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OPTIMAL CONTROL PROBLEMS WITH SWITCHING POINTS 

by 

Hans Seywald 

E.M. Cliff, Chairman 

Aerospace Engineering 

(ABSTRACT) 

The main idea of this thesis is to give an overview of the problems and difficulties 

that arise in solving optimal control problems with switching points. A brief discussion 

of existing optimality conditions is given and a numerical approach for solving the multi- 

point boundary value problems associated with the first-order necessary conditions of 

optimal control is presented. Two real-life aerospace optimization problems are treated 

explicitly. These are altitude maximization for a sounding rocket (Goddard Problem) in 

presence of a dynamic pressure limit, and range maximization for a supersonic aircraft 

flying in the vertical plane, also in presence of a dynamic pressure limit. In the second 

problem singular control appears along arcs with active dynamic pressure limit, which, 

in the context of optimal control, represents a first-order state inequality constraint. An 

extension of the Generalized Legendre-Clebsch Condition to the case of singular control 

along state/control constrained arcs is presented and is applied to the aircraft range 

maximization problem stated above. A contribution to the field of Jacobi Necessary 

Conditions is made by giving a new proof for the non-optimality of conjugate paths in 

the Accessory Minimum Problem. Because of its simple and explicit character the new



proof may provide the basis for an extension of Jacobi’s Necessary Condition to the case 

of trajectories with interior point constraints. Finally, the result that touch points cannot 

occur for first-order state inequality constraints is extended to the case of vector valued 

control functions.
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Chapter 1 

A “Road Map” for this Thesis



1.1 Overview 

A particularly simple case of optimal control problems is given as follows: 

min &(z(ty),t,) (1.1) 

subject to 

a(t) = f(z(t), u(t), t) (1.2) 

z(to) = Zo; to, Zo fixed (1.3) 

W(2(ts), ts) = 0. (1.4) 

Equations (1.2), (1.3), (1.4) describe the evolution of the underlying dynamical system, 

its initial states, and the target set to which the states have to be driven at final time. 

The ”driving force” for the dynamical system is given by the control vector function of 

time u(t) appearing in the right-hand side of the state equations (1.2). Control u(t) can 

be chosen freely, but the aim is, and this is the essence of optimal control, to find control 

u(t) such that the cost criterion ® in (1.1) is minimized. 

Many engineering problems of very different nature can be identified as optimal control 

problems. In aerospace engineering applications equation (1.2) may typically descibe the 

dynamics of helicopters, aircrafts, launch vehicles, or space probes. A common cost 

criterion (1.1) is O(z(ts),ty) = ty (minimum time problem: state z of the dynamical 

system (1.2) has to be driven from initial state (1.3) to target set (1.4) such that final 

time ty is minimized) or G(z(ts),t;) = —m(t;) (minimum fuel problem: state z of the 

dynamical system (1.2) has to be driven from initial state (1.3) to target set (1.4) such 

that final mass m(t;) is maximized. In this case, of course, mass m has to be a component 

of the state vector).



Another area for the application of optimal control is the chemical industry. Here the 

dynamical system (1.2) may describe processes in a chemical plant. Typically, the control 

components are energy input and/or input of catalyzers. Common objectives are usually 

to minimize quantities such as the total energy consumption, the use of certain chemicals, 

or the total output of undesired toxic byproducts. 

More exotic areas for the application of optimal control are, for example, industrial 

engineering and economics. Here the objectives are to organize a work force or a money 

market such that some measure of productivity or profit is maximized. In these areas it is 

usually very difficult to model the underlying dynamical system with sufficient precision 

and consequently results are often of academic interest only. 

Chapter 2 of this thesis gives an introduction to boundary value problems and shows 

how they are associated with optimal control problems. Special emphasis is put on exis- 

tence and uniqueness properties, as well as numerical well-posedness. A robust, easy-to- 

use FORTRAN code is introduced, that has been used to generate all numerical results 

that are presented in this thesis. Chapter 3 deals with the mathematical aspects of optimal 

control. First, the standard optimal control problem (1.1), (1.2), (1.3), (1.4) is restated in 

Section 3.2 in mathematically more precise form (Definition 3.2.1). In a remark following 

this definition it is explained how certain engineering requirements make it necessary to 

allow minimization over all control vector functions of time u € (L[to,ts])”, where m is 

the dimension of u and L, denotes the well-known Hilbert space of all square integrable 

functions on [to,¢,] in conjunction with the natural norm induced by the scalar product 

< 41,02 >= 1/ Sie U1 Ug dt. In further remarks it is shown which types of seemingly more 

general optimal control problems are covered by the simple problem formulation in Def-



inition 3.2.1 and which are not. Section 3.3 states the first-order necessary conditions 

that a solution to problem (3.1), (3.2), (3.3), (3.4) has to satisfy. While Section 3.4 in- 

troduces the concept of singular control, Sections 3.5, 3.6, 3.7 cover important extensions 

of the standard problem, namely interior point constraints, control constraints, and state 

constraints, respectively. 

Closer examination shows that optimality conditions stated in Sections 3.3, 3.4, 3.5, 

3.6, 3.7 lead to two-point boundary value problems in the simplest case and to multi-point 

boundary value problems in general. These boundary value problems (BVPs) have to be 

solved numerically. As this is a quite non-trivial task a whole Chapter (Chapter 2) is 

devoted to the discussion of problems and difficulties that may arise in solving BVPs. 

An approach is introduced, namely the well-known Shooting Method, that reduces BVPs 

to (usually highly non-linear) zero finding problems. Using simple examples it is indi- 

cated that existence and uniqueness of a solution to a given BVP cannot be guaranteed. 

Important for the numerical treatment of zero finding problems, the concept of condi- 

tion number is discussed, which provides a measure for how well a problem is suited for 

treatment on a digital computer with finite word length. Furthermore, some important 

statements are made about the numerical evaluation of Jacobi matrices. A robust, but 

simple and easy-to-use software package that has evolved out of the needs described in 

Section 2.4 is described in Section 2.5. All numerical results stated in this thesis have 

been obtained with this software. 

In Chapter 4 an extension of the famous Goddard Problem is treated as a first example 

for the application of optimal control to real-life aerospace problems. Here the problem is 

to find the thrust history for a vertically ascending rocket such that maximum altitude is



attained. The extensions beyond the classical Goddard Problem are a dynamic pressure 

constraint, which, in the context of optimal control, represents a first-order state inequality 

constraint, and an isoperimetric constraint. Despite the simple structure of the problem 

(only one control variable; this control variable appears only linearly in the equations 

of motion), solutions are found to be of considerable complexity. Theoretically, four 

different control logics are possible, namely zero thrust, full thrust, singular thrust, and 

arcs of active dynamic pressure limit. Upon varying the maximum dynamic pressure 

limit and the prescribed final time, nine different switching structures are obtained. All 

four theoretically possible control logics are found to be active in various sequences. The 

complexity of the solutions provides numerous opportunities for improving or deteriorating 

the numerical solvability by formulating different zero finding problems associated with 

the same BVP. 

Chapter 5 deals with range optimization for a high performance fighter aircraft flying 

in the vertical plane. The controls are load factor n and throttle 7, with 7 only appearing 

linearly in the equations of motion. Constraints are explicit limits on the absolute values 

of throttle and load factor (control constraints) and an upper bound on the dynamic 

pressure (first-order state inequality constraint). Theoretically, eleven different control 

logics are possible. The explicit derivation of these control logics along with the higher- 

order convexity tests ("Kelley Condition”, or "Generalized Legendre-Clebch Condition”) 

for the singular control cases is presented in Appendix A. 

In the case of active state or control constraints the theoretical background for these 

higher-order convexity tests is not available in the literature. In Chapter 6 a generalized 

definition of singular control is presented. Based on a work by Goh [11] an extension



of the Generalized Legendre-Clebsch Condition to singular control along state/control 

constrained arcs is derived (Theorem 6.6.2). The results obtained here are applied in 

Section A.5. 

In Chapter 7 a theoretical result on the existence of touch points for first-order state 

inequality constraints is presented. The well-known first-order necessary conditions asso- 

ciated with the assumed switching structure 

(i) unconstrained arc 

(ii) state contraint active at a single point 

(iii) unconstrained arc 

are used to derive new concise conditions. In most cases of practical interest these condi- 

tions exclude the existence of touch points. For practical applications results of this type 

are invaluable, as they can significantly reduce the time consuming and frustrating search 

for the correct switching structure. 

In Chapter 8 finally the problem of conjugate point testing is addressed. In 1965 

Breakwell & Ho [3] showed that the existence of a conjugate point for a linear quadratic 

optimal control problem with zero initial states and homogeneous final conditions implies 

that the trivial solution (identically zero) cannot furnish a relative minimum. Through 

the concept of the Accessory Minimum Problem this implies for general non-linear optimal 

control problems that a solution candidate with a conjugate point cannot be optimal. In 

Chapter 8 the proof given by Breakwell & Ho is modified such that the trajectory that 

furnishes negative cost to the AMP is constructed explicitly. The explicit character of 

the proof makes it possible to extend results immediately to the case where the reference 

solution has discontinuities at fixed points in time. For the future it is hoped that a Jacobi



testing procedure can also be developed for trajectories with corners of more general type. 

For covenience, a derivation of the AMP for problems with interior point constraints of 

the type described in Section 3.5 is presented in Appendix B. As a useful byproduct this 

derivation also yields the first-order necessary conditions associated with such trajectories.



Chapter 2 

Boundary Value Problems in 

Optimal Control



Chapter Overview 

The concepts of two-point boundary value problems and multi-point boundary value prob- 

lems are introduced. It is shown how these problems arise from applying the first-order 

necessary conditions of optomal control. Existence and uniqueness questions are addressed 

as well as questions of numerical well-posedness. A robust, easy-to-use software package 

for solving boundary value problems is introduced. 

2.1 Introduction 

In practical applications it is common that about 80 % of the total time spent on solving an 

optimal control problem is spent on the numerical treatment of boundary value problems 

(BVPs). On a simple example it is demonstrated that existence and uniqueness of the 

solution of a BVP can not be guaranteed. In fact, for the practically important non- 

linear case, there are hardly any theoretical results that can answer these questions a 

priori without actually trying to solve the BVP by running “numerical experiments”. 

Practically, this is a very unpleasant feature. Even if a given optimal control problem is 

known to have a solution, the switching structure, i.e. the sequence of different control 

logics that actually solves the problem is not known in advance and has to be found by 

a numerical trial and error approach. Depending on the assumed switching structure 

different BVPs are obtained. If a numerical solution of such a BVP can be found, then 

fine. But if the numerical search for a solution fails it can not immediately be concluded 

that a solution to the BVP does not exist. Hence one is stuck with the question whether 

to continue the search for a solution of the assumed structure (which may not exist) or



whether to give up the present effort and start searching for a solution with a different 

structure. Naturally, in this situation it is very important that the applied zero-finding 

software actually does find a solution if there is a solution. In this context the condition 

number of a zero-finding problem plays an important role. 

2.2 Theoretical Background for Boundary Value Problems 

(BVPs) 

A two-point BVP is a problem of the following form: 

Definition 2.2.1 (Two-Point Boundary Value Problem (TPBVP)) Given is an or- 

dinary differential equation (ODE) of the form 

a(t) = f(2(t)) (2.1) 

on the time interval [0,1], where z(t) € R" and 

R” = R® 

f: ec. 

z re f(z) 

Find a solution of this ODE such that n given conditions 

h(z(0), 2(1)) = 0 

are satisfied, where 

R2" —+ R 

h: ec. 

(2(0),2(1)) +» A (2(0), 2(1)) 

10



The more general case of a multi-point boundary value problem can be stated as follows: 

Definition 2.2.2 (Multi-Point Boundary Value Problem (MPBVP)) Given is a 

piecewise defined ODE of the form 

a(t) = fi(z(t)) on [t)-1, ti], i= 1,..,4k +1 (2.2) 

with to = 0, tea, = 1; tig, > 4; Vt; z(t) E R” and 

R" —| R* 
fi: ec}, 

z ow f(z) 

Find a solution of this ODE such that n+ k given conditions 

h (z(0), 2(t1), ..., 2(t,), 2(1), t1,...,¢,) = 0 

are satisfied, where 

Rlk+2)n+k — Rrts 

h: Ec!. 

(z(0), z(t1), ..-,2(te), 2(1), t1,-.-, te) re A(2(0), 2(t1), ..., 2(te), 2(1), 1, «5 te) 

Figures 2.1 and 2.2 give a schematic representation of two-point and multi-point BVPs, 

respectively. 

Let us now have a closer look at the TPBVP. If we pick an arbitrary set of initial states 

zo € R”, then the solution to the initial value problem z = f(z), 2(0) = 2o, if it exists, 

is determined uniquely as long as the right-hand side f(z) of the differential equations 

is Lipshitz bounded. Furthermore, if f € C! then the final states z(1) vary smoothly 

with the initial states zo (see Lee & Markus [24]). Now it is clear that a TPBVP reduces 

11



h(z(0), 2(1)) = 0 

  

  

  

Figure 2.1: Two-Point Boundary Value Problem 

to the problem of picking the right initial states z(0) € R” such that the n conditions 

h (z(0), z(1)) = 0 are satisfied. 

For MPBVPs the extensions are only of technical nature. In the case of the problem 

stated in Definition 2.2.2 the independent parameters that can be chosen freely are initial 

states z(0) and the location of the switching times ¢j,...,¢;. For both, two-point and 

multi-point BVPs this yields consistent zero-finding problems (i.e. number of conditions 

is equal to number of independent variables). Because of the smooth dependence of 

conditions h = 0 on the free variables, a Newton Method can be applied to solve these 

zero-finding problems. It is interesting to note that the zero-finding problem associated 

with a given BVP is not determined uniquely. In case of the MPBVP given in Definition 

2.2.2 it is clear that instead of using z(0), t,,...,¢, as independent parameters to represent 

12



h(z(0), 2(t1), ..-, 2(te), 2(1), 1, wayte) =O 

z= f,(z) | 2= fo(z) : 

| | 

0 ty to tk 1 

     i 

l 

! z= f,(z) 

| 

Figure 2.2: Multi-Point Boundary Value Problem 

the solution one could also choose 2(0), (ti — to),,..-,(te41 — te). Or, in order to make 

things more complicated, one could choose some point t; as a starting point and obtain the 

trajectory by integrating backward and forward. In this case the independent variables 

can be chosen as z(t;),t1,.-.,¢;. Mathematically it does not make any difference how 

a trajectory is represented. However, numerically one may benefit considerably from a 

change in parameters. Before discussing these points in more detail a simple example is 

given in the next Section to answer questions about existence and uniqueness of solutions 

to BVPs. 
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vy 

  

Figure 2.3: A Physical Example for a Boundary Value Problem 

2.3 Existence and Uniqueness of Solutions to BVPs 

Let us consider the simple physical example of shooting at an (empty) beer bottle with a 

gun (see Figure 2.3). It is easily verified that (neglecting atmospheric drag) this problem 

can bedescribed by the following BVP 

oe = (vcosyo)At z(0) = 0 

oy = (vsinyo — gT)At y(0) =0 
(2.3) 

a = 0 z(1)= zs >0 

‘z= «=O y(1) = 0   

Here g is the gravitational acceleration, v is the initial velocity of the bullet, yo is its 

initial flight path angle, and At is the total time that it takes the bullet to travel from 

starting point (z,y) = (0,0) to the target point (z,y) = (z;,0). In order to normalize 

14



  
  

° 
two solutions 5 

a no solution 

oe 
Ee 
z. 
oO 
5 

+ we- 

0 
Zmaz 

Figure 2.4: Structure of Solution for Example Problem 

the time interval to [0,1] the independent variable, time t, is replaced by some scaled 

time-like variable 7. From physics it is immediately clear that, since vo is fixed, there is 

aN maz > 0 such that (see Figure 2.4) 

problem 2.3 has no solution if t; > Zmaz, 

problem 2.3 has exactly one solution if zs = Zmaz, 

problem 2.3 has exactly two solutions if r¢ < Zmaz- 

Hence we see that even the numerical value of the prescribed boundary conditions 

may have a strong influence on existence and uniqueness of the solution. In fact, for 

the practically important case of non-linear BVPs there are hardly any theorems that 

can give a priori answers to existence and uniqueness questions. In our simple example 

only physical intuition can lead to an immediate answer without actually solving the BVP 

15



numerically. It should be noted that physical intuition usually cannot be applied to BVPs 

associated with optimal control problems. Even if the behavior of the plant is well-known 

and understood, the evolution of the costates is usually quite unpredictable and one has 

to rely exclusively on information obtained from running numerical experiments. 

2.4 Numerical Well-Posedness 

It is clear that different zero-finding problems can be formulated in association with 

the same given BVP. Instead of integrating forward one could integrate the trajectory 

backward, or one could even start the integration in the interior of the time interval and 

obtain the trajectory through successive forward and backward integration. Analytically, 

the associated zero-finding problems are usually somewhat equivalent, but numerically 

an intelligent choice of the parameters to describe a trajectory and the conditions to 

determine these parameters can make all the difference between not getting a result at 

all and getting a result pretty easily. Smooth zero-finding problems are usually solved by 

some kind of Newton Method, which, in each iteration, solves a linear system of equations. 

Hence it is natural to first investigate the scalar equation 

ax+b=0; ae R, bE R; a, b given. (2.4) 

A digital computer with finite word length will first add round-off errors to the input 

variables a and 6. Then these round-off errors will propagate according to the type of 

operation that has to be performed on a and 6 to compute z, and finally another round- 

off error is added to the result 2. From these considerations it becomes clear that the 

problem is best suited for numerical treatment if a is of order unity, i.e. |a| = 1. If |a| 
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is very small (|a] << 1) then even small perturbations in a (caused by round-off errors) 

imply large changes in the solution z. On the other hand, if |a| is very large (|a| >> 1) 

then the magnitude of the solution is very small and even small perturbations in form of 

round-off errors added to the solution z may corrupt the relative precision of the result 

considerably. The generalization of this concept from scalar to vector equations is quite 

straightforward and one comes to the conclusion that || A || close to unity is desirable for 

problems of the form 

Ar+b=0; AE R"",bER”. (2.5) 

However, careful examination of the non-scalar case shows that there is another quantity, 

namely the so-called condition of A defined by cond(A) =|] A || || A7? || which is of 

fundamental importance for the numerical solution of linear systems of equations. We 

have the following theorem (see for example Stoer & Bulirsch [43]): 

Theorem 2.4.1 Let z € R” be a solution to the linear system of equations Az = b with 

AER", bE R" given. If z+ 6x is a solution to (A+ 6A)(z + 62) = 6+ 66 for given 

6bAER™", 66€ R", then we have 

Wr (, 4 gat | 64 | 4 65), 6A] 
[=| (AAT Tay) <4 Wl apt pap): (2.6) 

This is true for any norm on R” (the space in which z and 6 live). The matriz norm 

  

is understood as the natural norm induced by the norm chosen for R”, i.e. || A ||= 

Ar 

SUP|jclI=1 Tell ” 

Proor: Assume for given A, b we have z such that Az = b. Then, for given 6A, 6b we 

have 

(A+ dA)(z + dz) = b+ 6b 
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Az + Aéz + Az + 6Abz = b+ 86 

Aéz + 6Aéz = 6b — §Azx 

|| Adz + 6Aéz || = || 6b — 6 Az || 

|| Adz |] — |] 6Adz || < |] 65 |] + |] 64 II] = Il 

Also 

|| 62 || || AW" Adz || 

IA
 || A~* |] || Adz | 

  

éz 
=> || Adz || > Ve . 

Using this we get 

|| 62 || 
| 

  — [6A |] 42s 4o | + 6A l ie i 

62 (pgarq— Aa) SH + HEA TM 
    

        

| 52 | a WAT gt 1— || 6A || || A < || 6 + || A 6A pay Oo eA AT) SO ot AT IT 6A | 

LSet ( 64 UI] Am at) WAT Ae Uy gat 1- <|| 66 + || A 6A el [AT bn Ten on tA HMA 
[zal | 6 | | 60 | | 6A | 
  

-1 | ~1 {| 68 || -1 || 6A |] rep 4 Al cee) SAM A pe A nT 

Tee dat nA ot) sata (Foes eet), 

q.e.d. 

  

Essentially this theorem states that for small perturbations 6b € R”, 6A € R®™”, 

cond(A) :=|| A7? |||] 4 
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is an amplification factor by which relative errors in the data A, 6 may influence the 

relative precision of the result x even if all operations are performed with total precision. 

This property can be best demonstrated by the simple example problem of finding the 

intersection point between two straight lines in the horizontal plane. Let the two lines 

be given by the equations n?z = 6, and niz = 6b, where n, € R?, nz € R’, b1 € R, & 1 2 

tT} 
bz € R. Then the intersection point z = € R? is determined by the linear 2 x 2 
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nt by 

system of equations r= . It is clear that without loss of generality the 

ni bo 

normal vectors n;, m2 can be assumed normalized, i.e. || ny ||=|| ne ||= 1, so that matrix 

nt nt 
has norm close to unity. Then cond(A) is large if and only if matrix has a 

no nt 
2 2 

singular value close to zero, i.e. ifn, and n2 are close to parallel. Applying Theorem 2.4.1, 

this implies that it is numerically difficult to calculate the intersection point between two 

straight lines in R* if and only if these two lines are close to parallel. This result is of 

no surprise. Of course we expect difficulties in calculating the intersection point between 

two nearly parallel lines and it is immediately clear that the obtained solution may be 

worthless if the normal directions n,, ng are corrupted even with only very small errors. 

To summarize this point we note that for a given BVP the associated zero-finding 

problem 

F(z) = 0, 

R? — RP 
FP: 

zr ow F(z) 
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should be formulated such that both, norm and condition of the Jacobian matrix J = gr 

evaluated at the solution point z* are ”as close as possible” to unity. To be more specific, 

01° is still pretty much o.k. on a computer with a norm or condition in the order of 1 

double precision accuracy (16 decimal digits mantissa). When norm and/or condition 

go close to i, where € = machine precision, results in each Newton iteration step are 

governed mainly by round-off errors and are becoming useless. Both, norm and condition 

of the Jacobian associated with the problem F(z) = 0 can be influenced also by scaling 

parameters z and/or conditions F. Even though the pure Newton Method is invariant 

under scaling, the (usually applied) Relaxed Newton Method is not and scaling has an 

effect beyond the amplification of round-off errors (see for example Stoer & Bulirsch [43] 

or Ortega & Rheinboldt [35]). 

There are numerous other criteria to examine when setting up a numerically well-posed 

zero-finding problem associated with a given BVP. In general, BVPs are full of surprises 

and it is probably not possible to give a reasonably complete list of what might go wrong. 

The following two practical examples are given in order to demonstrate somewhat typical 

problems that may occur and to show how these problems can be solved. 

For the first example let us have a look at the rocket ascent problem treated in Chap- 

ter 4. As described in Section 4.2 the rocket model involves only a single control, namely 

thrust T. This control appears only linearly in the equations of motion and is subject to 

fixed bounds 0 < T < Taz. For final time ty prescribed between (roughly) 0.13 and 0.15 

it is found that the solution is of the structure 

full thrust — singular thrust — full thrust — zero thrust. 

Figure 2.5 gives a schematic representation of the BVP associated with this switching 
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structure and indicates two different zero-finding problems that may be associated with 

this BVP, designated type 1 and type 2. The first zero-finding problem is obtained by 

integrating from initial time 0 to switching time t,, then to switching time t2, and so on 

until final time ¢; is reached. The set of parameters that makes this procedure unique 

is given by the initial states and costates r(0), v(0), m(0), A-(0), A,(0), Am(0), and the 

lengths of the integration intervals At,, Atz, At3, Atg. (Of course parameters r(0), v(0), 

m(0) can be eliminated directly by using the conditions numbered 1), 2), 3) in Figure 

2.5, but this does not change the nature and the severity of the problem that is described 

below). If the rocket ascent problem is solved successively for different values of pre- 

scribed final time t,;, it turns out that if the prescribed final time ts approaches 0.15 from 

below, the length of the second full thrust arc [t2,t3] goes to zero and ultimately vanishes 

completely, so that switching structure 

full thrust — singular thrust — full thrust — zero thrust 

blends into switching structure 

full thrust — singular thrust — zero thrust 

for tf > 0.15. In this process the numerical solution of the zero-finding problem of type 

1 fails if At3, the length of the second full thrust arc becomes less than 10-3. Switching 

times tz and ¢3 are basically determined by the condition that the switching function be 

zero. For the numerical calculation of the Jacobian J associated with the zero-finding 

problem type 1, small perturbations have to be applied in the initial states r(0), v(0), 

m(0), Ar(0), Av(0), Am(0) as well as the lengths of the arcs At,, Ata, At3, At,. As usual, 

partial derivatives are then approximated by quotients of finite differences. This proce- 

dure is based on the assumption that finite differences and partial derivatives don’t differ 
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2, At = 0.15 
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full singular | full zero 
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0 t to tz ty 
At, 1 At» Ats At, 

zero-finding problem type 1 

10 parameters: h(0), v(0), m(0), A4(0), Av(O), An(O), Ati, Ato, Ats, At, 

10 conditions: 1), 2), 3), 4), 5), 6), 7), 8), 9), 10) 

zero-finding problem type 2 

8 parameters: A(t2), v(t2), m(t2), Av(t2), Aty, Ate, Atz, At, 

8 conditions: 1), 2), 3), 6), 7), 8), 9), 10) 

Figure 2.5: Schematic Representation of Boundary Value Problem 
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too much. Of course this is true as long as the numerical offset for the finite difference 

calculations are *small enough”. But what is small enough may vary considerably from 

problem to problem. In our example where the length of the second full thrust arc [tg, t3] 

is of order 10? the magnitude of switching function S is at most in the order 10~® on 

[t2,t3] (as S = S = 0 at tz and S = 0 at tg) and a perturbation applied at initial time 

can be called small only if it yields a perturbation in S at times t2, tz that is ”small” 

compared to 107°, the order of magnitude of S$ on [t2,t3]. But the effect of perturbations 

at initial time that are small enough to satisfy this criterion are likely to be dominated 

by round-off errors that build up during the integration. Hence the Jacobian matrix can 

not be calculated with sufficient precision and the Newton Method must fail. 

It is easy to visualize that the problem above can be avoided if the integration of the 

trajectory is started at switching time t2 rather than at initial time to = 0 (zero-finding 

problem of type 2 in Figure 2.5). In this case perturbations in the parameters (r(¢2), 

v(t2), m(t2), Ar(t2), Av(t2), Am(t2), Ati, Ata, Atg, At,) have a direct effect on conditions 

Slt. = 0, Slt = 0, Sl, = 0 and can be chosen reasonably large. In the zero-finding 

problem of type 1 perturbations applied at initial time are going through an amplification 

phase along the integration on time interval [0,t2] before effects on the above conditions 

are measured. 

Another example for how different zero-finding problems associated with the same 

BVP can have completely different numerical solvability qualities is provided by the air- 

craft range optimization problem treated in Chapter 5. As described in Sections 5.2 and 

5.4 the aircraft model involves two controls, namely throttle 6 and load factor n. Throttle 

6 appears only linearly in the equations of motion and both controls, 6 and n, are subject 
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to fixed bounds 0 < 6 < 1, —nmer < 2 < +Nmar-. Additionally, a dynamic pressure limit 

which, in the context of optimal control, represents a first-order state inequality constraint 

has to be satisfied by the trajectories. Several different switching structures are found to 

solve the problem upon varying the prescribed value of naz while keeping the prescribed 

initial and final states fixed. A schematic representation of one of the switching structures 

(denoted by (S6)) is given in Figure 5.4. The switching structure consists of five arcs. 

