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(ABSTRACT) 

Spectral wind wave models seek to solve a four-dimensional energy (or action) 

balance equation for values of the spectrum discretized in frequency and direc- 

tion of propagation at fixed positions in space. When modeling an ocean area of 

any appreciable size, computational time and storage capacity limit resolution to 

relatively coarse grids in all four dimensions. Propagation schemes used in these 

models, typically the 1st order upwind scheme, encounter difficulty arising from the 

poor directional resolution (typically 30 degrees) in regions of varying depth and 

current where wave energy is refracted and concentrated into a small number of di- 

rectional bins. Since the widely used 1st order upwind scheme is not appropriate for 

such a rapid bin to bin variation, higher order numerical schemes are investigated 

to identify one which will produce better results for this wind wave propagation 

problem. After evaluating the characteristics and performance of the 2nd-order up- 

wind scheme, Lax-Wendroff scheme, and modified Lax-Wendroff scheme suggested 

by Gadd, for both steady and transient cases, a new propagation scheme is pro- 

posed using a time-splitting method and a limiter which combines the modified 

Lax-Wendroff scheme with the lst order upwind scheme. For varying depth and 

current fields, it is shown that the new scheme gives results superior to the ordinary 

1st order upwind scheme without any increase of storage capacity at an increased 

cost in computing time which is minor to the overall wind wave model.
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1. INTRODUCTION 

The ocean is always moving. Its movement on the surface can be classified into 

several groups, depending on the source of its motion. In a large scale, the rotation 

of the earth (the Coriolis force) induces geostrophic flows and the interaction force 

between the earth and the moon gives rise to tidal flows. The most familiar motion 

of the ocean is a rather short wind-generated gravity wave (in short, the wind wave) 

which is excited by the wind and of which restoring force is obtained from gravity. 

In the following, the wind wave will be implied when ocean wave is referred to, and 

a current will represent the large scale motion such as the geostrophic flow and the 

tide. 

The ocean wave is basically one type of energy propagation at the interface be- 

tween two different media (air and water), and its information plays an important 

role in several fields of application. Since the ocean wave transports a significant 

amount of energy, it is often very hazardous to offshore and coastal structures. 

Knowledge of the ocean wave environment is therefore essential information in de- 

signing those structures. Another application is for underwater acoustic transmis- 

sion. The ocean wave, a free surface disturbance, creates noise for the transmission 

at the surface zone and the information of the ocean wave is used to determine its 

noise level. Under the surface of the ocean waves, active processes of exchanging 

momentum, heat and gases are taking place in the “upper ocean”. These processes 

are one of the most important factors to affect the world-wide climate. In modeling 

the upper ocean, the distribution of ocean waves should be given as the boundary 

condition. 

Extensive studies have endeavored to understand the physics of the wind wave 

and to develop numerical models for wave forecasting. Important progress has 
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been made in recent years, such as the resonant turbulent air-pressure interaction 

(Phillips, 1957; Miles, 1957) and the resonant non-linear wave-wave interaction 

(Hasselmann, 1962). The action conservation equation (Whitham, 1965; Bretherton 

and Garrett, 1969) provides a general governing equation of wave propagation in a 

varying depth and/or current field. Numerical modeling of the wind wave problem 

has progressed rapidly in the past decade despite a less than complete knowledge of 

the physics. Although compared to the energy source and dissipation terms of the 

wind wave model, the propagation mechanism of the wind wave models are very 

well established. Most operating models, however, use a simple propagation scheme 

(the lst order upwind scheme) and do not include the effects of varying depth and 

current. The purpose of this paper is to develop a propagation module of a wind 

wave model which can take into account the effects of varying depth and current, 

at the same time implementing higher order numerical schemes. 

Most numerical wind wave models use discrete frequency and direction bands 

to represent the ocean wave spectrum. They are faced with the problem that when 

using the desired degree of spectral resolution, in a model of any appreciable size 

(i.e. number of grid points), a very large number of values is required to define the 

wave spectrum field. This implies enormous storage requirements and prohibitive 

computation time to process each of these values. The resolution problem, partic- 

ularly in the directional bands, is magnified by the extension of these models into 

regions of varying depth and current. Trouble arises in the propagation module of 

these models. They seek to propagate a directional energy (or action) spectrum 

across a fixed grid with reasonable accuracy. In these situations, the commonly 

used 1st order upwind differencing scheme is simply not adequate with the coarse 

directional resolution of 15° or 30° which must be used in these models. 

INTRODUCTION 2



One of the early numerical solutions of this type for depth refraction is given by 

Karlsson (1969). Golding (1983) incorporated depth refraction into an operational 

wave model. He used the modified Lax-Wendroff scheme for propagation through 

(x,y) space but used the conservative lst order upwind scheme (explained later) for 

the refraction (@ direction) term. One of the early numerical solutions to include 

current as well as depth refraction is that of Sakai et al. (1983). They used 1st 

order upwind schemes in all directions. Recently, Tolman (1989) has incorporated 

depth and current refraction in a wind wave model using a Crank-Nicolson scheme 

in (w,@) space and a combination of Crank-Nicolson and 1st order upwind schemes 

in (z,y) space. In this paper, we investigate the behavior of several higher order 

numerical schemes incorporating depth and current refraction with an objective of 

identifying and developing a scheme which will perform with reasonable accuracy 

at a 15° or 30° directional resolution. 

With the concept of a slowly varying wave train, the action conservation equa- 

tion is explained in chapter 2. It governs the wave energy propagation in varying 

depth and current. The characteristics of several numerical schemes are investi- 

gated in chapter 3 for one and two-dimensional linear advection equations. Tests 

for square wave and unit pulse propagation are presented. In chapter 4, numerical 

solutions incorporating depth and current refraction are compared with an analytic 

solution for steady state cases. After evaluating the performance of the numerical 

schemes, a new propagation scheme is proposed in chapter 5 using a time splitting 

method and a continuous limiter. The new scheme is applied to the previous test 

cases for comparison and also applied to an example of an elliptic shoal in which 

case experimental data are available. In chapter 6, the new propagation module is 

combined with a relatively simple wind wave model, and simulation of wind wave 

generation is demonstrated at the Bight of Abaco in the Bahamas. Conclusions are 

presented in chapter 7. 
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2. GOVERNING EQUATIONS 

For a linear gravity wave, the propagation of wave energy can be described 

by an advection of the wave energy or action. In a moving medium such as a 

current, the wave energy is no longer conserved but the wave action is still conserved 

along a ray (a spatial path of energy propagation). The action balance equation is 

therefore chosen as the governing equation for wave propagation. Assuming a slowly 

varying wave train, various expressions of this equation are presented in terms of a 

total action or a spectral density. The concept of four dimensional propagation is 

introduced with the derivation of the corresponding propagation velocities using a 

ray theory. 

2.1 Single Harmonic Wave 

Ocean waves can be modeled by a sum of simple harmonic waves with different 

frequencies and different amplitudes, travelling in different directions. In this section 

a single harmonic component, a plane-propagating wave, is considered. 

n(x,t) = acos(k-x —wt +e) (2.1) 

where 7 represents the surface elevation as a function of the spatial coordinate 

(x) and time (t). This single component follows a harmonic motion with an ampli- 

tude of a and an angular frequency of w (assuming positive w). Its period is 27/w 

and it propagates in the direction of k (wave number vector) with the wave length 

of 27/k where k (wave number) is the magnitude of k. The argument of the cosine 

function in (2.1) represents the phase of the wave, such as crest or trough. It is 

referred to as a phase function with a phase lag of e. 

v(x,t)=k-x—wt+e (2.2) 
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There are two kinds of propagation velocities; a phase velocity and a group 

velocity. The phase velocity is the celerity of the wave shape (e.g., crest, trough), 

which can be calculated by taking a time derivative of a constant phase function 

(% = constant). The phase velocity, then, becomes 

The group velocity represents the wave energy propagation velocity and has 

the following relation (Newman, 1977; Mei, 1983): 

Cg = Vw (2.4) 

where V;, denotes the partial derivative in wave number space (k). 

For linear gravity waves, the two velocities are related by 

1 2kh 

where h is the water depth. From this equation, it can be observed that the group 

velocity is just a half of the phase velocity in deep water (kh > 7) and they become 

equivalent in shallow water (kh < 7/10). 

2.2 Dispersion Relation 

In the absence of currents, the free surface boundary condition for linear gravity 

waves yields the following relation between w and k called the dispersion relation. 

w* = kgtanh kh (2.6) 

where g is the acceleration of gravity. 

According to this equation, waves with different frequencies have different wave 

numbers. For example, consider a deep water case. A lower frequency wave has 
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a smaller wave number, which in turn yields a faster group velocity. That means, 

the lower frequency a wave has, the faster it propagates in deep water. As a result, 

a group of ocean waves with different frequencies become “dispersive” due to their 

different propagation velocities. Thus, the ocean wave is a dispersive wave. 

In a moving medium such as a current, the dispersion relation (2.6) should 

be based on a relative frequency which is measured in a reference of the moving 

medium. The relative frequency and the absolute frequency (w) are related by the 

Doppler shift. The complete dispersion relation for a moving medium becomes 

w=wetk-U (2.7) 

w* = kgtanhkh (2.8) 

where w, is the relative (or intrinsic) frequency and U is the velocity vector of 

the moving medium. These two equations are usually solved simultaneously for 

the unknown variables of w, and k. An iteration procedure for finding these roots 

requires a good choice of initial guess value which is crucial in converging to the 

correct roots. Details of solving the equations are described in the Appendix. 

Note that the Doppler shift equation (2.7) is based on the moving medium itself, 

not on the moving source and/or observer. Therefore, the absolute frequency, w, 

which is measured in a fixed coordinate system, remains the same. When the wave 

propagates in a favorable direction to the moving medium (k- U > 0), the relative 

frequency decreases (2.7), resulting in a stretching of the wave length, a decrease of 

the amplitude, and a faster propagation speed than in a resting medium. For the 

waves propagating upstream (k-U < 0), the opposite is true. 

The phase velocity and group velocity for the moving medium can be written 

as follows: 

wk wk 
cH TTHzz_tUqcotU (2.9) 
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cg = Viw = Viwg + U = Cg, + U (2.10) 

where the subscript “o” denotes the quantity measured in a moving coordinate 

system. 

2.3 Kinematic Equations 

Another important relation between the wave number and the frequency can 

be derived from the phase function (2.2). Note that this relation is kinematic while 

the dispersion relation (2.6) is obtained from the dynamic free surface condition. 

Using the phase function, the wave number and frequency can be written as 

k = Vxw(x, t) (2.11) 

a w =~ F(x, 1) (2.12) 

where V, denotes the partial derivative in spatial coordinate (x) and Z is the 

partial derivative in time. 

It can be seen that the wave number vector is irrotational in the spatial coor- 

dinate since Vx x k = 0. Two equations, (2.11) and (2.12), can be combined into 

one as follows by taking the partial derivatives in the alternative dimensions. 

- + Vxw =0 (2.13) 

This equation represents the balance between the rate of change of the number 

of waves in a unit length and the spatial flux of the frequency of the waves. In other 

words, the number and the frequency of waves are balanced so that no waves can 

be created or destroyed. The kinematic equation (2.13) is called the conservation 

equation of wave crests. 
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Next, consider a little more general expression of a wave train rather than a 

single harmonic wave (2.1). 

n(x, t) = a(x,t) cos(k- x —wt+e) (2.14) 

The amplitude of wave, a(x, t), is no longer constant but is varying very slowly 

in space and time, compared to the variation of the phase function (2.2) itself. In this 

case, the characteristic parameters of a local space and time can be found under the 

linearizing assumption that the amplitude a(x,¢) remains constant as in the single 

harmonic wave. In a large scale, however, the characteristic parameters should 

include the variation of the amplitude which is determined from the conservation 

of energy. This wave (2.14) is called a slowly varying wave train or a nearly-plane 

wave. Many important results in wave theory (e.g., ray theory, action conservation 

equation) are based on the assumption of the slowly varying wave train. Note that 

we are still working within the framework of linear wave theory. 

Now, we find the kinematic equations of propagation velocities in the slowly 

varying wave train. Since wind wave models are concerned with wave energy propa- 

gation, the group velocity will be implied when the propagation velocity is referred 

to in the following. For the slowly varying wave train, the absolute wave frequency 

can be written as 

w = w(k, &;x,t) (2.15) 

where £ represents the variation of the medium itself (e.g., varying water depth and 

moving medium) and the last two variables (x,t) account for the slow variation. 

By using the conservation equation of wave crests (2.13), the following propa- 

gation velocities can be obtained (LeBlond and Mysak, 1978): 

. dx 
X= T= Cg = Vw (2.16) 
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dk Ow 
k= HT — 3g Vx8 (2.17) 

— dw Ow O€ 
Eo Oa (2.18) 

where x represents the energy propagation velocity in a spatial coordinate (x), 

which is identical to the group velocity, cg (2.10), defined in the previous section. 

