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ABSTRACT 

Standard response surface methodology experimental designs for estimating 

location models involve the assumption of homogeneous variance throughout the 

design region. However, with heterogeneity of variance these standard designs 

are not optimal. 

Using the D and Q-optimality criteria, this dissertation proposes a two-stage 

experimental design procedure that gives more efficient designs than the 

standard designs when heterogeneous variance exists. Several multiple variable 

location models, with and without interactions, are considered. For each the 

first stage estimates the heterogeneous variance structure, while the second stage 

then augments the first stage to produce a D or Q-optimal design for fitting the 

location model under the estimated variance structure. However, there is a 

potential instability of the variance estimates in the first stage that can lower the 

efficiency of the two-stage procedure. This problem can be addressed and the 

efficiency of the procedure enhanced if certain mild assumptions concerning the 

variance structure are made and formulated as a prior distribution to produce a 

Bayes estimator. 

With homogeneous variance, designs are analyzed using ordinary least 

squares. However, with heterogeneous variance the correct analysis is to use 

weighted least squares. This dissertation also examines the effects that analysis 

by weighted least squares can have and compares this procedure to the proposed 

two-stage procedure.
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CHAPTER 1 

INTRODUCTION 

A. Motivation 

Historically, response surface methodology and other statistical design 

procedures have focused on selecting a design which efficiently estimates a 

location or mean model under the assumption of homogeneous variance. 

Then in the late 1970’s and early 1980’s the work of Taguchi refocused the 

statistical world on the existence and impact of heterogeneous variance in the 

design region. With this has come an interest in modeling simultaneously 

both a mean model and a variance model. 

Taguchi’s procedure for simultaneously modeling and controlling the 

process mean and process variance has become known as robust parameter 

design. However, western statisticians have been highly critical of Taguchi’s 

work, and have over the past decade applied response surface techniques to 

this problem. One such procedure is the development of a two-stage 

experimental design procedure for a single variable (Baran, 1992), in which 

the first stage estimates the heterogeneous variance structure and the second 

stage augments the first stage to produce an optimal design for estimating 

the mean model. This dissertation extends this work to multiple variables 

and compares the two-stage procedure to the results of the standard response 

surface procedures that assume homogeneous variance. 

B. Response Surface Methodology (RSM) 

Traditional response surface methodology (RSM) is a combination of 

regression analysis and experimental design in which levels of certain 

controllable or design variables are chosen to produce the highest quality in a 

response variable. RSM attempts to develop a mathematical model in which 

1



the design variables are used to estimate the mean of the response variable. 

Once this model is developed, RSM identifies levels of the design variables 

that provide the highest quality mean response. 

The practical user of RSM usually designates a region of interest, called 

the experimental region or design region. The mathematical model should 

estimate the mean response well at every point in this design region. 

However, even with the homogeneous variance assumption, the mathematical 

model which best estimates the mean response is usually a very complicated 

function that quite often is impossible to determine. For this reason 

statisticians usually choose as their mathematical model one of several 

“simple” empirical models. 

The standard RSM notation for the mathematical model is to denote 

the response variable by y, to denote the k design variables by xj, Xo, ---, x, 

and to denote the unknown parameters of the model by Bor Byr +t By - Then 

in most cases, the relationship between the response variable and the design 

variables can be adequately described by using one of the following models: 

(1) a first order model given by 

Y = By + ByXy + BoXg +--+ BX, + € (1) 

where the design variables appear only as linear or first order terms, and 

(2) asecond order model given by 

k k k k 
2 Y=Agt Dox t Lb + DL Fimxj%m + ¢ (2) 

j=l j=l j=l m=1 

j<m 

where the design variables appear as linear or first order terms, as quadratic 

or second order terms, or as first order interaction terms. In these models « is 

a random variable often assumed to be independently, identically distributed 

normal with mean 0 and variance o” (c is iid N(0,c2)). 

2



Other higher order models can be formed by adding the appropriate 

higher order terms in the design variables, and partial or reduced models can 

be formed by including only a subset of all possible interaction, quadratic, 

cubic, etc., terms. One such partial model is a partial second order model 

that consists of all the linear terms of a first order model together with all 

first order interactions, but that excludes all quadratic terms: 

k k uk 

Y= Bo + D8 x,+ 7 DD BinXXm + (3) 
j=l j=l m=1 

j<m 

The three models given by equations (1), (2), and (3), though only a small 

fraction of all possible models, are usually adequate for describing the true 

response function in most experimental regions. 

A response surface experiment usually consists of a series of N 

experimental runs, where for each run the design variables (the x’s) are set at 

predetermined levels and the resulting response variable value is observed. 

Denoting the N response variable values (responses) by y,, Yo, --*, Yn, then 

the first order expression for the jth experimental run is 

Yj = Bg + ByXyj + BoXgi tet BMG + & 

In matrix notation, all N experimental runs can be modeled as 

y=XfPt+e (4) 

where: 

yy 1 Xyy XQ, os Xyy Bo €y 
1 x x a ¢ € 

ee 2 

YN 1 Xyn Xon “7° Xn Py €N



Each experimental run defines a location in the design region, and 

hence every observed response y; is one response at some location in the 

design region. If multiple experimental runs are made at each design 

location, then the observed responses at each location can be thought to have 

a distribution with an expected value and variance. For the it experimental 

run, denote the expected value and variance of the response by E(y;) and 

Var(y;), respectively. 

For a more detailed introduction to the techniques of response surface 

methodology, see textbooks by Myers (1976), Box, Hunter, and Hunter 

(1978), Box and Draper (1987), and Khuri and Cornell (1987). 

. Least Squares Estimation 

The responses from the N experimental runs are used to estimate the 

unknown parameters (the 4’s). Assuming homogeneous variance of the 

response variable throughout the design region, ordinary least squares (OLS) 

can be used to produce best linear unbiased estimates (BLUE’s) of the #’s. 

Using the model expressed in equation (4), the OLS estimate of @ is 

bors = (X'X)'X'y (5) . 

Throughout the design region the expected value of the response can be 

modeled as 

E(y) = XB (6) . 

Using equation (6), the expected value of the least squares estimate given by 

equation (5) is: 

E(bozs) = 8 

implying that the least squares estimate is unbiased, and the variance— 

covariance matrix of the least squares estimate is: 
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Var(bo,s) = ¢2(X’X) 2 

However, when the condition of heterogeneous variance exists, one of 

the primary assumptions of ordinary least squares is violated and hence it is 

no longer appropriate. To account for the heterogeneous variance, the matrix 

of the true (but normally unknown) variance structure is defined as 

of 0 0 
0 of 0 O 

We! 9 0 Q (7) 
0 0 0 of 

h where o7 = Var(y;) is the variance of the it response. If one assumes that 

the true variance structure is known (and hence W is known), then an 

alternative to ordinary least squares is weighted least squares. Using the 

known W matrix as a matrix of weights, then the best linear unbiased 

estimator of # is 

bwzis = (X’W'X)'x’w ly 

There are important points that one should recognize about the 

weighted least squares procedure. First note that the weighted least squares 

analysis gives less weight to the design locations where Var(y;) is high. Since 

the weights are proportional to [Var(y,)] / 2’ this reduces the effect that these 

design points have on the calculation of bw;s and hence makes these 

estimates more stable. Also note that since Var(y.) = o? and hence 

Var(y) = W, then 

E(bwis) = 8 

and



Var(bwrs) = (X’W)X)? (8) . 

The ordinary least squares estimate given in equation (5) is no longer 

BLUE when the variance structure is heterogeneous (Graybill 1976). With 

Var(y) = W and W defined as in equation (7), the variance-covariance matrix 

of the OLS estimator is 

Var(bors) = (X’X) 1X’/WX(X’X)! 

This expression will be important when we compare the proposed two-stage 

procedure to the one-stage ordinary least squares designs under several 

variance structures. 

Weighted least squares requires the often unrealistic assumption that 

the true variance structure (W) is known. When the variance structure is 

unknown, then it must be either assumed throughout the design region or 

estimated. Estimates of Var(y;) are random variables, and hence estimation 

of the variance structure severely complicates Var(b). This leaves one with 

the option of assuming the variance structure, which is perhaps no more 

unreasonable than what one does in ordinary least squares when one assumes 

homogeneous variance. 

Define Wa to be a diagonal matrix of the form of W with diagonal 

elements containing the assumed response variances, i.e. 

se 0 0 (OO 
0 6 0 0 

Wa= 2 9 a=| 9 9 0 (9) 

0 0 0 & 

where a? is the assumed Var(y;). Then, using weighted least squares with 

the assumed variance structure instead of the true but unknown variance 

structure, the estimate of 6 becomes:



bawis = (X’Wa !X))X’Wa ly 

This estimate is also unbiased, and with assumed Var(y) = Wa, then the 

variance-covariance matrix of these WLS estimates is: 

Var(bywrs) = (X’Wa !X)'X’Wa !WW, !X(X’Wa! xX)! (10) . 

Note that if the assumed and true variance structures are the same 

(W = W,), then equation (10) simplifies to equation (8). 

. Maximum Likelihood Estimation 

Consider a set of parameters @ and a vector of random variables 

[¥1.¥o--+Yn] with probability density function fg(yj, yo, ---, yw): When the 

pdf is considered as a function of @ it is called a likelihood function and 

denoted by 

L(6;y, Y2) a) Yn) (11) . 

The estimate of @ that maximizes L(6;y,, yo, ---, yy), assuming one exists, is 

called the maximum likelihood estimate (MLE) of @. Also, since log is a 

monotone function, it is often convenient to work with the logarithm of the 

likelihood function, called the log-likelihood function and denoted by 

L(8;¥1, Yo: --» Yn) (12) . 

The likelihood and log-likelihood functions given by equations (11) and 

(12) allow easy formulation of Var(b), which as we will see in the next section 

plays an important role in the design optimization criteria equations. Since 

the proposed two-stage experimental design procedure will involve these 

optimization criteria, maximum likelihood estimation will be useful to the 

variance structure estimation and optimal design selection problems that the 

procedure address.



E. Design Optimality Criteria 

Response surface designs often are evaluated with regard to estimating 

certain parameters in multiple regression. The foundation used to evaluate 

these RSM designs is known as optimal-design theory. The mathematical 

groundwork for the optimal-design theory was provided by J. Kiefer (1959). 

The theory treats the design as a probability measure, and, depending 

on the model to be fit, attempts to reduce some iunction of the variance, 

usually either Var(¥,) or Var(b) to a single number. For a more detailed 

review of the optimal-design theory and for other references, see the review 

article by Myers, Khuri, and Carter (1989). 

Many design optimality criteria involve the minimization of either the 

variance of the coefficients ( Var(b) ) or the variance of prediction ( Var(¥) ). 

Other criteria focus on the bias created under model misspecification, or on 

the power of the tests when hypothesis tests for the parameters are 

performed. 

Among the optimality criteria that involve the variance-covariance 

matrix of the coefficients, the most popular is D-optimality. D-optimality 

involves the minimization of the generalized variance of the coefficients. The 

generalized variance (GV) is the determinant of the variance-covariance 

matrix Var(b). Recall that with ordinary least squares, 

Var(bo,s) = 02(X’X)!, and for weighted least squares (W known), 

Var(by;s) = (X’'W'!X)!. Then for ordinary least squares the generalized 
2 ) variance (apart from o“) is 

GVots = |(X’X)"| 

and for weighted least squares 

GVwis = |(X’'W"X)"| 

Therefore, in ordinary least squares the D-optimal design minimizes |(X’X)}| 

(or equivalently maximizes |(X’X)|), and with weighted least squares the D- 
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optimal design minimizes (x’w xy} (or equivalently maximizes 

\((X’W"!X)|). This concept of D-optimality was developed jointly by Kiefer 

and Wolfowitz (1959) and has the property that the D-optimal design also 

minimizes the volume of the confidence ellipsoid of the coefficients when one 

is willing to assume normal errors. 

A design criterion which involves minimizing the variance of prediction 

is Q-optimality (or Integrated Variance optimality). Q-optimality averages 

or integrates Var(¥,) over the experimental design regicu (Box and Draper 

1959; 1963). Defining K to be the volume of the design region ( K = / R ox ) 

and N to be the total number of runs in the design, then the Q-optimal 

design is one which minimizes 

Q= aE x/Var(b)x dx (13) , 

which can be rewritten as: 

-N Q= r trace[Var(b) [ p xx’ dx| (14) . 

As with D-optimality, the appropriate expression for Var(b) can be used to 

produce a Q under any of the conditions described in section 1.C. 

The Q expressed in equations (13) and (14) is an actual integrated 

variance because any common scale factor of the variance-covariance matrix 

of coefficients (say o*) has been eliminated. Also note that the Q-optimal 

design averages Var(¥;) over the design region and hence offers little insight 

into the range of the prediction variances. For this reason, the Q-optimality 

criterion works best with design regions in which the variance structure is 

well understood, implying that a range on Var(b) and hence on Var(¥;) can 

be obtained. This disadvantage aside, Q-optimality is very appealing and 

with D-optimality will be used throughout the remainder of this dissertation.



F. Proposed Investigation 

A sequential two-stage experimental design procedure using likelihood 

principles will be developed and the D- and Q-optimality criteria will be used 

to evaluate the efficiency of this procedure relative to other design 

procedures. The investigation will assume a linear heterogeneous variance 

structure, with the purpose of the first stage being to estimate this variance 

structure. The second stage then uses the D- or Q-optimality criterion to 

augment the first stage design to produce a total design that is the most D- 

or Q-efficient for the variance structure estimated in the first stage. Cases 

with varying models, varying numbers of variables, and varying heterogeneity 

of variance will be analyzed, and in each case recommendations for the final 

design will be made. 

Baran (1992) analyzed in detail the optimal one-stage and two-stage 

designs for a single variable with both a first order model y; = 6) + 6x; and a 

second order model y;= By + 81x; + By4x?. From this analysis Baran 

concluded that for a single variable the two-stage procedure does offer a 

significant improvement over the standard equal sample size design. Baran 

also studied a Bayesian approach to the two-stage procedure that offered even 

‘more promising results. This dissertation extends this work to multiple 

variables, considering various models and various linear variance ratios. 

The remaining chapters are as follows. Chapter 2 provides background 

on heterogeneous variance and methods used to determine if heterogeneous 

variance exists and how this variance can be modeled. Chapter 3 will 

determine the optimal two-variable designs under linear dispersion effects 

that will be used in the execution and evaluation of the proposed two-stage 

procedure. Following this development the proposed two-stage procedure will 

be introduced in Chapter 4, together with other alternative design 

procedures. Chapter 5 will provide analysis of the two-stage procedure in the 

two and three variable cases through the use of simulation and compare it to 

the alternative procedures. Finally, chapter 6 will summarize the results and 

outline future research in this area. 
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CHAPTER 2 

HETEROGENEOUS VARIANCE STRUCTURE 

A. Introduction 

With the standard ordinary least squares assumption of homogeneous 

variance, Var(y) =07I, the entire variance structure can be described with 

one number (c”). Combining with this the assumption that the response 

follows a normal distribution throughout the design region, the experimenter 

is in a comfortable position that can be handled using standard regression 

techniques. 

When the experimenter knows that the variance structure is 

heterogeneous (W known) or even when the experimenter assumes that the 

variance structure is heterogeneous (W unknown but Wg available), then the 

variance structure is more complicated and must be modeled. In some 

situations the variance may be related to the mean and hence both the mean 

and variance can be described with the same model. Cases where responses 

follow the binomial, Poisson, or gamma distributions are included in this 

category (for example, with the binomial distribution the variance equals the 

mean times the probability of “failure” and with the Poisson distribution the 

variance equals the mean) and hence are easily modeled. 

There certainly are situations in which there is heterogeneous variance 

and the variance structure cannot be expressed as a function of the mean. 

Here one cannot model both the mean and variance through a common 

model, but instead must develop a mean model and a separate variance 

model. Under the assumption of normal errors ( ¢; is iid N(0,1) ), the mean 

model is 

Y= 8 + €0; (15) 

and the heterogeneous variance structure is modeled by: 

11 
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or specifically by 

log o? = X;'7 (16) . 

where ¥ is a vector of variance model parameters. 

The goal of this chapter is to discuss tests and diagnostics that will 

determine if a heterogeneous variance structure exists, and if so, ways in 

which the variance structure can be modeled and analyzed. Two cases will 

be considered: heterogeneous variance when replication can be afforded, and 

heterogeneous variance without replication. 

. Detection of Dispersion Effects With Replication of Design Points 

Consider the models given by equations (15) and (16) above and 

assume that there are replicates of each design point. With n; replicates at 
-th : . — . 2 

the i" design location, one can compute y,; and, more importantly, s¥ at each 

design location. Since s? is distributed as a function of a chi-square, in 

particular 

0} Xh-1 
s? ~ ; 

2 n; — 1 

then 

log s? = log o? + log [ xp,-1/ () - 1) 

The “error term” log| x2. ,/(2;-1)] does not depend on the regressors. Then 
1 

if all the n; are equal, this is a homogeneous error model. Bartlett and 

Kendall (1946) found that if the n; are at least five then log(s?) is 

asymptotically normal with homogeneous variance. (Crowder and Hamilton 
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(1992) also used the log(s?) transformation, and made similar conclusions 

about the distribution of log(s?) and the sample sizes required for the 

transformation to be safely used). Therefore, since log of = xs", the variance 

model can be written as 

log s? = x,'7 + ef (17) , 

where ¢* = log [ x4.-1/(n; - 1)} +N(O, 2/(n;—1)). 
i 

Hence ordinary least squares would be appropriate and would produce 

an estimate of 7, say 7, that is approximately a uniform minimum variance 

unbiased estimate (UMVUE). With a two level orthogonal design the jth 

dispersion effect can be expressed as 

a 2 — 
7, = [(log s*),, — (log s*); _]/2 

which is the difference between the average log s? at the high level of variable 

j and the average log s* at the low level of variable j. Once the 7 j are 

computed, one can take the antilog of equation (16) to produce the following 

estimates of variance: 

Tests of Ho: 7 j= Q are possible, and any test that is significant indicates that 

the regressor variable associated with 7 j is a dispersion effect. However, since 

all the replicated data was combined to compute s? at each point, replication 

in a testing sense no longer exists and there is not a pure error term. 

