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(ABSTRACT) 

A criterion using rigid-body modes to verify the conservation of mass inertias is pre- 

sented. Conservation of rod element mass guarantees convergence to the exact 

eigensolutions of a rod. Conservation of beam element mass guarantees convergence to 

the exact eigensolutions of a Bernoulli-Euler beam without rotatory inertia. Conserva- 

tion of element mass and rotatory inertia guarantees convergence to the exact solutions 

of a Bernoulli-Euler beam with rotatory inertia. Conservation of mass moment of inertia 

is not a requirement for convergence, but is important for a beam mass matrix with re- 

spect to their accuracy and consistency with various boundary conditions. Based on this 

criterion, a concept for the formulation of a non-consistent mass matrix is presented. 

The concept unifies the formulation of various kinds of rod and beam mass matrices, and 

facilitates the generation of new mass matrices for optimization. To gain more physical 

insight into the formulation, the shape functions for the non-consistent mass matrices 

are also introduced. 

Four examples are considered. The first two examples are used to find the optimized 

mass matrices for rods and beams and to study their eigensolution errors. The optimized 

mass matrices minimize the root mean square errors of natural frequencies over a spec-



ified range of modes. The results of using a rod optimized mass matrix show that the 

root mean square error of natural frequencies for the first half of total extractable modes 

is reduced from 5%, obtained from using the consistent-mass and the lumped-mass ma- 

trices, to 1%. The results also show that if equally spaced elements are used for a rod, 

all the eigenvectors are exact. However, if unequal-length elements are used, both the 

frequency errors and eigenvector errors increase, and the upper half of total extractable 

modes are not reliable. The results of using a beam optimized mass matrix show that 

the root mean square error of natural frequencies is reduced from 0.16%, obtained from 

using a consistent-mass matrix, to 0.10%. The upper half of the total modes are not 

reliable. The remaining two examples are used to study the performances of all rod and 

beam mass matrices (consistent-mass, lumped-mass, and higher-order mass matrices) on 

a portal arch. According to the results, the higher-order mass matrix generates the most 

accurate eigensolutions. The use of the higher-order mass matrix in place of the 

consistent-mass matrix is recommended. The block-diagonal lumped-mass matrix per- 

forms better than the diagonal lumped-mass matrices at free ends of a structure. The 

eigensolution errors for all the mass matrices start to increase significantly after the first 

one third of the total modes. 

Finally, a technique for finding the modal reduction mass matrices is proposed. Fully 

populated modal reduction mass matrices for a rod are successfully extracted. This type 

of models generate exact natural frequencies and mode shapes for all the extractable 

modes of a rod problem. Further investigation of this technique is recommended.
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Chapter 1 

Introduction 

A analytical modal analysis using the finite element method has become an important 

branch of study in linear structural dynamics. The major objective of the modal analysis 

is to determine the natural frequencies and mode shapes of a continuum structure that 

allow for the interpretation of vibrations of the structure as a linear combination of a 

set of decoupled single-degree-of-freedom systems, each associated with a natural fre- 

quency and a mode shape. Using the modal analysis method, the physical model of the 

structure is transformed into a modal model that can facilitate the development of 

understanding and of intuition about the structural analysis, design, and modification 

processes. 

The reason for using the finite element method as a tool in the analytical modal analysis 

is obvious. The finite element method can provide a systematic procedure for the sol- 

utions to a very complicated structure that would be intractable to other techniques. 

The structure analyzed can have arbitrary shapes, loads, and support conditions. The 
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mesh can mix elements of different types, shapes, and physical properties. This great 

versatility is why the finite element method is superior to other competing methods. The 

finite element method includes two basic features. First, a geometrically complex domain 

of the problem is represented as a collection of geometrically simple subdomains, called 

finite elements. Second, over each finite element the displacement approximation func- 

tions are derived using the basic idea that any continuous function can be represented 

by a combination of algebraic polynomials. The approximation functions are derived 

using concepts from interpolation theory and, therefore, are called interpolation or shape 

functions. Thus, the finite element method can be interpreted as a piecewise application 

of the variational methods, in which the approximation functions are algebraic 

polynomials and the undetermined polynomial parameters represent the values of the 

solutions at a finite number of preselected points, call nodes, on the boundary and in the 

interior of the element. The undetermined parameters can then be solved after the ele- 

ment matrices are assembled and the boundary conditions are applied. 

It should be noted that the finite element method is only an approximate numerical 

method. The discretization of a continuum structure in a finite element modal analysis 

often results in errors in eigenvalues and eigenvectors. This type of error is called 

discretization error. Most finite element matrices have a convergence property, i.e., the 

more elements used, the less the discretization error will be. The solutions will approach 

the exact continuum solutions with mesh refinement. It might seem that increasing the 

number of elements is an effective way to obtain more accurate results. However, due 

to the limit of computer storage space and computational cost, it is typically not prac- 

tical to solve a finite element problem with very large degrees of freedom. This is espe- 

cially true for a modal analysis, because the solution of eigenvalues and corresponding 

eigenvectors requires, in general, much more computer effort than the solution of a static 
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analysis. During a modal analysis the size of the model is preferred to be kept small 

without losing reasonabie accuracy of the solutions. This requirement has been a pop- 

ular topic over the years in the modal analysis field. Many techniques have been devel- 

oped to achieve this goal. The study here will cover only one such method, the use of 

non-consistent mass matrices to improve computational efficiency and accuracy. 

Most popular finite element discretization techniques use consistent-mass and lumped- 

mass matrices. A consistent-mass matrix is obtained using the same shape functions as 

those used for the displacement in development of a stiffness matrix. All other types of 

mass matrices including the lumped-mass matrix are classified as non-consistent mass 

matrices. A lumped-mass matrix is obtained by simply placing equally divided masses 

at nodes. The discretization errors and convergence rate of the two mass matrices are 

quite different. The consistent-mass matrices result in an upper bound to the continuum 

eigenvalues; the lumped-mass matrices generally result in eigenvalues that are lower than 

the exact ones. The convergence rate of the results from consistent-mass matrices is of- 

ten faster than those from lumped-mass matrices. 

The advantage of using the lumped-mass matrix is that it is diagonal and is more com- 

putationally efficient than the banded-consistent-mass matrix in some eigensolution 

procedures. Currently many forms of lumped-mass matrices are available. Their per- 

formance is not well documented. Derivations of their formulations vary widely and are 

in need of unification. Thus, a clarification is needed for the formulation and perform- 

ance of these lumped-mass matrices. 

In addition to the above mentioned two mass matrices, research has been done to see if 

there exists a third kind of mass matrix that can reduce the discretization error and im- 

prove the rate of convergence. This modification is done while holding the stiffness ma- 
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trix constant. Some new mass matrices have been developed for rod and beam elements. 

MacNeal [1]! finds that the average of consistent-mass and lumped-mass matrices for a 

rod reduces the natural frequency error from O(h’) to O(A‘). In [2] and [3], a non- 

consistent mass matrix is presented for a beam element. The mass matrix, called sixth- 

order mass matrix, reduces the consistent-mass matrix error of O(h*) to O(h). These type 

of mass matrices are defined here as “higher-order mass matrices.” 

One of the drawbacks of higher-order mass matrices is that they are obtained based on 

an error analysis technique which is purely mathematical and does not yield physical 

meaning. Moreover, the current evidence of improvements is made only for a pure rod 

and a pure beam vibration problems. One can not be sure if improvement still can be 

achieved when the higher-order mass matrices are applied to a general structure such as 

a frame. Thus, confidence in the use of higher-order mass matrices is limited unless all 

these doubts are clarified. It is intended that this study will clarify this situation and 

broaden the element library of finite element method packages to include the use of 

higher-order mass matrices. 

All the above mass matrices are analyzed based on their performance in eigenvalue sol- 

utions. There has been no effective way to analyze the discretization error of 

eigenvectors. Thus, the extent of the inaccuracy has not been adequately documented 

to date. In [4] a technique called the “Modal Assurance Criterion” is suggested for the 

comparison of two eigenvectors extracted from experimental modal testing method. The 

method has been proven to be very useful in the modal testing field and will be intro- 

duced here to check the eigenvector errors of all mass matrices studied. 

1 Numbers in brackets refer to Reference at the end of this dissertation. 
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All the discrete models that use consistent-mass, lumped-mass, or higher-order mass 

matrices result in discretization errors. Therefore, these models are “approximate” dis- 

crete models. It is desired to see if there are discrete models that generate exact natural 

frequencies and exact mode shapes. This goal has been successfully accomplished by 

Jara-Almonte [5,6] who used a Finite-Element-Transfer-Matrix method to develop exact 

models which can generate exact eigensolutions for a plane frame structure. The exact 

models, however, are non-linear and need special attention in numerical procedures for 

eigensolutions. It is, therefore, preferred to have linear “exact” discrete models so that 

the commonly used, efficient numerical methods can be applied for eigensolutions. Ac- 

cording to this requirement, a modal reduction method is proposed to look for the de- 

sired linear discrete models. This method uses continuum natural frequencies and mode 

shapes to reduce a continuum model into a linear discrete model. The reduced model 

exactly predicts all the continuum natural frequencies and mode shapes used in the re- 

duction process. It is hoped that this study can be the pioneer in searching for exact 

linear models for the improvement of computational efficiency and accuracy. 

Based on the above discussions, the research objectives of this study are as follows: 

1. Formulate non-consistent mass matrices 

e Generate convergence criterion for rod and beam elements. 

e Clarify the formulation of various forms of lumped-mass matrices for beam el- 

ements. 

_@ Create a concept for the formulation of new rod and beam non-consistent ma- 

trices. 

e Understand the physical formulation of higher-order mass matrices as different 

from the current error analysis technique. 
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e Find the shape functions for non-consistent mass matrices to obtain physical 

insight into their formulation. 

2. Test the eigensolutions of non-consistent mass matrices 

e Use the modal assurance criterion to detect eigenvector errors 

e Test the eigensolutions of rod and beam mass matrices. 

e Test the eigensolutions of plane frame mass matrices using a portal arch. 

3. Generate optimized and modal reduction mass matrices 

e Find optimized mass matrices to improve eigensolutions for a specified range 

of modes for a rod and a beam. 

e Find modal reduction mass matrices for a rod. 

It is hoped that the following goals are achieved by this work: 

e §6Clarify the formulation of non-consistent-mass matrices and confirm their usefulness 

for improved eigensolutions. 

e Provide a conceptual methodology of generating new non-consistent-mass matrices. 

This idea can be extended to other elements such as plates. 

e Generate a concept for measuring the accuracy of eigensolutions of rods, beams, 

and frames. This will allow the user to use them with more confidence. 

e Generate a concept of developing modal reduction mass matrices. 

e Reduce matrix size and computer size for problem solution and increase computa- 

tional efficiency. 
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The computations of modal analyses presented in this discussion were carried out on 

MicroVax computer using self-developed programs with IMSL subroutines. The exact 

solutions for a simple rod and a simple beam are obtained from theoretical equations. 

The exact solutions used for the comparison between continuum solutions and 

discretized solutions for a portal arch are obtained using DSTAP program which 1s de- 

veloped by Jara-Almonte [5,6]. It is assumed that the reader has basic knowledge of fi- 

nite element method. If not, reader may refer to textbooks such as Cook [7], Reddy [8], 

Weaver [9], or Zienkiewicz [10]. 
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Chapter 2 

Terminology 

In the discussions of the formulations, eigensolutions, and error analyses of the free- 

vibration models for rods and beams, many terms can become quite confusing and may 

be misinterpreted. Thus, the following terms are defined. 

2.1 Structure and Its Free-Vibration Model 

The structure studied here includes rods, beams and plane frames; the structure is a 

continuum and is self-adjoint. Discretization of such a structure by the finite element 

method (FEM) in an undamped free-vibration analysis, yields: 

L M Jaxnt D nxt + L K Juni D Saxt = {O} nx (2.1) 

where the mass and stiffness matrices, assembled from element matrices, are real and 

symmetric since the structure is self-adjoint. 
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2.2 Generalized and Standard Eigenvalue Problems 

The generalized eigenvalue problem corresponding to Eq. (2.1) is 

C K Jaen D Sax =ALM daxnt Dax (2.2) 

The standard eigenvalue problem is 

[A Jaxntd tnx = MX} nxt. (2.3) 

where [ A ],,, is real and symmetric. The generalized eigenvalue problem can be trans- 

formed, while preserving its eigenvalues, into a standard eigenvalue problem. 

2.3 Eigensolutions 

The eigensolutions of Eq. (2.2) contains two parts - eigenvalues, J4,,/=1,..., a, and 

eigenvectors, {D,} ,j = l,..., m. 

Because of the symmetry of the mass and stiffness matrices, the eigenvalues and the 

eigenvectors are all real. The circular natural frequencies, w;,/=1,...,”, can be ob- 

tained by the following equation 

w= ftp jalan (2.4) 

where the unit of w, is “radian/sec”. The natural frequencies, f, , j= 1,...,", can be ob- 

tained by 

G57 % J= 1,..., 2 (2.5) 
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where the unit of ff is “1/sec” or “hertz (Hz).” 

2.4 Rod 

The rod, see Fig. 1, is assumed to be thin, uniform, and homogeneous along its longi- 

tudinal axis. When a rod is subjected to an axial load, the deformation will be axial and 

the deformation transverse to the axial direction is assumed very small compared to the 

axial deformation. The rod free-vibration equation of motion 1s 

au 
m—~ — EA——~ =0 O<sx<sL; O81 (2.6) 

Ot Ox 

where m and EA are assumed constant along the rod. For details of the derivation of 

Eq. (2.6), refer to [11,12]. 

The boundary conditions for a rod are: 

u=0O: fixed end 

N=0: free end 

where 

Ou 
N=EA Ax (2.7) 

2.5 Rod Element Matrices 

The rod element stiffness and mass matrices are 2 by 2 matrices. The displacement 

vector for the :* rod element, see Fig. 1, is 
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{d},=Cu_, uy 7 (2.8) 

There are two shape functions, N, and N, [7, p. 96], see Fig. 2, corresponding to u,_, and 

u, for a rod element as, 

N,=1-+ Ny => (2.9) 

Rod Element Stiffness Matrix - 

The rod element stiffness matrix contains four entries, each entry is obtained from the 

following equation [8, p. 69]: 

  

ii 

k, = EA oN, a 2.10 
yo és. os °° (2.10) 

0 

where jj refers to row number and column number of the matrix. 

Rod Element Mass Matrix - 

The rod element mass matrix contains four entries, each entry is obtained from the fol- 

lowing equation [8, p.405]: 

l 

m= N,N, ds (2.11) 

0 

Terminology 11



MQ 
  

      

  

    

    

<f> 

_. po. > 
>s ns 

L 7)   

Figure 1. Schematic Diagram of a Rod and a Rod Element 

    O.O0 
oO L 

DISTANCE ALONG ELEMENT, S&S 

  

Figure 2. The Shape Functions of a Rod Element 
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If N, =N, and N, =N,, the element mass matrix is called “consistent-mass matrix,” 

otherwise it is called “non-consistent-mass matrix.” 

2.6 Beam 

The beam, see Fig. 3, is derived based on Bernoulli-Euler beam theory which has the 

following assumptions: 

1. The beam is thin, slender, uniform, and homogeneous. 

2. The beam is transversely loaded and is subjected to bending. 

3. The cross section of the beam has a longitudinal plane of symmetry. 

4. The resultant of the transversely applied loads lies in the longitudinal plane of sym- 

metry. 

5. Plane sections originally perpendicular to the longitudinal axis of the beam remain 

plane and undeformed after deformation. Therefore, the shear deformation effect 

is not included. 

In developing the differential equation for the beam for a free-vibration analysis, 

rotatory inertia may or may not be considered. If rotatory inertia is included, the 

equation of free vibration is 

Et LY m2 my ZL OS <L; OSt (2.12) 
axé at ar ax 

where EI, m, and r, are assumed constant along the beam. The third term at left-hand 

side of the equation is called the rotatory inertia term. 

If the rotatory inertia effect is not included, the equation becomes 
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—=0 Osx<L; 08! (2.13) 

For details of the derivation of Eqs. (2.12) & (2.13), please refer to [13,14]. 

In beam theory, the following terms are further defined: 

@ = Ow 
x 

M=—E1-2¥. 4 ax? (2.14) 

3 
y= Ero 

Ox 

The boundary conditions for a beam are: 

w=0,@=0: clamped end 

w=0, M=0: pinned end 

M=0, V=0: free end 

6 =0, V=0: guided end 

2.7 Beam Element Matrices 

The beam element mass and stiffness matrices are 4 by 4 matrices. The displacement 

vector for the i* beam element, see Fig. 3, is 

{d},=Cw_, 1» 97" (2.15) 

There are four shape functions, Ni, N2N3, and N4[7, p.101), see Fig. 4, corresponding to 

w,_1, 9,_1, Ww, and @, of a beam element as, 
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Figure 3. Schematic Diagram of a Beam and a Beam Element 
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35? 25° 357 25° 
N,=1- 2 + 3 Ny = 3 

(2.16) 
Nas-28-45- nN = 5-4 2=5 ] a 4-77 ] TR 

Beam Element Stiffness Matrix - 

The beam element stiffness matrix contains 16 entries, each entry is obtained by the 

following equation [8, p. 115]: 

    

as? as? 

{ 

aN, ON, ky = El ds (2.17) 
5 

Beam Element Mass Matrix - 

The beam element mass matrix contains 16 entries, each entry is obtained from Eq. 

(2.11). If the shape functions used for Eq. (2.11) are those shown in Eq. (2.16), the 

element mass matrix is called “consistent-mass matrix,” otherwise it is called “non- 

consistent-mass matrix.” 

Beam Element Rotatory Inertia Matrix - 

The beam rotatory inertia matrix contains 16 entries, each entry is defined [9] as follows: 
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l 

2| ON, ON) 
Jy = mr, a a ds (2.18) 

0 

If the shape functions used for Eq. (2.18) are those shown in Eq. (2.16), the element 

rotatory-inertia matrix is called “consistent-rotatory-inertia matrix,” otherwise it is 

called “non-consistent-rotatory-inertia matrix.” 

2.8 Mass, Mass Moment of Inertia, and Rotatory Inertia of a Beam Element 

A homogeneous, uniform rigid-beam element is shown in Fig. 5. A beam element con- 

tains translational mass and a “total mass moment of inertia.” These inertial terms are: 

mass = m,= ml (2.19) 

Total centroidal mass moment of inertia J, = mass moment of inertia + rotatory inertia. 

That is, 

Late ml? + mire =m? + my (2.20) 

Thus, the “total mass moment of inertia” is composed of two parts. 

The first part, the “mass moment of inertia,” is strictly due to the element mass being 

distributed as a line along the length of the beam. This corresponds with the mass mo- 

ment of inertia of a long, thin beam [13, p. 804] as m,?/12. This inertia is activated by 

translational motions of the element line mass along the beam’s neutral axis. The ele- 

ment’s translational velocities are actually composed of a pure element translation plus 
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Schematic Diagram of a Rigid Beam Element 
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an element rotation about its center of gravity. Thus, any attempt to compute the ele- 

ment kinetic energy by integrating the translational differential energies along the ele- 

ment length will include the pure translational kinetic energy and the kinetic energy 

residing in the “mass moment of inertia.” 

The second part, the “rotatory inertia,” is associated with the beam’s mass being dis- 

tributed away from the line mass assumed above. Rotatory inertia is the mass moment 

of inertia about an axis in the plane of the cross section of the beam rather than about 

the beam’s longitudinal axis. The inertia about the longitudinal axis is called the “rotary 

inertia.” Rotatory inertia is not activated by pure translation. It is only activated by 

rotation about the element center of gravity. Rotatory inertia for a round beam is given 

[13, p. 852] as ma?/16 or mr. 

Therefore, a mass matrix that is obtained from what appears to be purely translational 

mass can be decomposed into a pure translational mass and a “mass moment of 

inertia.” The inertia matrix that is obtained from the rotational degree of freedom will 

include only rotatory inertia. 

2.9 Plane Frame 

A plane frame is a combination of a rod and a beam. A plane frame element possesses 

three degrees of freedom at each nodal point as shown in Fig. 6. The plane frame ele- 

ment is no longer horizontal as the rod and the beam elements. It can be arbitrarily 

oriented in a two-dimensional plane. Such an element is subjected to axial force, same 

as a rod element, and bending moment and shear force, same as a beam element. Shear 

deformation is very small and is neglected for a frame in this study. The axial and 

bending deformations are assumed to be uncoupled. Such an assumption indicates that 
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the axial stiffness submatrix and the bending stiffness submatrix of a frame element are 

uncoupled. 

The plane frame element can be expressed in a local coordinate system as shown in Fig. 

7. The boundary conditions, expressed in local coordinates, used in this study are: 

u=0,w=0, 0 =0: fixed end 

N=0,M=0, V=0: free end 

2.10 Plane Frame Element Matrices 

The plane frame element mass and stiffness matrices are 6 by 6 matrices. The local dis- 

placement vector for the i* frame element, see Fig. 7, is 

{d},=EDu_, w_, 1 4% wy 8,17 (2.21) 

Plane Frame Element Stiffness Matrix - 

To derive the 6 by 6 stiffness matrix for frame element in local coordinates, one com- 

bines the 2 by 2 rod stiffness matrix, obtained from Eq. (2.10), and the 4 by 4 beam 

stiffness matrix, obtained from Eq. (2.17), into a 6 by 6 matrix [14]. The stiffness matrix 

iS 
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Figure 6. Schematic Diagram of a Frame Element in Global Coordinates 
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Frame Element Mass Matrix - 

To derive the 6 x 6 mass matrix for the frame element in local coordinates, one combines 

the 2 by 2 mass matrix for the rod element, obtained from Eq. (2.11), and the 4 by 4 

mass matrix for the beam element, obtained from Eq. (2.11), into a 6 by 6 matrix [14]. 

The mass matrix is 

    

d 
mod 0 0 mi 0 0 11 12 

beam beam beam beam 
0 iW mM 0 m; m4 

0 beam beam 0 beam beam 
cM] m2 m2 m3 m4 373 

e frame ~ rod 0 0 rod 0 0 ( . ) 

mM m2 

beam beam beam beam 
0 m3; m32 0 m3 M34 

0 beam beam 0 beam beam 
may Ma M43 Mag 

If the shape functions used for Eq. (2.11) are those shown in Eq. (2.16), the element 

mass matrix is called a “consistent-mass matrix,” otherwise it is called a “non- 

consistent-mass matrix.” 
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2.11 Expressions of Discretization Errors 

The discretization errors of eigenvalues can be found by an error analysis method.? 