Thus, £ denotes the total derivative along a spatial path of the energy propagation 

which is called a ray. It is defined as 
Ht © < +x-Vx (2.19) 

Equations (2.17) and (2.18) represent the rate of change’s of k and w, respec- 

tively, along the ray. These terms may be thought of as the propagation velocities 

in their own domains (i.e., the wave number space and the wave frequency space), 

if k and w are considered to be other dimensions of the problem. This argument is 

also applied to the case of @ (direction of propagation) in the following. 

In a moving medium and varying water depth, the parameter £ can be repre- 

sented by U(x,t) and A(x,t). Substituting the Doppler shift equation (2.7) for the 

absolute frequency in the above equations, we have in tensor notation 

  

  

;= oe +U; (2.20) 

. Ow, Oh OU; 
k; = Sh dar ian (2.21) 

_  Ou,dh . AU; 
w= aa t kim (2.22) 

In wind wave models, more often used is the rate of change of the direction of 

propagation (0) which will be called the directional propagation velocity as discussed 

above. It can be easily derived by transforming the rectangular coordinates (ky, kz) 
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to the polar coordinates (k,6). Using k? = k? + k2 and 6 = tan~'(k2/k,), we can 

obtain 

k= = = k, cos0 + kp sin (2.23) 

g_%_1 
dt ok 

(—k; sin 6 + k cos @) (2.24) 

From the dispersion relation for a moving medium (2.8), 

Ow, kw, 

‘Oh ~ sinh 2kh (2.25) 

Hence, the directional propagation velocity can be written as 

. Wo Oh . Oh 
j= —2o | (Fe sind — 5 cond) (2.28) 

+ Uh OU sin 6 9 4 U2 in? g OU cos? g | 
Or, Or OS Ox, on Or. 

2.4 Action Balance Equation 

For a slowly varying wave train, Bretherton and Garrett (1969) showed that 

the wave energy is no longer conserved in a moving medium but the wave action is 

still conserved. The action is a well-defined concept in classical physics. It is the 

quantity of the energy divided by the intrinsic (or relative) frequency, w, (2.7). The 

total wave energy per unit area in a local space and time can be calculated under 

the assumption of constant wave amplitude, which yields 

1 2 E= 5Pge (2.27) 

where p is the water density. 

In a large scale, the total wave energy, #, becomes a function of space and 

time, i.e., E(x,t), and the action conservation equation is 
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This equation becomes equivalent to the energy conservation equation for a 

resting medium in which the intrinsic frequency has a constant value of the absolute 

frequency. 

Most wind wave models are based on the spectral energy (or action) density 

rather than the total energy, E. The spectral density function can be obtained by 

the Fourier transform of the covariance of the surface elevations (Phillips, 1957). 

The local space and time domains (x,t) are transformed into the wave number and 

frequency domains (k,w). Thus, the spectral density function in the local scale can 

be expressed in 

P = P(k,w) (2.29) 

For linear gravity waves, there exists a relationship between the wave number 

and frequency. It is the dispersion relation (2.8) as described earlier. In the wind 

wave models we assume linear waves, and then the spectral density function can 

be described by a pair of variables instead of three variables as in (2.29). In the 

following, two pairs are used; the wave number vector (k), or the wave frequency 

and direction (w,@). The spectral energy density functions are related to the total 

wave energy by 

E=pg [ [ P(k,w) dkdw = pg [ M(k) dk = pg [ [ F(w,0)dwd@ (2.30) 

where M(k) is the spectral energy density function in wave number space, and 

F'(w,@) is the same expressed in the wave frequency and direction space. Using the 

Jacobian, these two spectral density functions can be related as follows: 

1 Ow 
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As in the previous cases, the spectral density function also becomes a function 

of space and time in a large scale. The corresponding action conservation equation 

for the spectral density functions of M(k) and F(w,@) become 

~ + Vx (KN) + Vx (KN) = 0 (2.32) 

OA : ot + Va (KA) + (WA) + = (GA) =0 (2.33) 

where N and A represent the spectral action density functions defined by N(k; x, t) 

= M(k;x,t)/w, and A(w, 6;x,t) = F(w, 0;x,t)/w,. The relation of (2.31) between 

the two spectral energy density functions, M and F, still holds for the corresponding 

action density functions, N and A. 

If we consider this problem as the propagation of the spectral action density (NV 

or A) through the four dimensional space, (x, k) or (x,w, 6), the action conservation 

equation (2.32) can be expressed as 

ON a + V- (WN) =0 (2.34) 

a o 
where V = (32>, Oza? Oki? Be) and v = (11,25, ky, ko). 

Similarly, equation (2.33) becomes 

OA 
OE +V-(vA)=0 (2.35) 

where, in this case, V = (32, Boo 2, ) and v = (21, £2,w, 0). 

A more useful form of the action conservation equation can be obtained in the 

wave number space by using the conservation equation of wave crests (2.13). 

DN 
oN a(S +e Ve tk Vi)N = 0 (2.36) 
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where OF denotes the total derivative along a ray in the four dimensional space 

(x,k). Note its difference from equation (2.19) in which only the spatial dimension 

(x) is involved. 

For a wind wave model, not only the propagation of wave energy but also 

its generation and dissipation should be included. These contributions are repre- 

sented here by a source function, S, which is basically composed of a wind input 

term, a non-linear wave-wave interaction term, and a dissipation term. The action 

balance equation for wind wave models can be established by adding the source 

function term divided by the intrinsic frequency at the right hand side of the action 

conservation equation. The source function term should be expressed in the same 

dimensions with the left hand side terms. For example, the action balance equation 

in the frequency and directional dimensions (2.33) becomes 

OA , 0. 0); S 

Wo 
(2.37) 

where A = A(w,0;x,t) and S = S(w, 6;x, t). 

During the following investigation of the propagation itself, the source function 

term will be set to zero. 
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3. NUMERICAL SCHEMES FOR LINEAR ADVECTION 

This chapter is devoted to investigating the characteristics of some explicit 

numerical schemes for a linear advection equation. Since our concern is developing 

the propagation module of a wind wave model, the source function term in the 

action balance equation is taken to be zero. An assumption that the propagation 

velocity, v, is constant makes the equation linear, which is true only if water depth 

is constant and there is no current. Nevertheless, the following linear advection 

equation can provide local behavior of numerical schemes even for a varying depth 

and current field case. 

OA 

The 1st order upwind scheme is investigated with higher order numerical schemes 

such as 2nd order upwind scheme, a Lax-Wendroff scheme (Lax and Wendroff, 

1960), and a modified Lax-Wendroff scheme (Gadd, 1978b; Gadd, 1980). The 

Lax-Wendroff schemes are commonly used in a meteorology field. For the upwind 

schemes, the Euler Explicit time integration is used. 

3.1 One-Dimensional Linear Advection 

8.1.1 The 1st Order Upwind Scheme 

Most operating wind wave models use this simplest scheme. 

Atti _ qn At — An 
JD Al I= yp __ 1 A jt forv>0 

r 3.2 Ata, = 43 e a ae forv <0 

Since both cases give identical characteristics, only the positive v case will be 

considered. The value of A at the j-th grid point, then, can be updated by 

Art? = AP — (Aj — Af_y) (3.3) 
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where A = vAt/Asz, is called the Courant number. 

Stability and phase lag of numerical schemes can be determined by the von Neu- 

mann stability analysis (e.g., Anderson et al., 1984), which provides an amplification 

factor, G, between two consecutive time steps. To be a stable scheme, the modu- 

lus of the amplification factor, |G], should be less than or equal to one. Another 

important characteristic to be investigated is the phase lag of the amplification 

factor: 

1 Im[G] Rel (3.4) @ = tan 

Now, consider an exact solution of the one dimensional linear advection equa- 

tion. Its amplification factor is (Anderson et al., 1984): 

G =e *P (3.5) 

where 6 = 27Az/I. Thus, the exact solution has a unit amplification factor with a 

phase lag of —BA. 

Here, | is the wave length of a Fourier component of the spatial action distri- 

bution. In other words, the spatial distribution of action values (e.g., square wave 

in section 3.1.5 or unit pulse in section 3.2.5) can be decomposed into an infinite 

number of harmonic functions (Fourier components), and | is the wave length of 

one of the Fourier components. This wave length, |, is thus closely related to the 

slow variation of wave amplitude in (2.14) whereas the wave length of ocean surface 

waves, 27/k, is related to the phase function (2.2). 

The value of 6 varies from 0 to 7 which corresponds to the Fourier components 

of an infinitely low frequency and of a Nyquist frequency, respectively. For example, 

8 =7 represents the Fourier component whose wave length is only twice as long as 

the grid size length, Az. In wind wave models, since the action distributions are 
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usually smooth in the spatial coordinates (z,y) and may be rather abrupt in the 

directional coordinate (6), the spatial propagation is dominated by the character- 

istics of numerical schemes in the low @ region while the directional propagation is 

influenced by those in the higher @ region. 

From the von Neumann stability analysis, the following amplification factor 

can be derived for the 1st order upwind scheme. 

G=1-X(1-—e7*) (3.6) 

The stability condition is |G| < 1 for any 8, which provides the stability crite- 

rion of this scheme as |A| < 1. 

In the figures to be presented below, the modulus and phase lagging error 

of the amplification factor are plotted for various Courant numbers (A) against 

the @. To be a stable scheme, the modulus of the amplification factor should not 

exceed 1.0, but a smaller value induces larger dissipation. The phase lagging error is 

represented by the ratio between the phase lags of the numerical and exact solutions, 

i.e., 6/(—BA). When this value is larger than 1.0, it gives a phase leading error, 

and vice versa. 

Figure 1 shows the results of the 1st order upwind scheme. First, we can notice 

that this scheme satisfies the “shift condition” when A = 1, i.e., Ay? = A? _, and 

the numerical solution coincides with the exact solution. However, a wide range of 

Courant numbers will be involved in wind wave models since the ocean wave spectra 

are modeled with many different frequency components resulting in many different 

propagation speeds. 

The modulus of the amplification factor (3.6) decreases as 3 increases. It starts 

deviating from 1.0 at the early stage of the low §’s, which implies large dissipation 

in most cases. The modulus for \ = 0.75 falls over top of that for \ = 0.25. In 
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the phase lag plot, no phase lagging error is observed for \ = 0.5 and 1.0, while it 

shows phase lagging error for 0 < \ < 0.5 and phase leading error for 0.5 < A < 1. 

The truncation error of this scheme is O[At, Az]. 

8.1.2 The 2nd Order Upwind Scheme 

For a positive propagation speed, the finite difference equation and the am- 

plification factor of the 2nd order upwind scheme with the Euler Explicit time 

integration can be written as 

A rl _ 4 ~\.4(34 —4A +A ) (3.7) 
J — 7°93 2 J j-1 j-2 ° 

G=1-.. 5(3 — 4e*8 4 ¢~ 718) (3.8) 

Figure 2 shows the modulus and phase lagging error of the amplification factor 

(3.8). It can be seen that the scheme is unconditionally unstable since its modulus 

exceeds 1.0 for all X’s. Although it is difficult to see in the case of 1 = 0.25, the 

value of the modulus always starts from 1.0 at @ = 0, and then increases above 1.0 

as § increases. The phase lag coincides with the exact solution for A = 1.0 and 

the other cases (\ < 1) show phase leading errors. The truncation error becomes 

O[At,(Az)*]. Note that this scheme is different from the Warming and Beam’s 

upwind second order scheme (Warming and Beam, 1976) with a truncation error of 

O[(At)’, (Az)"]. 

8.1.3 Lar-Wendroff Scheme 

Lax and Wendroff (1960) expanded an Avr term into a Taylor series at A? 

up to second order accurate terms, and using the wave equations, replaced the time 

derivative terms by the spatial derivative terms. Then, by applying central differ- 

encing to the spatial derivative terms, they obtained a second order accurate scheme 
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which is well known as the Lax-Wendroff scheme. Here, the two-step version of the 

Lax-Wendroff scheme is introduced since the single-step method becomes unstable 

when extended to multi-dimensional equations as Gadd (1978b) mentioned. For 

a one-dimensional linear equation, the two methods are equivalent. The two-step 

Lax-Wendroff scheme is 

n+} 1 n n r n n 

nt+1 _ an _ n+3 _ n+$ AnH = Ay — (ANT? — Nt #) (3.10) 

The amplification factor of this scheme is composed of a central differenc- 

ing first-derivative term and an additional second-derivative term which makes the 

scheme stable. 