With respect to the dynamic pressure limit Co := g — qmar < 0 the switching structure is 

not active — active — active — active — not active 

(and this is the only property of switching structure (S6) that is important for this Sec- 

tion). The most obvious zero-finding problem associated with this BVP is to search 

numerical values of the 14 parameters E(0), h(0), 7(0), z(0), AZ(O), An(0), A,(0), (0), 

Io, At;, Ate, Atg, Atg, Ats such that the 14 conditions numbered 1), ..., 14) in Figure 

5.4 are satisfied. But it turns out that it is numerically nearly impossible to solve the 

problem this way. Small perturbations in initial states, initial costates, or the lenth of the 

time interval Az, lead to (usually slightly bigger) perturbations in the states at time t,, 

the beginning of the active-state-constraint phase. Along state constrained arcs (intervals 

[t1,t2], [t2,t3], [t3,t4]) the differential equations are such that the dynamic pressure is 

identically constant, so that ¢ — gmaz = Aq on [f1,t4], where Aq = (q—- maz le, . Loosely 

speaking, in order to stay on a higher dynamic pressure limit over some extended period 

of time either the thrust has to be increased or the load factor has to be decreased. In 

fact, even small positive increments Aq make it impossible for the aircraft to stay on the 

dynamic pressure limit all along time interval [t,t4]. Numerically it turns out that load 

factor n is reduced along [t,,t4] until n = 0 is reached. After that point either the calcu- 
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lation of n stops with a negative square root or the equation 4 (¢ — mar) = 0 that has to 

be satisfied along arcs with active dynamic pressure limit is no longer fulfilled. This means 

that the calculation of the Jacobian is either impossible or leads to inconsistent results 

(depending on how the software to integrate the trajectory is set up). Again it is easy to 

see that all these difficulties can be avoided if the integration is started at a time where 

the dynamic pressure constraint is active, i.e. somewhere along the time interval [t,, ¢4]. 

The most preferrable starting point for the integration is switching time t2 (or t3). At 

this time conditions 6), 8), 9) in Figure 2.5 can be used to reduce the free parameters to 

the set h(t2), y(t2), z(te), AE(t2), Az(t2), lo, Aty, Ate, Atz, Atg, Ats. The conditions left 

to satisfy are given by equations 1), 2), 3), 4), 5), 7), 10), 11), 12), 13), 14). In this setup 

the characteristic properties S = 0 along the singular arc [t2,t3], as well as g — mar = 0 

along the state constrained arcs [t,t], [t2,t3], [t3,t4] are always satisfied irrespective of 

the perturbations that are applied in computing the Jacobian matrix. 

2.5 A Robust, East-To-Use Software Package 

In this Section we describe the software package for solving multi-point BVPs that has 

been used to generate all numerical results that are presented in this thesis. This package 

has evolved out of the needs that arise in the practical work with optimal control problems. 

The heart of the software is subroutine ZSCNT, an IMSL 9.2 implementation of Newton’s 

Method for solving non-linear zero-finding problems (see IMSL 9.2 User’s Manual [15]). 

The main program, into which the user has to make only a few entries, like the number 

of equations to solve, is also provided in some standard form. This main program calls 
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initialize XIN 
      

    
  

XIN 
  

ZSCNT TRAJEC 
YOu 
            

  

    
solution XIN 

      

Figure 2.6: Flow Chart for Boundary Value Problem Solver 

the Newton Method and the Newton Method in return calls subroutine TRAJEC in an 

iterative way (see Figure 2.6). For given parameter vector z (= input XIN in TRAJEC) 

TRAJEC computes the value of the non-linear vector-valued function F(z) (= output 

YOUT in TRAJEC) that has to be made zero. This subroutine has to be provided 

completely by the user. 

It is not claimed that this software package incorporates any new numerical theories. 

The advantages of this software come purely from its user friendliness. In practice it is 

usually necessary to write some program that can integrate the trajectory for a given 

initial state/costate vector. This should always be done in order to test the right-hand 

side of the differential equations (e.g. for constancy of the Hamiltonian) but may also 

be required to find a starting trajectory for homotopy runs. Once such a program is 
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written it is trivial to transform it into a subroutine and to provide the input/output 

interface as required in TRAJEC. Clearly, if the same subroutine that is used for software 

test runs can be immediately embedded into the BVP solver, then an obvious source for 

programming errors is eliminated. 

Another advantage of the described program architecture (see Figure 2.6) is that the 

user has complete control over the parameters used to characterize the solution of a given 

BVP. All parameters have to be selected by the user and all conditions (to determine these 

parameters) have to be programmed explicitly in TRAJEC. Also, no automatic scaling is 

provided by the software package. The aim is to give the user as much control as possible. 

By ”playing around” with scaling factors and by trying different zero-finding problems 

for a given BVP the user is able to get a good feeling for the BVP. In case of troubles it is 

usually easy to clearly identify where the difficulties are coming from. In programs with a 

lot of automatic features this may be very difficult. Besides, the problems and difficulties 

arising in the practical work with optimal control problems are so different in nature that 

it is probably impossible to make automatic procedures fool-proof. The software package 

described here leaves it up to the user to do a good or bad job in fine-tuning the numerical 

procedure. For the experienced user this feature is quite welcome. For the unexperienced 

user it provides the opportunity of learning something and of growing with the software. 

27



Chapter 3 

Existing Optimality Conditions 
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Chapter Overview 

A standard type optimal control problem is defined. Existing optimality conditions are 

stated for this standard problem. Extensions to the practically important cases of singular 

control, interior point constraints, control constraints, and state constraints are treated. 

Finally, the existence of solutions and Jacobi Testing is addressed. 

3.1 Introduction 

In this Chapter it is intended to give an overview of existing optimality conditions for a 

reasonably large class of optimal control problems. In the first Section of this Chapter 

a very simple reference optimal control problem is defined. Section 2 states necessary 

conditions for optimality and points out a few general difficulties associated with optimal 

control problems. In Sections 3, 4, and 5 a few complications, such as control constraints, 

interior point constraints, and state constraints are introduced to the simple reference 

problem. Finally, Section 6 addresses the question of existence of a solution. Throughout 

this Chapter proofs are avoided in favor of giving only the basic idea. For details numerous 

references are provided in this Chapter. 

3.2 Standard Optimal Control Problem 

In this Section we consider the following simple optimization problem 

Definition 3.2.1 (Standard Problem) 

ue ae 3)” O(z(ts), ts) (3.1) 
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subject to the equations of motion 

z(t) = f(z(t), u(t)) (3.2) 

the initial conditions 

z(to) = 20; to, Zo fired (3.3) 

and the boundary conditions 

U(2(t,),t;) = 0 (3.4) 

where u(t) € R™; z(t) € R"; 6: Rt! | RK; f: Rt" | RU: R41 Rk <n. 

Remarks: 

(i) It is important to allow minimization of the cost function (3.1) over a reasonably 

large class of control functions u. For engineering purposes we want this class of control 

functions to include at least the set of all piecewise continuous functions. Moreover, we 

want the metric defined on the principle set of functions to be such that two continuous 

functions f and g have distance zero (“are the same”) if and only if f(t) = g(t) Vt € [to, t,]. 

Besides these engineering requirements an important issue from the mathematical point 

of view is completeness of the set of control functions with respect to the selected metric. 

(Note that for instance, the minimization problem of finding the smallest number in the 

set X = {x € R|0 < z < 1} does not have a solution because the set X is not complete. 

To avoid difficulties of this kind we want the set of admissible controls to be complete). 

Loosely speaking, the set L2[to,t;] in conjunction with the norm || f ||2= Se f? dt for 

f € Lefto,t;| can be defined as the completion of the set of all piecewise continuous 

functions on [to,t;] (completion w.r.t. the metric on L2 as implied by the norm || - ||2), 

and hence satisfies all desired qualifications. For all practical purposes it is possible to 
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view PWC[to, ti] (the set of all piecewise continuous functions on [to,t;]) as the set of 

allowed control functions. This makes things easier to visualize. When this engineering 

approach leads to difficulties it will be necessary to recall that we are really minimizing 

over all control functions in L[to, t,]. 

(ii) Frequently, optimal control problems are stated in terms of a cost function 

J = ole(tsty) + [" Le), u(t) 

Problems of this form are not more general than the one stated in Definition 3.2.1. By 

introducing the additional state y as solution of 

y=L(z,u), y(to) =0 

the above cost function takes the form 

J = p(x(ty), ty) + y(ty) 

and hence is of the general form given in Definition 3.2.1. 

(iii) Frequently, optimal control problems are stated with an explicit time dependence of 

the right-hand side of the state equations 

x(t) = f(x(t), u(2),t). 

This explicit time dependence can be transformed away by introducing the additional 

state y as solution of the initial value problem 

y= 

y(to) = to. 
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Then, obviously, the right-hand side of the state equations is only a function of states 

(z,y) and controls u, 

t= f(z,u,y) 

(iv) It is customary to consider initial conditions only of the simple form (3.3). It is not 

possible to obtain such simple initial conditions by applying some transformation on the 

general problem with initial/boundary conditions of the form, say 

W(z(to), z(t;), to, ts) = 0 (3.5) 

Hence, considering only initial/boundary conditions of the form (3.3), (3.4) poses a non- 

trivial restriction on the generality of the standard optimal control problem. On the 

other hand, optimality conditions (and methods of deriving them) associated with the 

more general initial/boundary conditions (3.5) are a quite straightforward generalization 

of the optimality conditions (and methods of deriving them) associated with the simple 

conditions (3.3), (3.4). 

3.3 Optimality Conditions for the Standard Problem 

Assume the control function u(t), t € [to, ts], furnishes a solution to the standard problem 

given in Definition 3.2.1. Then necessary conditions for optimality are obtained from the 

following formalism (the theory also guarantees that these optimality conditions have a 

solution if the optimal control problem has a solution): 

define the variational- Hamiltonian 

H(z,A,u) := A? f(z,u) (3.6) 
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and define the Lagrange multiplier vector A as solution of the final value problem 

  

- OH 
\= -3— (3.7) 

ao ay 
A ts) = Sa(t;) * ”" Balt)’ (3.8) 

Then, at (almost) every instant of time, the optimal control u* is such that the Hamilto- 

nian (3.6) is minimized (Minimum Principle): 

u*(t) = arg min, HA (z(t), A(t), u). (3.9) 

An optimality condition associated with final time ty is given by 

08 | 70 _ Oty +v i, = 0. (3.10) H\,, + 

In an engineering approach these conditions can be obtained from setting the first variation 

of the augmented cost function equal zero (see Appendix B). A more rigorous, yet very 

geometrical and illustrative approach is presented in Leitmann [25]. Leitmann extends 

trajectories into an n + 1-dimensional space (n state dimension, 1 cost dimension). Then 

he introduces limiting surfaces defined as the set of all points in the n+1-dimensional space 

associated with trajectories that connect arbitrary, admissible initial and final states, with 

the cost at initial time chosen such that each trajectory ends up with the same fixed final 

cost. Finally, the Lagrange multipliers introduced above are identified as (part of) the 

normal vector on these limiting surfaces. 

Another illustrative, yet mathematically very clean approach is given in Lee & Markus 

[24]. For the minimum time problem Lee & Markus investigate the evolution of the set 

of attainability K(t). This is the set of all possible states that can be reached within 

time t, starting at a fixed point zo at time to. Optimality conditions are derived from the 

33



requirement that for all times ¢ > to the optimal state z*(¢) has to be a boundary point 

of the set of attainability A(¢). 

Finally, it should be mentioned that the optimal control formalism can be derived also 

in very abstract functional analysis approach (see Neustadt [33]). Most theorems and 

proofs still have some geometrical interpretation, but often this is hard to see because 

one is generally working in infinite-dimensional spaces. In some cases the results obtained 

from the functional analysis approach lead to a significant strengthening of theorems 

derived in a classical way (e.g. in [31] supplementary optimality conditions on multiplier 

pt associated with state inequality constraints can be derived by applying results obtained 

from the general multiplier theory). 

It should be noted also that at each instant of time where the Hamiltonian is a suffi- 

ciently smooth function of control vector u, the Minimum Principle (3.9) implies 

OH _ = =0 (3.11) 

2 

ve >0. (3.12) 

Condition (3.12) is called the Legendre-Clebsch Condition or Convexity Condition. 

3.4 Singular Control 

As stated in the previous Section, at each instant of time t, the optimal control u* has to 

satisfy (Minimum Principle) 

u"(t) = arg min, H(2(t), A(t), u) (3.13) 

It is possible that this condition does not determine u* uniquely. Typically, and for 

practical applications most important, this can happen if some component u; of control 
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vector u appears only linearly in the right-hand side f(z, u) of the state equations (3.2) 

such that oho) is independent of all controls u and is a function of states z only. If, at 

oH some instant of time, states x and costates \ are such that S(z,A) := Buy is zero, i.e. 

S=0 (3.14) 

then the Hamiltonian is independent of u; at that instant of time and the Minimum 

Principle (3.13) does not furnish any information on how to choose u,;. It is clear that 

pointwise occurrence of this situation can be ignored. This is true as we can choose any 

arbitrary control value u; at an isolated point in time without changing the evolution of 

states. If we are willing to think in terms of Z2-functions (rather than piecewise continuous 

functions) as admissible control functions then we can generalize this statement by saying 

that arbitrary control values on a set of measure zero along the time axis do not have 

any effect on the evolution of the states. Hence, we only have to investigate the case 

where S is zero on a set of positive measure along the time axis. After replacing all 

control components u;, i # 7, by functions of states z and costates \ as determined by 

the Minimum Principle (3.13), S is an absolutely continuous function and hence S being 

zero on a set of measure greater than zero implies that there is a non-trivial time interval 

[t1, t2] C [to, ts], t2 > t1, such that S = 0 on [t,t]. This is called a singular control case 

(note that the Hessian matrix oH is singular on [t,,t2]). In this case control component 

u; is determined implicitly by condition (3.14). Explicit information on u; can be obtained 

by differentiating identity (3.14) until the undetermined control u; appears explicitly. In 

[19] it is shown that S has to be differentiated an even number of times, say 2q times for 

some g EN, until control u; appears explicitly. Then q is called the order of the singular 
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control. 

Hence, on an arc [t;,¢2], tg > ¢1, with singular control u;, j € {1,...,m} of order q we 

have the following necessary conditions: 

ile¢4#a}= in H . {uil tA J} = arg min, (3.15) 

S(z,A)|,, = 0 

dS 
a a» =0 

  

(3.16) 

ti 

ea, A, uj) = 0 on [t1, ta] (3.17) 

where 

S= Fa (3.18) 

with all controls u;, 1 # 7 expressed in terms of z, A as obtained from (3.15). A more 

general definition of singular control which applies also for non-linearly appearing controls, 

as well as for arcs with active control and/or state constraints is given in Section 6.4. 

In the 1960’s singular control was found to play an important role in numerous en- 

gineering problems of great practical interest (e.g. the atmospheric ascent of the Saturn 

V rocket). This prompted intense research in supplementary optimality conditions for 

singular control. Note that along singular arcs the classical Legendre-Clebsch condition 

2 

—- >0 (3.19) 

is satisfied for the singular control component wu; only in the weak form (i.e. with equality). 

In 1964 H. J. Kelley [17] was the first to state second order necessary conditions for this 
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type of control. In the following years many authors e.g. Kelley & Kopp & Moyer [18], 

[19], Robbins [36], Goh [11], Krener [20] have extended Kelley’s idea to derive what is 

now known as the Generalized Legendre-Clebsch condition. In compact form it can be 

(5 irs (52) >0 (3.20) 

In Chapter 6, Goh’s Necessary Condition, which implies (3.20), is extended to the case of 

stated as 

singular control along state/control constrained arcs. 

3.5 Interior Point Conditions 

Let us introduce the additional condition 

N (x(t7),2(tf),t) =0, N:R"+1 RP (3.21) 

to the standard optimal control problem stated in Definition 3.2.1. With conditions 

of this form it is possible to formulate explicit conditions on the states and/or prescribe 

discontinuous jumps in states at points in the interior of the trajectory. A typical example 

is the staging of a rocket, where the mass changes discontinuously at staging time, say, 

t;. The optimality conditions associated with constraint (3.21) can be easily derived 

by investigating the first variation of the augmented cost function as demonstrated in 

Appendix B. For convenience the results are restated below (superscripts —, + denote 

evaluation just before t; and just after t,, respectively): 

N (2(t7),2(tf),) =0, N: R41 RP (3.22) 

(" + a) dx, + + (7 _ a) dz,~ + ("> —Ht++ H) dt, = 0 (3.23) 
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for all [dz,+,dz,~,dt,] € R°*"*+! with 

ON, , ON, _ ON, | 
Oa,+ ot + 5p, 97 + 3p, a4 = 0 (3.24)     

The constant multiplier vector 1! € R? compensates for the p degrees of freedom lost 

through condition N = 0. 

In the practically important case where all states are continuous at t; and where time 

t, is free, i.e. 

N(2(t1)) = 0 

the optimality conditions simplify to 

N(2(t,)) = 0 (3.25) 

ON 
ATF = yo? - FP 2 On (3.26) 

Ht —~H~ =0. (3.27) 

We will make use of this result later in Section 3.7 when we are dealing with state con- 

straints. 

3.6 Control Constraints 

In the standard optimal control problem stated in Definition 3.2.1 the range of control 

vector function u € (La[to,ts])” is assumed to be all of R™. In this Section we consider 

control constraints of the general form 

g{z,u) $0 (3.28) 
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with g: R"+™ —, R?, 1 <p<m, and 

Og | 
rank Ay 7 P (3.29) 

Assume u* furnishes a solution to the optimal control problem (3.1), (3.2), (3.3), (3.4), 

(3.28) and assume control constraint (3.28) is active on some subinterval [¢1, ta] of [to, tf]. 

(ie. g(z, u*) = 0 on [t;,¢2]), and control constraint (3.28) is non-active on [to, t1) U (te, t,] 

(i.e. g(z,u*) < 0 on [to,t1) U (t2,ty]). Then necessary conditions for optimality of u* are 

obtained from the following formalism: define the Hamiltonian 

H(z,A,u) = AT f(z, u) (3.30) 

and define the Lagrange multiplier vector \ as solution of the final value problem 

OH Og 

G2 "8 G31) 
_ 0b 7 av 

MN Bacay *” Betsy ee 
Then, at (almost) every instant of time, the optimal control u* is such that the Hamilto 

nian (3.6) is minimized subject to all active control constraints (Minimum Principle): 

u*(t) = arg min, H(z(t), A(t),u) on [to, t1) U (te, ty] (3.33) 

u*(t) = arg H(2(t), A(t), u) — on [t1, ta]. (3.34) min 
uER™, g(x(t),u)=O 

The multiplier vector function of time yp: R — R? satisfies 

p=0 on intervals where g(z,u) < 0 
(3.35) 

oH + pT 3a =0 on intervals where g(z,u) = 0. 

The “switching times” #,, tg are determined from the condition that the Hamiltonian be 

continuous 

H(t,*) = H(t) (3.36) 
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H(ty*) = H(to7). (3.37) 

An optimality condition associated with final time ty is given by 

a Bt” Bt; = 0. (3.38) H\,, + 

Again, the easiest way to obtain these results is to analyze the total variation of the 

augmented cost function. For the case of state constraints instead of control constraints 

this is demonstrated in Jacobson, Lele, Speyer [24]. (Mathematically, state constraints can 

be viewed as control constraints in conjunction with additional interior point constraints, 

see next Section). An alternative way of derivation which is even easier, but sometimes 

very powerful, is given as follows: 

First note that (as long as we don’t have “chattering control”, see [24]) every instant of 

time ¢ € [fo,¢;] belongs to a time interval [71,72] of length > 0 which is either completely 

constrained (i.e. g(z,u) = 0 on [71,72]) or completely unconstrained (i.e. g(z,u) < 0 on 

[71,72]). By the Principle of Optimality (see [24]) the control on unconstrained arcs is 

determined from the usual unconstrained optimality conditions (3.6), (3.7), (3.8), (3.9), 

(3.10), which is equivalent to conditions (3.30), (3.31), (3.32), (3.33), (3.35), (3.38) with 

p = 0. On arcs with active control constraints, condition g(z,u) = 0, g: R"+™ — RP 

v 
can be viewed as specifying p controls w (u = ,vé€ R™-?, w € R?) in terms of 

Ww 

states z and the remaining m — p controls v. The existence of a solution w = A(z,v) of 

g(z,u) = g(z,v,w) = 0 is guaranteed at least locally by assumption (3.29) (see Implicit 

Function Theorem [2]) even if an explicit solution of g(z,v, w) = 0 is not possible. Upon 

substituting w = A(z,v) the constrained optimal control problem is transformed into an 

unconstrained optimal control problem. For the evolution of costate vector A we get from 
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(3.7) (chain rule) 

_OH @GHOh -r__OH OH Oh 

“= Ox OQwdzx 

From differentiation of the identity g(z,v,h(z,v)) = 0 w.r.t. c we obtain 

(3°) dz = \ Ow dz)’ 

so that the adjoint differential equation can be written as 

yr OH _ OH (-22)" 8g 
Or Ow\ Ow Ox 

=i 

Similarly, the constrained minimization problem (3.34) written in the form 

u” = [v", w"*] = arg min H 
u€R’, 9(z,u)=0 

yields 

g(z;v,w) =0 

OH on ( 0)" 88 2 
dw’ dw\ du) Bw 

=ipT 

(3.39) 

(3.40) 

(3.41) 

and we see that multiplier uw in (3.31), (3.35) is exactly the multiplier obtained from ap- 

plying the Kuhn-Tucker conditions to the finite dimensional minimization problem (3.39). 

This basic concept is the general idea used in Chapter 6 to derive an extension of Goh’s 

Necessary Condition for singular control along arcs with active state and/or control con- 

straints. 

3.7 State Constraints 

In the previous two Sections we introduced control constraints (3.28) and interior point 

constraints (3.21) to the standard optimal control problem stated in Definition 3.2.1. In 
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this Section we consider state constraints. These are of the general form 

h(z) <0 (3.42) 

with h: R" — R?,1<p<™m. As in the previous Section, the Principle of Optimality 

(see (24]) implies that along time intervals where the state constraint is non-active the 

trajectory evolves as if there were no state constraints at all, ie. equations (3.2), (3.6), 

(3.7), (3.9) are valid. Along time intervals, say [t1,t2], where the state constraint is active 

we note that 

h(x) = 0 on [ty, ta] 

is equivalent into 

hO(r)=0 att=t 

(3.43) 

AG-V(2)=0 att=t; 

(9) (x, u) = 0 on [t,t]. (3.44) 

Here superscript (¢) denotes i-th total time derivative and gq is the smallest integer 1 € N 

such that u appears explicitly in h{). Hence we see that an active state constraint h(z) = 

0 on some interval [;,¢2] is equivalent into control constraint (3.44) along [#:,t2] and 

interior point constraints (3.43) at time ¢ = t,. The regularity condition (3.29) for control 

constraints translates immediately into rank ant? = p. Optimality conditions implied by 

(3.43), (3.44) are given in the previous two Sections. For convenience these results are 

restated below: 

Optimality conditions for entering the state constrained arc: 

AO(®)=0 att=t 
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A(-)(z) =0 att=t, 

H+-—-H-=0Oatt=t, 

ah) ahta- 
—_— 6 6 5 

Oz a1 Oz 
    at f= 1%). 

Optimality conditions in the interior of the state constrained arc: 

u*(t) = arg weR™ min, ao tO), Al), ) 

z= f(z,u) 

,- OH _ ant 
~~ Or Or 

The multiplier yz is determined by (3.35) (with g replaced by A), and hence, as noted ear- 

lier, is exactly the multiplier obtained from applying the Kuhn-Tucker conditions applied 

on the finite-dimensional minimization problem (3.34) (with g replaced by h). From this 

observation we find immediately the supplementary optimality condition 

p> 0. 

Even stronger supplementary optimality conditions on multiplier pz are given by 

.d 
(-1i* >0 forz=0,1,...,¢—-1 (3.45) 

This result is obtained from linking state constraint g(r) = 0 directly to the cost function 

rather than splitting g(x) = 0 up into an interior point constraint and a control constraint 

as shown in (3.43), (3.44) and linking both parts separately. The theoretical background 
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for this procedure is provided by a generalized multiplier theory (see [33]). Result (3.45) 

is then basically obtained through simple transformations involving integration by parts 

(see [31]). 

Optimality conditions for leaving the state constrained are: 

Ht —-H7 =Oatt=ty. 

In contrary to control constraints we have to consider also the possibility of a state con- 

straint being active only at an isolated point in time, a so-called touch point. (Note 

that a control constraint being active at an isolated point in time, say t,, is equivalent 

to associating a fixed numerical value with the control function u(t) at time t,. This is 

not sensible as point evaluation for L2-functions is not well-defined. Hence non-trivial 

touch-points can never exist for control constraints). In case of a touch point, say ft), the 

only active constraints are the interior point constraints (3.43), while before t; and after 

t, (at least in some neighborhood) the trajectory evolves like a free trajectory. Hence for 

a touch point ¢; associated with a q-th order state inequality constraint we get 

A(x) =0 att=t, 

AG-Y(2)=0 att=t 

Ht—~H~=0Oatt=t 

  

ah(°) on-1) 

Oz ler 

In [31] it has been shown for the case of scalar control u that touch points are not possible 

for state constraints of order g = 1, except if very special conditions are satisfied. In 
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Chapter 7 this result is generalized to the case of controls of arbitrary dimensions m € N. 

3.8 Existence of a Solution and Jacobi’s Condition 

In the formulation of the Minimum Principle it is always assumed that the optimal control 

problem under consideration does have a solution. It is possible then to conclude that the 

optimal solution must satisfy the optimality conditions stated in the previous Sections. 

In general it is not possible to reverse this process, i.e. an extremal which satisfies the 

necessary conditions stated in the previous Sections need not furnish a solution to the 

optimal control problem. In Lee & Markus [24] fairly general existence theorems are 

stated. One of these theorems is given as follows: 

Theorem 3.8.1 Consider the non-linear process in R” 

z= f(z,t,u) (3.46) 

The data are as follows: 

1) The initial and target set X(t) and Xj(t) are nonempty compact sets varying contin- 

uously in R” for allt in the basic prescribed compact interval To < t < 71. 

2) The control constraint set Q(z,t) is a nonempty compact set varying continuously in 

R™ for (2,t) € R" x [7m <t <7]. 

3) The state constraints are (possibly vacuous) h'(z) <0, ..., h’(z) < 0, a finite or infi- 

nite family of constraints, where h}, ..., h” are real continuous functions on R”. 

4) The family ¥ of admissible controllers consists of all measurable functions u(t) on var- 

ious time intervals to < t < ty in [to < t < ™] such that each u(t) has a response x(t) on 

to < t < t; steering x(to) € X(to) to z(t1) € X(t1) and u(t) € O(2(t),t), hi(z(t)) < 0, 
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wey AT(z(t)) <0. 

5) The cost for each u € F is 

Clu) = g(al))+ f° P(e(H),t,u(t)) d+ max, a(e(t)) 

where f9 € C} in R™*1*™) and g(x) and (zx) are continuous in R”. 

Assume 

(a) The family F of admissible controllers is not empty. 

(b) There is a uniform bound 

(z(z)| <bontpg<t<t, 

for all responses z(t) to controllers u € F. 

(4) The extended velocity set 

V(2,t) = {f°(z,t,u), f(z, t, u)| u € Q(z, t)} 

is conver in R™*! for each fized (x,t). 

Then there exists an optimal controller u*(t) on tg <t < Ty in F minimizing C(u). 