Therefore, these tests must use lack of fit (consisting of pooled higher order 

interactions) as the error term and hence can be unreliable. 

13



C. Detection of Dispersion Effects Without Replication of Design Points 

In many response surface experiments the experimenter is restricted to 

a limited number of experimental runs. The researcher may have a limited 

budget, limited resources, or a limited time period to perform the experiment 

and hence will not be able to perform an elaborate experiment that includes 

replication at the design points. Without this replication, one can no longer 
2 compute s* at each design point and hence the models and tests discussed in 

the previous section are not valid. 

Without replication, all information on dispersion effects can be 

determined from the residuals of the fitted mean model (Box and Meyer 

1986). The procedure involves first fitting the “best” mean model and 

computing the predicted value ¥; = x,’b at each design point. The residuals 

of this fit are e;=y;-Y;, and if one has a well-specified unsaturated mean 

model then the squared residuals can be considered to be one degree of 

freedom estimates of the response variances. 

Using the same reasoning that led to the model in equation (17), the 

variance model to be fit becomes 

log(e?) = X;'7 + ex" 

where the er error term is a function of a chi-square distribution with one 

degree of freedom and does not depend on the regressors. Letting 

  

2 
de; 

2 — it 
i+ = NPB 

be the average of the squared residuals at the high level of variable j and 

letting 
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be the average of the squared residuals at the low level of variable j, then the 

ratio statistic 

log|s?, /s?_] 

is approximately distributed N(0,1). (For details see Box and Meyer (1986) 

and Montgomery (1991)). Using this ratio statistic in a diagnostic manner, 

one would declare the j'® regressor to be a dispersion effect if the statistic is 

“large.” One would conclude that there is heterogeneous variance if any 

dispersion effects exist. 

. Bayesian Variance Structures 

Once the existence of heterogeneous variance is determined, it becomes 

necessary to determine the degree of the heterogeneity so that it can be used 

in the weighted least squares procedures. With the Var(y)=W matrix 

usually unknown, then the variance-covariance matrix that is being 

determined is the assumed variance-covariance matrix Wa given by equation 

(9). This is reasonable because often experimenters can use their previous 

experience and expertise in the field to make a reasonable guess as to what 

the variance structure may be. The use of this prior information, together 

with an assumed distribution, is referred to as a Bayesian approach. 

In general, a Bayesian approach requires that the prior information is 

expressed as a density and then combined with the data’s density to produce 

Bayes estimates for the parameters of interest. Using Bayes rule, 

x(A)p(Al) (AA) = =———- 18), 

Ol J a()p@lajda vs) 

one obtains the posterior density M(A|A). In equation (18), 7(A) is the prior 

density and p(i|A) is the density of the data or some function of the data and 

is called the conditional density. Under squared error loss, the Bayes 

estimator of the parameters is just the mean of the posterior density, and 
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since the posterior density combines both the prior information and the data, 

the Bayes estimates should be better than any estimates that are based on 

either the prior density or the data alone. 

The selection of the prior density depends on the form of the 

conditional density, so the first step in the development of a Bayes estimator 

is to use the data to define a conditional density. With replication at the 

design locations, one can then compute the sample mean 7; and the sample 
2 variance s* at each design location. From the discussion in section B, we 

have 

log(s?) ~ N(x ) ws —1)) 

If J is a sufficient statistic for A, then the conditional density is 

  p(AJa) = N(a,2) = —L, expf -di-a'xi-a} (19) 
27|d| b

o
f
 

where ¥ is a known (or computable) variance-covariance matrix. Hence the 

data represented by \ has a normal density conditional on the parameters of 

interest, X. 

At this point the prior density should be considered. Bayesians usually 

choose prior densities which are conjugates to the conditional density of the 

data. This results in a posterior density that belongs to the same parametric 

family as the prior density, and since the family is known, simplifies the 

calculation of the posterior density because only the parameters need to be 

determined (Bickel and Doksum, 1977). Since normal densities are conjugate 

to normal densities, the normal conditional density of equation (19) implies 

that the prior density for A should also be normal, in particular 

m(A) = N(n,A) = —4 exp{ —4(a-m)'a(a-a)} (20) . 
2n|Al? 
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In equation (20), 7 is the mean of the prior density and A is the variance- 

covariance matrix of the prior density, and both are assumed to be known (or 

computable from the prior information). 

With the conditional and prior densities defined as in equations (19) 

and (20), the posterior density of equation (18) can now be determined. As 

shown in appendix 1, 

  p(Aja)r(A) = (arent —3(A- dr »}) (=, 7 7 exp{ -}(A— mA A- »}) 
2x|Z|2 onlAi2 

— 1 
~ I i exp{ -4 [(A- NENA A) 4 (A-—9)/AT(A- nlf 

(27)*|Z|? | Al 
1 
2 

= lL, exp -H1a —(r)4+ Al) xth+ A™'n))/(1 + A™*)* 

2 (27)?|D|? | Al 

(94 A) OrtF + Ag) (o-By(A +B) 0-H} 

Letting B=5!+4+A™ and b=(H!4+A7?)'(5124A™n), 

| p(ala)n(a)da = | —1 —expf - Ha - b)'BA- b) + (9-9) + EY (n— 9] Ja 
~b0(27)?|Z)?| Al? 

= —1 orf -r-at B99) 4{(A-b)'B(A-b) 
(2n)*|02 | AP t- ies 4 

  

= minha exp{ —5(9- 4)'(A +B) (n- X) }s 

1 oO 

27|B™|? l ; exp -$(a-byB(a-b) baa 
-00 2x|Bl2 
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Di+A?|? ~ 
AT expt —4(9- A)(A+Z)'(9- x) } 

2n|Z)2/A/? 

Then the posterior density is 

—1 exp} -$h- (x4 AT) 1s tX4 Ay) (+ Al)» 
(20)?|E|2)A/? 

[A~(244+A7) (5704 Ay) + (9-H(A+B)%(9-H} 

  

14 AP 
Pee exp{ -Ha- (A+ E) (0 -%)} 

2n|E|?| Al? 

= Ceexp} -5)- (P+ AT) (204+ Aly) (074 A7)v-(514+ A) (E+ Ay} 

where C = —__1__ , 
an|x3+ A}? 

So m(a|t) =N((21+A7) 10704 A7y), (24 A774), 

Hence the posterior density is normal with mean 

w= (594A?) (1X4 Aly) (21) 

and variance 
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v= om + Aty! 

The mean w of the posterior density is the Bayes estimator of A, and as shown 

is appendix 2, can be alternatively expressed as 

w= A-X(E4+ A) (A-7n) (22) . 

An examination of w and W reveals that these expressions combine the 

prior and empirical information. Since knowledge of the variance structure is 

necessary in order to select an efficient experimental design, a correct 

specification of the prior parameters is essential. Specifically, if the prior 

information is absolutely correct, such that the variance-covariance matrix A 

is a null matrix, then the mean of the posterior density w simplifies to 7. 

However, as the degree of uncertainty in the prior density increases, then w 

depends more and more on the estimates from the data (A). 
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CHAPTER 3 

OPTIMAL TWO LEVEL DESIGNS UNDER LINEAR DISPERSION EFFECTS 

Throughout this dissertation the design will consist of a two level 

factorial with experimental runs allowed only at the factorial locations. By 

optimal design we mean the choice of the distribution of the total sample size 

to replicate at the design locations. With two variables, the design is a 2? 

factorial and we need to determine the number of experimental runs to be 

made at each of the four locations. Due to the factorial structure of the 

design and the possibility of a more complicated linear variance structure, the 

two variable case (and other multiple variable cases) should be more 

interesting and useful than the single variable case considered by Baran 

(1992). 

The heterogeneous variance structure is assumed to be linear in both 

variables and is quantified by stating the ratio of the variance at the low level 

to the variance at the high level. For example, with linear variance ratios 1:3 

and 1:3, the variance at the high level of each variable is three times the 

variance at the low level. With co? representing the variance at the design 

center (at (0,0)), the variance at (—1,-1) is .2507, the variance at (—1,+1) 

and (+1,-1) is .7502, and the variance at (+1,+1) is 2.250%. Linear 

variance ratios ranging from near homogeneous variance (variance ratio 1:2) 

to extreme heterogeneous variance (variance ratio 1:8) are considered on both 

variables simultaneously. 

In this chapter the true variance structure W is assumed to be known. 

Then for two-variable models with and without the interaction term the 

sample size distribution that produces an optimal design is determined. With 

W known, the D criterion to maximize and the Q criterion to minimize are 

D = |X’w x] (23) 

and 
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Q =f trace[((X/W x)! Jr xx’ dx] (24) 

With linear variance ratios ranging from 1:2, 1:2 to 1:6, 1:8, Tables 1 and 2 

give the optimal one-stage Q-optimal and D-optimal designs and the 

corresponding Q and D values when 24 experimental runs can be afforded. 

Also tabled in Tables 1 and 2 are Q and D values for the standard equal 

sample size design to which the two-stage procedure will be compared and 

the efficiencies of the equal sample size design relative to the Q and D- 

optimal designs. 

. Two Variable Model Without the Interaction Term 

Consider the first order model 

Y = Bg + Bix] + Boxe (25) . 

As shown in appendix 3, the D-optimal design for any linear variance 

structure will only have points at the corners of the factorial design. After 

looking at many cases, one can conclude by observation that, likewise, the Q- 

optimal design will only have points at the corners of the factorial design. An 

“all-possible designs” algorithm in which points were only allowed to occur on 

the corners of the factorial design is used with SAS IML. This algorithm 

determines the Q and D-optimal one-stage designs, which are tabled in Table 

1 along with the Q and D values calculated using equations (23) and (24). 

With homogeneous variance, the D- and Q-optimal designs are the same, 

being the equal sample size (6-6-6-6) design that OLS uses. 

As the variance ratios increase, the D-optimal design deviates from the 

equal sample size design. With the linear variance structure defined by 

o? = (1+bx,; + cx»; + bex),x9;), and for any b and c which satisfy 

7—Tb—8c—8bc >0 (26) 
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Table 1. Optimal design, Q-value, and D-value for a two variable model 

without the interaction term. 

True Linear Variance Ratios 

  

  

  

  

  

            
  

  

            
  

  

xX] 1:1 1:2 1:2 1:3 1:5 1:6 

Xo 1:1 1:2 1:3 1:3 1:5 1:8 

6-6-6-6 4-7-7-6 4-7-6-7 4-7-7-6 3-10-11-0 | 3-11-10-0 

Optimal | 1.66667 1.54819 1.45830 1.36497 0.996633 0.7588264 

Q 13824 19933.6 | 26376 38760.3 | 153964.8 | 429768.3 

6-6-6-6 8-7-7-2 8-8-8-0 8-8-8-0 8-8-8-0 8-8-8-0 

Optimal | 1.66667 1.81983 | 1.83333 1.625 1.16667 0.920635 

D 13824 24079.8 | 36864 58254.2 | 238878.7 | 666792 

6-6-6-6 6-6-6-6 6-6-6-6 6-6-6-6 6-6-6-6 6-6-6-6 

Standard| 1.66667 | 1.58025 1.51852 1.4375 1.17284 0.986311 

Design 13824 22143.4 31104 43690.7 145118.8 369210.0 

Efficiencies of Equal Sample Size Design Relative to Optimal Designs 

Q 100.00 97.97 96.03 94.95 84.98 76.94 

D 100.00 91.96 84.375 75.00 60.75 55.37 

Legend 

Design 

Q 
D       
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the D-optimal design will place the 24 runs in equal amounts (8 each) at 

three of the four factorial locations (for details see appendix 4). The three 

locations used depend on the values of b and c. 

As can be seen from Table 1, the b and c which produce a 1:2, 1:3 

linear variance structure or a linear variance structure representing greater 

heterogeneity (such as 1:5, 1:5) satisfy equation (26). Therefore, if an 

experimenter suspects a moderate to large linear variance structure (actually 

any variance structure larger than 1:2, 1:2), then the D-optimal design places 

R= 8 runs at three of the four factorial locations, requiring no runs where the 

variance is largest. 

The Q-optimality criterion follows a similar pattern, except that it 

takes longer to reach the point where only three locations are needed. In 

fact, when the variance structure is 1:3, 1:3, the Q-optimal design requires 4 

runs at (—1,-1), 7 runs at (—1,4+1), 7 runs at (+1,-1), and 6 runs at 

(+1,+1). It is not until the variance structure approaches 1:5, 1:5 that only 

three locations are needed, and as with the D-optimal design the location 

without any runs is where the variance is largest. However, contrary to the 

D-optimal design, which places an equal number of runs at each of the three 

remaining locations, the Q-optimal design places fewer runs where the 

variance is small (3 runs) and more runs at locations where the variance is 

larger (10 and 11 runs). 

Therefore, if a heterogeneous variance structure is suspected and the D- 

criterion is to be used, the best design to use is an equal number of runs at 

the three factorial locations in such a way that the location of largest 

variance is avoided. However, if the Q-criterion is to be used and 

heterogeneous variance is suspected but unknown, then the two-stage design 

procedure may be beneficial because the Q-optimal design depends on what 

the true (but unknown) variance structure is. 

Comparing these optimal designs to the standard equal sample size 

design that is often used, the relative efficiencies at the bottom of Table 1 

indicate how poor the equal sample size design can be if heterogeneous 

variance exists. As mentioned earlier, when there is homogeneous variance 

then the equal sample size design is both Q- and D-optimal. However, as the 
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heterogeneity of variance increases, the efficiencies of the equal sample size 

design rapidly decrease. Interestingly, this decrease is greater when evaluated 

relative to the D-optimal design as opposed to the Q-optimal design. For 

example, when the variance ratios are 1:6, 1:8, then the equal sample size 

design is 76.94% as efficient as the Q-optimal design but only 55.37% as 

efficient as the D-optimal design. This illustrates the relative inefficiency of 

the standard one-stage equal sample size design and suggests that an 

alternative procedure may be beneficial. 

. Two Variable Model With the Interaction Term 

Now consider the model 

Y = Bg + 8X1 + BgxXg + By 9%1X9 (27) 

that contains the additional two-factor interaction term. Defining a 

saturated model to be one in which the number of model terms is the same as 

the number of distinct design locations, the model in equation (27) is a 

saturated model. It turns out that for any saturated model the D-optimal 

design places an equal number of runs at each distinct design location (for 

details and a closed-form expression for the D-criterion, see appendix 5). 

This is true for any variance structure, so the D-optimal equal sample size 

design is independent of the variance structure when the model is saturated. 

Other examples of saturated model cases include the one variable 

second order model y = By + B1X+8 44x" considered by Baran (1992) which 

requires an equal number of runs ( say 4-4-4 or 8-8-8) at each of the two 

extremes and the design center, and the three variable case with model 

Y = Bg + ByXy + BoXa + B3X3 + By9X1X9 + By gX1XZtFogXoXx3 + By 93X1X9%X3 

which would require an equal number of runs at each of the 9° — 8 factorial 

locations. Therefore, for the model in equation (27) the D-optimal design will 

have an equal number of runs at each factorial location, regardless of what 
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the variance ratios may be. For a 24 run experiment, this means the D- 

optimal design has 6 runs at each of (-—1,-1), (—1,+1), (4+1,-1), and 

(+1,4+1). 

The Q-optimal design does, however, depend on the variance ratios. As 

can be seen in Table 2, with homogeneous variance the Q-optimal design is 

also an equal sample size design (6-6-6-6). Then as the variance ratios 

increase, the Q-optimal design places more runs where the variance is largest 

and fewer runs where the variance is smallest. For example, when the 

variance ratios are 1:5, 1:5, then the Q-optimal design requires 12 runs at 

(+1,+1), the location with the largest variance, 5 runs at (—1,+1) and 

(+1,-1), and only 2 runs at (-1,-1), the location with the smallest 

variance. Note that since the model contains four parameters, then the Q- 

optimal design will require at least one experimental run at each of the four 

factorial locations. 

Comparing the Q-optimal designs to the standard equal sample size 

design (which, as mentioned above is D-optimal for any linear variance 

structure), the relative efficiencies at the bottom of Table 2 indicate that 

again the equal sample size design is rather poor. The efficiencies of the 

equal sample size design relative to the Q-optimal designs decrease as the 

heterogeneity of variance increases, and interestingly the rate of this decrease 

is faster for the saturated model than for the unsaturated model considered in 

the previous section. For example, with variance ratios 1:6, 1:8 the equal 

sample size design is only 69.45% as efficient as the Q-optimal design when 

used with the saturated model (as compared to 76.94% as efficient when used 

with the unsaturated model). This illustrates the relative inefficiency of the 

the standard one-stage equal sample size design and suggests that an 

alternative procedure may be beneficial. 

Therefore, if the Q-optimality criterion is used with the model in 

equation (27), the two-stage procedure very likely will be beneficial because 

the Q-optimal design depends on the variance structure. Also note the effect 

that the choice of a model has on the Q-optimal design. For the first order 

model of equation (25), the Q-optimal design under heterogeneous variance 

requires only a few (or no) experimental runs where the variance is largest. 
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Table 2. Optimal design, Q-value, and D-value for a two variable model with 

the interaction term. 

