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(ABSTRACT) 

Quantization and renormalization of non-Abelian gauge fields is studied. Yang-Mills 

theory is renormalized up to two-loops using the background field method retaining 

arbitrary value of the gauge parameter. The result confirms the expectations for 

calculations performed in background field gauge. Namely, the counter-term depend- 

ing on the background field only is a renormalization constant times the square of 

the field strength of the background field, and the constant upon renormalization of 

the gauge parameter is independent of the gauge parameter. Finally, the three-loop 

contribution to the renormalization group @ function of pure Yang-Mills theory is 

calculated in the background field gauge.
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Chapter 1 

Introduction 

In the 1960’s the usage of gauge groups to describe the elementary particle spec- 

trum was astonishingly successful. One of the most appealing predictions of particle 

physics — the existence of the 2 particle — is based upon pure group theoretic con- 

siderations. However, apart from the simplest gauge group, the Abelian U(1) group, 

for a long time one encountered great difficulties in promoting the idea of using non- 

Abelian gauge groups to describe particle interactions to a quantum field theory. 

The problem arising in canonical quantization was bypassed in 1967 when Faddeev 

and Popov showed an elegant way to use the Feynman path integral formalism to 

quantize non-Abelian gauge theories. In order to get rid of the infinities obtained 

by integrating over gauge equivalent field configurations, they introduced a gauge 

fixing term in the integration measure which they successfully could rewrite as a 

Lagrangian term of fictitious fields (ghosts) added to the original Lagrangian. There 

is an obvious drawback to this method. The choice of a particular gauge makes the 

explicit calculations very tedious, similar in nature to the complicated calculations 

in QED in the non-Lorentz covariant formalism as compared to Feynman’s covariant 

method.



It was not until the early 1970’s that non-Abelian gauge theories were accepted as 

possible candidates for describing the fundamental interactions in particle physics. 

Until that time the quantized versions of gauge theories had been plauged by in- 

finities in perturbation theory which made their use in practice very limited. By 

the invention of a new regularization procedure, ’t Hooft and Veltman could give 

a renormalization scheme which respected the gauge symmetry, making it possible 

to prove the renormalizability of non-Abelian gauge theories. Since then the use of 

non-Abelian gauge theories in particle physics has been an undisputed success — 

at least phenomenologically. During the golden years of the seventies the concept 

of asymptotic freedom in non-Abelian gauge field theories was established, which 

gives meaning to perturbative calculations at least above a certain energy scale. 

Non-Abelian gauge theories provided the first phenomenologically successful uni- 

fied theory of particle interactions. By the early 1980’s, many conceptual problems 

had been clarified and it was time for precision measurements. Up to now, these 

precision measurements are in complete agreement with the theory. 

This ultimate success of the usage of gauge theories in elementary particle 

physics provides the rationale for further investigations of the conceptual prob- 

lems and precision predictions. The aim of the present work is to take a minor step 

in this direction. I shall investigate the possibility of quantization, while retaining 

full gauge invariance. Also, the Superconducting Super Collider is planned to be 

built in order to reach energy and luminosity regions which may provide experi- 

mental results that either give further confirmation of gauge field theories or show 

some signs of new physics. In either case the more precisely we know the present 

physics the better chance we have to find something interesting in new experiments.



The three-loop calculation of the Yang-Mills 8 function is intended to improve our 

knowledge in this regard.



Chapter 2 

Gauge Invariance and the 

Background Field Method for 

Multi-loop calculations 

Introduction 

The background field method is a technique for quantizing locally symmetric field 

theories without losing explicit covariance of the symmetry. For one-loop calcu- 

lations the method was introduced by DeWitt [9] . To include multi-loop calcula- 

tions, the method has to be reformulated. This generalization was first discussed by 

Kluberg-Stern and Zuber in [21] where they have shown the validity of the renormal- 

ization procedure in the background field gauge to any order in perturbation theory, 

by heavy use of Slavnov-Taylor identities derived from supergauge transformations. 

Their approach is based on conventional functional methods, but they did not give 

explicit rules useful for calculations. A different approach was taken by ’t Hooft 

[15] to obtain explicit two-loop results. His method was worked out in detail by 

van Damme [8] discussing the two-loop renormalization of the gauge coupling of 

an arbitrary renormalizible field theory and by Ichinose and Omote [18] applying 
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the method to gravity interacting with a scalar field. In ’t Hooft’s approach, one 

introduces unconventional vertices which did not help the theory to gain popularity. 

To avoid the use of these vertices, Abbott [1] worked out in detail the multi-loop 

generalization closely following the conventional functional approach. In all these 

works, the background field is treated perturbatively, i.e., the effective action is 

written as a perturbative expansion about zero background field. The advantage 

of this treatment is that the background field is arbitrary. In the third chapter I 

shall present some speculations about the advantages of treating the background 

field exactly. 

The basic idea of the background field method is to write the field variable ap- 

pearing in the classical action as a sum of a background field (A) which obeys the 

classical equations of motion, and a quantum field (Q) over which the functional 

integration is carried out. If one perturbs about zero background field, then the 

quantum inverse propagator is the same as in the conventional case, namely a pro- 

jection operator, and so it cannot be inverted. In the works in which the method 

was developed, this difficulty was overcome by the introduction of a gauge-fixing 

term. It was shown that one can choose a gauge (the background field gauge) which 

fixes the gauge of the Q field, but retains the gauge invariance of the A field. Then 

one can assure full gauge invariance in terms of the A field provided that the ex- 

ternal sources are coupled to the quantum field only. Of course, the introduction 

of the gauge-fixing term must be accompanied by the insertion of a Faddeev-Popov 

determinant. This procedure of background field quantization was elaborated upon 

by Abbott [1], who also computed the two-loop 8 function in renormalized Feyn- 

man gauge and found agreement with the result obtained by conventional method.



Abbott assumes implicitly the result of [21], namely that the counterterm depend- 

ing on the background field only need be renormalized by a single multiplicative 

renormalization constant which upon additional renormalization of the gauge pa- 

rameter becomes independent of the gauge parameter. In this chapter this claim 

is investigated and found correct in an explicit two-loop calculation in arbitrary 

gauge. 

The background field method 

For the sake of simplicity, I consider only pure Yang-Mills theory. This model shows 

the important features of the method, but does not have too many vertices to cast 

a shade on the essence. Also, it has practical importance as it is one of the basic 

ingredients of the Standard Model. 