Conditions on states x and controls u are stated such that a priori the existence of a lower 

bound on cost function C'(u) is guaranteed. Let co € R be the greatest lower bound on cost 

function C(u). Then, together with the assumption that the set of admissible controls is 

not empty, it is concluded that there is a sequence of admissible control functions such that 

the associated costs are monotonically decreasing and have a cluster point at co. Finally 

it is shown that this sequence of control functions has a weakly convergent subsequence 

and that an admissible control function is in this weak limit. 
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For practical purposes theorems of the form 3.8.1 may be inadequate because of the 

strong assumptions necessary. An alternative line of thinking is presented in Bryson & 

Ho [5]. Without knowing whether the original optimal control problem has a solution it is 

proposed to generate a solution candidate by solving the first order necessary conditions. 

About this solution candidate one considers so-called weak perturbations. (these are 

perturbations éz in states z with the property that for 6z — 0 also 6z — 0). Restricting 

ourselves to weak perturbations (rather than all possible perturbations available in D2) it 

is possible to expand the augmented cost function into a Taylor series about the reference 

solution. By construction the first order term of this expansion is zero and the leading 

term is of second order. Minimization of this second order term is equivalent to solving 

a linear quadratic optimal control problem, the so-called Accessory Minimum Problem 

(AMP).Controls and states in the AMP are exactly the (first order approximations of) 

perturbations in controls and states about the reference solution for the original problem. 

Now it is clear that 

i) the reference solution for the original problem is non-optimal if there is a solution to 

the AMP which furnishes negative cost. 

ii) the reference solution for the original problem furnishes at least a weak local minimum 

if all non-trivial control functions (control functions which are not identically zero) yield 

cost greater than zero. 

Because of these considerations the study of linear quadratic optimal control problems 

gains tremendous theoretical importance. Explicit results on this matter are presented 

for instance in Bryson & Ho [5], Chapter 6.3, where sufficient conditions are stated that 

allow one to transform the second variation of the cost function into a perfect square. 
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By construction these conditions are sufficient conditions for the reference solution under 

consideration to furnish a weak local minimum to the original problem. Still, if a reference 

solution is shown to furnish a weak local minimum, it is not clear whether it also furnishes 

a strong local minimum. In fact it is not even guaranteed that the original problem under 

consideration does have a solution. 

Another interesting treatment of the AMP is given in a paper by Breakwell & Ho 

[3]. In this paper it is shown that the existence of a conjugate point along the reference 

solution (for the definition of conjugate points see [3], [5], or Chapter 8 of this thesis) 

implies the existence of a trajectory which furnishes negative cost to the AMP. Hence, by 

virtue of i) above, the existence of a conjugate point implies non-optimality of the original 

solution candidate. The proof given in [3] is not constructive. That means, a trajectory 

that furnishes negative cost to the AMP is shown to exist, but it is not given explicitly. 

In Chapter 8 of this thesis a modification of the proof in [3] is given which explicitly 

constructs a trajectory that furnishes negative cost. Because of its explicit character, it is 

possible to extend the new proof to the case where the coefficient functions in the AMP 

have any finite number of corners. The results obtained so far apply immediately for 

corners in the AMP that are induced by an explicit non-smooth time dependence of the 

state equations for the original problem. In the future it is planned to extend the new 

approach also to corners in the AMP induced by interior point conditions as discussed in 

Section 3.5. 
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Chapter 4 

Example: Vertical 

Rocket-Powered Ascent Study 
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Chapter Overview 

The Goddard Problem is that of maximizing the final altitude for a vertically ascending, 

rocket-powered vehicle under the influence of an inverse square gravitational field and 

atmospheric drag. The present example is concerned with the effects of two additional 

constraints: a dynamic pressure limit maz, and a specified final time ty. Nine different 

switching structures involving zero-thrust arcs, full-thrust arcs, singular-thrust arcs, and 

state constrained arcs are obtained for prescribed values of gmaz between 0 and oo and 

the final time ¢; between ty min and ty*. Here ty min 18 the minimum possible time within 

which all the fuel can be burned, and ¢,* is the optimal final time. For all points in 

the above defined domain of the gmaz,ts-plane the associated optimal switching structure 

is clearly identified. Finally, a comparison between the optimal solutions and a simple 

intuitive feedback law is given. 

4.1 Introduction 

The problem of maximizing the final altitude for a vertically ascending rocket was first 

formulated by Goddard [10] in 1919. Numerous authors such as Hamel [14] in 1927, 

Tsien and Evans [44] in 1951, Miele and Cavoti [32] in 1958, Leitmann [26], [27], [28], 

[29], [30] in 1956-1963, and Garfinkel [9] in 1963 have analyzed the problem using various 

mathematical methods and assumptions on the equations of motion. An extensive study 

of the problem under realistic assumptions on the equations of motion has become possible 

only with the development of the theory of optimal control in conjunction with powerful 

digital computers. Recently, Tsiotras and Kelley [45], [46] have studied the effect of a 
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final time specification and of drag modelling. 

In the present treatment a dynamic pressure constraint, which in the context of opti- 

mal control represents a first-order state inequality constraint, is introduced to the prob- 

lem. The effect of this constraint as well as the effect of restrictions on the final time 

are investigated for their effect on the switching structure and the maximum attainable 

altitude. 

4.2 Problem Formulation 

The problem is to maximize the final altitude for a rocket ascending vertically under 

the influence of atmospheric drag and an inverse square gravitational field. The thrust 

magnitude T is the only control and is subject to fixed bounds 0 < T < Tyg; (control con- 

straints) and a dynamic pressure limit g < qmar (state constraint). The following assump- 

tions are made: point-mass model, Newtonian central gravitational field, one-dimensional 

trajectory, air density varies exponentially with altitude, constant drag coefficient, and 

constant exhaust velocity. 

In non-dimensionalized form the problem is given as follows: 

min — r(ty) (4.1) 

subject to the equations of motion 

r= v 

T-D 1 
v= in - r2 (4.2) 

. T 
m= -— 
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the control constraints 

T € (0, Tmax] (4.3) 

the boundary conditions 

a) r(0)=1 a) r(ts) to be maximized 

b) v(0)=0 ee) v(t,) free (4.4) 

c) m(0)=1 f) m(ty) = my 
and the state inequality constraint 

Por, v,m) =U—- Umar < 0; Umar(T) = V Fas eA(Imr), (4.5) 

The final time t; may be fixed or free. The dynamic pressure limit gmaz is prescribed 

with values between gmaz = 0 (trivial case, rocket is allowed only hovering with maximum 

velocity zero) and gmaz = +00 (dynamic pressure limit can be ignored). Radial distance 

r, velocity v, and mass m are the states; thrust T is the only control. Drag D is given by 

D=qCp 

where 

q= ve -7) 

is the dynamic pressure times cross section area [A]. Note that constraint (4.5) can be 

identified as a dynamic pressure limit ¢ — qmaz < 0. 

The variables in the system description (4.1) - (4.5) have been non-dimensionalized 

with initial radius [ro] as the length-scale, initial mass [mo] as the mass-scale and time- 

scale given by to = /2 where g is the value of Earth’s gravitational acceleration at the 

initial radius. 
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4.3. Minimum Principle 

Problem (4.1) - (4.5) is solved by applying the Pontryagin Minimum Principle. Assuming 

that a solution of (4.1) - (4.5) exists, the Minimum Principle states that at every point in 

time the control is such that the variational-Hamiltonian 

H(r,v,mM,Ar,Au,Am) = ApP+AVO+ AMM 

= Av+A, (— ~ =) ~ dn (4.6) 
m r2 

is minimzed subject to all control constraints: 

T = arg min H; U ={T € R|T admissible}. (4.7) 

On ‘unconstrained arcs’ (i.e. on time intervals where (4.5) is satisfied with strict inequal- 

ity) 

U={TER|\O<T < Taz}. (4.8) 

On ’constrained arcs’ (i.e. on time intervals, say [71,72] where (4.5) is satisfied with strict 

equality) 

Po = 0 on [14,72] (4.9) 

is equivalent to 

Po=Oatt=r, | (4.10) 

P, = 0 ont € (14,72) (4.11) 

where 

Py:= ae = rua _ 5 — Unar(t)u (4.12) 
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so that the set of admissible controls is 

U={Te€ RIO<ST < Taz, Pi = O}. (4.13) 

This set ‘usually’ consists of a single point, but may be empty. The evolution of the 

Lagrange multipliers A, , z € {r,v,m} is governed by 

OH 

As oy (4.14) 

on unconstrained arcs. On constrained arcs the implicit dependence of the control on 

states via (4.11) implies 

OH OP, 

=o, Hae (4.15) 

(see Bryson, Denham & Dreyfus [4] or Sections 3.6, 3.7 of this thesis). Supplementary 

optimality conditions are given by 

pro (4.16) 

<0 (4.17) 

where p is the Valentine multiplier defined in (3.35), i.e. p= — on / on = dr, + An@ 

and (4.16), (4.17) is obtained from (3.45) in Section 3.7. 

4.4 Hamiltonian and Adjoint Equations 

Explicitly the Hamiltonian (4.6) takes the form 

— 1 T H=dvtr (— _ 5) ~ me (4.18) 
m T c 

and the adjoint equations are 

bs Bop epee ts 7 Uael”)) 
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= < oe —\,— pl (--> tae(")) 

Am = Avr ~D)~p (-—=-) 

where 

w=0 on unconstrained arcs 

a + pot =0 on constrained arcs. 

Here ’ denotes differentiation w.r.t. radial distance r. 

4.5 Control Logic 

With the switching function S defined by 

OH Ay A 

5 °= OF = in  e. 

the Minimum Principle (4.7), (4.8) implies 

0 if S$>0 

T= % Trax if S<0 

Tsing if S=0. 

On ’singular arcs’ § = 0, S = 0, § = 0 imply 

and 

  

(4.19) 

(4.20) 

(4.21) 

(4.22) 

(4.23) 

(4.24) 

(4.25) 

(4.26)



where 

ay =-2. (22,2), #0, 2D (D, 2) 
pe me \ Av c dvdr. Ov? \m— r2}? 

ty=3 (2B, 2D (2 1)) , (22 , 2m) 
ae dr Ov \m_ fr? + Or re}? 

and 

a= 2 (22D), PDA, DA 
3 me \ a0" ¢ Ov? m= Av me’ 

respectively. The singular arc is of first order (see Bryson & Ho [5]). On constrained arcs 

(4.7), (4.13) imply 

b= —-A,+ Am ( from Or + 1S) (4.27) 

T=D+ 5 +mv!,,,(r)v (from P, = 0). (4.28) 

Along singular arcs the Generalized Legendre-Clesch condition (see Kelley, Kopp & Moyer 

[18]) 

0 { d** (OH _jjp 2% { £2 (oe _ 

yields 

Am {1 (OD D aD1 .@Di _imjpo(247\,5°"-4,5'- |> 
om (2 (B42) Tete) (4.30) 

and is checked numerically. 

4.6 ‘Transversality and Corner Conditions 

All transversality and corner conditions are given such that the first variation 6J of the 

cost function (4.1) J = —r(t;) is zero. For the boundary conditions (4.4) this yields 

A,(t+) = -l (4.31) 

Av(ty) = 0. (4.32)



In case of free final time ty, the associated optimality condition is 

H (ts) = 0. (4.33) 

The Hamiltonian H is continuous throughout the time interval [0,¢,], including across 

corners. At switching points between minimum and maximum thrust T this implies 

S=0, (4.34) 

where S is the switching function given in (4.22). At the beginning of singular arcs (4.24) 

and (4.25) have to be satisfied. At the beginning, say ¢,, of the constrained arc conditions 

are 

_ , OP. c) At =A,7 loa (4.35) 

OP, d) At =A — by 
) °"av 

aP, Am? = Am7 - lox e) X lo am 

where superscripts +, — denote denote evaluation at times t, + €, 41 —€, € > 0, € — 0, 

respectively. The end, say to, of the constrained arc is determined by 

S-(Tt —T-)=Oatt=tp. (4.36) 

Conditions (4.35b) and (4.36) are equivalent to the continuity of the of the Hamiltonian 

at t;, t2, respectively. Note that two solutions, namely S~ = 0 and T+ —T7- = 0 are 

possible. The jump in the multipliers (4.35c), (4.35d), (4.35e) is implied by the interior 

point condition (4.35a). 
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4.7 Switching Structures 

Problem (4.1) - (4.5) is solved for a range of prescribed values @maz > 0 and ty > O. 

For explicit calculations the numerical values Taz = 3.5, my = 0.6, 6 = 6200, 6 = 500, 

c = 0.5, Cp = 0.05 are used. In dimensional form this implies the exhaust velocity 

3.95 10° = and from the given value for b one determines that % = 629.6 *g (A=cross 

section area). These values are adopted from [47] and correspond to a Soviet surface-to- 

air missile SA-2. The dimensional value of maximum dynamic pressure is recovered by 

multiplying @maz by 6174 aoe 

As noted above, the switching structure, that is, the sequence of different control logics 

that actually solves the problem is not known in advance. For a given problem it has to 

be found by ’numerical experiments’. Assuming a certain switching structure the state 

equations (4.2), costate equations (4.19), along with boundary conditions (4.4a), (4.4b), 

(4.4c), (4.4f), transversality conditions (4.31), (4.32) and corner conditions implied by the 

assumed switching structure yield a multipoint boundary value problem (see Figure (4.6) 

for an example case). For ¢mar > 0 and ty ranging between the minimum possible flight 

time ty¢min(Qmaz) Within which all the fuel can be burned, and the optimal flight time 

ts*(@mazr), the following different switching structures are found to solve the problem: 

(S1) full - zero 

(S2) full - singular - zero 

(S3) full - singular - full - zero 

(S4) full - constrained - zero 

(S5) full - constrained - singular - zero 
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(S6) full - constrained - singular - full - zero 

(S7) full - constrained - full - zero 

(S8) full - constrained - full - singular - zero 

(S9) full - constrained - full - singular - full - zero 

For switching structures (S4), (S5), (S6) the continuity of the Hamiltonian at the end 

of the constrained arc, say at time t2, imposed by condition (4.36) is satisfied through 

S~ = 0 (or equivalently u~ = 0). For switching structures (S7), (S8), (S9) condition 

(4.36) is satisfied through T+ — T~ = 0. The domains in the ts, qmaz-plane where the 

above switching structures solve problem (4.1) - (4.4) are shown in Figure (4.1). The time 

histories of thrust T, the switching function S, and the dynamic pressure q for selected 

trajectories in the free time case are given in Figures (4.2), (4.3), (4.4), . 

4.8 Numerical Procedure for Solving Multipoint Bound- 

ary Value Problems (MPBVPs) 

For switching structure (S5) [full - constrained - singular - zero] the associated MPBVP 

is indicated in Figure (4.6). It is clear that the trajectory can be obtained by simple 

forward integration once all parameters ho, vp, Mo, Ano, Avo, Amo, fo, Ati, Ate, Ats, 

At, are known. These 11 parameters are determined by the 11 conditions (1) - (10) and 

(11a) for fixed final time, (11b) for free final time. (The jump conditions for the Lagrange 

multipliers can be considered directly during the integration). The smoothness of the 

right-hand side of the differential equations on each subarc implies smooth dependence of 

all conditions on the parameters, so that a Newton Method can be applied to solve this 
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root finding problem. As noted in Chapter 2 the routine ZSCNT of the IMSL subroutine 

library (version 9.2) is used for this purpose. The software package presented in Section 

2.5 proved to be suited very well for the challenges that one meets in solving multi- 

point BVPs associated with optimal control problems with switching points. As shown in 

Section 2.4 caution has to be applied when setting up the zero-finding problem associated 

with a given BVP. This zero-finding problem is not determined uniquely and different 

zero-finding problems associated with the same BVP may have very different numerical 

solvability properties. 

4.9 A Simple Feedback Strategy 

An intuitive feedback law to solve problem (4.1) - (4.5) is given as follows: choose T as 

large as possible subject to the constraints T € (0, Taz] and Po = q — Gmaz < 0. That 

means the thrust is always set T = Ty,,z and is reduced only along arcs where the dynamic 

pressure limit Pp = 0 is active. The optimal final time t;* is obtained from v(ts*) = 0. 

The structure of these feedback solutions turns out to be of the following form: 

(FBO) constrained if @mar = 0 

(FB1) full - constrained - zero if dmaz € (0,8.303) 

(FB2) full - constrained - full- zero if gmaz € (8.303, 21.334) 

(FB2) full - zero if Qmazr > 21.334 

By comparison with the optimal switching structures given in Figure (4.1) it is found 

that these feedback strategies actually yield the optimal solution for @maz < 8.303. For 

Qmaz > 8.303 the loss in final altitude increases until gmaz,free, the maximum attainable 

dynamic pressure with thrusters burning on full throttle, is reached. For ¢maz > Ymaz,free 
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the loss in performance remains constant. These results are shown in Figure (4.5). It is 

observed that the loss in final altitude never exceeds 2.5 %. 

4.10 Conclusion 

The effect of a dynamic pressure constraint on the vertical ascent of a sounding rocket 

has been studied. Trajectories leading to maximum possible altitudes have been obtained 

for arbitrarily prescribed limits gmaz on the dynamic pressure g and for final times ty 

ranging between the minimum possible value within which all the fuel can be burned and 

the optimal final time t;*. Nine different switching structures have been obtained and the 

regions in the ts,@mez-plane where they furnish the optimal solutions have been clearly 

identified. Finally the optimal solutions in the free-time case have been compared with a 

simple intuitive feedback strategy. 
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Chapter 5 

Example: Range Optimization 

for a Supersonic Aircraft 
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Chapter Overview 

Range optimal trajectories for an aircraft flying in the vertical plane are obtained from 

Pontryagin’s Minimum Principle. Control variables are load factor n which appears non- 

linearly in the equations of motion and throttle setting 7, which appears only linearly in 

the equations of motion. Both controls are subject to the fixed bounds, namely 0< 9 < 1 

and |n| < nmaz- Additionally, a dynamic pressure limit is imposed, which represents 

a first-order state-inequality constraint. For fixed flight time, initial coordinates, and 

final coordinates of the trajectory the effect of the load factor limit |n| < nmaz is studied. 

Upon varying Mmaz, six different switching structures are obtained. All trajectories involve 

singular control along arcs with active dynamic pressure limit. The explicit derivation of 

possible control logics is presented in Appendix A. This includes the application of the 

higher-order convexity test (Generalized Legendre-Clebsch Condition) for singular control 

logics as presented in Chapter 6. 

5.1 Introduction 

Great efforts are being undertaken to develop real-time, near-optimal feedback algorithms 

either for enhancement of aircraft performance by optimizing specified maneuvers or as 

autonomous guidance schemes for short and medium range air-to-air missiles ([6],[12],[42], 

[13],[41]). Open-loop control logics obtained by state-of-the-art optimization techniques 

are an important tool in testing the accuracy and finding the limits of such feedback 

laws. In a recent study ((21],[22]) open-loop optimal control solutions in conjunction 

with perturbation techniques have been used directly to develop feedback algorithms. In 

69



this context minimum time intercept trajectories, or, often equivalently, maximum range 

trajectories for fixed flight time play an important role in modern air combat scenarios. 

In the present example Pontryagin’s Minimum Principle is applied to determine range- 

optimal trajectories for an aircraft flying in the vertical plane. State variables are energy 

E, altitude h, and fligh-path angle y; control variables are load factor n and throttle 

setting 7. Control 7 appears only linearly in the equations of motion and is subject to fixed 

bounds 0 < 7» < 1. Additionally, a dynamic pressure limit is imposed on the trajectory, 

which, in the context of optimal control represents a first-order state inequality constraint. 

For fixed flight time, and fixed initial and final states of the trajectory the effect of a load 

factor limit |n| < nmar is studied. Six different switching structures, involving singular 

control on state constrained arcs are encountered if nor is varied between nmegz = 00 

and Nmar = 5. 

Numerical tests, which are not presented here show that the obtained switching structures 

solve the range optimization problem for a large class of prescribed initial states, final 

states, and flight times. Yet, for ‘large’ flight times these switching structures do not 

furnish the optimal solution. 

5.2 Aircraft Model 

The equations of motion of an aircraft flying in the vertical plane are 

E = (nT - dD) (5.1) 

h=vsiny (5.2) 

y= z (= — cos 1) (5.3) 
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= =v cosy. (5.4) 

The specific energy E, replacing velocity v, the altitude h, the flight-path angle 7, and 

the range z are the state variables. Load factor n and the power setting 7 are the control 

variables. Weight W and gravitational acceleration g are assumed to be constant. Velocity 

v is a short notation for v = \/2g(E — h). The air density p in [kg/m°] is given by 

1.225 
  ey p(h) = 

y = —1.0228055 — 0.12122693 10-9h + r 

r = 1.0228055 e~? 

z= —3.48643241 10-5h + 3.50991865 10-9A2+ 

—8.33000535 10714h3 + 1.15219733 10718h4 

The speed of sound in [m/s] is given by 

a(h) = 20.0468V0 

where the temperature @ is given by 

9 = 292.1 — 8.87743 10-%h + 0.193315 107-°h? + 3.72 107 17h?. 

In these expressions h is altitude in [m]. The Mach number is given by M = ath)’ The 

lift L, the drag D, and the maximum thrust T are given as functions of h, M, and n 

1 2 
q = 5p(h)v'S 

2 

L=Wn 

w2 

D=q (Cootas + K(M) on) 
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a,M‘4 + a3M? + a2M?+4\M + ao 

b4M4 + b63M]3 + 62M? + 6)M + bo 

_ c4M‘4 + c3M? + coM? 4+e,M + 

~ dsM5 + d4M4 + d3Af3 + dpM?2 + d,M + do 

  C'po = 

Kk   

T(h, M) = e5(M) h® + e4(M) A‘ + €3( AL) h? + €9(M) h? + €1(M) A + e9(M) 

where for i = 0, 1,..., 5 

e;(M) = fisM? + fiaM* + fisM? + fi2M? + faM + fio. 

The numerical values of the constants a;, b;, ¢;, dj, fj; are given in Tables 5.1, 5.2, 5.3, 

and represent a high performance fighter-interceptor. 

5.3. Problem Formulation 

The problem under consideration is that of finding control functions n(t) and n(t) that 

steer an aircraft from prescribed initial states energy Epo, altitude ho, and flight-path angle 

Yo to prescribed final states energy Ey, altitude hy, and flight-path angle yz in prescribed 

flight time (ts — to) (without loss of generality t9 = 0) such that the downrange z is 

maximized. Along the optimal trajectory a set of state and control constraints has to be 

satisfied. Explicitly the problem can be stated in Mayer form as follows: 

min — 2(t+) (5.5) 

subject to the state equations (5.1), (5.2), (5.3), (5.4), the control constraints 

—~7<0 (5.6) 

n-1<0 (5.7) 
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—nN—MNmar <0 (5.8) 

+n —Mmar <0 (5.9) 

the state constraint 

Co(E, h, y, 2) := 0 — Umaz(h) < 0 (5.10) 

and the boundary conditions 

a) E(0) = 38029.207 [m] e) E(ts) = 9000 [m] 

b) h(O) = 12119.324[m] _f) (ty) = 942.292 [m] 
(5.11) 

c) 7(0) = 0 [Rad] 9) y(ts) = -0.2 [Rad] 

d) z(0) = 0[m] h) z(t) to be optimized 

and the final time ty prescribed, e.g. 

ts = 60[s}. (5.12) 

Here naz is a specified constant denoting the maximum allowed absolute value of the 

load factor n = Ww: In state constraint (5.10) umaz(h) is a specified function of altitude A. 

With vmar(h) chosen appropriately this covers the important case of a dynamic pressure 

constraint. Boundary conditions (5.11a), (5.11b), (5.11c) refer to the so-called dash-point 

or high speed point which is defined by 

(Edashy hdash) = arg sup? 
, 

subject to the quasi steady flight constraint 

n=1,7=0,7=0, E=0. 

The boundary conditions (5.11 e), (5.11 f), (5.11 g) are picked more or less arbitrarily. 

The only important features are that A(ts) < h(0) and v(t) = ,/2g(E(ts) — A(ty)) < 
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Umaz(A(ty)), ie. in the altitude-velocity chart the prescribed final point of the trajectory 

is located to the left of the state constraint (5.10). 

5.4 Relaxed Problem Formulation 

Among the conditions sufficient to ensure existence of a solution to an optimal control 

problem is the convexity of the Hodograph. Given a state equation t = f(z, u), rE 

R", u€ R™ with admissible controls u€ U C R™, the Hodograph at some fixed state 

zo € R” is defined as the set S = {2 € R"| z# = f(zo, u), u € U} of possible state rates. 

For state equations (5.1), (5.2), (5.3), (5.4) with controls [7, n] € R? subject to the 

constraints (5.6), (5.7), (5.8), (5.9), the Hodograph is clearly non-convex as indicated in 

Figure 5.1. For aircraft models with quadratic drag polar, as the one used in this paper, 

this deficiency can be overcome by rewriting state equation (5.1) as 

E =(6(T — D+ Dmar) — Dmaz] (5.13) 2 
Ww 

with Dmaz(M, h) := D(M, h, nmez) or any function Dnez(M,h) with Dmaz(M,h) > 

D(M,h,nmaz). The new control 6 replaces the old control 7 and is subject to the con- 

straints 

~6<0 (5.14) 

6-1<0. (5.15) 

Now the relaxed control problem is given by 

min — «(t+) 
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subject to the state equations (5.13), (5.2), (5.3), (5.4), control constraints (5.14), (5.15), 

(5.8), (5.9), state constraint (5.10), boundary conditions (5.11a), (5.11b), (5.11c), (5.114), 

(5.11le), (5.11f), (5.11g), and the final time ty prescribed as in (5.12). The Hodograph 

associated with the new system dynamics is obviously convex as indicated in Figure 5.2. 

Note that state inequality constraint (5.10) being active on some time interval [71, 79] (i.e. 

Co(E, h, 7, x) = 0 on [1, 72]) is equivalent to 

CoE, hy, 2) =Oatt=rn (5.16) 

Ci(E, h, y, 2; n, 6) =0 on [%, 79], (5.17) 

where 

Ci(E, h, Y, Tn, 5) = £00 E, h, Y> z) 

&
 

= (6(T —- D+ Dmaz) _ Dmaz) ee —v sin 7 (oes + £ 2) | (5.18) 

5.5 Minimum Principle 

The relaxed optimization problem as stated above is solved by applying the Pontryagin 

Minimum principle. It states that at every point in time the controls have to be chosen 

such that the variational Hamiltonian 

H(E,h,7,2,AB, Any Aq Az, 62) = APE+Ah+rA, 7+ Az 

= rE (6 (T - D+ Dymaz) _ Dymaz) 7 

+A, vsin 7 (5.19) 

g +421 — c087) 

+A, cos ¥ 
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is minimized subject to all control constraints. Let the vector valued function g : R® + R4 

be defined by 

ne, h, J, 2; é, n) =-é 

g(E, h, Y, ZT; 6, n) =§-1 

(5.20) 

93(E, h, Y, 7; 6, n) = —N— Nmar 

gal(E, h, y, 2; 6, n) = +2 — Nmaz 

so that inequalities (5.14), (5.15), (5.8), (5.9) can be written concisely as g < 0. Then 

Lagrange multipliers Ag, A,, Ay, Az are solutions of the adjoint equations 

; _  @H_ Tag __, a, 
\E=—-3E-% 36 -— UGE 

; oH Ta ac 
An = ~ 3h — 0 Bh ~ B (5.21) 
dy = — GF - oT — 
jp = —9H — oT 8 _ 90 

zr z= 

@ 
2
1
Q
 

where o;,1 = 1, ...,4 and p are multipliers associated with constraints g; < 0,7 = 1, ..., 4 

and Cy < 0 (C, as given in (5.18)), respectively. On time intervals where constraint (5.10) 

is not active (i.e. Co(E, A, y, z) < 0), multiplier yz is identically zero: 

p= Oif Co(t) < 0. (5.22) 

On these intervals multipliers o;, 7 = 1, ..., 4 are determined at each instant of time from 

the Kuhn-Tucker conditions applied to the finite dimensional parameter optimization 

problem 

(6, n) = arg min H. (5.23) 

At times where state constraint (5.10) is active (ie. Co(E, h, y, x) = 0), multipliers 

go, # are determined from the Kuhn-Tucker conditions applied to the finite dimensional 
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parameter optimization problem 

(6, n) = arg min i. (5.24) 

In both cases, as a consequence of the Kuhn-Tucker conditions, components of multiplier 

vector o are zero along intervals where the associated constraint is not active: 

oj-Oifg,;>0, 2:=1,..., 4, (5.25) 

and components of multiplier vector o are non-negative along intervals where the associ- 

ated constraints are active, i.e. 

o;>0ifg;=0, i=1,..., 4. (5.26) 

5.6 Possible Control Logics 

At each instant of time controls n, 6 are determined from the Minimum Principle given 

by equations (5.23) in case C, < 0 and (5.24) in case C, = 0, respectively. Since the 

Hamiltonian H and the constraint functions g and C, are smooth functions of their 

arguments 6 and n, the Kuhn-Tucker conditions imply that at the solution point [6*,n*] 

the following conditions have to be satisfied at each instant of time: 

0 
ag + o7g+ pC) =0 (5.27) 

d T at +079 + uC) = 0 (5.28) 

g <9 (5.29) 

C1 <0 (5.30) 

ao>0 (5.31)



w>0 (5.32) 

  

  

O2(H+oTg+uCi) 982(H+oTg+uCi) AS 
054 d60n 

[Aé, An} >0 (5.33) 

B(H+olgt+uC,) 9?(H+oT9+uCi) An 
Ondd | né 

for all (Aé, An) € R? satisfying Sh A + Sh An = 0. Here vector function h contains 

exactly the active components of the inequality constraints g < 0 and Cy < 0. The set 

of active control constraints and the character of the solution of (5.27) - (5.33) depends 

greatly on the direction of the multiplier vector [Ag, An, A4, Az], and through state 

constraint (5.10) also on the state itself. The explicit analysis for solving this finite 

dimensional constrained minimization problem as well as application of the Generalized 

Legendre-Clebsch Condition are given in Appendix A. Below the results are summarized. 