Consider, for example, the rod vibration problem as described in Eq. (2.6). Assuming a 

lumped-mass model is used in the finite element method, the result from using the error 

analysis method is 

  

2 2 4 2d°u , du 1 20u,2,. _a, 2_ EA 
. att J+ ant +°=0; c=) (2.24) 

where the terms in the brackets, which are not multiplied by powers of A, are exactly the 

governing differential equation in Eq. (2.6). The remaining terms are the discretization 

errors resulting from use of finite element approximations. 

The discretization error of Eq. (2.24) is of O(h?) where “O” means “order” and “h?” 

means that the lowest power of “h” is 2. If a finite element model is to produce valid 

solutions, the discretization error must be O(h?) with p>0. The mathematical meaning 

of O(h?) is that if all the elements are halved in length, the errors in eigenvalues are ap- 

proximately one fourth of the error at the original length. 

Another way of showing the discretization error is to show the ratio between the ap- 

proximate eigenvalue (or natural frequency) and the exact eigenvalue (or natural fre- 

quency). For example, consider the same rod vibration problem using lumped-mass 

model, the error in a ratio form is 

(approx. _ + (z) + (+) (2.25) 
(@)exact 

2 This method is introduced in Chapter 3. 
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where N, is proportional to number of elements. It can be seen that the error is of 

O(h?) where hoc 1/N,. 

Although the above two error expressions, Eqs. (2.24) and (2.25), are different, they 

stand for the same order of error, if they are used for the same structure. It should be 

kept in mind also that two different models of the same order of error may have different 

magnitude errors. This is because the magnitudes of the errors not only depend on the 

order of error but also depend on the coefficients of the error terms. 
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Chapter 3 

Literature Review 

This chapter starts with a review of the formulation and discretization errors of 

lumped-mass and consistent-mass matrices for rods and beams, followed by a compar- 

ison of using these two mass matrices. Then, two techniques, one uses the higher-order 

mass matrices and the other the Finite-Element-Transfer-Matrix method, for the im- 

provement of eigensolutions are discussed. Finally, the modal assurance criterion, the 

method to be used for the detection of eigenvector errors, is reviewed. 

3.1 Lumped-Mass Models 

Most problems concerning the vibration of continuum structures can be simplified and 

analyzed using lumped-mass models. This technique had been quite popular prior to the 
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establishment of variational foundations of the finite element method. The popularity 

of the lumped-mass models is due, no doubt, to its intuitive and simple approach. The 

lumped-mass models replace continuum structures with discrete masses connected by 

massless elements that possess the same elastic properties as the continuum structures 

modeled. It is hoped that the lumped-mass models converge to the continuum structure 

as the number of the discrete masses approaches infinity. 

The procedures for the formulation of lumped-mass model in the finite element method 

are very simple. An element stiffness matrix is first developed [7,8,9,10], the mass of the 

element is then divided and assigned to surrounding nodes in an ad hoc fashion. Thus, 

for rods and beams, one-half of the element mass is placed at nodes at the end of the 

element. The global mass and stiffness matrices, assembled from the element matrices, 

constitute the lumped-mass model. The global mass matrix is diagonal. In practice, di- 

agonal lumped-mass matrices are often employed for modal analysis due to their com- 

putational efficiency. 

The concept of the formulation of lumped-mass matrices in the finite element method 

is probably originated from the conventional lumping technique that had been used 

widely before the advent of the finite element method. An early such example can be 

found in [15], where Rayleigh discretized an elastic string by dividing the string into a 

number of sections and splitting each section into two concentrated masses at the ends 

as shown in Fig. 8a. This type of lumped mass is called “type-A mass” here to be dis- 

tinguished from other type of lumped masses. A second lumping technique can be found 

in [16], where Duncan replaced the distributed mass of each section by an equal amount 

of mass concentrating at the center of the section. Figure 8b shows this scheme. This 

technique, according to Rayleigh [15], originated from Lagrange. This type of mass is 
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called “type-B mass.” A third type of lumped-mass, called “type-C mass,” was used by 

Fowler [17] for a beam. The section mass is lumped at the center as for the type-B mass, 

except that the mass also have mass moment of inertia equal to that of the section, see 

Fig. 8c. The type-B and type-C masses are not suitable for the formulation of element 

lumped-mass matrix in the finite element method. According to the finite element 

method, the distributed mass within an element must be redistributed into nodal values 

which contradicts the non-nodal formulation of the type-B and type-C masses. The 

lumping method in the finite element method is very similar to the technique for the 

type-A mass. 

In the following the lumped-mass models for rods and beams are reviewed. The errors 

of the eigensolutions of using the lumped-mass models are also discussed. 

Substituting the shape functions in Eq. (2.9) into Eq. (2.10), one obtains the rod element 

stiffness matrix 

1-1 
(Keay EE | 1 (3.1) 

The element mass matrix can be obtained using the type-A lumping method. The mass 

matrix is 

m, [ 10 
CM. = Ot (3.2) 

MacNeal [18] studied the frequency error that results from using this lumped-mass 

model. The error is 
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Figure 8. Equivalent Lumped-Mass Models for a Rod or a Beam Element 
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  Cowes S00) (2) so) a9 

where N, = 2n{j, N, is the number of elements in a wavelength of the j* vibration mode 

and ” is the number of elements. For example, if there are 10 elements in the rod and 

the 4th mode is desired, then N, = 2+10/4= 5. Hence, there are 5 elements in a wave- 

length for the fourth mode of the rod. Substituting N, into Eq. (3.3), one will obtain the 

ratio between the approximate natural frequency and the exact natural frequency for the 

fourth mode. 

Equation (3.3) indicates that the error is of O(h?). This error estimation can be applied 

to a uniformly spaced simple rod with any combination of fixed and free ends. 

Substituting the shape functions in Eq. (2.16) into Eq. (2.17), one obtains the beam ele- 

ment stiffness matrix 

12 6f -12 61 | 

61 42 —6! 20 S 

[ kJ (3.4) 
beam =P | 12 -6f 12 -6! 

    61 2° —-6l 40 

A beam lumped-mass matrix can be obtained using the type-A lumping method. The 

mass matrix iS 
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f1 000) 

m, | 9 0 0 0 
CMe dsm =D 0010 (3.5) 

}0 000)     
Note here the rotatory inertia effects as defined in Chapter 2 is not included in Eq. (3.5). 

The rotatory inertia is seldom used for a slender beam because its dynamic effect is 

negligible compared with translational mass except at very high frequency modes. 

A closed-form solution for the natural frequencies of a pinned-pinned lumped-mass 

model was derived by Livesley [19]. The lumped mass used 1s of type-A mass, so the 

conclusions can be applied to Eq. (3.5). Livesley showed that the ratio between the na- 

tural frequencies and the exact natural frequencies is 

    

2 

(Wy) approx. sin(z/N,) l 

(Wpexacr | (/N,) [,_ 22, ee j/exact a l- <. sin’(n/N,) 

For large value of N, Eq. (3.6) can be simplified as 

(@))approx ] id ‘ rs ° a 5 4) 20) ; (@)exact 90 \ Na en 

Equation (3.7) indicates that the natural frequency errors vary inversely as the fourth 

power of number of elements. The error is of O(A‘). Similar result was also obtained 

by MacNeal [1,18]. Note the equation is valid for a uniformly spaced pinned-pinned 

beam. 
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The closed-form expression for the error estimation of a lumped-mass beam with 

boundary conditions other than pinned-pinned condition are not available. However, 

MacNeal [1, p.5.5-5] stated that the errors for a free-free lumped-mass model and a 

clamped-free case is one or two orders lower, O(h?) or O(h'). 

The lumped-mass matrix of Eq. (3.5) can be covered by a general form of lumped-mass 

matrix 

    

rl 9 9 o | 
2 
0a’? 0 0 

CMe Necam =") » 4 1 6 (3.8) 
2 

0 0 O al’ 
L J 

where a can be 0.0, 1/24, 1/78, or -1/12 as discussed below: 

a = 0.0 (Conventional Lumping) 

This is equivalent to Eq. (3.5). It should be noted that the second and the fourth diag- 

onal entries of the lumped-mass matrix of Eq. (3.5) are zeros. The matrix is positive 

semidefinite. 3 

a = 1/24 (Conventional Lumping) 

This mass matrix is generated in an attempt of conserving the mass moment of inertia 

of the beam element. Same as the type-A mass-lumping technique, the mass moment 

of inertia, 1/12m,2, is equally divided and lumped at the ends of the beam [7, p.371]. In 

3 For classification of real symmetric matrix refer to Appendix A. 
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fact, the mass moment of inertia is not preserved by this lumping technique. This will 

be shown in Chapter 4. 

a = 1/78 (HRZ Lumping) 

This mass matrix is developed by Hinton, Rock, and Zienkiewicz [20]. The method has 

an important attribute: It always produces positive definite lumped-mass matrices. The 

idea is to set the entries of the lumped-mass matrix proportional to the diagonal entries 

of the consistent-mass matrix. The constant of proportionality is selected to conserve 

the total element mass. This technique can be applied to many kinds of element mass 

matrices. 

a = -1/12 

This mass matrix is little known [21, p. 326 & 524]. It is designed to conserve the mass 

and mass moment of inertia while maintaining a pure diagonal characteristics. However, 

this mass matrix is indefinite. This can produce numerical difficulties. 

Except for. the lumped-mass matrix with a = 0.0, the error estimations are not available. 

Therefore, questions may arise for these lumped-mass matrices: Do the mass matrices 

converge? Is there any general rule to describe the performance of these mass matrices? 

Which mass matrix is the optimum one? A detailed investigation is necessary and has 

been done in this work to clarify the status of beam lumped-mass matrices. 

In addition to the above mass matrices, there is another form of lumped-mass matrix 

as follows: 
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CM, Jeam =m 1 —l (3.9) 

0o0=->-=_ 

oP 
oo 8 ee 

The mass matrix is originated from Tong, Pian, and Bucciarelli [22], however, Tong, et 

al. did not give the mass matrix. Instead, they only showed the linear interpolation 

functions for beam lumped-mass matrix, 

w(x) = w,_, + O,_ (x — x _ 4) Xj) SX Sy 
(3.10) 

xX) } + x; 

w(x) = w, + O{x — x) 7 SH 

The shape functions, not given by Tong, et al. but derived from Eq. (3.10) by author 4, 

are 

1;0ss<sl/2 s;O0ssslf2 
N, = N, = 

O;/2<s<l O;l/2<s<l 
(3.11) 

0;0ss<]/2 0;0<s<//2 
N; = Ng = 

L;d2<s<l s—-Il,lf2<s<l 

The shape functions are shown in Fig. 9. The mass matrix of Eq. (3.9) is obtained by 

substituting Eq. (3.11) into Eq. (2.11). It is interesting to note that this mass matrix is 

block diagonal, not purely diagonal as one would expect from a “lumped-mass matrix.” 

The reason this mass matrix is considered as a “lumped-mass matrix” is that there are 

no coupling effects between the two neighboring nodes. This mass matrix, according to 

4 For details, see Appendix B 
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Figure 9. Shape Functions of the Block-Diagonal Beam Lumped-Mass Matrix 
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Tong, et al., has error of O(h?). It will be called the block-diagonal lumped-mass matrix 

here. This mass matrix is rarely seen and will be tested with other purely lumped-mass 

matrices. 

3.2 Consistent-Mass Models 

For the purpose of obtaining more accurate eigenvalues, Leckie and Lindberg [23] de- 

rived an improved model, called the dynamic stiffness matrix, as follows: 

12-1565 6-225 -12—545 64136 | 

| 6-226 4-45 -6-135 2436 
[DM] = (3.12) 

—12—546 -6—136 12-1566 —6 +2265 

6+136 2+36 -6+226 4-46 
he -     

pw 
where 6= 0ET 

Separating the matrix and rearranging the constant coefficients, one can find that the 

dynamic stiffness matrix is actually a combination of an element stiffness matrix and an 

element mass matrix as follows: 

[DM]=( K,]-0f M1] (3.13) 

The improved model is obtained using the virtual work principle and the inertial forces 

are calculated based on the distributed mass along the beam. Leckie and Lindberg 

showed that the error of the improved model is of O(#*). 
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The improved model is, in fact, a consistent-mass model. However, Leckie and Lindberg 

are not recognized as having first proposed the accuracy of consistent-mass models in 

the finite element method. It may be because that the terms used by Leckie and 

Lindberg are similar to those in the field of the Transfer Matrix Method [24], and be- 

cause Leckie and Lindberg did not emphasize its use in the finite element method. 

It is Archer [25] who is generally considered as the first one to develop the consistent- 

mass models for the finite element method. The method used by Archer is the same as 

the one used by Leckie and Lindberg. The consistent-mass matrix accounts for the dis- 

tribution of mass throughout the structure in a manner similar to the Rayleigh-Ritz 

formulation, and the same shape functions are used in the formulation of the stiffness 

and mass matrices. Thus, the kinetic energy of the element is consistent with the po- 

tential energy. Archer stated that the natural frequencies obtained from a consistent- 

mass formulation are upper bounds of the exact natural frequencies, because the method 

is consistent with the Rayleigh-Ritz formulation. This boundedness was not mentioned 

by Leckie and Lindberg. 

Strang and Fix [26] have quantified the discretization errors of the consistent-mass 

model in the finite element method. They prove that for small A, 

(Aj exact Ss (Ajapprox. Ss Aj exact + ch’? tim exact” + Dim (3. 14) 

kD) approx. - {D)} exactll a <s ch” +I- ™ exact + Vjam (3.15) 

where 

p is the order of the polynomial of N, 

m is the order of the derivatives in the stiffness matrix formulations 
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c is a constant independent of A and (A)) exact: 

Several remarks can be made for the above two equations: 

1. The eigenvalues and eigenvectors converge to the exact solutions as A goes to zero. 

2. The inequality in Eq. (3.14) says that the FEM eigenvalues are the upperbound of 

the exact eigenvalues. 

3. The rate of convergence of eigenvalues is twice that of eigenfunctions. 

4. The appearance of powers of the eigenvalue on the right-hand sides of Eqs. (3.14) 

& (3.15) suggests that the quality of approximation deteriorates for higher modes. 

From Eq. (3.14) it can be seen that the order of error of eigenvalues depends on the 

value of 

2(p + 1 — m) (3.16) 

If the shape functions are known, the order of error can be easily found using Eq. (3.16). 

In the following the consistent-mass matrices and their eigenvalues errors for rods and 

beams are reviewed. 

The consistent-mass matrix for a rod is obtained by substituting Eq. (2.9) into Eq. (2.11). 

the mass matrix is 

m, [ 21 
CM I= 3 (3.17) 

MacNeal [1,17] showed that the error of using this mass matrix for a rod problem is 
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Cpe 2441 ( 2) +0() (3.18) 
(exact 

The error is of O(h?) which can be verified by Eq. (3.16). For the rod element, the shape 

functions are linear polynomials, see Eq. (2.9). The stiffness matrix is obtained using the 

first derivative of the shape functions, see Eq. (2.10). Therefore, p = 1 and m= 1. Sub- 

stituting them into Eq. (3.16), one finds that the error is of O(h?). This is in compliance 

with MacNeal’s estimation. 

The consistent-mass matrix for a beam is obtained using Eqs. (2.16) and (2.11). The 

mass matrix is 

= 

156 221 54 —131| 

m, | 221 4? 131 3 
[M.]. =— (3.19) 

“beam 420) 54 137 156 —22/ 

    —13/ —3P —221 4° 

The shape functions are cubic polynomials, see Eq. (2.16). The second derivative of the 

shape functions are needed for the stiffness matrix formulation, see Eq. (2.17). There- 

fore, p = 3 and m = 2. Substituting them into Eq. (3.16), one finds that the discretization 

error for the consistent-mass matrix is of O(A*). Same results can be found using error 

analysis technique in [3]. 

A separate consistent-rotatory-inertia matrix for a beam is obtained by substituting Eq. 

(2.16) into Eq. (2.18). The matrix is 
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36 3-36 31 | 

mr2 | 31 42 —31 -? 
C Je Isean = 3.20 

“beam 307 | 36 -31 36 —31 ee) 
| 3d —P —3I 4°     

Equation (3.20) is a modification of the beam mass matrix for including the effects of 

rotatory inertia in dynamic analysis. Should the rotatory inertia be considered, the mass 

matrix used for the beam is the sum of Eqs. (3.19) & (3.20). 

3.3 Consistent-Mass vs Lumped-Mass Formulations 

Now that the background of consistent-mass and lumped-mass formulations is known, 

it is necessary to compare the two mass matrices, so one can fully understand their fea- 

tures and can use them with more confidence. The comparison of consistent-mass and 

lumped-mass matrices is made with four aspects which are ranked in order of importance 

- matrix properties, eigenvalue accuracy, computational efficiency, and boundedness. 

Matrix Properties 

The consistent-mass matrix is always symmetric and positive definite, therefore, the 

eigenvalues obtained from using consistent-mass models are always greater than or equal 

to zero. The zero eigenvalue corresponds to the unrestrained rigid-body mode and is 
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obtained only when the stiffness matrix is positive semidefinite. The stiffness matrix is 

always positive definite unless it is not restrained. 

Unlike the consistent-mass matrix, the lumped-mass matrix may be positive definite, 

positive semidefinite, or indefinite. The property of the beam lumped-mass matrix, 

shown in Eq. (3.8), depends on the value of a. If a > 0, the mass matrix is positive defi- 

nite, and the natural frequencies are positive or zero. If a =0.0, the mass matrix is 

positive semidefinite, part of the eigenvalues are infinity [27, p.379] which may cause 

computational difficulty. One solution to this problem is to eliminate the zero diagonal 

terms, which correspond to the rotational degree of freedoms, from the matrix formu- 

lation using a process called “static condensation” [28]. However, sometimes the 

condensation may not be necessary. The zero diagonal terms can be replaced by small 

positive terms so that all the eigenvalues are finite with minor loss of accuracy of 

eigenvalues for the low modes. If a < 0.0, the mass matrix becomes indefinite, and part 

of the eigenvalues are negative [27, p.56]. The negative eigenvalues are not desired be- 

cause they do not have any physical meaning. 

Eigenvalue Accuracy - 

The consistent-mass and lumped-mass matrices for the rod give errors of O(h?) that are 

same in magnitude but opposite in sign. The consistent-mass matrix for beam element 

is of O(A‘) for all boundary conditions. The block-diagonal lumped-mass matrix gives 

errors of O(h?). The diagonal lumped-mass matrix (« = 0.0), however, does not perform 

consistently. The errors for the pinned-pinned case is of O(h*) and is approximately 

equal and opposite to the errors of the consistent-mass matrix. The errors for free-free 

and clamped-free cases are less accurate than the pinned-pinned case and are one or two 
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order of A lower than those obtained from using the consistent-mass matrix. The phys- 

ical reason for the inconsistent performance of the beam lumped-mass matrix is not well 

understood. The errors of the diagonal lumped-mass matrix (a = 1/24, 1/78, etc.) are 

unknown. 

Tong, et al. [22] developed a criterion for the comparison of convergence rate for 

consistent-mass and lumped-mass matrices. They concluded that if 

pt+tl—m2>2(p+1—m) (3.21) 

where 

p is the order of the polynomial of N, 

m is the order of the derivatives in the stiffness matrix formulations 

p is the order of the polynomial in N, 

m is the order of the derivatives in the lumped-mass matrix formulations 

the lumped-mass matrix will not suffer any loss of accuracy of rate of convergence as 

compared to the consistent-mass formulation. If 

p+i-m<2p+1-—m) (3.22) 

the lumped-mass matrix will have less order of error than that of the consistent-mass 

matrix. 

The above criterion may be useful in the prediction of the errors of eigenvalues of the 

lumped-mass matrix for finite element model that does not have rotational degrees of 

freedom. However, it is not valid for the lumped-mass model that has rotational degrees 

of freedom. This is because the criterion needs the shape functions for both consistent- 
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mass and lumped-mass matrices. Unfortunately, The shape functions for the lumped- 

mass matrices, such as beam lumped-mass matrix, may not be available. Recall that the 

lumped-mass matrix is developed simply placing equally divided masses at nodes and no 

shape functions are needed. The criterion is useless unless the shape functions can be 

found for the lumped-mass matrix. Moreover, according to the criterion, the rate of 

convergence of a lumped-mass model is either less than or at least as good as that fora 

consistent-mass model. This same relationship must hold true for all boundary condi- 

tions. On the contrary, the beam lumped-mass model performs inconsistently for dif- 

ferent boundary conditions. Recall that the order of error of a pinned-pinned beam is the 

same for consistent-mass and lumped-mass matrices, but the order of error of a free-free 

or a clamped-free beam is different in the two mass matrices. 

To one’s surprise, Tong et al. applied the criterion for the comparison of beam lumped- 

mass matrix and beam consistent-mass matrix. After a careful study, it is found that the 

beam lumped-mass model used is actually a block-diagonal lumped-mass matrix as 

shown in Eq. (3.9). The interpolation functions for this type of mass matrix are derived 

by Tong et al. and are shown in Eq. (3.10). For those shape functions p=1 and 

m=0(Q. Substitute into Eq. (3.22) yields an error of O(A?) which is less than O(#*) for the 

consistent-mass matrix. Tong et al. concluded that the rate of convergence of a 

“lumped-mass beam model” is slower than that for a consistent-mass model. Tong et 

al. did not mention that the results are for block-diagonal lumped-mass matrices rather 

than diagonal lumped-mass matrices. This may cause confusions because the conclusion 

may lead to an incorrect impression that the “purely diagonal lumped-mass model” has 

a slower rate of convergence than the consistent-mass model for all boundary conditions. 

This is not true. 
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The criterion and its conclusions have been referred to by other texts and papers such 

as Strang and Fix [26, p.266] and Hinton, et al. [20]. The conclusions in [26] is then re- 

ferred to by Meirovitch [29, p.367]. These references apply Tong et al’s conclusion to 

the purely diagonal lumped-mass matrix. It, however, applies only to the block-diagonal 

lumped-mass formulation. 