In the conventional functional approach to field theory, one defines the generat- 

ing functional by 

  Z|J] = [50 det ea expi [ d's [L(Q) + Lor + J2Q3| , (2.1) 

where 

£(Q) = - (FL) (2.2) 
is the Lagrangian, with 

Fi, = OQ, + 9f°Q).Q5. (2.3) 

Lor = —3(G")’ is the gauge-fixing term and 6G*/dw® is the derivative of the gauge 

condition corresponding to an infinitesimal gauge transformation 

1 
6Qi. = — fw Qs + gone (2.4)



Differentiation of Z[J] with respect to J gives the disconnected Green functions of 

the theory. Somewhat more useful is 

W[J] = -inZ[J] (2.5) 

which generates the connected Green functions. Finally, the effective action which 

is of most interest is defined by making the Legendre transformation 

  

TQ] = wl) — / dr J°Q?, (2.6) 

where 

~,  6W 
Qn = 5 Te (2.7) 

The importance of this lies in the property that the derivatives of the effective action 

with respect to Q are the one-particle irreducible (1PI) Green functions. 

The quantities analogous to Z, W, and I will be denoted by Z, W, andT in the 

background field method. They are defined exactly like the conventional generating 

functionals except that the field in the classical Lagrangian is shifted by A, which 

is the background field. However, as in [1,15] the background field is not coupled 

to the source J. The generating functional is now a functional of both J and A: 

~ 6G° . fu ayja Z| J, A] = / 6Q det | =| expi / d'z [C(A+Q) + Lor + J2Qh]. (2.8) 

Here one uses the background field gauge choice 

G* = D&[A'1Q6 = 9,Q2. + gf ALQS. (2.9) 

The advantage of this choice will become apparent soon. To compute the generating 

functional (2.8), one trades the Faddeev-Popov determinant for a ghost Lagrangian, 

 



Lohost, in the exponent. This can be achieved by noticing that the background field 

generating functional is invariant under the infinitesimal transformations 

§A2 = 0, (2.10) 

1 
6Q% = —f?w'(A+Q)e + 5 Ones (2.11) 

6 Jt = — fw Ji. (2.12) 

(Notice that the sum of (2.10) and (2.11) is just the infinitesimal gauge transforma- 

tion of the total field A+Q under which £(A+ Q) is invariant.) As a consequence, 

one obtaines the ghost Lagrangian 

Loot = —85[076" + gf ™ ACO, + g2ft@ fr Ac(At + Q4)]@ (2.13) 

+9(,03)f°°( Ap, + Qi.) 

It is worth noticing that the quantum Lagrangian, 

La =L(A+Q) + Ler + Lohosts (2.14) 

with the background field gauge condition (2.9) is invariant under the following 

infinitesimal BRST [2] transformations (type II transformations): 

6Q% = —6\D2[A® + Q7] 63, (2.15) 

A? = 0, (2.16) 

602 = i6A—D3 IAQ, (2.17) 

1 
60; = — 56g f7°°0805, (2.18) 

where the two real fields 6{,0} were introduced by 

OF = (6° + 6%) /V2, (2.19)



gs = (6° — 6") /iV/2. (2.20) 

In terms of 67,63 the ghost Lagrangian is 

Lohost = i(D2?[A*]6¢)(D2°[A¥ + Q*] 5). (2.21) 

(2.15, 2.16) are obtained from (2.10, 2.11) by using the following ansatz [2] 

w* = —g695, (2.22) 

where 6) is an infinitesimal Grassmann number independent of z and anticommutes 

with 63(2): 

{6, 65(x)} = 0. (2.23) 

The peculiarity of the background field gauge choice is that there is another 

set of BRST transformations (type I transformations) under which Cg is invariant, 

namely 

6Q% = bg f° 03.05 (2.24) 

§A® = —6\D%[A"]63, (2.25) 

60% = —brg f° 0805, (2.26) 

60% = —6dg f 0205. (2.27) 

If the source is assigned to the adjoint representation of the group, then the gener- 

ating functional, and as consequence W[J, A], defined as 

W[J, A] = —iln Z[J, Al], (2.28) 

are also invariant under the (2.24, 2.25, 2.12) gauge transformations. It then follows 

that the background field effective action, 

TO, A] = Wi, A) — / dr J2Q* (2.29) 
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is invariant under 

  

§A% = _D3ilA"|us, (2.30) 

Qi = —fPw'Q,, (2.31) 

where ; 

Qs = a (2.32) 

This means that I'[0, A] must be a gauge-invariant functional of A itself. One can 

show (see [1]) that this gauge-invariant effective action is equal to the conventional 

effective action evaluated in an unusual gauge (G* = 0,Q% — 0,A% + gf?°A°Q¢). 

It can thus be used in the usual manner to generate the S-matrix of the theory. 

The important question is whether or not these nice invariance properties survive 

in the renormalized theory. The conclusion of [21] is that in perturbation theory to 

any order, the renormalized generating functional in the background field gauge is 

invariant under both type I and type II transformations. The content of the next 

section is to check this statement up to two-loops by performing the renormalization 

explicitly. | 

To perform the calculations, I adopt the Feynman rules given in [1] for an 

arbitrary gauge (see Appendix A). The gauge field and ghost propagators are exactly 

the same as they are in the conventional method, while all the other terms in 

the Lagrangian L(A + Q) + Lor + Lorost generate the various gauge-gauge and 

gauge-ghost vertices. The gauge-invariant effective action, I'[0, A], is computed by 

summing all 1PI diagrams with A fields on external legs (but not inside loops since 

the functional integration is only over Q) and Q fields inside loops (but not on 

external legs since Q = 0).
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Two-loop renormalization of pure Yang-Mills the- 

ory 

To test the gauge invariance and gauge parameter independence of the renormal- 

ized Lagrangian provided by this method, I computed the two-loop renormalization 

constants of pure Yang-Mills theories for an arbitrary a. One can show [1] that the 

renormalization of the quantum fields is irrelevant for the computation of the ef- 

fective action because the quantum lines appear inside loops only. Indeed, suppose 

that we did renormalize the quantum gauge and ghost fields by 

Qo = ZyQ, 0 = 25/76. (2.33) 

Then, one has a factor of Ze! * at each end of the gauge propagator coming from 

the renormalization of the field at each vertex, and a factor Z9 coming from renor- 

malizing the propagator. The two factors of Zo ” and the Zg ’ associated with each 

propagator then cancel exactly (the same can be said about the ghost renormal- 

ization). Therefore, there are only two parameters to renormalize. These are the 

coupling constant and the background field itself: 

e 1/2 
Jo=pP 299; Ao = ZA A. (2.34) 

The explicit gauge invariance of the effective action I'[0, A] ensures that it must take 

the gauge invariant form of a constant times (F?,[A])?; therefore, the renormaliza- 

tion factors Z, and Z, are related. According to (2.34), F2,[A] is renormalized 

by 

(F2,[A])o = 247[0,A% — ,A% + 9Z, 24? fread AS]. (2.35)
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This will only take on the gauge invariant form of a constant times F%,[A] if 

Z,= 2,1". (2.36) 

