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(ABSTRACT) 

A product portfolio approach is used in this dissertation to develop a model permitting 

capital budgeting to be modeled interactively with aggregate production planning, in light 

of market supply and demand functions. Primary emphasis is on the maximization of 

profit, but other goals are also addressed. These are maximization of the rate of return, 

maximization of market share, and minimization of the cost of excess capacity. A linear 

mixed integer programming model is developed for each of these objectives. Then, a 

single goal programming model that combines all four objectives is formulated. 

Costs are not allocated to products. Accordingly, the notion of cash flows per product (or 

per project) is not used. Instead, cost is incurred as a result of the demand that a product 

portfolio places on resources. All costs are considered to be incurred in the acquisition 

and utilization (in the form of activities) of resources. Four distinct levels of activities are 

considered: unit, batch, product sustaining, and facility sustaining. The demand for each 

resource 1s aggregated over all levels of variability and over all the products in the product 

portfolio. The direct cash outflow or inflow as a result of changing resource capacity is 

continuously traded off against the eventual cost or benefit of changing the capacity (in the 

form of changed revenues and as a function of both time and market supply and demand).



Capital structure and capital investment decisions are considered simultaneously for a 

given set of assumptions. Different sources of funds are utilized for different costs of 

capital. Lending and borrowing are simultaneously incorporated without the solutions 

becoming inconsistent due to incorrect or inappropriate discount factors. This is mainly 

attributable to the fact that the organization, as a single entity that manufactures a product 

portfolio, demands capital, and invests excess funds. The net present value of the 

organization (not of projects or products) is maximized. Also, the output of each project 

is modeled specifically. This alleviates the practical problem of fractional acceptance of 

projects. Variable market supply and demand functions are also included and modeled 

explicitly. Finally, it is shown that the developed model contains several elements of 

aggregate production planning. 

The main conclusions from this research are: 1) Better capital budgeting results can be 

obtained if costs are not allocated to projects (or products) when resources are shared 

among different projects or products; 2) Financing and investment decisions can be made 

interactively (with the developed model) without the solutions becoming inconsistent due 

to unknown discount rates; 3) Resource acquisition and resource consumption should be 

modeled explicitly in capital budgeting; and 4) The model yields an improvement over 

existing capital budgeting techniques for a given set of assumptions. Some 

recommendations are presented for further research to extend these conclusions.



To Karin 

"Thou wilt make known to me the path of life; 

In Thy presence is fulness of joy; 

In Thy right hand there are pleasures forever.” 

Ps. 16:11 
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CHAPTER | 

DESCRIPTION OF PROBLEM 

Capital budgeting is classically not modeled in an integrated fashion with aggregate 

production planning, and market supply and demand functions. It will be shown that these 

activities should be executed in an integrated fashion, especially when the objective is to 

represent owners’ interests. Owners’ interests, for the purposes of this study, are 

represented by four objectives: 1) maximize profit; 2) maximize the rate of return; 3) 

maximize the market share; and 4) minimize the cost of excess capacity. The 

overwhelming majority of respected literature on capital budgeting assumes a unique cash 

flow associated with each project.! The underlying assumption is that costs are allocated 

to the respective projects. It will be shown that cost allocation can lead to inaccurate 

capital budgeting decisions when resources are shared among different independent 

projects. Consequently, the notion of cash flows per project should be avoided in capital 

budgeting decisions. Instead, resource acquisition and resource consumption should be 

modeled explicitly. Potential inconsistent solutions, as a result of clashing interest rates, 

should also be avoided. It will also be shown that fractionally accepted projects, as used 

in classical capital budgeting, are of no practical use and should be avoided. The present 

worth of the company, and not some horizon value, should be maximized. An inadequacy 

in the aggregate production planning literature is also addressed, especially in light of a 

potential interface with capital budgeting. This interface concerns the flexibility of 

resource capacity. 

  

1Cash flows can be associated with any uniquely identifiable entity: project, product, equipment, service, 
etc. For brevity, the term "project" will be used for the remainder of the study. 
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The specific problem areas to be addressed in this research, as well as general statements 

about how to solve these problems, are outlined in this chapter. Numerous references to 

existing literature are made in support of the problem statement. Chapter 2, in contrast, is 

a general review of the literature that may have an influence on this study or its extension. 

This chapter is divided into eight sections. In the first section the interests of the owners 

of the company are briefly addressed and the interfaces between the different disciplines 

involved are outlined. In the second, and most important section, capital budgeting is 

defined for the purposes of this study and the inadequacies in the literature concerning 

capital budgeting are outlined. In the third section, aggregate production planning is 

defined for the purposes of this study and the major inadequacy is outlined, as it relates to 

capital budgeting (in the context of this study). In the fourth section an hypothesis is 

stated. In the fifth and sixth sections the objective and scope of this research project are 

outlined. The remainder of this study is briefly addressed in the seventh section. In the 

eighth section a list of assumptions that hold for this study are provided. 

SHAREHOLDERS’ INTERESTS 

In this section, some shareholders’ interests are defined. Some of the shareholders’ driving 

forces are pointed out. The importance of modeling capital budgeting, aggregate 

production planning, and market supply and demand functions in an integrated fashion, 

driven by shareholders’ interests, is subsequently illustrated. The term shareholders’ 

interest 1s used to describe collectively the specific objectives that are used in this study in 

an attempt to represent shareholders' interests to some extent.” 

  

2The extent to which the shareholders’ interests are satisfied either by the objectives used in this study or 

by the results of this study is considered outside the scope of this study. 
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Shareholders' Interests Defined 

It is generally accepted today that one of the most common corporate goals is the 

maximization of shareholders' wealth. Shareholders' wealth is simply the monetary vaiue, 

as a function of time, of the owners' stake in the company. Currently, the best indicator of 

shareholders’ wealth is the discounted cash flow (consisting primarily of dividends and 

sales prices of stock, as a function of time) that the shareholders can expect to receive 

from their investment. This discounted stream of dividend and future price cash flows are 

represented by current stock prices. However, determining measures that will accurately 

predict shareholders’ wealth beforehand is very difficult. In order to determine stock 

prices beforehand, several different measures can be utilized. Some of these measures 

include profit, the rate at which the company generates money, earnings per share, market 

share, and equity. These and other measures will be the primary forces driving corporate 

Strategy, as is portrayed in Figure 1.1. ROI, EPS, and LTSW in Figure 1.1 indicate the 

measures return on investment, earnings per share, and long term shareholders’ wealth, 

respectively. A corporate objective is to maximize shareholders’ wealth by maximizing 

these and other measures. All activities that the organization is involved in, such as capital 

budgeting and aggregate production planning, will eventually be measured against these 

criteria. This is, however, no easy task since several of these measures are either 

conflicting or very difficult to determine. For the purposes of this study, the interests of 

the owners are assumed to be represented by four specific goals or objectives. These are 

1) the maximization of profit;* 2) the maximization of the rate of return; 3) the 

maximization of the market share; and 4) the minimization of the cost of excess capacity. 

  

3See Ball and Brown [7] for discussion. 

4Profit (as defined in Chapter 3) is the difference in total discounted cash inflows and cash outflows before 

taxes for the targeted organization. 
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Interface With Capital Budgeting 

In this section some of the interfaces between capital budgeting, aggregate production 

planning, and market supply and demand functions are briefly outlined. These interfaces 

are combined with the objectives of maximizing profit. (Maximizing the rate of return and 

the market share, and minimizing the cost of excess capacity are addressed in Appendices 

A and B). Specific reference is made to Figure 1.1 in addressing the interfaces. Once 

these interfaces are outlined, the specific problem areas can be addressed. 

  

   SHAREHOLDERS Product 

Prices 

MARKET DEMAND 

        

  

ROI, 

Profit, 

LTSW, 

EPS, 
     
   

      

   

MARKET SUPPLY 

Resource 

Costs 

Figure 1.1 The Interface Between Different Segments of Capital Budgeting 

   MONEY OUT     
  

Figure 1.1 illustrates the relationship that exists between shareholders’ interests, capital 

budgeting (illustrated simply as "Production" and "Resources"), and market supply and 

demand functions. Resource requirements are typically input requirements while 

production is the output. The only way that an organization can increase the inflow of 
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money is to increase profitably its output and/or price. Profitability in this sense indicates 

an improvement in objective function value (typically increased profits). However, the 

market places a restriction on the quantity and price of a certain product that will be 

absorbed. This restriction invalidates indefinite production increases and price changes. 

The size of the output (typically production quantity) is, apart from market demand 

restrictions, also restricted by resource capacity.» Resource capacity is a function of 

resource availability.6 The amount of resources that can be made available is a function of 

both the market supply functions and the amount of money that can be generated in 

income as a result of the resource acquisition. A closed form loop now exists (see Figure 

1.1): The amount of money that can be generated (a key element in shareholders’ wealth) 

is a function of the production quantity, which is a function of resource availability. 

Resource availability, again, is a function of the money that can be generated as a result of 

resource acquisition, or the increase in shareholder's wealth. In short, shareholders' wealth 

depends on production, which depends on resource capacity, which depends on (potential) 

shareholders' wealth. This whole process is also subject to market supply and demand 

functions. It may therefore be sub-optimal if any of these functions (as illustrated in 

Figure 1.1) are modeled independently of any one or more of the other functions.’ 

  

5A free market system is assumed in which, for example, output is not artificially limited to increase 

market share or demand. It is also assumed that market demand will be satisfied, provided that the 
shareholders’ wealth will potentially increase as a result of any attempt to satisfy demand. 

Once again, a free market system is assumed in which external influences, like legislation, do not have 
any significant impact on the output and the availability of resources. 

7This is shown in the Justification section in Chapter 3, especially with reference to Equations [3.59] and 

[3.60]. Specific numerical examples, that also support this statement, are provided in Chapter 4. Of 

specific interest are Models 4.6, 4.12, and 4.21 where the influences of aggregate production planning and 

market supply and demand functions on capital budgeting decisions are illustrated. (An underlying 
assumption is that the definitions of capital budgeting and aggregate production planning are acceptable. 
Definitions for these activities are provided in the subsequent sections.) 
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CAPITAL BUDGETING 

In this section capital budgeting is defined for the purposes of this study. Also, current 

deficiencies in the literature concerning capital budgeting, as defined, are addressed. The 

current deficiencies, or problem areas, in capital budgeting are summarized after which 

each problem area is addressed individually. 

Capital Budgeting Defined 

In this section two definitions of capital budgeting are provided from the literature after 

which capital budgeting is specifically defined for the purposes of this study. Osteryoung 

argues that financial decisions of profit-motivated firms in the private sector fall into two 

broad categories: capital structure decisions and investment decisions.* He defines these 

categories, as well as capital investment, as follows: "Capital structure decisions are 

related to the amounts and sources of funds available to the firm in pursuit of its 

objectives...investment decisions [are] concerned with the uses of funds, from whatever 

sources obtained.... A capital investment may be defined as one which requires a current 

outlay or series of outlays of cash resources in return for an anticipated flow of future 

benefits." Osteryoung continues: "Investment decisions may be either long-run or short- 

run.... Investment decisions involving relatively large amounts of funds to effect long-term 

objectives are known as capital budgeting decisions." 

  

8Osteryoung [137], p3. 

In this study no explicit distinction is made between long-run and short-run investment decisions. 
Instead, the materiality concept, which is addressed at a later stage, is used to determine whether decisions 

are important enough to be incorporated. 
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Shim and Siegel define capital budgeting as follows:'!° "This is the process of deciding 

whether or not to commit resources to a project whose benefits will spread over several 

time periods. There are typically two types of investments: 1) Selection decisions in 

terms of obtaining new facilities or expanding existing facilities. Examples include: (a) 

Investments in long-term assets such as property, plant, and equipment. (b) Resource 

commitment in the form of new product development, market research... . 2) 

Replacement decisions in terms of replacing existing facilities... As such, capital budgeting 

decisions are a key factor in the long-term profitability of a firm. To make wise 

investment decisions, managers need tools at their disposal that will guide them in 

comparing the benefits and costs of various investment alternatives."!! 

The specific sources of funds in the capital structure are outside the scope of the present 

study. However, there exists a close relationship between the size and type of capital 

investment and the "anticipated flow of future benefits" (as defined by Osteryoung) on the 

one hand, and the availability of funds from the shareholders and other sources on the 

other hand. Funds will be more readily available if the anticipated flow of future benefits 

has an acceptable probability of significantly exceeding the total cost of investment.!2 In 

such a case, investments will most probably be made in either acquiring additional (or 

  

10Shim and Siegel [164], p. 81. 

‘lThe need to incorporate resources in capital investment decisions (and therefore in capital budgeting 
decisions) is also supported by other authors. See, for example, Quirin [148], p.3: "Capital expenditures 

are usually thought of as expenditures made to acquire fixed assets, such as plant and equipment." 

12Qsteryoung [137], pp. 3-5, argues that any investment decision has three distinguishing elements: 

"anticipated benefits, a time or temporal dimension, and an element of risk involved in the realization of 

these benefits." He also states that "the magnitude of these elements distinguishes capital investment 
decisions from other types of investment decisions." The terms “acceptable probability" and 
"significantly" are functions of risk and the risk averseness of the decision-maker. These terms are, 
therefore, purposefully left vague. 
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more efficient) resources or into improving activities. To increase satisfactorily profits 

(and therefore satisfy shareholders’ interests), resources will have to be utilized efficiently, 

which means that production will have to be scheduled appropriately, even only at a very 

aggregated level.!3 | Production and market demand are, in fact, what constitutes the 

"anticipated flow of future benefits," as defined by Osteryoung. 

For the purposes of this study, capital budgeting is defined as follows: Capital budgeting 

is the process used to determine effectively: 1) which products to offer; 2) the quantity of 

specific products or product groups to manufacture in each relevant time period over the 

relevant planning horizon; and 3) the resource requirements to execute 1 and 2. 

"Effectively," in this definition means to improve the objective function value, typically 

profit. As will be seen in Chapter 3, capital budgeting decisions will be made interactively 

with capital structure decisions based on the following assumptions: 1) financial resources 

are not project sensitive; and 2) if the cost of capital is variable with respect to the 

magnitude of capital, it is strictly non-decreasing with increased capital, and the cost of 

capital remains constant for successive increments of capital. 

In a manufacturing environment, points 1 and 2 in the above definition (the quantity of 

each product to produce in each planning period) can be considered the production plan. 

For the remainder of this study, this definition of a production plan will be used. The 

analysis of resource requirements can be considered the investment decisions. The 

concept of resources, as used in the definition of capital budgeting, needs clarification. 

Resources are considered everything tangible (that costs money) required to eventually 

  

13See Goldratt and Cox [71] for details concerning the Theory of Constraints and efficient utilization of 
resources. Efficient resource utilization does not necessarily mean maximal resource utilization. 
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provide deliverable goods or services.'4 Examples of possible resources include machines, 

electricity, vehicles, computers, a building, raw materials, an overhead crane, a patent, and 

manpower. Financial resources, although strictly speaking is a type of resource, will not 

be considered part of the definition of resources but will be referred to in specific terms. 

Knowledge and expertise, per se, are not considered resources since they are manifested in 

the actual resources, typically manpower. However, if a design is purchased, it is 

considered a resource. 

The levels at which resources are considered also needs attention. Obviously, a new 

building or facility is a relevant resource that should be considered when a possible 

product, or group of products, is considered that demands such a facility (assuming such a 

facility does not exist). However, it is probably not necessary to consider separately the 

requirement for two additional pencils to fill in the job cards, which will be required if 

product A is considered. For the purposes of this study the materiality concept in 

accounting is used as a guideline in establishing the level of detail in considering resources 

(which can also be considered a definition of resources):!5 Only those resources that may 

significantly influence the production plan or the investment decisions, should be 

considered. If a decision-maker is at no time influenced (considering the purpose of this 

study) by the inclusion or omission of a specific resource, that resource is probably not 

required for the decisions concerning this study. The last aspects of concern in the 

  

14Webster's Ninth New Collegiate Dictionary, Merriam-Webster, 1990, defines a resource as "a source of 

supply or support" and "a natural source of wealth or revenue." 

1SHorngren and Harrison [85], pp. 559: "The materiality concept states that a company must perform 

strictly proper accounting only for items and transactions that are significant to the business's financial 
Statements. Information is significant - accountants call it material - when its inclusion and correct 

presentation in the financial statement would cause a statement user to change a decision because of that 
information." 
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definition of capital budgeting are the length of each incremental decision time period, as 

well as the length of the total planning horizon. The decision on these time periods will 

differ from company to company and from industry to industry. As a general guideline, 

the incremental time periods are considered of equal length, short enough to capture all 

possible relevant changes in the decision variables on a timely basis, but long enough to 

avoid too many consecutive time periods in which no significant changes occur.!© In a 

manufacturing environment the incremental time periods are typically a year, but may be a 

quarter or even a month, and the planning horizon is typically two to 15 years. 

Contribution Opportunities in Capital Budgeting 

In this section the specific problem areas in the literature concerning capital budgeting are 

addressed as they pertain to this study. The deficiencies in the literature that lead to 

potential contribution opportunities are defined in this section with (where possible) 

several references to specific statements and arguments in the literature calling for further 

research. Of specific interest are some of the deficiencies in the modeling aspects of 

capital budgeting, especially discrete deterministic optimization modeling. The section, 

"Model Formulation," in Chapter 3, where these deficiencies are directly addressed, is 

followed by a section, "Justification," where the newly developed models are evaluated 

against the deficiencies. In the section on justification the models are analyzed in the same 

order as they are listed in this section. The deficiencies in the literature concerning capital 

budgeting that will be addressed in this study are summarized below. Subsequently, each 

of the following deficiencies is individually addressed. 

  

16See Table 3.3 for a list of all decision variables. 
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1. Cash flows per project can misrepresent projects. 

2. "No present worth or end cash formulation can provide any information on the optimal 

consumption (withdrawals from the system) over time."!7 

3. Fractionally accepted projects have little practical meaning. 

4. Solutions tend to be inconsistent because of conflicting interest rates. 

5. Maximizing profits at a certain horizon does not necessarily guarantee wealth in the 

long-run. 

6. Multiple market supply and demand functions are not incorporated. 

CASH FLOW PER PROJECT 

The first concern is that the preponderance of respected literature on the deterministic 

modeling of capital budgeting assumes the availability of the net cash flow associated with 

each project in each time period.!8 This can be seen in [3, 6, 9, 14, 20, 27, 28, 68, 77, 78, 

105, 131, 134, 137, 141, 148, 166, 170, 171, 179, and 185]. This list is all but exhaustive. 

Proctor and Canada [147], in a fairly extensive review of empirical and theoretical 

literature on the past and present methods of manufacturing investment evaluations, 

defines the problem as follows (p. 47): "One particularly acute criticism of the traditional 

model involves the fundamental problem of estimating cash flows. Project selection is 

based primarily on financial considerations and...many firms omit consideration of 

incremental overhead, incremental selling and administrative costs, permanent increases in 

working capital, etc." 

  

17Hayes [78], p. 121. Consumption refers to an investment pattern. See Bussey and Eschenbach [26], 

Chapters 3, 7, and 9 for a discussion. 

18For a definition of cash flows, as well as examples, see Park and Sharp-Bette [141], Chapter 1. For 
reasons why cash flows are considered important, see Quirin [148] pp. 54-56. 
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"Cash flow refers to the total cash receipts from sales less actual cash expenditures 

required to obtain those sales. The term cash flow can also be used in a broader sense to 

indicate a company's sources and uses of cash during an accounting period."!® Since a 

cash flow is associated with each project in each time period, the receipts and uses of cash 

are then associated with each project. Receipts do not pose a problem, since they are 

easily quantifiable and identifiable with activities (e.g., revenues.). However, costs do 

pose a problem where resources are shared among different projects. When resources are 

shared among different projects, then, in order to get the cost per project, the cost of the 

resources must be allocated or attributed to the different projects.2° The potential problem 

arises in the cost allocation process. Consider the following example. A company must 

decide which one or more of the three products, A, B, or C, to produce. Only products A 

and C will extensively utilize a fairly expensive machine. Assume the company does not 

yet possess the machine. The machine must therefore be acquired if either product A or 

C, or both A and C, are be manufactured. For modeling purposes, how will the cost of 

the machine be allocated to products A and C to obtain the cost associated with each 

product, and therefore the cash flows associated with each? If the cost of the machine is 

divided between the two products A and C (based on some measure), it is possible that the 

capital budgeting model will select projects A and B.2!_ This means that the full cost of the 

machine is not accounted for if product C is not manufactured. If the full cost of the 

  

19Woelfel [191], p. 109. 

20See Horngren and Harrison [85], pp. 808-818 for discussion how the acquisition of plant and equipment 
affects the statement of cash flows. For definitions of cost attribution and cost allocation, see Kaplan and 

Atkinson, Advanced Management Accounting, Prentice Hall, Englewood Cliffs, N. J., 1989, p. 240. 

Subsequently, for simplicity, the term allocation will be used collectively for both allocation and 
attribution. 

2IThe capital budgeting model referred to here is any one of the classical deterministic capital budgeting 
linear programming models, typically Weingartner's horizon model. (See Weingartner [185], Chapter 8.) 
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machine is allocated to product A (to prevent the situation of unaccounted cost) the 

capital budgeting model will probably suggest manufacturing products B and C, in which 

case the cost of the machine is not accounted for at all. If the total cost of the machine is 

allocated to both products A and C, the capital budgeting model will probably only select 

product B, which may prove to be sub-optimal. This example, although very simple, 

illustrates the potential problems inherent in the underlying assumptions that accompany a 

given cash flow per project. Specific numerical examples of this potential problem are 

given in Models 4.1 through 4.5 in Chapter 4. The results of these models are 

subsequently analyzed in the section, "Analyzing the Results of Weingartner and 

Bernhard's Models" in Chapter 4. The point to be made is the following: Whenever 

resources are shared among different projects, the cost should not be allocated to projects 

for the purposes of capital budgeting. The implications of this is that the notion of cash 

flow per project can be wrong (especially when resources are shared among different 

projects) and should therefore be avoided for the purposes of capital budgeting.2? 

LITTLE INFORMATION ON CONSUMPTION 

Several authors agree that the classical capital budgeting linear programming (LP) models 

provide very little information on the acquisition and consumption of resources (and 

therefore the costs incurred). Hayes [78] summarizes this lack of information as follows 

and gives a possible heuristic solution (p.121): "No present worth or end cash formulation 

can provide any information on the optimal consumption (withdrawals from the system) 

over time. However, the marginal productivity does give information on the scarcity of 

  

22 more precise definition of the problem of incorrect cash flows is given in the section, "Problem 1: 
Cash Flows Can Be Incorrect" in Chapter 3, especially with reference to Equation [3.59]. 
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resources relative to the opportunities available in each period.2? By studying these cut off 

rates the budget limits, which include withdrawals, may be varied to see if any other 

pattern is more attractive.24 In this way the linear programming formulation may be used 

to define what patterns of withdrawals are feasible but does not give any help in 

determining which are preferable." In a subsequent article, Hayes [77] stresses this point 

and concludes that (p.259) "such models have very limited application to practical capital 

budgeting problems." Other authors who are in agreement with this statement are Atkins 

and Ashton [6], p. 170, and Baumol and Quandt [9].?5 

FRACTIONALLY ACCEPTED PROJECTS 

There seems to be some ambiguity concerning fractionally accepted projects.2 However, 

Park and Sharp-Bette [141], p. 282, make the following statement concerning fractionally 

accepted projects: "We will leave aside the question of the practicality of fractional 

acceptance.” What does it mean if a project is 64 percent accepted? Will 64 percent of 

the output be delivered, or will 64 percent of the cost be incurred? Or is it 64 percent of 

  

23 Atkins and Ashton [6] defines the marginal productivity as follows (p.160): "... when we are in a 
borrowing situation then the borrowing rate is the appropriate rate, in cases when we are in a lending 
situation then it is the lending rate, but in a capital rationing situation it is the marginal productivity of 

capital." 

24This follows from Freeland and Rosenblatt [68], Property 6, p.54: "In a consistent optimal solution, 

where the discount factors for each period are strictly positive, the available amount for allocation in each 
period will be fully allocated... This means that there is no ‘left-over' money." According to the above- 

mentioned property, there is, therefore, a direct relationship between the budget and consumption. 

25The problem addressed here (the lack of information on the preferred consumption patterns) is also 
partly because of conflicting interest rates. The problem of conflicting interest rates is addressed in a 

subsequent section. 

26See, for example, Freeland and Rosenblatt [68], Hayes [78], Park and Sharp-Bette [141], and 
Weingartner [185] on elaborate discussions concerning fractionally accepted projects. 
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the revenue, or perhaps profit, that is of concern? What does it mean practically if a 

project is fractionally accepted? Park and Sharp-Bette [141], p. 282, shed some additional 

light on the ambiguity, especially in regard to the concern about cash flows (as pointed out 

in the section, "Cash Flow Per Project"): "... generally, though, it is not possible to accept 

fractional projects without changing the nature of their cash flows." When should these 

cash flows be changed? How much should it be changed? Park's second statement seems 

to inhibit the very nature of the optimization techniques (especially linear programming) in 

capital budgeting: the extent to which a project should be accepted (given that it is 

accepted, but not fully so) is a function of the cash flow, but, according to Park, the cash 

flow is again dependent on the extent to which the project is accepted. Intuitively, a 

project is either accepted or rejected -- the contract is either signed or it is not signed -- 

and the only other decision variable is the quantity of the output. Therefore, the concept 

of fractionally accepted projects in capital budgeting should be avoided. 

INCONSISTENT SOLUTIONS 

The fourth specific problem area concerns the concept of inconsistent solutions that may 

occur in the classical capital budgeting models. Inconsistent solutions can occur because 

of a potential clash in interest rates if the discounted present value formulation is 

considered. This inconsistency may specifically occur in present value formulations if 

borrowing and lending are allowed but occur at different interest rates. The problem is 

then to determine which discount factor to use for present value calculations. Park and 

Sharp-Bette [141], pp. 287-289, give a good example of inconsistencies that may result in 

such a case. They subsequently conclude (p. 289): "This example clearly demonstrates 

the philosophical conflict in using an interest rate for PV maximization when we are faced 
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with a budget limitation. If we have available a borrowing opportunity at a different, 

higher interest rate, we could be induced to borrow at a rate higher than that used for 

computing PV. The budget limits, in effect, invalidate the use of an externally determined 

discount rate." Bussey and Eschenbach [26], p. 262, summarize the problem more 

generally: "In fact, this rate (i*) [the discount rate] cannot be discovered until the optimal 

solution is attained and so is of no assistance in reaching the solution. Because the 

discounting rate, i*, depends on the optimal set of projects, NPV [Net Present Value] 

cannot be used to discover the optimal set, since NPV depends on prior knowledge of the 

discount rate. Thus, abandoning the perfect capital market assumption leads to an inability 

to use NPV to select an optimal set of projects." 

Numerous authors have addressed the issue of inconsistent solutions because of the 

inability to determine the appropriate interest rate.2”? Freeland and Rosenblatt [68] follow 

the Baumol and Quandt [9] definition for consistent solutions and develop several 

properties for consistent solutions which provide solution procedures for finding the 

"right" discount factors.28 Referring to the paper by Freeland and Rosenblatt, Hayes [77] 

makes the following statement (pp. 255-256): "... it will be shown that no ‘consistent 

solution’ can have an objective function value greater than zero. This means the dual 

variables are also zero so that the only ‘consistent solution’ is the trivial one in which all 

decision variables and discount factors are zero. This suggests that the definition of a 

‘consistent solution' is not a useful one in trying to obtain information about discount rates 

  

27See, for example, Hirshleifer [83], Baumol and Quandt [9], Atkins and Ashton [6], Freeland and 

Rosenblatt [68], Freeland and Rosenblatt [67], Hayes [78], Hayes [77], and Park and Sharp-Bette [141]. 

28Baumol and Quandt [9] define a “consistent solution" as one in which the optimal solution to the primal 

problem has the property that d; = p;, where d, is the discount factor for period t and , is the dual 
variable associated with the budget constraint in the primal (the first constraint in Model [2.1]). 
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from a linear programming formulation." This comes despite the following statement by 

Hayes [78] (p. 121): "Controversy over the appropriate discount factors to use in a 

present worth formulation is somewhat irrelevant as the same set of projects will be 

chosen whatever discount rates are used as long as all budgets are fully used." This partial 

window on the controversy over the so-called discount rates illustrates the potential 

confusion. This conflict between interest rates probably also enters the interface between 

capital structure (or financing) decisions, and investment (or production) decisions. The 

extent of this problem is summarized by Ravid [150], p. 87: "If indeed it turns out that 

there are economically significant interactions between production and financing, then 

proper financial management may be vastly more difficult than typically portrayed in 

modern textbooks." After all, interest rates and inflation are market related 

characteristics. The goal, therefore, is to develop a model in which different interest rates 

can be incorporated such that these interest rates never clash and solutions will be 

"consistent," regardless of the potential diversity of interest rates for different activities.?? 

INADEQUACY CONCERNING HORIZON VALUE 

The present value formulation of the problem in the early work of Lorrie and Savage 

[121] has been criticized for its inaccuracy (see, for example [9], [141], [185]). Bussey 

and Eschenbach [26], p. 259, define the problem as follows: "Hence, when NPV cannot 

be defined, the mathematical programming formulation of the Lorrie-Savage problem 

becomes useless."3° This situation has led Weingartner [185] to formulate his horizon 

  

2°The diversity of interest rates indicates the possibility that different activities can have different interest 
rates (e.g., borrowing and lending). In fact, borrowing from different institutions in the same time period 

may have different interest rates. 
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model.3!_ Weingartner formulates the objective of the horizon model as follows (p.141): 

"We then wish to maximize the net value of assets, financial and physical, as of the 

horizon, where the former are expressed in terms of the funds available for ‘lending’ at that 

time, and the latter are represented by the discounted streams of net revenues past the 

horizon." The formulation of models that disregard the present value and concentrate on 

maximizing the accumulated cash flows at the horizon are generically called horizon 

models (see Park and Sharp-Bette [141], p.294). Horizon models are popular and appear 

frequently in the literature. See, for example, (20, 27, 68, 131, 141, 170, and 179]. 

The discounted cash flows of the future can be approximated by the present value of the 

company. The objective of satisfying owners' interests (based on the four measures used 

to approximate owners’ interests) can therefore be interpreted as the maximization of the 

present value of the company. If the appropriate discount factors are known with 

certainty, this objective is the same as maximizing the value at any point in time. This 

objective may be in contrast with the objective of the horizon models: the maximization of 

the accumulated cash flows at some horizon, based on different cash flow approaches 

prior to the horizon and for post-horizon calculations? If a horizon model also 

maximizes the present value of a company, it will be coincidental. Therefore, the objective 

is to develop a model that is not an horizon model and one that will maximize the present 

value of the firm. 

  

30As can be concluded from this statement, there is a relationship between the horizon formulations and 
the problem of inconsistent solutions. 

31This work was originally published in 1963. 

32]t should be noted that the objective of the horizon models can not be made equal to maximizing the 
present value by simply considering the horizon as the present time. This would default on the original 
work of Lorrie and Savage [121]. (See Park [141], pp. 287-289 for a good example of the failure of this 
type of present value model.) 
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VARIABLE MARKET SUPPLY AND DEMAND FUNCTIONS 

Sometimes several different types of parameters may be variable with respect to quantity 

or some other decision variable. For the purposes of this study, the variability of two 

types of parameters are specifically considered. The first is the variability of market 

demand with respect to quantity of supply. Quite often, the market demand declines with 

increased supply.33 This type of variability cannot be incorporated in a single run in the 

deterministic classical capital budgeting techniques. The second type of variability that 

can be considered is the variability of the cost of resource acquisition. Quite often, a 

"price break" can be obtained if the quantities purchased exceed a certain threshold value. 

This type of variability also cannot be incorporated in a single run in the deterministic 

classical capital budgeting models. 

For the purposes of this study, variable supply functions are limited to variable resource 

acquisition cost. (These terms will be used interchangeably). Thus, not only the variable 

market demand functions and variable resource acquisition costs should be incorporated, 

but both these variable functions should be incorporated in the same model such that a 

single run would be sufficient to provide the final answer. Each of the variabilities of 

market demand and resource acquisition cost influence profit. For this reason these 

variabilities should be modeled interactively to obtain a final solution. This is also why 

these parameters can be called "multiple variable parameters."34 

  

33See Samuelson and Marks [159], Chapters 3 and 4. 

34Because linear programming will be used, the variable market supply and demand functions must be 
linearized to be incorporated in such deterministic models. Different types of linearization can be used. 
See the sections, "Variable Market Demand Function," and "Variable Market Supply Function,” in 

Chapter 3 for full discussion. 
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Relevance of Capital Expenditures 

Now the question can rightfully be asked: Is resource acquisition cost, or capital 

expenditures, important enough to be considered explicitly?3> Quirin and Wiginton [148], 

p. 6, argue that capital expenditures are inherently future-oriented and, in many cases, 

virtually irreversible. They continue: "Because of these two features, capital expenditures 

involve the choice of and commitment to a given production technology that involves not 

only the capital inputs, but inputs of cooperating factors and intermediate products. 

Because these can only be slightly modified, the commitment goes far beyond the initial 

capital sum and involves virtually the entire stream of future operating expenses... 

Consequently, many capital expenditures acquire a strategic character that is almost 

wholly absent from routine operating expenditures.” 

The total capital expenditures in the United States in plant and equipment in 1980 

amounted to about $200 billion per year, and it was growing at a rate of approximately ten 

percent per year for the three decades up to 1980.36 If this trend is extrapolated, the 

capital expenditures in plant and equipment in 1995 will reach approximately $835 billion 

in the United States alone. Therefore, it is concluded that it is important to model 

resources explicitly in the capital budgeting process.37 This concludes the section on 

capital budgeting. Subsequently, aggregate production planning is addressed. 

  

35Quirin and Wiginton [148], p. 3: "Capital expenditures are usually thought of as expenditures made to 
acquire fixed assets, such as plant and equipment." Capital expenditures, therefore, are basically the 
expenditures for what is termed in this study as resources. (For a definition of resources, see the section, 
“Capital Budgeting Defined".) 

36Kim and Guithues [105], pp. 1, 2. 

37For a discussion on the importance of capital budgeting, see Quirin [148], pp. 3-11. 
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AGGREGATE PRODUCTION PLANNING 

In this section aggregate production planning will be defined for the purposes of this 

study. This definition is slightly different than the classical one, especially in light of the 

planning horizon of concern. Subsequently, the major inadequacy in the existing literature 

concerning the definition of aggregate production planning is outlined for the purposes of 

this study. 

Aggregate Production Planning Defined 

"The objective of aggregate planning is the productive utilization of both human and 

equipment resources. The word aggregate means that the planning is conducted at a 

gross level to meet the tctal demand from all products that share the same limited 

resources of a dedicated facility.". (Bedworth [76], p. 121). This definition of aggregate 

production planning will be slightly modified for the purposes of this study: The objective 

of aggregate planning is the medium-to-long-term production planning that will result in 

the profitable utilization of resources. The word profitable in this definition means to 

eventually increase the objective function value (typically profit). The role of production 

planning in the process of satisfying owners' interests has been explained in Figure 1.1 and 

the section, "Interface With Capital Budgeting." Eventually, an attempt will be made in 

this study to show that, for the definition of capital budgeting as given in the section, 

"Capital Budgeting Defined," aggregate production planning is a subset of capital 

budgeting. In fact, if all the relevant data are available in the appropriate form, and a 

means exist to effectively and efficiently convert the data, for a given set of assumptions, 

aggregate production planning is completed when capital budgeting is completed. 
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Contribution Areas in Aggregate Production Planning 

The concern in this section is that the amount of output from production is dependent 

upon the driving force of maximizing the objective function (typically profit), the market 

supply and demand functions, and the resource capacity. Additional resources should be 

acquired if the incentive is big enough. The other side is also true: if the incentive is large 

enough, excess capacity should be disposed of. However, the following assumption is 

commonly made in aggregate production planning (see Hax [76], p. 69): "Normally, the 

physical resources of the firm are assumed to be fixed during the planning horizon of 

interest and the planning effort is oriented toward the best utilization of those resources, 

given the external demand requirements." However, Das and Sarin [54] relax the 

assumption of fixed resources by considering cells of resources that can be turned on and 

off.38 In order to maximize the objective function (typically profit), the assumption of 

fixed resource capacity must be lifted and the objective of aggregate production planning 

should be tied into the objective of satisfying owners’ interests. 

The timing aspect of aggregate planning is of concern. The classical aggregate production 

planning horizon is six to 18 months, where 12 months are suitable for most planning 

systems.3? This relatively short planning horizon is probably the main reason resource 

levels are considered fixed. However, for the purposes of this study, the planning horizon 

is expected to be significantly longer: typically two to 15 years, although it is not limited 

to this time frame. This relatively long planning horizon is another reason resource levels 

should not be considered fixed. 

  

38Some other authors also consider the relaxation of the assumption of a fixed level of resources. See, for 
example, Kim, Ritzman, Benton, and Snyder [101]. 

39See Hax and Candea [76], p. 69. 
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HYPOTHESIS 

The following hypothesis can now be stated: Better capital budgeting decisions can be 

made if: 1) products are grouped into product portfolios; 2) each product portfolio (as a 

single entity) places a demand on resources; 3) resource acquisition and resource 

consumption are modeled explicitly; and 4) cost is only considered in the acquisition and 

utilization of resources and these costs are not allocated to products. 

RESEARCH OBJECTIVE 

The objective of this research project is to develop and validate a model that will address 

capital budgeting interactively with aggregate production planning and market supply and 

demand functions. The objective of the model is to maximize the present value of before 

tax profit.41 The model shall make ample information available regarding the consumption 

of resources, both financial and non-financial. The concepts of cash flows per project and 

partially accepted projects will not be used. Instead, exact output quantities will be 

specified. It must be possible to incorporate several different interest rates in the same 

model as well as limitations to funds, and these must under no circumstances result in 

inconsistent solutions. The present value of the company (firm valuation) will be 

maximized which means that the concept of horizon models will not be used. The ability 

will be incorporated in the model to accommodate effectively a variable market demand 

  

404 product portfolio is a collection of products. For the purposes of this study a product portfolio may 

consist of projects and/or products (if these are independent). 

41In Appendices A and B three other objectives are also introduced. These are the maximization of the 
rate of return, the maximization of the market share, and the minimization of the cost of excess capacity. 

These goals are used (as single objectives or simultaneously in a goal programming format). 
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function for any product in any period and a variable market supply function for any 

resource in any period. This means that variable market supply and demand functions will, 

when appropriate, be incorporated simultaneously. Finally, all these requirements must be 

incorporated in a single, interactive, strictly numerical, optimization model from which the 

final answers will be obtained after a single run; heuristic procedures will not be 

incorporated. The following will be determined: 

1. Which products to produce in each period. 

2. The production quantity of each product in each planning period. 

3. Resource acquisition and utilization requirements and costs in each period. 

Sales in units and revenues for each product in each period. 

The value of the firm in each period. 

A definition of all relevant planned receipts and disbursements in each period. 

A definition of the planned inventory status of each product in each period. 

o
n
t
n
t
 

nan 
YW
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The total amount that each resource is devoted to each product in each period. 

SCOPE OF THIS STUDY 

A typical scenario of a situation where the proposed model will be useful is the following: 

A company is currently producing a certain number products. Some products share the 

same resources and sufficient capacity is available for the current market demands. In the 

next few planning periods the demand for these projects change drastically. Also, some 

additional projects can be produced that consume the same or different resources. The 

main questions are the following: Which products must now be produced in each of the 

next planning periods? How many units of each product should be produced in each 
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period? Which additional resources must be acquired and which existing resources must 

be disposed of? How much capacity of each resource must be acquired or disposed of 

during each period? How much inventory should be carried or what is the shortage level 

of each product in each period? What are the sales and revenue of each product in each 

period? What is the financial status of the firm in each period? How much money should 

be borrowed (perhaps from different sources with different costs of capital) in each 

period? How much money should be invested in external investment opportunities? What 

is the principle payment of debt in each period (associated with each borrowing activity)? 

The proposed model is aimed to obtaining answers to these, and other, questions. (Actual 

model development is done in Chapter 3.) 

This study is primarily concerned with the manufacturing industry. However, it can also 

be applied in some service industries. The primary requirements for any organization to 

use the proposed methodology are: 1) it must be content with the objective of the model; 

2) it must consume resources in the process of achieving its objectives and the demand on 

these resources must be deterministic, 3) it must have a uniquely identifiable output which 

generates revenue. There are, however, two assumptions (or restrictions) that may limit 

the scope of applicability of the proposed methodology, especially as it pertains to 

oligopolies and monopolies. These assumptions are: 1) that financial resources are not 

project sensitive; and 2) that if the cost of capital is variable with respect to the magnitude 

of capital, it is strictly non-decreasing with increased capital, and the cost of capital for a 

specific amount and source remains constant for successive increments of capital. The 

first restriction is simply due to inherent restrictions of linear programming. The second 

restriction is not severe since it can be overcome with proper model formulation, although 

it is not done in this study. 
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A LOOK AHEAD 

Chapter 2 is a review in general of the literature related to the specific problem areas 

outlined in this Chapter. In Chapter 3 the model with the objective of maximizing profit 1s 

formulated. Also in Chapter 3 is a section, called "Justification," where the proposed 

model is compared with the problem areas outlined in Chapter 1. This comparison is 

approached on a general level and constitutes the major part of validating the proposed 

methodology. In Chapter 4 two sets of examples are provided. The objective of these 

examples is twofold: First, it compares the proposed model with the existing 

methodology based on data that are primarily obtained from the literature. Second, it 

illustrates how the proposed model works. In Chapter 5 the research effort is 

summarized, conclusions are drawn, and extended research opportunities are outlined. 

In Appendix A models are developed with additional objectives: These objectives are: 1) 

the maximization of the rate at which money is generated; 2) the maximization of the 

market share; and 3) the minimization of the cost of excess capacity. These three 

objectives, as well as the objective of maximizing profit (Chapter 3), are subsequently 

combined in a single model using goal programming. In Appendix B specific numerical 

examples are provided to illustrate how the proposed models work. The same numerical 

example that is used to illustrate how the profit maximization model works (the first set of 

examples in Chapter 4) is used for all three other models, as well as for goal programming. 

ASSUMPTIONS 

The following set of assumptions is used in the proposed methodology: 

Description of Problem 26



10. 

Projects share common resources. 

Shareholders' interests are represented by the objectives of maximizing profit, the rate 

of return, and market share, and the minimization of the cost of excess capacity. 

These objectives are applied to an entire organization and not to specific projects. 

By considering the sources of capital as independent entities and by not allocating the 

funds obtained from these sources to specific projects or products, capital structure 

and capital investment decisions can be considered interactively, and it is possible to 

calculate accurately the net present value of the organization (not of products or 

projects). 

The definitions of capital budgeting, aggregate production planning, and resources, as 

defined in this chapter, are acceptable. 

The inherent assumptions of linear programming (i.e., proportionality, additivity, 

divisibility (for non-integer values), and deterministic environment) are acceptable.*? 

Linearization of non-linear functions are acceptable. (The sizes of the increments as 

well as the maximum number of increments used in the linearization of non-linear 

functions are outside the scope of this study.) 

All relevant aspects can eventually be converted into dollar values. 

Parameter values are considered constant input values. Forecasting the numerical 

values of parameters is considered beyond the scope of this study . 

No limitation is placed on the size of the problem formulation, including the number of 

decision variables. 

The definition of the depreciable cost used (the variable DC, in the section, "The Cost 

of Capacity Utilized," in Appendix A) is acceptable. 

  

42Bazaraa, Jarvis and Sherali [10], pp. 3, 4. 
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11. 

12. 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20. 

21. 

22. 

23. 

The amount to be borrowed, W in Model [3.9], is equal to the total cost. 

Cost is incurred in the acquisition and utilization of resources. 

The specific values of the priorities associated with the different objectives in the goal 

programming formulation (Appendices A and B) are outside the scope of this study. 

The intended environment of this study is manufacturing. 

All parameters are independent of each other. Interaction among parameter values 

(other than the cumulative demand on resources) is therefore excluded. 

No distinction is made between the consideration of projects and products. These 

terms are used interchangeably. 

Linear mixed integer programming software is available to solve the problem 

formulations, and the software successfully incorporates all the necessary and 

sufficient conditions for optimality. 

The availability of funds and the cost of capital in the market is not project sensitive, 

but instead tied to organizational performance. 

The work of Weingartner [185] and those who built on his work are collectively 

described as the classical capital budgeting linear programming models, or simply 

classical capital budgeting. 

Financial resources are not project sensitive. 

If the cost of capital is variable with respect to the magnitude of capital, it is strictly 

non-decreasing with increased capital, and the cost of capital remains constant for 

successive increments of capital. 

It is appropriate to work with inflation-free interest rates. These interest rates are 

assumed to be known. 

A different interest rate can be applied for each source of funds, and these interest 

rates can differ from one period to the next, provided that, for each period, a single 
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24. 

25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 

interest rate is used for present value calculations for all periods between the period 

under consideration and the period used for present value calculations. 

Lending occurs at a constant interest rate. 

When a variable market demand function exists, the unit market price is strictly non- 

increasing for increased supply. 

The specific relationship and the coefficient of determination between the owners' 

interests, stock prices, profit, the rate of return, market share, and the cost of excess 

capacity are beyond the scope of this study. 

Each activity on each resource is driven by one, and only one, resource driver. 

The values of C and DC,,, as used in Equations [3.59] and [A.22], are known input 

parameters. 

The market share is determined by price only. 

The company is 100 percent debt financed. 

Costs are variable at any one of the following levels of activity: unit, batch, product 

sustaining, or facility sustaining. 

Resource acquisition occurs instantaneously. 

Cash flows before taxes are considered. 

All transactions involve cash (not accrual). 
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CHAPTER Il 

LITERATURE REVIEW 

In this chapter the literature that has an interface with this study is reviewed. In Chapter 1 

the specific problem areas addressed in this study were described in detail with about 80 

references to existing literature. Statements in general were also provided in Chapter 1 on 

how to alleviate the effects of these problems. In this chapter a more general overview is 

given of the literature that may have an influence on this study or an extension of it. The 

main areas addressed in this chapter are capital budgeting, aggregate production planning, 

and activity-based costing. This chapter is divided into three sections in which each of 

these areas will be discussed. 

CAPITAL BUDGETING 

The literature on capital budgeting, as it pertains to the current study, is defined in this 

section. Seven aspects of capital budgeting are discussed in seven subsections. First, the 

general development of capital budgeting is addressed, especially the use of linear 

programming as a vehicle for accomplishing the objectives. However, linear programming 

is by no means the only way to solve capital budgeting problems. Other methods, 

specifically rate of return and equivalence models, are addressed in the second section. 

Commonalities, surveys, and case studies are briefly addressed in the third and fourth 

sections. Subsequently, interrelated projects and projects under uncertainty and risk are 

analyzed. Finally, some aspects of capital budgeting that do not fall in any of the above- 

mentioned categories are addressed. 
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General Development Of Classical Capital Budgeting 

Capital budgeting has been studied extensively since the 1950s and 1960s. Gurnani [73] 

gives a historical perspective of the development of and techniques used in capital 

budgeting, both in practice and in theory. Proctor and Canada [147] review the evolution 

of capital investment in primarily the manufacturing environment by reviewing 101 

publications on the subject. They conclude that (p.54) "... one new emphasis which is 

present in the literature is on the potential scope of manufacturing investment projects." 

Proctor and Canada further conclude that "Investments in manufacturing have been shown 

to impact far beyond the manufacturing floor... . Important capabilities, which often 

include productivity, quality, flexibility and other intangibles, need to be examined not only 

in terms of a comprehensive evaluation of internal costs, but also in terms of potential 

returns through enhancement of long term business competitiveness." (p.54). 

During the 1930s, and shortly thereafter, much attention was paid to the nature and 

functions of interest rates with the intent to achieve the optimal rate at which an 

organization can invest its financial resources (see, for example, Fisher [64]). Simplifying 

assumptions of certainty, continuity, differentiability, and perfect capital markets were 

made in these models. An investment decision was recognized as optimal if the marginal 

internal rate of return of the investment was equal to the market rate of interest (Allen, 

[2]). More rigorous approaches in the theory of investment decisions, project selection, 

and capital budgeting were introduced in the 1950s. Dean [57] makes a significant 

contribution by advocating that the internal rate of return should be calculated for each 

project, and that the projects that yield the highest internal rates of return should be 

selected, provided the internal rate of return exceeds a previously selected minimum 

threshold rate of return. Although this work was considered a major contribution, the 
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results were only valid under the assumptions of perfect certainty, perfect capital markets, 

continuous and continuously differentiable investment functions, and strict independence 

of investment projects. Whenever one or more of these assumptions are violated (which 

happens frequently in practice), the results are no longer valid. In their famous article 

Lorie and Savage [121] show how the rate of return criteria of Dean must fail if one of the 

following occurs: 1) the projects are not independent; 2) total capital expenditures are 

limited in more than one time period; and 3) a project is a mixed investment.! 

Weingartner [185] criticizes the work by Lorie and Savage in that they develop reasonably 

satisfactory alternative procedures for handling cases 1 and 3 above, but that they are not 

particularly successful in handling case 2). Weingartner further argues (p.3): "Their 

procedure, which is of a trial and error nature, does not guarantee a solution within a finite 

number of steps, nor will it work when there are substantial indivisibilities or interrelations 

in the investment alternatives being considered." These deficiencies in Lorie and Savage's 

attempted reformulation of Dean's proposal motivated Weingartner to publish one of the 

most fundamental and most influential works in the area of capital budgeting: 

Mathematical Programming and the Analysis of Capital Budgeting Problems, [185].? 

The Lorie-Savage [121] problem formulation can be summarized as follows. The objective 

is to choose among several projects the set that yields the biggest return. A fixed budget 

prevents the selection of an unlimited number of projects. It is assumed that a 

deterministic cash flow is associated with each project and that the cost of capital for the 

  

1A mixed investment is any investment for which the project balance is positive for some time periods and 
negative for the remaining time periods. (The project balance describes the net equivalent amount of 
money tied up in, or committed to, a project at each point in time over the life of a project.) 

2The actual pioneering work was the previous edition of this book that appeared in 1963 and was 

published by Prentice-Hall, Englewood Cliffs, N.J. 
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firm is known and independent of the investment decision. Thus a net present cash flow 

can then be calculated for each project. The projects with the highest net present value 

are then selected, provided that the budget constraints are not violated. The linear 

programming formulation for the Lorie-Savage problem is given in Model [2.1] (see 

Weingartner [185], Chapters 3 and 4):: 

Max in Model [2.1] is the abbreviation for maximize and thus indicates the direction of the 

objective function: maximize. The abbreviation st indicates "subject to" the set of 

constraints. The net present cash flow per project is given by b; for project j. The cost of 

a project j in period ¢ is denoted by c, and the total capital budget for all projects in period 

tis given by C,. Weingartner continues to formulate the dual of this problem from which 

he derives conditions for partially accepted projects as well as rejected projects. 

Weingartner also utilizes the concepts of mutual exclusivity and contingency in project 

selection, and he builds upon the work of Gomory [72] and others by relaxing the 

divisibility assumption for some projects by forcing the appropriate decision variables to 

take on integer values. Baumol and Quandt [9] criticized the present value concept of the 

pure capital rationing models for its 1) inability to accommodate money flows into and 

  

3The number of the model, e. g., Model [2.1], is given in in upper left-hand corner of the model. 

Literature Review 33



out of the organization, 2) inability to carry funds over periods, and 3) the probable 

conflict in discount rates if borrowing and lending capacities are exhausted.4 However, 

Atkins and Ashton [6] criticize the approach of Baumol and Quandt in that the dual 

variables in their formulation cannot be formulated because of the absence of upper bound 

constraints on projects. The previous criticisms, and many other criticisms, are overcome 

by Weingartner's formulation of his basic horizon model [185] in which he included budget 

deferrals and multiple time-dependent budgets.° The objective is to maximize the 

accumulated cash at a certain horizon value. The basic horizon is given in Model [2.2]. 

[2.2] Max La; +, 

St 

La%, +v,—w, <D, 

Say, —(l+r)v,,+v,+(14+r)w_,-w,<D, t=2,...,T 
t 

O<x,<1 j=l,..m 

The variable a, indicates the horizon time value of cash flows of the j® project strictly 

beyond the horizon. The variables v and w indicate the amounts to lend and borrow, 

respectively, from time ¢ to time #+ J. D is the limit on externally supplied funds, and 7 is 

  

4See Park and Sharp-Bette [141], pp.287-289 for an example illustrating the third objection of Baumol 

and Quandt against the present value formulation. 

>Weingartner refers to budget deferrals as follows: "Budgeting procedures are often adjusted to permit 

funds that remain unused in one budget period to be transferred to a later period." 
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the horizon. Weingartner continues to develop the dual formulation of the primal problem 

for the horizon model and derives conditions for partially-accepted and fully-accepted 

projects as well as for rejected projects. Numerous authors have built upon the work of 

Weingartner [185], especially the model formulation in [2.1] for models under pure capital 

rationing (see Baumol and Quandt [9], Bernhard [17], Byme, etal. [27], Byrne, etal, [28], 

Hillier [81], Naslund [131], Unger [179] (all to be discussed in subsequent paragraphs), 

and many more). All these publications make at least one common assumption: the 

divisibility of projects.?7 Unger [179] relaxes this assumption and illustrates that duality 

results similar to the continuous models (where the assumption of divisibility is made) may 

be obtained for discrete capital budgeting models. 

Freeland and Rosenblatt [68], as a basis of their work, refer to the contribution by Baumol 

and Quandt [9] in which they argue that an optimal solution to Model [2.1] should have a 

discount factor d, equal to the shadow price p, associated with the first constraint. 

Freeland and Rosenblatt further argue that if an optimal solution to Model [2.1] has the 

property that d, = p,, then it is called a consistent solution. They continue to develop 

several properties for consistent solutions under both pure capital rationing and capital 

rationing with lending. Some of the more important properties of consistent solutions, as 

developed by Freeland and Rosenblatt, include the following: If x = 0, then F <= 0; if0< 

x; < 1, then F = 0; and if; = 1, then F >=0. The variables x, and F are, respectively, the 

primal decision variable (project selection variable) and the cash flow multiplied by the 

dual budget constraint variable (Property 1). Their second property is that the "value of 

  

6Some authors use different letters for the same variables, especially for the discounted cash flow. 

However, the time value of money ts incorporated by multiplying the objective function in model [2.1] by 
a discount factor, d, as a function of time of occurance. 

7Divisibility is one of the fundamental properties of linear programming. See Lee, etal. [112], pp. 44-46. 

Literature Review 35



.. ; ; ; . 1 . .. 
the objective function at a consistent optimal solution equals yey ut’ ." (p.51) where yi" is 

the optimal dual variable associated with the primal project selection variable. The fourth 

property of Freeland and Rosenblatt reads as follows (p.53): "A firm operating under pure 

capital rationing will achieve an objective function value for Problem P [primal] different 

from zero (the trivial solution) only if the vector M has components of different signs (i.e., 

positive and negative)." M, is the budget in period t. Freeland and Rosenblatt conclude 

(p.59): "Given that an optimal solution to problem P should be consistent, the optimal 

objective function value will always equal zero if there are no upper bounds on the 

decision variables.... Hence to be sure that a consistent solution exists which is meaningful 

there must be upper bounds on the projects and some project must be fully accepted." 

Hayes [78] criticizes the work of Freeland and Rosenblatt [68] in that they do not address 

the issue concerning discount rates as ratios of the appropriate dual variables, especially 

when the dual variables take on the value of zero. "Freeland and Rosenblatt do not 

recognize that the change in objective function is zero and equate the discount factors 

directly to the dual variables. This led them to the erroneous conclusion (Property 4) that 

a non-zero objective function is possible only if the m,; contain both positive and negative 

values," (p.118). Hayes concludes that the solution of the end cash problem will provide 

the optimal project selection if the budget limits are specified in advance and are fully used 

by productive opportunities. He continues to conclude that (p121) "Controversy over the 

appropriate discount factors to use in a present worth formulation is somewhat irrelevant 

as the same set of projects will be chosen whatever discount rates are used as long as all 

budgets are fully used." However, Hayes subsequently makes the following statement 

(p.121): "No present worth or end cash formulation can provide any information on the 

optimal consumption (withdrawals from the system) over time." This point of view is 
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echoed by several authors. Bussey and Eschenbach [26] summarize basically the same 

problem as follows (p. 262): "In fact, this rate (i*) [the discount rate] cannot be 

discovered until the optimal solution is attained and so is of no assistance in reaching the 

solution. Because the discounting rate, i*, depends on the optimal set of projects, NPV 

[Net Present Value] cannot be used to discover the optimal set, since NPV depends on a 

prior knowledge of the discount rate. Thus, abandoning the perfect capital market 

assumption leads to an inability to use NPV to select an optimal set of projects." The 

problem of not being able to find the optimal consumption is in part due to the fact that 

the optimal discount rate cannot be found. 

In a subsequent article [67], Freeland and Rosenblatt defend their contribution [68], as 

criticized by Hayes, by stating: (pp. 191, 192) "Hayes seems to ignore that the properties 

developed by Freeland and Rosenblatt are for the special case of pure capital rationing and 

for the situation where a consistent solution exists.... Thus, the conclusions reached by 

Hayes in the section of Discount Factors and Dual Variables are not always correct." 

Hayes [77], once again, responds to the article by Freeland and Rosenblatt [67] and shows 

that, based on the definition of "consistent solutions," as used by Freeland and Rosenblatt, 

"no ‘consistent solution’ can have an objective function value greater than zero," (pp. 255, 

256). Hayes continues (p. 256): "This means the dual variables are also zero so that the 

only ‘consistent solution’ is the trivial one in which all decision variables and discount 

factors are zero. This suggests that the definition of a ‘consistent solution’ is not a useful 

one in trying to obtain information about discount rates from a linear programming 

formulation. It also explains, in part, why the simple iterative methods summarized by 

Rosenblatt ... fail to converge to a 'consistent solution.” 
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Bohl and Murphy [19] combine the capital budgeting model of Weingartner with a 

representation of financial markets and unify in one model the decisions associated with 

project selection and financing, i.e., the amount of debt and equity to issue. In particular, 

they extend the work of Weingartner to include the effect of debt, where the cost of debt 

increases with the increasing percentage of debt in the capital base. Their model is a linear 

program with the objective of maximizing shareholders' wealth and contains a supply 

curve of capital that depends on the debt/equity ratio rather than just on the level of debt. 

Rate Of Return And Equivalence Models In Capital Budgeting 

Capital budgeting decisions can be made based on return rate and equivalence formulas if 

the following two conditions hold’: 1) A list of all mutually exclusive alternatives can 

easily be formulated, and 2) an unlimited amount of money can be borrowed and lent at a 

fixed interest rate. Examples of rate of return and equivalence criteria include the 

following’: present value and annual equivalent, project balance, payback period, internal 

rate of return, minimum acceptable rate of return, the Lorie-Savage ratio, and the cost 

benefit ratio. White and Smith [189] use a computer simulation to compare the relative 

effectiveness of 10 return rate and equivalence capital budgeting techniques on a number 

of independent and mutually exclusive projects. They found that the annual equivalent and 

the present equivalent of excess revenues minus cost performed among the best and that 

the payback on incremental investment performed the worst. Shull [165] extends the 

work of others by incorporating a yield-based capital budgeting methodology that is based 

  

8 See Park and Sharp-Bette [141], p. 279. 

9See Fabrycky and Blanchard [61], Chapter 3, and Park and Sharp-Bette [141], Chapter 7, for extensive 

discussions on rate of return and equivalence concepts. 
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on an overall rate of return. He assumes cash flows are known with certainty and 

calculates (and gives interpretations) of the modified internal rate of return, an adjusted 

internal rate of return, the overall internal rate of return, and an adjusted overall rate of 

return. 

