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(ABSTRACT) 

Reasoning with uncertainty in real complex problems is expected to be increasingly 

difficult as the need for participation by the experts increases. The Eigen Vector Method (EVM) 

is a simple technique to quantify personal assessment of uncertain situations. It, however, 

provides only point estimates and lacks a direct measure of accuracy. The proposed method 

of Confidence Interval Based Uncertainty Evaluation Technique (CIBUET) explores a method 

to estimate the variability along with point estimates. 

A brief review of uncertainty evaluation techniques, the basics of decision theory as a 

framework for analyzing preferences, and the method of EVM to estimate the priorities are 

presented. The variance of these point estimates result from the inconsistency in the judge- 

ment ratios, which is represented by introducing error factors with each judgement ratio. The 

nature of the error factors are discussed, and then modelled as lognormally distributed. 

Methods to estimate the parameters of the error factors and the variances of the priorities are 

developed. These results are corroborated by numerical simulation. 

The framework for several applications of the technique is presented. It is illustrated by 

analyzing a number of example problems taken from the literature. The methodology to ex- 

tend the technique to analyze inconsistent data encountered in the process of power planning 

is developed in detail. The application is fully illustrated using the context and data from an 

actual power planning study.



Several approaches taken to extend the technique to multi-level hierarchies are pre- 

sented. Numerical simulation is utilized to investigate the validity of the approaches and select 

the most appropriate model. 

Some special features of the technique and the underlying assumptions with the sub- 

sequent implications are discussed at the end. Directions for further research to enhance and 

extend the technique are identified and some possible approaches for the same are outlined.
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Chapter | 

INTRODUCTION 

Complete representation and perfect knowledge of real world problems are seldom 

possible. Simplifying assumptions almost always accompany them. Some degree of uncer- 

tainty is unavoidable in the consequences of any action taken under these conditions of in- 

complete information. The ability to somehow account for and deal with these uncertainties 

is an important part of both the experts and the models that use their expertise. In fact the 

ability to represent and cope with these uncertainties will have a direct bearing on the success 

or effectiveness of these models. The problems in Decision Analysis and Artificial 

Intelligence/Expert Systems share these similar difficulties. And, these disciplines have de- 

veloped elaborate methods and techniques for addressing these difficulties of coping with 

uncertainty. 

One simple technique that has proved convenient under incomplete information to as- 

sess a situation is the Eigen Vector Method of estimating the priorities. This technique utilizes 

the subjective judgements of an expert to estimate the relative importance (priorities) of the 

alternatives being considered. However, it provides only point estimates of these priorities 

which, therefore, do not reflect the degree of uncertainty inherent in them. 
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The intent of this research is to investigate the likely range of variation of these priori- 

ties so that a measure of confidence in the point estimates could be established. This is done 

by modelling each expert judgement as imprecise estimate contaminated with an error factor. 

Proper characterization of these error factors is utilized to estimate the variability of the re- 

sulting priorities. 

Chapter 2 establishes the context of the research giving brief accounts of background 

literature. First part covers the topics of uncertainty. Brief summaries of the prominent un- 

certainty techniques utilized for making inferences specially in Decision Analysis, Artificial 

intelligence and Expert Systems are presented. A brief account of development of these 

techniques in line with the demands of problems of increasing sophistication is also pre- 

sented. The second part gives a sketch of the basics of Decision Theory, which uses the utility 

concepts to analyze the preferences. The last part introduces the Eigen Vector Method in 

some detail. When compared to decision analysis, we will find that this method relies heavily 

on the subjective judgements of the expert rather than a detailed framework of the problem. 

A brief outline of the concepts on Hierarchies is also presented. At the end of this chapter, the 

perspective of the proposed technique is outlined. 

Chapter 3 consists of the details regarding the representation of imprecision in expert 

judgement. Arguments to support the lognormal nature of the error factor is first given. This 

is followed by the comparison of performances of lognormal error model against those of 

three other prominent non-negative distributions, Weibull, Beta and Gamma error models to 

yield the expected results. 

The development of the proposed Uncertainty Evaluation Technique is given in Chapter 

4. It begins with the approximate analysis of the priorities. Empirical formulae are developed 

for the estimation of the parameter of the lognormal error factor and which are corroborated 

with results obtained by numerical simulation. Finally the empirical expression for the vari- 

ance of the computed priorities is developed. This is also verified by numerical simulation. 
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Chapter 5 outlines the procedures for the application of the technique. The possible 

scenarios and the appropriate ways to handle the situations are presented. The applicability 

of these procedures is illustrated with several example problems taken from the literature. 

The later part of chapter 5 is devoted to the development of the methodology to extend the 

technique to analyze inconsistent data in power planning. The method is illustrated by con- 

sidering the data from an actual power planning study and its validity demonstrated by com- 

paring its performance against those of two other techniques presently used for the purpose. 

Chapter 6 presents the approaches investigated to extend the technique to problems 

with multi-level hierarchies. The approaches are evaluated by numerical simulations. Simu- 

lation results for the selected model are reported for hierarchies of up to four levels and up 

to six factors in each level. 

The last chapter comments on some special features of the technique and attempts to 

clarify its position in relation to other techniques of dealing with uncertainty. The assumptions 

implicit in the development of the technique and their implications are discussed in some 

detail. Some directions to expand and extend the technique are also identified and the possi- 

ble approaches are outlined. 
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Chapter Il 

BACKGROUND LITERATURE 

2.1 Uncertainty 

Uncertainty in decision making arises mainly due to two reasons - (i) Stochastic nature 

of the process and (ii) Lack of complete understanding of the process. Therefore, the uncer- 

tainty aspect of decision and inference problems become worse in less structured problems. 

One approach widely used to tackle uncertain outcome, termed as Engineering ap- 

proach, is to avoid explicit representation of uncertainty, and substitute an uncertain system 

with an equivalent certain system. The concept of certainty equivalent in decision analysis, 

and model formulations within appropriate assumptions are examples of this approach. 

The concepts in explicit representation of uncertainty and some of the prominent tech- 

niques used to handle them are briefly discussed below. 
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2.1.1 Techniques of Handling Uncertainty 

While working in an uncertain environment, new information or evidences, very often, 

become increasingly available. Therefore, in addition to a proper representation of uncertainty 

for a fixed level of information, an effective calculus to combine or propagate the measure of 

uncertainty under a sequential set of available evidences become very important. The follow- 

ing are some of the techniques that have gained prominence in dealing with uncertainty. 

2.1.1.1 Bayesian Approach 

Baye’s theorem [ 1,2.3] provides a method of updating the probability of a hypothesis 

on the basis of an evidence. For a hypothesis h and evidence e , the conditional probability 

of the hypothesis given the evidence is, 

P(h 
P(h| j= 

Similarly, P(e|h) = a 

Therefore, P(e|h) P(h) = P(hle) P(e) = P(hfMe) 

This gives the Bayes Theorem in the following form. 

P(e|h) P(h) Pihle) = ——ae 

Where P(h) = prior probability of h 

P(e|h) = likelihood of e under h 

P(e) = probability of e. 
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This gives a straight forward method to revise probabilities in the light of one piece of 

evidence. In the presence of multiple hypotheses , say n, the above formulation can be gen- 

eralized for each hypothesis h,i=1,...,n 

n 

> Pir) Ple | hy) 
k=1 

P(h,[e) = 

This can be extended to incorporate several pieces of evidence, e,, /=1,...,m 

POW; |(€1, +m) = UC w+ + @m) | Ay) P(A) 

> PCtry) PCO 4s =» Om) [Py 
k=1 

  

This procedure has a firm foundation in probability theory. However, two restrictions are 

implicitly imposed on it. First, the hypotheses, h, ’s should be mutually exclusive and exhaus- 

tive. This means that commitment of certain belief to a hypothesis implies commitment of the 

remaining belief to its negation. This is in direct contradiction of the popular opinion that evi- 

dence partially in favor of a hypothesis should not be construed as evidence against the same 

hypothesis. The second restriction is that the evidences should have conditional independ- 

ence to make any practical use of this evidence. This requirement is not satisfied in many 

applications. Moreover, this procedure still requires large amount of input which is perceived 

as a burden on the experts who furnish them. 

2.1.1.2 Fuzzy Analysis 

A special form of uncertainty is observed in cases of imprecise or vague specifications 

of conditions having fuzzy boundaries [4,5]. If the weather is forecast to be warm there are 
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no precise boundaries when the weather ceases to be warm and becomes cold or hot. Such 

uncertainty cannot be specified by probability techniques. The concept of possibility is de- 

veloped and utilized to quantify such uncertain situations, the possibilities being represented 

by numbers generated by membership functions denoted by f:X — [0,1]. 

The axioms of possibility theory are developed analogous to probability theory. Some 

of the simple rules of fuzzy analysis are : 

Union: (FU g)(x) = max [F(x), 9 (x) ] 

Intersection: (fMg)(x) = min Lf(x), g(x)] 

Compliment: f(x) = 1- fx 

But, in general (fU f) (x) x 4 

This analysis has a number of shortcomings; for example, the combined results are 

solely determined by the maximum in case of union and the minimum in case of intersection, 

independent of the strengths of other inputs. 

2.1.1.3 Certainty Factor (CF) Approach 

This is an ad-hoc approach developed to overcome the short- comings of Bayesian 

method to quantify the degree of confirmation of a hypothesis on the basis of sequential evi- 

dences [1,6]. The strength of an evidence e to confirm a hypothesis h is represented by the 

Certainty Factor (CF), which is defined as, 

CF[h,e] = MB[h,e] — MD[h, e] 

Where MB[h,e] is the measure of increased belief in hypothesis h 

based on the evidence e. 

MD[h,e] is the measure of increased disbelief in hypothesis h 

based on the evidence e. 
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Based on the contention that a single piece of evidence should not both confirm as well 

as disconfirm a hypothesis, MB and MD are defined in terms of prior probabilities and likeli- 

hoods such that 

when MB[h,e] > 0, MOD[h, e] = 0, and 

when MD[h,e] > 0, MB[h,e] = 0. 

The range of the Belief Measures are, 0< MB <1, O< MD<1 =, and 

—1 < CF < 1. Certainty of a hypothesis will be indicated by unity MB, zero MD and unity 

CF while negation of the hypothesis will be indicated by zero MB unity MD and CF = -1.A 

complete irrelevance of the evidence with respect the hypothesis will be indicated by a zero 

value of all the three factors. In general, a positive CF will imply that the evidences confirm 

the hypothesis more than disconfirm and vice versa. 

In this approach, CF[h,e] * 1—CF[h,e] , which means that if e confirms h with a 

strength of CF, it does not confirm h with a strength of 1 - CF. In fact, 

CF[h, e] + CF[h, e] = 0, which is very appealing since it states that evidence that confirms 

a hypothesis disconfirms the negation of the hypothesis to an equal extent. In the presence 

of multiple evidences, combining functions to obtain the resultant MB’s and MD’s is formu- 

lated purely on intuitive basis. Though this process is found to give reasonable results, there 

has been situations where the process yields absurd results. 
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2.1.1.4 Dempster-Shafer Theory 

This approach maintains the features of CF approach which eliminate the unwanted 

implications inherent in Bayesian approach, yet is based on a firm mathematical foundation 

[1,6]. The degree of confirmation of a hypothesis is indicated by the measure of belief, which 

is sequentially revised based on newly available evidences. 

It starts by specifying a frame of discernment @ which is the collection of mutually ex- 

clusive and exhaustive set of hypotheses. Unlike in probability theory, this approach supports 

hypotheses which are any subset of 8. Maximum number of possible hypotheses is 2° , in- 

cluding the null hypothesis set ¢. The impact of an evidence on a hypothesis is effected by a 

function called basic probability assignment (bpa). This assigns a number in the range [0,1] 

to each h, which is termed the measure of belief m(h), such that these numbers sum to 1. m(h) 

is the belief committed exclusively to h only and does not include the beliefs committed to any 

subsets of h. Any portion of total belief that remains unassigned m(@), is assigned to the 

proper set @. Thus, the remaining belief does not go to the negation of the hypothesis sup- 

ported by the evidence. 

Belief function Bel(h) is a measure of the total amount of belief in h. This is the sum of 

the beliefs m{.) committed exactly to every subset of h. This approach provides a consistent 

method of combining the belief functions, so that the belief in any subset h, after considering 

all the evidences can be readily obtained. One additional feature of this approach is the Belief 

Interval, defined as 1 — Bel(h) — Bel(h) This represents the balance of belief that is neither 

assigned to h nor to its negation h. This can be regarded as the level of uncertainty present 

with respect to the hypothesis regardless of the evidence. 

One major drawback of this approach is the, exponentially increasing number of the 

hypotheses with the size of the frame of discernment. 
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2.1.2 The Trend of Uncertainty Techniques 

Over the years, the theory of probability has gone through subtle differences in the in- 

terpretation and application. The frequentist interpretation of the theory forming probabilities 

solely on the basis of observed frequencies severely restricted its application. The subjective 

interpretation, which views probability as a measure of personal belief, broadened its appli- 

cation in areas like decision analysis and operations research. The same axioms hold under 

this interpretation and the Bayesian technique of revising the probabilities, - getting posterior 

probability from the conditional probability and the priors and vice versa - perfectly suited the 

framework of these applications. It is so because Bayes’ Theorem allows us to reverse the 

direction of probabilistic inference. 

With the advent of automated reasoning in artificial intelligence and expert systems, 

some aspects of probability theory became too stringent to be practical. To reduce the number 

of probability assessments, two simplifying assumptions, - (i) conditionally independent evi- 

dences, and (ii) mutually exclusive and collectively exhaustive set of hypotheses, - became 

very popular. Though the systems performed well [7] even under these simplifying assump- 

tions, they were not widely accepted. The simplifying assumptions were mistakenly taken as 

requirements of such systems. In addition. the intractable quantitative numerical approach of 

Bayes’ technique did not match the informal qualitative and symbolic inference sought by Al. 

The common objections to the method of probability is listed in Henrion [8]. Due to these 

perceived inadequacy or inability of probability a number of heuristic approaches, outlined 

earlier, were formulated. These are not coherent and uses the probability concepts in a loose 

fashion. 

The popularity of these approaches can be traced mainly to two factors. The simple if - 

then type of production system with a certainty factor proved very convenient in application. 

Moreover, modularity, that is the ability to add or remove rules from the knowledge bases 
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without modifying other rules, made it very flexible. But these advantages are only the result 

of independency assumptions implicit in these systems. As a result, these formulations are 

found to be incapable of handling complex systems with imbedded dependencies. Though 

these heuristic methods continue to have their niche in the field of expert systems, their in- 

adequate representation of uncertainty has once again put emphasis in probability as the only 

satisfactory representation of uncertainty capable of handling complex dependencies. A great 

deal of attention is focussed at making inferences based on probability. Various inference 

networks, Causal trees, Belief Networks, Influence Diagrams, etc. are the topics currently 

discussed in the literature [7,8,9]. 
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2.2 Decision Theory 

The essence of decision making is the selection of the best alternative or an optimal 

combination of alternatives to satisfy the desired objectives. While ordinal evaluation of the 

alternatives seems sufficient for the former purpose, the latter demands a cardinal rating of 

the alternatives. The main sources of difficulty in the achieving proper evaluation of the al- 

ternatives are: 

Multiple attributes : which makes it difficult to establish a common scale of comparison 

between alternatives. 

Uncertainty : which introduces the difficulty in prediction of the results following any 

action. 

2.2.1 Multiple Attributes and Concept of Utility 

A problem is said to have multiple attributes whenever an alternative produces a col- 

lection of desirable characteristics. Further, the goal or the objective itself is, very often, an- 

other set of desirable characteristics. Obviously, most real life problems have multiple 

attributes to them. 

All the outputs of an alternative are not, in general, equally desirable or important in 

meeting the desired objective. The desirability of a combination or a set of attributes is 

measured in terms of Utility Functions . A Utility Function is defined as l/ = U(x) where x is a 

non-negative n-vector representing the characteristics. This function defines a mapping from 

R? to R'. In simple terms, U converts the various combinations of the attributes in a common 
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numerical scale representing the level of desirability of each combination. The following is a 

brief account of decision theory taken from the literature [7,10]. 

2.2.2 Fundamentals of Decision Theory 

Decision theory is composed of the axioms of probability and utility. Where probability 

theory provides a framework for coherent assignment of beliefs with incomplete information, 

utility theory introduces a set of principles for consistency among preferences and decisions. 

A decision is an irrevocable allocation of resources under contro] of the decision maker. 

Preferences describe a decision maker’s relative valuations for possible states of the world, 

or outcomes. The valuation of an outcome may be based on the traditional attributes of 

money and time as well as on any other dimensions of value. 

Utility theory is based on a set of simple axioms or rules concerning choices under un- 

certainty. Like the axioms of probability theory, these rules are fairly intuitive. 

The first set of axioms concerns preferences for outcomes under certainty. 

Orderability: This axiom asserts that all outcomes are comparable, even if described by 

many attributes. Thus, for any two outcomes x and y, either one prefers x to y or one 

prefers y to x, or one is indifferent between them. 

Transitivity: This axiom asserts that these orderings are consistent; that is, if one prefers 

x to y and y to z, then one prefers x to z. 

These axioms provide a weak preference ordering of all outcomes. This result implies 

the existence of a scalar value function V(x), which maps from all outcomes x into a scalar 

“value” such that one will always prefer outcomes with a higher “value”. 
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The second set of axioms describe preferences under uncertainty. They involve the 

notion of a lottery, an uncertain situation with more than one possible outcome. Each outcome 

has an assignable probability of occurrence. 

Monotonocity: This axiom says that, when comparing two lotteries, each with the same 

two alternative outcomes but different probabilities, a decision maker should prefer the 

lottery that has the higher probability of the preferred outcome. 

Decomposability: This axiom says that a decision maker should be indifferent between 

any two lotteries that have the same set of eventual outcomes each with the same prob- 

abilities, even if they are reached by different means, for example, in multistate lotteries. 

