacement of the 

indentor is established and shown in Figure 22 for various magnitudes of indentation. 

Keer and Miller’s solution (1983) is also included for the purpose of comparison and 

their normalization scheme is employed. Clearly, a difference between the two sol- 

utions is visible for most of the magnitudes of indentation although for relatively small 

indentation condition, the difference is apparently negligible. First, the load- 

displacement relation for the present square plate is found to be located above the 

curve for the circular plate. in other words, in order to have the same amount of in- 

dentation, the required load for a square plate has to be higher than that required to 

indent the circular plate. Accordingly, although the square plate has a larger domain 

since its edge length is equal to the diameter of the circular plate, and because of the 

geometry and the boundary support conditions, the circular plate is still easier to in- 

dent comparatively. Meanwhile, as similarly obtained for the circular plate, the re- 

lation is almost linear for —AR 45 which corresponds to A=0.15 inch and 
(hx h) 

RP/D = 2.47 or a total load P = 522.75 (/b.). Beyond these values, relation increases 

its slope gradually and most likely the nonlinear behavior is initiated. This is in effect 

compatible with the results obtained by the previous investigation for the contact 

stress where the circular contact area becomes invalid and it is necessary to intro- 

duce a hypotrocoidal contact area. 
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CHAPTER IV 

INDENTATION OF ORTHOTROPIC 

LAMINATES 
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4.1. Introduction 

Following the foregoing studies of the cylindrical indentation of a beam and the in- 

dentation of an isotropic plate, the main focus of this dissertation, i. e., a three di- 

mensional contact problem of orthotropic laminates, will be studied in this chapter. 

Guided by the techniques developed and the experiences gained from studying the 

isotropic beam and plate problems, the current problem is to investigate the local 

contact behavior in the indentation site due to the influence of the in-plane depend- 

ence due to material orthotropy, the finite boundary effect, and the multi-layer con- 

figuration. Feasibly, the major concern is to seek the correct contact area over which 

the unknown contact load is applied for any extent of indentation. A successful siting 

of the contact area will lead to a correct contact stress distribution as a consequence. 

To initiate the study, a description of the problem wil! be given first with the consid- 

eration of material orthotropy and a multi-layer structure. A brief discussion will then 

be presented concerning the possible shape of contact area for the current problem. 

Next, the analytical solution method will be developed along with a description of the 

numerical implementation procedures. Several examples are implemented to dem- 

onstrate the results for various sizes of indentation for both single and multi-layered 

laminates. The examples will be based on two different materials and two different 

geometries. An extensive investigation will be made of the effect of material 

orthotropy on the shape of contact area and the distribution of the contact stress. 

Different contact stress distributions along different in-plane directions will be illus- 

trated. The distinction of the results for the present problem from the previous 

isotropic problems will be visualized. 
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4.2 Description of the Problem 

Indented by the same spherical indentor that was employed in the isotropic plate 

problem, an N —layered specially orthotropic laminate is considered. The plate ge- 

ometry and coordinate system used for the previous isotropic square plate as shown 

in Figure 6 will be adopted here. The same type of simple supports will be employed 

along the boundaries of the laminate, i. e., only normal but no transverse displace- 

ment components is allowed along each edges. The out-of-plane coordinate, z, is 

further illustrated in Fig. 23 to show the through-the-thickness configuration. The 

axes of symmetry in each layer are along either the x or y global coordinate axes. 

Friction between the laminated plate and the indentor is also neglected. The objec- 

tive is to find the correct contact area, Q(x, y), and the unknown contact stress dis- 

tribution, f(x, y), under the indentor. The governing field equations for any layer in 

terms of the displacement components u(x, y, Z); / = 1, 2, 3 along the three coordinate 

axes (Pagano, 1970) are, 

(CyUy 44 + Celts 29 + Cet, a3) + Cpe, 12 + Ces, 1g = 0 (58.1) 

Cry 42 + (Cela 44 + Cale, 29 + Cg, 33) + Cog, 23 = 0 (58.2) 

Cay 1g + Colle og + (C5Ug 44 + Cg 29 + Cag, 93) = 0 (58.3) 

2 2 

where U4 = 7 U(X, Y, Z), Ue22= a u(x, y, z)...etc, and C,; k = 1,2,...9, are defined 

in terms of the elements of the constitutive matrix C, (i, / = 1,2,...6) to be C;= Cw 

(i= 1, 2, ...6), and Cy = Cy + Cop, Cp = Crs + Cos, Co = Crs + Cry. 
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The boundary conditions in the through-the-thickness direction includes those on the 

top and the bottom surfaces as well as the continuity conditions on the stress and 

displacement components at the interfaces of the layers, i. e., 

o33(% Ys 24) =— f(x, y), for(x, y) in Q(x, y), (59.1) 

o9a(X, y,Z,)=0, elsewhere (59.2) 

034(X, Ys Z4) = Ga9(X, Y, 24) = 0 (59.3) 

OW(X Vs Zn 41) =F 9 GV Zn 44) (59.4) 

Uj(% Vr Zn 4.4) = u(x, Y,Zn44) (59.5) 

aX, Ys Zy 4.4) =0 (59.6) 

where z,=0 and Zy.,=2Z» are the z coordinates for the top and the bottom surfaces 

of the N —layered lamina respectively, and z,.,, is the z coordinate for the n” interface 

between the n” and the (n + 1)" layers with n = 1, 2,...,N— 1. 07, (i, j= 1, 2, 3) are the 

stress components and the superscripts represent the indices for the layers. In ad- 

dition to the above boundary conditions, the same type contact relation as proposed 

in equation (32.5) are valid over a similarly defined contact area and will be employed 

here. Furthermore, the simply-supported edge conditions as described in equations 

(32.6) and (32.7) will be employed. 
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4.3 Prospective Shape of the Contact Area 

It has to be re-emphasized that finding the correct contact area is the most important 

issue in solving contact problems of the type considered here. Following the deter- 

mination of the shape of the contact area, the remaining task in achieving a solution 

will be simply a matter of applying techniques of numerical approximation. However, 

the previously mentioned criterion for a correct contact area is valid for any three 

dimensional contact problem. Therefore, the primary interest is in finding the shape 

of the contact area for the current problem which includes the effects of material 

orthotropy, finite boundary conditions and the multi-layer configuration. Since the 

present problem deals with specially orthotropic laminates, the laminates may have 

either a balanced or an unbalanced layup. For a balanced layered laminate, first of 

all, it is reasonable that the bending rigidities along both the x and the y directions 

be approximately the same. Therefore, the contact area may resemble that for the 

isotropic plate problem. However, it is definitely of interest to study the differences 

in the results between these two cases. In Particular, the limit of application of the 

circular contact area may be different. Furthermore, if the contact area is indeed a 

hypotrocoid, the hypotrocoidal parameters for the present problem may be different 

from those used for the previous isotropic problem for a certain contact length along 

an in-plane direction. Especially, the structural behavior along the 45° direction which 

passes through the corners of the plate and possesses lower stiffness may be more 

sensitive to the local indentation than the other direction comparatively. For an un- 

balanced layered laminate, on the other hand, the boundary effect is likely to be weak 

in the local contact region at the early stage of indentation. On the other hand, the 

effect of material orthotropy may be strong regardless of the magnitude of indenta- 

tion. Hence, an ellipse seems to be a reasonable representation for the contact area 
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for small indentations. However, for a certain contact length on the major or minor 

semi-axis, i. e., a or b respectively, the length of contact along the other semi-axis is 

likely to be a fixed value for a correct contact area. Within the range where ellipses 

are applicable, the ratio between a and b has to be investigated since the ratio be- 

tween them may not be a constant as a or b varies. As indentation proceeds, the 

influence of material orthotropy is likely to be coupled with the finite boundary effect. 