As was emphasized in [1,21] these parameters may depend on the gauge-fixing pa- 

rameter. However, the renormalization of the gauge-fixing parameter, i.e. the 

longitudinal part of the quantum gauge propagator has to remove this gauge pa- 

rameter dependence. If this is true, then the gauge parameter renormalization can 

be avoided by the choice of Landau gauge (a = 0). Unfortunately, this cannot 

be done from the beginning, for some of the vertices contain terms proportional 

to 1/a. In the case of covariant Lorentz gauge the longitudinal part of the gauge 

field propagator is free from higher order corrections, since the self-energy is trans- 

verse. The consequence of this is that the a parameter renormalization can be 

chosen the same as the gauge field renormalization and the whole propagator can 

be renormalized by one constant (see e. g. , [23]). In our case the same is true except 

that, as we saw earlier, we do not have to renormalize the transverse part of the 

quantum gauge field. Therefore, the counter-term corresponding to the gauge-fixing 

parameter renormalization is of the form 

  1 1 a aoc c (1-5) 50.05 + of ARQE)?, (2.37) 

where 

1/9, \? 13 
Q +=(2) Ca(= a, (2.38) 

gr \* i(z3(-4-= *) (5-5 _ *)) 
+(#) Calg a 7 Bate) t gly - ga o))- 

which is the standard value of the quantum gauge field renormalization constant 

derived in [10]. (The O(g?) term with a, = 1 will be used in the next chapter.) The
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Feynman rules corresponding to these counterterms are given in Appendix A. 

Calculation of the 6 function 

In what follows (and later in Chapter 3 also), I use dimensional regularization [16] 

in 4—2e dimensions and the minimal subtraction scheme [17] in which Z, is written 

as 
n Zz) 

Zaz1lt+ 

i=1 E 

  (2.39) 

in n-th order perturbation theory. The renormalization group # function is defined 

  

as 

Og; 
B(g,,€) = ( , 2.40 (r€) = (Hae . (2.40) 

which is assumed to be analytic in e: 

B(gr,€) = D> Bilgr)e’: (2.41) 
+#=0 

By using the chain rule of differentiation on eq. (2.34) and the Ward identity (2.36) 

on can derive the following important equation 

1 90 B(9-,€) (1 +€9,— 50-5) Z,=0. (2.42) 

Upon substitution of (2.39) into this equation, one obtains 

ny 1 O., 
Egr + B(gr, E) + gr Zy) + > ei (ox i a 50g + a2") = 0. (2.43) 

t=1 r 

By using (2.41) and collecting the coefficients of various € powers, one finds 

B(gr,€) = —€9; + B, (2.44) 

  O\ 5) 2 8 iss) a(2 sa) 2h =- 95-25. (2.45)
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Here B = fo(g,) is the quantity which is commonly referred as “the #” function and 

is the objective of the present calculation. Recalling that Zz) = 1, the recursion 

relation (2.45) gives 

_ 1,04 2) 
p — 9 9Fr 8g, A°* (2.46) 

If we expand the @ function in g, as 

gr \? gr \4 
B= —-G E (+) + By (=) | (2.47) 

and notice that for the piece of ZW) proportional to g?, (2 —g,0/ 89,)Z = 0, then 

up to two loops Z,4 must be 

Za=1t+ Pe 3) + fA (s) (2.48) 

(no second order pole appears at two loops). 

The two-point graphs at the one-loop level are given in figure B.1. The com- 

putation is fairly simple even in arbitrary gauge. One finds that both diagrams 

are independent of the gauge-fixing parameter a. The divergent contribution of 

figure B. 1a is 

ig?C 46% ( 1 
(41)? =) [Suv ~ kk], (2.49) 

and that of figure B. 1b is 

ig?C,6* (10 
“Gat (=) [Suv k? — kyk,]. (2.50) 

The sum of the two diagrams determines Z, and hence Jy = $C .[24] 

The two-loop graphs for computing Z, are given in figure B.2. The tensorial 

structure of the diagrams is such that all the divergent contributions are of the form 

igiC2 6 
Gaye AguekY _ Bk, k,] (2.51)
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and we want to compute the two constants A and B. For arbitrary a the number 

of integrals to be performed is of the order of ten thousand. In order to compute 

these integrals, a program was developed in the Mathematica symbolic manipulation 

language.[29] It is convenient to define the integrals in terms of scalars. From (2.51) 

two equations were obtained for the two unknowns A and B by contracting (2.51) 

once with g,,, once with k,k,. Both A and B are functions of a. The individual 

contributions to A and B are given in table 2.1 (A = 1 — 2e(yg + In 72). The 

columns contain the coefficients of the various a powers. The total contribution 

is transverse as it should be because of gauge invariance and the fact that in the 

background field method the renormalization of the A-field alone renormalizes the 

theory. This transverse property is true in all orders of perturbation theory making 

the calculations somewhat easier in the sense that for the total contribution it is 

sufficient to compute one of the constants A and B. The 1/e? poles cancel in 

the total contribution and the coefficients of the 1/a and 1/a? factors are zero, 

as is expected. The coefficient of the constant term reproduces the known f/f; = 

C2 result [20], showing that at this stage one can take a = 0 and leave out 

the gauge-fixing parameter renormalization. The insertion diagrams are shown 

in figure B.3, dots representing gauge fixing term insertions. The values of these 

diagrams are given in table 2.2. Clearly, the inclusion of the gauge-fixing parameter 

renormalization cancels all the a dependence in Z,, and, therefore, by (2.36) in Z,, 

too. 

The advantage of this gauge choice is obvious. In the case of covariant Lorentz 

gauge, after taking into account the various Slavnov-Taylor identities, there are 

still three independent renormalization constants in pure Yang-Mills theory. In the
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Table 2.1: Contributions to the two-loop propagator from the graphs of figure B. 2. 
  