Computational Efficiency - 

Generally speaking, the lumped-mass matrix is more frequently used than the 

consistent-mass matrix for the evaluation of the vibration modes of a self-adjoint struc- 

ture. Most software packages such as NASTRAN and IDEAS select lumped-mass 

matrix as the default mass matrix for modal analyses. The reason is simply explained in 

many references - The lumped-mass matrix is diagonal and has advantage over the 

consistent-mass matrix in eigenvalue solutions. This information, however, may be 

misleading because one would think that using the diagonal lumped-mass matrix should 

be more efficient than using the banded consistent-mass matrix for all kinds of problems. 

The computational efficiency of the lumped-mass matrix is actually dependent on the 

type of the problems, the methods used for the eigensolutions, the order of the system 

matrices, and the number of eigenvalues and eigenvectors to be extracted. 

Consider the generalized eigenvalue problem in Eq. (2.1). Most methods of eigenvalue 

extraction of the problem belong to one of the two groups - transformation methods or 

root-tracking methods [I, p. 10.1-1]. In a transformation method the generalized 

eigenvalue problem is transformed into a special form such as a tridiagonal form from 

which the eigenvalues may easily be extracted. In the root-tracking method the roots 

are extracted, one at a time, by iterative procedures applied to the original dynamic 
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matrix. The one that takes full advantage for using lumped-mass matrix is the trans- 

formation method. 

The first step of the transformation method is to convert the generalized eigenvalue 

problem into a standard eigenvalue problem; the second step, into a tridiagonal problem. 

The second step can be achieved using several different methods such as the Household 

method [30]. The first step can take full advantage of the diagonality of a lumped-mass 

matrix and ts discussed below. Using lumped-mass matrix in the root-tracking method 

does not make much improvement in computational efficiency. 

For a positive definite mass matrix, one would ordinarily perform a Cholesky decom- 

position [31] by writing 

CMJ=CLICLI’ (3.23) 

where [ L J is a real lower triangular matrix. 

The generalized eigenvalue problem can then be transformed into a standard eigenvalue 

problem 

[ A J{X} = Aly} (3.24) 

where 

CAJ=CLI'CKICLY"’ (3.25) 

(X}=L LID} (3.26) 
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If a positive definite lumped-mass matrix is used, the Cholesky decomposition and ma- 

trix inverse as shown in Eqs. (3.23) & (3.25) can be combined and reduced to a very 

simple form 

CLYTHCLYTHCMy"" = diagl mo"? | (3.27) 

The operation of Eq. (3.27) is much easier and faster than doing a true Cholesky com- 

position and a true matrix inverse. If the consistent-mass matrix is used, the global mass 

matrix is banded. As a result, more computational efforts are needed for Cholesky de- 

composition and matrix inverse than those for the simple form as shown in Eq. (3.27). 

This advantage explains why using the lumped-mass matrix is more efficient than using 

the consistent-mass matrix in the transformation methods. It should be noted, however, 

that the lumped-mass matrix must be positive definite so that Eq. (3.27) can be applied. 

If the lumped-mass matrix 1s positive semidefinite, the mass matrix can not be inverted; 

If the lumped-mass matrix is indefinite, the mass matrix can not be decomposed into two 

real lower triangular matrices. 

The efficiency of using positive definite lumped-mass matrix is very important as the 

transformation procedures in Eq. (3.27) play the major role of the total effort for the 

eigenvalue extractions using the transformation methods. The total effort is not strongly 

dependent on the number’ of eigenvalues that are extracted but is dependent on the 

transformation procedures. In contrast, the total effort in the root-tracking methods is 

linearly proportional to the number of extracted eigenvalues. Thus, the transformation 

methods and the positive definite lumped-mass formulation are preferred for large finite 

element models that require many eigenvalues. The root-tracking methods,however, 

may be more efficient when only a few eigenvalues are required for a large finite element 

model. As mentioned earlier, no significant improved efficiency can be achieved by 
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choosing lumped-mass matrix in the root-tracking method. Rather, one may lose accu- 

racy since using the lumped mass matrix is generally less accurate than the consistent- 

mass matrix. For more details of the numerical methods for the eigensolutions, please 

refer to [1,27,32]. 

Boundedness - 

If the consistent-mass formulation is used and the elements are compatible, the 

eigenvalues are proven to be upper bounds to the exact eigenvalues. The eigenvalues 

obtained from using lumped-mass matrix may be higher or lower than the exact values. 

However, the first few extracted eigenvalues often tend to be lower than the exact sol- 

utions. 

3.4 Higher-Order Mass Matrices 

After reviewing the consistent-mass and lumped-mass matrices, a question naturally 

arises: Is consistent-mass matrix the best nondiagonal element mass matrix? The answer 

appears to be: not always. There are examples of element mass matrices that exhibit 

superior accuracy to consistent-mass matrices. However, no general theory of obtaining 

higher-order accurate mass matrices exists yet. 

The Higher-Order Mass Matrix for a Rod Element - 

Literature Review 46



The first example of a higher-order mass matrix is presented by MacNeal [1,18] for a rod 

element. Recall that the consistent-mass and lumped-mass matrices for this element re- 

sult in error of O(h?) of same magnitude but in opposite direction. The higher-order mass 

matrix is simply the average of the two mass matrices: 

51 
CM.1 = = ; , (3.28) 

For uniform mesh, MacNeal found that the error of this mass matrix is 

(@y)approx. l nr ‘ 1 6 

To = 1-35 (ar) +°( 4) 3.29) 

It can be seen that Eq. (3.28) leads to error of O(/‘). Therefore, it is called “fourth-order 

” 
mass matrix ” here. Note the fourth-order mass matrix is called “second-order mass 

matrix ” in [2,3] which is not appropriate since the error is of O(A*). This mass matrix 

is being used as the coupled-mass matrix for rod element in NASTRAN [I], p.5.5-4]. In 

addition to the fourth-order mass matrix, there is another new mass matrix which is 

m, [3 | 
CM.I1== 13 (3.30) 

This mass matrix is proven in [2,3] to minimize the maximum natural frequency error in 

the whole range of modes for a rod vibration problem. The mass matrix is called the 

Stavrinidis mass matrix since it 1s introduced by Stavrinidis in [33]. 

A comparison of the natural frequency errors of the four rod mass matrices - consistent, 

lumped, fourth-order, and Stavrinidis mass matrices - is made and the results are shown 

in Fig. 10. It can be seen that the fourth-order mass matrix has the least frequency er- 
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rors at low modes. The Stavrinidis mass matrix has the least error as far as the accuracy 

of the whole range of modes is concerned. The results are for a fixed-free rod. Similar 

results can be expected for a rod of fixed-fixed and free-free boundary conditions. 

The Higher-Order Mass Matrix for a Beam Element - 

A non-consistent-mass matrix, see below, is proposed by Clinckemaillie et al. in [2,3] for 

a beam mass matrix 

163 «25.51 479.51 | 

m, | 25.50 7.5 9.5! -3? 
CM.1= 35 (3.31) 

47 9.51 163 —25.5! 

    —9.51 —3? —25.5! 7.51" 

This mass matrix, called the sixth-order mass matrix, reduces the error of O(A‘), obtained 

from the consistent-mass matrix, to error of O(h‘). Figure 11 shows the comparison of 

the natural frequency errors between the consistent-mass and the sixth-order mass ma- 

trices, 

It can be seen that the results for the consistent-mass matrix appear to be upperbounds 

to the exact solutions; the results for the sixth-order mass matrix are lower than the ex- 

act soluitions, but they converge faster than those obtained from the consistent-mass 

matrix. Figure 11 is for a beam of pinned-pinned boundary conditions. The similar re- 

sults can be obtained for a beam of all other boundary conditions. 

Clinckemaillie et al. are not the first ones who developed the sixth-order mass matrix. 

According to Hughes [34, p. 447], the sixth-order mass matrix was developed by Hilber, 

Hughes, and Taylor in an unpublished report [35]. The report was finished in 1975 
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which is about nine years earlier than the publication of the sixth-order mass matrix in 

[2,3]. The sixth-order mass matrix, however, is expressed as a linear combination of a 

consistent-mass matrix and a stiffness matrix as below 

me 
+ Ber CK, J (3.32) CM] [ M, J 

sixth —~ order _ consistent 

where 8 = 1/720. Equations (3.31) & (3.32) are actually identical. 

The higher-order mass matrices for rods and beams have been reviewed. The derivation 

of these matrices are then discussed. In developing the higher-order mass matrices, the 

first thing one needs to do is to obtain a general element mass matrix and the second, 

optimize it. The strategy of finding such general rod and beam element mass matrices 

are reviewed below. 

A General Rod Element Mass Matrix 

A general rod element mass matrix [2,3] can be expressed as 

0.5—-a a 
[M,J=m, (3.33) 

a 05-a 

where the lumped-mass matrix corresponds to a=0, the consistent-mass matrix to 

a=1/6, the Stavrinidis mass matrix to a= 1/8, and the fourth-order mass matrix to 

a= 1/12. 

According to Taylor and Iding [36], a general rod element mass matrix can be a linear 

combination of a consistent-mass matrix and a stiffness matrix, 
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CM. J =CM.] general ~ 

2 

+y 260K] (3.34) consistent 

where the lumped-mass matrix corresponds to y = 1/6, the consistent-mass matrix to 

y = 0.0, the Stavrinidis mass matrix to y = 1/24, and the fourth-order mass matrix to 

y = 1/12. 

Taylor et al. used the extended variational principle [36] to prove that the linear com- 

bined mass matrix of Eq. (3.34) has the property of convergence. 

A General Beam Element Mass Matrix 

Unlike the rod element, it takes a lot of efforts in [2,3] to find a general form of beam 

mass matrix. Suppose every entry of a beam mass matrix is allowed to vary provided 

the symmetry is maintained. The mass matrix can be written as 

My, My. My Me 

M22 M23 M4 
[M,J,. =m, (3.35) 

beam 

™33 N34 

Maa     
There are 10 unknowns in Eq.(3.35). According to [3], These unknowns can be elimi- 

nated by imposing 

e Symmetry and conservation conditions 

e Accuracy conditions, limiting the truncation error of the finite element model 

Based on the above criteria, the following constraints are developed and imposed: 
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my + M33 + 23, = | 

My, = 1133 

my. = Maq 
M3 =a 

M23 = —My,4 = cl (3.36) 
m2 = mia = bl 

M2 = dv’ 

2 
My, = fl 

The derivations of the first four constraints in Eq. (3.36) are based on the criterion of 

symmetry and conservation conditions. This is easy to understand. The derivations of 

the remaining four constraints are based on the implementation of the second criterion 

- accuracy conditions, limiting the truncation error of the finite element model. The 

procedures for the development of these constraints are, however, very complicated. 

Readers, who are interested in the derivations, are refer to [3] for the details. In fact, 

there is an easy way to interpret the development of the remaining four constraints in 

Eq. (3.36). They are simply following the pattern of a consistent-mass matrix as shown 

in Eq. (3.19). It is much easier to understand when one compares the consistent-mass 

matrix and the general form of beam element mass matrix that follows 

0.5 —a Obl a cl 

ad ed f? 
[ M, J seam = mn, 05a bi (3.37) 

2 
LU dl s     

Like the rod element, the general form of a beam element mass matrix can be expressed 

in a linear combination of a consistent-mass matirx and a stiffness matrix [36] as below 
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mi 
CM, ] =({M, ] + BU Ke I (3.38) 

general ~ consistent 

The formulation method suggested by Taylor and Iding [36] is, much simpler than that 

by Clinckemallie et al [2,3]. However, Taylor et al. did not explain why such kind of 

formulation can lead to a higher-order mass matrix. Moreover, The techniques of ob- 

taining the sixth-order mass matrix from Eq. (3.38) is written in an unpublished report. 

In contrast, the derivations of the sixth-order mass matrix using the general mass matrix 

as shown in Eq. (3.37) are well documented by Clinkemaille, et al. in (3]. The technique 

they used is the error analysis method. In the following, the error analysis method 1s first 

reviewed, then, the derivations of the higher-order mass matrices in [3] for rods and 

beams are introduced. 

Error Analysis Method 

The convergence rate of discretized error as a mesh is refined can be found by an order 

of error analysis. This method is commonly used to evaluate the finite difference method. 

The method is first used for a theoretical investigation of the convergence properties of 

several finite element approximations by Walz, Fulton, and Cyrus [37]. The method is 

to obtain the typical finite element equations which express force equilibrium at a ref- 

erence nodal point in terms of displacements and accelerations. These finite elements 

equations (which are a class of difference equations) are then expanded in Taylor series 

about the nodal point to obtain the differential equations equivalent to the finite element 

equations at the node. The resulting differential equations are compared with the gov- 

erning equations for the continuum approximated, and the error terms are evaluated. 
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The finding of the fourth-order mass matrix for a simple rod vibration problem is treated 

in detail as an example to characterize the method. Then, the finding of the sixth-order 

mass matrix for a simple beam problem is briefly reviewed. 

In the case of equal-length elements, the discretized difference equation of a free-free rod 

obtained from Eq. (2.6) is 

- ar oa hr a4 

1-1 ful [os-a a i, | |o| 

—1 2-1 7) a 1l-—2aa 7 0 
oe 
ep --- — {+ - - - —{=|(-—|{ (3.39) 

~-1 2-1 }i- al—-2a a _ — 

; —1 1 IL ; a O05-a ; en | 9 |                     
A typical equation of Eq. (3.39) can be found as 

2 

aa y+ + Quy — uy _ 4} + {aii_ , + (1 — 2a)ii, + aii, , ,} =0 (3.40) 

The behavior of the system of Eq. (3.40) is investigated as the number of equations goes 

to infinity and the size of the element vanishes. This is done by examining Eq. (3.40) in 

the limit as h approaches zero with the aid of the Taylor series expansion’ of displace- 

ments u and accelerations u at points i-1 andi+1 about the ith point. 

Substitution of the Taylor series expansion of u,_, and u,,, into the first term of Eq. 

(3.40) yields, 

S For details see Appendix C 
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2 4 6 
Ou, yey EO pay 1 Ou 

6 oe ae 12 9,4 360 9,° ho + (3.41) Wy y+ ty yy = 

Substitution of the Taylor series expansion of i_, and iw%,, into the second term of Eq. 

(3.40) yields, 

6 
075i aii Ou J 22 , 4 J 44 .—2 J 16 L.. 

Ax’ ' 12 4x4 " 360 9x° ’ 3.2) 
  

ail;_,» + (1 — 2a), + aii, =i +a 

Substitution of Eqs. (3.41) & (3.42) into Eq. (3.40) and rearrangement of the terms, re- 

sults in 

  

2 O-u , .. Lo Gu Oui |,2 1 au, a Gi la, |. +i|+| 17° ax! +a ax? | +| 360 x6 +75 ax! ho +--+ = 0(3.43) 

where the subscript “j” has been omitted from wu. Omission of such subscripts is done 

consistently throughout the writing for simplicity. By inspection one finds that Eq. 

(3.43) represents the correct equation plus higher order terms which all vanish when A 

tends to Zero. 

Equation (3.43) shows that the error is of O(A?) 

error =| Kt OH 4 g@ Sit Ja? + O(n) (3.44) 
12 ax* x? 

Therefore, one can analyze the error for different value of “a” as follows: 

For the lumped-mass matrix, a = 0 

4 

error =~ c? 2 p24 O(h*) = O(K?) (3.45) 
12° a4 
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For the consistent-mass matrix, a = 1/6 

___1 22 fu ,2 4, yp? 
error=— > ¢ ant h° + O(h") = O(h*) (3.46) 

For the Stavrinidis mass matrix, a= 1/8 

_ __l 2 Ofu 2 4) yp,2 error= — a5 h° + O(h) = O(h’) (3.47) 

For the fourth-order mass matrix, a = 1/12 

6 

¢? a h* +. O(h*) = O(h*) (3.48) 
x 

  error = — 740 

Equations (3.45) & (3.46) explains why the average of consistent-mass and lumped-mass 

matrices reduces the error from O(A?) to O(A*). 

The strategy of the derivation of the higher-order mass matrix for a beam element is the 

same as those for the rod element. However, unlike the rod mass matrix, there are two 

typical equations that are repeated in the mass matrix. The combination of the two 

equations is here called the “repetitive cell.” The repetitive cell, in the case of equally 

spaced nodes and away from boundaries, consists of the following: 

[B’ A Bl] (3.49) 

It repeats itself along the diagonal of the global matrix, which coincides with the diag- 

onal of A. 

For the stiffness matrix, this cell is 
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-~6 -3h 12 0 -6 3A 
al (3.50) 
hol3n Ah? 0 4h? -3h A 

The odd columns corresponding to the translational degrees of freedom, u_,, 4, and 

u;4,. While the even columns represent the rotational degrees of freedom, 9,-_,, 6, and 

6,,;. Please note that the element length “/” has been replaced by “h” in the equation 

since “h” is used in the error analysis. 

Finally, the mass cell obtained from Eq. (3.37) becomes 

a ch l1—2a 0 a —-ch 
m, 5 , , (3.51) 

—ch fh 0 2dh° ch fh 

leaving four unknowns to be determined. 

Substitution of the Taylor series expansion of u_,, uj, 0,-;, and 6, into the first row and 

the second row, respectively. Using the same technique as that for the development of 

the fourth-order mass matrix, one finds that the minimum error of the mass matrix oc- 

curs when the four unknowns are as follows: 

  

-_47 19 7 pli 
2=490 °= B40 471200 472520 (3.52) 

The discretized error of this formulation is 

- First Row: 

Lp Bu 58. Orn?) (3.53) 10800 ~~ 9,10 

- Second Row: 
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8 
1 Ere a Cu 6 8 T3900 Boh + OCH) (3.54) 

The order of the error is O(A). At this stage, the coefficient “b” of Eq. (3.37) still remains 

to be determined because it does not appear in the repetitive cell. Applying the same 

error-minimization technique to the element mass matrix with left free boundary end as 

shown 

0.5—a bh a —ch 
mM, (3.55) 

2 2 
—bh dh° ch fh 

Substitution of the values of Eq. (3.52) into Eq. (3.55), and using the same error- 

minimization technique, one finds, 

_ 7 b= 555 (3.56) 

It should be noted, however, the error of the element at the free end degenerates from 

O(h®) to O(k). The order of error at the free end is less than that away from the 

boundary. However, this effect becomes negligible as more elements are used in the 

model. Substitution of the values of Eqs. (3.52) and (3.56) into Eq. (3.44), one obtains 

the sixth-order mass matrix. 

The formulation of the higher-order mass matrices has been briefly reviewed. All the 

higher-order mass matrices are obtained based on a simple structure such as a pure rod 

and a pure beam problem. Since not much physical insight can be seen from the com- 

plex error derivations, one can not be sure if the higher-order mass matrices are useful 

in a more general problem. Obviously a test is needed to determine the performance of 

these mass matrices on a general structure such as a frame. To evaluate the 

Literature Review 59



discretization errors of these mass matrices for a frame, one needs to have exact 

eigensolutions which will be obtained using a technique called Finite-Element-Transfer- 

Matrix Method. This method is to be reviewed next. 

3.6 Finite-Element-Transfer-Matrix Method 

The eigensolutions obtained from the finite element models discussed above are ap- 

proximate solutions. The Finite-Element-Transfer Matrix (FETM) method, however, 

gives exact eigensolutions. The FETM method was created by Nagamatsu and Nagaike 

[38], and was further improved by Jara-Almonte [5,6]. The program developed by Jara- 

Almonte, called DSTAP, is capable of extracting exact eigenvalues and exact 

eigenvectors for a plane frame structure, and will be used in this study to generate the 

exact eigensolutions for a portal arch structure. The FETM method uses both the FEM 

and the Transfer Matrix Method (TMM). The FEM eigenvalue problem has been dis- 

cussed. The TMM method is well documented in [24]. In the following the formulation 

of the FETM is briefly reviewed. 

In the Transfer Matnx Method certain variables of interest are defined at different 

Stations in the system. For example, a plane beam, as shown in Fig. 12, has four vari- 

ables of interest: deflection, slope, shear, and moment. The stations would be the points 

along the beam. These variables are placed in a vector which is called “state vector.” 

The TMM then seeks to relate the state vectors at two stations by solving the boundary 

value problem between the two stations. This leads to the general equation, 

{z},= LTM]{z},_, (3.57) 
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Neutral 

z _|- --> Axis 
i-1l 2 x 

(a) Undeformed Plane Beam i 

Original Location of the 
Neutral Axis 

Mi 

  

  
i-1 

(b) Deformed Plane Beam 

Figure 12. Schematic Diagram and Notations for a Beam in the TMM. 
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where the [TM] is the transfer matrix. The transfer matrices for structural analysis are 

quite numerous [24,39]. Many of these transfer matrices provide exact solutions of the 

differential equations between two stations. These transfer matrices are referred to as 

“continuum transfer matrices,” since the domain of the system is not discretized. The 

derivation of continuum transfer matrix for a beam with rotatory inertia and shear de- 

formation is presented in [24], and summarized in Table 1. Note the shear deformation 

effect is not considered in this research. The program DSTAP can handle a beam with 

or without shear deformation effects depending on the user’s choice. The transformation 

of a typical transfer matrix into a dynamic stiffness form follows. 

In structural analysis, the state vectors {z} in Eq. (3.57) are usually made of an even 

number of sections. Half of the entries are “displacements” and the other half are 

“internal forces” associated with the displacements. Thus, Equation (3.57) can be re- 

written as, 

tet eS =[(TM] (3.58) 
F Fie 

where d represents the displacements and F are the internal forces. 

Partitioning the [TM] in Eq. (3.58) into, 

U, U, 
[TM] = (3.59) 

3 U4 

Equation (3.58) may be rewritten as, 
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{a f a4 
= (3.60) 

FJ) |U,U,{UR_, 

Solving the first set of equation for F,.,, 

F,-\= U,'d; ~ U,-' U id; _ | (3.61) 

and substituting into the second set of equation to solve for F, 

F, = (U; — U,U,7'U,)d,_ , + UsU2""d, (3.62) 

Equation (3.61) and (3.62) can be assembled into: 

—U,'U; U dy Frey 
= (3.63) 

U;— U,U,'U, U,U,™ d, F, 

Equation (3.63), called dynamic stiffness matrix, resembles the classical static stiffness 

formulation encountered in static FEM problem. However, Equation (3.63) must be 

incorporated into a finite element code with care since the sign conventions between the 

TMM and the FEM generally do not agree. For the beam element studied here, the 

differences in sign convention are summarized in Fig. 13. The beam transfer matrix 

presented in Table 1 is converted into the stiffness matrix by using Eq. (3.63). The re- 

sulting dynamic stiffness matrix is algebraically complex to evaluate because of the many 

trigonometric and hyperbolic terms. This stiffness matrix is then incorporated into the 

finite element code. Thus complete the formulation of an FETM in the FEM domain. 