Recalling in the previous isotropic problem, a circle for a small indentation becomes 

a hypotrocoid for the case of a relatively large contact area. Therefore, an ellipse 

may change to become a distorted hypotrocoid in representing the contact area for 

large indentation conditions by multiplying the original hypotrocoid with a constant 

along one of the in-plane directions. However, the range of validity of the modified 

hypotrocoid has to be investigated as well. 

75



4.4 Formulation of the Analytical Approach 

Primarily, the approach to be used is based on the same technique used in solving 

the isotropic plate problem. Specifically, the previous discretization scheme will be 

employed over a proposed candidate contact area. Over the proposed area, various 

subareas will be identified as in the previous manner shown in Figure 10 to construct 

various uniform subloads in order to compose of an approximate representation for 

the unknown contact load, f(x, y). Th method to be used in solving for the magni- 

tudes of various subloads will be mostly the same as the previous approach. Thus, 

the displacement field over the proposed contact area due to various subloads of unit 

magnitude will be found first. In this step, however, Pagano’s method for exact sol- 

ution (1970) will not be solely employed. Instead, it will be incoorperated with Chen 

and Frederick’s approach (1990) for treating a transverse loading problem for a 

multi-layer orthotropic laminate. Next, both the point matching Method (Sankar and 

Sun, 1983) and the Redundant Field Point Method (Singh and Paul, 1974) used in 

solving the previous problems will be similarly applied to solve for the magnitudes 

of various subloads. The candidate approximate solution for the unknown contact 

stress thus obtained will then be checked against the previously illustrated criteria for 

a correct contact area. A similar iterative execution for the solution procedure will 

be conducted as well until a satisfaction of the previous criteria are achieved. 

4.4.1 Expressions for the Displacement Functions 

Initially, Pagano’s approach (1970) will be employed. The expressions for the dis- 

placement components proposed in equations (38) wil! be utilized for a typical n” 
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layer in the laminate. To solve these expressions for the displacement functions, 

U,’s, equations (38) are substituted into the governing field equations (58). In equiv- 

alence to equations (39), this gives 

C5U; 2g — (Cyp* + Cyq*)U, — Czpquy + CgpUz,3 = 0 (60.1) 

—C7pquy — (Cep* + Coq°)U, + CyUp,93 + CoqUa,g = 0 (60.2) 

—CgpU;.5 — CoqUy3 — (Cap” + Cyq?)U3 + CU 9.93 = (60.3) 

Solutions for the U,’s are given by U; = Kje” (j= 1, 2, 3), where the K;’s are constants. 

The non-trivial solutions for U,, U,, U; will exist only when the determinant of the co- 

efficients of the above equations vanishes, i. e., 

CsD*® — C,p* — Cyq? — Czpq CypD 

— Crpq C,D* — Cep* — Cq° CyqD = 0 (61) 

— CypD — CogD C,D? — C,D? ~ C,q” 

where D ==. After some rearranging, the characteristic equation for the unknown 

exponent J can be written in the following form 

48 + e, 4 + e,A* + G3 => 0 (62) 

where e;(j/=1,2,3) are functions of p,g, and C,(/=1,2,....,9). By referring to 

Pagano (1970), the six roots, 1’s, in equation (62) can be shown to be all distinct and 

real and will exist in three positive and negative pairs. Therefore, the expressions for 

the U,’s (j= 1, 2, 3) can be written as 

Us = Gm —1y)Emz + Fam mz (63.1) 
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U, = bom _ 41)Cmz + Deamy> mz (63.2) 

U3 = dom _ 1)Cmz + Grom mz (63.3) 

where Cy, = cosh(AmZ), Smz = Sinh(Anz) and A, (m = 1, 2, 3) are the positive roots of the 

characteristic equation (62) for any n” layer in which z,<z<z,,,.. The implication of 

the summation on m is also intended as well. The a’s, b’s, and d’s are the unknown 

coefficients to be solved for the n® layer. Although there are a total of 18 unknowns 

for a single layer, the unknown constants a’s, b’s, and d’s are related one another 

through equations (60). By substituting the expressions (63) into equations (60), the 

various relations among the unknown constants can be derived. In summary, these 

relations are (Chen and Frederick, 1990), 

Fam 3m 

bam—1)="F,Aem—1)+ bem =F em): (64.1) 

Fem Fs 
Giom -1)= ImFem 42m) ’ dom) = 1,Fem Gam — 1)? m= 1, 2, 3. (64.2) 

where, 

Cs, Cy 
Fam = Fam(P. 9) = GFim + 9 GP » Fam = Fam(P, 9) = Pq +p C, fem (65.1) 

Cc. 

Fem = Fsm(Ps 4) = FimFom— PF» Fem = Fem(P: 9) =—G- Fam (65.2) 

Fim = Fam(P, 9) = (C5Ae, — Cp? — Cgq?)/Cy (65.3) 

Fom = Fom(P, 9) = (C4A%, — Cep* — Coq*)C; (65.4) 
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Therefore, by replacing the b’s and d’s in terms of the a’s, equations (63) can be re- 

written as 

3 

U, = » {Gam —1)Cmz + BomySmz} (66.1) 
m= 

3 

_ F. 3m 
Up ~ Fann {aom - 4)Cmz + vem) mz} (66.2) 

m= 1 

3 

_ \ sm 5 66.3 U3 = “AmFem {@@m)Cmz + 2m —1) mz} (66.3) 

m= 4 

4.4.2 Local Stiffness Matrix Formulation 

One may proceed to obtain a solution based on the expressions (66) for the U's, i. 

e., to derive the expressions for the stress components and then to apply the 

boundary conditions. In this manner, the total number of the unknown coefficients to 

be solved will be 6x N for an N—layer laminate. However, by using the approach 

presented by Chen and Frederick (1990) one is able to reduce the total number of 

unknowns considerably, for a multi-layer structure. This method is therefore em- 

ployed for the present study. In this regard, a local z coordinate, z™, originated at the 

mid-surface of any n” layer as shown in Figure 23 is introduced. Next, by considering 

the displacement continuity at all of the interfaces of the laminate, the unknown co- 

efficients can be shifted from the a’s to the U,’s (j = 1, 2, 3) at the upper and the lower 

surfaces of any layer. To this end, equations (66) for any n” layer are rearranged 

such that, 
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3 

_ > fan nh+ Aan 67.1) 
m= 1 

  