In other words, a lottery whose outcomes are other ivtteries will be decomposed into a 

one-stage lottery using the standard rules of probability. 

Substitutability: This axiom asserts that if a decision maker is indifferent between a lottery 

and some certain outcome (the certainty equivalent), then substituting one for the other 

as a possible outcome in some more complex lottery should not affect the preference for 

that lottery. 

Continuity: This axiom says that if one prefers outcome x to y, and y to x, then there is 

some probability p that one is indifferent between getting the intermediate outcome y for 

sure and a lottery with a p chance of x (the best outcome) and (1-p) chance of z (the worst 

outcome). 

It follows from accepting the axioms of utility that there exists a scalar utility function 

U(x,d), which assigns a number on a cardinal scale to each outcome x and decision d, indi- 

cating its relative desirability. Further, it follows that when there is uncertainty about x, pre- 

ferred decisions d are those that maximize the expected utility E[U(x,d)| €] over the probability 

distribution for x. 
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The consistency criteria embodied in classical decision theory can be stated as follows: 

Given a set of preferences expressed as a utility function, information expressed as probability 

distributions, and a set of decision alternatives, a decision maker should choose that course 

of action that maximizes expected utility. The power of this result is that it allows preferences 

for complex and uncertain combinations of outcomes with multiple attributes to be computed 

from preferences expressed for simple components. Thus, it may be used as a tool to help 

people think about complex choices by decomposing them into simpler choices. 

A utility function for uncertain situations also allows one to express attitudes toward 

risk, such as risk aversion, when contemplating lotteries involving quantitative attributes such 

as money. Risk aversion is exhibited by many people, when they prefer to receive a monetary 

prize for certain over a lottery with an identical expected value. Decision theory provides 

various techniques for eliciting and encoding different attitudes toward risk for supporting 

decision making under uncertainty. 

2.2.3 Decision Analysis 

Decision analysis is an engineering discipline that addresses the pragmatics of applying 

decision theory to real-world problems. Decision theory only dictates a set of formal consist- 

ency constraints; it says nothing about how we elicit or represent a utility function or proba- 

bility distribution, or about the manner in which we represent or reason about a decision 

problem. Neither does it address search procedures for a utility maximizing decisions. Deci- 

sion analysis, in contrast, addresses these issues directly in terms of decision making and 

tractability. Though the framework of decision theory is very broad, a detail decision analysis 

may not always be feasible and simple. Therefore, less demanding procedures are sought 

when detail knowledge and expertise or resources are not readily available to carry out a 
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detail analysis or when the problem is not sufficiently well structured. The details of multiple 

attribute decision making techniques is given in [10] while some extensions to less structured 

situations can be found in [11]. 

As will be seen later, EVM provides a very simple method to estimate the relative pri- 

orities of alternatives, with a limited amount of input in the form of ratio judgements. In deci- 

sion theoretic sense, these relative priorities may be looked upon as the combined result of 

the utility evaluations including appropriate weights. The term weight , though used to rep- 

resent different concepts in different disciplines [12], has a special meaning in decision theory. 

The concept is best explained by a simple example, say, the problem of selecting the site for 

a solar power station. One dominant attribute in this situation obviously is the insolation level, 

all other factors in general will be of lesser importance. However, if the sites being considered 

are located in the same general area, insolation ceases to be an important factor in the site 

selection process, even if it is still the basis of the project as a whole. This effect is incorpo- 

rated in decision analysis by introducing lesser weight to the utility of insolation instead of 

reducing the utility itself. More discussion on EVM is given later. 
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2.3 Methods of Estimating Ratio Scales 

The eigenvector method (EVM) of calculating priority vector from a reciprocal judgement 

matrix was developed by Saaty [13] as a technique to handle unstructured decision problems. 

The technique has proved to be quite popular after successive successful application in di- 

verse situations [14,15,16]. The eigen vector method of computation of the priority vector from 

the comparison matrix is by no means a unique procedure. Several alternative methods of 

computing the priority vector are suggested in the literature. Hihn [17] attempted to make a 

comparative study of the vectors obtained by 20 different methods which yield the correct 

vector in the consistent case. Also, minimization of various norms were used to measure the 

distance between the actual judgement matrix and the subsequent consistent matrix formed 

from the computed priority vector. But, no definite conclusions could be drawn regarding ei- 

ther the appropriate norm to use or the best method to compute the vector. 

In the recent literature, the performance of the eigen vector method is often compared 

with two other conceptually appealing alternatives, the least squares method (LSM) and the 

logarithmic least squares method (LLSM)[18]. However only eigen vector method is found to 

be predominantly utilized in diverse fields. The methodologies along with the important fea- 

tures of the techniques are briefly outlined below followed by a comparative study. 

2.3.1 Preliminaries 

Most problems in decision making involve ranking the feasibije alternatives in terms of 

their relative merits. A number of techniques are available to deal with such problem, if the 

problem is well defined and structured, which unfortunately may not be true for many practical 
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problems. Even when the problems are ill structured or lack sufficient understanding, all 

these three methods EVM, LSM and LLSM are readily applicable to compute the relative 

priorities of the alternatives. 

Pairwise Comparison and Reciprocal Judgement Matrix: The only inputs required in these 

procedures are the pairwise comparisons of the relative importance of the attributes, taken 

two at atime. If we denote the relative importance of i” attribute with respect to j” attribute 

by a,,, it is reasonable to represent the relative importance of j” attribute with respect to i” 

attribute as 1/a,. The (n x n) matrix obtained by arranging these pairwise comparison fac- 

tors is termed the Reciprocal Judgement matrix. 

1 44g ee 

1fayo 1 wee An 

[Ai] = 

Vayn ae ae 

The reciprocal matrix is said to be consistent if a, a, = a, forall/, j, k, = 1,..,n. 

The solutions obtained to this problem by applying these three methods LSM, LLSM and 

EVM will be designated u, v and w respectively. It may be noted that all three methods yield 

the same solution (u = v = w) when the judgement matrix is consistent. 

2.3.2 The Eigen Vector Method (EVM) 

The details of this technique can be found in [19]. The principal eigen vector of [A,] is 

computed by solving the eigen value problem, 
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where, 4,,, is the principal or largest real eigen value of [A]. 4,,,, is computed by solving the 

characteristic equation det(A — //,) = 0, where, /, is nxn identity matrix. The existence 

of a real positive eigenvalue /,,, is assured by the Perron-Frobenius theorem for a reciprocal 

matrix such that 4,,, 2. 

The vector obtained by normalizing the elements of w,’ by imposing the constraint 

Sw; = 1 is the priority vector, which gives the relative importance of the n attributes. 

Though the conclusion seems to have no rigorous mathematical basis, the beauty of the 

operation of this method can be appreciated or illustrated by considering a situation where 

all the priorities p,/s are exactly known, so that the pairwise comparison judgement ratios 

become a, = p,/p,. Then the above eigen value problem reduces to the following set of trivial 

equations. 

P4/P,  Py[Pg -  P4alPy Ps P4 

P2/P,  PolPo + P2tPn | | Po Po 
= n 

PylPy  PplP2 Pl Pn | | Pr Pn 

The solution of these equations obviously yield the eigen vector, which is precisely the 

priority vector. 
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The generalization of the procedure to interpret the normalized eigen vector as the 

priority vector is based on the contention that for small perturbation on the pairwise compar- 

ison judgement ratios, the change in the eigen vector remains small. 

The EVM solution is obtained iteratively as, 

lim AXe 
k— co | AX | 

  

where, e=(1,1,...,1)’ and | A* | = e’ Ate. As a result, for large values of k, every co- 

efficient in A would contribute to the calculation of w;, for all i. 

2.3.3 The Least Square Method (LSM) 

Applying the general least square method to the judgement factors, the least square 

solution to the priority vector is obtained by minimizing, 

/ 

n 

(a; — u;,)° where, uj; = ai yo yrs mus 

‘j= 

The metric used in this method to measure the closeness and accuracy is the Euclidian 

metric, which does not address the question of inconsistency. Saaty [18] reports a metric, in- 

troduced by Fichtner[20], which considers inconsistency in addition to satisfying the usual 

axioms. Its minimization is reported to yield the EVM solution, indicating that EVM solution is 

related to minimizing the inconsistency. Another problem with this method is that LSM sol- 
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ution is not always unique and may give multiple solutions with the same degree of 

deviation(residue). 

2.3.4 The Logarithmic Least Square Method (LLSM) 

This method computes the priority vector by minimizing, 

n 

(In a, — In v,)° where vy =o i rs a vi 

y= 

The solution is obtained as, 

n 1 
v= (fay. f= 4.2.00 

j=1 

n 

Normalizing these results by imposing the condition Su, = 1, the normalized solution 
i= 

is obtained as, 

a ‘ 
(| Jayu) n 

f=1 

n 

| a ‘ 
{ ajuy7 

j=' 

i=1 

Vye= 

The computation of v; does not directly involve the co-efficients in other rows so that the 

inconsistent relations between different rows are not reflected in v,. 

BACKGROUND LITERATURE 21



2.3.5 Comparison of Methods 

It can be clearly seen from above discussion that the solutions given by all the methods 

are never precisely correct except when the judgement matrix is consistent, in which condition 

all the three solutions coincide with one another. In the presence of some inconsistency the 

results are, in general, different but close to each other in most cases. Therefore, it becomes 

necessary to to evaluate the relative merits and qualities exhibited by these solutions. A brief 

comparison of the solutions against some criteria is given below [18,19,21]. 

2.3.5.1 Consistency 

The solutions yielded by the different methods differ with one another because of the 

fact that they are based on different criteria of minimizing different metrics. This makes it dif- 

ficult to compare the three methods. EVM however has an additional criterion for the meas- 

urement of violation of the consistency a,,a, = a,, which is the basic cause of all differences. 

For a consistent reciprocal matrix, all the eigen values are zero except one which is n, 

the order of the matrix. Small changes in the matrix elements imply small changes in the 

eigen values and therefore the average magnitude of the sinaller eigen values is an appealing 

measure of deviation from consistency. This measure of inconsistency, termed as the Con- 

sistency Index (Cl), can be shown to be, 

Amax 

Cl = n-1 

Now, even a randomly formed reciprocal judgement matrix will exhibit some degree of 

consistency. Therefore, the consistency index of an actual judgement matrix should be com- 
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pared with respect to the consistency index of the random matrix to obtain a more meaningful 

relative measure of consistency. 

Scale of Comparison 

For the purpose of generating random judgement matrices, a set cf suitable judgement 

ratios becomes necessary. The scale of numbers 1/9, 1/8, ..., 1, 2, ...,9 employed in making 

pairwise comparisons to quantify qualitative judgements are used for this purpose also.. The 

following is the correspondence between the scales of comparison suggested by Saaty [19]. 

aij Definition Explanation 

s Equal Attribute i is as important as attribute j. 

3 Weak Importance Attribute i is slightly more important 

than attribute j. 

5 Strong Importance Attribute i is strongly more important 

than attribute j. 

7 Very Strong Importance Attribute i is very strongly more important 

than attribute j. 

g Absolute Importance Attribute i is dominantly important 

than attribute j. 

The intermediate numbers [ 2, 4, 6, and 8 ] are used for further refinement and resol- 

ution when compromise is needed in a judgement. The reciprocals of above numbers are 

used when comparing attribute j with respect to attribute i. 

The mean value of the consistency index of the randomly generated reciprocal matrices 

of a particular order, using the above scale is called the Random Index (RI). Saaty [19] pro- 

vides the numerically generated RI for matrix sizes from 3 to 15. The ratio of Cl to RI is defined 
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as Consistency Ratio (CR) which is the relative measure of inconsistency of the judgement 

matrix compared to a random matrix. Saaty somewhat arbitrarily contends that the priorities 

obtained by eigen vector method are sufficiently accurate when CR < 0.10. 

2.3.5.2. Dual Solutions 

For a reciprocal matrix A, the dual solutions corresponding to the priority vectors u, v 

and w are denoted by u%, v’, and w’ and are defined as the priority vectors corresponding 

to A’. For LSM and LLSM, the duals are the componentwise reciprocals, that is, u, = = and 
i 

Vs= + In case of EVM solution, this relation holds only in the consistent situation. 
i 

Now, w and w?’ can also be looked upon as the right and left eigen vectors of A. The right 

eigen vectors are related to comparing dominance of an element over another, while the left 

eigen vectors are related to estimating how much an element is dominated by another. Saaty 

contends that the scale of difficulty in estimating these two kinds of ratios are different and 

therefore the right and left eigen vectors should not simply be the componentwise reciprocal 

of each other. And hence, the EVM solution better portraits the real situation. 

2.3.5.3 Rank Preservation 

The rank order of the priorities is the relation between x, and x,, where x may be 4, v, 

or w. For inconsistent judgement matrices, the order of u, v and w can very well be different 

from one another. Many examples with varying degrees of inconsistency are available, where 

the rankings provided by LSM, LLSM and EVM do not agree with one another and therefore 

stirs up the question as to which order should be chosen over the others. 
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For determining rank, if a, = 1, then it seems at first glance that, x, > x; This does not 

always hold for inconsistent matrix. However, it can be shown that if a, 2 a, for all k, then 

X, 2 x; . This is termed the row dominance and this relation is true for all u, v and w. This 

situation however does not always exist in an inconsistent matrix so that an undisputed 

ranking could be obtained. 

The above condition illustrates what can be termed the dominance in one step. An al- 

ternative can indirectly dominate a second by first dominating a third alternative and then the 

third dominating second. Thus, the first alternative dominates the second in two steps. The 

results of two step dominance is shown to be obtained by considering the square of the 

judgement matrix. Also, it is logically appealing that true rank order of alternatives is the av- 

erage of relative dominances in one step, two step, and so on. Saaty [21] shows that this 

limiting rank order considering all of one step, two step, .. m step dominances is the eigen 

vector solution, which therefore should be the true ranking. 

2.3.6 Strengths & Weaknesses of EVM 

The theoretical aspects supporting the choice of EVM solution as the correct priority is 

already given above. Some attractive features of this method from practical standpoint are : 

e = It is capable of handling inconsistent judgement and still provide a reasonable set of pri- 

orities even when the judgements are inconsistent. 

e It needs only limited amount of input in the form of expert judgements of pairwise com- 

parisons. 
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These characteristics make it a suitable method which may be applicable in intelligent 

systems, to quantify the uncertain situation with limited subjective input data. The drawback, 

however, is that the priorities are exact only in perfectly consistent situations and the priorities 

provided are, of necessity, incorrect, whenever a slight inconsistency creeps in, and there is 

no provision to estimate this error. 

The Consistency Index, defined in terms of the largest eigen value J,,,,, is conceptually 

a very appealing measure of the inconsistency. However, it lacks a direct bearing on the 

computed priorities, which are the foci of primary concern. Therefore, though Cl can provide 

a good feel for the deviation from the consistent case, it is of no help at all from the functional 

point of view, since it provides no indication of the likely deviations of the priorities and 

therefore their level of reliability. This resuits in its inability to handle and utilize the expertise 

of multiple experts even when it is available. 
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2.4 The Hierarchical Analysis 

A hierarchy is an abstraction of the structure of a system. It can be very helpful in the 

study of the functional interactions of its components and their impacts on the entire system. 

The set of priorities obtained by EVM provides such a measure of relative impacts of factors 

in one level of the hierarchy with respect to a factor at the next higher hierarchy level. A brief 

review of the concepts involved in the method of combining these priorities to compute the 

priorities across different levels of the hierarchy is outlined below. 

2.4.1. Hierarchical Priority Composition 

Though, the concept of hierarchy is straight forward for practical purposes, the rigorous 

definition of hierarchy which makes it amenable to theoretical treatment is based on the con- 

cept of ordered sets [13,19]. 

Let, H be a finite partially ordered set with largest eiement b. 

x- denote {y | xcoversy} 

xt denote {y | ycovers x} 

Then, H is a hierarchy with h levels, if: 

1. There is a partition of H intosetsL,, kK=1,..,h, Lb, =b. 

2. xel, implies x cl, kK=1,..,h-1. 

3. xel, implies xt cl, kK=2,...,h. 

For each x eH, there is a weighing function, 

BACKGROUND LITERATURE 27



we: x — [0,1] such that Sw,(y) = 1. 
yex 

The sets L,’s are the levels of the hierarchy and the function w, is the priority function 

of the elements in one level with respect to the objective x. The following assumptions implicit 

in the above hierarchical structure are notable. 

1. The elements of level h is influenced only by elements of level h-7. 

2. The elements in each level of the hierarchy are independent. 

Within these constraints, the following equation can be shown to be the proper proce- 

dure to combine the priorities obtained by the eigen vector method of AHP to obtain the pri- 

orities of elements in any level n with respect to the top level objective. 

                

- 7 r 7 r I 9 4 

1,1 4,n—-1 My 4,21 1,2 Mp,2 
Prin Pin Pan Pr3- = Pais Pay 

1,4 1,n—1 M,_4,n—1 1,2 My,2 1,1 
Prin Prin  -Pm>n Pm,3° + Pmy3 Pm,,2 n n 3 3 2 

L. L - L a L ” 

where, m, is the number of elements at level / 

pf’ is the priority of element / at level j with respect to 

element k at level /. 

As an example, let us consider a hierarchical structure having n = 3 levels. Let the 

number of attributes in i” level be m, = 1, 3, 3 fori = 1,2 and 3. Figure 2.1 depicts such a 

hierarchy. The priorities of the attributes in one level with respect to any node in the next 

higher level can be computed using the technique described earlier. For the three level hier- 

archy shown in Figure 2.1, the priorities of the bottom attributes with respect to the top ob- 

jective will be, 
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14 12 22 (32 1,1 
P43 P13 P13 P43 P42 

44 42 22 (32 44 
P23 | = | P23 P23 P23 P29 

44 12 22 _32 14 
P33 P33 P33 P33 P32 

Thus a proper hierarchical structure immensely enhances the capability of EVM tech- 

nique to handle large and complex problems by breaking down the entire problem into rea- 

sonably smaller units for analysis and then combining the individual results to obtain the final 

results. 