Commonalities In Capital Budgeting 

Some aspects seem to be fundamental to classical capital budgeting and are therefore 

repeated or assumed throughout the literature. This section attempts briefly to reflect 

these commonalities. The majority of the literature on capital budgeting assumes a cash 

flow per project. See, for example, [3, 14, 19, 20, 27, 28, 67, 68, 69, 70, 77, 78, 131, 

134, 141, 165, 166, 170, 171, 179, and 185]. A further notion is that projects can be 

fractionally accepted. See, for example [68, 78, 141, and 185]. The concept of horizon 

models, as originally introduced by Weingartner [185], also appear frequently in the 

literature. See, for example, [20, 27, 68, 131, 141, 170, and 179]. 

Surveys And Case Studies Of Capital Budgeting 

Numerous articles have been published which were the result of surveys or case studies. 

Farragher [62] investigates capital budgeting practices among the 1983 Fortune Service 

500 Listing firms. His results indicate that, in general, large service corporations are not 

as sophisticated in regards to capital budgeting as theory would allow. He finds the most 

serious weaknesses to be in the areas of risk assessment, risk adjustment, and the use of 

post audits. Kim [103] does an empirical study on the relationship between capital 

budgeting practices and earnings performance and finds that firms with more sophisticated 

capital budgeting systems tend to have higher levels of operating profit performance than 
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firms with less sophisticated systems. In a fairly recent article, Pike [146] references about 

20 articles on actual performance as it relates to the utilization of capital budgeting 

techniques. He examines changes in selected capital budgeting techniques over a period 

of 11 years from 1975 to 1986 in 100 large corporations within the United Kingdom, and 

he examines whether these changes improve investment decision-making. Pike concludes 

that there have been significant increases in the use of investment selection techniques, 

particularly in the use of discounted cash flow and sensitivity analysis techniques over the 

period. He also finds that the increase in the use of sophisticated capital investment 

methods is significantly associated with greater capital budgeting effectiveness as 

perceived by senior managers. Other cases and surveys include Khan [99], Khan [100], 

Rosenblatt [154], Kim and Crick [104], and Cook and Rizzuto [37].!° 

Lin [118] proposes a new rate of return, called the "modified internal rate of return" 

(MIRR) as a variation of Solomon's Average Rate of Return.!! In Lin's MIRR all negative 

cash flows are reduced to the present equivalent negative cash flow, and a terminal project 

balance is calculated as the future equivalent of all positive cash flows. The MIRR is then 

calculated as a function of 1) the ratio between the terminal project balance and the 

present equivalent net cash outflow, and 2) the planning horizon. Subsequently, Beaves 

[11] proposes a "new" form of the base rate of return. However, Bernhard [14] shows 

that the rate proposed by Beaves is (p.56) "inevitably identical to one of Lin's rates for 

any numerical example! Thus Beaves' new rate is shown to be not really ‘new’ at all!" 

Bernhard also concludes that in a world of certainty and in a perfect capital market (p.64), 

  

10Since the trends and studies on actual capital budgeting performance, as practiced, is not central to the 
objective of the study, the interested reader is referred to Pike [146]. Pike gives a fairly extensive 
reference list on trends and studies in capital budgeting. 

11See Park and Sharp-Bette [141], p. 222 for a discussion on Solomon's Average Rate of Return. 
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"the rate base issue is irrelevant in that optimal rate of return decision rules, that is rules 

consistent with net present worth analysis, invariably give project selection which is 

independent of the choice of rate base type." 

Capital Budgeting When Projects Are Interrelated 

The majority of the literature on capital budgeting makes the simplifying assumption that 

all the projects are considered independent of each other. However, this is not always a 

valid assumption. Srinivasan and Kim [171] define projects to be interrelated, or 

economically dependent, when the total net present value of the group of projects is not 

equal to the sum of the net present values of the individual projects that constitute the 

group. Several authors have addressed the intricate issue of interrelated projects. 

Weingartner [186] barely touches the issue when he formulates linear and integer 

constraints to incorporate project dependencies. He continues to develop a dynamic 

programming model to incorporate project dependencies. Hillier [81] develops a model in 

which the correlation between the different projects are considered. He then uses the 

correlation coefficients to fit a least squares regression line between serially correlated 

cash flows. Thompson [174] criticizes this work of Hillier because (pp. 129,130) "Hillier 

maximizes expected utility of the owners. [He] ignore[s] the market mechanism for 

dealing with risk as developed in portfolio theory." In a subsequent article, Hillier [80] 

addresses the (p.3) "problem of how to simultaneously take both considerations 

[interrelationships and risk] into account in order to determine the best overall 

combination of projects to approve." As criteria, Hillier uses the present value (as a 

random variable) and the expected utility of the present value. Hillier defines the present 

value of the accepted projects as the sum of the expected individual projects’ net present 
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values plus the complementary or competitive interactions. He then calculates the generic 

mean and variance of the net present value of the product portfolio. Although statistically 

sound, the approach of Hillier is not suitable for linear programming per se mainly because 

of the inherent assumptions of certainty in linear programming. Also, it is probably fairly 

difficult to accurately predict the variance of a set of interrelated projects that have not yet 

been undertaken. 

Thompson [174] develops a capital asset pricing model in which he attempts to maximize 

the market value of the stock of a firm. In order to accomplish that, he develops a "hurdle 

rate," which represents the cost of capital, as a function of the covariance between the 

after-tax returns of the firm and the after-tax returns of all firms. If a project is riskless, 

Thompson argues, then the derivative of the above-mentioned covariance with respect to 

the investment should be zero. The contrary also holds. Hurdle rates vary with the 

riskiness of the project. 

Srinivasan and Kim [171] analyze benefit interactions among different projects and also 

recognize resource or cost interactions and outcome or technical interactions. They state 

that the (p.14) "principal difficulty with most existing approaches lies in explicitly 

recognizing the existence of interactions. In addition, the difficulty lies in directly 

assessing the relevant project cash flows, if using a heuristic selection rule, or assessing the 

interaction parameter values, if using a mathematical programming approach." Srivinski 

and Kim propose an “alternative framework" that decomposes the profits or cash flows 

from the projects using conventional accounting guidelines. The profitability of a project 

is then decomposed in terms of sales (units and unit prices), variable and fixed costs, and 

taxes. They make a distinction between interactions among parameters and interactions 
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within parameters. Interactions among parameters is when, for example, Product A is 

expected to have an impact on the sales of Product B, while Product C is expected to have 

an influence on Product B's variable cost. An example of interactions within parameters is 

when the total variable cost of all products does not equal the sum of the variable costs of 

the individual products. Srivinski and Kim propose a heuristic procedure that will be (p. 

18) “evaluating all possible combinations of projects and the decision would be to choose 

the combination that results in the maximum NPV [net present value].". This exhaustive 

solution procedure is not effective for even a moderately complex environment. 

Subsequently, Srivinski and Kim (in the same article) propose a non-linear, zero-one 

programming formulation to solve the interaction problem. However, assuming three 

products (as the authors do, with R = 2 old products and Q = 1 new product), this 

formulation results in 210 different interaction terms for each period in the objective 

function.‘ And all these interaction terms are the product of one or more zero-one 

variables. From a practical standpoint this procedure seems to be of little more than 

academic value. 

Kumar and Lu [108] have a very interesting concept. They develop a mixed-integer, 

linear programming model to model both interdependencies among projects and 

economies of scale. They incorporate economies of scale for increasing investment cost 

with the increase in plant size, but at a decreasing rate. The resultant effect is that the 

marginal cost of each increment of plant capacity is declining. Their cost function is 

represented in the form of the following constant elasticity function. 

  

!2There is an error in the formulation of this problem: the 17th character (including subscripts) on the 
fifth line on page 26 is a closing parenthesis that is not matched by an opening parenthesis. It is assumed, 
by the nature of the structure of the problem, that this opening parenthesis should be in front of the 
opening square bracket on the fourth line on page 26. 
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The exponent # (<1) represents the constant elasticity. Kumar and Lu linearize the true 

investment cost function f(S) with an approximately equivalent cost function f(S). 

G, =f°(S)= y+ 

4 is the fixed-charge portion of the investment cost; y is a 0-1 fixed charge variable; 7 is 

the slope of the linear investment cost function; and S is the size or the capacity of the 

productive unit (plant) to be installed. The interdependencies are considered simply as the 

demand on the system (in terms of cost and capacity) as a function of the output volume, 

which is traded off against the benefit of the output volume (revenue). The eventual 

objective function is the maximization of the net present value of the total plant. 

NPV = >°r(R, - bye — ocr — Pr - Pri) 

where 

R= d di FinX hm) = TOtal sales revenue generated in t 

=x Hy, +78; Js, ,+WC,| = Total investment in t 

Poo. = 2 ( fib, +V,X 1) = Total operating cost of all plants in t 

Dh Pa V,,)= Total cost of all inputs in time t 

2 Slow IV ) + 2 2 T,X im ) = Total transport cost in t 
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The subscripts are plant j, market m, input i, output h, and market d. P is the unit price of 

the input, and X is the quantity of input. 6 is the proportion of the capital investment 

made in a plant during a period, and WC is the working capital. The fixed charge cost is 

denoted by f, b is the 0-1 fixed-charge operating cost variable, and v is the unit variable 

cost component. V is the input and T denotes transportation cost. 

Risk And Uncertainty 

In 1789 Benjamin Franklin said, "But in this world nothing can be said to be certain except 

death and taxes."!3_ This section looks at risk and uncertainty as it pertains to capital 

budgeting. Risk and uncertainty are often used synonymously. Fabrycky and Blanchard 

[61] clarify the explicit meaning of risk and uncertainty as it relates to decision making as 

follows (p. 102 and p.106): "Decision making under risk occurs when the decision maker 

does not suppress acknowledged ignorance about the future, but makes it explicit through 

the assignment of probabilities.... When probabilities are not available for assignment to 

future events, the situation is classified as decision making under uncertainty." Three 

different aspects of risk and uncertainty are addressed. The first can probably be 

considered the classical approach used in capital budgeting in assessing risk and 

uncertainty. Utility theory and other forms in assessing risk are subsequently addressed. 

CLASSICAL ASSESSMENT OF RISK AND UNCERTAINTY 

Much attention has been paid in the literature to risk and uncertainty in capital budgeting. 

Osteryoung [137], Chapter 5, gives a basic treatment of the subject by incorporating the 

  

13Qsteryoung [137], p.155. 
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concepts of mean cash flows, their variance, and correlation coefficients. Hillier [81] 

suggests a simple but practical approach to deal with risk by taking estimates of an 

optimistic (H), a pessimistic (L), and a most likely (M) cash flow. Thus the expected 

value is (1/6)*(H+4M+L) and the variance is {(H-L)/6}?. Quirin and Wiginton [148] 

spend three chapters on risk and uncertainty (Chapters 11-13). They devote Chapter 11 

to the explicit recognition of risk and uncertainty. In this chapter the authors also derive 

the capital asset pricing model and analyze the required rates of return. The central idea 

of the capital asset pricing model is to determine the expected return for a risky project as 

a function of the risk-free portion of the asset and of the so-called Beta coefficient, where 

the Beta coefficients are determined as a function of the covariance between the different 

risky assets. (Many authors use the concept of the capital asset pricing model. See also, 

for example, Park and Sharp-Bette [141], pp. 467-470; and Osteryoung [137], pp. 183- 

184.) Chapters 12 and 13 of Quirin and Wiginton are devoted to project selection under 

risk and to risk in conflict situations, respectively. 

Giaccotto [70] (p.273) "introduces a new methodology that allows dependence...." 

Giaccotto also derives analytical expressions for the mean and variance of the project's net 

present value. A Markov process is suggested as a possible solution in which specific 

attention is paid to serially correlated cash flows. In a subsequent article, Giaccotto [69] 

presents a methodology for analyzing projects with cash flows that follow an 

autoregressive, a moving average, or a mixed autoregressive-moving average process. In 

the latter publication, Giaccotto also considers deterministic, stochastic, and seasonal 

trends in cash flows and concludes that the (pp. 839-840) "examples presented validate the 

intuitive notion that a project's risk is a function of cash flow interdependence. However, 

equally interesting is the impact of serial correlation on the expected net present values. In 
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fact, it appears that cash flow dependence is likely to affect the mean NPV more than the 

standard deviation." Subsequently, Giaccotto criticizes several leading capital budgeting 

and financial management textbooks for not recognizing this fact. These findings lead 

Giaccotto to believe that cash flow modeling, forecasting, and pricing should be carried 

out independently of one another. 

Naslund and Whinston [132] develop a multi-period model of rational investment in the 

stock market. Uncertainty is explicitly considered. Decision rules are developed from an 

empirical study on price behavior in the stock market. These decision rules are then 

related to demand equations in economic theory. The objective is to maximize the 

expected gain at the end of a specific horizon. Two sets of constraints are developed: 1) 

a risk constraint, which in effect sets a probabilistic limit on possible losses beyond a 

specified amount; and 2) a capital constraint, which probabilistically stipulates that 

invested capital should be below a limit which may vary according to accumulated capital 

gains. 

In a subsequent article, Naslund [131] expands the work of Weingartner [185] by 

introducing risk in the formulation of the classical Horizon Model. Naslund (realistically) 

does not assume that it is possible to specify numerically the effects of constraint 

violations. He also allows for sufficient flexibility in that the desired degree of outcome 

can be adjusted. Naslund uses a format similar to Weingartner's (see the formulation in 

Equation 2.2), except that Naslund denotes the cash flow per product by the variable "d," 

whereas Weingartner uses the variable "a." The Basic Horizon Model is reformulated as 

in Model [2.3] by Naslund when the cash flow "d" is a random variable and a, is the level 

of certainty that the decision maker requires. 
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The formulation in Model [2.3] is not suitable for implementation in a linear programming 

format. Naslund then converts the above formulation into its deterministic equivalent 

forms as in Model [2.4]. 

[2.4] Max > dix,+v,—w, 
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, o and F"(a,) are respectively the mean cash flow, the variance of the cash flow, and 

the inverse transform of the distribution of the cash flows with the desired level of 

outcome. (The cash flows are represented by probability density functions due to the fact 
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that the different cash flows are random variables.) The underlying assumption in the 

above formulation is that the random variables are independent of one another. Naslund 

describes the two major sets of constraints of the above formulation as follows (p.55): 

"The first part of the left-hand side indicates the mean net flow. The part under the radical 

shows the transformation of the risk aversion into a safety margin above what is required 

on the average; it is possible to interpret this part as representing financial slack, that is, 

money that on the average will not be used." Naslund continues to use the Karush-Kuhn- 

Tucker conditions to derive acceptance criteria for investment projects. Subsequently, 

Naslund does sensitivity analysis by observing the influence of changing the variance, the 

risk level, and the interest rate. He subsequently relaxes the assumptions of a perfect 

market by assuming lending and borrowing limits. 

Spahr [170] extends the work of Naslund [131], where only cash flow uncertainty is 

considered, by incorporating basic uncertainty. Spahr defines basic uncertainty as (p. 276) 

"the uncertainty of future investment opportunities that in turn cause uncertainty in the 

reinvestment rate or rate at which cash throw-offs in each future period can be 

reinvested." Cash flow uncertainty, on the other hand, is the uncertainty that results from 

future cash flows which are inherently stochastic rather than deterministic. Spahr 

concludes that (p.281) "the variance of the net horizon value will contain additional 

covariance terms if basic uncertainty is explicitly considered. Even if intra-project cash 

flows are independent or assumed independent, the consideration of basic uncertainty will 

cause these covariance terms to be nonnegative. Also, inter-project covariance terms will 

be nonnegative even if the cash flows themselves are found to be independent. Thus, the 

explicit consideration of basic uncertainty will modify the inter-project covariance terms 

and cause the measure of systematic risk in the Capital Asset Pricing Model to differ." 
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Charnes and Cooper [34] develop (p.73) a "new conceptual and analytical vehicle for 

problems of temporal planning under uncertainty, involving determination of optimal 

(sequential) stochastic decision rules." They split the problem into two parts: 1) 

determining the distributions of the objective, subject to probability constraints, and 2) 

approximating these distributions as closely as possible by functions of known random 

variables. Thus the functions which are obtained in such a way are regarded as 

approximations to the optimal stochastic decision rules. Charnes and Cooper 

subsequently published two books [32] and [33] that explain fundamentals of linear 

programming as it pertains to management modeling. 

Byrne, etal., [27] consider the payback period as a device for protection against the risk of 

lost opportunities. Liquidity constraints are introduced as a protection against actual cash 

shortages. Linear programming is used in conjunction with chance-constrained 

programming. The concept of horizon posture constraints are also introduced to 

accommodate possibilities beyond the horizon. Byrne, etal., [28] extend their previous 

work [27] by simultaneously using chance constrained (C2) programming and linear 

programming under uncertainty (LPU2) to deal with different risks and uncertainties in 

capital budgeting. They provide protection against the possible future loss due to 

uncertainties by controlling the payback period via chance constraints. They also protect 

the decision maker against cash shortages by including liquidity requirements formulated 

preemptively via linear programming under uncertainty at certain specified times. 

Weingartner [184] is concerned with the fact that most writers dismiss the concept of the 

payback period as worthless; yet numerous business managers continue to use this 

concept. In order to reach a compromise, Weingartner attempts to identify the problems 
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which businessmen are trying to solve by using the payback period so that more useful 

tools can be developed. Weingartner is concerned with the possible limitations of the 

present value and the internal rate of return methods for solving capital budgeting 

problems. The concept of payback is analyzed in the context of a criterion versus the 

payback as a constraint. Also considered are the payback and liquidity of capital assets 

and the liquidity requirements of the firm, payback as a break-even concept, and payback 

as a crude measure of the rate of resolution of uncertainty. Weingartner finds that (p.141) 

" the optimal scale is achieved by maximization of the net present value, and is given by 

the point at which the marginal rate of return equals the interest rate. This, in turn, is 

equivalent to the point at which the payback period is equal to the reciprocal of ‘the 

interest rate' or cost of capital." Weingartner concludes that it is more appropriate to 

regard the payback as a constraint which a project must satisfy than as a criterion which 

must be optimized. Also, the use of payback as a measure of the liquidity of an asset, and 

computed separately for each proposed project, is found to be substantially different from 

a liquidity requirement for the firm as a whole. 

UTILITY THEORY IN RISK ASSESSMENT 

Different decision makers react differently to risk. Even the same decision maker can 

react differently to the same alternatives if the environment changes (i.e., the scarcity of 

money increases). Utility theory is used to assess different cash flows for different 

decision makers as a function of risk. See Park and Sharp-Bette [141], Chapter 9, for a 

fairly thorough discussion and reference list on utility theory. Ouederni and Sullivan [140] 

describe a utilitarian model for treating risk in capital investment analysis. They address 

two major aspects of the utilitarian approach (p.83): (1) the mathematical legitimacy of 
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the underlying utility function with respect to its domain of economic significance and (2) 

the way "Expectancy-Variance" [E-V] and "Expectancy-Semivariance" [E-Sh] compare as 

risk/return trade-off criteria.". Because an investment's measure of worth first has to meet 

a certain target figure (which varies by risk category) before it becomes acceptable for an 

investor, the authors conclude that, in this case, semi-variance is often a more realistic 

measure of risk than variance. They also conclude that (p. 104) "the utilitarian approach, 

through E-V, EMV [expected monetary value], and E-Sh decision models, provides for a 

lot of flexibility in describing the decision-maker's behavior under conditions of 

uncertainty. It is even more realistic when multi-attribute utility functions are used to 

account for financial as well as non-financial factors in the investment's measure of worth." 

The authors finally give some constraining characteristics of the utilitarian approach. 

Cozzolino [53] also uses utility theory in proposing a discount on the expected value of an 

outcome if there exists a possibility of a very large loss. He applies this concept to the 

petroleum industry. Thompson and Thuesen [176] use the conventional ideas of utility 

theory to formulate decision criteria that can dynamically respond to changes in the 

investment environment. They are primarily concerned with changes that reflect the ability 

of the firm to sustain financial losses. They also demonstrate that these decision criteria 

can be easily modified to reflect the firm's attitude quantitatively toward uncertainty and 

wealth accumulation in addition to the firm's concern about possible bankruptcy. 

Thompson and Thuesen [175] extend their own work [176] by using cardinal utility 

concepts in the development of three investment decision criteria that dynamically reflect 

changes in the economic health of the firm. They also provide numerical examples to 

applications of these criteria to a process where investment decisions are made in a 

sequential, periodic manner. 
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GENERAL ASSESSMENT OF RISK 

This section briefly summarizes some of the literature on risk assessment that do not fall in 

any of the above categories of risk and uncertainty. Lee and Moore [110] apply a 

statistical technique, called the Bootstrap, in order to assess risk. The Bootstrap estimator 

is unbiased, consistent, and has a lower variance than other estimators such as the 

Jackknife.!4 The authors also present a goal programming solution to estimating the beta 

coefficients in the capital asset pricing model. Maxfield and Pohlman [124] show that 

with at least one type of possible risk preference function certainty equivalents are not 

consistent proxies for risk. They conclude that (p.231) "it seems advisable to be very 

careful when constructing risk preference curves to ensure that the results offer consistent 

representation of investor preferences." Park and Thuesen [142] address the issue of 

"uncertainty resolution” -- the process of moving from greater uncertainty toward less 

uncertainty. Uncertainty resolution is an important issue in decision-making and has a 

fairly dynamic nature. Park and Thuesen incorporate the idea of uncertainty resolution 

into a workable criterion for judging the desirability of investment alternatives. By doing 

this, they also want to stimulate more research in this field. Bernhard [15] extends the 

work of Park and Thuesen by incorporating timing with which the uncertainty is 

associated. (Bernhard criticizes the work of Park and Thuesen in that their index may 

potentially favor a project with a lower net present worth.) Bernhard notes that earlier 

uncertainty resolution is generally to be preferred to later uncertainty resolution since it 

ordinarily will leave the investor better able to plan his or her future investment programs. 

He also includes credit for early resolution and a penalty for late resolution. O'Brien [135] 

  

14Jackknifing is a statistical technique used in regression theory where a regression line is fit recursively 
with one observation deleted. 
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presents a method for integrating the operating leverage concept into cost reduction 

capital budgeting decisions. The method is developed from a market-risk, asset-pricing 

theory. The author claimes that the model is practical since (p.305) "the risk measure 

‘drops out' of the derivation and therefore does not need to be defined or measured for 

application.". Moore and Chen [130] attempt to determine the expected value of perfect 

information (EVPI) in the absence of deterministic cash flows. Computations of EVPI can 

be of use to the financial manager as (1) an index to show how diligently to pursue greater 

precision, and (2) an intuitive dollar-based measure of risk. However, the authors caution 

that (p. 50) "to make the EVPI meaningful for use in capital budgeting it is important to 

measure it in such a way as to properly reflect the true knowledge of the decision-maker. 

By ignoring the fact that cash flow parameters are unknown in estimating EVPI, the 

financial manager overstates his knowledge, thus devaluing the pursuit of further 

precision." 

Capital Budgeting In General 

In this section several relevant aspects of capital budgeting that do not belong to either of 

the foregoing sections will be touched upon. These aspects will not be addressed in detail 

since they are not exactly in line with the proposed study. Skipper and Fabrycky [166] 

develop an algorithm that assists capital budgeting in an uncertain, dynamic environment. 

The algorithm is based on a complete enumeration of all possible product portfolios. A 

product portfolio consists of the summation of the relevant individual product cash flows. 

A shortened list of feasible product portfolios is obtained in a zero-one matrix format 

based on the exclusion of infeasible candidates due to mutual exclusivity constraints, 

contingency constraints, "must-choose" constraints, and budget constraints. The decision- 
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maker can then choose the product portfolio that yields the biggest future worth. Boucher 

[20] extends the Basic Horizon Model of Weingartner [43] by developing a mixed-integer 

planning model for "optimal investment and financing" in segmented international capital 

markets. He identifies some key elements of the investment and financing decision that 

differentiate the multinational approach from a one-country approach. One of the major 

problems that Boucher outlines is that of the respective inflation rates of different 

countries and the possible influence these rates may have. Amoako-Adu and Rashid [3] 

focus on the "cash flow effect," which increases the profitability of projects and a 

"discount rate effect," which reduces the profitability of capital investments. The authors 

argue that if the macroeconomic effects of a corporate tax cut and the resultant feedback 

effect on the business investment are ignored, the net effect of the corporate tax cut may 

be insignificant. However, they subsequently provide a numerical example which shows 

that for reasonable parameters, the net effect on capital investments of a tax cut may be 

positive. Yoon [192] introduces the "propagation of errors technique" to evaluate capital 

investment alternatives with estimate errors. Weingartner [187] attempts to determine the 

optimum investment period in capital budgeting by determining the optimum time that a 

project must be discarded. McMath [125] develops a correction constant for eliminating 

the end-of-year bias in net present value estimation for discrete and continuous cash flows. 

Liberatore, Monahan, and Stout [116] attempt to tie capital budgeting in with general 

strategy deployment by including qualitative and intangible benefits. They extend the line 

of research on the Analytic Hierarchic Process for capital investment analysis by 

structuring the decision hierarchy appropriately for implementation in a capital budgeting 

context. They consider a framework to include the mission, objectives, and strategy for 

strategic planning. This completes the literature review on capital budgeting. 

Subsequently, some literature on aggregate production planning is addressed. 
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AGGREGATE PRODUCTION PLANNING 

Aggregate production planning is the activity required to establish the aggregate 

production plan. Bedworth and Bailey [12] define the aggregate plan as follows (p. 126): 

"The resulting plan for work-force size and production level in a given aggregate planning 

facility. The plan is generally made once each period for the following period. The 

planning decisions are made to minimize the total cost of meeting the forecasted demand 

for goods and services." The time horizon for aggregate planning is usually from six to 18 

months, where 12 months is typical. Classical aggregate planning and its current trends 

are addressed. Product planning and process design are subsequently addressed. 

Classical Aggregate Planning and Current Trends 

The role of aggregate production planning is well explained in several publications. 

Bedworth and Bailey [12] and especially Hax and Candea [76] provide detailed 

descriptions and mathematical models of aggregate planning. Vollmann, Whybark and 

Berry [182] give in-depth discussions on the role of aggregate planning in the 

Manufacturing Resource Planning (MRP-II) environment. They also carefully describe 

the interfaces between aggregate production planning and Master Production Scheduling 

(MPS), demand management, resource planning, and Material Requirements Planning 

(MRP). A classical optimization approach to aggregate production planning is given by 

Bedworth and Bailey [12], p. 138: 

T 

Min Z=>°A,,P.+4,,R,+4,,0,+ Aj], + ApS, + AnH, + A, L, 
t=l 
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The notation is as follows: t is the period; r and o are regular and overtime; s is stockout, 

h and | are hiring and layoff, P is production quantity; and A is the cost of production and 

regular and overtime labor, or hiring and laying off, depending on the subscripts. R and O 

are the regular and overtime labor hours; I and S are inventory and stockouts; L is 

undertime. 

Das and Sarin [54] combine some of the principles of master scheduling and aggregate 

production planning in what they term the "Master Aggregate Schedule" (MA-Schedule). 

They consider time, capacity, and products in an aggregated form and in their study 

address four features of the MA-Schedule: (p. 2) "(i) the ability to exercise capacity and 

routing flexibility, (ii) the ability to model transportation resources and to allocate these 

resources on a periodic basis, (iii) the ability to differentiate between products that are 

open to back ordering and those that are not, and finally (iv) the ability to introduce 

product quality considerations in scheduling." They have the following four objectives in 

that they simultaneously model a way to minimize the: 1) inventory costs (holding and 

back ordering), 2) increase in system operating costs as a result of overtime activities, 3) 

the cell (a natural grouping of resources) start-up and shut-down costs, and 4) expected 

quality loss. These four objectives are represented in the following four terms of their 

objective function. 

Min Ty {Bal ,+a,L,, yy f{o,,(4, Arp) +Ay Zu} 
i=1 t=] k=1 t=1 
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The parameters f,, @,, A,,, 4,, and A,, are, respectively, the inventory holding cost per 

unit i of inventory, the back ordering cost per unit, the overtime operating cost for cell k 

per unit time, the regular operating cost for cell k, and the fixed operating cost for each 

period that cell k is active. The other cost parameters Q,,, Qu,, and ¢, indicate the cost 

to startup cell k, the cost to close down cell k, and the quality loss penalty per 100 percent 

utilization of cell k, respectively. The decision variables I,,, L,,, O,, and W,, indicate the 

inventory of family i at the end of period t, the backorder quantity, the overtime hours 

worked by cell k during period t, and the regular time worked, respectively. The decision 

variables Z,,, ZU, and ZD, are all 0-1 variables (1=active or activated) and indicate the 

Operating status of cell k in period t, and the start-up and close-down of cell k in period t. 

©, is the regular time capacity available on cell k per period. N, M and T indicate the 

maximum numbers of product families, work cells or departments in the facility, and the 

periods in the planning horizon, respectively. The number of 0-1 variables (all the Z 

decision variables) is expected to be quite high for a real-life example. In response to this 

potential problem Das and Sarin incorporate several methods of preprocessing some of 

these variables. 

In a subsequent article Das, Sarin, and Nagendra [55] develop a two-level hierarchical 

scheduling (TLHS) model that incorporates both product and time aggregation. Planning 

periods are divided into subperiods and families of products are divided into products. 

The objective of the first level is to minimize the aggregate production and inventory 

costs. The inventory cost is the inventory in units multiplied by the inventory cost per unit 

for all products. The aggregate production cost is the sum of the cost for regular time 

work and overtime work. The second level of the TLHS specifies the quantity of each 

individual product to be produced in each subperiod. The objectives of the second level of 
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the TLHS are to (i) minimize any deviation from the aggregate decisions, (ii) minimize the 

inventory costs per subperiod, and (iii) minimize the imbalance in capacity utilization 

between subperiods belonging to the same period. This disaggregating procedure consists 

of three steps. The first step identifies in which subperiods of each period a family lot 

should be produced. The second step determines the production quantities for each 

production type. The third step allocates product types to the period-ending inventories. 

From experimental results the authors conclude that their TLHS method performs well 

when the setup cost is low but that a rapid escalation in cost occurs when the setup cost 

increases. 

Bowers and Jarvis [21] develop a hierarchical model as a comprehensive approach to "an 

extremely complex production planning and scheduling problem," (p. 156). They develop 

a three-tiered hierarchical model that implements long-term inventory planning on a cost 

minimization basis at the first level, shorter term production planning at the second level, 

and daily sequencing tasks at the third level. Therefore, their model provides a formal link 

between long-term and short-term planning in a production environment. 

Lewis, Sweigart and Markland [114] propose a master scheduling technique for 

manufactured components (especially make-to-order components) which combines a 

multiobjective capacitated multiitem/multistage, lot-sizing model with an interactive, 

multiple-objective, optimization solution procedure. The proposed model "directly 

addresses some of the limitations of previously defined lot-sizing techniques." The 

proposed model explicitly considers restricted resource capabilities and setup time 

requirements even though only critical resources are considered. The model is structured 

in such a way as to avoid the estimation of strict cost coefficients. Avoiding this 
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estimation is facilitated by the multiple objective nature of the model. Lin and Krajewski 

[117] analyze master production scheduling in uncertain environments. They propose a 

mathematical model in which they estimate the effect and calculate the cost due to 

uncertainty in the choice of a replanning interval, a frozen interval, and a forecast window 

(planning horizon). MacLeod and Reeves [122] use knowledge-based expert systems to 

seek expert heuristic solutions to aggregate production planning. In achieving their 

objectives, they employ AXIS (algorithms combined with knowledge systems in an 

interactive sequence) in which they use an interactive, multiple-objective, integer 

programming algorithm combined with heuristics taken from the domain of aggregate 

production planning. They conclude that "Axis appears to have performed remarkably 

well..." but that "much further research is needed for the AXIS framework." (p. 1328). 

Malhotra and Ritzman [123] investigate the impact of two types of flexibilities in 

multistage manufacturing that is driven by a material requirement planning for machine 

flexibility and labor flexibility. They show that (p.673) "resource flexibility is indeed an 

effective buffer against uncertainties such as end-item demand variability, capacity 

bottlenecks, equipment failures, and yield losses." However, the authors also show that 

simultaneous introduction of both machine and labor flexibility yields only marginal 

improvements over either kind of flexibility alone. 

Product Planning and Process Design 

Kim, Ritzman, Benton, and Snyder [101] analyze the possible integration between product 

planning and process design. They analyze two strategies: 1) keeping product planning 

and process design decisions separate, and 2) linking product planning and process design 

Literature Review 60



decisions and modeling them in an integrated fashion. Their aim is to answer the 

following two questions (p. 45): "First, is it always better to integrate product and 

process decisions with a strong two-way relationship in both directions? ... Second, is the 

performance difference between the integrated and non-integrated decisions contingent 

upon the environment [e.g. risk]?" They define product planning and process design as 

follows (p. 44): "Product planning determines the timing, product features, and sets of 

products to be offered in response to the opportunities and threats in the market ... 

Process design specifies how these manufacturing tasks should be achieved ... Thus, 

process design constrains a firm's capability to implement the product planning decision." 

Their formulation of the linked scenario is as follows: 

Maximize YY ¢,D,- >.> Mm Pn 

EE (0% bX t+ SaLu +5 Ay 
t ok J 

Cc; denotes the discounted unit contribution of product i in period t; D,, is the demand in 

units; h,, is the capital investment required for a specific product i when a strategy m is 

pursued; P.. is a O-1 variable indicating whether a product is introduced or withdrawn; a,, 

is the discounted unit acquisition cost of technology k; X,, is the additional capacity of k 

required at the beginning of period t in machine hours per period; b,, is the discounted unit 

salvage value of k in t; Y,, is the capacity of technology k disposed of at the beginning of 

period t in machine hours per period; f,, is the discounted fixed overhead cost to keep a 

unit of technology k during t; Z,, is the capacity of k held in t in machine hours per period; 

U,, is the discounted variable overhead and labor cost to operate a unit of k in t; and A,,, is 

the capacity of technology k to be allocated for process j in t, in machine hours per period. 
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ACTIVITY-BASED COSTING 

In a pioneering article in 1984 Robert Kaplan [94] makes the following statement (p.390): 

"The cost accounting and management control procedures developed more than 60 years 

ago for the mass production of standard products with high direct labor content may no 

longer be appropriate for the planning and control decisions of contemporary 

organizations... This paper acvocates a return to field-based research to discover the 

innovative practices being introduced by organizations successfully adapting to the new 

organization and technology of manufacturing." Subsequently, numerous articles were 

published on the issue of correctly accounting costs, specifically product costs. Kaplan 

[92] addresses more specifically what problems are involved in, what he terms, 

"Yesterday's Accounting." Miller and Vollmann [127], in a landmark article, "The Hidden 

Factory," specifically address the overhead costs as problem area. Cooper and Kaplan 

[51] illustrates "how cost accounting distorts product costs." The central issue seems to 

be “how much does that product really cost?," [149], "getting closer to real product 

costs," [157], and "applying overhead: how to find the right bases and rates," [133]. 

Several articles address the Generally Accepted Accounting Principles and its potential 

inadequacies. See, for example, [144] and [145]. 

Some of the first well defined descriptions of activity-based costing (ABC) come from a 

three part series by Robin Cooper. In the first article [45] of the series he addresses the 

question, "What Is an Activity-Based Cost System?" In the second article [44] of the 

series he addresses the question, "When Do I Need An Activity-Based Cost System?" In 

the third article [43] in the series Cooper addresses the questions "How Many Cost 

Drivers Do You Need, and How Do You Select Them?" Cooper also publishes four 
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articles on the need and implementation of ABC [38], [39], [40], and [41]. Numerous 

articles (see, for example, [8, 91, 106, 136, 163]) and books (see, for example, [23, 50, 

139, and 178]) address ABC. 

Activity-based costing consists of two phases. The first phase is where the costs of the 

acquisition and utilization of resources are allocated to activities. This process is 

sometimes referred to as activity-based process costing. (See Ostrenga, etal. [139], 

Chapter 8, for discussion.) The second phase of ABC is where the cost of activities are 

allocated to cost objects, typically products or customers. This process is sometimes 

referred to as activity-based object costing. (See Ostrenga, etal. [139], Chapter 9, for 

discussion.) Thus one of the primary objectives of ABC is to determine product costs. 

Cooper and Kaplan [49] make the following statement with respect to the objective of 

determining product costs (p..130): "Initially, managers viewed the ABC approach as a 

more accurate way of calculating product costs. But ABC has emerged as a tremendously 

useful guide to management action that can translate directly into higher profits.... The 

profitability picture that emerges from the ABC analysis helps managers focus their 

attention and energy on improving activities that will have the biggest impact on the 

bottom line." Therefore, a significant trend occurs from using ABC simply to determine 

product costs to a mechanism of controlling the consumption of resources. Activity-based 

management, the broader concept of which ABC is a subset, emerges as a powerful 

management tool. Activity-based management (ABM) is the subject of numerous 

publications. See, for example, [52, 94, 138, 139, 172, 177, and 178]. The emphasis on 

ABM is illustrated by the title of the article by Ostrenga [138], p. 42: "Activties: The 

Focul Point of Total Cost Management." ABC and ABM are used by several industries. 

See, for example, [56, 58, 74, 75, 109, 111, and 115]. 
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CHAPTER III 

PROFIT MAXIMIZATION 

This chapter is devoted to profit maximization.! For the purposes of this study profit is 

defined as the total discounted difference between cash inflow and cash outflow before 

taxes in the organization (see Figure 1.1).2 This chapter consists of six main sections. In 

the first section the rationale behind the proposed model is explained. In the second 

section the elements of the objective function are developed and combined into a single 

objective function. The primary constraints are developed in the third section. The time 

value of money is incorporated in the fourth section. 

In the fifth section nine models are developed from a simple one to more complex models. 

These models all have the same objective: maximize profit. The difference between the 

different models is that the first model only incorporates the most basic decision variables. 

More decision variables (and, therefore, more complexity) are progressively added with 

subsequent models up to the last model which incorporates all the decision variables. The 

final section, Justification, provides some reasons (in direct response to the problem areas 

outlined) as to why the proposed models are a contribution to the existing literature. 

  

1Profit maximization is probably one of the most important objectives of a firm. Archer and D'Ambrosio 
[5], express the importance of profit maximization (p. 179): "Thus the economic objective of a business 
enterprise is to maximize the economic welfare of the owners of the firm (with economic welfare being 

expressed as profits...).” 

2Including tax would result in a non-linear problem, unless a fixed tax rate is assumed. A fixed tax rate is 
not assumed and the objective is then simply to maximize the discounted cash flow before taxes. Note 
that (because of the problems outlined in the section, “Cash Flow Per Project," in Chapter 1) the cash 
flows under consideration are for the entire product portfolio (which represents the organization) and not 
on a "per project" basis. 
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PROPOSED METHODOLOGY 

In this section the basic philosophy of the proposed model is outlined. The objective is to 

maximize profit, which means to maximize the difference between the money that comes 

into the organization and the money that goes out. The total amount of money that flows 

into the organization is the sum of all revenues, sales of plant and equipment, dividends 

and interest received on investments. The flow of money out of the organization is the 

sum of all the labor cost, material and operational expenses, insurance and security, and all 

other forms that involve money that leaves the organization, for whatever reason, except 

taxes. If a product portfolio (or several successive product portfolios, as a function of 

time) can be chosen that yields the biggest profit, then there exists no reason to apportion 

the total cost into "different chunks of cost each associated with a product." By 

apportioning or allocating cost, the underlying assumption is that the cost is not incurred if 

the product is not manufactured or service not delivered. This assumption is not 

necessarily true.3 

Figure 3.1 portrays the classical capital budgeting approach of choosing the products that 

yield the biggest positive net cash flows. The abbreviations REV and P (in the subscripts) 

in Figure 3.1 indicate, respectively, the revenue received from the product and the 

maximum number of products under consideration. In the classical approach to capital 

budgeting* the total cost (depending on the possible product selection) is allocated to all 

possible product candidates. The same is true for revenue. A cost and a revenue are, 

  

3See Models 4.1 through 4.4 as well as the section, "Analyzing the Results of Weingartner and Bernhard's 
Models," in Chapter 4 for specific numerical examples that illustrate this point. 

4One of the assumptions of this study is that the terminology "classical capital budgeting" refers to the 
original work of Weingartner [185] and those who built upon it. 
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therefore, associated with each product which means that, if a product is not selected, the 

associated cost is not incurred and the associated revenue is not gained. The final product 

portfolio is, therefore, the selection of the products that, within constraints, yields the 

biggest profit, based on the cash flows per product. This selection of products does not 

necessarily yield the optimal profit.° 

  

PRODUCT, |._—___ 
  

———» PRODUCT, ~+——— 

\ cost, $+ PRODUCT, 

YY 

  

      
TOTAL ALL TOTAL 

POSSIBLE PRODUCTS POSSIBLE 
COST REVENUE     
  

Figure 3.1 Traditional Approach to Capital Budgeting 

Figure 3.2 portrays the proposed methodology of simply selecting the product portfolio 

that yields the biggest profit. PP; denotes the ith product portfolio. The "Total Cost for 

PP;" in the left cell indicates the total amount of money, before taxes, that will be flowing 

out of the organization if the product portfolio PP; is selected. This means that costs that 

are not directly related to the product portfolio (i.e., the cost of security, new equipment, 

and insurance) must also be considered. The "Total Receipts for PP;" in Figure 3.2 

denotes the total amount of money that the company will generate as a result of PP;, 

  

>See Models 4.1 through 4.6 in Chapter 4. 
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which includes all the money that the company generates beyond revenues.® Thus, the 

objective is to select the product portfolio that will result in the biggest profit, where profit 

is the difference between the total receipts and the total expenses for the organization (and 

not for projects) before taxes. 
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PP,    

    

      

Figure 3.2 Proposed Methodology for Capital Budgeting 

There are two major differences between the proposed methodology and existing classical 

capital budgeting techniques. The first concerns the modeling of resources. Resources 

are not modeled, per se, in capital budgeting, despite the fact that "Capital expenditures 

are usually thought of as expenditures made to acquire fixed assets, such as plant and 

equipment."” This results from the fact that projects in capital budgeting are primarily 

modeled as a function of cash flows; specific resource requirements will be manifested, 

  

©See the definition of profit at the outset of this Chapter. 

7Quirin [148], p. 3. 
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therefore, in the cash flows for the relevant projects. Resource acquisition® and resource 

consumption are modeled explicitly in the proposed model (as an alternative for the 

classical cash flow per project approach) for the following reasons: 

1. The actual cost is incurred by the acquisition and utilization of resources in 

establishing products and not by the products themselves.® 

2. The cost of resource utilization is not linear with production quantity.!° Also, the 

demand function for a product is most probably strictly non-linear.!!_ Therefore, in 

order to accurately model receipts and disbursements, a direct trade-off should exist 

between the specific resource consumption (and possible resource acquisition) and the 

possible receipts as a function of the demand function. 

3. An incentive should exist to alter capacity profitably. 

It can therefore be hypothesized that the explicit modeling of resources is a basis for an 

alternative solution to using cash flows. However, the point remains that both the cost of 

resource utilization and the demand function are probably non-linear, which means that in 

order to maximize profit, a direct trade-off should exist between the benefit of additional 

incremental resource capacity and the cost associated with it. In the proposed model, the 

acquisition and consumption of resources will be modeled explicitly in a discrete fashion, 

where appropriate. 

  

8For brevity, the terminology “resource acquisition" is used for both the purchase of additional resources 

and the selling or disposal of excess resources. 

*This is a fairly generally accepted fact. See, for example, Turney [178], chapter 5, especially p. 96: 
"Resources are economic elements directed to the performance of activities. They are the sources of cost." 

10This further emphasizes the doubtfulness of the integrity of using cash flows per product, especially 
when projects are fractionally accepted. 

11See Samuelson [159], pp. 123-124, and Chapters 2 and 3 on demand functions and demand curves. 
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The second major difference between the traditional approach to capital budgeting and the 

proposed methodology, as portrayed in Figures 3.2 and 3.3, respectively, is that the 

traditional approach allocates the cost to products, which results in cash flows per 

product, while the proposed model considers the total cost of the entire product portfolio 

and not of a specific product. The reasons that cost allocation is considered inappropriate 

for capital budgeting are addressed in Chapter 1, and detailed examples are provided in 

Chapter 4 (see Models 4.1 through 4.4 specifically). 

Linear mixed integer programming will be used. The objective function is the net present 

value of cash inflows minus cash outflows for the organization. One of the basic 

assumptions is that products themselves do not cost money as such: cost is only incurred 

in the acquisition and utilization of resources in accomplishing the activities that are 

required to bring about a final deliverable (a product, a design, support services, etc.)!? 

Many constraints are, therefore, a function of the demand that cost objects (products, etc.) 

place on resources, as well as market demand. A direct trade-off thus exists between the 

cost of changing capacity to eventually change production, and the benefit gained from the 

changed production. This trade-off will be guided by the demand function of each 

product, on the one hand, and the cost of additional resources, on the other hand. The 

assumption that "the physical resources of the firm are assumed to be fixed"!3 is therefore 

relaxed. The terms in the objective function are sales revenue, interest on investments, 

operational cost, the cost or benefit from changing capacity, inventory and shortage cost, 

the cost of capital, and facility sustaining costs. 

  

12This assumption is one of the underlying assumptions of activity-based costing (ABC). Subsequent 
sections will elaborate on this issue. 

13Hax and Candea [76], p.69. 
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The Role Of Activity-Based Costing 

This section briefly describes activity-based costing (ABC) and how it is used in this study. 

ABC is primarily done in two phases: activity-based process costing and activity-based 

object costing.'4 The goal of activity-based process costing is to allocate the cost of 

resources to activities, while that of activity-based object costing is to allocate the cost of 

activities (as allocated by the activity-based process costing) to cost objects (typically 

products). To be consistent with the hypothesis made in Chapter 1 that better capital 

budgeting decisions can be made if costs are not allocated to products, the notion of cash 

flows per product should be avoided. Activity-based object costing is, therefore, not used 

in this study. However, activity-based process costing is used fairly extensively. 

The way activity-based process costing works is explained by the simple example in Figure 

3.3. Only one resource, Machine XYZ, is considered. The product portfolio under 

consideration consists of Products P), Pz, and P3, with quantities of 100, 50, and 20 

units, respectively. For simplicity, one setup is required for each product at a cost of $20 

each. The total setup time required for each of the three products is 60, 20, and 40 

minutes, respectively. Pj requires 1.5 minutes of operation per unit on Machine XYZ, 

while Pz and P3 require 1.2 and 4 minutes per unit, respectively. Again, for simplicity, it 

is assumed that the types of operation for the three products are similar, and that the cost 

drivers are minutes of operation for unit variable costs and number of setups for batch 

related costs.!° Assume it costs $1 per minute to operate this machine. The total cost of 

  

14See Cooper [47]; Ostrenga, et al., [139], Chapters 8 and 9; Turney [178]; and others for in-depth 
discussions on activity-based process costing and activity-based object costing. 

Profit Maximization 70



Machine XYZ, due to P}, P2, and P3, is then the combined cost of the two levels of 

variability: the cost of setup and the cost of operation, which adds to the following: 3*$20 

+ £100*1.5 + 50*1.2 + 20*4)*$1} = $400. The total cost of a product portfolio is, 

therefore, the total cost of all resources for all activities, aggregated at each of the relevant 

levels of variability (unit and batch), plus acquisition and disposal cost. Constraints can 

now be placed on the system. For example, the total production time should not exceed, 

say, 400 minutes, which exceeds the required 120 + 340 = 460 minutes. However, the 

profit that can be obtained from 400 minutes is not directly proportional to the profit 

obtainable from 460 minutes of operation. By considering activities and the demand that 

activities place on resources, the benefit from executing these activities can be measured 

against the costs associated with it. (Model 4.6 in Chapter 4 provides an illustration how 

this trade-off can be accomplished.) 

  

PRODUCT 

PORTFOLIO SETUP RUN TIME RESOURCE 

  

100 * P1 1°60 100*1.5=150 

50* P2 1°20 §0*1.2=110 

20 *P3 1°40 20°4=80 

  

  

  

120 340         
      
  

Figure 3.3 Simple Example of the Role of Activity-Based Process Costing 

  

15This means that the actual cost incurred is in direct proportion to the operation time. It will be accurate 
if the cost of the electricity used, the labor cost and the operational cost all have a linear relationship with 
the time it is used. This will be described in subsequent sections. 
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MAIN ELEMENTS OF THE OBJECTIVE FUNCTION 

The main elements of the objective function are developed in this section. At first, only 

the present value formulation is developed without reference to future cash flows. The 

present value formulation is then later disaggregated into time-dependent values over the 

planning horizon. The different elements of the objective function (which are the 

components of profit) are the revenue, operational cost, resource acquisition cost, material 

cost, borrowing and lending activities, and facility sustaining cost. Operational cost has a 

fairly broad definition and primarily consists of the consumption of resources. These 

different elements of the objective function will be treated individually and then combined 

in a single objective function. !6 

Revenue 

Revenue as a result of sales is simply the sales quantity associated with a sales order 

multiplied by the sales price. If market demand consistently exceeds production capacity, 

customers can be chosen. The customers that yield the highest profits are then selected, 

based on potential sales orders.!7 Associated with each potential sales order request are a 

product, the number of items of the product, and the sales price. The total possible sales 

revenue is defined in Equation [3.1]. 

  

16Tn the latter part of the section, "Model Formulation," additional elements are added to the objective 
function. However, the elements of the objective function developed in this section are sufficient to 

construct some of the basic models. 

17It is assumed in this chapter that everything that has a potentially significant influence on the objective 
of this study can be converted to a dollar value. It is therefore assumed that profit, and profit only, 
determines which customers are served. 
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P D 

SR => SyaX pa [3.1] 

SR = Sales revenue 

Sales price for product p in sales order request d 

p = Product (with a maximum of P) 

X,a = Production quantity of product p for sales order d 

d = Sales order request (max D) 

The notation used throughout this study is such that whenever two or more summations 

are made, as in Equation [3.1], the trailing variables (all but the first ones) are dependent 

upon the previous variables. As an example, the maximum potential sales order D in 

Equation [3.1] is dependent upon the product (because it differs by product) and should 

be denoted D,. For simplicity, therefore, it is assumed that the maximum variable over 

each summation is a function of the previous variables. 

Operational Cost 

Operational cost is the cost incurred due to the utilization of resources.!® Operational cost 

can be incurred on a unit level, batch level, and product sustaining level.!? The following 

simple example, with the data in Table 3.1, illustrates the concepts of the operational cost 

and how it is incurred. The cost object in Table 3.1 is product P123, which consists of 

two components, Q307 and Q981. Component Q307 has two business processes, the 

activities of which are on the unit (U) and batch (B) levels. 

  

18See the section, "Capital Budgeting Defined" in Chapter 1 for a definition of resources. 

19This definition is later extended to also include facility sustaining costs. 
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TABLE 3.1 Composition of Operational Cost 

  

COST COM= BUSINESS RESOURCE UNIT COST/ 
OBJECT PONENT PROCESS LEVEL ACTIVITY RESOURCE DRIVER RES.DRVR 

P123 Q307 $456 U Alll R170 RDO1*2.10 $12.78 

R177 RD25*0.05 = $1.67 

R489 RD19*1.10 $78.50 

B A129 R170 RDO1*8.50 $12.78 

R044 RD11*0.35 $23.55 

$678 U A440 R555 RD13*6.00 $11.60 

A762 RO08 RD37*1.15 $7.65 

Q981 $700 P A337 R170 RD77*4.25 = $21.11 
  

Each activity (listed in the column "Activity" in Table 3.1) consumes several resources. 

The activity Al11 on the unit level for S456 consumes three resources, for example. The 

resource driver is the measure used to indicate the capacity of the resource (not shown in 

Table 3.1) and the consumption rate of the resource. For activity Al11 the resource R170 

may be a milling machine, where RDO1 may indicate that the consumption is based on 

machine hours. The (2.10) then indicates the specific amount of machine hours that 

activity All1 consumes of resource RDO1. The cost of the resource is $12.78 per 

resource driver, in this case machine hours. Thus, the operational cost of a cost object is 

the summation of all relevant costs of all resources that are consumed by activities. In 

general form, the operational cost is expressed in Equation [3.2].?° 

  

20Variables and parameters that have been explained previously are not again explained. For example, 
the variable p, the specific product, had been explained in Equation [3.1]. 
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TOC = Total operating cost for product portfolio 

q = Unique part number for a product (maximum Q) 

s = Business process per p,q (max S) 

a = Activity per s,q,p (max A) 

r = Resource per a,s,q,p (max R) 

k = Number of same part numbers per q,p 

D = Consumption rate of resource driver associated with r,a,s,q,p 

C = Cost per unit for resource driver D associated with r,a,s,q,p 

MC = Material cost for operational material required associated with r,a,s,q,p 

X = Number of units of product associated with r,a,s,q,p 

B = Number of batches associated with T,a,$,q,p 

Y = 0-1 product sustaining factor associated with r,a,s,q,p 

The rationale behind Equation [3.2] is that the resource driver for each relevant activity 

and the material cost are multiplied by the variables associated with the respective levels of 

variability. The variables X, B, and Y are the decision variables indicating the number of 

units of a product to produce, the number of batches, and whether product sustaining 

costs are to be incurred. The decision variable Y is a 0-1 integer. An underlying 

assumption in Equation [3.2] is that there will be one, and only one, resource driver for 

each activity on each resource, which is indicated by the one-to-one relationship between 

the resource and the resource driver in the hypothetical example in Table 3.1. The 

operational cost is one of the most important elements in the objective function. This cost 

is traded off with the benefit associated with it in the set of resource capacity constraints 

(see the section, “Resource Capacity" where the main constraints are developed, as well as 

Model [3.1] where this trade-off is accomplished). 
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Acquisition/Disposal of Resources 

The assumption normally made in aggregate production planning is that the resource 

capacity is fixed.2!_ However, labor flexibility is fairly common in aggregate planning. Das 

and Sarin [54] further relax the assumption of inflexibility by considering the start-up and 

shut-down costs of cells of resources by introducing 0-1 variables. Malhotra and Ritzman 

[123] consider machine and labor flexibility in a material requirements planning 

environment. Kim et al. [101] consider complete "process technology" flexibility (which 

is, in effect, resource flexibility). However, they consider the additional capacity required 

and the capacity to be disposed of on a continuous scale - not the number of units. 

Resource flexibility in this study is proposed in a form that is a combination of the 

approaches by Das and Sarin [54] and Kim et al. [101]. The objective (concerning 

resources) is to purchase or dispose of the number of units of a resource type that 

represents the capacity that can be profitably used. The objective function is amended 

with the addition of Equation [3.3].22 

RAC = Sv {cM: -~C°>M;} [3.3] 
r=] 

RAC = Resource acquisition and disposal cost 

C,* = Unit cost for an additional unit of resource r 

C, 

M,* = Number of units of r to purchase 

M; = Number of units of r to sell 

Sales price for each unit of r 

  

21See, for example, Hax and Candea [76], p. 69; and Bedworth and Bailey [12], Chapter 4. 

22The “capacity” of a resource refers to the total capacity of the resource type, that is, the unit capacity of 
one unit of the resource type multiplied by the total number of units that constitute the resource. 
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The variables M,* and M,,; in Equation [3.3] are the decision variables. The term C; M7 in 

Equation [3.3] indicates the total cost of purchasing M* units more of resource type r, 

while C; M_ indicates the total receipts from selling M~ units of resource type r. Note 

that the resource acquisition and disposal cost is not product sensitive. The only link 

between products and resources is the demand that a product portfolio places on each 

relevant resource as a function of the resource drivers and the decision variables 

representing the different levels of variability. (See Figure 3.3 and the explanation thereof, 

as well as the rationale behind Table 3.1.) The benefit of increasing capacity (that would 

result in increased output) is traded off against the cost of acquiring additional capacity. 

This trade-off 1s accomplished by a set of constraints in Equation [3.8] in a subsequent 

section, "Resource Capacity." 

Material Cost 

Material cost is the cost of the direct material that goes into a product. It is therefore 

determined by the production quantity. The material considered here is different from the 

material required for operational purposes, classically known to be a conversion cost. The 

total material cost is given by Equation [3.4]. (Subsequently, for simplicity, it is assumed 

that a different X, represents each d, which means d can be omitted.) 

P @Q 

TMC = YY kp MCX, [3.4] 
p=l q= 

TMC 

MC* 

Total material cost for the portfolio 

Material cost for q,p 
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Borrowing and Lending 

Weingartner [185] used the concept of borrowing money required for production and 

lending excess money. The introduction of borrowing and lending activities is now 

common in the literature. Borrowing and lending are also used in this study, each with its 

own interest rate. However, this means that both capital financing and capital investment 

are considered simultaneously. However, financial resources are not acquired and lending 

is not done for each project, but rather for the entire product portfolio. There are two 

assumptions required for the simultaneous crossing of the financing-investment interface. 

These assumptions are 1) the availability of financial resources and the cost of capital are 

not determined by projects, but rather by the organization;23 and 2) the cost of capital is 

strictly non-decreasing for increased amounts of capital, and if the cost of capital is 

variable it is appropriate to consider it constant for each of successive segments 

(piecewize constant). The first assumption is to ensure linearity, and the second is only for 

simplicity. The concept of borrowing takes on a much broader definition than was used 

by Weingartner. The borrowed amount potentially represents all funds used for 

operations and investments, even the company's own money. The reason why the 

borrowed money "“potentially" represents all funds is simply because different decision 

makers (or even the same decision maker under different circumstances) may have 

different definitions of what an investment constitutes. Some decision makers may 

consider the investment cost as only the acquisition cost of resources. Others may 

consider it the total cost of acquisition and utilization of all resources. This is why 

discretion is required in the definition of W. To consider fully opportunity cost, and to 

  

23s was mentioned in the section, "Scope" in Chapter 1, this assumption may limit the applicability of 
the proposed methodology, especially for certain oligopolies. 
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calculate the rate of return appropriately,”4 it is advised that W includes all forms of cash 

outflows before taxes. This comprehensive definition of W is adopted in all models as the 

set of [a] constraints. (The set of [a] constraints in the model formulations are 

accompanied by the set of [B] constraints, or budget limitations. Care should be taken to 

impose the appropriate budget limitation on each definition of W.) 

Appropriate interest rates are used for each type of borrowing. Lower interest rates will, 

for example, be used for the company's own money (possibly zero, or some amount that 

reflects the opportunity cost associated with the money). Eventually, all gains from 

lending excess money and all losses from borrowing funds are represented by interest 

rates. The only portions of borrowing and lending that are included in the objective 

function are the cost of capital and the interest receivable on investments, as well as the 

availability of capital. Borrowing and lending are represented by Equation [3.5]. 

TL& BC =I'V -I°W [3.5] 

TL&BC = Total loan benefit and borrowing cost 

V = Lending amount 

W = Borrowing amount 

I = Appropriate interest rate 

Facility Sustaining Cost 

Facility sustaining costs (FSC) are incurred to sustain an entire facility. These costs are 

not variable with the number of units produced, the number of batches, or even by 

  

24See the section, "Maximizing the Rate of Return" in Chapter 4. 
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product. Typical FSCs include the CEO's salary, a security system for the entire plant, a 

new office building or a new multiple product manufacturing facility. The reason for 

including this type of cost is twofold: First, together with other receipts and 

disbursements it gives a complete picture of the expected increase in profit, and second, if 

this cost is disproportionately high, it may be better not to be in business at all. Not being 

in business (abandonment) will show up in the linear mixed integer programming model if 

it is the best alternative (also known as the "do-nothing" alternative). In such a case, the 

decision variable Z associated with the FSC, a 0-1 integer, will take on the value 0, and 

the company is not in business. 

Objective Function 

The objective function for the objective of maximizing profit is now a combination of 

Equations [3.1] through [3.5], as well as the FSC, and is given in Equation [3.6]. 