  

F, 
U + = m 18am _ Cm + AomSm (67.2) 

Fam 
m 

Fs 
U3, = ~ {@m)Cm + Gem — Sm} (67.3) 

fm 

=). @em— Cn + 2emSa} (67.4) 
m= 

3 
F, _ _ 

U,_= ) = {am—1)Cm + aeamSm} (67.5) 
Fam 

m=1 

3 
Fam 

U3_= y. Tefen {@¢am)Cm + 8am — 1)Sm} (67.6) 
m= 1 

where Uj, = wz} U;_= ul"), Cs = cosh (Aap ae 3 — |, Cr=cosh [Am 7 —-1, 

Sit = sinh[An : — ], Sa = sinh[/, Se ], and A, is the thickness of the n* layer. Since 

Ci = Ca, Sa = — Si, two sets of equations can be obtained from equations (67) for the 

unknown coefficients a,’s (k = 1, 2,...,6), in terms of U,,’s and U,_’s (j= 1, 2, 3), i.e 

[Ka] {44} ={U,}, [Ke] {45} = {Up} (68) 

where [K,] and [Kg] are 3 x 3 matricies with the following expressions for their ele- 

ments 

  

F. 
3 5 

Karm= Ch, Kpom =" = Ch Kyam = F 7 Si (69.1) 
m 6m”"m 
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Fe, Fs Ketm=Sm+ Keam="F-Sm+ Kesm="—p—G—Cmi (m=1,2,3), (69.2) 
mm 

  

{aa} and {as} are 3 x 1 column matricies defined by, 

ay a9 

faj}=t]a,}, {ag}=t|a (70) A 2 37” B 2 44» 

a5 ag 

and {U,}, {Us} are 3 x 1 column vectors composed of the U,,’s and U;_’s (j = 1, 2, 3), 

and take the form 

U,,+U,_ U,,—U,_ 

1 1 
{Uy} => Ur,,+U,_], {Up} =) U,. — U,_ (71) 

U,, — U;_ U,, + U;_ 

Therefore, 

3 3 

4am — 1) = > Smi{Uj4 +(—1)'U_}, am = > Sem+3y{Uj4 —(-1)'u,_} (72) 
jet ja 

where, 

1 1 4 —1 
Cm = — Kalmy + Sm+ay = — Kelmy » (73) 

and m,j=1,2,3, andJ=0 if j=1,2; J/=1 ifj=3. The expressions (66) now read, 

3 

U, = > U4 + V2,U; -} (74.1) 

i= 

3 

U, = > Vai + VajU, _} (74.2) 

j=l 
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U3 = > ss + VeU; _} (74.3) 
jt 

where, 

Vij = > {Ginj(Cmz + Com + 3S mz} (75.1) 

m=1 

3 

Voy = » ( —1)"{GmjCmz ~~ Gm + 3ySmzi (75.2) 

3 
Fam 

V3j = F,_ = {GinjCmz + Gum + 3) Smz} (75.3) 
4m 

m= 1 

J Fam 
Va = Y ( “1 = = Fam (omiCmez ~ Gum + 3S mz} (75.4) 

3 
Fem 

Vy= ) Te 7 {GinyCmz + Gm + 3ySmz} (75.5) 
6m 

m= 4 

3 

yu Fsm 

Vey = (-1) Fem {GmjCmz — Gem + aySmz} (75.6) 

m= 

By the foregoing manipulations and the fact that UP=Uf-” (j=1, 2, 3; n=2, 

3,...,.N), the total number of unknowns is now reduced from 6x N to 3x N+ 3 for the 

N — layer case. Following equations (74), the expressions for the stress components 

at any z location in the n* layer can be expressed in terms of U;,, U;_; j=1, 2, 3, as 

jet 

*23 = > Hal +t Haj +a); } sin(p x) cos(q y) (76.2) 
j=1 
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3 

T= > Hai) 4 + Hs, ) 43)U,-} cos(p x) sin(q y) (76.3) 

j=1 

3 

12 = > (Hes + Hej 42\Uj—} sin(p x) sin(g y) (76.4) 
jet 

where the Hy (k,/= 1, 2,....,6) are defined as functions of Cy, p, g, V's and z as 

given by 

Hy = — CypVajy — CipqVaj + CiaV5j (77.1) 

Hig 4.3) = — CrPVay — Crqvy + CiaVey (77.2) 

Ha = Cap Vay + V5), Aay4)= Cas(Vai + qVej) (77.3) 

Hg) = Ces(Viy+ 9V5)) > Heyy +) = Cas(Vay + 9VQ)) (77.4) 

Hej = — CegPV4j + Vai)» Hecj +2) = — CoalPVaj + 9V4) (77.5) 

where Vu = Se. By imposing the reduced boundary conditions in which the dis- 

placement continuity condition at all of the interfaces have been absorbed, a set of 

3x N+3 simultaneous equations can be established for the N —layer laminate for the 

unknown coefficients U%)’s, U®’s with n being the index for the n” layer, where 

n= 1, 2,...,N, and j= 1, 2,3. In a matrix form, these equations are 

CM J]{U} = {R} (78) 

where [M] is a (83xN+3)x(3xN+3) coefficient matrix with the following defi- 

nitions for its elements, 
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1)+ . 1) + 
My = Hy.by, Mi + 3) =H) 3) 43) (79.1) 

— Wi- — yy) (+1) 4+ 
Mois nai-34p) = AGsay» Mears nerty = Ai 4 29943) — Gtay (79.2) 

+44)4 0, 
Moai + nat +) = HET yea) : /= 1, 2, aouey N—- 1 (79.3) 

— 2y{N) — — 2y{NX)— 
Men+nan—-3+) =Ae+ay: Means nansy = We 4 ng43) (79.4) 

with the remaining elements being zero. In the above, /, j= 71, 2,3, and the super- 

script (k) (k = 1, 2,...., N) is the index for the A” layer. Another superscript ’-’ or ’+’ 

indicates that the quantity will be calculated at the local z coordinate z” =z, or 

z™ = 2,4, respectively. In addition, {U} is a (8 N +3) x 1 column matrix composed of 

the unknown coefficients, i. e., U;= UM, Yorn, = UO; f= 1, 2,3; /= 1, 2,..., N, and {R} 

is a (3N+3)x 1 column vector filled with zeros except for the first term which is 

R:= Tm. Solving equations (78) simultaneously for the unknown coefficients {U}, the 

displacements and stresses at any z location in any layer can then be obtained via 

equations (74) and (76) respectively. 