2.5 The Proposed Technique 

The current literature [8,9,22,23] seems to suggest that probability is the only capable 

approach to handle uncertainty in complex problems in Al or ES. For example, Shafer [9] 

“believe(s) that progress will be made over the next few years in using probability in expert 

systems. But these systems will be intensely interactive. They will depend on the human user 

to design the probability argument for the particular evidence at hand; they will be able at 

most to help the user construct his or her causal, diagnostic, or qualitative Markov tree. And 

they will also depend on the human user to supply individual numerical probability judge- 

ments”. 

Therefore, the expert’s assessment of the situation under a given condition will be a 

crucial part of such systems. The proposed technique attempts to estimate the range of vari- 

ation in addition to the point estimates of the experts’ assessments. 

BACKGROUND LITERATURE 29



  

Factor 1,2 

      

  

Factor 1,3 

      

  

Factor(1,1) 

      

J\\ 
/ \ 
  

/ Factor 2,2 \ 

      

    
Factor 2,3 

      

  

  
Factor 3,2 

    

\     

  
Factor 3,3 

    

Figure 2.1 - Typical Hierarchical Structure 1-3-3 
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As will be seen in chapter 3, when the inconsistency present in the judgement ratios is 

accounted for by introducing lognormal error factors, the computed pricrities of even the in- 

consistent judgement matrices yield the correct priority in the mean. However, only a single 

judgement matrix will be available in any problem situation. Therefore, only one set of priori- 

ties (not the mean) will be available and some degree of uncertainty is unavoidable in them. 

The variance of such computed priorities, if they can be reasonably estimated, can be 

a very good measure of such uncertainty. Also, these variances can be visualized to increase 

with the higher range of variances of the error factors. The proposed technique detailed in the 

following chapters is directed at devising methods to: 

1. Estimate the likely range of variation of the computed priorities for a given level of 

knowledge (or lack of it) specified in terms of the variance parameter of the error factors. 

2. Estimate the error variance parameter indicating the level of knowledge imbedded in the 

judgement matrix, so that it could be utilized to estimate the variance of the computed 

priorities. 

The development in Chapter 4 provides these estimates which will enable us to form 

intervals of priorities. Further, these intervals can be treated in a probabilistic way and char- 

acterized by a confidence level. 

The desirability of these kinds of intervals instead of a discrete certainty factor and their 

possible use are discussed by Peper and Walicki [24], Kashyap [25]. The attempt to propagate 

or combine such intervals formed under different evidences can be found in Cheng [3]. In 

chapter 6, we will try to utilize hierarchical analysis for combining the variances of priorities 

to obtain the combined variance and interval. 
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Chapter Ill 

REPRESENTATION OF IMPRECISIONS IN 

JUDGEMENT RATIOS 

We have discussed a number of ratio techniques that utilize judgement ratios to derive 

reasonable ratio scale. These estimates are essentially approximate because of the fact that 

expert knowledge or information/data available are often imprecise, inconsistent and con- 

flicting with each other to some extent. The objective of this chapter is to model the impre- 

cision of each judgement ratio itself, which can then be utilized to evaluate the results from 

those judgements. The eigen vector method will be used in evaluating the model discussed 

in the following. 

3.1. Imprecision in Judgement Ratios 

In order to account for the inconsistency among different pairwise comparison ratios, 

we propose to treat the judgements to be imprecise estimate of the actual ratios. The impre- 
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cision can be represented by using error factors. The expert’s judgement ratios a,’s cannot 

be expected to be exactly p,/s (ratio of correct priorities p,/p,) in actual situations, but they 

must be indicative of the “general” location of each p,. The expert can be fuzzy about the 

judgements around the true value, the size of fuzzy region being inversely related to the level 

of his/her expertise or reliability of the sensor. Thus, the responses are “approximately” cor- 

rect, though not precise. This imprecision or uncertainty inherent in the judgement ratios is 

incorporated by introducing error factors «, with each inconsistent judgement ratio a, such 

thata; = pj, Xe«,,;. The error factor will be exactly unity for a perfectly consistent judgement 

matrix. And for any inconsistent case the error factors will be such that 0 < «, < co. Range 

of these error factors can be visualized to increase in more inconsistent judgement ratios re- 

presenting lesser degree of expertise. These desirable characteristics are satisfied by many 

non-negative distributions, like log-normal, weibull, beta and gamma distributions. A com- 

parative analysis of how well these distributions represent the error factors will be carried out 

in this chapter. 

3.2 Selection of Log-normal error model 

The usual method of ascertaining an appropriate distribution of a random phenomenon 

is to collect a reasonable sample of the random variable and carry out suitable statistical 

tests. Sometimes, the acquisition of adequate data becomes infeasible or even physically 

impossible. Under such situations, the selection of distribution may be based on: 

A reasonable theoretical justification, 

For example, for a random variable that can be conceived as a sum of a large num- 

ber of independent random variables, the Central Limit Theorem would suggest a 

normal distribution. 
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The need for some mathematical properties to meet the demand of the process con- 

cerned, 

The Beta distribution for Project completion times in CPM (Critical Path Method) or 

PERT (Project Evaluation and Review Technique) is based on the perceived con- 

straints for the variable. 

The negative exponential distribution for the transition rates in Markov Chain stems 

from the specific requirements to satisfy the essential assumptions regarding the 

process. 

As in above cited situations, it is clearly impossible to obtain large independent samples 

for the same judgement factor from a single expert. Therefore, to model the judgement factors 

as a random variable with a suitable distribution, we try to use above techniques to determine 

an appropriate distribution and then compare its performance against other likely distrib- 

utions. 

Let us consider a log-normal error factor «,, corresponding to a judgement ratio a,, and 

denote its distribution by, 

ej ~ A (0, 0%). 

This is equivalent to, 

In ¢, ii ~ Normal (0, a7). 

It is clear from from above representation that the median value of the error factor «,, is 

1 and its range can be varied by proper choice of o? to represent varying degrees of expertise. 

With the  log-normal representation of the error’ factors, we _ find _ that 

a; = pyxe; ~ <A (Inp,,o%). Therefore, the distribution of judgement ratios satisfies 

all of the following basic desirable characteristics. 

O < aj S oo 

Pr(a, <p) = 05 = Pr(a;, 2 Pi) 

Prip,/k<a,<p,) = Prip,<a;<kp,),  fork>0 
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Based on above considerations, the log-normal distribution seems to satisfy many of the 

characteristics which can be expected to associate with the judgement ratios. The suitability 

of log-normal characteristics to represent the error factor behavior can further be justified by 

the following argument. 

Corresponding to a correct judgement ratio, p, = p,/p;, the judgement ratio provided 

by an expert can be modeled as, 

ay = Pip X Fy 

Ideally, the error factor e,, should be unity, but will lie in the interval [0, co] the actual 

magnitude depending upon the inaccuracy of the expert’s perception. Therefore, «, can be 

treated as a rancom variable with the central value of 1, so that log «, is another random 

variable with central value of 0. If it were possible to generate n estimates of a, then, 

(a;)" = (p,)’ Hep 

so that, In (a,) = In (p,) + + aE In ef J 
k=} 

Invoking the central limit theorem (as n can be made arbitrarily large), the summation 

of the log errors can be approximated by a normal random variable with zero mean and cer- 

tain variance, say o*. Therefore, 

In (a) = In (p,) +, wheres ~ N(0O, o?) 

In (a) ~ N [In (p,), 07] 

And, aij ~ A [ In{p,,), o* | 

This provides a reasonable basis for the expectation that a, behaves like a log-normally 

distributed random variable with a median value of p,, and the variance depending on the 

spread of the error term or the level of expertise. 
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3.3 Simulation Technique 

In the following we compare the attributes/performance of a log-normal distribution 

against other likely distributions as the candidate for the error factor. Understandably, the 

possible distributions are limited to non-negative range. The comparative study will require 

to generate random error factors conforming to these distributions. Short backgrounds on 

these likely distributions and the techniques to generate the random deviates conforming to 

them are presented in the Appendix - A. 

3.3.1 Selection of Parameters 

For meaningful comparison, the attributes of interest of the distributions being com- 

pared should have identical values. Two attributes chosen for this purpose in this study are 

the median value of 1 and same level of variance. The selected values of the parameter o? 

and the corresponding values of variances for log-normal error are shown in Table 3.1. These 

variances will be referred to later by the variance levels L1 - L5 indicated in this table. 

For comparison purposes, Weibull distributed random errors are generated for five 

levels of variance, corresponding to the five levels of variance of the log-normal error. The 

parameters of these distributions chosen to keep the median at unity and to achieve the var- 

iance corresponding to the levels of variances of the log-normal errors, are listed in Table 3.2. 

The parameters of beta errors are again chosen to obtain the matching variances and 

to maintain unit median. Since this distribution is bounded on both ends, the lower bound is 

taken as the inverse of the upper bound to preserve the reciprocal nature. The upper 

boundary is chosen to make the range nearly ten times the standard deviation to be achieved. 

The parameters thus fixed for the beta distribution are tabulated in Table 3.3. The parameters 
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Table 3.1 - The Selected Parameter co” and the corresponding Error Variance 

  

  

      

Parameter Error Variance 
a Variance Level 

0.10 0.1162 L4 

0.20 0.2704 L2 

0.30 0.4723 L3 

0.40 0.7337 L4 

0.50 1.0696 L5   
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Table 3.2 - The parameters of Weibull errors with unit median and different variance levels. 

  

  

  

Variance Error Weibull parameters 

Level Variance a p 

L4 0.1162 1.12 3.25 

L2 0.2704 1.19 2.15 

L3 0.4723 1.25 1.67 

L4 0.7337 1.30 1.40 

L5 1.0696 1.35 1.23           
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Table 3.3 - The parameters of Beta errors with unit median and different levels of variance. 

  

  

  

            

Variance Error Lower Upper Beta parameters 

Level Variance bound bound ot B 

L1 0.1162 1/3.7 3.7 3.50 12.50 

L2 0.2704 1/5.4 5.4 2.20 10.80 

L3 0.4723 1/7.0 7.0 1.50 9.30 

L4 0.7337 1/8.7 8.7 1.20 8.60 

L5 1.0696 1/10.5 10.5 1.10 8.40     
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lable 3.4 - The parameters of Gamma errors with unit median and different variance Jevels 

  

  

  

Variance Error Gamma parameters 

Level Variance r 0 

L1 0.1162 9.20 8.90 

L2 0.2704 4.30 4.00 

L3 0.4723 2.70 2.40 

L4 0.7337 2.00 1.65 

L5 1.0696 1.50 1.20           
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of gamma distributions are similarly chosen to keep the median at unity and to obtain the 

variances being considered. The parameters thus cz!cvi:7ec are tabulaled in Table 3.4. 

The various error distributions for variances L2 and L4 are pictorially shown in Figures 

3.1 through 3.4. 

3.3.2 Simulation Procedure 

The priorities computed as the normalized eigen vector of the judgement matrix remain 

close to the actual priorities for small deviation of the judgement ratios. Therefore, given a 

proper model for the error factor, with a central value of 1 and a certain level of spread, con- 

trolled by the assigned variance, we can expect the priorities to cling close to the correct 

priorities in the mean. Therefore, we simulate the process by forming random judgement ra- 

tios by combining the consistent judgement ratios and the randomly generated error factors. 

The judgement matrix formed by these random judgement ratios will be analyzed to obtain the 

priority vector. Then the various error distributions will be evaluated on the basis of their 

ability to reproduce the correct priority in the mean. 

The simulation consists of the following steps: 

1. Select the matrix size, n (number of factors to be compared). 

2. Select n random uniform numbers, u, i=1,..,n. and normalize them by 

dividing by S:u, to obtain a priority vector. 

3. Form the consistent judgement matrix by taking the ratios of these priorities 

taken two at a time. 

4. Specify the error model (Log-normal, Weibull, Beta, or Gamma). 
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5. Form and analyze the corresponding random judgement matrix, which con- 

sists of the following steps. 

a. Select the appropriate parameters for the model (Tables 3.1 to 3.4). 

The median is set at 1 and the five levels of variances are considered. 

Generate m = n(n—1)/2 random error factors with the selected pa- 

rameters. The algorithms are summarized in the appendix. 

Form annxn reciprocal error matrix with the m error factors in the up- 

per half triangle and ones along the diagonal. 

Form the random judgement matrix by elementwise multiplication of the 

consistent judgement matrix and the error matrix. 

Compute the priority vector from the randomly perturbed judgement 

matrix, and store the necessary statistics. 

6. Repeat step 5 to obtain a reasonable sample size. In this analysis the sample 

size was set at 400. 

7. Goto step 4, until the simulation is done for all models. 

The analysis was carried out for n=3,...,6 and the mean priorities of 400 cases was 

computed for all variance levels. The results for variance L2 and L4 forn = 4 for all the error 

models are discussed later. The steps involved in the simulation process will become evident 

from the numerical example given in the following. 

  

Numerical Example: 

Let us consider n=4. 

The priority vector formed randomly is found to be, 

PT = [0.1019 0.5347 0.2204 0.1430]. 

Then the corresponding consistent judgment matrix will be, 

REPRESENTATION OF IMPRECISIONS 46



1 0.1908 0.4623 0.7126 

5.2473 1 2.4260 3.7392 
[CJ] = 

2.1629 0.4122 1 1.5413 

1.4033 0.2674 0.6488 1 

Let us choose a distribution, say log-normal and specify the parameters and 

generate 4 x (4 — 1)/2 =6 random numbers conforming to this distribution. 

Lete = [ 1.22 1.13 0.92 0.83 1.05 1.08 ], be error factors. 

Then the matrix of error factors will be : 

1 1.22 1.13 0.92 

0.82 1 0.83 1.05 
[EM] = 

0.88 1.20 1 1.08 

1.09 0.95 0.93 1 

The random judgement matrix formed by element-wise multiplication of these two 

matrices will be : 

1 0.2325 0.5224 0.6556 

4.3011 1 2.0136 3.9261 

[JM] = 
1.9141 04966 1 1.6646 

1.5254 0.2547 0.6008 1 

The largest real eigen value of this matrix is calculated to be 4,,. = 4.0142 and 

the corresponding normalized eigen vector is the priority vector which is found 

to be: 

w' = [0.1417 0.5069 0.2352 0.1462] 
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Comparing W’ against P’ it can be clearly seen that the error in reproducing the ori- 

ginal priority vector is quite small. When this process is repeated a large number of times, the 

mean of the priorities will be even closer. This ability of reproducing the original priority 

vector in the mean will be taken as the measure of the appropriateness of the error model 

which determines the characteristics of the deviation of the computed pricrity from the original 

priority. 

3.4 Performance of Log-normal Error Model 

The result of the simulation done by using log-normal error mode! is is given in Table 

3.5. The deviations of the computed priorities are found to be quite small. Thus the selected 

log-normal error distribution emulates a random behavior in the judgement ratios, yet main- 

tains the correct priority vector in the mean. This certainly exhibits an expected quality of an 

expert. Therefore, these results strengthens the contention that the error factors behave in a 

log-normal fashion. 

3.5 Comparison with other Error Models 

For comparing the behavior of different models of error representation, we repeated the 

above simulation by replacing the error factors with new ones generated according to the 

desired models. The specific distributions considered are the well Known non-negative dis- 

tributions like weibull, gamma and beta distributions. The results are then compared with 

those obtained for log-normal! distribution. To make the comparison meaningful, the parame- 
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rable 3.5 - Actual and mean computed priorities with Log-normal error distribution 
[ n=4, variance L2 and L4 ] 

  

  

  

  

Variance L2 Variance L4 

Correct Mean Comp. dev Mean Comp. ev 
Priority Priority [%] Priority [Yo] 

0.1019 0.1037 -1.77 0.1064 - 4.42 

0.5347 0.5283 + 1,22 0.5263 + 1.57 

0.2204 0.2236 - 1.45 0.2214 - 0.45 

0.1430 0.1444 - 0.98 0.1459 - 2.03           
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ters of the distributions are selected to maintain the median of the distribution at unity and the 

variance maintained same as that of the log-normal distribution being compared with. 

3.5.1. Weibull Error Distribution 

The parameters selected for the error distributions with varying levels of variance are 

listed in Table 3.2. The results obtained for variance L2 and L4 for n = 4 are summarized in 

Table 3.6. 

The performance of weibull model to yield the mean priorities is thus much worse 

compared to the log-normal model. Some insight of this phenomenon can be achieved if we 

compare the distributions of the two error models. Figure 3.5 is a comparison of these two 

error distributions for variances L2 and L4. It is clearly seen that for a given variance, the 

weibuill error is more prone to get away from the central value than the log-normal error. 

3.5.2 Beta Error Distribution 

The results obtained from simulation with beta error factors with variance L2 and L4 for 

n = 4 are tabulated in Table 3.7. 

The percent deviation of the mean priorities obtained with beta error factors are better 

than those obtained with weibull error factors. The average deviation of 3.03 % for beta error 

is still much higher than 1.36 % for log-normal distribution. The improvement with beta dis- 

tribution can be partly attributed to the fact that there is fixed boundaries with this distribution 

compared to unbounded range for the other distributions. Figure 3.6 is a comparison of log- 

normal and beta error distributions for variance levels L2 and L4. Even with the bounded 
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Table 3.6 - Actual and mean computed priorities with Weibull error distribution 
[ n=4, variance L2 and L4 ] 

  

  

  

  

Variance L2 Variance L4 

Correct Mean Comp. ev Mean Comp. e 
Priority Priority [%] Priority [%] 

0.1019 0.0928 + 8.93 0.0899 ~ 11.78 

0.5347 0.5004 + 6.41 0.4829 + 9.69 

0.2204 0.2357 - 6.94 0.2406 - 9.17 

0.1430 0.1711 -19.65 0.1866 - 30.49             
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Table 3.7 - Actual and mean computed priorities with Beta error distribution 
[ n=4, variance L2 and L4 ] 

  

Variance L2 Variance L4 
  

  

  

Correct Mean Comp. dev Mean Comp. dev 
Priority Priority [%] Priority [%] 

0.1019 0.1021 - 0.20 0.0920 + 9.72 

0.5347 0.5192 + 2.90 0.5145 + 3.78 

0.2204 0.2272 - 3.09 0.2319 - 5.22 

0.1430 0.1515 - 5.94 0.1617 - 13.08             
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range for beta, this error seems to have a tendency to spread away from the central value 

compared to the log-normal error. 