P R P @ 

Max > S,X,+IV-S{CiMt -CoM7}-¥ 4, CLX, -W 
PQ ~ PG 

r=} p=! g=1 [3.6] 

TITS S {ker xX, +B,+Y,) soead FSC*Z 

The terms in the objective function in Equation [3.6] are arranged by receipts and 

disbursements: the first two terms represent receipts, while the last five terms represent 

disbursements. This is not, however, in a useful form for linear programming. In order to 

present Equation [3.6] in a useful form, the terms must be rearranged by decision 

variables. The decision variables are the number of units to produce, X,; the number of 

batches to process for each activity on each resource, Boga, the product sustaining 
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variable, Y,; the facility sustaining variable, Z,; the amounts of money to borrow and to 

lend out, W and V, respectively; the amount of resources to acquire, M*, and the number 

of resources to sell, M-. The following two simplifications are also made: The first is that 

the maximum activity, A, now denotes all the activities required, which include all 

activities for all relevant business processes. The notion of the s business process thus 

falls away. 

The second simplification is that the number of identical parts, k, and the number of 

different parts, q, that constitute a product are now part of the parameters that make up 

the model and will not be modeled separately. As an example of the second simplification, 

the material cost per item will now be calculated that already incorporates the number of 

different part numbers and the number of identical part numbers. Also, facility sustaining 

costs are driven by resource drivers and appropriate material costs. For example, the cost 

of renting a warehouse may by the driven by the square footage of the facility. Material 

costs, other than costs for material that go directly into the final product (typically the cost 

of a new main frame computer) are also accommodated in the third term in Equation 

[3.7], where C is the appropriate material unit cost and the driver, D, becomes the number 

of units. Equation [3.7] is the same as Equation [3.6], except that the terms are arranged 

by decision variables and that the two aforementioned simplifications are incorporated. 

P 

Max > {5,-L¥ YD3.C; * — MC? she, Yc M:-CoM7} 
p=i du =1 

[3.7] P R A 

LULU Ppa Chel Bye + Y +Z)}erv-rw 
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MAIN CONSTRAINTS 

This section analyzes the most prominent constraints in the proposed model. Trivial 

constraints that are relevant (numerous ones will exist) are omitted for the sake of 

conciseness. Constraints will be referred to by their dual variables in the model 

formulations.2> The main constraints are the resource capacity constraints and market 

demand and precedence constraints. 

Resource Capacity 

The demand on resources must constantly be traded off against resource capacities and the 

benefits from increasing or decreasing capacity, which results in increasing or decreasing 

the potential for output. This trade-off is accomplished by the set of resource constraints 

given in Equation [3.8] and the cost associated with it in the objective function. The set of 

resource constraints is first given in general form and is then explained with the use of an 

example. (Note that Equation [3.8] is called a set of constraints because this constraint 

applies individually to each resource. Therefore the notation Vr toward the end of the 

equation reads "for all resources.") The rationale of Equation [3.8] is as follows. The 

existing capacity of a resource type, K°, (the unit capacity multiplied by the number of 

existing units) must be equal to or greater than the total demand on the resource, plus the 

capacity that will be acquired, minus the capacity that will be sold off. The demand on the 

  

25Greek letters are used for the dual variables. Duality, as such, is not addressed (see the section on 
duality towards the end of this chapter for an explanation). However, using dual variables is applicable 
for naming constraints because of the characteristic that the number of dual variables is equivalent to the 
number of primal constraints (see Bazaraa, Jarvis, and Sherali [10], Chapter 6). The subscripts of the 

dual variables therefore indicate how many actual constraints exist for each set of constraints. A set of 
constraints is a collection of all similar constraints. 
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resource is given as the sum of the drivers multiplied by the decision variables X, B, Y, 

and Z. This concept, as well as how it ties into the objective function, is illustrated with a 

simple example as in Table 3.2. 

{DL (X,+B,,+¥,+Z)}-KiMi+KoM><K° Wr [3.8] pra 
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Ke = Existing resource capacity including all units of type r 

Kt = Unit capacity of resource type r considered for acquisition 

K- = Unit capacity of resource type r considered for disposal 

The two products, P3 and Ps, have three components and 1 component, respectively, that 

use a specific milling machine in separate activities. There is only one component, Q3, in 

product P3, and component Q7 has three identical units. The components Q] and Qo 

have one and two identical units, respectively. Each component has, for the given 

activities, a certain demand, say hours, on the milling machine given by the resource driver 

("Driver" in Table 3.2). As an example, Q3 would require five units (say hours) to be 

completed. The milling machine section currently has a maximum capacity of 200 

machine hours. There are 10 identical machines with a unit capacity of 20 hours each. 

Table 3.2 Resource Drivers For Two Products 
  

Product Component Driver 

P3 Q3=1 5 

Q7=3 4 

Q)=1 6 

Ps Qo=2 2     
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New machines (if new machines have to be purchased) have an equivalent capacity of 25 

hours. Thus, the total demand on the milling machine section due to products P3 and Ps 

are as follows: 

(5Q3+4Q7+6Q 1 )P3 + (2QQ)P5 - 25M,* + 20M," = 200 

(5*1 + 4*3 + 6*1)P3 + (2*2)Ps5 - 25M,* + 20M,~ = 200 

23P3 + 4P5 - 25M,* + 20M,- = 200 

Each unit of product P3 places a demand of 23 hours on the milling machine section, and 

product Ps demands four hours per unit. To take this example one step further, assume 

that one new milling machine costs $30,000, and the existing ones can be sold for $12,000 

each. The resource acquisition cost portion of the objective function for the mulling 

machines now becomes: - 30,000M,* + 12,000M,°. If a single new milling machine must 

be purchased, the overall capacity can be increased by 25 hours, which will result in 

increased production of either product P3 or Ps. This may result in higher revenues. 

However, the increased revenues must be evaluated against the cost of $30,000 of 

purchasing a new machine. The LP model will then select the best alternative. If 

however, the market demand over the planning horizon is limited to two units for P3 and 

five units for Ps, for a total demand of 66 hours, then the LP will probably suggest that 

some of the milling machines be sold, provided that no other activities require it. 

Total Production and Market Demand 

The total production quantity of a product should also not exceed the market demand over 

the planning horizon. This latter restriction is the market demand constraint (for the 
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special case where the market demand is constant) over all periods t and consists of the set 

of [5] constraints given in Equation [3.9]. (When the market demand is variable, the set 

of [e] constraints apply instead of the [5] constraints. See the section, "Variable Market 

Demand" and Equation [3.31]). 

T T 

> X,<5 > MD, Vp [3.9] 
t= t=1 1 

t = Period under consideration (maximum T) 

Total market demand for p 

Precedence 

Quite frequently, some activities must be preceded by one or more other activities. These 

requirements can be met with the double set of constraints expressed in Equation [3.10]. 

In both sets of constraints in Equation [3.10], the set of Al activities must be completed 

before the set of activities A2 can be attempted. 

P R_ Al 

TEDDY [Dheel Xpe + Bywa + ¥u + Z,)}< BM,,(1~¥) 
p=l t=tl r=1 al=1 

P T R_ A2 [3.10] 

2 Xd : {Divo Xp + Bora +Y¥,, +2z,)}< BMY, 

p=1t=tl+TL r=1 a2= 

BM,, = A number bigger than the combined resource demand for Al or A2 

re T 0-1 integer 

tl = Time at which the set of activities A] will end and A2 may start 

TL = Time lag between the end of Al and the start of A2 
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Equation [3.10] states that, in order to be feasible, there should exist at least one period t1 

between the period of consideration (typically the current time and, therefore, denoted by 

t=0) and the planning horizon (denoted by T) such that in the period from tl to T (perhaps 

excluding some time lag, TL, if appropriate) only activities a2 can be executed. In sucha 

case, Y,,=1. If such a tl does not exist, the set of al activities cannot be completed 

before the set of a2 activities. However, specifying precedence constraints is a very 

cumbersome task and should be avoided, if possible, by possibly aggregating activities 

having precedence requirements. The main reason for this is that as set of constraints 

(Equation [3.10]) must be specified for each activity that has a precedence requirement, 

and each such a requirement is associated with a unique 0-1 integer decision variable. 

When numerous precedence constraints are specified, the computational burden may 

become excessively high. If precedence constraints must be incorporated, it is suggested 

that all activities that belong together should be associated with a single 0-1 integer 

variable. Then, for example, it can be specified that design and development should be 

completed before production can start in a single precedence requirement. 

TIME VALUE OF MONEY 

Up to this point only aggregated production quantities and discounted cash flows have 

been considered, except for Equation [3.9], which disaggregates the total production 

quantity X, into their time dependent values X,, for market demand purposes. This section 

disaggregates the elements of the objective function and the constraints considered up to 

now into their relative time dependent forms. This disaggregation must be done not only 

to determine the production quantities for each period but also to consider the effects of 

inflation and other applicable interest rates. The objective function in Equation [3.7] 
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represents the net present value of the product portfolio. The disaggregated time 

dependent values must be associated with the relevant factor that represents the time value 

of money. A different interest rate can be associated with each source of funds (capital 

structure), and the interest rates can differ from one period to the next, provided that the 

interest rate associated with each period is constant for all periods from that period to the 

present time. As an example, if the interest rate two years from now is expected to be 15 

percent and three years from now 17 percent, the present value calculations for the time 

period two years from now is based on 15 percent per year for each of the two years 

which results in a factor for present value calculations of 1.15*1.15=1.3225. For the 

consideration three years from now the interest rate would be 17 percent per year for the 

three respective years which results in a factor of 1.17*1.17*1.17=1.6016. For simplicity, 

a single source of funds, and therefore a single interest rate, is assumed for each period. 

This assumption is later relaxed in the section, "Crossing Time Boundaries”. A constant 

interest rate is, however, assumed for lending. All the components of the objective 

function are broken down into their different time components in the same way. The 

revenue, as given in Equation [3.1], expands to Equation [3.11]. The total operating cost, 

Equation [3.2], expands to Equation [3.12]; resource acquisition cost, Equation [3.3], 

expands to Equation [3.13]; material cost, Equation [3.4], expands to Equation [3.14]; 

and the borrowing and lending amounts, Equation [3.5], expands to Equation [3.15]. The 

discounted facility sustaining cost expands to Equation [3.16].?6 

P P T + 

2S,%,= D427) Sir X pt [3.11] 
P= p=i t= 

  

26Note that the facility sustaining costs, as given in Equation [3.16], can also be incorporated in Equation 
[3.12]. Care must be taken, therefore, not to duplicate costs. 
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EES Y[D.C,(X, + Bye + ¥, +2) 
l=x,b,y,z p=l r=l a 

“ [3.12]. 
P T R_ A 

YOY Tle) hha Xp + Bane + Fo +Z,)h 
l=x,b,y,z p=l t=1 r=] a=1 

R T R 1 

DiCM; -CM; y= (4 Lr) (1M - CM} [3.13] 
r=] t=] r=] 

P P T -t 

> MC,X,=> > (14 1") MCX, [3.14] 
p=! p=! ¢t=1 

T 

V-W=dAery'y,-(14 7) ‘W,} [3.15] 
t=1 

FSC = x (147) FSC, [3.16] 
t=1 

Equation [3.16] can be considered redundant if the notation of Equations [3.7] and [3.12] 

are followed. The subscript t on the variables on the right hand side of Equations [3.11] 

through [3.16] denotes the time dependent variable during period t. For example, X, 

denotes the number of units of product p to be produced during period t. Y, denotes 

whether product p will be manufactured in period t. If Y,, is non-zero, then at least one 

Y« Must be non-zero. (This will later be incorporated as a constraint. See the set of [1] 

constraints in later model formulations.) This concludes the section on the time value of 

money. Subsequently, all previous sections are combined in models. 
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MODEL FORMULATION 

The purpose of this section is to formulate models based upon the objective function and 

the constraints developed thus far, and beyond. In total, nine models are provided. These 

are not different models; they merely represent different levels of complexity. The first 

model is the simplest, while the last is the most complex for profit maximization in this 

study. (Despite the fact that numerous publications on the modeling of discrete capital 

budgeting go fairly extensively into the dual formulation of the problem,?’ only the primal 

formulation is developed.) The models in this Chapter are referred to as Model [3.x] 

(x=1,2,...9). The models are referred to in the actual model formulations by only the 

number in the upper left hand corner of the models themselves. 

A basic model is developed first. Subsequently, multiple activities are included, lending 

and borrowing are allowed, and different levels of variability are explicitly addressed. 

Multiple time periods are used and additional required constraints are developed to ensure 

continuity if time boundaries are crossed. Subsequently, variable demand functions and 

variable resource acquisition costs are incorporated. A short summary of the proposed 

model is provided. Resources from different hierarchical levels are addressed. Because 

the demand on resources are aggregated for modeling purposes, this demand must be 

disaggregated into the fractions allowed for each product by each resource. 

Disaggregation is the final issue addressed in this section. 

  

27See, for example, Weingartner [185], Freeland and Rosenblatt [68] and [67], Hayes [78] and [77], 
Unger [179], Byrne et al. [28], and Quirin [148]. For an analysis of the dual problem see, for example, 

Bazaraa, Jarvis and Sherali [s93], Chapter 6; Lee, Moore and Taylor [112], Chapter 4; and Winston 

{190}, Chapter 5. Even though only the primal formulation is given the Greek letters in front of each 
constraint (or set of constraints) can be interpreted as the applicable dual variable. 
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A Basic Model 

The most important decision variables are the projects or products that must be 

undertaken, including the number of units to be produced, and the resources required to 

accommodate these projects. The objective function and the resource constraints of the 

basic model are given in Model [3.1]. The abbreviation "st" stands for "subject to." 

P R R 

[3.1] Max os, -¥0,C7 |X, SCM: 
r=] p=l r=] 

St 

P 

[e,] >) D,X,-KiM/ <K? vr 
p=l 

Model [3.1] is explained as follows: The first term in the objective function denotes the 

unit variable contribution.28 For each product the unit variable contribution is the 

difference between the sales price per unit of a product, S,, and the cost of utilizing all 

resources, as demanded by that product, that vary in direct proportion to the number of 

units produced of that product. The second term in the objective function denotes the 

cost associated with the acquisition of additional units of a resource. In the set of [p] 

constraints the total demand on the resource over all products (denoted by > DX , for 

each product) is balanced against the existing capacity, K°, and the total additional 

capacity that will be obtained by acquiring M*, additional units of resource type r. The 

benefit of acquiring additional resource units (by increasing the capacity and therefore the 

output) is traded off against the cost of doing so. 

  

28The unit variable contribution is not to be confused with the classically known contribution margin, 
which is the sales minus the total unit variable costs (see Horngren and Harrison [85], p.963). 
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The only decision variables in Model [3.1] are X, (the number of units of product p to 

produce, which will be zero if a better alternative exists), and M,* ( the number of 

resource units of type r to acquire). The set of [p] constraints is a simplified version of 

Equation [3.8] since Model [3.1] assumes that only one resource is used per activity and 

that only the acquisition of new resources is considered, not the disposal of redundant 

resources. Only the present value is considered without disaggregating it into the time 

dependent values. All the resources will probably not be required to establish all products. 

Only the necessary resources, and therefore the associated drivers, will be utilized. Thus, 

the subscripts p and r on the unit costs, C,, and the resource drivers, D,,, should have 

subscripts of their own to denote the maximum number of resources required for each 

product. However, for simplicity they are omitted. More activities are subsequently 

added to the basic model. 

Multiple Activities 

In Model [3.1] the assumption is made that each activity consumes only one resource, or 

conversely, that a resource only executes one activity. This assumption is very restrictive 

and not necessarily true. For example, the activity "design product ABC" may consume 

engineering, manufacturing, and testing resources, or the activity "manufacture engine 

XYZ" may consume resources simultaneously, including the following: production 

engineering, direct labor, assembly lines, a foundry, office space and electricity. Thus the 

assumption of a one-to-one relationship between resources and activities must be relaxed. 

This is accomplished in Model [3.2]. The only difference between Models [3.1] and [3.2] 

is that the resource driver in Model [3.2] is not only product and resource dependent but 

also activity dependent. The total operational cost per resource (for a single product) is, 
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therefore, the summation of all costs due to all activities that are performed while utilizing 

that resource. Equation [3.17] includes all the different activities that may be demanded 

by a product on a resource. 

A 

Dy-Cor = > Dora [3.17] 
a=] 

pr pr pra™~ pra 

The disaggregation of resource consumption per resource into consumption per activity 

and per resource does not alter the number of decision variables, X, (p=1,...,P) and M,* 

(r=1,...,.R). The number of constraints, therefore, does not change with the inclusion of 

different activities. Model [3.2] is similar to Model [3.1], except that multiple activities 

are included in the model formulation. As before, the variables R and A in Model [3.2] do 

not denote the absolute maximum number of resources and activities but rather the 

maximum number of resources used per activity (or vice versa) for any given product. 

P R A R 

[3.2] Max os, — YEP pChuhX, ->°CiM; 
p=!1 r=] a=} r=1 

St 

P A 

[P,.] > > D,.xX,-KiM; <K? vr 
p=i a=l 

Lending and Borrowing Activities 

The amount of money that can be borrowed, W, and the amount that can be lent out (as 

an additional investment), V, are both included in Model [3.3]. An additional restriction is 

placed on the system in that the total amount borrowed, W, should not exceed a pre- 
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specified amount, W*. This restriction is represented by the [6] constraint in Model [3.3]. 

The amount that can be invested, V, additional to the investment required for operations, 

is of little use in their aggregated, time-insensitive form (as represented by Models [3.1] 

and [3.2]) since V depends upon the flow of money as a function of time. For example, V 

in the current period depends on the amount of money that the organization had available 

in the previous period and on all the activities in the current period. This means an initial 

amount Vo, representing of the wealth of the organization at a specific point in time, must 

be specified, and is given by the [y] constraint in Model [3.3]. The concept of V will have 

more meaning in subsequent models when multiple periods are considered. 

P R A R 

[3.3] Max > {s, -¥ > D,.Ci, \x, -Y{CrMi}-1rew +1V 
p=) r=] a=] r=) 

St 

P A 

[p, | 22, PiaX,— Kr My < Ky Vr 
p=l a= 

[a] ww 

lz] %=”" 

Batches, Sustaining Activities, Market Demand, and M,- 

The decision variables are extended to include the variability of costs at all different levels 

and the number of resource units to dispose of, M. Batch, product sustaining, and 

facility sustaining decision variables are represented by B, Y, and Z, respectively. Because 

of the inclusion of these decision variables Equations [3.3], [3.7], and [3.8] can be 
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incorporated. Also, the constant market demand, MD, is introduced, which means that 

the set of [5] constraints (Equation [3.9]) can be introduced. The variability of costs 

(besides unit related costs included in Models [3.1] through [3.3]), are batch costs, 

product sustaining costs, and facility sustaining costs. The costs are incurred in direct 

proportion to the number of times the batch, product sustaining, and facility sustaining 

activities are executed. The decision variables for unit and product sustaining activities 

are uniquely determined by product. However, batch activities are more complex, since 

different activities of a product may have different batch sizes, even when utilizing the 

same resource. Therefore, in order to uniquely identify a batch activity, both the product 

and the resource must be known. Alternatively, the demand on a resource from batch 

activities is determined from both the product and the activity to be performed. The cost 

of batch activities is therefore individually determined for each activity on each resource 

for each product. The batch activity resource driver for each batch is defined by E,,,, and 

the cost associated with each batch is given by C*,,,. The decision variable for product 

sustaining activities, Y,, a zero-one integer, is uniquely determined by product. This 

means that there will be P additional decision variables in the model formulation with the 

introduction of product sustaining activities. 

The unit activity resource driver for product sustaining activities is given by F,,, with the 

associated unit cost CY,,,. The facility sustaining cost, FSC, is not product sensitive and 

can either be a total cost figure, as indicated by Equation [3.16], or it can be driven by the 

demand on resources, as in Equation [3.12]. In Model [3.4] the facility sustaining costs 

are incurred as a single cost while in Models [3.5] through [3.9] facility sustaining costs 

are driven by the demand for resources. It must be noted that batch sizes, although in the 

general case denoted by the decision variable, B,,, (for a single time period), will probably 
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often have a constant parameter value assigned to them. If, in fact, B,,, is used as a 

decision variable, the smallest number of batches will probably always be selected to 

minimize the batch related costs (provided batches are related to costs and not revenues). 

This would normally result in very large batch sizes, which would violate many Just-In- 

Time principles. Therefore, in order to appropriately use batch sizes as decision variables, 

some additional activities must be specified. The most prominent of such additional 

activities is rework activities. This means that the fraction of each batch that must be 

reworked must be specified, as well as the anticipated quality rejection rate. Rework 

activities can be specified separately from the original activities for the general case where 

the rework activities do not necessarily consume the same amount of resources as the 

original activities. A trade-off would then exist between the cost of having more batches 

(smaller batch sizes) and the cost of having more rework activities and cost. Only in such 

a case would B,,, be meaningful as a decision variable. 

In Model [3.4] the facility sustaining costs are expressed as a single cost figure. The 

assumption that facility sustaining costs are a single cost figure will later be relaxed to 

incorporate facility sustaining costs as a function of resource consumption, given by 

Equation [3.12]. The constant market demand is currently considered very crudely by 

placing a ceiling on the production quantity in each period equivalent to the market 

demand. (These assumptions are relaxed later to incorporate market demand functions 

that are directly evaluated against supply.) The total number of units of resource type r to 

dispose of, denoted by M.-, is treated similar to the number of units to purchase, except 

that it is considered a financial benefit. This means that the cost or benefit of selling 

excess capacity in the form of resource units (in either a discrete or continuous fashion) is 

incorporated in the objective function. However, decreasing capacity will result in a 
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potentially lower output, which is incorporated in the set of [p] constraints. The decision 

variables are X,, B,,,, Y,, M,*, M,-, and Z. The formulation incorporating these decision 

variables is given in Model [3.4]. 

A P R A P R A 

Y PyaCin Xp LLY EpaCps LYS Foal 
a=] p=l r=1 a=1 p=i r=) a=l 
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Model [3.4] incorporates three additional sets of constraints: [ny], [y] and [a]. The set of 

[nN] constraints is a set of procedural constraints used to ensure that the product sustaining 

costs (if any) are incurred if a product is manufactured. The parameter BMY in Model 

[3.4] is a constant just larger than the largest amount that X, can take on, probably 

determined by market demand. An additional benefit from using the set of [n] constraints 

is that if Y, is zero, Product p should not be manufactured. The [wy] constraint is also 

procedural and ensures that facility sustaining costs are incurred if any product is 
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manufactured at all. If the decision variable, Z (a 0-1 integer), takes on the value of 1, the 

company can be considered in business because it produces at least one product. If Z 

takes on the value of 0, the company should not be in business because it produces no 

products. The set of [a] constraints indicate the total cost of the total undertaking. There 

is a striking similarity between the second and the third terms of the objective function in 

Model [3.4]. The same similarity exists for the first three terms in the set of [p] 

constraints. The different resource drivers (currently denoted as D, E, and F) can be 

represented by a single driver with different superscripts, denoting the different levels of 

variability: D/, where / = x, b, or y, or z. The facility sustaining costs can be considered a 

single cost figure (Equation [3.16]), or they can be considered as an aggregation of the 

costs incurred due to all the activities that are performed on the facility level (Equation 

[3.12]). This cost is the summation of all activities and all relevant resources. It may be 

appropriate not to disaggregate activities into separate activities if all the relevant 

resources are devoted only to sustaining facility related activities, like a plant wide security 

system. However, when the resources used for facility sustaining activities are also shared 

among other levels of variability (unit, batch, and product sustaining activities), it is 

probably more appropriate to disaggregate the total demand on resources by facility 

sustaining activities into the different activity sensitive resource consumption rates, as 

expressed in Equation [3.16]. The demand that facility sustaining activities place on 

resources is denoted by D.2° Ifa single driver with different superscripts is used as a 

common driver, and if the facility sustaining costs are considered as a cost figure as a 

result of the consumption of resources, then Model [3.4] simplifies to Model [3.5]. The 

[a] constraint in Model [3.5] has also been expanded to include all cash outflows in 

[3.18]. (If the disposal of resources result in a cash outflow, it should be included in [a]). 

  

2°This notation is used in Equation [3.12]. 

Profit Maximization 97



P R A R 

= > YY (D.C. + MCX, + Baye t+ Zf+iCiMs [3.18] 
r=] l=x,b,y,z p=1 r=1 a=1 

RA R 

- LY Doce ~>{C7 Mi -CoMo}+9rV -1°W 
r=] r=] 

[3.5] Max os, 

-LYy 
p=1 r=1 a= 

A 

DC po B +¥,+2Z} pra 

ne
 
e
y
 
t
y
 

oil 
tl b 

y 
z 

a) XY YN Dx, +B, +¥,+Z}-KiM! +KoMe<K? Yr 
l=x,b,y,z p=1 a=1 

a X,—BM,Y,<90 Vp 

P 

ly] > X,-BM*Z<0 

[5,| v.<Mo, Vp 

[@ | W- VELOX, +B.,, +¥, +Z}-DoM; =0 

[a| w<W" 

iy] v=" 

Multiple Time Periods 

The models up to now only considered the aggregated present value. Equations [3.11] 

through [3.16] must now be incorporated in their expanded forms. All possible dollar 

values must be disaggregated into their different time-dependent values which means that 

all the decision variables, except Z, become a function of time. The decision variables are 

Xoo Yor Botras M*, and M>,. X,, indicates the number of units of product p to produce in 
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period t (aggregate planning); Y,, indicates the product sustaining activities that are 

associated with product p in period t; By, is the batch size of activity a of product p on 

resource r in period t; and M*, and M”,, are the number of resources of type r that must 

be, respectively, purchased and disposed of, during period t. Model [3.6] incorporates 

time and is the disaggregated form of Model [3.5]. The facility sustaining costs are 

expressed as in Equation [3.13] and have the same format as the batch and product 

sustaining costs. These costs are functions of the unit driver, D,,,,, the cost per unit 

driver, Cytra> and the number of times executed. The number of times each driver is 

executed depends on the decision variables in the third term of the objective function. 

Material cost (Equations [3.4] and [3.14]) as a unit variable cost is also introduced in 

Model [3.6]. 
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Crossing Time Boundaries 

Each parameter and variable which is dynamic with respect to time must explicitly be 

defined to the extent it changes over the exact time periods. For example, if Company X 

has debt in period t, and it does not pay the debt off between periods t and t+1, it still has 

debt in period t+1. Or if it does pay some of the debt off between periods t and t+], the 

exact amount is needed to evaluate the extent to which the debt is paid off. For the 

purposes of this study, there are three types of entities that have a dynamic nature with 

respect to time which must be modeled explicitly. They are resource capacity, the 

financial status of the organization, and inventory and shortages. The dynamic nature of 

the decision variables as a function of crossing time boundaries is partly expressed in the 

subscripts of the decision variables. Subsequently, the notation regarding the subscripts in 

the decision variables is first addressed after which the dynamic natures of the resource 

capacity, the financial status, and the inventory are addressed. 

NOTATION OF SUBSCRIPTS 

All subscripts other than inventory and the financial status (to be addressed subsequently) 

denote the status in the beginning of a period or during the period. Inventory and the 

financial status denote the situation at the end of the respective periods. For example, M*,, 

is the number of units of resource type r to acquire in the beginning or during period t. 

However, the assumption is made that the capacity of the resource is available for the 

entire period during which it is purchased.3° 

  

30There are mainly two reasons for this convention. The first reason the resource capacity is chosen to be 

available during the period of acquisition is because the assumption is made in Chapter 4 (see the section, 
"Cost of Excess Capacity") that the first year's depreciation on equipment is effective immediately after 
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DYNAMIC NATURE OF RESOURCE CAPACITY 

Resources, and therefore resource capacities, are dynamic over time. People are hired and 

laid-off, facilities and equipment are purchased (or leased) and sold, etc. (The acquisition 

and disposal of resources were considered in Equation [3.8].) If no resources are acquired 

or disposed of during the current period, the resource capacity in the following period is 

the same as in the current period. However, if resource units are acquired or sold in a 

time period, the resource capacity changes. This dynamic nature of resources with respect 

to time is portrayed in Equation [3.19]. 

K°=K?,,+K,,,M, M.., 
tr t-lyr t-l,r t-lLr 

— K™ 
t-lv 

vr, Vt [3.19] 

Equation [3.19] states that the total capacity of resource type r in the beginning of period 

t, K°,, must be equal to the total capacity of the same resource in the beginning of the 

previous period (t-1), plus the total capacity acquired (the unit capacity of the newly 

acquired resource units multiplied by the number of units acquired) during period t-1, 

minus the total capacity disposed of during period t-1 (the unit capacity of the old 

resource units multiplied by the number of units to dispose of). 

DYNAMIC NATURE OF FINANCIAL STATUS 

The financial status of the organization in any one time period must be equal to the 

financial status in the subsequent period, plus the changes that occur between the two 

periods recorded. The financial status considered here is the total amount of money the 

  

acquisition. The second reason for this convention is that the set of [x] constraints under this assumption 
does not have to cross time boundaries for any specific period. 
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company has generated up to the relevant point (when the financial status is considered), 

minus all the money that the company has been paid out (see Figure 1.1).3! This dynamic 

nature of the financial status over the planning horizon is a concatenation of T-1 two- 

period considerations, where a two-period consideration is the status of one time period 

relative to the status of the directly subsequent time period, and T is the horizon. The 

financial status at any one point in time plus the net profits and losses from that point in 

time to any other point in time gives the financial status of the later point in time. The net 

profit in a period is denoted by the variable PROF,. However, many linear programming 

packages restrict variables to non-negative numbers. To simplify the situation, PROF, 

then only denotes the net profit if the net profit is positive. A negative profit would be a 

debt and is denoted by D7. The financial status at any one point in time is therefore given 

by (PROF,-DT,). At most one of the variables PROF, and DT, can take on a non-zero 

value. The net financial status in period t is the financial status in period t-1 plus the net 

cash inflow minus the net cash outflow. This is given in expanded form in Equation 

[3.20]. 

PROF, - DT, =(1+1",)PROF_, -(1+1,",)DT_, - ¥\ {CtMit -C,M;} 
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Equation [3.20] can now be reorganized into profits, debt and cash inflows and cash 

outflows. This is accomplished in Equation [3.21]. 
  

31For simplicity it is assumed that all transactions are cash transactions. Allowances for doubtful 
accounts (see, for example, Horngren and Harrison [85], pp.371-378) are therefore assumed not to play a 
role. 
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The last two terms in Equation [3.21] are the net cash inflow and the net cash outflow, 

respectively, in period t. Equation [3.21] can be simplified by defining separate variables 

for the cash inflow and the cash outflow in period t. However, the total cash outflow has 

already been defined in Equation [3.18]. The cash inflow can now be denoted by the 

variable V, (originally defined as the amount lent out). Equation [3.22] defines V, as the 

total amount of cash inflow and consists only of the sales revenue and the disposal of 

excess resource capacity that results in a cash inflow. 

P R 

V.= > S,X.+ > CM, [3.22] 
p=! r=1 

If the disposal of resources result in a net cash outflow the cost should be included in 

Equation [3.18]. Equations [3.18] (cash outflow) and [3.22] (cash inflow) can now be 

used to simplify Equation [3.21]. This is accomplished in Equation [3.23]. The definition 

of the financial status of the organization at any point in time is, therefore, given by 

Equation [3.23] and is the set of [x] constraints in Model [3.7]. Equation [3.23] must, 

however, be used in conjunction with Equations [3.18] and [3.22].32 

  

32Equation [3.20] is reminiscent of the well known inventory and shortage formula which states that the 
inventory and shortages during the current period are equal to the inventory and shortages in the previous 
period, plus what is produced in the current period, minus the market demand during the current period. 
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PROF, - DT, =(1+/”,,)PROF_, -(1+1",)DT_, +V, -W, [3.23] 

It is evident from the objective function in Model [3.6] and Equations [3.18] through 

[3.22] that the model formulation can be simplified by removing duplicate terms. The 

objective function can now be stated as the maximization of the net present value of the 

financial status in each period. The financial status of each period is given by {PROF ,- 

DT,} and is defined by Equation [3.23] (the set of [x] constraints). Equations [3.18] and 

[3.22] are the sets of [a] and [E] constraints, respectively. 
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The single [x] constraint in Model [3.7] incorporates the definition of the financial status 

(as given in the objective function and the set of [x] constraints) and facilitates the 

initialization of the financial status at the beginning of the modeling process (t=0). The 

interest rate used for discounting the objective function, I, is considered known and is an 

input parameter at this stage. This discount factor will later on be removed.33 It should 

also be noted that there is an inherent assumption in Equation [3.22] that all products 

manufactured during any period will be sold during the same period.34 Model [3.7] is the 

final model before inventory and shortages are considered. 

DYNAMIC NATURE OF INVENTORY AND SHORTAGES 

Inventory and/or shortages can be carried from any one period to the next. For any one 

period, if the production quantity of that period is greater than the market demand for the 

same period, then the excess of the production quantity over the market demand is 

inventory. More accurately, if the total accumulated production quantity up to any one 

period exceeds the total accumulated market demand, then the excess amount is inventory. 

Also, if the demand during any one period exceeds the production quantity for the same 

period, plus the total inventory carried over from the preceding period (for the same item 

in question), the net amount is the shortage or backorder. For modeling purposes it seems 

fairly straight forward to multiply the inventory by the carrying cost to determine the cost 

of inventory. For a market demand MD, production quantity X, and carrying cost per unit 

CC, the inventory for a single period is given by (X-MD)*CC. If shortages occur instead 

  

33See the section, "Incorporating Different Interest Rates," later on in this Chapter. 

34This is a fairly restrictive assumption. It is, however, relaxed with the introduction of inventory in the 
subsequent section when sales (in units) are considered separately from production. However, when 

inventory and shortages are incorporated, the sets of [x] and [x] constraints must be reformulated. 
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of inventory, the shortage cost is (MD-X)*SC, where SC is the shortage cost per unit. 

Either inventory or shortages can occur, which means that at least one of the 

aforementioned formulas must be made obsolete.> This means that other decision 

variables must be introduced which will have to be multiplied with the quantity (X-MD).*6 

The problem with this type of formulation is that both X and the newly introduced 

variables are all decision variables, and since the product of these variables are taken, the 

result is no longer a linear problem. There is, however a fairly easy way around this 

problem. The inventory and shortage levels must be specified as a set of constraints and 

traded off against the cost of doing so in the objective function. The levels of inventory 

and shortages are given in Equation [3.24] and represents the set of [y] constraints in 

Model [3.8]. Equation [3.25] is the total cash outflow (Equation [3.18]) expanded to 

include the cost of carrying inventory and the shortage cost. Equation [3.25] replaces the 

set of [a] constraints in Model [3.8]. (If inventory is stored for another company (e.g., 

consignment sales) a cash inflow will result instead of a cash outflow.) 

Ly, — SL, = 1L,,4—SL,,,+X»_-MD,, ‘p,Vt [3.24] 
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35Technically, it is possible to have inventory and shortages at the same time. However, this is a further 
complication which will not be addressed here. For the purposes of this study it will be assumed that 
either inventory or shortages can occur, but not both (for the same item in the same period). 

36As an example of this, the following can be used as the total cost of inventory and shortages (where G 
and H are 0-1 variables): (X-MD)*CC*G + (MD-X)*SC*H. The constraints X>=MD*G; X<=MD*H; 

and G+H=] are additional. 
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The decision variables IL and SL denote the respective inventory and shortage levels, 

while the parameters C on and C on denote the unit inventory holding cost and unit shortage 

cost for product p in period t. Incorporating inventory and shortages has three major 

influences on the modeling process thus far. The first is that the assumption that the 

production in each period is not allowed to exceed market demand (the set of [5] 

constraints) must now be relaxed. This assumption is replaced with the assumption that 

the total production over the total planning horizon for each product is not allowed to 

exceed the total demand for that product over the same period. The amount of 

overproduction or underproduction in a period is now determined as a trade-off between 

available capacities, market forces, and carrying costs. Stated more accurately, the set of 

[5,,] constraints in Model [3.7] is replaced with the set of [5,] constraints. The less 

restrictive set of [5,] constraints is given in Equation [3.26]. 

T T 

> X, <>) MD,, [3.26] 
t=1 t=1 

The second influence on the existing constraints in Model [3.7] as a result of the 

introduction of inventory and shortages is that the set of [x] constraints must be modified. 

In the fifth term in Equation [3.23], >» S..X p> the assumption is made that all units must 

be sold during the same period in which they are manufactured. This term must now be 

replaced with a term that indicates the actual sales for each product in each period. The 

is given in Equation [3.27]. sales of product p in period t, denoted by Sales, 

Sales,, = IL ‘p.t-l +X,,-IL,, [3.27] 
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Equation [3.27] indicates that the total sales for product p in period t are calculated as the 

total inventory in the beginning of the period (which is the same as the total inventory at 

the end of the previous period), plus the total production of product p during period t, 

minus what is left in inventory at the end of the period. The total cash inflow, V,, must 

now be updated to incorporate as revenue only the sales and not the production quantity. 
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The sales, as calculated in Equation [3.27], replaces the production quantity in Equation 

[3.22], which results in Equation [3.28]. 

R 

Vo => S,,(IL, 4+ Xp — My.) +> CoM [3.28] 
p=l r=] 

Equation [3.28] indicates the total accumulated profits and total accumulated debt in any 

period for the situation where inventory and shortages are allowed. Equation [3.28] 

represents the set of [7] constraints in Model [3.8]. The third influence that the 

incorporation of inventory and shortages has on the modeling process is limited to the 

situation where costs are incurred (if any) with respect to inventory and shortages. Ifa 

cash inflow is incurred the set of [&] must be changed. The cost of inventory and 

shortages can now be included. In fact, the cost of inventory and shortages must be 

included in the set of [a] constraints for Equation [3.28] to remain valid. This proposed 

change, as well as Equations [3.24] through [3.28], are all incorporated in Model [3.8]. 

Variable Market Demand Function 

Up to now only constant product prices were considered. However, this is not necessarily 

the case in practice. Quite often, the market absorbs a product at a decreasing unit cost 

with increased supplies. The demand function relates the price the market is willing to pay 

for a given quantity of a product.3” This situation is depicted by a typical non-linear 

decreasing curve in Figure 3.4. 

  

37See Samuelson and Marks [159], Chapter 3, for discussion on demand functions 
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Figure 3.4 Linearization of the Demand Function 

X = Quantity to supply 

= Sales price for X 

Although likely, the demand function does not necessarily have the shape as depicted in 

Figure 3.4. The price per unit is given on the Y-axis for the quantity of goods supplied on 

the X-axis in Figure 3.4. In the likely case that the demand function is non-linear (as in 

Figure 3.4) this demand function must be linearized in order to be used in linear 

programming. This linearization is also given in Figure 3.4 by the step function.3® The 

values of S* and X” in Figure 3.4 are the respective sales prices per unit for the quantities 

supplied to the market. If, for example, a quantity between the values of x," and x," is 

supplied to the market, the sales price per unit is Ss," In general terms, S;, (for b, = 

1,2,...,B,) are the prices that the market is willing to pay for the quantities of goods 

  

38Note that the linearization process in Figure 3.4 is fairly crude. This results from the assumption that 
the sales price remains constant for a series of products. This is not necessarily the case. In the case 
where this assumption is too restrictive, the same process can be followed as in the series of Equations 
[4.8] through [4.13] in Chapter 4 where a nonlinear curve is linearized with lines tangential to the 

nonlinear curve. However, for simplicity, it is assumed that a constant price for a series of products 
adequately represents reality. 
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x, to Xo 39 Three changes (one in the objective function and two in the constraints) to 

Model [3.8] are required to incorporate the variable demand function for products. The 

objective function given in Model [3.8] represents the constant demand function and must 

be changed. The first term in the objective function of Model [3.8], the unit variable 

revenues and costs, is substituted with the expression in Equation [3.29] which denotes 

the linearized costs from the nonlinear demand function. 

P T -t B, RA 

>> (14+7") 2S. ~ DY Din. = MCs bp [3.29] 
p=) t=1 b,=1 r=] a=] 

The expression in Equation [3.29] states that for each different price break, or different 

value of Ss, in Figure 3.4, a different unit variable contribution must be developed. If 

there are B, different prices for product p in period t, then the first term of the objective 

function will consist of B, different unit variable contributions for that product in that 

period. However, a decision must be made as to which quantity with its associated price 

must be selected for each relevant product in each relevant period. These determinations 

are accomplished by two sets of constraints. The one set of constraints is a modification 

of an existing set of constraints, while the other is a new set of constraints. The existing 

set of constraints that must be changed is the set of [y] constraints expressed in Equation 

[3.24]. The reason this set of constraints must change is that it contains the market 

demand, MD, as a constant. The market demand is no longer a constant (for the variable 

demand case). For the variable demand case, Equation [3.24], and therefore the set of [y] 

constraints, is replaced with the set of [m] constraints, as indicated in Equation [3.30]. 

  

39For the purposes of this study it is assumed that the demand function can be determined and is in fact 
known. Also, it is beyond the scope of this study to determine the size of the intervals from b, to by ,and 
the maximum number of intervals B,. 
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Note that the set of [y] constraints remains for the time periods in which a product has a 

constant demand function. The production quantity, X,,, is determined from Equation 

[3.30] by balancing market forces with production and inventory. Note that the set of [y] 

constraints is not in totality replaced with Equation [3.30]; only the set of [y] constraints 

for products with a variable demand function is changed to the form of Equation [3.30]. 

B, 

— SLi tXp- >i Xe, (Vt,Wp) [3.30] 
b, =1 

IL, — SL, = IL 
Pt-1 MD<const 

For the products with constant market demands (or more precisely, for the periods in 

which a product has a constant market demand) Equation [3.24] is still the valid set of [y] 

constraints. There is also a totally new set of constraints, the set of [€] constraints in 

Equation [3.31], required to match the quantities (in Figure 3.4) with the unit prices for 

each number of units. The set of [€] constraints are only imposed for products with a 

variable demand function. The set of [6] constraints remains for the products with a 

constant demand function. For clarity, the sets of [y] constraints and [5] constraints are 

provided in Equations [3.32] and [3.33] for the constant market demand case. 

Xie, < MD (Vb, Vt,VP) [3.31] 

IL, — SL yy = TL, , — SLyp4 +X pp —-MDy (Vt, P) po cone [3.32] 

T T 

Xn SD MDy (VP) sip cone [3.33] 
t=] t=1 
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Equation [3.31] specifies an incremental increase in production quantity, associated with 

the quantity and associated price at which the market is willing to absorb the product. An 

assumption for the use of Equation [3.31] in linear programming is that the price is strictly 

non-increasing for an increased supply over all quantities. This is a fairly realistic 

assumption and results in a simple constraint formulation.*© Although not a major change, 

the set of [a] constraints can also potentially change (see Model [3.9]). In summary, to 

include a variable demand function, Model [3.8] can be used with Equation [3.29], which 

replaces the first term of the objective function, and with Equations [3.30] and [3.31] to 

represent the variable demand case. Equations [3.32] and [3.33] remain for the constant 

demand function. 

Variable Market Supply Functions 

Quite often discounts, sometimes called quantity discounts, are received for purchases in 

bulk.*! Discounts are basically similar to the situation of variable demand functions. Both 

cases of resource acquisition and resource disposal are addressed. There are four changes 

that must be incorporated into Model [3.8] to accommodate the variable resource 

acquisition cost. The objective function must be changed; two sets of constraints must be 

changed (the sets of [p] and [x] constraints); and one new set of constraints must be 

added. The number of units of resource r to acquire in period t, M*,, was considered a 

general integer up to now. When multiple resource levels are considered (for a single 

  

4°Incorporating demand functions that are not strictly non-increasing is beyond the scope of this study. It 
is a potential area for research beyond this study to incorporate the variability of demand functions in 

general without excessively utilizing integer values and the so-called "Big-M" constants. 

41See Hax and Candea [76], pp. 140-145, for a thorough discussion of quantity discounts. 

Profit Maximization 113



resource type) it is better to denote each level of resource as a 0-1 integer variable (see the 

section, "Comprehensive Example" in Chapter 4). M+, is now replaced with the decision 

variable Mf, a 0-1 variable denoting the b," level (number of units) of the relevant 

resource. The cost associated with M7, is C,,. The same type of notation holds for the 

disposal of resources. The cash outflow must be changed to allow for the different levels 

of resources in each period. Equation [3.34] expands the set of [a] constraints for 

variable resource acquisition cost. 

RA 

We= LY (DoreCne + MC3 LX pe + Byna + Yon +Z} 
l=x,b,y,z p=1 r=] a=1 [3.34] 

R B, P , 

+> Mi, +d {Ci IL, +CiSL » | 
P= 

B, in Equation [3.34] denotes the maximum number of different levels of resources for 

each resource and for each case of acquisition and disposal. Strictly speaking, the 

notation in the expression in Equation [3.34] prescribes the same maximum number of 

different level of resources (B,) for all resources and for both acquisition and disposal 

cases. However, this notation is used only for simplicity. Usually, only resource 

acquisition or resource disposal is considered. 

For the special case in which both acquisition and disposal are considered for the same 

resource, distinctly different maxima should be used. Both the sets of [p] and [k] 

constraints include resources explicitly, and must be changed to accommodate the newly 

introduced level dependent 0-1 integer decision variable, M/;,. The set of [p] constraints 

changes to the set of constraints indicated in Equation [3.35], and the set of [k] 

constraints changes to the set of constraints indicated in Equation [3.36]. 
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P A B, 

Y YY Dal Xp + Bona + ¥o + Z}< Ko +> 15. Ki Mi, -b,.K;M;, } [3.35] 
b,=1 l=x,b,y,z p=] a=l 

~ “Se_dr r**t-Lr 

B, 

Ke = K?,, + 1 8,Kt,, Mri -8.Kia,Mire | [3.36] 
b, =1 

The notation in the last terms in Equations [3.35] and Equation [3.36] indicate that the 0-1 

integer decision variable, M,,, , is multiplied by the unit capacity of an additional unit and 

is also multiplied by the number of units considered at that level, b,. The assumption here 

is that all similar units of a resource have identical capacities. If this is not the case, then 

b,Kt, in both Equations [3.35] and [3.36] must be replaced with the total capacity 

associated with M,,, the number of units considered. If acquisition and disposal are 

considered in the same period, B, should have different values for each case. The same 

notation holds for the number of units of a resource considered for disposal. A new set of 

constraints 1s also introduced for the case of variable resource acquisition and disposal 

costs. This is the set of [A] constraints and is indicated by Equation [3.37]. 

B, 

UM, <1 [3.37] 
b, =1 

Equation [3.37] states that, at most, one level of resources can be considered for 

acquisition (or disposal). This is possible since M,, is a 0-1 integer decision variable. In 

summary, to incorporate variable resource acquisition and disposal costs, the set of [a] 

constraints in Model [3.8] changes to Equation [3.34]; the sets of [p] and [k] constraints 

in Model [3.8] are replaced with Equations [3.35] and [3.36]; and an additional constraint 
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is added (Equation [3.37]). None of the changes proposed for incorporating a variable 

demand function and incorporating variable resource acquisition and disposal cost is 

overlapping, which means that any of the sets of changes (for either variable demand 

functions or variable resource acquisition cost) can be incorporated into Model [3.8] 

without affecting the other set of changes, except for the changes in cash flows. 

It should be noted that in certain circumstances it would be preferable not to disaggregate 

the objective function such that some elements of the objective function are contained in 

the constraints. (See Model 4.6 in Chapter 4 for an example). This would typically occur 

in simple systems. As a general rule in such cases, whatever is contained in the definition 

of W in the set of [a] constraints can be omitted from the objective function, provided that 

W itself (and not only the cost of capital) is included in the objective function. It is 

expected that in many instances several of the terms in the objective function and 

constraints will have zero value and can therefore be omitted from the model. It is 

possible to combine certain constraints, especially when some of the variables default to 

zero. One such case is if the sets of [p] and [x] constraints are combined, as in Equation 

[3.38] in its expanded form. 

PA B, 

» ~DdX, + Bora +V, +Z}-> 1b, Ki Mi, —5,Ky, M;, } 
l=x,b,y,z p=1 a=1 b,=1 , 3 38] 

B, 

~ Kr, ~ > {b K;. Ms, — 5, Ky 6, M,_.1, } <0 vr,VI r°t-Lr 

b,=1 

Equation [3.38] is typically only used when the circumstances being modeled are relatively 

simple. As an example of Equation [3.38], assume that a resource is only used for unit 

variable and product sustaining activities and that only resource acquisition is considered. 
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Also, for simplicity, assume that the acquisition cost of the resource is independent of the 

quantity purchased (B=1 for both periods). This situation can be modeled as in Equation 

[3.39]. 

P A 

SUD, +¥,,}-CiM; — Cr Me, <0 [3.39] 
l=x,y p=1 a=) 

Equation [3.38]* indicates that the total demand that is placed on any resource in any 

time period should be less or equal to the capacity that was available at the beginning of 

the previous period (the third term), plus the capacity that was added on or deleted during 

the previous period (the fourth term), plus the capacity that is added on or deleted during 

the current period (the second term).*3 The third and fourth terms combined give the total 

capacity available at the beginning of period t, as is expressed in the set of [k] constraints. 

Incorporating Different Interest Rates 

Up to now the cost of capital was assumed to be constant for all borrowing opportunities. 

Subsequently, this assumption is relaxed. Different interest rates can be applied to 

different sources of funds, and each source of funds can have its own unique limit in terms 

of magnitude. The interest rate for lending is, however, considered fixed for this entire 

study. A major complication is associated with incorporating different interest rates for 

  

42See Equation [4.2] in the section, "A Comprehensive Example," in Chapter 4 for a specific, simplified 
version of Equation [3.39]. 

43Note that the subscript t for inventory purposes indicates the inventory level at the end of the period t, 
while for other decision variables it means either in the beginning or during the period. 
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borrowing. An interest rate is associated with each source of funds, which means that the 

total financial situation of the firm is a function of the weighted average of the cost of 

capital. This average cost of capital may be very difficult to incorporate in a single interest 

rate because of the potential dynamic nature of borrowing activities. An alternative for 

calculating an average cost of capital is to track each borrowing activity individually. This 

means that not only the borrowing activities must be considered, but also repayment 

activities, as a function of magnitude and time. A new decision variable is, therefore, 

introduced: PP; is the principle payment (the specific dollar amount paid off on a loan) in 

time period i for a loan made in period j. First consider a three period system in which 

only a single amount is borrowed at a possibly unique interest rate in each of the three 

periods. The three periods are denoted by 0, 1, and 2. The total debt is the total of the 

amounts borrowed in each of the three periods, plus the appropriate interest charges, 

minus the possible principle repayments. This is illustrated in Equation [3.40]. It denotes 

that the debt is only a function of the amounts of money borrowed, the cost of capital, 

principle payments, and time. 

DE =(1417) W,+{(14+7")K -(14+07)PR,}HW,-PR,-PP.} [3.40] 

In Equation [3.40] the total debt in period 2 is the sum of the amount borrowed in period 

0, plus the applicable interest charges over the two periods up to period 2; plus the 

amount borrowed in period 1 minus the possible principle payment in period | for the debt 

made in period 0, plus the applicable cost of the capital; and the total amount borrowed in 

period 2 minus the possible principal payments. Two aspects must be noted. First, the 

subscript in the variable for debt indicates the situation at the end of the period (as was 

explained for the financial status in a previous section, "Notation of Subscripts"). The 
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second aspect of concern is the assumption that the interest rates can differ from one 

period to the next (and from one source to another), but that the interest payable in a 

certain period is a function of only the interest of that period (and source, if applicable). 

Equation [3.40] is written in general form in Equation [3.41] and is the [D] constraint. 

With the assumption that the appropriate interest rates are inflation-free (see the section, 

"Assumptions," in Chapter 1), the total discounted debt is given in equation [3.42]. 

DT. = {(vesry'm- Zhi)", | [3.41] 
t 

i=0 jJ=0 

T 
DISDT = > DT, [3.42] 

t=0 

Complete Profit Model 

In this section all the elements discussed thus far will be combined in a single model, 

Model [3.9]. An improvement can be incorporated by defining a new variable for sales. 

Production and sales are in the models up to Model [3.8] all contained in the decision 

variable X,,. Subsequently, the number of units sold will be considered different from the 

number of units produced. This is especially necessitated with the allowance of inventory 
  

“4The only exception to the terms added together in a single model is the set of precedence constraints, as 

expressed in Equation [3.10]. This set of constraints can additionally be included, if required. However, 
as was noted in the section, Precedence, under Main Elements of the Objective Functions, in Chapter 3, it 

is advisable not to include this type of constraint if at all possible because of the computational burden it 
places on the system. The length of periods and the grouping of activities must be done in such a way to 
alleviate the dependence upon the precedence constraints. See all the models in Chapter 4 for a examples 
on how to avoid this type of constraint. Model [3.9] will therefore not include the precedence constraints, 
but it can be added if necessary. 
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and shortages. (Sales are subsequently defined.) First, the objective function is defined. 

The objective function in Model [3.8] is changed to incorporate the objective of getting 

the net present value without the complication of having a discount rate dependent on the 

optimal set of projects. (See the description of the problem in the section, "Inconsistent 

Solutions," in Chapter 1.) Iv is defined as the inflation-free interest receivable. Profit (the 

total discounted difference between the cash inflows and cash outflows before taxes) is 

now defined in Equation [3.43]. 

T 

PROFIT = ¥(1- 1°)" PROF, - DISDT [3.43] 
t=] 

PROF, indicates the total net positive cash flow in period t if and only if the cash flow is 

non-negative. The definition of debt must now be expanded to incorporate the principal 

payment of debt. This is required since the interest on borrowed money is only applicable 

as long as the money is outstanding. The new set of [7] constraints is defined in Equation 

[3.44]. 

B R Pr 

PROF, - DT, =(1+17) PROF, - DT, + REV,+ >> Cy, Ma, [3.44] 
r=] b,=1 

Equation [3.44] is similar in appearance to the combination of the sets [E] and [x] in 

Model [3.8]. However, its composition is different. The differences are that the debt is 

expressed as a single variable without the applicable interest rate (see Equation [3.50]), 

and the sales in the term > S (Ly +X,,- IL,,) in Equation [3.28] is replaced by the 

revenue in period t, denoted by REV,. The need for the latter change is brought by the 

fact that the variable demand function is not fully represented in Equation [3.28]. In 
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Equations [3.44] through [3.49], the linearized variable demand function is fully 

incorporated. A fundamental change is that the production quantity is separated from the 

sales. The variable X,,, is now replaced with the variable SLS,,,, where this latter 

variable indicates the sales in units of a product in a specific time period. If the sales are 

associated with a variable demand function, the exact number of units sold for a specific 

price, indicated by b,, is also incorporated by the variable SLS,,,.. This enables the more 

intuitive appealing notion of having a production quantity only being dependent on the 

product and the period (denoted by X,,) rather than including it as a function of sales. The 

revenue generated in a period, as introduced by the variable REV, in Equation [3.44], can 

now be defined in Equation [3.45]. 

PB, 

REV, = Sp, SLS ya, [3.45] 
p=1b,=1 

Equation [3.45] simply states that the revenue generated from sales in a period is the 

product of the sales price and the number of units sold for each batch (if applicable in 

variable demand functions) for all products. The sets of [ow] and [e] constraints, as 

represented by Equations [3.30] and [3.31], change to Equations [3.46] and [3.47], 

respectively. 

B, 

IL, — SL pp = Tgp, — Sipps + X pp — >, SES oy, (Wt, P) srrrecone [3.46] 
b,=1 

SLS 5 SMD jy (Vb,,Vt, VP), sone [3.47] 
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The actual amount of sales (in units) must also be calculated. This is accomplished in 

Equation [3.48]. Equation [3.48] simply states that the number of units sold is calculated 

from the beginning inventory, ending inventory, and the production of each product in 

each period. The beginning inventory is given by IL,,.* 

SIS,,=X,,+IL,,,-IL, t,Wp [3.48] 
pt 

The last change involves the cost of shortages. Shortage costs will most probably only be 

considered if a product is manufactured. Otherwise it can be considered irrelevant. This 

is a matter of discretion. If it is considered that shortage costs are incurred even though a 

product is not manufactured, the set of [y] constraints in Model [3.8] can be used as they 

are. However, if the shortage costs are only considered when the associated products are 

manufactured, the set of [y] constraints in Model [3.8] changes to Equation [3.49]. 

IL, — SL = IL yy) — Siggy + Xp — MD Yn (Wt, ) sy cone [3.49] 
ptr} 

Up to now only a single source of funds was considered for each period. This restriction 

is subsequently lifted. A total of B, sources of funds can be available for each period. 

(For simplicity, the fact that B, can differ from one period to the next is not incorporated 

by having different subscripts. This falls with the assumption that all subscripts are 

automatically a function of subscripts over prior summations, denoted by >») 

Incorporating different sources of funds in the same period at potentially different interest 

  

45The assumption was made previously that the subscripts denoting the time period for inventory denote 
the inventory level at the end of a period. This is why the beginning inventory in period t is given by the 
ending inventory in period t-1. 
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rates affects the objective function and the sets of [«], [B], [x], and [D] constraints. The 

objective function changes only with respect to the change in the debt. This is 

accomplished in Equation [3.50]. The parameter /,, in Equation [3.50] denotes the 

interest rate applicable to a certain source and limitation of funds in a specific period. The 

sets of [a], [B], and [D] constraints change to Equations [3.51] to [3.53], respectively. 

T 

DISDT = >" DT, [3.50] 
t=0 

P R 

-¥ EEE (Doan MCG SX a, + Boy hy +2} 
l=x,b,y,z p=| r=1 a=) [3.51] 

Dalen Mi, - Cy, Mz mbt Ll Cu lly +Cy Sl 
r=1b,= 

W,, < We. [3.52] 

t By t-i i~l t-i Dr=> {(v+7.) W,. - > (1+7,,) Pr, | [3.53] 
i=0 b,=1 j=0 

The interest rate that was applied to the value of D7,, in the set of [2] constraints in 

Model [3.8] is now a function of the specific amount and source of funds and is therefore 

not necessarily appropriate on the entire amount of debt. This is the reason for eliminating 

the interest rate on cash outflows from the set of [x] constraints and incorporating it in 

Equation [3.53]. The interest rates used in Equation [3.53] are functions of the source, 

the amount, when the debt was made, and each principal payment on each source of debt. 

This is all accomplished in Model [3.9]. 
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T ~ 

[3.9] Max PROFIT => (1+?) PROF, ~ DISDT 
t=] 

St 

Loe] YL ES Deal X + Bog +¥y + Z}- S10 KMS, +6.KoMz, }- KE <0 Wr, Vi 
b,=1 l=x,b,y,z p=1 a=1 

[| Xp -BM2Y, <0 Vt,Vp 
pt” pt 

P T 

[vy] SD x, -BM'Z<0 
p=) t=1 

r r 

[5,| DX pn s >_ MD, (VP), o> -cons 
t=] t=1 

ys, < MD,, (Vb, , Vt, VP), econ 

[an] %.- > Seay + MC2)X yp + Bog + Yq, +Z} 
l=x,b,y,z p=) r=] a=) 

-Y¥{c, M;, }- deen, +CESL,} Wb, Wet 
r=1b,=1 

¥ ] REV, YS yu, LS =0 Vit,Vp 
b,=1 

[Bo] Ws, < We, Vb,,VE 

[x ] PROF, - DT, = PROFIT’ 
P R B, 

m,) PROF, - DT, -(1+1’)PROF.,+DT_,->.REV,->,>\Ca, Mn, =0 Vt 
p=! r=15,=1 

[D,] DT -S¥(14%,,)° {m, ~L Ph |: 0 vi 
1=0 b= =0 _

 

ty
 

[D |] DISDT- TO (147,,) In -¥ PP, |=0 
t=0 b,=1 j=o 

1b, K*,, Ms }=0 vr,ve re ™t-lLe’’* t-lsrb, —6,K,,,M tl rb, M
e
 

k,| K,-K; 
fd t-lr 

b= 

X 5, + 1Ly yy ~ SLy 1) — Weg, + SL, — MD Yn, =0 (Wt, VP) so -cone 

_
 

B, 

[Oy] Xp + LL.) - SL p41 - Wy, + SL, - > SES py =O (Vt,YP) cone 
=) 

[E,.] SLS,,-Xp,—IL,,,+L, =0 Vt,Vp 

A M,, <1 Vr,Vt 
[2] » trb, 

b,=1 
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Summary of Proposed Model 

In this section a brief summary is given of the proposed model, in particular Model [3.9]. 