The remaining procedures for the solution will be the same as those used in solving 

the previous isotropic plate problem. Thus, the transverse displacement u; on the top 

surface of the laminate at any location (x, y), due to any typical subload f,, has to be 

found in order to solve the indentation problem, as demonstrated in Section 3.4.3, to 

construct the contact relations and to solve for the magnitudes of the subloads. 
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4.5 Numerical Implementation 

4.5.1 Comments on the Numerical Experience 

It should be noted that in order to solve the present orthotropic contact problem, a 

fully different solution method has been developed. As can be seen from the formu- 

lation of the analytical approach, it is practically impossible to obtain a closed form 

solution for the present problem since the methodology involves extremely sophisti- 

cated algebraic procedures. Unlike the isotropic problem in which the expressions 

for the displacement functions can be obtained in a fairly straight forward manner, a 

difficulty in dealing with a three dimensional problem of orthotropy because of the 

impossibility of solving the characteristic equation given in (62) in a closed form. 

Therefore, the subsequent formulation of the approach and the final stage in the sol- 

ution of the contact relation equations may require a great deal of numerical effort. 

Thus, more effective numerical procedures must be developed in order to obtain an 

approximate solution. However, in comparison with the previous isotropic plate 

problem, the present approach differs only in the manner of finding the displacement 

field on the top surface of the layered plate. As far as the local contact event is con- 

cerned, the way of locating the contact area, i. e., the scheme of determining whether 

a point lies inside the contact area or not is still the same regardless of the material 

properties. Therefore, it is not necessary to generate a new numerical technique 

other than what has been developed previously. Following the same numerical pro- 

cedures as used in treating the foregoing isotropic problem; however, the numerical 

experience is entirely different. The major concern is the problem of numerical con- 

vergence. It is observed that orthotropy can cause considerably different rates of 
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convergence. Along the minor material direction, the convergence is betterr than 

along the major material direction. The greater the stiffness in the major direction, 

the slower the convergence. Furthermore, for a multi-layered case, the higher the 

number of the layers, the slower the convergence as well. Thus, in comparison with 

the previous isotropic problem, the calculation time for the present case is much 

greater. The present study was implemented on IBM 3090 machine with the use of 

vectorization. Employing the previously developed technique of detecting terms, all 

of the computer jobs based arising from the examples to be studied here are easily 

handled within the capability of the computer. 

4.5.2 Results and Discussions 

In order to demonstrate the present approach and to provide a further check on the 

results obtained by the current approach, several examples are implemented. Two 

different materials are employed, i. e., magnesium (Mg) and graphite-epoxy (G-E). 

Magnesium has been considered by Schonberg, et. al. (1987) for studying impact 

problems of transversely isotropic beams and plates. The material properties for 

magnesium used in their study will be used here. The corresponding magnitudes for 

the elements of the constitutive matrixes for both (Mg) and (G-E) are listed in Table 

3. Although properties listed for magnesium represent only transversely isotropy, the 

intention in solving the (Mg) plate is to simulate an orthotropy by using a transversely 

isotropic material by taking C,, to be along the x direction and letting C2. = C3. In this 

manner, a slight in-plane orthotropy can still be achieved so that the results obtained 

can be compared with those found for the previous isotropic plate. However, the 

question of whether this strategy can render valid three dimensional material prop- 
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erties must be answered by using a mathematical examination developed by Pagano 

(1970). It is stated that, in reality, for most of the composite materials, the roots of the 

characteristic equation (62), A’s, are all real. In effect, without performing the testing, 

the solution procedure can never be proceeded since the expression of the dis- 

placement functions U; ( / = 1, 2, 3) given in equation (63) will be no longer valid. The 

properties of magnesium and graphite-epoxy listed in Table 3 have been checked 

against the afore-mentioned criterion. The requirement is satisfied. Three different 

configurations of the plate will be considered. The first example to be considered is 

a single layered (Mg) plate with the same geometry as used in the previous isotropic 

plate, i. e., the edge length L = 2.0 inch and the thickness h=0.1 inch. The second 

example is taken to be a single layered plate of (G-E) again with the same geometry. 

The last example to be considered is a two-layered G-E laminate with a 0°/90° stacking 

sequence where the edge length, L, is taken to be 1.0 inch. Both layers are assumed 

to have the same thickness of hy = 0.05 inches so that the total thickness of the lam- 

inate is h=0.1 inches. 

For the (Mg) plate, the material property along the y direction is stronger than that 

along the x direction. The contact stress is investigated for various lengths of contact 

along the x direction with magnitudes of a = 1.0h, 2.0h, and 3.0h, respectively. For the 

semi-contact length c= a=h, for example, the contact area is taken to be an ellipse 

and the contact stress is sought by implementing several sizes for b. A completely 

compressive contact stress is obtained by taking b = 0.96a. The results are displayed 

in Figure 24 where the corresponding elliptical contact area is presented in the top 

figure. The contact stress is normalized again by a similar intimate average contact 

  stress o,; = and is plotted versus the normalized coordinates x, and y along c 
axb 

for various locations of y and x respectively. Locations of the curves of contact stress 
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are further illustrated on the contact area shown. Due to the slight material 

orthotropy, it is obvious that the stress contours along both the x and the y directions 

in this case are nearly indistinguishable. Comparing the curves of x=0.0 and 

y=0.0 in Figure 24 with the corresponding curves in Figure 13, which is for an 

isotropic plate, the results are identical. Thus, a full agreement is obtained by the 

present approach. 

For c=a=2.0h, several attempts are tried by first taking the contact area to be an 

ellipse. However, no successful results are obtained. In the previous study of 

isotropic plate, a hypotrocoidal contact area has come into the picture for such an 

indentation magnitude. Therefore, further attempts are conducted by multiplying the 

original regular hypotrocoidal curves of Group A with a constant, Y., along the y di- 

rection to fulfill the slightly orthotropic condition needed to represent such contact 

areas. The correct contact area is found by employing a hypotrocoid parameter 

C, = 0.04, and Y, = 0.975. The normalized contact stress for this case is shown in 

Figure 25. Apparently, the difference between the contact stresses along the x and 

the y directions is negligible. Curves for x =0.0 and y = 0.0 are found to be nearly 

equal to the results illustrated in Figure 16 for the isotropic plate for the same mag- 

nitude of c. However, it should be noted that the hypotrocoid parameter employed 

here is greater than that which used for the isotropic case. Thus, from c= 1.0/ to 

c = 2.0h, the contact length along approximately the 45° direction is reduced by a 

greater amount than that which occurs in the isotropic plate. The same scheme is 

employed in solving for the contact area and the contact stress for the case of 

c=3.0h. The factor used to modify the hypotrocoids is taken to be the same, i. e., 

Y, = 0.975. However, fully compressive contact stress is found by taking a slightly 

greater hypotrocoid parameter, C, = 0.05. As shown in Figure 26, the result does not 
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suggest a significant distinction for the contact stresses along the two coordinate di- 

rections. 