1 ip -ig) , "16 -ip G=1-A- Fle —e€ )+ Fle —2+e7"") (3.11) 

Figure 3 shows the characteristics of the amplification factor (3.11), which 

indicates that the scheme is stable for \ < 1.0. It also satisfies the “shift condition” 

at A = 1.0 as does the 1st order upwind scheme. Compared to the 1st order upwind 

case, the modulus of this scheme is very close to 1.0 in the low § region, which 

promises much less numerical dissipation. However, a dominant phase lagging error 

can be expected, since its phase lagging ratio is usually much less than 1.0 in most 

cases. The phase lagging problem is the main disadvantage of the Lax-Wendroff 

scheme. This scheme is second order accurate in time and space with a truncation 

error of O[(At)*, (Az)’]. 
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§.1.4 Modified Laz-Wendroff Scheme 

Gadd (1978b) proposed some modification of the Lax-Wendroff scheme to im- 

prove its phase lagging problem. He included two more grid points in the second 

step (3.10) with a control parameter, «, while the first step (3.9) remains same; 

A” + n r n 
j+ = (4 + AR) - 5 (Ay j+1 — Af) 

v
i
 

RP 

The second step becomes 

n+1 _ wy n+3 n+3 n+5 A; — rA{(1+ KA, — A,_i) — (Ath — Aig )} (3.12) 

It gives an amplification factor as follows: 

G=1-A{(1+ 2) © (eB — eB) — ae ie — e7*8)} 
3 2 3 

» 4 eib -ip ‘ 2ip —2ip e9) 

He derived the equation for the stability criteria and showed that it has the 

same criteria (|A| < 1) as the original one, if the parameter, x, has the following 

value: 

K= = — \?) (3.14) 

The modulus and phase lag error of the amplification factor (3.13) are plotted 

in Figure 4 for this value of k. Compared to the original Lax-Wendroff scheme, 

both characteristics are improved. In particular, the phase lagging ratio in the low 

6 region becomes much closer to 1.0 from the opposite side (upside), which means a 

phase leading error in this case. Note that the modified Lax-Wendroff scheme uses 

five (5) grid points in the calculation of the next time step value while three (3) 

grid points are used in the 2nd order upwind scheme and the original Lax-Wendroff 

scheme. The order of truncation error is unchanged. 
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8.1.5 Square Wave Test 

The numerical schemes introduced above are tested for square wave propaga- 

tion. Although this is a rather extreme test for wind wave models, it is a good 

example to demonstrate the characteristics of numerical schemes. Plotted are the 

test results after propagating twenty (20) grid points for various Courant numbers. 

Figure 5 shows the results of the lst order upwind scheme. It gives a large 

amount of dissipation but its phase lag shows good agreement with the exact solu- 

tion which is given by a solid line. In Figure 6, the 2nd order upwind scheme results 

are plotted only for 1 = 0.25 since the other Courant numbers yield more unsta- 

ble and diverging results. Even for this case (\ = 0.25), it will eventually diverge 

as iterations continue. Since negative action values are not physically possible for 

wind waves, we imposed a non-negative condition by setting the negative action 

values to zero after each iteration. Figure 7 shows the results of this application to 

the 2nd order upwind scheme. The oscillation ahead of the square wave has been 

eliminated and the action distribution at that region becomes more spread out. 

Note that both cases show phase leading errors as can be expected from the phase 

lagging ratio of this scheme’s amplification factor (Figure 2b). Figure 8 represents 

the results of the Lax-Wendroff scheme. It shows spurious oscillations and a phase 

lagging error. On the other hand, the modified Lax-Wendroff scheme in Figure 9 

shows a slight phase leading error and less spurious oscillations. Figures 10 and 

11 show the results after applying the non-negative condition to the Lax-Wendroff 

scheme and the modified Lax-Wendroff scheme, respectively. As in the 2nd order 

upwind case, the oscillations around zero are eliminated with a little spreading of 

the spatial action distribution. 
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3.2 Two-Dimensional Linear Advection 

Consider a two-dimensional linear advection equation with constant propaga- 

tion speeds. 

OA OA OA 
Uz D_7 tog ty By =° (3.15) 

The procedure to find the amplification factor is the same as in the one- 

dimensional case except one more spatial variable is included. Therefore, the ampli- 

fication factor should be plotted as a function of two variables, (e.g., Fromm, 1968). 

Most characteristics of the one-dimensional case still hold for the two-dimensional 

case. The order of truncation errors in time and space remain the same. As another 

extreme example comparable to the square wave in the one-dimensional case, unit 

pulse propagation will be presented in the two-dimensional spatial coordinates. 

3.2.1 The 1st Order Upwind Scheme 

For positive propagation speeds, the two-dimensional finite difference equation 

of the Ist order upwind scheme becomes 

n+1 n n n n Ajk Ale Ate Alok Ale = Ato (3.16) 
At Ag Ay 

The value of A at the n+ 1 time step can be written as 

ART = Ape — MARE — Aja) — MARR — Apes) (3.17) 

where A = v,At/Az and p = v,At/Ay. 

The von Neumann stability analysis with two spatial variables yields the fol- 

lowing amplification factor: 

G=1-X(1-e7*?) ~ p(1-—e7"7) (3.18) 
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where 6 = 27Az/I, and 7 = 27Ay/ly. 

The corresponding stability criterion is \-+p <1. When the Courant numbers, 

A and p, are equivalent, the criterion becomes A < 0.5, which is a more restrictive 

condition than that of the one-dimensional case. This statement can be applied to 

any numerical scheme. 

8.2.2 The 2nd Order Upwind Scheme 

This scheme has the following finite difference equation and amplification fac- 

tor: 

nr 1 n 

Ayt = Aj — > 5 (BAj a — 445-18 + Aj—2,e) 
1 (3.19) 

— ph: 5 (BAp: — 4A, 1 + Af_2) 

1 | | 1 . 
G=1-A-5(3- 4e~*P 4 @ 718) _ 1, . 5 (3 — 4717 + e~?#7) (3.20) 

And it is still unconditionally unstable. 

§.2.3 Lax-Wendroff Scheme 

Since the two-step method uses ”staggered points” such as A,_ 1 ppt, two- 

dimensional interpolation involves many grid points making the calculation of the 

amplification factor rather cumbersome. Hence, the stability criterion will be de- 

scribed without showing the amplification factor. A two-dimensional two-step Lax- 

Wendroff scheme is 

n+4 n 

Ast ayh = “(At sk + Ajay, Rt Aj, jyk+1 + Aft e+) 

9°95 s(AM as, k~ Aja + Afarjega — Ajiega) (3.21) 

pL n -5°5 =(A rea ~ Ape + Afaaagi — Apis) 

3 +
 

AMT = Ape y-dcarti — 
1 1 +i 
2 n+9 +3 

1, n+h n+ n+1 nad , 
~p-=(A"t?  — Ant? rte 2 HAS aay Ajay F Alt eeg Abed Hep 
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After some manipulation, the following stability criterion can be obtained 

(Gadd, 1978b): 

N+ p< (3.23) 

Note that this stability criterion is less restrictive than that of the 1st order 

upwind scheme (A + p < 1). Nine (9) grid points are involved in this calculation 

while only five (5) grid points are used in the 2nd order upwind scheme. 

8.2.4 Modified Lax-Wendroff Scheme 

Extension of this scheme to the two-dimensional case requires lots of work 

at the second step while the first step remains the same as (3.21). Gadd (1980) 

suggested the following second step using a sixteen (16) point approximation of the 

half time values (A"*+?). 

ANE = Ate MOL4 9) SATE AT tA ay Aa) 

5 (Arthas ~ A acy FA fee any fee) 

3 gg A hag t Atay Ade) 
—p{(1+ K)- s(Ane ay ~ AM} 1+ he — A 4) 

“3 AST as 7 Ae a gt Whe 7 Aha g)} 

(3.24) 

This scheme has the same stability criterion as the original Lax-Wendroff 

scheme (3.23) if the value of « is determined by 

3 2.2 R= 70l-A — p") (3.25) 

A total of twenty five (25) grid points are involved through the two steps. 
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8.2.5 Unit Pulse Test 

Propagation of a unit pulse is tested for the above numerical schemes to examine 

their dispersion properties in two-dimensional spatial coordinates (z,y). Since no 

refraction is considered, it propagates only in one direction without any propagation 

between directional bins. This fact allows us to use only one directional band. For 

the spatial coordinates, a 20 x 20 grid is used. 

At the start of the calculation, four (4) grid points forming a rectangle centered 

at (3.5Az, 3.5Ay) are given unit action values. Elsewhere, the action values are set 

to zero at the initial time. Two directions of propagation are chosen; one parallel 

to the r-axis (0°) and the other 60° off from the z-axis. Tests are performed with a 

Courant number of 0.3. As explained before, this value is not too low in wind wave 

models. 

The results after 20 and 40 time steps are plotted with the exact locations 

of the center of the unit pulses. The exact locations are marked with a plus(+) 

sign and the numerical results are shown in a three dimensional contour plot. For 

each of these figures, the minimum contour value is 0.05 and increases by 0.1 for 

subsequent contours. The non-negative condition for action values is applied. 

Figure 12 shows the results of the 1st order upwind scheme. The location of the 

peak shows good agreement with the exact solution but, for 60° propagation, the 

numerical dispersion is so severe that the pulses are spread out through nearly the 

entire region. For 0° propagation, the lateral propagation is restricted, resulting in 

one-dimensional propagation along the line parallel to the z-axis. Contours shown 

in the figure are interpolated results by the plotting routine. Besides the severe 

numerical dispersion, another problem of the 1st order upwind scheme is that the 

shape of the dispersion strongly depends on the direction of propagation. To avoid 
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this problem, the directional grid may be specified not to be aligned with the spatial 

axes. 

Figure 13 shows the results of the Lax-Wendroff scheme. The numerical dis- 

persion is much less than in the 1st order upwind case, and both directions of 

propagation yield similar shapes. However, the spatial dispersion is not so uniform 

(circular) and it shows a severe phase lagging problem. Its peaks fall far behind the 

exact solutions. In Figure 14, further improved results can be seen for the modified 

Lax-Wendroff scheme. The shape of the dispersion becomes more uniform and its 

amount is being reduced. More important is the improvement of the phase lagging 

error. Although the peaks are still behind the exact locations, they become much 

closer than in the original Lax-Wendroff scheme. 
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4. TESTS FOR STEADY CASES 

The numerical schemes introduced in the previous chapter are tested for some 

ideal cases which can demonstrate depth and/or current refraction. The problems 

are restricted to steady-state solution in (2,6) space since an analytic solution is 

available in this case for verification of the numerical results. A relatively fine grid 

(24 x 24) with 15° resolution is mainly used for the evaluation of the numerical 

schemes, and some results of a coarser grid (12 x 12) with 30° resolution are also 

presented for comparison. 

4.1 Analytic Solution 

As described in chapter 2, the action balance equation in wave number space 

can be written as follows when the source function term is taken to be zero: 

DN 0. . 

Its solution, for the steady case, is simply 

N(k;x) = constant (4.1) 

along a ray. Using equation (2.31), the action density in the wave number space, 

N(k; x,t), can be transformed into the frequency and directional space, A(w, 6; x, t). 

Equation (4.1), then, may be written in the frequency and directional space relat- 

ing two different positions on the same ray; an arbitrary position, x, and a given 

reference position, X,. 

ie 

(38), A(wr,073Xr) (4.2) 
(32) 
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  A(w, 6;x) = 

E 

x 
ky =| =



where the subscript “r” denotes the quantity measured at the reference position. 

It is convenient to specify the reference position at deep water in the absence of 

current. 

We assume that the water depth (h) and current velocity (U) are not time 

dependent (i.e., the absolute frequency, w, is invariant), and that there is no y- 

direction dependence, thus, 

W = Wr (4.3) 

ksin@ = k, sin 6, (4.4) 

Tayfun et al. (1976) described the following constraints to the analytic solution, 

which represent wave breaking and reflecting conditions, respectively. 

Ow k 
aE = VW 7 > 0 (4.5) 

| sin 6,| (4.6)   

(22)’ _ ktanhkh S tanh kh 

 k,tanhk,h, ~ tanhk,h, Ww 

The wave breaking condition (4.5) represents that the energy propagation speed 

along the orthogonal (perpendicular to crests or troughs) should be positive. In 

other words, when the current moves so fast in the opposite direction as to reverse 

the direction of wave propagation, we consider that wave breaking occurs and no 

wave energy can propagate. The second restriction (4.6) provides the range of 

directions of propagation for which the wave energy at the reference position, x,, 

can reach the position x without being reflected. It is calculated by setting the 

extreme value at the position x (i.e., | sin 6| = 1). Note that the reflecting condition 

of (4.6) is based on the reference position in the absence of current. 

TESTS FOR STEADY CASES 27



4.2 Numerical Solutions 

The numerical schemes investigated for the linear advection problem are ap- 

plied to non-linear test cases. The schemes are the Ist and 2nd order upwind 

schemes, the Lax-Wendroff scheme, and the modified Lax-Wendroff scheme. These 

will be referred to as UP1, UP2, LW, and LWG, respectively. As investigated in the 

previous chapter, the 2nd order upwind scheme (UP2) is unstable, but the results 

presented here are the steady state solutions after the unstable transient behavior 

has passed away. 