  

  

  

  

Define 

_ Ay 94 

0 Ne 2eWK (5:34) 

ny = Ve 9 cos” ¥ ah +2cos 7 (5.35) 

Tw sj / Y4-—gqC 
ny = gin (mas + 5) ~ 9 Cdo (5.36) 

WwW qk 

Dmaz + ~* siny (naz + 2 5, _ z£ g Y ( ) (5.37) 

T —_ D\n=nmas + Dyer 

Dmaz + of sin U nar + ¢ 5, _ g Y ( a) (5.38) 

T— Diao + Dmaz 

Here no is obtained from oH = 0, m1 solves 1, = 0 in the singular case ’constraint (5.10) 

active, A, = 0, Az # 0’ (case 6b below), and nz is implied by C; = 0 with 6= 1. The 

expressions 6), 62 stem from C; = 0 with n = nya, and n = 0, respectively. Then the 

different possible control logics are as follows (a derivation of the results stated here is 

given in Appendix A: 
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case 1: constraint (5.10) not active, Ag < 0, no € [—Nmaz, +Mmaz!: 

6=1 

n= No 

o, =0 

02 = —A\g(T —D + Dmoz) © (5.39) 

o3=0 

ao, = 0 

p=0 

§=1 

n= —Nmaz 

0, =0 

02 = —A\g(T- D+ Daz) (5.40) 

o3 = 9H 

04 =0 

p=0 
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case 3: constraint (5.10) not active, Ag < 0, no > Mmaz: 

6=1 

n= mar 

o, = 0 

02 = —An(T- D+ Drmaz) (5.41) 

o3=0 

oy = — 3H 

p=0 

case 4: constraint (5.10) not active, Ag > 0, A > 0: 

6=0 

n= —-Nmar 

0) =Ag(T-D+Dmaz) 

02 =0 (5.42) 

og = oH 

o4 = 0 

p=0 
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case 5: constraint (5.10) not active, Ag > 0, r, < 0: 

6=0 

n= Ilmaz 

0, = Ag(T —- D+ Drmaz) 7 

o2 =0 (5.43) 

o3 = 0 

o4 = —9H 

p=0 

case 6: constraint (5.10) not active, Ag > 0, A, = 0: 

In this case the controls are not determined uniquely by the Minimum Principle. Pointwise 

occurrence of this situation can be ignored. Assuming that 1, = 0 on some non-zero time 

interval yields control n after differentiating twice (singular control of first order). Two 

cases have to be distinguished, namely A, = 0, and A, # 0: 
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case 6a: constraint (5.10) not active, Ag > 0, A, = 0, and A, = 0: 

Then necessarily 4, 4 0 and 

6=0 

Ay = 0 (from A, = 0) 

cos ¥ = 0 (from 1, = 0) 

n=0 (from 1, = 0) 

01 = An (T - D+ Daz) (5.44) 

a2 =0 

03 = 0 

04 = 0 

p=0 

The Generalized Legendre-Clebsch Condition (see Chapter 6) implies 

siny>0O if A, <0 

siny<0O if A, >0 
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case 6b: constraint (5.10) not active, Ag > 0, A, = 0, and A, £ 0: 

A, — Az tany = 0 

N= nN, 

0, = Ag(T - D+ Dymaz) Ww 

o2 = 0 

o3 = 0 

o4 =0 

p=0 

(from A, = 0) 

(from 4, = 0) 

(from 1, = 0) 

(5.45) 

The Generalized Legendre-Clebsch Condition implies A, < 0. 

The case Ag = 0, A, = 0 can be excluded. The case Ag = 0, Ay F O leads to first 

order singular control in throttle 6 which is rejected as non-optimal by the Generalized 

Legendre-Clebsch Condition. 
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case 7: constraint (5.10) active, Ag + uw < 0, A, < 0: 

6=1 

n= N2 

o, =0 

og = — (Ag +2) (T- D+ Dinas) (5.46) 

o3 = 0 

a4 =0 

A 

LH = TWKn— *E9 

case 8: constraint (5.10) active, Ag + p* < 0, A, > 0: 

6=1 

n=—nN2 

o,1 =0 

02 = —(Ortpt)(T-D+ Dmar) (5.47) 

o3 = 0 

o4 = 0 

A uv 
H= Wa ~ 5 

The case ’constraint (5.10) active, Ag + w2 > 0, Ay # 0’ can be excluded. The case 

constraint (5.10) active, Ag + p£ = 0, Ay = 0’ is treated later. 
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case 9: constraint (5.10) active, Ag + u£ = 0, A, < 0: 

6 = 6; (from C, = 0 with n = naz) 

nN = Nmaz 

o, = 0 

o2 =0 (5.48) 

o3 = 0 

o4=—A,2 

p=—Age 

case 10: constraint (5.10) active, Ag + w2 = 0, A», > 0: 

6 = 6, (from C, = 0 with n = nmaz) 

n= —Nmar 

o,1 = 0 

02 = 0 (5.49) 

o3 = 2,2 

o4 =0 

b= AEF 
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case 11: constraint (5.10) active, Ag + p2 = 0, , = 0: 

In this case the controls are not determined uniquely by the Minimium Principle. Point- 

wise occurrance of this situation can be ignored. Assuming that A, = 0 on some non-zero 

time interval yields control n after differentiating twice (singular control of first order). 

Two cases have to be distinguished, namely A, = 0 and A, #0. 

case lla: constraint (5.10) active, Ag + wZ = 0, A, = 0, Az = 0, cosy # 0: 

Dmas+ * siny(vmast#) 

T= Dinccosy+Dmaz 
  6= 

Ay = 0 

Ant Ag (1+ times®) = 0 

siny = 0 

meee (5.50) 

o, —0 

02 =0 

o3=0 

o4=0 

b= AES 
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case 11b: constraint (5.10) active, Ag + wf = 0, A, = 0, Az = 0, cosy = 0: 

6 = &2 (from C; = 0 with n as below) 

Ay = 0 (from 4, = 0) 

cosy=0 (from A, = 0) 

n=0 (from X, = 0) 

6, =0 (5.51) 

o2 = 0 

o3 = 0 

o4 = 0 

w= —-rEF 

The Generalized Legendre-Clebsch Condition implies 

7 = +90° if Ay (4m) + gv <0 

7 = —90° if Ag (mas) + A, v > 0 
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case llc: constraint (5.10) active, Ag + uf = 0, A, = 0, and Az F 0: 

Then necessarily cosy # 0 and 

Dmaz+** sin v(vmnazt z) 

b= T- Di, as below t Dmaz 

  

Ay = 0 (from 44 = 0) 

An — Az tany + Ag (1 + max) =0 (from \, = 0) 

n= (%) @ ~ max") cos ¥ (from A, = 0) 

a, =0 (5.52) 

02 = 0 

a, =0 

o4=0 

w= AES 

The Generalized Legendre-Clebsch Condition implies A, < 0. 
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case 12: constraint (5.10) active, Ag + w2 #0, A, = 0: 

Then necessarily cos y # 0 and 

Dmarfy + vsin 7 (Ujpgz + £) = 0 

| ( 22mue (mas? +1) + 22a h+rinas?+Uinaet| vsiny 
  

eos y T (v7.09) 0087 

oy = (Ag t+ p2)(T — D+ Daz) (5.53) 

02, = 90 

03 = 0 

o4=0 

Ag— Ax tan + 

Pe “Uhazt? 

5.7 Transversality and Corner Conditions 

All transversality and corner conditions are given such that the first variation of the cost 

function (5.5) J = —z(ts) is zero. With boundary conditions (5.11) this yields 

Ar = —1. (5.54) 

In case of final time t; to be minimized (i.e. cost function (5.5) J = —z(t+) being replaced 

by J = ty), the associated boundary condition is 

H(t) =. (5.55) 

The Hamiltonian H is continuous throughout the time interval [0, t]. At any corner 

point, say at time ¢,, this yields an optimality condition on the switching time t., namely 

H(t-+) — H(t.~) = 0. (5.56) 
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Here and below superscripts +, — denote evaluation just right, and just left of the time 

under consideration, respectively. At the beginning, say t,, of a state constrained arc 

additional conditions are 

Co(ti) = 0 (5.57) 

Agt=Ag™ - bop 

Mt = An - 1 SG 
oh (5.58) 

+_)j- aC, 
AT =A - bo 

Art = Ac” _ Ig 0 

where [g is a constant multiplier. The end, say to, of a constrained arc is determined 

by the continuity of the Hamiltonian. The jump in multipliers (5.58) is implied by the 

interior point condition (5.57). 

5.8 Supplementary Optimality Conditions 

Along constrained arcs we have the sign conditions 

ao; > 0 on arcs where g; = 0,1 = 1,...,4 (5.59) 

a)p>0 
on arcs where Cy = 0. (5.60) 

b) a <0 

Along singular arcs an additional optimality condition is the Generalized Legendre-Clebsch 

condition (see Chapter 6). This condition is already considered in the possible control 

logics stated in Section 5.6. The explicit analysis is given in Appendix A. 
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5.9 Switching Structures 

Problem (5.5) subject to the equations of motion (5.13), (5.2), (5.3), (5.4) and boundary 

conditions (5.11) is solved for fixed final time (5.12). In a first step only control constraints 

(5.14), (5.15) and the state constraint (5.10) are enforced, while load factor limits (5.8), 

(5.9) are neglected. The associated switching structure turns out to be 

(S1)1-7-11b-7-1 

where any number i in the above sequence refers to case i of the possible control logics 

listed in Section 5.6). The load factor n = iy increases rapidly near the final time t; 

and reaches a maximum value of approximately naz = 56.5886. Mathematically this is 

perfectly reasonable, as will be explained heuristically in the next Section. To make the 

solution meaningful from an engineering point of view lower values of nmar have to be 

enforced. Starting with switching structure ($1) this is done by reducing the load factor 

limit (5.9) in steps 

|n| < maz. Mmar = 56, 55, ..., 5. 

In the process we come across the following switching structures. 

($1) 1-7-118-7-1 for Mmaz € [56.6, 00] 

($2) 1-7-11b-7-1-3 for nmaz € (32.7, 56.5] 

($3) 1-7-118-7-1-3-5 _ for nmaz € [22.7, 32.6] 
(5.61) 

($4) 1-7-11b-9-7-1-3-5 for nmaz € [20.8, 22.6] 

(55) 1-7-11b-9-3-5 for tmaz € (18.2, 20.7] 

(S6) 1-7-116-9-5 for tmaz € (5.0, 18.1] 
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5.10 Large Load Factors Near Final Time 

Figure 5.3 shows the time history of the load factor along the solution without the bounds 

(5.8), (5.9), (i.e. Mmaz = 00). It may be helpful to provide some explanation for why the 

peak-value occurs at the final time and how the peak-value depends on the boundary 

conditions. To this end, suppose the conditions (5.11e), (5.11f), (5.11g) are replaced with 

Max h 2 
E(ts) = Ey = ema + hy (5.62) 

h(t) = hy = 9000, (5.63) 

r,(t¢) = 0, (5.64) 

i.e. the prescribed final state lies on the dynamic pressure limit and the final flight path 

angle is free. Then numerical calculations show that the switching structure associated 

with the solution of this problem is given by switching structure (S1) of the previous 

section with the last two arcs deleted. Now, if boundary condition (5.62) is replaced by 

E(t;) = Ey — AB, (5.65) 

for some AE > 0, then, if the load factor is unbounded, the ’optimal maneuver’ for the 

aircraft would be to fly exactly as in the solution of the previous case (i.e. boundary 

conditions (5.62), (5.63), (5.64) until E(t;) = Ey is reached and to impulsively apply a 

high load factor n — oo on an infinitesimal time interval [ts, tr + 6t;], 6t, — 0, such that 

the energy drops instantaneously to the prescribed value E; - AE. By noting that, in the 

dynamical equations, the load factor appears linearly in the 7-equation and quadratically 

in the E-equation, we expect that along this infinitesimal arc 6E ~ n26t, while dy ~ nét. 

92



Hence, with n and ét; such that 6& = —AE we expect 6y — 0 for n — o, and the 

flight-path angle does not change along this arc. 

If the final flight-path angle is prescribed at a value different from the natural one, i.e 

(5.64)) is replaced by 

y(ty) = YVfree + Ay, Ay F 0, (5.66) 

then the dissipation of energy turns into a gradual process extending over a non-zero time 

interval and the load factor remains finite. Paradoxically, non-zero Ay results in a smaller 

peak value load-factor than does Ay = 0. 

5.11 Numerical Procedures 

The switching structure, that is, the sequence of different control logics that actually 

solves a problem is not known in advance. For a given problem it has to be found by 

‘numerical experiments’. Assuming a certain switching structure the state and costate 

equations along with the boundary conditions, transversality conditions, and corner con- 

ditions implied by the assumed switching structure yield a multi-point boundary value 

problem (MPBVP). As an example case a schematic representation of the MPBVP as- 

sociated with switching structure (SG) is given in Figure 5.4. By inspection it is clear 

that the trajectory can be determined by simple forward integration if all parameters 

E(0), A(O), y(0), 2(0), Az (0), An(0), Ay(0), Az (0), lo, Ati, Ate, Atz, Atg, Ats are known. 

Basically, the numerical problem is to determine these 14 parameters such that all 14 con- 

ditions (numbered 1, .., 14 in Figure 5.4) are satisfied. As noted in Chapter 2 the routine 

ZSCNT of the IMSL subroutine library (version 9.2) is used for this purpose. In practice, 
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forward integration causes the associated Newton Problem to be very badly conditioned. 

A remedy is to consider t3 as new ’initial point’ and generate trajectories by successively 

integrating backward and forward, starting at switching time t3, respectively. In an obvi- 

ous way this generates a new set of parameters E(t3), A(t3), y(t3), z(t3), Az(ts), An(ts), 

A+(t3), Az(tz), 10, Ati, Ate, Atz, Atg, Ats along with the conditions numbered 1.,..., 14 

in Figure 5.4. Noting that conditions 6, 8, 10 in Figure 5.4 can equivalently be enforced 

at time t3, three unknowns, say E(tz), An(t3), Ay(t3) can be expressed in terms of the 

remaining twelve parameters A(t3), y(t3), t(t3), Ag(ts), Az(ts), lo, Ati, Ate, Ats, At,, 

Ats. While it is only of minor importance that this reduces the number of parameters 

and conditions, it is very significant that this substitution ensures that 

(i) the characteristics of the singular arc, i.e. conditions 8, 9 in Figure 5.4, are satisfied 

along [te, ts] 

(ii) the dynamic pressure limit v — umar(h) = 0 is satisfied along [t), t,]. 

Note that both points hold true even before the root finding process converges. A more 

detailed analysis of numerical problems and difficulties associated with optimal control 

problems is given in Chapter 2. The software package used to generate the numerical re- 

sults stated in this thesis is presented in Section 2.5. Switching structure (S1) is in some 

sense the simplest of the switching structures (S1), ..., (S6) because no control constraints 

on load factor n are active. Furthermore, in numerical experiments no other switching 

structures could be found for trajectories involving an arc of active dynamic pressure limit 

(and no active load factor limit). It is clear that switching structure (S1) can hardly be 

found in an ad hoc method by just making an intelligent guess and getting the rest done by 

a computer. In practice, the first attempts were to generate solutions with active dynamic 
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pressure limit that do not involve singular control arcs (of type 11b). When this failed 

trajectories were generated by just integrating along an arc of type 11b (singular control 

along active dynamic pressure limit). The next problem was how to leave the constrained 

arc and enter the free arc. Numerous different switching structures were tried out. In 

this process only switching structure (S1) was found to lead to a consistent BVP. A first 

guess for a trajectory was obtained by pure backward and forward integration starting at 

some point in the interior of the singular arc of type 11b. Starting with this guess solution 

(S1) could be found after a number of homotopy steps in which the prescribed initial and 

final values of states EF, h, y were varied. Introducing the load factor limit n < naz was 

comparatively easy. The necessary switching structures could immediately be guessed by 

analyzing the time history of load factor n. It took the author more than one year to find 

switching structure (S1). The other switching structures (S2), ..., (S6) were obtained the 

same day. What a day! 

5.12 Results 

As a general trend it is observed that all trajectories consist of mainly 3 phases. 

Phase 1: full thrust flight off the dynamic pressure limit (type 1) until dynamic pressure 

limit is reached 

Phase 2: rapid descent with dynamic pressure limit active and singular control power 

(type 11b) until close to prescribed final altitude. 

Phase 3: rapid pitch up maneuver off the dynamic pressure limit with load factor on its 

upper limit and thrust first full, then zero. 
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Below, the lengths of each arc in seconds are given for selected solutions with switching 

structures ($1), ..., (S6) (compare (5.61)) 

(S1) 27.622 — 0.525 ~ 30.614 — 0.796 — 0.443 with nmaz free 

($2) 27.618 — 0.525 — 30.686 — 0.536 — 0.104 — 0.530 with nmaz = 34 

($3) 27.491 — 0.521 — 30.539 — 0.451 — 0.015 — 0.515 — 0.567 with nmaz = 23 

(S4) 27.449 — 0.520 — 30.467 — 0.420 — 0.045 — 0.002 — 0.506 — 0.591 with nya, = 21 

($5) 27.423 — 0.519 — 30.412 — 0.651 — 0.340 — 0.654 with Nmaz = 20 

($6) 26.856 — 0.504 — 29.231 — 2.31 — 1.098 with Mmaz = 10. 

For the case of nmaz = 10 (switching structure S6) time histories for throttle 7, load factor 

n, Lagrange multiplier A,, and switching function $ = Agyy + wy are given in Figures 

5.5, 5.6, 5.7, and 5.8, respectively. Figure 5.9 shows the altitude-velocity chart for this 

solution. 

All switching structures found seem to be of some general nature in the sense that the same 

switching structures arise if initial or final coordinates of the trajectory are moderately 

changed. In this context trajectories starting at ground level with speed around take- 

off velocity have been calculated for prescribed flight times over 200 seconds and final 

conditions as in (5.11). For “long flight times” (over 62 seconds for initial and final 

conditions as given in (5.11)) the obtained switching structures S1, ..., S6 do not solve the 

problem (thrust over saturates at the beginning of the singular thrust arc). The correct 

switching structure for “long flight times” has not yet been found. 
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5.13. Conclusions 

Range optimal trajectories for an aircraft flying in the vertical plane have been synthezised 

in the presence of a dynamic pressure limit (state inequality constraint) and a load factor 

limit (control inequality constraint). Six different switching structures are obtained with 

singular control along state constrained arcs always playing an important role. For large 

flight times the control over saturates at the beginning of a singular arc. For this case the 

correct switching structure has not yet been found. 
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Table 5.1: Coefficients for Cpo-Model 

  

  
a; b; 
  
  

—2.61059846050 107? 4+7.29821847445 1071 
    +8.57043966269 10-2 ~3.25219000620 10° 
  

+1.07863115049 107! +5.72789877344 10° 
  

~—6.44772018636 1072 —4.57116286752 10° 
          +1.64933626507 107?   41.37368651246 10°   
  

Table 5.2: Coefficients for K-Model 

  

Cy d; 
  

+1.23001735612 10° +1.42392902737 10+} 
  

—2.97244144190 10° —3.24759126471 10+? 
  

+2.78009092756 10° +2.96838743792 10+} 
  

—1.16227834301 10° —1.33316812491 107? 
  

+1.81868987624 107! +2.87165882405 10+? 
          —2.27239723756 107?     

98



Table 5.3: Coefficients for Thrust Model 

  

  
  

  
  

  

  

  

            
  

  

  
  

  

  

  

  

      

ij j3=0 j=l j=2 

i= 0 || +0.11969995703 10° | —0.35217318620 10° | +0.60452159152 10° 

i= 1 | —0.14644656421 10° | +0.51808811078 10° | —0.95597112936 10° 

i= 2 || —0.45534597613 10° | +0.23143969006 104 | —0.38860323817 10 

i= 3 || +0.49544694509 10° | —0.22482310455 104 | +0.39771922607 104 

i= 4 || —0.46253181596 10? | +0.20894683419 10° | —0.36835984294 10° 

i= 5 || +0.12000480258 10! | —0.53807416658 10! | +0.94529288471 10! 

fij j=3 j=4 j=8 

i= 0 |] —0.43042985701 10° | +0.13656937908 10° | —0.16647992124 10° 

i= 1 || +0.83271826575 10° | —0.32867923740 10° | +0.49102536402 104 

i= 2 |] +0.12357128390 104 | +0.55572727442 10° | —0.23591380327 10° 

i= 3 || —0.30734191752 104 | +0.10635494768 104 | —0.13626703723 10° 

i= 4 |] +0.29388870979 10° | —0.10784916936 10° | +0.14880019422 10? 

i = 5 || -0.76204728620 10! | +0.28552696781 10! | —0.40379767869 10°         
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6) U ~ Unaz(h) = 0 8) A, = 0 

1) E = 38029.207 | { 7)n*- n> =0 9) An + Ag (1 + Smtetuer) — A tany = 0 
2) A = 12119.324 Y 11) E = 9000. 

{ 3)7 =0. AE = AR - Uo Menace / 12) h = 942.299 
4)z=0. AL = Ag ~ lptegaed Jo 13) y = -0.2 
S)Az = -1. Ay = A; - bo Wgusee | 14) ts ~ to = 60. 

ase]: case7{: case ]16: ase7: case 5: 

Co <0 Co = 0 Co = 0 Co = 0 Co <0 

6=1 § from C; = 0 6 from C; = 0 6 from C, = 0 6=0 

n from n as large n from nas large n from 

gH =0 as possible $=0 as possible n = Nmaz 

to ty ta ts te ts 
At, Al, Ats At, Ats 

14 parameters: E(0), h(0), y(0), z(0), Az (0), An(O), A4(0), Ax(O), bo, Ati, Atg, Ats, Ata, Ats 

14 conditions: (numbered 1, .... 14 above) 

Figure 5.4: Schematic Representation of the Boundary Value Problem Associated with 

Switching Structure (S6) 
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Chapter 6 

The Generalized 

Legendre-Clebsch Condition on 

Constrained Arcs 
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Chapter Overview 

An extension of the Generalized Legendre-Clebsch Condition is obtained for problems with 

singular control along arcs with active state or control constraints. This is achieved by 

first transforming the Accessory Minimum Problem associated with constrained singular 

arcs into an unconstrained singular, linear quadratic problem. In a second step (theorems 

and proofs are largely based on Goh’s work [11] ) necessary conditions are derived for 

such singular linear quadratic problems to yield non-negative cost. 

6.1 Introduction 

In the 1960’s singular control arcs were found to play an important role in many optimal 

control problems of practical interest. H.J. Kelley, in 1964, was the first to formulate 

second-order, necessary conditions for this type of control (see [17]). In the following 

years many authors such as Kelley, Kopp & Moyer [18] and Goh [11] extended Kelley’s 

idea to what is now known largely as the Generalized Legendre-Clebsch Condition. To the 

author’s knowledge, singular control in the presence of active state or control constraints 

has not been treated in the literature. 

In Chapter 5 range optimal aircraft trajectories subject to a dynamic pressure limit are 

synthesized. The appearance of singular control along arcs with active dynamic pressure 

limit has prompted the research that lead to the results presented in this Chapter. 
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6.2 Problem Formulation 

Let us consider the following optimal control problem stated in Mayer form: 

we( PH, ey) ®(z(ts), és) (6.1) 

subject to the conditions 

z(t) = f(x(t), u(t)) Vt € [to, ty] (6.2) 

a(to) = 29, to € R® andtg ER fized (6.3) 

U(z(ty), ts) = 0 (6.4) 

c(z(t), u(t)) = 0 Vit € [to, ¢,] (6.5) 

h(z(t), u(t)) < 0 Vt E€ [to, ty]. (6.6) 

Here t € R, z(t) € R”, and u(t) € R™ are time, state vector and control vector, respec- 

tively. The functions @: R™+!' |= R, f: R™*™ 5 R"{U: RR! | Ri s<nic: 

R"+™ _, R4 anda: R™+™ — R*® are assumed to be sufficiently smooth w.r.t. their 

arguments of whatever order is required in this Chapter. (PWC|to,t |)” denotes the set 

of all piecewise continuous functions defined on the interval [to,ts] into R™ . Conditions 

(6.2), (6.3), (6.4), represent the differential equations of the underlying dynamical system, 

the initial conditions, and the boundary conditions, respectively. Components of vector 

functions c(z,u) and h(z,u) , in which control u appears explicitly are called control 

constraints; components of c(z, wu) and h(z,u) which are independent of u are called state 

constraints. As time marches from to to ty the type of a given component of c(z,u) or 

h(z,u) may change back and forth between state constraint and control constraint. The 

111



present Chapter does not address switching conditions that have to be satisfied at junc- 

tion points between arcs. We are only concerned with optimality conditions that have to 

be satisfied along the interior of a given arc. By appropriately choosing the boundaries 

7, T2 of an arc [7,72] it is clear that each component of c(z,u) and A(z, u) can be consid- 

ered being of the same type (state constraint or control constraint) throughout the time 

interval under consideration. 

