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(ABSTRACT) 

An iterative penalty finite element model is developed for the analysis of three— 

dimensional coupled incompressible fluid flow and heat transfer problems. The 

pressure is calculated by solving the momentum equation using known values of 

velocities, velocity gradients, and flow stresses from previous iteration. An itera- 

tive solution algorithm which employs the element—by—element data structure of 

the finite element equations is used to solve large systems of algebraic equations re- 

sulting from finite element models of real world problems. Three different iterative 

methods (ORTHOMIN, ORTHORES and GMRES) are implemented and tested to 

determine the efficieny of each algorithm terms of CPU time and storage require- 

ments. Jacobi/Diagoan! preconditioning is used to sacle the system of equations 

and improve the convergence of the iterative solvers. 

The developed iterative penalty finite element model is extended to analyse 

three—dimensional manufacturing processes such as casting, extrusion and forming 

of metals. For numerical simulation of extrusion and forming, flow formulation is 

used since these operations involve large deformations. The viscosity of the metal 

at elevated temperatures is calculated from the flow stress. The formulation uses



the enthalpy method to account for the transfer of latent heat during phase change. 

The fluid inside the mushy region (between liquid and solid regions) is assumed 

to obey D’Arcy’s law for flow through porous materials. The permeability of the 

material is determined as a function of liquid fraction. This forces the velocities 

in the solid region to zero. In the finite element model, the effects of convection 

during phase change of the material are included. 

A method for calculation of the movement of liquid metal-air interface during 

mold filling process is presented. The developed model predicts the location of the 

interface (defined by a psuedo-concentration value) by solving for its movement 

due to forced convection. Also during filling analysis, only the filled and interface 

elements are used for flow field calculations.
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NOMENCLATURE 

- Flow activation energy (also used for width of the duct). 

- Specific heat at constant volume. 

- Characteristic length. 

- Body force vector. 

- Element force vector. 

- Global (assembled) force vector. 

- Heat transfer coefficient (also distance between parallel plates). 

- Second invarient of rate—of-strain tensor. 

- Thermal conductivity. 

- Element coefficient matrix. 
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- Length of the duct. 

- Element mass matrix. 
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- Peclet number (ptiD C,/k). 

- Volumetric heat source. 

- Heat flux vector. 

- Time. 

- Traction vector. 

- Temperature. 

- Wall temperature (also used for reference temperature). 

- Inlet temperature of the fluid. 
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Ta - Ambient temperature. 

T; - Nodal temperature. 

u - Velocity vector. 

u, v, w_ - Velocity components in z, y, & z directions respectively 

Uj, U;, w;- Nodal velocities. 

a - Average velocity in z-direction. 
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Vj - Rate of deformation tensor. 
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E, 7, ¢ - Element natural coordinates. 

oO - Parameter in time approximation. 

p - Density of the fluid. 

03; - Total stress tensor. 

Ty - Viscous stress tensor. 

} - Viscous dissipation of the fluid. 

wy; - Interpolation function. 

wW - Acceleration parameter. 

Nn - Computational domain. 

N° - Typical element volume. 

7 - Initial viscosity. 
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 - shear viscosity. 

- Divergence operator. 
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Chapter 1 

INTRODUCTION 

1.1 Background 

Casting, extrusion and forming are commercially important processes for mass 

production of metal and plastic parts. Demand for high speed production rates, 

increased product quality, longevity of the equipment, and lower energy consump- 

tions have resulted in continuous development of efficient numerical methods for 

simulating these processes. 

Extrusion is a deformation process used to produce long, straight, semi-finished 

products such as bars, solid and hollow sections, tubes, wires and strips. By ap- 

plying large loads, the billet is squeezed from a closed container through a die to 

give proper shape to the product. Important factors affecting the extrusion pro- 

cess are the temperature of billet, shear rates, wall friction at die face and cylinder 

walls, shape of the extrudate, and applied loads. These determine the microstruc- 

ture and the hardness of the extrudate. In extrusion of theromoplastic polymers, 

the extruders should not only provide a pulsating-free, thermally and mechanically 

homogeneous melt flow but should also be responsible for the dimensions of the 

final product. Reasons being the viscoelastic properties of the fluid result in the 

die—swell effects which can lead to changes in profile geometry. 

Fabrication of almost all parts involves melting and solidification at some stage 

of manufacturing process. For example, in the case of extrusion of polymers, solid 

particles are melted in the mixer and the molten polymer (melt) is extruded. Sim- 

ilarly in the extrusion of metals, ingots/billets are produced by continuous casting 

of metal. This leads to another important manufacturing process known as casting. 

1
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Casting is defined as a process of forming a metal part by pouring molten metal 

into the mold and allowing it to solidify. The shape of the part is determined by 

the dimensions and geometry of mold cavity. Casting involves fluid flow and heat 

transfer. Metal flow during filling of mold and heat transfer during solidification 

are most important aspects of casting. 

Fluid flow inside the mold during filling is rapid and transient. The flow inside 

the mold cavity is complex with intersecting free surface when two or more liquid- 

air interfaces join and passes through intricate geometries at high speeds. The 

process is further complicated by heat transfer between the mold and fluid due to 

conduction, convection and radiation between the mold wall and the free surface. 

Solidification is a phase transformation process accompanied by release of latent 

heat (melting of metal is associated with absorption of latent heat). For a given 

set of intial and boundary counditions and material properties, the solidification 

pattern of the metal influences the grain size, porosity, void formation, strength 

and other material properties of the cast. 

During continuous casting processes for metals, the cast (billet or slab) is si- 

multaneously cooled by sprinklers and pulled by rollers. At this stage the metal is 

still hot and the material can further deform. Pulling of billet or slab by rollers is 

similar to that of sheet metal forming or calendering in polymer processing, where, 

strength of the sheet metal or polymer is improved by passing it through a series 

of pairs of counter-—rotating rollers. The distance between the rollers is decreased 

gradually. The pressure distribution at the roller and material interface is impor- 

tant in determining the bending moment and forces acting on the roller assembly. 

Also equally important is the heat transfer between the roller and the material. 

In order to manufacture a product of sound quality, complete understanding of 

the process is required. The knowledge of influences of different variables such as 

friction, material properties, etc., on the process is essential in designing the equip- 

ment and to predict and prevent the occurence of defects. Manufacturing processes
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explained above viz., casting, extrusion, and forming processes are complex and 

their mathematical modeling and numerical simulation are by no means simple. 

Experimental investigation of the effects of different parameters on the design and 

operation of the equipment and the quality of the product is very expensive even 

for simple parts. 

Information about material deformation and flow during the manufacturing pro- 

cess can be useful in improving the operation of existing equipment and assist with 

the design of new machines. Such information can be obtained by solving partial 

differential equations governing the flow and heat transfer of the material. These 

equations are coupled and nonlinear. Also the material and geometric nonlinearities 

and complex flow geometries make it impossible to obtain exact and/or analytical 

solutions. However, numerical methods such as the finite element method, the fi- 

nite difference method, and the finite volume method can be used to analyze these 

processes. Due to the inherent advantage of the finite element method over other 

methods in modeling complex geometries and imposing of gradient boundary con- 

ditions on non-straight boundaries the method has received considerable attention 

during recent years in solving a wide variety of problems. 

1.2 Solid Formulation vs. Flow Formulation 

In the analysis of materials processing, the equations of motion governing flow 

and heat transfer of material can be written in both Lagrangian and Eulerian 

reference frames. Depending on weather a Lagrangian or an Eulerian system is used, 

the analysis is said to be carried out using soltd formulation or flow formulation 

respectively. The advantages of each are discussed below. 

It is well known that the finite element method was originally developed for 

the solution of structural mechanics problems. Hence, it was natura] that the 

application of the finite element method to forming processes began as an extension 

of structural analysis techniques to the plastic deformation Thus, early applications



4 

of the finite element method to metal forming analysis were based on the plane 

stress-strain matrix developed from the Prandtl-Reuss equation [1]. This approach 

is called the solid formulation. 

In solid formulation, the boundary value problem is stated as follows: For 

a given state of the body, internal stress distribution and boundary conditions 

specified in terms of velocities and traction-rate, it is required to find the velocity 

and stress-rate (c) (or displacement and stress increment) distributions in the body. 

The main drawbacks in using this approach in the simulation of forming processes 

are: 

1. The formulation is given in terms of the rate form and assumes the infinitesi- 

mal theory of deformation. Large deformations and rotations associated with 

forming process preclude its use in such applications as extrusion, forming etc. 

2. Large deformations and rotations in turn produce a distorted grid which should 

be updated or remeshed frequently; otherwise, the deformed mesh may have 

singular elements. 

3. The nature of the elastic-plastic constitutive equations used in this approach 

requires short time steps when solving unsteady problems. This requirement is 

very demanding with respect to the computer time and storage requirements as 

we need a fine mesh, when the material deformation goes from elastic to plastic. 

These problems can be overcome by neglecting the elastic effects and treating 

all plastic deformations as a flow problem. In other words, by writing the equation 

in the Eulerain reference frame and solving for the velocities rather than displace- 

ments, the above mentioned numerical difficulties can be avoided. In this approach, 

called the flow formulation, the boundary value problem is stated as: at a certain 

stage of the process, given the shape of the body, the internal temperature distri- 

bution and material properties along with the prescribed velocity on the part of 

the boundary and specified traction on the rest, it is required to determine the 

velocity and stress distribution in the domain that satisfy the governing equations



and boundary conditions. 

When using the flow formulation, the finite element mesh remains fixed, and 

the unknowns of the formulation are are nodal velocities. The flow formulation 

also allows for large time steps when solving unsteady problems. Like any other 

approach, the flow formulation has its own drawbacks which will be discussed in 

Chapter 3. 

1.3 Present Research 

The objective of the present research is to develop a finite element model to an- 

alyze three~dimensional casting, extrusion and forming processes. Such a computa- 

tional tool could be used in the metal forming and polymer processing industries to 

help design optimized equipment. Most of the previous research has been dedicated 

towards solving two-dimensional and axisymmetric problems. However, a majority 

of the finished products made by casting and extrusion are of complex geometries, 

and can only be modeled by fully three-dimensional formulations. While there 

has been considerable work done in the numerical simulation of casting, extrusion 

and forming processes, most of the reported work is confined to solution of two- 

dimensional problems. Even in those few studies that deal with three—dimensional 

simulations, no attempts were made to include convection effects in the case of 

phase change problems. Similarly, the research work in mold filling simulation was 

confined largely to two-dimensional problems. Hence, there is a need for three- 

dimensional finite element simulation of different manufacturing processes. 

When solving complex three-dimensional flows numerically, the resulting num- 

ber of algebraic equations is very large and their solution by traditional direct 

solvers proves to be cost—ineffecitve even on the present day large-memory and 

high-speed computers. The direct solvers and their improved versions, such as the 

frontal solvers and skyline techniques, have not proved to be efficient for solution of 

large, industrial-size flow problems. With almost 80% of the CPU time required for



6 

the solution of algebraic equations in a typical numerical simulation, development 

and implementation of efficient (i.e., accurate and cost effective) solvers becomes 

an important task in the development of any computational tool. Lack of an effi- 

cient solution algorithm has been an obstacle in testing the applicability of existing 

methods for three-dimensional simulations and development of new methods. In 

this research an Element-By-—Element (EBE) iterative solution algorithm for incom- 

pressible flows is developed. As an alternative to direct solvers, different iterative 

solution techniques are investigated for efficiency. 

The review of previous work in the analysis of casting, extrusion and forming 

processes and solution algorithms discussed in the next chapter forms a background 

for this work. A review of different techniques used to solve the finite element equa- 

tions is presented there. Chapters 3 and 4 deal with the governing equations and 

the finite element formulation, respectively. Included in these chapters are the 

review of the field equations (i. e., conservation equations, corresponding bound- 

ary conditions, constitutive equations), iterative penalty finite element formulation, 

and numerical procedure used for solving the descretized equations. The solution 

algorithm and its implementation are given in Chapter 5. In Chapter 6, numerical] 

results of several test cases are discussed. Summary of the results and recommen- 

dations for future research are outlined in the last chapter.



Chapter 2 

LITERATURE REVIEW 

2.1 Preliminary Remarks 

The ever increasing demand for mass production of quality goods in materials 

processing industries has resulted in the application of numerical methods for the 

design and simulation of manufacturing processes. The main objectives of numeri- 

cal simulations are to predict the flow of material during the processes, determine if 

the manufacturing method produces a defect-free product and predict the stresses 

in the part and energy needed to carry out the operation. There is a vast amount of 

published literature on the development of numerical techniques and their applica- 

tion to material processing. However, only those directly related to the present work 

are reviewed here. Furthermore, as discussed in Chapter 1, the flow formulation is 

the best for the analytical description of materials processing operations involving 

large deformations. The majority of the literature cited uses flow formulation. 

2.2 Phase Change Analysis 

Solid—liquid phase change problems occur in several engineering practices such 

as, material processing, welding, and solar energy. In polymer processing, melting of 

polymers in the mixer is important to ensure their homogeneous mixing. Similarly, 

in a metal casting process, control over the phase change of the liquid metal is 

important in order to improve the quality of the casting. In solar engineering 

applications, phase change of salt is used to store energy in the form of latent 

heat of fusion. Due to its importance in many fields of engineering, the literature 

on the numerical solution of phase change problems is vast [2] - [24]. Most of the 

7
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reported works are based on the macroscopic modeling of the phase change process, 

and previous work reviewed here deals with macroscopoic modeling. Therefore, 

throughout this chapter and rest of the dissertation, unless otherwise stated, the 

term modeling implies macroscopic modeling. 

Based on the terms included in the governing equations used to solve for phase 

change problems, literature on numerical simulation can be classified into two 

groups, viz., those neglecting convection (heat flow model) and those including 

convection (heat and fluid flow model). Salcudean and Abdullah [2] discussed the 

advantages and disadvantages of these two models and variations of each model. 

Also a review of numerical simulation of phase change problems is given in [3]. 

The difference between these methods and a brief review of the works of previous 

researchers in solving phase change problems is given next in the following sections. 

2.2.1 Heat Flow Models 

In the heat flow model it is assumed that the solidification or the melting (phase 

change) process is primarily controlled by heat diffusion. Accordingly, when using 

this model one solves only the energy equation: 

pop = V(kVT) +Q (2.1) 

where, pCp is the heat capacity, k is the thermal conductivity, and Q represents 

internal heat generation. When using heat flow model two different equations are 

solved, one for the solid region and another for the liquid region. In solving Equation 

(2.1), apart form the initial conditions and the conditions imposed at the bound- 

ary of the domain, the following conditions must be satisfied at the solid—liquid 

interface: 

T,=T,=Ty for t>0 (2.2) 
aT aT asf ki(S—) + ke( 5) = ol (=) (2.3)
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where the subscripts s,and / refer to solid and liquid phases, respectively, Z is the 

latent heat, sf represents the solid—liquid front, and Ty is the freezing temperature. 