True Linear Variance Ratios 

  

    
  

  

  

  

            
  

  

            
  

  

X1 1:1 1:2 1:2 1:3 1:5 1:6 

Xo 1:1 1:2 1:3 1:3 1:5 1:8 

6-6-6-6 4-6-6-8 4-6-5-9 3-5-6-10 | 2-5-5-12 2-4-5-13 

Optimal | 1.77778 1.67901 1.61482 1.55555 1.358025 1.234676 

Q 331776 472392 622080 728177.8 | 1612431 3555355.8 

6-6-6-6 6-6-6-6 6-6-6-6 6-6-6-6 6-6-6-6 6-6-6-6 

Optimal | 1.77778 | 1.77778 | 1.77778 | 1.77778 | 1.77778 1.77778 

D 331776 531441 746496 1048576 | 3482851.7; 8861040.6 

6-6-6-6 6-6-6-6 6-6-6-6 6-6-6-6 6-6-6-6 6-6-6-6 

Standard] 1.77778 | 1.77778 | 1.77778 | 1.77778 | 1.77778 1.77778 

Design 331776 531441 746496 1048576 | 3482851.7/ 8861040.6 

Efficiencies of Equal Sample Size Design Relative to Optimal Designs 

Q 100.00 94.44 90.83 87.50 76.39 69.45 

D 100.00 100.00 100.00 100.00 100.00 100.00 

Legend 

Design 

Q 
D       

26 

  
 



However, when the saturated model considered in this section is used, the Q- 

optimal design requires that more runs are made where the variance is largest 

and fewer where the variance is smallest. 

The general two-stage procedure is defined and developed in the next 

chapter. Chapter 5 then executes the procedure for the two variable models 

discussed above, along with several three variable models. As mentioned 

above, the two-stage procedure should be most beneficial when used with the 

Q-criterion, so all comparisons to other designs will use the Q-optimality 

criterion. 
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CHAPTER 4 

TWO-STAGE EXPERIMENTAL DESIGN PROCEDURE 

A. General Procedure 

The effects of heterogeneous variance on the design and analysis of a 

response surface experiment were discussed in chapters 1 and 3, and in 

chapter 2 methods for detecting and estimating this heterogeneous variance 

structure were described. With the goal being to produce a total design that 

is most efficient in terms of the D- or Q-optimality criterion discussed in 

chapter 1, this chapter will propose a two-stage design procedure that will 

reach this goal. 

In chapter 1 the D-optimal design was defined to be the design which 

minimizes |Var(b)|, and the Q-optimal design is the design which minimizes 

ptrace[Var(b) / Rp xx’ dx]. Both expressions involve Var(b), and from 

chapter 1 the Var(b) to use in the expressions depends on the method of 

analysis being used. In a two-stage experiment, the estimate of Var(b) to use 

can be obtained from the first and second-stage likelihoods through the 

observed information matrix. References on the use of likelihoods include 

Aitken (1987), who considered only a single stage experiment; and Abdelbasit 

and Plackett (1983) and Behnken and Watts (1972), both of whom dealt with 

the likelihood in multiple-stage experiments. The likelihood function is used 

through the information matrix in a Bayesian context in papers by Draper 

and Hunter (1966; 1967a; 1967b), and Chaloner and Larntz (1989). 

With the assumption of normal errors and using the likelihood results 

presented in chapter 1, with n, first stage experimental runs the first stage 

likelihood function under heterogeneous variance is 

S 1 "1 y;-*; 

Tb) o9)- pine (28) Ly(8,7) = (4) 
i=l of 
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To obtain an information matrix for the total design, one must also compute 

the likelihood function of the second stage given the first stage (Rohatgi 
2 1976). To do so one needs a model that relates o¢ to the design space. The 

model 

log(o?) = 2,'7 (29) 

will have approximate normal errors, and, taking the log of equation (28), the 

log-likelihood for the first stage design with heterogeneous variance is 

Dy (._ y/Q)2 

pA (30), n Dy 
£, = log L,(8,7) = -> log(2r) - 9 © logo — 5 

-~
 

where o? = exp{z,'7} from equation (29). In these equations the z,’s are 

design variables that can include all, some, or none of the x,’s (in many cases 

the z,’s are a subset of the x,’s). 

Similarly for the ny experimental runs of the second stage, the second 

stage log-likelihood function given the first stage design is 

n Do Do (y. —x./B)” 
Lo), = log Lo(8,7) = —  log(2z) - 3X lo8e} - py (31), 

j 

: = exp{z;'7}. where again o 

Then from rules of conditional probability, the joimt likelihood is 

L, 9(8,7) = L}(8,7) x Ly),(8,7) (32) ; 

so the log-likelihood for the total experiment is (for details see appendix 6): 
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n,+n 1, m2, 

0 ! 2 Dn _ / 2 

1( 2 (yi -%/8) 2 (yj —%'8) -}) pwr ey yo 33) . 
2 e of j=l of ( ) 

By definition the information matrix is 

1(@;x) = E[- 87/00; 80.) 

which in the two-stage procedure case simplifies to (see details in appendix 

7): 

0 5E(Zy'Zy + Zo'Zo) 

X, and X, are mean model matrices for the first and second stages, 

respectively, Z, and Z, are (potentially different from X, and Xg) variance 

model matrices for the first and second stages, respectively, and D, and Dy 

are diagonal matrices derived from the variance structure and, like X,, Xo, 

Z,, and Zo, are defined in the derivation presented in appendix 7. 

The observed information matrix can be obtained by substituting 

functions of the maximum likelihood estimates of elements in D, and Dg into 

the information matrix. With the parameter space being @ = (f,7), then the 

block diagonal nature of the information matrix implies that, asymptotically 

Var(b) = [X,'D,X, + Xo'DoXoI! (34) 

and 

Var(7) = 2[Z1'Z, + Z9'Zeo) (35) . 

30



emcee Nae Join SHEE Hon baht 

In the experiment, matrix X, is the first stage design that has been run 

and used to estimate the variance structure. This estimated variance 

structure can be used to estimate D,. Since the true variance structure 

should remain the same from one stage to the next, the estimated variance 

structure can also be used to estimate Dy. Call these estimates Dy and Do. 

Finally, X5 is the second stage design that is chosen to optimize either the D 

or Q-optimality criterion using an estimate of Var(b) given by equation (34). 

As proposed, the first stage of the experiment should estimate the 

heterogeneous variance structure. Since the variance structure is tied to the 

7’s, the first stage design should be chosen by using equation (35). The first 

stage part of equation (35), Z,'Z,, suggests that one obtains the optimal 

design for estimation of dispersion effects by using equal sample sizes at each 

design point. Therefore, any standard homogeneous variance design will be 

appropriate for the first stage of the experiment. 

Equation (34) will be important when determining the second stage 

design that should be used to augment the first stage design. Note that X, 

and Ds are functions of the second stage design and from the variance 

structure estimated in the first stage, one can obtain D,. Using these 

estimates, the two-stage D- and Q-optimality criteria can be used to 

determine the second stage design using the observed information matrix. 

For example, Xo (and hence D,) can be used to maximize 

max |(X,’D,X,+X'D.X.»)| 
Xo, Do 

and to minimize 

min tr trace[(X,’D,X, +Xo'DoX 9)! S px dx] 
X,, Dp 

The two stage procedure is then as follows. The first stage will use n, 

of the N experimental runs in order to estimate the variance structure. 

Assuming that the variance structure is unknown (as is the case in most 
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experiments), it is reasonable to assume homogeneous variance at this stage 

and to use ordinary least squares (this is what is usually done in one-stage 

experiments). The second stage then uses the estimated variance structure 

from the first stage to augment the first stage design with np>=N-n, 

experimental runs that produces a total design that has high D or Q- 

efficiency. 

. Bayesian Approach 

As will be seen in the next chapter, the general two-stage procedure is 

effective, but in some cases the first stage variance estimation is unstable and 

hence the procedure is not as efficient as it could be. Therefore, a Bayesian 

procedure which incorporates prior information to attempt to stabilize the 

variance estimation in the first stage could be more effective. 

As developed in Chapter 3, the mean of the posterior density will be 

the Bayes estimate of the variance model parameters. With a normal 

conditional distribution that can be determined from the first stage 

experimental runs, all that is needed to obtain the posterior distribution is 

the specification of the prior density. This can be accomplished in the two- 

stage procedure by describing the prior variance information with a normal 

distribution and combining this prior density with the first stage empirical 

variance model estimates to produce a Bayes model for the variance 

structure. The variance estimates from this Bayes model are used to yield a 

Bayes estimate for D,. Calling this estimate Dip it will be used whenever 

an estimate of D, in equation (34) is required. 

. Alternative Procedures 

The Q and D-optimality criteria developed in chapter 1 can also be 

used to compare these two-stage procedures with several more standard 

procedures. These alternative procedures fall into the following three 

categories: 
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The most common alternative procedure is to ignore possible dispersion 

effects and to use a standard homogeneous variance equal sample size 

design and to analyze the experiment by ordinary least squares. The 

mean model coefficients are unbiased, but if heterogeneity of variance 

exists they are not UMVU estimators. 

A less common alternative procedure is to use a standard equal sample 

size design but to recognize the possibility of heterogeneous variance 

and to analyze the data with weighted least squares. 

A third design against which the two-stage design can be compared is 

the optimal one-stage design as discussed in chapter 3. This 

comparison will only be valid if the true variance structure is known 

and offers an indication of how far below optimal the two-stage 

procedure performs. 

33 

Seat abl at ins coder Lt am annem cen



A. 

CHAPTER 5 

EVALUATION OF THE TWO-STAGE PROCEDURE 

Small Sample Results 

In real life situations it is not always suitable to deal only with 

asymptotic results. This is particularly true in the case of two-stage designs 

where a closed form solution for the second stage design cannot be 

determined. In general, for sample sizes that we deal with in this study, the 

asymptotic results are not appropriate. It is therefore important to evaluate 

the two-stage procedure through small sample results. 

For two sets of random variables Y and T the following equality exists 

for the variance of a random variable Y (see Rao 1973): 

Var(Y) = E,[Var(Y|T)] + Var7[E(Y|T)] 

This variance expression is natural for evaluating a two-stage procedure. In 

our case, with Y representing b and T representing Di. Do, and Xo, the 

sensing tnt aelnhatteitan teeteh anette ne et 

expression becomes: 

~ 2)] 

Since E(b|D,,D,,X,) = B the second term simplifies to 0 and the small sample 

variance-covariance matrix of the coefficients becomes 

Equation (37) implies that the appropriate method for calculating the 

small sample Var(b) is to average the Var(b) from many two-stage 
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experiments. A simulation experiment that involves two stages is thus 

required in order to evaluate equation (37). The simulation uses the Nelder- 

Mead simplex search algorithm (Nelder and Mead, 1963), and details of the 

procedure used for two variables are in appendix 8. 

Once the small sample Var(b) is computed, one can easily compute the 

appropriate small sample D- and Q-optimality criteria by substituting this 

expression to produce: 

Dss =min 5 Dy X_° 2 PID DaX »)| 

and 

J nn wv , Qss =f Es Dy kjlttacelVar(bID,.Dp,X 9) f px dx] (38) . 

The evaluation of the two-stage procedure will include the following 

situations. Cases with two and three variables will be considered, and for 

each case models ranging from pure first order to saturated models will be 

analyzed. Several variance ratio cases will be considered, and in the two 

variable case both the general two-stage procedure and the Bayesian two- 

stage procedure will be evaluated (in the three variable case only the non- 

Bayesian procedure is evaluated). The evaluations will involve using the Q- 

criterion and include comparing the two-stage procedure to the alternative 

procedures of chapter 4, an equal sample size design analyzed by ordinary 

least squares (alternative 1), and an equal sample size design analyzed by 

weighted least squares ( alternative 2). 

. Two Variable General Two-Stage Small Sample Results 

The simulation procedure described in appendix 8 was used to evaluate 

the two-stage procedure when there are two variables and an unknown 

variance structure. The same linear variance ratio cases as in chapter 3 will 

be considered, and models with and without the interaction term will be 
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analyzed. Total sample sizes of 24 and 40 experimental runs will be 

considered, and in each case the first stage design will be an equal sample size 

design. When the total sample size is 24, the number of first stage runs at 

each factorial location will range from two (a total of eight first stage runs) to 

six (all 24 runs in the first stage), and when the total sample size is 40 the 

number of first stage runs at each factorial location will range from two (a 

total of eight first stage runs) to ten (all 40 runs in the first stage). 

1. Model Without the Interaction Term 

Consider the two variable first order model 

Y = Bg + Bix] + Boxe (39) . 

With a total sample size of 24, the average small sample Q computed using 

equation (38) and the associated standard error that results from the 500 

simulation runs are tabled in Table 3. Notice from this table how the 

standard errors decrease as the first stage sample sizes increase, and that for a 

fixed first stage sample size there is little absolute variation in the standard 

errors across the different variance ratios. 

Design efficiencies of the small sample Q relative to the optimal Q are 

plotted in figures 1 through 5. The efficiencies in the plots are calculated by 

dividing the small sample Q value from Table 3 by the corresponding optimal 

Q value from Table 1, and each figure represents a different variance ratio 

case. These figures indicate that for low first stage sample sizes ( < 3) there is 

rather poor estimation of the variance structure and the two-stage small 

sample Q values are significantly worse (higher) than the optimal Q values. 

This holds for all the variance ratio structures considered. Also, for all the 

variance ratio structures the small sample Q tends to level off at sample sizes 

greater than 3, indicating that a minimum of 16 experimental runs are 

needed in the first stage. 

While this general pattern holds for all the variance ratio structures 

considered, the variance ratio structure does have an impact on the rate of 
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the drop in small sample Q before the leveling takes place. There is a 

quicker leveling of the small sample Q for the cases with larger variance ratio 

structures. As in the single variable case, for variance ratios of 1 to 3 or less 

the small sample Q for larger first stage sample sizes comes closer to the 

optimal Q value than for variance ratios greater than 1 to 3. For a first stage 

sample size of 2, the relative efficiency for variance ratios of 1 to 3 or less are 

all between 71 and 73%, while for larger variance ratios the relative 

efficiencies are between 64 and 68%. With a first stage sample size of 3, the 

smaller variance ratios’ relative efficiencies are between 84 and 87%, 

comparing to relative efficiencies between 78 and 82% for larger variance 

ratios. 

Table 3. Two variable simulation results for the model without the interaction 

term. 

First Stage Variance Ratios 

  

Sample Size 1:2, 1:2 1:2, 1:3 1:3, 1:3 1:5, 1:5 1:6, 1:8 

2 2.18058 2.01886 1.89778 1.46362 1.19574 

.1645 .1700 .1703 .1451 .1483 

3 1.78250 1.69842 1.57540 1.23342 0.97710 

.0783 .0776 .0594 .0512 .0552 

4 1.68520 1.58870 1.48468 1.15300 0.91364 

.0605 .0393 .0432 .0331 .0315 

5 1.63416 1.56124 1.47218 1.13844 0.90448 

.0303 .0337 .0291 .0205 .0223 

6 1.64166 1.56984 1.48062 1.13934 0.90446 

.0312 .0272 .0152 .0074 .0154   
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Figure 1. Q-efficiency relative to optimal design, two variable first order model, 

variance ratios 1:2 and 1:2, N = 24. 

38



1104 

105 4 

100 5 

95 + 7 

90 7 ae 

8°) a 

80 - oa 

M
A
S
 
O
H
A
K
M
M
H
E
 

© 

5 

754 

707 

657   60 7 
T 

First Stage Sample Size Per Design Point 

Figure 2. Q-efficiency relative to optimal design, two variable first order model, 

variance ratios 1:2 and 1:3, N = 24. 
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Figure 3. Q-efficiency relative to optimal design, two variable first order model, 

variance ratios 1:3 and 1:3, N = 24. 
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Figure 4. Q-efficiency relative to optimal design, two variable first order model, 

variance ratios 1:5 and 1:5, N = 24. 
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variance ratios 1:6 and 1:8, N = 24. 
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For the larger first stage sample sizes, which as mentioned earlier are 

desirable, the relative efficiencies range between 90 and 95% for the smaller 

variance ratios and range between only 83 and 87% for the larger variance 

ratios. This suggests that as the heterogeneity of variance increases it 

becomes more difficult to achieve the optimal design because estimation of 

the variance structure becomes more difficult. Considering the 1:5, 1:5 

variance ratio case, the optimal design would have 3 runs at (—1,-1), 10 

runs at (—1,+1), 11 runs at (+1,-1), and 0 runs at (+1,+1). Obviously 

such a design will be impossible to achieve using the proposed two-stage 

procedure because a minimum of two runs is required at each factorial 

location in the first stage. 

Let us now move toward a comparison of the two-stage procedure with 

the practical alternatives. Alternative 1, which will be considered in this 

section, is an equal sample size design analyzed with ordinary least squares, 

while alternative 2, which will be considered in a later section, uses the same 

equal sample size design but analyzes the data with weighted least squares. 

For the 24 run case under consideration, alternative 1 places six experimental 

runs at each of the four factorial locations and results in a Q value of 1.6667 

for any linear variance structure. Figures 6-10 show the efficiency of the 

small sample procedure relative to alternative 1. When the linear variance 

ratios are large, say 1 to 5 or greater, figures 9 and 10 clearly show that the 

two-stage procedure is superior to alternative 1, even for small first stage 

sample sizes. This is similar to the single variable results and indicates that 

in case of moderate to extreme heterogeneity of variance the two-stage 

procedure is much more efficient. When the linear variance ratios are 

relative small, as in figures 6—8, the two-stage procedure outperforms 

alternative 1 only for larger first stage sample sizes. For example, for 

variance ratios of 1:2, 1:3 (see figure 7), the two-stage procedure is 105% as 

efficient when four first stage runs are made at each factorial location, but 

only 98.13% as efficient when three runs are made at each factorial location 

in the first stage. Therefore, as in the single variable case, the two-stage 

procedure gains high superiority if there is significant heterogeneity of 

variance, in particular greater than 1 to 3. 
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Figure 6. Q-efficiency relative to alternative 1, two variable first order model, 

variance ratios 1:2 and 1:2, N = 24. 