  

  

        

  

  

  

  

            

A 
graph 

1 a a? ae 

b Bia +3 110° 23.) iin $0 T62 (A — e) 32 

Cc a pa(A +8 26) ar(A + is re) wex(A + 8 Ze) = 

d id Sa 0 0 
1 15 1 3 

e ~~ Qe ~~ 32 ~ 16e ~~ 32e 

f —g(A + 3¢) — (A + Be) —3(A+%e) | —2 
g+h eat + 2 te) we7(A - Le) 0 0 

i in —gr(At ee) | —agx(A+ Fe) 0 
j —307(A + $6) joer +35 Ze) aye (A + 33 36) 30 

k ae vat wat (A +2 €) 0 0 

l —sia(A + Be) sux (A — Le) = 0) 

m —pger(A— Be) | gae(A+ ge) malA + *4'e) 26 
total u -% ~2 z 

B 

a ga(A += 8 -) ~ ae (A +2 Oe) 0 0) 

b a(S + ee —ae a(A + 5 3€) ree (A ~ 66) —i6 

c wr (A + 2€) a(A- +2 re) er(A + Fe) 32 
d — 34 re 0 0 

e a 3 A 3 
32e 32e 32e 32e 

f —g2(A + i) ae (A +6 >€) —~ Be? ar(A +3 r€) ~ se 
g+h -s25(A + e) weet a3(A — 13¢) 0 0 

i  24e — aI (A ta 149 €) —ids (A +2 Se) () 

j — 358 saer( A + He) reer (A — Le) apt (A + F5€) 30 

sald + Be) wur(A — $e) re 0 
m — 96e2(A — e,) gat (A + alt gar (A + $e) 2 

total se -2 —2 z 
  

 



Table 2.2: Renormalization insertion contributions to the two-loop propagator from 

the graphs of figure B.3 
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graph A 
1 a a? a? 

a 362! aeet(A + Fre) gr(A + tHe) — 7A — i 
b eu(A+ 104 €) — (A+ He) (A + He) 0 

total 0 8 s —i 

B 

1 a a? ae 

a ea (A + $F) gr(A + tee) ~ aa A ~ i 
b ei(A + 104 é) —sh(A +i 46) r(A + 4e) 0 

total 0 = = —i 
  

 



case of background field gauge choice there is only one, namely Z4 which can be 

computed from the background field two-point function. Practice shows that the 

amount of algebra and analysis involved in the computation of two-point functions is 

considerably less then that of three- or more-point functions. The only drawback is 

that there are additional vertices involving background fields. The structure of these 

vertices is such that they give considerable surplus work in arbitrary gauge, but they 

become especially simple in Feynman gauge. As the final result is independent of the 

gauge parameter, the Feynman gauge — if possible — is an especially well-suited 

choice in background field calculations. 

Conclusions 

The gauge invariance and gauge parameter independence of the counter-terms for 

operators depending on the background field only was tested in the background 

field method by means of an explicit two-loop calculation. The result was found to 

be in full agreement with the claims of [1] and [21]. 
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Chapter 3 

Three-Loop renormalization of 

Yang-Mills Theory 

Introduction 

Renormalization group techniques are very useful to improve the results of pertur- 

bative calculations. This is important in QCD calculations where the coupling is 

somewhat large. However, for the same reason, the renormalization group coeffi- 

cients also depend on the renormalized coupling strongly; therefore, one expects 

considerable dependence on higher order effects. Moreover, the next to leading 

order corrections have fairly large numeric coefficients [20] which leaves open the 

possibility that the higher order contributions will be important. 

The three-loop corrections to the QCD @ function were computed about ten 

years ago [26]. No details of the calculation were published, though there are con- 

siderable complications arising in the evaluation of essentially three-loop type in- 

tegrals. Also, the calulation in [26] was performed in conventional Lorentz gauge. 

In the previous chapter we saw how a well-suited method is the background field 

method to perform such calculations. Therefore, I considered the three-loop renor- 

19
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malization of Yang-Mills theory in background field gauge a challenging work which 

provides an independent check of the important result of.[26] 

The conceptual part of the calculation is straightforward after the discussion of 

the previous chapter. The main difficulty is to perform the essentially three-loop 

type integrals — integrals which cannot be computed by the recursive application 

of the well-known one-loop formula 

d*~**p 1 1 f2-9-B-e Ta + B —2+ E) 

(27 )4-2¢ (k — p)*p28 — "amy T(a)r(B) B(2—a-—¢,2—fB-e).   

(3.1) 

This part of the work contains a good number of subtleties. I, therefore, present a 

detailed description of the ideas involved in the next section. 

Evaluation of essentially three-loop type Feynman 

integrals 

It is well-known that an integral corresponding to a Feynman graph is plauged by 

the presence of logarithms of the dimensionful parameters of the model. However, 

as was shown in [6] that the renormalized version of the same diagram, if it is 

regularized dimensionally, has a counter-term which contains pure poles in ¢€ = 

+(4 — d) and its dependence on the dimensionful parameters — such as external 

momenta k,,, masses m — is polynomial, and, therefore, on dimensional grounds, 

known beforehand. This means exactly what we understand under renormalization, 

namely by local counter-terms (which are polynomials in momentum space) the 

theory can be made finite. 

More precisely, given an unrenormalized Feynman integral I(k-:,m, ,€) cor-
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responding to a Feynman graph G, its renormalized version can be written as [3,4] 

I,=RI=(1-K)R1, (3.2) 

where R is the Bogoliubov-Parasiuk R-operation. R’ is the incomplete R-operation 

which corresponds to subtraction of all the subdivergencies of G leaving the overall 

divergence only. We have the recursion relation for R’: 

RG=G+), (T-KRe 6/6, fore Gn)) ,m>l, (3.3) 
t=1 

where the sum is taken over all possible sets of nonintersecting strongly connected 

—i.e., connected by more then one line — subgraphs of G and G/(G; +--+ +Gm) 

is the diagram obtained from G by shrinking the subgraphs Gj,...,Gm to points. 

It was shown in [4] that R’ removes the subdivegencies of each diagram separately 

(not only from the Lagrangian as a whole). The operator K separates the poles in 

E. 

KY ce! = >> cee’. (3.4) 
i<O 

For renormalization group purposes, one needs the pole part of the diagrams. 

From this point of view, the operation KR’ has the following important property.[6] 

If a diagram G does not contain any infrared singularity, then K R’G is a polynomial 

in the external momenta and in the masses corresponding to its internal lines. The 

degree of the polynomial is determined by the dimensionality of G. In particular, 

for logarithmically divergent diagrams IK R’G does not depend on these parameters 

which, therefore, can be set to zero. However, a word of caution is in order here. By 

setting all these parameters to zero one introduces “spurious infrared divergencies” 

[28] which cancel the UV poles and obtains zero just as in the case of the tadpole
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integral:[16] 

/ qe =0. (3.5) 

We may, however, change the masses and the external momenta in a totally arbitray 

fashion, as long as no IR divergence is introduced. Typically, all but one external 

parameters can be set to zero, making it possible to reduce the necessary integrals 

to the recursive use of the one-loop integral (3.1). It should be emphasized that it is 

the whole counter-term K R’G that will undergo this IR rearrangement unchanged 

for it is KX R'G which is independent of dimensional parameters. Therefore, all the 

terms corresponding to subdivergences which are subtracted by R’ must be modified 

in the same manner. 

Linearly or quadratically divergent diagrams can be treated the same way after 

proper differentiation with respect to their external parameters, which reduces the 

degree of divergence to zero. Again, the the counter-term IX R’G as a whole should 

be differentiated. One subtlety emerges here. The massless tadpoles (3.5) are zero 

in dimensional regularization; therefore, they do not contribute to K R’G. However, 

they should be kept in the calculation when one reduces a quadratically divergent 

diagram to a logarithmically divergent one. The differentiation introduces spurious 

IR divergences which can be taken care of by infrared rearrengement which, how- 

ever, should apply to all the diagrams in K R’G irrespective of their dimensionally 

regularized value. 