The objective function and the constraints are addressed in the same order in which they 

appear in Model [3.9]. The objective is to maximize the net present value of an 

organization by maximizing profit. The objective function is, therefore, the maximization 

of the discounted profit for each period (at a constant rate) over the planning horizon, 

minus the discounted debt. The set of [p] constraints trades the existing capacity for each 

resource off with the demand on the resource, and the profitability of either increasing or 

decreasing the capacity. The set of [n] constraints is procedural to ensure that product 

sustaining costs (if any) are incurred if a product is manufactured. The [w] constraint, 

again, ensures that facility sustaining costs (if any) are incurred if the organization is in 

business. The set of [5] constraints defines the total demand for all products that have 

constant market demands. The set of [¢] constraints specifies the market demand 

incrementally with respect to the prices the market is prepared to pay for any given 

quantity of a product. The set of [€] constraints is, therefore, used to accommodate 

variable market demand functions. The set of [a] constraints specifies the total cash 

outflow. The set of [‘Y] constraints determine the revenue as the product of the number 

of units sold and the appropriate sales price. The set of [B] constraints indicates the limit 

on the investment funds available in each period. In order to get a full picture of the value 

of the firm, the initial wealth is incorporated in the [x] constraint. 

Three different aspects need to be modeled explicitly with respect to their changing nature 

over time. These are the financial status of the organization, the level of resources, and 

the inventory and shortages of products. The sets of [x], [«], [y], and [o] constraints 
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provide these continuity characteristics. The set of [] constraints indicates the total profit 

or debt the company has at any point in time (the financial status). The debt is expressed 

in the set of [D] constraints. The discounted debt is a function of the borrowing amounts, 

the principal payment, the applicable cost of capital, and the relevant time period. The 

discounted debt is expressed inthe D constraint. The set of [x] constraints indicates the 

resource level for each resource as it changes over time, including which capacities must 

be changed and the amount of the change. The sets of [y] and [@] constraints indicate the 

level of inventory and shortages over time. The [y] constraints are for the constant market 

demand case, while the [@] constraints are for the variable market demand case. The set 

of = specifies the exact quantity in the number of units sold in relation to the production 

quantity and the inventory levels. Lastly, the set of [A] constraints is necessary to select 

only one quantity of resources to purchase for the case where the resource acquisition cost 

is variable (the variable market supply case). 

Table 3.3 is a list of all decision variables and parameters used in the complete profit 

maximization model, Model [3.9]. Note that not all of the subscripts always have to be 

present. For example, if the market demand is constant for a product, the subscript b, will 

be omitted from X,, . The decision variables where the demand function or the 

acquisition cost 1s variable, are mostly affected by the potential omission of subscripts. 

However, the all subscripts for each decision variable are given in Table 3.3. Table 3.3 is 

divided into three categories. The first category is a list of all the decision variables. (A 

decision variable is a variable that the decision-maker requires a value from as a result of 

the modeling process.) The second category is a list of all the parameters used. (A 

parameter contains an input value.) The last category contains a list of all the subscripts 

and superscripts used in Model [3.9]. 
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Table 3.3 List of All Decision Variables and Parameters 

Decision Variables 

B ptra 

DISDT 

DT, 
t 

IL ‘pt 

K° 

tr 

PROF, 

REV. 
pt 

SL ‘pt 

SLS 
pt 

W, 

Xx pb, 

Y 
pt 

Z 

Parameters 

BM», 

BM? 

Cir 

Cy 

Coa, 

= Batch size for a given product, period, resource, and activity 

Total discounted debt 

Total accumulated debt in period t 

Inventory level of product p during period t 

Capacity of resource r in the beginning of period t 

= Number of units of r to acquire in t for variable demand with b, 

= Number of units of r to dispose of in t for variable demand with b, 

= Principal payment in period j of debt made in i with interest in b,, 

Total profit in period t 

= Revenue from product p in period t 

Shortage level of product p during period t 

= Number of units of product p sold in period t 

Total cost for period t associated with interest indicated by b,, 

Production quantity of p in t for a market demand associated with b, 

= Product sustaining indicator: 0-1 variable; 1 if product is produced 

= Facility sustaining indicator: 0-1 variable; 1 if in business 

= A number just bigger than the probable production quantity of p in ¢ 

= A number just bigger than the total probable production quantity 

Unit cost to keep a unit of product p in inventory during period ¢ 

= Unit shortage cost for product p in period t 

= Acquisition cost per unit of MM; associate with batch b. 

  

46 All the decision variables and parameters appear in alphabetical order in Table 3.3. 
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Parameters (continue) 

PROFIT 

s ptb, 

SLS ys, 

W., 

\I 
ll 

ll 
\\ 

ll 
I 

Net cash inflow expected from the disposal of a unit of 4, with 5, 

Cost per unit consumption D7,,, 

Amount of resource r consumed by activity a in period ¢ for product p 

Interest rate in period ¢ associated with 5, 

Interest rate applicable to the investment of excess funds (only one) 

Interest rate applicable to borrowing funds 

Interest rate in period i associated with 5, 

Interest rate in period t associated with 5, (not same as /,, ) 

Capacity per unit of resource r considered for acquisition in period ¢ 

Capacity per unit of resource r considered for disposal in period ¢ 

Direct material cost per unit of product p in period ¢ 

Market demand for product p in period ¢ 

Linearized segment of variable market demand for p in ¢ 

Initial wealth (positive or negative) 

Sales price per unit of product p in period ¢ associated with 5, 

Sales of p in ¢ associated with 5, 

Total budget limit in period ¢ associated with 5, 

Subscripts and Superscripts 

a = Activity, with a maximum of A 

b 

b, 

b, 

b. 

Batch level activity 

Batch for purchasing units of resource r 

Batch for interest rate associated with w 

Batch for selling at a variable market demand 

i = Counter for time 

Profit Maximization 128



Subscripts and Superscripts (continue) 

j = Counter for time (not same as 1) 

! = Level of variability (/ = x, 5, y, z) 

p = Product or project, with a maximum of P 

r = Resource, with a maximum of R 

t = Time period, with a maximum of T 

x = Unit level activity 

y = Product sustaining activity 

Facility sustaining activity N il 

Hierarchy of Resources 

For simplicity, only one level of resources is considered in this chapter. However, it is 

possible to do planning on an aggregated level and then to disaggregate the level of 

planning to lower levels for modeling purposes. For example, the facility that 

manufactures gearboxes in a company may be considered a single resource for aggregated 

planning and modeling decisions. On a more refined level of planning and modeling, the 

resources within the gearbox division may be modeled. 

In a theoretical sense, there is no limit to the number of levels in the hierarchy that can 

constitute a final resource. In the proposed model any level in the hierarchy of resources 

can be modeled. Whatever level in the hierarchy of resources is modeled, it remains the 

responsibility of the modeler to ensure integrity of the system. In other words, the 

modeler must be consistent in what he or she considers resources and those resources 

must be a true representation of what the actual capacities are. Consistency, in this 
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definition, does not necessarily mean that all resources must be modeled at the same level, 

or that, if a specific level of one resource is considered, all the activities where that 

resource is involved should be modeled at that same level. This issue will not be analyzed 

any further in this study. The exact modeling aspects for different levels of the resource 

hierarchy, as well as how these levels form the hierarchy, is left as an extension to this 

study. (Note that it is probably inappropriate to make the assumption that the capacity of a 

resource at one level is simply the summation of the capacities of all the resources at the 

directly lower level, unless the lower level consists of a number of identical resource units. 

Diversity in lower level resources may therefore invalidate additivity.) 

Disaggregation 

An important aspect of aggregate production planning is the determination of how much 

of each relevant resource is devoted to each product in each period. The process of 

disaggregation in this study is accomplished after completion the linear programming 

modeling with the output data. 

For the modeling process the demand for each resource is aggregated over all products as 

a function of the unit, batch, product sustaining, and facility sustaining decision variables. 

After the modeling process, these data must be disaggregated to obtain the portion of each 

resource devoted to each product. This disaggregation is easily accomplished by 

disaggregating the first term in the set of [p] constraints, using the solutions for the 

decision variables as input. The total demand on each resource during a time period, D-, 

and the total demand on a resource in each time period apportioned to each product, Dons 

are given in Equations [3.54] and [3.55]. 
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P A 

Do= YY Dal Xp + Bona +¥qn + ZI [3.54] 
ptra 

A 

Di,= YY DX + Bina +P, +Z$ [3.55] 
l=x,b,y,2 a=1 

Several types of information can be derived from Equation [3.54]. Such information 

includes the total demand on a resource over the life of the resource (Equation [3.56]), the 

fraction that each resource is devoted to unit operation (Equation [3.57]), batch 

processing, product sustaining activities, and facility sustaining activities in totality, or the 

total demand on a resource by a product (Equation [3.58]). 

P T A 

Do = YY Dipl Xe + Bora +¥%n +Z} [3.56] 
l=x,b,y,z p=1 t=] a=1 

. P T A 

D, =D Deira p [3.57] 
p=) t=1 a=l 

. T A 

Di = YY Diya Xp + Bora + Yn +Z] [3.58] 
l=x,b,y,z t=] a=1 

The set of [p] constraints thus provides the means for disaggregation. Several methods 

other than those provided in Equations [3.54] through [3.58]. However, these methods 

will probably depend on each situation and can be adjusted as required. This concludes 

the section on the proposed model. 
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JUSTIFICATION 

This section validates the proposed methodology on a general level, as opposed to the 

specific numerical examples in Chapter 4 and Appendix B. The classical capital budgeting 

linear programming models are analyzed and compared with the proposed methodology.*” 

Although the classical models and the proposed model are compared at a general level, a 

few simple examples are also provided. The following five areas are addressed in direct 

response to the statement of the problem in Chapter | and the proposed methodology in 

Chapter 3: cash flows per project, the limited information available on the consumption of 

resources, fractionally accepted projects, the inadequacy concerning the horizon value, 

multiple variable parameters, and the modeling of resources in aggregate production 

planning. Finally, some conclusions are made regarding the potential contribution. 

Cash Flows Per Project 

In this section a comparison is made between the proposed model and the classical 

approach of cash flows per project. This section is organized as follows. First, some 

necessary conditions for optimality and usefulness for the classical models and proposed 

model are outlined. The potential limitations in the classical models are then identified and 

subsequently analyzed. Finally, the proposed model is directly contrasted with the 

classical models and some conclusions are made. 

  

47It is assumed that the classical capital budgeting linear programming models are those techniques and 
models that utilize the concept of maximizing profit by selecting the projects that yield the biggest positive 
net cash flows for a certain set of constraints, usually budgetary constraints. The most important 
contribution of these so-called classical capital budgeting linear programming models comes from 
Weingartner [185]. Numerous others have since extended the work of Weingartner (and others). Thus 
specific attention is therefore paid to the contribution of Weingartner. 
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CONDITIONS FOR OPTIMALITY IN CLASSICAL MODELS 

There are several conditions for optimality for linear programming models.4® However, 

because certain assumptions are made in the problem formulation, specifically as they 

pertain to the notion of cash flows per project, there are two necessary, but not sufficient, 

conditions for optimality and usefulness*? concerning the assumptions of the classical 

capital budgeting linear programming models. These are: 

1. Each project's cash flow must be correct and truly representative of the proposed 

project. 

2. Resources acquired and utilized must be considered discrete, when appropriate. 

The first of the above-mentioned conditions is obvious since a project is represented solely 

by its cash flows (see Model 2.2, for example): if the cash flows per project are incorrect, 

non-optimal decisions will most probably be made. The second condition is a condition 

for "usefulness" since resource units in practice usually come in discrete amounts. These 

additional conditions for optimality and usefulness are included to avoid the process of 

"analyzing and correcting” the results of the classical models.*° Despite the fact that these 

  

48See, for example, Bazaraa, Jarvis, and Sherali [10], Chapter 3. 

494 distinction is made between optimality and usefulness. Optimality is regarded purely as a 

mathematical characteristic. If the decision-maker formulates a problem incorrectly (with, for example, 
incorrect cash flows per project), the eventual solution may fulfill all the conditions for optimality 

concerning the specific problem formulation, but the answers may not be useful because projects are 

misrepresented by the cash flows. Another example that may shed light on the difference between 

optimality and usefulness is when resources are mistakenly considered continuous when they are, in fact, 
discrete. 

0See the section "Analyzing the Results of Weingartner and Bernhard's Models" in Chapter 4 for 
examples of post-processing. 
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conditions are dependent upon each other, they will be considered separately. The analogy 

of these conditions for the proposed model are the following: 

1. Costs must be correctly accounted for. 

2. Resources acquired and utilized must be considered discrete, when appropriate. 

The two sets of conditions for optimality and usefulness will be used for the classical 

capital budgeting models and for the proposed model, respectively. The rationale for the 

verification is to determine the total number of cash flows and product formulations, based 

on the given conditions for optimality, that will be required with the existing classical 

budgeting models to give answers that are at least as good as those obtained by the 

proposed model. 

POTENTIAL INACCURACIES IN CLASSICAL MODELS 

Weingartner [185] extended the work of Lorie and Savage [121] by acknowledging and 

modeling four types of interdependencies among projects.°!_ These types are totally 

independent projects, mutually exclusive projects, contingent projects, and compound 

projects (when the contingent projects are combined with the projects on which they 

depend). However, a very important interdependency among projects left unaddressed is 

the one that arises when different projects at times utilize the same resources, or fixed 

assets. Because this interdependency is not fully addressed in the classical capital 

budgeting linear programming techniques, non-optimal solutions or simply incorrect 

solutions, can occur.5? This phenomenon is illustrated in Models 4.1 through 4.6 in 

  

51 Weingartner [185], p. 11. 
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Chapter 4, as well as in the section, " Analyzing the Results of Weingartner and Bernhard's 

Models," also in Chapter 4. There are two reasons for the potential inaccuracy. They are 

listed below and are subsequently discussed: 

1. The so-called cash flows per project can be incorrect and not truly representative of 

the associated project. 

2. Fractional resources can be obtained from the classical capital budgeting LP models. 

PROBLEM 1: CASH FLOWS CAN BE INCORRECT 

In order to obtain cash flows per project, costs are allocated to products in the classical 

capital budgeting LP models. It is, however, doubtful that the correct costs are allocated 

to each product.°3 In fact, when resources are shared among different projects, it is 

extremely unlikely that the correct costs are allocated to the different projects, which 

means that the cash flows per project are not correct and truly representative of the 

project. This section explains the reasons for this phenomenon. (Note that it is possible, 

although not likely, for a cash flow to accurately represent a project, especially when all 

resources are devoted to a single project.) 

  

52Srinivasan and Kim [171] attempt to incorporate the interactions among products in the same market 
and among products sharing the same resources. However, they still use the concept of cash flows per 

project and incorporate interaction variables that would, for example, explain the impact on a product 
because of the sales figures of another product in some period. For two existing products and one 
potential new product their formulation would require 210 different interaction terms in the objective 
function for each time period. Because of the difficulty in determining the interaction variables, as well as 
the fact that each of the numerous interaction terms in the objective function is a function of a 0-1 integer 

variable, this methodology is probably of little more value than a theoretical contribution. Other 
contributions on interrelated projects include Giacotto [70], Thompson [174], and Park and Sharp-Bette 
[141]. 

53This fact is supported by several authors. See, for example, Proctor and Canada [147], p. 47: "One 
particularly acute critisism of the traditional model involves the fundamental problem of estimating cash 
flows." 
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"Fixed costs are often allocated on a per-unit-of-activity basis. For example, fixed 

manufacturing-overhead costs ... are allocated to units of production. As a result, such 

costs may appear to be variable in the cost records."°* Assume a resource R has a 

capacity of K and requires a capital expenditure of $C.5> The capacity K is in the same 

units as the allocation base and can be in machine hours per year, units of production per 

year, or any other convenient and accurate form.°* Assume two products, P; and P» (and 

only these two products) and demand capacities k, and k, (k,+k,<=K), respectively, from 

R. The total portion of the capital expenditure of $C allocated to P , is then 

(k,/(k,+k,))*C. In general form, if there are P products sharing resource R, then the total 

cost of R allocated to product p', C”, is given by Equation [3.59]. 

_yC _ &,X,C 
P > [3.59] 
DK, DX, 
p=l p=1 

Cc?   

The parameter k, indicates the capacity required for producing one unit of product p. A 

total of X, units are required from product p. If the demand for any product, say p* 

(p* # p'), changes from X). to X'. (xt, # x?,), it is evident from Equation [3.59] that the 

allocated cost to p' changes due to the change in p*. This shows that the price of a 

product, when resources are shared among different products, changes not only with the 

admission or omission of other products in the product portfolio, but also with the change 

in production quantity of any of the products in the product portfolio, provided the 
  

>4Hilton [141], pp. 242-243. 

55This value of $C may be the acquisition cost or some other cost. It is assumed that C is an input 
parameter. Determining the actual amount C is therefore outside the scope of this study. 

56See Horngren and Harrison [85], p.1135-1136, for a definition and description of an allocation base. 
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allocation base remains uniform. As an example, assume P, has a demand of 1,000 units 

and P, has a demand of 5,000 units. Both demands must be satisfied. Each unit of P, 

requires 0.5 hours of machine time and each unit of P, requires 1.5 hours. The machines 

have a unit capacity of 5,000 hours per year, and costs $100,000 per unit. Because all 

demand must be satisfied, two machines must be purchased. The total machine acquisition 

cost allocated to P, is then calculated as (1,000*0.5/((1,000*0.5+5,000*1.5)*200,000 = 

$12,500, or $12.50 per unit. If the demand for P, drops to 4,000 units, the machine 

acquisition cost allocated to P, is $16,667, or $16.67 per unit. The production quantity 

and production characteristics of P, did not change at all. However, the cost of P, 

drastically changed because of the "bigger overhead burden" that must now be carried as a 

result of decreased market demand for P,. The cost of a product is therefore dependent 

upon 1) the composition of the product portfolio and 2) the production quantities of all 

products in the product portfolio. This dependency of the cost is illustrated by Equation 

[3.59]. This means that the cash flow of a product also changes with respect to the 

inclusion and omission of other products in the product portfolio and the production 

quantities of all products.>” In a linear programming format (see Model 2.2, for example) 

it means that the project selection decision variable, x;, depends on the cash flow per 

project, a,, a parameter. However, the parameter a; also depends on the decision variable, 

x., especially when resources are shared among different projects. This mutual 3}? 

dependency (between project and cash flow) is not acknowledged in the classical capital 

budgeting LP models (see, once again, Model 2.2). It is therefore concluded that the 

static’? notion of cash flows per project is only an approximation of the so-called 

  

57Park and Sharp-Bette [141] indirectly support this point of view (p.282): "... generally, though, it is not 

possible to accept fractional projects without changing the nature of their cash flows." 

58"Static" here means insensitive for the inclusion of other products in the product portfolio, and 
insensitive to production quantities of the products in the product portfolio. 

Profit Maximization 137



"profitability" of projects when resources are shared among different projects, and much 

room is left for error because of this approximation. 

PROBLEM 2: FRACTIONAL RESOURCE UNITS IN CLASSICAL MODELS 

Resources, per se, are not modeled in the classical capital budgeting LP models. Only a 

cash flow is associated with each project.5? And since projects can be fractionally 

accepted, the underlying assumption is that resource consumption and resource acquisition 

are both continuous processes. Resource consumption may be a continuous process, or it 

may be approximated with little error by a continuous process. For example, the 

operational cost on a machine is incurred only as long as the machine is operated. 

However, in most cases resource acquisition cost is a discrete process (e.g., only an 

integer number of machines can be purchased). It is, therefore, not only possible but 

highly likely that the project selection decision variables associated with the cash flows 

would result in fractional resource acquisition and utilization. This means that the total 

cost of having in fact a discrete number of resource units is not accounted for.©? (Note 

that it is not practical to use integer values for resources for each cash flow per project 

(see Figure 3.1). For example, if integer values for CEOs are used a company may be 

required to have 50 CEOs or none at all.) 

  

5°This is probably the biggest reason for a very contestable statement by Hayes [78], p. 121: "No present 
worth or end cash formulation can provide any information on the optimal consumption (withdrawals 
from the system) over time." 

60This fact is clearly illustrated in the section, "Analyzing the Results of Weingartner and Bernhard's 
Models," in Chapter 4. For the conventional accounting system, for example, the so-called profit obtained 
from Weingartner's formulation (Model 4.1) of $370,790 drops down to $147,600. This simply results 
from the fact that the machines must be operated for 7,000 hours per year, as required in the solution, but 

that two machines are still required (at a unit capacity of 5,000 hours). However, the assumption is made 
that resource levels do not have to be fixed, a fairly realistic assumption. 

Profit Maximization 138



The second condition for optimality and usefulness in the section, "Conditions for 

Optimality in Classical Models," requires resource units to have integer values, when 

appropriate. In order to fulfill this requirement, the problems in the classical models must 

be formulated such that when additional resource units are required, these units have 

integer values when appropriate.£! This does not mean that all resources must be fully 

utilized; it simply means that fractional unit requirements must be rounded off to account 

for the total cost of acquiring discrete resource units. Since projects are allowed to share 

common resources, the total demand on each resource must be aggregated (across all 

projects) and converted to a multiple of the resource unit capacity in order to require an 

integer number of units for that resource. To aggregate the demand for each resource 

P 

over all projects means that (from Equation [3.59]) the quantity IF must be known. 
pal 

However, this quantity is a function of the projects included in the product portfolio, as 

well as the extent to which each project is included in the product portfolio, which are all 

decision variables. (This point was stressed previously.) This means that the only way in 

which integer values can be obtained for the number of units for each resource is to know 

beforehand the total demand on each resource, which is a definition of the products 

included in the product portfolio, as well as the extent to which each project is included. 

Therefore, to satisfy the second condition for optimality and usefulness (considering 

resources as discrete entities), a separate cash flow must be developed for all combinations 

of all projects. There are (2”*) combinations of all projects, including the do-nothing 

alternative, where P* is the maximum number of projects sharing some resources, not 

  

61For the remainder of this section it will be assumed that resources come in discrete amounts. The 
conditional "when appropriate" will therefore subsequently be omitted. 
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necessarily all the same resources. The total number of different product combinations, 

(2?*), is only for one set of resources. If one resource unit is added to a resource that is 

P 

shared among some products, the capacity changes, which means that >» k, will probably 
p=i 

change. (As an example, if one machine is added in the example problem in Chapter 4, the 

R* 

total solution space changes completely.) There are, in total, [[¢.- such potential 
r*=] 

changes, where R* is the maximum number of resources shared by different projects, and 

Q.. is the maximum number of units considered for resource r*. Therefore, when integer 

values for resource units are required, the total number of cash flows required to ensure 

that the second condition of optimality and usefulness is satisfied is then equal to 

(2°) ] Q... 
r*=] 

As an example (the same example used in Models 4.1 through 4.4), for four products and 

two resources (machine and labor) with a maximum of 10 laborers and four machines, the 

maximum number of cash flows required to satisfy the second condition of optimality and 

usefulness amounts to (24)(10*4) = 640. However, some limiting assumptions are made 

in this regard. 

ASSUMPTIONS 

R* 

There are two assumptions involved in concluding that there are (2")T] Q.. cash flows 
r¥=] 

required to meet the second condition of optimality and usefulness. These are listed below 

and subsequently discussed. 
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1. For each potential product portfolio the decision-maker knows exactly which 

combination of products and resources yields the best solution. 

2. The project selection decision variables are all 0-1 integer values. 

Assumption 1: Prior Knowledge of Each Product Portfolio 

This first assumption requires decision-makers to have complete knowledge as to the best 

utilization of a given set of resources for any combination of products and resources. This 

assumption is very restrictive. Say, for example, the consideration is that all four products 

(Table 4.1) must be produced and exactly two machines and five laborers must be utilized. 

It then means that the decision-maker knows exactly how much of each of the four 

products must be produced with the resources limited to two machines and five laborers 

to yield the best solution for this consideration. A linear program will most probably have 

to be developed just to solve this problem for each product portfolio and each number of 

resources. The total number of problem formulations can therefore amount up to 

R* 

2(2”*)T | Q.., or 1,280 for the simple example of four products, four machines, and ten 
r=] 

laborers. Subsequently, a very simple example is given to show that the same solution will 

be obtained by one of these cash flows (from the classical models) than what is suggested 

by the proposed methodology. Assume that the current consideration is only product P», 

three laborers, and one machine (a specific case of Tables 4.1 through 4.5). The most 

restrictive resource is the machines with a total capacity of 5,000 hours per year. At a 

demand of 0.5 hours per unit of Pz on the machines, a total of 10,000 units can be 

manufactured. The investments® required are then $100,000 for one machine (Table 4.4), 
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3*$21,000 for the three laborers (Tables 4.2 and 4.4),© and $50,000 for product 

sustaining costs (Table 4.2). The total investment required is then $213,000. According 

to Equation [3.59] and the assumption that only P> will be considered, all this investment 

cost must be recovered by Py. This means that the total investment cost per unit is $21.30 

(213,000/10,000). The actual estimated revenues are then $600,000 (from Tables 4.1 and 

4.5). The unit variable costs for material and machine operational cost amount to ($6,000 

+ 5,000*$15) = $81,000. The batch costs are 300*(120+125+25) = $81,000. The total 

cost is then 213,000+81,000+81,000 = $375,000. Weingartner's model can then be used 

to solve this simple problem, which yields exactly the same answers as the proposed 

methodology in Model 4.6. (C is the total cost of the undertaking.) 

MAX 600000 P2 - C 

SUBJECT TO 

2) 375000 P2-C= 0 

3) P2<= 1 END 

OBJECTIVE FUNCTION VALUE 

1) 225000.00 

VARIABLE VALUE REDUCED COST 
P2 1.000000 .000000 
Cc 375000.000000 .000000 

Assumption 2: Project Decision Variables Are 0-1 Integers 

The second assumption (as it pertains to the number of problem formulations and cash 

flows required to satisfy the two conditions for optimality and usefulness), is also a fairly 

  

62In the section, "A Comprehensive Example," in Chapter 4 the assumption is made that the discretionary 
investment cost (the set of [«] constraints) consists of resource acquisition costs and product sustaining 

costs. This definition of investment cost is used for the purposes of this example. 

63The assumption is made in Chapter 4 that the cost of labor is discrete. 
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restrictive assumption. It assumes that all products are either taken or rejected. Take, for 

example, a budget restriction (in the previous example) on the total amount that can be 

borrowed as $180,000 ($33,000 less than the $213,000 allowed). If this $33,000 is 

deducted from the total investment allowed, and therefore deducted from the total cost 

(C=$375,000), and placed as an additional restriction on the system (C<=342,000), the 

solution of Weingartner's model is as follows. 

MAX 600000 P2 - C 
SUBJECT TO 

2) 375000 P2-C= 0 
3) P2<= | 
4) C <= 342000 

END 

OBJECTIVE FUNCTION VALUE 

1) 205200.00 

VARIABLE VALUE REDUCED COST 
P2 912000 000000 
C 342000.000000 000000 

When these results are analyzed, it is found that a total investment amount of $180,000 

can pay for product sustaining costs of $50,000, one machine at $100,000, and only one 

laborer hired for $21,000, for a total investment of $171,000. This means that the 

bottleneck capacity has shifted from 5,000 hours for the machine (6,000 hours of labor 

was available before the budget restriction) to 2,000 hours of labor after the budget 

restriction. With 2,000 hours of labor only 4,000 units of P> can be manufactured for a 

total revenue of $240,000 (see Table 4.5). The other costs incurred would be material 

costs (4,000*6*0.1 = 2,400), machine operation costs (2,000*15 = 30,000), and batch 

costs ((4,000/10,000)*300*(120+125+25) = 32,400). The total cost is therefore 
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$235,800, which leaves a total profit of $4,200. This actual profit of $4,200 (with only 

40 percent of P> manufactured) is vastly different from the profit of $205,000 (with 91.2 

percent of P> manufactured) proposed by Weingartner above. Note that if multiple 

products are considered in the product portfolio and a budget restriction (or any other 

restriction) will have a visible impact on the solution, not only will the bottleneck 

capacities potentially change, but also the total cost structure (see Equation [3.59]). It is 

therefore concluded that any restriction on the system such as a budgetary constraint that 

would result in the fractional acceptance of a project, as proposed by the classical LP 

models, would require an additional analysis of the solutions to verify the integrity of the 

results. This is especially true when resources are shared among different projects. (For 

an example of this type of analysis, also called post-processing, see the section, "Analyzing 

the Results of Weingartner and Bernhard's Models," in Chapter 4.) The magnitude of the 

analysis is determined by several factors, including the total available capacity, the unit 

capacities of the different resources, the market demand for the products under 

consideration, and all the different costs involved. This type of analysis can easily become 

so complicated that additional linear programming solutions (or other types of solutions) 

may be required. Since a restriction may have a significant influence on any solution, the 

total number of additional analyses, or problem formulations, may easily reach 

(2°)T] Q.., provided that one and only one analysis is required for each possible product 
ro] 

portfolio, set of resources, and a set of constraints. The total likely number of cash flows 

and problem formulations required to satisfy the necessary conditions for optimality and 

  

64This value is the same value obtained from Model 4.8. 

Profit Maximization 144



R* 

usefulness if the above-mentioned assumptions are relaxed, amounts to 3(2? “TT Q... For 
r*=1 

the simple example of four possible projects and two resources, with the maximum 

numbers of units of four and ten, the maximum number of cash flows and problem 

formulations is 1,920. To conclude the attempt to justify the first specific problem area of 

this study (i.e., using cash flows per project can be inappropriate and incorrect), a 

comparative summary is given between the classical discrete capital budgeting techniques 

and the proposed methodology. 

COMPARISON BETWEEN CLASSICAL AND PROPOSED MODELS 

A comparison between the classical capital budgeting LP models (with the notion of cash 

flows per project) and the proposed model (where costs are not allocated to projects or 

products) leads to the following two conclusions: 

1. Projects can be misrepresented by cash flows in the discrete classical capital budgeting 

LP models. There are two reasons for this®: 

a) The project selection variables, x;, depend on the cash flows per project, a;. 

However, the cost of a project, and therefore the cash flow per project, depends 

upon the definition of the product portfolio and the quantity of each product in the 

product portfolio sharing resources (see Equation [3.59]). In short, a, also 

depends on x,. This fact is not recognized in the classical capital budgeting 

models. The primary reason is that the notion of cash flows per project in the 

  

©5Models 4.7 and 4.8, relative to Model 4.6, provide examples for these reasons. 
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discrete classical capital budgeting models has an inherent assumption that the cost 

incurred by the acquisition and operation of resources is continuous and 

proportional to the market demand for (or production of) products. In general, 

this is a crude assumption since resources are mostly acquired in discrete amounts. 

b) In the classical capital budgeting LP models, all costs can be considered variable 

with units of production (or even continuous) because projects can be accepted 

fractionally. Batch, product sustaining, and facility sustaining costs are not 

recognized as variable at their respective levels. (See the section, "Analyzing the 

Difference” in Chapter 4). 

2. Answers similar to those obtained from the proposed methodology can be obtained 

from the classical capital budgeting LP models. This is expected, since the solution 

space remains the same for both the classical models and the proposed methodology. 

This was shown in the examples above and in Model 4.6. However, in order to fulfill 

the necessary conditions for optimality and usefulness, as pointed out in the section, 

"Conditions for Optimality in Classical Models," the classical models require up to 

R* 

3(2")T | Q,. cash flows and problem formulations, where the proposed methodology 
r*=] 

provides the final answer in a single run. The proposed methodology is especially 

designed to incorporate the second necessary condition for optimality and usefulness. 

The first condition does not directly apply to the proposed methodology, since costs 

are either discretely or continuously, incurred directly as demanded.® 

  

66See Equations [3.7] and [3.8] and the section, "Resource Capacity under Primary Constraints," in 
Chapter 3 for an elaborate discussion on how costs are directly accounted for when they are incurred. 

Profit Maximization 146



Little Information on Consumption 

The second specific problem addressed in this study is the limited amount of information 

available in classical capital budgeting LP models. The primary reasons so little 

information is available in the classical capital budgeting LP models are that each project 1s 

totally represented by a cash flow, and because of potentially inconsistent solutions (see 

the section, "Inconsistent Solutions"). Thus the decision-maker therefore has to know 

(apart from the modeling process) exactly how much each project, if totally or fractionally 

accepted, will demand from each resource. That is a tall order. With the proposed 

methodology, the cost in the objective function is driven by the demand for (or 

consumption of) resources and the demand for new resources. The demand for new 

resources is traded off between the cost of the new resources in the objective function, 

versus the increased sales as a result of increased capacity, also in the objective function. 

The cost and benefit of additional resources are balanced by the set of [p] constraints. In 

fact, the decision variables of the proposed methodology contain the number of units of 

each product to produce in each period, and including the number of units of each 

resource to acquire or dispose of during each period, the total demand on each resource in 

each period for each product which is obtained from the disaggregation process and other 

decision variables (see the set of [p] constraints). This means that not only the exact 

deterministic consumption of each resource is given, but also the slack, or excess capacity, 

of each resource.*? Also available from the proposed methodology is the exact financial 

status, inventory level, and level (or capacity) of each resource at any one point in time. 

In fact, 16 different decision variables are modeled in the proposed methodology. (See 

  

©7See, for example, the output of Model 4.6: three laborers and one machine must be purchased. The 
machines have no excess capacity, but there are 1,000 hours of excess labor capacity. 
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Table 3.3 and the section, "Summary of Proposed Model.") None of this information is 

available with the classical models. 

Fractionally Accepted Projects 

The third specific problem area addressed in this study concerns the impracticality of the 

notion of a fractionally accepted project in the classical capital budgeting LP models. In 

the proposed methodology there are no "fractionally accepted projects," simply because 

the decision variables are structured to represent actual output. The Y vanables (the 

product sustaining variables) are 0-1 integer variables that indicate whether a project is 

undertaken (Y=1) or not undertaken (Y=0). The production output decision variables, 

X,, are the actual amount of output associated with each project that is accepted in each 

time period. (See, again, Model 4.6: only P> is accepted with Y2=1, and the output 

required from P> is 10,000 units.) These are very practical results. 

Inconsistent Solutions 

The fourth specific problem area addressed in this study concerns the concept of 

inconsistent solutions that may occur in the classical capital budgeting models. 

Inconsistent solutions can occur because of a potential clash in interest rates if especially 

the discounted present value formulation is considered for different projects. Because the 

proposed methodology does not utilize the concept of cash flows per project, and because 

the organization as an entity borrows or invests money, each borrowing activity and each 

lending activity can be incorporated at its own unique discount rate. 
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Inadequacy Concerning Horizon Value 

The fifth specific problem area directly addressed in this study concerns the inadequacy of 

the horizon models to model accurately profit. The reason for the concern is that 

maximizing the profit at some horizon does not necessarily truly maximize the net present 

value, provided that unique discount rates are not available (which is the case with the 

classical capital budgeting models). One of the big advantages of popular horizon models 

is that they alleviate the problem of obtaining inconsistent solutions. However, because 

the proposed methodology does not give inconsistent solutions with respect to interest 

rates (see the section, Inconsistent Solutions), using an horizon approach is redundant, 

even though it may provide the same answers than the net present value. 

Variable Market Supply and Demand Functions 

The sixth specific problem area addressed in this study is the incorporation of variable 

market supply and demand functions. Any product (for variable market demand) and any 

resource (for variable market supply) can have a unique pattern of variability, including a 

unique pattern per period.©® The variable market supply and demand functions can be 

modeled simultaneously, including the unique characteristics of each product and each 

resource. The proposed methodology does handle these two multiple variable parameters, 

including all other relevant aspects, in a single model and it provides the final answer in a 

single run.6? The approach in this section, as in the section, Cash Flows Per Product, will 

  

68The assumption was made, however, that the market demand is strictly non-increasing with increased 
output. No such assumptions were made with the resource acquisition cost. 
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once again be to determine how many cash flows and problem formulations are required 

for the classical models to comply with the conditions of optimality and usefulness (as 

outlined in the section, Conditions for Optimality in Classical Models). 

R* 

In general (as described in the section, "Cash Flows Per Project") 3(2”*)T] Q.. different 
r=] 

possible problem formulations are required to ensure that the two stated conditions for 

optimality and usefulness are met. However, it does not incorporate any variable 

parameters. For each different cost per unit for a resource, the total cost to be allocated 

(the parameter C in Equation [3.59]) changes, which means that the cost allocated to each 

product (CP in Equation [3.59]) changes. This means that the cash flow per product 

changes. Therefore, the cash flows per project potentially change with each change in 

cost figure. The total of such cost changes as a result of variable resource acquisition cost 

R' - 

amounts to > (B, ), where B., as defined as in Equation [3.34], is the maximum number 
r=) 

of batches into which the acquisition cost is divided (see Figure 3.4 and Table 4.11). 

However, to differentiate between the different resources that have variable resource 

acquisition costs, the notation (B,), is used. R' indicates the maximum number of different 

resources that have variable resource acquisition costs. Since each different cost 

parameter has an influence on the cash flows, the effect of variable resource costs has a 

multiplicative influence on the total number of cash flows and problem formulations. This 

means that for the situation of mutual resource consumption and variable resource 

R* R' 

acquisition cost there are 3(2”*)T | Q.. > (B, ). different cash flows and problem 
r*=) ris] 

  

69This is accomplished in Model [3.9] and an example that incorporates these multiple variable 
parameters is given in the section, "A Comprehensive Example," in Chapter 4. 
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formulations. The variable demand function has an influence similar to that of the variable 

resource acquisition cost on the number of different cash flows and problem formulations, 

including the multiplicative nature. Therefore, for the general case of P* products sharing 

some or all of R* resources (with a maximum of Q., units of resource r* considered); with 

R' resources each having a maximum of B, batches for discrete variable resource 

acquisition cost, and a total of P' products each having a maximum of B, batches for 

discrete variable demand functions; the total number of cash flows and problem 

formulations required to satisfy the two stated conditions for optimality and usefulness is 

given in the expression in Equation [3.60]. 

a(2")T | O.. Xe, ). > (B,) [3.60] 
re} p=l P 

To illustrate, for the same example in the section, "A Comprehensive Example," in 

Chapter 4, with four products, two resources (with respective maxima of 10 and five units 

each), a variable demand function for one product with five levels, and five different 

resource acquisition costs in two years, the total likely amount of cash flows and problem 

formulations required with the classical models is 96,000 versus the one with the proposed 

methodology. 

Aggregate Production Planning 

In this section an attempt is made to show that some form of aggregate production 

planning is contained in the proposed model. This means that the proper execution of the 

proposed model will also yield aggregate production planning solutions. Bedworth and 
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Bailey [12], p. 137-142, presents a classical linear programming model of aggregate 

production planning as given in Equation [3.61]. This model is assumed to be 

representative of a broad class of classical deterministic aggregate production planning and 

will subsequently be analyzed. 

T 

Min Z=)°A,,P.+4,,R,+4,,0,+4,1,+ 4,8, +4, H+ AL, 
t=] 

st 

I,-S,=1,,-S.,+P-F ‘Wt [3.61] 

R=R_,+H,-L, Vt 

O,-U,=kP-R “Vt 

The notation is as follows: t is the period; r and o are regular and overtime; s is stockout; 

h and | are hiring and layoff; P is production quantity; and A is the cost of production and 

regular and overtime labor, as well as the cost of hiring and layoffs, depending on the 

subscripts. R and O are the regular and overtime labor hours; I and S are inventory and 

stockouts; L is undertime. The summation over time is over all terms and is treated as 

such. When the objective function [3.61] is compared to the objective function in Model 

[3.8], it is found that the total cost of actual production for each product (P=1) is 

simplified to the first three terms in Equation [3.61]. This is equal to the right hand side of 

Equation [3.62] as obtained from Model [3.8], where E denotes the maximum alternative 

mutually exclusive options for labor (regular, overtime, etc.). 
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T P fT E R A 

> 14), X + ALR, + 4,0, => a » 2 > Dvrrac€ ptrae + MC; |X 
t=] p=l t=1 e=1] (r=! a=) 

P T RA ie ) [3.62] 

+L LLYN I DircChal Bye + Yn + Z} 
l=b p=) t=] r=1 a= 
l=y 
l=z 

To ensure consistency, the parameters A, A,, and A, in Equation [3.61] are replaced 

with A',, A’, and A’, in Equation [3.62] to prevent confusion with the parameter A in the 

proposed methodology, denoting the maximum number of relevant activities. Also, the 

decision variable P; in Equation [3.61] is, in fact, the decision variable Xp in the proposed 

methodology. The values of Apt (the production cost per unit, excluding labor) are 

presumed to be calculated similar to those in Table 4.3, excluding the cost of labor in 

Table 4.2. 

There is, however, a remarkable difference in structure between the left and nght hand 

sides of Equation [3.62]. The decision variables on the left hand side are not only the 

number of units to produce, but also the number of regular and overtime hours required 

(R, and O,, respectively). The number of regular and overtime hours required are 

indirectly connected to the production quantity in the third constraint in Equation [3.61]: 

O,-U,=kP,-R,, where k is the labor hours required per unit, and U, is the undertime in 

period t (i.e., production is less than regular work force capacity). The decision variables 

on the right hand side of Equation [3.62] are the number of units to produce, the number 

of batches, the number of products, and whether the company should be in business or 

not. Since all the costs in Equation [3.61] are directly or indirectly unit related (as 

expressed by the third constraint), Equation [3.62] reduces to Equation [3.63]. 
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T POT E(R A 
>» {A,X +A,R,+ 4.0,} “yay {¥ Sy Dena pirae + MCo.+ C, a [3.63] 
t=l p=1 t=1 e=1 (r=1 a=l 

C is an approximation of batch, product sustaining, and facility sustaining costs to unit 

variable costs. This is a gross generalization of costs. The inferiority of this 

approximation to the proposed methodology (as expressed in the right hand side of 

Equation [3.62]), was illustrated in the sections covering Models 4.1 through 4.6. It is 

therefore assumed that if it can be shown that both sides of Equation [3.63] are variable 

with respect to the same decision variable(s), and that the remainder of Equation [3.61] is 

a true subset of the proposed methodology, then the proposed methodology not only 

contains Equation [3.61], but is in fact superior to it. The amount of time it takes to 

produce one unit (on the left hand side) is k hours. This duration is not sensitive to the 

type of labor (regular or overtime). Also, if the undertime is omitted from further 

consideration (i.e., it does not enter the objective function), the third constraint in 

Equation [3.61] can be written as follows (for the production quantity P = X): kX, = kX, 

+ kX,,. This relationship equates the total production time to the total regular production 

time and the total overtime production, where X, and X,, are the number of units 

produced in regular time and overtime, respectively. This means that R, = kX, and O, = 

kX,,. Substituting these into Equation [3.63], and dividing the non-labor costs, A\,, 

between regular and overtime production,” results in Equation [3.64]. 

¥{4,x, +4. +4,0,}2 5 (4,440) x, +(4,+4,0)X,} [3.64] 
T 

t=] t=1 

  

7This can be accomplished because of the third constraint of Equation [4.3], the fact that k is insensitive 
to the type of labor, and because of the assumption that U, = 0. 

Profit Maximization 154



The coefficients of X,, and X,, on the right hand side of Equation [3.64] are the total cost 

per unit of regular and overtime production, respectively. For a single product, a single 

resource type (labor), and a single activity, the right hand side of Equation [3.63] reduces 

to Equation [3.65]. The total unit variable cost on the left hand side is simply denoted by 

C * on the right hand side. The right hand sides of Equations [3.64] and [3.65] are in the 

same form, and, in fact, equal to each other, where C™,, = Alyn + A‘, and C*.= A’ot + A’: 

P T E R A T 2 

Dad >>)? D> Dowrac€ ptrae + MC}, Co i = >CLX, [3.65] 
p=) t=1 e=1 r=] a=l t=1 e=) 

The remaining four terms in the objective function of Equation [3.61] are the inventory 

and shortages costs and the hiring and lay-off costs of laborers. These are given by the 

terms in the right hand side of Equation [3.66] in a time-sensitive format for the general 

case of R resources. When the right hand side of Equation [3.66] is limited to a single 

product, and a single resource (labor), and when the time value of money is omitted, the 

two sides of the equation are indeed equal. The left hand side of the equation is therefore 

a special case of the right hand side (the proposed method). 

T 

» {A,1, + A,S, + A, #1, + A,L,} 

t=] 

_ - k [3.66] 
=> Yd“ {LCi +SL,Co}+ Ya {CMs +C3M;} 

p=! t=l t=1 r=l 

It can therefore be concluded that the model given by Bedworth and Bailey is indeed a 

special case of the proposed model, with the assumption that all costs are considered 

variable with the number of units produced. No specific consideration is given (in the 
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model by Bedworth and Bailey) to costs that vary with batch sizes or products (in the 

latter case, product sustaining costs). In fact, with respect to previous discussions of 

product costing in Chapter 3 and this Appendix, what exactly does "cost per unit of 

production excluding labor"?! mean? As was shown in the sections covering Models 4.1 

through 4.6, the approximation in Equation [3.62] is rough, can lead to misleading results, 

and should therefore be avoided, if possible.” 

A second big difference between the classical models and the proposed methodology is 

that only one activity and one resource are considered in the model given by Bedworth 

and Bailey. The activity is production and the resource is labor. The assumption is 

therefore made that all resources, except labor, are fixed and do not play a role in 

minimizing the cost of production. In contrast, the objective of the proposed 

methodology is to maximize profit. No resources are considered fixed; if sufficient 

motivation exists, additional resources can be purchased, or excess resource units can be 

disposed of. This analysis shows that aggregate production planning (where production is 

involved) is an integral part of maximizing profit, and should be considered as such. For 

the cases where the assumptions at the outset of this section are valid, aggregate 

production planning is a subset of capital budgeting. If the proposed model is used to the 

extent of Model [3.9] and appropriate data are available at the appropriate time in the 

appropriate form, and if an effective and efficient means exists to manipulate the data, then 

deterministic aggregate production planning would mostly be completed at the time capital 

budgeting is done. 

  

This is the definition given by Bedworth and Bailey [12], p. 138, for the parameter Apt: 

721t should be added, though, that there is a big difference in scope between aggregate production 
planning models, and the proposed models. This is evident in the objectives of both. 
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Relationship Between Capital Budgeting and Aggregate Planning 

In this section the relationship between capital budgeting and aggregate production 

planning, as it is used in this study, is briefly addressed. Capital budgeting is typically 

done at a fairly high level of planning, while aggregate production planning is typically 

done at a much lower level. Especially in the preceding section the impression can be left 

that aggregate production planning and capital budgeting are activities that should be done 

(and completed) at the same time with a single model. Theoretically, this can be done. 

However, in practice it may not be possible (and probably will not be possible) to 

complete all aggregate production planning at the same time than what capital budgeting is 

done. The following are two reasons why there will remain a difference between 

aggregate production planning and capital budgeting: 

1. Aggregate production planning classically requires more data than does capital 

budgeting. All the data required for efficient aggregate production planning will 

probably not be available at the time that capital budgeting decisions are made. 

2. There may not be enough time to do all planning suggested in this chapter to decide 

whether to accept a project or not. 

Despite the fact that there would probably always remain a distinction between capital 

budgeting and aggregate production planning, the following is important: Capital 

budgeting cannot be done in isolation of aggregate production planning. In order for 

capital budgeting to be effective, it must be done in an integrated fashion with aggregate 

production planning, even only at a very high or aggregated level. However, the converse 

is not true. 
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CHAPTER IV 

EXAMPLES OF PROFIT MAXIMIZATION 

The purpose of this chapter is to provide examples that illustrate the inadequacy of the 

existing capital budgeting models, as well as how the proposed model (developed in 

Chapter 3) can be used to overcome some of these deficiencies. The examples in this 

chapter validate the hypothesis made in Chapter 1: Better capital budgeting decisions can 

be made by not allocating costs to products, by using a product portfolio approach, and by 

modeling resource acquisition and resource utilization explicitly.! 

Two different types of numerical examples are provided. The first three sections of this 

chapter are devoted to the one example setting which covers Models 4.1 through 4.23. 

These 25 models are basically developed from the same set of data. In the first section, 

the data are provided from the existing literature in which product costs are determined 

using the conventional costing system and activity-based costing. In the second section, 

some required data are added and used in capital budgeting. Some of the prominent 

classical capital budgeting techniques are used for this purpose and the results from these 

classical models are critically reviewed. In the third section, the same data are used with 

the proposed methodology. A basic version is given first after which more constraints are 

successively added to the point where a fairly comprehensive version of the proposed 

methodology is given. In the fourth section an alternative numerical exampie is provided. 

Models 4.24 and 4.25 are devoted to this example. In the final section the solutions 

obtained from both the classical and the proposed models are critically reviewed. 

  

1See the section, "Cash Flow Per Project," in Chapter 1. 
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PRODUCT COSTING 

In this section data and product costing information are obtained from the existing 

literature for the first example setting. These data are then used for capital budgeting 

purposes in subsequent sections. The primary source of the data is an article written by 

Robin Cooper, "The Rise of Activity-Based Costing - Part One: What Is an Activity- 

Based Cost System?" [45]. In this article Cooper attempts to illustrate some deficiencies 

in the use of conventional costing methods, and he also provides alternative, "more 

accurate," costs using activity-based costing. (Cooper defines conventional costing as 

follows, p.45: "Conventional cost systems focus on the product in the costing process. 

Costs are traced to the product because each product item is assumed to consume the 

resources.") The data used here are exactly the same data used by Cooper in the 

aforementioned article except that for practical purposes, all quantities are multiplied by a 

factor of 100. Four products are considered for production?: Pj, Po, P3, and Py. All 

four of these products consume the same resources in similar processes. The resources 

are one type of labor and one type of machine. Table 4.1 gives the market demand per 

product and the demand that a unit of each product places on the different resources. 

Table 4.1 Demand On Resources Per Product 
  

    

Product Quantity Material Direct Labor Machine 

Per Year $ per unit Hrs per unit Hrs per unit 

Py 1,000 6 0.5 0.5 

P» 10,000 6 0.5 0.5 

P3 1,000 18 1.5 1.5 

Py 10,000 18 1.5 1.5 
  

  

2Cooper assumes that these products are already in production. For the purposes of capital budgeting, 
these products are assumed not to be in production yet, but are considered for production. It is also 
assumed that the resources have to be acquired when needed. 
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Products P and P> are relatively small, while P3 and Py are relatively large and consume 

on a unit basis more resources than P; and P. On the other hand, smaller quantities are 

demanded of P; and P3 than of P> and Py. The total demand that each product places on 

each of the resources, based on the market demand, is given in Table 4.2. Appropriately, 

the columns that indicate the number of setups, the number of orders, the number of times 

handled, and the product sustaining cost per part number are all multiplied with a factor 

100 to be consistent with the market demands for all the products that are all multiplied by 

a factor of 100. Direct labor cost is $10 per hour, and machine operating cost is $15 per 

hour. 

Cooper considers only "overhead costs," which are all costs given in Table 4.2, except 

material cost. The "overhead" on material cost is considered to be 10 percent of the 

actual material cost. Cooper apparently assumes that the material cost, in addition to what 

he calculates as the unit costs of the different products, is directly passed on to the 

customer. To be consistent with the respective product unit costs as calculated by 

Cooper, the material cost considered is only 10 percent of the actual material cost. 

Table 4.2 Annual Resource Consumption Rates and Costs 
  

    

Direct No. of Product 

Material Labor Machine No. of No. of Times Sustain. 

Product ($) Hours Hours Setups Orders Handled Cost 

Py 6,000 500 500 100 100 100 1 

P> 60,000 5,000 5,000 300 300 300 1 

P3 18,000 1,500 1,500 100 100 100 1 

P4 180,000 15,000 15,000 300 300 300 1 

Consumption 264,000 22,000 22,000 800 800 800 4 

Unit Cost 10% $10 $15 $120 $125 $25 $50,000 

Dollar Value $26,400 $220,000 $330,000 $96,000 $100,000 $20,000 $200,000 

  

TOTAL COST $992,400 
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The product costs for the data given are presented in Table 4.3. Two categories of cost 

are given: as calculated by the conventional costing system and as calculated with the use 

of activity-based costing. The product unit costs are the same as those obtained by 

Cooper. 

Table 4.3 Product Costs 
  

    

Conventional Activity- 
Product Costing Based Costing 

P; $22.55 $90.10 
P» $22.55 $26.20 
P3 $67.66 $116.30 
P4 $67.66 $52.40 
  

Cooper gives a thorough discussion on how size and volume diversity impacts costing of 

products. If the demand for a product increases, which results in higher production 

volume, the unit prices should decrease. On the other hand, if a product increases in size, 

conventional costing tends to overcost it. However, the principles behind the product 

costs in Table 4.3 are basically the bottom-line of not only the article by Cooper, but also 

activity-based costing in totality. The primary goal of activity-based costing is to cost 

products as accurately as possible. Thus the assumption is made that the products that 

yield the biggest difference between revenues and cost (such as those given in Table 4.3) 

must be the most profitable ones to produce. Resource capacity and resource acquisition 

and/or disposal cost, as such, never directly enter the equation in Cooper's consideration. 

(The resource acquisition costs are presumably considered in the unit costs, e.g., cost per 

hour.) These data are subsequently used for capital budgeting purposes. 

  

3The product unit costs for the given data must be the same as those calculated by Cooper since the only 
difference is in the quantity demanded by the market. For a detailed analysis on how to obtain these 
product cost data, the interested reader is referred to Cooper [45]. 
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CLASSICAL CAPITAL BUDGETING LP MODELS 

In this section some of the classical capital budgeting techniques are used to model the 

data in the previous section and some additional required data. This section consists of 

four sections. In the first section the required additional data are provided and cash flows 

are developed for the different products. In the following two sections, the classical 

capital models of Weingartner and Bernhard are used with the cash flow data obtained. In 

the last section, the results of Weingartner and Bernhard's models are compared and 

critically analyzed with respect to the available data. 

Cash Flow Per Project 

In this section cash flows are developed from the data in the section, "Product Costing." 

However, some additional data are required for capital budgeting purposes. These 

additional data are the resource unit acquisition costs and unit capacities, as well as the 

prices the market is willing to pay for the products under consideration. The unit 

acquisition cost and capacities of the resources are given in Table 4.4. The labor 

acquisition cost is only the actual cost of hiring a new laborer and does not represent labor 

salaries. Also, it is assumed that the unit prices that the market is willing to pay for the 

products are those given in Table 4.5. (The data in Tables 4.1 through 4.3 are from 

Cooper (except for factor 100), while the data in Tables 4.4 and 4.5 are random data.) 

Table 4.4 Resource Data 
  

    

Acquisition Unit Capacity 

Resource Cost Per Year (hrs.) 

Laborer $1,000 2,000 

Machine $100,000 5,000 
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Table 4.5 Market Prices for Products 
  

    

Product Price 

Pj $110 

P» $60 

P3 $120 

Py $80 
  

According to the product costing data in Table 4.3 and the market prices for the products 

in Table 4.5, all four products can potentially be pursued. This results from the fact that in 

each case the market is willing to pay a higher price for a product than what it costs, as 

calculated by both conventional costing and activity-based costing. However, pursuing all 

four products may not result in optimal profit, as may be believed. Lack of optimal profit 

may result from the fact that resource acquisition cost (including the fact that resources 

are discrete units) is not considered explicitly. This will subsequently be shown. (For 

simplicity, it is assumed that each of the four products is considered at the end of Year 0 

and that the life of each project is only one year.) Inflation is assumed to be zero. Also, 

the company does not possess any of the resources required; any resources required 

(laborers and machines) must be purchased at the market prices in Table 4.4. These 

resources will be devoted to these four products exclusively. Also, for simplicity, it is 

assumed that the life span of each product is one year and that the resources do not have 

any salvage value or disposal cost after completion of the projects. 

To be able to use classical capital budgeting techniques, cash flows must now be 

developed for each project. The cash flows consist of the revenues per product (the unit 

price of each product in Table 4.5 multiplied by the market demand in Table 4.1), the 

product costing data (Table 4.3), and the resource acquisition cost (Table 4.4). The 

resource acquisition cost, or investment cost, must still be allocated to the respective 
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products in order to determine the full cash flow per product. The acquisition cost of the 

resource is allocated to each product in direct proportion to the amount of resource time 

consumed by that product (labor hours and machine hours are the cost drivers, regardless 

of the costing system used). 

The machine investment cost for P] is calculated (from Equation [3.59]) as {(500/5,000)* 

$100,000} = $10,000 (from Tables 4.2 and 4.4). The labor investment cost is calculated 

similarly as {500/2,000)*1,000} = $250. The total investment cost to be allocated to Pj 

is therefore $10,250, regardless of the costing system used. The non-investment cash flow 

for Pj, using conventional costing, is calculated as (110-22.50)*1,000 = $87,450 (from 

Tables 4.5, 4.3, and 4.1, respectively). Assuming the investments are made in Year 0 and 

the other cash flows occur during Year 1 (to be considered in the beginning of Year 1), 

the total cash flows per product, using conventional costing and activity-based costing, are 

given in Tables 4.6 and 4.7, respectively. 

Table 4.6 Cash Flows using Conventional Costing 
  

      

Year Py P» P3 Py 

Yr. 0 -10,250 -102,500 -30,750 -307,500 

Yr. 1 87,450 374,500 52,340 123,400 

Net Cash Flow 77,200 272,000 21,590 -184,100 
  

Table 4.7 Cash Flows using Activity-Based Costing _ 
  

Year P; P, P3 P4 

Yr. 0 -10,250 -102,500 -30,750 -307,500 

Yr. 1 19,900 338,000 3,700 276,000 

Net Cash Flow 9,650 235,500 -27,050 -31,500     
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The costs and revenues given previously are considered the only ones relevant for 

decision-making. The discrepancies in the two cash flows in Tables 4.6 and 4.7 are 

evident. If no borrowing constraints are placed on the system, it is obvious from Table 4.6 

that P}, Po, and P3 will be accepted with a total profit of 77,200 + 272,000 + 21,590 = 

$370,790. However, if activity-based costing is used, it is evident from Table 4.7 that 

only P; and P> will be accepted with a total profit of $245,150.4 This is a remarkable 

difference. In the subsequent two sections these results will be confirmed with formal 

classical capital budgeting techniques. (Note that even though the solutions may appear 

obvious from Tables 4.6 and 4.7, it would not be obvious with complex systems.) 

Weingartner's Horizon Model 

Weingartner's Horizon Model (see Model 2.2 in Chapter 2) is used with the data primarily 

from Tables 4.6 and 4.7. The input and output from the software Lindo* for 

Weingartner's Horizon Model, using the data in Table 4.6, are given in Model 4.1. The 

input for the model (using Lindo) is the section up to, and including, the statement "End." 

The remainder is the output. No restrictions are placed in Model 4.1 on the amount of 

money that can be borrowed, Wo, other than that all money required is considered 

borrowed money. The Objective Function Value in Model 4.1, 370,970, is the same 

value previously calculated. 

  

4Note that these results can be obtained without a formal modeling procedure only because of the 
simplifying assumptions. 