44



  
  

110 7 

Coenen Erne enn nen a 
105 7 a 

100 5 a 

Q “ 
95 - a 

E a 

f | i 
f 90 

i a 
c fooy 
i 85 a 

e 0 

n ~ Cc 80 

y 

7) 

707 

657 

60 
T T | T | 

2 3 4 5 6 

First Stage Sample Size Per Design Point 

Figure 7. Q-efficiency relative to alternative 1, two variable first order model, 

variance ratios 1:2 and 1:3, N = 24. 
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Figure 8. Q-efficiency relative to alternative 1, two variable first order model, 

variance ratios 1:3 and 1:3, N = 24. 
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Figure 9. Q-efficiency relative to alternative 1, two variable first order model, 

variance ratios 1:5 and 1:5, N = 24. 
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Figure 10. Q-efficiency relative to alternative 1, two variable first order 

model, variance ratios 1:6 and 1:8, N = 24. 
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Now suppose the total sample size is increased to 40. The first stage 

sample size at each factorial location will range from two to ten, and two 

variance ratio cases will be considered: variance ratios of 1:3 and 1:3, and 

variance ratios of 1:5 and 1:5. 

The average small sample Q computed from the simulation runs is used 

to compare the two-stage procedure to alternative 1. The equal sample size 

design places ten runs at each factorial location, and the ordinary least 

squares analysis gives a Q-value of 1.6667 for any variance ratios. The 

efficiencies of the two-stage procedure relative to this alternative are then 

plotted in figures 11 and 12. 

From figure 11 one can see that for small variance ratios, the two-stage 

procedure is superior to alternative 1 for first stage sample sizes of 16 or 

greater. This implies that for small variance ratios approximately 40% of the 

runs are required in the first stage in order for the two-stage procedure to be 

beneficial. When the total sample size was 24, figure 8 indicated that 12 or 

more runs are required in the first stage in order for the two-stage procedure 

to be beneficial. This implies that approximately 40% to 50% of the runs are 

needed in the first stage. Also, figure 11 indicates that for any first stage 

sample size of 20 or greater (50% of the runs or more) the efficiency remains 

about the same, agreeing with the conclusion that can be made from figure 8. 

Hence for small variance ratios, the two-stage procedure works best if 

approximately 50% of the runs are made in the first stage. 

When the variance ratios increase to 1:5 and 1:5, as depicted in figure 

12, one can see that for any first stage sample size the two-stage procedure is 

superior to alternative 1. The same conclusion was made from figure 9 when 

the total sample size was 24, indicating that for any total sample size, the 

two-stage procedure is superior for any choice of a first stage sample size. 

Also, figures 9 and 12 indicate that the two-stage procedure works best when 

at least half of the runs are made in the first stage. This implies that for the 

first order model of equation (39), the two-stage procedure works best for any 

variance ratios and for any total sample size if at least 50% of the runs are 

made in the first stage, and the two-stage procedure easily outperforms 

alternative 1 for most choices of a first stage sample size. 
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Figure 11. Q-efficiency relative to alternative 1, two variable first order model, 

variance ratios 1:3 and 1:3, N = 40. 
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model, variance ratios 1:5 and 1:5, N = 40. 

51



2. Model With the Interaction Term 

When the two factor interaction term is added to the first order model, 

producing model 

the Q-optimal design places more runs in the areas where the variance is 

high, which is opposite what happens with the first order model, and moves 

more slowly away from the equal sample size design. For this reason, one 

should expect that the two-stage procedure may still be superior, especially 

for extreme heterogeneous variance situations, but possibly by a smaller 

amount than in the first order model case. 

Simulation experiments were run for the same variance ratio cases as 

before, first with the total sample size fixed at 24, and again the first stage 

sample sizes per design point were allowed to range from two (total of eight 

first stage runs) to six (all 24 runs in the first stage). The average small 

sample Q values and corresponding standard errors from the simulation 

procedure are tabled in Table 4, and show the same results as the first order 

model, with one exception. For large variance ratio cases, the small sample 

Q value when five runs are made at each factorial location in the first stage is 

larger than the small sample Q value when four runs are made at each 

factorial location in the first stage. For example, consider the 1:6, 1:8 

variance ratio case. With four first stage runs at each location, the small 

sample Q is Qgg = 1.40338, while with five first stage runs at each location, 

the small sample Q increases to Qgg = 1.45262. Therefore, for large variance 

ratios it is obvious that the first stage sample size should be 16, with four 

runs at each factorial location. 

For smaller variance ratios, the small sample Q values are steadily 

decreasing as the first stage sample sizes increase, with a leveling off after a 

first stage sample size of four per factorial location. This corresponds to the 

results for the first order model, and suggests that for smaller variance ratios 

a minimum of 16 experimental runs are needed in the first stage. Therefore, 
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Table 4. 

term. 

First Stage Variance Ratios 

Two variable simulation results for the model with the interaction 

  

Sample Size 1:2, 1:2 1:2, 1:3 1:3, 1:3 1:5, 1:5 1:6, 1:8 

2 2.61000 2.44496 2.49840 2.32894 1.94460 

.2800 .3042 4069 5403 5054 

3 2.07428 1.94024 1.85870 1.63976 1.49274 

.1896 1791 1644 .2638 .1883 

4 1.85686 1.78286 1.70666 1.53014 1.40338 

0965 0737 0976 0891 0653 

5 1.77766 1.72682 1.67252 1.53810 1.45262 

0429 0452 0515 0567 .0350 

6 1.82394 1.80760 1.80358 1.79206 1.78740 

.0389 .0328 .0380 .0208 .0222     
  

if one suspects large heterogeneity of variance then it is appropriate to have 

16 experimental runs in the first stage, and if the heterogeneity of variance is 

less extreme, one has the option of including either 16 or 20 of the runs in the 

first stage. 

Efficiencies of the two-stage small sample Q values relative to the 

corresponding optimal Q values from Table 2 are plotted in figures 13 

through 17. These figures show the need for either 4 or 5 runs per design 

point in the first stage, and indicate that the two-stage procedure becomes 

less efficient as the heterogeneity of variance increases. However, the drop in 

efficiency 1s in part due to the inability of the two-stage procedure, as 

proposed, to reach the optimal design. For this reason, the optimal design is 

not a fair comparison to the two-stage design. 
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Figure 13. Q-efficiency relative to optimal design, two variable model with 
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Figure 14. Q-efficiency relative to optimal design, two variable model with 

the interaction term, variance ratios 1:2 and 1:3, N = 24. 
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Figure 15. Q-efficiency relative to optimal design, two variable model with 

the interaction term, variance ratios 1:3 and 1:3, N = 24. 
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Figure 16. Q-efficiency relative to optimal design, two variable model with 

the interaction term, variance ratios 1:5 and 1:5, N = 24. 
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Therefore, to determine the efficiency of the two-stage procedure, again 

a comparison must be made with the equal sample size design analyzed by 

ordinary least squares (alternative 1). Assuming homogeneous variance, this 

design places six runs at each of the factorial locations, and for any linear 

variance structure results in a Q value of Q=1.7778. Figures 18-22 show 

the efficiencies of the two-stage procedure relative to alternative 1 for each 

variance structure under consideration. 

These figures show several interesting results. First, until both variance 

ratios become 1 to 3, one is required to have five runs per factorial location in 

the first stage before the two-stage procedure outperforms alternative 1. This 

suggests that until both variance ratios are at least 1 to 3 then the first stage 

should consist of 20 runs and the second stage should consist of 4. Once the 

variance ratios both reach 1 to 3, then it is sufficient to have only 16 runs in 

the first stage and 8 in the second stage. For larger variance ratios, the two- 

stage procedure becomes more efficient if at least 12 runs are allocated to the 

first stage; and as mentioned earlier, the two-stage procedure would be most 

efficient for these larger variance ratios if 16 runs are made in the first stage. 

A second interesting result illustrated by these figures is the relative 

inefficiency of the two-stage procedure when only two runs are made at each 

factorial location in the first stage. For example, with variance ratios of 1:5 

and 1:5, as in figure 21, the two-stage procedure with 8 runs in the first stage 

is only 76.33% as efficient as alternative 1. This compares to an efficiency of 

108.42% when 12 runs are made in the first stage, and to an efficiency of 

113.87% for the similar situation in the first order model case. This 

reemphasizes the point made earlier that the Q-optimal design strays less 

from the equal sample size design. 

A final result that can be made from these figures is how much less 

efficient the two-stage procedure is relative to alternative 1 when used with 

model (40) as opposed to model (39). For any variance ratio structure and 

for any first stage sample size, the relative efficiencies from figures 6-10 are 

uniformly larger than the corresponding efficiencies from figures 18-22. The 

difference in efficiencies becomes noticeably large for large variance ratios 

(compare figures 10 and 22 for the 1:6, 1:8 case). This suggests that while the 
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Figure 18. Q-efficiency relative to alternative 1, two variable model with 
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Figure 19. Q-efficiency relative to alternative 1, two variable model with 

the interaction term, variance ratios 1:2 and 1:3, N = 24. 
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Figure 20. Q-efficiency relative to alternative 1, two variable model with 

the interaction term, variance ratios 1:3 and 1:3, N = 24. 
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Figure 21. Q-efficiency relative to alternative 1, two variable model with 

the interaction term, variance ratios 1:5 and 1:5, N = 24. 
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Figure 22. Q-efficiency relative to alternative 1, two variable model with 

the interaction term, variance ratios 1:6 and 1:8, N = 24. 
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two-stage procedure is more efficient than and hence superior to alternative 1 

for either model, nearness to saturation reduces the advantage of the two- 

stage procedure. This point will be examined closely when the three variable 

situation is examined in a later section. 

When the total sample size is increased to 40, the equal sample size 

design places ten runs at each factorial location and analysis by ordinary least 

squares produces a Q-value of 1.7778 for any variance ratios. The two-stage 

procedure is again compared to alternative 1, with relative efficiencies for 

variance ratio cases 1:3, 1:3 and 1:5, 1:5 plotted in figures 23 and 24. 

From figure 23 one can conclude that for small variance ratios (1:3 and 

1:3) the two-stage procedure is superior if at least 20 runs are made in the 

first stage. The efficiencies gradually increase until the first stage sample size 

reaches 36, at which point the efficiencies start declining. This implies that 

the two-stage procedure is superior to alternative 1 if between 50% and 90% 

of the runs are made in the first stage. This agrees closely with the total 

sample size of 24 case depicted in figure 20, in which between 67% and 83% 

of the runs were required in the first stage. 

As the variance ratios increase, say to 1:5 and 1:5 as in figure 24, the 

two-stage procedure is superior to alternative 1 for first stage sample sizes 

ranging from 12 to 36. This implies that between 30% and 90% of the total 

experimental runs should be used in the first stage in order for the two-stage 

procedure to be beneficial. Also, the efficiencies are highest for first stage 

sample sizes ranging from 20 to 32, indicating that the procedure works best 

if between 50% and 80% of the runs are made in the first stage. This is 

similar to the conclusion made when the total sample size was 24 (see figure 

21) in which the two-stage procedure was beneficial if between 12 and 20 

(50% and 83%) of the runs are made in the first stage, and works best if 16 or 

20 (67% or 83%) of the runs are in the first stage. 

Therefore, for either two variable model and for any variance ratios and 

total sample size, the two-stage procedure can be superior to alternative 1 if 

an appropriate first stage sample size is chosen. In particular, the two-stage 

procedure works best if approximately 50% of the runs are used in the first 

stage. This provides enough runs to get quality estimates of the variances, 

65



C
a
s
 
O
F
A
 

kK M
m
r
n
h
y
 

O
 

115 | 

a 110 aS 

“ 105 

100 5 a 

907 ; 

  50 > 
T T T 

2 3 4 5 6 7 8 9 10 

First Stage Sample Size Per Design Point 

Figure 23. Q-efficiency relative to alternative 1, two variable model with 

the interaction term, variance ratios 1:3 and 1:3, N = 40. 
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and leaves enough runs for the second stage to “patch up” the first stage 

design. 

. Analysis of Minimum Sample Size Required 

The effect of the total sample size is studied in figure 25. Considering a 

first order model and variance ratios of 1:5, 1:5, the two-stage procedure was 

evaluated for total sample sizes of 10, 12, 14, 16, 18, and 20. Figure 25 shows 

that the two-stage procedure, for any sample size, can be superior to 

alternative 1 if the correct first stage sample size is chosen. In fact, for total 

sample sizes less than 18 the two-stage procedure outperforms alternative 1 

for any first stage sample size. As the total sample size increases (18 or 

larger), the two-stage procedure requires at least 12 first stage runs (3 at each 

factorial location) in order to be superior. The minimum of 12 first stage 

runs is required to give an adequate estimation of the variance structure. 

Therefore, if moderate to extreme heterogeneity of variance is thought 

to exist, then the two-stage procedure is superior to alternative 1 for any 

total sample size provided enough runs are made in the first stage to provide 

quality estimation of the variance structure. As mentioned in the last 

section, for small variance ratios (such as 1:2, 1:2) the first stage sample size 

must be relatively large (16 or 20) in order for the two-stage procedure to be 

superior. Hence with near homogeneous variance one is required to have a 

larger total number of runs before the two-stage procedure should be 

considered—if only 12 runs can be afforded, say, use all 12 in a one-stage 

design as opposed to saving some for a second stage. 

. Two Variable Bayesian Two-Stage Small Sample Results 

When one considers the efficiencies of the general two-stage procedure 

relative to alternative 1, it is evident that the efficiencies are the smallest for 

small first stage sample sizes, and in some case are less than 100%. This is 

due to the fact that the small first stage sample sizes do not provide enough 

runs to effectively estimate the variance structure, and hence the first stage 
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Figure 25. Analysis of minimum sample size required, two variable first order 

model, variance ratios 1:5 and 1:5. 
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variance estimates are very unstable. To counter this problem, the Bayesian 

procedure described in the previous chapter can be used to stabilize the 

variance estimates and hence improve the efficiencies of the two-stage 

procedure. 

Using the results of chapter 2, the Bayes procedure requires the 

specification of a normal conditional density and a normal prior density that 

are then combined to give the normal posterior density of equation (18). 

From chapter 2, a sufficient statistic for the jt dispersion effect is 

KX; = [(log s*),, — (log s*), _]/2 (41) . 

- a fA A oo. ; 
Then with 2 (3 , the conditional density will be normal with mean 4 and 

to
 

varliance-covariance matrix 

The elements of J2 can be determined by multiplying (X’V-!X)! by a 

function of the design levels, where V is a diagonal matrix whose jth diagonal 

2 
n;-1 , 

  element is With the total sample sizes at the four locations given by 

NLL, NLH, NHL, and NHH, then 

  

= 1 2 2 4 2 -\ (42) 

1=(Xyq—-Xi_/ \NELNLE-1)+NHH(NHH-1) * NEH(NDH-1)-+NAL(NHL-1 J ‘**?? 

  
2 = 1 2 2 1 2 (43) 2 \ Xo —Xoz/ \NEL(NLL-1)+NHH(NHH-1) " NLH(NLH-1)+NHL(NHL-1) 
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2 ] 1 2 _ 2 
S12 = Cor - Xm ~ | mE NORNUM) SNELL | 

(44). 

Note that since Xq = Xoq = +1] and X,; = Xo, = -1, then (x 1 x y 
1H~ **1L 

1 2 1 1 1 ~ooooes ”" and ( = are each equal tos. 
(xg-Xn) (xE-*n) (xan) i 4 
  

The next step is selection of the prior density. As defined in chapter 2, 

the prior density should be normal with a mean y and a variance-covariance 

matrix A. The mean y and variance-covariance matrix A are specified using 

prior information about the variance structure. 

For each variable, the variance structure is defined to be the ratio of 

the variance at the low level of the variable to the variance at the high level 

of the variable. Then for variable i, with variance ratio R,, 

lE%
 

~ I by 

mi
s 

rc
 

Taking the logarithm of both sides and dividing through by the distance 

between the two locations, Xj — X;,, one obtains 

log( of) - log(o3,) _ log(R;) 

Xin ~ Xi Xin — Xu 
  

With the variable levels coded to -1 and +1, X;q7-Xj,,=2 for both 

variables, and the mean of the prior density is 
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log(R1) 

"= | op(Ro) eo), 

  

  

The appropriate variance ratios R, and Ro» to use will be discussed later. 

The prior variance can be defined by considering the distance between 

tae ] | 
n; and 0, which is the value of ost) under the assumption of homogeneous 

variance (R,=1). If this distance is thought of as approximately two 

standard errors under the normal curve, then an estimate of the prior 

variance for variable i is 

It is also reasonable to assume that the variance structure for the two 

variables is uncorrelated, so the prior variance-covariance matrix is 

(log(Ry))? 
16 

» _ (og(Ra)) 
16 

Finally, appropriate choices for the variance ratios must be made. It is 

reasonable to assume that the variance structure is linear with a variance 

ratio of 1:3 (or 3:1). This is the minimum true variance ratio that an 

experimenter can expect to detect, and if someone is capable of rejecting 

homogeneous variance then they should have a strong sense of whether the 

variance structure is 1:3 or 3:1. 
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To determine if a variance ratio choice of 1:3 is appropriate for the 

normal variance-covariance matrix, a normal density curve can be sketched. 

log(Ri) Table 5 gives the value of 5 for several values of R,;, and these locations 

are marked on the normal density curve sketched in figure 26. With the 

  distance between watt) = 0 and we 3) = .05 representing two standard errors, 

(ap) then one standard error is = .275, and one can see from figure 26 that 
  

with R;=3, approximately 95% of the area under the normal curve covers 

suspected variance ratios ranging from 1 (homogeneous variance) to 9 

(extreme heterogeneous variance). Therefore, it is appropriate to choose both 

variance ratios to be 1:3, and the prior mean and prior variance-covariance 

matrix then become 

  

  

and 

075 0 
A= , |= (47) . 