6.3 Minimum Principle 

Let us assume that a solution to problem (6.1) - (6.6) exists, that k, = 0 (no equality 

constraints), and that along the optimal solution conditions (6.6) are all non-active, 

i.e. are satisfied with strict inequality. Then (see Bryson & Ho [5], Lee & Markus [24], 

Neustadt [33]) there is a constant multiplier vector vy € R* and a time varying multiplier 

vector A(t) € R” which is non-zero for all times t¢ € [to,ty] such that 

  

H(z, d, u) := AT f(z, u) (6.7) 

OH 
AT = -F- (6.8) 

ao au 
At)? = Bz(t;) + ”" Balt) (6.9) 

H(x(ts)s ey) uty)) = =H = oT (6.10) 

At each instant of time the optimal control u* satisfies (Minimum Principle) 

u" = arg min H. (6.11) 
vEeR™ 

By virtue of the assumed smoothness of f(x,u) equation (6.11) implies 

OH | a, = 8 (6.12) 
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é ron du >0 Véue R™. (6.13) 

6.4 Singular Control and Goh’s Necessary Condition 

A necessary condition for optimality directly implied by the Pontryagin Minimum Prin- 

ciple (6.11) is given by 

OH 

u*   

In the regular case the second derivative matrix £# FT has full rank 

O° H 
rank on . 

and all components of the optimal control u* are determined explicitly through (6.14), pos- 

=m (6.15) 
  

  

A sibly in conjunction with the convexity condition (6.13). The singular case, rank ($4) 
u* 

m, occurs typically if some control component, say u;, appears only linearly in the Hamil- 

t gH ij is a function of x and A only, tonian. Then the associated component of the gradien 

and can not be influenced by the choice of controls. Assuming that control uj is in the 

interior of its allowed domain, i.e. no control constraint is active on control uj, condition 

(6.14) implies that Bn =: $(z,A) = 0 has to be satisfied. Implicitly, this condition deter- 

mines the control component u; through its derivatives £5(z, A) = 0, £52, A) = 0, 

and so on. 

In this Chapter we use the following more general definition of singular control. 

Definition 6.4.1 An arc [11,72] is called singular of degree m* if there is a smooth func- 

tion S:R2" — R™ of x and X such that Vt € [11,72] the optimal control u* is determined 

113



on 

  

ay =O (6.16) 

cH >0 (6.17) 

S(z,A)=0 | (6.18) 

and 

rank (Ss) =m—m* (6.19) 

is satisfied along the solution of (6.16), (6.17), (6.18). 

Note that S does not depend explicitly on u so that differentiation of identity (6.18) 

w.r.t. time t is well-defined and can be used to obtain additional conditions on control 

u. Assuming that the classical Legendre-Clebsch condition (6.13), (6.17) oH > 0 is 

satisfied, we find 

2 R, Om-—m*.m* * * ae - , Ry ERB mm (6.20) 
Om*m—m* Om*,m* 

possibly after a permutation of the components u;, t = 1,...,m of control vector u. Along 

an extremal z*(t), A*(t), u*(t), ts*, v* of (6.1), (6.2), (6.3), (6.4) the second variation of 

the augmented cost functional 

ty 
J = @(2(ts),t4) + 7 ¥(a(ty ty) + [AT (F(e,u) - a) at (6.21) 

o 

is given by (see results obtained in Appendix B) 

ty 
Jog = 9+ w dt (6.22) 

to 

where 

0? oO?" O° ay _ T T T T 

y= drs (2 yy Batt | day + 2dr; (sat ty ain) dt y+ 
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2 

+ dt,7 (sr Pt? 2) dt, (6.23) 
Ot ;? Oty 

7H 7 OH 7O°H 
w= 627 qr ot r+26z arduet ut du Baz ot (6.24) 

Here the variation éz(¢) of state z is the solution of 

= F545 Of —é6u, éz(t , bz = 3, r+ Ayo z(to) = (6.25) 

and the variation dz; of the final state is given by 

dx, = bd2(ty) + f(z" (t}), w'(t7)) at . (6.26) 

The variation 6u of control u is arbitrary, and all matrices are evaluated along the solu- 

tion candidate z*,A*,u*. Applying Theorem 6.8.2 of this thesis to the second variation 

immediately yields the following result. 

Theorem 6.4.2 Let the optimal solution u* corresponding to the solution of (6.1), (6.2), 

(6.3), (6.4) be singular of degree m* on some arc [11,72], t.e. equations (6.16), (6.17), 

(6.18), (6.19) hold for all times t € [71,72]. Then a necessary condition for u* to be 

optimal on [71,72], are the conditions 

(1) the (m — m*) x (m— m*) matriz function of time Q2 Bz ts identically symmetric, t.e. 

Q2Bz = B2™Q2" Vt € [to, ty] (6.27) 

(it) if Q2Be is identically symmetric, then 

R, Rt 
Rg:= >0 Vie [to, tf] (6.28) 

R. Re 

where 

Rz:= B27 Q,7 — Q2B (6.29) 
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d 
Rs := By" P, By ~ 5 (Q2B2) — Bs‘ Qo" (6.30) 

B3 = AB, - B, (6.31) 

Here matrices Ry E R™-™™-™ | PE R™", QO, €E R™-™" Q,ER™" AER™ Bi € 

R™™-™" BoE R™™" are defined by (6.20) and 

OH P= a) (6.32) 

Q1 PH 
= Oudz’ (6.33) 

Q2 

_ of Ais, | (6.34) 

0 
Bi, Bo | = a (6.35) 

respectively, and are evaluated along the extremal x*, A*, u*. 

6.5 Constrained Arcs 

A constrained arc is a non-zero time interval, say [71,72], along which a fixed set of 

components of constraints (6.5), (6.6) is satisfied with strict equality. Let this set of 

constraints be given by d(z,u) = 0, d: R"+™ — R/+%, k, + kf > 0, where the first 

ky components of vector function d are all constraints (6.5) and the last kj components 

of d are those components of (6.6) that are ‘active’. For components i of d(z,u) which 

represent state constraints (i.e. d(z,u) is independent of control u), the order of the state 

dPi 
constraint is defined as the smallest integer p; € N such that $5; d;(z) contains control 

u explicitly, ie. 2 S¥d;(z) # 0 on [71,79]. (If pj changes on [71,72] then consider a new 
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interval [rj,73] C [71,72] small enough such that p; remains constant along [rj,73]). Then 

di(z) = Dont € [1,72] (6.36) 

is obviously equivalent to 
f 

d;) =Qatt= T] 

(6.37) 
d'-) ~Qatt=n 

  di”) = Qont € [1,79]. 

Here superscript (j) denotes the j-th total time derivative. By virtue of this equivalence 

the effect of all constraints d(z,u) in the interior of any constrained arc is completely 

characterized by a vector valued function g: R"*™ > R?, p = ki + k4, with 

g(z(t), u(t)) = O ont € (4,72), (6.38) 

as long as some set of "initial conditions” 

C(2(t)) =Oatt=7 (6.39) 

is satisfied. Now assume 

rank (PH) = pVte [rn,7A2l- (6.40) 

Then, without loss of generality, control vector u can be separated as 

au? = {v?,w?], ve R™-?, w€ R? (6.41) 

such that 

rank (29) = p (6.42) 

117



(i.e. Gol wiw) is non-singular) and the Implicit Functon Theorem [2] implies the existence 

of a smooth function 

w= W(z,v) (6.43) 

such that 

g(z,v,W(2z,v)) =0 (6.44) 

is an identity in z and v. 

6.6 Reduction of Constrained Arcs to Unconstrained Arcs 

By the Principle of Optimality (see Lee & Markus [24]) every subarc of an optimal trajec- 

tory is an optimal trajectory between its end points. Hence, along a constrained arc, say 

t € [m1,72], the formalism of (6.7) and (6.8) and the Minimum Principle (6.11) can still 

be applied after substituting (6.41) and (6.43) into the equations of motion (6.2). With 

the Hamiltonian (6.7) written in the form 

H := d! f(2,v,w) (6.45) 

and with 

= o- Oo: Q- Oo: : ., : 

| Ox,” tes, Bin | + | wy? oeeg owp . . . (6.46) 
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aw. aw, 
V1 Um—p 

-| 2 a a a. : , 
|e gz || Be | . (6.47) 

aw, aw, 
Boe ’ dum-—p 

this yields on [r1, 72] 

\T _daH(z, A, v, W(z, v))) (6.48) 

dz 

v*=arg min A(z,v,W(z,v)). (6.49) 
veR™-P 

Again with the assumed smoothness of all participating functions (6.49) implies 

dH(z,v,W(z,v)) _ 
- =0 (6.50) 

2 
got AE) 5p >0 ViuE R™? (6.51) 

In complete analogy to the unconstrained case we have 

Definition 6.6.1 An arc [11,72] with constraints (6.38), (6.89) is called singular of degree 

m* if there is a smooth function S : RR?" + R™” of x and X such that along [11,72] the 

optimal control v* 1s determined by 

dH a= 0 (6.52) 

aH >0 (6.53) 
dv? ~ " 

S(z,A)=0 (6.54) 

and 

d?H . 
rank (7 =m—-p-m (6.55) 

1s satisfied along the solution of (6.52), (6.53) and (6.54). The differential operator < is 

defined by equations (6.40) through (6.47). 
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As before, note that S does not depend explicitly on any controls so that differentiation of 

identity (6.54) w.r.t. time ¢ is well-defined and can be used to get additional conditions on 

control v. As in the unconstrained case, (6.55) along with the Legendre-Clebsch condition 

(6.53) implies the existence of a matrix R, such that 

@H Ry Om—p—m*,m 

dot , Rp ERM PM mpm” (6.56) 
Om ,m—p—m* Om*,m* 

possibly after rearranging controls v. For the second variation to be non-negative on 

[71,72] Theorem 6.8.2 yields the necessary condition 

Theorem 6.6.2 Let the interval [7,,172] be a constrained singular arc of a solution to 

problem (6.1) - (6.6), t.e. with Definitions (6.41) and (6.45), (6.46), (6.47) equations 

(6.42), (6.43), (6.44), and (6.48), (6.52), (6.53), (6.54), (6.55) hold true on [%,79], 

respectively. Then a necessary condition for v* to be optimal on [1,72] are the conditions 

(i) the (m—p—m"*)x(m—p—m*) matriz function of time Q2Bz is identically symmetric, 

1.€. 

Q2 Bz = B27 Q.7 Vt € [to, ty] (6.57) 

(it) if Q2Be is identically symmetric, then 

R, R,7 
Ra := >0 Vet € [to, ty] (6.58) 

Ry Rg 

where 

Ry := Bo7Q:? — Q2B, (6.59) 

d 
R3:= By? P, Bz - 7 (@2B2) - B3' Qo? (6.60) 

B3 := AB — By (6.61) 
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Here matrices Ry € R™-P-™-™M—P-™" Py © RQ, € R™-P-™",Q, E RA € 

R™", By Ee RU™-P-™", By E R™™’, are defined by (6.56) and 

dH P=, (6.62) 

a1 d?H 
= dv dz? (6.63) 

Qe 

_ A= =, (6.64) 

df 
| By, Bo | = dv’ (6.65) 

respectively, and are evaluated along the extremal x*, A*,v"*. 

6.7 Express Unknown Quantities in Terms of Known Quan- 

tities 

Equations (6.48), (6.51) - (6.55) seem to require the explicit knowledge of the functional 

dependence w = W(z,v) . This may not be available, as it may not be possible to solve 

(6.38) analytically for w. Differentiation of identity (6.44) w.r.t. z and v yields 

        

7 = - —1 r 

Ow; OW; oa a 8 3a 
Oxy “ee In ow wp 5a den 

=f bo: re (6.66) 
aw, aw, ag ag a9 og 

ey wee tn 3 LL Ow Wp | L Li on 

” - s -1 — 

ow, ow, O91 on og. oq 
Ou, Oum-—p Ow} Owp Ov) OUm—p 

=-fobow re (6.67) 
aW aw, agp Ogp Igp gp 

Ov; Ovum—p | Ow Owp | | Ou es OUm—p 
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respectively, and the differential operators s-, a defined by (6.46), (6.47) take the form 

dee ds as = O- Oe 
dz dz,’ °“" dzn Or}? “" Orn 

se
 

se
 

sf
 

| Bw? ’ Owp | 

8g og og a9 
woo wp oz . Dae 

d- = d d- = a a 

dv | dv,’ > dUm—p | | Ou}? > Oum—p 

Ee ey
 

sy 
Ph

 

a Pp u 

og 8g Og og 
Bw Bwp Bur Bum—p 

Also define 
-T 

a a aH 
#1 xt ° Sup wy 

Og 89 oH 

Hp Bur Bp Sup 
Then equation (6.48) can be written as 

. OH Og To VS _ TS 

“= Or B Or 

and equations (6.50) and (6.70) can be restated together as 

OH 799 _ 
du tM duo 

(6.68) 

(6.69) 

(6.70) 

(6.71) 

(6.72) 

The non-singularity of matrix 2a. in equations (6.66), (6.67), (6.68), (6.69), (6.70) is guar- 

anteed by assumption (6.40), (refK-e 5.7). It is clear that also higher order derivatives 

can be treated in this way by successively applying the differential operators £ and £ 
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stated in (6.68) and (6.69), respectively. Hence it is possible to test the optimality con- 

ditions stated in Theorem 6.6.2 without explicit knowledge of the functional dependence 

of w = W(z, v) defined by (6.44). Stating general expressions would be lengthy and 

unnecessarily confusing without providing further insight. In practice it is recommended 

to perform all necessary operations step by step, simplifying expressions in every stage as 

far as possible. The classical Legendre-Clebsch condition (6.51) can be restated as 

aH T 2 82H T 7g By +b Bodu +H I \r | Ov Ov avdw avdw by > 0V évER™?, 

82H T 3? 82H T 3? aw 
Owov + Be wou Ow + Lt Ow 

(6.73) 

With Definition (6.41) and assumption (6.42) 

Og, _ 
aye = 9 

is equivalent to 

_ ( 8g\7} ag 
éw=— (52) Apo 

or with (6.67) 

Hence 

T 

{60m r (=) | | Sve rm = { (607, u |6u€R™-?, 6w = uh 
Ov Ov 

Og _ T m _ = { [ou ER || 526 =o} 

and condition (6.73) yields the well-known result 

99 
Ou 

  Aa? +p? —=| 6u>0V 6ue€ R™ satisfying 
OH 0°g T bu | a Su =0. (6.74) 
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6.8 Singular Linear-Quadratic Optimal Control Problem 

Definition 6.8.1 Let problem (*) be defined as 

,min . J2 

ui €(La[to,t¢])™", u2€(Lal[to,t¢])™-™ 

ty Jri=(alty)ty) + [wae 
to 

Q1 
Wis a? Pix +2 [ur?, u27| 

Q2 

subject to 

z= Ar + Bu + Bou2, z(to) = 0 

V(z(ty-),t,) = 0. 

Here the matriz functions of time 

RE R™™, BR, >0 

Qi€R™",Q2.€R™7™™ 

Bye R™™, BoE RW” 

PER", Pi = PP 

AE Re 

z+ [w7,u27| ae 

0 0 

(6.75) 

Uy 

U2 

(6.76) 

(6.77) 

are assumed continuous and B2,Q2 are assumed continuously differentiable. The func- 

tions y: R"t) — R, (2(ty),ty) > a(2(ty), ty), U2 RH) = R*, 8 <n, (2(ts), ty) > 

W(x(ts),t¢) are assumed smooth and satisfy 7(0,0) = 0, ¥(0,0) = 0. For allik E N 

(La[to,t;])* denotes the Hilbert space of all quadratically integrable functions f(t) from 

the interval [to,ts] into R*. 
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Theorem 6.8.2 A necessary condition for [z(t)”, u(t)’, u(t)" | = [0, 0, 0] Vt € [to, t,] 

to be an optimal solution of problem (*) is that 

(t) the (m — m*) xX (m— m*) matriz function of time Q2Bz is identically symmetric, i.e. 

Q2 Bo = B2™Qz" Vt € [to, ts] (6.78) 

(tt) if Q2B2 is identically symmetric, then 

R, Rt 
Rg = > 0 Vt E [to, ts] (6.79) 

Ry Rs 

where 

Ry := By? Q17 - Q2Bi (6.80) 

d 
R3:= By? P, By - 7 (e282) - B3"Q27 (6.81) 

Bz := AB, - Bo (6.82) 

Proof: The proof is adopted from Goh [11] and, for convenience, is restated here in slightly 

modified form. 

Introducing the matrices 

    

0 0 0 

R:=]0 R, 0 | E RAM tHmem )ntmet(m—m*) (6.83) 

0 0 O 

T 7 
0 0 0 

Q:= Q, 0 0 E Rrtm'+(m—m*).n+m*+(m—m*) (6.84) 

i Q2 0 0 J 
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PP, 0 0 

P:= 0 oo0l€ Rrtm*+(m—m*),nt+m°+(m—m*) 

0 0 0 

and defining the new state vector 7 € R™+™*t(™-m") py 

nt)! = | m(t)?, m(t)?, s(t)? 

= | x(t)?, i u(r)dr, Si ug(r)dr? 

problem (*) can be restated in the form 

min J2 
(ul, ul ]Je(La[to,t J) ™*+0"™-—™") 

ty . Tn. 
Jo = y(m(ts),ts) + / n? Pn + 277 Qn +97 Ry dt 

0 

subject to the state equations 

nh = An t+ Byu + Bou 

jl = WW 

713 = U2 

the initial conditions 

m(to) = Zo 

na(to) = 0 

n3(to) = 0 

and the boundary conditions 

U(m(tz), tz) = 0. 
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(6.85) 

(6.86) 

(6.87) 

(6.88) 

(6.89) 

(6.90) 

(6.91)



Now define 7 by the regular transformation 

n=Vn 

where 

I, 0 -By 

V = 0 L . 0 E Rrtm*t(m—m*),n+m*+(m—m*) 

0 O In-m* 

Then we have 

at)? = [Ar is 78 | 

—_ T 
= | (z(t) -— Bo Se u2(r)dr)*, Se us(r)dr , Ie u2(T)dr? | 

and problem (*) can be rewritten as 

min 2 

ful, u? Je(L2 [to,ts])™*° +0 ™—-™") 

_ _ thon To pee 

Ja = (in (ty) + Balty)talty)oty) + f a Pat 2a Qn+ A RAdE 
0 

subject to the state equations 

i, = Ai + Biu +(AB2 — Bo)ip 

M2 = WU 

Ig = U2 

the initial conditions 

in(to) = Zo 

fja(to) = 0 

fis(to) = 0 
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(6.93) 

(6.94) 

(6.95) 

(6.96) 

(6.97) 

(6.98)



and the boundary conditions 

W(m (ts) + Bo(ty)na(ty),t¢) = 0. (6.99) 

Here the old matrices R, Q, P given by (6.83) - (6.85) are replaced by 

0 0 0 

R:=|0 R, 0 (6.100) 

0 0 0 

0 O 0 

Q:= 1 Q1 0 Qi Bp (6.101) 

Q2 0 Q2B2 

Py 0 P, Bo 

P=! 9 9 o  |- (6.102) 

Bo? Py 0 Ba" P,B, 

In the so-transformed problem 73(t) = u(t) appears only in the bilinear forms 274 Qo 

and 2ijs Q2 Be 3. Integrating by parts, employing state equations (6.97) and assuming that 

2B is identically symmetric it follows that 

ty T _ _ . {t 

| 2ijs Qaindt = 272 Qoin | 
Q 

  

ty . . 
- | 273 Qath + 275 QoBity + 273 Q2Amm + 273 Q2(AB2 — Ba) i dt (6.103) 

0 

and 

‘7 T - - = ‘4 pd = 
/ 273 Q2Basdt = 73 Qo Bais i - / iis 5, (Q2Ba)is dt. (6.104) 

0 0 

Hence problem (*) takes the form 

(6.105) min . Ie 

[ul , ul Je (Le[to,ts])™*+(™-™") 

128



_ _ |t _ _ ts 
Jz =2 78 Qam| + 92Q2 Bais fa + 

_ - ty -T p= :T,A- , 2 pz 
+ V(m(tys) + Ba(ts)a(ty),t¢) + 7 PH+ 27 Qn+n Rydt 

Oo 

subject to the state equations 

th Ai + Byu + (AB — Bo) 

72 = WwW 

Ths = U2 

the initial conditions 

ii(to) = Zo 

fia(to) = 0 

ja(to) = 0 

and the boundary conditions 

Wm (ty) + Bolts atts), ty) = 0. 

Here the old matrices R, Q, P given by (6.100) - (6.102) replaced by 

00 0 

R:=|0 R, 0 

0 0 0 

0 0 0 

Q:= 1 Q1 0 QiB2+Bi7Q27 

Q2 0 Q2B2 
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(6.106) 

(6.107) 

(6.108) 

(6.109) 

(6.110) 

(6.111)



P 0 P, Bo 

P:= 0 0 0 . (6.112) 

Bo™ Py +2Q2+2Q2A 0 Bo? Pi B2 + £(Q2B2) + 2Q2(AB2 — Ba) 

Again defining a new state vector by 

[ce)”, (2)? 

= [in (t)”, alt)”, a(t)”, v(t)"| 

= lt A (f fe(r)ar) (f’ usin) | 

= (z(t) — By Si un(r)dr)" ; (i u(r)dr) (fi Si u(o)dodr) (Si up(r)dr) 

(6.113) 

problem (*) finally takes the form 

min (6.114) 
[uf’, uz J€(La[to,ts])™* t0™—-™") 

Jz = v(t 5)" Qoin (ts) + o(ty)” Q2Bav(ts)+ 

~ ty =T n= trn=, 2 pz + V(Ailts) + Baltgolty ty) + [A PA+ 2QT+ RA) dt = (6.115) 
0 

subject to the state equations 

th = An, + Byu, + (AB2 _ Bo)v 

i = Wy (6.116) 

is = v 

v= wu 
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the initial conditions 

(to) = Zo 

fa(to) = 0 

fis(to) = 0 

v(to) = 0 

and the boundary conditions 

Wm (ts) + Ba(ty)v(ty), ty) = 0. 

Here the matrices P, Q, R are as follows 

r 7 

P, 0 0 

    
R= 10 R, RF 

0 Rp Rg 

where 

Ra = BIQT — QoBi 

d 
R3 — BE P, By _ Gy @2B2) _ Q2B3 _ BrQi 
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(6.117) 

(6.118) 

(6.119) 

(6.120) 

(6.121) 

(6.122) 

(6.123)



Qs := BPP, -Q2.A-Q2 (6.124) 

B3 := ABz — Bo. (6.125) 

In this problem control u2 is “free of charge”. Note that ug does not appear anywhere in 

the cost function J2 in (6.115). Furthermore, in the right-hand side of the state equations 

ug appears only in the expression ¥ = u2. Hence, on every interval [t1, #1 + €] C [to, ¢,], 

€ > 0, state v(t) can be changed from any c, € R™-™" to any cp E R™-™ (Le. v(t) = c1, 

v(t, + €) = cz) and the penalty in cost is at most of the order €. This implies that the 

status of v can be raised to the status of a control. Let c* € R™~-™” be the optimal value 

of v(ts) consistent with the boundary conditions (6.118) (the existence of a solution to 

problem (*) defined in Definition 6.8.1 implies the existence of such a c*), then problem 

(*) can be rewritten as follows: 

(6.126) min 2 

[ul , vT]eE(Le[to.ts])™*t(™—™") 

Jn = "Qa ij * § (op p=, otnn . 2! pk 
2=e Qoin (ty) + (mi (ts) + Balty)e",ty) + | (i Pat 2hOn+h Ri) dt (6.127) 

QO 

subject to the state equations 

t) = Af, t+ Bru + (AB2—- B2)v 

Ng = (6.128) 

iis = v 

the initial conditions 

t(to) = Zo 

Tio(to) = 0 (6.129) 

73(to) = 0 
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and the boundary conditions 

WA (ts) + Balts)e",ts) = 0. (6.130) 

Here matrices P, Q, R are given by (6.119) - (6.121). Now the classical Legendre-Clebsch 

condition implies that necessarily 

R, RF 
> 0. (6.131) 

R2 Rs 

This proves (ii) under the assumption that (i) holds true, and it is left to show that indeed 

(1) Q2B2 = BUQ?z Vt € [tos ty] 

Assume this is not the case. Define Bo* € R™™™", Bo** € RUwn-M*-m™ OCL* ¢E 

R™" Qo** ERM mn hy 

Q3 
= Qe (6.132) 

2 

(B3, B3*]:= By (6.133) 

where m™* > 0 is the smallest possible integer such that the (m—m*—m**)x(m—m*—m**) 

order submatrix Q3°B," of 

Q)3,BS Q> B3* 

Q.Bo=| ° *? (6.134) 
Qs Bs; QF By 

is identically symmetric. Then by construction the nonsymmetry of Q2B2 implies 

5B; — B3*7Q3" #0 for some t € [to, t;] (6.135) 
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Now applying (ii) of the Theorem on problem (6.87) - (6.91), with matrices (6.83) - (6.86) 

replaced by 

    

    

    

0 0 0 0 

0 Ry 0 0 * oe o ss s ee * ee R:= E Rt+™ +m**+(m—m*-m**),n+-m*+m°**+(m—m*—m**) (6.136) 

0 0 0 0 

0 0 0 0 

0 00 0 

Qi 0 0 0 . . : Q + ERrtm +m**+(m—m*—m**),n+m*+m°*+(m—m*—m**) (6.137) 

Qs 0 0 0 

| Qs 0:0 0 

T 7 

P, 0 0 0 

0 00 0 
P: E Rrtm*+m**+(m—m*—m**),n+m*+m**+(m—m*—m**) (6.138) 

0 00 0 

0 00 0 | 

ne r. By, —Bi, = nye | e Renn timo (6.139) 

O = —A, 0, 0, 0 | € Runtm’ +m +(m—me—m**) (6.140) 

n(t)? 2= | z(t)", (fi, u(r)dr), (Sf ug(r)dr), (Se us"(r)dr) 

E Rint’ tm +(m—m*—m"*) (6.141) 
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implies that 

R; Omtmee Rg? 

Rg i= Om**m* Ome*me Ret >0 Vt & [to, ty] (6.142) 

R3 Rk" R3 

where 

[R3, R3"] = Bs? [Qa7, Q37] - Q3" (Ba, Bi 

_ [By7Q,7 ~Qo"*Bi, Bs*TQ,*7 _ Q2"*B,"| 

Hence 

Ro” = B)*** QT - Qe Bi (6.143) 

and 

Ro** = By*"Q2*? — Q3* Bi. (6.144) 

Now the positive semidefiniteness of R4 implies that all 2 x 2 order submatrices of the 

form 

0 (R2*" pg 

(22™")pqg = (Ra )ag 

This implies ~(R2**)oq” >0 Vé € [to, ty] so that necessarily 

> 0 Vet € [to, ty]. (6.145) 

Ry™ =0 Vt [to, ty]. (6.146) 

But now (6.144) and (6.146) contradict the assumption (6.135). Hence assumption (6.135) 

is wrong and QB, is identically symmetric. 

q.e.d. 
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6.9 Example 

Examples for the application of the Generalized Legendre-Clebsch Condition to singular 

control along state/control constrained arcs can be found in Appendix A. In Section A.5 

the results obtained in this Chapter are applied to the singular control cases in the aircraft 

range optimization problem treated in Chapter 5. 
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Chapter 7 

Touch Points for First Order 

State Inequality Constraints 
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State Inequality Constraints 

137



Chapter Overview 

The appearance of touch points in state constrained optimal control problems with general 

vector-valued control is studied. Under the assumption that the Hamiltonian is regular, 

touch points for first-order state inequalities are shown to exist only under very special 

conditions, stated in Corollary 7.3.4. For state inequality constraints of arbitrary order 

the control is shown to be continuous across a touch point. 

7.1 Introduction 

In optimal control problems state inequality constraints can turn active in two different 

ways, namely in form of constrained arcs and in form of touch points. In practice, the 

form in which a constraint becomes active (i.e. the switching structure) has to be found by 

numerical experiments and involves some kind of “smart guessing”. This time consuming 

process can be cut down considerably if certain switching structures can be excluded a 

priori. In this Chapter the existing first-order necessary conditions associated with interior 

point constraints are used to derive concise new statements. Conditions similar to the 

ones derived here have been derived in [31] for the case of a scalar control. In this Chapter 

no restriction on the dimension of the control vector is imposed. 
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7.2. Problem Formulation and Existing Optimality Condi- 

tions 

Definition 7.2.1 (Reference Problem) Let the reference problem be given as follows: 

wih O(x(ts), tf) (7.1) 

é = f(z,u,t) (7.2) 

z(to) = 20 (7.3) 

U(x(ty), ty) = 0 (7.4) 

L(x) <0 (7.5) 

where z(t) € R"; u(t) E R™; @: RG Rf: Rt+™H+1 1 RY: Rt LG RE, 

k<n;L:R"™% R! is a q-th order state constraint, i.e. 