3.5.3 Gamma Error Distribution 

The results obtained from simulation with gamma error factors with variance L2 and L4 

forn = 4 are shown in Table 3.8. 

The percent deviation of the mean priorities obtained with gamma error factors ranged 

from - 6.22 % to 2.65 % for variance L2 and - 17.86 % to 10.91 % for variance L4. These 

compared against the corresponding values for log-normal errors of - 1.77 % to + 1.22 % for 

variance L2 and -4.42 % to + 1.57 % for variance L4 clearly indicate that gamma errors also 

result in significantly higher deviations than those obtained with log-normal distribution. Fig- 

ure 3.7 is a comparison of log-normal and gamma error distributions for variance levels L2 

and L4. 

3.6 Conclusion 

In this study, the ability of expert judgements, contaminated with random errors with 

various characteristics, was compared. For errors of identical magnitudes (i.e. equal variance 

and unity median), the log-normal error came closest reproducing the correct priority. Based 

on the results of these simulations, it is seen that log-normal representation of the error fac- 
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Table 3.8 Actual and mean computed priorities with Gamma error distribution 
[ n=4, variance L2 and L4 ] 

  

Variance L2 
  

  

  

Variance L4 

Correct Mean Comp. ev Mean Comp. e 
Priority Priority [%] Priority [Yo] 

0.1019 0.0992 + 2.65 0.1202 - 17.96 

0.5347 0.5221 + 2.36 0.5383 - 0.67 

0.2204 0.2268 - 2.94 0.2141 + 2.86 

0.1430 0.1519 - 6.22 0.1274 + 10.91           
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tors is the best in emulating the perceived phenomenon that the expert judgements, though 

prone to vary about the correct ratios, should be able to predict the results in the mean. 
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Chapter IV 

DEVELOPMENT OF THE TECHNIQUE 

The analysis in this chapter is directed at achieving a method to estimate the variance 

of the priorities computed from an inconsistent judgement matrix, formed by perturbing the 

consistent matrix by introducing error factors of known parameters. The next step is to devise 

a means to estimate the parameter of the error factors implied by the degree of inconsistency 

present in the judgement matrix. 

These estimates will enable us to estimate the intervals of priorities computed from in- 

consistent judgement matrices, with desired level of confidence. These will be more suitable 

for a variety of statistical treatment compared to the present state of point estimates of the 

priorities given by the eigen vector method. 
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4.1 Approximate analysis of the computed priorities 

Consider a random judgement matrix formed from a consistent matrix by introducing 

error factors with parameters chosen to represent the desired level of expertise. The priority 

vector can be computed as the normalized eigen vector corresponding to the largest real 

eigen value. A very good approximation to the eigen vector is obtained by taking the ge- 

ometric mean of each row of the judgement matrix. This can then be normalized to obtain the 

priority vector. This approximation can facilitate the analysis of the computed priorities as a 

random variable expressed in terms of the judgement ratios. 

nt 
n 

[ [a 
j= 

n 

n 1 
n 

) | la, 

j= 
i= 

W; = 

This is only an approximate analysis and the results derived will be corroborated and 

verified on the basis of actual simulation. We have, 

aij ~ A(In pj, 4%) 

n n ny 

I 1a, ~ A(SiIn Dijs Yo} 
j=t j=1 i 

~ Ain [Ip So% 
j=) j=} 

a 1 ft 1 n 

fry ~ A{ Tn [In T1pi). ne Do 
i=i f=1 

* t+ n—1 

j=' 

n—1 
Nf exp(In | |fp,J* + One o*) , 

j=1 

I2 

  exp( In | [tp,J7 + 75+ o) exp 25+ of] -1)} 
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n—1 
  o”}— 1)} ig Ml [toa . | [t,3* expt n? 

  2 

ne Mell [tore . pall [ter exe 25+ 24] -1)} 

Using these approximations and summing them over all the rows, we get the denomi- 

nator. However, these terms are no longer independent, because of the reciprocal nature of 

the matrix, and therefore the covariance terms become significant in the process. 

a
f
 

n—- 4 Site ~ NCI » (op?) (| [lod*l exe 75 
i=] 

  7] —1)} 
=1 

le A[ Inf j 7 yt }, 
n 
  (1 +(Sp?-k) (exp[ 

n—-1 
  [(Sp? — kT 1p] (expl 2+ a2] — 1) 

In{4 +—= = a 3] 
‘Tp 

  ID 

a —1 A{—In[]p,. “- o8 (SpP-h) } 

Taking the ratio of these two variables, and again taking into account the fact that they 

are not independent, the distribution of the computed priorities can be approximated by : 

ACnUTe, | [loFF] . ASE + Det =k ~ hy) of 

  

  

  

  

  

Wo = 

n f — 

> N{ exp[ In 1p-1 [be,2%) + 5 ne (1+ Sp? — k, — k,) 7] , 
= i=1 

n n | 

exp[2 (In []p;[[p,) +5 (1 + Lp? — ky — k,) 07] 
i=) 1=1 

x (expl 25+ (1+ Sp? — ky hy) 0%} -1)} 

- 1 ~ Nf, explSo>- (1 + Lp? — ky — ky) 07] 

D=4 44 Spt k,—k,) 0% p? expl 2 (1 + Yp?—k,— k.) 0°] } ne (1+ Sp? — k, —k,) o? p? exp[ ne (1+ Sp; ‘ 2) a7] 

n—1 2 2 p2 
~ N{pj, —z— (1+ Xp? — k, — k2) o? p?} 

n 
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The constants k, and k, can be expected to be dependent on n and p, ’s and are evalu- 

ated on the basis of simulation results to achieve good agreement between the model results 

and the simulation results. Substituting these values, 

ne 
  

—1 
> [&p? — p?] 0? p?} Ww, n 

2 N (p,, 

If the individual priorities are comparable to each other, which is more likely in cases 

of larger n (say > 6), 

then, Pp; =~ p; fori,j=1..n 

so that, Sp; = 1 implies np, = 1 

Therefore, p, ~1/n 

And, Sp? = nxp? 

2 ax [1tjn}y = 1/n. 

Under the conditions when these approximations are acceptable, the distribution of w, 

can be simplified to, 

| A{ In p,, of/n} 

l2 

N{ p; 5 op? i{n} 

If we can obtain a reasonable estimate of o? , and assume w, to be the estimate of p, , 

it can be reasonably expected that, the computed priorities W, will follow student’s t- 

distribution. 

ne—1 
n2 
  Wi = ty {m, [ Sw? — w? ] 0? w?} 

or, Ww = ty {Ww , w? 02/1} 

A method to estimate 6? is discussed subsequently. It is seen that the estimate is 

based on a sample size of m = n(n—1)/2. Therefore, the degrees of freedom for the above 

Student's t-distribution can be reasonably assumed to be N = m- 1. 
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4.2 Estimation of Error Parameter co? - the Quotient Index 

The assumption that the judgement by the expert tend to cluster around the actual 

consistent ratios has led to the conclusion that the computed priorities W, tend to have the 

correct priorities as the expected values, but with some variability. The variability is found to 

depend on the variability of the error factors and the actual priorities themselves. We shall 

try to estimate the error factor variability from the deviation between the consistent judgement 

ratio w,, = w,/w, and the actual judgement ratio a, . 

n—1 
n2 

  We know, W, = ATL Inp,, (1+ Xp? —k,—k,) 6? J 

But, since W, ‘s are not mutually independent, the covariance terms become significant and 

the variance of the ratios w,, “s cannot be expected to be the sum of individual variances. 

However, it can be perceived to be of the form k, «7, —_k, being a constant. 

  

Thus, W, = AL in | kyo] 
J 

and since, 4a, ~ A [ine o | 
j 

we have, wo A[O, ky 07] 

where k, is a constant, whose suitable value is found by simulation to be a . 

Therefore, 

ai; 
Vij = In — @& N [ 4 ’ 

ij 

  

n-1 , 
n+1 o] 

The variance of the variable y,, is found to be approximately proportional to the param- 

eter o? of the initial error factors. Now, n(n — 1)/2 values of this variable is available for each 

instance of EVM application, so that the parameter of this distribution and, therefore, the var- 

iance of the error factor can be estimated. The Quotient Index (QI) defined below should, 

therefore, be an estimate of the actual error variance. 
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Ql = pnd »>¥ — ¢ 

i=1 j=i+1 

This index can be estimated directly from the judgement matrix and can serve as an 

approximate estimate of the error variances associated with each judgement matrix, so that 

the variability of each priority can be estimated. 

The estimate of o? , is based on a sample of m= n(n — 1)/2.. Therefore using w, ’s to be 

the point estimates of p, ‘s, it can be reasonably expected that, the computed priorities W, ’s 

will follow Student's t-distribution. 

  

2_ 

Wo = ty Cw, PS* Lye - we] dew} 

Based on these distributions of the priorities, the confidence intervals for each priority 

can be estimated such that the actual priority is contained in the interval with a desired level 

of probability. For each W, , 

(1— a) 100% confidence interval is given by, 

A Wi tng Su, SW S Wt by gw Sw, 

where, W; is the point estimate of the priorities p, 

m-1 = [n(n - 1)/2] - 1 are the degrees of freedom 

aj/2 defines the desired cutoff regions 

Ow, is the standard deviation of W, . 

This interval will include the actual priorities with a probability of (1 —«) 100% .Incase 

of perfect consistency, the interval will collapse to a point estimate giving precisely the actual 

priorities. With increasing inconsistencies, indicated by higher QI, the intervals become wider 
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and tend to overlap each other. This will indicate a lack of firmness of the rank-ordering of 

the priorities. 

4,3 Simulation and Numerical Analysis 

Numerical simulation is carried out to check the validity of the above models and verify 

the results of the above approximate analysis. A set of n priorities is set by selecting n uni- 

form numbers and normalizing them. Ideal judgement ratios formed by taking the ratios of 

these priorities are perturbed by multiplying them with n(n —1)/2  log-normally distributed 

error factors randomly generated by specifying the parameters € = 0 and different levels 

of o? , to represent desired levels of expertise. The reciprocal judgement matrix formed using 

these simulated inconsistent judgement ratios is analyzed to compute i) the resulting priori- 

ties, and ii) the Quotient Index. The results of the simulation performed for sample size of 400 

matrices of order n = 4 and n = 6 are briefly discussed below. 

4.3.1 The simulation results 

Mean values of the simulation results are found to match very closely with the model 

values for the mean priorities and their variances. Tables 4.1 and 4.2 show comparison be- 

tween the mean simulated and the model values of the priorities and their standard deviations 

for matrix sizes of n = 4 and n = 6 respectively for ot = 0.20. The standard deviations 

predicted by both the approximate as well as precise formulae are sufficiently close to the 

mean observed standard deviations. However, the approximate estinate becomes com- 

pletely different for the priorities which are disproportionately bigger cornpared to the others. 
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Table 4.1 - Comparison of mean values of Priorities and Standard Deviation 
[n=4, o?=0.20 ] 

  

  

  

          

Actual/Model |Mean Computed| Estimated Standard Dev. | Mean Observed 

Priority Priority Precise Approx. Stand. Dev. 

0.1019 0.1037 0.0254 0.0228 0.0248 

0.5347 0.5283 0.0631 0.1196 0.0664 

0.2204 0.2236 0.0519 0.0483 0.0500 

0.1430 0.1444 0.0352 0.0320 0.0338 
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Table 4.2 - Comparison of mean values of Priorities and Standard Deviation 
[n=6, c7=0.20 ] 

  

  

  

          

Actual/Model |Mean Computed] Estimated Standard Dev. |Mean Observed 

Priority Priority Precise Approx. Stand. Dev. 

0.0499 0.0506 0.0100 0.0091 0.0099 

0.2618 0.2626 0.0439 0.0478 0.0434 

0.1079 0.1087 0.0213 0.0197 0.0195 

0.0700 0.0702 0.0140 0.0128 0.0137 

0.2487 0.2495 0.0427 0.0454 0.0405 

0.2616 0.2584 0.0439 0.0478 0.0395   
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Table 4.3 - Comparison of mean values of Priorities and Standard Deviation 
[ N=10, o7=0.20 ] 

  

  

  

          

Actual/Model |Mean Computed] Estimated Standard Dev. |Mean Observed 

Priority Priority Precise Approx. Stand. Dev. 

0.1262 0.1273 0.0170 0.0178 0.0175 

0.0757 0.0765 0.0108 0.0107 0.0114 

0.1024 0.1021 0.0142 0.0145 0.0140 

0.0527 0.0531 0.0076 0.0075 0.0079 

0.0873 0.0877 0.0123 0.0123 0.0131 

0.1550 0.1550 0.0200 0.0219 0.0217 

0.1164 0.1167 0.0159 0.0165 0.0166 

0.1083 0.1078 0.0150 0.0153 0.0155 

0.1069 0.1056 0.0148 0.0151 0.0151 

0.0692 0.0682 0.0099 0.0098 0.0098   
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Table 4.3 shows the simulated and actual arbitrarily chosen priorities and the model standard 

deviations and the observed standard deviations for these priorities. The priorities and the 

model standard deviations are found to be quite accurate estimates of the observed simulated 

values. Further, it may be noted that the approximate estimate of the standard deviations are 

found to be equally good as the precise estimates. This can be attributed to the larger size 

of matrices involved {n = 10 ], when the approximate estimates are more dependable. 

The actual observed distribution of the priorities for o? = 0.2 and 0.4 are compared in 

Figure 4.1 forn = 4 and in Figure 4.2 forn = 6 respectively. The test for normal distribution 

of the priorities is performed by employing the x? -test for proportions. The priorities are found 

to conform to normal distribution with significance levels of « = 0.10 as well as « = 0.05 . 

The actual simulated distribution of priorities against the model estimated priorities for ot = 

0.2 is shown in Figure 4.3 for n = 4 and in Figure 4.4 forn = 6. 

These results are clearly in agreement with the results of the preceding theoretical 

analysis, provided a fairly good estimate of o? is available. The Quotient Index is designed 

to provide the estimate of this variance. The mean value of the QI of the 400 cases is found 

to reproduce the error variance very accurately, as indicated by Table 4.4. The linear re- 

gression analysis between these two parameters, with the intercept forced to zero, shows, an 

excellent match between these two variables. 

But only one observation of QI will be available in actual EVM application, which might 

be quite different from the mean value. The distribution of QI obtained from the simulation 

data is shown in Figure 4.5, which resembles ,? -distribution as expected, and shows fair 

amount of variation for a fixed level of error variance. To investigate the ability of individual 

observations of QI to provide the intervals of priorities which contain the actual priorities with 

certain degree of confidence, say 90% or 95%, the simulation was extended to compute these 

intervals for every individual case and record the number of times this interval contained the 

actual priorities. Table 4.5 shows these frequencies. 
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Table 4.4 - Comparison of Error Variance and Mean Quotient Indices 
[ n=4, and n=6 J 

  

  

  

Error Mean Quotient Index [QI] 

variance n=4 n=6 

0.05 0.0510 0.0505 

0.10 0.0991 0.1018 

0.15 0.1502 0.1498 

0.20 0.2106 0.1998 

0.25 0.2534 0.2642 

0.30 0.3057 0.3071 

0.35 0.3525 0.3444 

0.40 0.3847 0.4153 

0.45 0.4247 0.4666 

0.50 0.5242 0.4917         
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Table 4.5 Comparison of expected and observed frequency of priorities 
[ Cl=0.90% and 95%, n=4 and o* = 0.2] 

  

  

  

          

Frequency within 90 % Cl Frequency within 95 % Cl 

Priority Observed Expected Observed Expected 

0.1019 355 360 364 380 

0.5347 341 360 365 380 

0.2204 347 360 363 380 

0.1430 349 360 369 380     
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Table 4.6 Comparison of expected and observed frequency of priorities 
[ Cl=0.90% and 95%, n=6 and o? = 0.2 } 

  

  

  

          

Frequency within 90 % Cl Frequency within 95 % Cl 

Priority Observed Expected Observed Expected 

0.0499 339 360 364 380 

0.2618 349 360 373 380 

0.1079 347 360 - 372 380 

0.0700 355 360 377 380 

0.2487 353 360 368 380 

0.2616 362 360 380 380   
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Though the observed frequencies generally seem to be somewhat on the lesser side 

compared to the predicted proportion, they seem to be sufficiently close to each other. This 

justifies the formation of confidence intervals of the computed priorities on the basis of the 

variances estimated from single observation of the Quotient Index. 

4.4 Conclusion 

Algebriac expressions to estimate the error parameter o? associated with an incon- 

sistent judgement matrix and the expressions to estimate the corresponding variances of the 

computed priorities from the inconsistent judgement matrix have been developed. The validity 

of these models has been studied by numerical simulation. The important conclusions of this 

study are summarized below. 

@e The mean of the simulated priorities are the actual priorities. 

e The mean value of Quotient Index reproduces the error parameter o’. 

© The variance of the priorities can be reasonably estimated from the knowledge of 

the mean priorities and the mean Quotient Index. 