The difficulty in solving Equation (2.1) lies in accounting for the release (absorp- 

tion) of latent heat during solidification (melting) process. Based on the method 

in which latent heat transfer is modeled, the solution methods can be divided into 

two groups: methods which explicitly determine the unknown boundary of phase 

change (known as front-tracking method) and which do not require calculation of 

phase change boundary (fixed-grid methods). 

2.2.1.1 Front—Tracking Methods: 

In the front-tracking methods, the discrete phase change front is continuously 

tracked and the latent heat transfer is treated as a moving boundary condition (4]. 

This method either requires deforming grids [5, 6], or transformation of variables of 

coordinates [7 — 9]. These methods also require special algorithms near the solid- 

liquid interface. The time step and the grid size should be smail enough so that 

the interface coincides with the nodes. 

Even though the front-tracking methods were found to be accurate in solving 

phase change problems, their success was limited to solution of isothermal solidifi- 

cation/melting problems. The reason being that the method of latent heat transfer 

is not suitable for problems for which the phase change takes place over a temper- 

ature interval. This type of phase change is called non-isothermal phase change 

process, and it produces a mushy region sandwiched in between liquid and solid 

phases. Furthermore, the implementation of this method is cumbersome and is dif- 

ficult, as one has to solve complicated equations especially when three-dimensional 

geometries are involved. As this method requires updating of the mesh iteratively, 

it demands large amounts of computer time. 

2.2.1.2 Fixed—Grid Methods: 

An alternative to the front-tracking methods is a two-stage solution approach.
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First, solve for the temperature distribution, and the phase change front can be 

calculated from the known temperature field. In this type of formulation, a physi- 

cally acceptable solution can be obtained for the boundary value problem without 

imposing the behavior of the solution near any singularities, and the phase inter- 

face can be determined later from the solution. Main advantages of this method 

are that it can be easily extended to multidimensional problems without making 

major changes to existing codes, it does not require mesh updating based on the 

phase front location, and it eliminates the need to solve different equations for 

liquid and solid regions. Since the fixed-grid methods use this formulation, they 

have difficulties in solving problems with discontinuities, such as in the isothermal 

phase change problems. Hence, while solving such problems, this difficiency can be 

overcome by spreading the phase change over a small temperature range. Based on 

the modeling of latent heat transfer, the fixed-grid methods are called: apparent 

capacity method, fictitious flow method, and enthalpy method. 

Apparent capactty method: In this method, as the name indicates, the latent heat is 

included in the specific heat of the material. An apparent capacity is defined in the 

phase change temperature interval to include the entire change in total enthalpy, 

both sensible and latent heat. The variation of apparent capacity can be given in 

a functional form in the solidus—liquidus region. When solving isothermal phase 

change problems, latent heat transfer is assumed to take place over a small tem- 

perature interval. Early work on the apparent capacity method was reported by 

Hashemi and Silepcevich [10] using an implicit finite difference formulation. They 

also extended the method to solve problems with non-isothermal phase change. 

Comini et al. {11] used the apparent capacity method and the finite element 

method to solve non-linear heat conduction equations for phase change problems. 

Their formulation accounts for temperature dependent material properties and time 

dependent boundary conditions. Typical variation of enthalpy, for metals, as a 

function of temperature is shown in Figure 2.1. It can be seen from Figure 2.1 that
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in evaluating apparent capacity during solidification, the latent heat release will not 

be accounted for if the temperature of some node falls below the solidus temperature 

in one time step. Same logic can be extended for melting analysis. Morgan et al. 

[12] suggested a backward difference method to calculate the apparent capacity 

using total enthalpy and temperature from previous two time steps. However, this 

method required small time steps in order to obtain correct heat balance. 

Del Giudice et al. {13] and Lemmon [14, 15] used averaging techniques to 

overcome the difficiencies mentioned above. In these methods the expression for 

apparent heat capacity is written in terms of spatial derivatives of temperature 

and total enthalpy. This ensures that the effects of phase change are not omitted. 

Furthermore, in the finite element context these spatial derivatives include the 

influence of all surrounding nodes. As a result, the solutions are smooth. Thomas 

et al. [16, 17] tested these methods for solidification analysis of steel ingots, and 

they were found to give satisfactory results. 

Poirier and Salcudean [18] used a variation of the apparent heat capacity method. 

In this method the apparent capacity is integrated over the control volume and a 

linear variation of temperature is assumed between the nodes. Their investigation 

showed that this method, effective capacity method, performs better than the ap- 

parent capacity method. This method correctly accounts for the latent heat release 

and the solution is independent of the mushy region. 

Fictitious flow method: In this method the temperatures of all nodes in the mesh are 

monitored, and if the temperature of any node drops below liquidus temperature 

the material in the control volume (element) associated with the node is assumed 

to be experiencing phase change and the energy loss by the node is monitored. 

The energy loss associated with the node, as its temperature falls below liquidus 

temperature, is calculated for each time step. At the end of each time step the 

temperature of the node is set to freezing point temperature. Once the total energy 

loss in the control volume is greater than or equal to the latent heat content, the
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Figure 2-1: Typical variation of enthalpy with temperature for phase change of metals.
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material is said to be solidified. At this state, the temperature of the node is 

set equal to solidus temperature if the energy loss is equal to the latent heat. If 

the energy loss is greater than the latent heat, the temperature is extrapolated 

to a value lower than the solidus temperature. From then on the temperature is 

calculated using the energy equation. 

The fictitious flow method was first described by Dusinberre [19]. Rolph and 

Bathe [20] extended this method to heat transfer analysis of phase change prob- 

lems with mushy (between the liquidus and solidus temperature for an alloy) zones. 

Roose and Storrer [21] also employed this approach to solve ground freezing prob- 

lems. Salcudean and Mashaie [22] applied this method for solution of phase change 

problems with mushy zones using the finite difference method. Salcudean and 

Abdullah [23] extended the method to solution of binary alloys to simulate solidifi- 

cation of cast iron in permanent (eg. steel) molds. This method is computationally 

ecomonical but requires elaborate book keeping to keep track of the solidified regions 

and the amount of energy loss at each node. Dalhuijsen and Segal [24] compared 

temperatures and phase fronts obtained using the fictitious flow method and those 

computed by apparent capacity method. Their analysis showed that the temper- 

ature distribution and phase front locations obtained using fictitious flow method 

were less accurate and the method took more number of iterations to converge. 

Enthalpy method: In this method, the transient part of the energy equation is 

written in terms of enthalpy, instead of temperature, as given below: 

OH (T) 
at 
  p = V.i(kKVT) (2.4) 

The above equation can be derived form the heat conduction equation in the liquid 

and the solid regions and a conservation condition at the phase front (see Carslaw 

and Jeager [25] for details). Here, the total enthalpy (sum of sensible and latent 

enthalpies) is defined based on the latent heat characteristics of the material. At 

each time step, enthalpy at each node is computed as a primary variable and the
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nodal temperature is calculated from the new enthalpy using previously defined 

enthalpy—temperature relation. 

Shamsunder and Sparrow [26] used this technique along with the finite differ- 

ence method to determine the solar energy storage of phase change materials. The 

enthalpy method was shown to give reasonably accurate results for metals solidi- 

fying over the mushy range [16]. The main drawback of this method is that it is 

complex and computationally more expensive. Furthermore, it performs poorly for 

isothermal phase change problems. 

These difficiencies can be overcome by using an alternative approach known as 

the source based method. This method is similar to the enthalpy method in that 

the energy equation is written in the form of Equation (2.4). This formulation was 

presented by Voller [27]. Here the total enthalpy is written in terms of the sensible 

part and the latent heat part H(T) = CpT + AH. Accordingly, Equation (2.4) 

becomes; 

jO(CpT + AH) _ 
= VAKVT 2.5 = (kVT) (2.5) 

Rearranging Equation (2.5), we obtain, 

OT 
pCp = = V.(kKVT) + Sy (2.6) 

In the above equation, the latent heat is included in the source term Sy, which can 

be evaluated form a predefined functional relationship between latent enthalpy and 

temperature. The accuracy of the results obtained by this method was found to 

be comparable with the other methods, and the CPU time requirements were less 

compared to other methods. 

2.2.2 Heat and Fluid Flow Models 

Almost all references cited above assume that the effect of natural convection 

during phase change is negligible and solve only the energy equation to simulate
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solidification/melting processes. However, convection within the molten metal in- 

fluences solidification at both macroscopic and microscopic levels. In the case of 

force convection problems, the molten phase flows under an imposed pressure gra- 

dient. Similarly the presence of nonumifirm temperature distribution gives rise 

to bouyancy forces and produces fluid motion and convective transport of energy. 

Hence, it is not accurate to neglect the effect of convection and phase change prob- 

lems using conduction heat transfer only. At the macroscopic level, convection 

changes the shape of isotherms and reduces the temperature gradients within the 

liquid region. At microscopic level, the grain structure of the cast can be con- 

trolled by relative motion of the liquid (28). The effect of convection in phase 

change problems has received less attention due to the difficulties associated with 

the mathematical treatment of various regions in the domain and unsteady nature 

of the process. 

Among different models used to model convection in phase change analysis, the 

following three are most commonly used: i) Treat the problem as a heat transfer 

problem and use a modified conductivity in the liquid region (29 - 31]. ii) Derive 

a suitable set of governing equations for mass and heat transfer in liquid region 

and develop associated numerical analogue [8, 32, 33]. This method requires the 

development of special, tailor-made code for each problem: hence, makes it an 

inefficient method. iii) The third approach uses the enthalpy method explained in 

the previous section. This approach is easy to implement in existing codes and 

was found to be efficient compared to other methods. Another advantage of this 

method is that it removes the necessity to satisfy the conditions at the phase change 

front. When using the enthalpy methods, Navier-Stokes equations are solved for 

fluid flow to include the effect of convection. 

The difficulties in calculation of the phase change front and updating of the 

mesh preclude the use of time-dependent mesh (front-tracking) approaches even 

when using heat flow models. The analysis becomes more complicated when it
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is required to solve both momentum and energy equations. On the other hand, 

when using the fixed-grid approach, imposition of zero-slip boundary condition for 

the velocity field at the solid liquid interface becomes difficult. Reason being that 

phase front does not coincide with the nodes. Morgan [34] used a simple method 

to overcome this by fixing the velocities to zero whenever the element energy loss is 

greater than or equal to the latent heat. A similar approach is used by Ahmadian 

et al. [35] to simulate three-dimensional solidification of polymers in curved square 

ducts using the finite difference method. 

Gartling [36] employed a slightly different approach in which the viscosity was 

allowed to increase progressively to a large value thereby simulating the liquid—solid 

phase change. During the analysis the temperatures at the nodes are compared 

with the liquidus and solidus temperature, and if the temperature is above liquidus 

value, the appropriate fluid viscosity is used, and for temperatures below solidus 

value, a preassigned large value is used. In the phase change temperature interval, 

the viscosity is written as a function of latent heat. This approach is similar to 

the smearing (spreading) of the latent heat explained in the previous section. The 

advantage of this method is that it is simple and can be implemented readily in an 

existing code. 

The methods used by Morgan [34] and Gartling [36] require that the phase 

change occur over a temperature range. However, in the case of solidification and 

melting of pure metals, phase changes take place at a fixed temperature. Further, 

lack of information about the variation of viscosity with temperature in the mushy 

zone is a drawback of this method. Recently, Voller and Prakash (37), Bennon and 

Incropera [38, 39], and Beckermann and Viskanta |40] have simultaneously devel- 

oped a procedure in which appropriate source terms are defined so as to decrease 

the velocity field in the mushy region progressively. During the solidification of 

alloys the formation of dendrites takes place. It is assumed that these dendrites 

cause the mushy zone behave like a porous medium. According to D’Arcy’s law,
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the velocity of the liquid flowing through the porous media is proportional to the 

pressure gradient. 

In the methods developed by Voller and Prakash [37], Bennon and Incropera 

[38], and Beckermann and Viskanta [40] it is assumed that the flow in the mushy 

region obeys D’Arcy’s law and the momentum equations are modified by adding 

an extra source term to enforce this behavior. The porosity of the material is set 

to a very large value at the start of solidification analysis. The solid fraction of 

each cell is monitored and as the solid fraction increases, the porosity decreases, 

thus enforcing the flow to obey D’Arcy’s law in the mushy region. The method 

of calculation of permeability is important in this method. Brent et al. [41] used 

the method given in [37] along with Carman Koseny equation for calculation of 

permeability to simulate melting of pure metals. 

Recently, Vabishchevich and Iliev [42] used the fictitious flow method to deter- 

mine the effect of convection in solidification of metal in a mold. The momentum 

equations are written in the form of stream function and vorticity and the effect of 

latent heat transfer is included by using apparent capacity, and the no slip bound- 

ary condition at the solid—liquid interface is imposed by an additional source term 

similar to the one used by Voller and Prakash |37|. Implementation of this method 

becomes difficult for complicated geometries. 

Appropriate method for calculation of the permeability still remains an unre- 

solved topic. Desbiolles et al. [43] extended enthalpy-porosity method to analyze 

solidification of aluminum castings using the finite element method. The work in- 

cluded heat flow analysis of three-dimensional castings and two-dimensional fluid 

and heat flow analysis. Thevoz et al.(44] used macroscopic and microscopic models 

to relate the solid fraction to temperature and in a kinematic manner by consid- 

ering the mechanisms of nucleation growth. The solid fraction is in turn used to 

determine the premeability of the mushy region for velocity field calculation. The 

governing equation used for the enthalpy model and a complete explanation of the
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source terms is given in the Chapter 3. 

2.2.3 Mold Filling Analysis 

Most of the work reported in simulation of metal casting processes start with 

the assumption that the mold is filled with molten metal and the temperature 

of the melt at the start of the calculations is taken to be uniform. However, in 

order to obtain realistic solutions, the temperature distribution at the start of the 

calculations should be obtained from the mold filling analysis. Apart from providing 

accurate temperature field, other objectives of fluid flow modeling during mold 

filling are: i) to insure smooth flow during entry, ii) minimize gas/air entrapment, 

iii) distribute the metal properly to all regions of the cavity, iv) predict and prevent 

mold erosion, and v) optimize the filling time to ensure that part of the cast is not 

solidified before filling is complete. 

Liquid metal flow in the mold is a complicated process, involving moving liquid- 

air interface, heat transfer between liquid metal, air in the mold and the mold itself. 

The liquid metal flow during filling is often turbulent. Due to these complexities, 

analytical solutions of mold filling process are not possible. Numerical solutions of 

determining the moving liquid front were obtained by using pseudo-—concentration 

method (45 - 47] and fractional volume of fluid (VOF) method (48, 49]. 

When using the pseudo-concentration method, the region which is empty is 

filled with a fictitious material with very low viscosity compared to that of the 

actual material such that it does not interfere with the flow of the real material. 