> oe(3))? || 0 075 
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Table 5. Variance Ratios and Log Transformations 

  

  

R | 11 20 25 33 ©6500 1 2 3 4 en) 

walR) -1.10 ~.80 -.69 ~.55 -.35 0 35 .55  .69 80 1.10 

  

  

      
  

  

< 

-.27 0 wat 00 .82 1.10 1.37 

log(R) 

2 

6 1.0 1.7 3.0 5.2 9.0 15.6 

Figure 26. Prior density displayed as a normal density. 
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The conditional and prior densities are then combined to give the 

posterior density. As discussed in chapter 2, since the conditional and prior 

densities are normal, then the posterior density will also be normal with 

mean and variance given by equations (21) and (22). For the two variable 

case, the posterior mean and variance become: 

(A, A? +1, €2)( 2 4 A3) — 63 - APE (Xo — 12) 

(€5 + AZ)(€3 + A3) — Ete 

(XpA2 + 9€2)( 63 + A2) — no€fo — ARE — 1) 
(€5 + AT)(E5 + A) - Efe     

and 

w=(5'4A7)) 

  

-( ATA3( E165 — Efe) 
(ATAS + AGES + AZET + E565) (GEES — Ga) + S465E42 + Ele 

- 7 

(Ad + 6)E5 - Sie é 
A 12 

; 12 A?     
75



The expressions for \,, 9, €2, €2; E195 Ms 12, A2, and A? from equations (41), 

(42), (43), (44), (45), and (46) can be substituted into these expressions, and 

the mean w of the posterior density is used as the Bayes estimator of the 

dispersion effects. 

These estimates are then used as Dip in the observed likelihood matrix 

derived for the two-stage procedure. Simulation is still required, and totals of 

24 and 40 experimental runs are to be divided between the first and second 

stages. The number of runs at each factorial location in the first stage still 

ranges from two (a total of eight first stage runs) to six (all 24 runs in the 

first stage) when the total sample size is 24, and from two (a total of eight 

first stage runs) to ten (all 40 runs in the first stage) when the total sample 

size is 40. Again models both with and without the interaction term are 

considered. 

1. Model Without the Interaction Term 

Consider the two variable first order model 

Y = By + ByX1 + BoXo 

Using the normal prior density specified above, the simulation process is run 

for true variance ratios of 1:3, 1:3; 1:5, 1:5; and 1:6, 1:8. With a total of 24 

experimental runs, the Q-value for alternative 1 is Q =1.6667, and the 

efficiencies of the two-stage Bayesian procedure relative to alternative 1 are 

displayed in figures 27-29. These figures indicate that for any first stage 

sample size and for any variance ratios the two-stage Bayesian procedure is 

superior to alternative 1. Also, if the efficiencies in figures 27-29 are 

compared to the efficiencies for the general two-stage procedure in figures 8- 

10, it is seen that for a first stage sample size of eight the Bayesian procedure 

is much more efficient than the non-Bayesian procedure, and for larger first 

stage sample sizes the procedures are about the same. 

16



    

1207 

1157 
Q 

E 
f 
£ 
i 
c B. 
y, 1107 . 

e SN ee eee eeeeee E}----- 00 

n eB 
c eee? 

Yy Ug 

1057 

100 > 
| T I | 

2 3 4 5 6 

First Stage Sample Size Per Design Point 

Figure 27. Q-efficiency relative to alternative 1, two variable first order model 

using the Bayes estimator, prior means=.55 and _ prior 

variances = .075, variance ratios 1:3 and 1:3, N=24. 
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Figure 28. (Q-efficiency relative to alternative 1, two variable first order model 

using the Bayes estimator, prior means=.55 and _ prior 

variances = .075, variance ratios 1:5 and 1:5, N=24. 
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Figure 29. Q-efficiency relative to alternative 1, two variable first order model 

using the Bayes’ estimator, prior means=.55 and _ prior 

variances = .075, variance ratios 1:6 and 1:8, N=24. 
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Figure 30. Q-efficiency relative to alternative 1, two variable first order model 

using the Bayes’ estimator, prior means=Q and _ prior 

variances = .075, variance ratios 1:3 and 1:3, N=24. 
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Figure 31. Q-efficiency relative to alternative 1, two variable first order model 

using the Bayes estimator, prior means=0 and _ prior 

variances = .075, variance ratios 1:5 and 1:5, N=24. 
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Figure 32. Q-efficiency relative to alternative 1, two variable first order model 

the 

variances = .075, variance ratios 1:6 and 1:8, N=24. 

using Bayes estimator, prior means=0Q and _ prior 
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Figure 33. Q-efficiency relative to alternative 1, two variable first order model 

using the Bayes estimator, prior means=.55 and _ prior 

variances = .015, variance ratios 1:3 and 1:3, N=24. 
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Figure 34. (Q-efficiency relative to alternative 1, two variable first order model 

using the Bayes estimator, prior means=.55 and _ prior 

variances = .015, variance ratios 1:5 and 1:5, N=24. 
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Figure 35. Q-efficiency relative to alternative 1, two variable first order model 

using the Bayes estimator, prior means=.55 and _ prior 

variances = .015, variance ratios 1:6 and 1:8, N=24. 
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Therefore. with the prior mean and variance specified above, the 

Bayesian two-stage procedure has improved the efficiency for small first stage 

sample sizes. Hence the stabilization of the first stage variance estimation 

has been successful. The nature of this stabilization can be altered with 

changes to the prior density, of which two will be considered. First, suppose 

the prior mean is changed to reflect homogeneous variance, in particular a 

prior mean of 

  

  

log(1) 

2 0 
y= = 

log(1) 0 
2 

with the prior variance-covariance matrix remaining the same. The 

efficiencies of the two-stage Bayesian procedure for this prior relative to 

alternative 1 are displayed in figures 30-32. Then in figures 33-35 the 

efficiencies of the two-stage Bayesian procedure are depicted for the case 

when the prior variance-covariance matrix changes to 

(log(3))? 
— 37 «=D 

A= 7 i= 
0 (log(3))* 0 .015 

80 

015 Q 

and the prior mean remains unchanged. As can be seen from these figures 

the efficiencies for any variance ratio case and for any first stage sample size 

are about the same for any prior density. Therefore, the two-stage Bayesian 

procedure with the unsaturated model is fairly robust to the choice of a prior 

density. 

When the total sample size is increased to 40, the equal sample size 

design places ten runs at each factorial location and analysis by ordinary least 

squares produces a () value of 1.6667 for any variance ratios. With the prior 

86



mean vector and prior variance-covariance matrix as given in equations (46) 

and (47), the Q-efficiencies of the Bayesian two-stage procedure relative to 

alternative 1 are plotted in figures 36 and 37 for variance ratio cases 1:3, 1:3 

and 1:5, 1:5. 

As can be seen in figure 36, for small variance ratios the Bayesian two- 

stage procedure is marginally superior to alternative 1 for any first stage 

sample size. Also, as the variance ratios increase, say to 1:5 and 1:5 as in 

figure 37, the superiority of the Bayesian two-stage procedure has increased 

for any first stage sample size. Comparing figures 36 and 37 to figures 27 and 

28, when the total sample size was 24, one sees that the plots and hence 

conclusions made from the figures are very similar. Therefore, the Bayesian 

two-stage procedure outperforms alternative 1 for any total sample size, for 

any variance ratios, and for any first stage sample size. This implies that the 

stabilization of the first stage variance estimates has been successful. 

2. Model With the Interaction Term 

Now consider the model with the interaction term added, 

Y = Bg + ByXy + BoXg + By9X Xo 

For this model, the Q-value for alternative 1 is Q = 1.7778, and the Bayesian 

procedure is evaluated using the same prior densities as above. The 

efficiencies of the two-stage Bayesian procedure relative to alternative 1 are 

displayed in figures 38-46. As figures 38-40 show, for a prior density with 

mean and variance based on a 1:3 ratio the two-stage Bayesian procedure is 

superior for any variance ratios and for any first stage sample size. Also, if 

figures 38-40 are compared with figures 44-46, it is seen that the efficiency of 

the two-stage Bayesian procedure is fairly robust to changes in the prior 

variance-covariance matrix. However, changes in the prior mean do affect 

the performance of the two-stage Bayesian procedure, as can be seen by 

comparing figures 38-40 with figures 41-43. With a prior mean based on the 

assumption of homogeneous variance (as in figures 41-43), the efficiencies of 
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Figure 36. Q-efficiency relative to alternative 1, two variable first order model 

using the Bayes’ estimator, prior means=.55 and _ prior 

variances = .075, variance ratios 1:3 and 1:3, N=40. 
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Figure 37. Q-efficiency relative to alternative 1, two variable first order model 

using the Bayes estimator, prior means=.55 and _ prior 

variances = .075, variance ratios 1:5 and 1:5, N=40. 
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the Bayesian procedure for small first stage sample sizes are smaller than for 

a prior mean based on an assumed 1:3 variance ratio for each variable. 

  This shows that choosing a normal prior with means 2st) and 

l 2 
variances Cog eyy works best and hence should be used with either model. 

Also, comparing the efficiencies for the two-stage Bayesian procedure in 

figures 38-40 with the efficiencies of the general two-stage procedure in figures 

20-22 indicate that for small first stage sample sizes (8 and 12) the Bayesian 

procedure is more efficient. Therefore, the variance estimation stabilization 

in the first stage has been successful, and hence the two-stage Bayesian 

procedure is beneficial for any variance ratios and for any first stage sample 

size. 

With a total sample size of 40, the Q-efficiencies of the Bayesian two- 

stage procedure relative to alternative 1 are plotted in figures 47 and 48 for 

variance ratio cases 1:3, 1:3 and 1:5, 1:5. The prior mean vector and prior 

variance-covariance matrix are as in equations (46) and (47), respectively. 

For small variance ratios as in figure 47, the Bayesian two-stage procedure is 

only superior if at least 20 runs (at least 50% of the runs) are made in the 

first stage. This result is similar to the result for the 24 run case, in which 16 

or 20 (67% or 83%) of the runs are required in the first stage (see figure 38). 

When the variance ratios increase to 1:5 and 1:5, figure 48 shows that the 

Bayesian two-stage procedure is superior to alternative 1 for any first stage 

sample size. Also, as in figure 39, the procedure works best if between 50% 

and 80% of the runs are made in the first stage. 

Therefore, for either two variable model, the general two-stage 

procedure works well for any true variance ratios if an appropriate number of 

runs are made in the first stage, usually between 50% and 80% of the total. 

However, if the experimenter wants to use a small number of runs in the first 

stage, say 8 or 12, then the general two-stage procedure should only be used if 

the experimenter is fairly certain that the variance ratios are relatively large. 

If the experimenter feels that there is heterogeneous variance, but that it is 

not severe, then the two-stage Bayesian procedure should be used when only 

a small number of runs are used in the first stage. 
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Figure 38. Q-efficiency relative to alternative 1, two variable model with the 

interaction term using the Bayes estimator, prior means = .55 and 

pflior variances = .075, variance ratios 1:3 and 1:3, N=24. 

91



130 7 

1257 

120 7 

115 - 

110 - 

105 - 

<
C
a
A
T
 
O
F
A
 
h
e
e
 

O
 

100 - 

957   90 + 

Figure 39. 
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Q-efficiency relative to alternative 1, two variable model with the 

interaction term using the Bayes estimator, prior means = .55 and 

prior variances = .075, variance ratios 1:5 and 1:5, N=24. 
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Figure 40. Q-efficiency relative to alternative 1, two variable model with the 

interaction term using the Bayes estimator, prior means = .55 and 

prior variances = .075, variance ratios 1:6 and 1:8, N=24. 
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Figure 41. Q-efficiency relative to alternative 1, two variable model with the 

interaction term using the Bayes estimator, prior means=0 and 

prior variances = .075, variance ratios 1:3 and 1:3, N=24. 
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Figure 42. Q-efficiency relative to alternative 1, two variable model with the 

interaction term using the Bayes estimator, prior means=0Q and 

prior variances = .075, variance ratios 1:5 and 1:5, N=24. 
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Q-efficiency relative to alternative 1, two variable model with the 

interaction term using the Bayes estimator, prior means=0 and 

prior variances = .075, variance ratios 1:6 and 1:8, N=24. 
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Figure 44. Q-efficiency relative to alternative 1, two variable model with the 

interaction term using the Bayes estimator, prior means = .55 and 

pfior variances = .015, variance ratios 1:3 and 1:3, N=24. 
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Q-efficiency relative to alternative 1, two variable model with the 

interaction term using the Bayes estimator, prior means = .55 and 

prior variances = .015, variance ratios 1:5 and 1:5, N=24. 
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Q-efficiency relative to alternative 1, two variable model with the 

interaction term using the Bayes estimator, prior means = .55 and 

prior variances = .015, variance ratios 1:6 and 1:8, N=24 

99



m
a
f
 

0 
R
A
 

eh 
eh
 

10
 

1207 

115-7 

110 5 ao oS 

105-4 a 

100 --.-. if o 

95>   90> 
T T 

2 3 4 5 6 7 8 9 10 

First Stage Sample Size Per Design Point 

Figure 47. Q-efficiency relative to alternative 1, two variable model with the 

interaction term using the Bayes estimator, prior means = .55 and 

prior variances = .075, variance ratios 1:3 and 1:3, N=40. 
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Figure 48. Q-efficiency relative to alternative 1, two variable model with the 

interaction term using the Bayes estimator, prior means = .55 and 

prior variances = .075, variance ratios 1:5 and 1:5, N=40. 
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E. Three Variable Two-Stage Small Sample Results 

With three variables, several different models can be examined and the 

benefits of the two-stage procedure can be studied. As with the two variable 

case, the true variance structure is assumed to be unknown and the Q- 

optimization criterion is used. Linear variance ratios ranging from mild 

heterogeneity (ratios of 1:2) to extreme heterogeneity (ratios of 1:8) are 

considered, and totals of 32 and 48 experimental runs are divided between the 

first and second stages. For the first stage an equal number of runs are made 

at each of the eight locations of the the two-level factorial design, with the 

number of first stage runs at each factorial location ranging from two (a total 

of 16 first stage runs) to four (all 32 runs in the first stage) when there are 32 

total runs and from two (a total of 16 first stage runs) to six (all 48 runs in 

the first stage) when there are 48 total runs. Five first order models with 

various interaction terms are considered. 

1. Model Without Interaction Terms 

Consider the three variable first order model 

VY = Bot ByX1 + BoXo + B3X3 (48). 

The average small sample Q values computed using equation (38) and the 

associated standard errors that result from the 250 simulation runs are tabled 

in Table 6. As with the two variable first order model, notice how the 

standard errors decrease as the first stage sample sizes increase, and that for a 

fixed first stage sample size there is little absolute variation in the standard 

errors across the different variance ratios. 

For the 32 run case under consideration, the equal sample size design 

(alternative 1) places four experimental runs at each of the eight factorial 

locations and analysis by ordinary least squares gives a Q value of 2.0 for any 

linear variance structure. Figures 49-53 show the efficiency of the two-stage 

small sample procedure relative to alternative 1. These figures clearly 
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Table 6. Three variable simulation results for the model without any 

interaction terms 

First Stage Variance Ratios 

  

Sample Size 1:2,1:5,1:8 9 1:8,1:5,1:2  1:3,1:3,1:3 -1:5,1:5,1:5  1:8,1:8,1:8 

2 1.1209 1.10386 1.57622 0.9804 0.53507 

.0407 0548 .0569 .0479 .0267 

3 1.03504 1.01322 1.45501 0.8924 0.48104 

0271 .0259 0285 .0199 .0126 

4 0.98524 0.98465 1.39211 0.8519 0.46546 

.0102 0111 0111 .0049 .0049     
  

indicate that the two-stage procedure is superior to alternative 1 for all 

variance ratios and all first stage sample sizes. In fact, for the extreme 

heterogeneous variance case represented by the 1:8, 1:8, and 1:8 variance 

ratios, the two-stage procedure is over 370% as efficient as alternative 1, even 

for the smallest first stage sample size. This agrees with the conclusions 

drawn in the one and two variable cases, and shows the high superiority of 

the two-stage procedure if there is significant heterogeneity of variance and 

one has a first order model. 

However, in the one and two variable cases the two-stage procedure was 

only superior with small variance ratios if an appropriate number of runs are 

made in the first stage (typically > 16). With three variables, the two-stage 

procedure has a relative efficiency > 125% for all variance ratios, and as 

mentioned above, this is true for any first stage sample size. Therefore, for a 

first order model, the two-stage procedure is clearly superior to alternative 1, 

and it does not matter if one uses 16 experimental runs (two at each factorial 

location) or 24 experimental runs (three at each factorial location) in the first 

stage. 
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Figure 49. Q-efficiency relative to alternative 1, three variable first order 

model, variance ratios 1:2, 1:5, and 1:8, N = 32. 
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Figure 50. Q-efficiency relative to alternative 1, three variable first order 

model, variance ratios 1:8, 1:5, and 1:2, N = 32. 
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Figure 51. Q-efficiency relative to alternative 1, three variable first order 

model, variance ratios 1:3, 1:3, and 1:3, N = 32. 
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Figure 52. Q-efficiency relative to alternative 1, three variable first order 

model, variance ratios 1:5, 1:5, and 1:5, N = 32. 
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Figure 53. Q-efficiency relative to alternative 1, three variable first order 

model, variance ratios 1:8, 1:8, and 1:8, N = 32. 
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Figure 54. Q-efficiency relative to alternative 1, three variable first order 

model, variance ratios 1:3, 1:3, and 1:3, N = 48. 
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model, variance ratios 1:5, 1:5, and 1:5, N = 48. 
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Figures 54 and 55 have plotted the Q-efficiencies of the two-stage 

procedure relative to alternative 1 for variance ratio cases 1:3, 1:3, 1:3 and 

1:5, 1:5, 1:5 when the total sample size has increased to 48. These figures 

indicate that the two-stage procedure is superior for any variance ratios and 

for any first stage sample size. Also, the efficiencies increase as the variance 

ratios increase, and the procedure works best if at least 67% of the runs are 

made in the first stage. These conclusions agree with those made when the 

total sample size is 24 (see figures 51 and 52). 