If all the components are formulated using the FETM elements, the finite element model 

is exact and the exact results are expected. Moreover, with very few number of FETM 
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7 a TI 7? 

TMM 

<— <— C 1——> > 

Mey bed “i ‘i 

(a) Axial Conventions 

*, FEM 
2 

(b) Bending Conventions 

Figure 13. Positive Sign Conventions in the FEM and the TMM. 
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elements one can obtain much more accurate modes than those obtained by the tradi- 

tional FEM elements. This includes the exact mode shapes to any desired resolution. 

These are the major advantages of the FETM method. 

It should be noted, however, that there are two inconveniences of using the FETM 

method. The first one is that the eigenvalue problem becomes nonlinear due to the 

trigonometric and hyperbolic terms in the FETM matrices. Hence, the transformation 

methods mentioned in Chapter 3 is not suitable for the FETM method. One needs to 

use a root-tracking method such as determinant search method to solve for the 

eigenvalues. The other inconvenience is that in doing the determinant search , the dy- 

namic stiffness matrix has potential to blow up as the trial frequency approaches a pole 

of the dynamic stiffness matrix. It is necessary to avoid evaluating the determinant of 

the structure matrix at a pole. The above two problems have been overcome by Jara- 

Almonte in the DSTAP. There is no difficulty running the program for the exact 

eigensolutions. The DSTAP has been tested and proven to be error free, hence, the re- 

sults obtained from the DSTAP are deemed correct and reliable. 

3.7 The Modal Assurance Criterion 

It should be noted that most error analysis methods are used for the investigation of the 

eigenvalue errors. Only a little attention has been paid to the eigenvector errors. Strang 

and Fix [26] did show an estimate of the eigenvector error in Eq. (3.14), but the estimate 

is valid only when the number of elements are very large. The estimate of eigenvector 
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error for a model using small number of elements is desired but is not available. More- 

over, the estimation is made for the consistent-mass models. No correct estimation has 

been made for the lumped-mass models. Therefore, knowledge as to the accuracy of the 

extracted eigenvectors obtained from finite element method is still not quite understood. 

To effectively show the errors of eigenvectors using various kinds of mass matrices in a 

finite element model, a technique, called Modal Assurance Criterion (MAC), is used in 

this research. The MAC was originally proposed in the experimental modal testing field 

[40]. The purpose of the MAC is to determine the consistency between two modal vec- 

tors which are obtained from independent rows or columns of the experimental fre- 

quency response function matrix. It was later applied to compare the modal vectors 

obtained from the finite element method with those extracted from the experimental 

modal testing method. The method is proven to be very effective. Therefore, this 

method is used here to compare the extracted eigenvectors from FEM models and the 

exact eigenvectors obtained from continuum equations. 

The MAC is a scalar constant relating the relationship between the two eigenvectors. 

The constant will take on values from Zero, representing no consistent correspondence, 

to one, representing a consistent correspondence. The way the MAC is calculated is 

very similar to that for the correlation coefficient in statistics and that for the coherence 

function in frequency response function. Assuming there are two real modal vectors, 

one defines 

(X} = Dxq, xg tnd? (3.64) 
{Y} = Cy vas oo Yad 

The MAC is obtained by the following equation, 
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n 

> Xi 
i=] 

MAC = ——_—— (3.65) 

» XX; » Wt 
i=] {= 1 

In general, the vectors in Eq. (3.64) can be complex vectors but the procedures of cal- 

culating MAC remain the same. For this study, however, the eigenvectors are always 

real vectors because the structure is self-adjoint. In addition, since the MAC used in this 

study is for the identification of the accuracy of the extracted eigenvectors, one set of the 

two vectors in Eq. (3.64) must be exact eigenvector. Equation (3.65) will be applied to 

detect the eigenvector errors in the following chapters. 
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Chapter 4 

Formulation of Non-Consistent Mass Matrices 

In chapter 3 various forms of mass matrices: consistent-mass, lumped-mass and higher- 

order mass matrices, are introduced. Their forms vary widely and a unification of the 

formulation of these mass matrices is desired. The unification work includes finding the 

convergence criterion for the free-vibration model and investigating the shape functions, 

if available, for the non-consistent mass matrices. These concepts can help generate a 

generalized methodology for the formulation of these non-consistent mass matrices. It 

is expected that by doing so one can obtain physical insight into the formulation of 

lumped-mass and higher-order mass matrices. This will provide ability to generate new 

optimized non-consistent mass matrices. 
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4.1 Convergence Criteria 

Convergence criteria for a free-vibration model are conditions that guarantee the exact 

natural frequencies and mode shapes will be approached as element meshes are refined 

indefinitely in a structure. These criteria have to be met for any model if one expects 

proper eigensolution evaluation. The convergence criteria for a static model are first 

studied, followed by the derivation of the criteria for a free-vibration model. The various 

forms of rod and beam mass matrices are then verified by the criteria to see if they meet 

the convergence requirements. 

4.1.1 Convergence Requirements of a Static Model 

A static model includes a stiffness matrix and a force vector as 

[CK]{D}={(f} (4.1) 

Depending on the specific finite elements used in the analysis of such a problem, the 

results may converge monotonically or non-monotonically to the exact solutions as the 

number of elements is increased. If the results converge monotonically to the exact 

solutions, the stiffness matrix is overstiff and provide an upper bound to the true 

stiffness of the structure. If the results converge non-monotonically to the exact sol- 

utions, the stiffness matrix may or may not be overstiff and the boundedness as men- 

tioned above can not be assured. 
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The stiffness matrices that provide boundedness is used for the study of non-consistent 

mass formulation. To assure the monotonical convergence, the element must be com- 

plete and compatible [41-43]. The requirement of completeness cf an element means 

that the shape functions of the element must be able to represent the rigid-body dis- 

placements and the constant-strain state. The ngid-body displacements are those dis- 

placement modes that the element must be able to undergo as a rigid body without 

stresses being developed in it. The necessity for the constant-strain state can physically 

be understood if one imagines that more and more elements are used in the assemblage 

to represent the structure. Then in the limit as each element approaches a very small 

size, the strain in each element approaches a constant value, and any complex variation 

of strain within the structure can be approximated. 

The requirement of compatibility means that the displacements within the elements and 

across the element boundaries must be continuous. Physically, compatibility assures 

that no gaps occur between elements when the assemblage is loaded. When only 

translational degrees of freedom are defined at the element nodes, such as wu in rods, only 

continuity in u must be preserved. However, when rotational degrees of freedom are also 

defined, such as @ in beams, it is also necessary to satisfy the continuity of 0. 

Compatibility is automatically assured between rods and beams elements because they 

only join at the nodal points. The verification of conservation of rigid-body mode and 

constant-strain state in the element stiffness matrices for rods and beams can be done 

as follows: 

Rod Element 

The element stiffness matnx for a rod is shown in Eq. (3.2). 
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Rigid-Body Mode 

There is only one rigid-body mode in a rod element which is 

[oJ ,=C11]' (4.2) 

The rigid-body mode will be conserved in the element stiffness matrix if 

[O10 K, rode Pt] 04 =0 (4.3) 

The above equation means that the strain energy of an element is zero in a rigid-body 

mode. Substituting Eq. (3.2) and (4.2) into Eq.(4.3) 

1-1 ]f1 
C113 | Ii|-° (4.4) 

—1 1 4t 

Hence, the rigid-body mode is conserved in the rod element stiffness matrix. 

Constant-Strain State - 

In rods, where tension and compression are involved, the constant-strain state is asso- 

ciated with constant slope. Hence, the constant-strain state is conserved in a rod ele- 

ment stiffness matrix if 

Ou 
a5 constant (4.5) 

The displacement, u, within the element is 

u=u,_,N, + uN, (4.6) 

where N, and N,; have been given in Eq. (2.9). Substituting Eqs. (2.9) & (4.7) into Eq. 

(4.5) 
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uy — u 
ou = —— = constant (4.7) 

Hence, the constant-strain state is conserved in a rod stiffness element matrix. 

Beam Element 

The stiffness matrix of a beam element is shown in Eq. (3.4). 

There are two rigid-body modes in a beam element - translational and rotational ngid- 

body modes. 

Translational Rigid-Body Mode - 

The translational rigid-body mode for a beam element is 

[,],_,= 01010 7 (4.8) 

The translational rigid-body mode is conserved if 

COT ml Ke Veal PrIseam = 9 (4.9) 
beam beam 

Substituting Eqs (3.4) & (4.8) into Eq. (4.9) 

rT 42 6-12 olf 1 

E] 6 47 —6t 27 || 0 
Cio10oj— =0 (4.10) 

ro) —12 -6f 12-6} 

        | 6 2° —6! 4! |] 0 

Therefore, translational rigid-body mode is conserved in beam stiffness element matrix. 

Formulation of Non-Consistent Mass Matrices 73



Rotational Rigid-Body Mode - 

The rotational rigid-body mode for a beam element is 

COI, C21 2177 (4.11) 

The rotational rigid-body mode is conserved if 

[0,17 [KI 
beam seam Pr scam =0 (4. 12) 

Substituting Eqs (3.4) & (4.11) into Eq. (4.12) 

12 6-12. of lf -7/2 | 

EI 6. 4° -6l 27) 4 
C-y21 y21 y= =0 (4.13) 

Pot 12 -6f 12 -6l |] 42 

        2 2 ; 6i 21° —6l ai | | 

Therefore, the rotational rigid-body mode is conserved in a beam stiffness element ma- 

trix. 

Constant-Strain State - 

In beams, where bending is involved, the constant strain is concerned with constant 

curvature. Therefore, constant-strain state will be conserved in a beam element stiffness 

matrix if 

Pa 

as? 

  = constant (4.14) 

The displacement, w, within the beam element is 
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w=w,_1N, + 0;_ No + wi; + ON, (4.15) 

where the four shape functions, N,, i= 1,4, have been given in Eq. (2.16). 

For a constant-strain state, the absolute nodal displacements of any element can be 

converted, by a coordinate transformation, into the the local coordinate system as: 

W,_ | = W, = w= constant 

  

(4.16) 
6,_, = — 9, = 6 = constant 

Substituting Eqs. (2.16), (4.15), & (4.16) into Eq. (4.15), one obtains 

ow =-+- constant (4.17) 
as” l 

Hence, the constant-strain state is conserved in a beam element stiffness matrix. 

The above verifications show that the element stiffness matrices for rods and beams 

satisfy the conservation of rigid-body mode and constant-strain state. It has been 

mentioned that they satisfy the compatibility requirement. Therefore, the convergence 

and upper bound to the exact stiffness of the structure are assured for these stiffness 

matrices. 

4.1.2 Convergence Requirements of a Free-Vibration Model 

A free-vibration model is shown in Eq. (2.1). The differences between the free-vibration 

model and the static model of Eq. (4.1) are that the external forces in the static model 
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is replaced by the inertial forces generated by the mass matrix and the magnitudes of the 

inertial forces are proportional to the square of frequencies. 

The convergence requirements for the stiffness matrix are the same as those for the static 

model and have been mentioned in the previous section. The convergence requirements 

for the mass matrices are discussed next. If the consistent-mass model is used, the con- 

vergence is satisfied and an upper bound of eigenvalues to the exact solutions is ex- 

pected. If non-consistent element mass matrices are used, the boundedness of the 

eigenvalues is destroyed. However, convergence may still be achieved if certain re- 

quirements are met by the non-consistent mass matrices. 

Clough [44] indicated that for an element that contains translational degrees of freedom 

only, the convergence is satisfied if the following is true: 

ee (4.18) 
i=] 

The conditions can be interpreted simply as a preservation of total mass as, 

y Nip dQ = J dQ (4.19) 
= 1 

Cook made an equivalent but more precise statement in [7, p. 375]. He suggested that 

the basis for the convergence of a mass matrix is that conservation of element mass must 

be satisfied in an element rigid-body translation [7, p.375]. Cook’s statement is reason- 

able and conceivable because a rigid-body motion is the only motion experienced by an 
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element when a mesh is indefinitely refined. The total mass must be conserved in this 

condition to yield the correct inertial force on the element. Thus, any mass formulation, 

including consistent and non-consistent masses, which preserves the element mass in a 

rigid-body motion will lead to convergent results. 

To facilitate finding an expression for the conservation of element mass, a statement 

which is equivalent to Cook’s is used. Conservation of kinetic energy of a rigid-body el- 

ement conserves the initial properties. The statement is: 

With any mass matrix, the kinetic energy is described by the product 

T= > {d}"C M,1{4} (4.20) 

Equation (4.20) must equal to the true element kinetic energy described by the product 

T=5 mV (4.21) 

Based on the statement, one can find an expression for the convergence criterion for rods 

and beams. 

Rod Element - 

One applies Eqs. (4.20) and (4.21) in a rigid-body translational velocity diagram for a rod 

as shown in Fig. 14, 

{d}=CuuJ’=[uu]’ 
(4.22) 

=U[L11]’=U[o,] 
rod 
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Substituting Eq. (4.22) into Eq. (4.20) yields 

l T=>UTOI,£ MI, £%1],,4 (4.23) 

Equating Eq. (4.21) and (4.23), where U = V, one obtains, 

m=C,]" £ M1, 09,1, (4.24) 

If Eq. (4.24) is satisfied, the conservation of mass in rigid-body mode is satisfied. 

Therefore, the rod element mass matrix meets the convergence requirement. Equation 

(4.24) is the convergence criterion for a rod mass matrix. This criteria is applied to check 

if the general form of the rod mass matrix converge. Substituting Eq. (3.33) into Eq. 

05—a a | 
C11 Im | \- m, (4.25) 

a 05—-aj]1 

Hence, the general rod mass matrix is proven to have convergence property. This is 

(4.24), one obtains, 

valid for any value of a. 

Beam Element - 

One applies Eqs. (4.20) and (4.2!) in a rigid-body translational velocity diagram for a 

beam as shown in Fig. 15. 

{d}=[w,6,»,6,] =Lwowoy" 
(4.26) 

=W(1010]7=H[o,] 
beam 
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Figure 14. Rigid-Body Velocity diagram for a Rod 

  

  

    
Figure 15. Rigid-Body Translational Velocity Diagram for a Beam 
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Substituting Eq. (4.26) into Eq. (4.20) yields 

lL yy? T 
T= W CP ,J came Me Jeane P rl seam (4.27) 

Equating Eq. (4.21) and Eq. (4.27), one obtains, 

T 

CO dam M, V,eamt Pr dseam = IMs (4.28) 

If Eq. (4.28) is satisfied, then conservation of mass in a rigid-body mode is satisfied. This 

is equivalent to saying that the mass matrix meets the convergence requirement in the 

purely translational aspects of its motion. 

Cook’s statement in [7, p. 379] is only made for translational mass inertia. Similar con- 

cepts and statements can be made for rotational mass inertia. In a rigid-body rotational 

velocity diagram as shown in Fig. 16, one defines the velocity column vector as : 

{d4}=(C -l2w w Iw w J" 
(4.29) 

=[-i/21 21 ]’w=o[9,] 
beam 

It has been defined in Chapter 2 that the mass moment of inertia is related to rotation 

and is included in the translational mass matrix. Therefore, the following equation is 

required to conserve the element mass moment of inertia in the rotational rigid-body 

mode: 

[o,}7 (MI 
beam [© Jyeom =p mt (4.30) beam 
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The rotatory inertia is related to rotation and is included in a separate mass rotational 

mass matrix. Therefore, the following equation is needed to conserve the rotatory inertia 

in the rotational rigid-body mode: 

[o,], =my,’ (4.31) beam 
[o,]7 [7,7 

beam beam 

Equations (4.28),(4.30), and (4.31) are the criteria for conservation of element mass, 

mass moment of inertia, and rotatory inertia, respectively. However, Eq.(4.30) is not 

needed for convergence. This is verified below: 

Assume a beam in the structure is undergoing a rigid-body motion that can be decom- 

posed into translational and rotation as shown in Fig. 17. Consider a beam contains 8 

element, total kinetic energy can be obtained as follows: 

8 
2 2 2 2 

_ 2 rte | (L 3L SL I r+R=) mi +20°mi| ($) +(2) +(4) +(4) | 
fal (4.32) 

I 
+8-e Wr wml? +8 -« w'mlr,” 

where /= L/8 

A general formulation of (J + R) can be obtained from Eq. (4.32) by replacing “8” with 

“n” and replacing “/” with “Lin”. Thus, 

nf2 

2073 : 2 273 
T+ RemLi*+20pl? \ (2-1) pt tombe, (4.33) 

n A 

iz] 

Let 2 > co, 
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Figure 16. Rigid-Body Rotational Velocity Diagram for a Beam 
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Figure 17. Decomposition of the Rigid-Body Motion of a Beam 
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nf[2 

. 2 

lim (T+ R) = mLW? + 20°mL* «lim ( aS ) . L 

= (4.34) 

    

2 3 
mo” 1: L 2 2 
+ — +o mLr 2 lim ~3 é 

Note in Eq.(4.34) the kinetic energy for the mass, mLW?, and the rotatory inertia, 

wmLr,Z, are always conserved regardless of the value of 1. The kinetic energy for mass 

moment of inertia contains two terms, the first term is related to translational kinetic 

energy, the other, the rotational kinetic energy of a line mass. As n increases and the 

translational kinetic energy increases and the rotational kinetic energy decreases. When 

n goes to infinity, one finds, 

    

2 3 
mw” 1° 

n]2 nj2 

. _ 2 2073. 2;—-1) 20'mL]im (25 j ) . oral lj >: i ) 
n 00 “a n--co 

i=] i=l (4.36) 

_ w'mL? wt w?mL 
7 2 6 12 

where 

nf2 

. (2i—1)° 1 
lim ) —>—"-< (4.37) 

nN ~+00 n 

When n goes to infinity, all the energy related to the mass moment of inertia is formed 

in translational kinetic energy. The contribution by the element mass moment of inertia 
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is zero. Therefore, conservation of the element mass moment of inertia has no relation 

to nor is it a requirement for convergence. The convergence criteria for an element mass 

matrix are as follows: 

I. Fora beam mass element, only Eq. (4.28) needs to be satisfied. 

2. For a beam mass element with rotatory inertia, both Eqs. (4.28) and (4.31) must be 

met. 

These criteria are applied to the consistent-mass and the consistent-rotatory-inertia ma- 

trices to verify their usefulness. Referring to Eqs. (3.19) and (3.20), it is difficult to tell 

if they conserve the three types of inertias. This can easily be verified by Eqs. (4.28) and 

(4.31). Substituting Eq. (3.19) into Eq. (4.28), one finds that 

r 156 220 «54 —-13/1f 1 

m, | 222 4 132 -30 |] 0 
L10101 755 =m, (4.38) 

54 131 156 —22/}] 1 

        2 —13/ ~37 —22! 4 {Le. 

Substituting Eq. (3.20) into Eq. (4.31), one finds that 

—_ + 

36 32 —36 «37 |f 7/2 | 

mr, | 31 4 -3-P |] 1 , 
, =m (4.39) [-21 21 J— 

301° | 36 —32 36 —3I |} 4/2 
  

        3 -—P 3 ar 1 

Since Eqs. (4.28) & (4.31) are all saatisfied, convergence to the exact solutions for a 

beam with or without rotatory inertia can be guaranteed. 
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Although not required, Eq. (3.19) is substituted into Eq. (4.30) and the result is 

[156 22 «354 —13/][ -7/2 | 

m, | 220 4? 13f -3" tl 1 I o4 
[-/2 1 721 lao =T5 IM! (4.40) 

54 131 156 —22/]] 1/2 

        —13/ —3? —221 40 ; 1 
a a = 

This means the consistent-mass matrix not only meets convergence requirements, but 

also preserves the mass moment of inertia. This may accelerate convergence but is not 

necessary to guarantee convergence. 

It has been mentioned that the rotatory-inertia matrix is purely related to rotation. If 

the consistent-rotatory-inertia matrix is substituted into Eq. (4.28) in place of the 

consistent-mass matrix, one finds, 

=e _ 

| 36 wt —36 ll 

2) 34° -31 —P Ilo Aas 

C1010 ]—&   0 (4.41) 
30° |~36 -3/ 36 —30 |] 1 

        | 3 —P —3 41 || 0 

The result is expected since the consistent-rotatory-inertia matrix should not conserve 

any mass in the translational rigid-body mode. 

Next, all the previously discussed beam mass matrices are substituted into Eq. (4.28) to 

see if they meet the convergence criterion. The results are listed in Table 2. It can be 

seen that all the mass matrices conserve the mass in a translational rigid-body mode. 

Therefore, using these mass matrices can guarantee convergence to the exact solutions 

for a beam without consideration of rotatory inertia. 
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Table 2. Verification of Convergence of Various Beam Mass Matrices 

  

  

Formulation of Non-Consistent Mass Matrices 

M, = {,} T M, deamon 

Model Mass Eq. No. Mass 

Consistent Mass (3.19) m, 

Sixth-Order Mass (3.31) mM, 

Block-diagonal 
Mass (3.9) m, 

Lumped Mass 
(a = 0.0) (3.5) m, 

Lumped Mass 
(a = 1/24) (3.8) m, 

Lumped Mass 
(a = 1/78) (3.8) m, 

Lumped Mass 
(a = -1/12) (3.8) mM, 
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4.2 The Effect of the Mass Moment of Inertia 

As mentioned in the previous section, the mass moment of inertia is not needed for as- 

surance of convergence. Therefore, the first impression of this mass inertia is that it is 

not important. However, it turns out that a beam element always have finite length 

which is much larger than the differential length used in the convergence study. Once 

the length is finite, the mass moment of inertia cannot be neglected. Large errors may 

be obtained because of an incorrect mass moment of inertia. 

Fowler [17] may be the first one who indicated the effect of the mass moment of inertia 

on the eitgensolutions. He made a comparison of the errors of three physically lumped 

beam masses (type-A, -B, & -C masses) as specified in Chapter 3, Fig. 8. The beam tested 

has a free-free boundary condition. The results, shown in percent error, between the 

computed results and the exact natural frequencies, are given in Table 3. 