The interface of the real and fictitious material is defined by pseudo—concentration 

(usually zero). The concentration is transported only by convection. The interface 

region is updated after every solution by updating the concentration. This method 

works well for low velocity flows as those encountered in thermoplastic forming 

processes. 

In fraction volume of fluid method, each cell in the domain contains a number



19 

of massless marker particles which move at the local fluid velocity. The motion of 

the fluid can be tracked by these marker particles and the shape of the free surface 

can be determined once the fluid velocities are known. Salcudean and Guthrie [50| 

used this method for computation of liquid flow patterns during the filling of a 

cylindrical vessel from the top free surface. Hwang and Stoehr [51, 52] analyzed 

filling of rectangular mold cavities using this method. The method was extended 

by Domanus et al. (53] to simulate three-dimensional flow and heat transfer during 

filling processes. In their analysis [53], the governing equations are solved using the 

finite difference method. Minaie et al. [54] used the VOF approach to perform the 

filling analysis, and in order to predict the solidification process more accurately 

they used the residual velocity field from the filling analysis as the initial velocity 

distribution for the solidification analysis. 

2.3 Extrusion and Forming Analysis 

Early attempts to solve plastic deformation problems are based on the classical 

slip line theory {55]. Even though the slip line theory was easy to use, it was ap- 

plicable to only simple two-dimensional problems. The difficulties associated with 

numerical solution of plastic deformation of metals during extrusion and forming 

using solid formulation were discussed in Chapter 1. During plastic deformation of 

solids, the total strains are so large that the solid can be treated as a non-Newtonian 

fluid. The flow formulation, which uses an Eulerian mesh, is an alternative to the 

solid formulation, and it is easy to implement and is capable of analyzing a wide 

range of forming processes. Goon et al. [56] were the first to develop the flow formu- 

lation method to analyze plastic deformation problems. Zienkiewicz and Godbole 

[57 - 60] applied the finite element method for the forming analysis of viscoplastic 

materials using flow formulations. Lee and Kobayashi [61] used flow formulation 

for numerical analysis of plastic deformation. A detailed analysis of both solid and 

flow formulations and their applications to different forming processes in two—and
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three-dimensions is given in a recent book by Kobayashi, Oh and Altan [1]. Meth- 

ods to include the effects of friction, free surface, strain hardening, and thermal 

coupling to determine the effect of heat generation are presented by Zienkiewicz et 

al. [62, 63). 

Even though the flow formulation is an elegant and efficient approach, its appli- 

cation to three-dimensional problems has been limited. Many of the applications 

have been towards solution of simple problems. For example, there is no work re- 

ported in the open literature on the numerical solution of extrusion of bimetal rods. 

This is an important process in wire drawing industry, through which process the 

core (inner wire) can be made corrosion resistant. The main goal of the numerical 

analysis of extrusion of bimetal rods is to determine proper operating conditions so 

that the final product is free of core and/or sleeve fracture. 

2.4 Solution Methods 

The finite element analysis of complex flow problems of practical interest leads 

to the solution of a large system of algebraic equations. These system of equations 

can be solved either by using direct elimination methods or by iterative methods. 

Solution of equations is the most time-consuming part of a numerical analysis and 

accounts for about 80% of the CPU time and storage. Direct solvers are most 

commonly used to solve systems of algebraic equations. Direct solvers rely on 

the elimination techniques, such as Gauss, and provide the solution after a fixed 

number of steps and are insensitive to the conditioning of the matrix. However, 

the main difficiencies of these solvers become clear when used to solve large system 

of equations as they require the matrix to be stored in an ordered format. This 

results in prohibitively excessive storage and cumbersome book-keeping. Also the 

elimination methods are computationally intensive hence require enormous amounts 

of CPU times. The limitations on CPU time and storage requirements make the 

use of direct solvers inefficient and impractical even on the present day high speed
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and memory supercomputers. 

In recent years, the direct solvers have been highly refined to overcome these dif- 

ficiencies (eg., Frontal solvers, Skyline solvers., etc., see Carey [64]). These improve- 

ments enabled the users to solve moderately large systems of equations efficiently 

making use of limited storage and process time. However, they were found to be 

unsuitable for solving large complex problems encountered in engineering practice 

because they demand out-of-core storage of few equations and hence require large 

data transfer. 

The demand for numerical solution of complex problems and the cost — inef- 

fectiveness of the direct solvers revived the interest in the use and improvement 

of iterative methods for the solution of systems of equations. Iterative methods, 

contrary to the direct solvers, are most efficient with respect to the storage and 

CPU requirements. This is due to the fact that the global matrix formation can 

be avoided and the major operation is matrix-vector multiplication as compared 

to matrix inversion or elimination in direct methods. Another advantage of the 

iterative methods is that the operations can be performed in parallel on a series of 

processors. Such parallel efficiency is difficult to achieve when using direct solvers. 

Iterative methods, by definition, solve equations approximately. 

Among the various iterative methods, Conjugate Gradient (CG) method [65] 

is most widely used because it is a finite step method (i.e., apart from round-off 

errors, solution is achieved in a fixed number of iterations) and it can be used 

to determine the inverse. However, the number of iterations required depends 

on the condition number of the coefficient matrix. The condition number of the 

coefficient matrix is the ratio of largest to smallest eigenvalue. The convergence of 

the conjugate gradient method, and iterative methods in general, can be improved 

by preconditioning and/or scaling the equations {66 — 68]. Jennings and Malik [69] 

compared a scaled and preconditioned conjugate gradient method with the Gaussian 

elimination and successive over—relaxation (SOR) methods for solution of system
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of equations obtained by the finite element and finite difference approximations of 

structural and heat transfer problems. The system of equations were symmetric 

and their analysis showed that preconditioned conjugate gradient method gives 

more efficient (i. e., accurate and less expensive) results. 

Iterative solvers have been successfully used in structural mechanics problems, 

where the global tangent stiffness matrix is often symmetric. The advantage of hav- 

ing a symmetric matrix is that only half the matrix need to be stored. Apart from 

this the iterative methods are known to work well for positive definite symmetric 

matrices. When solving fluid mechanics and radiative heat transfer problems, the 

coefficient matrices are not symmetric due to the nonlinearities. In these cases the 

coefficient matrix can be made symmetric by symmetric linearization of the non- 

linear terms. When using this method for Navier-Stokes equations, the convective 

terms are either neglected [70] or computed from previous iteration solution and 

are added to the force vector [71]. This type of linearization works well for low 

Reynolds number flows but fails to produce converged solutions even for moder- 

ately high Reynolds number flows. Another approach is to decouple the momentum 

equations [72] and [73]. This method enables solution of large problems because 

the number of equations solved at a time is equal to the number of nodes in the 

mesh. However, the nonlinear convergence of this method is very slow. Angeleri, 

Sonnad and Bathe [74] used preconditioned iterative methods to solve the system 

of equations obtained by finite element descritization of solid and fluid mechanics 

problems and concluded that there were significant advantages in using iterative 

methods over direct solvers for 3-D fluid flow problems. 

The limitations on storage can be overcome, without either using symmetric 

linearization or decoupling the equations, by not forming the global coefficient ma- 

trix. This idea of using the element—by-element data structure of the coefficient 

matrix was first pointed out by Fox and Stanton |75| and Fried [76 — 78]. The term 

element—by—element refers to a particular data structure for finite element tech-
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niques wherein information is stored and maintained at the element level rather 

than assembled into a global data structure [79]. The advantages of the element-— 

by-element data structure over assembling the global coefficient matrix are: (i) 

i. @., zeros are not stored so the total storage and computational costs are low, 

(ii) the amount of storage is independent of the node numbering, and mesh topol- 

ogy and depends on the number and type of elements in the mesh, and (iii) the 

element—by~element solution algorithms can be vectorized for efficient use on su- 

percomputers. Further, the element—by-—element data structure is natural for finite 

element analysis. 

Several different algorithms have been developed which use the element-by- 

element data structure and each algorithm includes the phrase element-by-element 

in its name. These element—by—element solution schemes are described in detail in 

Refs. [79| and [80]. Major differences between the algorithms are given below. 

Hughes, Levit, and Winget [81] were first to propose element—by—element split- 

ting algorithm for the solution of large transient heat conduction problems. In the 

same year, Ortiz, Pinsky and Taylor [82] extended the element-by—element split- 

ting algorithm of [81] to solve dynamic equations. Even though these methods are 

unconditionally stable, they lacked accuracy. In a later work, Hughes et. al., [83 

~ 85] refined the element-by-element scheme as an iterative solver to achieve the 

accuracy and stability of standard finite element algorithms. Carey and Jiang [86 - 

89] used element—by—element data structure to implement a Jacobi Conjugate Gra- 

dient iteration method succesfully. These methods along with those given in Ref. 

[75 — 78] use the fact that the contributions to the linear system of equations can 

be calculated independently as dense matrices. In this method the matrix—vector 

multiplications are carried out at the element level and the assembly is carried out 

on the resultant vector. This idea proves to be very attractive when solving large 

problems, because the matrix—vector multiplication can be done in parallel on series 

of processors. Another advantage of this method is that the resultant savings in
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storage, compared to direct solvers, allows solution of large problems on small com- 

puters. Another element—by—element algorithm was proposed by Hayes and Devloo 

[90]. This technique is called overlapping block tterative method. Here the blocks 

correspond to individual finite elements in the mesh. The element-size blocks cor- 

respond to assembled contributions to the coefficient matrix and not the original 

unassembled element coefficient matrix which may be singular. These blocks are 

inverted to obtain the solution iteratively. In this method the global coefficient 

matrix is not formed and the overlapping blocks can be used as the preconditioners 

for the conjugate gradient algorithm [90]. 

The element—by-—element solution algorithms have been used successfully in 

solving problems in different areas of engineering mechanics. Hughes, et. al., 

[81, 83 - 85] solved problems in structural and solid mechanics, and conduction 

heat transfer problems using element-by-element solver. Other applications in- 

clude off-shore engineering [91], heat conduction [92], and structural mechanics [93 

— 96]. Carey et. al., [86 — 89, 97| used element-by-element scheme with precondi- 

tioned conjugate gradient method to solve compressible fluid flow problems. In [97] 

the matrix-vector multiplication algorithm developed by Hayes and Devloo [98] 

is used to calculate residual, and it was shown that the matrix-vector algorithm 

with element—by-—element scheme is attractive for both vector and parallel process- 

ing. Recently, Shakib, Hughes and Johan [99] developed a multi-element group 

domain-—decomposition algorithm to solve linear non-symmetric equation obtained 

from finite element discretization. Their iterative strategy was based on the Gener- 

alized Minimum RESidual (GMRES) method proposed by Saad and Schultz [100]. 

Test cases for high-speed compressible flows showed that the method was efficient 

over direct methods with respect to computer speed and storage. 

Tezduyar and Liou [101 - 104] solved incompressible fluid flow problems us- 

ing element—by—element solvers and the stream function and vorticity formulation. 

They also proposed a grouped element—by—element scheme [103] which enables par-
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allelization of the solution procedure. In a more recent report Liou and Tezduyar 

[105] proposed a clustered element—by—element scheme and solved Poisson equation. 

2.5 Closure 

A quick persual of all the investigations cited above reveals that, there is a 

need for numerical simulation of three-dimensional phase change problems with 

convection and mold filling processes. There are not many studies reported in 

this area. Similarly, the research work reported for three-dimensional analysis of 

extrusion and forming processes is limited to simple geometries and mathematical 

models, and there is a need to investigate the validity of the proposed theories on 

using flow formulation and numerical modeling for plastic deformation processes. 

This can be acheived by numerical simulation of typical forming processes which 

are fully three—dimensional. 

Even though the element—by-element algorithms are attractive and efficient, 

they have not been implemented for incompressible flow calculations using primitive 

variables, especially the penalty function formulation. A possible reason for not 

using the element-—by-element techniques previously could be the element coefficient 

matrices generated for fluid flow problems when using mixed (pressure—velocity) 

formulation are non-symmetric and indefinite. This is due to the presence of zero 

entries in the diagonal. Iterative methods (such as Conjugate Gradient methods) 

are not suitable to solve indefinite matrices [106]. In the penalty function model, 

the continuity equation is treated as a constraint on the velocity field and the 

strength with which the continuity is enforced depends on the value of the penalty 

parameter \ [107]. For large penalty parameters 10° <  < 10!” the constraint is 

enforced more accurately. However, by using penalty function formulation {107 - 

110], pressure terms in the momentum equations can be excluded and the element 

matrices so formed are no longer singular. In this approach only velocities are 

the primary unknowns and the pressure can be recovered from the velocity field
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in the post-computations. Iterative solvers work well if the condition number (x) 

of the matrix is close to unity. Due to the presence of large penalty terms in the 

diagonal, the condition number of the matrices becomes large and this leads to a 

slow convergence. 

In this study, the difficulties of using large penalty parmeters is overcome by 

using an iterative penalty function method. The resulting element matrices are 

solved by exploiting the element-by—element data structure of the finite element 

method. Conjugate Gradient (CG) method for non-symmetric matrices and Gener- 

alized Minimum RESidual (GMRES) method are used to solve the equations. The 

accuracy of the solutions and the savings in CPU time and storage are determined 

by comparing the solutions with those obtained using Frontal solver {111]. Finally, 

the solution algorithm developed herein is used to analyze few model problems in 

casting, extrusion and forming processes.



Chapter 3 

GOVERNING EQUATIONS 

3.1 Equations of Motion 

Material flows during manufacturing processes are generally unsteady, non- 

Newtonian, nonisothermal and three—dimensional. It is very difficult and tedious to 

solve the governing equations for the most general case. With the advent of modern 

day computer and development of sophisticated numerical techniques, solutions of 

such problems are within reach. The laws governing the flow of non-Newtonian 

fluids are the basic laws of conservation of mass, linear momentum and energy; 

however, the constitutive relations are different for non-Newtonian fluids. In most 

general form, the constitutive equations relate the stresses to the strain rate and 

temperature of the fluid. 

The flow is assumed to be incompressible and laminar. The equations governing 

the thermomechanical behavior of incompressible viscous material! in a control 

volume 2 are [37], 

V.u=0 (3.1) 

Du 
— -V. f-—s 3.2 >: a+p (3.2) 

DT 

In the above equations, u represents the velocity vector, p the density, f the body 

force vector per unit mass, o the stress tensor. The temperature of the fluid is 
  

1 Throughout this work the word material means fluid. 
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denoted by T, Cp represents the specific heat of the fluid at constant pressure, Q 

the rate of volumetric heat source and ® the viscous dissipation in the fluid. S and 

S7 are additional source terms and will be explained in the next section. 