2. Model With the X,*X, Interaction Term 

Now suppose that the x,*x, interaction term is added to the first order 

model, producing model 

Y = Bo + ByXy + BoXq + B3X3 + By2X1X2 (49). 

While it is possible to analyze three separate models, each with a different 

one of the three two factor interaction terms included, it is sufficient to work 

only with the model in equation (49) and to generalize the results to make 

statements regarding all three models. 

Simulation experiments were run for the same variance ratio cases as in 

the last section, with the total sample size fixed at 32, and again the first 

stage sample sizes per design point were allowed to range from two (a total of 

16 first stage runs) to four (all 32 runs in the first stage). The average small 

sample Q values and corresponding standard errors from the simulation 

procedure are tabled in Table 7, and the efficiencies of the two-stage 

procedure relative to alternative 1 are plotted in figures 56-60. For the model 

under consideration, alternative 1 places four runs at each of the eight 

factorial locations and results in a Q value of Q = 2.1111. 

Table 7 and figures 56-60 show several interesting results. First notice 

that for any variance ratios the two-stage procedure is more efficient than 

alternative 1, for any first stage sample size. Therefore, the addition of one 

two factor interaction term does not eliminate the superiority of the two- 
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stage procedure, as it did in some of the two variable cases considered. 

However, the relative efficiencies have been reduced with the addition of the 

interaction term. For example, consider the case with variance ratios of 1:5, 

1:5, and 1:5, plotted in figures 52 and 59. Without the interaction term, the 

relative efficiencies are 204%, 224%, and 235% for first stage sample sizes of 

2, 3, and 4, respectively, but when the interaction term is included, they have 

decreased to 165%, 187%, and 190%, respectively. 

Another interesting observation is the effect that the interaction term 

included, x,+#x2, is having on the results. This can be seen by comparing the 

case with variance ratios of 1:2, 1:5, 1:8 to the case with variance ratios of 

1:8, 1:5, and 1:2. Without the interaction term, figures 49 and 50 are very 

similar and indicate that which variable has the largest variability has no 

impact on the results. However, when the x,+#x, interaction term is included 

in the model, as depicted by figures 56 and 57, knowing which variable has 

the largest variability is very important. When x, has the largest variability, 

as in figure 57, the relative efficiencies are 165%, 186%, and 190%, but when 

X3 has the largest variability, as in figure 56, the relative efficiencies are 

131%, 146%, and 135%. Hence the two-stage procedure is more efficient 

when the term added to the model involves the variable with the largest 

variability, as opposed to a variable with smaller variability. 

Table 7. Three variable simulation results for the model with the X,*X» 

interaction term 

  

First Stage Variance Ratios 

Sample Size 1:2,1:5,1:8 = 1:8,1:5,1:2 9 1:3,1:3,1:3  -1:5,1:5,1:5 —-1:8,1:8,1:8 

2 1.6166 1.27871 1.8288 1.28087 0.8071 

.1607 .0559 .0818 0757 .0910 

3 1.4452 1.13457 1.65644 1.13132 0.6852 

.0942 .0329 .0426 0553 .0484 

4 1.5684 1.10856 1.62732 1.10907 0.71079 

.0417 0113 .0187 .0462 .0227     
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Figure 56. Q-efficiency relative to alternative 1, three variable model with the 

X,*X» interaction term, variance ratios 1:2, 1:5, and 1:8, N = 32. 
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Figure 57. Q-efficiency relative to alternative 1, three variable model with the 

X,+X, interaction term, variance ratios 1:8, 1:5, and 1:2, N = 32. 
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Figure 58. Q-efficiency relative to alternative 1, three variable model with the 

X,*X, interaction term, variance ratios 1:3, 1:3, and 1:3, N = 32. 
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Figure 59. Q-efficiency relative to alternative 1, three variable model with the 

X,*Xp» interaction term, variance ratios 1:5, 1:5, and 1:5, N = 32. 
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Figure 60. Q-efficiency relative to alternative 1, three variable model with the 

X,*Xp interaction term, variance ratios 1:8, 1:8, and 1:8, N = 32. 
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Figure 61. Q-efficiency relative to alternative 1, three variable model with the 

X,*Xy interaction term, variance ratios 1:3, 1:3, and 1:3, N = 48. 
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Q-efficiency relative to alternative 1, three variable model with the 

X,*X» interaction term, variance ratios 1:5, 1:5, and 1:5, N = 48. 
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When the total sample size increases to 48, the two-stage procedure is 

superior to alternative 1 for any first stage sample size and for any variance 

ratios. Plotted in figures 61 and 62 are the Q-efficiencies for variance ratio 

cases 1:3, 1:3, 1:3 and 1:5, 1:5, 1:5, and as one can see all of the efficiencies 

are greater than 100%. Again the efficiencies increase as the variance ratios 

increase, and the addition of the one interaction term has reduced the 

efficiencies for similar variance ratios and first stage sample sizes (compare 
figures 54 and 55 with figures 61 and 62). Also, as in the 24 run case plotted 
in figures 56-60, the procedure works best if at least 83% of the runs are used 

in the first stage. 

3. Model With the X,*X, and Xy*Xy Interaction Terms 

Suppose that a second two factor interaction term, in particular x,*x3, 

is added to the model in equation (49), producing model 

Y = Bot ByX1 + BgX2 + B3X3 + By2X1X2 + B13X1X3 (50). 

Simulation runs with a total sample size again fixed at 32 were run for the 

same variance ratio cases as with the previous two models, and the average 

small sample Q values together with the corresponding standard errors from 

the simulation procedure are tabled in Table 8. As with the previous model, 

the average Q values when the variance ratios are 1:2, 1:5, and 1:8 are larger 

than the average Q values when the variance ratios are 1:8, 1:5, and 1:2. 

Therefore, the addition of two model terms that involve x, to the first order 

model allows the two-stage procedure to do a more efficient job of choosing a 

design when x, has the largest variability. However, when x; has the largest 

variability, the addition of the one term that involves x, (x,*x3) does not 

offer as significant of an improvement. 

With the model in equation (50) alternative 1 places four experimental 

runs at each of the eight design locations and produces a Q value of 

Q = 2.2222. The efficiencies of the two-stage procedure relative to this 

alternative procedure are then plotted in figures 63-67. As for the previous 

120



two models, these figures show that the two-stage procedure is more efficient 

for any first stage sample size and for any of the variance ratio cases 

considered. However, the advantage of the two-stage procedure has declined, 

particularly for small variance ratios, indicating that as the model moves 

toward saturation the two-stage procedure may not be as beneficial. For 

example, consider the 1:5, 1:5, and 1:5 variance ratio cases plotted in figures 

52, 59, and 66. From figure 52, for the first order model, the efficiencies are 

204%, 224%, and 235%; from figure 59, for the model that contains the x,+*x, 

interaction term, the efficiencies have dropped to 165%, 187%, and 190%; 

and from figure 66, when both x,*x, and x,*x3 have been added to the model, 

the efficiencies have declined to 138%, 151%, and 145%. This result is similar 

to that seen in the two variable case, and leads one to expect that as more 

complicated models are considered in the following sections the efficiencies of 

the two-stage procedure should continue to drop, possibly to levels below 

100%, at which time the two-stage procedure is no longer beneficial. 

Table 8. Three variable simulation results for the model with the X +X» and 

X1+*X3 interaction terms 

First Stage Variance Ratios 

  
Sample Size 1:2,1:5,1:8 = 1:8,1:5,1:2 1:3,1:3,1:3 1:5,1:5,1:5 —-1:8,1:8,1:8 

2 1.94857 1.54414 2.11725 1.60657 1.17461 

.1653 .0579 1075 .0987 .1066 

3 1.7606 1.36672 1.94254 1.47621 1.02934 

.0738 .0294 .0598 .0511 .0483 

4 1.95606 1.35707 1.96521 1.53776 1.11524 

.0307 .0105 .0191 .0156 .0140     
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Figure 63. Q-efficiency relative to alternative 1, three variable model with the 

X,*X_ and X,+*Xz interaction terms, variance ratios 1:2, 1:5, and 

1:8, N = 32. 
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Figure 64. Q-efficiency relative to alternative 1, three variable model with the 

X,*X, and X,+*Xz, interaction terms, variance ratios 1:8, 1:5, and 

1:2, N = 32. 
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Figure 65. Q-efficiency relative to alternative 1, three variable model with the 

X,*X_ and X,*Xg interaction terms, variance ratios 1:3, 1:3, and 

1:3, N = 32. 
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Figure 66. Q-efficiency relative to alternative 1, three variable model with the 

X,*X» and X,*Xg interaction terms, variance ratios 1:5, 1:5, and 

1:5, N = 32. 
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Figure 67. Q-efficiency relative to alternative 1, three variable model with the 

X,*X5 and X,+*Xz interaction terms, variance ratios 1:8, 1:8, and 

1:8, N = 32. 
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Figure 68. Q-efficiency relative to alternative 1, three variable model with the 

X,*X»5 and X,+#X, interaction terms, variance ratios 1:3, 1:3, and 

1:3, N = 48. 
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Q-efficiency relative to alternative 1, three variable model with the 

X,+X»y and X,+*X; interaction terms, variance ratios 1:5, 1:5, and 

1:5, N = 48. 
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Figures 68 and 69 have plotted the Q-efficiencies of the two-stage 

procedure relative to alternative 1 for variance ratio cases 1:3, 1:3, 1:3 and 

1:5, 1:5, 1:5 when the total sample size 1s increased to 48. As can be seen in 

figure 68, for small variance ratios (such as 1:3, 1:3, and 1:3) the two-stage 

procedure is only superior if at least 24 (50%) of the runs are made in the 

first stage. Also, if one compares this figure with figures 54 and 61, one sees 

that the addition of interaction terms to the model has reduced the relative 

efficiencies for any first stage sample size. 

Similar conclusions can be made for larger variance ratio cases, such as 

the 1:5, 1:5, and 1:5 case of figure 69. The addition of a second interaction 

term has reduced the efficiencies of the two-stage procedure (compare figures 

55, 62, and 69), and the procedure works best if 40 runs are used in the first 

stage. However, unlike the small variance ratio case discussed above, the 

two-stage procedure is superior to alternative 1 for any first stage sample size. 

Therefore, for larger variance ratios the model in equation (50) is still far 

enough from saturation for the two-stage procedure to work well for any first 

stage sample size. 

4. Model That Contains All Three Two Variable Interaction Terms 

Consider the model 

Y = By + ByXy + BgXq + B3X3 + By2X1Xq + F13X1X3 + Bo3XoX3 (51) 

that contains all three of the two variable interaction terms. Note that this 

model contains seven terms, and hence is close to a saturated model but is 

not completely saturated. For each of the variance ratio cases under 

consideration, 250 simulation runs were made for each first stage sample size 

and the average small sample Q values and the corresponding standard errors 

for a total sample size of 32 are tabled in Table 9. From Table 9 one can 

easily see that the addition of all three two variable interaction terms to the 

first order model produces average Q values for the 1:2, 1:5, 1:8 and the 1:8, 

1:5, 1:2 ratio cases that are very similar. This is the same result observed 
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Table 9. Three variable simulation results for the model with all three two 

variable interaction terms 

  

First Stage Variance Ratios 

Sample Size 1:2,1:5,1:8 = 1:8,1:5,1:2 1:3,1:3,1:3  1:5,1:5,1:5 — 1:8,1:8,1:8 

2 2.08889 2.16851 2.36561 1.95921 1.52044 

1472 1987 1824 .1843 .0982 

3 1.87527 1.87952 2.11536 1.79576 1.44136 

.0957 .0970 .0756 .0904 .0461 

4 2.09614 2.10514 2.22715 1.97089 1.56362 

.0399 .0464 .0536 .0292 .0118     
  

when the model contained no interaction terms. 

The addition of all three two variable interaction terms implies that the 

Q value for alternative 1 is Q = 2.3333. Figures 70-74 contain the efficiencies of 

the two-stage procedure relative to this alternative procedure. For the larger 

variance ratio cases, as in figures 70, 71, 73, and 74, the two-stage procedure is 

again more efficient than alternative 1, for any first stage sample size. However, 

for smaller variance ratios, such as the 1:3, 1:3, 1:3 case of figure 72, the two- 

stage procedure is only more efficient if the appropriate first stage sample size is 

chosen. In particular, for a first stage sample size of 16 (two experimental runs 

at each factorial location), the two-stage procedure is only 99% as efficient as 

alternative 1, but for a first stage sample size of 24 (three runs at each factorial 

location), the two-stage procedure is 110% as efficient as alternative 1. Hence 

with the model in equation (51) and relatively small variance ratios one should 

use 24 experimental runs in the first stage. 

Also, comparing the efficiencies in figures 70-74 to the efficiencies in the 

previous figures, one can see that the additional model term has continued to 

decrease the advantage of the two-stage procedure. In particular, for the 1:5, 1:5, 

1:5 variance ratios case, the efficiencies have dropped from 138%, 151%, and 

145% for the model with only two two factor interaction terms to 119%, 130%, 
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Figure 70. Q-efficiency relative to alternative 1, three variable model with all 

three two variable interaction terms, variance ratios 1:2, 1:5, and 

1:8, N = 32. 
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Figure 71. Q-efficiency relative to alternative 1, three variable model with all 

three two variable interaction terms, variance ratios 1:8, 1:5, and 

1:2, N = 32. 
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Figure 72. Q-efficiency relative to alternative 1, three variable model with all 

three two variable interaction terms, variance ratios 1:3, 1:3, and 

1:3, N = 32. 
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Figure 73. Q-efficiency relative to alternative 1, three variable model with all 

three two variable interaction terms, variance ratios 1:5, 1:5, and 

1:5, N = 32. 
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Figure 74. Q-efficiency relative to alternative 1, three variable model with all 

three two variable interaction terms, variance ratios 1:8, 1:8, and 

1:8, N = 32. 
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Figure 75. (Q-efficiency relative to alternative 1, three variable model with all 

three two variable interaction terms, variance ratios 1:3, 1:3, and 

1:3, N = 48. 
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Figure 76. Q-efficiency relative to alternative 1, three variable model with all 

three two variable interaction terms, variance ratios 1:5, 1:5, and 

1:5, N = 48. 
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and 118% when all three interaction terms are included. This again suggests 

that as the model approaches saturation the two-stage procedure is not as 

beneficial as it is with simpler models. 

When the total sample size is increased to 48, the two-stage procedure 

is still superior for any variance ratio case if an appropriate first stage sample 

size is chosen. In particular, figures 75 and 76 have plotted the Q-efficiencies 

of the two-stage procedure relative to alternative 1 for variance ratio cases 

1:3, 1:3, 1:3 and 1:5, 1:5, 1:5, respectively. From figure 76 one sees that the 

two-stage procedure is superior for any first stage sample size, and from figure 

75 one sees that the two-stage procedure is superior if at least 24 (50%) of the 

runs are used in the first stage. Hence for smaller variance ratios the two- 

stage procedure requires slightly larger first stage sample sizes. Also note 

that the efficiencies have continued to decrease with the additional term 

added to the model (compare figures 68 and 69 with figures 75 and 76) and 

that the two-stage procedure works best if either 32 or 40 runs are used in the 

first stage. 

5. Saturated Model 

Consider the saturated model 

Y = Bot ByX + BoX2 + BgX3 + ByQX1Xq + B43X1X3 + Bq3X2X3 + By93X1X2X3 (52) 

which contains all the two variable interaction terms and the three variable 

interaction term in addition to the first order terms. Again 250 simulation 

runs were made for each of the variance ratio cases and for each first stage 

sample size under consideration, and the average Q values and corresponding 

standard errors when the total sample size is 32 are tabled in Table 10. 

Alternative 1 has a Q value of Q = 2.37 for this model, and figures 77-81 have 

plotted the efficiencies of the two-stage procedure relative to alternative 1. 

These figures indicate that even for relatively large variance ratios 

(such as 1:5, 1:5, 1:5), the two-stage procedure is only beneficial if 24 runs are 

made in the first stage. Also, as depicted in figure 79, when the variance 
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ratios are 1:3, 1:3, 1:3, the two-stage procedure is more efficient than 

alternative 1 when 24 runs are made in the first stage, but only slightly more 

efficient. These results are similar to the two variable results, and indicate 

that as the model reaches saturation the variance estimation in the first stage 

is very unstable, especially for the smallest first stage sample size. 

The addition of the three variable interaction term to create a 

saturated model has also decreased the efficiency of the two-stage procedure, 

for any first stage sample size and for all the variance ratio cases under 

In particular, for the 1:5, 1:5, 1:5 variance ratio case, the 

efficiencies have declined from 119%, 130%, and 118% when the three two 

variable interaction terms only are in the model to 93%, 116%, and 98% 

consideration. 

when the model is saturated. This decline in efficiencies as the model 

approaches saturation is similar to the decline in efficiencies in the two 

variable case, and indicates that the two-stage procedure works best with 

parsimonious models. 