>The software Lindo (Student Edition) Release 5.0 from The Scientific Press is used for all modeling 

illustrations in this Chapter and Appendix B. 
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MAX 87450 P1 + 374500 P2 + 52340 P3 + 123400 P4 - WO 

SUBJECT TO 
2) 10250 P1 + 102500 P2 + 30750 P3 + 307500 P4- WO= 0 
3) Pl <= 1 

4) P2 <= 1 
5) P3 <= ] 
6) P4 <= 1 

END 

OBJECTIVE FUNCTION VALUE 

1) 370790.00 

VARIABLE VALUE REDUCED COST 
Pl 1.000000 000000 
P2 1.000000 000000 
P3 1.000000 000000 
P4 000000 184100.000000 
wo 143500.000000 000000 

ROW SLACK OR SURPLUS DUAL PRICES 
2) 000000 1.000000 
3) 000000 77200.000000 
4) 000000 272000.000000 
5) 000000 21590.000000 
6) 1.000000 000000 

Model 4.1 Weingartner's Horizon Model using Conventional costing 

The values in the column "Value" indicate that projects Pj, Py, and P3 are fully accepted, 

and project P4 is not accepted at all. The horizon is chosen to be Year 0. The same 

results are obtained if the horizon is chosen to be Year 1. In contrast to Model 4.1, Model 

4.2 provides Weingartner's Horizon Model for the case where the cash flows are 

calculated using ABC. In Model 4.2, only projects P} and P> are accepted, with a total 

profit of $245,150 (as expected from Table 4.6). Note the differences between Models 

  

The reason for this notion is to stay in touch with the general theme of providing a means for considering 

opportunity cost. This is why the initial lending amount, V,, is taken to be zero, and is therefore omitted 
from Model Al. 
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4.1 and 4.2. Apart from the fact that the conventional costing method leads to the 

selection of three projects and the ABC model to only two, the so-called profit that 

conventional costing yields is $125,640, or 51 percent, more than what the ABC model 

yields. The investment cost (total money borrowed, W,) for the conventional costing 

system is only $30,750, or 27 percent, more than what is required for the ABC model. 

MAX 19900 P1 + 338000 P2 + 3700 P3 + 276000 P4 - WO 

SUBJECT TO 

2) 10250 P1 + 102500 P2 + 30750 P3 + 307500 P4-W0= 0 

3) P] <= ] 

4) P2 <= ] 

5) P3 <= ] 

6) P4 <= 1 

END 

OBJECTIVE FUNCTION VALUE 

1) 245150.00 

VARIABLE VALUE REDUCED COST 

Pl 1.000000 .000000 

P2 1.000000 .000000 

P3 .000000 27050.000000 

P4 .000000 31500.000000 

Wo 112750.000000 .000000 

ROW SLACK OR SURPLUS DUAL PRICES 

2) .000000 1.000000 

3) .000000 9650.000000 

4) .000000 235500.000000 

5) 1.000000 .000000 

6) 1.000000 .000000 

Model 4.2 Weingartner's Horizon Model using ABC 

In the subsequent section, Bernhard's General Model is applied to the data in Tables 4.6 

and 4.7. Because of the utilization of the concept of cash flows per project, it may be 

expected that Bernhard and Weingartner would obtain similar results. 
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Bernhard's General Model 

Bernhard's General Model is another classical capital budgeting technique.’ Although 

developed for much more complicated models, it is suitable for solving the simple models 

under consideration, in Models 4.3 and 4.4, for conventional costing and ABC, 

respectively. Do and Dj are the dividends to be paid out in the two respective years. 

They represent the total wealth, or profit, to be made by the undertaking. Wo is the 

amount to be borrowed in Year 0 (considering opportunity cost), and also the total cash 

outflow. (The output on slack is omitted.) 

MAX DO+D1 

SUBJECT TO 

2) DO + 10250 P1 + 102500 P2 + 30750 P3 + 307500 P4 - WO <= 0 

3) D1 - 87450 P1 - 374500 P2 - 52340 P3 - 123400 P4 + WO <= 0 

4) Pl<= 1 

5) P2<= 1 

6) P3 <= 1 

7) P4<= 1 END 

OBJECTIVE FUNCTION VALUE 

1) 370790.00 

VARIABLE VALUE REDUCED COST 
DO .000000 .000000 
D1 370790.000000 .000000 
Pl 1.000000 .000000 
P2 1.000000 .000000 
P3 1.000000 -.000000 
P4 .000000 184100.000000 
Wo 143500.000000 .000000 

Model 4.3 Bernhard's General Model using Conventional Costing 

  

7See Park and Sharp-Bette [141], pp. 305-310. The interested reader is referred to this and other 
publications on Bernhard's General Model. The detail of this modeling procedure will not be addressed in 
this study. 
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MAX DO+D1 

SUBJECT TO 

2) DO + 10250 P1 + 102500 P2 + 30750 P3 + 307500 P4 - WO <= 0 

3) D1 - 19900 P1 - 338000 P2 - 3700 P3 - 276000 P4 + WO <= 0 

4) P] <= 1 

5) P2 <= 1 

6) P3 <= 1 

7) P4 <= 1 END 

OBJECTIVE FUNCTION VALUE 

1) 245150.00 

VARIABLE VALUE REDUCED COST 

DO .000000 .000000 

D1 245150.000000 .000000 

Pl 1.000000 .000000 

P2 1.000000 .000000 

P3 .000000 27050.000000 

P4 .000000 31500.000000 

Wo 112750.000000 .000000 

Model 4.4 Bernhard's General Model using ABC 

It is evident that Models 4.1 and 4.3 and Models 4.2 and 4.4 do in fact provide the same 

answers for the same sets of common data. Under the assumption that Weingartner and 

Bernhard's models are representative of classical capital budgeting techniques, it is then 

concluded that basic classical capital budgeting techniques provide fairly consistent 

answers. A detailed analysis of the results of these models are subsequently given. 

Analyzing the Results of Weingartner and Bernhard's Models 

The answers from Models 4.1 and 4.2 need in-depth analysis. In the investment allocation 

process (due to the acquisition of resources) the minimum amount of money was allocated 

to each project. The reason for this is that one project is not penalized for another 
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project's potential unprofitability. This may, however, lead to discrepancies. For example, 

the total amount of machine hours required if all four projects are pursued are 22,000 

hours for the year (Table 4.2). Only the cost proportional to 22,000 hours was allocated 

to the four projects. However, the machines have unit capacities of 5,000 hours per year, 

which means that five machines must be purchased instead of the 4.4 machines allocated if 

all projects are undertaken. The analysis and subsequent "fixes" in this section will 

primarily ensure that no unnecessary discrepancies exist between resource demand and 

resource capacity. The results from Models 4.1 and 4.2 are analyzed separately. 

ANALYSIS OF CONVENTIONAL COSTING RESULTS: MODEL 4.1 

Model 4.1, as well as Table 4.6, suggest that projects P], Po, and P3 be undertaken, and 

that project P4 be dropped. From Table 4.2 it can be seen that the total amount of direct 

labor hours and machines hours required are both 7,000 hours. From Table 4.4 it is 

evident that four men and two machines are required. All the batch-related activities are 

executed 500 times, and only three product sustaining costs are incurred. The total 

revenues to be generated are calculated from Tables 4.1 and 4.5. 

Revenues = (110*1,000) + (60*10,000) + (120*1,000) 

= $830,000 

It is assumed that labor can be provided only in whole numbers: a laborer must be paid 

whether he works 100 percent or 30 percent of the time. This assumption is considered 

for practical reasons and can be restructured if necessary. However, machine operation 

cost is incurred in direct proportion to usage. The total expenses are the material cost 
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(once again, at 10 percent to be consistent with Cooper's results), labor acquisition cost, 

labor cost, machine acquisition and operation cost, batch costs, and product sustaining 

costs. For simplicity, fixed batch sizes are assumed, regardless of production quantity. 

This means that batch costs can be considered proportional to production quantity. The 

total expenses (primarily from Table 4.2) and the profit are then calculated as follows: 

Expenses = (84,000*0.1) + (4*1,000) + (8,000/2000)*2,000*10 + (2*100,000) 
+ (7,000*15) + 500*(120+125+25) + (3*50,000) 
$682,400 

Nl Profit = 830,000 - 682,400 

$147,600 

The actual profit figure for producing only P), Po, and P3, $147,600, is significantly less 

than the $370,790 estimated by Weingartner's model in Model 4.1. The primary reason 

for this discrepancy is that resource capacity comes in discrete amounts and must be 

considered in such amounts.® Further analysis reveals that 3,000 (10,000-7,000) hours of 

available machine capacity and 1,000 (8,000-7,000) hours of labor capacity exist that have 

already been paid for. It can now investigated if it is profitable to "fill up" the capacity 

with production of units of P4. The best strategy would presumably be to first fill up the 

least available capacity (the 1,000 hours of labor is "free" - they have already been paid 

for). If this strategy proves to be insufficient, additional capacity can be made available to 

the resource that has no excess capacity (of which the slack variables take on the value of 

zero in linear programming) in the least discrete amounts, or multiples thereof. 

  

8For brevity, in subsequent calculations, the following cost terms will be used: 21,000 for every laborer 
added to the system (which means that labor acquisition and operation cost are discrete, while machine 
operation cost is continuous) and 270 (125+120+25) for batch activities combined. The latter can be done 

since all the different batch sizes are the same for each project. 

Examples: Profit Maximization 17]



Consume Excess Capacity: Machine = 8,000 & Labor = 8,000 

With 1,000 hours 667 units of Pq can be manufactured. The additional revenues and 

expenses and resultant profit, as a result of including the 667 units of P4, are as follows: 

(The additional expenses consist of material cost, machine operation cost, batch costs, and 

product sustaining costs.) 

Add. Rev. = 80*667 

= 53,360 

Add. Exp. = (667*18*0.1) + (1,000*15) + (667/10,000)*300*270 + 50,000 

= 71,600 

Add. Profit = - $18,240 

This additional profit, is in fact, a loss. This loss results primarily from the $50,000 

product sustaining cost that must be incurred if Pq is to be manufactured. This option 

would therefore not be exercised. However, all excess capacities are not fully utilized. 

Some 2,000 hours still remain available on the machines. If this additional capacity is to 

be utilized, an additional laborer must be hired. 

Consume Excess Capacity: Machine = 10,000 & Labor = 10,000 

It can, however, be investigated if an additional person can be hired to utilize the 2,000 

hours of available capacity on the machines. With the additional 2,000 hours 1,333 

(2,000/1.5) units of P4 can be manufactured. The additional revenues and expenses, the 

additional profit, and the total profit for this option can now be calculated. 
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Add. Rev. = 1,333*80 

= 106,640 

Add. Exp. = 21,000 + (1,333*18*.1) + (2,000*15) + (1,333/10,000)*300*270 

= 64,200 

Add. Profit = 106,640 - 64,200 

= $42,440 

Total Profit = 147,600 - 18,240 + 42,440 

$ 171,800 

It can, therefore, be concluded that the best strategy -- based on conventional cost 

allocation, Weingartner's Horizon Model, and quite a bit of "post-optimality processing" 

(Model 4.1) -- is that Py, Pp, and P3 must be fully pursued and that 2,000 (667 + 1333) 

additional units of P4 must be manufactured. The resultant profit is $ 171,800, as 

indicated by the "Total Profit." 

ANALYSIS OF ABC RESULTS: MODEL 4.2 

From Model 4.2 and Table 4.7 it is evident that only projects Py and P> must be fully 

pursued for a total profit of $ 245,150. However, analyzing the results separately, once 

again, leads to results that are not consistent with those of Weingartner and Bernhard. If 

only P; and P> are fully pursued, the revenues and expenses are as follows: (The 

expenses are the total of the material cost, labor cost, machine acquisition and operation 

cost, batch costs, and product sustaining costs.) 

Revenues = (1,000*110) + (10,000*60) 

= 710,000 
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Expenses = (66.000*0.1) + (6,000/2,000)*21,000 + (2*100,000) + (5,500*15) 
+ (400*270) + (2*50,000) 

= 560,100 
Profit = $ 149,900 

Once again, the actual profit, $149,000, that would result from fully pursuing P) and Po, 

and only those projects differ by a significant amount, $95,250, or 39 percent, from the 

profit indicated by Weingartner's and Bernhard's models. There is, again, unused capacity 

available that can be utilized. This will subsequently be analyzed. 

Consume Excess Capacity: Machine = 6,000 & Labor = 6,000 

The total demand on labor is 5,500 hours, which is the same demand placed on the 

machines. To remain conservative all the cheapest and least available excess capacity, 

labor, must be consumed first. This results in 500 additional hours available on both 

resources. However, a decision must be made as to which project to pursue next. From 

Table 4.7 it can be seen that P3 has the least negative net cash flow of the remaining 

projects. Therefore, it is logical to add P3. (This decision is consistent with conventional 

costing, Table 4.6, where P3 has, in fact, a positive net cash flow. The decision to pursue 

P3 is, therefore, conservative and good.) A total of 333 (500/1.5) units of P3 can be 

made. The additional revenues and expenses for producing these 333 units are as follows: 

Add. Rev. = 333*120 

= 39,960 

Add. Exp. = (333*18*.1) + (500*15) + (333/1,000)*100*270 + (1*50,000) 

= 67,100 

Add. Profit = - $ 27,140 
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By consuming only the additional 500 hours, a loss is incurred. This loss mainly results 

from the $50,000 product sustaining cost. However, another laborer can be added. 

Consume Excess Capacity: Machine = 7,000 & Labor = 7,000 

When another person is added, an additional 2,000 hours capacity is available with which 

1,333 (2,000/1.5) units of P3 can be produced. However, the market demand is only 

1,000 units, of which 333 units have already been produced. Only 667 units can still be 

produced of P3, which would require 1,000 (667*1.5) hours. The total amount of 

capacity utilized of labor and machines is 7,000 hours each. The total additional revenues, 

cost, and profit are then given as follows: 

Add. Rev. = 667*120 

= 80,040 

Add. Exp. = (667*18*.1) + 21,000 + (1,000*15) + (667/1,000)* 100*270 

= $5,200 

Add. Profit = 24,840 

Total Profit = 149,99 - 27,140 + 24,840 

= $147,600 

Since $147,600 is less than $149,900, it can be concluded that P3 should not be produced. 

Also, since P3 has a more favorable net cash flow than Pq (a fact supported by both the 

conventional costing system and the activity-based costing system), it can be concluded 

that the "best" solution is to fully pursue projects P; and P», and only those two projects. 

A profit of $ 149,900 would result. This concludes the classical capital budgeting 

example. Subsequently, the proposed methodology will be utilized. 
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PROPOSED METHODOLOGY 

In this section the proposed methodology will be used to solve the problem under 

consideration. A basic version of the proposed methodology is first used to solve the 

problem, and the answers are compared with those obtained from the classical capital 

budgeting LP models. Subsequently, some additional restrictions and constraints are 

placed on the models, and the solutions are once again compared with existing models. 

The exact same data used in the classical capital budgeting LP models are used with the 

proposed methodology. These data are all contained in Tables 4.1, 4.2, 4.4, and 4.5. In 

total, 17 different examples are provided of the proposed methodology, expressing 

different aspects. Model 4.21 is a comprehensive example that contains most of the 

features of the proposed methodology. Model 4.23 incorporates different interest rates. 

A Basic Version 

Model [3.5] in Chapter 3 is used to obtain a solution to the given problem. Four products 

are under consideration, and there are two resources: laborers and machines. A concise 

version of Model [3.6], with all redundant terms omitted, is given in Model 4.5. Model 

4.6 is the specific numerical form of Model 4.5, using the data in Tables 4.1 through 4.5. 

Model 4.6 is given as the input to, and output from Lindo. Note that in the proposed 

methodology the actual quantities are modeled (decision variable X), whereas in the 

classical capital budgeting techniques values between O and 1 are used to denote the 

extent to which a project will be accepted (decision variable P). The first term of the 

objective function comprises the unit revenues and costs. The values are illustrated for 

Pj. The sales price, S,, is 110 (Table 4.5). 
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Model 4.5 Simplified General Form of Proposed Model 

There are two main groups of activities for which cost is incurred on a unit basis. These 

are the machine operational cost (0.5*15 = 7.5 from Tables 4.1 and 4.2, respectively), and 

the batch costs ((120+125+25)*100/1,000 = 27 from Tables 4.2 and 4.1).9 The last 

element of the first term of the objective function is the material cost, MC (6*0.1 = 0.6 

from Tables 4.2 and 4.1). Note that although the labor costs are given on a per unit basis 

(Table 4.1), it was assumed previously that laborers are discrete elements of the system. 

Labor cost, therefore, does not vary in direct proportion to the number of units produced 

and therefore is not a unit cost. Table 4.8 gives the values for the first term of the 

objective function for the four projects. The second term in the objective function 

represents all the product sustaining costs, which from Table 4.2 amount to $50,000 for 

each product. The Y values are 0-1 integers. The third term in the objective function in 

Model 4.5 indicates the resource acquisition cost. 

  

*Batch activities do not necessarily vary in direct proportion to unit activities. However, the assumption 
was previously made that batch sizes would remain fixed, regardless of production quantity. This 

assumption was extensively used in the post-processing of the results of Weingartner and Bernhard's 
models in the section, "Analyzing the Results of Weinberger and Bernhard's Models." 
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Table 4.8 Unit Variable Revenues and Cost 
  

Elements P1 P2 P3 P4 

Revenue 110.00 60.00 120.00 80.00 

Machine Operate 7.50 7.50 22.50 22.50 
Batch Costs 27.00 8.10 27.00 8.10 

Material Costs 0.60 0.60 1.80 1.80 

Total Unit Rev.-Cost 74.90 43.80 68.70 47.60     
  

The last term in the objective function represents the cost of acquiring additional resources 

(Table 4.4 in general and Table 4.2 for Labor). M and L represent the number of 

machines and laborers, respectively, to acquire. Constraints 2) and 3)!° in Model 4.6 are 

the resource capacity constraints and are, in fact, the set of [p] constraints in the general 

model formulation in Model 4.5. The coefficients of X; (i = 1,...,4) are the respective 

demands that each product places on each resource and are given in Table 4.1. 

Constraints 4) through 7) in Model 4.6 comprise the set of [5] constraints in Model 4.5 

and indicate that each production quantity, X;, should not exceed its respective market 

demand for the single period. MD is the market demand, and the values are obtained from 

Table 4.1. Constraints 8) through 11) in Model 4.6 comprise set of [n] constraints in 

Model 4.5 and are simply procedural to ensure that the product sustaining costs will be 

incurred if a project is undertaken. (To facilitate the search and bound solution procedure, 

the so-called "Big-M" values (the coefficients of Y; in constraints 8) through 11) are 

chosen to be barely bigger than the maximum allowable quantities of X;, in this case the 

market demand.) The notation "GIN" and "INTE" after the end of the problem 

formulation indicate general integer and 0-1 integer values. 

  

10] indo automatically numbers the equations, with the objective function being the first (unnumbered) 
equation. The first constraint is given as equation number 2). Specific reference will be made to the 
constraints as they are numbered. 
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MAX 74.9 X1 + 43.8 X2 + 68.7 X3 + 47.6 X4 - 50000 Y1 - 50000 Y2 - 50000 Y3 - 50000 Y4 
- 21000 L - 100000 M 

SUBJECT TO 

2) 0.5 X1+0.5 X2+ 1.5 X3+ 1.5 X4-2000L <= 0 

3) 0.5 X1+0.5 X2 + 1.5 X3 + 1.5 X4 - 5000 M <= 0 

4) X1<= 1000 
5) XI<= 10000 
6) X3<= 1000 
7) X4<5 10000 
8) X1-1001Y1 <= 0 

9) X2 - 10001 Y2 <= 0 

10) X3-1001 Y3 <= 0 

11) X4 - 10001 Y4 <= 0 

END 

GIN L,M 

INTE X1, X2, X3, X4 

OBJECTIVE FUNCTION VALUE 

1) 225000.00 

VARIABLE VALUE REDUCED COST 
L 3.000000 21000.000000 
M 1.000000 100000.000000 
Y1 000000 -24974,900000 
Y2 1.000000 50000.000000 
Y3 000000 -18768.700000 
Y4 000000 -426047.600000 
X1 000000 000000 
x2 10000.000000 000000 
x3 000000 000000 
X4 000000 000000 

ROW SLACK OR SURPLUS DUAL PRICES 
2) 1000.000000 000000 
3) 000000 000000 
4) 1000.000000 .000000 
5) .000000 43.800000 
6) 1000.000000 .000000 
7) 10000.000000 000000 
8) 000000 74.900000 
9) 1.000000 000000 

10) 000000 68.700000 
11) 000000 47.600000 

Model 4.6 Proposed Model: Input and Output from Lindo 
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The objective function value of $225,000 is clearly better than any of the solutions 

obtained by the classical capital budgeting LP models after post-processing ($171,800 and 

$149,900 for the conventional and ABC costing systems, respectively). Also, there is no 

post-processing involved -- the answer obtained from the proposed model is the final 

answer. Note that in the proposed problem formulation no such thing as a "cash flow per 

project" or "cost of a product" exists. The proposed model specifies exactly which 

resources are required, how many of each are required, (three laborers and one machine), 

and the exact amount of slack available for each resource (1,000 hours for laborers, Row 

2) and zero for machines, Row 3). It also specifies the exact quantity of each product to 

produce (Value 10,000 for X2 and zero for the other products) and the exact number of 

units of each product that it does not produce (see Rows 4), 6), and 7) of Slack). None of 

this information is available in the classical capital budgeting LP models except the 

projects in totality, or fractions thereof, that are not undertaken. Subsequently, the 

reasons the proposed methodology differs from the classical capital budgeting models are 

analyzed. 

Analyzing the Difference 

In this section examples are provided to illustrate why the solutions from Model AS differ 

from the classical models. Two different examples are provided, both involving the 

proposed methodology. In the first example all costs are considered to be unit variable 

costs and resources to be consumed continuously (linearly); the discrete nature of resource 

acquisition is therefore omitted. In the second example the assumptions of continuous 

resource consumption are relaxed. The third example would be the consideration of 

discrete resources, but is, in fact, what Model [3.6] is. 
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UNIT VARIABLE COSTS AND CONTINUOUS RESOURCE CONSUMPTION 

In this example resource acquisition and resource consumption are considered continuous 

processes. Also, all costs are considered directly variable with the number of units 

produced. The cost data are used from Tables 4.1, 4.2 and 4.4. All costs are converted to 

unit variable costs, and the results are given in Table 4.9. The assumption is made that the 

total market demand will be satisfied. 

Table 4.9 Total Unit Variable Costs: Resources are Continuous 
  

  

    

P1 P2 P3 P4 

Material 0.60 0.60 1.80 1.80 
Labor Acquisition 0.25 0.25 0.75 0.75 

Labor Operation 5.00 5.00 15.00 15.00 
Machine Acquisition 10.00 10.00 30.00 30.00 
Machine Operation 7.50 7.50 22.50 22.50 

Batch Costs 27.00 8.10 27.00 8.10 
Product Costs 50.00 5.00 50.00 5.00 

TOTAL COSTS 100.35 36.45 147.05 83.15     
  

The labor acquisition costs are calculated as the total labor cost associated with one unit 

of production. Pj), for example, it is calculated as hourly cost of 1,000/2,000 = $0.50 

from Tables 4.1 and 4.4, multiplied by the total number of labor hours required to 

manufacture one unit of Py, which is 0.5 hours from Table 4.1. Other costs are calculated 

similarly. The assumption made in the calculation of these costs is that all products will be 

manufactured to fill the total market demand. The unit contribution (so to speak) used as 

the parameter values for the production quantity decision variables in the proposed model, 

Xi, is then calculated simply as the unit price (obtained from Table 4.5) minus the total 

cost (as given in Table 4.9). Model 4.7 represents this situation. 
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MAX 9.65 X1 + 23.55 X2 - 27.05 X3 - 3.15 X4 

SUBJECT TO 

2) X1<= 1000 

3) X2 <= 10000 

4) X3 <= 1000 

5) X4 <= 10000 
END 

OBJECTIVE FUNCTION VALUE 

1) 245150.00 

VARIABLE VALUE REDUCED COST 
Xl 1000.000000 .000000 
X2 10000.000000 .000000 
x3 .000000 27.050000 
X4 .000000 3.150000 

Model 4.7 All Unit Variable Costs and Continuous Resource Consumption 

There is a striking resemblance between the results obtained from Model 4.7 and the 

results from Models 4.2 and 4.4 (Weingartner and Bernhard's models using activity-based 

costing). The resemblance is hardly surprising for two reasons. First, the same 

assumption holds for Models 4.1 and 4.2 and for Model 4.7 (mainly that the cost for each 

product is determined as if the total market demand for each product will be satisfied). 

Second, P; and P» are totally accepted in each case, which means that all the activities 

and costs for these two products are accounted for. The unit variable contribution (the 

parameter of the production quantity decision variable) of Pj, for example, is $9.65 in 

Model 4.7. This amount is the total contribution amount for P; of $19,900 in Model 4.2, 

minus the total investment amount of $10,250, divided by the total market demand, 1,000. 

In fact, Model 4.7 is the same as Models 4.2 and 4.4, only it is on a unit basis. It can 

therefore be concluded that the proposed model will yield the same results as the classical 

models utilizing ABC if all costs are unit variable and resource consumption is continuous. 
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UNIT VARIABLE AND DISCRETE RESOURCE COSTS 

In this section the same situation prevails as in Model 4.7, which is similar to Weingartner 

and Bernhard's models, except that a total project is divided only into units of production 

with the proposed model. The only change to Model 4.7 now is that resources are 

considered discrete entities. The acquisition cost of both laborers and machines is 

considered discrete, as well as the operational cost of labor (a laborer is paid whether he 

works or not; the consideration, for this example, is therefore not hourly workers). 

However, machine operation cost is considered continuous. Labor acquisition and 

operation cost are combined simply as the cost for one laborer for one year ($21,000 in 

this case); a discrete entity. Thus laborers and machines are the two separate entities 

entered into the proposed formulation as [p] constraints. 

The unit variable costs, when resources are considered discrete, are given in Table 4.10. 

Model 4.8 represents this case. The only difference, therefore, between Models 4.7 and 

4.8 is that in Model 4.7 all the resources are considered continuous, while in Model 4.8 

labor costs and machine acquisition costs are considered discretely. All costs are still 

considered unit variable costs (as in the case of Model 4.9). 

Table 4.10 Total Unit Variable Costs: Resources are Discrete 
  

    

      

P1 p2 P3 P4 

Material 0.60 0.60 1.80 1.80 
Machine Operation 7.50 7.50 22.50 22.50 
Batch Costs 27.00 8.10 27.00 8.10 
Product Costs 50.00 5.00 50.00 5.00 

TOTAL COSTS 85.10 21.20 101.30 37.40     
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MAX - 21000 L - 100000 M + 24.9 X1 + 38.8 X2 + 18.7 X3 + 42.6 X4 
SUBJECT TO 

2) - 2000 L + 0.5 X1+0.5 X2+ 1.5 X3+1.5X4<= 0 
3) - 5000 M+ 0.5 X1 + 0.5 X2+.1.5X3+1.5X4<= 0 

4) X1<= 1000 
5) X2 <= 10000 
6) X3 <= 1000 
7) X4 <= 10000 

END 

GIN 2 

OBJECTIVE FUNCTION VALUE 

1) 235700.00 

VARIABLE VALUE REDUCED COST 

L 5.000000 -35800.000000 

M 2.000000 100000.000000 

X1 1000.000000 .000000 

X2 10000.000000 .000000 

X3 .000000 23.900000 

X4 3000.000000 .000000 

Model 4.8 All Unit Variable Costs and Discrete Resource Consumption 

The results of Model 4.8 indicate that five laborers and two machines must be acquired, 

and that 1,000, 10,000, and 3,000 units must be manufactured from P1, Po, and Pq, 

respectively. The cost of acquiring and operating the resources are now fully accounted 

for (see Table 4.10 and the objective function of Model 4.8). However, the results are still 

misleading since the total product sustaining costs for P4 are not accounted for (because 

of the assumption that all costs are spread evenly across all units of each product). This 

situation is corrected when all the different costs are considered variable at the different 

appropriate levels (unit, batch, product sustaining, and facility sustaining). When this 

variability is incorporated, the result is Table 4.8 and Model 4.6. 
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In summary, there are two reasons the specific example in the proposed model, expressed 

in Model 4.6, differs from the classical models, expressed in Models 4.1 through 4.4. 

These are: 

1. The costs of acquiring resources are classically considered continuous while they are, 

in fact, discrete in most cases. 

2. All costs are classically allocated to products and are therefore considered unit variable 

costs, while these costs are, in fact, variable at different levels (unit, batch, product 

sustaining, and facility sustaining). Costs are only incurred in the acquisition and 

operation of resources. 

This concludes the analysis of the differences between the proposed methodology and the 

classical models. The basic version of the proposed methodology is now amended with 

several additional constraints in the subsequent section. 

Additional Constraints 

In this section additional realistic constraints are placed on the system. The impact of 

these additional constraints on both the classical capital budgeting LP models and the 

proposed methodology is then investigated. Simple constraints are given first. The 

additional constraints subsequently become more involved and more complicated. The first 

additional constraint is a budget limit. The second is a physical resource constraint. 

Variable resource acquisition cost and quantity sensitive demand functions are 

subsequently addressed. Finally, a multi-period problem is given that includes inventory 

and shortage constraints. 
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BUDGET LIMIT CONSTRAINTS 

The definition of the total amount required for investment depends on the definition of 

what exactly an investment is. This may differ from one decision-maker to the next. This 

"discretionary" investment definition is incorporated in the set of [a] constraints in the 

proposed methodology. For purposes of this example, assume that the investment 

required consists of all resource acquisition requirements, plus the product sustaining costs 

required for each product that is to be undertaken. Assume further that a budget limit of 

$105,000 is imposed on the investment for the undertaking (consisting of any one or more 

of the four products P; through P4). Weingartner's model then gives the results in Model 

4.9 (only the solution is given). ‘WO is the limit on the budget. 

OBJECTIVE FUNCTION VALUE 

1) 237853.70 

VARIABLE VALUE REDUCED COST 
Pl .243902 .000000 
P2 1.000000 .000000 
P3 .000000 56000.000000 
P4 .000000 321000.000000 
Wo 105000.000000 .000000 

Model 4.9 Weingartner's Model with Budget Restriction 

Model 4.9 reveals that P> should be fully undertaken and 24.4 percent of P1 should be 

produced which would result in a profit of $237,854. These answers are not only 

misleading, but simply wrong. With the proposed model the following two constraints are 

added to Model 4.6 to facilitate limiting the investment cost: 21,000 L + 100,000 M + 

50,000 (Y; + Y2 + Y3 + Y4) - Wo = 0; and Wo <= 170,999.99. The first of these 
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constraints is the definition of what an investment is, and the second of these constraints 

places a ceiling on the total investment. This addition results in Model 4.10. Model 4.10 

is the same as Model 4.6, except that the above two constraints are added. Only the 

output is provided. 

OBJECTIVE FUNCTION VALUE 

1) .00000000 

VARIABLE VALUE REDUCED COST 
L .000000 21000.000000 
M .000000 -58666.660000 
Yi .000000° -9092.371000 
Y2 .000000 -229361.300000 
Y3 .900000 28878.900000 
Y4 .000000 50000.000000 
X1 .000000 .000000 
X2 .000000 .000000 
X3 .000000 .000000 
x4 .000000 .000000 
W .000000 .000000 

Model 4.10 Proposed Methodology with Unacceptable Budget Restriction 

The output from placing an unrealistic budget restriction in Model 4.10 suggests that no 

money be borrowed (W), no resources acquired (L=M=0), and no projects undertaken 

(X;=Y;=0, i=1,...,4). This is, therefore, the do-nothing alternative, the reason for which is 

that the minimum investment required to manufacture anything is, according to definition, 

$100,000 for a machine, $21,000 for a laborer, and $50,000 for product sustaining costs. 

The total minimum investment required to produce anything profitably is therefore 

$171,000. A budget limit of $171,000 ($0.01 more than in Model 4.10) results in Model 

4.11 (output only). 
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OBJECTIVE FUNCTION VALUE 

1) 4199.9970 

VARIABLE VALUE REDUCED COST 
L 1.000000 -154200.000000 
M 1.000000 100000.000000 
Yl .000000 18868.900000 
Y2 1.000000 50000.000000 
Y3 .000000 50000.000000 
Y4 .000000 50000.000000 
X1 .000000 .000000 
X2 4000.000000 .000000 
X3 .000000 62.700000 
x4 .000000 83.800000 
WwW 171000.000000 .000000 

Model 4.11 Proposed Methodology with Acceptable Budget Restrictions 

Models 4.10 and 4.11 confirm that the critical investment value, or budget limit, is 

$171,000. When this amount of money can be borrowed, one laborer and one machine 

can be acquired, product sustaining costs of $50,000 can be paid, and 4,000 units of P» 

can be manufactured. Thus it is evident that the classical capital budgeting LP models can 

handle budget restrictions inappropriately, whereas the proposed methodology appears to 

be accurate. (Interestingly, if the production of Pz is prohibited (adding the constraint 

X2=0), the do nothing alternative is suggested, even if there is no budget restriction.) 

PHYSICAL RESOURCE ACQUISITION CONSTRAINTS 

It may be possible that management wants to impose direct restrictions on physical 

resources, and not merely on the budget. Examples of such occurrences include situations 

where machines must be purchased in bulk; one plant of a company has closed and 
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management wants to investigate the effect of not firing those laborers but incorporating 

them at a different plant; or a big manufacturing facility exists and management is not 

willing to sell it. Say, for instance, the restriction is imposed that more than one machine 

must be purchased. With the classical capital budgeting LP models there is no way that 

such a physical restriction can be handled directly. The resultant effect of acquiring 

additional resource units must separately be incorporated in different cash flows (the cash 

flow resulting from one additional machine, the cash flow resulting from two additional 

machines, etc.), and each of the associated models must then be run separately and the 

results post-processed individually. Two major problems exist with incorporating this 

type of a restriction in the classical capital budgeting LP models. First, the results will 

probably not be accurate (see Models 4.1 through 4.4 versus Model 4.6, and the section, 

"Analyzing the Results of Weingartner and Bernhard's Models"). Second, how many 

additional resource units and resultant cash flows must be developed (for the additional 

machines)? 

OBJECTIVE FUNCTION VALUE 

1) 213033.30 

VARIABLE VALUE REDUCED COST 
L 10.000000 -42466.660000 
M 4.000000 100000.000000 
Yl 1.000000 50000.000000 
Y2 1.000000 50000.000000 
¥3 .000000 28878.900000 
Y4 1.000000 50000.000000 
X1 1000.000000 .000000 
X2 10000.000000 .000000 
X3 .000000 .000000 
x4 9666.667000 .000000 
WwW 760000.000000 .000000 

Model 4.12 Output from Model 4.6 with Constraint: M>=2 
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With the proposed methodology the restriction, M >= 2, is imposed, the only additional 

constraint to Model 4.6. The output is given in Model 4.12. These results are interesting. 

Not just two or three machines must be purchased, but four (with the additional constraint 

M>=2). Ten laborers will be hired and the investment will cost $760,000. The net profit 

is $213,033.30, which is significantly less than the profit of $225,000 if the restriction is 

not imposed (when only one machine is purchased - see the results of Model 4.6). Also 

interesting is the selection of projects under the additional restriction. Projects Pj, Po, 

and P4 are undertaken with the output quantities as shown. Py, is the only product 

rejected by both the classical LP models (see Models 4.1 through 4.4), while P3 is 

definitely accepted using the conventional accounting cost allocation process (see Models 

4.1 and 4.3). As a direct comparison with the classical LP models, when the restrictions 

Y3=1 and Y4=0 are imposed in addition to M>=2 (using Model 4.6), the objective 

function value turns out to be $147,600 with M=2, L=4, and Y1, Y2, and Y3 fully 

accepted. This is the same answer that was obtained after the post-processing on Models 

4.1 and 4.3. 

VARIABLE RESOURCE ACQUISITION COST 

It is possible that one can get a "price break," or a discount, if more that a certain number 

of units are purchased. In fact, this type of phenomenon occurs frequently. Say, for 

instance, the prices for different quantities of machines are as given in Table 4.11. To 

solve this problem with classical LP models would be very difficult because the cash flow 

would depend on the number of machines to purchase -- a decision variable -- which 

depends on the number of units to produce which is, once again, a decision variable. This 

means that the only way in which the classical LP models can be used is to determine a 
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different cash flow for each different scenario (one machine, two machines, etc.). Each of 

these cash flow scenarios must then be individually applied in the model, and post- 

processing must then be executed for each scenario. The best scenario will then be 

selected manually. Optimality can, therefore, under no circumstances be guaranteed. 

With the proposed methodology the final answer will be obtained without any post- 

processing. The methodology developed to solve this situation is developed in the 

section, "Variable Market Supply Functions," in Chapter 3 The proposed model to handle 

this case is given in Model 4.13, which includes the input to and output from Lindo. In 

this model M; (i=1,...,5) are all 0-1 variables indicating 1 machines can be purchased. 

Constraints 2) and 3) indicate the capacity constraints. Constraint 3) is an application of 

Equation [3.35], where B=5. The machines, although differently priced for different 

purchase quantities, still have unit capacities of 5,000 hours per year, regardless of 

purchase quantities. Constraints 4) through 11) are exactly the same as the corresponding 

constraints in Model 4.6. Constraint 12) indicates that only one of the 0-1 Mj; variables 

(representing the number of machines, i, to purchase) can be selected, and is, in fact, an 

application of Equation [3.37]. Constraint 13) indicates the total investment required and 

is an application of the set of [a] constraints. 

Table 4.11 Discount Prices for Machines 
  

No. of Acquisition 

Machines Cost 

100,000 

190,000 

270,000 

340,000 

400,000   an 
&
 

Ww
 

KN 
—
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MAX 74.9 X1 + 43.8 X2 + 68.7 X3 + 47.6 X4 - 50000 Y1 - 50000 Y2 - 50000 Y3 - 50000 Y4 
- 21000 L - 100000 M1 - 190000 M2 - 270000 M3 - 340000 M4 - 400000 M5 

SUBJECT TO 

2) -2000L+0.5 X1+0.5 X2+ 1.5 X3+1.5X4<= 0 

3) -5000 M1 - 10000 M2 - 15000 M3 - 20000 M4 - 25000 M5 + 0.5 X1 + 0.5 X2 + 1.5 X3 

+ 1.5 X4<=0 

4) XIl<= 1000 

5) X2<= 10000 

6) X3<= 1000 

7) X4<= 10000 

8) -1001Y1+X1l <= 0 

9) -10001Y2+xX2 <= 0 

10) -1001 Y3+X3 <= 0 

11) - 10001 Y4+xX4 <= 0 

12) MI +M2+M3+M4+M5= 1 

13) - 21000 L - 50000 Y1 - 50000 Y2 - 50000 Y3 - 50000 Y4 - 100000 M1 - 190000 M2 

- 270000 M3 - 340000 M4 - 400000 MS5+W= 0 

END 

GIN L 

INTE Y1, Y2, Y3, Y4, M1, M2, M3, M4, M5 

OBJECTIVE FUNCTION VALUE 

1) 273033.30 

VARIABLE VALUE REDUCED COST 
L 10.000000 21000.000000 
Yi 1.000000 50000.000000 
Y2 1.000000 50000.000000 
Y¥3 .000000 28878.900000 
Y4 1.000000 50000.000000 
M1 .000000 -58666.660000 
M2 .000000 -127333.300000 
M3 .000000 -206000.000000 
M4 1.000000 -294666.600000 
M5 .000000 -393333.300000 
X1 1000.000000 .000000 
X2 10000.000000 .000000 
X3 .000000 .000000 
x4 9666.667000 .000000 
W 700000.000000 .000000 

Model 4.13 Variable Resource Acquisition Cost 
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The final solution is to purchase four machines at a total cost of $340,000 and to acquire 

10 laborers. P , Po, and P4 should be undertaken in the quantities shown. The total 

profit would be $273,033. The total investment cost is $700,000. 

QUANTITY-SENSITIVE DEMAND FUNCTION 

Quite often the demand for a product is expressed as a function of price. When the 

quantity changes, so does the price per unit. This type of phenomenon is the inverse of 

the previous case where discounts are received if bigger quantities of resources are 

purchased. The case is thoroughly discussed in the section, "Variable Market Demand 

Functions" in Chapter 3. As an application for this type of phenomenon, it is assumed the 

demand for P} is not the constant 1,000 units at a price of $110 (Tables 4.1 and 4.5), but 

rather is expressed as in Table 4.12 for the quantities indicated.!! 

Table 4.12 Variable Demand Function for P1 
  

No. of Units Price 

0 - 200 110.00 

201 - 400 65.10 

401 - 600 55.10 

601 - 800 45.10 

> 800 43.10       
  

1!An actual variable demand function will probably have a more continuous form (typically an 
exponential curve - see Figure 3.4) than that given in Table Al0. However, any two-dimensional curve 

can be approximated by a piecewise linear function. Note that the price values used in Table A1l2 are 
probably not very realistic because of the big discrepancies between the different batches. However, these 
values are used for illustrational purposes only. 
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Model 4.14 is used to model this situation. In the first five terms of the objective function 

the decision variables have the form X,, , where the subscript p indicates the product 

(only Pj has a variable demand function) and the subscript b, indicates the category, as 

listed in Table 4.12. The first five terms are an application of Equation [3.29]. The unit 

variable contribution (the coefficients of the X,, terms) is calculated similar to that in 

Model 4.6 from Table 4.8. The remainder of the objective function is similar to that in 

Model 4.13. Constraints 2) to 12) in Model 4.14 are the same as Constraints 2) to 13) in 

Model 4.13, except that Constraint 4) in Model 4.13 is replaced with Constraints 13) 

through 17) in Model 4.14. Constraint 13) is a special case of Equation [3.30] where no 

inventory and shortages are allowed, and it equates X1 to the sum of all X,, (b,=1.,...,5). 

Constraints 14) to 17) define the quantities with the associated prices (Table 4.10) and are 

an application of Equation [3.31]. 

MAX 74.9 X11 + 30 X12 + 20 X13 + 10 X14 +8 X15 + 43.8 X2 + 68.7 X3 + 47.6 X4 - 21000 L 
- 50000 Y1 - 50000 Y2 - 50000 Y3 - 50000 Y4 - 100000 M1 - 190000 M2 - 270000 M3 
- 340000 M4 - 400000 M5 

SUBJECT TO 
2) -2000L+0.5 X2+ 1.5 X3 + 1.5 X4+0.5 X1<= 0 
3) -5000 M1 - 10000 M2 - 15000 M3 - 20000 M4 - 25000 M5 + 0.5 X2 + 1.5 X3 

+ 1.5 X4+0.5 X1 <= 0 
4) X2<= 10000 
5) X3<= 1000 
6) X4<= 10000 
7) -20001 Y1+X1<= 0 
8) -10001 Y2+X2<= 0 
9) -1001 Y3+ X3 <= 0 

10) -10001 Y4+X4<= 0 
11) Mil+M2+M3+M4+M5= 1 
12) -21000 L - 50000 Y1 - 50000 Y2 - 50000 Y3 - 50000 Y4 - 100000 M1 - 190000 M2 

- 270000 M3 - 340000 M4 - 410000 MS+W= 0 
13) -X11-X12 - X13 -X14-X15+X1= 0 
14) X11 <= 2000 
15) X12 <= 2000 
16) X13 <= 2000 
17) X14 <= 2000 

END 
GIN L 
INTE Y1, Y2, Y3, Y4, M1, M2, M3, M4, M5 
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OBJECTIVE FUNCTION VALUE 

1) 381800.00 

VARIABLE VALUE REDUCED COST 

L 12.000000 -11000.000000 

Yi 1.000000 50000.000000 

Y2 1.000000 50000.000000 

Y¥3 .000000 5255.305000 

Y4 1.000000 50000.000000 

M1 .000000 100000.000000 

M2 .000000 190000.000000 

M3 .000000 270000.000000 

M4 .000000 340000.000000 

M5 1.000000 400000.000000 

X11 2000.000000 .000000 

X12 2000.000000 .000000 

X13 2000.000000 .000000 

X14 2000.000000 .000000 

X15 .000000 .900000 

X2 10000.000000 .000000 

X3 .000000 .000000 

X4 10000.000000 .000000 

X1 8000.000000 .000000 

WwW 812000.000000 .000000 

Model 4.14 Variable Demand Function And Variable Resource Acquisition Cost 

The solution suggests that five machines be purchased, 12 laborers hired, 8,000 units of 

P, manufactured, and 10,000 of P> and 10,000 of P4 manufactured. The investment 

costs $812,000, and the profit is estimated as $381,800. If the rate of return can be 

defined as the total profit divided by the total investment cost (given that the operational 

cost is not included in the definition of investment), then the rate of return for the situation 

is calculated as 47 percent. If the same situation in Model 4.14 is subject to a budget 

limitation on investment of anything less than $812,000 (the "next best" solution), the 

objective function value changes to $368,600 with an investment requirement of 

$700,000, a rate of return of 53 percent. This indicates a relationship between the budget 

limit and the rate of return. 
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RATE OF RETURN REQUIREMENTS 

The different rates of return, as a function of budget limit or investment requirement, can 

now be investigated. (See the section, "Maximizing the Rate of Return," in Appendix A 

for the definition of the rate of return.) Model 4.14 is used and all relevant budget limits 

are imposed. The results are illustrated in Table 4.13. (Note the discreteness: the next 

best investment to $812,000 is $700,000). Table 4.13 shows that if the budget is limited 

to anything just less than $812,000, the objective function value is $368,600, which is 

$13,200 less than the option without a budget restriction. However, the rate of return 

(ROR) has increased from 47 percent to 53 percent.!2 The rate of return increases as the 

budget decreases unimodally up to the point where the investment requirement is 

$213,000, after which it declines. It can now be left to the decision-maker to determine 

whether he or she would sacrifice some profit for a higher rate of return. 

Table 4.13 Rate of Return as a Function of Budget Restrictions 
  

# W <= SOLUTION Ww ROR 

1 (infinity) 381,800 812,000 47 

2 811,999 368,600 700,000 53 

3 699,999 328,800 395,000 83 

4 394,999 313,800 374,000 84 

5 373,999 237,200 263,000 90 

6 262,999 225,000 213,000 106 

7 212,999 158,400 192,000 83 

8 191,999 38,800 171,000 23     
  

  

12The reason the rates of return are so high is mainly because of the definition of an investment (which 
excludes the cost of operations). 
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Multiperiod Problem 

In this section the basic single period problem (except for the investment at end of the 

period prior to production), as developed in the previous section, is expanded to a 

multiperiod problem. For simplicity, the number of periods is limited to two.!3 At first, a 

very simple version of the multiperiod problem is analyzed and formulated. Subsequently, 

additional constraints are placed on the system in order to represent a more realistic 

situation. 

SIMPLE MULTIPERIOD PROBLEM 

In the simple multiperiod problem (outlined in Model 4.15) the same situation is given as 

in Model 4.6, except that it is applied to a two-period problem. Other differences between 

the multiperiod problem and Model 4.6 are that the prices of finished goods, machines, 

and labor increase 10 percent from Year 1 to Year 2. Also, it is assumed the actual 

market demand for the four products in the two years is given as in Table 4.14. The 

problem is formulated in Model 4.15. (For simplicity, it is assumed that product 

sustaining costs are independent of time.) 

Table 4.14 Market Demand for Multiperiod System 
  

Product Year 1 Year 2 

»,¢| 300 700 

X2 3,000 7,000 

X3 300 700 

X4 3,000 7,000     
  

  

13This is not a very restrictive limitation since the same principles herein hold for more than two periods. 
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MAX 74.9 X11 + 43.8 X21 + 68.7 X31 + 47.6 X41 + 82.39 X12 + 48.18 X22 + 75.57 X32 

+ 52.36 X42 - 21000 L1 - 100000 M1 - 23100 L2 - 110000 M2 - 50000 Y1- 50000 Y2 

- 50000 Y3 - 50000 Y4 

SUBJECT TO 

2) - 2000 L1 + 0.5 X11 + 0.5 X21 + 1.5 X314+1.5 X41<=— 0 

3) - 5000 M1 + 0.5 X11 + 0.5 X21 + 1.5 X31+ 1.5 X41 <= 0 

4) X11+X12< 1000 

5) X21+X22<= 10000 

6) X31 + X32 <= 1000 

7) X41+ X42 <= 10000 

8) - 1001 Y1 + X11+X12<= 0 

9) - 10001 Y2 + X21 + X22 <= 0 

10) - 1001 Y3 + X31 + X32 <= 0 

11) - 10001 Y4 + X41 + X42 <= 0 

12) 2000 L1 + 2000 L2 - 0.5 X12 - 0.5 X22 - 1.5 X32 - 1.5 X42 >= 0 

13) 5000 M1 + 5000 M2 - 0.5 X12 - 0.5 X22 - 1.5 X32 - 1.5 X42 >= 0 

END 

GIN L1, M1, L2, M2 

INTE Y1, Y2, Y3, Y4 

OBJECTIVE FUNCTION VALUE 

1) 583603.30 

VARIABLE VALUE REDUCED COST 
Ll 5.000000 21000.000000 
Ml 2.000000 -233200.000000 
L2 .000000 23100.000000 
M2 .000000 -64533.330000 
Yi 1.000000 50000.000000 
Y2 1.000000 50000.000000 
Y3 .000000 26766.790000 
Y4 1.000000 50000.000000 

X11 .000000 5.903332 
X21 .000000 2.793333 
X31 .000000 2.110001 
X41 6666 .667000 .000000 
X12 1000.000000 .000000 
X22 10000.000000 .000000 
X32 .000000 .000000 
X42 3000.000000 .000000 

Model 4.15 Simple Multiperiod Model 
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The notation of the production quantities in Model 4.15 is X,,, where p is the product 

type and t the period. Thus X21 indicates the quantity of Pz to be produced in period 1. 

Lt and Mt (t=1,2) indicate the number of laborers and machines, respectively, to acquire in 

period t. The decision variable Yi (i=1,...,4) is not time dependent since it simply indicates 

whether a product will be manufactured or not, regardless of time period. This is evident 

from the structure of Constraints 8) through 11). Constraints 2) and 3) are the capacity 

constraints for Year 1. Constraints 12) and 13) are applications of Equation [3.39], where 

the sets of [p] and [k] constraints are combined in a single constraint. Only one constraint 

(of the form of Equation [3.39]) is required for each resource because there are only two 

periods of concern, which means there is only one transitional period. These constraints 

ensure that the total available capacity in Year 1 (for each resource type) plus the 

additional resource capacity to be purchased in Year 2 should be sufficient to manufacture 

the number of units required. The results indicate that all resources should be acquired in 

the first period: 10 laborers and two machines. Products P), Po, and P4 are produced over 

the two years. In the first period only Pq is produced (6,667 units), and the production in 

Period 2 is 1,000 units of P}, 10,000 units of Py, and 3,000 units of P4. 

INCLUDING INVENTORY AND BACKLOGGING 

The situation, as depicted in Model 4.15, is not very realistic because the demand would 

most probably be more evenly distributed. This situation can be handled in one of two 

ways. The first is to specify that the annual market demand, as given in Table 4.14, should 

not be exceeded. This is accomplished in Model 4.16 where Constraints 4) through 7) in 

Model 4.15 are replaced with the following set of constraints (while the rest of Model 

4.15 remains the same): 
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4) X11 <= 300 
5) X12<= 700 
6) X21<= 3000 
7) X22 <= 7000 
8) X31<= 300 
9) X32 <= 700 

10) X41 <= 3000 
11) X42 <= 7000 

OBJECTIVE FUNCTION VALUE 

1) 451279.00 

VARIABLE VALUE REDUCED COST 
Ll 5.000000 -48813.330000 
Ml 2.000000 100000.000000 
L2 .000000 -46713.330000 
M2 .000000 110000.000000 
Yi 1.000000 50000.000000 
Y2 1.000000 50000.000000 
Y¥3 .000000 -18768.700000 
Y4 1.000000 50000.000000 
X11 300.000000 .000000 
X21 3000.000000 .000000 
X31 .000000 .000000 
X41 3000.000000 .000000 
X12 700.000000 .000000 
X22 7000.000000 .000000 
X32 .000000 45.490000 
X42 4100.000000 .000000 

Model 4.16 Limit Production to Periodic Demand 

The results from Model 4.16 are remarkably different from those of Model 4.15. This 

method of handling multiperiod demand may not be optimal. The second method for 

handling the multiperiod system is not to limit the production quantity to the market 

demand (the ceiling), as in Model 4.15, but to specify inventory and shortage costs for 

excess and insufficient production. The section, "Dynamic Nature of Inventory and 

Shortages," under the heading "Crossing Time Boundaries," in Chapter 3 is used to solve 
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this situation and is presented in Model 4.17. The demand remains constant, which means 

that Equations [3.32] and [3.33] are applicable in the constraints. Ipt and Spt 

(p=1,...,4;t=1, 2) indicate the inventory and shortages, respectively, for each product in 

each period. These variables are decision variables. The coefficients of Ipt and Spt are 

the unit costs associated with a product's inventory and shortages in a specific period. The 

additional terms in the objective function, as a result of inventory and shortages, are given 

in general form by Equation [3.22] and by the last 16 terms in the objective function in 

Model 4.11. For simplicity (and to illustrate the impact), inventory cost coefficients are all 

selected to be $5 per unit per period, and shortage cost coefficients are all selected to be 

$40 per unit per period. 

MAX + 74.9 X11 + 43.8 X21 + 68.7 X31 + 47.6 X41 + 82.39 X12 + 48.18 X22 + 75.57 X32 + 52.36 
+ X42 - 21000 L1 - 100000 M1 - 23100 L2 - 110000 M2 - 50000 Y1 - 50000 Y2 - 50000 Y3 - 
50000 Y4 -5111-5121-5 131-5 141-5112 -5 122-5 132 - 5 142 - 40 S11 - 40 S21 - 40 S31 

- 40 S41 - 40 S12 - 40 S22 - 40 $32 - 40 $43 
SUBJECT TO 

2)  -2000L1+0.5 X11 + 0.5 X21 + 1.5 X31 + 1.5 X41 <= 
3) - 5000 M1 + 0.5 X11 + 0.5 X21 + 1.5 X31 + 1.5 X41 <= 
4) X11+X12<= 1000 
5)  X21+X22<= 10000 
6)  X31+X32<= 1000 
7) X41+X42<= 10000 
8)  -1001 Y1+X11+X12<= 0 
9)  -10001 Y2+ X21+X22<= 0 

10) -- 1001 Y3 + X31 + X32 <= 0 
11) —- - 10001 Y4 + X41 + X42 <= 0 
12) 2000 L1 + 2000 L2 - 0.5 X12 - 0.5 X22 - 1.5 X32 - 1.5 X42 >= 0 
13) 5000 M1 + 5000 M2 - 0.5 X12 - 0.5 X22 - 1.5 X32 - 1.5 X42 >= 0 
14) X11-I11+S11= 300 
15) X12+I11-112-S11+S12= 700 
16)  X21-121+S21= 3000 
17) X22+121-122-§21+$22= 7000 
18)  X31-131+S31= 300 
19)  X32+131-132-$31+S$32= 700 
20)  X41-141+S41= 3000 
21) X42+141-142-S41+S42= 7000 

Q
o
 

END 
GIN LI, M1, L2, M2 
INTE Y1, Y2, Y3, Y4 
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OBJECTIVE FUNCTION VALUE 

1) 534696.00 

VARIABLE VALUE REDUCED COST 

Ll 5.000000 ~48813.33000 

Ml 2.000000 ~42000.00000 

L2 .000000 -46713.33000 

M2 .000000 110000.00000 

Yl 1.000000 50000.000000 

Y2 1.000000 50000.000000 

¥3 1.000000 50000.000000 

Y4 1.000000 50000.000000 

X11 300.000000 .000000 

X21 3000.000000 .000000 

X31 300.000000 .000000 

X41 5266.667000 .000000 

X12 700.000000 .000000 

X22 7000.000000 .000000 

X32 700.000000 .000000 

X42 3400.000000 .000000 

Ill .000000 9.236664 

121 .000000 6.126667 

131 .000000 2.110001 

141 2266.667000 .000000 

112 .000000 .000000 

122 .000000 45.000000 

[32 .000000 45.000000 

142 .000000 5.000000 

S11 .000000 35.763340 

$21 .000000 38.873330 

331 .000000 42.890000 

541 .000000 45.000000 

$12 .000000 45.000000 
522 .000000 .000000 

$32 .000000 .000000 

$43 .000000 40.000000 

$42 1333.333000 .000000 

Model 4.17 Inventory and Shortages Included in Simple Multiperiod Problem 

The total market demand, not the periodical demand, for all the products are given in 

Constraints 4) through 7). Constraints 14) through 21) ensure that the current 

production, plus the left-over inventory from the previous period, minus the shortages of 
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the previous period, minus the current market demand, should be equal to the inventory 

and shortages of the current period. This relationship is given in general form in Equation 

[3.23]. The solution of Model 4.17 is remarkably different from that of Model 4.16. It is 

expected that the objective value of Model 4.17 should be less, because additional costs 

are incurred because of inventory and shortages. This is, in fact, the case (see the output 

data). The same amount of resources are required for both Models 4.16 and 4.17. 

However, the production pattern is very different between Models 4.16 and 4.17. Only 

P4 is manufactured in Model 4.15, while all the products are manufactured in Model 4.17. 

Also, the quantities of production are different for P3 and P4 (P3 is not manufactured in 

Model 4.16 at all). The reason for the differences is because of the additional inventory 

and shortage costs. The effect of inventory and shortage costs are illustrated in Table 

4.15. The production quantities are given for different values of unit inventory and unit 

shortage costs. . 

Table 4.15 Impact of Inventory and Shortages on Production Quantities 
  

Model Period X1 X2 x3 X4 

4.15 ] 0 0 0 6,667 
2 1,000 10,000 0 3,000 

4.16 ] 300 3,000 0 3,000 
2 700 7,000 0 4,100 

4.17 1 300 3,000 300 700 
700 7,000 700 3,400 

4.18 1 300 3,000 0 5,567 
700 7,000 0 4,100 

4.19 1 1,000 10,000 0 3,000 
2 0 0 0 6,667 

4.20 1 0 0 0 6,667 
2 1,000 10,000 0 3,000     
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Table 4.15 illustrates the impact on the production quantities and product portfolios and, 

therefore, on capital budgeting for several different scenarios of inventory and shortage 

costs. Models 4.15 through 4.17 are provided. However, the results of Models 4.18, 

4.19, and 4.20 are given without providing the models themselves. Model 4.18 has 

inventory and shortage cost coefficients of $5 and $10, respectively, for all products in all 

periods. Model 4.19 has shortage cost coefficients of $10 for all products in all periods, 

and only P4 has inventory cost coefficients (in the amount of $100 per unit per period) for 

both periods. Model 4.20 has no shortage costs involved, but a constant $5 in inventory 

cost is incurred for all products in all periods. This concludes the examples on the 

influence of inventory and shortage costs. Subsequently, a comprehensive example 1s 

provided in a single model that will cover most of the theory developed in Chapter 3. 

A Comprehensive Example 

In this section a comprehensive example is given that covers most of the characteristics 

and constraints of Model [3.9]. The comprehensive example is mostly a combination of 

previous models. These are Model 4.6 (a simple model of the proposed methodology), 

Model 4.13 (variable resource acquisition cost), Model 4.14 (variable demand function), 

Model 4.15 (multiperiod problem), and Model 4.17 (inclusion of inventory and shortages). 

These models, with some additional data and restrictions, are all combined in Model 4.21. 

The relevant data for this model are summarized as follows: 

1. Four projects (P), P2, P3, and P4) are considered for production. Any one or more of 

the projects can be selected. The life of all the projects is two years. Investment (in 

resource acquisition) can be made either at the end of Year 0 or at the end of Year 1. 

Examples: Profit Maximization 204



The resources have no salvage value, and the interest rate is taken as zero. The 

objective is to select the product portfolio that yields the biggest profit. A definition is 

also required of the exact number of units of each product to produce in each period, 

the level of inventory and shortages of each product in each period, the number of 

units of each resource type to acquire and the time of acquisition, the total investment 

required (in dollars), and the projected profit. 

2. The variable market demand, as a function of quantity, for P] in both periods are given 

by the demand function expressed in Table 4.16. The market demand for Pz, P3, and 

P,4 in the two periods under consideration are given in Table 4.14. The prices for 

these products are given in Table 4.5 for the first year, and these prices escalate 10 

percent in the following year. 