Next, the single-layered G-E plate is considered. Since C,, is much higher than Cz, 

the main purpose of this example is to reveal the rates at which the contact lengths 

increase along different in-plane directions as the indentation advances under the 

circumstances of severe orthotropy and small indentations. The contact stress is in- 

vestigated with respect to the semi-contact length along the y direction, b. Two 

magnitudes for b are considered, i. e., b=0.5h and b=1.0. For b = 0.5h, the contact 

area is assumed to retain an elliptic shape and is proven to be correct by taking 

a=0.4h. Thus, the contact length along the major material direction is less than the 

length of contact along the minor material direction and the ratio is 80 %. Distribution 

of the contact stresses along the semi-axis, b, is presented in Figure 27 in which the 

previous schemes of normalization for both the ordinate and the abassica are em- 

ployed. The contact stress along the other semi-axis, a, is found to be the same by 

using the same normalization scheme and thus it is not displayed. As expected, in 

a three dimensional sense, the contact stress preserves an ellipsoidal shape in this 

case, i. e., it is a Hertzian type distribution. in addition, the normalized magnitude of 

the contact stress is found to be very close to the result for the previous isotropic 

plate with the same magnitude for c. Thus, for small indentations, Hertz’s theory is 

clearly applicable regardless of the properties of the material. 

For b = 1.0h, the shape of the contact area is also assumed fo be elliptic. The contact 

stresses are found to be all compressive by introducing a=0.64h. This indicates 

that, as the indentation proceeds, the rate of increase of the contact length along a 

stiffer material direction will be less than that along a weaker material direction. The 
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corresponding contact stress is displayed in Figure 28. Clearly, the profile of the 

contact stress is still close to an ellipsoid in shape but the peak value of the contact 

stress which located at the center of the elliptic contact area has decreased by about 

10 % of o.,, in comparison with the case for b = 0.5h. 

Finally, the two layered G-E plate is considered. This example is of more practical 

value due to the existence of symmetric and balanced configuration. Feasibly, the 

material properties along the 45° direction passing through the corners of the lami- 

nate is different from those along the x and the y directions. Therefore, it is of interest 

to seek the contact stress under the joint effect of in-plane dependence of material 

properties and the finite boundary. However, based on the experience gained by 

studying the previous isotropic plate problem in which the material orthotropy did not 

exist, a reasonable prediction of the shape of the contact area for the present case 

can be made. Since the bending rigidities along both of the in-plane directions for the 

present case are likely to be the same regardless of the existence of different 

stiffness along the 45° direction, the contact lengths along both the x and the y di- 

rections should be very close although the length of contact along the 45° direction 

has to be investigated. Anyhow, the previously employed hypotrocoids are supposed 

to be well suited in representing the contact areas for the present case. Accordingly, 

the contact stresses will be sought based on certain lengths of contact, c=a=b, 

along the coordinate axes directions. However, the previous results for a single lay- 

ered (G-E) plate illustrate a slower rate of increase for the contact length along a 

stiffer material direction. Therefore, an investigation based on gradual increases of 

the contact length is needed. In this regard, for demonstration, four magnitudes for 

the semi-contact lengths, c, will be considered, i. e., c = 0.75h, 1.0h, 1.54, and 1.6h. 
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For c=0.75h, several trials were attempted by proposing the contact area to be a 

hypotrocoid of group A by introducing various values for the parameter C, including 

the special case of C, = 0.0, i. e., a circle. The contact stresses are All compressive 

only when C, = 0.03. Using the previous normalization, the shape of the contact area 

and the corresponding stress distributions are presented in Figure 29. it is clear that 

the contact stress in this case has significantly deviated from a Hertzian type profile 

even under the condition of small indentation. However, along both directions, the 

contact stresses are distributed almost identically. For the curves of both x = 0.0 and 

y = 0.0, the maximum contact stress is located off the center of the contact area. The 

present plate is comparatively thicker than the foregoing studied configurations since 

the aspect ratio has been reduced by half. Recalling Keer and Miller’s study (1983) 

for a beam, it should be noted that different aspect ratios do not produce different 

behaviors for the contact stresses for the same magnitude of indentation. Thus for 

the current magnitude of indentation, it may be expected that the contact stress 

should lie within the limit of Hertzian behavior or otherwise the deviation should be 

very small. However, the present spherical indentation of a layered plate reveals 

entirely different results, although it is possible to visualize that along the 45° direc- 

tion, the contact stress deviates less from the Hertzian type distribution with a shorter 

length of contact. 

For c = 1.0/, a similar hypotrocoid with C, = 0.05 successfully represents the contact 

area. The corresponding contact stress is shown in Figure 30. Symmetry of the 

contact stress along both of the in-plane directions is observed. Meanwhile, it is 

clear that wrapping of the plate over the indentor has significantly developed since 

a considerable amount of peaking of the contact stress has occured close to the 

boundary of contact area as can be seen from the curves for x = 0.0 and y=0.0. The 
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difference between the peak contact stress and the stress at the center of loading is 

found to be as much as 45 % of a,;. This is even greater than the corresponding dif- 

ference shown in Figure 16 for an isotropic plate with c = 2.0h by considering the 

current contact length c to be two times of the layer thickness for comparison. As to 

the contact length along different in-plane directions, it is obvious that from 

c = 0.75h to c = 1.0h, the contact length along the 45° direction increases by a smaller 

amount than those along the coordinate axes directions. Thus, as for a similar phe- 

nomenon observed in the isotropic plate, the present geometry and boundary of the 

plate which contains a shorter dimension along the coordinate axis direction, have 

induced a shorter contact length in the 45° direction within the limit of present mag- 

nitude of indentation, although the structure is stiffer in the 0° and 90° directions than 

in the 45° direction. Alternatively, the boundary effect prevails up to this stage of in- 

dentation. 

For c=1.5h, the correct contact area is found by imposing C,=0.02. Illustrated in 

Figure 31, the contact stresses along both in-plane directions do not reveal any sig- 

nificant difference. The extent of the wrapping behavior is found to be slightly in- 

creased in comparison with the previous case of c=1.0h. However, it should be 

noted that the employed hypotrocoid parameter is appreciably smaller than the pre- 

vious cases. Thus, along the weaker material direction, the contact length begins to 

increase since, as far as wrapping is concerned, it is comparatively easier to deform 

along this direction than along the others. Thus, the effect of material orthotropy be- 

gins to be dominant at this instant of indentation. 