Having set the theoretical framework for the calculations, it is time to provide 

some examples to show how the concepts work in practice. For the sake of simplicity 

the integral measures will be denoted by dp, dq, dr in the following subsections.
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Example of a logarithmically divergent essentially three-loop 

type integral 

Consider 

(p-r)? 
(k — p)?(k — q)?(k — r)?(p — q)?(q — 7)?p2q?r?’ 
  J dpdgar (3.6) 

which is a logarithmically divergent integral containing two logarithmically diver- 

gent one-loop subintegrals (p and r loops). These are of the form 

(4n)'K | PER Hea op” (=) ” (3-7) 
  

Their pole part can be obtained by using the one-loop (3.1) formula after contraction 

with g’”. One has 

2 p*p” _ 1 pv (4n)°K | dp kopploy 7a” (3.8)   

The KR’ operation on (3.6) then gives 

(p-r)? 
(k — p)?(k — q)?(k —1)?(p — q)?(q — )?p?q?r? 

(1 Juv P" PY .1)\? Jug” oi (—-—) [ dpd Y (- z) dq— sued __\ 
( ie) J PTE p(k ap — apg | \ "de J "(k= re | 

At this stage, we are free to do any kind of infrared rearrangement, so we set k = 0, 

  (47)°K 1 | a dq dr + (3.9) 

  

but to avoid the introduction of spurious infrared divergencies, we introduce an 

auxiliary external momentum ! in the q-loop.! After this infrared rearrangement 

the integrals are easily evaluated by (3.1) giving 

  

1In [28], where this technique was developed, auxiliary masses were introduced rather then mo- 
mentum. However, this requires the inclusion of the massive versions of the one-loop type (3.1) 
integrals, making the programming more complicated. 
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6 (p . r)? 

(Gry t/ dp dq drip — gq rpg 

21 (-7,) | @aga—yGR q)*p*q? +(- "e) J “a ve |= 
1 1 

1263 Ge? Be 

  (3.10) 

  

  

Lo and behold, this result does not contain any logarithmic dependence on |. The 

subtracted integrals can be computed without the infrared rearrangement and can 

be added to this result to give the value for (3.6): 

  

(p-r)? _ 
* / dp dg aa — p)*(k — q)?(k —r)?(p — q)?(q —1r)*p2q?r? (3.11) 

ko “( 1 + 17 + #2) 
"t6n2) \1263 ' 24e2 " 122)" 

In this result the dependence on k can be found on dimensional grounds. To see 

    

why the terms log(47), yz, ¢(2) disappeared, see the next section. 

Example of a quadratically divergent essentially three-loop 

type integral 

Consider 

4 
q 

| tpdadr Gey gp a (3.12) 
which is overall quadratically divergent, containing a quadratically divergent one- 

  

loop subintegral (the g-loop), a quadratically divergent two-loop subintegral (the 

q — r-loop) and a logarithmically divergent two-loop subintegral (the p — q-loop). 

As for the latter one, it multiplies a tadpole which is independent of the external 

momentum (f dr1/r?) and, therefore, is not included in any infrared rearrangement
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and can be dropped. The pole part of the one-loop subintegral is 

2 q’ _ 

(an | dap aaa) e") 
1 1 

A(=) (+p +@)+B(=) (kK-pt+k-r+p-r). 

  

Differentiation with respect to k twice gives an integral from which A can be com- 

puted, while differentiation with respect to k and p gives an integral from which B 

can be obtained. Using the relations 

    7 1 __4e e° 1 _ A(k-4)-(p-9) 
Ok,Ok,(k-—q)? (k—q)*’ Ok,Opy(k-4)*(p—9)?  (kK—9)*(p—4a)*’ 

(3.14) 

and setting all but one external momenta to zero — keep k, say —, we get 

1 4e A Gre | “aap 0, (3.15) 

, 1 4 _ wl 

The action of KR’ on the q — r-loop is as follows: 

4 
Are q _ 

(anys i/ 494° pap (3.7) 
1 k-pt+tk-r+p-r| _ 1\ ,> (=) 3 *) 

icf ar (p—r)?r? \—a(2)a +8 eJP +e(: Ep. 

  

  

To calulate A (B) one differentiates with respect to k (p) twice, for C once with 

respect to k and once with respect to p. After proper infrared rearrangement the 

integrals can be evaluated by means of (3.1), the result of these operations is 

1 1 3 3 7 
A ~ Te B ~ - (G3 =) , ~ - (Ga =) " "de \ get Fg)? C= gat ae (3.18) 

Finally, the action of KR’ on (3.12) gives a quadratic polynomial in k:
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6 q’ _ (4n)°K / dp da dr Ep map oa (3.19) 

1 k-p+k-r+p-r 2 LL 
e/ VO Pen - a! “PC — ppp? 

(pate) /e Pk — = -#(-3 +2) [ot so}. 

Notice that the tadpole depending on the external momentum (4th term) was not 

  

  

  

dropped, for differentiation with respect to k twice and infrared rearrangement will 

make a perfect one-loop integral of the type (3.1) out of it. The same procedure as 

before yields 

4 
6 rp! q _ 

(any | do dad Ea aoa ~ O70 
1 23 «9 es eg) re \ Be abe? * Tbe 

Then, adding back what we subtracted in (3.19) — those integrals are recursively 

  

  

of the one-loop type — one finds 

. q’ _ 
‘ | ap ag og — p)*(k — q)*(p— 4)*(p—1)*(q—1)*p?r? (3.21) 

k-* 1 49 177 

Ke (: —) (as + age? * 392) 

Example of three-loop integral which contains essentially 

two-loop type subintegral 

  

    

There is a class of integrals which contain the essentially two-loop type subintegral 

1 

(k — p)?(k — q)?(p — 9)?p?q? 

These integrals are readily evaluated by the method described above. However, I 

  / dp dq dr (3.22) 

should like to point out that an analytic expression was derived in [5] by the Gegen- 

bauer z-space technique which is more advantegeous for programming purposes.
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These formulae are given in Appendix D. Also, there are three-loop integrals which 

contain a loop which can be evaluated by means of (3.1), leaving an essentially two- 

loop type integral as result. In this case, one of the propagators in (3.22) has ¢ in 

the exponent. The formulae in [5] were derived for integer values of the exponents. 

However, analytic continuation assures that one can use the expansion formulae for 

non-integer exponents, too. To check the results obtained by the expansion of the 

formulae given in [5], I computed these type of integrals by the method described 

in the previous subsections and found full agreement. 