® The Confidence Intervals formed using the variance based on a single observation 

of QI is found to include the actual priorities with a frequency sufficiently close to the 

expected proportion. 
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Chapter V 

APPLICATIONS OF THE TECHNIQUE (CIBUET) 

This technique provides a direct statistical relation between the inconsistency in the 

judgements and the variability of the priorities. Having an estimate of the variability in addition 

to the point estimates makes the priorities amenable to variety of statistical treatments. Some 

immediate applications of the technique are outlined below. 

5.1 Predictive Distribution of Subjective Probabilities 

Subjective approach to probability is claimed to be appropriate to represent uncertainty 

in expert systems [8,22,36]. Further, to represent second order uncertainty, these probabilities 

can be treated as unknown parameters that themselves have distributions, without entering 

into fuzzy descriptions [23]. Spiegelhalter [36] gives a method of doing this based on ‘implicit’ 

or ‘imacinary’ sampie size using binomial sampling theory on the inputs given by an assessor 

of probability [37]. 
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Yagar [38] has used AHP technique to obtain point estimates of subjective probabilities. 

The techinique developed in the preceding paragraphs, utilizes the level of inconsistency 

measured by QI to estimate the variability of these point estimates. Therefore, this method 

can be utilized to obtain the range of these subjective probabilities. For each subjective 

probability, W, (1 —.«)100% confidence interval is given by, 

Wty, toy < Wo < wtt, ao by 

where, Ww; is the point estimate of the probability p, 

m-1 = [n(n - 1)/2] - 1 is the degrees of freedom 

a/2 defines the desired cutoff regions 

ow, is the standard deviation of W,. 

7 

This interval will include the actual probability with a probability of (1— a) 100%. In 

case of perfect consistency, the interval will collapse to a point estimate giving a precise 

value. With increasing inconsistencies, indicated by higher QI, the intervals become wider 

showing increased fuzziness of the expert’s perception. 

As an example, consider a case with sample space n = 4 where the point estimate of 

subjective probabilities given by the technique are w,=0.1, w,=0.2, w,=0.3, w,=0.4, 

with QI] = 0.02. 

To compute 90% confidence interval for p,, we note that 

m—1=4x3/2-1=5, = = (1—0.9)/2 = 0.05. 

  

2 

Therefore, f,_, «2 = 2.015. (from Student’s t table) 
‘2 

ob, = ee 1 £0.12 40.22 40.3? + 0.4 — 0.12] x 0.02 x 0.12 

o,. = 0.00737 4 

Therefore, the interval for p, is 

0.1— 2.015 x 0.00737 < p, <0.1+ 2.015 x 0.00737 

or, 0.0851 < p, < 0.1149 
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Thus one would say that there is a 90% probability that p, would lie between 0.0851 and 

0.1149. 

5.2 Combination of Expert Opinions 

The main contribution of this technique will be its ability to combine the opinions of 

various 2xperts and come up with a more firm set of priorities. Let w1, and w2, be two sets 

of prioriies obtained by analyzing the judgements of two experts, with the respective esti- 

mated variances of o1? and o2?. The maximum likelihood estimate of the combination of these 

two sets of priorities wf* and its standard deviation of** can be shown to be, 

wi; we; 
_, —_—, 4 

2 2 2 2 > 
est _ ot; o2, est _ a1; 02; _ i 

, + 1 of? + o2° 

ot; o2? 

The cor bined standard deviation is obviously less than either of o1,; and a2, 

The disagreement between the priorities based on two different experts’ judgement 

matrices can however be due to two entirely different reasons. It may be due to inaccurate 

perception or inadequate understanding on the part of the experts. This situation will manifest 

itself in the form of high Quotient Indices and the method outlined above will give an excellent 

way of combining the different sets of priorities. If, however, the difference between the 

computed priorities is a result of strongly held differences of opinion or belief among the ex- 

perts, the combining of the priorities will not make any sense. This situation, however, has 

to manifest itself in the form of two considerably different sets of priorities, both with small 

variances. Therefore, before combining the priorities obtained by analyzing the judgement 
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matrices formed by different experts, it must be checked that the two sets of the priorities are 

compatible with each other. 

The compatibility of different sets of priorities can be checked by following the statistical 

Hypothesis-testing procedure outlined below. 

e The hypothesis to be tested is set as: H,: wi, = we, 

e The rejection region is specified by ty 
4 

where a is the desired level of significance (say, 0.10), 

N = [(n - 1)/2].- 1, is the degrees of freedom. 

. . . . wt; —_ we, 

¢ The hypothesis is rejected if, [t,,/ = [| ——-—— > ty a 
"2 [o1? + 62? Iz 

In the context of our application, one obvious rule has to override the above testing 

procedure for compatibility. If we obtain two sets of priorities quite close to each other, yet 

both having negligible variances, both of these sets are equally good for our purpose. But the 

above procedure may end up rejecting their compatibility because of their low variances. 

Therefore, if | w1, — w2,| < k(w1, + w2,) for asmail value of k (say 0.05), we conclude 

directly that the two sets of priorities are compatible and ignore the above statistical test. 

If the two sets of priorities fail to pass through any of these two tests, their combination 

will not make any meaningful sense. Under such a situation, the only option will be to adopt 

the set of priorities with the lesser variances. 

The different possible situations envisaged above in the process of combining expert 

opinions are created in the following example and explained in detail with the appropriate 

method of handling the situation. Two judgement matrices [A] and [B] comparing the same 

set of priorities [0.10 0.20 0.30 0.40 ] are formed to achieve the desired situation. 
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a. When multiple experts are available to assess a particular situation, the most com- 

mon outcome can be expected to be sets of priorities which will not be widely dif- 

ferent from each other and neither of which will have unreasonably high standard 

deviations. This situation for the above set of priorities can be observed with the 

following matrices. The results of the analysis of these matrices are listed in Table 

5.1. 

Both sets of priorities are found to have reasonable standard deviations and the 

computed priorities are quite close to the actual priorities. This will reflect in the 

small t-valuies while performing the compatibility test, signalling that the combination 

of the two sets is desirable to obtain a more tightly distributed set of priorities. 

b. A straight forward t-test may not always reveal the real situation and can be mis- 

leading under certain circumstances. If we slightly perturb previous two judgement 

matrices as follows, we get the results listed in Table 5.2. 

These two sets of priorities are practically same but are statistically incompatible 

because of the large t-values observed. Under these conditions the large t-values 

do not have significant importance and should be ignored as a test of compatibility. 

The method proposed to remedy this condition is to check whether 

pA_pB < «(p44 p®) } 

for a small value of k (say, kK=0.05). This will ensure that the priorities obtained from 

the two judgement matrices do not differ by more than 10 % and, therefore, 

combinable for obtaining better results. 

c. The third situation occurs when neither of above tests holds. Under such conditions, 

even the rank-order of the priorities may be different for the two experts. The only 

conclusion that can be derived under this condition is that the perceptions of the ex- 
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APPLICATIONS 

Table 5.1 - Results of Application Procedure: Case (a) 

  

  

  

        
  

  

  

            

4 05 03 0.25 1 05 03 03 

14.5 1 O68 O05 145 1 05 06 

[A] = [B] = 
1/4.34/6 1 07 1/.3 1/5 1 0.6 

1/.25 1/.5 1/.7 1 1/.3 1/.6 1/.6 1 

Matrix [A] : Q1 = 0.0051 

p} p3 p3 pe 

Priorities 0.0964 0.1927 0.3078 0.4031 

Standard Deviation 0.0036 0.0069 0.0097 0.0104 

Matrix [B] : Ql = 0.0647 

pF pz P§ pe 

Priorities 0.1012 0.1946 0.3149 0.3892 

Standard Deviation 0.0134 0.0245 0.0347 0.0368 

t-values -0.3486 -.0744 -0.1976 0.3619 

  
 



APPLICATIONS 

Table 5.2 - Results of Application Procedure: Case (b) 

1 O58 0.33 0.25 

4/5 1 

4/.33 1/.66 1 

0.66 0.5 

4/.25 1/.5 1/.73 1 

0.73 
[8] = 

1 054 0.34 0.27 

1/.54 1 

4].34 1/.64 1 

0.64 0.49 

0.77 

1/.27 1.49 1/.77 4 
1 

  

Matrix [A] : Ql = 0.0002 
  

  

          

  

  

    

p? p? p3 p3 

Priorities 0.0996 0.1992 0.2991 0.4021 

Standard Deviation 0.0008 0.0015 0.0020 0.0022 

Matrix [B] : Ql = 0.0001 

p? p? p3 p3 

Priorities 0.1052 0.1946 0.3059 0.3945 

Standard Deviation 0.0006 0.0011 0.0016 0.0017 

t-values -5.4881 2.4738 -2.6030 2.7382         
  

 



perts are significantly different and the combination of the two sets does not make 

any meaningful sense. This situation can be observed with the following judgement 

matrices, whose analysis results are listed in Table 5.3. 

It is seen that the t-values as well as the k-values exceed the upper cut-off values 

indicating the incompatibility of the two expert opinions. Therefore, it may be desir- 

able to reevaluate the judgement matrices. if possible. If the conflict cannot be re- 

solved by reevaluation and there is no other reason to favor any of the 

expert-opinions, then the reasonable conclusion will be to adopt the priorities with 

lesser variance. In this example, the priorities given by [A] wil! be chosen over that 

given by [B], which happens to be a better choice in this case. 

5.3 Illustrative Examples 

5.3.1 Illumination and The Inverse Square Law Example 

This is the example taken from Saaty[19] where we have the a priori knowledge of the actual 

priorities which can be compared with those obtained by using the method of AHP. In the ex- 

periment four chairs were placed at distances of 9, 15, 21 and 28 feet from a source of illumi- 

nating light. The relative brightness of the chairs as given by inverse square law is easily 

calculated as 0.6072, 0.2186, 0.1115 and 0.0627. 

Two judgement matrices obtained from two different judges comparing the relative 

brightness of the chairs are: 
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Table 5.3 - Results of Application Procedure: Case (c) 

4 05 03 0.25 1 04 0.25 02 

4/5 1 06 05 11.41 0.75 0.75 
[A] = (B] = 

4/31/61 0.7 4/.25 1/.75 1 08 

4/.25 1/5 4.7 1 4/.2 4.75 1/.8 1 

  

Matrix [A] : Ql = 0.0051 

  

  

ps p? p3 p3 

Priorities 0.0964 0.1927 0.3078 0.4031 

Standard Deviation 0.0036 0.0069 0.0097 0.0104         
  

Matrix [B] : Ql = 0.0206 

  

  

  

  

p? bp? Pp} pe 

Priorities 0.0818 0.2372 0.3114 0.3696 

Standard Deviation 0.0061 0.0162 0.0194 0.0206 

t-values 2.0513 | -2.5300 | -0.1666 | 1.4516 

k 0.0819 | -0.1035 | -0.0058 | 0.0434           
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1 5 6 7 1 4 6 7 

4/5 1 4 6 144 1 3 4 
[A1] = [A2] = 

1/6 1/4 1 4 1/6 1/3 1 2 

1/7 1/6 1/4 1 1/7 1/4 1/2 1 

The results of the analysis of these matrices obtained by using the procedure outlined 

earlier is given in Table 5.4. 

It is evident from above numbers that analysis of judgement matrix [A1] shows higher 

QI and the associated higher standard deviations resulted in wider corifidence intervals for 

brightness, all of which overlap with the neighboring interval. Matrix [AZ] has smaller QI and 

smaller standard deviations and the confidence intervals overlap only in case of the smaller 

priorities. It can also be noted that all the confidence intervals in both the cases include the 

actual values of priorities as obtained from the inverse square law. 

The test for the compatibility of these two sets of results performed at a significance 

level of a = 0.10 gave the observed values of t-parameter, all of which are significantly smaller 

than the cut-off value of t599, = 2.015 , which shows the desirability of the combination of 

these two sets of priorities. Subsequently, the combined priorities are found to have narrower 

intervals, all of which still include the actual priorities. The reduction in the width of the inter- 

val would have been more significant if the results of matrix [A1] were equally good as that 

of matrix [A2] or more compatible judgement matrices were available. 
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APPLICATIONS 

Table 5.4 - Results of Illumination Problem Example 

  

Matrix [A] : Ql = 0.5048 
  

  

  

        
  

  

  

  

          
  

  

  

    

p? pe Dp} ps 

Brightness 0.6187 0.2353 0.1009 0.0451 

Standard Deviation 0.1107 0.1017 0.0461 0.0208 

Lower 90% C.Limit 0.3957 0.0303 0.0081 0.0032 

Upper 90% C.Limit 0.8416 0.4403 0.1938 0.0869 

Matrix [B] : Ql = 0.1354 

p? p? p3 pb? 

Brightness 0.6168 0.2238 0.0972 0.0621 

Standard Deviation 0.0553 0.0500 0.0228 0.0147 

Lower 90% C.Limit 0.5054 0.1231 0.0513 0.0326 

Upper 90% C.Limit 0.7282 0.3246 0.1432 0.0917 

t-values 0.0147 0.1014 0.0720 -0.6704 

Combination of [A] and [B] 

pss p28 p38 p7s 

Brightness 0.6169 0.2245 0.0974 0.0587 

Standard Deviation 0.0495 0.0449 0.0204 0.0120 

Lower 90% C.Limit 0.5173 0.1341 0.0563 0.0346 

Upper 90% C.Limit 0.7166 0.3149 0.1386 0.0829           
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5.3.2 Length Comparison Experiment Example 

The experiment designed to use AHP for computing relative lengths of five sticks, given 

in Rahman [39] is used here to demonstrate the application of this technique. The lengths of 

the sticks were randomly chosen as 26.5, 20.5, 46, 4.5 and 16 inches, which gives the relative 

lengths as 0.2335, 0.1806, 0.4053, 0.0396 and 0.1410. Two of the judgement matrices obtained 

from two different participants are listed below. 

The results of the analysis of these matrices are summarized in Table 5.5, 

It is observed that similar remarks hold for the performance of matrix [B1] as for ma- 

trices [A1] or [A2] in the previous example. However, three out of the five priorities are not 

included in the confidence intervals obtained from the analysis of [B2]. This can be explained 

by the bias of the judge/participant in rating the ratios of row 2 of [B2] consistently higher and 

row 3 of [B2] consistently lower than the actual ratios. This makes the matrix [B2] far removed 

from the true situation, which becomes evident while testing the compatibility of the results 

of [B1] and [B2]. All observed values of the t-parameter obtained from the test performed at 

a significance level a = 0.10 are found to be very high compared to the cutoff value of 

Ogog5 = 1.833. In fact three of these t-values are much bigger than the cutoff value which 

makes the combination of these two sets of results an unacceptable proposition. Under this 

condition, the only available alternative is to adopt the solution corresponding to matrix [B1] 

having smaller confidence intervals. 

From the above two examples, it is seen that in the presence of multiple experts, this 

technique is capable of discerning the situations where the process of combination of the ex- 

perts’ opinions is applicable. In the event that the opinions are found to be compatible with 

each other, the results obtained by combining the two are more tightly distributed with lesser 

overlaps among different intervals. 
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Table 5.5 - Results of Stick Length Experiment Example 

1.00 1.25 0.60 

  

5.00 1.30 

    

| 4.00 1.50 0.67 4.00 2.00 

  
  

  

  

  

  

  

  

  

  

0.80 1.00 0.40 4.00 1.25 0.67 1.00 1.00 6.00 2.00 

[B81] = | 1.67 2.50 1.00 10.0 2.20 [B2] = | 1.50 1.00 1.00 5.00 2.5 

0.20 0.25 0.10 1.00 0.33 0.25 0.17 0.20 1.00 0.67 

0.77 0.80 0.45 3.00 1.00 0.50 0.50 0.40 1.50 1.00 

Matrix [A] : Ql = 0.0154 

pt p? Pp} pe ps 

Relative Length 0.2214 | 0.1773 0.3998 0.0450 | 0.1565 

Standard Deviation 0.0126 0.0105 0.0159 0.0028 0.0094 

Lower 90% C.Limit 0.1984 | 0.1581 0.3706 0.0398 0.1393 

Upper 90% C.Limit 0.2445 0.1965 0.4289 0.0501 0.1737 

Matrix [B] : Ql = 0.0762 

pe ps p§ pe ps 

Relative Length 0.2603 0.2611 0.3032 0.0601 0.1154 

Standard Deviation 0.0296 0.0297 | 0.0320 | 0.0080 | 0.0150 

Lower 90% C.Limit 0.2060 0.2067 | 0.2444 | 0.0455 0.0879 

Upper 90% C.Limit 0.3145 0.3154 | 0.3619 0.0748 0.1429 

t-values -1.2069 | -2.6619 | 2.7001 | -1.7910 | 2.3236               
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5.4 Conclusion 

Some degree of uncertainty is inherent in the results given by EVM. The proposed 

technique quantifies this uncertainty by estimating the variability of the priorities in addition 

to the point estimates. The validity of the model is supported by the good agreement between 

the model values and the simulation results for the priorities and their variances. This makes 

the inexact priorities capable of varieties of statistical treatment. However, the estimated 

variances cannot detect the consistent bias in the judgement ratios and therefore it cannot 

ascertain the correctness of the priorities under such conditions. Therefore, a number of ex- 

amples from the literature and experiment were investigated to test the validity of the tech- 

nique in real problems. 

The following capabilities of the technique are demonstrated in its application to the il- 

lustrative examples. 

e It can specify the precision of the results by estimating the variances. 

e It can discern whether the expert opinions are combinable. 

® It provides a method to combine the combinable opinions to obtain more precise results. 

e It can specify the areas as well as degrees of disagreement between the incompatible 

results. 

The test for compatibility of the opinions was implicitly based on the assumption that the 

expert judgements were based on the same body of general information. Therefore, an en- 

tirely different approach may be required, if at all possible, to combine different opinions 

based on different information or knowledge. 
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3.9 ANALYSIS OF INCONSISTENT DATA IN POWER 

PLANNING 

5.5.1. Inconsistent Data Analysis 

The process of planning involves identifying all available alternatives that can achieve 

the desired objective, evaluate them and decide on the best plan or their optimal combination. 