3. The cost of raw material, direct labor, and operating the machines for projects P1, Po, 

and P3 are given in Table 4.2 for Year 1 and increased by 10 percent in Year 2. The 

other cost elements remain constant over the two years for these projects. 

4. The variable machine acquisition cost is given in Table 4.11 for Year 1. These prices 

escalate 10 percent in Year 2. Machine capacity is 5,000 hours per year per unit. 

5. Labor cost is $21,000 per laborer for Year 1 and $23,100 for Year 2. Each laborer 

has a capacity of 2,000 hours per year. 

6. Inventory cost is $5 per unit and shortage cost is $20 per unit, regardless of product. 

Table 4.16 Demand Function For P}_ 
  

  

Quantity Year 1 Year 2 

0-200 110.00 121.00 
201-400 65.10 71.60 
401-600 55.10 60.60 
601-800 45.10 49.60 
> 800 36.10 48.60   
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MAX PROFIT 
SUBJECT TO 

2) 
3) 
4) 
5) 

6) 

7) 
8) 
9) 

10) 
11) 
12) 
13) 
14) 
15) 
16) 

17) 

18) 
19) 
20) 
21) 
22) 
23) 
24) 
25) 
26) 

27) 

28) 

29) 

30) 

31) 

32) 

33) 

34) 

35) 

36) 

37) 

38) 

39) 

40) 

41) 

PROFIT - PROFIT1 + DT1 - PROFIT2+DT2= 0 

- 2000 L1 + 0.5 X21 + 1.5 X31 + 1.5 X41+0.5 X11 <= 0 

~ 2000 L1 - 2000 L2 + 0.5 X22 + 1.5 X32 + 1.5 X42 + 0.5 X12 <= 0 

- 5000 M11 - 10000 M12 - 15000 M13 - 20000 M14 - 25000 M15 + 0.5 X21 

+ 1.5 X31 + 1.5 X41+0.5 X11 <= 0 

- 5000 M11 - 10000 M12 - 15000 M13 - 20000 M14 - 25000 M15 - 5000 M21 

~ 10000 M22 - 17000 M23 - 25000 M25 + 0.5 X22 + 1.5 X32 + 1.5 X42 +0.5 X12 <=0 

X21 + X22 <= 10000 

X31+ X32 <= 1000 

X41 + X42 <= 10000 

~ 20001 Y1 + X11 + X12 <=0 

- 10001 Y2 + X21+ X22 <= 0 

- 1001 Y3 + X31 + X32 <= 0 

- 10001 Y4 + X41 + X42 <= 0 

M11 +M12+M13+M14+M15 <= 1 

M21 + M22 + M23 + M24 +M25 <= 1 

- 21000 L1 - 50000 Y1 - 50000 Y2 - 50000 Y3 - 50000 Y4 - 100000 M11 

- 190000 M12 - 270000 M13 - 340000 M14 - 400000 M15 - 16.2 X21 - 51.3 X31 

~ 32.4 X41 - 35.1 X11 + W1-S5111-5 121-5 131-5141 - 20 S11 - 20 821 - 20 S31 

-20S41= 0 

- 110000 M21 - 209000 M22 - 297000 M23 - 374000 M24 - 440000 M25 - 23100 L2 

- 17.82 X22 - 56.43 X32 - 35.64 X42 - 38.6 X12 + W2 -5 112 - 5 122 - 5 132 - 5 142 

- 20 $12 - 20 $22 - 20 $32 - 20 S42= 0 

SLS111 <= 200 
SLS112 <= - 200 
SLS113 <= 200 
SLS114 <= 200 
SLS121 <= 200 
SLS122 <= 200 
SLS123 <= 200 
SLS124 <= 200 
- 110 SLS111 - 65.1 SLS112 - 55.1 SLS113 - 45.1 SLS114 - 60 SLS21 - 120 SLS31 

- 80 SLS41 - 36.1 SLS115+REV1= 0 

- 121 SLS121 - 71.6 SLS122 - 60.6 SLS123 - 49.6 SLS124 - 66 SLS22 - 132 SLS32 

- 88 SLS42 - 48.6 SLS125+REV2= 0 

- SLS111 - SLS112 - SLS113 - SLS114 - SLS115+ SLS11= 0 

- SLS121 - SLS122 - SLS123 - SLS124 - SLS125+SLS12= 0 

-X11+I11+SLS11= 0 

- X12 -111 +112 + SLS12 = 0 

- X21+121+SLS21= 0 

- X22 - 121 + 122 + SLS22 = 0 

- X31 +131+SLS31= 0 

- X32 - 131 + 132 + SLS32 = 0 

- X41 +141+SLS41= 0 

- X42 - 141 + 142 + SLS42 = 0 

PROFIT1 -DT1+W1-REVI= 0 

~ PROFIT1 + DT1 + PROFIT2 - DT2 + W2-REV2= 0 

X11 -I11+S811-SLS11= 0 

X12 +111-811-112+812-SLS12= 0 
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42) -3000 Y2 + X21 -121+S821= 0 
43) -7000 Y2 + X22 +121-S$21-122+S22= 0 

44) -300 Y3 + X31 -131+S31= 0 

45) -700 Y3 + X32 + 131 -$31-132+S832= 0 

46) -3000 Y4+ X41 -141+S41= 0 

47) -7000 Y4 + X42 +141 -S41-142+S42= 0 

END 

GIN L1,L2 

INTE Y1,Y2, Y3,Y4,M11,M12,M13,M14,M15,M21,M22,M23,M24,M25 

OBJECTIVE FUNCTION VALUE 

1) 357753.30 

VARIABLE VALUE REDUCED COST 

Ll 5.000000 -98746.660000 

Yi .000000 -2674806.000000 

Y2 1.000000 -298020.000000 

Y3 .000000 66493 .000000 

Y4 1.000000 54000.000000 

Mill .000000 200002.000000 

M12 1.000000 380002.000000 

M13 .000000 540002 .000000 

M14 .000000 680002.000000 

M15 .000000 800002.000000 

M21 .000000 110000.000000 

M22 .000000 209000 .000000 

M23 .000000 297000.000000 

M24 .000000 374000.000000 

M25 .000000 440000.000000 

L2 .000000 -73380.000000 

PROFIT 357753.300000 .000000 

PROFIT1 .000000 .000000 

DT1 220533.300000 .000000 

PROFIT2 578286.700000 .000000 

DT2 .000000 .000000 

X21 3000.000000 .000000 

X31 .000000 .000000 

X41 5666.667000 .000000 

X11 .000000 .000000 

X22 7000.000000 .000000 

X32 .000000 .000000 

X42 4333 .333000 .000000 

X12 .000000 80.453340 

wi 640533 .400000 .000000 

Ill .000000 109.000000 

I21 .000000 11.526670 

I31 .000000 17.009990 

141 2666.667000 .000000 

S11 .000000 60.000000 
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$21 .000000 92.473340 

$31 .000000 140.990000 
S41 .000000 122.000000 
W2 279180.000000 .000000 
112 .000000 126.000000 
122 .000000 46.940000 
{32 .000000 133.790000 
142 .000000 113.000000 
$12 .000000 .000000 
$22 .000000 44.060000 
$32 .000000 23.210000 
S42 .000000 .000000 

SLS111 .000000 .000000 
SLS112 .000000 . 89.800000 
SLS113 .000000 109.800000 
SLS114 .000000 129.800000 
SLS121 .000000 .000000 
SLS 122 .000000 49.400000 
SLS123 .000000 60.400000 
SLS124 .000000 71.400000 
SLS21 3000.000000 .000000 
SLS31 .000000 .000000 
SLS41 3000.000000 .000000 
SLS115 .000000 147.800000 
REV] 420000.000000 .000000 
SLS22 7000.000000 .000000 
SLS32 .000000 .000000 
SLS42 7000.000000 .000000 
SLS125 .000000 72.400000 
REV2 1078000.000000 .000000 
SLS11 .000000 .000000 
SLS12 .000000 .000000 

Model 4.21 A Comprehensive Example 

All the elements of both the objective function and the constraints of Model 4.21 are 

subsequently explained with reference to Model [3.9]. The objective is to maximize the 

profit. The first constraint, which is Constraint 2), defines what profit is according to the 

set of [z] constraints.14 The sets of [p,] and [«,] constraints in Model [3.9] are the 

  

141 can be noted that the set of [x] constraints can be incorporated directly in the objective function. See 
Model A23 for an example of such implementation. 
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resource capacity and resource continuity constraints. Constraints 3) through 6) in Model 

4.21 are in this form. Only unit related activities (/=x in Model [3.9]) place a demand on 

the two resources: labor and machines. This means that there are no batch, product 

sustaining, and facility sustaining activities that place a demand on these resources. Also, 

only one type of activity is performed by each resource, regardless of products utilized. 

The demand is strictly increasing, which means that no resources will be sold, and all the 

resources for either one or more of these projects must be acquired. This means that the 

set of [Pre | constraints in Model [3.9] for machines (which have a variable resource 

acquisition cost) reduces to Equation [4.1]. This is a special case of Equation [3.35]. 

Labor has a constant cost which means that, in the case of labor, B=1. 

pir” pt 

4 5 

>, Dt X 9 — >,6,.KiM,, <0 [4.1] 
p=l b,=1 

Constraint 3) in Model 4.21 is the resource capacity constraint for labor in Period 1. The 

resource driver, D, is the number of man-hours required per unit manufactured, and the 

values are obtained from the fourth column in Table 4.1. The capacity of new labor is 

2,000 hours (from Table 4.4) and the decision variable is L1, indicating the number of 

laborers required in Period 1. Constraint 4) indicates the number of additional laborers 

required, L2, in Period 2. However, L2 also depends on L1. This relationship is given in 

the set of [x,,] constraints. For simplicity, the set of [x,] constraints are combined with 

the set of [ | constraints. The combination of these two sets of constraints are given in 

Equation [3.38]. Omitting the redundant terms in Equation [3.38], for the purposes of 

this example, results in Equation [4.2]. This is the exact form of Constraint 4). 
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4 

>» DY 2% p.t=2 ~ KP 22 M22 ~ KP aM as <0 [4.2] 
p=! 

Constraints 5) and 6) are similar to Constraints 3) and 4), except that it is for machines, 

and it takes on the exact form of Equation [4.1]. The reason for this is because the 

machine acquisition cost is a function of the number of units purchased. To match the 

series of variable resource acquisition costs > Crs, Mis, in the set of [a] constraints) the 

capacities of the different number of resources are given separately. (The capacity 

increases linearly with the number of machines acquired. See Table 4.4.) 

The set of [6, | constraints in Model [3.9] specifies the total market demand for all 

products with constant market demand functions. P2, P3, and Py all have constant market 

demand functions and their respective (65, constraints are specified by Constraints 7), 8) 

and 9). For P9, for example, in Constraint 7), the total production over the planning 

horizon (X21 + X22 for Periods 1 and 2) should not exceed the total market demand for 

the same period (Table 4.11). It is evident that the set of [5, | constraints does allow for 

overproduction in a specific period, or inventory, and for underproduction, or shortages, 

provided the total demand is not exceeded. !5 

The set of [ 75. | constraints in Model [3.9] is the product sustaining consistency 

constraints. These constraints ensure that the product sustaining costs are incurred if a 

product is manufactured. The actual product sustaining costs are given in Table 4.2 and 

are incorporated in Constraints 10) through 13). Note that these constraints are 

  

15 different way of stating the same objective (allow inventory and shortages as long as the total market 
demand is not exceeded) is to specify that the ending inventory should be zero. 
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somewhat simplified since Y,, (in the set of Apr | constraints) is simply replaced with Y,. 

This is done because the product sustaining costs in this example are assumed to be 

incurred once and once only if a product is manufactured, and not every period during 

which it is manufactured. To ensure that only one number of machines are purchased, 

Constraints 14) and 15) are introduced.!© These constraints are applications of Equation 

[3.37] and are represented by the set of [A] constraints. 

Constraints 16) and 17) represent the set of [a] constraints for Years 1 and 2, 

respectively. All relevant costs are included in this definition. These costs are the labor 

cost, machine acquisition cost, unit related costs, product sustaining costs, and inventory 

and shortage costs. Constraints 18) through 21) and constraints 22) through 25) indicate 

the maximum sales for each batch (or increment size) of the variable market demand for 

P, in Years 1 and 2, respectively (see Table 4.16). Constraints 18) through 25) specify, 

therefore, the set of [é pe, | constraints. 

Constraints 26) and 27) are summations of sales, as given in the set of [‘¥] constraints, 

over all products for each of the two time periods. These constraints are used to 

determine the revenue for each period. Constraints 28) and 29) determine the sales in 

units for each product in each period, and are represented by the term » SLS ,», in the set 

of [o | constraints. The exact sales, as a function of inventory and production, for P1 in 

the two periods are determined by Constraints 30) and 31). Constraints 32) and 33), and 

34) and 35), and 36) and 37) are similar constraints for the other products. Constraints 

  

!6Whenever the price per machine is strictly non-increasing with quantity, Constraints 13) and 14) are 
redundant. However, to omit this assumption, these constraints are introduced. 
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38) and 39) are special cases of the sets of [x] and [D] constraints where the total cost is 

not assigned to the decision variables indicating debt, DT, but rather left to be determined 

by the optimization methodology. Constraints 40) and 41) indicate the inventory and 

shortage levels for P; in the variable demand case, as expressed in the set of [o | 

constraints. Constraints 42) and 43) indicate the inventory and shortage levels for the 

constant market demand case for P9, and is expressed in the set of [y] constraints. 

Constraints 44) and 45), and 46) and 47) are similar for P3 and P 4. 

The results for this problem are as follows: P2 and Pq are to be manufactured in 

quantities of 3,000 and 5,667 in Period 1, and quantities of 7,000 and 4,333 in Period 2, 

respectively. Five laborers should be hired and two machines must be acquired in Period 

1. Due to this investment, there will be no profit in Period 1 (only a debt of $220,0533). 

In Period 2, however, the profit is $578,286 which leaves a total net profit of $357,753. 

The total cost of the operation is $640,533 in Period 1 and $279,180 in Period 2. Only 

3,000 units of Pz and 3,000 of Py are sold in Period 1, which leaves an inventory of 2,667 

units of P4 in Period 1 (because of the production of 5,667 units). The revenue in Period 

1 is $420,000. The 2,667 units in inventory and the production of 4,333 units in Period 2 

result in the sales of 7,000 units of P4 in Period 2. The revenue in Period 2 is $1,078,000. 

Sensitivity Analysis 

It is now possible to restrict, or predetermine, any of the values of the decision variables.!7 

Only one example of this type of analysis is given. Say, for example, management allows a 

  

174 predetermined value is a value assigned to a decision variable before the problem is solved. An 
example of a predetermined value is that five machines to be purchased, or 2,951 units of P2 must be 
produced in Period 1. Note that some predetermined values may result in either an infeasible solution, or 
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maximum of $300,000 for the total undertaking in Period 1. Since management foresees a 

more preferable cash flow during Period 2, no restrictions are placed on the size of the 

investment in Period 2. The only alteration to Model 4.21 is the addition of the constraint: 

W1 <= 300,000. (This constraint is a [f,] constraint.) This is given in Model 4.22 (only 

the output is provided). 

OBJECTIVE FUNCTION VALUE 

1) 234960.00 

VARIABLE VALUE REDUCED COST 
Ll 1.000000 42000.000000 
Y1 .000000 -2896 150.000000 
Y2 1.000000 181740.000000 
Y3 .000000 -65597.390000 
Y4 .000000 -1132155.000000 
Mil 1.000000 200000.000000 
M12 .000000 380000.000000 
M13 .000000 540000.000000 
M14 .000000 680000.000000 
M15 .000000 300000.000000 
M21 .000000 110000.000000 
M22 .000000 209000.000000 
M23 .000000 297000.000000 
M24 .000000 374000.000000 
M25 .000000 440000.000000 
L2 1.000000 23100.000000 
PROFIT 234960.000000 .000000 
PROFIT 1 .000000 .000000 
DTI 39600.000000 .000000 
PROFIT2 274560.000000 .000000 
DT2 .000000 .000000 
X21 3000.000000 .000000 
X31 .000000 .000000 
X41 .000000 .000000 
X11 .000000 .000000 
X22 7000.000000 .000000 
X32 .000000 101.830000 

  

the do-nothing alternative. An example of a constraint containing a predetermined value that may result 
in an infeasible solution or the do-nothing approach is if exactly $200,000 must be invested in Period 1. 

In this case, if no investment can be made (taking the $200,000 is a 0-1 decision) that will add up to 
$200,000 exactly, the solution will be infeasible. 
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X42 .000000 82.840000 

X12 .000000 .000000 
Wi 219600.000000 .000000 
I11 .000000 41.600010 
12] .000000 24.580000 
13] .000000 158.000000 
141 .000000 122.000000 
S11 .000000 .000000 
S21 .000000 79.420000 
$31 .000000 .000000 
S41 .000000 .000000 
W2 147840.000000 .000000 
112 .000000 193.400000 
122 .000000 91.000000 
132 .000000 157.000000 
142 .000000 113.000000 
$12 .000000 .000000 
$22 .000000 .000000 
$32 .000000 .000000 
$42 .000000 .000000 

SLS111 .000000 .000000 
SLS112 .000000 89.800000 
SLS113 .000000 109.800000 
SLS114 .000000 129.800000 
SLS121 .000000 67.399990 
SLS122 .000000 116.800000 
SLS123 -000000 127.800000 
SLS124 .000000 138.800000 
SLS21 3000.000000 .000000 
SLS31 .000000 .000000 
SLS41 .000000 .000000 
SLS115 .000000 147.800000 

REV1 180000.000000 .000000 
SLS22 7000.000000 .000000 
SLS32 .000000 .000000 
SLS42 .000000 .000000 
SLS125 .000000 139.800000 
REV2 462000.000000 .000000 
SLS11 .000000 .000000 
SLS12 .000000 .000000 

Model 4.22 Comprehensive Example With Budget Restriction 

The solution from this additional budget constraint, as given in Model 4.22, is distinctly 

different from that of Model 4.15 without this constraint. With this budget constraint, 
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only Pz must be produced instead of the Py and P4 in the Model 4.21 where there is no 

budget restriction on the investment in period 1. One laborer is hired in Period 1 and 

another is hired in Period 2. Only one machine is acquired in Period 1. The production 

quantities of P> are 3,000 and 7,000 for the two years. The total investment cost for 

Period 1 is $219,600 and for Period 2 it is only $147,840. The total profit is $234,960 

instead of the $357,753 in Model 4.21 where there is no budget restriction. 

Incorporating Interest Rates 

In this section a simple example is provided to show how different interest rates can be 

applied. (The examples up to now ignored the influence of interest for the sake of 

simplicity.) A system is assumed in which the decision points occur at the following 

times: ty, t,, t,, and t,. Only one product, X, is potentially produced. The inflation-free 

interest on borrowed money (for illustrational purposes) are i,=5%, 1,=6%, and i,=7% for 

money borrowed in the periods tp, t,, and t,. The inflation-free interest that can be 

received for money lent out is a constant 3%. The unit revenues for X in the four periods 

are $30, $30, $25, and $20, respectively. The cost is a constant $10 per unit. The only 

other investment cost is an initial $35,000. 

The market demand for the four periods are 1,000; 2,000; 5,000; and 2,000 units. Model 

4.23 provides the formulation and the solution for this problem. The objective function is 

a special application of the set of [x] constraints in which the profit for each period 

(denoted by PROFx, x=0,1,2,3) indicates the sales revenue and the interest earned from 

the previous period's investment. The objective function and Constraints 10) through 13) 

express the set of [7] constraints. 
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MAX PROFO + 1.03 PROF] + 1.063 PROF2 + 1.096 PROF3 - DTO - DT1 - DT2 - DT3 
SUBJECT TO 

2) X0<= 1000 
3) X1<= 2000 
4) X2<= 5000 
5) X3<= 2000 
6) 10X1-WO0= -35000 
7) 10X1-Wl= 0 
8) 10X2-W2= 0 
9) 10X3-W3= 0 

10) PROFO-30X0= 0 
11) =‘ - 0.03 PROFO + PROF1 + 0.05 DTO -30 X1= 0 
12) - 0.03 PROF1 + PROF2 + 0.06 DT1 - 25 X2= 0 
13) = 0.03 PROF2 + PROF3 + 0.07 DT2 - 20 X3= 0 
14) -DT0+WO= 0 
15) -DT1+1.05W0+W1-PPO1= 0 
16) -DT2+ 1.103 WO + 1.06 W1 + W2 - 1.05 PPO1 - PP0O2-PP12= 0 
17)  - DT3 + 1.158 WO + 1.124 W1 + 1.07 W2 + W3 - 1.103 PPO1 - 1.05 PP02 - 1.06 PP12 

- PP03 - PP13 - PP23 - PP33= 0 
18) -WO0O+PPO1 + PPO2 + PP03 <= 0 
19) -W1+PP12+PP13<= 0 
20) -W2+PP23<= 0 
21) -W3+PP33<= 0 
22) - PROFO + DTO + PROFITO - DEBTO= 0 
23) - PROF1 + DT1 + PROFIT1-DEBT1= 0 
24) - PROF2 + DT2 + PROFIT2 - DEBT2= 0 
25) - PROF3 + DT3 + PROFIT3 - DEBT3= 0 

END 

OBJECTIVE FUNCTION VALUE 

1) 127313.70 

VARIABLE VALUE REDUCED COST 
PROFO 30000.000000 .000000 
PROF 1 58150.000000 .000000 
PROF2 125379.500000 .000000 
PROF3 39973.340000 .000000 
DTO 55000.000000 .000000 
DT1 22750.000000 .000000 
DT2 54115.000000 .000000 
DT3 7805 .000000 .000000 
X0 1000.000000 .000000 
X1 2000.000000 .000000 
X2 5000.000000 .000000 
X3 2000.000000 .000000 
Wo 55000.000000 .000000 
Wil 20000.000000 .000000 
W2 50000.000000 .000000 
W3 20000.000000 .000000 
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PPO! 55000.000000 .000000 
PPO2 .000000 1.172589 

PP12 20000.000000 .000000 

PPO3 .000000 2.299309 

PP13 .000000 1.136720 

PP23 50000.000000 .000000 

PP33 20000.000000 .000000 

PROFITO .000000 .000000 

DEBTO 25000.000000 .000000 

PROFIT1 35400.000000 .000000 

DEBT1 .000000 .000000 

PROFIT2 71264.500000 .000000 

DEBT2 .000000 .000000 

PROFIT3 32168.330000 .000000 

DEBT3 .000000 .000000 

Model 4.23 Incorporating Different Interest Rates 

Constraints 2) through 5) indicate the market demand. The total cost for each period is 

denoted by Constraints 6) through 9) and are special cases of the set of [a] constraints. 

The debt and repayment constraints, as given by the set of [D] constraints, are given in 

Constraints 14) through 17). As an example of the parameters of these constraints, the 

specific case expressed in Constraint 16) can be illustrated as follows: DT2 = (1.05)?W0 

+ {1.06WI1 - 1.05PP01} + {W2 - PPO2 - PP12}. Constraints 18) through 21) indicate 

that the principal payments on a certain borrowed amount should not exceed the borrowed 

amount itself. Constraints 22) through 25) specify the total net profit or debt in each 

period, denoted by PROFIT and DEBT, respectively. Note that the sum of these variables 

will not give the total profit because of the interest rates involved. The suggested 

solutions are as follows. The total market demand is satisfied. A total cost of $55,000 is 

required for the first year (WO) which is the $35,000 investment cost and the production 

cost of $10 per unit for 2,000 units. The costs for the following three years are only the 

production costs. The profit in Period 0 $30,000 is the sales revenue (it is, therefore, not 

the actual profit). There is no actual profit for Period 0 (indicated by the variable 
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PROFITO). Instead, there is a debt of $25,000. The value for PROF] is calculated as the 

revenue for Period 1 (2,000*$30,000), plus the interest on PROFO (0.03*30,000), minus 

the interest on DTO (0.05*$55,000). This leaves the value of $58,150 for PROF1. The 

other values are self-explanatory. This concludes the first example setting illustrating the 

proposed methodology. In the next section a different example is provided. 

AN ALTERNATIVE EXAMPLE 

In this section an alternative example is given. The reason for this second example is to 

provide some additional evidence (which is independent of the elaborate example used in 

the first 23 models in this chapter) in support of the basic argument of this dissertation: 

Better capital budgeting decisions can be made if costs are not allocated to products when 

common resources are used among different projects. The basic thrust of this example is 

to illustrate the simplicity and effectiveness of the methodology developed in this study in 

comparison with the existing literature. The example also illustrates how the methodology 

in this study can be used on existing manufacturing systems. 

The data and relevant information for this example are as follows. Company XYZ 

currently manufactures three types of heavy duty engines. These engines are simply 

labeled El (a small engine), E2 (a medium size engine), and E3 (a large engine). The 

company currently manufactures a total of 300, 200, and 150 of these engines, 

respectively. These production quantities satisfy the current market demand. However, 

the demands over the next planning horizon for these engines are expected to increase to 

500, 400, and 250 units, respectively. The total capacity can only fulfill the current market 

demand. The following must be determined: 1) which engines to produce in the next 
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planning period; 2) the quantity of each type of engine to produce in the next planning 

period; and 3) the amount of additional capacity (of each type) to add to the existing 

capacity. The engines are manufactured in similar processes using similar resources. Four 

main activities are performed in the manufacturing of the engines: casting, milling, heat 

treatment, and assembly and testing (abbreviated "Assy&Test"). Tables 4.17 and 4.18 

provide additional information relating to the example. 

Table 4.17 Unit Demand on Resources (Hours per Unit 
  

    

E1 E2 E3 

Casting 10 15 20 

Milling 60 75 100 

Heat Treat 20 25 35 

Assy&Test 15 20 25 
  

Table 4.18 Unit and Product Sustaining Costs 
  

Unit Cost El E2 E3 

Casting $60 $75,000 $90,000 $100,000 

Milling 50 150,000 150,000 150,000 

Assy&Test 40 200,000 240,000 300,000 

Heat Treat $15,000 per 250 hours for all engines     
  

Table 4.17 gives the demand per unit per engine on each of the four major resources. 

Since the products are all similar and they all place similar demands on resources 

(although different in magnitude), all unit related resource drivers are taken as hours of 

operation.!® For example, it takes 10 hours to do the necessary casting for a single unit of 

  

18This assumption may an oversimplification of a real situation. However, this assumption is made for 

simplicity and to emphasize the important points. 
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engine El. The column “Unit Costs" in Table 4.18 indicate the cost per unit per hour of 

operation. It costs, for example, $60 per hour to do the casting for any of the three 

engines. The last three columns in Table 4.18 indicate the cost that is automatically 

incurred when an activity is done on an engine. A product sustaining cost of $75,000 is, 

for example, incurred to do the casting for engine El. (These costs are actually batch 

costs, but since batch sizes are one, the costs can be considered product sustaining costs.) 

The costs incurred by heat treating the components are different than for the other three 

activities. A total batch cost of $15,000 is incurred for every fraction of 250 hours that 

are required for heat treatment.!9 The total cost for casting all the required components 

for engine E1 is then calculated as $255,000 ($75,000 + 300*10*60) from Tables 4.17 

and 4.18 and the production quantity. The cost of heat treating the components for engine 

E1 is calculated as $360,000 ((20*300/250)*15,000). The cost for each activity on each 

engine type, as well as the total costs, are given in Table 4.19. (The "Total" column 

indicates the total cost per activity, while the "Total" row indicates the total engine costs.) 

Table 4.19 Activity and Total Costs 
  

  

El E2 E3 Total 

Casting 255,000 270,000 280,000 805,000 

Milling 1,050,000 900,000 900,000 2,850,000 

Heat Treat 360,000  300,0000 315,000 975,000 

Assy&Test 380,000 400,000 450,000 = 1,230,000 

Total 2,045,000 1,870,000 1,945,000 5,860,000   
  

  

19 An example of such a situation is an oven that can accommodate all the necessary engine components 
for 10 engines (irrespective of engine type), and the oven must be in operation for 25 consecutive hours at 
a total cost of $600 per hour (which is $15,000 for 25 hours). 
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From the production quantities and the total costs in Table 4.19 the total unit cost for each 

engine (given the data) is $6,814 for El, $9,350 for E2, and $12,967 for E3.2° It is 

further assumed that the selling prices for the different engines (on a unit basis) are as 

follows: $9,000 for E1, $12,000 for E2, and $17,000 per unit for E3. The conditions for 

the next planning period are as follows: 

1. The total market demand is expected to increase from 300, 200, and 150 units for 

engines El, E2, and E3, respectively, to 500, 400, and 250 units. 

2. The unit prices for engines El and E3 are expected to remain the same ($9,000 per 

unit of El and $17,000 per unit of E3). However, 100 units of E2 will sell at $13,000 

per unit, 200 units at $12,000 per unit, and 100 units at $11,500 per unit. 

3. An additional engine, E4, can be manufactured under contract. The rights for the 

contract would cost $1,200,000. This engine is a fairly revolutionary engine that 

requires extensive casting (30 hours per unit), no heat treatment, and little milling (40 

hours per unit) and assembly (7 hours per unit). Product sustaining costs for E4 are 

$250,000 for casting, $125,000 for milling, and $100,000 for assembly and testing. 

The market price for the engine is $9,730 and the market is expected to absorb 1,000 

units in the next planning period. 

The current resource capacities, as well as the additional capacities that may be required to 

fill some or all of the new demands and the associated costs, are given in Table 4.20. 

  

20It is to be noted that this example, in contrast to the previous example setting, is constructed in such a 

way that differences in product costs are evident. The reason for this is that even though the current 
product costs are determinable with a high degree of accuracy, the cost of the acquisition and consumption 
of additional resources must be considered together with the current situation in order to effectively 
determine which products to produce as well as the quantity of each. This will be shown in the following 

paragraphs. 
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Table 4.20 Additional Possible Capacities with Associated Costs 
  

Casting Heat Treat 

12,000 0 20,000 0 

13,000 $100,000 24,000 $250,000 

14,000 $200,000 30,000 $500,000 

15,000 $300,000 

16,000 $400,000 

    
Milling Assy & Test 

48,000 0 15,000 0 

58,000 $250,000 18,000 $300,000 

68,000 $300,000 19,000 $350,000 

78,000 $400,000 21,000 $450,000 

88,000 $750,000 25,000 $600,000 
  

Table 4.20 indicates the existing capacities for each of the four resources on the first line 

below each of the resources.?!_ For example, 12,000 hours of capacity currently exists for 

casting. To simplify the situation, it is assumed that the existing capacity has already been 

paid for and that that cost does not enter in the decision-making process. However, 

additional resource capacity costs money. The additional capacity, as well as the costs 

associated with each possible incremental increase, are also given in Table 4.20. For 

example, to increase the casting capacity from 12,000 hours to 13,000 hours would cost 

$100,000. 

From Table 4.17 and the current production quantities (300, 200, and 150 units of El, E2, 

and E3, respectively) the total current demand on the four resources can be calculated as 

follows: 9,000 hours of casting, 48,000 hours of milling, 16,250 hours of heat treatment, 

  

21Since each resource involves only one activity (only milling is done in the milling section), and vice 
versa, the activities accurately indicate the resources involved. 
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and 12,250 hours of assembly and testing. It can be seen from these data and the data in 

Table 4.20 that the milling resource is the bottleneck activity. Table 4.20 covers the 

increments in capacity (and the associated costs) that management feels may be added. 

The main issue is the following: in order to maximize profit, which engines must be 

produced in the following period and how many of each must be produced? In the 

classical capital budgeting models a cash flow per product must be developed. Such a 

cash flow per product consists of all the inflows and outflows of cash on a per project 

basis. In this example, all four resources are used by all three projects. Which part of the 

cost of each additional resource should be allocated to each engine to determine a cash 

flow associated with the project that most accurately represents that project? How much 

additional capacity of each resource (see Table 4.20) should be utilized? The effective 

allocation of cost for resources that are shared among different projects is given by 

Equation [3.59] and is reproduced as follows: 

gC ky XC 
Cc? P P_ 

D> DALX, 
p=) p= 

  

As can be seen from Equation [3.59], the cost to be allocated to a product depends on the 

product portfolio and on the production quantity of each product in the product 

portfolio.22, The production quantity depends (among other things) on the capacity and 

the product portfolio. However, the capacity and the product portfolio are decision 

variables. The total number of cash flows and problem formulations required for this 

  

22See the section, "Problem 1: Cash Flows Can Be Incorrect,” in Chapter 3 for a full discussion. 
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this example to ensure that the cash flows accurately represent the associated projects are 

determined as follows (obtained from Equation [3.60]): 

Q.. indicates the maximum number of different capacity levels for each resource. Casting, 

for example, has five different possible levels of capacity under consideration (see Table 

4.20). Only E2 has a price differentiation with three levels of prices. Therefore, the total 

possible number of cash flows and problem formulations required to accurately represent 

the associated engines amounts to 3(2*)(5)(5)(3)(5)(3) = 54,000. The methodology 

developed in Chapter 3 can be used to obtain the final answer in a single run. The 

simplified version of Model [3.9] that can be used to solve this example problem is given 

in Model 4.24. The numeric model is given in Model 4.25. 
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Model 4.24 Simplified General Model for Engine Example 
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MAX — - 15000 HT - 425000 Y1 - 480000 Y2 - 550000 Y3 - 1675000 Y4 + 4800 X1 + 7550 X21 
+ 6550 X22 + 6050 X23 + 9800 X3 + 5650 X4 - EXP_CAST - EXP_MILL - EXP_HEAT 
- EXP_ASSY 

SUBJECT TO 
2) 100000 CAST -EXP_CAST= 0 
3) 250000 BM1 + 300000 BM2 + 400000 BM3 + 750000 BM4 - EXP_MILL = 0 
4) 250000 BHI + 500000 BH2 - EXP HEAT= 0 
5) 300000 BA] + 350000 BA2 + 450000 BA3 + 600000 BA4 - EXP_ASSY = 0 
6) - 1000 CAST + 10 X1 + 20 X3 + 30 X4+ 15 X2<= 12000 
7) - 10000 BM] - 20000 BM2 - 30000 BM3 - 40000 BM4 + 60 X1 + 100 X3 + 40 X4 

+75 X2 <= 48000 
8) - 250 HT + 20 X1 +35 X3+25X2<= 0 
9) 250 HT - 4000 BHI - 10000 BH2 <= 20000 

10) - 3000 BA1 - 4000 BA2 - 6000 BA3 - 10000 BA4 + 15 X1 + 25 X3 +7 X4 
+20 X2<= 15000 

11) X1<= 500 
12) X2<= 400 
13) X3<= 250 
14) X4<= 1000 
15) - 505 Yl + X1 <= 0 
16) - 405 Y2 + X2 <= 0 
17) -255 Y3 + X3 <= 0 
18) - 1005 Y4 + X4<= 0 
19) - X21 - X22 -X23+X2= 0 
20) X21<= 100 
21) X22<= 200 
22) BMI +BM2+BM3+BM4<= 1 
23) BH1+BH2<= 1 
24) BAl1+BA2+BA3+BA4<= 1 

END 
GIN HT, CAST 
INTE Y1, Y2, Y3, Y4, BM1, BM2, BM3, BM4, BH1, BH2, BA], BA2, BA3, BA4 

OBJECTIVE FUNCTION VALUE 

1) 2765000.0 

VARIABLE VALUE REDUCED COST 
Yi .000000 425000.000000 
Y2 1.000000 480000.000000 
Y3 .000000 205750.000000 
Y4 1.000000 1675000.000000 
Xi .000000 .000000 
X21 100.000000 .000000 
X22 200.000000 .000000 
X23 100.000000 .000000 
X2 400.000000 .000000 
X3 .000000 .000000 
x4 1000.000000 .000000 
HT 40.000000 -42500.000000 
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CAST 24.000000 80000.000000 

BM1 .000000 250000.000000 

BM2 .000000 300000.000000 

BM3 1.000000 400000.000000 

BM4 .000000 750000.000000 

BH1 .000000 .000000 

BH2 .000000 .000000 

BAI .000000 300000.000000 

BA2 .000000 350000.000000 

BA3 .000000 450000.000000 

BA4 .000000 600000.000000 

EXP_CAST 2400000.000000 .000000 

EXP_MILL 400000.000000 .000000 

EXP_HEAT .000000 1.000000 

EXP_ASSY .000000 .000000 

Model 4.25 Input and Output from Engine Example Problem 

The value of B, in the first term in the objective function of Model 4.24 takes on the value 

of 1 for both engines E1 and E3 because the selling price of these engines remain constant. 

There are three different prices in the market demand for engine E2, which means that B, 

would take on the value of 3 for E2. The unit variable contribution margin (the first term 

in the objective function in Model 4.24) for casting is developed as follows (from Tables 

4.17 and 4.18): $9,000 (sales price) - $600 ($60/unit hour * 10 hours for casting) - 

$3,000 ($50/unit hour * 60 hours) - $600 ($40/unit hour * 15 hours) = $4,800. The other 

unit variable contribution margins are calculated similarly. The second term of the 

objective function in Model 4.24 involves the heat treatment, a batch activity, at $15,000 

per batch (HT). 

The product sustaining costs are obtained from Table 4.18. The product sustaining costs 

for the activities casting, milling, and assembly and testing can be grouped together in a 

single cost figure. The last term in the objective function in Model 4.24 is expanded to the 

last four terms in the objective function in Model 4.25. These four terms are expanded 
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into the first four constraints in Model 4.25. The data for these constraints are obtained 

from Table 4.20. Constraints 6) through 10) are the set of [p] constraints. The data are 

obtained from Tables 4.17 and 4.20. Constraints 11) through 14) and 19) through 21) are 

obtained from the set of [5] constraints. Constraints 15) through 17) are obtained from 

the set of [n] constraints. Constraints 22) through 24) are obtained from the set of [A] 

constraints. 

The solutions in the output in Model 4.25 are self-explanatory. However, one interesting 

point can be highlighted. The profit to cost ratios for the current production for the three 

engines are as follows: 0.320 for El, 0.297 for E2, and 0.311 for E3. The profit margins 

(net income divided by sales) for the three engines are as follows: 0.243 for El, 0.229 for 

E2, and 0.237 for E3.23 It is obvious from these ratios that El is, based on the current 

data, the "most profitable product" and E2 is the "least profitable product." It is, 

therefore, interesting that E2 is suggested to be produced in the new scenario and not E1, 

despite the fact that El is "more profitable" (based on the existing production). If E1 is 

forced into the solution, the objective function value drops to $2,650,000 (from 

$2,765,000) and a total of 500 units of El and a total of 1,000 units of E4 are suggested 

to be manufactured. In summary, this example illustrates the complexity involved in 

determining the cash flows per project (even though specific cash flows had not been 

developed) when resources are shared among different projects or products. This example 

also illustrates how the problems surrounding cash flows can be avoided by not using the 

concept of cash flows per project. 

  

23The profit margin is simply the profit per unit divided by the sales price per unit. This can be done 
since all products are sold. The cost per unit of an engine is obtained from the total cost in Table 4.19 
divided by the total number of units produced ($2,045,000/300 = $6,817 for El). The profit margin for 
E] is then (9,000 - 6,817)/9,000 = 0.243. 
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CRITICAL REVIEW OF SOLUTIONS 

In this section, some of the conflicts in cost allocation and capital budgeting that arose in 

this chapter are highlighted . The issues will be addressed point by point. 

1. Classical capital budgeting linear programming models can only incidentally provide 

optimal answers when resources are shared among different projects that are not 

contingent upon each other. The profit predicted by the classical capital budgeting 

techniques is overestimated by 151 percent for manufacturing P), Pz, and P3, as 

determined by Models 4.1 and 4.3. Also, the product portfolio suggested by the 

proposed methodology in Model 4.6 yields better results than any of the product 

portfolios suggested by the classical capital budgeting LP models using either 

conventional costing or activity-based costing systems (Models 4.1 through 4.4). 

Cost is incurred in the acquisition and utilization of resources while revenues are 

generated by sales. The market determines the demand and the price for goods, and 

the market also determines the price of resources. How, then, can a company's 

internal costing rules lead to different capital budgeting solutions? If the market 

determines the price for all resources and the price for all finished goods, as well as the 

demand for finished goods, there can only be an optimal solution with one value for 

profit, the optimal profit.24 

  

24The underlying assumption with this statement is that the demand that a project places on a resource 
remains deterministic and constant. (See Table A2, for example.) However, when a learning curve exists, 
it is assumed that it will be modeled explicitly. 
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3. The results from the classical capital budgeting techniques must be analyzed and 

"corrected," even though an optimization technique is used to obtain answers (see the 

section, "Analyzing the Results of Weingartner and Bernhard's Models," in Chapter 3). 

This type of post-processing does not guarantee optimality. In fact, optimality can 

only be guaranteed with an exhaustive analysis of all possible combinations, including 

all possible quantities of each product.?5 

4 With classical capital budgeting LP models complete new cash flows must be 

developed for each new constraint or set of constraints, which also means that 

additional post-processing must be accomplished. With the proposed methodology, 

additional restrictions on the system can simply be added to the existing system; only 

directly conflicting constraints must be deleted.?6 

5. The structure of the classical capital budgeting LP models is such that the output from 

these models only suggests which projects to be undertaken. The proposed 

methodology gives an exact definition of the resources that must be purchased, the 

projects that must be undertaken and (very important) the output quantity of each 

project, the slack (unused capacity) on each resource, and the total amount of money 

required for the total investment, each as a function of time. 

6. Inventory and shortages impact capital budgeting decisions, as illustrated in Models 

4.15 through 4.20, and should be incorporated as such. 

  

25See the section, "Justification," in Chapter three for a general quantification of the amount of cash flows 
and product formulations required to guarantee that certain conditions for optimality and usefulness are 
met. 

26 It may not be a simple task to simply add constraints: all constraints must still represent the problem, or 
a true subset of it. 
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7. Different interest rates from different sources in the capital structure can be 

incorporated simultaneously with a lending rate without resulting in "inconsistent" 

solutions.27 

The above-mentioned points are some observations that result from the numerical 

examples provided in this chapter. A more detailed analysis is given in the section, 

"Conclusions," in Chapter 5 where this study is summarized and conclusions are made. 

  

27See the section, "Inconsistent Solutions,” in Chapter 1. 
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CHAPTER V 

SUMMARY, RESULTS, CONCLUSIONS, AND 

EXTENDED RESEARCH OPPORTUNITIES 

This chapter consists of four sections. In the first section this study is summarized. The 

results obtained from Chapter 4 are shortly addressed in the second section. Some 

conclusions are drawn in the second section. Finally, some extended research 

Opportunities are outlined. 

SUMMARY 

In this study linear mixed integer programming was used to model capital budgeting 

interactively with aggregate production planning in the face of market supply and demand 

functions. The main objective was the maximization of profit, where profit was defined as 

the net present value of cash inflows minus cash outflows before taxes for an 

organization.! Costs were not allocated to projects, which means that the notion of cash 

flows per project was not used. All costs were considered to be incurred in the acquisition 

and the utilization (in the form of activities) of resources. Activities were considered 

variable in one of four levels: unit, batch, product sustaining, and facility sustaining 

activities. The demand for each resource (and, therefore, also the cost) was then 

aggregated over all levels of variability and over all the projects in the product portfolio. 

  

In Appendix A separate models were developed for each of the following three objectives: maximization 
of the rate of return, maximization of market share, and minimization of the cost of excess capacity. 

These models, together with the model that maximizes profit, were then combined into a single model 
using goal programming. 
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The benefit of changing resource capacity (in the form of changed revenues and as a 

function of both time and supply and demand functions) was then traded off against the 

cost or benefit of changing the capacity. Thus, a continuous trade-off opportunity exists 

between the additional revenues as a result of additional capacity, versus the cost of the 

additional capacity. 

For a given set of assumptions, capital structure and capital investment decisions were 

considered simultaneously. Different sources of funds were utilized with different costs of 

capital. A lending rate was also incorporated. Both lending and borrowing were 

incorporated without solutions becoming inconsistent as a result of incorrect or 

inappropriate discount factors. This resulted mainly from the fact the organization, as a 

single entity (that manufactured a single product portfolio), demanded needed capital and 

invested excess funds. (The net present value, based on period t profits, of the 

organization, and not of projects, was maximized.) Also, the output of each project was 

modeled specifically, which alleviated the practical problem of fractional acceptance of 

projects. Variable supply and demand functions were alsc included and explicitly 

modeled. Finally, it was shown that, for a given set of assumptions, aggregate production 

planning is a subset of capital budgeting. 

This study has provided a means of selecting a product portfolio, as well as the output 

quantities of each project comprising the product portfolio, as a function of time, and in 

light of market supply and demand functions of both financial and non-financial 

resources.” In addition, the output of the model developed in Chapter 3 indicate the sales 

quantity, revenue, total cost, profit, debt, principal payments of debt, inventory and 

  

2This was conceptually illustrated in Figure 1.1 and explained in Chapter 1. The models that were 
developed in Chapter 3 (and Appendix A) directly incorporate this relationship. 
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shortage levels, and the resource capacity of each resource, all as a function of time. The 

results of this study, as it pertains to the models that were developed and run in Chapter 4, 

are addressed in the next section. 

RESULTS 

Specific numeric models were developed in Chapter 4 that served the purposes of both 

verification and illustration. Two different example settings were developed. In the first 

example setting (consisting of Models 4.1 through 4.23) data were primarily obtained 

from the literature. The same set of data was then used with the existing classical capital 

budgeting models and with the model developed in Chapter 3. Different answers were 

obtained. These differences were then analyzed. An alternative numerical example was 

also provided in Models 4.24 and 4.25. 

In the first example setting the solutions from the classical capital budgeting models 

provided answers for profit of $370,790 (using conventional costing methods) which 

would be obtained if products P), Pz, and P3 were produced, and a profit of $245,150 

(using activity-based costing) if only P) and P> were produced. (These answers were the 

best possible answers using the classical capital budgeting models of Weingartner and 

Bernhard.) The actual profits were then calculated for the given solutions of selections 

of products to be produced. The profits then shrunk to $147,600 using conventional 

costing (from $370,790), and to $149,900 using activity-based costing (from $245,150). 

Profits were overestimated by 151 percent and 64 percent, respectively. (The main reason 

for this big discrepancy is that the cost of utilizing resources are considered linear with 

project selection in the classical models.) Some excess capacity remained as a result of the 
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analysis done with the output of the classical models. These excess capacities were then 

investigated to determine if they can be profitably utilized by producing additional 

products. If product P4 is added to the existing products for the conventional costing 

system, the profit increased to $171,800. The excess capacity could not be utilized 

profitably with the activity-based costing system, which left an eventual profit of 

$149,900. The model developed in Chapter 3 was used with the same raw data and (in a 

single run that does not require any post-processing) a profit of $225,000 was obtained by 

only producing P>. 

In the alternative example setting an existing operational system (for illustrational 

purposes only) was taken and given some additional opportunities for future production. 

Three products were considered to be in production. These products all used the same 

four resources. Additional opportunities arose in that the market demand for the 

subsequent period increased for all products and an additional product could also be 

produced. However, additional capacity was required if any of the additional 

opportunities were utilized. Additional capacities were made available at incremental 

costs, depending on the increment of additional capacity required. (If the classical 

"horizon" capital budgeting models (using the concept of cash flows per product) were 

used to solve the problem, approximately 54,000 different cash flows and problem 

formulations will be required to ensure that answers will be achieved that are as good as 

those obtained from the proposed model.) The proposed model (with one objective 

function and 23 constraints) yielded the final solution in a single run. The primary reason 

why the proposed model provides the final answers in a single run is because the costs are 

not allocated to products or projects: Costs were directly accounted for as they are 

incurred. 
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CONCLUSIONS 

Five conclusions are made as a result of this study. These conclusions are listed below. 

Subsequently, each one is individually addressed after which some disadvantages of the 

proposed methodology are outlined. 

1. Costs should not be allocated to projects when resources are shared among different 

projects, at least not for the purposes of capital budgeting. 

2. Resource acquisition and resource consumption should be modeled explicitly in capital 

budgeting. 

3. There is a significant interface between capital budgeting and aggregate production 

planning. 

4. Capital budgeting and aggregate production planning are more effectively 

accomplished when modeled interactively with market demand functions and owners' 

considerations. 

5. For a given set of assumptions the proposed methodology yields an improvement over 

the solution procedures in the existing literature on the modeling of capital budgeting. 

Costs Should Not Be Allocated To Projects (Based on the Results) 

The first conclusion (as indicated by the model runs in Chapter 4 and the section, 

“Justification,” in Chapter 3) is the following: capital budgeting and aggregate production 

planning solutions that are at least as good as, and probably better than, those obtained by 

assigning costs and cash flows to products can be obtained by not allocating costs to 
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projects and, therefore, by not utilizing the concept of cash flows per project.2 There are 

two reasons why the classical notion of cash flows per project can give solutions that may 

be sub-optimal or incorrect.4 These reasons are as follows: 

1. There exists a mutual dependency between the project selection decision variable and 

the cash flow parameter. (This dependency primarily results from the fact that the 

cash flow associated with each project is a function of the cost allocated to that 

project. However, the total cost allocated to each project depends on the product 

portfolio as well as the production quantity of each product in the product portfolio.) 

This was shown in Equation [3.59] and discussed in the section, "Problem 1: Cash 

Flows Can Be Incorrect," under the heading, "Justification," in Chapter 3. Both the 

product portfolio and the production quantities of all products in the product portfolio 

are, however, determined by the project selection decision variable. Therefore, the 

conclusion is made that, when resources are shared among different projects, the cash 

flow associated with a project rarely accurately represent the project . 

  

3One solution is considered "better than” another if it has a better objective function value than the other 

for the same solution space. 

4See Models Al through A4 and the section, “Analyzing the Results of Weingartner and Bernhard's 
Results," in Appendix A for illustrations of incorrect or misleading results of classical capital budgeting 

models. 

>Mutual dependency in this case means that both the aspects involved depend on each other. 

6This argument is made in detail in the section, "Problem 1: Cash Flows Can Be Incorrect," under the 

heading, "Justification," in Chapter 3 and summarized in the section, "Comparison Between Classical and 

Proposed Models," in Chapter 3. The dependency of the cost to be allocated on the product portfolio and 

the production quantities is illustrated in Equation [3.59]. Note that, when resources are not shared 
among different projects, the total cost of all resources can be allocated to the specific project. In such a 

case the cash flow of a project will most likely accurately represent the project. 
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2. The notion of cash flows per project subsumes the notion that costs are continuously 

incurred. This is especially evident from the fact that the project selection decision 

variables can take on continuous values between zero and one, while the associated 

cash flows remain constant. In reality, resource consumption may be a continuous 

process, but resource acquisition usually is a discrete process and should be modeled 

as such. No distinction is made between the different levels of variability when costs 

are incurred. These levels are unit, batch, product sustaining, and facility sustaining 

costs.” 

Examples of cash flows that can represent projects inappropriately were given in Models 

4.1 through 4.4 in Chapter 4. The results from these models were analyzed in the section, 

"Analyzing the Results of Weingartner and Bernhard's Models," in Chapter 4. 

Model Resources Explicitly 

The second conclusion, as a result of this study, is that the acquisition and utilization of 

resources should be modeled explicitly.2 When the acquisition and utilization of resources 

are modeled explicitly (which is an alternative approach for using cash flows per project), 

the actual anticipated cost can effectively be traded off against the benefit of incurring the 

cost. This trade-off is accomplished by separating the cost of resource acquisition and 

resource consumption from the aggregation of the physical dernand for resource capacity 

  

7This argument is made in detail in the section, "Problem 2: Fractional Resource Units In Classical 

Models,” under the heading, "Justification," in Chapter 3. 

8See the section, "Capital Budgeting Defined," Chapter 1 for a definition of resources. 
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over all relevant products.? When an optimization technique is used (linear mixed integer 

programming is used in this study), optimality can be achieved when the marginal benefit 

of: 1) acquiring an additional unit of a resource, and 2) consuming an additional unit of 

capacity are traded off with the marginal benefit of increased sales due to increased 

capacity. With the objective of maximizing profit a single model can be formulated when 

resources are modeled explicitly, instead of the numerous ones (possibly a very large 

number) when the concept of cash flows per project are used. Approximately 

R* R' Pt 

3(2”")T | Q.. (B,),>(8,) cash flows and problem formulations are required of the 
r*=] r=] p=! 

classical capital budgeting models in order to guarantee that the same answer will be 

obtained than by the proposed methodology.!° 

Interface Between Capital Budgeting and Aggregate Planning 

The third conclusion, resulting from this study, is that there exists a significant interface 

between capital budgeting and aggregate production planning. In fact, the only 

differences between these two activities are probably the objective and the level of detail 

of concem. Classically, capital budgeting is concerned with the selection of projects and 

the capital outlay required to complete the projects effectively. This can be considered a 

top-down approach. On the other hand, aggregate production planning is concerned with 

  

*The cost of resource acquisition and resource operation are incorporated in the set of [«] constraints in 
Model [3.9], while the physical demand on each resource is expressed in the set of [p] constraints. 

10See the sections, "Cash Flows Per Project" and "Variable Market Supply and Demand Functions," in 
Chapter 3. Note that, the proposed methodology provides answers at least as good as those obtained by 
the classical models. This means that some number of cash flows of the classical models are required to 
be as good as the proposed methodology, and not simply the same for a weaker type solution. 
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the effective utilization of resources, which is a bottoms-up approach.!! Capital budgeting 

and aggregate production planning can, therefore, be considered the two activities that 

cover the spectrum of production planning, where capital budgeting is at the top and 

aggregate production planning at the bottom. One can expect that the more detailed the 

information is that is used for capital budgeting, the more accurate and better the results 

will be.!2_ The degree of the interface between capital budgeting and aggregate production 

planning depends, among other things, on the availability of data and the efficiency and 

effectiveness with which the appropriate data can be converted into relevant information. 

These two aspects are unique for each situation. Thus it is not possible (for the general 

case) to quantify the relationship between capital budgeting and aggregate production 

planning exactly. However, the existence of such an interface is suggested by 1) the 

definitions of capital budgeting and aggregate planning; 2) the models in this study; and 

3) the section, "Aggregate Production Planning," in Chapter 3. These three aspects are 

addressed individually below. 

The first piece of evidence that suggests a close relationship between capital budgeting 

and aggregate production planning comes from the definitions of these disciplines. In the 

section, "Capital Budgeting Defined," in Chapter 1, capital budgeting is basically defined 

as the process of deciding which products to produce, the production quantity of each 

product in each period, and the resource requirements in each period. On the other hand, 

ageregate production planning is concerned with the profitable utilization of resources 

(see the section, "Aggregate Production Planning Defined," in Chapter 1). Both capital 

  

11See the sections, "Capital Budgeting Defined" and "Aggregate Production Planning Defined," in 
Chapter 1 for formal definitions of capital budgeting and aggregate production planning. 

12The notion of "better results" in this case refers to results that will yield a solution closer to the 
objective. An example of better results is higher profits. 
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budgeting and aggregate production planning are, therefore, concerned with the profitable 

utilization of resources. The two major differences between these two activities are that 

ageregate production planning is classically not concerned with the selection of the 

product portfolio, and its objective is usually the minimization of cost, despite the fact that 

"the objective of aggregate planning is the productive utilization of both human and 

equipment resources."!3 However, "every action that brings a company closer to its goal 

is productive. Every action that does not bring a company closer to its goal is not 

productive."!4 Therefore, in order for aggregate planning to utilize productively 

resources, it should be tied in with the goal of the company, typically profit maximization, 

and not the minimization of cost. These definitions suggest a close relationship between 

capital budgeting and aggregate production planning. 

The second piece of evidence that suggests a close relationship between capital budgeting 

and aggregate production planning comes from the proposed models themselves. The 

association between these activities can be observed from the decision variables (as listed 

in Table 3.3), and how these variables are used in the models, especially when viewed in 

conjunction with the respective definitions in the previous paragraph. From the definition 

of capital budgeting, the variable Y,, determines which products must be produced in each 

period, X,, determines the production quantity of each product in each period; and 

M,,, and M,,, as a function of time, determine the resource levels. From the definition 

of aggregate planning, the variables Y,,, X,, and M,, andM,, are also required. 

M;,, and M,,, are obviously required for the productive utilization of resources. Yj and 

X are required to determine the revenue from sales, which in turn determines how 

  

13Bedworth and Bailey [12], p. 121. 

14Goldratt and Cox [71], p. 32. 
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productive resources are utilized (see the definition of productivity in the previous 

paragraph). It is evident from Model [3.9] that if any of the decision variables used in 

capital budgeting (primarily Y,,, X,,, Min, and M,,, ) are changed, aggregate production 

planning would potentially (and most probably) be affected, and vice versa. 

The third piece of evidence that suggests a close relationship between capital budgeting 

and aggregate production planning comes from the section, “Aggregate Production 

Planning," in Chapter 3. In that section, a deterministic aggregate production planning 

model was taken from the literature, and it was shown that the proposed methodology 

provides answers at least as good as, and most probably better than, that model despite 

the fact that the proposed methodology is essentially concerned with capital budgeting. 

Based on these three pieces of evidence, it is concluded that there is a significant interface 

between capital budgeting and aggregate production planning. In fact, if the appropriate 

data are available in the appropriate format and in a timely fashion, and if the means exist 

to manipulate the data effectively and efficiently, aggregate production planning would be 

completed if capital budgeting is completed.16 The proposed rnodel provides a means of 

simultaneously doing capital budgeting and aggregate production planning. Probably the 

most important decision variables in the proposed model are X,, (production quantity) and 

M,, (resource requirements) that are vital for both capital budgeting and aggregate 

production planning. 

  

15"Better answers” refer to the objective of utilizing resources productively, where productively is equated 
with bringing a company closer to its goal (see Goldratt and Cox [71], p. 32). 

16See the section, "Aggregate Production Planning," in Chapter 3. 
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Better Results With An Integrated Approach 

The fourth conclusion, as a result of this study, is that capital budgeting and aggregate 

production planning are more effectively accomplished when modeled interactively with 

market supply and demand functions and owners' considerations. This conclusion is 

illustrated in Model [3.9] and the numerical examples in Models 4.9 through 4.25. It is 

evident from these models that if any of the decision variables are changed or omitted, the 

entire solution space changes. It was shown in the previous section that there exists a 

significant interface between capital budgeting and aggregate production planning. It is 

obvious from the set of [‘¥] constraints in Model [3.9] that if the sales price per unit 

changes or if the market demand at a certain price changes (the sets of [5] and [e] 

constraints, respectively), the entire solution space changes. It is evident that the 

variability of resource acquisition cost, as expressed in Equation [3.34], potentially 

changes the entire solution space. This primarily results from the interface that the 

resource acquisition and disposal variables, M,, and M,, , have on the total cost in the 

set of [a] constraints, and the benefit/loss associated with these variables in 

increased/decreased capacity in the set of [p] constraints. Therefore, it can be concluded 

that changes in market supply and demand functions change the solution space and that 

these changes should be incorporated when capital budgeting is done. 

Shareholders’ interests for the purposes of this study are approximated with the four 

objectives of maximizing profit, maximizing the rate of return, maximizing market share, 

and minimizing the cost of excess capacity. It is evident fram Model [A.5] that if the 

objective that represents shareholders’ interests changes (typically from only maximizing 

profit to including all four objectives), the solution space would probably remain the same 
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but the objective function would change. This may result in a totally different solution, as 

shown in Model 4.21. It is concluded, therefore, that capital budgeting is more effectively 

accomplished when modeled interactively with aggregate production planning, market 

supply and demand functions, and shareholders’ interests. 

The Proposed Methodology Is an Improvement 

The fifth and final conclusion, as a result of this study, is that for a given set of 

assumptions, the proposed methodology is an improvement over the existing 

methodologies of deterministic capital budgeting. This was shown for the general case in 

the section, "Justification," in Chapter 3, and in the numerical examples provided in 

Chapter 4. The following contributions to the existing literature were made. 