It can be seen from the results that the type-C lumped mass gives more accurate results 

at the lower modes than those obtained from the type-A & -B masses. The type-C mass 

has the mass moment of inertia lumped at the center of the element. Obviously this 

mass inertia has effects on the eigensolutions. Hence, the mass moment of inertia within 

a finite element should also have effects on the eigensolutions. Thus, various forms of 

beam mass matrices are verified to see if they conserve the mass moment of inertia in the 

rotational rigid-body mode. The results are shown in Table 4. It can be seen that the 

consistent-mass, the sixth-order mass, the block-diagonal lumped-mass, and the diagonal 

lumped-mass (« = -1/12) matrices conserve the mass moment of inertia. All other di- 

agonal lumped-mass matrices contain the mass moment of inertia that is larger than 
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Table 3. Frequency Error Between Computer Results of Lumped-Mass Matrices 
and the Exact Frequency for a Free-Free Beam 

No. of Mode 
Elements No. Type A Type B Type C 

2 1 -38.07 

3 I -23.67 20.68 -5.63 

2 -31.55 

4 | -15.55 10.79 -3.18 

2 -32.17 11.60 -11.04 

3 -28.27 

5 ] -10.70 6.64 -2.14 

2 -16.19 11.01 -7.27 

3 -20.36 9.87 -15.58 

4 -26.58 

6 I -7.76 4.51 -1.52 

2 -12.16 7.63 -5.13 

3 -15.64 7.29 -10.45 

4 -19.17 4.55 -16.97 

5 -25.87 
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Table 4. Comparison of Mass Moment of Inertia for Various Beam Mass Matrices 

  

Im = {,}7£ M1, {0} beam 

  

Mass Moment True Mass Moment 

Model Mass Eq. No. of Inertia of Inertia 

Consistent Mass (3.19) 1/12m,P 1/12? 

Sixth-Order Mass (3.31) 1/12mP 1/12mP 

Block-Diagonal 
Mass (3.9) 1/12m2 1/12mP 

Lumped Mass 
(a = -1/12) (3.8) 1/12? L/12m 

Lumped Mass 
(a = 0.0) (3.5) 1/4mP 1/12m2 

Lumped Mass 
(a = 1/78) (3.5) 43/156m,P 1/12mP 

Lumped Mass 
(a = 1/24) (3.5) 1/3m£ 1/12m,f 
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1/12m,2. The larger the value of a, the larger the mass moment of inertia. Recall that 

the lumped-mass matrix with a = 1/24 is designed to conserve the mass moment of in- 

ertia. It turns out that this mass matrix has four times as much as the true mass moment 

of inertia. The higher the mass moment of inertia, the lower the predicted eigenvalue. 

To see the effects of the mass moment of inertia, all the mass matrices are tested by the 

following beam problems: 

1. A free-vibration analysis on a free-free rigid beam supported by two springs at the 

end of the beam 

2. A convergence test on the first natural frequency of a pinned-pinned beam 

3. A convergence test on the first natural frequency of a free-free beam 

4. A convergence test on the first natural frequency of a clamped-free beam 

Except for the first test, all other tests need computer implementations. They are run 

using a program called BEAM and written in FORTRAN 77 on MicroVAX computer. 

A description of the program structure will be introduced in Chapter 5. 

Results for a Rigid Beam with Two End Springs 

A beam model shown in Fig. 18 is used to test the mass matrices. The beam is assumed 

to be completely rigid. Only one element is used in the model for each case. The results 

are shown in Table 5. The closed-form solutions for the exact model are derived using 

Rayleigh’s quotient with known translational and rotational rigid-body modes. In Table 

5, @, and w, correspond to the circular natural frequencies of the translational and ro- 

tational rigid-body mode, respectively. 
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Figure 18. A Rigid Beam Supported by Two Springs 
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Table 5. Natural Frequencies of a Rigid Beam Supported by Two Springs Where the 
Beam Mass and Inertial Properties are Defined by Various Formulations. 

  

wy = Gn/—- (Rad] sec) 
  

Mass Model Eq. No. C) Error (%) Cy Error (%) 

Continuum -- 1.414 0.0 2.449 0.0 

Consistent Mass (3.19) 1.414 0.0 2.449 0.0 

Sixth-Order Mass (3.31) 1.414 0.0 2.449 0.0 

Block-Diagonal 
Mass (3.9) 1.414 0.0 2.449 0.0 

Lumped Mass 
(a = -1/12) (3.8) 1.414 0.0 2.449 0.0 

Lumped Mass 
(a = 0.0) (3.8) 1.414 0.0 1.414 -42.2 

Lumped Mass 
(a = 1/78) (3.8) 1.414 0.0 1.225 -50.0 

Lumped Mass 
(a = 1/24) (3.8) 1.414 0.0 1.347 -45.0 
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Table 5 shows that the consistent-mass, the sixth-order mass, the block-diagonal 

lumped-mass, and the lumped-mass (a =-1/12) matrices generate identical results as the 

continuum model for both eigenfrequencies. The lumped-mass matrices («= 0.0, 1/78, 

and 1/24) yield w, identical to the continuum results. However, the rotational natural 

frequencies are in serious error. The larger the value of a the greater the negative error. 

This type of error could happen in the modeling of a general frame structure. Because 

of the complexity of the structure, it is likely that each slender beam will be modeled by 

a few elements. In the case where the lumped-mass matrix is used and where parts of 

the beam are experiencing nearly rigid-body motion, the corresponding natural fre- 

quencies will be lower than the exact solutions since lumped-mass matrices contains too 

much mass moment of inertia. 

The above disadvantage, however, does not affect the convergence of these lumped-mass 

matrices, since decreasing the element size causes the element mass moment of inertia 

to approach zero while the system of elements acquires the mass moment of inertia of 

the beam, see Eqs. (4.35) and (4.36). Next, ten elements are used for the same problem. 

The results shown in Table 6 indicate that these lumped-mass matrices do converge 

when element meshes are refined. Note that the larger values of « still result in larger 

negative errors. 

Results for a Pinned-Pinned Beam 

The results are shown in Fig. 19. The block-diagonal mass matrix and the lumped-mass 

matrix (a= 1/24) converge at identical rates and slower than other mass matrices. This 

identical performance is not surprising since the application of pinned-pinned boundary 
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Table 6. Convergence Test of Beam Mass Matrices in a Rotational Rigid-Body 
Mode Using 10 Elements Mode 

Model Mass 

Exact Mass 

Lumped Mass 
(a = 0.0) 

Lumped Mass 
(a = 1/78) 

Lumped Mass 
(a = 1/24) 

No. of 
Elements 

10 

10 

10 
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Natural 
Frequenc 

3.079 

3.051 

3.045 

3.038 

Hz 

-0.88 

-1.10 

-1.32 
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condition on Eqs. (3.8) and (3.9) result in identical system mass matrices for both mass 

matrix types. 

Next, one observes that the fastest convergence among the various lumped-mass matri- 

ces is when a=0.0. It converges nearly as fast as the consistent-mass matrix. Notice also 

that the block-diagonal mass matrix model converges much slower than the lumped- 

mass matrix with « = 0.0. These are expected according to the error analysis for a 

pinned-pinned beam in Chapter 3. One also observes that the natural frequencies go 

down as the corresponding value of « increases, i.e., the system has too much mass 

moment for large element size. As the element size is reduced, the excess mass moment 

of inertia approaches zero and the system moment of inertia approaches the theoretical 

value, 1/12. 

Results for a Free-Free Beam 

The results are shown in Fig. 20. Errors for various lumped-mass matrices increase sig- 

nificantly except for the block-diagonal lumped-mass matrix and the lumped-mass ma- 

trix for a=-1/12. Notice the block-diagonal lumped-mass matrix and the lumped-mass 

matrix for «= 1/24 are no longer the same, because block-diagonal lumped-mass matrix 

has additional off-diagonal terms, m,/8, at both ends for the free-free beam. The pin- 

ning of the previous test case removes these terms. In the free-free state these off- 

diagonal terms remain. These off-diagonal terms help conserve the mass moment of 

inertia of the beam. The lumped-mass matrices (a =0.0, 1/78, and 1/24) do not conserve 

the element mass moment of inertia of the beam. The natural frequencies go down as 

the corresponding value of @ increases. 
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Figure 19. Errors of the first Natural Frequency of a Pinned-Pinned Beam as a 
Function of Mesh Refinement. 
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Results for a Clamped-Free Beam 

The eigenvalue errors for the various mass matrices in Fig. 21 are similar to those in Fig. 

18 for free-free beam but errors are much smaller. All the errors of the first natural fre- 

quency are within 5% for the model containing only four elements. As in the free-free 

beam, the block-diagonal lumped-mass and lumped-mass matrices (a = -1/12) give better 

results than other lumped-mass matrices. The consistent-mass matrix converges much 

faster than any of the mass matrices for the clamped-free case. Again, as the value of 

a increases, the corresponding natural frequencies go down. 

Discussions 

Based on the results of the above four examples, the effects of the mass moment of in- 

ertia can be clearly seen. The lack of conservation of the mass moment of inertia in a 

rotational rigid-body mode may cause large error in rotational kinetic energy and may 

result in significant errors in eigensolutions. This condition could happen in a rigid 

beam, a free-free beam, and a clamped-free beam. The nearly-rigid beam occurs at both 

ends of the mode shape for the free-free beam and occurs at the free end for the 

clamped-free case, see Figs. 22 & 23. The lack of the conservation of the mass moment 

of inertia at these ends should be the major reason for errors caused by the lumped-mass 

matrices (a = 0.0, 1/78, & 1/24). This condition, however, does not happen in the 

pinned-pinned case. This is because the mode shapes for the pinned-pinned beam are 

sine waves, see Eq. (D-9) in appendix D, which do not contain ngid-body motions. This 

inconsistent performance with boundary condition of the lumped-mass model has al- 

ready been described in Chapter 3. This physical explanation now clarifies the observa- 

tions made there before. 
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Figure 21. Errors of the first Natural Frequency of a Clamped-Free Beam as a 
Function of Mesh Refinement. 
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Figure 22. First Mode shape of a Free-Free Beam 
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Figure 23. First Mode shape of a Clamped-Free Beam 
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Since an ideal beam-mass model must be able to maintain accuracy and consistency for 

all boundary conditions including the free-free and clamped-free cases, the conservation 

of the mass moment of inertia should be considered as an important requirement in the 

selection of a beam mass matrix. Recall that both the consistent-mass and the sixth- 

order mass matrices preserve the mass moment of inertia, see Table 4. Without satisfy- 

ing this requirement, the two mass matrices can not maintain high accuracy of 

eigensolutions for a free-free or a clamped-free beam. This requirement will be used for 

generating new non-consistent mass matrices. 

4.3 Formulation of New Rod and Beam 

Non-Consistent-Mass Matrices 

Based on the convergence criteria and consistency requirement, many new groups of rod 

and beam non-consistent-mass matrices can be formulated using the following four 

techniques: 

1. general forms of rod and beam mass matrices 

2. <A linear combination of two converging-mass matrices 

3. A linear combination of a converging-mass matrix and a zero-mass matrix 

4. Shape functions that satisfy convergence and consistency requirement 

The fourth technique of using shape functions will be discussed in the next section; The 

details of the first three techniques are discussed below. 
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4.3.1 General Forms of Rod and Beam Mass Matrices 

The general form of a rod mass matrix is shown in Eq. (3.33). For clarity, this mass is 

shown here again as 

0.5—-a a 

CMs Iua=| 0 | (4.31) 
a I —-@ 

ca oo? Note the mass matrix contains only one variable “a”. Use of any real value for “a” can 

always guarantee convergence property. 

The general form of a beam mass matrix is shown in Eq. (3.37) and is shown here again 

as 

0,5 —a bl a —cl 

bo dad’ cad ft? 
CMe Seam = IM (4.32) 

a cl 0.S5-—a —Dbl 

    
There are five variables in the matrix. Substituting the mass matrix into Eq. (4.28) re- 

sults in 

05-a bl a —cll 1 

a a nn / oa 
[1010 Jm, =m, (4.33) 
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Therefore, any values of the five variables will always generate a converging beam mass 

matrix. Substituting the mass matrix into Eq. (4.29), one obtains 

'0s-a bo oa el lf -/2 | 

bo od? ok Sf? i 
[-21 21 Im, 

a ec 05—a —bi]| 12 (4.34) 

        —i ff -bl dt ao 
onal —_ 

= (—a—2b + 2c + 2d + 2f + 0.25)? 

The mass moment of the element is a function of the five variables. To conserve the 

mass moment of inertia in a rotational rigid-body mode, the following equation must 

be satisfied: 

-a—2b+2c+2d+2f=— (4.35) 1 
6 

As long as the five variables satisfy Eq. (4.35), the mass matrix will not only satisfy 

convergence, but also conserve the mass moment of inertia of the beam. 

The general form mass matrix covers all the beam masses matrices discussed above. A 

comparison of the values of the five variables corresponding to these mass matrices are 

shown tn Table 7. 
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Table 7. The Coefficients in the General Mass Matrices for Various Beam Mass 
Matrices 

Model Mass Eq. No. a b cL d f 

Consistent Mass (3.19) = a a 35 = 

47 31 19 15 —3 
Sixth-order Mass — (3.31) 720 2« 840.~—Stsé«‘OD 840 420 

Block-Diagonal 
I 

Mass (3.9) 0 8 0 34 0 

Lumped Mass 

(a = -1/12) (3.8) 0 0 0 = 0 

Lumped Mass 
(a = 0.0) (3.8) 0 0 0 0 0 

Lumped Mass 

(a = 1/78) (3.8) 0 0 0 a 0 

Lumped Mass 

(a = 1/24) (3.8) 0 u U a7 0 
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4.3.2 A Linear Combination of Two Converging-Mass Matrices 

The new mass matrix can be formulated using the following equations: 

[M,J=(1-p)L MJ, +0 MI, 
(4.36) 

CJ. J = (1 — p)L J, J, + pL J. J, 

If both of the two mass matrices in Eq. (4.36) satisfy the convergence criterion of Eq. 

(4.28), a linear combination of these two mass matrices will also meet the convergence 

requirements. This can be proven as follows: 

{©}7C M, 10} = (0) 4 — pL M, 1, + pL M, Lio) 

=(1—p){®)'E M, 1,{0)} + p{O)'0 M1} (4.37) 

= (1 — p)m, + pm, = m, 

Similarly, if both of the two rotatory inertia matrices in Eq. (4.36) satisfy the conver- 

gence criterion of Eq. (4.31), a linear combination of these two matrices will also meet 

the convergence requirement. This can be proven as follows: 

{,}'C J, 1(,} = {0} "J — pL Je, + PL Fe 1} {9} 

=(1—p){}'E Je 1,{O,} + p(O}'T Je 1{0,} (4.38) 
2 2 2 

=(1l- p)mr, + pm,” = Mr, 

If both of the two mass matrices in Eq. (4.46) satisfy the conservation of mass moment 

of inertia, a linear combination of these two mass matrices will also conserve the mass 

moment of inertia. This can be proven as follows: 
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{©,}70 M, 1®,} = (©,}{(1 — pL M, 1, + pL M, 1,}{0,} 

=(1—pi{®)}"0 M, 1,{0,} + p{)}"T M, 1,{0,) (4.39) 

—qenetemtspt meat m! 

4.3.3 A Linear Combination of a Consistent-Mass Matrix and a Zero-Mass 

Matrix 

The new mass matrix is formulated using the following equations: 

CM.1=C(™,] 

CJ.J=C 4) 

consistent + qL M, J 

+ 4L J. J 

zero 

(4.40) 

consistent zero 

The zero-mass matrix used in Eq. (4.40) conserves no mass inertias in rigid-body modes 

as follows: 

{®,} "T M, J{®,} =0 

{,}"[ M, 1{®,} =0 (4.41) 

{©,}7L J. J{®,} =0 

A linear combination of the consistent-mass and the zero-mass matrices will conserve 

all the mass inertias of the consistent-mass matrix. This can be proven as follows: 

{O}L M, 1{®) ={0)} {LE M, +q0 M,1_ HO} consistent sero} 

=(0)'T MI (O} + q{O)70 M1, {0} (442) 
consistent 

=m,+qe0=m, 
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{D,}’C Je HO} = {O30 Je TV crrene + IL Je Veerg} {Pr} 

= {®,} L Je Jeonsistent’ Pr) + q{®,} T Je Tero Pr} (4.43) 

= Myr,” +q:0= Mery” 

(,}'L M, U®,} = {O)} CMe], serene + I Me Leena} {Pr} 

= {D370 Me I. ncicren(Pr + UP} Me (O) — (4,44) 

tae Qe em =jy mdi +4 O=sy ml 

From the above linear combinations one can develop many new groups of rod and beam 

mass matrices as follows: 

Rod - 

Type 1.) Consistent-mass matrix + lumped-mass matrix 

Type 2.) Consistent-mass matrix + zero-mass matrix 

Owing to the simplicity of the rod mass matrix, the above two combined mass matrices 

are actually representing the same group of mass matrices. 

Beam - 

Type 1.) Consistent-mass matrix + block-diagonal lumped-mass matrix 

Type 2.) Consistent-mass matnx + zero-mass matrix 

Type 3.) Block-diagonal lumped-mass matrix + zero-mass matrix 
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Type 4.) Block-diagonal lumped-mass matrix + diagonal lumped-mass matrix ( 

a = —1/12) 

All of the four combinations selected have convergence property and conserve the mass 

moment of inertia. It is likely that by changing the value of “p” of Eq. (4.36) or the 

value of “g” of Eq. (4.40), one can find an optimized mass matrix for improved 

eigenvalue solutions over a specified range of eigenfrequencies. 

Note, a linear combination of consistent-mass and diagonal lumped-mass matrices ( 

a = 0.0, 1/78, 1/24) will also generate new groups of converging mass matrices. How- 

ever, the combination can not perform consistently for different boundary conditions. 

This type of combined mass matrix is not desired nor listed. 

4.4 Formulation of Higher-Order Mass Matrices 

With the knowledge of convergence criteria, the consistency requirement, and the for- 

mulation of non-consistent-mass matrices, it is much easier to understand the formu- 

lation of the higher-order mass matrices mentioned earlier. 

4.4.1 Formulation of the Fourth-Order Mass Matirx for a Rod 

The fourth-order mass matrix for a rod can be obtained from three forms - a general 

form of mass of Eq. (4.42), a linear combination of a consistent-mass matrix and a 
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lumped-mass matrix, and a linear combination of a consistent-mass matrix and a zero- 

mass matrix. All three general forms of non-consistent rod element mass matrix can lead 

to the fourth-order mass matrix. To obtain the fourth-order mass matrix one needs to 

apply the error analysis technique on the three general forms. 

4.4.2 Formulation of the Sixth-Order Mass Matrix for a Beam 

It has been shown in Tables 2 & 4 that the consistent-mass and the sixth-order mass 

matrices conserve the total mass and the mass moment of inertia. Therefore, the dif- 

ference of the two mass matrices must be a zero-mass matrix. This can be verified as 

follows: 

CM, ] sixth order C M, J ecnsistent = 120 

C1010] lias 
120 
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m, l 

  

      

—?2 l 

l -_— 
30° 

2 —l 

2 ~~ <* 
307 | 

  

2 1 
-) 

31 (4.45) 
20-1 
-) 

30 

=0 (4.46) 

109



    

Tr - 
2 ¢ -2 @¢ |f-aIp 

2 p 4 -; LI} 1 
C21 21 = 37 37 =0 (4.47) 

2 + 2 -I |] yp 
I 2 pL 4~ll 1 

i 37 37 {bt 4     
Therefore, the sixth-order mass matrix can be interpreted as a linear combination of a 

consistent-mass matrix and a zero-mass matrix. Recall that the sixth-order mass matrix 

can be obtained from a linear combination of a consistent-mass matrix and a stiffness 

matrix. The reason is clear because that the beam stiffness matrix has been proven to 

have zero strain energy in the translational and rotational rigid-body modes, see Eqs. 

(4.10) & (4.13). Therefore, the stiffness matrix is a form of the zero-mass matrix disre- 

garding the units of the two matrices. If one compares the zero-mass matrix and the 

stiffness matrix, one finds that they are proportionally related by a constant. 

The above findings verify that the sixth-order mass matrix actually conforms to Eq. 

%” (4.40) as proposed in section 4.3.3. To obtain the optimized value of “g,” one has to 

apply the error analysis technique as mentioned in Chapter 3. The details of obtaining 

the optimum value, 1/120, for “gq” using the technique are basically the same as those 

introduced in Chapter 3 and are not shown here. 
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4.5 The Shape Functions for the Non-Consistent-Mass 

Matrices 

This section studies the shape functions for the formulation of non-consistent-mass 

matrices. Understanding the shape functions helps generate physical insight into the 

element mass matrix formulation. 

As mentioned earlier, all the mass matrices, consistent or non-consistent, are preferred 

to have convergence property. In order to assure convergence, certain restrictions must 

be applied on the shape functions. Understanding these restrictions one can generate 

the shape functions for new non-consistent-mass matrices without violating the conver- 

gence requirements. In the following, the convergence criterion for a rod element mass 

matrix is discussed, the shape functions corresponding to the general rod mass matrix is 

developed. The same procedures are repeated for the beam element mass matrices. 

4.5.1 Convergence Criterion and Shape Functions for a Rod 

A rod element mass matrix can be formulated using Eq. (2.11). Based on Eq. (4.18), 

Hinton, Rock, and Zienkiewicz [20] showed that the convergence criterion for a rod’s set 

of shape functions are as follows: 
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N,+N,=1 ; O<s<l 

N, =1 ; N,=0, at x=0 (4.48) 

N,=0, N,=1, atx=l 

The first condition of Eq. (4.48) simply states that the summation of N, and N, needs to 

be | within the element as shown in Fig. 24. The second and the third conditions are 

needed for the compatibility of nodal displacements in the mass matrix and stiffness 

matrix formulations. It can be seen that the above convergence criteria comply with the 

previous developed criteria for a rod in Eq. (4.24), since total mass of the element is 

preserved here in a rigid-body translation. 

Using the above criterion the shape functions for a general rod mass matrix in Eq. (3.33) 

are sketched in Fig. 25, where the lumped-mass matrix corresponds to 6= 1/2, the 

consistent-mass matrix to 6=0.0, the Stavrinidis mass matrix to 6=1/8, and the 

fourth-order mass matrix to b= 1/4. The shape functions for a mass matrix may not 

be unique. To illustrate this fact one notes that Clinkemaille et al. [3] proposed a dif- 

ferent form of the shape functions for the Stavrinidis-mass matrix. The shape functions 

are: 

= cos?{ 2% =sin?( 22 N, = cos ( >I ) N, = sin ( aI ) (4.49) 

Substitution of Eq. (4.49) into Eq. (4.48), one finds that the above functions satisfy the 

convergence requirement also. However, the shape function shown in Fig. 25 with 

6 = 1/8 yields the same mass matrix. 