The criterion used for this judgement is to optimize certain attributes associated with these 

alternatives, e.g. maximize energy sales, profit, or minimize outage, fuel cost, etc. Perspec- 

tives of utility planning are reviewed by Smith [41] in a recent paper. The current approach is 

the maximization of customer/utility net value, which are achieved by unbundling and rebun- 

dling the attributes of the electric service. 

Planners use a variety of techniques for these purposes - scenario, sensitivity and 

contingency analyses, decision trees and many optimization techniques. Some of these are 

fast enough to evaluate all the desired alternatives in a reasonable time frame. However, 

many models are quite complex and require a great deal of resources, computer time and 

expert involvement. In such situations, it is seldom possible or desirable to carry out exten- 

sive case studies for two reasons: {i) the cost becornes high, and (ii) the resulting large vol- 

ume of data is often difficult to interpret or use. One of the accepted ways of dealing with this 

situation is to make a few case studies using detailed models, and use data from these studies 

to draw inference about the cases that were not studied. Mukerji [42] et al. have discussed 

such an application where high order linear interpolation technique has been used to create 

data bases for power system planning. 
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A method of Inconsistent Data Analysis (IDA) is developed in the following paragraphs 

on the basis of the techniques presented in the previous chapters [43,44]. The method of IDA 

is then applied in this exercise to the analysis of conflicting data involved in the estimation 

of various attribute values in a power planning study. It will be demonstrated that this tech- 

nique provides a very attractive and efficient alternative to methods that have been reported 

in the literature. Results using this technique are compared with those of two other related 

techniques, namely {i) Describing Functions (DF) technique, and (ii) High Order Linear In- 

terpolation (HOLI) technique. 

5.5.1.1 Inconsistent Data Analysis 

The calculation of an attribute of interest will generally involve a number of factors 

and/or expert input, which may involve considerable uncertainty. Further complications arise 

if the effect of these factors on the attribute depend upon particular combinations of these 

factors. However, if we have a set of attribute values already computed for several combina- 

tions of these factors, the nature of these complexities should be somehow 

reflected/imbedded in these values. Therefore, it should be possible to extract these re- 

fationships from the available data and utilize them to determine proper environment for a 

new combination of the factors. This should enable us to reasonably estimate the attribute 

value corresponding to this new set of factors. The basic techniques involved in the analysis 

are briefly discussed in the following. 

§.5.1.2 Estimation of Attribute Values 

The computation of attribute values of an alternative (scenario) generally involves 

complex combination of several factors which demand elaborate analyses. Our attempt here 

is to avoid the exhaustive analysis of all scenarios, but be able to estimate approximate at- 
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tribute values of likely scenarios by carrying out detailed analyses of a smaller set. Further, 

we shall see that this procedure also provides the estimates of likely range of the attribute 

values. A brief description of this methodology is presented in the following. 

5.5.1.3 General 

The set of scenarios whose attribute values are known from the detailed analyses will 

be referred to as the set of base cases (scenarios). The attribute value of any new scenario 

will be estimated on the basis of a subset of r scenarios from the base cases. This subset, 

referred to as the relevant set is selected such that they surround {if possible) or cluster 

around the new (r+ 1)” scenario. This will be determined on the basis of factor-levels in each 

of the scenarios. Therefore, it becomes necessary to establish some reasonable ordinal 

ranking of the values that each factor can assume. Often, this requirement poses no difficulty, 

but in case of categorical factors, it becomes necessary to come up with a reasonable crite- 

rion to rank them. 

5.5.1.4 Dependency Analysis 

The attribute value of a scenario is determined by the overall influence of all the factors 

that constitute the scenario. We express the strength of influence of one factor on a scenario 

as the relative dependency of the scenario on the factor. For example, if we find two scenarios 

in the relevant set that differ only with respect to one factor, then the ratio of their attribute 

values will be a measure of their relative dependencies on that factor for that specific combi- 

nation of other factors. This ratio will be called the dependency ratio. If we find more than 

one pair of scenarios that can yield the dependency ratio for same two levels of a factor, (even 

if the combination of other factors be different), then the geometric mean of these ratios will 

be used as the dependency ratio in the vicinity of the scenarios. The available attribute data 
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for the relevant set can be used to form the dependency ratio comparing any two levels of a 

factor. The ability to form all the required dependency ratios will depend on the availability 

of a proper relevant set. These dependency ratios will also be applicable to the new scenario 

to be investigated, as it is located in the same vicinity and is probably surrounded by the rel- 

evant set. 

Since the attribute values are rarely linear functions of the factor values, the depend- 

ency ratios can hardly be expected to be consistent with each other. These ratios can, how- 

ever, be arranged in the form of a judgement matrix, though inconsistent one. As there are 

r relevant scenarios for each new scenario, the judgement matrix will be (r+ 1) x (r+ 1). 

The judgement matrix can be formed with respect to each of the factors involved, which 

can be viewed in the framework of the simple hierarchy shown in figure-1. 

The analysis of the (r + 1) x (r + 1) judgement matrix will provide the dependency factors 

and their variances for the r relevant scenarios and the new (r+ 1)” scenario under inves- 

tigation. The dependency vector W is computed using Eigen Vector Method. The corre- 

sponding variance vector o% is computed using the formulae developed in chapter 4. The 

dependency vectors and the corresponding variance vectors are similarly computed for all n, 

factors invoived in the relevant set and the new case. 

Let the (r+ 1) xn, matrix be formed by concatenating these dependency vectors. The 

i” column of this matrix will indicate the dependency of the (r + 1) cases on the i* factor while 

the j” row indicates the dependency of j” case towards all factors involved. Let the last row 

of this matrix corresponding to the dependency factors of the (r+ 1)* case be denoted by 

P41. And the (r x n,) matrix containing the r rows of dependency factors for the relevant set 

be denoted by P, and be called the dependency matrix. The i” row of the dependency matrix 

will be denoted by Pr[i, .] and the /” column will be denoted by PrT., /]. 
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Similarly, the (r x n,) matrix of variances corresponding to the relevant set will be de- 

noted by V, and the variance vector corresponding to the (r+ 1)" case will be denoted by 

Via ‘ 

It should be noted that the dependency matrix consists of the dependency factors for the 

r relevant cases. These r alternatives also have known attribute values. We shall establish the 

correspondence between these two representations by computing coefficients based on the 

least square criterion. These coefficients will then be utilized to estimate the unknown attri- 

bute value for the (r+ 1)” scenario. 

5.5.1.5 Least Square Analysis 

The technique of least squares can be used to relate the dependency factors with the 

actual attribute value for the r relevant cases. This will provide the coefficient vector C, which 

will transform the dependency vector to the attribute value. This can then be used to predict 

the attribute value for the (r+ 1)” case under investigation. The steps involved in the least 

square analysis are summarized in the following. 

1. Let P, be ther xn, dependency matrix for the relevant cases. And, p,,, be the dependency 

factors for the r+ 1 scenario. 

2. Let C, be the rx 1 vector of known attribute values for the r relevant scenarios. 

3. Then, the objective of this least square analysis is to evaluate n, x 1 coefficient vector C, 

that will transform the dependency vectors to their respective actual attribute values. The 

relation between these factors and the known attribute values can be established by in- 

troducing the error term s, such that 

Cs = Px Cy +e 
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where, «= rx 1 error vector of white noise, 

and, «, ~ N(0O, 62) are components of «. 

4. Direct application of least squares criteria gives, 

T ~1 T 
Cy = (P, x P,) x P, x (Cs) 

5. Having obtained these coefficients, the attribute value of the (r+ 1)” scenario under 

analysis can be computed as, 

Cray = Pra X Ce 

This will provide the point estimate of the mean attribute value. 

5.5.1.6 Estimation of Variance 

Two different sources of variability can be identified in the above method for the esti- 

mation of attribute. 

1. The variance resulting from error term in the least square model can be evaluated as 

following. The unbiased estimate of the variance of the error term in the least square 

model can be shown to be, 

  

where, p; = C,{i,1] —PJ[i,.J] x C, 

Therefore, 
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2 1 * 
Se Fon Sume[(C, — P, x C7)."(Cs — P, x Cp] 

where, Sumc implies sum of all columns 

.~ implies element-wise matrix multiplication 

Then the variance of the attribute value due to this error variance can be shown to be, 

T 
Vers, = Pray X COV(P,) X Pray 

where, Cov(P,) = o& [PI x P,]' 

2. The other source of variability comes from the variance of the dependency factors them- 

selves. In the computation 

Cray = Pray X Ce 

the elements in p,,, are associated with corresponding variances in v,,,. Treating the 

coefficients C, as constants, this component of variance in c,,, will be 

Vd-4.4 = Vri4q X [C;.* Cy] 

Therefore, the variance of the estimated attribute value will be the sum total of these 

variances. 

Vie = Very + Vae44 
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5.5.2 Case Study 

The application of the technique presented in this paper will be demonstrated in the 

context of an actual planning study (project) conducted by the MIT Energy Laboratory for 

Consolidated Edison Company of New York in 1981 [45]. This project was undertaken as an 

independent critical review of Con Ed’s proposed electric energy strategy for the 1980’s. We 

shall consider only a portion of the study which is sufficient to demonstrate how our technique 

works. One of the issues addressed in the MIT study was the proposed conversion of Con Ed’s 

oil and gas generating plants to coal base. This was triggered by the high rise in oil prices 

experienced in the seventies. The study used detailed models to calculate the amount of coal 

consumptions for the period 1980-95 for various combinations of coal conversion schedules. 

The important factors considered in the estimation of the amount of coal consumption 

are (i) Coal conversion schedule, {ii) Load growth rate, (iii) Rise in oil and coal prices, {iv) 

Amount of energy purchased, and (v) other miscellaneous factors. The details of the study can 

be found in [45]. The relevant data and tables are explained in detail at the end as Appendix 

B. Our objective here is to estimate the coal requirements of new scenarios on the basis of 

results of detailed analysis of the base cases. To make our example comparable to that de- 

scribed in [42], we will consider scenarios 1-50 as the base, whose attribute values have been 

calculated using detailed analysis. Then the inconsistent data analysis technique will be used 

to estimate the coal consumption values for the same 19 scenarios as in [42]. 

5.5.2.1. Ordinal Ranking of Factor Values and the Relevant Set 

The ordinal ranking poses no difficulty for the factors - load growth and purchased en- 

ergy. Higher the load growth higher the coal consumption, and higher the energy purchase 

lower the coal consumption. The impact of fuel price on coal consumption will depend on the 

relative price increase of coal with respect to the other fuels, namely oil. Therefore, ranking 
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of the fuel price factor is based on the ratio of and differences between the fuel price rise. 

For ranking the various coal conversion schedules, the coal area - capacity (MW) times the 

period (years) it operates on coal - is deemed a proper criteria. The miscellaneous factors are 

ranked on the basis of the severity of their effect on possible coal requirement. 

The relevant set of scenarios is selected on the basis of two criteria. These are (i) the 

deviation of factor levels from those of the scenario under investigation, and (ii) the set con- 

tains sufficient number of scenarios to carry out the least square analysis. 

5.5.2.2 Analysis - A Numerical Example 

The methodology discussed in the previous section is used to estimate the coal re- 

quirements of 19 scenarios. A numerical example is discussed in detail to illustrate the pro- 

cedure. 

The estimation of the “coal requirement” attribute for scenario 51 from the data for the 

base cases of scenarios 1 through 50 is explained in the following. Some computational diffi- 

culties and the techniques adopted to overcome them will also be evident from this example. 

On the basis of rank order of the factors involved in the scenarios, the relevant set is 

chosen to consist of scenarios 44,45,46,47,48,49 and 50. The choice of these scenarios is based 

on the proximity of their factor values to that of the scenario of interest, 51 in this case. (This 

is done by inspection for now, but may be automated for larger problems). The factors of these 

scenarios are reproduced in Table 5.6. 

A combination of the five factors constitute a scenario. The first factor (ST) signifies a 

coal conversion schedule, which is same for the whole set. The second factor represents the 

load growth rate, which is indicated by numbers. The numerals 1 and 9 seen in this set rep- 

resent 1% and -1% load growth rates respectively. The third factor indicates the levels of 
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Table 5.6 - Relevant Set for Scenario 51 

  

  

    

Scenario Factors Coal 
No. 1 2 3 4 5 Requirement(C,) 

44 ST 1 L M 66 

45 ST 1 M M 64 

46 ST 1 H M 62 

47 ST g L M 57 

48 ST g M M 55 

49 ST 9 H M 52 

50 ST 1 M M Nt 68 

54 ST 1 MoM N (?)       
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purchased energy represented by symbols L - low, M - medium and H - high. The fourth factor 

indicates fuel price situation, the symbol M representing 3 % and 1 % growth in oil and coal 

prices respectively. The fifth factors, like N and N1, are miscellaneous constraints, like shut- 

down of a plant. These factors need to be treated in special ways based on the severity of their 

effects on the attribute of interest. Complete listing and description of these factors are given 

in [45]. 

The judgement ratio comparing the relative dependencies of scenarios with different 

levels of the factor value can be estimated by the ratio of attribute values of scenarios that 

differ only with respect to that factor. For example, the only difference between scenarios 44 

and 45 is the factor 3 values of L and M respectively. Therefore, the dependency ratio com- 

paring these two levels of factor 3 will be estimated as 66/64 which is the ratio of coal re- 

quirements of these two scenarios. If many such estimates of the same ratio are available, the 

geometric mean is taken as the equivalent dependency ratio. Thus the dependency ratios can 

be formed from the data in Table 5.6. 

Since only one level of factors 1 and 4 are involved in all the scenarios, all judgement 

ratios with respect to these two factors will be 1’s. The judgement ratios with respect to other 

factors are formed following the above procedure. 

with respect to factor 2 - 

scenario with value9 — , 52 55 _ 57 \1 0.8538 
scenario with value1 ‘62 ~ 64 ~ 66 ao 

with respect to factor 3 - 

scenario with value H — , 52, 62.1 _ 

scenario with valueM ~~ (55 % 6402 — 9-9970 

  

  

scenario with value H — , 52. 62 1 _ 

scenario with valueL. 7 § 57 “6g 02 = 20-9297 

scenario with valueM — ,55 64.1 _ 

scenario with valueL.  ~ ‘57% 662 = 0-9673 
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Most of the scenarios do not have a value for factor 5, and the judgement ratios cannot 

be formed exactly in the same manner. N and N1 denote shut down of the same set of plants 

in 1987 and 1982 respectively. Since the load is expected to be higher in 1987, shutting down 

of the same set of plants in 1987 (N) is expected to have a greater effect on coal requirement 

than in 1982 (N1). Thus the relative dependency ratio is taken to be 1.2 in this example. (lt 

will be shown later that the final results are not very sensitive to the choice of such individual 

ratio.) The judgement ratios for all other scenarios with respect to this factor will be zeroes. 

The judgement matrices formed with respect to all the factors using these ratios are 

listed in Table 5.7. The dependency vectors W and the corresponding variance vectors o%, 

computed from the judgement matrices are also listed in this table. 

The dependency matrix for the relevant set and the dependency factors for scenario 51 

are formed by splitting the dependency vectors as explained earlier. Since the dependency 

vector for factor 1 and factor 4 are identical, they are replaced by a single vector by adding 

these two. This process is adopted to make the matrix operations feasible in the least square 

analysis. 

Thus the dependency matrix for the relevant set is, 

0.132 0.130 0.250 0.000 
0.132 0.125 0.250 0.000 
0.132 0.120 0.250 0.000 

P, = 0.113 0.130 0.250 0.000 
0.113 0.125 0.250 0.000 
0.113 0.120 0.250 0.000 
0.132 0.125 0.250 0.546 

And the dependency vector for Scenario 51 is formed by using the last entries of the 

dependency vectors with respect to the four groups of factors shown in Table 5.7. 

Peay = [0.132 0.125 0.250 0.454] 
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Table 5.7 - Judgement Matrices, Dependency & Variance Vectors 

  

  

    
  

    

    
    

  

Factor Judgement Matrix Ww oF 

1.00 1.00 1,00 1.00 1,00 1.00 1.00 1.00 0.125 0 
100 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.125 | 0 
400 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.125 | 0 

and 400 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.125 | 0 
4 100 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.125 | 0 

4.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.125 0 
400 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.125 0 
1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00] 0.125, 0 

4.00 1.00 1.00 1.17 147 1.17 1.00 1.00 0.132. 0. 
400 100 1.00 1.17 147 1.17 1.00 1.00 0.132. 0. 
400 100 100 117 1.17 1.17 1.00 1.00 0.132 0. 

9 085 085 0.85 1.00 1.00 1.00 085 085 0.113 0. 
085 0.85 0.85 1.00 1.00 1.00 0.85 085 0.113 0. 
0.85 0.85 0.85 1.00 1.00 1.00 085 085 0.113 0. 
100 1.00 100 117 117 1.17 1.00 1.00 0.132 0. 
4.00 1.00 1.00 1.17 1.17 1.17 1.00 1.00 0.132 0. 

: : ae _ 
4.00 1.03 1.08 1.00 1.03 1.08 1.03 1.03 0.130 0. 
0.97 1.00 1.04 0.97 1.00 1.04 1.00 1.00 0.125 0. 
0.93 0.96 1.00 0.93 096 1.00 0.96 0.96 0.120 0. 

3 4.00 1.03 1.08 1.00 1.03 1.08 1.03 1.03 0.130 0. 
0.97 1.00 104 0.97 1.00 1.04 1.00 1.00 0.125 0. 
0.93 0.96 1.00 0.93 096 1.00 0.96 096 0.120 0. 
0.97 1.00 104 0.97 1.00 1.04 1.00 1.00 0125 0. 

}0.97 1.00 1.04 0.97 1.00 1.04 1.00 1.00 0.125 0. 

[0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 oo 9, 
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.0 0. 
0.00 0.00 0.00 0.00 000 0.00 0.00 0.00 0.0 0. 