1. Capital budgeting is modeled interactively with aggregate production planning, market 

supply and demand functions, and shareholders' interests. 

Costs are not allocated to products or projects in capital budgeting. Instead, the 

acquisition and utilization of resources are modeled explicitly by aggregating the 

demand for each resource over the entire product portfolio and production quantities. 

The specific output quantity of each product is modeled. Projects are therefore not 

fractionally accepted. 

A different interest rate can be applied to each source of finds, as long as the cost of 

capital for each source of funds is strictly non-decreasing for increased capital. 

Lending is also incorporated at some rate. Thus, capital structure and capital 

investment decisions are addressed simultaneously. The solutions do not become 

inconsistent with respect to discount rates because no discount rates are used per 
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project. This primarily results from the fact that the organization (and therefore the 

product portfolio) is considered a single entity. Therefore, a single cash flow is 

developed per organization (or per product portfolio). 

5. Depending on the objective, the net present value of a company's before tax profits are 

maximized. Horizon models are not incorporated. 

6. Variable market supply and demand functions are incorporated for each resource and 

each project. 

7. Any one or more of the following objectives are used as single objectives or 

simultaneously in a goal programming formulation: 1) maximization of profit, 2) 

maximization of the rate of return, 3) maximization of the market share, and 4) 

minimization of the cost of excess capacity. 

Two additional advantages are also provided. The first is that the level of planning was 

addressed generically. The user can decide at which level to do the planning. For 

example, an entire manufacturing facility may be considered a single resource, or a single 

laborer may be considered a resource. The level at which planning is done is primarily 

determined by the availability of data and the effectiveness and efficiency with which data 

can be manipulated. 

The second additional advantage of the proposed methodology is that the demand on each 

resource can be determined as a function of the product that demands it, the period in 

which it is demanded, and the level of variability of the activity that demands the resource. 

The demand on each resource is determined by using the solutions and the set of [p] 

constraints. 
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Limitations and Disadvantages 

There are some limitations and disadvantages of the proposed methodology. The most 

prominent of these are listed below. Several of these disadvantages are also listed as 

research opportunities in the subsequent section. 

LIMITATIONS 

1. All cash flows are considered before income taxes. This is the most serious limitation 

of the proposed model and is left as an extended research opportunity. 

No equity is considered. The proposed model (in its current form) are only applicable 

to a 100 percent debt firm. (The proposed model can, however, be extended to 

incorporate equity. The primary reason equity is not considered is because income 

taxes are not incorporated.) 

DISADVANTAGES 

1. The proposed methodology is complicated. This can easily be seen when Model [4.5] 

is compared with Model [2.2]. An extensive configuration management system and 

sophisticated software will most probably be required to manage and manipulate data. 

Numerous 0-1 integer decision variables are utilized. This may place a burden on the 

computational efficiency of the optimization process. 

As opposed to the classical models, numerous data values are required. 

The optimization routine may potentially run for a long time and the capacity of an 

fairly insignificant resource may become a binding hard constraint. 

The proposed model may have to be changed for specific needs. 
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10. 

11. 

The entire solution space may change if a unit of a resource is added to the system or 

if an activity changes, for example, if a learning curve is present. 

Management may not be content with the objectives used (i.e., the maximization of 

profit, the maximization of the rate of return, the maximization of the market share, 

and the minimization of the cost of excess capacity). Some other objective function 

may be required that is not provided, e.g., a goal not to lay off more than 10 percent of 

the work force. 

Projects with unequal lives may result in a very long planning horizon to avoid bias. 

Although a different interest rate may be used for each source of capital, each interest 

rate is invariable with respect to time. 

Lending is limited to a single rate. 

The rate of return curve (used to define numerically the rate of return) is determined 

by an iterative, heuristic procedure. Whenever a single activity is changed or a single 

unit of a resource is added or deleted, a new rate of return curve must be determined. 

EXTENDED RESEARCH OPPORTUNITIES 

Several research opportunities stem from this study. Some are briefly addressed. 

Model the Stochastic Nature of Variables 

One of the basic implicit assumptions of linear programming is that all parameters are 

deterministic.'7 However, real life situations are mostly, if not exclusively, uncertain to 

  

!7Bazaraa, Jarvis, and Sherali [10], p. 4: "Any probabilistic or stochastic element inherent in demand, 
costs, prices, resource availability's, usage, and so on are all assumed to be approximated by these 
coefficients [parameter values] through some deterministic equivalent." 
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some degree. The proposed methodology did not consider the inherent stochastic nature 

of parameters nor, therefore, the conversion of risk to some deterministic equivalent. 

Naslund [131] incorporates risk in deterministic capital budgeting by converting 

probabilistic parameters (having some probability density functions) to certainty 

equivalents by using variances, inverse distribution functions, and confidence levels. This 

work by Naslund, as well as the works of Spahr [170], Charnes and Cooper [12], and 

several others can be used to provide more credibility to the proposed methodology by 

acknowledging the stochastic nature of the environment. 

Alleviate the Burden of Integer Variables 

Probably the biggest disadvantage of the proposed methodology is the computational 

burden associated with the number of integer variables utilized, especially the binary (0-1) 

decision variables. The integer values utilized in the proposed methodology include the 

discrete resource acquisition and disposal decision variables, as well as all the Y, H, M, 

and U binary variables. "It has been amply demonstrated in the discrete optimization 

literature..., that a ‘computationally successful’ application of an integer programming 

technique may hinge quite critically on how tight the linear programming relaxation of the 

problem is, or how well one can approximate or represent the convex hull of feasible 

points in the vicinity of the optimum."!8 No attention was paid in the proposed 

methodology to reduce the number of integer variables explicitly. This ignorance may 

potentially have a big impact on the computational efficiency of the proposed 

methodology, and further research in this area is required.!9 

  

18 Adams and Sherali, [1], p. 6. 

19The following publications may be of great value to such a study: 
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introduce Relational Database Theory 

The argument can rightfully be made that the business environment is very dynamic, and if 

one activity is added to a project or if one parameter value changes, the entire solution 

space potentially changes. To update the models every time a single parameter value 

changes (which may influence several constraints) may prove to be a very demanding task. 

It should be possible to develop a relational database system that will develop the 

objective functions and the constraints automatically. Such a system will typically be 

interfaced with a company's financial system, an activity management system, material 

acquisition system (typically Material Requirements Planning), personnel administration, 

and resource capacity administration. As an example, all the unit variable revenues and 

costs, which collapse into a single cost parameter per product and time period (e.g., see 

Table 4.8), can be done by a relational database. All these parameter values, each 

associated with its decision variable, can then be exported (in the appropriate form) to an 

ASCII file or some other file that can be imported by the optimization package. The 

optimization procedure can then be initiated after which the solutions are imported by the 

relational database. The appropriate disaggregation of resource requirements per product 

and period can then be done. Only at this point would a human interface be needed to 

update the relations, typically for Tables 4.1, 4.2, 4.4, 4.5, 4.11, 4.12, 4.14, and 4.16. 

  

1) Adams, W. P. and H. D. Sherali [1]; 

2) Adams, W. P. and H. D. Sherali, Linearization Strategies for a Class of Zero-One Mixed Integer 

Programming Problems, Operations Research, Vol. 38, No. 2, pp. 217-226, 1990. 

3) Adams, W. P. and H. D. Sherali, A Tight Linearization and an Algorithm for Zero-One Quadratic 

Programs, Management Science, Vol. 32, No. 10, pp. 1274-1290, 1986. 

4) Adams, W. P. and H. D. Sherali, A Decomposition Algorithm for a Discrete Location-Allocation 
Problem, Operations Research, Vol. 32, No. 4, pp. 878-900, 1984. 
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Include Income Taxes 

The proposed methodology only considered cash flows of an organization before taxes. 

However, taxes greatly influence cash flows and is therefore of great importance for 

management. Ultimately, taxes (and therefore depreciation2°) must be considered for 

decision-making. The primary reason taxes were not addressed in this study is that taxes 

are a function of income and, therefore, profits. Introducing taxes in the cash flows, 

therefore, changes the linear problem (or problem that can fairly easily be linearized) into a 

non-linear problem.2!_ Despite these difficulties, it is strongly suggested that additional 

research be undertaken on how to incorporate taxes effectively and efficiently where the 

tax rate can be variable. 

Include Learning Curves 

Although learning curves are classically not included in capital budgeting, they can be 

included in aggregate production planning. Because there is a very close interface 

between capital budgeting and aggregate production plarining (depending on the 

availability of data), as was shown in this study, learning curves can be incorporated. 

  

20Depreciation was considered in Chapter 4 in calculating the cost of excess capacity. 

21The complexity of the non-linearity of the cash flows after taxes is illustrated by Park and Sharp-Bette 
[141], pp. 152-153, in their definition of the generalized after-tax cash flow as follows: "After-tax (A/T) 

cash flow from project at time n = - (investment at time n) + (after-tax proceeds from sale of equipment at 

time n) + (bank loan at time n) - (loan principle repayment at time n) + (t,,)(depreciation at time n) + (1- 

tp,)(revenues at time n) - (1-t,,)(expenses at time n for such items as labor, materials, and interest)." ty 

represents the marginal tax rate. In this definition of after-tax cash flows it is obvious that the same tax 
rate impacts four different aspects of cash flows: proceeds, depreciation, revenues, and expenses. These 
are all decision variables. The tax rate is, however, also a decision variable. 
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"When performing a repetitive activity or process, learning takes place and the experience 

gained often results in reduced costs."22_ The level at which learning occurs depends, once 

again, on the level of planning and the level of data availability. For example, if a decision 

must be made as to which cars to manufacture at some facility, the time it takes to 

manufacture each car and therefore the direct unit variable costs associated with it may 

not only influence the decision as to which cars to manufacture, but also as to the required 

level of resources, including plant and equipment. On a lower level, the time it takes to 

manufacture a hub cap, as a function of the number of units produced, may influence the 

decision as to how many man-hours are required and the size of the molding facility, all as 

a function of time and quantity. (The effect of learning impacts the demand that an 

activity places on the resources.) This means that learning influences the set of [p] 

constraints in the proposed methodology. Currently, the demand that each activity places 

on each resource (for each time period and each product, if appropriate) is considered a 

constant value. (See the activity driver, D va , in the set of [p] constraints.) When 

learning is present, Dra becomes a variable, probably with respect to associated decision 

variables X,, Bora Yp and Z. This means that the problem automatically becomes non- 

linear. The challenge, therefore, is to incorporate learning curves without excessively 

utilizing binary integer variables. 

Reduce Bias Due To Unequal Project Lives 

One assumption underlying the profit maximization model in the proposed methodology is 

that the net present value of a company is to be maximized. This means that the planning 

  

22Fabrycky and Blanchard [61], p. 140. 
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horizon should be long enough to incorporate all the relevant influences in the decision to 

maximize the net present value. Computationally, such a long planning horizon may prove 

to be inefficient. However, reducing the length of such a relatively long planning horizon 

may result in unwanted bias to certain projects, especially where unequal lives are of 

concern. "Comparing projects with unequal lives can be particularly troublesome, for a 

number of different situations must be considered."23 Therefore, a research opportunity 

exists to include projects with unequal lives in a relatively short planning horizon such that 

the potential bias, as a result of the unequal lives and the relatively short planning horizon, 

is removed. 

Including Equity in Capital Structure 

One assumption of this study is that the applicable organization is 100 percent debt 

financed. This is not a very realistic assumption. A research opportunity exists to 

incorporate equity in the capital structure. 

Develop Alternative Means of Maximizing the Rate of Return 

The rate of return, as was explained in the section, "Maximizing the Rate of Return," in 

Appendix A, is inherently non-linear with respect to the total cost. In order to overcome 

this non-linearity, a rate of return curve (that reflects the rate of return as a function of the 

investment amount, W) was iteratively developed and subsequently linearized. (See the 

section, "Solution Procedure," in Appendix A). This is a cumbersome and inefficient 

  

23Park and Sharp-Bette [141], 264. 
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procedure, especially since the solution space changes if capacity changes or if the 

resource demand changes. A research opportunity exists in finding an alternative method 

of determining the rate of return which will be more efficient than the proposed model. 

Introduce Other Goals 

This study was limited to the following four goals: maximization of profit, rate of return, 

and market share, and the minimization of the cost of excess capacity. This list of 

objectives is only a partial window on the objectives used in business. Numerous other 

goals exist. Examples of additional goals include the minimization of lay-offs, the 

maximization of managerial salaries, the minimization of labor cost, the minimization of 

inventory, and the minimization of rework. A research opportunity exists in including 

more goals in the proposed methodology. 

Quantify the Capital Structure Interface 

By considering the sources of capital as independent entities and by not allocating the 

funds obtained from these sources to specific projects or products, capital structure and 

capital investment decisions were considered interactively in this study. The net present 

value of the organization (not of products) can therefore be calculated. However, the 

interface between capital structure and capital investment is not well defined when the 

profitability of projects is considered.24 Probably the most challenging research 

opportunity, as a result of this study and with respect to the interface between the capital 

  

24See, for example, Bussey and Eschenbach [26], Chapter 9, Hirschleifer [33], and Ravid [150]. 
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structure decisions and capital investment decisions, is to: 1) define the applicability of the 

objective of maximizing the profit of an organization in its entirety versus the objective of 

selecting the projects that yield the highest profits, and 2) quantify the difference between 

these two approaches. 

Other Extension Opportunities 

In this section a few other research opportunities are briefly outlined. Each paragraph 

contains a different research opportunity. For purposes of simplicity only a single 

investment rate (lending rate) was assumed in this study. A research opportunity exists to 

incorporate different investment rates for different investment opportunities. Variable 

lending rates can also be incorporated, especially increasing lending rates with increased 

capital. The assumption was made that all the parameters are independent of each other. 

This may not be the case in reality. For example, the market demand for one product may 

depend on the market demand for a different product. Such interactions were not 

modeled. A research opportunity exists in incorporating interaction in the proposed 

methodology. One of the assumptions of this study is that all parameter values are known. 

This is not a very realistic assumption in practice. A research opportunity exists in 

incorporating utility theory to express specific decision-makers preferences and 

indifferences to different ranges of parameter values. A research opportunity exists to 

determine how resources can be aggregated or disaggregated for modeling purposes. The 

model that was developed in this study only included one level of resources (per resource) 

and it was left to the user to determine how to aggregate or disaggregate resources. (See 

the section, "Hierarchy of Resources," in Chapter 3 for discussion.) 
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APPENDIX A 

MULTIPLE GOALS 

Multiple goals are introduced in this appendix. Roughly 60 to 70 percent of shareholders’ 

wealth can be explained by profit, as outlined in Chapter 3.1 Several other measures or 

objectives can be introduced to increase the certainty with which shareholders' wealth can 

be estimated ahead of time. Three specific objectives are introduced in the first three 

sections of this appendix: 1) maximizing the rate at which a company generates money, 2) 

maximizing the market share, and 3) minimizing excess capacity. These are mostly 

conflicting measures.? In order to simultaneously model all these measures and objectives, 

goal programming will be used. The last section of this appendix combines all the 

objectives in this appendix and the objective of maximizing profit (Chapter 3) in a single 

objective function using goal programming. Examples are provided in Appendix B that 

illustrate each of the additional goals and the goal programming problem. 

MAXIMIZING THE RATE OF RETURN 

In this section the rate at which money is generated is addressed as a potential goal in the 

organization. Table Al3 gives an example of the difference and potential trade-off 

between profit and the rate of return. This section is divided into three sub sections. In 

the first, the rate of return is defined for the purposes of this study. In the second section, 

  

1See Ball and Brown [7]. 

2Table A13 illustrates the conflicting nature between the profit (in the Solution column) and the rate of 

return (in the ROR column). Also, in order to increase market share, some profit will most likely have to 
be sacrificed. 
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some complications and assumptions regarding the rate of return are outlined. In the last 

section the solution procedure for maximizing the rate of return is developed. 

Definition 

Horngren and Harrison [85], p. 645, define the rate of return on total assets as the ratio 

between the net income plus interest expense and the average total assets. They also 

define the rate of return on common stockholders’ equity (p.645) as the ratio between the 

net income minus the preferred dividends and the average common stockholders’ equity. 

For the purposes of this study, the rate of return is defined as the ratio between the profit 

(or net income) and the amount of money that is paid out. The denominator, is in effect, 

what the shareholders invest in order to receive a return. This is illustrated in Figure 1.1 

as the ratio between MONEY IN minus MONEY OUT and MONEY OUT. The money 

that goes out is mainly a function of resource acquisition and operation, while the money 

that comes in mainly consists of revenues. 

The timing aspect is of concern. The decision-maker can choose any period over which he 

or she wants to maximize the rate of the return. It is, however, suggested that a "fairly 

long" period is considered, probably consisting of several years. If the periods considered 

are too short, bias will be introduced against big investment projects. The rate of return 

(ROR) is defined in Equation [A.1]. With reference to Model [3.8], the specific definition 

of MONEY IN is the sum of the sales revenues, the sales of excess plant and equipment, 

and the interest receivable on non-operating investments. The MONEY IN is the sum of 

all operating expenses at all levels of variability, the cost of acquiring new resources, the 

cost of capital, and the cost of inventory and shortages. The period over which the ROR 
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is to be calculated is denoted T', which may be the same as the planning horizon but not 

necessarily. (In Equations [A.1], [A.2], and [A.3] the parameter d denotes the parameter 

(1+I) where I is the applicable interest rate.) 

ROR = Profit | MI-MO [AI] 

Money Out MO 
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Two special cases of Equation [A.1] can occur. The first is if the amount to be borrowed 

is in fact the denominator of Equation [A.1]. In such a case, Equation [A.1] reduces to 

Equation [A.2]. The other special case is if the amount to be borrowed is defined as in the 

set of [a] constraints in Model [3.9] (which includes the sale of excess capacity as a 

deduction in the total amount to be borrowed, W, typically a trade-in value). In such a 

case, Equation [A.1] reduces to Equation [A.3]. 
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In both cases expressed in Equations [A.2] and [A.3] the horizon over which the ROR is 

calculated is the same as the planning horizon T in Model [3.9]. For simplicity, it is 

assumed that the amount to be borrowed is given as in the denominator in Equation [A. 1]. 

This means that the simplified form of Equation [A.2] is valid. Note that the discretionary 

W (in the set of [«] constraints in Model [3.8]) can be defined in any desired form. The 

way in which it impacts the general form of the ROR, as defined in Equation [A.1], is as 

follows: If any cost term (in the denominator in Equation [A.1]) is omitted in the 

definition of W, it has to be added to W in Equation [A.2]. If any form of receipts (in the 

numerator in Equation [A.1]) is included as a deductible in the definition of W, it has to be 

added to the numerator in Equation [A.2]. Equation [A.3] is, in fact, such a case where 

the sale of excess capacity is included as a deductible (typically a trade-in) in the definition 

of W, as given in the set of [a] constraints in Model [3.9]. W should therefore have a 

unique subscript or superscript which is omitted for reasons of simplicity. 

Complications and Assumptions 

There is an inherent problem with determining the ROR as it is expressed in Equations 

[A.1] through [A.3]: These equations are non-linear. The reason for that is that both the 

numerators and the denominators in both equations are functions of the decision variables. 
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In the case of the unit variable contributions (the first term in the objective function in 

Model [3.8]), the numerator and the denominator are functions of the same decision 

variable, X. In fact, all the decision variables in the denominator also appear in the 

numerator. What complicates matters further is that the form of this non-linearity is not 

known, as opposed to the known (perhaps assumed known) demand curve expressed in 

Figure 3.4. It will also be inappropriate and too restrictive to make assumptions such as a 

strictly non-increasing ROR, or perhaps a distribution with a unimodal form. Thus 

alternative ways must be formulated to handle this non-linear process. A few assumptions 

must be made regarding the solution procedure. These assumptions are as follows: 

1. It is appropriate to express the ROR as a function of the amount to be borrowed, W. 

The ROR curve, therefore, expresses the ROR (on the dependent axis) as a function of 

the amount of money to be borrowed. 

2. The shape of the ROR curve can be approximated by taking several observations on 

the ROR curve and then linking these points with straight lines. 

3. It is acceptable to use a heuristic procedure to determine an approximation of the 

shape of the ROR curve. 

4. The ROR curve can be linearized within acceptable error limits. 

5. Appropriate accuracy measures in the linearization process can be determined and 

applied to obtain an ROR curve with linear segments within specified error limits. 

Therefore, the accuracy measures demand more observations where errors are 

unacceptably high. 

6. Budget limits do exist and are known, even if they are excessively high. 

  

3The rate of return is expressed as a function of some parameter, typically the amount to be borrowed. 
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Solution Procedure 

The solution procedure for incorporating the objective of maximizing the ROR as the 

single objective or as one of several objectives in a goal programming format consists 

mainly of two steps. These steps are given below and are subsequently discussed. 

1. Determine the ROR curve as a function of the amount of money borrowed. 

2. Maximize the ROR by maximizing the linearized approximated ROR curve. 

DETERMINE THE RATE OF RETURN CURVE 

The ROR must be specified as a function of some variable. Two informal conditions can 

be placed on the selection of such a variable. First, this variable must be an input variable, 

and second, it must be controllable by the decision-maker, at least to some extent. The 

reason for these informal conditions is to ensure that some amount of control can be 

exercized over the ROR. It is therefore decided to express the ROR as a function of the 

amount of money to be borrowed.4 The ROR curve is unknown. Say, for example, it is in 

fact as expressed in Figure A.1. The ROR is expressed as a function of the amount to be 

borrowed, or the investment amount, or the total cost, denoted by W. (Subsequently, W 

will be considered the total cost, as expressed in Model [3.9].) Figure A.1 is only an 

example of what a real ROR curve may look like. The exact shape of the ROR curve is 

not known and is determined by numerous factors. These factors include market supply 

and demand forces, resource capacities, and demands on resources. If the demand that a 

  

4It will subsequently be assumed that the total cost of all operations (including acquisition cost of all 
materials) will be expressed by the total amount of money to be borrowed, as expressed in Equation [A.2] 
and incorporated in Model [3.9]. 
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product places on a resource crosses a critical point (and numerous such critical points 

may exist), the product portfolio may change, which may cause receipts and disbursements 

to change, which in turn may cause the ROR to change.° It would, therefore, be 

inappropriate simply to increase sales of an existing product portfolio if W increases. For 

each different W a total new profit must be calculated independent of any of the profit 

values previously calculated (see Equation [A.2]). This means that for each W, Model 

[3.9], or a simplified version of it, must be run to determine the best possible ROR for that 

W. A total of n segments between such points can originally be chosen, including the 

minimum and maximum Ws (to be discussed later). Measures of accuracy can then be 

used to see how accurately these points represent the real ROR curve. If these accuracy 

measures yield unsatisfactory answers, some additional rates of return must be calculated. 

  

  

      
OF 

RETURN 

  
  

INVESTMENT AMOUNT: W     
  

Figure A.1 A Rate of Return Curve 

  

5A third informal condition for the variable (which will be used as the independent variable in 

determining the rate of return) is that it must be independent of products. 
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The two extreme Ws must be identified: the minimum W considered or the minimum W 

that is required for operations, whichever is greater (if both are unknown, the latter should 

be chosen). This can be called W,,;,. The maximum allowable W must also be 

determined. This can be called W,,,,. If Wmax is not known, a number somewhat bigger 

than what is expected can be chosen.® The difference between W,,,, and W,,,,,, called AW, 

is then divided into n segments. The value of n should be small enough not to waste too 

much unnecessary computer time but large enough not to misrepresent the system. If the 

ROR curve is expected to be fairly unimodal, 10 or 15 observations may be sufficient. 

However, if several different projects are considered for introduction or omission, several 

more points will have to be introduced.? The segment size for successive Ws for which 

rates of return are calculated is thus given by Equation [A.4]. 

AW = —=—_ min [A.4] 

The procedure then is to determine the value of Model [3.9], or a simplified version of it, 

for each of the points W = W,,,, + mAW, where m increases from 0 to n. Thus the value 

of ROR is determined for each W from the objective function value and from W from 
  

The definition "somewhat bigger than what is expected" here is purposefully left vague -- the number 
may depend on the specific organization. If the budget limit is a hard limit, irrespective of the type of 

operations involved, then this budget limit will be used for W,,3x. However, the third reason mentioned 
in the section, "Proposed Methodology,” Chapter 3, for the explicit modeling of resources is that "an 
incentive should exist to increase capacity profitably." To be consistent with this argument, room must be 

left to determine the behaviour of the response if more money is made available than what is expected as a 
first guess. This may perhaps lead to decisions outside the original frame of budget limits. As a practical 
example, if management is reluctant to allow the total cost of operations to exceed $100 million, what-if 
scenarios can be developed up to, say, $150 million. If the rates of return are unsatisfactory beyond $100 
million or beyond $120 million, these values can be used for Wax. 

7The definition of n is also purposefully left vague because it will probably differ from one organization to 
the next, and it will even differ in one organization from one period to the next. It is expected, however, 

that a responsible and cautious decision-maker who is familiar with operations would have a good "feel" 
for what n should be. 
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Equation [A.1]. The denominator of Equation [A.1] is, in fact, W. This process is 

illustrated in Figure A.2, where n is six. 
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Figure A.2 ROR Values for n+1 Different, Evenly-spaced Ws 

After the first n+1 rates of return are calculated, a ROR is subsequently calculated for a W 

midway between each pair of Ws in the first set of. successive Ws in Figure A.2. The 

values of W for the second n rates of return are determined as W,,,, + (0.5 + m) AW for m 

from 0 to n.® A total of 2n+1 rates of return are calculated for as many different values of 

W. These points provide the first cut for the shape of the ROR curve. Accuracy measures 

are now used to determine whether more rates of return must be calculated, and if so, 

where they must be calculated. These accuracy measures use the new set of n 

observations of the ROR relative to the original n+1 observations. The accuracy measures 

  

8Note that it is not a necessity to calculate each of the second n rates of return for Ws exactly midway 
between two of the first Ws, as indicated by W,,;, + (0.5 + m) AW. In general, however, the rate of return 

curve will be more accurately represented if the subsequent Ws are each midway between the original Ws. 
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can be explained with the aid of Figure A.3. Figure A.3 is an enlargement of the section 

called "A" in Figure A.1 and illustrates the actual (but largely unknown) ROR curve and 

the linear approximated ROR curve. 
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Figure A.3 Accuracy Measures on ROR Curve 

Assume that points A and B are two of the original n+1 ROR calculations made to 

determine the shape of the real, but unknown, ROR curve ACBD. Budget restrictions W, 

and W, are used to obtain the points ROR, and ROR,, respectively.? Point C is one of 

the subsequent n observations. If only points A and B are taken, the expectation for point 

C at We is given by point C*. The error between the actual observation C and the 

expected value C* is given by the difference ROR, - ROR,.. The value of ROR, - ROR; 

is calculated in Equation [A.5]. 

  

These points are not directly illustrated on Figure 4.3, but are the rate of return values of points A and B, 
respectively. 
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é= ROR, - ROR: 
= ROR, -{ROR, +(W, -W,)tan(a,,)} [A.5] 

WoW 
B A 

= ROR, - {RoR, “f ror, - ROR, } 

In the series of equations in Equation [A.5] the error is denoted by the symbol «. A 

special case exists where the second set of Ws is midway between the first Ws (e.g., W¢ is 

midway between W, and W,). In such a case the ratio (Wo-W,)/(W,-W,) reduces to 

0.5, which means that Equation [A.5] reduces to Equation [A.6]. 

e= ROR. - = ROR, - = ROR, [A.6] 

If the difference between the real ROR and the estimated ROR, as given by the error terms 

in Equations [A.5] and [A.6], is within acceptable limits, the two straight lines AC and CB 

are representing the real ROR curve ACB satisfactorily. If the difference between ROR, 

and ROR,. is unacceptably high, two additional rates of return must be calculated with 

budget restriction points midway between W, and W, (say W,), and midway between W, 

and W, (say W,). For both these two new points the real ROR must be calculated (once 

again, by running Model [3.9] or a simplified version of it). The error between the 

expected ROR value and the real value must be calculated. If this error is within 

acceptable limits, the straight lines AE, EC, CF, and FB satisfactorily approximate the real 

ROR curve AECFB; otherwise, the process is repeated until satisfactory error terms are 

obtained. Note that the linear approximation of the real ROR curve is, in fact, 
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significantly better than what is indicated by the error terms. The reason for this is that the 

error is calculated using the expected value of a ROR, while the real ROR value of that 

point is already known. Thus the error is overly conservative, which means that the ROR 

curve is more accurately represented by the different successive observations that are 

linked with straight lines than by what is given by the error terms. For Figure A.1 the 

approximated linearized ROR curve is given for the first 2n+1 (n=6) calculations of rates 

of return for given Ws. Vertical lines between the real ROR curve and the second set of n 

Ws are omitted for simplicity. 
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Figure A.4 Real and Approximated ROR Curves 

MAXIMIZE THE LINEARIZED APPROXIMATED ROR CURVE 

The approximated linearized rate of return curve, of which Figure A.4 is an example, must 

now be converted in a suitable form for linear, mixed integer programming. This 
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conversion is accomplished in this section.!° It is assumed there are in total N rates of 

return calculated for the associated N values of the investment amount, W. (In Figure A.4 

N is equal to 2n+1=13). A total of N 0-1 integer values are also introduced. These N 0-1 

integers are denoted by the variable y (not to be confused with Y, the 0-1 product 

sustaining decision variable introduced in Equation [3.2]). Additionally, N non-negative 

values are introduced. These non-negative values are denoted by the variable z (not to be 

confused with the facility sustaining variable Z introduced in the section, "Facility 

Sustaining Costs," in Chapter 3). Equation [A.7] represents the objective of maximizing 

the rate of return by maximizing the approximated piecewise linear ROR curve. 

N 

Max > ROR,z, [A7] 
n=) 

The rates of return, ROR,, are the rates of return determined with the associated values of 

W, typically as illustrated in Figure A.4. In addition to the objective in Equation [A.7] are 

six constraints, or sets of constraints. These constraints are illustrated by Equations [A.8] 

through [A.13]. 

Zz, Sy, [A.8] 

ZS y,,+y, 1=2,..,N-1 [A.9] 

Zy Sn [A.10] 

N-1 

>), =1 [A.11] 
n=] 

  

10See Winston [190], pp. 474 - 481, for a discussion and illustrations on integer programming and 
piecewise linear functions. The linearization procedure used in Equations [4.7] through [4.13] is basically 

obtained from the above reference. 
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[A.12] 

[A.13] 

Equations [A.8] through [A.10] indicate that the best W will either be W,, Wx, or a linear 

combination of any two adjacent values W,., and W, for all i=2,..., N-1.. For example, if 

y3—1, the best W will consist of a linear combination of z, and z,. These equations are 

represented by the [o] constraints in Model [A.1]. Equation [A.11] indicates that at most 

one linear combination of two adjacent Ws can be selected for the best W, and this 

combination is given by the [v] constraint. Equation [A.12] indicates that a strict linear 

combination of adjacent points (limited to two at most by Equations [A.8] through 

[A.10]) must be taken, and is represented by the [o] constraint. Such a linear combination 

includes the special case in which the final W falls exactly on one of the values of W,, 

N 

[4.1] Mac S°ROR,z, 
n=) 

z,-y, <0 

Z-¥,-y¥, 590 1=2,..,N-1 
I 

Cy, | Zy ~Yn-1 $0 

| Y=! 

o | ya=1 

N 

W->_W,z, =0 
n“n 

n=] 
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Equation [A.13] indicates that the final W consists of a linear combination of all values of 

W, and this is represented by the [.9] constraint. However, Equations [A.8] through 

[A.10] limit the number of non-zero zs to two at most. This means that the final W 

consists of a linear combination of at most two adjacent Ws. The methodology used to 

maximize the rate of return curve, as determined in the section, "Determine The Rate Of 

Return Curve," is given in Model [A.1]. The objective function is given by Equation 

[A.7], and the constraints are given by Equations [A.8] through [A.13]. This concludes 

the objective of modeling the rate of return with the objective of maximizing it. 

Subsequently, the market share is maximized. 

MAXIMIZING MARKET SHARE 

It may be possible that a company's management is convinced that it is appropriate to 

maximize the market share or at least to strive for a specific market share. For example, 

the Coca-Cola Company has a stated long-term goal of 8 percent to 10 percent increase in 

market share per year for its international market (which is 80 percent of its total 

market).!! It may be argued that the goal to maximize the present value of the 

shareholders’ wealth necessarily contains the appropriate increase in market share. This 

may be true. However, life is not deterministic, and mathematical models used to model 

shareholders' wealth only approximate reality. Too many uncertain factors cannot be 

incorporated in mathematical modeling; indeed, one of the basic assumptions of linear 

  

1!Fortune magazine, May 31, 1993, p. 46. In the same article, Warren Buffet, the single biggest 
shareholder of Coca-Cola with a share of about $3.911 billion, states as the reasons for the success of 

Coke (p. 45): "It sells for an extremely moderate price. It's univerally liked - the per capita consumption 

goes up almost every year in almost every country." Market share is very important to Coca-Cola. The 
author Continues (p. 46): "Coke's international strategists really get torqued up when they start talking 
‘per capitas'." Per capitas indicate the consumption per person per year, which is a form of market share. 
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programming is certainty. The fact remains that companies sometimes have explicit goals 

of maximizing or increasing their market share. Another example of a consious attempt to 

increase market share was made by Ford to make the Taurus the number one selling car in 

America. This goal was achieved in 1993. 

Market share is determined by numerous factors. For the purposes of this study, however, 

market share will be considered solely as a function of price. If certain actions are 

contemplated with the goal of maximizing market share, these actions or activities can be 

incorporated in different scenarios in the models developed thus far, using the generic 

activities that consume resources. An example of such actions is promotions. These 

additional actions are, however, left to the decision-maker to formulate. Figure A.5 

indicates the market share as a function of price. 
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Figure A.5 Market Share as a Function of Price 
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Figure A.5 indicates that the market share, MS, increases as the unit price, S, decreases. 

The non-linear curve indicates the assumed actual market share curve as a function of 

price. The horizontal straight lines spanning the assumed actual market share curve is the 

approximated linearized version of the assumed actual market share curve. For a sales 

price of S,*, the market share would be MS,*. In general, a market share MS," is 

associated with a sales price S," for each product.!2_ This linearization process is fairly 

simple. A more accurate linearization can be given with tangential lines, or lines 

combining points on the non-linear curve such as those in Figure A.4, instead of horizontal 

lines. In such cases the same principles as outlined in Equations [A.7] through [A.13] can 

be used. However, market share is much more difficult to quantify than the rate of return. 

It is assumed appropriate, therefore, to linearize the market share as in Figure A.5. Also, 

although expected, Figure A.5 is not necessarily representative of a price versus market 

share curve for all products. 

Equation [A.14] is the objective function for maximizing the linearized, approximated 

market share. Note that, in contrast to the rate of return, a goal for a certain market share 

can be set for each product. This is indicated by Equation [A.14], which maximizes the 

market share for one product only. MS, in Equation [A.14] indicates the it market share 

for product p. Associated with this market share is H,, a 0-1 integer value decision 

variable. The H, decision variables indicate which market share will eventually be chosen. 

The objective function to maximize the market share is illustrated in Equation [A.14]. 

Note that the objective function in Equation [A.14] is not stated as a function of time. 

  

121t is considered outside the scope of this study to determine the amount of segments into which the 
assumed actual market share is divided for the purposes of linearizing it, as well as the sizes of the 
segements. In fact, the market share curve, as well as the linearized version of it, are assumed given 

inputs. 
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Here, the decision-maker must determine whether he wants to maximize the market share 

of all the products in all periods combined, or as a function of time. Although not 

explicitly stated, the objective function to maximize the market share can be stated as a 

function of time. (Model B3 in Appendix B illustrates this objective as a function of time.) 

I 

Max > MS,H,, [A.14] 
i=] 

The different H,; values must be restricted in order to obtain only single market share 

value. This can be accomplished by letting >A yi =| over all the different segments of 

the market share (the i-values). The sales price associated with the preferred market share 

can then be deteremined from the relationship S, = > Ss pti, over all the market 

segments for each product. However, a problem arises with this notation. S, in this latter 

relationship is a decision variable, as is the number of units to produce, X, and the number 

of units sold, SLS,. In the set of [‘¥] constraints, however, the product of S, and SLS, is 

taken to determine the revenue. This would then result in a non-linear problem, and must 

be avoided as such. An alternative way must therefore be formulated to handle this 

problem. This is accomplished by the two sets of constraints in Equations [A.15] and 

[A. 16]. 

I 

REV, = SMD yy SouH yy WE*,0p* [A.15] 
i=l 

I 

SLS =>. MD,,H,, Vt*,Vp* [A.16] 
i=] 
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In both Equations [A.15] and [A.16] the decision variables are H,,;, which is the time 

dependent version of H,;. The value of the revenue, as calculated in Equation [A.15], 

replaces the value of S,,SLS,, in the set of [‘¥] constraints. Equation [A.16] is used to tie 

the sales that will result in pursuing the i market share with the production quantity and 

the inventory and shortages in each period, as expressed in set of [=] constraints. 

Constraints [A.15] and [A.16] are represented by the sets of [@] and [A] constraints. 

When one goal is set for a market share for a series of products, a summation can be made 

of Equation [A.14] over all products in that specific series of products. Model [A.2] is 

used to maximize the market share, where the objective function is expressed in the 

general time dependent form. From the set of [p] constraints up to the set of [A] 

constraints in Model [A.2] are exactly the same constraints as in Model [3.9], except that 

in the set of [y] constraints where MD,,Y,, may be replaced by sales for the product for 

which the market share is to be maximized. See, for example, Constraints 72) and 73) in 

Model B6. 

[s,| TH, =1 VteT,VpeP' 
1=1 

I 

Pye] REV, — > MD iSong =0 WteT Vp eP' 
i=l 

I 

Ay | SES, - > MD,,H,, =0 WteT,WpeP' 
i=] 

| 

[ 
[An] Xp-(X,)_ 20 ve*,vp* 

@,] (PROFIT -DT,)-(PROFIT) >0 Vt* 
min 
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[P] PROFIT- ve +I”) PROF, ~ DISDT =0 
t=1 

B, 

[Pr] ¥ DieLX, /+B,y,+¥,, +Z}- > {b,KiM, +8,K;My,}< Ke vr, 
b,=1 

<0 Vt,Vp 
YS 

6] cebu, (VP) na 
[Epo | SES jy SMDyp,  (VB,,Vt,VP) seco 

P R A 

We = YL YD (141g, Dhne(Chna + MCE) Xu + Bora + Yue +Z1 
d=x,b,y,z p=l r=) a=} 

(14h, )iCt, Mi, — Cy, Mz oh D(+4, NCH, +CESL, | Vb, 
r=1 b,=1 

pt [¥,.| REV, — YS ya Sp, =0 Vt,Vp 

[Bo | Wo, <Wo, Vb,,V¢ 

[z | PROF, = PROFIT’ 
P 

[x,] PROF, - DT, -(1+1’)PROF_,+DT_,- > REV,,=0 Vt 
p=i 

i=0 b= 

[D] DISDT ae rts -¥ Ph, |=0 
t=0 b,=1 j=0 

—
 

[D,] DT, Y¥(1+4,)° {m, -E PP - 0 vi 

K,| Kr, “DK: M17, Ko, Moip, $= 0 Vr,Vet 

Vp) X pp +My) — SL yyy — Wy, + SL — MD Yq =O (Wt,P) 5 conet 
pt” pt 

b=] 

| 
[o,.] X,,+L,,,-SL,,,—Hy +SLy —~ > SLS 5p =0 (v,Vp),... 

[E,,] SLS ~X,,-IL p.t-l +IL,=0 Wt,Vp 
pt 

B, 
[4,] 30M, <1 Vr.Vi 

b=l 
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Two additional constraints are introduced in Model [A.2]. These are the sets of [A] and 

[©] constraints. These constraints are not necessarily imposed on the system, but either 

one, or perhaps both, will probably be imposed when modeling market share. The sets of 

[A] and [©] constraints represent minimum production and minimum profit requirements, 

respectively. Especially the set of [©] constraints may be imposed because probably 

nobody would be interested in having a big market share but running at a dead loss. These 

sets of constraints are discussed in the subsections, "Minimum Level of Production," and 

"Minimum Profit Requirement," in the subsequent section on minimizing excess capacity, 

where these constraints are probably more applicable. In the next section, the last goal in 

this study is presented: minimizing the cost of excess capacity. 

MINIMIZING THE COST OF EXCESS CAPACITY 

Julian Freedman [66] cites authors and speakers in three different instances over a period 

of about 80 years where the same plea is made for research in understanding and reducing 

the cost of excess capacity. These authors and speakers are H. L. Gantt, 1915; NAA 

Research Project, 1963; and Peter Zimmerman, 1993. The cost of excess capacity is 

therefore not new in the arena of research. Freedman concludes the article: "We should... 

undertake research today... and see how excess capacity costs can be measured best using 

ABC and how the information should be displayed both for internal purposes and for 

extemal reporting." The purpose of this section is to define briefly excess capacity and the 

cost of excess capacity and then to develop models to reduce the cost of excess capacity. 

As suggested by Freedman, ABC information is used as a vehicle to accomplish the 

objectives. The goal of minimizing the cost of excess capacity is a means to the end, 

which is to improve the wealth of the shareholders. 
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Excess Capacity Defined 

Quite often a company "drops" a product because the "product is unprofitable." Products 

can therefore be blamed for unsatisfactory financial performance. Such blame can 

sometimes be justifiable if, for example, the actual market demand turns out to be less than 

what was expected, or the price that the market is willing to pay is significantly less than 

what was expected. However, an "unprofitable product” can act as a smokescreen for bad 

decisions made by management, including insufficient market research. For instance, if 

management decided to pursue a certain product and invested heavily for that product and 

that product turns out to be "unprofitable," management is probably to blame for making 

the decision to pursue that product and invest in it. One aspect where unsatisfactory 

management decisions manifest themselves is probably in excess resource capacity (where 

resources are considered as defined in the section, "Capital Budgeting Defined," in 

Chapter 1). Thus a conscious goal can exist to minimize excess capacity, even though the 

basic environment (constraints) will probably remain the same as for profit maximization. !3 

Resource capacity is addressed in the section, "Resource Capacity," in Chapter 3. The set 

of [p] constraints, as given in Equation [3.8], models the demand on resources versus the 

capacity of the resources. Resource capacity consists of existing capacity and resource 

acquisition and the selling or disposal of resources. Excess capacity is the same as unused 

capacity. The excess, or unused, capacity is the excess of the existing capacity to the 

demand, where the existing capacity here includes the acquisition of additional capacity 

  

13Excess capacity plays a role in management accounting where a special order is evaluated. See, for 

example, Hilton [141], pp. 550-551: "When excess capacity exists, the only relevant costs usually will be 
the variable costs associated with the special order. When there is no excess capacity, the opportunity cost 
of using the firm's facilities for the special order are also relevant to the decision." 
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and the sales or disposal of some excess capacity. The excess capacity of resource r in 

period t, denoted XK,,, can then be obtained from Equation [3.8] and is mathematically 

defined in Equation [A.17]. 

P oA B, 

XK, = K2- YL DY Dy {X yp + Bona + ¥ +Z}- > [0,.Ki My, +8,.K,Mz, } Vr, 
l=x,b,y,z p=) a=1 b,=1 

[A.17] 

XK,, in Equation [A.17] indicates the excess capacity of resource r during period t, which, 

for practical purposes, is taken as the excess capacity during the entire period t. The 

subscripts, except inventory and the financial status indicate the status at the beginning of 

or during each period. However, the capacity is assumed available for the entire period. 

If a unit of a resource is therefore acquired during period t, its capacity is assumed to be 

available from the beginning of period t.!4 The objective may be to minimize the excess 

capacity, as expressed in Equation [A.17]. However, Equation [A.17] is expressed as a 

function of resource type and time. If the objective is to reduce the excess capacity for a 

specific resource in a specific period to a certain target value, typically zero, Equation 

[A.17] can be used. In fact, a very general objective can be formulated: minimize excess 

capacity. This is accomplished in the objective function illustrated in Equation [A.18], 

which is used in conjunction with Equation [A.17]. Equation [A.18] minimizes the excess 

capacity of all resources over all periods. 

Min SUK, [A.18] 
t=) r=1 

  

14Note that this is only a matter of convention. The assumption here is that resources are usually acquired 
at the beginning of the period during which they are required. 
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Alternatively, a goal can be to reduce the excess capacity on a specific resource or series 

of resources, irrespective of time. In such a case the appropriate summations can be made 

over the respective resources. Another goal can be to reduce the excess capacity in period 

t, irrespective of resource type. The problem with these fairly general goals is that, 

although a single goal is formulated, different types of resources are involved. Different 

types of resources have not only potentially different drivers (the parameter D! in Equation 

[A.17]), but also different costs. For example, having too many employees for the 

workload is somewhat different from having a machine with a workload of a fraction of its 

theoretical capacity. Different resources must therefore be combined using a common 

measure. The best common measure is probably the cost of excess capacity. The primary 

reason for using the cost of excess capacity is to devote the appropriate amount of effort 

with each resource type.!5 The cost of excess capacity is subsequently defined and 

analyzed. 

Cost of Excess Capacity 

The question can now rightfully be asked: What is the cost of this excess capacity? It is 

the cost associated with having more capacity than what is required. Having capacity, 

which is manifested in resources, means that the capacity, and therefore the resources, 

must already have been acquired. Having acquired resources necessarily means that the 

company either already paid the acquisition cost of the resources or was committed to 

paying the cost. The acquisition cost (not the operational cost) of resources already in 

possession can therefore be considered a sunk cost, even if it has not been fully paid.!6 In 

  

15A similar approach is followed in inventory theory where the ABC classification is based on not only 
the unit cost, but on the total cost of the inventory turnover during a certain period. 
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the acquisition of resources there are two types of costs involved. The first is the 

acquisition cost (which includes transportation, installation, up front maintenance costs, 

etc.) and the second is the cost of capital. Another very important aspect in the 

consideration of excess capacity is the timing of acquisition. To illustrate, the cost of 

excess capacity for a brand new (expensive) piece of equipment will definitely be different 

from the same amount of excess capacity on the same piece of equipment after its 

depreciable life. There are, therefore, two pieces of information required for each 

resource to calculate its potential cost of excess capacity in each period. These are the 

cost of the resource for that period (which is a function of the acquisition cost and the 

time of consideration relative to the date of acquisition) and the appropriate interest rate 

for the consideration of the cost of capital. The cost that most probably represents the 

cost of a resource most accurately in a certain period is the depreciable cost for that 

resource in the specific period. If the resource is non-depreciable, like land, some other 

amount must be used. In such a case, the decision-maker can choose some amount that 

will typically represent the cost of interest or some other value.!”7 Because most resources 

are expected to have depreciation associated with it, the so-called cost of the resource for 

a period can be called the depreciation cost. The depreciation cost for a resource r in 

period t is abbreviated DC,. Assume, for simplicity, that the cost of capital is included in 

  

16Fabrycky and Blanchard [61], p. 27, equate past cost and sunk cost, but continue to define a sunk cost as 
a cost "that cannot be recovered or altered by future action and is therefore irrelevant." In this study, the 
quoted definition from Fabrycky and Blanchard holds, but not the fact that a sunk cost is necessarily a past 

cost. The assumption is that the company utilizing the proposed methodolcgy is in good standing, which 
is to say that it will fulfill its commitments on time. A cost committed is therefore considered a sunk cost, 

whether it has been paid in full or not. 

17Horngren and Harrison [85], pp. 423-425, define the principle of the lower-of-cost-or-market rule 
(abbreviated, the LOCOM Rule) in which assets are presented in the financial statements as the lower of 
cost or market value. The purpose of this is to exersize accounting conservatism. If a piece of land, for 

example, was purchased 20 years ago, and its market value has quadrupled since then, the financial 
statements are forced to present the land at the original acquisition cost based on the LOCOM Rule. This 
may not be a fair amount to calculate the cost of excess capacity. In such a case, the decision-maker 
should use discretion in deciding an appropriate amount to use for calculating the cost of excess capacity. 
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the value of DC,,. This is an assigned value and is therefore a parameter. The two 

additional sets of data required to determine the cost of excess capacity (the cost of the 

resource unit for each period and the cost of capital) are both contained in the definition of 

the single parameter value DC,,. 

The cost of excess capacity (abbreviated CXK) can be calculated as the total cost of 

available capacity, minus the cost of the capacity utilized. The total cost of available 

capacity, or the total cost of capacity (abbreviated TCK), is the cost of the total available 

capacity in a period. The total available capacity (abbreviated TK) in a period is given by 

Equation [A.19]. Equation [A.19] consists of the last three terms of Equation [3.8] as a 

function of time. The capacity utilized, or the total capacity dernanded (abbreviated KU), 

is given by Equation [A.20]. Equation [A.20] is the first term of Equation [3.8] as a 

function of time. 

TK, =K°+K*M*-K->M~ \r,\t [A.19] 

P oA 

KU,= © SD LAX, +B,.t¥, +2} vrve [A.20] 
l=x,b,y,z p=\ a=] 

The costs associated with TK, and KU,,, as outlined in Equations [A.19] and [A.20], must 

now be determined. The depreciable cost for each resource in each period, DC,,, is used 

to obtain the values of the costs associated with TK, and KU,,. The cost of the excess 

capacity, as the cost of the total available capacity, minus the cost of the total capacity 

utilized, is subsequently discussed under these two headings. Thereafter, the total cost of 

excess capacity is determined and is presented in Model [A.4]. Subsequently, the cost of 

the total available capacity, CTK, is addressed. 
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THE COST OF THE TOTAL AVAILABLE CAPACITY 

The cost of the total available capacity (abbreviated CTK) is a function of two main 

aspects: the depreciable cost for each resource unit in each period, and the number of units 

acquired in each period. The depreciable cost for each resource unit in each period is, 

again, a function of when the resource is acquired relative to the period in which the cost 

of excess capacity is considered. The notation for the depreciable cost, DC, is as follows. 

The cost of the total capacity is considered in period j=0, and resources are acquired in 

period t. For example, M¢*,, indicates the number of resource units of type r to acquire in 

period t. The depreciation cost, which includes the cost of capital, for the first period is 

given by DC;_,. This is to say that depreciation (and therefore the cost of capital) is 

considered in the beginning of each period. Also, the maximum period in which 

depreciation cost is considered for a product is denoted by J. If, for example, a resource is 

fully depreciated after five years, then J=5. The total cost of available capacity for 

resource r is then given by Equation [A.21]. 

CTK,, = DC, 5M iGo 7 + DC, jaM gaye +--+ DC, j-5 Mi Gene [A.21] 

Equation [A.21] states that the cost of capacity for resource r in period t is given by the 

depreciable cost for the first period for the newly acquired units of resource r, multiplied 

by the number of identical units acquired in period t, plus the depreciable cost of one 

period (typically a year) old units of resource r, multiplied by the number of units of 

resource r purchased a single period ago, etc., until the units of resource r have been 

purchased J periods ago and are fully depreciated. At that stage (j=J) and beyond, the 
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capacity of resource units purchased J or more periods ago have no cost.!8 Equation 

[A.22] is the general form of Equation [A.21] for the cost of the capacity for resource r in 

period t. The total discounted cost of available capacity of all resources over all periods is 

given in Equation [A.23]. 

J 

CTK,, = > DCM; jr WWE [A.22] 
j=0 

CTK = 
T 

t=] 
EE |S 0c, (0, Ms 8M ) [A.23] 
r=1 j=0 [8,=1 

Equation [A.23] differs from Equation [A.22] in three respects. First, Equation [A.23] is 

the total cost of all available capacity, where Equation [A.22] is the cost of available 

capacity for a resource in a specific period. Second, Equation [A.23] includes the disposal 

of resources, which reduces the total capacity and, therefore, the cost of total capacity. 

Third, discrete variable resource acquisition cost is incorporated. with the inclusion of the 

parameter b,. (See Equation [3.34]). Equation [A.23], therefore, defines the total cost of 

available capacity. It should be noted that no discount factor is included, as opposed to 

the objective function of Model [3.8], for example, even though time boundaries are 

crossed. The reason for this is that actual depreciation is a fixed amount, and, if 

applicable, the cost of capital is included in the definition of the depreciable cost, DC,,. 

  

18s assumed previously, the cost of resources is only the acquisition cost, or the cost payable up front for 
the total capacity, whether it is fully utilized or not (like labor). It should be noted that labor does not 

depreciate. In the case of labor, the cost of hiring a laborer for an entire period is considered, except if 

labor is used at an hourly rate. In the case of hourly workers, only hiring and firing costs are considered 
here. 
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This omission of a discount rate will probably be the general case. However, situations 

may possibly arrise in which a discount rate may apply. The decision-maker can then 

apply the appropriate rate.!9 It should also be noted that the decision variable K°, from 

Equation [A.19] is absent from Equation [A.23]. The reason for this is that K°, is, in fact, 

a combination of resource acquisition and resource disposals in previous periods, as 

indicated in Equation [3.19]. Equation [A.23], therefore, subsumes the fact that the 

planning is done over the total life cycle of all resources. If this is not the case (if the 

proposed methodology is used for the first time when the organization is already in 

business and already has resources), an initial cost estimate must be given of the value of 

the resources. Subsequently, the cost of the capacity that is actually utilized will be 

calculated. 

THE COST OF CAPACITY UTILIZED 

The cost of the capacity that is utilized, as expressed in Equation [A.20], must now be 

calculated. This will be accomplished by multiplying Equation [A.20] with the cost per 

unit capacity. Two pieces of information are required to determine this cost per unit 

capacity. The first is an applicable depreciation cost, and the second is some measure of 

capacity. The cost for the capacity of resource r utilized in period t is given in Equation 

[A.24], and is subsequently discussed. 

  cru, =S yp! (x +B, +¥, 42) vr,W A24 
r= 2D K ptra\* pt +P pra tf + r,VE [A.24] 

p= a= ty 

  

19Note that if a discount rate is applicable, it must be supplied in the correct form. The form, (1+)*, as 

used in Model [3.9], for example, indicates a discount rate of future events to the present worth. If 

resources had actually already been acquired, the discount rate would probably be in the form (1+). 
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CKU,, in Equation [A.24] is the cost for the capacity utilized of resource r in period t. 

DC, in Equation [A.24] is the depreciable cost used, while K is some form of capacity. A 

complication arises in that it is difficult and probably impractical to determine which of a 

series of resource units must be used for a specific activity. Will the old machine with the 

lower depreciable cost or the new machines with the higher depreciation cost be used? Is 

it beneficial to prescribe which resource units should be used: the old ones or the new ones 

(if the total available capacity exceeds the capacity utilized or demanded)? The problem is 

to determine which depreciable cost should be used. The problem actually arises if some 

accelerated depreciation rate is used. In order to simplify matters and to represent market 

forces more accurately Straight Line Depreciation will be used to determine the cost of the 

capacity utilized. The parameter DC,, therefore, indicates the straight line depreciation 

cost (and the cost of capital, if applicable) of resource r in period t. A big disadvantage 
  

arises in using DC, in conjunction with the variable resource acquisition cost because the 

depreciable amount will most probably depend on the acquisition cost of the resources. 

But with variable resource acquisition cost, the acquisition cost itself becomes an indirect 

decision variable. (See Equations [3.34] through [3.36], as well as Models [A14] and 

[A21].) Thus an approximation is required to solve this problem. It is suggested that the 

average depreciable cost per unit be taken if the decision-maker has no "feel" for what the 

solution will be. If the decision-maker has a good idea of how many resource units will be 

acquired (if any) during a period, he or she can adjust the depreciable cost accordingly. It 

is expected that this approximation will not have a significant influence on the solution 

because the actual magnitude subject to variability is the difference in the depreciable 

amount in a single period from one discount category to the next. However, the influence 

may be significant. In such cases, the decision-maker can define the discrepancy by 

running the appropriate models successively, each time adjusting the value of DC, . 
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The other parameter value required to calculate the cost of excess capacity is the unit 

capacity of a resource. In Equation [3.8] the unit capacity of an additional unit of a 

resource considered for acquisition is denoted K,*, and K_” is the unit capacity of a unit of 

a resource considered for disposal. For consistency, the unit capacity of a resource unit r 

is simply denoted as K, (see Equation [A.24]). This capacity is subject to discretion. Ifa 

machine is considered for acquisition, for example, it can theoretically run 24 hours a day. 

Allowing for maintenance and breakdowns, a practical capacity of probably 22 hours per 

day can be achieved, which results in 8,030 hours for a year consisting of 365 days. 

However, a company considering the acquisition of that machine may only work a single 

shift on Mondays through Fridays, and it may shut down for two weeks a year. This 

situation results in a capacity of 2,000 hours per year, provided that a day consists of eight 

hours and all breakdowns and maintenance are handled after hours. What value is now 

considered for K,: 8,030 or 2,000 hours, or perhaps something less than 2,000? Every- 

one knows that breakdowns do not occur after hours and "the closer you come to a 

balanced plant, the closer you are to bankruptcy."2° Discretion is therefore required to 

determine the appropriate value for K,. It is, however, recommended that the practical 

capacity must be used. There are two reasons for this. First, the capacity is available, and 

second, it can help to indicate if it is more profitable to use additional shifts instead of 

acquiring more resource units. The total cost of capacity utilized for all resources over all 

periods is given in Equation [A.25]. 

  

T R A 

CKU = LYASE hsal Xp. + Byna +¥q +2) [A.25] 
P 

p=l t=) r=) a=) 

  

  

20Goldratt and Cox [71], p. 85. 
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THE COST OF EXCESS CAPACITY 

The cost of excess capacity (abbreviated by CXK) can now be calculated. In its most 

rigorous form, CXK is the difference between Equations [.4.23] and [A.25]. The 

objective is then to minimize the cost of excess capacity, as expressed in Equation [A.26]. 

T R J B, 

CXK = EE 0c, 36 M?, , ~b,M~ rs) 
t=1 r=1 j=0 b,=1 [A.26] 

  

  
re 2 yyp Di,(X, t+ Bona + ¥, +2) 

r=] =x,b,y.z p=l a=] 

Equation [A.26] may be too cumbersome to implement as an objective function. Equation 

[A.26] is a combination of Equations [A.23] and [A.25], and Equations [A.23] and [A.25] 

are the expanded forms over time for all resources of Equations [A.22] and [A.24], 

respectively. Therefore, the objective function, as expressed in Equation [A.26], can 

instead be written as a linear combination of Equations [A.22] and [A.24]. This is 

accomplished in the simple model in Model [A.3]. 

T R 

[4.3] Min > > {CIK, -CKU,} 
t=] r=] 

St 

J B, 

Pea han -b,M~,,,)=0 Wr,Vt 
POT 

CKU,, - "Dia Xp + Bryg t¥y+Z)=0 Wr, Wt     
p=! a=l 
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Model [A.3] is the same as the objective expressed in Equation [A.26]. The total cost of 

capacity of a resource in a period, CTK,,, in Model [A.3] is also a function of the resource 

units that are disposed of, or sold. CTK, is therefore actually obtained from 

disaggregating Equation [3.23]. Subsequently, some observations are made regarding the 

objective function, as expressed in Equation [A.26] and Model [.A.3]. 

OBSERVATIONS 

Four observations can be made from Equation [A.26] and from Model [8.1]. The first is 

that the objective function to minimize the cost of excess capacity, as expressed in 

Equation [A.26], is biased against new units of resources. It is biased because the 

depreciable cost, DC, in the first term within the right-hand side of Equation [A.26] will 

most probably be bigger for smaller values of j (relatively newer equipment), especially if 

some accelerated form of depreciation is used in depreciating the relevant resources. On 

  

  

DC , ; , 
the other hand, the value of % “ remains constant for a resource in any period, 

tr 

irrespective of when it was acquired. (This is because a straight line depreciation is 

assumed for calculating the cost of resources being utilized.) Since the second term within 

the right-hand side of Equation [A.26] remains constant for a resource in a period, and 

newer units of a resource causes the first term within the right-hand side of Equation 

[A.26] to be bigger, a bias is introduced against newer resource units because of the 

objective to minimize the difference between these two terms. This is not necessarily a 

bad characteristic. In fact, if'a piece of equipment is fully depreciated and can still perform 

its services, the cost of that capacity is basically free. (This "free" capacity does not 

consider increased maintenance costs.) 
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The second observation is that the cost of excess capacity, CXK, as expressed in Equation 

[A.26], can in fact become negative. This would result if the average cost of the total 

capacity (on a weighted scale) because of past depreciation is Jess than the straight line 

depreciation amount of the capacity utilized. This will occur if the resource equipment (if 

it is indeed equipment) is fairly old. A negative cost of excess capacity should not be 

alarming. What it means is simply that production can take place at a cost lower than the 

actual market cost. (Once again, the increased cost of increased maintenance associated 

with older equipment is not included.) 