The constitutive equation for the total stress is given by, 

07 = —P6,; + Ti5 (3.4) 

where, P represents the thermodynamic pressure. The viscous stress tensor 1; is 

given in terms of the rate-of—deformation tensor ¥ by, 

Ti = 2091; (3.5) 

rate—of—deformation tensor, and 7 the shear viscosity of the fluid. Equation (3.4) 

reduces to the hydrostatic pressure when there are no velocity gradients. The rate— 

of—deformation tensor is given by, 

1 4 = 5|(V-u) + (V.u)"] (3.6) 

In the case of Generalized Newtonian fluids, the coefficient of viscosity depends on 

the rate—of-deformation tensor as given in the next section. The heat flux vector 

is given by the Fourier law of heat conduction: 

OT 
qi = —k5— (3.7) 

t 

where, k is the thermal conductivity of the fluid. The viscous dissipation function 

® depends on the velocity gradients and is given by, 

® = 245%; (3.8) 

The viscous dissipation enters the energy equation as a volume source of thermal 

energy. 

3.2 Constitutive Equations 

As mentioned earlier, the shear viscosity 7 depends on the rate—of—deformation 

tensor. Figure 3.1 shows a typical log—log plot of viscosity against strain rate of



lo
g(
n)
 

  

29 

  

log(I2) 

Figure 3-1: Variation of viscosity with strain rate.
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polymeric fluids. At low shear rates, shear stress is proportional to shear rate 

and the viscosity approaches a constant value, the zero shear rate viscosity. At 

higher shear rates, the viscosity decreases with increasing shear rate. For polymeric 

liquids, this is the most important property. At higher shear rates, the viscosity 

vs. shear rate curve, on log-log plot, exhibits a pronounced linear behavior known 

as power — law region. The variation of the viscosity is given by the following 

emperical relation: 
n~1 

n = no(I2) 7 (3.9) 

No and n are known as the consistency factor and power-law tndez, respectively. 

Iz is the second invariant of the rate-of deformation tensor: [2 = 5 (Vij Vis) . The 

power-law index signifies the deviation of the fluid from Newtonian nature. If 

n <1, the fluid is said to be shear thinning or psuedoplastic. If n > 1 , the fluid is 

said to be shear thickening or dilatant. For n = 1 , equation (3.9) reduces to shear 

rate independent Newtonian behavior. Other realtions most commonly used are 

Carreau mode, Cross model, polynolial models (see Ref. [112] for details of these 

and other models). In this analysis the power-law model is implemented because 

of its simplicity and ease of programing. 

Viscosity of polymeric liquids tends to decrease with temperature. Several 

emperical formulae exist in literature to describe the variation of viscosity with 

temperature, but no satisfactory one exists. In the present study, the following 

emperical relations [112] are used. 

no = fet T-To) (3.10) 

n = ne (T-To) (3.11) 

where To is the reference temperature, 7 and n are the values of the power-law 

parameters at temperature To, and 6 and c are the reciprocal characteristic temper- 

ature differences and are determined for each fluid from experimental data. Often 

c is found to be small; hence n is assumed to be a constant. Equations (3.9) and
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(3.10) can be combined to give, 

n—1 

n = he (P-To) (pF (3.12) 

For visco-plastic materials, the constitutive equations are expressed by [63] 

26 
Oi = 3B (3.13) 

where @ is the flow stress of the material, which is in gernral a function of strain 

and strain-rate for a given temperature, and 

2 1/2 

é= Fores) (3.14) 

is the effective strain-rate. From Equations (3.5) and (3.13) we obtain, 

_ 2 3.15 n= 3, (3.15) 

3.3 Source Terms 

Physical explanation of the source term in the momentum equation comes for 

the derivation of the momentum equations for multiphase systems from the contin- 

uum principles. The source term represents the phase interaction force [38]. For 

a wide range of solid-liquid phase change systems, the interface region is charac- 

terized by a fine permeable solid matrix. For such systems, flow inside the mushy 

region is analogous to the flow through porous media. According to D’Arcy’s law, 

which governs the flow through porous media, the phase interaction forces are pro- 

portional to the velocity of the liquid relative to the porous media. Accordingly, 

the z-component of the source term is: 

ub 
S. = Kk,” (3.16) 

where yu denotes molecular viscosity of the liquid, K, is the component of anisotropic 

permeability which influences z-direction momentum transport. u, = u — u, repre- 

sents relative phase velocity. For static solidification problems u, = 0. In the case
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of continuous solidification problems such as continuous casting, us is equal to cast 

speed since the motion is due to free body translation. 

The source term in the erergy equation can be obtained by writing the total 

enthalpy in terms of sensible (9CpT) and latent enthalpies (AH). This is given 

in Equations (2.5) and (2.6) for heat conduction problems. When convection is 

included the source term Sp becomes [37]: 

aoAH Sp = 5 + V.(puAH) (3.17)   

The purpose of the source term S in the momentum equation is not only to enforce 

zero-slip boundary condition at the solid—liquid interface but also make the flow 

in the mushy region obey the D’Arcy’s law. In order to satisfy these conditions, 

the permeability term should be defined such that the velocity in the mushy region 

gradually decreases and reaches close to zero in the region where temperature has 

fallen below solidus value. This is acheived by defining the permeability in terms of 

liquid fraction f;. The liquid fraction f; depends on the temperature of the liquid 

and properties of the material. Most commonly used expressions for calculating f; 

and permeability K are given below. 

3.4 Calculation of Liquid Fraction 

Liquid fraction f; is defined as the volume of interdendritic liquid at given 

temperature. When the temperature of the alloy is greater than or equal to liquidus 

temperature T,;, then f; = 1 For temperatures less than or equal to solidous 

temperature (T < T,), liquid fraction is equal to zero (f; = 0) The functional 

dependence of liquid fraction f; with temperature is given many different ways [28]. 

However, three most commonly used equations in research are (i) Linear rule, (ii) 

Lever rule, and (iii) Scheil rule. 

3.4.1 Linear Rule 

This is a very simple relation and depends only of the temperature of the
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alloy. Here the liquid fraction is assumed to vary linearly from 1 to O as the 

temperature of the metal drops from liquidus temperature to solidus temperature. 

For temperatures greater than or equal to liquidous temperature, the liquid fraction 

is equal to 1 (complete liquid) and for temperatures less than or equal to solidus 

temperature, the liquid fraction is equal to 0 (complete solid) and f; varies (linearly) 

according to equation (3.19) for intermediate temperatures. 

T-T; 
fi= ToT, (3.19) 

3.4.2 Lever Rule 

Here the liquid fraction is assumed to depend on temperture and partition 

coefficient (kp) of the alloy. In the case of pure metals kp = 

1 T-T,;, 

1—k,T-T, 
    fi=i - (3.20) 

3.4.3 Scheil Rule 

This relation is frequently used as it gives a reasonable approximation to the 

real situation during both unidirectional solidification and dendritic solidification 

of small volume element in a mushy region of an alloy. 

1 
T—T, \ =n 

f= oe “F (3.21) 
8 

3.5 Permeability Calculation 

There is no standard relationship which can be used for calculation of the 

permeability in the mushy region. Still empericism plays an important role. Most
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comomly used emperical relations used for calculations of permeability is Kozeney— 

Carman equation [113] which depends the liquid fraction, 

K = Ko im fi 5 (3.22) 

where Ko is the permeability coefficient. Another expression which depends on the 

solidification time t; and dendtite cell diameter d is given by Flemings [114]. 

fid 
~ 180(1 — fi)? we) 

d= at,” 

where, n is a constant, n ~ 1/2 for primary spacing, 1/2 < n < 1/3 for secondary 

spacing, and a is a constant. 

3.6 Boundary Conditions 

To complete the set of equations, equations (3.1-3.3) need to be combined with 

an appropriate set of boundary conditions. Let 0 denote the domain containing 

the fluid and [ the boundary of the domain as shown in Figure 3.2. 

For the momentum equation the velocities (essential boundary conditions) or 

the total surface traction (natural boundary conditions) must be specified along 

the boundary [.. For the energy equation, the problem requires that either the 

temperature or heat flux be specified along the boundary: 

u = u(s) on ry 

or 

t = o(s).n(s) on ry 

and 

T = g(s) on Cr
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Figure 3-2: Three dimensional fluid domain showing portions of boundary.
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or 

q.n = h(s) on Ty 

where (s) denotes the position on [ and n(s) the outward normal vector. In the 

penalty finite element model, the specification of pressure does not constitute an 

essential boundary condition. 

3.7 Transport Equation 

In order to determine the location of the melt front, an extra transport equation 

governing the motion of the fluid/air interface has to be solved. The method used 

here is similar to that of pseuo—concentration method [45]. The filled, empty regions 

and the interface location are determined by intoducing a variable F (pseudo- 

concentration). An element is said to be full if the value of F is equal to unity 

at all nodes in the element. Similarly an element is said to be empty if F is zero 

at all nodes in the element. An element is called an interface element otherwise. 

Accordingly, 

1. Full elements are bounded only by other full and interface elements. 

2. Empty elements are bounded only by other empty and interface elements. 

3. Interface elements are surrounded by other interface, full elements and at least 

one empty element. 

The equation governing the transport pseudo—concentration F with the moving 

fluid is given by: 
OF 
—_ . = 3. 1 +u.VF=0 (3.24) 

The interface location is updated by calculating F at every time step from the 

known velocity field. The calculations are stopped once the complete region is filled. 

Since the transport equation (3.24) for F is purely convective, it has to be solved 

using streamline diffusion method {115] by introducing an artifical diffusion term 

into the equation. This is required to eliminate oscillations in the solution. Details
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of the streamline upwinding technique and the derivation of the resulting equation 

is given in Appendix A. After introducing atrificial diffusion terms, equation (2.24) 

becomes: 
OF 1 
Or +u.VF — gu. V-(Ahs.u.VF) =Q (3.25) 

where fi is an artificial diffusion coefficient and h, is the element length in flow 

direction. The finite element formulation of the governing equations is given in the 

next chapter.



Chapter 4 

FINITE ELEMENT FORMULATION 

4.1 Variational Formulation 

\ Of the various finite element models developed for solving fluid mechanics prob- 

lems, velocity—pressure model and penalty function model are mostly used in three— 

dimensional fluid flow problems. Velocity—pressure model, also known as mixed 

model, is the most natural and direct formulation. In this model, the equations 

of motion are expressed in terms of primitive variables (u, v, w, p) (see Taylor 

and Hood [116] and Reddy [117]. The main disadvantage of this model is that it 

is not positive definite as the continuity and momentum equation are uncoupled. 

In penalty function model the equations are also expressed in terms of primitive 

variables but the continuity equation is treated as a constraint on the velocity field. 

The constraint is introduced into the finite element model by means of penalty 

function method (see Zienkiewicz [118], Hughes et. al [119] and Reddy (107 - 110)). 

The penalty function method results in a positive definite system of equations. 

4.2 Penalty Function Method 

The penalty function method has its origin in the method suggested by Courant 

[120] for minimization of a quadratic functional subjected to an equality constraint. 

Mathematical structure and the history of the method is given by Reddy [107]. The 

penalty function method transforms a given constrained variational problem into 

an (actually, a sequence of) unconstrained variational problem(s), Reddy |109). 

38
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Suppose we wish to find a generalized solution to the variational problem, 

6I,(u,vjw) =O in (4.1) 

subject to the constraint, 

Vu=0O in 2 (4.2) 

The penalty function method involves seeking the minimum of a modified functional 

obtained by adding a quadratic term associated with the constraint (4.2). In other 

words, we solve 

SIp = 61, + 6 2s fe (V.u)? av =0 (4.3) 

with no constraint. Here yp is called the penalty parameter which is preselected 

(positive for extremum problems) function or a constant whose value, generally 

speaking, has an effect on the accuracy of the solution. The quadratic functional 

in the square brackets is referred to as the penalty functional. For sufficiently large 

values of +p the variational problem in (4.3) is almost equivalent to the variational 

problem in (4.1) and (4.2) (see Reddy|{115]). 

Here equations (3.2) and (3.3) can be viewed as those relating velocity vector (u) 

and temperature T and equation (3.1) as the constraint condition on the velocity 

field. This enables us to formulate the variational problem and subsequently solve 

using the finite element method. The use of penalty function method amounts to 

replacing the pressure by the following expression 

P = —4 (V.u) (4.4) 

The pressure variable is thus avoided as a primary dependent unknown hence over- 

coming the difficulties associated with proper imposition of pressure boundary con- 

ditions. The exclusion of pressure as a primary variable is particularly important
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when solving three-dimensional flow problems due to the computer storage require- 

ments. The pressure can be recovered from the velocity field in post-computations. 

As mentioned in the Chapter 2, iterative methods do not work well when the 

penalty parameter is large. Larger the penalty parameter, the condition number 

(«) of the element coefficient matrices and the global matrix becomes larger and 

the energy E of the system of equations, given by, 

E= 5ATKA —~A'F (4.5) 

becomes more elliptic [78]. In equation (4.5), A is the unknown solution vector, 

K is the coefficient matrix and F is the unbalanced force vector. The convergence 

of the iterative methods depends on the ellipticity of the energy of the system and 

beyond a certain value the convergence becomes so slow that the iterative method 

becomes inefficient. In this context, we use an iterative penalty method proposed 

by Gunzburger [121]: 

p"*) — p® — 4, (V.u) (4.6) 

where n is the iteration number. An advantage of this method is that the value 

of the penalty parameter needed to enforce the continuity constraint is equal to 

the square root of the one needed in the non-iterative penalty method [121]. This 

in turn, results in a coefficient matrix with smaller condition number and hence 

reduces ellipticity of the energy of the system. 

The weak form associated with the iterative penalty function formulation of 

equations (3.1) and (3.2) for (n + 1)" iteration is given by (see Reddy [106 — 110}), 

o= | ? ou. Bp t Ou. (u.Vu)}+apV. (Su) Vu +7: V. (6u) + s.6u\de 
Q
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- | ou.(f- VP") dv— [ suc ds (4.7) 

where 6u denotes the variation in u, and t the boundary stress vector: 

t= (n.r)? —n.V.u (4.8) 

Similarly, the weak form of the energy equation is given by, 

+kV (67) .VT-6T Q- sro + orsy hay 

  

o=/ {oce] 675 1 + 6T(u.VT) 
N 

_ [eeT To ds (4.9) 

The term under surface integral represents the boundary heat flux and is given by, 

OT 
qn j= Fag = = =h(T- Ta) on r (4.10) 

where A is the heat transfer coefficient and T,4 is the ambient temperature. The 

thermal conductivity is assumed to be isotropic. Temperature dependence of ther- 

mal conductivity can be easily accommodated. 

4.3 Finite-Element Model 

The spatial approximation of the above equations is carried out by dividing 

the computational domain M into a number of finite elements [108]. Over a typical 

element M°, the velocities and temperatures are interpolated as,



u(z, y, z, t) = > u,(t)¥,(z, y, 2) 
j=l 

v({z, y, 2, th= d_ 0; (t)d;(z, y, 2) 

_ (4.11) 
w(z, y, z, th= >> w,(t)d,(z, y, 2) 

j=l 

T(z, y, z, t) = a T(t); (z, y, 2) 

oo
) Mi 

where, u;, v;, w;, and TJ; are the nodal velues of velocities and temperatures and 

w; are the shape functions. 