Since the hypotrocoidal parameter is increased at the beginning but is then de- 

creased up to this stage of indentation, a gradual look at the variance of the contact 
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behavior seems to be in order now. Therefore, the next case considers a slightly 

increased contact length with c= 1.64. The contact area is found to be a member of 

the other kind of hypotrocoid, ij. e., group B, with a parameter C, = 0.02. The contact 

stress for this case is displayed in Figure 32 in which peaking of the contact stress 

is seen to be more severe than in the previous cases but no serious distinction are 

found for the distributions of the contact stresses along both of the in-plane di- 

rections. Apparently, the contact length along the 45° direction is greater than those 

along the directions of fibers in this case. Thus, the materia! effect has completely 

overcome the boundary effect for this case and the behavior of local contact which 

occured in the previous single layer case is recovered, i. e., the contact length along 

a material weaker direction is longer than the length along a stiffer direction. 
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CHAPTER V 

CONCLUSIONS 
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Three dimensional contact problems of orthotropic layered square plates indented 

by a rigid spherical indentor are solved by combining an analytical elasticity ap- 

proach with numerical procedures. The proposed problems involve both finite 

boundary and orthotropy, i. e., in-plane asymmetries due to both structural geometry 

and material properties. The approaches are based on the exact solution formulation 

developed by Pagano (1970) in conjunction with numerically the Point Matching (PM) 

method of Sun and Sankar (1983) and enhanced by the Redundant Field Point (RFP) 

method presented by Singh and Paul (1974) to overcome the inherent numerical 

sensitivity due to the ill-posed nature of the problems. Simplified problems obtained 

by degrading the problem to a two dimensional case and excluding the material 

orthotropy are studied thoroughly in order to develop the required techniques and 

approaches prior to solving the afore-mentioned three dimensional case. 

For the two dimensional problem of cylindrical indentation of a beam, the results ob- 

tained are in good agreement with those obtained by Keer and Miller (1983) and 

Sankar and Sun (1983). An efficient numerical programming technique is developed 

via this study which is readily applicable in dealing with three dimensional contact 

problems. 

For the three dimensional problem of contact between an isotropic square plate and 

a rigid spherical indentor, a nearly closed form expression for the displacement field 

due to any arbitrarily defined sub-load is obtained. Solutions for the contact stresses 

are achieved by extending the previous PM method and employing the RFP method. 

For the small indentation condition, the results retain Hertzian type behavior and are 

identical to the circular plate solutions obtained by Keer and Miller (1983). However, 

a comparatively limited range of applicability of Hertzian type solutions is revealed 
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with respect to the limit of the validity of a circular contact area. For comparatively 

large indentations, the contact area is located by introducing the concept of an ir- 

regular shape of contact based on the consideration of the geometry of the structure 

and is found to be a hypotrocoid of four lobes. In summary, the proposed boundary 

geometry causes a reduction of the contact length along the through-the-corner di- 

rection as the indentation proceeds. The load versus indentor displacement relation 

indicates a square plate is stiffer in indentation than a circular plate with a diameter 

which is equal to the edge length of the square plate. 

Three dimensional contact problems of orthotropic laminates are solved by super- 

posing the readily developed approach with Chen and Frederick’s method (1990). A 

slightly orthotropic material, magnesium, is implemented first for a single layer case 

and the induced results are in a full agreement with those obtained for the purely 

isotropic case. A single-layered highly orthotropic plate of graphite-epoxy is studied 

and the result shows an appreciably greater rate of increasing contact length along 

the Jess stiffer material direction. A Hertzian type distribution for the contact stress 

is retained for small indentation conditions regardless of the existence of material 

orthotropy. A two layered plate of the same material with a 0°/90° staking sequence 

is investigated and demonstrates nearly the same patterns of contact stresses along 

both of the in-plane directions. In comparison with the previous isotropic case, the 

contact area departs from a circular shape much earlier and is associated with an 

appreciable amount of wrapping, i. e., an early deviation from the Hertzian type sol- 

ution for the contact stresses. The boundary effect prevails initially in the early stage 

of indentation in which the contact area is proven to be a hypotrocoid of the same 

type which existed for the large indentation condition in the isotropic plate. As the 

indentation advances, however, the material effect participates in controlling the 
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contact shape and becomes dominant. Finally, the material effect overcomes the 

boundary effect and the contact area changes to the other type of hypotrocoid fea- 

tured with a longer length of contact along the through-the-corner directions. 

Overall, although a two dimensional study may not be able to precisely simulate the 

physical problem in reality, the approach developed for the two dimensional problem 

is extremely valuable and applicable for studying a three dimensional problem. 

Moreover, in solving a three dimensional contact problem, the most important issue 

is the knowledge of the shape of the contact area. Feasibly, a three dimensional 

contact problem involving general anisotropy could possibly feature a contact area 

which is far from physical imagination. Consequently, studies of this type still need 

to be further developed in order to truly understand the local indentation behavior for 

the event of a general three dimensional anisotropic structure subjected to impact 

due to a foreign projectile. 

97



Bibliography 

Jones, R., Paul, J., Tay, T. E., and Williams, J. F., 1988, “Assessment of the Effect of 

Impact Damage in Composites : Some Problems and Answers”, Composite Struc- 
tures , Vol. 10, No. 1, pp. 51-73. 

Brockman, R. A., 1988, “Computational Methods for Soft-Body Impact Problems”, 
Proceeding of the Second International Conference on Computational Engineering 

Science , pp. 6.vi.1-6.vi.4. 

Yang, S. H., and Sun, C. T., 1982, “Indentation Law for Composite Laminates”, Com- 
posite Materials : Testing and Design, ASTM STP 787, American Society for Testing 
and Materials, pp. 425-449, 

Tan, T. M., and Sun, C. T., 1985, “Use of Static Indentation laws in the Impact Analysis 
of Laminated Composite Plates”, ASME Journal of Applied Mechanics , Vol. 52, No. 
1, pp. 6-12. 

Doyle, J. F., 1984, “An Experimental Method for Determining the Dynamic Contact 
Law”, Experimental Mechanics , Vol. 24, No. 1, pp. 10-16. 

Doyle, J. F., 1984, “Further Developments in Determining the Dynamic Contact Law”, 
Experimental Mechanics , Vol. 24, No. 4, pp. 265-270. 

Sun, C. T., Sankar, B. V., Tan, T. M., 1981, “Dynamic Response of SMC to Impact of a 
Steel Ball”, Advances in Aerospace Structures and Materials, The Winter Annual 

Meeting of the American Society of Mechanical Engineers, Washington, D. C., pp. 
99-107. 

Hertz, H., 1881, “Uber die Beruhrung fester Elastischer Korper”, Journal Reine Angle 
Math. , Crelle, Vol. 92, pp. 155. 

Willis, J. R., 1966, “Hertzian Contact of Anisotropic Bodies”, Journal of the Mechanics 
of Physics and Solids , Vol. 14, No. 3, pp. 163-176. 

Willis, J. R., 1967, “Boussinesq Problems for an Anisotropic Halfspace”, Journal of the 
Mechanics of Physics and Solids , Vol. 15, No. 5, pp. 331-339. 

Popov, G. I|., 1961, “On an Approximate Method of Solution of Certain Plane Contact 
Problems of the Theory of Elasticity”, Trans. Armen. Acad. Sci., SSR, Vol. 14. 

Popov, G. I|., 1962, “The Contact Problem of the Theory of Elasticity for the Case of A 
Circular Area of Contact”, PMM (English Translation : Journal of Applied Mathematics 

and Mechanics) , Vol. 26, No. 1, pp. 207-225. 