5 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.0 0. 
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.0 0. 
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.0 0. 
0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.20 0.55 0. 
0.00 0.00 0.00 0.00 0.00 0.00 0.83 1.00 0.45 0.     
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The Coefficient vector is calculated as 

C, = (P) x P,)-'xP? x (C.) = [482.8 467.5 -—233.0 7.0]" 

Therefore, the point estimate of coal requirement will be, 

Cray = Pray XC, = 67.35 

The variability is computed as follows: 

Error variance is computed using the equation 

1 200 = 
Pe r—n 

  Sumc[(C, — P, x C,).*(C, — P, x C,)] 

= 0.1669 

Coal variance due to this error can then be estimated by the equation, 

Ve,.4 = Pros 2 [Pr x P,J"’ x Phy = 0.1166 

Coal variance due to variance of dependency factors is given by, 

le o Vous = Vinr X [C,.*C,] 

Therefore, total variance of coal requirement V,,, = 0.1166 and the standard deviation 

of coal requirement s,,,; =0.3415. The confidence intervals can then be formed on the basis 

of the mean value, the standard deviation and the appropriate t-parameter. 

(1-—a)x100%Ci = ¢,,, + Cor, xX Spay 
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Since the total variance is computed as the sum of two variances with different degrees 

of freedom, the conservative value of its degrees of freedom (d.f.) will be the lower of the two. 

The d.f. associated with v,,, is (-+1)x(r+2)/2—1 = 35 and that associated with o2 is 

r—n, := 2. Therefore, 30 % Clonc,,, will be, 

Grr £ thoes X Sy = 67.35 + 2.92 x 0.3415 = [66.35, 68.35] 

‘he mean value and these confidence limits form the first row of Table 5.8 which will 

be discussed subsequently. 

Now if we change the judgement ratio of factor number 5 from 1.2 to 1.1, the mean and 

standard deviation of the coal requirement are found to be 67.66 and 0.3724 respectively. This 

shows that the final values are not very sensitive to individual judgement ratios. This exhibits 

the robustness of the technique and we can expect reasonable results even when we cannot 

specify precise values for some of the judgement ratios, e.g. the judgement ratio comparing 

N and N1 in this example. This behavior can be understood by noting that all dependency ra- 

tios ar2 jointly involved in the computation of the dependency vector. Therefore, the change 

in any one ratio will not drastically change the results. 

5.5.2.3 Results of the analysis 

The analysis is carried for the 19 scenarios and the results are tabulated in Table 5.8. 

In addition to the mean values (point estimates) of coal consumptions, it also shows 90 % 

confidence intervals calculated on the basis of the estimated variances. The performance is 

pictorially depicted in Figure 5.2. Ideally, all the estimates should lie on the solid line. How- 

ever, the deviations are not large. Also the confidence range is shown in the figure. 

The results of IDA technique is compared with those of other two method in Table 5.9. 

Though IDA technique did not always yield the most accurate attribute value in all the sce- 
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narios, it predicted better results in more cases than either of the other two techniques. 

Moreover, when its prediction was worse, the absolute differences in the errors were quite 

small. ft it worth noting that the maximum error in our technique was only 8 M’tons compared 

to 13 M’tons in Describing Function method and 30 M’tons in Linear Interpolation method. The 

relative performance of the three methods is graphically illustrated in Figure 5.3. 

5.6 Conclusion 

The method of inconsistent data analysis is presented explaining its development in 

detail. Its application in the process of power planning has been illustrated. The case study 

from an actual project shows that this technique yields better results in estimating the attri- 

bute values compared to other two methods presently utilized for this purpose. 
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Table 5.8. Coal Consumptions (M’tons) Estimated by IDA. 

  

  

  

          

90% Confidence Interval 

Scenario | Simulated | Predicted Lower Higher 
No Value Value Limit Limit 

51 66 67.35 66.35 68.35 
53 64 58.02 56.68 59.35 
54 93 95.68 95.66 95.70 
55 80 78.00 77.99 78.01 
57 52 44.17 42.45 45.89 
74 65 67.23 63.47 70.99 
75 63 64.71 59.40 70.03 
76 48 59.23 51.47 58.99 
77 75 73.43 70.64 76.21 
78 58 58.26 55.47 61.05 
80 77 73.43 70.64 76.21 
81 59 58.26 55.47 61.05 
84 61 64.31 63.66 64.96 
85 52 54.14 53.49 54.79 
87 44 42.51 40.78 44.24 
88 34 35.01 33.28 36.74 

89 31 34.28 33.32 35.25 
90 27 31.62 30.66 32.58 
91 58 59.17 58.38 59.97   
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Table 5.9. Comparison of Coal Consumptions (M’tons) Estimated by Different Methods 

  

  

  

                

Scenario] Actual Approximation Using Absolute Error (M’tons) 

No Value DF HOLI IDA DF HOLI IDA 

51 66 69 66 67 3 0 1 
53 64 a7 54 58 7 10 6 
54 93 80 63 95 13 30 2 
55 80 73 54 78 7 26 2 
57 52 45 40 44 7 12 8 
74 65 68 67 67 3 2 2 
75 63 66 66 65 3 3 2 
76 48 57 59 55 9 11 7 
77 75 76 73 73 1 2 2 
78 58 59 53 58 1 5 0 
80 77 75 72 73 2 5 4 
84 59 59 53 58 0 6 1 
84 61 61 61 64 0 0 3 
85 52 50 52 54 2 0 2 
87 44 43 45 42 i 1 2 
88 34 37 36 35 3 2 1 
89 31 31 31 34 0 0 3 

90 27 27 28 32 0 1 5 
91 58 59 59 59 1 1 1   
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Chapter VI 

HIERARCHICAL COMPOSITION 

6.1 Hierarchical Composition in CIBUET 

In order to extend the application of CIBUET to multi-level hierarchies, an appropriate 

method to compose the variance of the composite priorities from the priorities and the vari- 

ances computed for the individual judgement matrices must be developed. It has already been 

shown earlier that with log-normally distributed judgement ratios, the priorities obtained by 

eigen-vector method can be represented as, 

W; I A{ In p, 8} 

I N { p, o7}, fori = 1,..,2n. 

where n is the order of the matrix 

p;s are the actual priorities, 

2 

= 2S" [ yp - ple 
n 

  

— 2 of = OF 2D; 
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The Quotient Index (QI), which can be computed solely on the basis of the judgement 

matrix, was shown to be a reasonable estimate of o? . This enabled us to estimate the vari- 

ances indicated in the above expressions. 

The hierarchical mechanism of obtaining the priorities of factors at a level with respect 

to any higher node involves a summation of products of two priorities computed for consec- 

utive levels. Let us consider such a product V, W, for any two successive levels i andj of a 

hierarchy. 

S
 I A{ in P, 6?} 

W, =~ ALInP, &} 

2 N{ Pi, o?} 

The variances 6? and 6? are available from the knowledge of P,’s, P,’s and the quotient 

indices Q/; and Qi, computed for the respective judgement matrices. Because of log-normal 

nature of V; and W,, 

ViW,~ <A{( In P,+In P,), (6? +6)} 

I A{ In (P, P), 58} 

~ ON {erie ze he erinejrp+Ee [ el — 1]} 
~ N{P,P,, (P, P)? Sd? ed**} 

~ N{P,P;, P?P? (6? + 6?) } 

2 pe ( 2 i 

~ N{P,P;, (P? of + P? o?)} 

This provides a very convenient expression to compute the mean values as well as the 

variances of products of the priorities computed for successive levels of the hierarchy. The 

expression for the computation of the mean values of the priorities remain the same as given 

earlier. For a three level hierarchy, this reduces to, 
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_
 4,1 12 22 2 ‘ 

P13 P13 P13 P13 P42 

1A} 42 22 32 41 
Po3 | = | P23 P23 P23 P22 

44 12 22 (392 14 
P33 P33 P33 P33 P39 

Treating these priorities as random variables and considering one element of above 

composite priority vector, we find, 

11 = 1.2 11 2.2 11 3.2 41 
P ~ PY3 Pi + Pr P22 + PH P32 1.3 

Therefore, using the previous results obtained for the evaluation of variances of the 

products of random priorities and assuming approximate normality of the composite priorities, 

the variance of the composite priority can be approximated by the following expression. 

(o13)? = (P13) (oy2)? + (Paz)? (043)? + (PH)? (e722)? 

+ (Pi? (o73)? + (PI)? (042)? + (Paz)? (079)? 

Therefore, the variance vector for the composite priorities can be rearranged and ex- 

pressed in the following concise matrix form. 

4,442 422,222 , 3,22 4,1,2 1,22 ,.2,2.2 , 3,2\2 44,2 
(o4’3) (P13) (P4'3)" (P73) (o4'9) (043) (04°3)" — (04'3) (P12) 

4,12 42.2 ,.2,2.2 , 3,22 4,12 4,22 2,22 ,3,2\2 4,42 
(o9'3) | = | (23) (P23) (P23) (o9'o)" | + | (62'3)"  (3'3)" — (69'3) (Po'o) 

4,1,2 12.2 , 229 , 32.9 4,1,2 1.2.2 , 2,22 , 3,22 4,4,2 
(o3'3) (P33) (P33) (P33) (o3'9) (o3'3)” (03'3)”  (03'3) (P3'2) 

However, these results are obtained by extending the approximate analysis for the pri- 

orities. It should also be noted that some more approximations and assumptions are involved 

in deriving above concise expressions for the variances. 
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6.1.1 Numerical Evaluation 

Numerical simulation is carried out to investigate the validity and the accuracy of the 

results obtained for the composite priorities and their variances. This is done by forming an 

arbitrary multi-level hierarchical structure. The priorities of the components at any one level 

with respect to a component at the next higher hierarchy is assumed to be known. Arbitrarily 

assuming some reasonable values for for these priorities, the ideal judgement matrices for the 

whole hierarchy are precisely known. These ideal judgement ratios are perturbed by multi- 

plying them with log-normally distributed error factors. These error factors are generated with 

the parameters € = 0 , which assures the median value of each judgement ratio to be the 

correct ratio, and desired level of co? to represent the level of expertise. The priorities and their 

variances obtained from these simulated judgement matrices are used in the hierarchical 

composition procedure to obtain the composite priorities and their variances. For each case 

the simulation is carried out for a sample size of 400 runs. As already established earlier, the 

priorities and the variances for individual priorities are found to match quite accurately with 

the model values. The composite priorities are also found to be sufficiently close to the model 

values. However, the observed values of the variances for the composite priorities are found 

to be significantly smaller compared to the model valued given by the expression derived 

above. Therefore, simple modifications were devised to achieve a reasonable match between 

the actual observed and the model variances. On the basis of the simulation results, one at- 

tractive correction factor, that produced a good agreement between the model and the simu- 

lation results for the composite variances is of the following form. 

where, .* indicates the elementwise multiplication. 
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If the procedure were generally applicable, then it could readily be extended to prob- 

lems with any required number of levels in the hierarchy. And, we can compute the variance 

of any composite priority pertaining to the hierarchy. 

However, simulation with higher number of hierarchy levels clearly showed that these 

factors are not generally applicable. Empirical factors which explained the deviation of vari- 

ances for some group of hierarchies could not perform as good in sorne other hierarchies. 

For example, fourth level composite variances could not be explained using the empirical 

factors developed from the simulation of three level hierarchies. This warranted a deeper look 

into the approximations and assumptions involved in the derivation of the very formulae for 

the composite variances. 

6.2 Modification of Variance to account for normalization 

It was observed in the previous section that the variances were over-estimated by the 

formulae developed for them. To deal with this situation in a relatively simple way, attempts 

were made to come up with reasonable empirical factors that produce acceptable approxi- 

mations to the variances. This could be achieved for many individual cases by adopting 

temptingly simple empirical factors, as seen in the earlier example. However, no simple sol- 

utions could be achieved that are generally applicable to hierarchies of a selected number of 

levels and arbitrarily chosen sets of priorities. 

The overestimation of the variance is explainable by the fact that we have not taken 

proper account of the dependencies among various terms of above expression. Therefore the 

following procedure is investigated to approximate the variance by approximate treatment of 

the dependencies where they occur, rather than try to develop empirical factors to account for 

them. 
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6.2.1 Approximate Estimation of Variance 

The general expression for obtaining the priority of factor k in level n with respect to the 

focus [factor 1 at level 1] can be concisely written as 

1100 iin 4,1 

Pen = » els x Pj n—4 

where, k <m,, number of factors in level n. 

i=1,...,m,_, number of factors in leveln—1. 

Each term of this expression always consist of the product of two priorities from different 

levels of the hierarchy. In our present analysis these terms are always mutually independent. 

Therefore, their combined variance can be easily computed from their individual variances 

using 

2 6 2 2 6 2 2 Srxy) = | S19] a, + | Sr | Oy 

This procedure will exactly lead to the same results as of the previous section as long 

as we consider only the individual product terms. The difficulty arises because of the de- 

pendencies among the priorities of factors in the same hierarchy level that are present in 

different products in the above expression. The over estimation of variance observed in the 

previous section was solely due to failure to take proper account of this dependency. Empirical 

methods were attempted without much success. Here we adopt a different strategy of ap- 

proximating the effect of the dependency. 

The second factor in each product term is the priority of factor /, /=1,...m,_,, in level n — 1 

with respect to focus [factor 1 level 1]. Therefore, 
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Though each priority is individually a random variable, their sum is constant at unity. 

Thus the actual deviation in one of these must be precisely balanced by opposite deviations 

in the rest of the factors. 

Therefore if we treat each of these priorities as constants, represented by their mean 

values, the errors produced by this approximation should exactly cancel each other out, pro- 

vided the other factor in the product remains constant. Even if the other term py" is not ac- 

tually constant in this case, the deviation in each term still tend to cancel! the deviation in the 

other terms. This should make the error introduced by the approximation considerably lesser. 

Therefore we will try to use the following relation in place of the precise relation given at the 

beginning of this section. 

Mp4 

4.10 _ in 1,1 
Prin ~~ Prin * Pint 

i=1 

Since, the second factors are approximated by their mean values, they are no longer 

random variables but just constants. Therefore, the combined variance can be computed by 

using the simpler relation 

n 

Var >a xi = ye Var(x;) 

j= 

Proceeding with this approach, we can obtain the combined variance as 
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My 
2 2 

1,1 in—172 1,1 

[on] = [ pin | [oin—1] 
i= 

This can be expressed in the matrix form as, 

      

L 11.2 | L 1n—14° m n=19° : 4,1 2 

[o4'n] [Pin J] Da] [o4',-1] 

2 2 2 2 4,1 4,n—1 m,_4,n—" 1,1 
[om nl | LPm,,n rete mon J | Om, n—td |       

This constitutes only the first part of the expression for the variance deduced earlier 

neglecting the effects of the dependencies introduced by the normalization of the priorities at 

every level of the hierarchy. (i.e. Lp, = 1 imposed at each level of hierarchy). The performance 

of this model is investigated using numerical simulation carried out using similar procedure 

explained in earlier sections. The results for some typical hierarchies are tabulated and dis- 

cussed briefly in the following section. 

6.3 Numerical Evaluation 

The expressions derived above for the variances of the composite priorities are based 

on various approximations and cannot be established with certainty. The simplest method to 

check the validity of these expressions will be the technique of numerical simulation so that 

the ability of these expressions to produce reasonable values of variances for arbitrarily cho- 

sen sets of priorities could be evaluated for different levels of hierarchies. The simulations are 

carried out with hierarchies of up to four levels, and up to six factors in each level were con- 

sidered. 
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6.3.1 Simulation Procedure 

The simulation procedure is similar to the methods explained in earlier sections. The 

sets of priorities at each level of hierarchies are randomly selected by normalizing a set of 

randomly generated uniform numbers. Therefore, for a particular value of the parameter o?, 

the variances of each priority could be estimated. Further, the variances of the composite 

priorities can immediately be computed using the expressions derived above. 

Also, the sets of consistent judgement matrices can be formed by taking the ratios of 

appropriate priorities. Then, it is required to simulate the inconsistencies in various judgement 

ratios. It is attained by generating sufficient number of error factors conforming to the pa- 

rameter co”. And, the inconsistent judgement ratios are obtained by perturbing the consistent 

judgement ratios by these error factors. 

The analysis of these judgement matrices yield the priorities under the desired degree 

of inconsistency and their composition provide the composite priorities. The variance of the 

composite priorities can be observed by repeating this process some desired number of 

times. The accuracy of the model variances will be evaluated by comparing them against 

these observed variances. 

6.3.2 Numerical Results 

To check the general validity of the model, hierarchies with two, three and four levels 

with up to six factors at a level were simulated. The results for a four level hierarchy shown 

in Figure-6.1, are discussed fully in this section. The results of some other typical hierarchies 

are only summarized giving only the variance values for the composite priorities. 
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Figure 6.1 - Hierarchy 1-4-4-4 
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Table 6.1(a) - Comparison of mean values of Priorities and Standard Deviation 
[ level 2 wrt fevel 1, o7 = 0.20 J] 

  

  

  

            

Priority Standard Deviation 

Actual Mean Computed % dev. Estimated | Mean Observed % dev. 

0.1804 0.1794 -0.55 0.0379 0.0383 + 1.06 

0.2939 0.2933 -0.20 0.0542 0.0548 +1.11 

0.3353 0.3403 + 1.47 0.0572 0.0593 + 3.67 

0.1904 0.1870 -1.79 0.0397 0.0415 + 4.53   
  

HIERARCHICAL COMPOSITION 124



Table 6.1(b) - Comparison of mean values of Priorities and Standard Deviation [ «7 = 0.20 ] 

  

  

  

  

  

  

  

  

            
    

Priority Standard Deviation 

Actual Mean Computed % dev. Estimated | Mean Observed % dev. 