Table 10. Three variable simulation results for the saturated model 

First Stage Variance Ratios 

  

Sample Size 1:2,1:5,1:8 9 1:8,1:5,1:2 1:3,1:3,1:3 1:5,1:5,1:5 —-1:8,1:8,1:8 

2 2.47414 2.46131 2.71791 2.54261 2.14058 

lot .3907 3349 .0318 .6403 

3 2.06931 2.19901 2.27825 2.04545 1.77606 

.1830 3179 .1953 .2382 .3690 

4 2.43718 2.45367 2.44469 2.41115 2.41188 

.0810 1101 .0935 .0683 .0756     
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Figure 77. Q-efficiency relative to alternative 1, three variable saturated model, 

variance ratios 1:2, 1:5, and 1:8, N = 32. 
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Figure 78. Q-efficiency relative to alternative 1, three variable saturated model, 

variance ratios 1:8, 1:5, and 1:2, N = 32. 

141



11074 

  

  
  

105 - 

3. 

Q - an 

E 100+ an 

£ 7 me 
f se 
: : 5 

Cc —_ ij 95 

e , 

n 

Cc 

y 907 

= 

85 - 

80 —_ 

2 3 4 

First Stage Sample Size Per Design Point 

Figure 79. Q-efficiency relative to alternative 1, three variable saturated model, 

variance ratios 1:3, 1:3, and 1:3, N = 32. 
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Figure 80. Q-efficiency relative to alternative 1, three variable saturated model, 

variance ratios 1:5, 1:5, and 1:5, N = 32. 
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Q-efficiency relative to alternative 1, three variable saturated model, 

variance ratios 1:8, 1:8, and 1:8, N = 32. 
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Figure 82. Q-efficiency relative to alternative 1, three variable saturated model, 

variance ratios 1:3, 1:3, and 1:3, N = 48. 
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Figure 83. Q-efficiency relative to alternative 1, three variable saturated model, 

variance ratios 1:5, 1:5, and 1:5, N = 48. 
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Similar conclusions can be made if the total sample size is allowed to 

increase to 48. From figure 82, one sees that for small variance ratios (1:3, 

1:3, 1:3) the two-stage procedure is only superior if 32 or 40 runs are made in 

the first stage, and from figure 83 one sees that for larger variance ratios (1:5, 

1:5, 1:5) at least 24 runs are required before the two-stage procedure is 

superior to alternative 1. Note that this is the first three variable model 

considered in which for the 1:5, 1:5, 1:5 variance ratio case the two-stage 

procedure is not superior for any first stage sample size. 

Therefore, in many cases the proposed two-stage procedure offers a 

significant improvement over the equal sample size design analyzed by 

ordinary least squares (alternative 1) when dispersion effects exist. Based on 

the conclusions from the two and three variable cases studied in this chapter, 

one can safely conclude that for any model which is not saturated the two- 

stage procedure is superior to alternative 1 for any variance ratios if an 

appropriate first stage sample size is chosen. In fact, for moderate to extreme 

heterogeneity of variance, the two-stage procedure (for an unsaturated model) 

is superior for any first stage sample size. 

However, as the model approaches and reaches saturation, the variance 

estimation in the first stage is unstable and the efficiency of the two-stage 

procedure decreases greatly. For relatively small variance ratios, this decline 

is so great that the two-stage procedure is no longer more efficient than 

alternative 1. This suggests that the two-stage procedure, as described, 

should not be used if one believes a first order saturated model is appropriate 

unless the degree of heterogeneity is known to be relatively large. If these 

problems do exist, however, the proposed two-stage Bayesian approach does 

stabilize the first stage variance estimation and creates a procedure that is 

more efficient than alternative 1 for all variance ratio cases and for any 

model. 
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F. Comparison to Alternative 2 

The last three sections have clearly shown that the two-stage procedure 

is superior to alternative 1, which made use of an equal sample size design 

and analyzed the data by ordinary least squares. However, the question 

remains as to whether this superiority was caused by a new design procedure 

(two-stage) or by the method of analysis (use of weighted least squares versus 

ordinary least squares). To answer this question, the two-stage procedure 

needs to be compared to alternative 2, which uses the same equal sample size 

design as alternative 1 but now analyzes the data with weighted least squares. 

If the two-stage procedure clearly is superior to this second alternative, 

the new design procedure is beneficial. However, if alternative 2 performs 

well, this will indicate that the method of analysis, in particular weighted 

least squares, is what is important. Simulation is required to compute the Q- 

value for alternative 2 because variance estimates are needed to use in the 

weighted least squares procedure. Several of the total sample size and 

variance ratio cases in the previous sections will be considered, with different 

models and different first stage sample sizes. 

1. Two Variable Model Without the Interaction Term 

Consider the two variable first order model given in equation (39). 

Figures 84 and 85 have the Q-efficiencies of the general two-stage procedure 

relative to alternative 2 for variance ratio cases 1:3, 1:3 and 1:5, 1:5 and for a 

total sample size of 24. These figures indicate that for small first stage 

sample sizes (8 or 12) alternative 2 is clearly superior to the two-stage 

procedure, and for larger first stage sample sizes the two procedures are about 

equivalent. This suggests that larger sample sizes are needed in order for the 

design procedure to have a positive impact—with small first stage sample 

sizes there are not enough runs to obtain quality estimates of the variances 

and hence the weighted least squares analysis does not do as good of a job as 

when all 24 runs are used in a one-stage equal sample size design. 
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Figure 84. Q-efficiency relative to alternative 2, two variable first order model, 

variance ratios 1:3 and 1:3, N = 24. 

149



110 - 

1057 

1007 
ee GB Tat ttt ee eee eel nea 

95 4 ue 

907 / 

85- “ 

<
A
 
O
r
F
A
k
F
M
h
M
h
e
 

OO
 

807 / 

75>   707 

First Stage Sample Size Per Design Point 

Figure 85. Q-efficiency relative to alternative 2, two variable first order model, 

variance ratios 1:5 and 1:5, N = 24. 
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Figure 86. Q-efficiency relative to alternative 2, two variable first order model 

using the Bayes estimator, variance ratios 1:3 and 1:3, N = 24. 
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Figure 87. Q-efficiency relative to alternative 2, two variable first order model 

using the Bayes estimator, variance ratios 1:5 and 1:5, N = 24. 
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In an attempt to improve upon this, the Bayesian two-stage procedure is 

compared to alternative 2. With a total sample size of 24, figures 86 and 87 

give the Q-efficiencies of the Bayesian two-stage procedure (prior mean and 

variance-covariance matrix as in equations (46) and (47)) relative to 

alternative 2 for the 1:3, 1:3 and 1:5, 1:5 variance ratio cases. Note that 

alternative 2 is also allowed to use the same prior information. These figures 

also indicate that alternative 2 performs well for either variance ratio case. 

This leads one to conclude that for a two variable first order model both the 

general and Bayesian two-stage procedures that have been proposed are not 

superior to alternative 2. Similar conclusions can be made if the total sample 

size is increased to 40 (in several cases the two-stage procedures are slightly 

better than alternative 2 if an appropriate first stage sample size is chosen). 

2. Two Variable Model With the Interaction Term 

When compared to alternative 1 in previous sections, it was seen that 

the two-stage procedure worked best for the unsaturated models. Therefore, 

since the two-stage procedures were not superior to alternative 2 for the 

unsaturated model, one would expect that when the interaction term is added 

to the model, producing the saturated model of equation (40), the relative 

efficiencies of the two-stage procedures should be even lower. 

With a total sample size of 24, figures 88 and 89 have plotted the Q- 

efficiencies of the general two-stage procedure relative to alternative 2 when 

the variance ratios are 1:3, 1:3 and 1:5, 1:5, respectively. Figure 88 shows 

that the two-stage procedure is superior to alternative 2 for first stage sample 

sizes of 16 or 20, and figure 89 shows that the two-stage procedure is superior 

for first stage sample sizes of 12, 16, or 20. Hence for small variance ratios 

(as in figure 88) the two-stage procedure can outperform alternative 2, but 

only if at least 67% of the runs are used in the first stage. As the variance 

ratios increase (say to 1:5, 1:5 as in figure 89) the two-stage procedure can be 

beneficial for even smaller first stage sample sizes, in particular if at least 

50% of the runs are used in the first stage. 
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Figure 88. Q-efficiency relative to alternative 2, two variable model with the 

interaction term, variance ratios 1:3 and 1:3, N = 24. 
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Figure 89. Q-efficiency relative to alternative 2, two variable model with the 

interaction term, variance ratios 1:5 and 1:5, N = 24. 
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Figure 90. Q-efficiency relative to alternative 2, two variable model with the 

interaction term, variance ratios 1:3 and 1:3, N = 40. 
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Figure 92. Q-efficiency relative to alternative 2, two variable model with the 

interaction term using the Bayes estimator, variance ratios 1:3 and 

~ 1:3, N = 24. 
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interaction term using the Bayes estimator, variance ratios 1:5 and 

1:5, N = 24. 
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Similar conclusions can be made if the total sample size is increased to 

40, as in figures 90 and 91. For variance ratios of 1:3 and 1:3 (see figure 90), 

the two-stage procedure is superior for first stage sample sizes of 20 or more, 

implying that at least 50% of the runs are needed in the first stage in order 

for the two-stage procedure to be superior. As the variance ratios increase to 

1:5 and 1:5 (see figure 91), the two-stage procedure is superior for first stage 

sample sizes of 16 or more, implying that at least 40% of the runs are needed 

in the first stage. Hence for any variance ratios it is possible to choose an 

appropriate first stage sample size such that the two-stage procedure is 

superior to alternative 2. 

For the small first stage sample sizes, the variance estimation is still 

unstable and the general two-stage procedure does not outperform alternative 

2. This leads one to consider the Bayesian two-stage procedure, in which the 

prior mean vector and variance-covariance matrix of equations (46) and (47) 

will be used. With a total sample size of 24, figures 92 and 93 have plotted 

the Q-efficiencies of the Bayesian two-stage procedure relative to alternative 

2 for the 1:3, 1:3 and 1:5, 1:5 variance ratio cases. For the large variance 

ratios (as in figure 93), the Bayesian two-stage procedure is clearly superior to 

alternative 2 for any first stage sample size. The Bayesian two-stage 

procedure is also superior for any first stage sample size for the smaller 

variance ratios (see figure 92), but this superiority is not as great. This 

implies that for a saturated model the two-stage procedure is superior to 

alternative 2 for an appropriate choice of the first stage sample size, and that 

if the Bayesian procedure is used then it is superior for any first stage sample 

S1Ze. 

Therefore, the earlier hypothesis was incorrect, and with the two 

variable saturated model the two-stage procedure can be superior to 

alternative 2. This conclusion, together with those made earlier for the 

unsaturated model and with those made from the comparisons to alternative 

1, indicate that the reason for the superiority of the two-stage procedure 

depends on the model under consideration. For the unsaturated model, the 

two-stage procedure was clearly superior to alternative 1 but not to 

alternative 2, indicating that for an unsaturated model it is the method of 
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analysis (weighted least squares) that causes the superiority of the two-stage 

procedure. However, for the saturated model the two-stage procedure was 

superior to both alternative 1 and alternative 2, with the superiority to 

alternative 1 not being as large as with the unsaturated model. This 

indicates that with a saturated model the ability to choose the design (the 

two-stage procedure) also contributes to the superiority of the proposed 

procedure. 

Next the two-stage procedure will be compared to alternative 2 for the 

three variable models, and afterwards the above conclusions will be analyzed. 

3. Three Variable Models 

Consider the three variable first order model given in equation (48). 

With a total sample size of 48, figures 94 and 95 have plotted the Q- 

efficiencies of the two-stage procedure relative to alternative 2 for the 1:3, 1:3, 

1:3 and 1:5, 1:5, 1:5 variance ratio cases. These figures indicate that for any 

variance ratios the two-stage procedure is inferior to alternative 2 for any first 

stage sample size. This is similar to the two variable results and suggests 

that for such a simple model it is the weighted least squares analysis that is 

important and not the choice of the design. 

Now suppose the x,*x. interaction term is added to the model, 

producing the model in equation (49). Figures 96 and 97 have the Q- 

efficiencies of the two-stage procedure relative to alternative 2 for the same 

total sample size and variance ratio cases as above. From figure 96, for the 

1:3, 1:3, 1:3 variance ratio case, one sees that again the two-stage procedure is 

inferior for any first stage sample size. However, as the variance ratios 

increase, as in figure 97, the two-stage procedure is now superior for a first 

stage sample size of 40. Hence for relatively large variance ratios, the 

addition of one term to the model makes it possible for the two-stage 

procedure to be superior to alternative 2 if an appropriate first stage sample 

size is chosen. 

When a second two variable interaction term is added to the model, the 

efficiencies of the two-stage procedure relative to alternative 2 continue to 
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Figure 94. Q-efficiency relative to alternative 2, three variable first order 

model, variance ratios 1:3, 1:3, and 1:3, N = 48. 
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Figure 95. Q-efficiency relative to alternative 2, three variable first order 

model, variance ratios 1:5, 1:5, and 1:5, N = 48. 
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Figure 96. Q-efficiency relative to alternative 2, three variable model with the 

X,*X» interaction term, variance ratios 1:3, 1:3, and 1:3, N = 48. 
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Figure 97. Q-efficiency relative to alternative 2, three variable model with the 

X,*Xz interaction term, variance ratios 1:5, 1:5, and 1:5, N = 48. 
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Figure 98. Q-efficiency relative to alternative 2, three variable model with the 

X,+X»y and X,+*X., interaction terms, variance ratios 1:3, 1:3, and 

1:3, N=48. 
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Figure 100. Q-efficiency relative to alternative 2, three variable model with all 

three two variable interaction terms, variance ratios 1:3, 1:3, and 

1:3, N = 48. 
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Figure 101. Q-efficiency relative to alternative 2, three variable model with all 

three two variable interaction terms, variance ratios 1:5, 1:5, and 

1:5, N = 48. 
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Figure 102. Q-efficiency relative to alternative 2, three variable saturated model, 

variance ratios 1:3, 1:3, and 1:3, N = 48. 
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Figure 103. Q-efficiency relative to alternative 2, three variable saturated model, 

variance ratios 1:5, 1:5, and 1:5, N = 48. 
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increase. In fact, with variance ratios 1:3, 1:3, 1:3 (see figure 98), the two- 

stage procedure is now superior to alternative 2 for first stage sample sizes of 

32 or 40, and if the variance ratios are 1:5, 1:5, 1:5 (see figure 99), the two- 

stage procedure is superior to alternative 2 for first stage sample sizes of 24, 

32, or 40. Therefore, as the model approaches saturation the two-stage 

procedure, when compared to alternative 2, is performing better for any 

variance ratios. 

Adding the third two variable interaction term to the model allows the 

two-stage procedure to perform even better. As shown in figures 100 and 101, 

for either variance ratio case the two-stage procedure is superior to 

alternative 2 for a first stage sample size of 24 or greater. Also notice from 

figure 101 that even with a first stage sample size of 16 the two-stage 

procedure performs well, and hence if the Bayesian two-stage procedure is 

used to stabilize the variance estimates it may be superior for any first stage 

sample size. 

Finally, consider the saturated three variable model given in equation 

(52). Figure 102 suggests that for small variance ratios (1:3, 1:3, 1:3) the 

two-stage procedure is superior for first stage sample sizes of 32 or 40. It is 

somewhat surprising that the two-stage procedure is not superior for a first 

stage sample size of 24, and it is very likely that this result is not as it 

appears but instead is a consequence of the simulation process (in fact, the 

standard error is large and the relative efficiency is not significantly different 

from 105%). For the larger variance ratios (1:5, 1:5, 1:5), figure 103 shows 

that the two-stage procedure is clearly superior to alternative 2 for first stage 

sample sizes of 24, 32, or 40. As with the previous model, one would expect 

that the Bayesian two-stage procedure would be superior to alternative 2 for 

any first stage sample size. 

These conclusions for the three variable models are very similar to the 

conclusions for the two variable models. This supports the conclusions made 

earlier about the benefits of the proposed two-stage procedure. In particular, 

for models which are saturated or close to saturated it is the two-stage design 

aspect of the procedure that is most beneficial, and for simpler (unsaturated) 

models it is the weighted least squares analysis that is most beneficial. This 
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implies that knowledge about the appropriate model to use is important, and 

more importantly that if one suspects the existence of dispersion effects, then 

weighted least squares, as opposed to ordinary least squares, should be used. 
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CHAPTER 6 

SUMMARY AND FUTURE RESEARCH 

In chapter 3 it was seen that the equal sample size design is not very 

efficient when dispersion effects exist, and also that the D- and Q-optimal 

designs often differ. In particular, the D-optimal design is more robust to the 

variance structure, and hence if heterogeneous variance is known to exist, 

then a new procedure evaluated with the Q-criterion could be beneficial. 

A new two-stage procedure was proposed in chapter 4 that uses a first 

stage design to estimate the variance structure and then augments this design 

to produce a total design that has high Q-efficiency. It was noticed that with 

small first stage sample sizes the variance estimation was rather unstable, 

and hence the procedure did not work as well in these situations. To correct 

this problem, the procedure was modified to include a Bayesian approach 

which stabilizes these variance estimates. Both procedures were then 

evaluated versus two alternative procedures: first, an equal sample size 

design is used and analyzed by ordinary least squares (alternative 1); then 

the same equal sample size design is used but analysis is done by weighted 

least squares (alternative 2). 

In chapter 5 it was observed that the non-Bayesian procedure is 

superior to alternative 1 in most situations. With small first stage sample 

sizes and a saturated model the general procedure did not perform as well, 

but the Bayesian procedure stabilized the variance estimates and worked 

well. It was also noticed that for any variance ratios and for any first stage 

and total sample size the two-stage procedures outperform alternative 1 

substantially when the model was not saturated. However, when compared 

to alternative 2 the two-stage procedure was only superior if the model is 

close to saturation. This implies that for parsimonious models it is the 

method of analysis (weighted least squares) that gives the two-stage 

procedure its advantage, and that as the model approaches saturation it is 

the new two-stage design aspect of the two-stage procedure that is beneficial. 