To conclude this section, I should like to mention that there are rare cases when 

the diagrams are UV finite but IR singular. They occur in massless theories such 

as the one considered here. It is well-known that dimensional regularization can 

be used in this case, too [12]. However, it is not clear how one can regularize an 

integral which is IR divergent but can not be computed by recursive use of (3.1). 

Consider, for example, 

1 
(k — p)?(k — q)*(p — 9)°(p — r)?(q — 7 )?p?q?r?- 
  

fat d\4-2¢) q\4-2¢), (3.23) 

This integral is UV finite as can easily be seen by power counting, but IR divergent 

in the region when p, q, r approaches zero at the same rate. The cure here is to 

multiply the integral by k? and write this as k? = (k — p)?+2k-p—p?’. The last two 

terms give IR (and UV) finite integrals. The first one is still IR divergent, but we 

repeate the trick, this time with k? = (k — q)? + 2k-q — q? obtaining UV divergent 

integrals which can be computed as described above. For massless theories one can 

always trade an IR divergence for a UV one what reflects the fact that there is no 

intrinsic scale (a mass) which would separate the IR and UV regions clearly.
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Further details on the three-loop calculation 

The G-scheme 

By the expansion of (3.1) in €, one can see that the usual measure d(4~**)? /(27)(4-?*) 

leads to messy factors of log(47), yg (Euler’s constant) and ¢(2). These terms in 

the expansion can be removed by including an extra factor of [(1 — €)/(47)* in the 

integration measure.” We are allowed to do this as long as we are only interested in 

regularizing the four dimensional theory, but not if we want the results for arbitrary 

integer values of space time dimension n. It will be convenient to define 

P(1—e)P(a+ B-2+6) 

T'(a)P'(B) 
In terms of G and with the new integration measure the one-loop integration formula 

  G(m,n,a, 8B) = B(m+2-—a—e,n+2—68-—e). (3.24) 

(3.1) is simply aay kO-2 PI G(0, 0, a, 8), and the one-loop integrals which contain 

tensorial expressions in their numerator can be expressed in terms of G(m,n, a, f) 

(see Appendix D). Then one derives the recurrence relation for G from the recur- 

rence relation of the [-function. The results are 

n+1-—-B-e 
  

  

  

G(m,n, 0B) = a gp Alms n — 1,048) (3.25) 

G(m,0,a, 8) = —~ — 5, G(m — 1,0,a,), (3.26) 

G(0,0, 0,8) = (&+8 Gi poo 2) 6(0,0,0, 8 — 1), (3.27) 

G(0,0, a, B) = G(0, 0, 8, «). (3.28) 

The next step is to find the expansion formula. The I’-functions are expanded in € 

in the usual way, namely using [11] 

(1 — z) =exp {2 + y On| . (3.29) 
n=2 

  

?This means nothing more than that I choose to use the MS renormalization scheme.
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The expansion formula for G is as follows: 

G(0,0, 1+ae,1+be) = G(0,0,1,1) [1+(a+b)e+(a+b)(a+b+2)e7]. (3.30) 
a+b+1 

Practice shows that the use of this scheme speeds up the expansion of three-loop 

formulas 10 to 15 times, and this rate grows exponantially by the number of loops. 

Algorithm to find all topologically different diagrams 

To derive the expression contributing to an n-point function at a certain order in 

the perturbation parameter, one has to differentiate the generating functional with 

respect to the fields n-times. At higher orders this procedure becomes rather tedious. 

To simplify this part of the calculations, Feynman invented his rules. The integrals 

then are represented by diagrams out of which all the topologically different ones 

are to be found. At the one-loop level this is a trivial task, but at higher loops one 

needs a well-defined strategy to find all the topologically different diagrams. The 

algorithm used in this calculation was as follows. 

For gauge theories one has to find the topologically different diagrams contain- 

ing gauge fields only and then the total set of the diagrams can be obtained by 

substituting ghost loops for gauge field loops. At the one-loop level there is only 

one diagram depicted in figure B.1. Then to proceed from the n-loop level to the 

(n+1)-loop level, one identifies all the topological objects of a diagram and connects 

these objects by propagator lines as permitted by the vertices of the model. This 

procedure yields a good number of new diagrams, a great fraction of which will be 

identical. To see an example, we derive the two-loop diagrams from the one-loop 

one. 

The different topological objects of figure B.1 are
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e the two external legs, 

e the two vertices and 

e the two propagators. 

These six objects can be connected by an additional propagator line in 5! = 120 

different ways, all permitted by the Feynman rules. It is easy to see then that out 

of these 120 diagrams, there are only 6 which are different. 

A different method to obtain the possible diagrams which is not so well algorith- 

mized is good though to check the result obtained by the procedure described above. 

One writes down the collection of possible vertex configurations and then makes all 

the different connections among the vertices. For instance, there are four differ- 

ent possible vertex configurations for the three-loop background field propagator. 

These are 

e three four-point vertices, 

e two four-point vertices and two three-point vertices, 

e one four-point vertex and four three-point vertices and 

e six three-point vertices. 

The total number of topologically different three-loop diagrams (containing 

gauge lines only) is 49; they are given in Appendix C. Thirty diagrams can be 

grouped into 15 pairs such that one member of a pair can be obtained from the 

other by reflection with respect to a vertical axis going through the middle of the 

diagram. In other words this means that the members of a pair differ only in
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the interchange of the Lorentz and group indices of the external legs in which the 

propagators are symmetric. This means that one has to evaluate 34 diagrams. 

Having derived all topologically different diagrams containing gauge fields, one 

finds all the diagrams by substituting ghost loops for gauge loops (with two different 

directions of the ghost lines). 

Results and conclusions 

The tensorial structure of the diagrams is the same as in the two-loop calculation 

(see (2.51)). For the sum of the diagrams one can derive constraints from renor- 

malization group analysis just as in the two-loop case. By using (2.45) and the 

  

expansion 

=o (fe +m (9 (8) B=-9, [0 () +A (%) +4(#) ], (3.31) 

we find that up to three loops Z,4 must be 

Bo (4) By (2 ) Bo () BoA (2 ) 
= — {| = — { — —[{=—] — — 32 

Jaa 1+ ae) + 26 \4e) + 36 ae Ge? \4n/ ’ (3.32) 

i.e., there is no third order pole and the coefficient of the second order pole can be 

calculated from the lower order results. 

There is an efficient way of calculating the structure constant traces [7] by hand. 