  

2 (22) =0 for 1=0,1,...,q¢-1 

Ou \ dt 
#0 for it=@. 

Definition 7.2.2 (Touch Point) Let r*(t), u*(t) be an extremal associated with the 

reference problem stated in Definition 7.2.1. Time ty € (to,t;) is called a touch point if 

there is some € > 0 such that 

[(a(t))=0 at t=t 
(7.6) 

E(x(t)) <0 on te (ty —_ €,t1) U (t1, ty + €) 

(see Figure 7.1). 
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Figure 7.1: Touch Point 

Definition 7.2.3 (Notation) In this Chapter, let superscripts (+), (—) denote evalua- 

tion just left and just right of touch point t,, respectively. Explicitly, for any function of 

time f(t) we define 

ft= lim f(tit+e), 
e>0,e>0 

fr 
lim f(ti _ €). 

€>0,.>0 

Lemma 7.2.4 Assume the optimal solution to the reference problem given in Defint- 

tion 7.2.1 has a touch point at some time t, € (to,ts). Then the following necessary 

conditions for optimality are obtained from the Minimum Principle (for notation see Def- 
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inition 7.2.3): 

LO(z) =0 

Lz) =0 
>» alt= ty 

LG-Y(z) =0   
LIM(z,u) >0 ont e (t; —€,t1) 

for some e > 0 

L@(z,u) <0 ont € (t,t, +6) 

    

aL) aLa-h 
+) — (\-)— _-..- (At) = (A7) - lo Aa vee = Age Aa 

with 

lo > 0,4 >0,..4-12>0 

Ht-—-H~ =0 

u* = argmin Hf a.e.. 
uEU 

(7.7) 

(7.8) 

(7.9) 

(7.10) 

(7.11) 

(7.12) 

Here and in the remainder of this Chapter superscript (1) denotes i-th total derivative 

w.r.t. time. 

Proor: Just apply the well-known first order necessary conditions (see Bryson & Ho [5)). 

q.e.d. 

7.3 Concise Statements Implied by First-Order Necessary 

Conditions 

Definition 7.3.1 (Regular Hamiltonian) The Hamiltonian is called regular if u* = 

argminyey H is unique (i.e. if the Hodograph is strictly convez). 
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Lemma 7.3.2 At a touch point t; € (to,ty) in the solution to the reference problem 

stated in Definition 7.2.1 the following conditions are implied by the conditions given tn 

Lemma 7.2.4 (for notation see Definition 7.2.3): 

AT ft =rATf7 =At ft =At Ff 

lj1(L*)" =0 

1,-1(L1)* = 0. 

PROOF: 

Equation (7.11) Ht — H~ = 0 can be written as 

At Ft -ATf- =0. 

With (7.9) this implies 

    

    

_ , aL OLG-M\ 
( —Io Ag a1 a5 fT -rA ff" =0 

ALO OL(@-) — ft _ +o +_ y-f- — A fT - lo Da fT -..- dye Da ft -~rA f =0 

+ + 
AW ft = 1p (LD)" — = yan (L)" - af =. 

Conditions (7.7) imply (20) * =.= (1-9) * = 0 so that 

df = bya (L@)" — df = 0 

Aft fo shy (L)". 
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Now recall that 

(L'9)+ <0 (from (7.8) 

lj-1 > 0 (from (7.10) 

AT ft —A7f7~ >0 (from (7.12). 

Then 

MPM = ha (Ly 
an NL 

>0 >o0 <0 

implies 

Aft —rA7“f7 =0 (7.16) 

1,-1(L@)* = 0. (7.17) 

Again starting with equation (7.11) H+ — H~ = 0 we can write 

At yt Ao f- = 0. 

Now using (7.9) to substitute for A~ yields 

  

  

aL) aLa-) 
++ _ [yt -_ AT f ( + [o bg tot e- 5p f =0 

aL© aL(q-») 
+t _ ytfr- -—_ —___—_—___ f- = AT AT -—ATFO — lo Aa fr - 1. by Aa f- =0 

Mt ft — At fo =I (LM) ta (L9)" =0. 

Again using conditions (7.7) we find (L0)" =.= (L@-D)~ = 0 so that 

Met — at po — ha (LM) =0 

\t ft —)\tf- = lot (L)~ 
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Now recall that 

(L'9))- > 0 (from (7.8)) 

l-12>0 (from (7.10)) 

Then 

Mt ft Mt fT = ha (LOY 
OO Tr Orn” 
<0 >0 20 

implies 

AT ft —rAtTf- =0 (7.18) 

1-1(L™)- = 0. (7.19) 

Observing that equations (7.16), (7.18) in conjunction with the continuity of the Hamil- 

tionian (7.11) imply (7.13) completes the proof. 

q.e.d. 

Corollary 7.3.3 Lett; be a touch point. If H(t,*+) or H(t,~) is regular then the control 

ts continuous across ty. 

PROOF: 

Without loss of generality assume H(t,~) is regular. Condition (7.13) of Lemma 7.3.2 

implies 

AT ft = Af. 

By definition of regularity of the Hamiltonian (see Definition 7.3.1) this immediately 

implies 

ut =u. (7.20) 
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z* = f (z(t1), u“(t1)) 

- tT) 

~A(ty) 

  — 21   

Figure 7.2: Optimal Control Located in a Corner Point of the Hodograph 

Corollary 7.3.4 Consider the reference problem stated in Definition 7.2.1 with state in- 

equality constraint L(x) < 0 of order q = 1, te. oa # 0, (meaning that oe is not the 

zero function). Let t; € (to,ty) be a touch point (see Definition 7.2.2) and assume that 

either H(t;*) or H(t,~) ts regular (see Definition 7.3.1). Then only the following three 

cases are possible: 

a) (trivial case) lo = 0, t.e. the touch point t, is a natural touch point. 

b) lo > 0 and the Hodograph {z € R"| z = f(z(t1),u) for some u€ R™} has a corner 

point at time ty; and u*(t,) is located in that corner point (see Figure 7.2). 

u=u*, t=t; 
c) lo > 0 and 2. oh 

  

PROOF: 

a) Assume fg = 0, trivial. 

b, c) Assume Jp # 0. Then by (7.10) necessarily [9 > 0. First let us split up all n-vectors 
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0). 
z,f, aL! into two components 

Tt} 

T2 

fi 

fa 

AL) i 

    
  

Or | O21’ O22 

Here subscript 1 denotes the set of all components i of the original n-vector for which the 

associated state rate f;(x(t,),u) depends explicitly on control u, and subscript 2 denotes 

the set of all components 7 of the original n-vector for which the associated state rate 

f;(x(t1), u) = f;(z(41)) does not depend explicitly on control w. 

Now, from [p # 0, we find A(t,+) # A(t, ). This gives rise to the two possible cases 

i) there is no c € R such that Ay(t,+) = c Ay(¢17) (case b)) 

ii) there is ac € R such that Ay(t1*+) = ¢ A1(ti~ ) (case c)) 

case b): 

In this case the vectors \,(t;+) and ,(t,~) have different directions. From (7.12) and 

(7.20) it follows that A,(t;+) and A,(t;~) are outward normal vectors associated with 

two different hyperplanes through the same point z, = f,(z,u*) in the Hodograph (more 

precisely: in the projection of the Hodograph into the “1-plane”). This immediately 

implies that the Hodograph has a corner at time ¢; and that the optimal control u*(t,) is 

located in such a corner. 

case C): 

Assume Jc € R such that ,(t;+) = c Ay(t,~). First note that necessarily ¢ # 1. 
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Otherwise (if c = 1) (7.9) in conjunction with ope # 0 yields lg = 0 which contradicts 

the assumption. Hence A,(t1*+) = c Ai (ti ) is equivalent into 

a(t) = MEAG) 

  

  

l-—e 

and with (7.9) this implies 

lo @L© 
Ai (t1~ T . . 

(ta ) l-—e O21 (7.21) 

Now assume u*(¢) is not located in a corner point of the Hodograph. Then the Minimum 

Principle (7.12) implies that along the optimal trajectory 

OH 

  

  

    

—— =0 
Ou |t,- 

or explicitly 

i) \, 7 = 0. 7.22 ( Ou) |, (7.22) 

Inserting (7.21) in (7.22) yields 

lo [AL (35) 9 
l-c] dz, \Ou/,|)_ 
———” ty   

#0 

Because of the continuity of control u across switching time t, (see Corollary 7.3.3) this 

implies 2 aL = 0 
uxu*,t=t; 

  

q.e.d. 

Remarks: 

a) Note that the conditions stated in Corollary 7.3.4 b), c) are only necessary for the 

existence of a touch-point, not sufficient. 

b) Also note that these conditions (except for condition lg > 0) can be tested a priori 

without solving a boundary value problem. In this test, additionally conditions 

L(z(t) poe tat, = 0 
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(a(t), u(t) =0 
r=r* usu, tot, 

(see equations (7.7) and (7.14), (7.15) ) can be used. 
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Chapter 8 

Non-Optimality of the Accessory 

Minimum Problem in Presence of 

a Conjugate Point 
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Chapter Overview 

A new proof for the non-optimality of the solution to a linear quadratic optimal control 

problem in presence of a conjugate point is presented. Contrary to an earlier proof by 

Breakwell & Ho [3] the new proof also covers the case where the coefficient functions of 

the linear quadratic problem have corners. 

8.1 Introduction 

Given an optimal control problem, it is possible to expand the cost function into a Taylor 

series about a solution candidate which is obtained by solving the first-order necessary 

conditions. The leading term of the expansion is of second order and can be identified as 

the cost associated with a linear quadratic optimal control problem, the so-called Acces- 

sory Minimum Problem (AMP). Necessary for the reference solution to furnish minimum 

cost is that the minimum cost associated with the AMP is non-negative. In this Chapter 

a proof of Jacobi’s No-Conjugate-Point Condition is presented. In a constructive way it 

is shown that a conjugate point in the interior of the trajectory implies the existence of a 

solution to the AMP with negative cost. The general approach is adopted from [3]. The 

proof given in this Chapter applies also for linear quadratic optimal control problems with 

corners in the coefficient functions. It is hoped that it will be possible with the new ap- 

proach to derive a Jacobi Necessary Condition for optimal control problems with interior 

point conditions. For convenience, and to provide a starting point for future work, the 

AMP for optimal control problems with interior point constraints is given in Appendix 

B. 
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8.2 The No-Conjugate-Point Condition for Linear Quadratic 

Optimal Control Problems with Corners 

Lemma 8.2.1 Let A(t) be a Lipschitz continuous matriz function of time. Then the 

transition matriz ®(t) associated with A(t) is non-singular for all times, i.e. 

det ®(t,to) # 0 

where 

d 8(t, to) 
210) = A(t) O(t,t0) 

&(t, to) = I. 

Proof: 

(See for example Coddington & Levinson [7]). Assume det ®(¢,t9) = 0 for some t; € R. 

Then drop # 0 such that ®(t,,to)zo = 0. But then the final value problem 

t= A(t)z 

z(t,) = 0 

has at least two solutions, namely z(t) = 0, and another solution with z(to) = zo # 0. 

This contradicts the assumed Lipschitz boundedness of A(t). 

q.e.d. 

Lemma 8.2.2 Let A(t) be a continuous Lipschitz bounded matriz function of time with 

one point, say t1, of discontinuity. Then the transition matriz ®(t,to) associated with 
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A(t) is non-singular for all times, te. 

det ®(t, to) £ 0 

where 

d ®(t, to) a = Alt) O(t, to) 

@(t,to) = I. 

Proof: 

Without loss of generality assume t; > to. According to Lemma 8.2.1 det ®(t,to) # 0 

Vt € [to,t1]. Assume det ®(t2,t9) = 0 for some tg > t}. Then 329 # O such that 

P(t2,to) to = 0. As det B(t],t9) 4 0 we have O(t1,t9) zo # 0. But now we have two 

solutions of the final value problem 

z= A(t)z 

r(t2) = 0 

namely one solution given by z(t) = 0 and another solution with the property z(t,) = 

@(t1,to)Zo. This contradicts the assumed Lipschitz boundedness of A(t) on the interval 

(t, to]. 

q.e.d. 

Remark 8.2.3 It is clear that Lemma 8.2.2 holds true also for continuous, Lipschitz 

bounded matriz functions of time A(t) with any finite number of discontinuities. 
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Lemma 8.2.4 Consider the problem 

t= A(t)r + B(t)u 

z(to) = Zo 

with A, B Lipschitz continuous with at most finitely many discontinuities. Let ®(t, to) be 

the transition matriz, 1.e. 

d ®(t, to) sth = A(t) O(t, to) 

@(t,to) =I 

and assume that the Controllability-Grammian 

Kx [ B(t, to) B(t)B(t)? B(t, to) “7 de 
0 

ts non-singular. Then the control 

u"(t) = B(t)7 ®(t, to)? WK" B(ty, to) (zz — B(ty, to)z0) 

takes the state from z(to) = zo to x(t) = zy. 

Remark: Note that by Remark 8.2.3 control u* is well-defined. 

Proof: 

From the variation of parameters formula we get 

z(t) — ®(t,to)zo = 

= Si $(t,7)B(r)u*(r)dr 

= fy, O(t,7)B(r)B(r)? ®(7,to)-7 K-1 ®(ty, to) (ay — @(ty,to)z0) dr 

= ffi O(t,to)®(7, to) 1 B(r)B(r)? ®(r, to) Pdr K-'®(ty, to)“ ay — B(ty,to)z0) 

= O(t,to) fi (7, to) 1 B(r)B(r)? ®(r, to) “7dr K7~18(ts, to)" (az — B(ty,to)z0) 
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Hence we have at time ty 

a(t) — B(t7,to)zo = 

= O(t5,to)KK~' (ty, to) "(xy — O(ty, to) z0) 

= B(t5,to)®(t;, to) (zy — B(ty, to)z0) 

= zy — O(ts,to)zO0. 

Hence 

x(ts) = 25 

q.e.d. 

Definition 8.2.5 (LQP) Let the linear quadratic optimal control problem (LQP) be de- 

fined by 

min sats)? Salts) + sf a(t)? Q(t)z(t) + u(t)? R(t)u(t) dt 

z(t) = A(t)z(t) + B(t)u(t) 

r(to) = 0 

Tr(tys) =0 

to, ty fired. 

Here S € R™", T € RR", s < n are fized matrices; AE R™", BE R™™, QE R™", 

ReR™™ are time-varying, Lipschitz continuous matriz functions of time with at most 

finitely many points of discontinuity. Also 

st =S$ 

Q? =Q Vt 

RT =R Vt 

R >0 Ve 
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Lemma 8.2.6 Necessary conditions for a solution of LQP (see Definition 8.2.5) are given 

by 

#|} | A —BR-'Bt z 

d - -Q —AT d 

z(to) = 0 

Tz(ts) =0 

Mts) = Sx(ts) + TP v 

At — \~ = 0 at any point of discontinuity of A, B,Q,R 

u(t) = —R-! BT). 

Proof: 

Hamiltonian: 

H= AT (Az + Bu)+ +21 Qa +4 Jul Ru 

adjoints: 

\T _ _9H 
NM = 3E 

= —A\TA~—zTQ 

controls: 

St=0 > MB+uR=0 

=> Ru+BTr=0 

=> u=-—R BT 

state and adjoint equations together: 
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Ac -—BR BT) L 

A = —Qz ~AT) 

A(t) = [32 (32,752, + v™T2;)|" 

= [2)7S + vTr|" 

= Sz yz +77 yp 

conditions at points of discontinuous right-hand side: 
  

Let time t, be a point of discontinuous right-hand side. The first-order optimality condi- 

tions at #; are given by 

  (u7 SE + Hy - Hit) dty + (wu? BX - 7) day” + (uP gBhy -— An?) deat = 0. 

Here N = N(z,+,2;~,t1) = 0 are conditions imposed at t;. In our case the conditions 

N = Oare empty. As ty is fixed dt; = 0. The continuity of z implies dz1~ = dz,+ =: dzy. 

Hence we get —A\,~ dz, + \y*+ dz; = 0 and as dz; is free this finally implies A\y~ — 41+ = 0. 

q.e.d. 

Definition 8.2.7 (“conjugate point”) Time t, € (to, t;) ts called a conjugate point for 

problem LQP stated in Definition 8.2.5 if there is a non-trivial solution to the boundary 

value problem (BVP) implied by the stationarity conditions for LQP (this BVP is given 

in Lemma 8.2.6) such that 

r(t)=O0 Vi<t 

a(t) #0 Vtp<t<ti +e, somee>0 

(see Figure 8.1). 

Lemma 8.2.8 Let cost; be the cost for going from t, to ty along path i, i € {1,2}, i.e. 

cost; = 52s" Szz+ fran, ($27Qz + Lut Ru) dt 

Then cost; = costg. 
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conjugate point 

  

    paths 1 and 2 |, | path 1 

} “I 
——$ ——— t 

to ty ty 

Figure 8.1: Conjugate Path 

Proof: 

Trivially, cost; = 0, as z(t) = 0 and u(t) = 0 along path 1. Along path 2 we have 

0 =f! A7(¢ — Ar + BR7' BT) dt 

= fel a 4 AT - Te - AT (Az — BR™'BT)) dt 

= Malt — fil 24 AT(Az — BR7BT)) dt 
  

= (Szp+TTv)T2y— Tay — f.'(—Qz — ATA)? 2 + AT(Az — BR71B™)) dt 

= ayTSrptu'Try t+ fil e7Qz + AT Ax — ATAr + AT BRB?) dt 

= 2,Styt fiiz™Qz +27 BRB?) dt 

=2,Szyp+ fii 2?Qz + ut Rudt 

= 2 costo. 

The same result holds true also if some or all matrices A, B, Q, R have at most finitely 

many corners or discontinuities. Let the times of discontinuity be given by t,,, ..., t¢ n°‘ 

Then 

157



O= ff AT(¢ — Ax + BR7'BT)) dt 

= fii a + Ta - AT a — AT( Az — BR™BT)) dt 

tey~ 
=e} + AP g 

    
rey tet MPa |Y yf MP2 + AT(Az — BRBTA) dt 

= \Tz is — fi! (-Qz — ATA)’ 2 + AT(Az — BR7'B?)) dt 

= asl Srp tuTT ryt fil 27Qz + AT Ax — ATAz + ATBR-™BY™) dt 

= 2Suzpt+ Si z?Qz2x+ 7 BRB) dt 

= 2fSzpt Si z?Qz+u? Rudt 

= 2 cost2. q.e.d. 

Theorem 8.2.9 Assume problem LQP stated in Definition 8.2.5 has a conjugate point, 

say, at time t, € (to,t;). Furthermore assume that B(t;) # 0 and B(t?) 4 0. Finally 

assume that there is some non-zero vector c € R™ such that R(tj+)7!B(t,t+)? A(tyt) = 

(i.e. Z(t, +) = c) holds along the conjugate path z, 4, u. Then there is a control U(t) which 

yields negative cost for problem LQP and hence the trivial solution z*(t) = 0, u*(t) = 0 

(which yields cost = 0) is not optimal. 

Proof: 

Let 

path 1: A> B- D 

path 2: A~ BC 

path 3: A> E> F+C 

In Lemmma 8.2.8 we have seen that the costs associated with path 1 and path 2 are the 

same. Hence, to show that path 1 is not optimal it suffices to show that there is a control 

u such that 
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Figure 8.2: Construction of an Extremal with Negative Cost 

(**):= fo pt? Qztul Rudt < fp.» pt? Qzrt ul Rudt =: (+) 

as then cost3 < costz = cost,. 

1. case 

Assume all matrix functions of time A, B, Q, R are continuous at time t;. Then choose 

6, A small enough such that A, B, Q, R are continuous on t € (ty — A,t; + 6]. 

estimate (*): 

The continuity of all matrices A, B, Q, R on [t, — A,t, + 6] in conjunction with the 

differential equations 

zt =Ar —BR-'BT) 

X =-Qzr —AT) 

and the "initial conditions” 

z(t?) =0 

RMAF) BT (tf Att) = 
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imply that || u(t) [|= O(1), || x(t) [|= O(6) along B —- F if only 6 is chosen sufficiently 

small. Hence we have 

I 27 Qz + ul Rudt = O(5?) + O(5) 
BF 

. If necessary, reducing 6 further until the O(5)-term dominates the O(67)-term, we have 

| z?Qz+u Rudt = O(6) 
BoF 

and hence (*) = O(6). 

estimate (**): 

Define a € R” by a:= z(t; + 6). As shown above we have a = O(6). Let ®(t,t1) be the 

transition matrix for A(t), i.e. 

d ®(t, ty) 
dt = A(t) ®(t, t1) 

(t1, ti) = I 

and consider the control defined by 

U(t) := B(t)? &(t,t, — A)-7 K-71 G(t, + 6,t; — A)“1a 

t1+6 

K:= / B(t, ty — A)“ B(t)B(t)? &(t, ty — A)“ dt. 
11—-A 

Because of the controllability assumption B(t]) 4 0, B(t}) # 0, K is non-singular and 

hence w(t) is well-defined and takes the state from Z(t; — A) = 0 to Z(t, + 6) = a. 

Furthermore, if A, 6 are chosen sufficiently small, a lower bound for || K || can be given 

by || K ||= O(A +6) Hence an upper bound for || K7? || is || K7? |l= O( xis) and 

consequently, along E — F 

| z(t) || = O (qhy) O06) 

O(n > + Oo 

~
~
”
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and for the state Z(t) the variation of parameters formula 

z(t) = F(t, -A) + / 5 7)(r) dr 
i- 

yields 

z(t) | =O (a5) O14 +8) 
= O(6). 

Hence the cost Sets a? Qz+u? Rudt associated with Ut) is 

(+4) = fOtS a? Qe + U Ru dt 

= (t1 +6 — (1 — A) [O(@7Qz) + O(UT Ra] 

= O(A + 8) [0(8) + 0 (gar) | 

= O(5 + As) + O(n 5) 

Hence, if we first choose A, 6 as small as necessary to perform the above estimations, then 

fix A and further reduce 6, we find (++*) = O(67). Hence we found that (#*) = O(67), 

while (*) = O(6). 

As for A, 6 “small enough” always u? Ru is the dominating term both in (+) and in (++) 

we find (*) > 0 and (**) > 0 so that (#«) < (*) for A, 6 sufficiently small and hence path 

A — B-C is not optimal. 

At least one of the matrix functions of time A, B, Q, R has a discontinuity at time ¢;. Then 

choose A, 6 small enough such that A, B, Q, R are continuous on [t; — A,21)U (¢1, t1 + 6]. 

compute (*): 

As before (in case 1) (*) = O(6). (Note that continuity properties were required only on 

(t1,¢, + 6] in the calculation of (*) in case 1). 

compute (**): 
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As before (in case 1) leta := z(t2) = O(6) at point F. Again let S(t,t,) denote the 

transition matrix for matrix A(t), i.e. 

d (t,t) 
Ti A(t) ®(t, t1) 

®(t), ti) = I 

and consider the control as before 

u(t) := B(t)? @(t,t) — 6)" TK} 8(t, - 6,t; - A) 

t1+6 

Kix / ®(t, 1, — A)“ B(t)B(t)7 &(t, ty — A)~? dt. 
t1-A 

Here too, the controllability asumption B(t]) # 0, B(t}) # 0 implies that @(t) is well- 

defined. As before u(t) takes state z from z(t— A) = 0 to z(t+6) = a. The controllability 

assumption also guarantees a lower bound on || XK ||, namely || A ||= O(6). Hence || 

Ko! |= O(n: 

Hence K = O(A + 6) and K-71 = O (x45). 

Now, in the same way as in case 1 it can be shown that (*) = O(6), while (++) = O (5) 

Hence, by first choosing A “small” and then for fixed A varying 6 it can be shown that 

(**) < (+) and hence path 2 is not optimal. 

q.e.d. 
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Appendix A 

Explicit Calculations to Derive 

the Possible Control Logics 

Stated in Section 5.6 
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A.1 Introduction 

This Chapter contains the explicit calculations to determine the possible control logics 

in the aircraft range optimization problem treated in Chapter 5. Several singular control 

logics are found to be possible. In Section A.5 the supplementary optimality conditions 

derived in Chapter 6 are applied to these singular control cases. For convenience the finite 

dimensional minimization problem obtained by applying the Minimum Principle on the 

original optimal control problem is restated below. 

A.2 Finite Dimensional Minimization Problem Implied by 

Minimum Principle 

Cost Function 

a) 6 = —2(ts) 

min! b(E(ts), h(ts), v(ty), 2(ty), tf) with or (A.1) 

b) ¢= ty. 

State Equations 

E = [6(T(E,h) — D(E,h,n) + Dmaz(E,h)) — Dmaz(E,h)] fy 

h = v SIny 
(A.2) 

4 = &(n- cosy) 
LZ = vcosy. 

Controls 

i) throttle 

n load factor 
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Control Constraints   

n= —$ <0 (A.3) 

92 = 6-1 <0 (A.4) 

93 = -l—-Nmar <0 (A.5) 

94= N—Nmazr <0 (A.6) 

State Constraints 

Co := U — Umar(h) < 0 (A.7) 

On arcs of active state constraint differentiation yields 

dCo 

C1 ee 
_ g . t g\ _ 
— (6(T -~D + Dmoz) ~ Daz) a5 — usm y (ones + 2) = 0 (A.8) 

Hamiltonian 

H= +AKF [6(T —- D+ Dyaz) 7 D maz] W 

+Apv siny (A.9) 

+A,% (n — cosy) 

+A,v cosy 

Minimum Principle   

At every instant of time the control is determined by the condition that the Hamiltonian 

(A.9) be minimized subject to all active control and state constraints. At each instant of 

time this leads to a finite-dimensional constrained or unconstrained parameter optimiza- 

tion problem. The following cases have to be distinguished. 
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A.3 State Constraint Not Active 

The Kuhn-Tucker conditions associated with the finite-dimensional optimization problem 

(6,n) = arg min H 

can be stated as follows 

  
  

  

T 1 WH+e'9) _, 
06 

T nr | OF +e"9) _ 
On 

=0 if g <0 

Ill 9; <Oand o; ¢ 
L > 0 if gi 0 

( 

=0 if g<0 

IV g2 <O and ap ¢ 

L > 0 if 92 = 0 

=0 if g3<0 

Vs gg < O and a3 (A.10) 

> 0 if g3 = 0 

( 
=0 if g4 < 0 

VI ga < Oand o4 4 

> 0 if gj4 = 0 

oP(H+a%9) 8?(H+o07g) Aé 

VII [A6, An] ° 000n >0 
a(H+oTg) 8 (Ht+o7g) A 

Ondb Oné n 

for all [A5, An] € R? satisfying or + ot An = 0 
n 

where vector function h contains exactly the active components 

of the inequality constraints g < 0. 
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Explicitly this implies 

I 

Ill 

IV 

VI 

VII 

Ag(T - D + Daz) az — 01 + 2 = 0 

  

poe $4,203 +04 = 0 

q v 

=0 if 9 <0 

—-§<Qand o 

> 0 if gn = 0 

=0 if g2 < 0 

6-1<Qand gq 

>0 if g2=0 

=0 if g3<0 
—N2—Nmar < 0 and a3 (A.11) 

( 
=0 if g4<0 

0 -n Aé 2K vw 
    [As, An] dE >0 

—n —6 An q 

Oh... oh 2 . . on on _ 
for all [Aé, An] € R® satisfying FY; Aé+ a, 5” 0 

where vector function A contains exactly the active components 

of the inequality constraints g < 0. 