Since the zero-mass matrix is needed for a general mass matrix formulation as shown in 

Eq. (4.30). The criteria for a zero-rod mass matrix are also found as, 
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Figure 25. The Shape Functions of Non-Consistent-Mass Matrices for a Rod Ele- 
ment 
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The shape functions for the lumped-mass, the consistent-mass, the Stavrinidis mass, the 

fourth-order mass, and the zero-mass matrices are shown in Fig. 26. It can be seen that 

except for the shape functions of the consistent-mass matrix (Fig. 26a) and the second 

Stavrinidis mass matrix (Fig. 26e), all shape functions are piecewise continuous over the 

element domain. This is uncommon because the shape functions are usually smooth 

polynomials. This abnormality seems to be unfamiliar but does provide a unifying for- 

mulation for a better understanding of the mass matrix formulations. 

Looking at those piecewise-continuous shape functions shown in Fig. 26, the change of 

the shape functions is actually controlled by one parameter “b” as shown in Fig. 25. 

For the lumped mass, b = 1/2, the corresponding shape functions are non-overlapping. 

Substitution of the shape functions into Eq. (2.11), one obtains a diagonal lumped-mass 

matrix. The off-diagonal terms are zeros because of the non-overlapping of the shape 

functions. For the fourth-order mass matrix, 6 = 1/4, the overlapping of the two shape 

functions show up and the off-diagonal terms of the mass matrix are no longer zeros. 

The diagonal terms are reduced because the off-diagonal terms share part of the total 

inertia effects. For the Stavrinidis mass matrix, b = 1/8, more overlapping is involved, 

therefore, the off-diagonal masses are increased and the diagonal masses are reduced. 

Same conditions apply for the consistent-mass matrix. 
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Figure 26. Shape Functions for Various Rod Mass Matrices 
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4.5.2 The Convergence Criteria and Shape Functions for a Beam 

If a beam mass element conserves mass, mass moment of inertia, and rotatory inertia, 

the velocity diagram within the element in a rigid-body translation and rotation should 

be as shown in Fig. 27, where 

A(s) = 6,_ i= 6, = constant (4.51) 

The velocity can be expressed as 

W(s)=w_, +405 ; OSs! (4.52) 

In finite element method, w(s) is determined by shape functions and nodal velocities, 

ws) = w,_N, + 8,_ No + w,Ng + 0,Ny (4.53) 

If the element is rigid, 

6,_ , = 8, = constant 
(4.54) 

Substitution of Eq. (4.54) into Eq. (4.53) yields, 

W's) = vy, (Ny + Ns) + 8, (Ny + Ng + N30) (4.55) 

Equating Eqs. (4.52) and (4.55), one finds 

N, + N, = 1 

(4.56) 
Ny + Nyt Nyel=s 
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Figure 27. Velocity Diagram of a Beam Element in Rigid-Body Motion 
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In order to maintain the compatibility at nodes for mass and stiffness matrices, the shape 

functions also need to satisfy the following: 

    

    

    

    

Fors=0; 

dN, dN, 
N=1 =+=0; M=0 —2=0 

(4.57) 
N,=0 ys no ML 

. ds ° 4" ds 

Fors=/; 

dN, dN; 
Nj=0 —4=0; Nj=1 —+=0 

(4.58) 
Ny=0 2M: nwo eee 
2 ds’ 4 ds 

Equations (4.56), (4.57), and (4.58) are the criteria for the shape functions to assure 

convergence and conservation of mass moment of inertia of a beam mass matrix. 

The shape functions for a consistent-mass and a block-diagonal lumped-mass matrices 

are shown in Eas. (2.16) and (3.11). Substitution of these Equations into Eqs. (4.56), 

(4.57), and (4.58), one finds that they all meet the criteria. Therefore, it is again con- 

firmed that the two mass matrices converge and conserve the mass moment of inertia. 

Since the lumped-mass matrices in Eq. (3.9) generally do not conserve the mass moment 

of inertia, it can be expected that the shape functions, if available, for the lumped-mass 

matrices do not comply with Eq. (4.56). Therefore, a different criteria is needed for this 

type of converging mass matrices. The criterion of convergence for the translational 

degrees of freedom is as follows: 
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N,+N,=1 (4.59) 

The shape functions, N, and Ns, of all the lumped-mass matrices are the same as those 

for the block-diagonal lumped-mass matrices as shown shown in Fig. 9. The criterion 

for the shape functions of rotational degrees of freedom is not found. Hence, no proper 

shape functions are available for the formulation of am? terms corresponding to the 

rotational degrees of freedom. The only exception is for a=0.0 and the shape functions, 

N; and Ns, are zero everywhere along the element length. 

The shape functions for the zero-mass matrix of Eq. (4.45) are as follows: 

N,=—-s+e 

(4.60) 
N,=-l+—7s Ng=—stil-—e 

where e=//3 or 2//3. For the sketches of the shape functions see Fig. 29. Substitution 

of Eq. (4.60) into Eq. (4.56), one finds 

N, + N;=0 

(4.61) 
Ny + Ng t+ Nz; 2l=0 

The results are expected since the zero-mass matrix preserves no mass in a rigid-body 

motion. Therefore, the shape functions are zero everywhere within the element in a 

rigid-body mode. 

The shape functions for a sixth-order mass matrix are not available. However, the 

sixth-order mass matrix can be considered as a linear combination of a consistent-mass 
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Figure 28. The Shape Functions of the Beam Zero-Mass Matrix 
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matrix and a zero-mass matrix, each has its own shape functions as described in Eq. 

(2.16) and Eq. (4.60), respectively. 
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Chapter 5 

Programs Descriptions, Examples, and Numerical 

Results 

In Chapter 3 various kinds of rod and beam mass matrices are presented. The formu- 

lations of these mass matrices are simplified and unified in Chapter 4 by using the con- 

vergence criteria and the consistency requirements. Based on the information, three 

goals are pursued in this chapter. They are discussed as follows: 

Develop Optimized Mass Matrices for Rods and Beams 

The results for a rod vibration investigation obtained by Clinckemaillie et al. in [2,3] 

show that the fourth-order mass matrix makes the lower eigenvalues converge faster; the 

Stavrinidis mass matrix minimizes the maximum error over all frequency modes. These 

improved results motivated the determination of an optimum value of “a” in Eq. (4.31) 

for a rod that will minimize the prediction errors over a specified number of modes. The 
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optimized mass matrix minimizes the root mean square error of the discrete model na- 

tural frequencies compared with the continuum mechanics natural frequencies. A simi- 

lar investigation will also be made for the optimized beam mass matrices over a specified 

range of modes. 

Quantify Eigenvector Errors 

The MAC method will be used to detect the eigenvector errors of the rod, beam, and 

frame mass matrices. The eigenvector errors are as important as the eigenvalue errors, 

but has not yet been clearly detected. 

Quantify Performances on a Plane Frame 

All the previous work leading to the accuracy prediction of rod and beam mass matrices 

are done on a simple rod or a simple beam problem. The true accuracies of these mass 

matrices in a general structure are still unknown. Thus, the confidence of using these 

mass matrices are limited. The study of the eigensolution errors on a general structure 

may have been hindered by two factors: first, it is difficult to obtain the exact 

eigensolutions for a general structure; second, there is no effective way to find 

eigenvector errors. Both of the difficulties can be handled for a plane frame structure 

due to the advent of the FETM and the MAC methods. These two methods will be 

applied to extract the discretization errors of rod and beam mass matrices on a plane- 

frame structure - a portal arch. It is hoped that this work can provide a clear view of 

the performance of various kinds of rod and beam mass matrices on a general frame 

structure. 
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All of the above goals can not be accomplished without the help of the implementation 

of a computer. Therefore, three programs are developed for this need. In addition, the 

program, DSTAP, and the commercial FEM package, NASTRAN, are also used. The 

details of the programs are discussed below. Examples of running these programs are 

then introduced and their computational results are presented and analyzed. 

5.1 Program Descriptions 

Three programs - ROD, BEAM, and FRAME - are developed for this study. All the 

programs are written in FORTRAN 77 and are run on a MicroVAX computer. Double 

precision numbers are used in the programs to minimize the truncation errors due to 

computer implementation. 

ROD - 

This is a menu-driven, interactive program. The model data can be read from a file or 

entered from keyboard. The data can be edited and listed for verification. This program 

is designed to do the following: 

¢ Generate exact natural frequencies and mode shapes of a rod with all boundary 

conditions. The explicit formulas coded in the program for the exact eigensolutions 

of a rod are obtained from Appendix D. 
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Solve for discretized eigenvalue and eigenvector errors for rods using various kinds 

of rod mass matrices and boundary conditions. The length of each element can be 

different. 

e Does a convergence test on various kinds of rod mass matrices. 

e Find the optimized mass matrix for a rod over a specified range of modes. 

e Find modal reduction mass matrices for a rod. ° 

BEAM - 

BEAM is the same as ROD, a menu-driven, interactive program. The model data can 

be read from a file or entered from keyboard. The data can be edited and listed for 

verification. This program is used to do the following: 

Generate exact natural frequencies and mode shapes for a beam for all boundary 

conditions. The explicit formulas coded in the program for the exact eigensolutions 

of a beam are obtained from Appendix D. The program only handles beam without 

rotatory inertia. 

Solve for eigenvalue and eigenvector errors for beams using various kinds of beam 

mass matrices. The length of each element must be constant. 

Does a convergence test on various kinds of beam mass matrices. 

Find the optimized mass matrix for a rod over a specified range of modes. 

FRAME - 

6 This topic will be discussed in Chapter 6. 
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This is a batch-mode program. The model data have to be read from a file which is 

created by user. This program is capable of solving for eigenvalue and eigenvector errors 

for plane frames using various kinds of frame mass matrices. The element length within 

each branch of the frame structure must be constant. Since the plane frame element is 

two-dimensional, the element matrices obtained from Eqs. (2.22) & (2.23) need to be 

transformed from local coordinates into global coordinates so that they can be assemble 

into global mass and stiffness matrices. The transformation from local coordinates into 

global coordinates is accomplished by the use of coordinate transformation matrix 

Ce, 

    

: cos(%) sin(9) 0 0 0 0 

— sin(?) cos(9) 0 0 0 0 

0 0 ] 0 0 0 

Cgl= (5.1) 
0 0 0 cos(9) sin($) 0 

0 0 0 —sin(3) cos(3) 0 

0 0 0 0 0 1 

where, 9 is the orientation angle of the beam before any deformation has occurred. The 

element stiffness and mass matrices in global coordinates can be defined, 

OK Vopr 08 TC Ke Vigcq £ 8 I 
(5.2) 

CM], =CeV0l™,], C2] global local 

The transformation procedures have been included in the algorithms of FRAME. This 

program can not calculate exact eigensolutions. The exact eigensolutions are obtained 

using the DSTAP program [5]. The data are saved into a file and then read by the 

FRAME to calculate the discretized eigenvalue and eigenvector errors. 
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The Eigensolution Solver - 

All the programs need to use a subprogram called “eigensolution solver” for the calcu- 

lation of natural frequencies and mode shapes of a discrete FEM model. This subpro- 

gram is very important and is introduced in detail. A flow chart of the eigensolution 

solver is shown in Fig. 30. It can be seen that an IMSL [45] subroutine, DGVCSP, is 

used in the solver. This subroutine, using double precision numbers, is needed to com- 

pute all of the eigenvalues and eigenvectors of a generalized real symmetric eigenvalue 

problem as shown in Eq. (2.2). The mass matrix, [ M J, must be positive definite. 

The subroutine, DGVCSP, uses Cholesky decomposition method [31] to convert the 

generalized eigenvalue problem, shown in Eq. (2.2), into a standard eigenvalue problem, 

shown in Eq. (2.3). The details of this conversion have been introduced in Chapter 3, 

Eqs. (3.23) to (3.25). Notice there is only one system matrix in the standard eigenvalue 

problem. This matrix is transformed into an equivalent symmetric tridiagonal matrix 

by the Household method [30]. The implicit QL algorithm [46] is then used to compute 

the eigenvalues and eigenvectors of this tridiagonal matrix. The eigenvectors are trans- 

formed back to the linear space of the generalized eigenvalue problem. The eigenvectors 

are normalized such that the maximum component of the eigenvector is one. 

It is noted that DGVCSP can not handle two special conditions for the FEM models 

studied here. One condition is the extraction of zero eigenvalues for rigid-body modes, 

the other is solving an eigenvalue problem that uses non-positive-definite mass matrices. 

Therefore, additional algorithms are needed in the eigenvalue solver to accommodate 

these conditions. 
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Figure 29. The Flow Chart of the Eigensolution Solver 
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The rigid-body mode can be handled by the shifting method [32, p. 570]. As shown in 

Fig. 30, one can preform a shift on [ K ] by calculating 

CKI=CKI+CM] (5.3) 

and one then considers the new eigenvalue problem 

[K1{D}=iL MID} (5.4) 

To identify how the eigenvalues and eigenvectors of Eq. (5.4) are related to those of Eq. 

(2.2), one rewrites Eq. (5.4) as 

[KU D}=GQ-NEMI{D}=AL MD} (5.5) 

From Eq. (5.5) it can be seen that the eigenvectors of Eqs. (2.2) & (5.4) are identical, 

but the eigenvalues of Eq. (5.4) are increased by 1. The eigenvalues can be recovered 

by shifting all the eigenvalues of Eq. (5.4) by I. 

The models containing non-positive definite mass matrices can be handled using a dif- 

ferent form of eigenproblem as 

[M]{D}=+-C KID} (5.6) 

From Eq. (5.6) it can be seen that all the eigenvectors are the same as the those of the 

Eq. (2.2), but all the eigenvalues are inversed. The true eigenvalues can be obtained by 

inverting the eigenvalues obtained from Eq. (5.6). It should be noted that if the 

eigenvalues of Eq. (5.4) are zero, one can not inverse them. Such a condition, however, 

rarely happens. 
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DSTAP - 

This program is developed by Jara-Almonte [5,6]. As mentioned earlier, the program is 

capable of calculating the exact natural frequencies and exact mode shapes of a frame 

structure. The program is written in a batch mode. Hence, users need to create a for- 

matted input data file for the program. For details of the program structure and the 

format of the input data file, one needs to refer to [5, p. 113-171]. 

NASTRAN - 

NASTRAN is a well-known commercial FEM package which can do analyses in many 

fields including linear structural modal analysis. For theory of the linear modal analysis 

implemented by NASTRAN, please refer to [I]. NASTRAN is needed here as a 

debugger to verify the results obtained from FRAME to assure the results are correct 

without programming errors. 

5.2 Examples and Numerical Results 

5.2.1 Examples and Results for a rod 

This example is presented for the optimum values “a” for a rod mass matrices over a 

specified range of modes. The optimized “a” curve obtained using ROD is shown in Fig. 
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31. The curve is essentially independent of number of elements, material properties, 

boundary conditions, and physical properties when the rod is uniform and is modeled 

with equally spaced elements. Figure 32 shows the optimized curves for a free-free rod 

with 10, 20, and 30 equally spaced elements. The general optimitized curve is also dis- 

played to show that all the optimized curves are alike. Same situations apply for Figs. 

33 and 34 for a fixed-free and a fixed-fixed rod, respectively. Figure 35 shows a com- 

parison of the root mean square (RMS) error of natural frequencies of the lumped-mass, 

the consistent-mass, and the optimized mass matrices for a 20 element fixed-free rod. 

It can be seen that the improvement by the optimized mass matrix is significant. For the 

first half of the total modes, the RMS error of natural frequencies of the optimized mass 

matrix is 4% less than those obtained using the lumped-mass and the consistent-mass 

matrices. 

Another test of this example is to find the MAC for various kind of rod mass matrices. 

It is found that the MAC is | for all frequencies, all optimized “a”, and all boundary 

conditions with equally spaced elements. This results are shown in Figs. 35 & 36. To 

study the importance of equal spacing, unequal element lengths were studied using the 

element length ratio of 1:2:1:2 ..... The results are also shown in Fig. 35. It is found that 

an abrupt change of MAC at about one half of the extractable eigenvalues. Figure 36 

shows the results for a 1:3:1:3 ... ratio. Again, equal spaced element are best. 

To verify the results using the MAC method, a comparison of the continuum and the 

discrete mode shapes for a lumped-mass model with 1:2 spacing elements is made and 

the results are shown in Figs. 37 & 38. Figure 37 shows that the first, third, and fifth 

extracted modes are perfectly correlated with the continuum modes. Therefore, the 

MACs corresponding to these modes are all 1. Deviations between the continuum and 
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the extracted mode shapes start to show up at the seventh mode. Figure 38 shows that 

the errors increase at the ninth mode, and that the worst condition occurs at the eleventh 

mode. The poor correlation between the continuum and the extracted mode shapes ex- 

plains why the MAC drop so significantly. The low MACs are not caused by the spacial 

aliasing problem, since there are at least two nodes within each wavelength for all modes. 

The lowest MAC, which is 0.14, occurs at the eleventh mode. The modal displacement 

diminishes going from the left end of the rod to the right end. The reason for this 

strange phenomenon ts unknown and will be left for a future study. 

5.2.2 Examples and Results for a Beam 

This example is proposed to look for the optimized curve for a beam structure. It is 

desired that the optimization of a beam mass matrix is also controlled by one parameter 

only. This can be done using either a linear combination of two converging mass ma- 

trices or a linear combination of a converging mass and a zero-mass matrices as pro- 

posed in Chapter 4, section 4.3. Four types of linear combinations were suggested in 

section 4.3, One has been chosen here for the optimization is the combination of 

consistent-mass and zero-mass matrices as shown in Eq. (4.40). This combination gen- 

erates the sixth-order mass matrix and is the first priority for optimization evaluation. 

The results obtained from running BEAM show that the optimized “gq” curve is no 

longer independent of number of elements, material properties, boundary conditions, 

and physical properties even when the rod is uniform and is modeled with equally spaced 

elements. Figures 39a and 39b show the optimized curves for a pinned-pinned beam 

with 5 and 10 equally spaced elements. Figures 39c and 39d show the optimized curves 

for a clamped-free beam with 5 and 10 equally spaced elements. Figures 39e and 39f 
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show the optimized curves for a clamped-clamped beam with 5 and 10 elements. It is 

found that the curves for clamped-clamped and clamped-free beam are very similar, but 

are somewhat different from those for the pinned-pinned beam. 

Figure 40 shows the natural frequency errors for a pinned-pinned beam using the con- 

sistent, the sixth-order, and the optimized mass matrices. The value of “g” for the op- 

timized mass matrix obtained from Fig. 39a for the whole range of modes is 0.39. It is 

found that improvement has been made using the optimized mass matrix. The MAC 

test is used on this problem and the results are shown in Fig. 41. All the mass matrices 

result in identical MACs. Figure 41 shows that the MAC starts to fall at about one half 

of the extractable eigenvalues. Therefore, the upper half of the total modes are not re- 

liable and should not be considered for optimization. 

Since the MAC test has shown that the lower half modes give accurate eigenvectors es- 

timation, only the lower half optimized values of “q” are meaningful for beam. An op- 

timized curve is obtained from Figs. 39a to 39e for the lower half modes and is shown 

in Fig. 42. The improvement in the root mean square (RMS) error is made using the 

optimized curve. One such case is shown in Fig. 43 for the pinned-pinned beam for a 

10 elements. 

5.2.3 Examples and Results for a Portal Arch Using Lumped-Mass Matrices 

A portal arch problem is used in this example to detect the discretized errors of 

lumped-mass matrices on a plane frame structure. Figure 44 shows the portal arch and 

its parameters. Three equally spaced elements are used for each arm of the arch. Hence, 
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there are a total of ten nodes and each node has three degrees of freedom. The program, 

DSTAP, is used to generate the exact natural frequencies and mode shapes. These data 

are edited and saved to a file. Then, FRAME reads the file and calculate the errors. 

NASTRAN is also run using a lumped-mass model to verify the results obtained from 

FRAME. The Same procedures are done for the portal arch with free-free, fixed-free, 

and fixed-fixed boundary conditions. The results are discussed below. 

Free-Free Case - 

There are total 30 extractable modes for a free-free portal arch with 9 elements. Table 

8 shows a comparison of the 30 natural frequencies obtained from DSTAP, NASTRAN, 

and FRAME. It is found that the results from NASTRAN are almost the same as those 

from FRAME using the lumped-mass matrix with a = 0.0. This verifies that results 

obtained from FRAME are reliable. The natural fequency errors and the MACs of 

lumped-mass matrices are shown on Figs. 45 & 46. The term “B.D.” on the figures re- 

fers to the block-diagonal lumped-mass matrix. This definition applies to all the figures 

to be shown later on. The first three modes are not displayed because they are rigid-body 

modes with zero natural frequencies. It is found that the MACs drop significantly at the 

12” out of 30 modes for all the diagonally lumped-mass matrix formulations. The MACs 

for the block-diagonal lumped-mass matrix starts to drop at about 18” out of 30 modes. 

Referring to the natural frequency errors of the block-diagonal lumped-mass matrix on 

Fig. 45, it is found that the frequencies from the 11% mode to the 18* mode are about 

40% less than the exact ones. The errors are considered significant and unacceptable. 

Therefore, the eigensolutions after the eleventh mode for all mass matrices are inaccu- 

rate. 
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Table 8. Comparison of Natural Frequencies Obtained from DSTAP, NASTRAN, 
and FRAME for a Free-Free Portal Arch with 9 Elements Using Lumped- 
Mass Matrices 

MODE DSTAP 
NO. 

oe 

B.D. 