Substituting equations (4.11) into equations (4.7) and (4.9), we obtain 

M‘A‘ + K‘A‘ =F (4.12a) 

where 

u 

Vv 

A= (4.126) 
w 

T 

is the solution vector, F* is the force vector and K and M are the mass and 

coefficient matrices, respectively (see Appendix B for details). 

The interpolation functions y; in equation (4.11) depend on the type of ele- 

ment. In the present analysis we used eight—noded trilinear element to discretize 

the computational domain. The shape functions are expressed in terms of natural 

coordinates, €, 7, and ¢ of the master element (see Reddy {108]), and the isopara- 

metric formulation is used to transform the actual elements to the master element 

to evaluate the coefficients numerically.
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4.4 Pressure Calculation Scheme 

From the previous section, it is clear that the pressure distribution needs to be 

computed before calculating the velocities for (n + 1)'* iteration. Pressure can be 

obtained from equation (4.6). However, the pressure so calculated is not accurate 

especially when solving for flows of fluids with high viscosities (e. g., polymers, 

extrusion of metals, etc.,). An alternative and more accurate method of pressure 

calculation is first proposed by Salonen and Aalto [122] and later used for different 

problems by Shiojima and Shimazaki [123]. This method uses the stress deviator 

for smoothing pressure. By substituting the stress deviator for the stresses in the 

momentum equations we obtain a system of equations in terms of the pressure. This 

equation is solved using least-squares finite element model. To make the analysis 

more complete, the derivation of the finite element equations is given below. 

Momentum equation can be written as; 

R = Mxi+Myj+Mzk =0 (4.13) 

where Mx , My and Mz are the components of momentum equations in x ,y and z 

directions, respectively: 

M Ou 4 Cu + you + Ou + OP O (to + + tz) 
= a 5. sz TW = -> T. T 

P\at ax | Oy az) Ox. Ox 77 tN 

— p£x + p&xG(T - To) —Szu (4.14) 

Ov Ov Ov Ov oP a 
My =e a aK ATS + By By teu + tw Ft tye) 

— py + peyB8(T — To) —-Syv (4.15) 

Ow Ow Ow =| OP a 
Trz + Tyz + Tez) Mz = 0 (30 + ust 4 vo + woe + or 7 3a!
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— p&z + pgzG(T — Too) —Szw (4.16) 

Minimizing the residual R , we obtain, 

1 O 2 — ap =p (R (u,v, w,743,P))dQ =0 (4.17) 

0 aP*®, 2 0P©, 2 daP*. 

Substituting for P© = 5”, P;¢; into R and equation (4.18), we obtain, 

09; Od; Oo; _ I (M3 +My So + Mee | dN =0 (4.19) 

where ¢, are the finite element interpolation functions. The finite element equations 

can be obtained by substituting equations (4.14) ~ (4.16) into (4.19): 

K'P =F’ (4.20) 

where, 

  

wo 06,90;  9¢6;0¢; 06,00; 
Ki, = f (2 ax” Oy Oy * Oz oz an 

F=f 0d; Gu | Ou ou du 1 oy + tay + Tez) 

~~ Jol ax! Plat “ax ay ae Ox te 1 lay T Tre 
0d; Ov + Ov + vow + wow 

dy| °\at ax ay az 
O 

+ By (Tzu + Toy + Tye) + pgy — p8yB(T — To) 

4 9% _ Ow Ow OW Ow + ae + tye + Tex) 

a2) -\at ax ay az Og 72 1 [ye 7 Tae 

09; 09; 04; 
+ pg, — p8z8(T — To) - (Fsvu + OP gy + sw) jan 

+ P8x — P&xA(T — To) + 

  

Ox Oy Oz



45 

The force term in equation (4.20) consists of the contributions due to body 

forces, inertial forces, and viscous forces. The body force terms and inertial force 

terms are calculated at the nodes in the same manner as they were computed for 

velocity calculations. The calculation of viscous terms need some treatment. When 

linear elements are used, the viscous stresses are constant within the element and 

their derivatives vanish. To overcome this difficulty, the stresses were computed 

using standard 2-point Gauss points for 8-noded trilinear elements. The stresses 

at the gauss points are extrapolated to obtain the contribution of the stresses at 

the nodes. Such contributions from all surrounding elements is averaged to deter- 

mine the nodal stresses. The main drawback of this method is the stresses for the 

boundary nodes are not as accurate as those inside the domain and this behavior is 

also observed for calculated pressures. However, improvements are possible if the 

nodal stresses are calculated using an appropriate extrapolation scheme. 

4.5 Computational Aspects 

The penalty finite element equations (4.12) can be written as 

MA + (K, + 7%K2) A =F (4.21) 

In computing the coefficients of matrix K, the penalty terms (i.e., terms involving 

Yp ) must be evaluated using reduced integration. For example, when using a 8- 

noded linear brick element, standard 2—point Gauss rule can be used to evaluate 

the elements of K; , whereas 1—point Gauss rule must be used to evaluate K2 (see 

Reddy [107, 108] for more details). For non-isothermal, non-Newtonian flows the 

viscosity may change by an order of magnitude depending on the local shear rate 

and temperature. The strength with which the continuity is enforced depends on 

the value of the penalty parameter, whose choice in turn depends on the magnitude 

of viscosity. Since the viscosity 7 varies within the domain as a result of the shear
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rate and temperature dependence, the penalty parameter is chosen as a function of 

loca] viscosity: 

Yp = 1p (4.22) 

and 

P=—-7, V.u (4.23) 

A value of 10° is used for Yp in the present analysis for frontal solver and a value 

of 104 is used for iterative solvers. 

To obtain a fully discrete problem, the ordinary differential equations (4.21) in 

time must be approximated further. We use the O-family of approximation [107, 

108| with © = 1/2 (i.e., Crank - Nicolson method); 

KA =F (4.24) 

Once the coefficient matrices for the individual elements are computed in the 

flow domain, they are assembled, for direct solution methods, into a global matrix 

and are solved for the flow variables for given boundary conditions. The presence of 

the convective terms in the momentum and energy equations makes the coefficient 

matrix unsymmetric and nonlinear (i.e. depend on the velocity components and 

temperature which are not known a-prtor1). Hence an iterative procedure has to 

be adopted, even for direct solution methods, for solving these nonlinear equations. 

In this analysis, the nonlinearity is treated using successive substitution. At the 

beginning of the first iteration, the flow field is set to zero and the coefficient 

matrices are computed and assembled. The global equations are solved for the field 

variables. In the second iteration, the coefficient matrices are evaluated using the 

velocity and temperature obtained in the first iteration and the assembled equations 

are solved again for new nodal values. This procedure is repeated until the flow 

field obtained at the end of two consecutive iterations differ by a small preassigned 

number.
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The convergence criterion used is given by, 

  

2 

re antl — Ap 

    

  5 < € (4.25) 

ret apt 

  

  

where An denotes the flow variable at node 1: and iteration n, N is the number of 

unknowns, and € is the convergence tolerance (say 0.01). 

To accelerate the convergence, a weighted sum of the last and current solutions 

is used: 

A =wA"+(1—w) A"! (4.26) 

where w is an acceleration parameter, 0.0 < w < 1.0. A value of w = 2/3 proved to 

give faster convergence. 

4.6 Solution of Transport Equation 

Recently Dhatt et al. [124] used pseudo-concentration method similar to the 

one proposed by Thompson et al. [45] to simulate metal flow in molds using the 

finite element method. The empty region was assumed to be filled with a fictitious 

material (air) and the movement of the interface was determined at each time step 

by solving the transport equation (3.24). The drawback of this approach is one 

needs to solve the complete domain at every time step. In this study an alternate 

approach is presented. 

During the solution of the transport equation for pseudo—concentration F cal- 

culation (Equation 3.25), the following physical and numerical constraints must be 

observed. 

1. An element can not be less than empty or more than full. O< F <1.
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2. The flow of fluid at each time step is governed by the Courant time step lim- 

itation 6t < | $F |min . Therefore fluid cannot be transported through ore than 

one element during a time step. 

3. A full element stays full only if the surrounding elements are full during a given 

time step. Since a full element is next to only other full elements and interface 

elements, the only way F can change is if a void is convected in from an adjacent 

interface element which has just become empty. 

4. An empty element remains empty if it is surrounded by other empty elements 

during a given time step. Since an empty element is adjacent to other empty 

and interface elements, the only way F can change is if fluid is convected in 

from an adjacent interface element which has just filled. 

5. An interface element can either be filling or emptying during a given time step. 

However, if an interface element becomes full during a time step, any fluid 

excess will convect to adjacent empty elements. Conversely, if an interface 

element empties, any additional void will convect to adjacent full elements. 

These constraints are similar to those originally used by Domanus et al. [53]. 

However, they defined these constraints in the context of VOF for a cell. In this 

work, the pseudo-concentration is defined at the free surface interface nodes and 

these constraints are used in determing the interface nodes. Whenever the interface 

lies in between two nodes of an element, the element is considered as an interface 

node and the interface is moved to the empty node. Thus, the accuracy of the 

interface surface depends on the size of the elements. In this study, based on 

the above mentioned constraints, only the filled and interface elements are used 

during the analysis. As a result, the stiffness coefficients are not computed for the 

empty regions. This results in considerable savings when solving three—dimensional 

problems. The value of artificial viscosity coefficient & was taken to be equal to 1.



Chapter 5 

EQUATION SOLVERS 

5.1 Preliminary Remarks 

In Chapter 2, different iterative solvers commonly used for solution of finite 

element equations were reviewed and it was found that by using element—by-element 

data structure the iterative solvers can be made more efficient. The element—by- 

element solution algorithms were succesfully use to solve a variety of problems in 

engineering practice. However, the element-—by-element solution algorithms were 

not used to solve incompressible fluid flow problems in primitive variables, especially 

using penalty function formulation. A possible explanation for this is the iterative 

solvers do not work well if the condition number of the coefficient matrices is large 

and the presence of penalty terms spoils the condition number. To overcome this an 

iterative penalty function formulation is given the previous chapter. This enables 

us to use a smaller penalty parameter and hence improve the convergence of the 

iterative solution scheme. 

The linearized set of equations (4.24) are solved using both direct and three it- 

erative solvers. For direct method we used frontal solution procedure. The frontal- 

solution algorithm is used because it is faster than most direct solvers and requires 

less core space as long as active variables can be kept in core [125] . An additional 

advantage is that no stringent node numbering scheme is needed, though an ele- 

ment numbering helps to minimize the front width. The three iterative solution 

schemes used are (i) Biorthogonal Conjugate Gradient method [67], (ii) Lanczos 

ORTHORES [67], and (iii) GMRES [100]. 

49
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5.2 Iterative Solvers: 

The itrative methods implemented and tested are all conjugate gradient-like 

methods. The conjugate gradient method for solving the system of equations can 

be interpreted as the search for the minimum of the energy E of the system. The 

energy of the system is a minimum when the residual vector r = F —KA vanishes. 

Algorithms for ORHTOMIN, ORTHORES and GMRES solvers are given below. 

5.2.1 ORTHOMIN Algorithm 

The algorithm for the bi-orthoginal conjugate gradient method (also known as 

two-term form of the steepest decent method, Lanczos/ORTHOMIN) for unsym- 

metric system of equations reads [67] as follows. 

For each nonlinear iteration n, form the linear system of equations (4.24). Given 

initial solution vector {A°} (arbitrary), compute: 

ro=F -— KA° 

P® =r? 

7° _— P? _— r°? 

Amr = A™+,P™ 

(r™F™) 
(KP™,F™) 

P™ =r™+a,P™! 

Am = 

(r™, F™) 
(rm—1 ¢m-1) 

rt! _— r™ _ AmKP”™ 

II Am 

prt = F™ _ AmK?TP™! 

where m is the ORTHOMIN iteration number and is different from the nonlinear
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iteration number n described in the previous chapter. r is the residual vector, and 

P is the projection vector. 

5.2.2 ORTHORES Algorithm 

The steps involved in the Lanczos ORTHORES solution algorithm are [67]: 

For each nonlinear iteration n, form the linear system of equations (4.24). Known 

initial solution vector A° (arbitrary), for compute: 

Att — pmtt(a™ + am+lpm) + (1 4 e™") am! 

r°=F —- KA? 

ymti — (r™,r™) 

(Kr™,F™) 

1 ;ifm=0 
m+1 _ m rt tht -1 

~~ = E — z| ;ifm>1 

prtl — gmt! (r™ _ Amt1Kr™) + (1 + pmth) pmol 

emt) _ gmt (e™ _ am+l Km) + (1 + pmti)em-t 

where m is the ORTHOMIN iteration number and is different from the nonlinear 

iteration number n described in the previous chapter. The solution is said to 

converge if ratio residuals at two consecutive inner iterations (r*/r*~! ) is less than 

the specified tolerence (say 107°). Same criterion is used for both ORTHOMIN and 

ORTHORES algorithms. 

5.2.3 GMRES Algorithm 

The third iterative solver, whose performance was investigated, uses GMRES 

solution algorithm. For an approximate solution of the form A°+z, where A® is the 

initial guess and z is a member of the Krylov space K of dimension k, the GMRES al- 

gorithm determines z such that || F—K(A°+z) || is minimized. || . || denotes the L- 

2 norm. The Krylov space is given by K = span{ A°, KA®, K?A°, KF! Ao},
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Therefore, when solving large system of equations, as the value of k increases, the 

amount of storage required also increases. This drawback can be overcome by 

employing the GMRES algorithm iteratively by using a smaller value for k and 

restarting the algorithm after every k steps. The restart version of the GMRES 

algorithm is as follows [100]. For each nonlinear iteration obtain a set of linearized 

algebraic eqautions. 

1. Start: Choose A° and compute r°? = F — KA® and v! = A®/|| A® |. 

2. Iterate: For 7 = 1,2...,& do: 

hy; = (Ku;,v,;), 1 = 1,2,...,9, 

0541 = Ku; - an hy 5%, 

hysiy =| 8j41 [| and 
Vj41 = Oj41/Ay4iy, 

3. Form the approztmate solution: 

A* = A° + Vy, where y minimizes || e — Hy ||,y € R*. 

4. Restart: 

Compute r* = F ~ KA*: check convergence; if satisfied stop, 

otherwise compute A° := A*,v, := A*/|| AF ||, and go to step 2. 

where V is a N x k matrix whose columns are L-2 orthonormal basis vectors 

{v1,V2,..-,ve}, e = {|| A° |,0,...,0} and H is the upper & x k Hessenberg 

matrix whose entries are the scalars h, ;. When using the restart version of GMRES 

algorithm, the total number of iteration m can be computed from the number of 

restarts and the dimension of k. 

5.3 Preconditioning 

The presence of the penalty terms in the momentum equations spoils the con- 

dition number of the coefficient matrices. This results in slow convergence when
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using iterative solvers. However, the convergence of the above iterative solvers can 

be improved by preconditioning the system. In this study, the system of equations 

is transformed using diagonal scaling matrix (Jacobi/Diagonal Preconditioning). 