To solve this problem several cases have to be distinguished. 
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A.3.1 Ag <0, A, £0 

With Ag < 0 equation (A.11-I) can be satisfied only if a2 > 0, ie. constraint (A.4) is 

active. Hence 

I 

II 

IV 

VI 

VI 

Define 

AE(T —-D+ Daz) +02 =0 

2h uW 
  —AE n+ dy= ~ 09 +04 = 0 

=0 if g3 <0 

—N—Nmar < 0 and 03 

=0 if g4 <0 

+n—MNmar <0 and o4 

>0 if g,=0 

O -n || Ad! oKoww 
    [Aé, An] AB > 0 

—n —6 ; An q 

Oh Oh 2 > . a _ _ 

for all [Aé, An] € R* satisfying 76 Aé + a, 0" =0 

where vector function h contains exactly the active components 

of the inequality constraints g < 0. 

nae OL 94 
0 Xp 202 KW 

168 

(A.12) 

(A.13)



(This is the solution of (A.12-II) with o3 = o4 = 0). Simple analysis involving equations 

(A.12-IT), (A.12-V), (A.12-V1) shows 

costraints (A.5), (A.6) are non-active if — maz < no < Mmaz 

costraint (A.5) is active if no < —Nmaz 

costraint (A.6) is active if no > +Nmez 

Explicitly, we get 

I og=-Ag(T-D4 Dmoz) yp 

n= No if — Nmazx < no < +Nmar 

HI o=0 

IV 6=1 

o3 = 0 if — Mmaz < M0 < +Mmaz 

V n=—-Nmar if no < —Nmaz (A.14) 

| o3 = 0 if ng > +Nmar 

| o4=0 if — Mmaz < Mo < +Mmaz 

VI . o4=0 if no < —Nmaz 

| a= +Nmar if n9 > +2mar   
VII satisfied in all 3 cases without further restrictions 
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A.3.2) A4e > 0,7 Avy # 0 

With Ag > 0 equation (A.11-I) can be satisfied only if o; > 0, ie. constraint (A.3) is 

active. Hence 

II 

Ii 

IV 

VI 

VII 

A\g(T -—D+ Dmaz) a> ~ 0, =0 

  

    

dp OW a + 45 —03+04=0 

6=0 

02 = 0 

( 
=0 if 93 < 0 

—2— mar < 0 and a3 ¢ (A.15) 

>0 if g3=0 

| ~0 if gs <0 
+N2—Nmer <0 and a4 

>0 if gg=0 

0 -—-n Aé Cuw 
[Aé, An] pre 0 

—-n —6 An q 

: h... Oh 
for all [A6, An] € R? satisfying on AS + ano” = 0 

where vector function A contains exactly the active components 

of the inequality constraints g < 0. 

By inserting 6 = 0 into equation (A.15-II) we see that constraint (A.5) is active if X, > 0 

and constraint (A.6) is active if A, < 0. We get 

Vv 

I Oo, = +An(T -—D + Daz) FF 

03= +A2 if A+ > 0 

ii 

o4=-Ay2 if dy <0 
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It 6=0 

IV o2=0 

am=-—-MNmar if A, >0 
VF (A.16) 

04 = 0 if A-+ >0 

VI 

nm=4MNmar if A, <0   
VII satisfied in both cases without further restrictions 

A.3.3 AE = 0, A+ # 0 

With Ag = 0 equation (A.11-I) can be satisfied only if 0, = 0 and o2 = 0, i.e. constraints 

(A.3), (A.4) are both non-active. Equation (A.11-II) implies that constraint (A.5) is 

active if 1., > 0, constraint (A.6) is active if A, < 0. We get 

I AE = 

03 = +A, if A, > 0 
IT 

o4 = —A,* if A, < 0 

Il 0; = 0 

IV 02 =0 

N=—-Nmar WA, >0 
\ (A.17) 

03 =0 if A, < 0 

( 
04g = 0 if A-y >0 

VI < 

nm=4MNmer if A, <0   
VII sin both cases trivially satisfied with strict equality 
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Obviously, we have not yet obtained explicit information on control 6. Control 6 has 

to be determined from the condition that oH and all its derivatives are identically zero 

(singular control). With 

OH v 
S= Ob = AE (T —-D+ Dymaz) Ww (A.18) 

we have 

S=0>A¢,=0 (A.19) 

Below, further information is obtained by differentiation. Whenever control n appears 

explicitly in this process it is formally replaced by +nma,. In accordance with conditions 

(A.17-V), (A.17-VI) it is understood that n = +Mmaz if A, < O and n = —nygz if A, > 0. 

We get 

S = Ag(T-D+ Dmoz) 
2 

g. g g v = [a8 sin-y + Aq ig (tnmaz ~— cosy) — Az* cos | (T — D+ Dmaz) Ww 

= l-, siny + dy 55 (EMmas — cosy) — Az cos 1| (T —- D+ Dmaz) - 

As (T- D+ Dmaz) # # 0 we have 

$=0>—-d,siny+ dy a5(t Mma — cos y)— A, cosy = 0 (A.20) 

Further differentiation yields (using conditions (A.19), (A.20)) 

S = I~’, sin y — A, cos yy + Ay (4M maz — cos ¥)+ 

d 2q? > _ A g9. ., 
+A,y ~ Ta (tnmaz — cos y)(E —h) + 2 ny 

+ Azsin-7y | (T—-D+ Dmaz) a5 
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Here we know explicitly 

OH 

n= OR 
_ Iony— 29 _ g = -Agi...)+ Ane siny — r, a2 5 (Ehmaz cosy) + Az cos ¥ 

=0 

= -£ =a. siny + dy (EMmaz — cos y) — Az cos 7| 
‘ee, v7 —=——— 

=0 (from $=0) 

and 

. OH 
Ay = -= Y Oy 

= —Agl[...]—- Anucosy — dy = siny +A,vsiny 

=0 

Using this and 

y= 2(£ maz — cos 7) 

yields 

S$ = [dn cosy + (—An cosy ~ Ay-S sin-y + Aesiny) + 

29,0 | g . . 9g. 
~AyH(E~ h) +S siny + dosing] (T- D+ Dmoz) G54 

= [dx cosy + Az siny — 4 S(E - ) 2(T —- D+ Dmaz) vi 

For all practical purposes nme, > 1 so that + # 0. As has been stated earlier also the 

factor (T - D+ Dmaz) 4} > 0. Hence we find 

$=0> -A, cosy + Ar sin y — dy (E —h) =0 

Using 

h= vsin y 
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and 

E = [6(T _- D(n = +nmaz) + Dymaz) _ Dmasl os 

Vv 
[6T — Dmaz] 

finally yields 

Dmaz + W (sin 7 + (an cosy + A; sin 7)) 
  

7 5- . 
S=0> T (A.21) 

A.3.4. Ag =0, 4, = 0 

Differentiation leads to 

Ng = 0 

> 

A, =0 

—An,Zsiny — A; 2 cosy = 0 
=> 

—A,vcosy + Azvsiny = 0 

—siny -—cosy Ap 0 
= > 

—cosy +siny Ar 0 

Mn =0, Az =O 

Together with the initial assumption Ag = A., = 0 we get 

Hence case A.3.4 can be excluded. 
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A.3.5 Ag <0, \, =0 

With Ag < 0 equation (A.11-I) can be satisfied only if constraint (A.4) is active. Equation 

(A.11-II) implies that both constraints (A.5) and (A.6) have to be non-active. We get 

II 

lit 

IV 

VI 

Vil 

Hence 

IT 

Il 

IV 

V 

VI 

Vil 

Ag(T -D+ Diaz) > +02,=0 

2h uW 
  —A56 n=0Q 

03 = 0 (A.22) 

04 = 0 

satisfied without implying further restrictions 

02 = —AR(T-D+ Dmoz) a5 

n=0 

o, =0 

6=1 

03=0 (A.23) 

o4=0 

satisfied without implying further restrictions 

This is no singular control. Obviously, case A.3.5 is just an extension of case A.3.1 from 

Ag < 0, A, #0 to Ag < 0 (and no restrictions on A,). 
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A.3.6 Ag>QO, rx = 0 

With Ag > 0 equation (A.11-I) can be satisfied only if constraint (A.3) is active. Using 

Ay = 0 and 6 = 0, equation (A.11-II) implies that constraints (A.5) and (A.6) must be 

both non-active. We get 

  

I A(T - D+ Dmaz)o> — %1 = 0 

I dye = 0 

IIT 6=0 

IV a2 = 0 

Vo o3 = 0 (A.24) 

VI o4=0 

VII [Aé, An] Dam] AC | KW 
-n -6 || An " 

for all [A5, An] € R? satisfying Aé = 0 

Hence 

I 01 =An(T ~ D+ Dmoz) 

I A,=0 

Wt §6=0 

IV a2 =0 

VV 03=0 (A.25) 

VI o,f =0 

VII trivially satisfied with strict equality 
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Obviously, we do not yet get any explicit information on control n. This information has 

to be obtained by differentiation of identity (A.25-II). We get 

\y = 0 > -A,vcosy + Azvsiny = 0 (A.26) 

Before differentiating further, several cases have to be distinguished: 

Case 1: Ag > 0, A, = 0, Ar = 0, An =O 
  

Then (A.26) is satisfied. From A, = 0 we get by differentiation 

: O(Dmaz yj 
An = pig 2 Pres) =0 

. Dmaz W 
For the present aircraft model (Pras w) > 0 so that case 1 can be excluded. 

Case 2: Ag > 0, A, = 0, Ar = 0, An #0 
  

Then (A.26) yields 

cosy = 0 

Differentiation gives (using sin y # 0, as cosy = 0) 

7+¥=0 

With cos 7 = 0 this implies 

n=0 

Comprehension case 2: 

AE > 0, A, = 0, Az = 0, An #0 

6=0 
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S = 4. takes over the role of a switching function with 

ly=0 (5 =0) 

cosy=0 ($=0) 

n=0 (S$ = 0) 

Case 3: Ag > 0, Ay = 0, A, #0 
  

Then necessarily cosy # 0. Otherwise (A.26) can never be satisfied. With cosy # 0 

(A.26) implies 

An = Az tany. 

Differentiation gives (using (A.25-II), (A.25-III) and the result above) 

d 

  

= Mn — Ar — ee 
cos? 7 

d (Dmoz) g g g(n — cosy) = Ne mar Ws AL=S!I r— — vo E Oh + n= siny + A 7 COST Ar cos? y 

O(Dmary) g g ¢(n — cos 7) = gl Pm) sy tang Zs 9 cosy — Ap WR ST) : E Ah + any", siny + Az cos 7 Ax cos? 

_ O(Dmar wy) g 1 2(n — cos7) 
= Ag——_— 27 - \,~—_.— 

Oh v COs ¥ cos? ¥ 

Solving for load factor n yields 

_AEYV 2 0 (Dmaz yy) 
a Meg cos rr) + 2 cos ¥ 

Comprehension case 3: 

Ag > 0, A, = 90, Ar #0 

6 = 0 

Ay = 0 
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An = Aztany 

r O (Diaz ¥ 
n= TE cost Case) + 20089, 

A.4 State Constraint Active 

The Kuhn-Tucker conditions associated with the finite-dimensional optimization problem 

é = i (6,n) = arg o min, 

can be stated as follows 

II 

iil 

IV 

VI 

Vil 

VHI 

OH + Ci +079) _ 

  
  

  

96 ° 
O(H + uC, +079) aa re ts 8 9g 

On 

C; =0 

=0 if 9 <0 

gi <0 and o, 

> 0 if nu= 0 

=0 if g2 < 0 

g2 < 0 and op 

> 0 if g2 = 0 

=0 if g3<0 
93 < O and o3 ¢ (A.27) 

>0 if g3=0 

=0 if g4 < 0 

ga <O and o4 

> 0 if ja = 0 

O?(H+uCi +o 9) 87 (H+uCi +07 g) Aé 

[Aé, An] a 200n > 0 
87(H+uCito7g) 8?(H+uCi+o7Q) An 

ands Oné 

for all [Aé6, An] € R? satisfying orA6 + =~ An =0 
n 
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where vector function h consists exactly of equality constraint C, = 0 

and the active components of the inequality constraints g < 0. 

With conditions g < 0, C; = 0, and Hamiltonian H given by equations (A.3), (A.4), (A.5), 

(A.6), (A.8), and (A.9) this implies explicitely 

Il 

Ill 

IV 

VI 

Vil 

Vill 

(xe +02) (T - D+ Daz) oz ~ 01 + 02 = 0 

  

2hkuWw 
~5 (dz +2) a n+ 2 —03+04=0 

v q v 

g : / g\ _ (6(T — D+ Dmar) — Dmar) wT sing (nas + 2) = 0 

=0 if gi <0 

—6<Oand o; 

>0 if 9 =0 

=0 if g2<0 

6—1<0and op 

> 0 if g2 = 9 

=0 if g3<0 
—l —Nmar < 0 and 03 4 (A.28) 

> 0 if g3 = 0 
, 

=0 if g4 < 0 

tn timer <0 and 04} 

> 0 if g4 = 0   \ 
  

0 —-n Aé 

[A6, An] (c+ 2) =P > 0 
—-n —6é An q 

for all [Aé, An] € R? satisfying ars + a" An = 0 

where vector function A consists exactly of equality constraint C,; = 0 

and the active components of the inequality constraints g < 0. 

To solve this problem several cases have to be distinguished. 
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A4A1 1,40, Oe +u2) £0 

In this case constraint (A.3) or (A.4) has to be active, otherwise condition (A.28-I) would 

imply (Ag +2) = 0. Furthermore, with constraints (A.3), (A.8) active or constraints 

(A.4), (A.8) active it is clear that constraints (A.5), (A.6) have to be non-active because 

otherwise the two controls were overdetermined. Hence o3 = o4 = 0. In equation (A.28- 

II) this implies 6 # 0. Hence the active constraints are exactly constraints (A.4) and 

(A.8). We get 

I 

II 

Ii 

IV 

VI 

Vil 

Vill 

Hence 

(as +u2) (T - D+ Dmnaz) a> + 02 =0 

  

  

CuW ~§ (as +42) oA nt d,2 =0 
Vv Vv 

(6(T —D + Daz) _ Dmaz) I _ vsiny (2! + 2) =0 
Ww mar v 

01 = 0 

6—1=0 

73 = 0 (A.29) 

04 = 0 

0 -—n Aé 
[A6, An] (Ae + uv!) — >0 

—n —6 An 

for all [A5, An] € R? satisfying 

IC1 As + aCh 

06 On 

O92 O92 _ 

An=0 

I oy =~ (Ae tu) (P- D+ Dmas)ir 
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II 

Ill 

IV 

VI 

VII 

VIII 

9\ _Avy_ 99 
(as +42) ~ 2 2k wew 

q \2 ~ WY sin y (Una + a) - qgCpo 

  

g 
  

  

nl = ip qk 

o, =0 

§=1 

03 =0 (A.30) 

o4=0 

[As An]| “ (az +p!) oh >0 
—-n —6 An 

for all [Aé, An] € R? satisfying 

Aé =0 

An=0 

With a2 > 0 equation (A.30-I) implies (Ag + 2) < 0. In equation (A.30-II) this yields 

the sign condition 

Explicitly, we get 

II 

III 

IV 

>0 ifr, <0 

<0 ifr,>0 

op =— (Ast u2) (T- D+ Dae) 
_ vi Ay g 

pe AEC + oKoW 

T-*“siny(vnazt2Z)-glpo 
+b a (Cres :) if A, <0 

  

  

  

  

  

n= 

T-*¥ siny(vmazt2)-9Cpo 

01 = 

6=1 
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VI o3=0 (A.31) 

VII 04 = 0 

VIII satisfied without implying further restrictions 

Note that (A.31-I) in conjunction with condition o2 > 0 implies Ag + p% < 0, ie. the 

case X, # 0, (Ag + p2) > 0 can be excluded. 

A.4.2 d,#0, (Az +yu%) =0 

Here condition (A.28-I) immediately implies 0, = o2 = 0, i.e. constraints (A.3), (A.4) 

are both non-active. Condition (A.28-II) implies that constraint (A.5) is active if X, > 0, 

constraint (A.6) is active if 1, < 0. We get 

I (e+ 24) =0 
Vv 

I 03> +A,2 if A-+ > 0 

o4=-Ay2 ifr, <0 

Il (6(T —D+ Dmaz) — Dmaz) a —vsiny (eas + 2) =0 
v 

IV o, = 0 

V 02 = 0 

N=—-Nmar if A, >0 
VI 4 (A.32) 

o3=0 if A+ < 0 

( 
o4=0 if A, > 0 

vin ° 
n=+MNmar if A <0   

  

0 —n Aé g 
VIII [Aé, An] (Az + #4)



for all [A6, An] € R? satisfying on + on =0 

where vector function A consists exactly of equality constraint C, = 0 

and the active components of the inequality constraints g < 0. 

Hence 

  

1 (As +n!) 

03 = +A, 2 if Ay > 0 

II 

ve if A, <0 

Diaz +i “vsin Umar + @ IIT _ 7 (v; 7) 
T D+ Dyer 

IV 0, = 0 

V 02> 0 

N=—Nmar if A, >0 
VI ¢ (A.33) 

03 = 0 if A-y < 0 

04 = 0 if A > 0 

vu " 
n=+Mmar if A, <0   \ 

VIII satisfied with strict equality 

A.4.3 Ay = 0, AE + pi =0 

Equations (A.28-I), (A.28-II) now immediately imply 0, = o2 = 03 = o4 = Q, ice. 

constraints (A.3), (A.4), (A.5), (A.6) are all non-active. We get 

I (Qs + p= £) (T - D+ Dmoz) 

Ay II =0 

i
s
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Ul (6(T —D+ Dor) — Dmaz) a — vsiny (ones + 2) =0 

  

  

IV o1,= 0 

V 02 = 0 

VI 03> 0 (A.34) 

VII o,f =0 

—T Aé ya 

VIII [Aé, An] (As + ») OW 50 
—n —6 An q 

for all [Aé, An] € R? satisfying SAS + Cl An = 0. 

This implies 

[I p=-Ag- 
g 

I A,=0 

Dmar + Vvsiny (v! ar t= 
ll 6= 2 1 (mn v) 

T-D+Dyaz 

IV 01 = 0 

Vv 02 = 0 

VI o3=0 (A.35) 

VII o4=0 

VIII satisfied with strict equality 

Obviously, we do not yet have an expression for control n. This information has to be 

obtained by differentiation of the “switching function” S = A,. Before proceeding with 

differentiation we state all adjoint differential equations. 

_ OCH + pC,) 
Az = aE 
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_ _)y [(s (SE 90 4 OPmas\)  OPmas') v 
~ E @E @E | OE 

g . 
—A;,— sin nny 

~r,2 cos ¥ 
v 

    

g 
6 — maz) ~ ma Try + (A(T - D+ Dmaz) ~ Dmaz) 2] 

OE W 

(A.36) 

    _ (5 (Se - opt oat) - St) £-4 roe 
e dE OE OE dE JW y mary 

Condition (A.35-II) 4, = 0 is used here already. If we insert (A.35-I) p = —AgG then the 

terms 

  

-) ( (a aD Dnas _ Dass vo 
E W 

_ (+ (2 aD 9Dmaz) _ 9Pnex\ g 
OE OE' OE OE 

  

dE 9E* OE OE JW 

cancel out. Furthermore, by use of (A.34-III) (which is equivalent to (A.35-III)) we can 

replace 

(6(2 — D+ Dmaz) — Dmaz) sy by siny (Umar + 2). 

Then we get from (A.36) 

and hence 

NE = —AE (nas + 2) sin ¥ 

~r,2 sin ¥ 
v 

~,2 cos Y 
v 

—AEVnar sin 

\ _ ! g : AE = —AE (20a + 2) sin 7 

— Ane sin y (A.37) 
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- Az cosy 

Similarly 

_ OH + uC1) 
An = ah 

_ 8T OD , 8Dmaz\ ODmar\ v g 
= ~A5 (? (oi ~ oat i) - Te) w ~ (CP — D+ Dmaz) ~ Dmaz) ow 

g . 
+n sin 

+02 cos ¥ 

- 8T OD , ODmas\  ODmaz\ 9 (.» . 4 2) 
“|/(6(S.- Set oh )- oh Fe (vas? maz, } Sn 

    

= AE (thas + 2) sin y 

+r,2 sin 
v 

+22 cos 7 

oy” _y2\ - 
+A (sine ~ GS sin Y 

+42 sin y (A.38) 

and 

_ OCH + pC) 

oy 
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= —A,vcosy 

+A,vsin ¥ 

tu (oes + 2) v COs 

Vv 

= “AEG (Ulnar? + 9) COS 

—A,v cos ¥ (A.39) 

+A,vsin y 

j _ OCH + uC)) 

7 Oz 

= 0 (A.40) 

Now condition (A.35-IT) S = 4, = 0 implies by differentiation 

  

/ 

Az sin y — Os + Ag (1 + tase”) cosy = 0 (A.41) 

Before differentiating equation (A.41) further it is convenient to distinguish the following 

four cases: 

case 1: A, =0, cosy #0 

case 2: A, = 0, cosy = 0 

case 3: A, #0, cosy = 0 

case 4: A, #0, cosy #0 

In the course of the following calculations we will also make use of the fact that constraint 
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(A.7) is active, ie. v = Umaz(h). 

case 1: A, = 0, cosy £0 
  

Then equation (A.41) reduces to 

/ 

An t+ AB (1 + "mast | =0 (A.42) 

Differentiation gives 

. . v! vy! , 2 
inthe (144 a *) + Ag Past Tes ysin'y = 0 

Using (A.37) and (A.38) we find 

as (2 +4 — Yast *) siny + And sin | 

vy! 

+ l-Ae (20hes + 2) day Ane sin 7| (1 + *nas® 

iu t 2 
+AR Vmar¥ + Umar 

  

  

v sin ¥ =0 
g 

=> 

/ 

|-Az (20%: + 2) sin y — daz sin 7| Smazt 
v v g 

vo? 
+Ag—“*-vsiny =0 

g 

=> 

Dy! 2H v! 2 

AE [Peet —Viart anes siny—Agviiarsiny =0 

=> 

Ui ar? 
(v6 (: + “mas” | + an) (-varsiny) =0 
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If siny # 0, then this equation implies 

vo» 
eg (1 + “mast +i, =0 (A.43) 

Obviously, this condition is satisfied already due to condition (A.42). Further differentia- 

tion gives no new information. This case refers to a singular arc of infinite order and can 

be excluded. Hence necessarily 

sin y = 0. 

Differentiation yields 

cosy 7 = 0. 

With the assumption cos y # 0 this implies 

7 =0 

so that finally 

m = cos 7. 

case 2: A, = 0, cosy = 0 
  

Then equation (A.41) is satisfied already. Further information can be obtained from 

differentiating cosy = 0. We get 

0 = —cosy 
dt 

—ysiny 

As sin y £ 0, this yields



With cosy = 0 and 7 = 0 we get from (A.2) 

n=0 (A.44) 

case 3: A, #0, cosy = 0 
  

Then equation (A.41) leads to 

A,(+£1) =0 

which contradicts the assumption. Hence this case can be excluded. 

case 4: A, #0, cosy # 0   

To obtain further information we have to differentiate equation (A.41). As this involves 

\g, An we first state the associated differential equations, simplified by use of equation 

(A.41). From (A.41) we get 

Umar dn = Aetany — Ag (1 + “nest (A.45) 

Inserting this into (A.37) gives 

\e = ~Ag (20a2 + 2) sing 

; 
Umar¥ g ‘ —{A,t — i aaa = ( an ¥ E (14 9 )) pnt 

g 
~A,— cos r5 y 

/ 

mar 
= —AgV siny — \z= (tan 7 sin y + cos 7) 

v 

; 

mar 
  

. 1 
sin y — re cosy = —ApRv (A.46) 

Inserting (A.45) in (A.38) gives 
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/ 

+ (a. tan ~—~XE (1+ nas) I siny 
g v 

tre COs ¥ 
v 

" 2 

= +\g (na — “maz” sin y 
g 

+22 (tan y sin y + cos y) 

  

  

it 2 

= p Umar | g_1 = +Ag (ne 9 sin y + Az c08y (A.47) 

Before differentiation we write (A.45) as 

U 

Az tany — An -— AE (14 wmsst = 0 

Differentiation gives 

. : . . ' Hu h rg E _ h 

Ar tan y + Nears 7 Ah —_ AE (1 + “nes _— Ap maze + Cece ) = 0 

Now insert h, Ag, An, Ax as given in (A.2), (A.46), (A.47), (A.40) and use 

E-h = vsiny (nas + 

  

Then we get 

  

: " 2 1 

Dee - (+e sin y — Ag mare siny + ee 
cos? ¥ g 

  

/ + (Aerhaesing +21) (14 Mare?) 4 
v COS Y g 

GU anv? ue . } . 
—XE | Uae VUmar Sin y + Ymaz yg sin Y 

yl! vy? 

AB | par siny + gn + v1 a, Siny 
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, 2 " ' 2 
v Vv . Vv VUmar « v v * 

+—“—siny — —*— siny — “~— siny 

g 9 

y 9g 1g 1 , 1 ) d 2 J _-_ = 0 
t “(ae cosy | veosy + cosy 

      

“ 2 " 
v Vv . v VU . dg | 22 — sin y — 292 2% gin y 

g g 

V+ Upa7 COSY 
A: os = 0 

cos? 
+ 

As we on an arc with active state constraint v ~ Umar = 0 the coefficient of Ag is zero and 

we have 

Ar(¥ + Umar COSY) = 0 

or explicitly 

g ! Ax (2(n — cos ¥) + Unae cos7) = 0 

As A, is assumed not-equal zero this finally implies 

  

ft 

n= (1 — tnas" cos ¥. (A.48) 

A.4.4 A,=0, Ag + pt #0 

Then condition (A.28-I) can be satisfied only if either constraint (A.3) or constraint (A.4) 

is active. Then again, with already two constraints active, namely constraints (A.3) 

and (A.8), or constraints (A.4) and (A.8), no further constraint can be active so that 

03 = 04 = 0. But now condition (A.28-II) becomes 6 (Ag + p22) 2K a = 0. This equation 

can be satisfied only through 6 = 0 or through n = 0. The case n = 0 can be eliminated 

quickly, as both cases,6 = 1 & n =0,and,6=0& n =0, are inconsistent with constraint 

(A.8). 
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Hence the active constraints are exactly (A.3) and (A.8). Note that condition (A.28- 

I) in conjunction with condition a, > 0 now implies that only the case Ag + p® > 0 is 

possible. We get 

I (e+ u2) (r- D + Dmaz) —o, =0 

II A,=0 

II — Daze _vsiny (ones + 2) =0 

IV 6=0 

V 02 =0 

VI 03 =0 (A.49) 

VII 04 =0 

  

0 -—-n Aé 
VIII [Aé, An] (rz + »!) 2K > 0 

—n —6 An 

for all [Aé, An] € R? satisfying 

O91 Og, 

06 960° + On On 

OC, OC} ““lagy 22t _ ap DO + a An 0. 

n=0 

In presence of condition (A.49-IV) 6 = 0, the conditions 

091 O91 _ 

26 ot Gn" = 8 
0C,,,, Or, 
at Gan = 8 

on the perturbation vector [Aé, An] € R? in (A.49-VIII) yield explicitly 

—-Aé=0 

(T-D+ Dmaz) or —Aé =0 
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and are both satisfied if and only if 

Aé=0. 