Since the propagation velocity, v, is a function of position, the action balance 

equation can be written in two different forms, 

OA 
3 + V-(vA) =0 (4.7) 

ot +v-(VA)+A(V-v) =0 (4.8) 

which are termed the conservative and the non-conservative forms, respectively. 

For the schemes based on central differencing such as the Lax-Wendroff schemes, 

these two forms yield very similar results. Hence, only the conservative form is 

considered for the Lax-Wendroff scheme and the modified Lax-Wendroff scheme. 

The (V -v) term of the non-conservative form may be evaluated either numerically 

or analytically. If done numerically, the choice of differencing will have no bearing 

(other than through the accuracy of the evaluation) on the performance of the 

propagation scheme as a whole. We have chosen to evaluate it numerically using 

2nd order central differencing. 
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4.3 Test Cases 

To compare the numerical solutions to an analytic solution, we must restrict 

ourselves to steady problems with no y dependence. The governing equation then 

becomes two-dimensional (z, 0). Since there will be no propagation in the frequency 

direction (w = 0), we need only treat one frequency. Three cases of depth and/or 

current refraction are considered. 

Case 1. Current Refraction; A current flows in the y direction varying its speed 

parabolically from zero at both ends to a maximum at the middle of the z region 

as shown in Figure 15. The peak value is specified to be equal to the wave energy 

propagation speed in deep water. 

Case 2. Depth Refraction; A cubic variation of water depth is designed to cover 

the range of 0.47 < kh < 3.07 as shown in Figure 16. 

Case 8. Depth and Current Refraction; This case is the combination of the two 

cases described above. 

Choosing the current speed and depth in this way makes the choice of frequency 

and zx scale arbitrary. For the calculation, we chose 0.318 Hz (2 rad/sec) wave 

frequency and a total length of 240 meters in the z direction. The corresponding 

current speed is 2.45 m/sec, and water depth varies from 7.5 meters to 0.5 meters. 

In each case, an initial energy spectrum, 

2 wT w cos*@6 —><60<5 

0 elsewhere 
F(w, 0; ro, to) => { (4.9) 

is specified along z = 0. 

The Courant number, based on maximum total velocity, is chosen as 0.7 for 

all calculations. In fact, its value doesn’t make any difference for a steady-state 

solution as long as it is within the stability criteria. In the implementation of each 

scheme, the negative action correction of section 3.1.5 is used. 
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4.4 Test Results 

4.4.1 Analytic Solution 

The analytic solutions for the three cases are shown in Figures 17 - 19 at the 15° 

resolution, and Figure 20 shows another look of Figure 19 (the analytic solution for 

case 3) at the 30° resolution. We plot the wave energy spectral distribution of the 

chosen frequency, F(6;x) = w,A(6;x). In case 1 (current refraction only), Figure 

17, energy at positive angles is refracted toward @ = 0° while a large portion of the 

energy at negative angles is reflected by the current field. Upon exiting the current 

field, we recover the initial spectrum, minus the reflected energy at the negative 

angles. In case 2 (depth refraction only), Figure 18, energy is being concentrated 

near 6 = 0° as the waves shoal. Case 3 (depth and current refraction), Figure 19, 

shows a combination of the two effects. These solutions are shown at the relatively 

fine angular resolution (for a wave model) of 15°, however, we still miss the peak in 

the current refraction which falls in 15° < 8 < 30°. With the 30° resolution, Figure 

20, much of the current refraction, including the peak, is missed. 

4.4.2 Evaluation of Numerical Results 

Corresponding numerical solutions were obtained for each case using most com- 

binations of the above differencing methods in each of the x and @ directions, in 

combination of conservative and non-conservative forms, and at 15° and 30° angular 

resolutions. We will use case 3 to demonstrate most of the main conclusions, then 

examine a reduced set of combinations in the other cases. These calculations were 

performed on a 24 by 24 grid, which implies a 15° resolution in 6. 

To obtain a quantitative measure of the agreement between the analytic and 

numerical solutions, we have calculated the standard deviation of the two over the 
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entire grid. Also, since this number is dominated by the peaks in the solution, 

we have calculated the standard deviation along zr = 0 only, to isolate the portion 

of the energy reflected by the current, along c = L/2 only (the midpoint of the 

grid) to examine the current refraction, and along z = L only, to examine what 

is being transmitted out of the domain. In doing this, there is the danger that, 

particularly at low resolution, these numbers are dominated by differences between 

the numerical and analytic solutions in only one or two bins. Often, an objective 

examination of the plot of a numerical solution will give one a different impression 

than the standard deviation values. To try to minimize this danger, we will present 

results for our highest resolution (to have more meaningful statistics), and caution 

the reader to look at each of the statistics rather than only the overall standard 

deviation values. 

4.4.8 Numerical Solutions 

Table 1 shows the standard deviation values for case 3. For the upwind schemes, 

the type of differencing used (UP1, UP2) in the x and @ directions is shown followed 

by a C or N to indicate use of the conservative or non-conservative forms respec- 

tively. For the Lax-Wendroff schemes, the use of the conservative form is implied. 

The first thing we notice is that the results are sensitive to the differencing form 

used in the @ direction, however, for a given differencing form in 6, the results are 

relatively insensitive to the form used in x. This can be attributed to the fact that 

the bin to bin variation in the 6 direction, especially near the peaks, is much greater 

than in the z direction. Next, we notice that when using upwind schemes in the 0 

direction, the non-conservative form yields better agreement with the analytic solu- 

tion than does the conservative form. The Lax-Wendroff schemes were found to give 

better agreement than the 2nd order upwind schemes which in turn outperformed 
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the 1st order schemes. No results are given for Lax-Wendroff schemes in both z 

and @ directions because this combination resulted in an instability problem. 

Recognizing the insensitivity to x direction differencing, we choose 2nd order 

upwind differencing of the conservative form (UP2C) for the x derivative and exam- 

ine the behavior of three @ direction differencing schemes with the three geometry 

cases. The differencing schemes are 2nd order upwind / non-conservative (UP2N), 

Lax-Wendroff / conservative (LW) and the modified Lax-Wendroff / conservative 

(LWG). The most commonly used 1st order upwind scheme is also included with 

the conservative form (UP1C) in both the xz and @ derivatives. Table 2 contains the 

numerical standard deviation results (defined as before) for the three cases. Note 

that in Tables 2 and 3, the results of the new scheme which will be described in the 

next chapter are also presented together with these results. 

Figure 21 shows the numerical solution of case 1 for the simplest differenc- 

ing, lst order upwind differencing of the conservative form for both the z and 6 

derivatives. The numerical dispersion of this scheme spreads out the peak and the 

reflected energy. Figures 22 - 24 show solutions using 2nd order upwind differenc- 

ing of the conservative x derivative and, respectively, 2nd order differencing of the 

non-conservative form, Lax-Wendroff differencing and modified Lax-Wendroff dif- 

ferencing for the 6 derivative. Figure 22 (UP2N) shows less numerical dispersion 

than in Figure 21, but the over-expansion of energy is observed after exiting the 

current field. Figure 23 (LW) gives a much larger peak than the analytic solution 

does, and it shows some noise in the reflected energy and in the over-expanded 

energy. Figure 24 (LWG) shows similar but improved results to Figure 23 in overall 

aspects. When examining the case 1 results, recall that the peak of the analytic so- 

lution falls between bands and thus although the Lax-Wendroff solutions appear to 

have overly large peaks, they may actually be better approximations to the analytic 
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solution than the Ist and 2nd order upwind schemes. Also evident in the figures is 

a leakage of energy into bands of 6 > 90° as the spectrum re-expands upon emerg- 

ing from the current. Although the analytic solution re-expands up to 6 = 90°, 

the numerical schemes produce some numerical dispersion beyond this limit. This 

energy travelling beyond @ = 90° becomes trapped within the current by refraction. 

The over-expanded energy in the current field grows until the trapped energy and 

the numerical dispersion are balanced to a steady equilibrium. For a transient case, 

such a large leakage of energy does not happen since the energy at a specific bin is 

not supplied continuously for such a long time. 

Figures 25 - 28 show the case 2 results in the same order as in the case 1. In Fig- 

ure 25, the energy spreading due to the lst order scheme’s numerical dispersion can 

be observed. Figure 26 (UP2N) shows good agreement with the analytic solution 

for the peak, but yet the numerical dispersion is observed at the other directions 

of propagation. Figure 27 (LW) gives a smaller peak but less dispersion than the 

upwind schemes. While the LWG scheme, Figure 28, produces better overall agree- 

ment with the analytic solution than the other schemes, it does introduce a small 

amount of noise which is evident at 6 = +60°. 

Figures 29 - 32 show the numerical solutions for case 3. Figure 29 (UP1C) shows 

energy spreading in the peak and reflected area due to the numerical dispersion. 

Figure 30 (UP2N) shows much improved results but still has a significant amount 

of dispersion at 6 = 30° and 60°. It can be seen that the LW scheme, Figure 31, 

produces superior results to the upwind schemes. The LWG scheme, Figure 32, 

gives even better results but it has a small amount of noise at the positive angles 

ahead of the current field. 

We have found that the trends observed at the 24 by 24 resolution hold for 

the 12 by 12 resolution (30° in 6) as well. Table 3 presents the standard deviation 
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values for 12 by 12 resolution solutions of case 3. Keeping in mind the very few 

non-zero values on which these statistics are based, we still see superior results when 

the LWG scheme is used in the @ direction. The results for the same combinations 

of differencing as in the finer grid are shown in Figures 33 - 36. The UP1C scheme, 

Figure 33, shows a much smaller peak due to the numerical dispersion. The UP2N 

scheme, Figure 34, provides a good shape of the peak but shows over-expanded 

energy at 6 = 30°. The LW scheme, Figure 35, gives a smaller peak than the 

analytic solution and introduces noise at 6 = —90°. The LWG scheme, Figure 36, 

yields superior results except for the noise at 6 = +90°. 
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5. PROPOSAL OF A NEW PROPAGATION SCHEME 

In the previous chapter, several numerical schemes were tested for the steady 

cases of the non-linear two-dimensional advection. For wind wave models, how- 

ever, the transient behavior is also important. The transient behavior of numerical 

schemes for linear advection was investigated in chapter 3. These schemes are 

found to have similar behavior in the more general cases of non-linear and multi- 

dimensional advection. 

The lst order upwind scheme shows large dispersion for the transient case 

as was seen in Figures 5 and 12. The initial shapes become very smooth due to 

numerical dispersion. For the 2nd order upwind scheme, its transient behavior 

is much worse. The scheme is unstable and diverging no matter how small the 

Courant number is. Therefore, the 2nd order upwind scheme is out of our candidates 

for wind wave models. The Lax-Wendroff scheme shows noticeable phase lagging 

errors for transient cases as shown in the unit pulse test (Figure 13). For steady 

cases, it provides reasonably accurate results but produces spurious oscillations. 

The modified Lax-Wendroff scheme shows good performance for both steady and 

transient cases, except for the spurious oscillations. Another problem of the Lax- 

Wendroff schemes is that they become unstable when used in both the spatial and 

directional dimensions. 

In this chapter, some methods to remedy the spurious oscillations and the in- 

stability problem of the Lax-Wendroff schemes are introduced, and by integrating 

these methods a new scheme is proposed. The new scheme is designed to take the 

performance of the modified Lax-Wendroff scheme, reducing the spurious oscilla- 

tions and avoiding the instability problem by the use of a limiter and time splitting. 

The tests given in the previous chapters are repeated for the new scheme to check 
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its performance. Then, this scheme as well as the lst order upwind scheme are 

tested for the propagation of wave spectra over an elliptic shoal for which model 

test results are available. 

5.1 The Limiter 

According to Godunov’s theorem, no second order scheme can be monotone- 

preserving (Roe, 1986). In other words, the spurious oscillation is an inherent 

problem of second order schemes which do not possess the “total variation dimin- 

ishing (TVD)” property as discussed in Morton and Sweby (1987). A limiter is 

used to retain the TVD property for the higher order schemes by adopting first 

order schemes where the spurious oscillation is expected. There are various types 

of limiters to do this work. 

For linear advection equations, Sweby(1984) rearranged several second order 

schemes into the first order upwind scheme and a “limited” flux called an additional 

anti-diffusive flux. A limiter is the parameter which controls the amount of the 

“limited” flux. He compared a class of limiters which can be transformed into his 

expression, and showed the range of values which the limiters may take to keep the 

scheme oscillation-free. Its application to non-linear equations, however, is quite 

complicated and the modified Lax-Wendroff scheme, which is our choice from the 

previous test results, cannot be transformed into his expression. His expression is 

based on a three(3) point approximation while the modified Lax-Wendroff scheme 

uses a five(5) point approximation for a one-dimensional advection equation. 