However, I found it safer to do it on computer by simple numeric multiplication of 

the matrices representing the structure constants. This would be an impossible 

task to perform in a reasonable time if the dependence on N (in SU(N )) were not 

trivial. Since all the three-loop diagrams are proportional to N°, all we need to know 

is the proportionality factor. This can be obtained by numerical multiplication of 

Levi-Civita tensors — the structure constants of SU(2) in its adjoint representation.
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The sums of the three-loop diagrams, two-loop counter-term diagrams and one- 

loop counter-term diagrams are transverse separately in my calculation. Also, none 

of these contain third order poles. However, for the coefficient of the second order 

pole I have not obtained the correct answer yet; therefore, the result for 82 cannot 

be accepted. The expression for the sum of the three-loop diagrams (together with 

the gauge parameter renormalization) that I obtained is 

  

» 8013 fab 1g°C46 44 8969 22 

(4) (are + Ble 7 7603) Iguvke® — yk) (3.33) 

This expression is transverse and does not contain a 1/e? pole as expected. These 

are non-trivial cancellations, which assures that most of the calculation must be 

correct.



Chapter 4 

A possibility to avoid gauge fixing 

in the quantization of non-Abelian 

gauge fields 

Introduction 

In the first two chapters I described the conventional usage of the background field 

method, namely when the background field is treated perturbatively. However, in 

principle it is possible to treat the background field exactly. In this case one must 

use the exact quantum field propagator in some specified background. The use of 

the exact quantum field propagator makes the gauge fixing unnecessary, for 

e the transformation property of the quantum field is that of a matter field 

(2.24), 

e the inverse propagator for the quantum field is not a projection operator, 

so the two features of the conventional method which made the gauge fixing neces- 

sary are not valid any more. The search for the exact propagator is a formidable 

task except for some very simple background field configurations. For example, it 

33
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was used to generate the effective potential for a scalar field theory [19] for constant 

background field, and was used to calculate the effective action for covariantly con- 

stant gauge fields [22]. One has to keep in mind that the background field must 

be a solution of the classical field equations. Of course, if one posesses the exact 

propagator on a fixed background, one can still use perturbation expansions to im- 

prove the calculations for arbitrary background field. The rationale for finding the 

exact propagator in some non-zero field is that one expects that the renormalization 

procedure does not depend on the background field, and so it can be carried out 

more easily. In the next section I describe briefly what could be a possible way of 

quantizing Yang-Mills theories in a fully gauge-covariant manner. 

Quantization of non-Abelian gauge fields without 

gauge fixing 

The generating functionals — Z, W, and I’ — are defined as in the first chapter 

(see (2.8) except the gauge fixing term — Lor — is missing: 

Z(J, A] = / &Qexpi / d'x [L(A +Q) + J2Qy]. (4.1) 

The gauge was not fixed in this definition, and there are no ghosts in the theory. 

This means that this background field generating functional is invariant under the 

infinitesimal transformations 

a abc, .b ac 1 a 
5A‘, = —f WwW Aj, + gone ) (4.2) 

6J2 = — fw? Je (4.3) 

together with the change of integration variables 

Qe — Qs — frw°Qs. (4.4)
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As a consequence, W[J, A] is also invariant under the (4.2) — (4.4) gauge trans- 

formations. It then follows that the background field effective action is invariant 

under 

§AL = — fw AS + 0,0", (4.5) 

5Q% = —f*wQ, (4.6) 

i.e., 0, A] must be a gauge-invariant functional of A itself. To find the propagator 

we expand the Lagrangian £(A + Q) using 

FLA + Q) = Fi(A) + DEA’ Qh + 9f°Q,.9%. (4.7) 

Then one obtaines 

L(A+Q) = ~I(FE(A))? + 2DE(AQAF™ (A) (4.8) 
+(Dfs(A)Q5)? + 2af™ QL QSE™ (A) 
+29 Di(A)QS FOE + 97 ff O.Q”"*QEQ*”]. (4.9) 

The first line of (4.9) does not contribute to I'[0, A]. Now, as usual the propagator is 

the inverse of the operator which couples two quantum fields together; the rest is the 

perturbation. The background field being present, we have more terms quadratic 

in Q than usual. However, the terms that contain the background field also contain 

the coupling and so they appear to be interactions, and in fact were treated that 

way in previous chapters. Here we make the substitution 

gA > A. (4.10)
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Upon this substitution the Lagrangian becomes 

L(A+Q) = Fl GFulA)? + DRANG FA) (4.11) 
H(Dii(A)Qn)? + 2F°Q,Q5 F(A) 

+ 2g DE A)QAL QQ + PF FP QQ" QQ", 

where 

D2°(A) = 0,6% + fr Ab (4.12) 

and 

Fil A) = OAs + f° Ad AS. (4.13) 

The second line of (4.12) is quadratic in Q, and upon integration by parts becomes 

1 Cc Vv — 50 [(—bu (A) + D,(A)D,(A))” + f° FC A]Q™. (4.14) 

The quantity in the bracket is the inverse propagator. The last line in (4.9) produces 

three vertices. 

Clearly, the number of vertices is reduced substantially. However, there is a price 

to pay for this reduction — the propagator becomes very complicated. A closed 

form for the propagator has yet to be found.



Chapter 5 

Summary 

In this work, I discussed some calculational aspects of the quantization and renor- 

malization of non-Abelian gauge field theories. The background field method was 

described in detail. This method is a very convenient way of quantizing locally sym- 

metric field theories as compared to other more conventional ways. Some specula- 

tions were given as in what direction one could step further in using the background 

field method. 

I presented explicit two and three-loop calculations in Yang-Mills theory. The 

complexity of the calculations required computer programming of Lorentz alge- 

bra manipulations and Feynman integral evaluations. This computer program is a 

byproduct of the work. Just before the completion of this work, I found that similar 

computer packages exist for the SCHOONSCHIP system [13] as well as for the RE- 

DUCE symbolic manipulation system [25]. These programs use different algorithms 

for the essentially three-loop type integrals [27], which enable them to compute the 

finite parts as well (necessary for four-loop calculations). The two-loop calculation 

is a new result in the sense that it is the first calculation in background field gauge 

with arbitrary value of the gauge fixing parameter. The three-loop calculation is 
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also the first in background field gauge. However, unfortunately it is not finished 

yet.
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Appendix A 

Feynman rules 

Feynman rules for Yang-Mills theory in background 

field gauge 

Solid lines are quantum gauge propagators, solid lines ending in a circle are external 

background fields and dashed lines are ghost propagators. 
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Counter-term vertices 
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Appendix B 

Diagrams for calculation of the 

one and two-loop @ functions 
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Figure B.1: Diagrams for one-loop calculation of the 6 function. Solid lines ending 
in a circle are background field lines.
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Figure B.2: Diagrams for two-loop calculation of the 8 function.
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Figure B.2: Continued 
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(a) 

(b) 

Figure B.3: Renormalization insertion diagrams to compute the contribution of the 
counter-term Lagrangian to the two-loop diagrams of figure B. 2.