Accordingly, the system of equations (4.24) becomes, 

KA=F 

where 

K=Ww?kwl? 

A=wW'”a 

F = WF 

where, W,,; = Kz! is a diagonal matrix. During the matrix vector multiplication, 

the element-by-element data structure is exploited and the multiplications are 

carried out at the element level and the residuals are then assembled to form the 

global vector. 

In order to determine the effectiveness of the solution method and the iterative 

solvers the results obtained using above explaind solver are compared with direct 

(frontal) solver results. All computations were carried out on an IBM 3090/200 

computer using vectorization and optimization (level 3) options during compilation. 

The findings from this numerical experiment are given in the following sections. 

5.4 Lid Driven Cavity Flow 

Here the development of isothermal Newtonian fluid flow in a three—dimensional, 

lid-driven cavity is considered. The volume of the cavity is taken to be one cubic 

cm, and due to symmetry only one-half of the domain is analyzed. The geometry 

of the domain is shown in Figure 5.1. The boundary conditions used are:
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Figure 5-1: Geometry of the lid driven cavity flow problem 
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To solve this problem, four nonuniform meshes consisting of 10 x 10 x 5,12 x 

12 x 6,14 x 14 x 7, and 16 x 16 x 8 trilinear elements were used. The pressure 

at (0.5, 0.0, 0.5) is taken to be equal to zero and is used as an essential boundary 

condition for pressure calculation. The flow was analyzed for Re = 10.0 and 100.0. 

For iterative solvers the convergence criterion for velocity and pressure calculations 

were taken to be ¢,,; = 1.0 x 107° and Epr = 1.0 x 10-3 respectively. Figure 5.2 

shows the finite element descritization of the domain for the third mesh. 

When using the restart version of GMRES algorithm, numerical experiments 

were carried out to determine the optimum value of k for the Krylov space K . 

For k less than 25, the solution did not converge in 1500 iterations for the smallest 

mesh. On the other hand, for larger values, the solution converged in less iterations 

but required larger memory. Throughout the analysis we used k = 25. 

Figure 5.3 shows the convergence of the residual for the first mesh for the first 

nonlinear iteration solution for Re = 10. It is observed that the convergence rate of 

GMRES solver shows no oscillatory behavior but is slow compared to ORTHOMIN 

and ORTHORES solvers. The number of iterations required to arrive at a con- 

verged solution for Re = 10 for each solver are given in Table 5.1. The number in 

the parenthesis denote the number of iteratations required to solve the system of 

equations for each nonlinear iteration. The numbers in parenthesis in the second 

row for each mesh represent the number of iterations for pressure calculations. 

From Table 5.1 it is clear that the number of iterations required by the GMRES 

algorithm are nearly 3.5 times more than those requred by ORTHOMIN or OR-
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Figure 5-2: Finite Element Mesh (Mesh 3) used for lid driven cavity problem
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Figure 5-8: Convergence of iterative solvers for lid driven cavity problem (Mesh 1, Re = 10)



Table 5.1. Number of iterations for different meshes and solvers 
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Mesh Elements Equations Frontal GMRES ORTHOMIN | ORTHORES 

1 500 2178 3 2 (1 580+85) 6 (313413541) B (313+137+1) 
(19 +5) (19+9+1) }(19+9+41) 

2 864 3 549 3 2 (2 472+137) p (462+243+1) B (463+245+1) 
(2446) }(24+8+4+1) |( 24+8+4+1) 

3 1 372 5 400 3 2 (3 383+165) B (600+267+1) B (600+269+1) 
(35 + 6) {29+9+1) }(29+9+4+1) 

4 2 048 7 803 3 2 (3 811+136) B (789+316+1) B (790+317+1) 
_ (44 + 6) ( 34 + 10 + 1){( 34 + 10 + 1)                
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THORES solvers for same error tolerances. This reflects in the CPU time required 

to obtain a converged solution. 

Figure 5.4 shows the CPU time requirements as a function of the number of 

elements for different solvers. From Fig. 5.4 it is clear that the frontal solver requires 

more CPU time. This is due to the fact that it is a direct solver and performs 

elimination operation which is computationally intensive. Also the convergence of 

iterative solvers depends to some extent on the initial guess. Once the solution for 

linear problem (Stokes) is obtained, it is used as the initial guess for the second 

iteration and thereon. This results in faster convergence from second iteration 

onwards for iterative solvers, as shown in the Table 5.1, because the initial guess is 

closer to the actual solution. Hence the CPU time required from second nonlinear 

iteration onwards decreases for each iteration. However, this is not true for the 

direct solvers because they require same amount of CPU time for each iteration. 

Hence the CPU time requirements for direct solvers are enormous. Figure 5.4 

also shows that the ORTHOMIN and ORTHORES require less CPU times. The 

CPU times for ORTHOMIN were slightly less than those of ORTHORES. This is 

due to the fact that the GMRES algorithm needed more iterations compared to 

the ORTHOMIN and the ORTHORES algorithms. Similar trend was observed by 

[126] for solution of convection/diffusion problems. 

The storage requirements in millions of words for all four solvers for the four 

meshes are given in Table 5.2. From this table it is clear that the storage require- 

ments for ORTHOMIN and ORTHORES are less compared to those for GMRES 

and frontal solver. The frontal solver requires a very large memory because the 

equations are stored before backsubstitution. The length of the equations depends 

on the front width. The front width for each of the mesh is given in paranthesis in 

Table 5.2. 

The accuracy of the solution is determined by comparing the solutions obtained 

by each solver. Here the comparisons are made with the frontal solver solutions.
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Table 5.2. Memory requirements (in millions of words) for various methods. 

  

  

  

  

    

Mesh Elements Equations Frontal GMRES ORTHOMIN | ORTHORES 

1 500 2178 2.702 (270) 0.822 0.715 0.719 

2 864 3 549 3.740 (354) 1.257 1.226 1.233 

3 1372 5 400 7.227 (450) 2.206 1.926 1.947 

4 2048 T 803 12.146 (558) 3.269 2.878 2.893             
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Figure 5-5: Variation of centerline velocity for Re = 10
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Figure 5-8: Velocity vectors at z =0.5 plane for lid driven cavity problem (Re = 100)
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The results obtained by using the frontal solver are compared with the analytical 

solution and other numerical solutions, and are reported in Ref. [110]. Figures 

5.5 and 5.6 show comparison of the centerline x—velocity for Re = 10 and 100 

respectively for different solvers. The results obtained using frontal, ORTHOMIN 

and ORTHORES solvers were identical. The velocity profiles for GMRES solver 

were slightly different from the frontal solver results. The velocity vectors for Re = 

10 and 100 at z = 0.5 plane are shown in Figs. 5.7 and 5.8 respectively for Mesh 3. 

The results for Re = 100 were obtained incrementally by using the flow field 

from Re = 10 solution as initial solution and Mesh 3. The CPU times are given in 

Table 5.3. The difference in the CPU times for Re = 100 and Re = 10 solutions 

gives the time used for Re = 100 solution calculations. From the results shown 

in Table 5.3. it is clear that the iterative solvers converge much faster and need 

less CPU time because of a good estimate of the initial guess before starting next 

Reynolds number flow field calcualtions. 

From this analysis it is clear that both ORTHOMIN and ORTHORES solvers 

using element—by-element data structure are superior than GMRES and frontal 

solvers. 

5.5 Flow in a Square Contraction 

As a second test, flow of isothermal Newtonian fluid through a 7:1 square con- 

traction is analyzed. The geometry and boundary conditions are shown in Fig. 

5.9. Fluid is assumed to enter with an uniform velocity of 1 cm/s. and zero slip 

boundary condition is imposed at the walls. Due to the symmetry, only a fourth of 

the doamin is analyzed. Along the symmetry faces zero normal velocity boundary 

condition is imposed. At the exit, zero normal stress boundary condition is spec- 

ified. This amounts to specifying zero pressure at the exit. Two different meshes 

are used to solve the problem and the CPU times in seconds are presented in Table 

5.4.
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Table 5.3. Comparison of CPU times taken by various methods. 

  

  

  

  

S. No. Re. No. Frontal GMRES ORTHOMIN | ORTHORES 

1 10 2 345 860 338 341 

2 10 and 100 5 489 1 046 619 626              
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Figure 5-9: Finite element mesh for 7:1 square contraction



  

69 

Table 5.4. Comparison of CPU times for various solvers. 

  

  

  

Mesh Elements Equations Frontal GMRES ORTHOMIN |ORTHORES 

1 656 2 955 5 046 811 685 691 

2 2328 9 183 42 482° 4513 3 824 3 845               

* (Approximate time) 
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Figure 5-11: Pressure contours for 7:1 square contraction flow problem
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The velocity vectors and the pressure contours are given in Figs. 5.10 and 5.11 

respectively. These results are for the smaller mesh and are obtained using EBE- 

ORTHOMIN solver. The centerline axial velocity and pressure for different solvers 

are plotted in Figs. 5.12 and 5.13 respectively. As expected, the axial velocity 

increases as the flow approaches the contraction and reaches maximum soon after 

it leaves the contraction. The oscillations in the velocity in the region close to the 

inlet are attributed to numerical instabilities due to the use of a coarse mesh. These 

oscilations were not so severe for the fine mesh. The pressure remains uniform in 

the inlet region and drops as the fluid reaches the contraction. Once the fluid exits 

the contraction, the slope of the pressure curve changes and drops further. 

5.6 Thermal Cavity Problem 

From the above two test cases it is clear that of the four different solvers tested, 

ORTHOMIN and ORTHORES required less storage and CPU time compared to 

frontal solver and GMRES solver. Also the solutions were found to be accurate. 

Furthermore, ORTHOMIN requires least storage and less CPU time. As a last 

problem, we analyze the flow inside a thermal cavity using the ORTHOMIN solver. 

The geometry of the domain and the boundary conditions are given in Fig. 5.14. 

Here the top and bottom walls are insulated so also is the wall at z = 0.0. The ver- 

tical walls at x = 0.0 and 1.0 are held at temperatures -1.0 and 1.0 respectively. At 

the symmetry plane, adiabatic boundary conditions are imposed. No slip bound- 

ary conditions are imposed at all walls and zero normal velocity is applied at the 

symmetry plane. Here the flow occurs due to the natural convection between the 

hot and cold walls. 

The temperature contours and for Rayleigh numbers 200 and 1000 are given in 

Figures 5.15 and 5.16 respectively. The velocity vectors at the plane of symmetry 

are given in Figures 5.17 and, 5.18 respectively for both Rayleigh numbers. Cou- 

pled momentum and energy equations were solved using EBE-ORTHOMIN with



75 

     

    

  

    

  

  

YA 

(0,1,0) 

(also for back face, bos} 

(0,1,0.9) . 
Weve el 

U=VEWw=0 - oye 

T=-1.0 Ww =O \ 

(0,C,0) 

(Poo SD 

UZVEWEC 

(C,C,C.5; 

NJ
 

Figure 5-14: Geometry and boundary conditions for thermal cavity problem.
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Figure 5-15: Temperature contours for thermal cavity problem (Ra = 200)
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Figure 5-16: Temperature contours for thermal cavity problem (Ra = 1000)
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Figure 5-17: Velocity vectors at z = 0.5 plane for thermal cavity problem (Ra = 200)
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Figure 5-18: Velocity vectors at z = 0.5 plane for thermal cavity problem (Ra = 1000)
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diagonal preconditioning. The CPU time for this problem was 559 s. and 832 s. 

respectively for Rayleigh numbers 200 and 1 000 From Fig. 5.16 it can be seen that 

due to the convection the temperature of the fluid increases inside the region. 

5.7 Closure 

An element—by-—element solution algorithm based on the iterative penalty fi- 

nite element model of coupled fluid flow and heat transfer problems is presented. 

Performance of three different iterative solvers using the element—by-—element data 

structure are evaluated along with direct solver. 

The value of the penalty parameter was found to have an effect on convergence 

of the iterative solvers and the use of iterative penalty method resulted in fast 

convergence. GMRES method converged very slowly for smaller Krylov spaces. 

The iterative methods required less storage and took less CPU time to converge. 

The GMRES solution was less accurate even for large Krylov space k = 25. Both 

ORTHOMIN and ORTHORES were found to be the efficient solvers. The conver- 

gence rate of the iterative methods can be further improved by using multi-level 

preconditioning.



Chapter 6 

RESULTS AND DISCUSSION 

6.1 Preliminary Remarks 

In this chapter few problems involving casting, extrusion and forming processes 

are presented. The situations presented in many test cases are commonly encoun- 

tered in engineering practice and are of greater interest in manufacturing industries. 

The test cases are analyzed using the computer program developed based on the 

finite element formulation given in previous chapters. In Chapter 5, the accuracy 

and efficiency of the iterative solution algorithm was established. Also in Chapter 

5, in selecting the test cases, existence of previous numerical solutions was the main 

cirteria. In order to demonstrate various capabilities of the formulation, different 

problems related to simulation of three-dimensional casting, extrusion and forming 

processes are solved in this chapter. 

6.2 Solidification Analysis 

6.2.1 Stefan Problem 

In order to verify the method of calculation of phase change front and the tech- 

nique used to include the effects of latent heat release, a one-dimensional Stefan 

problem was considered. Here a uniform infinite slab of liquid is considered initially 

at zero temperature. At time t = 0, the temperature one face is lowered to a tem- 

perature below the solidification temperature causing the solid front to propagate 

into the material. The geometry and boundary conditions for the problem are given 

Figure 6.1. It is required to determine the location of the phase change front at 

81
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different times. Due to the simplicity of the problem, this problem was considered 

earlier by, Morgan [12], Gartling [36], Comini et al [11]. Analytical solution for 

these problem is given by Carslaw and Jeager [25]. 

In the analysis, it is assumed that the heat transfer in y- and z- directions are 

negligible and solid front moves only in x- direction. The problem is modeled by 

discretizing the doamin into 64 tri-linear elements (260) nodes in x-direction. The 

material properties used are: 
k = 1.08 

Cy = 1.0 

L = 70.26 

p=1l 

T, = —2.15 

T; = —0.15 

As mentioned in Chapter 2, when using effective heat capacitance method to analyze 

phase change problems, the time step chosen should be such that each node sees the 

effects of latent heat transfer. A time step of At = 0.01 s. is used in the analysis. 

When smaller time steps are used, the phase front falls between the nodes. On the 

other hand, for larger time steps, some nodes will not see the effects of latent heat 

release. To avoid these difficulties an enthalpy formulation (see Voller [37|) is used. 