Keer, L. M., 1964, “The Contact Stress Problem for an Elastic Sphere Indenting an 
Elastic Layer”, ASME Journal of Applied Mechanics , Vol. 31, No. 1, pp. 143-145. 

98



Meijers, P., 1968, “The Contact Problem of a Rigid Cylinder on an Elastic Layer”, 
Journal of Applied Scientific Research , Vol. 18, No. 5, pp. 353-383. 

Tsai, Y. M., 1969, “Stress Distributions in Elastic and Viscoelastic Plates Subjected to 
Symmetrical rigid Indentation”, Quarterly Journal of Applied Mathematics , Vol. 27, 
No. 3, pp. 371-380. 

Chen, W. T., and Engel, P. A., 1972, “Impact and Contact Stress Analysis in Multi-layer 
Media”, International Journal of Solids and Structures , Vol. 8, No. 11, pp. 1257-1281. 

Leon, Y. B., 1972, “Transfer Matrix Approach to Layered Systems”, Journal of the En- 
gineering Mechanics Division, Proceeding of the American Society of Civil Engineers 
, Vol. 98, No. EM5, pp. 1159-1172. 

Leon, Y. B., 1975, “Transfer Matrix Approach to Elastodynamics of Layered Media”, 
Journal of the Acoustical Society of America , Vol. 57, No. 3, pp. 606-609. 

Gladwell, G. M. L., 1980, “Contact Problems in the Classical Theory of Elasticity”, 
Sijthoff and Noordhoff International Publishers B. V., Alphen aan den Rijn, The 
Netherlands. 

Kalker, J. J., 1979, “Survey of Wheel-Rail Rolling Contact Theory”, Vehicle System 
Dynamics , Vol. 8, No. 4, pp. 317-350. 

Kalker, J. J., 1980, “Review of Wheel-Rail Contact Theories”, Proc. of Syposium on the 

General Problem of Rolling Contact , AMD-Vol. 40, ASME, N. Y., pp. 66-92. 

Paul, B., 1983, “Surface and Subsurface Stresses Associated with Non-Hertzian 
Wheel-Rail Contact”, in Contact Mechanics and Wear of Rail/Wheel Systems, Edited 
by Kalousek, J., Dukkipati, R. V., and Gladwell, G. M. L., University of Waterloo Press, 
Waterloo, Canada, pp. 197-207. 

Singh, K. P., and Paul, B., 1974, “Numerical Solution of Non-Hertzian Elastic Contact 
Problems”, ASME Journal of Applied Mechanics , Vol. 41, No. 2, pp. 484-490. 

Paul, B. and Hashemi, J., 1978, “An Improved Numerical Method and Computer Pro- 
gram for Counterformal Contact Stress Problems”, in Computational techniques for 
Interface Problems , AMD-Vol. 30, Ed. by Park, K. C. and Gartlung, D. K., ASME, N. 
Y., pp. 165-180. 

Paul, B. and Hashemi, J., 1980, “Contact Pressures on Closely Conforming Elastic 
Bodies”, Proc. of Symposium on Solid Contact and Lubrication , AMD-Vol. 39, ASME, 
N. Y., pp. 67-78. 

Paul, B. and Hashemi, J., 1980, “Contact Geometry Associated with Arbitrary Rail and 
Wheel Profiles”, Proc. of Syposium on the General Problem of Rolling Contact , 

AMD-Vol. 40, ASME, N. Y., pp. 93-105. 

Hartnett, M. J., 1980, “A General Numerical Solution for Elastic Body Contact Prob- 
lems”, Proc. of Symposium on Solid Contact and Lubrication , AMD-Vol. 39, ASME, 
N. Y., pp. 51-66. 

99



Kalker, J. J., 1980, “Numerical Contact Elastostatics”, in Variational Methods in the 
Mechanics of Solids, S. Nemat-Nasser, Editior, Pergamon. 

Kalker, J. J., 1981, “The Numerical Calculation of the Contact Problem in the Theory 
of Elasticity”, in Non-linear Finite Element Analysis in Structural Mechanics, 

Wunderlich, Stern and Bathe, Editors, Springer. 

Kalker, J. J., 1983, “Two Algorithms for the Contact Problem in Elastostatics”, in 
Contact Mechanics and Wear of Rail/Wheel Systems, Edited by Kalousek, J., 
Dukkipati, R. V., and Gladwell, G. M. L., University of Waterloo Press, Waterloo, 
Canada, pp. 103-120. 

Duffek, W., and Jaschinski, A., 1981, “Efficient Implementation of Wheel-Rai! Contact 
Mechanics in Dynamic Curving”, Proceeding of the 7th IAVSD Symposium on the 
Dynamics of Vehicles on Roads and Tracks , Cambridge, United Kingdom. 

Duffek, W., 1983, “Contact Geometry in Wheel Rail Vihicles”, in Contact Mechanics 

and Wear of Rail/Wheel Systems, Edited by Kalousek, J., Dukkipati, R. V., and 
Gladwell, G. M. L., University of Waterloo Press, Waterloo, Canada, pp. 161-181. 

Timoshenko, S. P., and Goodier, J. N., 1970, “Theory of Elasticity”, Third Edition, 
Mcgraw-Hill, New York. 

Keer, L. M., and Miller, G. R., 1983, “Smooth Indentation of Finite Layer’, Journal of 

Engineering Mechanics , Vol. 109, No. 3, pp. 706-717. 

Sankar, B. V., and Sun, C. T., 1983, “Indentation of a Beam by a Rigid Cylinder”, 
International Journal of Solids and Structures , Vol. 19, No. 4, pp. 293-303. 

Conway, H. D., Vogel, S. M., Farnham, K. A., and So, S., 1966, “Normal and Shearing 
Contact Stresses in indented Strips and Slabs”, International Journal of Engineering 
Science , Vol. 4, pp. 343-359. 

Keer, L. M., and Ballarini, 1983, “Smooth Contact Between a Rigid Indenter and an 
Initially Stressed Orthotropic Beam”, AIAA Journal , Vol. 21, No. 7, pp. 1035-1042. 

Sun, C. T., and Sankar, B. V., 1985, “Smooth Indentation of an Initially Stressed 
Orthotropic Beam”, International Journal of Solids and Structures , Vol. 21, No. 2, pp. 

161-176. 

Pawlak, T. P., Salamon, N. J., and Mahmoud, F. F., 1985, “Beams in Receding / Ad- 
vancing Contact : Dundurs Problems”, ASME Journal of Applied Mechanics , Vol. 52, 
No. 4, pp. 933-936. 

Keer, L. M., and Lee, J. C., 1985, “Dynamic Impact of An Elastically Supported Beam 
- Large Area Contact”, International Journal of Engineering Science , Vol. 23, No. 10, 
pp. 987-997. 

Keer, L. M., and Miller, G. R., 1983, “Contact Between an Elastically Supported Cir- 
cular Plate and a Rigid Indenter”, International Journal of Engineering Science , Vol. 
21, No. 6, pp. 681-690. 