Exact 

32.3206 
72.7397 
225.222 
332.247 
377.199 
752.907 
887.042 
1044.82 
1577.88 
1843.57 
1929.43 
2701.75 
2913.43 
3199.07 
3764.09 
3853.18 
4105.92 
4498.62 
4582.57 
5053.98 
6018.51 
6552.11 
6559.54 
7695.98 
7782.80 
8230.99 
8462.56 

NASTRAN 
Lumped 
Mass 

31.2408 
69.8536 
206.464 
287.509 
344.257 
647.772 
711.156 
820.782 
3098.90 
3503.99 
3506.30 
5706.13 
6305.90 
6306.48 
7450.88 
7861.76 
7861.81 

-o 

oe 

ou 

sco 

oon 

oe 

rd 

oe 

se 

FRAME 
Lumped 
Mass 

a =-1/12 

32.2535 
73.5613 
247.831 
364.812 
404.400 
781.428 
822.302 
865.020 
3119.27 
3514.97 
3515.04 
5712.97 
6308.97 
6308.97 
7452.46 
7862.07 
7862.07 
-1189.7 
-1154.1 
-1092.7 
-931.33 
-836.72 
-801.75 
-722.07 
-716.53 
-714.05 
-712.75 

FRAME 
Lumped 
Mass 
a=0.0 

31.2408 
69.8536 
206.464 

287.509 
344.257 

647.772 
711.156 

820.782 
3098.90 
3503.99 
3506.29 
5706.13 
6305.89 
6306.48 
7450.88 
7861.76 
7861.81 

os 

++ 

e+ 

o¢ 

*¢ 

+ 

e¢ 

+ 

oe 

+6 

: Not shown in NASTRAN’s output 
: The absolute value of the numbers are larger than 1 x 10’ 
: Block-diagonal 
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FRAME 
Lumped 
Mass 

a= 1/78 

31.0930 
69.3350 
201.462 
278.661 
336.144 
619.257 
685.804 
808.202 
1817.12 
1890.16 
2058.16 
2323.22 
2520.05 
2742.59 
2847.40 
3047.46 
3107.89 
3166.77 
3243.12 
3536.18 
3542.55 
5715.52 
6309.76 
6309.79 
7452.76 
7862.12 
7862.12 

FRAME 
Lumped 
Mass 

«= 1/24 

30.7677 
68.2123 
191.262 
261.097 
319.153 
556.781 
624.688 
762.548 
1007.95 
1096.51 
1210.04 
1427.05 
1499.43 
1591.16 
1677.09 
1740.25 
1830.92 
1832.06 
3129.24 
3518.64 
3518.67 
5713.79 
6309.24 
6309.24 
7452.57 
7862.09 
7862.09 

FRAME 
Lumped 
Mass 
B.D. 

32.3490 
72.2915 
214.451 
311.347 
352.869 
631.007 
730.545 
839.894 
1095.74 
1227.26 
1289.87 
1486.52 
1562.76 
1629.11 
1702.58 
1740.05 
2015.90 
2015.91 
3294.25 
3693.05 
3858.04 
5976.93 
6503.43 
6676.59 
7631.32 
7911.44 
7933.66 
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To verify the validity of the MAC method, a comparison of the FEM mode shape and 

the extracted mode shape using the block-diagonal lumped-mass matrix for the 17# 

mode is made and the results are shown in Fig. 47. The FEM model, using 30 equally 

spaced elements, is accurate enough to approximate the continuum mode shapes corre- 

sponding to the lower range of modes. Note the comparison of mode shapes is made in 

three global coordinates - x, y, and @ , respectively. The portal arch is stretched out in 

Fig. 47 to facilitate the preparation of the plots. The x components for node 1 to node 

4 as shown in Fig. 47a correspond to the bending mode of the left branch of the portal 

arch as shown in Fig. 44. The x components for node 4 to node 7 correspond to the 

axial mode of the top branch, and so on. It is found that the two mode shapes are lin- 

early correlated in all three components. This is consistent with the value of MAC 

which is about 0.85. One also sees the apparent spatial aliasing problem. Because of 

the sparsely distributed nodes, the formation of the cubic shape functions for beams does 

not allow the computed deflections to follow the continuum results. These sparsely 

spaced nodes may cause eigenvalue errors. The above comparison has shown its value 

in evaluation of the eigensolutions and may be used to explain strange phenomenon in 

the MAC results such as the abrupt change of MAC at the 17% and the 18* mode. This 

work is left for a future study. 

A detailed study is made for the fourth mode up to the eleventh mode which is about 

one third of the total flexible modes. A close-up of natural frequency errors and MACs 

for these modes are shown in Figs. 48 & 49. It is found that the block-diagonal 

lumped-mass matrix and the lumped-mass matrix with a = -1/12 converge the fastest 

at the first two modes. This is expected since they conserve the mass moment of inertia 

and this effect should be important for a free-free portal arch. The block-diagonal 

lumped-mass matrices (« = 0.0, 1/78, 1/24) converge slowly to the exact solutions. It 
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is also found that the lumped-mass matrix with a = 0.0 gives the best results among the 

three diagonal lumped-mass matrices. The lumped-mass matrix with a = 1/24 gives the 

least accurate results because it has the heaviest mass moment of inertia among the three 

mass matrices. The MACs for the block diagonal mass are almost 1 in Fig. 49. The 

MACs of the lumped-mass matrix with a = 0.0 are better than those for the other two 

diagonal lumped-mass matrices. 

From above it is concluded that the block-diagonal lumped-mass matrix is the best for 

the free-free case. It gives good eigensolutions up to the eighth mode. The lumped-mass 

matrix with « = -1/12 gives good results for the first two modes. All other lumped-mass 

matrices do not perform well and only the first two natural frequencies are within 8% 

of the exact solutions. Nevertheless, it is found that among the diagonal lumped-mass 

matrices, the one with a = 0.0 give the most accurate results in both natural frequencies 

and MACs. 

Fixed-Free Case - 

There are total 27 extractable modes for a fixed-free portal arch with 9 elements. The 

results from FRAME have been verified by NASTRAN’s results but is not shown here. 

The natural frequency error and the MAC of lumped-mass matrices are shown on Figs. 

50 & 51. The modes higher than the ninth mode are not investigated since they gener- 

ates poor eigenvectors. A close-up of natural frequency errors and MACs for these 

modes are shown in Figs. 52 & 53. It is found that the block-diagonal lumped-mass 

matrix gives the best results. The lumped-mass matrix with « = -1/12 has pretty good 

MACs but has poor natural frequencies. The lumped-mass matrix with « = 0.0 is still 

the best among the other three diagonally lumped-mass matrices. It is also found that 
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the lumped-mass matrix with a = 0.0 generates the best results among the three diag- 

onal lumped-mass matrices. The lumped-mass matrix with a = 1/24 has the least ac- 

curate results because it is the heaviest one among the three mass matrices. 

From above it is concluded that the block-diagonal lumped-mass matrix is the best for 

the fixed-free case. It produces good eigensolutions up to the sixth mode. The 

lumped-mass matrix with a = -1/12, however, gives poor natural frequencies except at 

the first one. Among the diagonal lumped-mass matrices, the one with a = 0.0 gener- 

ates the most accurate results in both natural frequencies and MACs. 

Fixed-Fixed Case - 

There are total 24 extractable modes for a fixed-fixed portal arch with 9 elements. The 

results from FRAME have been verified by NASTRAN’s results but is not shown here. 

The natural frequency error and the MAC of lumped-mass matrices are shown on Figs. 

54 & 55. The modes higher than the seventh mode are not investigated since they give 

poor eigenvector results. A close-up of natural frequency error and MAC for modes up 

to the seventh, which is about one third of the total modes, are shown in Figs. 56 and 

57. It is found that the results from the lumped-mass matrix with a = 0.0 are the best. 

The lumped-mass matrix with a =-1/12 and the block-diagonal lumped-mass matrix 

generate less accurate results. The MACs of all the mass matrices are close to | which 

is excellent. 
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5.2.4 Examples and Results for a Portal Arch Using Consistent-Mass and 

Higher-Order Mass Matrices 

The same portal arch problem is used in this example to detect the discretized errors of 

consistent-mass and higher-order mass matrices on a plane-frame structure. The 

higher-order mass matrices uses the fourth-order rod mass matrix and the sixth-order 

beam mass matrix in the frame structure element. Three equally spaced elements are 

used for each arm of the arch. Therefore, there are a total of ten nodes and each node 

has three degrees of freedom. The program, DSTAP, is first used to generate the exact 

natural frequencies and mode shapes. These data are edited and saved to a file. Then, 

FRAME read the file and calculate the errors. NASTRAN is also run using coupled- 

mass FEM model to verify the results obtained from FRAME. Same procedures are 

used for the portal arch with free-free, fixed-free, and fixed-fixed boundary conditions. 

Free-Free Case 

The results are show in Table 9. It can be seen the NASTRAN results are almost the 

same as those from FRAME using the consistent-mass matrix for the first four modes, 

but are lower than that of FRAME as the mode number increases. It is expected be- 

cause the frame mass matrices used in NASTRAN is a combination of fourth-order rod 

mass matrix and consistent-mass beam matrices. The fourth-order rod mass has the ef- 

fects to bring down the natural frequencies. The natural frequency errors and the MACs 

are shown in Figs. 58 & 59. The accuracies are much better than those obtained from 

lumped-mass matrices as shown on Figs. 45 & 46. The MAC begins to drop at about 

the 17* mode. Within the first 17 modes, which is about one half of the total modes, the 
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Table 9. Comparison of Natural Frequencies Obtained from DSTAP, NASTRAN, 
and FRAME for a Free-Free Portal Arch with 9 Elements Using Coupled, 
Consistent, and Higher-Order Mass Matrices 

MODE DSTAP NASTRAN FRAME FRAME 
NO. Exact Coupled Consistent Higher-Order 

Mass Mass Mass 

4 32.3206 32.3217 32.3217 32.3206 
5 72.7397 72.7467 72.7467 72.7341 
6 225.222 225.514 225.514 225.139 
7 332.247 333.030 333.030 331.826 
8 377.199 378.539 378.540 376.783 
9 752.907 762.187 762.194 748.146 
10 887.042 899.688 899.713 876.987 
Il 1044.82 1057.67 1057.69 1021.16 
12 1577.88 1745.03 1745.40 1596.08 
13 1843.57 2079.17 2079.36 1836.40 
14 1929.43 2257.57 2260.14 1969.32 
15 2701.75 3159.10 3171.74 2490.13 
16 2913.43 3356.33 3404.48 2674.70 
17 3199.07 3901.67 3997.40 2918.12 
18 3764.09 3929.54 4073.65 3196.67 
19 3853.18 4256.08 4345.47 3373.03 
20 4105.92 4619.62 4688.57 3553.73 
21 4498.62 5914.75 5995.91 3559.25 
22 4582.57 6333.07 6514.66 3657.17 
23 5053.98 7291.86 8344.76 3952.42 
24 6018.51 7659.89 8560.30 4054.98 
25 6552.11 8095.47 8644.02 6847.27 
26 6559.54 8712.40 9240.58 7442.09 
27 7695.98 8808.56 9757.73 7574.73 
28 7782.80 9332.60 12479.3 9171.80 
29 8230.99 9721.76 13419.7 9610.61 
30 8462.56 9792.33 13578.0 9631.53 
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higher-order mass matrix give better results than the consistent-mass matrix. The 

MACs of the two mass matrices are about the same. 

Fixed-Free Case 

The results are verified by NASTRAN results and are not shown here. The natural 

frequency errors and the MACs are shown in Figs. 60 & 61. The accuracies are much 

better than those obtained from lumped-mass matrices as shown on Figs. 50 & 51. The 

MACs begin to drop at about the 10* mode. Within the first 10 modes, which is a more 

than one third of the total modes, the higher-order mass matrix give better results than 

the consistent mass. The MACs of the two mass matrices are about the same. 

Fixed-Fixed Case 

The results are verified by NASTRAN results and are not shown here. The natural 

frequency errors and the MACs are shown in Figs. 62 & 63. The accuracies are much 

better than those obtained from lumped-mass matrices as shown on Figs. 54 & 55. The 

MAC begins to drop at about the eighth mode. Within the first eight modes, which 1s 

about one third of the total modes, the higher-order mass matrix gives better results than 

the consistent-mass matrix. Again, the MACs of the two mass matrices are about the 

same. 

Discussions 
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The results from the testings show that the higher-order mass matrix reduce the 

eigenvalue errors while still maintaining the same quality of eigenvectors as those ob- 

tained from using the consistent-mass matrix. Both mass matrices generate excellent 

eigensolutions for at least one third of the total modes. The remaining two thirds of the 

modes are unreliable, however. This is because that the axial stiffness of the frame ele- 

ment is much higher than the bending stiffness. Therefore, the flexible modes are gen- 

erally bending modes. The mode shapes of these modes can only be depicted by the 

transverse and rotational degrees of freedom which accounts for two thirds of the total 

degrees of freedom. According to the evaluation of beam mass matrices on a beam 

structure, only one half of the total modes are reliable. This explains why only one third 

of the total modes are reasonably good. 
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Chapter 6 

Modal Reduction Mass Matrices 

As mentioned in the previous chapters, all the discrete models that use consistent-mass, 

lumped-mass, or higher-order mass matrices are “approximate” linear discrete models. 

It is desired to find linear discrete models which predict exactly the continuum natural 

frequencies and mode shapes for all the extractable modes. This work is done here by 

the use of an exact modal reduction technique. The linear discrete model studied here 

is composed of a mass matrix and a stiffness matrix. The stiffness matrix is the same as 

that used in the FEM formulations. The mass matrix is obtained based on that the 

FEM stiffness matrix, the exact natural frequencies, and the exact mode shapes of the 

structure are known. This mass matrix is called the “modal reduction mass matrix,” 

since the mass matrix is obtained by the reduction of a continuum model into a discrete 

model, and the reduced model preserves all the mode shapes and natural frequencies 

used in the reduction process. In the following the derivation of the modal reduction 

mass matrix is discussed, the modal reduction mass matrices for a rod are obtained, and 

an evaluation of these mass matrices is made. 
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6.1 Derivation of Modal Reduction Mass Matrices 

The eigensolutions of the generalized eigenvalue problem as shown in Eq. (2.1) contains 

two parts - eigenvalues, 1,,/=1,..., 2, and eigenvectors, (Y,} ,j=l,..., 1,{%)} is nor- 

malized here so that the first element of {‘¥,} is 1. The j* eigenvalue and the /* 

eigenvector are related by 

[KU =AL MY) (6.1) 

The i* normal mode, {‘¥,}, and the j* normal mode, {‘¥;}, are shown to be mutually 

orthogonal with respect to the mass and stiffness matrices as follows: 

(YL MU} =0 iF (6.2) 

(YC MIUYI=M, i=j (6.3) 

(PVC KUY}=0 iF; (6.4) 

(WCKIYJ=K, isi (6.5) 

where M, and K;, are the generalized mass and the generalized stiffness corresponding to 

the j* mode, respectively. 

Let [ P J be the modal matrix and 

CPJ=LY,¥,.. YJ (6.6) 
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CPVCMIC PI 

    

~ “y 

(Yi OMIY)} (YH YVOMIY HV CMICY,} 

(WOM CYYVOMIY) «(YQ LMICY,)} en 

(¥,) CMY} (YA CMIY} | (YT CMICY,} 

Substitution of Eqs. (6.2) & (6.3) into Eq. (6.7), one obtains, 

rv, 7 

M, 

CPVCMIC P= . =([GM] (6.8) 

M,,     
where [ GM |] is the diagonal generalized mass matrix. 

Suppose the diagonal generalized mass matrix, [ GM ], and the modal matrix, [ P J, 

are known, one can recover the mass matrix by using the following equation: 

CMJ=CPY'CGMILPy (6.9) 

Note the modal matrix, [ P ], must be invertible so that the mass matrix obtained from 

Eq. (6.9) is valid. The generalized mass matrix, [ GM ], is obtained using the proce- 

dures as discussed below. 

Premultiply Eq. (6.1) by (‘¥,3", one obtains, 
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(¥) LKUY) = AY) LMI, (6.10) 

Equation (6.10) can be rewritten as, 

(¥) CMY) =) TKICY} (6.11) 

Substitution of Eq. (6.11) into Eq. (6.7), one obtains, 

CPVCMIE PI 

Fe ENT) Go CTEKI) ao HEU) 
Sy cxayy) yy cx). ery LKIC¥,} 1; A, Ay (6.12) 

(VERY EYER LY LKICY 
be " " " J 

    
If both the modal matrix and the stiffness matrix used are obtained from the same FEM 

model, the orthogonality as mentioned in Eqs. (6.4) & (6.5) holds true, and all the off- 

diagonal terms of the matrix of Eq. (6.12) are zeros, therefore, Equation (6.12) becomes, 

CPVECMICP) 

+ (¥,EKICY) A, { i 1 

LY) TKI} 
2 (6.13) 

    sh {¥,)EKIY ) 
L. al 
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Therefore, the modal reduction mass matrix can be recovered by the following equation: 

([MJ=CPY'LGMIL Py 
. . 

Fr YN LAIY} 

z (¥,} CKICY,} 
6.14 

=[ Py" sa rey” 

    1 T, 

It should be noted, however, that the modal matrix used in this study is obtained from 

continuum solutions. The modal matrix may not be orthogonal with respect to the 

FEM stiffness matrix. Therefore, the diagonal generalized mass matrix as shown in Eq. 

(6.14) should be replaced by the fully populated mass matrix as shown in Eq. (6.12). 

An exception to this case is a rod model using equal-length finite elements. According 

to the MAC testing results in Chapter 2, all mass matrices of a rod model with equally 

spaced elements generate exact mode shapes at the discrete nodal points, see Figs. 35 & 

36. Therefore, Equation (6.14) can be used to recover the modal reduction mass matri- 

ces for a rod. 

6.2 Modal Reduction Mass Models for a Rod 

From Eq. (6.14) one can see that the mass matrix can be recovered with known 

eigenvalues, mode shapes and stiffness matrix. As an example, Equation (6.14) is used 
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to obtain a 4 x 4 modal reduction mass matrix for a rod with two internal nodes. The 

rod element is of free-free boundary condition which is a typical condition for the de- 

velopment of a model for a structure element. The modal matrix for such a case can 

be obtained from the exact solutions as shown in Appendix D. The normalized modal 

matrix 1s, 

rr oy oa 4) 

1+ -+-1 
CP]= , (6.15) 

nr any l 

1 -!l 1 -1l     
Note that the first column is the eigenvector corresponding to the rigid-body mode of 

the rod; The second column is the eigenvector corresponding to the first flexible mode 

and so on. The modal matrix is invertible so that Eq. (6.14) can be used to find the 

modal reduction mass matrix for the rod. However, the first diagonal term of Eq. (6.14) 

can be any finite number, since both the numerator and the denominator of the term are 

zeros as follows: 

4,=0;  § {¥,}LKI(¥,} =0 (6.16) 

Equation (6.16) is expected since both the natural frequency and the strain energy for a 

rigid-body mode are zeros. Substitution of Eq. (4.24) into Eq. (6.11), one obtains, 

Fr CY CAIY) = CY IEMICE) = (6.17) 

Equation (6.17) is expected since the total mass of the rod has to be conserved in a 

rigid-body mode. Therefore, the mass matrix can be obtained using the following 

equation: 
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me 

z (¥}7CKICY3} 
[M]=C Py" 

  L(Y) EKUY   
C PJ (6.18) 

The equation of (6.18) has been coded in a program called “ROD” to extract the modal 

reduction mass matrix for a rod problem. The explicit formulas coded in the program 

for the exact natural frequencies and mode shapes for a rod are obtained from Appendix 

D. The stiffness matrix and the mass matrix extracted using ROD are shown in Fig. 

64. Note the matrices are 4 by 4, since there are four nodes in the rod. The modal re- 

duction mass matrix and the stiffness matrix for a two-node rod and a six-node rod are 

also obtained and shown on Figs. 65 and 66, respectively. 

6.3 Evaluation of the Modal Reduction Mass Models for 

a Rod 

Now that the modal reduction models for the rod have been extracted, it is necessary to 

study the convergence, errors, restrictions, and advantages on the practical use of these 

new models. They are discussed below. 

Convergence - 
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Figure 64. The Stiffness Matrix and Modal Reduction Mass matrix for a Rod with 

4 d.o.f. 
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Figure 65. The Stiffness Matrix and Modal Reduction Mass Matrix for a Rod with 
2 d.o.f. 
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Figure 66. The Stiffness Matrix and Modal Reduction Mass Matrix for a Rod with 
6 d.o.f. 
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The convergence of these models can be assured because the total mass of the rod is 

conserved in a rigid-body mode. Recalling the first diagonal element of Eq. (6.18) is m, 

which meets the convergence criterion of Eq. (4.24). 

Errors and Restrictions - 

The 4 by 4 model in Fig. 63 generates no errors in eigensolutions if it is applied for a 

four-node rod vibration problem. Same condition applies to the 2 by 2 and 6 by 6 

models. At a first notice, these models seem to have the same quality as the FETM 

exact models. This turns out not to be the case. These models generate errors if they 

are used as elements in a structure. One such example is done for the 2 by 2 model. 

The mass matrix can be shown in the form of a general rod mass matrix, and the value 

of “a” in Eq. (4.31) is 0.1486. The natural frequency errors of this mass matrix are 

compared with other mass matrices and are shown in Fig. 67. Notice the assemblage 

of the 2 by 2 elements no longer exactly represents the continuum structure since it also 

generates natural frequency errors. Thus, it should be noted that the exact represen- 

tation of the continuum structure using the developed modal reduction mass model is 

limited to specific structures only. Notice also the accuracy of the natural frequency 

errors is improved using the 2 by 2 modal reduction mass matrix. The errors are less 

than those for the consistent-mass and the lumped-mass matrices, but are larger than 

those for the fourth-order mass and for the Stavrinidis mass matrices. Further investi- 

gations of the improvement of accuracies of eigensolutions made by the modal reduction 

mass models are required. 

Advantages - 
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The development of the modal reduction mass matrices may be useful in case one has a 

goal of having a compact precise system model. Ann by n modal reduction mass matrix 

can predict exactly the eigenstructure, up to the m* mode, of the continuum. To cor- 

rectly predict the same accurate eigenstructure one may need to use a consistent-mass 

model of much larger size than the compact modal reduction mass model. Therefore, 

substitution of the modal reduction mass model for a consistent-mass model in a 

structure, one may greatly reduce the size of the problem while precision of the structure 

is still maintained. The testing results for a 2 by 2 exact model as shown in Fig. 67 has 

indicated this possibility. 