The analytical solution for the motion of the phase boundary is given by: 

t= 2BVat (6.1) 

where a is the diffusivity of the material, and @ is given by, 

B.exp(B").erf 8 = (T; — Tens)Cp/LV* 

In Figure 6.2 the motion of the phase boundary is plotted versus time. The finite 

element analysis results are compared with the analytical solution and are shown 

to be quite accurate.
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6.2.2 Phase Change in a Cavity 

In order to determine the accuracy of the numerical method in simulating the 

effects of convection during phase change, the problem of solidification in a square 

cavity due to the presence of bouyancy forces, which results in the fluid motion and 

convective transport of energy, is analyzed. In solving such problems, the difficulty 

arise in calculation of phase change and satisfying boundary conditions at the phase 

interface. In Chapter 2, it was expalained that these drawbacks can be overcome 

by using enthalpy — porosity formulation. When using the enthalpy-—porosity for- 

mulation, the condition that the velocities in solid region are zero is enforced by 

modeling the mushy region as a porous material. Porosity of the material decreases 

with the temperature, thereby enforcing the D’Arcy’s law. This is achieved by the 

presence of additional source terms in the momentum equation (see Chapter 3 for 

details). 

Here a solidiifcation of a fluid in square cavity in the presence of convection 

effects is analyzed. The fluid is initially at temperature T = 0.5. At time t = 0, 

the left face of the cavity is lowered to a temperature (T = -0.5) below the phase 

change temperature (T = 0). The geometry and boundary conditions are given in 

Figure 6.3. The material properties used are: 

p= 1.0 k = 0.001 

Cy = 1.0 w= 1.0 

@=1.0x 107? L=5.0 

T, = -0.1 T; = +0.1 

K, = 200.0 fm" = 0.01 

g, = 1000.0 At= 10s. 

The Rayleigh number of the flow is equal to 10*. The presence of the Boussinesq 

terms in the momentum equation and the convective terms in the energy equation
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Figure 6-3: Geometry and boundary conditions for phase change in a cavity
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induce natural convection. It is required to determine the effect of convection on 

solidification and also determine the accuracy of the porosity method for modeling 

the flow in mushy and solid regions. 

The permeability of the mushy region is calculated using Kozeny—Carman equa- 

tion (3.22). From equation (3.22) it can be seen that, in the solidus region, the liquid 

fraction is equal to zero. This causes numerical difficulties as the permeability term 

appears in the denominator of the D’Arcy’s terms. This singularity is avoided by 

using a cut-off value for liquid fraction such that when the liquid fraction goes below 

the predefined cut-off value, the cut-off value is used to calculate the permeability. 

The nature of the flow in mushy region is sensitive to the cut-off value. This in turn 

determines the flow in the liquid region. The value of the permeability coefficient 

(K,) should be small enough to allow the flow of liquid in the mushy region for 

low local solid fraction. On the other hand, for larger values of local solid fraction, 

the limiting value of permeability (K) should be large enough to suppress the fluid 

velocities in the solid [37]. The flow doamin is discretized into a finite element mesh 

of 400 elements and 882 nodes. Heat transfer in z-direction is neglected. 

The liquidus and solidus temperatures are 0.1 and -0.1 respectively. This defines 

the mushy region. The cut-off liquid fraction for calculation of limiting value of 

permeability is taken to be equal to 0.01 and a value of 200 is used for permeability 

coefficient. The liquid fraction is assumed to vary linearly in the mushy region. A 

constant time step of 10 seconds is used in the analysis. Figures 6.4 and 6.5 show 

the velocity vectors at time t = 100 and 200 seconds respectively. Figures 6.6 and 

6.7 show the temperature contours time t = 100 and 200 seconds respectively. The 

solidus line shows a small deformation due to convection. The liquidus line shows 

a pronounced bulge along the lower wall. This is due to the effect of convection in 

the mushy region. The convection results in increase of the heat loss in the lower 

region and hence the mushy region is larger. Similarly, the fluid returning from the 

hot surface produces a reverse effect and decreases the mushy region in the upper
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Figure 6-4: Velocity vectors during solidification at time ¢ = 100 s.
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Figure 6-5: Velocity vectors during solidification at time t = 200 s.
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Figure 6-6: Temperature contours during solidification at time t = 100 s.
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Figure 6-7: Temperature contours during solidification at time ¢ = 200 s.
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region. This is confirmed by the analysis. When a smaller cut-off value is used, due 

to a very small mushy zone, the transport of fluid in the mushy region is negligible. 

Smaller limiting value for permeability resulted in numerical difficulties and posed 

convergence problems. 

6.2.3 Solidification of a T-section 

In order to include three-dimensional effects, solidification of aluminum alloy 

in a T-mold is analyzed. Due to symmetry about x- and y- axes, only a quarter of 

the domain is analyzed. Figure 6.8 shows the T-section geometry with boundary 

conditions. In this analysis the mold is not modeled. The mold—metal interface if 

held at a constant temperature of 300 K. The top surface is exposed to atmosphere 

and surface convection heat transfer occurs. The intial temperature of the molten 

metal is equal to 930 K. The material properties and other parameters used are: 

p = 2700 kg m~? 

k=168W m! kK"! 

Cp = 1066 J Kg"! K™! 

0.23 kg m~! 5-1 

B=1.0x 107? kK"! 

L = 3.95 x 10° J Kg'~ 

T, = 850 K 

T, = 930 K 

K, = 100.0m~? 

ff" = 0.001 

8, = —9.81 m s? 

At=l1s. 

kh. =8.5W m? kK"!
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Figure 6-8: Schematic diagram of T-cast with boundary conditions.
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The viscosity of liquid aluminum is taken to be 100 times the actual value. This 

is done to stabilize the solution process. The finite element mesh used is given in 

Figure 6.9. The finite element mesh consists of 910 trilinear elements and 1323 

nodes. Figure 6.10 shows the variation of temperature at nodes 58 and 396 with 

time. Temperature contours at t = 1, 2, 5 and 10 seconds are given in Figures 

6.11 — 6.14 respectively. The temperature contours show the approximate location 

of solid front. Figure 6.13 shows that the material is completely solidified. As 

expected, the location of the hot spot (region to solidify at the end) is at the planes 

of symmetry and is at the top surface. The temperature distribution at the end of 

solidification analysis can be used to determine the thermal stresses which can be 

used to compute the warpage of the part. Also the stress distribution can be used 

to identify if the hot spot eventually results in internal void formation. Figures 6.15 

and 6.16 show the velocity vectors at t = 1 and 2 seconds respectively. Due to the 

coarseness of the mesh used in the analysis, the velocity vectors are unrealisitic. 

The magnitude of the largest vector was of the order 1.0 x 10-°m/s. This shows 

that the effect of convection is negligible and the velocity field does not show any 

significant physical behavior. Another possible reason for this type of velocity field 

is large changes in permeability and the inability of the coarse mesh to resolve 

approximate these accurately. However, by using a finer mesh, a realistic velocity 

field can be achieved. This is shown in previous example. 

6.2.4 Continuous Casting Analysis 

Continuous casting is an important process in manufacturing of ingots. Su- 

perheated liquid metal is poured into the mold container to which an open ended 

mold is attached. The mold is colled by by water so that the liquid metal cools 

and a thin solid shell is formed. The metal coming out of the mold is cooled by 

spraying of water to complete solidification. The resulting solidified ingot is pulled 

by rollers at steady casting speed. A schematic diagram of continuous casting pro- 

cess is shown in Figure 6.17 The casting process depends on different parameters
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Figure 6-9: Finite element mesh for the T-cast
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Figure 6-10: Temperature variation at nodes 58 and 396 during solidification
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Figure 6-11: Temperature contours at time ¢t = 1 s. 
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Figure 6-12: Temperature contours at time t = 2 s.
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Figure 6-15: Velocity vectors at time ¢ = 1 s.
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Figure 6-16: Velocity vectors at time t
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such as the mold length, heat transfer between the mold and metal, extent of spray 

cooling, casting speed, shape of the mold and radiation heat transfer between the 

cast and atmosphere. Previous work [127 — 130] in continuous casting of metals was 

mainly confined solution of the energy equation to determine the temperature field. 

However, the effect of convection in the liquidus region plays an important role in 

solidification processes. Here the effect of casting speed on continuous casting of 

aluminum alloy is studied. 

A 10cm x 10cm square ingot is cast in a mold of length 5 cm. The effect of 

cast speed on temperature distribution and solidification are analyzed over a length 

of 30 cm after the cast leaves the mold. Due to bi-axial symmetry only a quarter 

of the cross-section is analyzed. The finite element mesh used is given in Figure 

6.18. The finite element consists of 1116 trilinear elements and 1568 nodes. The 

material properties and other variables are given below. 

p = 2700 kg m~? 

k =168W m! kK" 

Cy = 1066 J Kg"! K7! 

u = 0.23 kg m7! 5-1 

8 =1.0x 107° K7! 

L = 3.95 x 10° J Kg!~ 

T, = 850 K 

T,; = 930 K 

K, = 100.0m~? 

ff" = 0.001 

gy = —9.81 m s? 

hy = 1.465 x 10° W m7? K7! 

The aim of this test is to investigate the capabilities of the program to simulate 

steady state phase change analysis problems. After few intital seconds of casting
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Figure 6-17: Schematic diagram of continuous casting process.



105 

 
 

Figure 6-18: Finite element mesh for continuous casting of a square bar.
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processes, where the operation is unsteady, the continuous casting process can be 

considered to be a steady state process. The equations used in this analysis are same 

as those given in Chapter 3. The main difference is that the transient terms are 

neglected and in the mushy and solid regions the relative velocity of the cast is equal 

to the cast speed. Three different cast speeds (5 mm/s, 1 mm/s and 0.1 mm/s) are 

used. The viscosity of the molten metal is taken to be 100 times the actual value. 

Figure 6.19 shows the temperature distributions at the centerline and the outside 

corner of the ingot for these speeds. Form this figure, it is clear that, for the given 

material properties, the results for the highest speed the metal does not solidify 

even within the considered domain. In the case of the casting with cast speed of 1 

mm/s, the material is not solidifed at the exit of the mold. However, it solidifies 

downstream at approximatly 15 cm. These two solutions are not acceptable in 

real casting process as the material coming out of the mold should form a shell 

inorder to maintain its shape. At the lowest speed analyzed (0.1 mm/s.), material 

solidifies within the mold and forms a shell. This is an acceptable solution. Velocity 

vectors for the intermediate speed are given in Figure 6.20 From this figure, it can 

be noticed that in the core region the velocities are large. Temperature contours 

for the same speed are given in Figure 6.21. 

6.3 Mold Filling Analysis 

Mold filling is an important part of casting process. Correct simulation of metal 

flow in the molds is essential in numerical analysis of solidifcation process. In this 

section, the metal-air interface determination method explained in Chapter 3 is 

used to solve two simple problems. The objective of this analysis is to verify the 

capability of the solution algorithm to handle this class of problems. The difficulty 

in these problems is that at a given time only part (filled and interface regions) 

domain is used in the analysis. In the first test flow between paralle plates is 

analyzed and the second test case is slightly complicated in that three—dimensional
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effects dominate. 

6.3.1 Vertical Cavity Filling 

In this test case flow of molten materia] in a cavity formed between two vertical 

plates is analyzed. The flow of the material is due to the gravitational force. The 

dimensions of the computational domain are given in Figure 6.22. A finite element 

mesh of 200 elements and 462 nodes is used to descritize the doamin. The properties 

of the fluid used are: p = 16/cm*; u = 0.5g/ms. The velocity of the incoming fluid 

is taken to be 0.01 cm/s. The solution algorithm requires part of the region be filled 

at the start of the calculation. The initially filled region is shown in Figure 6.22. 

The velocity boundary conditions at the side walls is such that the normal velocities 

are zero and there is full slip at the wall in the flow direction. However, in reality 

friction at the wall is important and it should be considered in the analysis. At 

the free surface the normal stresses are negligible. While calculating the pressure 

distribution from equation (4.20), it is required to specify pressure as an essential 

boundary condition over the portion of the boundary. Here the pressure is set equal 

to zero at the metal—air interface. 

Figures 6.23 —- 6.25 show the pressure contours at times t = 66.67 s., 216.65 

s., and 330.03 s. The mold was completly filled after 330.03 seconds. The time 

required to fill is large. This is due to slower rate of filling represented by the small 

value for inlet velocity. The front position for corresponding time steps is shown in 

Figures 6.26 — 6.28 respectively. From Figures 6.23 —- 6.26 it can be seen that the 

range of the pressure is different for different time steps. This is due to the pressure 

boundary condition (zero pressure at the interface) used. The pressure contours 

represent the pressure drop for the given length for each time step. However, when 

pressure, instead of velocity, is specified at the inlet the solution obtained will be 

different.
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Figure 6-22: Geometry and boundary condition for vertical filling problem
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Figure 6-24: Pressure contours for vertical filling at time ¢ = 216.65 s.
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Figure 6-25: Pressure contours for vertical filling at time t = 330.03 s.
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Figure 6-26: Front position for vertical filling at time t = 66.67 s.



116 

    
Front location 

Figure 6-27: Front position for vertical filling at time t = 216.65 s.
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Figure 6-28: Front position for vertical filling at time t = 330.08 s.
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6.3.2 Simulation of Square Cavity Filling 

In this test case flow filling of a squate cavity is analyzed. This test case is 

similar to the situations encountered in casting industries. Liquid metal entering 

a square cavity through the runner is analyzed. The geometry of the domain is 

shown in Figure 6.29. The finite element mesh used to descritize the domain is 

shown in Figure 6.30. Due to symmetry about y— axis, only one half of the domain 

is analyzed. boundary conditions at the wall are the velocity normal velocity is 

zero and full slip is allowed in tangential directions. At (y = ymaz), the sufrace is 

left free (zero normal stresses) and the surface tension is assumed to be negligible. 

Gravity is taken to be acting in downward direction along y— axis. 

The velocity of liquid entering the runner is taken to be equal to 0.1 cm/s. The 

pressure contours at times t = 11.54 s., 21.19 s., and 31.67 s., are given in Figures 

6.31 -— 6.33 respectively. The front position at times ¢t = 11.54 s. and 21.91 s. are 

shown in Figures 6.34 and 6.35 respectively. The calculated fill times are large. 

However, for the specified velocities, they are reasonable. When using larger flow 

rates, one need to use a fine mesh also the boundary conditions at the wall should 

be modified to account for friction. 

6.4 Extrusion and Forming Analysis 

In previous sections, it was shown that the iterative solution algorithm is suit- 

able to analyze different solidification problems. In Chapter 5 it was shown that the 

solution scheme predicts accurate pressures and stresses. However, in the problems 

solved the material properties were for that of fictitious material. In this section 

the solution scheme is used to analyze extrusion and forming of aluminum alloy 

using flow formulation. The main difficulty in solving such problems lies in the fact 

that the temperature dependent viscosity is a very large number and will result ina 

coefficient matrix with large condition number. Visco—plastic constitutive relation
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Figure 6-29: Geometry and boundary condition for square cavity filling problem
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Figure 6-30: Finite element mesh for square cavity filling problem
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Figure 6-31: Pressure contours for square cavity filling at time ¢ = 11.54 s.
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ship (Equation (3.13)) is used to model the viscosity. Viscosity is relationship is 

similar to that used by Zienkiewicz [59]. However, in reality, the viscosity depends 

on the internal variable which determines the micro—hardness of the material [131] 

and [132]. By assuming the variation of internal variable is negligible, the material 

deformation and temperature distribution can be modeled reasonably accurately. 