100



Keer, L. M., and Woo, T. K., 1984, “Low Speed Impact on a Circular Plate”, Advances 
in Aerospace Sciences and Engineering, ASME Winter Annual Meeting , pp. 1-8. 

Sankar, B. V., 1987, “An Approximate Green’s Function for Beams and Application to 
Contact Problems”, ASME Journal of Applied Mechanics , Vol. 54, No. 3, pp. 736-737. 

Miller, G. R., 1986, “A Green’s Function Solution for Plane Anisotropic Contact Prob- 
lems”, ASME Journal of Applied Mechanics , Vol. 53, No. 2, pp. 386-389. 

Koshnareva, V. A., Mel’nikov, Y. A., and Preobrazhenskii, |. N., 1987, “Solution of 
Plane Contact Problems of Elasticity By the Method of Green’s Functions”, Journal 
of Mechanics and Solids , Vol. 22, No. 4, pp. 148-155. 

Shivakumar, K. N., Elber, W., and Illg, W., 1985, “Prediction of Impact Force and Du- 
ration Due to Low-Velocity Impact on Circular Composite Laminates”, ASME Journal 
of Applied Mechanics , Vol. 52, No. 3, pp. 674-680. 

Cairns, D. S., and Lagace, P. A., 1987, “Thick Composite Plates Subjected to Lateral 

Loading”, ASME Journal of Applied Mechanics , Vol. 54, No. 3, pp. 611-616. 

Sankar, B. V., 1988, “Axis-symmetric Contact Between a Rigid Sphere and a Layered 

Plate”, Proceeding of the 2nd international Conference on Computational Engineering 
Science , pp.6.vii1-6.vii4. 

Schonberg, W. P., Keer, L. M., and Woo, T. K., 1987, “Low Velocity Impact of 
Transversely Isotropic Beams and Plates”, International Journal of Solids and Struc- 
tures , Vol. 23, No. 7, pp. 871-896. 

Tsai, Y. M., 1986, “Symmetrical Contact Problem of a Thick Transversely Isotropic 
Plate”, Journal of Elasticity , Vol. 16, No. 2, pp. 179-188. 

Mittal, R. K., 1987, “A Simplified Analysis of the Effect of Transverse Shear on the 
Response of Elastic Plates to Impact Loading”, International Journal of Solids and 
Structures , Vol. 23, No. 8, pp. 1191-1203. 

Aggour, H., and Sun, C, T., 1988, “Finite Element Analysis of A Laminated Composite 
Plate Subjected to Circularly Distributed Central Impact Loading”, Computers and 
Structures , Vol. 28, No. 6, pp. 729-736. 

Wu, H. T., and Springer, G. S., 1988, “Impacted Induced Stresses, Strains, and De- 
laminations in Composite Plates”, Journal of Composite Materials , Vol. 22, No. 6, pp. 
533-560. 

Poe, C. C., 1988, “Simulated Impact Damage in a Thick Graphite / Epoxy Laminate 
Using Spherical Indenter”, NASA Technical Memorandum 100539, National Aeronau- 
tics and Space Administration, Langley Research Center, Hampton, Virginia 

Chen, C. F., and Gurdal, Z., 1990, “Stress Analysis of an Orthotropic Plate on an 
Elastic Foundation with a Transverse Point Load”, ASCE Journal of Aerospace Engi- 

neering , Vol. 3, No. 1, pp. 64-77. 

101



Chen, C. F., and Frederick, D., 1990, “Orthotropic Laminates on an Elastic Foundation 

Under Transverse Force”, ASCE Journal of Engineering Mechanics , Vol. 116, No. 11, 

pp. 2434-2448. 

Sankar, B. V., 1987, “Low-Velocity Impact Response of Graphite-Epoxy Laminates”, 
Final Report, Dept. of Engineering Science, University of Florida, WPAFB Contract 
F33615-84-C-5070. 

Pagano, N. J., 1970, “Exact Solutions for Rectangular Bidirectional Composites and 
Sandwich Plates”, Journal of Composite Materials , Vol. 4, No. 1, pp. 20-34. 

Arfkan, 1973, “Mathematical Methods for Physicists”, Second Edition, Academic 
Press, Inc., New York. 

Sokolnikoff, |. S., 1956, “Mathematical Theory of Elasticity”, Second Edition, 
McGraw-Hill Book Company, New York. 

Love, A. H. E., 1944, “Elasticity”, Fourth Edition, Dover Publications, New York. 

Holmes, W. T., 1978, “Plane Geometry of Rotors in Pumps and Gears”, The Scientific 
Publishing Company, Manchester, Great Britain. 

102



Appendix - A_ Expressions for the 7,,,$ in equation (36) 
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In the above p= d= and MEK, yi=yi- where i= 1, 2,...., 
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Table 1. 

Magnitudes of Uniform Discretized Subloads on Beam 

  

Sub-load Index Magnitude of Sub-load Normalized Magnitude of Sub-load 

(fi) (Ib/in) 

1 0.36763D + 02 0.46654D-02 

2 0.75501D + 02 0.95812D-02 

3 0.11843D + 03 0.15029D-01 

4 0.16836D + 03 0.21366D-01 

5 0.22929D + 03 0.29098D-01 

6 0.30769D + 03 0.39047D-01 

7 0.41575D + 03 0.52760D-01 

8 0.58172D + 03 0.73822D-01 

9 0.89719D + 03 0.11386D + 00 

10 0.19552D + 04 0.24812D + 00 

  

Total Contact Load = 394.00 (Ib) 
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Table 2. 

Magnitudes of Non-Uniform Discretized Subloads on Beam 

  

  

Sub-load Index Magnitude of Sub-load Normalized Magnitude of Sub-load 

(fi) (Ib/in) 

1 0.98136D + 02 0.12501D-01 

2 0.19846D + 03 0.25281D-01 

3 0.30382D + 03 0.38704D-01 

4 0.41028D + 03 0.52265D-01 

5 0.51934D + 03 0.66158D-01 

6 0.61781D +03 0.78703D-01 

7 0.70898D + 03 0.90316D-01 

8 0.77580D + 03 0.98829D-01 

9 0.81094D + 03 0.10330D + 00 

10 0.43167D + 03 0.54991D-01 

  

Total Contact Load = 392.50 (Ib) 
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Table 3. 

Constitutive Coefficients for Magnesium and Graphite-Epoxy 

  

  

C;; (10® Psi) Magnesium (Mg) Graphite-Epoxy (G-E) 

Cr 8.097 19.577 

C12 3.013 0.760 

C13 3.013 0.777 

Cr» 8.855 2.078 

Coy 3.624 1.047 

Co3 8.855 2.105 

Cus 2.615 0.510 

Ces 2.403 0.800 

Ces 2.403 0.820 

  

Note C;;=C,({i, j= 1, 2, 3) and the unlisted coefficients are zero. 
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Figure 8. Hypotrocoids of 4 Lobes (Group A) 

Kx=1.0, Ck=t/rs 
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for the Laminate 
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