Therefore, we will use a rather simple kind of limiter which yields a weighted 

average of two schemes, i.e., the 1st order upwind scheme and the modified Lax- 

Wendroff scheme. That is, 

Apt = Aj + sj AAS two + (1—- si AAP upi (5.1) 
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where AA?) wa is an increment of A? during one time step as found from the 

modified Lax-Wendroff scheme and AA? 1p, is the corresponding increment from 

the 1st order upwind scheme. These are combined using a weighting determined by 

the limiter, s}. 

The limiter, s?, varies from 0 to 1, depending on the shape of the variation of 

A” near the j-th grid point. The extreme values of s?, 0 and 1, result in the Ist 

order upwind scheme and the modified Lax-Wendroff scheme, respectively. After 

testing various types of limiters, we found that the following limiter gives stable 

and reasonably accurate results. That is, 

_ [2r;| 
°7 = 1+r* 
  (5.2) 

where r; = (Aj41 — A;)/(A; — Aj-1). Figure 37 shows the variation of s; vs. r;. 

This limiter without the absolute value is Van Albada’s continuously differential 

limiter (Van Albada et al., 1982), which when used with the modified Lax-Wendroff 

scheme produced unstable results. 

The limiter, s;, is a function of r; which represents the ratio between two 

consecutive gradients of A. If a gradient of A at one side is dominant, the limiter has 

a small value which gives more weight to the 1st order upwind scheme to reduce the 

spurious oscillation. When both sides have comparable gradients, then the result is 

closer to that of the modified Lax-Wendroff scheme. Note that this limiter satisfies 

a reciprocal symmetry, i.e., s(r;) = s(1/r;), which means that the limiter has the 

same value for a pair of gradients regardless of their order of appearance. 
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5.2 Time-Splitting Method 

In chapter 3, the numerical schemes were extended from a one-dimensional 

equation to a two-dimensional equation. The dimensional extension requires tremen- 

dous efforts for the schemes which use the “staggered” point approximation (e.g., 

Lax-Wendroff schemes). Since wind wave models have usually three or four di- 

mensions, the use of the modified Lax-Wendroff scheme for all dimensions is quite 

difficult. 

A time-splitting method (Yanenko, 1971) developed by Soviet mathematicians 

provides an easier way to solve a multi-dimensional equation. It solves a series of 

one-dimensional equations instead of one multi-dimensional equation. As a simple 

example, consider a two-dimensional linear advection equation. 

OA ,OA_ .OA 

For explicit schemes, the finite difference equation can be written as follows 

using an operator notation. 

Avy) = Dry(At)A*, (5.4) 

The form of the operator, L,,(At), depends on the numerical scheme being 

used. For example, if the 1st order upwind scheme is used, the operator becomes 

yAt (Ate Atea) (68) Le) (At) A, = Aj, - Ag (Aine — Aji) - 

The time-splitting method “splits” one equation (5.4) into a couple of one- 

dimensional equations. 

A™t? = L,(At)A®, (5.6) 

Ant! = 1 (At) A"t? 5.7 pk = L,(At)A;, (5.7) 
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One-dimensional operators, D,(At) and L,(At), are defined in the same man- 

ner as the two-dimensional operator, L,,(At). For the case of the 1st order upwind 

scheme, they are defined as 

LEPY(AL)A’, = Aj, Ag (Ai — Af ik) 
i oN (5.8) 

Ly PMA) AR = Ale — Ze (Aha ~ Aer) 

This is also called a fractional step method since one time step is divided into 

several fractional time steps as we “split” the equations. Besides the ease of handling 

multi-dimensional equations, this method also provides a wider stability region for 

numerical schemes. Note that more grid points are used in calculating the split 

form. For the above example of the 1st order upwind scheme, one more grid point 

value, Aj_, ,_1, 18 included in the split form. 

When applying the time-splitting method to a second order scheme, the se- 

quence of operators should be symmetric to keep its second order accuracy (Warm- 

ing and Beam, 1976; Anderson et al., 1984), for example, 

AME = Le Sly SL Sel SAM (5.9) 

In the proposed scheme, we have adopted the following sequence to reduce the 

amount of computation necessary for each time step. 

n At At, on AM = Le(F)Ly(AtLe(S AM (5.10) 

Although this is an approximation of (5.9), we retain the second order accuracy. 
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5.3 New Propagation Scheme 

Among the numerical schemes tested in the previous chapters, the modified 

Lax-Wendroff scheme shows the best performance for both steady and transient 

cases. The new scheme is based on the modified Lax-Wendroff scheme, adopting 

the limiter and the time-splitting method to resolve the spurious oscillation and the 

instability problem described above. 

First, the four-dimensional action conservation equation (2.33) can be “split” 

into the following three equations which represent propagation in a spatial, a fre- 

quency, and a directional dimension, respectively. 

OA O., 0... 
OE + 9; (tA) + yw) = 0 (5.11) 

OA O.. 
OE + ao WA) =0 (5.12) 

OA O->. 
OE + 39 (9A) =0 (5.13) 

The spatial advection equation (5.11) may be also split into two equations, but 

we keep this in one equation since the same physical domain is involved. These 

equations are solved sequentially at each time step. 

If we use the operator notations as before, the finite difference equation becomes 

A™ts = L,,(At)A" (5.14) 

A™ts = D(At)A"ts (5.15) 

At] = Lo(At)A"t3 (5.16) 

Operators are defined in the same manner as in the previous section. For 

example, when the 1st order upwind scheme is applied, the formula of the two- 

dimensional operator, Lz,, can be derived from equation (3.17). This results in 
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LP) as defined by equation (5.5). The one-dimensional operators, LZ?! and L§”?, 

are given by the w and @ equivalents of equation (5.8) which is derived from (3.3). 

For the modified Lax-Wendroff case, each operator represents a two step operation. 

Li)" includes the operations of (3.21) and (3.24), while LEWG and LLWG are the 

two step operators of equations (3.9) and (3.12). 

The 1st order upwind scheme and the modified Lax-Wendroff scheme are then 

combined by a limiter at each level of the time split equations. The values of the 

limiters are calculated at the beginning of each time step, At, and then be kept 

unchanged through the fractional time steps. For example, the last level equation 

(5.16) becomes 

Amt = att 4 sh[ZbW (ae) — Art + (1 — 9g)[DEP'(at) —1]A"t8 (6.17) 

where s@ is the limiter defined by (5.2) in the 6 direction. 

Since the limiter has a different value for each dimension, the updated value 

using the two-dimensional operator, (5.14), should be decomposed into x and y 

components to be combined with the corresponding limiters, s? and s}, which is 

quite straightforward. The sequence of operators is taken to be symmetric as shown 

in (5.10) to keep the second order accuracy. Another advantage of the use of the 

limiter is to be able to avoid erroneous results of the central differencing such as the 

Lax-Wendroff schemes near a fixed value point (e.g., land boundary, wave breaking 

point). In this region, the schemes which involve the fixed point often fail to converge 

due to the constant value being forced at the fixed point. By setting s; = 0 at the 

adjacent points, this undesirable effect of the fixed point can be avoided. 
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5.4 Tests For Ideal Cases 

The new scheme is tested for the same examples used in chapters 3 and 4. 

Its amplification factor falls between those of the lst order upwind scheme and 

the modified Lax-Wendroff scheme, depending on the local variation of the action 

values. 

Figure 38 shows the square wave test results with the new scheme. No spurious 

oscillations are observed and its phase lagging error is quite acceptable. It shows 

more dissipation than the modified Lax-Wendroff scheme but much less than the 

1st order upwind scheme. Figure 39 shows the unit pulse propagation using the new 

scheme. At the very beginning of the propagation, the new scheme is dominated 

by the 1st order upwind scheme since the initial shape of the unit pulse is very 

abrupt. Once the abrupt shape is numerically dispersed by the lst order upwind 

scheme, the modified Lax-Wendroff scheme starts to contribute its portion. It can 

be seen that the results are dominated by the 1st order upwind scheme, but the 

numerical dispersion is a little bit improved at the cost of a phase lagging error. 

The restriction of the lateral dispersion in the 0° propagation discussed earlier can 

be avoided by specifying the directional grid not to be aligned with the spatial grid 

axes. Propagations in 5° and 75° directions (5° and 15° to spatial grid respectively ) 

are shown in Figure 40. It shows less dispersion but more phase lagging error, as 

the direction of propagation becomes aligned with the spatial grid axis. 

Figures 41 - 44 show the results of the new scheme for the steady cases given 

in chapter 4. They, respectively, represent each of the three test cases in the 15° 

resolution, and case 3 in the 30° resolution. Figure 41 (case 1) shows good agreement 

with the analytic solution in the peak and the reflected energy while the spurious 

oscillation and the energy leakage of the LWG scheme in Figure 24 are significantly 

improved. Figure 42 (case 2) and Figure 43 (case 3) also show the elimination of 
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the spurious oscillations of the LWG scheme in Figures 28 and 32. For a coarser 

grid (Figure 44), some loss of accuracy is observed in the size of the peak and the 

reflected energy. 

The most important fact of this test is that convergent results are achieved 

with the use of a higher order scheme in both the x and @ directions. Effects of 

setting the limiter to zero near the wave breaking points can be observed at the 

region of z = 80 m and @ = 45° in Figures 41 and 43. The standard deviation 

values defined in chapter 4 are compared in Tables 2 and 3 along with the other 

numerical schemes. 

5.5 Comparison With Experimental Data 

Wave propagation over an elliptic shoal was tested at the U.S. Army Engineers’ 

Coastal Engineering Research Center (Briggs, 1987). The tests were performed in 

a model basin (96 ft long, 114 ft wide) equipped with the directional spectral wave 

generator. Water depth was adjusted to have a uniform depth of 1.5 ft, and an 

elliptic shoal (minor radius of 10 ft in the longitudinal direction; major radius of 

13 ft in the lateral direction) was located midway along the wave generator and 20 

ft away from the wave generator to the center of the elliptic shoal. The height of 

the elliptic shoal was 1.0 ft at its center so that the minimum water depth was 0.5 

ft. Figure 45 shows the layout of the test set-up. The measuring points are marked 

with the “x” sign in the figure. 

Several different wave fields were tested for the same peak frequency (T = 1.3 

sec). They are a monochromatic wave and irregular wave spectra with different 

combinations of frequency spreading (Figure 46) and directional spreading (Figure 

47). Details of the spreading functions are described in Briggs (1987), Vincent and 

Briggs (1989), and Panchang et al.(1990). Since they found that the directional 
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spreading is more important than the frequency spreading, we reduce the compari- 

son cases to the monochromatic wave, the narrow and broad directional spreading 

waves with the broad frequency spreading. The experimental results of the “initial 

test series” (Briggs, 1987) are used for comparison since a wide range of measured 

data are available for those test series in spite of some occurrences of wave break- 

ing. Results are shown in a three-dimensional contour plot of the wave heights 

normalized by the input wave height. When the wave energy is concentrated, the 

normalized wave height becomes larger than 1.0 and vice versa. The boundary of 

the elliptic shoal is shown in a broken line. 

Figures 48 - 50 show the model test results for the monochromatic wave, the 

narrow and broad directional spreading waves, respectively. Note that these figures 

are based on a relatively small group of measured data points as shown in Figure 45. 

When evaluating the results, we focus on three aspects of the contour plot, location 

of the peak, level of the peak, and the pattern of energy concentration. If there 

is no obstacle such as the elliptic shoal in wave propagation, energy concentration 

will not happen, resulting in a uniform distribution of wave height except for the 

three-dimensional effect from the finite length of the wave generator. As can be seen 

in Figure 48, the monochromatic wave yields a strong energy concentration behind 

the elliptic shoal in the longitudinal direction. The peak value of the normalized 

wave height is about 2.4 at x = 35 ft. The narrow directional spreading spectrum 

(Figure 49) shows a similar pattern but its concentration level is much lower than 

that of the monochromatic wave. It gives a peak of 1.35 between + = 35 ft and 

xz = 40 ft. The broad directional spreading wave (Figure 50) has a dramatically 

different look. Instead of a strong concentration, a weak peak of 1.2 is observed 

above the elliptic shoal, which is far ahead of the peak locations in the other cases. 
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Before we compare the numerical solutions with the model test results, it should 

be considered that this is an extreme test of our linear theory because of the relative 

sizes of the wave length and the radius of the elliptic shoal. The purpose of this 

numerical calculation is not to obtain an accurate estimation of this problem, but 

to investigate the performance of the new scheme compared to the widely used 

1st order upwind scheme with some indication of proper results. The numerical 

solutions, however, show good agreement with the model test result for the broad 

directional spreading case which is the most usual condition in the ocean. 