Therefore, if the experimenter has confidence that dispersion effects exist in a 
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two level factorial design, then weighted least squares should definitely be 

used, often even when relatively little information exists for estimating 

dispersion effects. 

These conclusions imply that if the experimenter suspects 

heterogeneous variance and feels that an additive model is appropriate, then 

a one-stage equal sample size design should be used and analyzed by weighted 

least squares. However, if several interaction terms are believed to be 

significant, then the two-stage procedure will be beneficial if between 40% 

and 83% of the runs are used in the first stage. The appropriate number of 

runs to use in the first stage depends on the variance ratios. If the 

experimenter suspects only moderate dispersion effects, then a large 

percentage of the runs are needed in the first stage. However, if larger 

heterogeneity is suspected, the experimenter can get by with a smaller 

number of runs in the first stage. This would leave more runs to be used to 

“patch up” the first stage design in the second stage. 

Additional research in this area can include a study of the robustness of 

the procedure to changes in some of the assumptions made. In particular, the 

following ideas may be examined: 

1. A log-linear variance model was chosen. Other variance models may be 

chosen, and the robustness of the two-stage procedure to the choice of 

the variance model can be examined. 

2. Second order mean models may be considered. This would involve the 

use of designs more complicated than 2* factorial designs, such as 

central composite designs, and would involve a more elaborate 

simulation process. 

3. Consider designs for the first stage other than equal sample size designs. 

This would possibly allow new ways of estimating the variance 

structure, with such things as hidden replication in the two level 

factorial designs. 
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For unsaturated models the D-criteria may be used in the evaluation of 

the two-stage procedure. This would not be a viable option for 

saturated models, because with saturated models the D-optimal design 

is always an equal sample size design. 

As proposed the two-stage procedure uses a first stage design to 

estimate the variance structure and then used this estimated variance 

structure to augment the first. stage design to produce a total design 

which is most D- or Q-efficient. The two stages treat the mean and 

variance models separately. Another approach would be to consider the 

mean and variance models simultaneously and to develop a design 

procedure that minimizes the variance model and optimizes the mean 

model. 
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APPENDIX 1 

Derivation of the Numerator of the Posterior Density 

It is necessary to show the equivalence between 

(X—A)'E1(A- A) + (A-9)'AT(A- 9) (Al1.1) 

and 

[A— (24+ AT) (N+ Aly)] Awa. (o24A7?)1(01X+4+A™7n)] 

+(q-4)(A+Z)?(n-4) (A1.2) 

To do so, the following derivation is required: 

VO U4 Aly = VAA TSN 4 Allon 

= A(SA) 14 9/(ZA) En 

= )'A(EA) (A425) 1(A4E)A4 9'(A45)(A4+25)1(DA) En 

= ’A(SA)1(A4+5)7AN4 ’A(SA)1(A4 5) 1ED 

+ A(A+4+2Z)1(DA)1En 4 /Z(A +2) 1(DA) En 

+20A(A4+5)7(DA) 1 D9 29’A(A + 5) 1(5A)1En 

= (AN+En)'(A4+ 5) 1(5A)?(AX 4 Oy) + 7/A(A 4 5) 72(5A) ED 

~20'A(A +5) 2(EA) D9 + A(A +5) 2(EA) EA 

= (AX + En)’(SA)3[(DA) 4 1(A +E) (DA) (AN 4 En) + 9/(A4 2) 

~2N (A+ 5) 9+ A(AFE) 

= (5144+ ATy) (514+ A7) (5+ At) + (9-4)(A4E) (9-9) 
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=(xA+ why +AT)U5t4 AT)(ot+ AT) (oN 4 Aly) 

+(g—A)'(A +5) '(n-4) (A1.3) 

Then starting with equation (A1.1), 

(A —A)’"(A- A) + (A= 9)'AT(A-n) 

= Vr Vrly- Wr 4 Wr VAUA- VAly- AU 4 Ald 

=N(514A7)A-VOA- WEIN 4 VOU VAT ANA Aly 

=N(014+ AT)A— (V+ A AD)A- (504 Aly) + NOI 4 Aly 

=N(l1+AT)A-2N (D4 AM) 4+ VOM 4 y'Aly 

=NM(514 ATA-20 (0X4 A n)(ot+Al)(ot4 At)? 
*e rlX4+A? nm +A2)S'rl4AD)(x} +A?) 1(s154 Ay) 

(n—4)'(A+2Z))(n-)) by equation (A1.3) 

e A MMe AND (t+ A?) xIX4 Aly) 

q—A)'(A+5)4(n—-4) 
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APPENDIX 2 

Equivalence of Posterior Mean Expressions 

Our goal is to show the equivalence of equations (21) and (22). The proof will 

require the following: 

(o14+A7))=(AAtEt+Atr sy! 

(A +2)(ATE 

(A+z)(ZA)7}? =| 

=(A+E)1(A) (A2.1) 

Then starting with equation (21), 

(x24 A7)1(5154 A7n) 

(014A?) r+ (514A?) Aly 

(S24 A7)' (14 A7~A?1NN4+(514+Al) Aly 

(x14 a (34 AD) - (SEAT) TAYTS (T+ ATTA, 

[I-( A?)7A 44 (514+ A?) Aly 

=A-(514+A7)'AN4 (51+ Al)IATD 

X— (514+ A7)7A1(A—n) 

TY tATE(X— 2) 

=-2(514 A?) (LA) (A-9) 

d —n) by equation (A2.1) 
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APPENDIX 3 

Proof D-Optimal Design Only Requires Runs at the Factorial Locations 

Consider the two variable first order model y = 6)+8)x)+ xX» and a linear 

variance structure in both variables given by 

9 

ov =1+4+ bx}; + CX9;+ bex4;X9; 
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N N .2. N ,2 N N ; N 

Then D = [X’/W?X|=/ S>4, Sh { S532) af > Su|( S Aah | fy 22 
1=177 J \i=1 7% J \i=1% i=1 9; i=l] 9%; i=1 7% 

N Ny N N .2 N 
X1j X9) X1jX X09; x4 X9 + (¥)( $88) ( 9 )-( 88) 8h) ( oe 

i=1%; i=197; =l1 9; i=1°7; i=1°%; i=1 7; 

  

Expanding each of the six terms separately, combining them, and then 

simplifying, one obtains: 

D= IX'w lx] _ x N s [xoi(X4; — Xx) — X2i(%qj — Xqq) + X94(%4;—%4;)]? (A3.1) 

k=1 oat of i=l j=1 

i#ig¢k 

Then expanding ojo%0% and simplifying, one obtains 

2,2 2 
oforo; = [1+b(x,;+ Xyj + X1,) +b (XqiXaj + XajX1ke + XajX1K) + b9(x45%4;%14)] 

/) 

* [1 +¢(x9)+ X9j + Xo) + C°(X95X9; + X2iXoy + X9iXox) + 3 (x_5X9;%0%)] (A3.2) 

The final expression for D is obtained by substituting equation (A3.2) into 

equation (A3.1). 

Since the sum is over all i, j], and k with i#j 4k, then the D-optimal design will 

require at least three distinct (x ,, x») design locations. Scaling such that 

0<b<1, 0<c<l1 and with the standard centering and scaling of the design 

variables, ie. x,;€[-1, +1], x»€[-1, +1], the numerator of [x’/w- Xx] is 

maximized for each of the N® possible (X4)X9:), (X1;,X94)s (X1}..X9,) triples 

(i #j; 4k) if the three locations are at any three of the four design corners (at 

(-1,-1), (-1,+1), (+1,-1), or (+1,+1)). Then for any variance structure, 
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the ijkth component of the numerator of |X’ W'!X| will equal 16, no matter 

which of the following design location triples are chosen. 

{(-1,-1), (-1,4+1), 

{(-1,-1), (-1,4+1 

{(-1,-1), (4+1,-1), 

{(-1,+1), (+1,-1), 

+L +1 

+1,41 —
S
 

o
e
 

a 
a +
 

o
n
 

+
 we 

)} 
)} 
)} 
)} 

However, since it is impossible for all N® triples to contain three different 

locations (unless N<4, or if N=4 and one run is at each of the four corners), 

then the best design will only have points at ( - 1,-1), (-1,+1), (+1,-1), and 

(+1,+1), and how many there are at each location depends on the values of b 

and c. 

Therefore, for a two variable first order model y = By + ByX + BoX9 and a linear 

variance structure in both variables, the D-optimal design will only have points 

at (-—1,-1), (-1,41), (+1,-1), and (+1,+1). 
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APPENDIX 4 

Derivation of the D-Optimality Expression for a Two Variable First Order Model 

Consider a two variable first order model, y = 69 + 6,X1 + BoX9, and suppose the 

variance structure W is as in equation (7) with 

oF = (1 + bxy; + CX9; + bex;Xo:) 

With A =number of runs at -1,-1, 

B = number of runs at —1,4+1, 

C = number of runs at +1,-1, 

and D=number of runs at +1,+1 

it turns out that: 

“oyngrly) 16ABC D=|X’W°X| = (1—b-—c4+bc)(1-b+c—bc)(1+b—c—be) 
  

16ABD 
* (l-b-—c+bc)(l—b+c-bc)(l+b+c+bc) 

16ACD 
* (-b-c+be)(l + b—c—be)(1+b+c4be) 

16BCD (A4.1) 

* (-b+c-—bc)(1 + b—c—be)(1+b+4c+ be) 

With a total of N = 24 runs (ie. A+B+C+4+D = 24), one needs to determine an 

expression involving b and c such that |X’'W!X| when A=B=C=8, D=0 is 

equal to [X’W !X| when A = B=8, C=7, and D=1. 

Substituting these values into equation (A4.1), one obtains: 

1. With A=B=C=8, D=0: 

  

nyy-1 _ 8192 

ix'W Xl = pep be ab +e=be)(labae=be) (A4.2) 
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and 

2. With A=B=8, C=7, and D=1: 

  

ny-ly) 7168 
[X’W X| = (l1—-b—c+bc)(1—b+c—bc)(1+b—c-—bc) 

+ 1024 
(1-b-—c+bc)(l1-b+c—bc)(1+b+c¢+bc) 

896 
1—b-—c+bce)(1+b-—c—bc)(1+b+c+bc) 

896 
(l-b+c—bc)(l+b-—c-—bc)(1+b+c+bce) 

* 

+ 

Equating equations (A4.2) and (A4.3) one obtains: 

(A4.3) 

7168(1+b+c+bc) + 1024(1+b-—c-—bc) + 896(1 —-b+c— bc) + 896(1 —b~—c+bc) 

(l-b-—c+bce)(1—b+c-—bc)(1+b—c—bc)(1+b+c+bc) 

8192(1+b+c+bc) 
(1-b-—c+bc)(1—b+c—bc)(1+b—c—bc)(1+b+c+bc) 
  

=>1024(1+b—c~—bc) + 896(1 —b +c —bc) + 896(1 —b-—c + bc) — 1024(1+b+c¢+bc) 

= 0 

=> 1024(1+b-—c—be-1—b-—c—bc) + 896(1—b+c—bce+1—b-—c+bc) =0 

=> 1024( - 2c —2bc) + 896(2 — 2b) =0 

= -2048(c+bc)+1792(1~b) =0 

=> 1792 —1792b — 2048c — 2048bc = 0 
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=> 7-7Tb-8c—S8bc =0 

Then for any variance structure that results from b and c values which satisfy 

7-—7b—8c—8bc > 0 

the 24 run D-optimal design will require 8 runs at three factorial locations and 0 

runs at the factorial location where the variance o? is largest. 
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APPENDIX 5 

D-Optimal Design for a Saturated Model is an Equal Sample Size Design 

and is Independent to the Variance Structure 

Suppose there are k design variables x,, xX, -+- , X,, and a design region in which 

experimental runs will be made at m distinct locations (for a factorial design, 

m=2*). Define a saturated model to be any model that contains exactly m 

parameters, and consider only saturated models. 

Consider a linear heterogeneous variance structure defined by the ratio of the 

variance at the high level of the variable to the variance at the low level of the 

variable. Call these variance ratios R,, Ry, --- , Ry. 

For i=1, 2, --- , m, suppose there are a; experimental runs at the i‘ design 

location (Ba =). Choosing the D-optimal design involves determining the 

values of the a, that maximize |X/W''X|. 

To obtain an expression for |X’W™'X| that involves the a,, define the variance at 

the i‘ design location to be 

9 

oP = 14 Lbs; + LY bjbm jimi + °° + TI, 

R,-1 
Ri+1 , 
  where b j= 

In a factorial design, with the lowest and highest levels of the variables coded to 

be —1 and +1, respectively, the variances become: 
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2_ 2 
oo ~ o.4,-1, ,+1 = k 

IT (R; + 1) 
i=l] 

k 
k ok TTR, 

_ 2 _ i=] 
Om > [41 ,41, 05°, +1 =F 

HR; +1) 
|= 

Then the D-criterion expression to maximize 1s 

ght Tl a; 

IX’W?X| = pis 
9 
2 

Cc 

8 

ght a; 

i=1 

k 
2* TTR, 

Qk 2*R,. ae i=} 

( TL + | ThR+ 1) T+ 1) 
  

km 
pk2 il a; 

i=1 

gk 1 
(2 PT] R? 

i=1 
k k 
I] (R; +1)? 
i=l] 

(A5.1) 

Then for any variance ratios, maximizing equation (A5.1) involves maximizing 

Ila;, which is maximized if all m of the a; are the same. Hence for any linear at 
variance structure the D-optimal design for a saturated model is an equal sample 

size design. 
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APPENDIX 6 

Two-Stage Log-Likelihood Function 

From equation (32), Ly 9(8,7) = L,(8,7) x Lo(8,7)- 

Then Li 9 log[L, 9(4,7)] 

log[L, (8,7) x Lo(8,7)] 

= log[L1(8,7)] + log[Lo(8,7)] 

= £,(B,7) + £o(8,7) 

With £,(8,7) and £,(6,7) defined as in equations (30) and (31), then 

Ly 9 = £4(By7) + £9(B,7) 

wl (y;—x;'B)" 
= (-5 -z log(2n) - 5 5+ loge? - 5 ye sa - 

i=l 

No _ a0 

(-3 — log(2r) )-5 lone -5 x“ a) 

  = -117"2tg(2)-} ( So ney 7 

i=l 

(Bae oe i 
2 

i=l o; 
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APPENDIX 7 

Derivation of Two-Stage Information Matrix 

By definition, the information matrix is computed as I(@;x) = B[ — 072/30 ,00 A , 

where © is a vector of parameters and &£ is the log-likelihood function of the 

experiment. From equation (33), the log-likelihood for the two-stage procedure 

is 

  

n,+n 
Lig=- i 5— log(2z) 1-3(Sa yt en, >| 

i=l j=1 

ny __y! 2 No ( __ py? 

1 (y; x;'B) ¥j7% —_— = —_——as tt a a( 5 caet 3 Ss 
and © = [8,7]. 

Now define the following matrices: 

X, = [xf xf) --- x] with x!) = [x,, x, -- Xin! 

Xo = [x xf?) wee x?) with x{?) = [Xj Xj2 °° Xing! 

Z, = [24 2 --- 22) with 2) = [z,, 2;. -- Zin, | 

— [z{2) 2f2) 22. 22 (2) _ Zo = [zi a?) .. iF) with z5 = [Z Zin] 

D, =diag(1/o?) , i=1,2,---, ny 

Dp = diag(1/?) ’ J =1, 2, vy 

Ds = diag(e;/o?) , 1=1,2,--,n 
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— di 2) 3 bes Dg = diag(e;/0;) , J=1, 2,---, no 

Ds=5 diag(e?/o?) , i=1,2,--, ny 

Dg=5 diag(e?/o*) ’ j =1,2,--., Ny 

where e;=y;—x;'8 and es = Yj ~x,'B . 

Taking second partial derivatives of the log-likelihood function, one obtains 

O21 9 

0°21 9 / , 9B 8, = ~Xi'D321-Xq'DyZo 

eae Fag = ~ Z1'DsX1 ~ Zs/D4Xo 

OL) 9 

Since E(e;)=E(e,;)=0 , E(e?) = o? , and E(e4) = a , then 

E ae E a’ 2 0 and the inf trix b — Bay = ~ oye =Q and the information matrix becomes 

I E(X,/D,X, + X»'D)Xo) 0 

= 1 0 5E(Zy'2y + Lo'Zo) 
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APPENDIX 8 

Small Sample Simulation Method for Estimating Q 

. Produce 24 random variates y ~ N(0,1) at x; = -1,x9=-1. ( 
Produce 24 random variates y ~ N(5,VLH) at x; = -1,x)=1. 

Produce 24 random variates y ~ N(5,VHL) at x; =1,x,=—-1. 

( Produce 24 random variates y ~ N(10,VHH) at x; =1, x ,=1. 

Choose a first stage experiment size of 2, 3, 4, 5, or 6 at each design point. 

Use the appropriate number of y’s to calculate SPL ; sf oy ; sa , and shu , 

. Normalize SPL, SP shi and si by the average variance such that 

(norm s? + norm sf +norm si, + norm si) /4=1. These will be used as 

weights in the estimation of the W"! matrix (W'!). 

. Find the X, that minimizes the Q-criteria, where (X,/W'X, + X,’W'X,) is 

used as Var(b). This Xp is the second stage design. 

. Using the X» found in step 5 and the true variance matrix W, compute 

Var(b) = (X,/W!X, + X_'W!X,) . 

Compute the Q-value by plugging the result of step 6 into equation (36). 

. Repeat these steps for each simulation. 
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