Appendix C 

Diagrams for calculating the 

three-loop 6 function 
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4 
(a) 

Figure C.1: Three-loop diagram with three four-gluon vertices.
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(a) 

(b) 

(f) 

Figure C.2: Three-loop diagrams with two four-gluon vertices and two three-gluon 
vertices.
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Figure C.2: Continued
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Figure C.3: Three-loop diagrams with one four-gluon vertex and four three-gluon 
vertices.
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Figure C.3: Continued
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Figure C.4: Three-loop diagrams with six three-gluon vertices.
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Figure C.4: Continued
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Figure C.5: Ghost-loop insertion diagrams derived from diagram figure C. 2a. 
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(c) 

Figure C.6: Ghost-loop insertion diagrams derived from diagram figure C. 2b.
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(d) 

Figure C.7: Ghost-loop insertion diagrams derived from diagram figure C. 2c.



60 

(d) 

Figure C.8: Ghost-loop insertion diagrams derived from diagram figure C. 2d.
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(a) 

Figure C.9: Ghost-loop insertion diagrams derived from diagram figure C. 2k.
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Figure C.10: Ghost-loop insertion diagrams derived from diagram figure C. 3a.
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Figure C.11: Ghost-loop insertion diagrams derived from diagram figure C. 3b.
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Figure C.11: Continued
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Figure C.12: Ghost-loop insertion diagrams derived from diagram figure C. 3c.
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Figure C.13: Ghost-loop insertion diagrams derived from diagram figure C. 3d.
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Figure C.14: Ghost-loop insertion diagrams derived from diagram figure C. 3e.
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Figure C.14: Continued



69 

(g) 

Figure C.15: Ghost-loop insertion diagrams derived from diagram figure C. 3f.
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Figure C.16: Ghost-loop insertion diagrams derived from diagram figure C. 31. 

(a) 

Figure C.17: Ghost-loop insertion diagrams derived from diagram figure C. 3m.
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Figure C.18: Ghost-loop insertion diagrams derived from diagram figure C. 4a.
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Figure C.18: Continued
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Figure C.19: Ghost-loop insertion diagrams derived from diagram figure C. 4b.
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Figure C.20: Ghost-loop insertion diagrams derived from diagram figure C. 4c.
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Figure C.21: Ghost-loop insertion diagrams derived from diagram figure C. 4d.
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Figure C.22: Ghost-loop insertion diagrams derived from diagram figure C. 4e.
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Figure C.23: Ghost-loop insertion diagrams derived from diagram figure C. 4f.
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Figure C.24: Ghost-loop insertion diagrams derived from diagram figure C. 4g.
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Figure C.25: Ghost-loop insertion diagrams derived from diagram figure C. 4h.
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Figure C.26: Renormalization insertion diagrams to compute the contribution of the 
counter-term Lagrangian to the three-loop diagrams. Ghost-loop insertion diagrams 
are not depicted. Their total number is twenty.



81 

+O 
+O 
O00 
+O 
-D-s ee 

(n) 

Figure C.26: Continued
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Appendix D 

Integral formulae in dimensional 

regularization 

One-loop integration formulae as expressed in terms 

of G-functions 

The integral measure is 

T(1—e) d*-*p 
    

  

  

dp = (4m (nye (D.1) 

The integral formulae with this normalization: 

fa a 0, for an (D.2) = 0, for Q, 
Pk — py . 

1 _ 2 2—-a—B—e 

| “Ps(k— py? ~ an? G(0, 0, a, 8), (D.3) 
p" — Le 2 2-a-—B-—e 

[a mk = G(1, 0, a, 8), (D4) 

fa P 20(k — p)2 me ue (D.5) 

G(1, 1, a, 8) f2-a-B-e | p2 guy yoo Ly 

sao (ae ag ey + HC, 0,0.8) 
i a | maa ye = at (D.6) 

G(2,1,a, 8) k? uv pr vr Pu Au RY gry, LLYLA ( (gi"k’ + gh k* +9 Nat p—3tet* k’k G(2,0,a,8)). 
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Two-loop integration formulae 

Denote 

  

  

  

    

1 a — —(Ar)4( k2)xt8 +74 5—-442¢ 
F( ,B, on) 5) (4 ) (k ) | endo — p)*8(p _ q)?1q%(k _ q)? 

(D.7) 

Two general formulae were derived for F in [5]. These are 

F(a, 8,1,1) = (D.8) 
r3(1 —e)f(-1 4 2e)T(1 —a —e)P(1 — B—e)I(a + B -—242¢) (D.9) 
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T(2-—a-—B-e) T(a+B-—2+4+3e) T(a—142¢) 

I(B) ~ Renee) _ Oo) 

T'(@ —1+2e) I'(1— a) (i — 8) 

and 

F(a,1,7,6) = (D.10) 
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NTS ISIS + WE} 

I give explicit Laurent expansion in terms ¢ of these formulae for those values 

of exponents which are necessary for the caclulation of the three-loop @ function in 

the background field method. These are
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F(1,1,1,1) = 6¢(3) (D.11) 

1 13. 143 
— = 12 M(-l+e111) = iat oa + a (D.12) 

1 7 37 
= .+.7-4+—> D.1 

F(1+e,1,1,1) = 6¢(3) (D.14) 
1 1 7 

= ---—H+- D.15 

1 3 49 
F(1,1,-1+ 6,1) = ~Ge2 de 24 (D.16) 

1 5 17 
F(1,1,¢,1) = 32 ' 3613 (D.17) 

F(1,1,14+¢,1) = 6¢(3) (D.18) 

There is one more integral which appears at intermediate stages (F(1,1,2 +, 1)); 

however, the various contributions from different integrals cancel this term. 

Essentially three-loop integrals 

In this final section, for the sake of completeness, I present the pole part of essentially 

three-loop type integrals of the form 

. 3/1,2\3e-1 dp dqdr H(k, p, q,T) 1(4)"(k*) / (k — p)*(k — 9)°(k —r)*(p — Ap —1r)*(q —r)*p2q?r? 
  (D.19)
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(k — p)*(q—r)?k? 

(k — p)*(q — r)*k? 

(k — p)*q4 

(k — p)®q’ 

(k — p)‘q°k? 
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integral 
2 61 877 4 

— 365 — jee? — iene + 2S(3)   

4+ dy - 2 -8¢(3) 
72¢(3) 

at + ge + 26(3) 
at t 2 + 26(3) 

£¢(3) 
—2¢(3) 

tact + pact + abe 
et + Be 

aes + get + ae 
3c t+ 37 + 5e 
as tat 3. 

1 17 199 
6e> + 1262 + 24e 

  

1 49 531 
8e> + 48e2 + Ge 

1 3 55 

es + 227 + Ge 

This is the same set of integrals which is given in [26], and my results are in 

complete agreement with those. All other three-loop integrals can be evaluated by 

means of the formulae given in the previous two subsections.
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