Inserting Aé = 0 in (A.49-VIITI) and using (A.49-IV) 6 = 0 shows that (A.49-VIII) is 

always satisfied with strict equality. Hence we have 

I i Qs + ») (T -~D+ Dmaz) => 

I A, =0 

I Daeg + (vgzd +9) siny = 0 

IV §=0 

V 02 = 0 

VI o3=0 (A.50) 

VII o4=0 

VIII satisfied with strict equality. 

Now, control n and multiplier » have to be determined from equations (A.50-II) and 

(A.50-III) by successive differentiation. Using (A.50-II) and (A.50-IV), differentiation of 

(A.50-IT) yields 

0= i, 

O(H + pC) 

Oy 

= —A,vcosy+Azvsiny + (v4.0 +g) cosy (A.51) 

To satisfy this equation, two different cases have to be distinguished, namely 

case 1: cosy = 0, 
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2. case: cosy # 0. 

We get 

case 1: cosy = 0 

Equation (A.50-III) involves only states and no costates. Hence, control n or multiplier 

p can enter derivatives of equation (A.50-III) only through the right-hand sides of the 

state equations (A.2). This immediately implies that multiplier ~ can never appear in 

any derivative of equation (A.50-III). In conjunction with (A.50-IV) 6 = 0, it also implies 

that control n can appear in derivatives of equation (A.50-III) only through terms of the 

form cosy 7. But with the assumption cosy = 0 this implies that also control n can 

never appear explicitly in any derivative of (A.50-III). Hence equation (A.50-III) either 

leads to a contradiction after a finite number of differentiations, or it leads to a situation 

where after some finite number of differentiations all further derivatives of (A.50-III) are 

satisfied automatically. In either case we find that case 1 can be excluded. 

case 2: cosy # 0 

AS Unar(h) > 0 VA > 0 it is clear that (v),,, + 2) 4 0 and hence equation (A.51) can be 

used to determine multiplier ». Explicitly, we get 

_ Anveosy — Azusiny 

(naz +g) cosy 
  

and hence 

_ An Az tany ors (A.52) 

Now control n has to be determined from equation (A.50-III) by successive differentiation. 

In the following calculations we will make use of the fact that constraint (A.7) is active, 
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i.e. U = Umaz(h). We get 

  

ODmaz : ODmar : g 
= E h)|) — 

° ( dE + Oh ) W 

+ (UnarYmazl + Umazvh) siny + 

With the state rates 

. v Vi art? ; 
E = — Daz iz = (me : sin y 

h = vsiny 

» = In 4 = {(n—cos7) 

this yields 

    0 = ODmaz UmazY™ 4 sin 4 ODmaz yin 9 + 
~ \" OE 9 TT Oh 1) W 

/ 2 + ((ohnax)?? siny + Up grv’ sin 7) siny + 

+ (Ohas + 9) 608-7 (n — cos 7)3. 

As (v.20 + 9) # 0 and cosy # 0, this equation determines control n. We get 

' mn 2 ‘ [(29mee (emas” 41) + 2Bmoe) & + vf,.? + vy20] vsiny 
Zo .v +g) cos} (A.53) 
  m= cosy — 
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A.5 Generalized Legendre-Clebsch Condition in the Sin- 

gular Control Cases 

A.5.1 Singular Control] Case A.3.3: State Constraint Not Active, Ag = 

0, A, £0 

Here we have singular control in presence of an active control constraint, namely constraint 

(A.5) 93 = —N — Mmar = 0 if Ay > 0 or constraint (A.6) g4 = 2 — Mmar = Dif r, < 0. 

In either case (as Ses # 0, coe # 0) control n can be regarded as the control that is 

determined by the constraint. From (6.41), (6.42) we find that the symbols u, v, w, m, p 

used in Chapter 6 have the following meaning in the case presently under consideration: 

u? = (6,n] 

v=6 

w=n 

m=2 

p=l 

From (6.69) we find that the differential operator & takes the following form 

ae BB (oa) Bas (= 34 
d5 ~ 85 dn\@n) 06° *~™ 

— 0- 

~ 66 

and from (6.68) we find for all states y € {F,h,y,2z} 

d 0. 8s f AGN OG, 
dy wales) Gy? t= 34 

_ 2 - % 
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Explicitly, this implies 

a _ aH 
dé — 

v 

Ag(T -D+ Dax) pF 

and, by applying Definition 6.6.1, we find that control 6 is singular if and only if Ag = 0 

and the degree m* of the singularity is given by m* = 1. Applying Theorem 6.6.2 we find 

R, € R°° => non-existent 

Q:¢€ R°4 = non-existent 

B,€ R*° = non-existent 

and 

Q.€ Ri r 
> QB € Riis Q2B.2 = (Q2B2) 

Bae Ri 

so that condition i) of Theorem 6.6.2 is always satisfied. Furthermore 

4,1 
By € R*® 

| = B,7Q,7 E R20 

Q1 € R°4 J 

4 > => Ro € R°® non-existent 

Q2€ R' 
=> Q2B2€ R®*°     By E R19 

4 J 

  
0, = CH dH @H dH 

* | d6dE’ dédh’ dédy’ dédz 

= [0,0,0,0] 

pa, - [¢2 dh ay ae)" 
2 1d6? db? db’ db 

v T 

= ler ~D+ Dmez) 37404050] 
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so that 

d .\T 
R3 = By" P\Bz- a (@2B2) — (AB - Bz) Q3 

Ne 

=0 =0 

v \? d? 
—_ ((7 -—~D + Dmas) | dE2 

v 2 ; J’ 39° gy’ 

= ((7 —-D+ Dmaz) -, sin 773 + X,(n — cos Nos — A; cos m3 

v 2 g? ; 3g 

= (7 —~D+ Dae) 7) 3 I-A. siny + A,(n - cos 7) > ~— Az COs 7 

v\? g? 3g g = (r —~D+ Das) 3 [a(n ~ cosy)~ _ Aya (n — cos y 

v \? 9? 
= ((T-D+ Daz) a oe ahy(m ~ cos 7). 

  

>0 

For all practically important cases Nmaz > 1. Hence the control logic 

N=4Nmar if A,< 90 

(see A.3.3) implies that always R3 < 0. Consequently, 

R, R27 
R= >0 

R, R3 

is always violated and the singular control given in case A.3.3 can be rejected as non- 

optimal. 

A.5.2 Singular Control Case A.3.6: State Constraint Not Active, A- > 

0, A, =0 

Here we have singular control in presence of the active control constraint (A.3) gi: = 

—§=0. As oa # 0 control 6 can be regarded as the control that is determined by the 
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constraint. From (6.41), (6.42) we find that the symbols u, v, w, m, p used in Chapter 6 

have the following meaning in the case presently under consideration: 

u? = [n, 6] 

v=n 

wo § 

m=2 

p=1 

From (6.69) we find that the differential operator # takes the following form 

ae & _ & (Bay Bo 
dn On 06\ 06 On 

_ a 
~ On 

and from (6.68) we find for all states y € {E,h, 7,2} 

a o _ 9 (Ban) Gon 
dy Ody 06\ 06 Oy 

_ & = By 

Explicitly, this implies 

an _ on 
dn ~— On 

g 
—_ Aye 
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and, by applying Definition 6.6.1, we find that control n is singular if and only if A, = 0 

and the degree m* of the singularity is given by m* = 1. Applying Theorem 6.6.2 we find 

R, € R°° => non-existent 

Q1 € R°4 => non-existent 

B,€ R*° = non-existent 

and 

Q2€ RM 11 T 
=> Q2B, € R'" => Q2B2 = (Q2B2) 

By € R41 

so that condition i) of Theorem 6.6.2 is always satisfied. Furthermore 

Bo€ RA 

> => Bo™Q,7 € R* 
Qi € RA 00 

‘ => R.e€ R”™ non-existent 

Q2.€ Ri 
/ => Q2Bz € R® 

By € R*°     
  

Q, = CH @H @H d*H 
* | dndE’ dndh’ dndy’ dndz 

= [0,0,0,0) 

dn’ dn’ dn’ dn 
T 

= [o,0, 2,0] 
v 

. : T 
d dy di BR = care 4 

so that 

d .\T 
R3 = B,'’ PB, - rr (Q2B2)- (AB _ B2) Qi 

=0 =0 

  

g\? 
(2) (—Anvsiny — A,vcos7). 
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Hence 

R, R? 

Ro fs 

g\? 
(2) (—Anvsiny — A,vcos 7). 

In A.3.6 case 2, the condition R > 0 implies 

2 
. {2 _ iny — R= @ ( Anv sin ¥ devon) 

9? 
——A, siny > 0 

v 

so that necessarily 

siny>Q if A, <0 

siny<0O if A,>O0. 

Together with the condition cos y = 0 implied by S = 0 this finally yields 

y=+90° if A <0 

y¥<—90° if A, >0. 

In A.3.6 case 3, the condition R > 0 implies 

2 
R= (2) — A, vsiny — A,vCOS ¥ 

v Ww 
=A, tany 

2 
~= tan y sin y + A, cos 7) 

  

Hence, for —90° < 7 < +90° necessarily A, < 0. Together with the assumption A, 4 0 

this finally implies A, < 0. 
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A.5.3 Singular Control Case A.4.3: State Constraint Active, 1, =0 

Here we have singular control in presence of the active control constraint (A.8) (due to 

state constraint (A.7)). As oa # 0 control 6 can be regarded as the control that is 

determined by the constraint. From (6.41), (6.42) we find that the symbols u, v, w, m, p 

used in Chapter 6 have the following meaning in the case presently under consideration: 

ut = [n, 6] 

v=n 

w=6 

m=2 

p=. 

From (6.69) we find that the differential operator - takes the following form 

  

d- 0 8: (8C\\"1 aC, im = a (ae) Te 
0. . —§s2 

~ On 06(T—D+ Daz) y 
a. §$P a. 

dn | T—-D+Dnes d6 

and from (6.68) we find for all states y € {E,h, y, 2} 

é |B _ 8: (004) 00 
dy Oy 06\ 06 Oy 

0. ot 
  

dy + (F-D+ Daad® 

Explicitly, this implies 

dH OH §$P OH 
an Ont T—-D+Dnu 06 
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OD v g = —\p6~— 43,2 
moa ip tary t 

65? v 
+Rop aD fe —~D+ Dinas) Gy 

9 = 4° 

and, by applying Definition 6.6.1, we find that control n is singular if and only if A, = 0 

and the degree m* of the singularity is given by m* = 1. Applying Theorem 6.6.2 we find 

R, € R°® = non-existent 

Q1¢€ R°4 = non-existent 

B, € R*° = non-existent 

and 

Q2€ Ri 11 T 
=> Q2B, € RB’ > Q2B2 = (Q2B2) 

BoE RA} 

so that condition i) of Theorem 6.6.2 is always satisfied. Furthermore 

‘ 

BaeE RA 
=> B,*Q,7 EC R20 

Qi € R4 
‘=> Ro € R° non-existent 

Q2€ Ri 
> QoBr.€ R20 

Bie RA0   
  

Q, = CH 2H @H dH 
2 | dndE’ dndh’ dndy’ dndz 

= [0,0,0,0] 

. . . . T 

Rb = dE dh dy =| 
dn’ dn’ dn’ dn 

T 

= 0,0, £,9] 
Vv 
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so that 

d .\T 
R3 = Bo? PB, - 7G \@2B2) - (AB2 - Br) Qi 

=0 =0 

  

  
2 ' 2 ‘ 

= (2) -a5 sin y (Sess + : — Agvsiny — sewcory 

  

Hence 

Ry Ro 
R= 

Rk. Rs 

= Rs 

2 / 2 

= (2) [a2 sin ¥ frm + : — A,vsiny — A,v cong] . 

In A.4.3 case 2, the condition R > 0 is always satisfied with strict equality (because of 

Az = 0 and (A.43)). In A.4.3 case 2, the condition R > 0 implies 

2 / 2 

(2) [-r0 sin ¥ fast + : — A,vsin | 
v g 

2 / 

—s (as (mss? + 1) + a) siny, 
v 

R 

so that necessarily 

- +90° if Ag (2m? 41) + An <0 

—90° if Ap (%max® +1) + Ag > 0. 

If Ag (Base? + 1) +, = 0 then both, y = +90°, and y = —90° are compatible with 

the Generalized Legendre-Clebsch Condition. Explicit calculation shows that the latter 

case is indeed possible as along arcs of control logic A.4.3 case 2 all derivatives of z := 

AE (timex + 1) + Ap, are zero automatically if only z = 0 is satisfied at a single point. 
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In A.4.3 case 4, using (A.45) A, = Az tany—Ag (1 + Ynas* ) , condition R > 0 implies 

2 / 2 
R= (2) -re sin y (Sase" + ) — Av cos y+ 

v g 
/ 

— (as tans —AgE (“mss + 1)) vsing| 

2 ! 2 
(2) ap sin y (Sa + 3 — A,v cos y+ 

v g 

f vet? 
Arv siny tany+Ag (f= + : ing 

  

2 
= (2) A,v[cosy + siny tan 7] 

v 
2 1 

v cos 7 

Hence, for —90° < 7 < +90° necessarily Az < 0. Together with the assumption A, # 0 

  

this finally implies A, < 0. 
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Appendix B 

Accessory Minimum Problem for 

Extremals with Corners 
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B.1 Introduction 

In the following Section the Accessory Minimum Problem (AMP) is derived for optimal 

control problems in presence of an interior point constraint. Along these calculations also 

the first-order necessary conditions stated in Section 3.5 are obtained. For future research 

it is planned to apply the preliminary results on the Jacobi Necessary Condition stated in 

Chapter 8 to the AMP derived in this Chapter. The aim is to derive a Jacobi Necessary 

Condition for optimal control problems with interior point constraints. 

B.2 Derivation of the Acessory Minimum Problem (AMP) 

Consider the non-linear optimal control problem 

ty min ! 6(2(t,), ts) + | L(z,u,t) dt 
to 

t = f(z, u,t) 

2(to) = 20 

P(x(tz), ty) = 0 

N(2(ty+), 2(t,~),t1) = 0 (B.1) 

to fixed 

ty free 

ty free. 
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Let * and ~ denote quantities associated with a reference solution and an associated 

perturbed solution, respectively. Furthermore let J denote the augmented cost function 

Ji= G(x(ty),t7)+ 

pt z ’ +u* p(x(tz),t5)+ 
(B.2) 

+p? N(2(ti*),2(t17), t1)+ 

+f L47T(f — 2) dt+ f L+ AT (f - 2) dt 0 

and define 

W(2(ty),ty,v) = o(x(ty), ty) +7 Y(a(ty), ty) 

A(z,u,dA,t) = L(z,u,t) + A f(z, u, t) 

M(z2(ti1), 2(t17), ti, ) = pw? N(2(ti*), z(t—),t1). 

In the following we give an expansion of J — J* about the reference solution *. Then we 

state necessary conditions that have to hold along the reference solution in order that all 

first order terms in the expansion of J — J* (the “first variation”) be zero. Finally the 

problem of minimizing the remaining second order terms is identified as a linear quadratic 

optimal control problem. 

Throughout this Section the following nomenclature is valid: 

superscript + denotes evaluation at time t,** 

superscript — denotes evaluation at time t,~* 

subscript 0 denotes evaluation at time to 

subscript f denotes evaluation at time ¢;* 

other subscripts denote partial derivatives. 
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Let 

6z(t) = Z(t)—2°(t) 

Su(t) = wu(t)—u*(t) 

6) = t-(t)" 

bty = ty —-(t,)", 

then we have 

J-J* = Wrdr; + U,dty + (M,,+d21+ + M,,-dz,~ + Midt,) + 

ty t 

+ | H,62 + H,6u— 5a dt+ [° Hp62 + Hybu—276¢ dt + 
to t1 

] Vor V4 dz ys 

+5ldzy, dts] + 
Wir Vu dt; 

M;,+2,+ Mz,+2,- Mz,+t dz\~ 

1 _ 
+5[dzi*, dz ,dt;| My,-2,+ Maz,-2,- Mz,-: dz,+ | + 

Miz,+ Mir,- Me dt; 

- 1,7 - 

1 sia Hy, Hew éz 
+5 / [6z, bul dt + 

to 
luz Huu | JLo, : at 

        

  

l ty Aer Aye éz 

+5 [6z, bu] dt + 

1 Huz Huw | | 6 

+03, 

Now use 

t - ty, 
| '_\Tgzdt — — (xT 6x) |" + fo AT 6x at 

to to to



and similarly 

Then 

| 

ty Tc: 

| 7 $edt 
ty 

te 
~(AT62)~ + (AT 52) + | 37 be dt 

_\-f (der _ xz dt, — <dt? _ seats) + oF + 

4. 

+ M bz dt 
to 

T Tr\t Sop (A 6x) + (A 6x) +), AT Sz dt 

-r? (de, — edt, — Lat)? — bi pdt + f ats — 2yaly — ~ aly” — OL sats 

+7 + _ st EY 2 “+ —At* (dr,+ -2 dty — dt — 6ztdt,}+ O07 + 

tf . 

+ M 2 dt. 
ti 

-~J* = Vrdrs + Uidts + (M,,+d217 + M,,-dz,~ + Mz, dt;) + 

to 

ff" (H, 4 i") 62 + H,budi+ |” (4, + i") Sz + H,b6udt+ 
ty 

—\,7 (x, — Zsdty — ats? _ bi ;dt,) + 

$07 
zt 

dz,+ —atdt, — > dt? — 6zt dt) + 

~~? ( dey~ — edt; — aty? - seat 4 
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1 v WV xt dz ys 

t5ldzs, dt ;] 

Wir Vez dts 

M,,4+2,+ M,,+2- 

1 + - t5[dr , dz, ,dt;| M,,-2;+ M;,-2- 

Mi2,+ Mi,2,- 

1 ty Her ru éz 
+— | [6z,6u] dt + 2 to 

Aur Huu bu 
L : - 2 

1 ty Her Aru éz 
+3 (dx, du] dt + 

4 
Hur Huy bu 

+0. 

Rearranging yields 

j-Jj* = (Ws — AT) dey + (Vet Hy) dty + 

+ (M,,+ + +7) det + 

+(M,, — Ht + H7) dt; + 

4,77 ( at? + ids + 
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M,+h dz,~



1 Ver Vat dzy 

t5ldzs,dty] + 
Vir Vu dts 

M,,.+2,+ M,,+a7 M+ dz47 

1 _ 
+5 [dri*, dry ,dt}] M,,-2,+ M,,-2~ M,,-t, dz,t + 

Miy2y+ Mia47 Mit, dt; 

- 11 

1 fa Hy Aru éz 

+5 / [6z, bu] dt+ 
2 Sig 

1 fis 
+= / (dz, bu] dt + 

2 Jt,         
+0°%, 

Now set 

H, + AT =0 

H, =0 

U,- As? =0 

Ui+H; =0 

(uP N.,+ +447) deat + (wT Ny, —A°7) day” + (wT M,— Ht +H) dty = 0. 
(B.3) 

These conditions eliminate all first order terms in J/—J*. We wish to express the remaining 

second order expression for J — J* completely in terms of 6z rather than dz. As all dz- 

terms appear at least quadratically it is clear that J — J* remains correct up to second 
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order if we make the first order approximations 

dz = dz +tydt; +O? 

dxt = 62rt+4+atdt, + O? 

dx- = 6z~+27dt,; +07. 

Then we get 

+A,7 (ar + bi /dt,) + 

se of 

+? (Fae + satan) + 

4-7 (ae? + sed) + 

  

        

- T 

1 drp+arydty Ver Vet ézyp+azydty 

) 
dt Wir Vi dt; 

; T 
dat + 27 dty My,+2,+ Maryte,- Mayty 

1 
+5 éz2- + 27 dt, M,,-2,+ Ma,-2,- Mz,-1, 

| dt, Mi, 24+ Mi,2,- Mat, 
- 7 - 3 

1 ffi yz Deu éz 

+5 | (52, u] dt + 
° Hus Hux | | bu 

1 ty Her eu éz 

+=] [6z, du] dit + 
2 Jt 

Hur Huu bu 

+0°. 

The terms ATE and A? 6z, can be written as follows: 

rt 5 ( Ts) - rz 
A 2 dt A 2 A 2 

_ ldil Aye 
— Qdt 2 

(B.4) 

éz2t + zt dt, 

éz~ + 27 dt, + 

dt,



M6e = £ (a?én) — AT 6x 

= A624 4762 ~ dT Sz 

= —H,dr+r" fpé2+A7 fy6u—d 2 
—_—_Ce:— 7") o—_ eo” 

=0 =0 

= —\l§z. 

Hence 

X|
 _J* = 

+
 )- ips, at? — Tox jdt, + 

+
 

h
o
l
e
 

D
l
 

b
l
e
 dH 

di 
t+ . 

(=) - aes] dt;? + A+" 62+dt, + 

aH 
di ) - Te] dt,? — \-" 62-dt, + 

r T 

bzp+a2ydty Ve, Va dzp+2zydty 

dts Wir Wy dts 

zt + atdty My,t2,+ Me,t2,- Matty at + atdty 

6x- + 2 dt; 

b
o
l
 Re 

éa- + ¢-dt, My,-2,+ May-m- Ma-y 

dty Mist Mnn- Mut dty 

1 st Ay, Hou | 6z | 

+5 [d2, du] dt + 

. Hus Hun | | 5u 

  
1 sts +5 | [be 6u dt +           

+03, 

Now use 

. (3) - fe, dts? — MT 6x pdt y+ 
f 
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T 

dt ;? — AF bx pdt y + 

4T 
Wp,62,5 + Yedty 

Wirdaz + Shtdts 

  dt ,? — AF bx pdt y + 

J 

  ) + dts (ied, + “ at,)| 

  

    
dt 

1 | (dH \T 2_ 37 
2 di ) | dts — Aj; baxydty + 

           

  

    

tale Wr.6ty +2; Vrr,bzydty + bry ros dt; + 

dV -T a av, 2 
+2 di bz ydt¢ + di at,?| 

1 \T 2 wa 
=\( — Ary dts — A; bz ydty + 

1 dV, dv, dv 
= |$2,7U,, —* §z-dt zr a) dt ] a aba + 2 = baydty + (47S di + f 

1, 
oF Vrrdz 5 + 

dv, . 
+( di ) bz pdt, + 

dH wp. .7dVy iu) > 
+5 (G- Me +4 aot a), 
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Ver (4-4), dz 5 

(Sie -3), (Ge - Ata + Pe + a), | | as 

and similarly 

    

    
  

+, ] . 
-5 (Sr) — At? gt] dty? + At? éz+dty+ 

+5 (=) —\~T a7} dty? — \~T 627 dty+ 

. Tr 
drt +ztdt, Mz 42,4 Mz42,- Mz,4t ézt + ztdt, 

1 
5 6x7 + 27 dt, Mz, 2,4 M; _z,- Mz, _t 6z~- + x dt, 

| dt | Mir = Miz, Met dt, 

r + * ] . 

- _i (=) — tT st] dty? + At 6etdty + 
2 ; dt | 

1{/dH\~ «_7._] 9 s_Te.- 
+3\(a) —A mya — x éz dt; + 

P tr dM 
bzt + atdty Mz, 42,4627 + Mz,,2,-627 + —ptdt 

1 dM; 
t5 éz~ + z~ dt, Mz,_z,, 62t + M,,-2,-627 + dt, 

dt Mex, , 60* + Miz, d2~ + Gedty 

1] (dH\* syria] 2 sare dt = —=—}](—] —AT aT] dty* +A™* b2tdty + 
2|\ dt | 

1{/dH\- 3-7. |] 2 yt. 
5 (a —x z dt —x 62 dt, + 

1 dM, 
+5 at M, yay bat 4 a+? Mz 42,627 + bat? — dt + 

TM, 5 ,6atdty + a+T7M, 2 627 dhy + tT Ht at? +z 2,424 0% i+Zz Ap 2,02 1+2z Hh 1+ 

dM, _ +62-7Mz,_2,460* + 607 7Mz,_2,_ 6a + b2~! —A-dty + 

—T + .—-T - ~—-T dMz,_ 2 +2 Mz,-z2,4 éz* dt; +z Mz,_2,-62 dty +2 at + 
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dM 
+Muz,,6a*dty + Miz, 627 dty + dt)” 

t+ . 
_= (24) ~ iret] dty? + Xt? S2t dt, + 

    
    

1 dH ~ ,~-T-— 2 \—-T - 
+5 | (a) —x |e —A~* 6x dty + 

dM 
45 62*7 My, 2, 62% + 6277 Mz,_2, 627 + 2—* bat dt + 

d dM. dM. dM. 71-6 ,.- +T - .+T T+ .—-T Zy- t 2 +2—7= 6a" dty + 26277 Mz, 2, 52> + (: a te at tts ) as | 

lar log _ 
5 oe" Mz,42,4 507 + 562 Mz 2,62 + 

1 dH |* :7 .\ (+ 47 OMe, 4 ._p aM, _ dM; 2 

+3 (- FI + 0 é)[ + atT— + a 7 + i ) at? + 
1 

+25627" Mz,, t,- 6x27 + 

dM 
425, (37 + | éx+ dt, + 

ol (_j-7 yp Me | ga-at 
teat ta se 
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where 

  

        

  

  

‘ dM, Mz, p24 Mz, 42,- (+i+7 + a) 

: dM, Mz,_ 2,4 Mz, _2,- (- \-T + aa) 
C= 

aH |t \T2\(* — SF) + {(A*z}| + : dM, : dM, _ dt |_ _ (sores) (orate) OE 4a+T + 4 ¢-T a> + ae 

(B.5) 

Hence 

_ Viz aed bz 5 
J-J* = 5 (ory, dty] ( ‘ ), 4 

d ; dH .. -Td¥ dt “a A), (4 Me + a7 SF +), dts 

Her Hes éz 
+3 fa [éz, bu] dt+ 

Hus Huy bu 

t Her Hew éz 
+3 fii (6x, du] dt+ 

Aur Huy | éu 
rt L 

dat ért 

+3 627 C | 627 

dt, dt, 

+03. 

(B.6) 

In the expressions above all quantities dz, du, dz 7, 621+, 621-, dt, dt denote the differ- 

ence between quantities associated with the reference solution and quantities associated 
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with the perturbed solution, i.e. 

$2(t) = 3(t)- 2*(t) 

Su(t) = u(t) — u*(t) 

bry = FT(ty") — 2*(ty") 

6a- = = F(t1~") — 2*(t-*) (B.7) 

6+ = = F(t, +") — 2*(t1 +") 

dty = ty— ty" 

dt, =t, —t,*. 

All other terms appearing in (B.6) are evaluated along the reference solution * and hence 

are either fixed numbers or fixed functions of time. As the right-hand side of (B.6) is a 

quadratic form in the quantities (B.7) it is clear that (B.6) remains correct in the leading 

(second order) term if we replace the quantities (B.7) by any first order approximation. 

Hence it suffices to determine the quantities dz, du, dry, 621+, 62 ,-, dt), dts from the 

linear conditions 

6z = fpr + f,6u on [to,ty~ *] U tat”, ty] 

wv. (dz 5 + tdt 5) + VUidty = 0 (B.8) 

Ny, (627 + &7dt}) + Nz, (62> + edt) + Nedty = 0. 

Note that quantities evaluated along the reference solution may change discontinuously 

across the switching point tj. 

Now the problem 

min J — J” 
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with J — J* given by (B.4), (B.6), subject to the linear constraints (B.8) constitutes 

a linear quadratic optimal control problem, the so-called Accessory Minimum Problem 

(AMP) associated with the non-linear optimal control problem (B.1). By construction it 

is clear that 

(i) If there is a solution to the AMP that furnishes negative cost then the reference 

solution * cannot furnish a local minimum to (B.1). Then in any neighbourhood of the 

reference solution * a competitive solution to (B.1) can be found that furnishes a cost 

better than the cost associated with reference solution *. 

(ii) If all non-trivial solutions to the AMP furnish cost greater than zero then reference 

solution * furnishes at least a weak local minimum to problem (B.1). 
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