Accordingly, the relationship for viscosity calculations is given below. Rewriting 

Equation (3.15), 

n= = (3.15) 

o= ~si ho" |(Z/a)""] (6.2) 

7 = eel Q/RT) (6.3) 

where a, A,n, and Q are constitutive constants, R is the universal gas constant. 

6.4.1 Extrusion Analysis 

Extrusion of aluminum bar of square cross section is analyzed. The dimensions, 

boundary conditions and the finite element mesh are given in Figure 6.36 Properties 

of 6000 series aluminum alloy are taken from 131]. 

p = 2700 Kg m8 

k=173W m7! K7! 

C,=1130 J Kg"! kK" 

3 

= 201327 J mol7! 2
)
 

n= 5.8 

R=8.311J Kg"! kK" 

A = 3.75 x 10!® 57! 

a = 0.0156 MPa™!
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Figure 6-36: Finite element mesh for extrusion of aluminum rod.
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The inlet area of cross section of the billet is 225 square cm. The reduction in area of 

the product is 9. The billet is pushed at a constant velocity of 0.1 cm/s. and the inlet 

temperature of the metal is 645 K. The container wall and the die face are friction 

less. Heat transfer coefficient at the product surface is assumed to be negligible. 

Figure 6.37 shows the axial velocity distribution along the centerline. It can be seen 

that the velocity of the metal increases as it approaches the die where it reaches the 

maximum before becoming uniform at slightly lower velocity in the product region. 

The reason for the presence of sharp rise is due to numerical singularity at the die 

lip. Centerline temperature and pressure distributions are given in Figures 6.38 

and 39 respectively. The temperature of the material increases as it approaches 

the die and reaches maximum value at the die exit. The temperature remains at 

the maximum value in the product region. The increase in temperature is due the 

dissipatition of heat in the process region (near the die face) as a result of increase 

in velocities and velocity gradients. The slope of the pressure drop curve changes on 

both sides of the process region. Similar behavior is observed for the temperature 

profile. Total pressure drop is equal to 46 MN/m. Hence the ram force required 

for extrusion is equal to 0.107 N. 

6.4.2 Forming Analysis 

This process is also known as hot rolling. A typical example of this process is 

the pulling of cast in continuous casting process. Important factors in designing 

the equipment are the force required to pull the metal, pressure distribution on the 

rolls which in turn can be used to determine forces acting and bending moment 

on the roller shaft. Also important are the temperature distribution during rolling 

operation. The geometry and boundary conditions are given in Figure 6.40 The 

finite element mesh used to discretize the problem is shown in Figure 6.41. The 

sheet is pulled by the rotating rollers. As the rollers pull the metal, the metal is 

also compressed. The thickness of the product depends on the gap between the 

rollers. Friction plays an important part at the sheet-roller interface. The rollers
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are cooled by sending water through the holes drilled in them. 

The material properties used in extrusion analyss are also used here. The 

temperature of incoming sheet is maintained at 700 K. The role velocity is 25 

cm/s. Heat transfer coefficients at the sheet—air and sheet-roll interface are 30.628 

W m~? K-! and 300.25 W m~? K7—! respectively. Axial velocity distribution at the 

centerline is given in Figure 6.42. Axial velocity at the inlet is obtained such that 

conservation of mass is satisfied. The velocity of the metal increases in the process 

region and maintains the exit velocity after it exit the rollers. Oscillations in the 

velocity solutions are observed near the two singular points (at the entrance and 

exit of the rollers). Velocity vectors are given in Figure 6.43. Centerline pressure 

distribution is given Figure 6.44. The pressure increases as it enters the process 

region. Pressure reaches its maximum close to the center of the roller and eventually 

drops to atmospheric value in the product region. Figure 6.45 shows the pressure 

contours. Centerline temperature distribution is shown in Figure 6.46. The raise in 

temperature due to deformation of the material is not very large because of the heat 

transfer at the sheet-air and sheet-roller interfaces. Also the reduction in thickness 

is small. Temperature contours for the forming process are given in Figure 6.47
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Figure 6-40: Schematic disgram for sheet metal forming analysis.
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Figure 6-41: Finite element mesh for sheet metal forming analysis.
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Figure 6-45: Pressure contours for sheet metal forming.
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Chapter 7 

CONCLUSIONS 

In the present work, an element—by element iterative solution algorithm for 

numerical simulation of incompressible fluid flows using iterative penalty finite el- 

ement model is developed. The efficiency of the solution scheme is investigated 

by solving several problems and comparing the results with those obtained using 

direct solver (frontal). Also the iterative penalty finite element model is extended 

to analyze casting, extrusion and forming processes. The developed model is tested 

to solve a few model problems involving these processes. Based on the analysis, 

following conclusions are drawn. 

7.1 Equation Solvers 

The savings in CPU time and memory requirements are considerable even 

when using small meshes and the saving realized for larger problems are enormous. 

Thereby enabling the use of the present algorithm for solution of large problems 

(nearly 10,000 equations) on present day work stations without any data trasfer to 

and from the disk. 

Since the element—by-—element algorithm uses iterative method to solve the sys- 

tem of equations, three different iterative schemes (ORTHOMIN, ORTHORES and 

GMRES) were used to solve the system of equations in order to determine their eff- 

ciency in solving a system of equations obtained using penalty finite element model. 

GMRES method required slighlty higher memory compared to ORTHOMIN and 

ORTHORES. All three methods required less memory than that needed for frontal 

solver. The CPU times for ORTHOMIN and ORTHORES methods were almost 

identical and were lower than the GMRES and frontal solver. In all cases the CPU 

141



142 

times for iterative solvers were lower than the direct solver CPU times. The con- 

vergence of the iterative solvers improves after every iteration because the guessed 

solution is closer to the actual solution. On the other hand, in the case of direct 

solver, each iteration requires same amount of time. 

The elements of the coefficient matrices generated during the analysis of cast- 

ing, extrusion and forming processes are large, as a result the condition number 

of the coefficient matrix becomes very large. Iterative methods work well if the 

condition number is close to unity. This problem was overcome by using diagonal 

preconditioning. However, in the case of solidification analysis, when using a very 

small value for permeability in the mushy and solid region, the solution was not 

stable. 

The pressure calculation scheme used in this solution method was found to 

produce smooth pressure field with out any oscillations. For small values of penalty 

parameter, yp < ux 107, more number of nonlinear iterations was required to satisfy 

convergence criterion. On the other hand, for large value of penalty parameter, 

Yp > uw x 10°, the number of conjugate gradient iterations required with in each 

nonlinear iteration increased. This is beacuse of large condition number of the 

coefficient matrix. 

7.2 Casting, Forming and Extrusion Analysis 

The enthalpy-posority approach is used for phase change analysis problems. 

The solution method is found to be sensitive to the values of premeability coef- 

ficient and liquid fraction cut-off values. This is attributed to the coarse meshes 

used and a narrow solidifying temperature zone. These two factors result in im- 

proper treatment of the latent heat release boundary condition at the interface. 

The porosity approach used for determing the flow field in the mushy region force 

the velocities to zero in the solid regions. This method works similar to the sur- 

face convection boundary condition in the energy equation. For small values of the
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permeability the zero velocity boundary condition is satisfied more accurately. On 

the other hand, when using small values for permeability, the effect of convection 

becomes negligible. The results given in previous chapter aslo show this behavior. 

This problem can be overcome by using accurate values for both permebility coeffi- 

cient and the liquid fraction cut-off values. Such data can be available from doing 

experiments on simple geometries. 

In the case of continuous casting process, the effect of cast speed is studied. It 

was found that for a given set of boundary conditions and other parameters, the 

solidification of the melt coming out of the mold depends on the cast speed. In the 

mold filling analysis, it was found that the proposed method of solving only the 

filled and interface regions requires less CPU time because the complete domain 

(full, interface and empty regions) are not analyzed at every time step. This results 

in a smaller domain at the initial time steps. This method also eliminates the use 

of fictitious material in empty regions. 

In extrusion and forming analysis, the pressure calculation scheme was found 

to predict realistic pressure distribution. This is helpful in the design of extrusion 

dies and roller supports for forming processes. Also the viscoplastic constitutive 

relation did not cause any numerical instabilities due to the presence of very large 

numbers in the viscosity relations. 

7.3 Recommendations 

In the case of mold filling analysis, a suitable turbulence model need to be 

added to the model to predict the fluid flow and heat transfer inside the mold more 

accurately. Also the effect of friction at the walls need to be investigated. 

A possible extension of this work involves implementation of a method for de- 

termining the interface of the outer diameter of the core and inner diameter of the 

sleeve during bimetallic extrusion. This additional feature will also be useful in 

coextrusion of polymers.
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By implementing appropriate latent heat release mechanism and variation of 

material properties during solidification, the developed finite element model can be 

used in the simulation of fiber spinning processes. The model can be also used to 

simulate the melting, and flow of polymers in extruders. 

The element—by—element solution algorithm can be made more efficient by us- 

ing multilevel preconditioning. By performing the element operations in parallel 

on a series of processors, very large problems can be solved cost-effectively. The 

penalty finite element method along with the element—by-element solution algo- 

rithm developed in this work can be used to solve a variety of problems enountered 

in manufacturing industries.
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APPENDIX 

STREAMWISE UPWINDING 

During the mold filling analysis, the liquid—air interface is located by solving an 

extra transport equation. The interface is defined by a pseudo-concentration value 

F . Rewriting the equation governing the pseudo-concentration (3.24), 

OF 
= VF = _ a + U F=0 (A — 1) 

Since the transport equation is purely convective, it has to be solved using stream- 

line diffusion method [115] by introducing an artificial difffusion term into the equa- 

tion. This is required to eliminate oscillations in the solution. Adding artificial] 

diffusion terms. 

hh. 
a +u.VF — suv A (0.0) = 0 (A — 2) 

where 7 is the upwinding coefficient 0 < f@ < 2, || u || is the resultant velocity at 

nodes and h, is the length in flow direction and is given by: 

  h, = |h.— 
| u || 

h = Ari+ Ayj + Azk 

where Az, Ay,andAz are the element lengths in z, y, and z directions respectively 

as shown in Figure Al. Also in Equation (A-2), TaT:™ is the streamwise derivative. 

The weak form for Equation (A-2) is given by, 

  

OF 1 ph, 0= | (F + vr \6F + su. vor: 7 (u.vF)] \axdyd 

- [ipa Bhs (u.0F)| bas (A - 3) 
u J lal 

  

Over a typical element 0°, F is interploated as, 
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| Ax | 

Figure A-1 Element length in x-, y- and z-directions.
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F(z, y, z, t) = (t)e,(z, y, 2) (A — 4) 

E
M
 

Substituting equations (A-4) into equation (A-3), we obtain 

M°F* + K°F° =F (A — 5) 

where, 

e yp OY; Ov; 
M;; = fe fa +A (a5 + ¥— + woe) |axayas 

Ox Oy 

e OW; Aa OV; 20; Ov; yr ahi Ov; 

= [ef (agers Oy On + Aju Ox Ox ‘Oy dy 

    
tw 29V; Ov; Suv (= Ov; + Ou; oe) + vw (= OV; 4 Ov; ao 

Oz On Ox Oy Oy Ox Oy Oz Oz OY 

OY; 0%; Ap, au; 
+wu (ZS Ox r Ox =) | 
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MATRIX COEFFICIENTS 

_ Ov; Ov; Ov; i OW; t= foe hip te +oSt +a | dxdye +f 75 ol axdyda 

  + [og (an 28 28a + n 282. 28 2 ow; \dxdyd 13x Ox Oy Oy Oz Oz sas) xayc7 

OW; OY; a Oy; 12 Opi OV; i OV; K! [ on ( a )axayae + Ie 1 Fe Gir dxdyda 

  

OW; OV; [7 Bi oes ig att) j Kj; Ie 7 ( as On et | axayas + 3 — dxdydz 

Kis = be PSx Vi~;dxdydz 

Ow, OW; = Ow, 21 t J awry K} = [ n{ es andy +67 ~ dxdy dz 

22 Ov; Oy; Ov; ~ OW; K? =f v.0(a Bit eGt tw tJaxdyde + [95 Gilaxdyde 

+ fog (02228 4 my 2828s, 28 Swit; \dxdyd dx ax ay Oy "On an cb; Jaxdyd 

OW, OW; OY; OY; 23 _ wr) por) KS; fen (s 2 dy 32  axay dz foe y— dy Oz dxdydz 

Ki} = [ o By Vit dxdydz 

Oy, OV; [er Ow, Ov; 
31 _ —t 7) + a. —t K =[. n ( Dx Oz ) aay a dxdydz 

Ov, Ow, [er oe Ov; 
K [ " (= ay Oz 2 axaya + dxdydz
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_ OW; _ On; fer Ovi Ov; 
P=] v0 (a +958 + Ww) axdyds + ce) On Oz ——dxdydz 

  

1 ( OY; Ov; 1 Oi OY) 4 Vi OY; ” A. On n By Oy 7—— 55 On + Sei) dxdyd 

= [, o P82 vivjdxdydz 

_ soe dy; (du | av 
7. ~ Ire np ‘a +h BS tas 

ae) dt Ow 
oe) |axayae 

O oi OV ava 

=~ from wt (S45 + ay 
Oy Ox Oy 

Oy; (Av aw 
+ Viz a(S + oe | jaxaya 

_ Oy, (OU Ow) dy, [AV | Ow 
= - foe n| Se (B+ SB) we (+S) 

+ au = dxdydz 

_ Ovy OPT, gy OY) 
= fre {cvs (3 ax ay «ws 

OW, Ov; OY, OY; AY; Ad; 

+i(Z ax * dy dy ' dn az | fey” 

n oP 
= be V; (fr + &xToo — “P| axayae + he witnds 
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F?2 =| wv, | fg + g7zTo - apt dxd dz +f w,t? ds i ge © zt Bz1la a y re itn 

OAH OAH OAH OAH Fis / Ct 9 w dxdyd } td i 2 2 + P| Fy + a + Dy + 5a) axaya + re Vitnds 

Mi = I py; wj;dxdydz ; Mi; =0 kFl 

M? = [ _ PviWydxdydz ,  M#=0 k#2 

M3? = [ _ PUidjdxdydz ,  M#=0 k#3 

44 4k 
M;; = be Cypy,v;dxdydz ; M; =O k x 4 

where i, ¥, and W are the known velocities from previous nonlinear iteration. 

M!! M??2 M!}3 M!4 ih K! K!? K!3 Ki4 u F! 

M2! M22 M23 M24 Vv K?! K2 K23 K*4 Vv FF’ 

M?! M22 M23 M4 Ww + K?! K*? K*3 K34 Ww = F? 

M24! M?2 M4 M “4 T K?! K?? K*# K*4 T FA
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