For the numerical calculations, a 20 x 16 grid is generated in the x-y space 

as shown in Figure 51. It has a grid size of 2.5 ft in both directions. The fre- 

quency spectrum is discretized into fifteen (15) frequency bands with a logarithmic 

increment, ranging from 0.5 Hz to 2.0 Hz. For the monochromatic wave, only one 

frequency band of 0.7692 Hz (T = 1.3 sec) is used. The directional spreading 

for the irregular waves is modeled with twelve (12) or twenty four (24) directional 

bands which correspond to 30° resolution and 15° resolution, respectively. It can 

be realized from Figure 47 that these resolutions provide very poor approximations, 

especially for the narrow directional spreading. Both cases of the aligned and mis- 

aligned directional grids to the spatial axes are tested. For the misaligned case, 

the spatial axis is located at the center of the directional bin to avoid asymmetric 

results. 

The numerical solutions are shown for two schemes: (a) the 1st order upwind 

scheme and (b) the new scheme. Figures 52 and 53 represent the results of the 

monochromatic wave in the 30° and 15° resolutions, respectively. Since the wave 

propagates only in the z direction, the misaligned grid is not considered. The new 

scheme provides better results than the 1st order upwind scheme, and the finer 

directional grid (15° resolution) yields better results than the 30° resolution grid. 
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This statement will not be repeated since it is also true for the remaining test 

cases. The new scheme contributes to improving the level and location of the peak, 

while the finer directional grid improves aspects including the pattern of energy 

concentration. The new scheme with the 30° resolution (Figure 52b) yields a result 

comparable to that of the 1st order upwind scheme with the 15° resolution (Figure 

53a). The former has an advantage in the level of the peak while the latter shows 

a better pattern of energy concentration. In both cases, the locations of the peak 

are far ahead of model test result. 

The numerical results of the narrow directional spreading are given in Figures 

54 - 57. For the 30° resolution grid (Figures 54 and 55), the alignment of the 

directional grid to the spatial axes shows a significant effect on the results, especially 

for the 1st order upwind scheme case. As described in the unit pulse test, the 

misaligned grid provides a more uniform shape of the numerical dispersion in the 

spatial coordinates. In this case, however, it can be attributed rather to the coarse 

discretization of the directional spreading function (Figure 47). The results of the 

finer (15°) resolution grid (Figures 56 and 57) are less sensitive to the alignment, 

since the directional spreading function is discretized in a little more detail for these 

cases. Compared with the model test result (Figure 49), the numerical solutions 

provide good estimations in the level of the peak but yet they give the locations of 

the peak far ahead. 

For the broad directional spreading (Figures 58 -61), the choice of the numerical 

scheme is more sensitive than that of the directional resolution or the alignment. 

This can be attributed to the fact that the directional spreading function is dis- 

cretized relatively in detail. Once again, the new scheme shows better performance 

than the 1st order upwind scheme in the level and location of the peak. It is encour- 

aging that the new scheme with the 30° resolution (Figures 58b and 59b) provides 
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comparable results to the 1st order upwind scheme with the 15° resolution (Figures 

60a and 61a). These numerical results show good agreement with the model test 

result (Figure 50). 
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6. APPLICATION TO WIND WAVE MODEL 

In this chapter, operation of a wind wave model is demonstrated using the 

propagation module developed in the previous chapters. For the calculation of the 

source function terms, a first generation wind wave model named VPINK is used. 

The development of wind generated sea is simulated for a one-dimensional fetch 

limited case and at the Bight of Abaco where field measurement of wind and wave 

data is in progress. The field measurement data for comparison with the numerical 

results of the wind wave model are unfortunately not yet available. It is assumed 

that the water depth and current are varying only in space, not in time, so that the 

absolute frequency (w) may remain invariant. 

6.1 Wind Wave Model 

The propagation module developed in the previous chapters is solving the ac- 

tion conservation equation (2.33), while a complete wind wave model should solve 

the action (or energy) balance equation which includes the source function term. 

In this paper, the VPINK model will be used to calculate the source function term. 

6.1.1 VPINK Wind Wave Model 

Since our main concern is investigating the propagation module, a relatively 

simple wind wave model, the VPINK developed by Neu and Kwon (1986), is chosen. 

They recognized some erroneous results of the SOWM (Spectral Ocean Wave Model; 

Pierson, 1982) which is one of the operating wind wave models of first generation. 

When the wind and wave fields are not aligned, the SOWM responds unreasonably 

since its growth mechanism is based on the point spectral value with a specified 

directional spreading function and it does not allow wave growth for each directional 
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band individually. To remedy this problem, they replaced the point spectral growth 

mechanism of the SOWM by a directional growth mechanism. 

To demonstrate the growth pattern (i.e., source term) of the VPINK model, A 

point spectral growth in an open sea area (unlimited fetch) is investigated. In this 

case, the propagation module does not affect at all since there is no dependence in 

the spatial coordinates. A typical growth pattern of the point spectrum is shown 

in Figure 62(a). It represents the point spectral evolution at three hour intervals 

for a steady wind at 10 m elevation of 10 m/sec. For this calculation, sixteen (16) 

frequency bands and twelve (12) directional bands (30° resolution) are used. The 

frequency band starts from 0.05 Hz and increases in a logarithmic manner up to 

1.0 Hz. The broken line in the figure represents the fully developed sea which is 

described by the Pierson-Moskowitz spectrum. Figure 62(b) shows the time history 

of significant wave height corresponding to the point spectral evolution. For the 

steady wind of 10 m/sec in an open sea, the fully developed sea has the significant 

wave height of 2.4m. The significant wave height and the spectral density functions 

have the following relation: 

H, =4,| / Fy(f) df = al | | F(wo, 0) dud (6.1) 

where H, is the significant wave height and f is the frequency in Hz. F;(f) is 

  

the point spectrum in frequency base, while F(w,@) is the spectral energy density 

function as defined in (2.30). 

The VPINK model does not include a bottom friction effect but it does consider 

wind energy input and, implicitly, non-linear wave-wave interaction as well as the 

dissipation effect of the waves propagating against wind. For details of the VPINK 

model, refer to Kwon (1986); Neu and Kwon (1986). 
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6.1.2 Structure of Wind Wave Model 

Wind wave models usually seek to solve the energy or action balance equation. 

As explained in chapter 2, the action balance equation (2.37) is chosen in this paper 

since it provides greater ease of computation in a moving medium such as a current. 

OA , 0 .. 0 |; S 
OE + Vx . (xA) + ap eA) + 99 (74) = Wo (2.37) 

where A(w,6;x,t) is the action spectral density function, and S(w,06;x,t) is the 

source function term representing the rate of change of energy. To keep the same 

dimension of the action on both sides, the source function term, S, is divided by 

the intrinsic frequency, Ww». 

The idea of the time-splitting method can also be applied to the action balance 

equation (2.37) as well as to the action conservation equation (2.33). The action 

balance equation (2.37) can be “split” into two equations as follows: 

OA , 0. 0 |; 
OL + Vx: (xA) + Bp WA) + 39 (24) =0 (6.2) 

OA S 
Oo, (6.3) 

The first equation (6.2) which is identical to the action conservation equation 

(2.33) is responsible for the propagation of wave energy. Numerical schemes inves- 

tigated and developed in the previous chapters are all about this equation. The 

second equation (6.3) represents the balance between the local time derivative of 

the wave action and its generation and dissipation (the source function term) which 

is calculated by the VPINK model. 

Figure 63 shows the flow chart of the wind wave model consisting of three 

modules; parameter, propagation, and source term modules. The parameter mod- 

ule solves the dispersion relation as described in the Appendix and calculates the 
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propagation speeds for all dimensions (2, y,w, 6). Since we assume that the water 

depth and current are not time dependent, these parameters are calculated once and 

for all. The propagation module which is the main concern of this paper provides 

many options of selecting numerical schemes. In the flow chart, a case of selecting 

the new scheme is presented. At the beginning and the end of this module, conver- 

sions between energy and action are performed to solve the propagation problem 

in the wave action, not in the energy. After calculating the values of limiters once 

per iteration, the differencing operators are applied in a specified sequence. The 

source term module calculates wave growth and dissipation using the VPINK model. 

Upon exiting each of the propagation and the source term modules, the spectral 

energy values are updated and the non-negative corrections are performed. These 

two modules are in a time increment loop. 

6.2 Simulation Of Developing Wind Sea 

Operation of the wind wave model is demonstrated by simulating the devel- 

opment of a wind generated sea in fetch limited areas. After investigating a one- 

dimensional fetch limited growth, the wind wave model is applied to the Bight of 

Abaco grid. These calculations are performed using the same conditions as in the 

example of the point spectral growth (section 6.1.1), i.e., the steady wind of 10 

m/sec, which may result in a fully developed sea of 2.4 m significant wave height in 

an open area, and the sixteen (16) frequency bands (0.05 - 1.0 Hz) and the twelve 

(12) directional bands (30° resolution). Results are given for the two different prop- 

agation schemes; the 1st order upwind scheme and the new scheme proposed in the 

previous chapter. The effects of the directional grid alignment to the spatial grid 

axes are also investigated. 
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6.2.1 One-Dimensional Fetch Limited Growth 

The point spectral growth considered in section 6.1.1 represents the wave 

growth in an open area where the fetch distance is unlimited. Since there is no 

spatial coordinate (z, y) dependence in this case, the propagation module did not 

affect the calculation results at all. A fetch limited growth is simulated for a one- 

dimensional grid (no y dependence) of which one end is a land point and the other 

open. A total length of 200 km is modeled with a grid size of 20 km. A steady wind 

blows orthogonally offshore (i.e., from the land point to the open point) on initially 

calm water. Effects of depth and current refraction are investigated for the same 

profiles (Figures 15 and 16) as used in the steady test cases of chapter 4. 

Figure 64 represents the evolution of significant wave height along the fetch 

distance (z axis) without any refraction (deep water and no current). Calculations 

are performed with a 20 minute time step and the results are shown at 2 hour 

intervals. No significant differences are observed between (a); the spatial grid axes 

coincide with the directional band, and (b); the spatial and directional grids are 

set to be misaligned by 15°. The new scheme, compared to the 1st order upwind 

scheme, yields higher wave heights during the developing sea and lower values at the 

steady state condition. This observation implies that the new scheme propagates 

more energy than the Ist order upwind scheme. Effects of the current (maximum 

speed 2.45 m/sec) are not so significant in this case (Figure 65), resulting in a 

little decrease of wave height in the current zone. This can be explained by the 

fact that the peak of energy concentration due to the current refraction falls in a 

directional bin which, for the relatively coarse grid (30° resolution), misses the peak 

for both cases of (a) and (b). Figure 66 shows the results of the depth refraction, 

in which the alignment of the spatial and directional grids has significant effects, 

especially for the new scheme. Energy is concentrated due to the depth refraction 
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near 6 = 0° where the directional band does exist in (a), and does not in (b). The 

misaligned grid, (b), gives lower wave heights since it misses the peak at 6 = 0°. 

The 1st order upwind scheme, however, shows less differences between (a) and (b) 

because of its large numerical dispersion as in the steady case (Figure 25). Note 

that the discussion of the grid alignment in this example is different from that in the 

unit pulse test case where the necessity of the misaligned grid was introduced. In 

the unit pulse test, the numerical schemes, especially the 1st order upwind scheme 

(Figure 12), showed different patterns of numerical dispersion depending on the 

angle between the direction of propagation and the spatial grid axis. The problem 

in this section is not the numerical dispersion but whether the directional grid is 

modeled to include the region of energy concentration (@ = 0°) or not. The wave 

growth rate is proportional to the amount of energy present. When the current 

refraction as well as the depth refraction (Figure 67) are considered, the pattern 

of energy concentration becomes asymmetric and the grid alignment results in less 

discrepancy, especially for the new scheme. 

6.2.2 Stmulation of the Bight of Abaco 

A group of scientists including my advisor are involved in a long term research 

project of developing an integrated wind wave model. As a part of this project, 

they are collecting field measurement data of wind and wave spectra at a fetch 

limited region. The Bight of Abaco in Bahamas provides such a good fetch limited 

region since it has a semi-enclosed ocean area of an appreciable size. An intensive 

measurement of wind and wave data is being carried out at this region for two years, 

but unfortunately it is not yet ready to compare with the results of a wind wave 

model. 
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Figure 68 shows the geometry and bathymetry of this region. The enclosed 

area is about 100 km long and 40 km wide. One division of the frame in the figure 

is 10 km long. The maximum depth in this region does not exceed 10 m and the 

northern part is generally deeper than the southern part. The only open boundary, 

in the southwest, has very shallow water depth so that the effects from the open 

sea are significantly blocked. It is modeled with a square grid of 4.8 km length as 

shown in Figure 69. In the figure, the locations of wave arrays and weather stations 

are also shown. A total of 152 grid points are involved, among which boundary 

points are defined as either a fixed point (land point) or an open boundary point 

(only outflow of energy is allowed). Figure 70 represents the depth contour map of 

the modeled region, based on the input data of depth at each grid point. 