Although the proposed method does not generate the true exact linear discrete models 

for general applications, the method is presented here for three major purposes: First, 

this is a record to show that the method has been tried to find the desired linear discrete 

models; second, as far as the specific two-, four-, and six-node rod problems are con- 

cerned, this method does provide modal reduction models which exactly predict the 

continuum eigensolutions for all the extractable modes. It has been indicated that the 

use of the exact discrete models for structure members may greatly reduce the size of the 

problem while accuracy is still maintained; and third, the modal reduction mass matrices 

may provide new insight and a new start for the the proper formulation of the mass 

matrix in structural analysis. 
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Chapter 7 

Conclusions and Recommendations 

7.1 Conclusions 

The study of mass has long been ignored in searching for improved FEM models. The 

role of mass in a structure is, in fact, very important and deserves as much attention as 

that for the stiffness of the structure. It is, therefore, the major purpose of this work to 

make an in-depth investigation of the formulations and performance evaluations of mass 

matrices, which are done while holding the stiffness matrices constant. The stiffness 

matrices must provide an upper bound to the true stiffness of the structure. 

According to the goal mentioned above, concepts of generating improved non-consistent 

mass matrices for rods, beams, and frames have been developed. These concepts provide 

a finite element structural dynamicist the ability to minimize the discretization errors of 

his model. The incentive for providing this ability is to reduce the cost of computer time 
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and the size of the model. Through the development of this study, several observations 

and conclusions can be drawn about the formulations of mass matrices and the per- 

formances of various kinds of rod and beam mass matrices. 

7.1.1 Formulations of Non-Consistent Mass Matrices 

e A criterion based on the use of rigid-body mode to verify conservation of rod mass 

is proposed. Conservation of rod element mass guarantees convergence to exact 

eigensolutions of a rod. A criterion based on the use of translational and rotational 

rigid-body modes to verify conservation of beam inertias is also developed. Con- 

servation of beam element mass guarantees convergence to exact eigensolutions of 

a beam without rotatory inertia. Conservation of both mass and rotatory inertia 

guarantees convergence to exact solutions of a beam with rotatory inertia. 

e Conservation of mass moment of inertia is an important mass characteristics but 

does not influence convergence to the exact continuum solutions. The lack of con- 

servation of the mass moment of inertia causes large error in rotational rigid-body 

mode. Testing results show that the commonly used lumped-mass matrices (a = 

0.0, 1/78, 1/24) contain heavier element mass moment of inertia. A large negative 

natural frequency error results in the rotational rigid-body mode. The consistent 

mass, block-diagonal mass, and lumped mass (a = -1/12) conserve the element mass 

moment inertia and give no error in rotational ngid-body mode. There is no error 

in the pure translational mode for all the beam masses since they all conserve ele- 

ment mass. The conservation of mass moment of inertia is considered as a consist- 

ency requirement for an improved mass matrix. 
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e Based on the convergence criterion for a rod, the non-consistent rod mass matrices 

can be generated using a general form of rod mass matrix, a linear combination of 

consistent- and lumped-mass matrices, or a linear combination of consistent-mass 

and zero-mass matrices. A zero-mass matrix does not conserve any mass inertia in 

a rigid-body mode. 

e Based on the convergence and consistency criteria for a beam, many new groups of 

non-consistent mass matrices can be obtained from a general form of mass matrix, 

a linear combination of two converging mass matrices, or a linear combination of a 

converging-mass and a zero-mass matrices. A zero-mass matrix does not conserve 

any mass inertias in the rigid-body modes. 

e The higher-order mass matrices are, in fact, a linear combination of consistent-mass 

and zero-mass matrices. The zero-mass matrix is found to be proportional to the 

stiffness matrix. The stiffness matrix conserves no strain energy in rigid-body modes 

and complies with the requirement of a zero-mass matrix. 

e An unified representation of shape functions for various rod mass matrices is pre- 

sented. With the proposed shape functions one can easily see the relationship be- 

tween the mass distribution and the dependency of nodal points in the formulation 

of mass matrix. The more the mass is concentrated on the diagonal, the more the 

weighting of the nodal point displacement is needed in the mass matrix formulation. 

e The convergence and consistency criteria for the shape functions of a beam are de- 

veloped. The shape functions for sixth-order mass matrix are not found. However, 

the sixth-order mass matrix can be interpreted as a linear combination of 

consistent-mass and zero-mass matrices, each has its own shape functions. The 
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shape functions for the zero-mass matrix are obtained. The criteria for the 

translational degrees of freedom of a beam lumped-mass matrix is proposed. The 

shape functions which are needed to describe the mass moment of inertia terms 

lumped at the rotational degree of freedoms are not available. These terms may 

have effects on the convergence rate but have no influence on the convergence of 

the beam mass matrices. 

7.1.2 Optimization and Evaluation of Rod and Beam Mass Matrices 

e An optimized “a” curve is found for rod mass matrices over a specified range of 

modes. The curve is essentially independent of number of elements, material prop- 

erties, boundary conditions, and physical properties when the rod 1s uniform and is 

equally spaced. The eigenvalue errors can be significantly reduced within the speci- 

fied range of frequency modes. The results show that the RMS error over the first 

half of total modes is reduced from 5%, obtained from using the consistent-mass 

and the lumped-mass matrices, to 1%. 

© When a uniform rod is equally spaced, the MAC is always | for all modes, for all 

optimized “a”, and for all boundary conditions. When unequally space elements are 

used, an abrupt drop of MAC occurred at about one half of the total extractable 

modes. The results of MAC clearly indicate that equally-spaced rod is more accu- 

rate than the unequally spaced ones. 

e The optimized “qg” curves are also obtained for a beam. Significant improvement 

on eigenvalue errors is achieved over the specified range of modes. There is no 

universal optimized “gq” curve for beams with different boundary conditions. 
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e The MAC drops at about one half of the total modes even when equally spaced el- 

ements are used in the beam. Therefore, only the first half of the total modes are 

reliable. A general optimized “g” curve is estimated for the lower half modes. The 

eigenvalue errors are reduced using the optimized curve. The results show that the 

RMS error is reduced from 0.16%, obtained from using the consistent-mass matrix, 

to 0.10%. 

e Beam lumped-mass matrices (a = 0.0, 1/78, 1/24) perform inconsistently. The ac- 

curacy depends on the type of boundary conditions applied. If the element under- 

goes elastic deformation and has no rigid-body motion as in a pinned-pinned case, 

these mass matrices can give very accurate results. However, if some elements 

within the structure move as rigid bodies such as in free-free and clamped-free cases, 

the natural frequency errors can increase. This is because these mass matrices do 

not conserve element mass moment of inertia. 

e The block-diagonal lumped-mass matrix is more accurate than the diagonal 

lumped-mass matrix for a free-free and fixed-free beam. This is because the block- 

diagonal lumped-mass matrix conserves the mass moment of inertia. The block- 

diagonal lumped-mass matrix is positive definite. Cholesky decomposition and 

matrix inversion can be done effectively on each 2 by 2 submatrix blocks. This is 

much easier and faster than doing the same procedure on the assembled large 

bandwidth, consistent-mass system matrix. Thus, there are computational efficiency 

considerations that would drive the selection of this mass matrix. 

e The diagonal lumped-mass matrix with a=-1/12 is indefinite and can not be handled 

by Cholesky decomposition. An efficient eigenvalue solver is needed for its 

adoption. 

Conclusions and Recommendations 182



7.1.3 Evaluation of Rod and Beam Mass Matrices on a Frame Structure 

@e The one third of the total extractable modes seems to be the limit for reasonable 

eigensolutions on a plane frame. This is because the axial stiffness of the frame el- 

ement is much higher than the bending stiffness. Therefore, most of the modes are 

bending modes. The mode shapes of these modes can only be depicted by the 

transverse and rotational degrees of freedom which accounts for two thirds of the 

total degrees of freedom. According to the evaluation of accuracy of beam mass 

matrices on a beam structure, only one half of the total modes are reliable. 

e The results obtained from the consistent-mass and higher-order mass matrices for 

the first one third of the total modes are excellent. The MACs are almost | and the 

natural frequency errors are within 5%. The accuracies drop after the first one third 

of the total modes. The results obtained from the lumped-mass matrices are less 

accurate. For a portal arch with 9 elements, only the first three or four natural fre- 

quencies are within 5% range of the exact ones. Less than 10% of the total modes 

are good eigensolutions. 

® The diagonal lumped-mass matrices still perform inconsistently. The extracted 

eigenvalues converge slowly for the free-free portal arch problem. This is because 

they don’t conserve the mass moment of inertia. For the fixed-fixed portal arch, 

these mass matrices generate very accurate eigensolutions. The fixed-fixed boundary 

condition results in less activation of the mass moment of inertia in the system, thus 

providing accurate eigensolution. 
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e The diagonal lumped-mass matrices with a=0.0 seems to be the most accurate 

model among the three lumped-mass matrices (a = 0.0, 1/78, 1/24). However, this 

mass matrix is positive semi-definite and can cause numerical difficulty for 

eigensolutions. One needs to apply the static condensation method [28] to eliminate 

the zero diagonal terms. This method needs additional programming efforts and 

may not be efficient. An optional way is to replace the zero diagonal terms with 

positive small numbers. Thus, the mass matrix becomes positive definite with little | 

accuracy sacrificed. Therefore, the optimum diagonal lumped-mass matrix for a 

beam is a positive-definite lumped-mass matrix with « equals to a small number. 

Test results on NASTRAN reveal that the lumped-mass matrix used there ts about 

1.5 x 10, 

e The higher-order mass matrix performs better than the consistent-mass matrix for 

all boundary conditions. The RMS eigenvalue errors are reduced over the effective 

range of modes by the higher-order mass without losing accuracy of MACs. The 

use of fourth-order mass has already been used for rods in NASTRAN. The use of 

the sixth-order mass for beams is also recommended. 

7.1.4 Evaluation of Modal Reduction Mass Matrices 

e A technique using known natural frequencies, mode shapes, and stiffness matrix to 

develop the modal reduction mass matrices is proposed. Ann by n modal reduction 

mass model for a rod can predict exact eigensolutions up to the n* mode of a 

continuum solution. To correctly predict the same accurate eigenstructure one may 
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need to use a consistent-mass model of much larger size than the compact modal 

reduction mass model. 

The results of using the assemblage of 2 by 2 exact rod mass matrices for a rod 

problem indicates that the modal reduction mass matrices have potential to improve 

the eigensolutions. The 2 by 2 modal reduction mass matrix model, however, is not 

the most accurate model. The results show that the fourth-order mass and the 

Stavrinidis mass matrices perform better than the exact 2 by 2 mass matrix. 

The modal reduction technique used for a rod may not be applied for other struc- 

tures such as beams. This is because the continuum mode shapes at discrete nodal 

points may not be orthogonal with respect to the FEM stiffness matrix. 

7.2 Recommendations for future work 

During the course of this study, many questions were raised which could not be an- 

swered within the scope of the study. Also, some observations deserve further investi- 

gation. These questions and observations lead directly to recommendations for further 

study. 

The study has shown that the sixth-order mass matrix is, in fact, a combination of 

the consistent-mass and stiffness matrix of the beam element. This concept may be 

used to find the higher-order mass matrix for a plate. The element matrices of a 

plate are much more complicated than the beam element matrices. This complexity 

makes the finding of a higher-order mass matrix a tedious and difficult work. Using 
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the concept of linear combination of consistent mass and stiffness matrices can ease 

the search. 

e The block-diagonal beam lumped-mass matrix works better than the diagonal beam 

lumped-mass matrix for a free-free and a fixed-free boundary conditions. It is sug- 

gested to use a mixed form of lumped-mass model for a structure, 1.e., use the diag- 

onal lumped-mass matrix for the part of structure which is well constrained and use 

the block-diagonal lumped-mass matrix for the part of structure which has free ends. 

It should be determined whether this mixed lumped-mass model can improve model 

accuracy or not. 

e The higher-order mass matrices have been shown to work well in the modal analysis 

field. It is suggested to make a study about the accuracy of the higher-order mass 

matrices for dynamic response analyses using direct integration methods. This kind 

of methods do not depend on the superposition of normal modes for the response 

and are more expedient than the modal superposition methods in many structural 

dynamics and wave propagation problems, including those with complicated non- 

linearities. The incorporation of the concept of higher-order non-consistent mass 

matrices into these methods may improve accuracy and efficiency as well. 

e It is also suggested to study the performance of the block-diagonal lumped-mass 

matrix in the direct integration method. A mixed form of diagonal lumped-mass 

matrix and block-diagonal lumped-mass matrix may reduce the discretization errors 

in this method too. 

e A natural extension of rod modal reduction mass matrix is to develop a beam modal 

reduction mass matrix. It should be noted that Equation (6.14) for extracting a rod 
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modal reduction mass matrix may not be applicable for a beam. This is because the 

eigenvectors obtained from the continuum solution for a beam may not be 

orthogonal with respect to the stiffness mtrix generated from FEM discretization. 

e The complete verification of the use of rod modal reduction mass matrices in a 

structure has not been done yet. It is recommended to do so and see how much 

improvement of accuracy the mass matrices can make. 

e The physical reason that causes low MACs, shown in Fig. 36, at the tenth and the 

eleventh modes for a rod have not been found. It is suggested to do a study to 

clarify this strange situation. 

e It is suggested that a complete comparison of continuum mode shapes and the dis- 

crete mode shapes using various kinds of mass matrices is made for the portal arch 

to study the strange phenomenon of the MAC testing results. 
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Appendix A 

Classification of Real Symmetrical Matrices 

First, the principal minors of a matrix [A] must be defined. If [A] is an nxn matrix, then 

the n principal minors of [A] are denoted as Aj, A,,..., 4, and are given by 

Ay Aj2 Aj3 
A), Aj2 

A, = Aj, A, = det A; = det Ad, Ax Ax; (A.1) 

Ay, A) 

A3, Aj. A33 

and so forth, up to A, = det [A]. 

With the help of the principal minors, symmetric real matrices can be classified as fol- 

lows: 

Positive definite - A, > 0, A, >0,..., A, > 0 

Negative definite - A, < 0, A; > 0, A; < 0, etc. 

Positive semidefinite - A, 20,4,;20,...,A4,20 
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Negative semidefinite - A, < 0, A, > 0, A; < 0, etc. 

Indefinte - None of the above patterns 

The above information is obtained from [47]. 
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Appendix B 

The Shape Functions of a Beam Block-Diagonal 

Mass Matrix 

This appendix shows the derivation of the shape functions for the beam block-diagonal 

mass matrix. The linear interpolation functions proposed by Tong, et al. [22] is 

Xi} + Xx; 

w(x) = wy + 8y_ (x — x;_ 1) x;-) S¥ Sy 
x) +% (B.1) 

w(x) = w, + O{x — x) SH 

The above equation can be transformed from global coordinate system into local coor- 

dinate system as shown in Fig. 68., The above equation according to the local system is 

w(s)=w,,+8,_,¢5 O<ss<sil/2 

(B.2) 
w(s) = w, + 6{s — 9 Y2<s<sl 
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Figure 68. Global and local coordinate frames on a beam element 
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The displacement within the i* beam element is a function of the distance along the el- 

ement length as 

w(s) = w,_,N, + O,_ No + wg + ON, (B.3) 

Comparing Eqs. (B.2) & (B.3), one finds that for0 <5 < //2, 

N,=1 N,=s N3=N,=0 (B.4) 

For /2<s< 1, 

N,=N,=0 N;=1 Ny=s—l (B.5) 

Combine Eqs. (B.4) & (B.5), one obtains 

1;0<ss<l/2 s;0<ss< 1/2 
N, = N,= 

0;2<s<l O0;l/2<s<l 
(B.6) 

0;0<ss<sil2 0;0<s<//2 
N,= Ng = 

L,l/2<s<l s—I;l/2<s<l 

This completes the derivation of the shape functions for the beam block-diagonal mass 

matrix. 
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Appendix C 

Taylor series expansion 

This appendix shows the technique of Taylor series expansion. The technique is used 

for doing an error analysis of the finite element model for a rod or a beam. 

Rod - 

The Taylor series expansion of u,., and u,,, with respect to uw as shown in Fig 69. is 

Ou, 1 au 3 1 aru 3 
uy) = 4 — Ze Atay 5 7A — 37 Par yA te (C.1) 

Ou, 1 a7 4 1 é°u, 3 

Beam - 

The Taylor series expansion of w,_, and w,,, with respect to w, as shown in Fig. 70 is 
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nae een Ly (C.3) 

rere ene tte Ey. (C.4) 

According to Eq. (2.14), 

= (C.5) 

The Taylor series expansion of 6,., and @,,, with respect to 8, as shown in Fig. 70 is 

a0, 1 0°6, 
— — es SS 20 te eee 6, = 9, Ax a+ a oe A 7 a3 ho + (C.6) 

6, } a’0, 2 l a’a, 3 
O44 = 9, + h+s7 ae h zr ae Ao +: (C.7) 

Substitute Eq. (C.5) into Eq. (C.6) and (C.7) 

Ow, a*w, 1 a°w, >» | aw, 
—— eee Le a _— eee oe 3 eae 6,_,= ax ag h+ on h 37 5,8 ho+ (C.8) 

ow; aw l Ow, 2, 1 ow, 3 
=z an htop ah tar Gn" ++ (C.9) 
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Figure 69. Typical nodes of a finite element model for a rod 

  

      een re eee ee ey ee ee ee eee ee   

Figure 70. Typical nodes of a finite element model for a beam 
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Appendix D 

Exact Ejigensolutions 

This appendix shows the explicit equations of exact natural frequencies and exact mode 

shapes for rods and beams. The rotatory inertia is not considered here for the beams. 

The equations are used in the calculation of exact natural frequencies and mode shapes 

for rods and beams. These solutions are then used for the estimation of the 

discretization errors caused by the discrete finite element models. 

Natural Frequencies and Mode Shapes for Rods 

The longitudinal vibration of a rod contains three different boundary conditions. Their 

eigensolutions are discussed below: 

Free-Free 
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The equation for the natural frequencies [48, p. 183] is 

wy = jn j=“ .  7=1,2,3,.. (D.1) 

The equation for the mode shapes [48, p. 183] 1s 

  

cos > f= 12,3, «. (D.2) 

Note that the rigid-body mode corresponding to the zero natural frequency for the 

free-free rod has been omitted from the above equations. 

Fixed-Free 

The equation for the natural frequencies [48, p. 183] is 

— Qj— Nn EA 
  @) = > j= 1,2,3,... (D.3) / 2 mL J 

The equation for the mode shapes [48, p. 183] is 

aj— | sin a 523... (D.4) 
2L , 

Fixed- Fixed 

The equation for the natural frequencies [48, p. 184] is identical to Eq. (D.1). The 

equation for the mode shapes [48, p. 184] is 

sin ; j= 1,2,3,... (D.5) 
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Natural Frequencies and Mode Shapes for Beams 

The bending vibration of a beam contains ten different boundary conditions. The 

equations for their natural frequencies can be expressed in a single general form [48, p. 

108] 

2 El 

mL* 

  W,= Cc (D.6) 

where c, depends on the boundary conditions. For details see Table 10. Note there are 

values for oa, in the Table 10. These values and the values for c, are needed for the mode 

shape equations which are discussed next as Eqs. (D.7-D.11). It should be noted also 

that except for the pinned-pinned, guided-pinned, and guided-guided cases, the beam 

mode shapes for all other cases are very sensitive to the values of c, and a, in the higher 

modes. Chang and Craig [49] have noted that changes in a, as small as 10-* can result 

in a significant change in the computed mode shapes. Thus, it is advisable to employ a 

high degree of numerical accuracy in c, and o, when computing the mode shapes of 

higher modes of beams with these boundary conditions. Please note also that the rigid- 

body modes corresponding to zero natural frequencies have been omitted from the 

equations shown below. All the equations are obtained from [46, p.108-109]. 

Free-Free, Free-Guided, and Free-Pinned 

= cosh 4 cos 9 ( sinh + sin ® (x) = cosh L + Cos L a/( sinh L + sin L ) (D.7) 

Exact Eigensolutions 202



Note that although the Eq. (D.7) can be applied for the above three boundary condi- 

tions, the values of a, depend on the boundary conditions used. These values are listed 

in Table 10. 

Clampe-Free, Clamped-Pinned, Clamped-Clamped, and Clamped-Guided 

= cosh = cos B= of sinh — sin @ (x) = cosh L 7 SF - 9 sinh Lins ) (D.8) 

The values of a, depends on the boundary condition and are listed in Table 10. 

Pinned- Pinned 

© (x) = sin a (D.9) 

Guided-Pinned 

Ox) = cos oa (D.10) 

Guided-Guided 

Ox) = cos = (D.11) 
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Table 10. Values of Coefficients for the Eigensolutions of a Beam 

Boundary 
Condition 

Free-Free 

Free-Guided 

Clamped-Free 

Free- Pinned 

Pinned- Pinned 

Exact Eigensolutions 
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GW 
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D
 

me
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h
 
W
N
 

=
 

nn
 

B& 
W
h
 =
 

a
,
 V wn
 

G
n
 

BR 
W
h
e
 

j>5 

All 

g 
ey 

4.73004074 
7.85320462 
10.9956078 
14.1371655 
17.2787597 

. ua 

(4+ 1)> 

2.36502037 
5.49780392 
8.63937983 
11.78097245 
14.92256510 

(47-1) 

1.87510407 
4.69409113 
7.85475744 
10.99554073 
14.13716839 

(3-N> 

3.92660231 
7.06858275 
10.21017612 
13.35176878 
16.49336143 

. ri 8 

(47 + 1) 7 

jn 

@) 

0.982502215 
1.000777312 
0.999966450 
1.000001450 
0.999999937 

~1.0, see [50] 

0.982502207 
0.999966450 
0.999999933 
0.999999993 
0.999999997 

1.0 

0.734095514 
1.018467319 
0.999224497 
1.000033553 
0.999998550 

~1.0, see [50] 

1.000777304 
1.000001445 
1.000000000 
1.000000000 
1.000000000 

1.0 
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Boundary 
Condition 

Clamped-Pinned 

Clamped-Clamped 

Clamped-Guided 

Guided- Pinned 

Guided-Guided 

Exact Eigensolutions 
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All 
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3.92660231 
7.06858275 
10.21017612 
13.35176878 
16.49336143 

. via 

(47+ 1) > 

4.73004074 
7,.85320462 
10.9956078 
14.1371655 
17.2787597 

. 7 

(24) + 1) 

2.36502037 
5.49780392 
8.63937983 
11.78097245 
14.92256510 

(4) - 1) 

(3-1) > 

Jn 

Si 

1.000777304 
1.000001445 
1.000000000 
1.000000000 
1.000000000 

1.0 

0.982502215 
1.000777312 
0.999966450 
1.000001450 
0.999999937 

~1.0, see[ ] 

0.982502207 
0.999966450 
0.999999933 
0.999999993 
0.999999997 

1.0 
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