The third observation is that Equation [A.26] can be used (with appropriate constraints) in 

conjunction with Model [3.9] to determine whether it is better to acquire additional 

resources to increase the capacity or to work one or more additional shifts. In order to 

accomplish that, maintenance activities must be specified with the appropriate costs in the 

objective function, and the demand on resources in the set of [p] constraints must be 

specified. 

The fourth observation, again in conjunction with Model [3.9], is that a decision can be 

made on when to purchase new equipment. The same conditions hold than for the third 

observation, whether to acquire additional capacity or to work additional shifts. 

Additional Constraints 

The objective of minimizing excess capacity, as expressed in Equation [A.26] or in Model 

[A.3], when used as the single objective, may result in the trivial solution that is the do- 

nothing approach. The suggestion then may very well be to sell everything and abandon 
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the business. In that case, there will be no excess capacity. This situation may especially 

occur when the planning horizon is fairly short considering the depreciable life of 

equipment. Additional constraints can be specified to prevent the trivial solution from 

being suggested, except when absolutely necessary. These constraints include a minimum 

level of production and a minimum level of profit. 

MINIMUM LEVEL OF PRODUCTION 

Management may wish to maintain some minimum level of production, despite the 

objective to minimize capacity. Equation [A.27] indicates this situation where a minimum 

level of production is prescribed for some products p* in periods t*, where p* and t* are 

only those products that have minimum production requirements in the selected periods. 

Products that bring in sizable revenues and consume relatively few resources are likely 

candidates to become products for which minimum production quantities can be 

prescribed. 

X >(x ) V1t*, Vp* [A.27] 

(Xy)min in Equation [A.27] indicates the minimum level of production for product p in 

period t for all products that have minimum production requirements in the relevant 

periods. Alternatively, a constraint that market demand must be met can be placed. The 

set of [5] constraints in Model [3.9] then changes to Equation [A.28]. 

MD,, Vp* [A.28] M
-
 

X= 
T 

t=] Il —_
 

t 
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However, Equation [A.28] may prove to be very inefficient, especially if the market 

demand function has a decreased price per unit with increased quantity. It is therefore 

advised that the minimum production constraints, as expressed in Equation [A.27], be 

utilized if a minimum level of production is required. 

MINIMUM PROFIT REQUIREMENT 

Minimum profit requirements are likely candidates for additional constraints when the 

objective is to minimize the cost of excess capacity. These profit requirements can be 

obtained from the constraints specifying the continuation of the financial status over time, 

as expressed in Equations [3.22] and [3.23]. Equation [3.23] is a special case of Equation 

[3.22] and is given as the set of [x] requirements in Model [3.9]. A minimum profit can 

be specified as a minimum value of the objective function of Model [3.9]. However, an 

easier way to accomplish basically the same objective, is to specify a minimum 

requirement for the variable PROFIT, (or V, in earlier models). This is accomplished in 

Equation [A.29]. 

PROFIT —- DT. >(PROFIT) — Vt* [A.29] 
min 

Equation [A.29] specifies that for all selected periods t*, a minimum net profit of 

(PROFIT,),,;, Must be obtained. Note that an infeasible solution would probably be 

obtained if the minimum profit requirement specification is too ambiguous. More 

specifically, an infeasible solution would be obtained if a higher value of (PROFIT,),,;, is 

specified than otherwise would be if the same system were modeled with Model [3.9], or 

any of the simplified versions of it (Models [3.1] through [3.8]) without this constraint, 
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provided these models are representative of the intended organization. Equation [A.29] 

will be used in conjunction with the set of [7] constraints of Model [3.9], or with Equation 

[3.22], depending on the definition of the discretionary W,. (See the section, "Dynamic 

Nature of Financial Status," under the heading, "Crossing Time Boundaries" in Chapter 3.) 

Modeling the Minimization of Excess Capacity 

Whenever additional requirements are placed on the system, such as those in Equations 

[A.27] through [A.29], the entire system can, and should, be modeled. This means that all 

the constraints, as used in Model [3.9], are potentially applicable. In Model [A.4] the 

objective function is to reduce excess capacity, and the form of the objective, as expressed 

in Model [A.3], is used instead of the more cumbersome Equation [A.26]. Model [A.4] 

therefore models the reduction in the cost of excess capacity as a means to accurately 

represent shareholders' interests. 

T R 

[4.4] Min >> {CTK, —-CKU,} 
t=] r=) 

St 

[on] C 

[¢,] € 

[Ay] i - vt*,Wp* 
pt 

ae ~B,Mzj_)=0 Wr,Wt 

Con! (X,+By,+¥,+Z)=0 Vr, Vt   

[O,] (PROFIT - DT,)-(PROFIT)_>0 t* 
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In both goals of maximizing market share and minimizing excess capacity, several of the 

constraints, as listed in Models [A.2] and [A.4], are not only similar to, but in fact the 

same as the constraints used for maximizing profit. This is hardly surprising, because the 

same principles hold, irrespective of the goals. All these goals are only the means to the 

end, which is the satisfy the shareholders’ interests. For example, the exact nature of 

resources, the financial status, and inventory, as discussed in the section, "Crossing Time 

Boundaries," in Chapter 3, must be modeled as given in Equations [3.19] through [3.28], 

irrespective of the goal. The general assumption can also be made that management is 

probably interested in determining all the decision variables, as summarized in Table 3.3, 

as a result of different goals. In order to determine these decision variables, all the 

additional constraints must be provided. For all the goals the values of the decision 

variables are obtained directly from the relevant models, except for the goal of maximizing 

the rate at which money is generated, Model [A.1]. In the latter case, a decision variable 

is the amount of money to borrow, or to invest. This final arnount, W, as a result of 

Model [A.1], can then be placed as a constraint in Model [3.9], from which the values of 

all the decision variables in Table 3.3 can be obtained. Subsequently, all four different 

goals are combined in a single goal programming format. 

GOAL PROGRAMMING 

The four goals that had been discussed in this study are the 1) maximization of profit 

(Chapter 3), 2) maximization of the rate at which money is generated, 3) maximization of 

the market share, and 4) minimization of excess capacity (2-4 all in this appendix). In this 

section these four goals are simultaneously modeled in a goal programming format. Lee, 

Moore, and Taylor [112], p. 658, credit the original introduction of goal programming to 
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Charnes and Cooper. Charnes and Cooper [32], pp. 215-216, define goal programming as 

follows: "Any constraint incorporated in the functional?! will be called a 'goal.' Whether 

goals are attainable or not, an objective may then be stated in which optimization gives a 

result which comes ‘as close as possible’ to the indicated goals.". Lee, Moore, and Taylor 

[32] are a little more specific in their definition of the application of goal programming (p. 

658): "Although it may not be possible to optimize every goal, goal programming 

attempts to obtain satisfactory levels of goal attainment that represent the best possible 

combination of goal achievements. This necessitates the establishment of a weighting 

system for the goals such that lower-ranked (or weighted) goals are considered only after 

higher-ranked goals have been satisfied or have reached the point beyond which no further 

improvement is desirable." The principle of minimizing deviational variables relative to 

target values is used and the deviational values for profit is described in Equation [A.30]. 

T 

> (1+2)" PROF, - DISDT ~( PROFIT’ \+( PROFIT’) = PROFIT yx, [A.30] 
t= —

 

Equation [A.30] states that the total discounted profit, or the total discounted invested 

amount of money apart from operations and resource acquisition, }"d“‘( PROFIT, - DT), 

over the planning horizon, together with the deviational variables, should be equal to the 

target value for profit, PROFIT;,,,._ The deviational variables are denoted by 

(PROFIT’) and (PROFIT) for positive and negative deviations from PROFIT yya1, 

respectively. The objective would most probably be to minimize the underachievement of 

the target value, as denoted by (PROFI T ). Rarely will one attempt to minimize the 

  

21Charnes and Cooper [32], p. 260, define a functional as follows: "A functional, f(x), is a real-valued 
function defined on the points x of some space." 
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overachievement of profit, which means that Equation [A.30] can be reduced to Equation 

[A.31]. Equation [A.31] (or in extreme cases Equation [A.30]) will be specified as a 

constraint, while the objective for minimizing the deviational variable for profit is 

expressed in the simple objective in Equation [A.32]. 

> (1+) PROF, - DISDT + (PROFIT ) = PROFITyy x, [A.31] 
t=] 

Min (PROFIT ) [A.32] 

Nothing prevents the decision-maker from maximizing profit at some horizon or for 

combined selected periods. This maximization of profit can be accomplished by selecting 

the appropriate time periods over which the value of > (14+ I? )“ PROF. ~ DISDT in 

Equation [A.31] is considered. However, as pointed out in the section, "Inadequacy 

Concerning Horizon Value," in Chapter 1, the objective is most probably to maximize the 

net present value of the shareholders. Maximizing profit at some horizon value, instead of 

the net present value, may not necessarily be conducive to shareholders interests if the 

discount rate is not known with certainty (which is the case in classical capital budgeting). 

However, the decision-maker has control over which time periods to accumulate the 

profit, if he wishes so. 

The second goal addressed (noted as the first goal in this appendix) is the maximization of 

the rate at which money is generated. A process similar to Equations [A.30] to [A.32] is 

used for minimizing the deviational variables from the target value for the rate of return. 

Appendix A: Multiple Goals 309



Incorporating the deviational variables and the target value for the rate of return is 

accomplished in Equation [A.33]. 

x ROR,z, ~(ROR* )+(ROR™) = RORq x, [A.33] 
n=1 

As in the case with profit, no one will probably ever complain if the actual rate of return is 

too high. Equation [A.33] therefore reduces Equation [A.34], and this reduced expression 

for the target value of the rate of return is placed as a constraint in the model formulation. 

The objective would then be to minimize the underachievement of the rate of return, 

similar to what is shown in Equation [A.32]. 

N 

> ROR,z, + (ROR) = ROR yx, [A.34] 
n=) 

The third goal is the maximization of market share. The objective function, as expressed 

in Equation [A.14], is extended to include the possible products for which market share 

will be maximized. The same situation applies as with profit and with the rate of return in 

that too much market share will most probably not be to the disadvantage of a company. 

Under such circumstances the objective function in Equation [A. 14] is extended to include 

a single deviational variable and a target value and is given in Equation [A.35]. 

PY ot 

>> MS, +( MS) = MS [A.35] 
p=1 i=l 
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Equation [A.35] states that a single market share is pursued for all relevant products, P’. 

It may be possible that different market shares are pursued for different products. In such 

a case, Equation [A.35] changes to Equation [A.36]. The parameter P" indicates all the 

products for which the market share is to be maximized. 

I 

> MS,,H,, +(MS;)=(MSrya), Vp eP' [A.36] 
i=] 

(Ms >) and (MSryar ) in Equation [A.36] indicate the underachievement in market share 

for product p and the target market share value for product p, respectively. The objective 

is to minimize the underachievement of market share in total, as indicated by (ms~) in 

Equation [A.35], or the underachievement in market share per product, as indicated by 

(MS; ) in Equation [A.36]. The last goal is the minimization of excess capacity, or more 

specifically, the minimization of the cost of excess capacity. The cost of excess capacity is 

expressed in Models [A.3] and [A.4] as the difference between the total cost of capacity, 

minus the cost of the capacity utilized for each relevant resource in each period: CTK,, - 

CKU,,.. Let this difference simply be denoted by CXK,,, the cost of excess capacity for 

resource r in period t. If the total cost of all excess capacity is to be reduced, Equation 

[A.37] can then be used, which includes the deviational variables and the target value for 

the excess capacity. 

TUCK, +(CXK~)—(CXK*) = CXK yu [A.37] 
t=] r=1 
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Most probably, the decision-maker would not be concerned with the underachievement of 

excess capacity, as long as sufficient capacity is available. However, this latter assumption 

of sufficient capacity is not always a realistic assumption, especially because conflicts may 

arise between the objective of maximizing profit (mainly when demand functions are not 

constant) and the objective of maximizing the rate at which money is generated. Equation 

[A.37] can therefore be left as it is to allow for the underachievement and the 

overachievement of costs of excess capacity. However, for the sake of consistency, only 

the overachievement of excess capacity will be considered. This is expressed in Equation 

[A.38]. Also, different goals may be specified for different time periods. For example, 

management may express the desire to decrease the cost of excess capacity by 10 percent 

each year, instead of simply slashing all excess at once. Also, management may be 

concerned only with the cost of excess capacity on a selected number of resources. The 

pool of such selected resources can be denoted by R'. The desire to specify periodic target 

values for a selected few resources is therefore incorporated in Equation [A.39]. For 

completeness, both the overachievement and the underachievement of the cost of excess 

capacity is included in Equation [A.39]. T' is the periods in which management may be 

concerned with the cost of excess capacity. All four different goals can now be 

incorporated in a single objective function, as accomplished in Model [A.5]. The objective 

is to minimize the deviational variables, as explained in previous paragraphs. 

TYCK, —(CXK*)=CXK yx [A.38] 
t=1 r=1 

5° CXK, + (CXK;)—(CXK?) = (CXK pyar), Wer [A.39] 
r=] 
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The four constraints, denoted by [I] in Model [A.5], are the definitions of the deviational 

variables; they are, in fact, Equations [A.31] for profit, [A.34] for the rate at which money 

is generated, [A.35] for the market share, and [A.38] for the cost of excess capacity. The 

other versions of the different types of deviational variables, as expressed in Equations 

[A.30], [A.33], [A.36], [A.37], and [A.39], can be incorporated, but is left to the decision- 

maker to incorporate them when deemed appropriate. Model [A.5] incorporates all four 

the goals. PL denotes a certain priority level. 
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APPENDIX B 

EXAMPLES OF MULTIPLE GOALS 

The purpose of this appendix is to illustrate with numerical examples how the theory 

developed in Chapter 4 can be applied. Since several of the constraints of Model [3.9] are 

common to all the different models in Chapter 4, and since Model A21 incorporates most 

of the constraints in Model [3.9] in a single example, the data for Model A21 are used for 

all the examples in this Appendix. However, some new data may be used in specific cases 

in this appendix. In such cases, the new data are stated explicitly. This appendix consists 

of four sections. These four sections correspond to the four sections in Chapter 4. In the 

first section an example is provided to illustrate how the rate of return can be modeled. In 

the second section an example illustrates how to model the desire to pursue a certain 

market share. In the third section the cost of excess capacity is modeled. In the fourth, 

and most important section, the previous three goals in this appendix and the goal to 

maximize profit (from Chapter 3 and Appendix A) are all combined in a single model with 

an objective function using goal programming. 

MAXIMIZING THE RATE OF RETURN 

The numerical example in this section illustrates the theory developed in the section, 

"Maximizing the Rate of Return," in Chapter 4. The data used for this example are 

exactly the same data used in Model A21. No additional data are added. As defined in 

Chapter 4, two stages are involved. The first is to determine the rate of return curve. The 

second is to maximize the rate of return curve. These two aspects are next addressed. 
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Determine the Rate of Return Curve 

The first task is to determine the rate of return curve, as outlined in the section, 

"Determine the Rate of Return Curve," in Chapter 4, and hypothetically illustrated in 

Figure 4.4. In order to accomplish this the minimum and maximum total costs of the 

undertaking must be determined.! These costs are represented by W,,,, and Was. 

respectively. W,,;, can be determined by searching for an appropriate minimum cost 

parameter by taking educated guesses for W and each time running Model [3.9] and 

restricting W to the estimated amount. If W,,,, is too small, no profit will be made, which 

means that the rate of return will be zero. The minimum amount for which Model [A21] 

becomes profitable, with W defined as in Model [3.9], is for W,,,, between $300,000 and 

$400,000. W,,;, 18 therefore selected to be $300,000. W,,,, car be determined by simply 

not restricting the investment amount and see what it turns out to be for the maximum 

profit? For reasons that wiil subsequently become clear, W,,,, is chosen to be 

$1,300,000, which is somewhat bigger than what is required for the maximum profit. 

According to Equation [4.4], the segments for various points on the curve must be 

determined. Assume the value of n=5 is appropriate, which means that, according to 

Equation [4.4], increments of $200,000 must be used for W from W=$300,000 to 

  

1The discretionary investment amount, W, is defined as recommended in Model [3.9]. This means that 

the investment amount includes all costs, from operations to investments in resource acquisition. Because 

W includes all cash outflows before taxes, as defined in the set of [a] constraints in Model [3.9], it is 

appropriate to call W the total cost of the proposed undertaking. 

2The assumption here is that the rate of return for investment amounts greater than that required for the 
maximum profit is unacceptably low. This assumption is probably realistic because market prices are 
typically decreasing for increased supply. Therefore, the point where the marginal cost equals the 
marginal revenue (for a decreasing revenue function), which typically represents the maximum profit, has 
a rate of return less than the maximum rate of return. However, if the integrity of this assumption proves 

to be doubtful, values of W greater than that required for the maximum profit can be taken to the point 
where the rate of return is simply unacceptably low. 

Appendix B: Examples 317



W=$1,300,000. This results in n+1=6 data points. Subsequently, n=5 increments of 

$200,000 are taken from W=400,000 to W=1,200,000. These latter n=5 values are then 

used to test the accuracy of the first set of n+1=6 observations to accurately predict the 

rate of return curve. Model [A21] is run with the various values of W, and the results are 

summarized in Table B1]. The only difference to Model A21, as presented in Appendix A, 

is the addition of the following two constraints) W-W1-W2-XCESS<=0; and 

W<="amount;" where "amount" is the investment amount W in Table B1. The variable 

XCESS indicates the excess funds, as illustrated in Table B1. 

Table B1 Data Obtained from Model A21] for ROR Curve 

  

    

Product Excess 

Ww Profit Portfolio ROR Funds 

300,000 0 P2 0 300,000 

400,000 234,960 P2 0.587 32,560 

500,000 234,960 P2 0.470 132,560 

600,000 234,960 P2 0.392 232,560 

700,000 234,960 P2 0.336 332,560 

800,000 234,960 P2 0.294 432,560 

900,000 332,386 P2,P4 0.369 1,386 

1,000,000 357,753 P2,P4 0.358 80,287 

1,100,000 357,753 P2,P4 0.325 180,287 

1,200,000 357,753 P2,P4 0.298 280,287 

1,300,000 357,753 P2,P4 0.275 380,287 
  

Also given in Table B1 is the product portfolio that yields the solution for each value of 

W, the rate of return (as the ratio between the profit and the total cost, W), and the excess 

money. The excess money is the difference between the amount of money that is allowed 
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for operations (the assumed W values) and the actual cost that yields the best results. The 

product portfolio and the excess funds in Table B1 are not of real importance in 

determining the rate of return curve. However, it does provide some insight in the nature 

of how the solution changes with changes in W. It is obvious that the solution does not 

improve (for both the profit and the rate of return) by increasing the investment amount 

from $400,000 to $800,000. The profit of $234,960 remains the same in all these cases, 

which means that, because the investment amount was increased, the rate of return must 

decrease. In fact, it is simple to see from Table B1 that the maximum rate of return would 

be achieved at an investment amount $32,560 short of $400,000. This would result in a 

rate of return of 63.9 percent. This means that about $500,000 is required in addition to 

the amount of $367,440 required (with a profit of $234,960) to introduce P4 in the 

solution. 
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Figure B1 Rates of Return for Different Values of W 

Appendix B: Examples 319



Equation [4.5] can now be used to determine the accuracy with which the first set of 

n+1=6 observations of W actually represents the ROR curve. The second set of n=5 

observations are used for this purpose. In fact, Equation [4.6], a special case of Equation 

[4.5], can be used in stead of Equation [4.5] because the second set of n-1 observations 

are each taken exactly halfway between each two of the first set of n observations. 

Assume that the error, €, as obtained from Equation [4.6], is acceptable, which means that 

no further points will have to be taken. The rate of return curve with the different ROR 

values in Table B1 is illustrated in Figure B1. The values of ROR are plotted against the 

different investment amounts. 

Maximizing the Rate of Return Curve 

Model [4.1] can now be used to model the rate of return. The data for this model are 

obtained from Table B1. This rate of return curve is modeled in Model B1. 

MAX 0.587 Z1+0.47Z2+ 0.392 Z3 + 0.336 Z4 + 0.294 Z5 + 0.369 Z6 + 0.358 Z7 
+ 0.325 Z8 + 0.298 Z9 + 0.275 Z10 

SUBJECT TO 
2) -Y1+Z1<= 0 
3) -Y1-Y2+Z2<= 
4) -Y2-Y3+Z3<= 
5) -Y3-Y4+Z4<= 
6) -Y4-Y5+Z5 <= 
7) -Y5-Y6+2Z6<= 
8) -Y6-Y7+Z7<= 
9) -Y7-Y8+Z8 <= 

10) -Y8-Y9+Z9 <= 
ll) -Y9+Z10<= 0 
12) Y1+Y2+Y3+Y4+Y5+Y6+Y7+Y8+Y9= 1 
13) Z1+Z2+Z3+Z4+Z5+Z6+Z7+Z8+Z9+Z10= 1 
14) — - 400000 Z1 - 500000 Z2 - 600000 Z3 - 700000 Z4 - 800000 Z5 - 900000 Z6 

- 1000000 Z7 - 1100000 Z8 - 1200000 Z9 - 1300000 Z10+W= 0 

e
o
o
o
c
o
o
 

eo 

END 
INTE Y 

Appendix B: Examples 320



OBJECTIVE FUNCTION VALUE 

1) .58700000 

VARIABLE VALUE REDUCED COST 

Yl 1.000000 -.117000 

Y2 .000000 .000000 

Y3 .000000 .000000 

Y4 .000000 .000000 

Y5 .000000 .000000 

Y6 .000000 .000000 

Y7 .000000 .000000 

Y8 .000000 .000000 

Y9 .000000 .000000 

Z1 1.000000 .000000 

Z2 .000000 .000000 

Z3 000000 .078000 

ZA .000000 . 134000 

Z5 .000000 . 176000 

Z6 .000000 .101000 

Z7 .000000 .112000 

Z8 .000000 .145000 

Z9 .000000 .172000 

Z10 .000000 . 195000 

WwW 400000.000000 .000000 

Model B1 Maximizing the Rate of Return 

Model B1 is self explanatory with reference to Model [4.1] and will therefore not be 

explained in detail. The best solution in this case is to select an investment size of 

W=$400,000. This would result in a rate of return of 58.7 percent. Two observations can 

be made at this time. The first is that the final solution is only as good as the Rate of 

Return Curve. For example, the suggested rate of return is 58.7 percent, and not the 

obvious best of 63.9 percent, as discussed previously. The reason for this discrepancy is 

mainly because of the assumption made in the previous section that the error, ¢, is within 

acceptable limits, despite the spike in the curve at W=$400,000. The second observation 

is that no modeling tool is necessary to optimize the rate of return curve, as outlined in 

Table B1 and Figure B1. The answer is obvious. However, when several different goals 

Appendix B: Examples 321



are combined, as will be done in the last section of this Appendix, the answer is no longer 

obvious. Model B1 is therefore not to be considered in its own right but as a building 

block to modeling several goals simultaneously, of which one is the maximization of the 

rate of return. An alternative strategy would be to determine the ranges for W within 

which the ROR is acceptable, and then to restrict W to a value in those intervals. 

MAXIMIZING THE MARKET SHARE 

Model [4.2] is used to maximize the market share of a product or a range of products. In 

this section, a numerical application is provided to illustrate how Model [4.2] can be used. 

Assume that the objective is to maximize the market share of product Pj. The 

hypothetical market shares associated with the prices for P9, as linearized in Figure 4.5, 

are given in Table B2. The Unit Price in Table B2 is the price per unit that the market is 

presumably willing to pay for the quantity of units of each product associated with it in the 

column Market Demand. The column Percent of Market indicates the percentage of the 

targeted market share that can possibly be captured with each price category. The column 

Possible Revenue is simply the product of the first two columns. The column Decision 

Variable indicates the decision variables associated with each possible market share. 

These are the 0-1 1s decision variables. Since only product P> 1s considered, the 

subscript denoting the product is omitted. The first subscript in these decision variables 

therefore indicates the period of concern: Year 1 and Year 2. The second and third 

subscripts simply indicate the unit price as an easy way to distinguish the different 0-1 

decision variables. It is evident from Table B2 that the market share data for Year 1 and 

Year 2 are the same for P2. The only differences are the 0-1 decision variables. The 

situation in Table B2, as well as all the data from Model A21, are modeled in Model B2. 
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Table B2 Market Share Data for Product P> 
  

    

Unit Market Percent Possible Decision 

Price Demand of Market Revenue Variable 

30.00 8,000 40 240,000 H130 

35.00 7,500 35 262,500 H135 

42.00 6,800 30 285,600 H142 

50.00 6,000 25 300,000 H150 

60.00 5,000 20 300,000 H160 

70.00 4,000 15 280,000 H170 

90.00 2,500 10 225,00C H190 

30.00 8,000 40 240,000 H230 

35.00 7,500 35 262,500 H235 

42.00 6,800 30 285,600 H242 

50.00 6,000 25 300,000 H250 

60.00 5,000 20 300,000 H260 

70.00 4,000 15 280,000 H270 

90.00 2,500 10 225,000 H290 
  

An additional constraint is placed on the system: a minimum total profit of $250,000 is 

required. This is an example from the set of [©] constraints in Model 4.2. As was the 

case with Model B1, the model formulation is provided together with the solution values 

for only the non-zero decision variables. 

MAX 0.4 H130 + 0.35 H135 + 0.3 H142 + 0.25 H150 + 0.2 H160 + 0.15 H170 + 0.1 H190 

+ 0.4 H230 + 0.35 H235 + 0.3 H242 + 0.25 H250 + 0.2 H260 + 0.15 H270 + 0.1 H290 

SUBJECT TO 

2) 
3) 
4) 

5) 

6) 

Appendix B: 

H130 + H135 + H142 + H150 + H160 + H170 + H190 <= 1 
H230 + H235 + H242 + H250 + H260 + H270 + H290 <= 1 
- 240000 H130 - 262500 H135 - 285600 H142 - 300000 H150 - 300000 H160 
- 280000 H170 - 225000 H190 + REV21= 0 
- 240000 H230 - 262500 H235 - 285600 H242 - 300000 H250 

- 300000 H260 - 280000 H270 - 225000 H290 + REV22= 0 
- 8000 H130 - 7500 H135 - 6800 H142 - 6000 H150 - 5000 H160 
- 4000 H170 - 2500 H190 + SLS21= 0 
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2) 

8) 
9) 

10) 
11) 
12) 
13) 
14) 

15) 

16) 
17) 
18) 
19) 
20) 
21) 
22) 
23) 
24) 

25) 

26) 
27) 
28) 
29) 
30) 
31) 
32) 
33) 
34) 

35) 

36) 

37) 

38) 

39) 

40) 

41) 

42) 

43) 

44) 

45) 

46) 

- 8000 H230 - 7500 H235 - 6800 H242 - 6000 H250 - 5000 260 

- 4000 H270 - 2500 H290 + SLS22= 0 

PROFIT - PROFIT1 + DT1 - PROFIT2 +DT2= 0 

W - W1-W2-XCESS= 0 

W= _ 1300000 

PROFIT >= 250000 

- 2000 L1 + 0.5 X21 + 1.5 X31 + 1.5 X41+0.5 X11 <= 0 

- 2000 L1 - 2000 L2 + 0.5 X22 + 1.5 X32 + 1.5 X42 +0.5 X12 <= 0 

- 5000 M11 - 10000 M12 - 15000 M13 - 20000 M14 - 25000 M15 + 0.5 X21 

+ 1.5 X31 + 1.5 X41+0.5 X11 <= 0 

- 5000 M11 - 10000 M12 - 15000 M13 - 20000 M14 - 25000 M15 

- 5000 M21 - 10000 M22 - 17000 M23 - 25000 M25 + 0.5 X22 + 1.5 X32 

+ 1.5 X42 + 0.5 X12 <= 0 

X31 + X32 <= 1000 

X41 + X42 <= 10000 

- 20001 Y1 + X11+ X12 <= 0 

- 10001 Y2 + X21 + K22 <= 0 

- 1001 Y3 + X31 + X32 <= 0 

- 10001 Y4 + X41 + X42 <= 0 

M11 +M12+M13+M14+MI15<= 1 

M21 + M22 + M23 + M24+M25<= 1 

- 21000 L1 - 50000 Y1 - 50000 Y2 - 50000 Y3 - 50000 Y4 

- 100000 M11 - 190000 M12 - 270000 M13 - 340000 M14 - 400000 M15 

+ W1 - 16.2 X21 - 51.3 X31 - 32.4 X41 - 35.1 X11 -5111-5 121-5131 

- 5 141 - 20 S11 - 20 S21 - 20 831-20S41= 0 

110000 M21 - 209000 M22 - 297000 M23 - 374000 M24 - 440000 M25 

- 23100 L2 + W2 - 17.82 X22 - 56.43 X32 - 35.64 X42 - 38.6 X12 - 5 [12 

- 5 122 - 5 132 - 5 142 - 20 S12 - 20 822 - 20 S32 - 20 S42= 0 

SLS111 <= 200 
SLS112 <= 200 
SLS113 <= 200 
SLS114 <= 200 
SLS121 <= 200 
SLS122 <= 200 
SLS123 <= 200 
SLS124 <= 200 
- REV21 - 110 SLS111 - 65.1 SLS112 - 55.1 SLS113 - 45.1 SLS114 
- 120 SLS31 - 80 SLS41 - 36.1 SLS115+REVI= 0 
- REV22 - 121 SLS121 - 71.6 SLS122 - 60.6 SLS123 - 49.6 SLS124 
- 132 SLS32 - 88 SLS42 - 48.6 SLS125+REV2= 0 
- SLS111 - SLS112 - SLS113 - SLS114 - SLS115+SLS11= 0 
- SLS121 - SLS122 - SLS123 - SLS124 - SLS125 + SLS12= 0 
-X11+111+SLS11= 0 
-X12-T11+12+SLS12= 0 
SLS21 -X21+121= 0 
SLS22 - X22 -121+122= 0 

- X31 +131+SLS31= 0 

- X32 - 131 +132 +SLS32= 0 

- X41 +141 +SLS41= 0 

- X42 - 141 +142 + SLS42= 0 

PROFIT1 -DT1+W1-REV1= 0 
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47) - PROFIT! + DT1 + PROFIT2 - DT2 + W2-REV2= 0 

48) X11-I11+S11-SLS11= 0 

49) X12+111-S11-112+812-SLS12= 0 

50) -SLS21+ X21-121+S21= 0 

51) -SLS22 + X22 + 121 -S21-122+S822= 0 

52) -300 Y3 + X31 -131+S31= 0 

53) -700 Y3 + X32 + 131-831 -132+S832= 0 

54) -3000 Y4+ X41-141+S41= 0 

55) -7000 Y4 + X42 +14] - S41 -142+S42= 0 

END GIN L1,L2; INTE Y,M,H 

OBJECTIVE FUNCTION VALUE 

1) 45000000 

VARIABLE VALUE REDUCED COST 
LI} 3.000000 .000000 
Y2 1.000000 .000000 
Y4 1.000000 .000000 

Mil 1.000000 .000000 
M22 1.000000 .000000 

L2 5.000000 .000000 
H190 1.000000 -. 100000 
H235 1.000000 ~-.350000 
X21 2500.000000 .000000 
X41 2500.000000 .000000 
X22 7500.000000 .000000 
X42 7388.750000 .000000 

REV21 225000.000000 .000000 
REV22 262500.000000 .000000 
SLS21 2500.000000 .000000 
SLS22 7500.000000 .000000 
SLS31 .000011 .000000 
SLS41 2500.001000 .000000 

SLS42 7388.749000 .000000 
REV] 425000.000000 .000000 
REV2 912709.900000 .000000 
PROFIT 250000.000000 .000000 

PROFIT1 30500. 110000 .000000 
PROFIT2 219499.900000 .000000 

WwW 1300000.000000 .000000 
Wil 394500.000000 .000000 
W2 723710.100000 .000000 

XCESS 181790.000000 .000000 
S41 500.000100 .000000 
S42 111.250400 .000000 

Model B2? Maximizing the Market Share for P2 

  

3The student version of LINDO, which is used to run all the models in this study, gives a warning that the 
problem in Model B2 is "Poorly Scaled." This is not an inherent problem with the model formulation per 
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The differences in the model formulation between Model B2 and Model A21 are 1) the 

objective function; 2) the Constraints 2) through 7); 3) Constraints 50) and 51); and 4) 

the omission of a single constraint. These differences are subsequently addressed. The 

objective function in Model B2 is obtained from the time expanded form of Equation 

[4.14], and is expressed in its general form in Model [4.2]. Constraints 2) and 3) ensure 

that only one market share for each product in each period is pursued. Constraints 4) and 

5) are formulated according to the set of [g] constraints and determine the revenue 

associated with P> in the two periods. Constraints 6) and 7) define the sales in units, and 

are obtained from the set of [A] constraints. In Constraints 50) and 51) the terms 

3000Y21 and 7000Y22 for a constant market demand are replaced with the sales, as 

obtained in Equations 6) and 7), respectively. Equations 50) and 51) are now similar to 

Equations 48) and 49). The constraint that is now dropped is the market demand, or the 

[5] constraint for P2, which is replaced with the data in Table B2, which again are 

contained in Constraints 2) through 7). 

The output suggests that the best market share that can be pursued is 45 percent 

accumulatively over the two years. In the first year the goods are sold at a unit price of 

$90.00, which means that only 10 percent of the market share will be captured (H190=1), 

despite the objective to maximize the market share. In the second year 35 percent of the 

market share is pursued with unit prices of $35.00 (H235=1). The reason why so little of 

the market share is pursued, especially in the first year, is simply because of the 

requirement that the profit should at least be $250,000. 

  

se. The range between the smallest and largest numbers in the model formulation is simply bigger than 

what the student version (Release 5) of LINDO is comfortable with. Since this warning results from an 

inherent inadequacy in the software, this warning is disregarded. It is therefore possible to obtain 
unwanted results because of this warning. 
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MINIMIZING THE COST OF EXCESS CAPACITY 

Examples are given in this section to illustrate how the cost of excess capacity can be 

minimized. As with the previous two sections in this appendix, all the values of Model 

A21 are used. The objective function, however, is specified as in Model [4.3]. For 

simplicity, straight line depreciation is used for all machines, and the machines are 

considered fully depreciated after three years. Also for simplicity, only the cost of excess 

capacity on the machines are determined. The depreciable costs are calculated from the 

variable resource acquisition costs, as expressed in Table All. Practical capacities, 

assumed to be 8,000 hours per year, are used for the machines. The value of K,, is 

therefore 8,000. The straight line average depreciable cost for the five different batches of 

machines is then $30,000 per year per machine. This is the value of DC,. For P1 and P2 

the cost parameters for determining the cost of the capacity utilized is then 

(30,000/8,000)*0.5=1.875 (where the unit driver, machine hours, is determined from 

Table Al). For P3 and P4 these cost parameters are calculated likewize as 5.625. 

In determining the cost of the total capacity, CTK, for the first year, the value of the 

counter J is 0, while in the second year the value of J=1 (see Equations [4.21] through 

[4.23]). This means that only one year's depreciable cost is considered in Year 1 (for 

values of j=0). In Year 2, however, two depreciable values are considered: for the 

machines acquired in Year 2 (where j=0), and for the machines acquired in Year 1 (where 

j=1). Model B3 provides the formulation of this situation, with the additional constraint 

that the profit should not be negative. Also, the total amount of money available for this 

undertaking is $1,300,000. The variable XCESS determines the difference between 

W=$1,300,000 and the investment costs actually required. 
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MIN CTK11 - CKU11 + CTK21 - CKU21 

SUBJECT TO 

2) 

3) 

15) 
16) 
17) 
18) 
19) 
20) 
21) 
22) 
23) 
24) 

25) 

26) 
27) 
28) 
29) 
30) 
31) 
32) 
33) 
34) 

35) 

36) 
37) 
38) 

- 33333 M11 - 63333 M12 - 90000 M13 - 113333 M14 - 133333 M15 

+CTK11= 0 

- 33333 M11 - 63333 M12 - 90000 M13 - 113333 M14 - 133333 M15 - 33333 M21 

- 63333 M22 - 90000 M23 - 113333 M24 - 133333 M25+ CTK21= 0 

CKUII - 1.875 X11 - 1.875 X21 - 5.625 X31 - 5.625 X41= 0 

CKU21 - 1.875 X12 - 1.875 X22 - 5.625 X32 - 5.625 X42= 0 

PROFIT >= 0 

W -W1-W2-XCESS= 0 

W=_ 1300000 

-W+XCESS+ W_ACT= 0 

PROFIT - PROFIT1 + DT1 - PROFIT2 + DT2= 0 

- 2000 L1 + 0.5 X11 + 0.5 X21 + 1.5 X31 + 1.5 X41 <= 0 

- 2000 L1 - 2000 L2 + 0.5 X12 + 0.5 X22 + 1.5 X32 + 1.5 X42 <= 0 

- 5000 M11 - 10000 M12 - 15000 M13 - 20000 M14 - 25000 M15 + 0.5 X11 

+ 0.5 X21 + 1.5 X31+1.5 X41 <= 0 

- 5000 M11 - 10000 M12 - 15000 M13 - 20000 M14 - 25000 M15 - 5000 M21 

- 10000 M22 - 17000 M23 - 25000 M25 + 0.5 X12 + 0.5 X22 + 1.5 X32 

+ 1.5 X42 <= 0 

X21 + X22 <= 10000 

X31 + X32 <= 1000 

X41 + X42 <= 10000 

- 20001 Y1 + X11+X12<= 0 

- 10001 Y2 + X21 + X22 <= 0 

- 1001 Y3 + X31 + X32 <= 0 

- 10001 Y4 + X41 + X42 <= 0 

M11 + M12+M13 +M14+M15 <= 1 

M21 + M22 + M23 + M24 + M25 <= 1 

- 21000 L1 - 50000 Y1 - 50000 Y2 - 50000 Y3 - 50000 Y4 - 100000 M11 

- 190000 M12 - 270000 M13 - 340000 M14 - 400000 M15 - 35.1 X11 

- 16.2 X21 - 51.3 X31 - 32.4 X41+W1-5111-5121-5151-5 141 

- 20 S11 - 20 821 - 20 831-20 S41= 0 

- 110000 M21 - 209000 M22 - 297000 M23 - 374000 M24 -- 440000 M25 

- 23100 L2 - 38.6 X12 - 17.82 X22 - 56.43 X32 - 35.64 X42 + W2 -5112 

- 5 122 - 5 132 - 5 142 - 20 812 - 20 S22 - 20 832 -20 S42= 0 

SLS111 <= 200 

SLS112 <= 200 

SLS113 <= 200 

SLS114 <= 200 

SLS121 <= 200 

SLS122 <= 200 

SLS123 <= 200 

SLS124 <= 200 

- 110 SLS111 - 65.1 SLS112 - 55.1 SLS113 - 45.1 SLS114 - 60 SLS21 
- 120 SLS31 - 80 SLS41 - 36.1 SLS115+REVI1= 0 
~ 121 SLS121 - 71.6 SLS122 - 60.6 SLS123 - 49.6 SLS124 - 66 SLS22 
- 132 SLS32 - 88 SLS42 - 48.6 SLS125+ REV2= 0 
- SLS111 - SLS112 - SLS113 - SLS114 - SLS115 + SLS11 = 
- SLS121 - SLS122 - SLS123 - SLS124 - SLS125 + SLS12 = 
-X11+111+SLSI1= 0 

0 

0 
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39) -X12-I11+112 + SLS12 =0 
40) -X21+121+SLS21= 0 
41) -X22-121 +122 + SLS22 =0 
42) -X31+131+SLS31= 0 
43) -X32 -131 +132 + SLS32 =0 
44) -X41+141+SLS41= 0 
45) -X42-141 +142 + SLS42 =0 
46) W1+PROFIT1-DT1-REVI= 0 
47) W2-PROFIT1 + DT1 + PROFIT2 - DT2-REV2= 0 
48) X11-I11+S11-SLS11=0 
49) X12+I11-S11-I12+$12-SLS12= 0 
50) - 3000 Y2 + X21-121+S21= 0 
51) -7000 Y2 + X22 +121-S21-122+$22= 0 
52) -300 Y3 + X31-131+S31= 0 
53) -700 Y3 + X32 +131 -$31-132+S32= 0 
54) -3000 Y4+X41-141+S41= 0 
55) -7000 Y4 + X42 +141 -S41-142+S42= 0 

END GIN L; INTE Y,M 

OBJECTIVE FUNCTION VALUE 

1) .00000000 

VARIABLE VALUE REDUCED COST 
W 1300000.000000 .000000 
XCESS 1300000.000000 .000000 

Model B3 Minimizing the Cost of Excess Capacity 

Only the non-zero values are included in the solutions. If a variable does not appear in the 

answer, its value is therefore (by default) zero. The only difference between Model B3 

and Model A21 is the objective function and Constraints 2) through 6). The objective 

function is expressed as the difference between the cost of the total capacity minus the 

cost of the capacity utilized for each resource in each period. Only one resource is 

considered. This resource is machines, and is denoted in the second subscript for both 

TCK,, and CKU,, as resource number 1. Although the depreciable life of the machines is 

three years, the total project life in Model A21 was assumed (for simplicity) to be two 

years, Year 1 and Year 2. Constraints 2) and 3) in Model B3 are two individual 

constraints from the set of [€] constraints, while Constraints 4) and 5) are two individual 
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constraints from the set of [¢] constraints. The parameters of the CKU,, decision variables 

in Constraints 2) and 3) are each a third of the variable resource acquisition costs, as 

expressed in Table All. These values result from the assumption that the machines are 

considered to be depreciating on a straight line over a period of three years. Constraint 2) 

has only depreciable cost values for machines acquired in the first year (j=0), while 

Constraint 3) contains depreciable costs for machines acquired in Year 1 and Year 2 G=1 

and j=0, respectively). The parameters of Constraints 3) and 4) are explained in the 

statement of the problem. 

The solution for Model B3 is the trivial solution, or the do-nothing approach. Intuitively, 

this sounds correct because no machines exist in Year 0 and new machines have a higher 

depreciable cost in terms of the cost of the total capacity than what is utilized. This results 

from the fact that the practical capacity (of 8,000 hours) for the machines is not fully 

utilized (a maximum of 5,000 hours can be utilized). Because no project is undertaken, 

the total cost is zero and the excess money is the same as the total available money: 

$1,300,000. If a minimum profit requirement of $100,000 is set (using the set of [©] 

constraints) in Constraint 6), the solution changes completely. This situation is given in 

Model B4. Only the non-zero values from the solutions are provided. It is obvious that 

Model B4 is totally different from Model B3. This results from the fact that a profit of at 

least $100,000 is required. The minimum cost of excess capacity calculated by Model B4 

is given as $29,166. To achieve this, P1 and P2 are manufactured, and a total of $806,188 

is required for the undertaking. It is interesting to note that, in order to avoid excess 

capacity (as the objective), more units of P1 are manufactured than what the market can 

absorb. This is evident from the inventory in period 2 of 1,669 units. 
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OBJECTIVE FUNCTION VALUE 

1) 

VARIABLE 
LI 
Y1 
Y2 
Mil 
CTK11 
CKUII 
CTK21 
CKU21 
X11 
X12 
X21 
X22 
WwW 
wi 
w2 
XCESS 
W_ACT 
DT1 
PROFIT2 
PROFIT 
REVI 
REV2 
112 
S12 
SLS111 
SLS112 
SLS113 
SLS114 
SLS115 
SLS121 
SLS122 
SLS125 
SLS21 
SLS22 
SLS11 
SLS12 

29166.000 

VALUE 

3.000000 

1.000006 

1.000000 

1.000000 

33333.000000 

18750.000000 

33333.000000 

18750.000000 

7000.000000 

3000.000000 

3000.000000 

7000.000000 

1300000.000000 

557300.000000 

248888.900000 

493811.100000 

806188.900000 

98420.000000 

198420.000000 

100000.000000 

458880.000000 

545728.900000 

1669.776000 

.000000 

200.000000 

200.000000 

200.000000 

200.000000 

6200.000000 

200.000000 

200.000000 

930.223900 

3000.000000 

7000.000000 

7000.000000 

1330.224000 

REDUCED COST 
.000000 
.000000 
.000000 

29166.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 
.000000 

Model B4 Minimizing CXK for Profit >= $100,000 

It must be noted that in real world applications some excess capacity probably already 

exists and management may attempt to reduce the cost associated with that excess 
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capacity. The objective may typically be to reduce the cost of excess capacity at a 

continual rate of ten percent per year in stead of a single objective of reducing the cost of 

excess capacity by one large amount. This may be done to be less vulnerable for 

uncertainties in the market. In such cases the principles in the approach to reduce the cost 

of excess capacity, as outlined in Chapter 4, remain exactly the same. The reason why this 

example is used is to stay in accordance with the other goals (the same goals in the 

individual objectives are used simultaneously in a goal programming format in Model BS). 

This is accomplished in the subsequent section. 

GOAL PROGRAMMING 

In this section a numerical example is given where all four goals are combined in a single 

objective function. These four goals are: 1) the maximization of profit; 2) the 

maximization of the rate of return; 3) the maximization of market share; and 4) the 

minimization of the cost of excess capacity. The same data that were used in Models A21 

(profit), Bi (rate of return), B2 (market share), and B5 (cost of excess capacity) are used 

in the goal program. Among these four examples, each constraint used in the goal 

program, except for the first four, has been discussed in the previous examples. These 

constraints are therefore not again addressed. For more information regarding the 

constraint formulation, the interested reader can refer to the specific individual sections (in 

Appendix A and Appendix B) where these constraints are fully explained with reference to 

Chapters 3 and 4. A summary of the total problem is as follows. The model itself and the 

output from LINDO are given in Model AS. (Only the non-zero values for the output is 

given. All the variables that have a value of zero, as a result of the model, are omitted for 

the sake of conciseness.) 
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. Four projects (P;, Pp, P3, and P4) are considered for production. Any one or more of 

the projects can be selected. The life of all the projects is two years. Investment (in 

resource acquisition) can be made in either the end of Year 0 for Year 2 or the end of 

Year 1 for Year 2. The resources have no salvage value and the interest rate is taken 

as zero. 

There are four objectives: achieve a profit of at least $250,000; achieve a market share 

for P2 of at least 40 percent cumulatively over the planning horizon; achieve a cost of 

excess capacity of at most $40,000; and achieve a rate of return of at least 55 percent. 

The relative weights given to these four objectives are, for a common denominator, 

2.5, 2.0, 1.5, and 1, respectively. 

A definition is required of the exact number of units of each product to be produced in 

each period, the level of inventory and shortages of each product in each period, the 

number of units of each resource type to be acquired and the time of acquisition, the 

total investment required (in dollars), and the projected profit. In fact, values are 

required for all the decision variables in Table 3.3. 

The variable market demand, as a function of quantity, for Pj in both periods are given 

by the demand function expressed in Table Al6. The market demand for P>, P3, and 

P4 in the two periods under consideration are given in Table Al4. The prices for 

these products are given in Table AS for the first year, and these prices escalate with 

ten percent in the following year. 

The cost of raw material, direct labor, and cost of operating the machines for projects 

Pj, Po, and P3, are given in Table A2 for Year 1, and increase by ten percent in Year 

2. The other cost elements remain constant over the two years for these projects. 

The variable machine acquisition cost is given in Table All for Year 1. These prices 

escalate with ten percent in Year 2. Machine capacity is 5,000 hours per year per unit. 
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7. Labor cost is $21,000 per laborer for Year 1 and $23,100 for Year 2. Each laborer 

has a capacity of 2,000 hours per year. 

8. Inventory cost is $5 per unit and shortage cost is $20 per unit, irrespective of product. 

9. The relevant market share data for P> appear in Table B2. 

10. Only machines are considered for calculating the cost of excess capacity. All the 

machines fully depreciate after three years on a straight line basis. The practical 

capacity of the machines is 8,000 hours per year. 

MIN 1 DPROF + 500000 DMS + 4.286 DCXK + 303000 DROR 

SUBJECT TO 

2) DPROF + PROFIT = 250000 

3) DROR+ROR= _ 0.55 

4) DMS+MS= 0.4 

5) -DCXK+CXK= 35000 

6) -ROR+ 0.587 Z1 + 0.47 Z2 + 0.392 Z3 + 0.336 ZA + 0.294 Z5 + 0.369 Z6 

+ 0.358 Z7 + 0.325 Z8 + 0.298 Z9 + 0.275 Z10= 0 

7) -U1+Z1<= 0 

8) -U1-U2+Z2 <= 0 

9) -U2-U3+2Z3 <= 0 

10) -U3-U4+Z4A <= 0 

11) -U4-U5+Z5 <= 0 

12) -U5S-U6+Z6 <= 0 

13) -U6-U7+2Z7<= 0 

14) -U7-U8+ Z8 <= 0 

15) -U8-U9+Z9 <= 0 

16) -U9+Z10<= 0 

17) Ul+U2+U3+U4+U5+U6+0U7+U8+U9= 1 

18) Z1+Z2+Z3+2Z4+2Z5+2Z6+Z7+Z8+Z9+Z10= 1 

19) -400000 Z1 - 500000 Z2 - 600000 Z3 - 700000 Z4 - 800000 Z5 

- 900000 Z6 - 1000000 Z7 - 1100000 Z8 - 1200000 Z9 - 1300000 Z10 + W =0 

20) 0.4H130+ 0.35 H135 + 0.3 H142 + 0.25 H150 + 0.2 H160 + 0.15 H170 

+ 0.1 H190 + 0.4 H230 + 0.35 H235 + 0.3 H242 + 0.25 H250 + 0.2 H260 

+ 0.15 H270 + 0.1 H290-MS= 0 

21) H130+H135 + H142 + H150 + H160 + H170 + H190 <= 1 

22) H230+ H235 + H242 + H250 + H260 + H270 + H290 <= 1 

23) -240000 H130 - 262500 H135 - 285600 H142 - 300000 H150 - 300000 H160 

- 280000 H170 - 225000 H190 + REV21= 0 

24)  -240000 H230 - 262500 H235 - 285600 H242 - 300000 H250 -- 300000 H260 

- 280000 H270 - 225000 H290 +REV22= 0 

25) - 8000 H130 - 7500 H135 - 6800 H142 - 6000 H150 - 5000 H160 

- 4000 H170 - 2500 H190 + SLS21= 0 
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26) 

27) 

28) 

29) 

30) 
31) 
32) 
33) 
34) 
35) 
36) 

37) 

38) 
39) 
40) 
41) 
42) 
43) 
44) 
45) 
46) 

- 8000 H230 - 7500 H235 - 6800 H242 - 6000 H250 - 5000 H260 
- 4000 H270 - 2500 H290 + SLS22= 0 
- CXK + CTK11 - CKU11 + CTK21 - CKU21= 0 
- 33333 M11 - 63333 M12 - 90000 M13 - 113333 M14 - 133333 M15 
+CTKI1= 0 
- 33333 M11 - 63333 M12 - 90000 M13 - 113333 M14 - 133333 M15 
- 33333 M21 - 63333 M22 - 90000 M23 - 113333 M24 - 133333 M25 
+CTK21= 0 
CKU1I - 1.875 X11 - 1.875 X21 - 5.625 X31 - 5.625 X41= 0 
CKU21 - 1.875 X12 - 1.875 X22 - 5.625 X32 - 5.625 X42= 0 
PROFIT - PROFIT1 + DT1 - PROFIT2 + DT2= 0 
W - W1-W2-W_XCESS= 0 
- 2000 L1 + 0.5 X11 + 0.5 X21 + 1.5 X31 + 1.5 X41 <= 0 
- 2000 L1 - 2000 L2 + 0.5 X12 + 0.5 X22 + 1.5 X32 + 1.5 X42 <= 0 
- 5000 M11 - 10000 M12 - 15000 M13 - 20000 M14 - 25000 M15 + 0.5 X11 
+ 0.5 X21 + 1.5 X31+15X41<= 0 
- 5000 M11 - 10000 M12 - 15000 M13 - 20000 M14 - 25000 M15 - 5000 M21 
- 10000 M22 - 17000 M23 - 25000 M25 + 0.5 X12 + 0.5 X22 + 1.5 X32 
+ 1,5 X42 <=0 
X31 + X32 <= 1000 
X41 + X42 <= 10000 
- 20001 Y1 + X11 + X12 <= 0 
- 10001 Y2 + X21+X22 <= 0 
- 1001 Y3 + X31 + X32 <= 0 
- 10001 Y4 + X41 + X42 <= 0 
M11 +M12+M13+M14+MI5<= 1 
M21 + M22 + M23 +M24+M25<= 1 
- 21000 L1 - 50000 Y1 - 50000 Y2 - 50000 Y3 - 50000 Y4 - 100000 M11 
- 190000 M12 - 270000 M13 - 340000 M14 - 400000 M15 - 35.1 X11 
- 16.2 X21 - 51.3 X31 - 32.4 X41 + W1 - 5111-5121 - 5131-5 141-2081] 

- 20 $21 - 20 S31-20S41= 0 
47) 

48) 
49) 
50) 
51) 
52) 
53) 
54) 
55) 
56) 

57) 

58) 
59) 
60) 
61) 
62) 

- 110000 M21 - 209000 M22 - 297000 M23 - 374000 M24 - 440000 M25 

- 23100 L2 - 38.6 X12 - 17.82 X22 - 56.43 X32 - 35.64 X42 + W2 - 5112 

- 5 122 - 5 132 - 5 142 - 20 $12 - 20 822 - 20 S32 -20 S42= 0 

SLS111 <= 200 

SLS112 <= 200 
SLS113 <= 200 
SLS114 <= 200 
SLS121 <= 200 
SLS122 <= 200 
SLS123 <= 200 
SLS124 <= 200 
~ REV21 - 110 SLS111 - 65.1 SLS112 - 55.1 SLS113 - 45.1 SLS114 
- 120 SLS31 - 80 SLS41 - 36.1 SLS115+REV1= 0 
- REV22 - 121 SLS121 - 71.6 SLS122 - 60.6 SLS123 - 49.6 SLS124 
- 132 SLS32 - 88 SLS42 - 48.6 SLS125+REV2= 0 
- SLS111 - SLS112 - SLS113 - SLS114 - SLS115+SLS11= 0 
- SLS121 - SLS122 - SLS123 - SLS124 - SLS125+SLS12= 0 
-X11+]11+SLS11= 0 
-X12-T11+112+SLS12= 0 
SLS21 - X21+I21= 0 

Appendix B: Examples 335



63) SLS22-X22-121+122= 0 
64) -X31+IB1+SLS31= 0 
65) -X32-131+132+SLS32= 0 
66) -X41+1I41+SLS41= 0 
67) -X42-141+142+SLS42= 0 
68) PROFIT1-DT1+W1-REVI1= 0 
69) -PROFIT1 + DT1 + PROFIT2 - DT2 + W2-REV2= 0 
70) Xl1-I11+S11-SLS11= 0 
71) X12+I11-S$11-112+S812-SLS12= 0 
72) -SLS21+X21-121+S21= 0 
73) -SLS22 + X22 +121-S21-122+S822= 0 
74) -300 Y3 + X31-131+S31= 0 
75) -700 Y3 + X32 + 131-831 -132+S32= 0 
76) -3000 Y4+X41-141+S41= 0 
77) -7000 Y4 + X42 + 141 - S41 -142+S42= 0 

END 
GIN L 
INTE Y,U,M,H 

OBJECTIVE FUNCTION VALUE 

1) 18100.000 

VARIABLE VALUE REDUCED COST 
PROFIT 250000.000000 .000000 
MS 400000 .000000 
CXK 35000.000000 .000000 
ROR 369000 000000 
DROR .181000 .000000 
Ll 3.000000 .000000 
Yl 1.000000 .000000 
Y2 1.000000 .000000 
M11 1.000000 .000000 
H160 1.000000 -100000.000000 
H260 1.000000 -100000.000000 
U5 1.000000 .000000 
Z6 1.000000 .000000 
W 900000.000000 000000 
REV21 300000.000000 .000000 
REV22 300000.000000 .000000 
SLS21 5000.000000 .000000 
SLS22 5000.000000 .000000 
CTK11 33333.000000 .000000 
CKU11 13084.060000 .000000 
CTK21 33333.000000 .000000 
CKU21 18581.940000 .000000 
X11 1978.161000 ,000000 
X21 5000.000000 000000 
X12 4910.368000 000000 
X22 5000.000000 000000 
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DTI 15841.840000 .000000 
PROFIT2 265841.800000 .000000 

Wi 413433.500000 .000000 

W2 278640.200000 .000000 

W_XCESS 207926.200000 .000000 

$12 .000000 .000000 

SLS111 200.000000 .000000 

SLS112 200.000000 .000000 

SLS113 200.000000 .000000 

SLS114 200.000000 .000000 

SLS121 200.000000 .000000 

SLS 122 200.000000 .000000 

SLS123 200.000000 .000000 

SLS124 200.000000 .000000 

SLS115 1178.161000 .000000 

REV1 397591.800000 .000000 

SLS125 4110.368000 .000000 

REV2 560323 .900000 .000000 

SLS11 1978.161000 .000000 

SLS12 4910.368000 .000000 

Model BS* Goal Programming With All Four Goals 

The priority levels (the coefficients of the decision variables in the objective function) are 

calculated as follows:> The objectives of maximizing profit, maximizing the market share, 

minimizing the cost of excess capacity, and maximizing the rate of return have relative 

weights of 2.5, 2.0, 1.5, and 1.0 relative to a common denominator (see point 2 above). 

This common denominator is, for the sake of simplicity, assumed to be the target values 

that can be reached for the parameter values given. Model B5 was repeatedly run and the 

following values can all be achieved: a profit of $250,000; a cumulative market share of 40 

  

4The student version of the software LINDO (used to solve the models) gives a warning that this problem 
is “poorly scaled." Answers may, therefore, not be optimal. This limitation is inherent to the specific 

software used and not of the proposed methodology. Thus the warning ignored, even though the answers 
may not be optimal. 

Note that an assumption was made in Chapter 1 that the determination of priority levels are outside the 
scope of this study. However, in order for Model B5 to be successful some priority level values must be 

determined. The values for these priority levels are, therefore (except for this example) assumed to be 

input parameter values. 
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percent; cost of excess capacity of $35,000; and a rate of return of 33 percent. The 

relative weights (which were simply multiplied by a factor of 100,000) were then used in 

conjunction with these values to determine the specific priority levels. The priority levels 

were then calculated as follows: profit (250,000/250,000 = 1); market share (200,000/0.4 

= 500,000); cost of excess capacity (150,000/35,000 = 4.286); and the rate of return 

(100,000/0.33 = 303,000). 

The objectives for profit, market share, and the cost of excess capacity (the three highest 

ranking objectives) were fully met. The objective of reaching a rate of return of 55 

percent was not met. The objective of reaching a required rate of return had the lowest 

weight assigned to it: 1.0 relative to the weights of the other objectives of 2.5, 2.0, and 

1.5. This mainly explains why the required rate of return was not met. Interestingly, 

products P; and P> are suggested to be manufactured. (This is in contrast to only P> or 

P> and P4 that were usually selected in the previous models with the same sets of data.) 

The values of the other decision variables are self-explanatory. (Note that the objective 

function value of 181,000 is meaningless because of the structure of the objective 

function. This is expected, however.) 
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