Two-dimensional fetch hmited growth is simulated for a steady wind of 10 

m/sec in several different directions. Calculations are performed using a 100 sec- 

ond time step, and the same frequency (16) and directional (12) bands as before. 

Simulated results are presented in a three-dimensional contour plot of significant 

wave heights (in meters). The arrows indicate the mean directions of propagation at 

each grid point, and their lengths are linearly proportional to the significant wave 

heights. All the figures represent the wave growth after 10 hour duration of the 

steady wind on initially calm water. This time duration is long enough to reach a 

steady state sea for this example. Although observations are not yet available to 

confirm these results, the wave heights calculated agree well with expected values 

for this wind speed and region. 

First, effects of the grid alignment are investigated. As mentioned in the pre- 

vious section, the necessity of the misaligned grid was introduced in the unit pulse 

test where the 1st order upwind scheme showed very different patterns of numerical 

dispersion, depending on the angle between the spatial grid axis and the directional 
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grid. To examine the effects of the grid alignment apart from the depth refraction, 

the Abaco grid is tested assuming deep water everywhere with a northwest wind 

which blows along the spatial grid axis. 

Figures 71 and 72 show these results with the 1st order upwind scheme using 

the aligned grid and the misaligned grid, respectively. Noticeable differences are 

observed along the open boundary and behind the isolated island. The aligned grid 

(Figure 71) propagates wave energy in a straight pattern along the wind direction 

while the misaligned grid (Figure 72) shows a pattern of energy propagation which 

smoothly follows the boundaries. 

The same trend can be observed in the results of the new scheme (Figures 73 

and 74). The misaligned (Figure 74) grid allows more energy to be bent near the 

open boundary and the island than the aligned grid (Figure 73) does. In Figure 73, 

spurious oscillations occur perpendicular to the wind. They result from the mech- 

anism of the staggered point approximation (e.g., Lax-Wendroff schemes) which 

transfers boundary effects in an alternating pattern. For the aligned grid, this kind 

of spurious oscillation can happen in the directional band which is parallel to a 

boundary and also parallel to the spatial grid axis. It is another advantage of the 

misaligned grid to be able to avoid this spurious solution. In the following, except 

where noted, calculations are limited to the misaligned grid only. 

Next, effects of depth refraction are investigated as well as those of the prop- 

agation schemes (i.e., the 1st order upwind scheme and the new scheme). Two 

different wind directions are simulated using a misaligned grid with 30° resolution. 

Figures 75 and 76 show these results for the northwest wind as before. The 

depth refraction changes the mean direction of wave propagation along the bound- 

aries, especially behind the island. While the 1st order upwind scheme shows less 

differences between the deep water (Figure 72) and the depth refraction (Figure 
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75), the new scheme yields more refracted results, evident in the shape of energy 

concentration in Figure 76 (depth refraction) compared with Figure 74 (deep water). 

Figures 77 - 80 represent the simulated results for a north wind. The deep 

water results (Figures 77 and 78) give a higher level of significant wave heights and 

more homogeneous mean directions of wave propagation than the depth refraction 

cases (Figures 79 and 80). The depth refraction (Figures 79 and 80) causes the 

mean directions of propagation to be bent toward shallow water, resulting in lower 

wave heights at the center of the region. As in the previous wind direction, the 

new scheme (Figure 80) shows more energy refraction along the boundaries than 

the 1st order upwind scheme (Figure 79), which can be clearly noticed by the mean 

directions of propagation and the shape of energy concentration along the island. 
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7. CONCLUSION 

A new numerical scheme for the propagation of wind wave spectra was proposed 

after investigating the characteristics of some higher order numerical schemes. They 

were examined as an alternative to the commonly used 1st order upwind scheme 

for the action balance equation. The schemes examined are the 2nd order upwind 

scheme, the Lax-Wendroff scheme, and the modified version of Lax-Wendroff scheme 

suggested by Gadd. 

First, their characteristics were investigated for a linear advection equation 

which is equivalent to deep water in the absence of current. After calculating the 

amplification factors, transient behaviors were demonstrated in a one-dimensional 

space (square wave test) as well as in a two-dimensional space (unit pulse test). 

These tests showed severe dissipation and numerical dispersion of the lst order 

upwind scheme, and diverging results for the 2nd order upwind scheme. The Lax- 

Wendroff schemes showed superior results in the aspect of the numerical dispersion, 

but the Lax-Wendroff scheme had a significant phase lagging problem. This problem 

was much improved in the modified Lax-Wendroff scheme. 

Then, these schemes were applied to a non-linear advection equation in which 

depth and current refraction is considered. To compare with an analytic solution, 

the problem was restricted to the steady state solution in an z-@ space. Various 

combinations of differencing schemes were tested including the conservative and 

non-conservative forms in the upwind schemes. From this problem, we found: 

a. The choice of the numerical scheme used in the 6-direction is more important 

than that in the z-direction when wave energy is concentrated in a small number 

of bands due to refraction. 
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b. For upwind schemes in the 6-direction, the non-conservative derivative form 

gives better results than the conservative form. However, there is little differ- 

ence between these forms when using a Lax-Wendroff scheme. 

c. Lax-Wendroff schemes have less tendency to spread out (or are more capable 

of concentrating) the energy in direction than the upwind schemes, however, 

they introduce a small amount of noise into the solution. 

d. The modified Lax-Wendroff scheme of Gadd performed better than the original 

for this problem. 

A new scheme was designed to take advantage of the modified Lax-Wendroff 

scheme’s performance at the same time reducing the spurious oscillation of the 

second order schemes. A continuous limiter was suggested which gives a weighted 

average of the 1st order upwind scheme and the modified Lax-Wendroff scheme, 

depending on the shape of variation of the action (or energy) values. The instability 

problem of the Lax-Wendroff schemes when used in both the spatial and directional 

dimensions was remedied by introducing a time-splitting method. This method 

provides a wider range of numerical stability as well as the ease of handling a multi- 

dimensional equation. Application of the new scheme to the previous examples 

showed successful results. 

As another example, propagation of wave spectra over an elliptic shoal was 

simulated for which model test results are available. Although it is an extreme test 

for a linear wave theory, the numerical calculations gave very encouraging results, 

especially for a wave spectrum broadly spread in direction. The new scheme with 

30° resolution provided comparable results to the 1st order upwind scheme with 

15° resolution. 

The complete action balance equation was solved by combining the propagation 

module (action conservation equation) with a source function term (VPINK model). 
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Operation of the wind wave model was simulated for a one-dimensional fetch lim- 

ited case and for the Bight of Abaco grid. They showed that depth refraction has 

significant effects on the shape of energy concentration and the mean directions of 

propagation. The new scheme provided more energy propagation and more refrac- 

tion than the 1st order upwind scheme did, resulting in a more smooth pattern of 

wave energy flow along the boundaries. When a directional band is aligned with a 

spatial grid axis which is also parallel to the boundaries, the staggered point ap- 

proximations, such as the Lax-Wendroff schemes, induce spurious solutions along 

the axis perpendicular to the directional band. This can be avoided by setting the 

directional grid to be misaligned to the spatial grid axes, which also provides more 

uniform numerical dispersion for each direction of propagation. 
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APPENDIX: Solution of Dispersion Relation for a Moving Medium 

As described in section 2.2, a linear gravity wave should satisfy the dispersion 

relation which is derived from the dynamic free surface condition. In a moving 

medium such as a current, an intrinsic frequency is involved in the dispersion rela- 

tion, resulting in the following simultaneous equations: 

w=w,e,t+k-U (2.7) 

w? — kgtanhkh (2.8) 

In most cases, the unknown variables are the intrinsic frequency, w,, and the 

wave number, k. Since these equations have multiple roots, it is necessary to choose 

the correct one. A graphical solution (Mei, 1983) provides good understanding on 

the characteristics of the roots. Rearranging the above equations to represent w, 

as a function of k, we have 

Wy =w—qk (Al) 

Wo = t/kg tanh kh (A2) 

where g = U-k/k. 

The roots can be found from the intersections of the straight line, (Al), and 

the curve, (A2), as shown in Figure 81. In this figure, the deep water approximation 

(tanh kh = 1) and the shallow water approximation (tanh kh = kh) are plotted in 

broken lines, and only positive values of the absolute frequency (w) and wave number 

(kK) are considered. The simplest case is when the current moves orthogonally to 

the direction of wave propagation (k-U = 0). Obviously, the intrinsic frequency 

is equal to the absolute frequency in this case, resulting in a single root at point Z 

which is identical to the solution in the absence of current. 
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When the current moves in a favorable direction to the wave (k- U > 0), two 

roots always exist, P, and P2, which respectively yield a positive and a negative 

intrinsic frequency. Our choice is clearly the positive one (P,) since it provides 

continuity near k-U = 0. As the current speed increases, the wave length and 

the relative (intrinsic) propagation speed also increase. The negative root (P2) 

represents the wave which propagates in the opposite direction from a view point 

of the moving coordinate system. Its phase velocity is still favorable to the current 

but so slow as to be swept along by the current. 

When the current flows against the wave (k-U < 0), solutions may or may not 

exist depending on the value of g (= U-k/k). The threshold case has a double root 

at Ny2 which corresponds to the critical wave breaking condition (4.5) described 

in section 4.1. In this case, wave energy is no longer propagated (group velocity), 

but the shape of the wave is still being propagated (phase velocity). No solutions 

exist beyond this threshold, while there are two roots (N; and N2) for a weaker 

current. As the current speed decreases, the wave length and intrinsic propagation 

velocity increase for the smaller root (V,), and the opposite is true for the larger 

one (N2). The smaller root (Nj) is again our choice which satisfies the continuity 

near k- U = 0. 

These equations can be solved numerically by one of many root finding meth- 

ods. In this problem, no matter which method is used, a good initial guess of the 

root is very important for the correct convergence, since the variation near the de- 

sired root easily misleads the root finding methods to converge to the other root or 

to diverge. In the following, the two equations, (Al) and (A2), are combined into 

a single equation, and then the corresponding initial guess value is derived along 

with constraints on the root. 
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By equating the intrinsic frequency terms of (Al) and (A2), a single equation 

involving to the wave number is obtained. Using non-dimensional variables, 

f(k') = (w' — qk’)? — k' tanhk’ =0 (A3) 

where w! = w,/h/g,q' = qVgh, and k' = kh. 

The shallow water approximation provides 

f(k') = (w' — q'k')? — k” =0 (A4) 

Since it is found from the graphical solution that both w, and k are positive, 

equation (A4) has the solution of 

  (AS) 

with a constraint of 

qg’+1>0 (A6) 

The deep water approximation of equation (A3) is 

Qu! J \? F(R) = (w! = 1B) — =? x -(+5)+(4) | =0 (At) 

which has the roots of 

w! 1 w! 1 \? w!\? 

Ne (= r 7) * \(2 r 7) 7 (=) (48) 

under the constraint that 

w! 1 \? w!\? 1 
( + | -(5) = Gall + 4e%q') 2 0 (A9) qd 2q!? q' 
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From the graphical solution, it is seen that the smaller root of k' is the desired 

solution. A good initial guess of the root can be obtained by interpolating the 

following two values: 

1 [w& 1 Ww 1 Ww 

b= (S+gs)- (+a) -(F) a) 

  

  

  

wy! 1 
k! => q + 2q"? (A11) 

The secant method gives the initial guess as 

! "\_ pe ! 
k! _ ki F(R) Kin S (Fi) (A12) 

Ff (Rin) = F(R) 

where the function f(k') is the same as (A3). 

Equation (A3) can now be solved. In this paper, the Newton-Raphson method, 

one of the slope methods, is used to find the root. Finally, the slope of the function 

f(k') at the root is checked, which should be negative, to confirm the correct root 

convergence. For the cases tested in this paper, this initial guess is very successful 

in converging quickly to the desired root. 
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Table 1. Standard Deviation from the Analytic Solution for Various 

Differencing Combinations - Case 3, 24 x 24 grid 

  

x g all Tr=0 Or=L/2 Cr=L 
UP1C UP1C 0.2135 0.0308 0.2547 0.2684 

UPIN UPIC 0.2174 0.0312 0.2409 0.2562 

UP1C UPIN 0.1957 0.0320 0.1626 0.2281 

UPIN UPIN 0.2195 0.0313 0.1406 0.2324 

UP2C UP2C 0.1981 0.0302 0.2365 0.2503 

UP2N UP2C 0.1996 0.0306 0.2350 0.2508 

LW UP2C 0.2317 0.0359 0.2282 0.2488 

UP1C UP2N 0.1784 0.0269 0.2004 0.1828 

UPIN UP2N 0.1784 0.0279 0.1829 0.1745 

UP2C UP2N 0.1745 0.0241 0.1802 0.1820 

UP2N UP2N 0.1764 0.0249 0.1764 0.1814 

LW UP2N 0.1937 0.0259 0.1709 0.1772 

LWG UP2N 0.1938 0.0252 0.1713 0.1774 

UP2C LW 0.1499 0.0281 0.1150 0.0817 

UP2C LWG 0.1261 0.0196 0.0816 0.0898 

  

  

  

  

                
 



Table 2. Standard Deviation from the Analytic Solution 

for Cases 1,2, and 3 - 24 x 24 grid 

  

  

  

  

              

case x 6 Call Or=0 Or=L/2 Or=L 

UP1C UPI1C 0.1786 0.0656 0.3374 0.1554 

UP2C UP2N 0.1777 0.0467 0.3375 0.0680 

1 UP2C LW 0.2645 0.0405 0.6322 0.0449 

UP2C LWG 0.2525 0.0400 0.5844 0.0472 

new new 0.1986 0.0443 0.4618 0.0909 

UP1C UPI1C 0.1457 0.0000 0.0814 0.2541 

UP2C UP2N 0.0772 0.0000 0.0451 0.1255 

2 UP2C LW 0.0754 0.0000 0.0374 0.1152 

UP2C LWG 0.0406 0.0003 0.0247 0.0469 

new new 0.0660 0.0004 0.0364 0.0981 

UP1C UPI1C 0.2135 0.0308 0.2547 0.2684 

UP2C UP2N 0.1745 0.0241 0.1802 0.1820 

3 UP2C LW 0.1499 0.0281 0.1150 0.0817 

UP2C LWG 0.1261 0.0196 0.0816 0.0898 

new new 0.1392 0.0217 0.1216 0.1006     

Table 3. Standard Deviation from the Analytic Solution for Various 

Differencing Combinations - Case 3, 12 x 12 grid 

  

  

  

    

Lr 6 Tall Tr=0 Or=L/2 Or=L 
UPIC UP1C 0.2031 0.0494 0.0293 0.3449 

UP1C UP2N 0.2008 0.0479 0.0182 0.2929 

UP2C UP2N 0.1887 0.0505 0.0269 0.2798 

UP2C LW 0.2122 0.0376 0.0394 0.2776 

UP2C LWG 0.1759 0.0274 0.0196 0.1503 

new new 0.1540 0.0345 0.0305 0.1953             

69



2.0 

1.5 

m
o
d
u
l
u
s
 

o
n
 oO 

0.5 

0.0 

2.0 

1.5 

re
la

ti
ve

 
ph

as
e 

° 
© on 

0.0 

  

  
  

    

  

  
  

  
  

+ =0.25 | 
O A=05 
Vo N=0.75 | 
O dA=1.0 | 

30 60 90 120 150 180 
B (degree) 

(a) modulus, |G| 

+ d=0.25 | 
O A=05 | 
Vo A=0.75 
O A=1.0 | 

30 60 90 120 150 180 
B (degree) 

(b) relative phase, ¢/(—8A) 

Figure 1. Amplification factor of 1st order upwind scheme 

70



  

    
  

  

  

      

2.0 prt —-——_ 

+ =0.25 | 
fF 6 N05 | 

Vo A=0.75 
15r 0 A=10 7 

” L 4 

Z L | 
5 1.0 

Oo L 4 

E L / 

0.5 F 7 

| 

0.0 L L l 1 i | r L ! 1 1 l L L l L 1 

0 30 60 90 120 150 180 
6 (degree) 

(a) modulus, |G| 

2.0 T T T T T T T T T T T T T T T 

+ =0.25 | 
O r=05 | 

j VoA=0.75 
15F 0 x»=10 ; 

o i 4 o L 
oS | : 
a 
a, + 1 
E 1.0 o_ 8686S 8688S 080-4 

_ 

as 4 

@ 4 
fy i 4 

O.5F 

0.0 i 1 l L 1 1 i 1 l L 1 ! 1 L l l i 

0 30 60 90 120 150 180 
B (degree) 

(b) relative phase, ¢/(—8,) 

Figure 2. Amplification factor of 2nd order upwind scheme 

71



  2.0 T T T T T T —T =r T T T T T T T T — 

  

+ »=0.25 1 
fT oo (fA =05 ] 

VY =0.75 
15+ o y=10 7 

n L m 

a 
51.0 
O 
E 

0.5 

  

    
  

0.0 L at | 1 1 ! 1 ‘ ! L n ! L 1 ! 

  

0 30 60 90 120 150 180 
B (degree) 

(a) modulus, |G| 

2.0 i of T q t | 

[| +N = 0.25 | 
fF =o N05 ] 

Vo =0.75 
15PF oO yr=10 7 

re
la

ti
ve

 
ph

as
e 

— ° D ® ® ® D O ® ® ® D D RN
 

    
  

0.0 L 1 ! 1 i ! ‘ r ! i 1 | 1 1 ! i L 

O 30 60 90 120 150 180 
B (degree) 

(b) relative phase, ¢/(—() 

Figure 3. Amplification factor of Lax-Wendroff scheme 

72



m
o
d
u
l
u
s
 

  2.0 —— Soe 

+ r=0.25 
O aA=05 
Vo »v=0.75 

1LOf O r=1.0 

L 

1.0   

0.5   

  

  
  

  

    
  

6 (degree) 

(b) relative phase, ¢/(—() 

Figure 4. Amplification factor of modified Lax-Wendroff scheme 

0.0 L 1 l l 1 ! l L l i L l 1 l 

0 30 60 90 120 150 180 
B (degree) 

(a) modulus, |G| 

2.0 q ¥ T ‘ v t v q I ' q { t 

Ft = 0.25 | 
r 6 N= 05 | 

V v=0.75 
15F 0  x=10 " 

» | 4 
© I 1 
a 
a, +t 1 

BL 
— 

S : 1 
oO a 

= 

fy 
4 

0.5 - - 

0.0 1 l l L 1 ed L | L i l nl l 1 

0 30 60 90 120 150 180 

73



eulsyos 
p
u
l
m
d
n
 

Japio 
4ST 

JOJ 
say 

eveM 
aIenbs 

*g 
a
a
n
S
i
g
 

“Vv 
O8 

OL 
O9 

OG 
OV 

O& 
 
 

  

yl 
T
T
 

T 
yl 

l 

R
E
A
 

A U
A
L
 
A
A
D
 

G
L
O
=
X
 

G
O
=
X
 

G
e
0
 
=
X
 

 
 

O V C) 
+ 

0'O a 
O° 

Ol 

  
 
 

Gil 

apnyydure 

74



aulayos 
pulmdn 

Japio 
puz 

Jo} 
4sa} 

aaem 
arenbs 

*g 
ean3iy 

x
V
 

OOT 
O06 

O8 
O4 

O9 
OG 

OV 
O& 

Oc 
 
 

t
e
 

ete} 
+
 

+
 

P
T
T
 

r
r
r
 

+
 + 

+ 
 
 

 
 

 
 

r 
+ 

yoexq 
= —
—
 

7 

4 
Gc'0 

= 
X 

+ 
| 

  
  

 
 

15 

uw 
© 

apnytjdure



UOT}IIION 
SAT}eSaU-UOU 

YYLM 
aUayos 

putmdn 
JapsIo 

pug 
Jo} 

4sa} 
aAeM 

arenbs 
+z 

ain3iq 

 
 

  

 
 

 
 

 
 

  
 
 

t
V
 

O6 
O8 

O24 
O9 

OG 
OV 

OF 
Oc 

T 
T 

T
r
?
 

T 
T 

T 
T 

T 
T
T
 

T 
T 

T 
S
'
O
-
 

SHH 
H
H
H
 

HHH 
HH 

HHH") 
+
 

4 

4 
4
9
0
 

“EL 
| 

+O 
r 

| 
+ 

7 
OT 

4 
| 

+ 
yexqy 

—
 

| 
4 

G
e
o
=
X
 

+ 

l 
! 

| 
! 

l 
i 

l 
qh 

| 
! 

| 
! 

l 
i 

| 
C
l
 

epniyidwe 

76



  

        

Ty q q 

| WE 

DO 5 
minX z 

rF OCOD ea 7 
Hou od © 8 

i Kx <A K xX cH | 

+oOd0 is 

| | ! ! | | | Le 

° 1 ° o 
a oO © © 

| 
opnyi{duie 

50
 

60
 

70
 

BO
 

90
 

10
0 

A
x
 

40
 

30
 

20
 

Fi
gu
re
 

8.
 

Sq
ua

re
 
wa

ve
 

te
st

 
fo

r 
La

x-
We

nd
ro

ff
 
sc

he
me

 

77



BUIBYIS 
J
O
I
P
U
s
A
A
-
X
e
T
 

PoayiIpoul 
Jo} 

ysoy 
ovemM 

orenbs 
°*¢G 

e
a
n
3
I
y
 

 
 

 
 

u
V
 

OOT 
O6 

O8 
O24 

O9 
OG 

OV 
OF 

Oc 

[ 
O 

r 
HEI7 

G
L
O
=
X
 

V 
| 

r 
Go=X 

O 
1 

r 
G
e
O
=
X
 

+ 
: 

; 
J 

l 
J 

J 
i 

| 
! 

! 
! 

| 
J 

J 
| 

  
  

 
 

GS O
-
 

00 a 
Oo 

Ol 

Gil 

apnyyidwe 

78



  

0.
5 

0.
75

 

A
=
0
.
2
5
 

r 

+ C)
 

A     
    

apnyiidure 

30
 

AO
 

OO
 

60
 

70
 

BO
 

90
 

10
0 

20
 

A
x
 

Fi
gu
re
 

10
. 

Sq
ua
re
 
wa

ve
 

te
st

 
fo
r 

La
x-

We
nd

ro
ff

 
sc
he
me
 

wi
th

 
no
n-
ne
ga
ti
ve
 

co
rr
ec
ti
on
 

79



UWOT}IALION 
SATYeZOU-UOU 

Y}LM 
SUIaYOS 

JOIPUIAA 
-XV'T 

PIYIPOUL 
IO} 

4sa} 
A
V
M
 

aTeNnbs 

u
v
 

OOT 
O06 

O8 
O4 

O9 
OG 

OV 
OF 

‘TL 
ean3a1y 

 
 

' 
is 

' 
| 

' 
J 

5 
j 

' 
| 

! 
| 

! 
I 

  
P 

| 
cov 

SL0 
=X 

P 
S
O
o
=
X
 

r 
G20 

= 

   
 

0'0 ae 
oO 

Ol 

+od0 |   
 
 

Gil 

opnyijdue 

80



20 

15 

b 10 

3 10 15 20 
  

  

se ee ee ee ee ee ee ee eee eee ee ; [| 4 20 

, _| 

% 4 15 
; | 

Cog | 

g + 10 
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Figure 60. Broad directional spreading wave, 15° resolution 
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Figure 61. Broad directional spreading wave, 15° resolution (misaligned grid) 
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Figure 62. Point spectral growth using VPINK model 
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Parameter Module     

  
Solve Dispersion Relation 

Calculate Propagation Speed (x, w, 6) 

  

t=t+At 
  

  

  Propagation Module 

Convert F(w,0;x,t) + A(w, 6; x,t) 

Calculate Limiter (sz, sy, 8u, $@) 

Apply Operators (Lz,(At), L.(At), Le(At)) 

Convert A(w,6;x,t) > F(w, 6;x,t) 

Update F(w, 6;x,t) with non-negative condition     

  

Source Term Module 

Calculate Source Function Terms using VPINK 

Update F(w, 0; x,t)         
Figure 63. Flow chart of wind wave model 
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(b) misaligned grid by 15° 

Figure 64. One-dimensional fetch limited growth; no refraction 
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Figure 65. One-dimensional fetch limited growth; current refraction 
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Figure 66. One-dimensional fetch limited growth; depth refraction 
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Figure 67. One-dimensional fetch limited growth; depth and current refraction 
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Figure 68. Geometry and bathymetry of the Bight of Abaco 
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Figure 69. Abaco grid for wind wave model 
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Figure 70. Depth contour map from numerical model (in meter) 
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Figure 71. Northwest wind - deep water, 1st upwind scheme, aligned grid 
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Figure 72. Northwest wind - deep water, lst upwind scheme, misaligned grid 
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Figure 73. Northwest wind - deep water, new scheme, aligned grid 
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Figure 74. Northwest wind - deep water, new scheme, misaligned grid 
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Figure 75. Northwest wind - depth refraction, 1st upwind scheme, misaligned grid 
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Figure 76. Northwest wind - depth refraction, new scheme, misaligned grid 
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Figure 77. North wind - deep water, 1st upwind scheme, misaligned grid 
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Figure 78. North wind - deep water, new scheme, misaligned grid 

144



  

L— — 

- 7 

a | 

a | 

L ao         
Figure 79. North wind - depth refraction, Ist upwind scheme, misaligned grid 
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Figure 80. North wind - depth refraction, new scheme, misaligned grid 
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Figure 81. Graphic solution for dispersion relations 
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