0.3275 0.3243 -0.98 0.0626 0.0592 -5.43 

0.3386 0.3415 +0.86 0.0635 0.0620 -2.36 

0.2777 0.2778 +0.04 0.0570 0.0527 -7.54 

0.0563 0.0550 -2.31 0.0133 0.0131 -1.39 

level 3 with respect to factor 1 of level 2 

0.2315 0.2285 -1.30 0.0502 0.0457 -8.96 

0.4076 0.4093 +0.42 0.0656 0.0647 -1.37 

0.2784 0.2784 +0.00 0.0574 0.0535 -6.79 

0.0824 0.0837 +1.58 0.0195 0.0201 + 3.08 

level 3 with respect to factor 2 of level 2 

0.4335 0.4271 -1.48 0.0686 0.0621 -9.48 

0.2919 0.2952 +1.13 0.0614 0.0566 -7.82 

0.2102 0.2107 +0.24 0.0479 0.0432 -9.81 

0.0644 0.0670 + 4.04 0.0157 0.0168 +7.01 

level 3 with respect to factor 3 of level 2 

0.1682 0.1700 + 1.07 0.0395 0.0363 -8.10 

0.3400 0.3401 +0.03 0.0669 0.0619 -7.47 

0.4148 0.4121 -0.65 0.0695 0.0644 -7.34 

0.0771 0.0778 +0.91 0.0188 0.0185 -1.60 

level 3 with respect to factor 4 of level 2   
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Table 6.1(c) - Comparison of the Composite Priorities and Standard Deviation 
{ level 3 wrt level 1, c? = 0.20 ] 

  

  

  

Priority Standard Deviation 

Actual Mean Computed | % dev. Estimated | Mean Observed % dev. 

0.3045 0.3025 -0.66 0.0305 0.0314 +2.95 

0.3435 0.3453 +0.52 0.0330 0.0339 +2.73 

0.2814 0.2803 -0.39 0.0287 0.0281 -2.09 

0.0706 0.0719 + 1,84 0.0089 0.0084 + 5.62               
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Table 6.1(d) - Comparison of mean values of Priorities and Standard Deviation [ c? = 0.20 ] 

  

  

  

          
  

  

          
  

  

            

  

          
    

Priority Standard Deviation 

Actual! Mean Computed | % dev. Estimated | Mean Observed % dev. 

0.1345 0.1342 -0.22 0.0301 0.0316 + 4.98 

0.3133 0.3121 -0.38 0.0588 0.0563 -4.25 

0.3688 0.3679 -0.24 0.0618 0.0629 + 1.78 

0.1834 0.1858 + 1.31 0.0399 0.0410 + 2.76 

level 4 with respect to factor 1 of level 3 

0.4131 0.4114 -0.41 0.0631 0.0623 -1,27 

0.1430 0.1432 +0.14 0.0324 0.0334 + 3.08 

0.2747 0.2735 -0.44 0.0557 0.0501 -10.05 

0.1693 0.1720 + 1,59 0.0378 0.0369 -2.38 

level 4 with respect to factor 2 of level 3 

0.0610 0.0606 -0.66 0.0145 0.0143 -1.38 

0.2741 0.2813 + 2.63 0.0567 0.0532 -6.17 

0.3729 0.3689 -1.07 0.0654 0.0599 -8.41 

0.2920 0.2891 -0.99 0.0590 0.0526 -10.85 

level 4 with respect to factor 3 of level 3 

0.1465 0.1475 +0.68 0.0322 0.0349 + 8.39 

0.3562 0.3595 + 0.93 0.0602 0.0620 + 2.99 

0.3081 0.3059 -0.71 0.0573 0.0553 -3.49 

0.1892 0.1872 -1.06 0.0404 0.0382 -5.45 

level 4 with respect to factor 4 of level 3   
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Table 6.1(e) - Comparison of the Composite Priorities and Standard Deviation 
[ level 4 wrt level 1, 0? = 0.20 ] 

  

  

  

            

Priority Standard Deviation 

Actual Mean Computed % dev. Estimated | Mean Observed % dev. 

0.2103 0.2102 -0.05 0.0240 0.0265 10.42 

0.2468 0.2485 +0.69 0.0268 0.0248 -7.46 

0.3333 0.3311 -0.66 0.0328 0.0319 -2.74 

0.2095 0.2102 +033 0.0245 0.0237 -3.27   
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Tables 6.1 (a) - through (e) compare the observed values of standard deviation of pri- 

orities against the model values. The difference between standard deviations at second level 

of hierarchy is found to be less than 5 % as can be seen from Table 6.1(a). Table 6.1{b) details 

the standard deviations of third level factors compared to each factor at second level. The 

difference is found to be less than 10%. Table 6.1{c) lists the composite values of the third 

level with respect to the first level. It is seen that the deviation between the simulated and 

observed standard deviations of composite priorities stay at about 5%. Table 6.1({d) tabulates 

the standard deviations of fourth level factors with respect to each factor of the third level, and 

Table 6.1(e) shows those for composite priorities of the fourth level factors with respect to the 

first level. The largest deviation is found to be about 10 %. However, it can be noted that the 

disagreement is lesser in case of the composite priorities than those with respect to factors 

at other intermediate levels. 

Tables 6.2 through 6.4 give the results for a few other hierarchies. Table 6.2 (a) and (b) 

lists the model and observed standard deviations for the composite priorities for three level 

hierarchy 1-6-6. The largest difference in these standard deviations remains about 10 %. Ta- 

ble 6.3 (a) and (b) gives the values for 3 level hierarchy 1-6-4. The largest difference is found 

to be about 12 %. Table 6.4 (a), (b) and (c) tabulates the standard deviations and the percent 

difference for the composite priorities of levels 2, 3 and 4 respectively for the hierarchy 1-6-4-4. 

The largest deviation is again found to be about 10 %. 
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Hierarchy 1-6-6 

Table 6.2(a) - Comparison of the Composite Priorities and Standard Deviation 
[ level 2 wrt level 1, oc? = 0.20 ] 

  

  

  

    

Priority Standard Deviation 

Actual Mean Computed | % dev. Estimated | Mean Observed % dev. 

0.0719 0.0719 0.00 0.0136 0.0130 -4.41 

0.2361 0.2338 -0.97 0.0381 0.0389 +2.10 

0.1226 0.1248 +1.79 0.0226 0.0218 -3.54 

0.2476 0.2491 +0.61 0.0391 0.0393 +0.51 

0.1439 0.1443 +0.28 0.0261 0.0254 -2.68 

0.1778 0.1760 -1.01 0.0312 0.0299 -4.17           
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Table 6.2(b) - Comparison of the Composite Priorities and Standard Deviation 
[ level 3 wrt level 1, ¢? = 0.20 ] 

  

  

  

            

Priority Standard Deviation 

Actual Mean Computed | % dev. Estimated | Mean Observed % dev. 

0.2013 0.2017 +0.20 0.0182 0.0160 -12.09 

0.2124 0.2120 -0.19 0.0193 0.0192 -0.52 

0.1449 0.1455 +0.41 0.0144 0.0149 +3.47 

0.1515 0.1518 +0.20 0.0145 0.0135 -6.90 

0.0887 0.0884 -0.34 0.0101 0.0105 + 3.96 

0.2013 0.2007 -0.30 0.0175 0.0156 -10.86   
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Hierarchy 1-6-4 

Table 6.3(a) - Comparison of the Composite Priorities and Standard Deviation 
[ levet 2 wrt level 1, c? = 0.20 ] 

  

  

  

    

Priority Standard Deviation 

Actual Mean Computed | % dev. | Estimated | Mean Observed % dev. 

0.0719 0.0713 -0.83 0.0136 0.0139 +2.21 

0.2361 0.2369 +0.34 0.0381 0.0368 -3.41 

0.1226 0.1233 +0.57 0.0226 0.0220 -2.65 

0.2476 0.2457 -0.77 0.0391 0.0375 -4,09 

0.1439 0.1420 -1.32 0.0261 0.0243 -6.90 

0.1778 0.1806 +1.57 0.0312 0.0323 + 3,53           
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Table 6.3{b) - Comparison of the Composite Priorities and Standard Deviation 
[ level 3 wrt level 1, o? = 0.20 ] 

  

  

  

            

Priority Standard Deviation 

Actual Mean Computed] % dev. Estimated | Mean Observed % dev. 

0.1992 0.1994 +0.10 0.0222 0.0249 +12.16 

0.2558 0.2555 -0.12 0.0316 0.0278 -12.03 

0.2515 0.2511 -0.16 0.0289 0.0279 -3.46 

0.2934 0.2940 +0.20 0.0332 0.0310 -6.63   
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Table 6.4(a) - Comparison of the Composite Priorities and Standard Deviation 
[ level 2 wrt level 1, o? = 0.20 ] 

          

  

        

      

  

      
  

Hierarchy 1-6-4-4 

  

  

  

            

Priority Standard Deviation 

Actual | Mean Computed] % dev. | Estimated | Mean Observed | % dev. 

0.2095 0.2079 -0.95 0.0358 0.0384 + 7.26 

0.1190 0.1191 + 0.08 0.0223 0.0215 -3.59 

0.2199 0.2200 +0.06 0.0370 0.0330 -10.81 

0.2274 0.2288 +0.62 0.0379 0.0349 -7.92 

0.1865 0.1859 +0.32 0.0328 0.0299 -8.84 

0.0378 0.0383 + 1.32 0.0073 0.0076 +4.11   
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Table 6.4(b) - Comparison of the Composite Priorities and Standard Deviation 
[ level 3 wrt level 1, c? = 0.20 ] 

  

  

  

            
  

  

  

  

  

Priority Standard Deviation 

Actual Mean Computed; % dev. Estimated | Mean Observed % dev, 

0.2470 0.2471 +0.04 0.0209 0.0214 + 2.39 

0.3031 0.3045 + 0.46 0.0260 0.0261 + 0.38 

0.3237 0.3212 -0.77 0.0269 0.0261 -2.97 

0.1262 0.1272 +0.79 0.0132 0.0132 0.00 

Table 6.4(c) - Comparison of the Composite Priorities and Standard Deviation 
[ level 4 wrt level 1, o? = 0.20 ] 

Priority Standard Deviation 

Actual Mean Computed % dev. Estimated | Mean Observed % dev. 

0.2210 0.2223 +0.59 0.0236 0.0248 + 5.08 

0.2533 0.2527 -0.23 0.0249 0.0248 -0.40 

0.3023 0.3010 -0.43 0.0287 0.0282 -1.74 

0.2334 0.2240 +0.27 0.0236 0.0236 0.00           
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6.4 Conclusion 

It is seen from these simulation results that the characteristics of composite priorities 

can be reasonably estimated from the knowledge of the judgement matrices obtained for a 

hierarchy. More specifically, the important conclusions of this simulation can be listed as: 

e¢ The mean and the variance of the composite priorities can be estimated with reasonable 

accuracy on the basis of the knowledge of the priorities and the variances computed for 

each individual judgement matrix. 

@ The accuracy of the composite priorities are observed to be better (indicated by lower 

standard deviation) compared to priorities of obtained for individual judgement matrices. 

e §6The reliability of the composite priorities can be specified in terms of intervals of priori- 

ties, and this interval can be expected to reduce when using appropriate hierarchies. 

HIERARCHICAL COMPOSITION 136



Chapter VII 

MISCELLANEOUS 

This chapter will present some aspects that highlight special features of the technique 

presented in earlier chapters. The later part will investigate probable avenues for further re- 

search to enhance the method. 

/.1 Comparison of CIBUET with other Uncertainty 

Techniques 

All uncertainty techniques require specifying the degree of confidence in the expert’s 

testimony in some form. The specification of subjective probabilities in Bayesian Technique, 

the quantification of degrees of membership in fuzzy logic, or the specification of degrees of 

belief or disbelief in Dempster-Shafer approach or the MYCIN technique are examples of this 

confidence in one form or another. Most often, once these degrees of beliefs are specified by 

the expert very little can be done to check the reliability of these assessments within the 
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framework of these techniques. Therefore, even when an expert makes a number of mutually 

inconsistent judgements, very little can be done to account for such inconsistency. But, the 

outcome of these methods are very dependent on the accuracy of these assessments. 

The Eigen Vector Method and therefore CIBUET on the other hand is a technique where 

no specification of confidence on any individual expert judgement is required. Instead, it tries 

to analyze the inconsistency among a set of expert judgements and utilize it to evaluate the 

reliability of the conclusions drawn on the basis of these judgements. 

7.2 Distinction between CIBUET, EVM and Probability 

The appeal of EVM technique was felt most in situations where detailed knowledge was 

not available to carry out detail analysis providing probabilistic quantification of expert opin- 

ion. This method could utilize the limited expertise in the form of judgement ratios to compute 

reasonable point estimates of the expert estimation. This technique was preferred over other 

techniques that provided such point estimates because the method EVM was also accompa- 

nied with the Consistency Index (Cl) which could indicate the acceptability of the results 

produced by the technique. However, Cl is not uniquely related to the priorities, and cannot 

provide in index or degree of accuracy of the priorities. This resulted in arbitrary specification 

of upper bound for Cl when the priorities were assumed acceptably correct. The problem is 

the acceptability of priorities is based on an index in a different dimension. For example, let 

the peak load forecast for a certain day be X. Then, accepting the EVM results on the basis 

of Cl will be same as accepting the peak load because of accepted expertise of the forecaster. 

It simply approves acceptance but is completely incapable of specifying the accuracy of the 

peak load. This limits the usefulness of the forecast peak load in further processes. The 

technique of CIBUET is an attempt to specify the likely range of the peak load on the basis of 

the expertise of the expert. The probability techniques on the other hand attempts to specify 
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the complete distribution of the variables of interest, so that precise probability assessments 

can be specified for any desired range of the variable. Thus, this technique (CIBUET) can be 

placed in the middle of the two extremes, the method of EVM which provides only point esti- 

mates, and the detailed models which can analytically specify the distribution of the estimates. 

7.3 Comparison of CI and QI 

The confidence index Cl can be shown to be the mean deviation of Judgement Ratios 

in an inconsistent judgement matrix, pertaining to any one factor (i.e. any one row in judgment 

matrix) required to produce a consistent matrix corresponding to the priorities produced by 

the EVM technique. 

Let the judgement ratios be denoted by a, (a, = 1/a,) and the priorities computed by 

EVM bew, i=1...n. Then, we have 

1 ag Bin | | 4 Ws 

Ap, 1 Aon | | We ; Wo 
™ max 

ant 1 Ww, Wr 

Amax is the largest eigen value of the judgement matrix and the corresponding consistent 

index is given by, 

Cc] = Amax — 0 

n—-1 

Let w/w, be denoted by w,, then replacing the judgement ratios a,’s_ by w, ’s we get ips 

the identity relations, 
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Subtracting these two sets of equations, we get 

0 (a4 _ W4) eee aoe (Arp _ WwW, n) Ws W4 

494 ~~ Wo, 0 tee eee (Aon ™ Wop) Wo 
Wa 

= (Amax — n) 

(ap) _ Wr) ee eee wee 0 Wh Wn 

The i” row of this equation yields, 

  

(Aj4 —Wy)Wy to .. +FOW +. + (8p — Win)Wy = (Amex — 7) W; 

Hence, 

rmax— 2) —") Ww, WwW; W,, 
(n _ 1) = (a, _ Wis) Ww, foot 0 Ww, eee pe (a,, _ Win Ww 

~ —_1 . W; , 

a 
— 1 (a, ~ Wi) 

This is the mean per unit deviation of a, from w,, with respect to any of the rows. 

The Quotient Index (QI) defined in chapter 4 as 

n—1 n 

—~ — 2 2 
= Gham Dd » » 

it fal+1 

where, y,;, = In (a,/Wi,), 
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incorporates the deviation in all the judgement ratios related to all the factors. Therefore, the 

QI can be expected to be a better measure of inconsistency in the overall judgement of the 

expert than the Consistency Index. 

However, the advantage of adopting QI! in place of Cl results from the fact that QI has 

been further processed to link its size to likely variation of the point estimates whereas Cl 

could only be used as an indication whether to accept the point estimates as sufficiently reli- 

able. 

/.4 Directions for further investigation 

One valid and frequently asked question about EVM is its theoretical justification even 

in a completely consistent situation. Consistency is only the necessary not sufficient condition 

for the results of EVM to be correct. The acceptance of EVM solution is based on the as- 

sumption that the expert has sufficient expertise to provide the judgements in the neighbor- 

hood of the correct ones, an the degree of inconsistency provides a measure of their deviation 

from correct judgements. 

7.4.1 Separate QI’s for individual factors 

The situation of consistent but incorrect judgements occur where the expert will have 

some consistent bias with respect some factors. One method to check the consistency of bias 

may be to compute the QI with respect to each row of the judgement matrix and compare each 

other and with the overall QI. If the level of expertise of the expert is significantly different in 

different domains representing different factors in the hierarchy, the Ql’s will be different with 
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respect to these factors. Standard statistical techniques like ANOVA-test could be utilized to 

check any significant difference between these QlI’s. It should, however, be mentioned that in 

any judgement matrix the total number of independent judgements available are 

nx(n—1)/2 Therefore for smaller values of n (say, 3 or 4) it may not be feasible to compute 

the Ql’s for different factors with sufficient significance. However, for larger judgement matri- 

ces itseems worth to pursue this investigation to determine whether these individual QI’s can 

offer any deeper insight into the expert’s expertise. 

7.4.2. Comparison with other techniques 

The eigen vector method of dealing with inconsistent judgements was chosen as the basic tool 

in this work because of its comparative advantages listed earlier. However, with specific 

characterization of the error model as log-normally distributed, some cther techniques (e.g. 

Log least squares) may be quite appropriate. These approaches need further investigation. 

7.4.3 Wide fields of applications 

The technique provides a basic tool to process any set of inconsistent data and use them in 

desired problem situation. This situation generally arises in modeis which involve some sub- 

jective inputs and cannot be completely described by simple quantitative formulae. One ap- 

plication in such situation has been demonstrated in the example of the Power Planning. 

Another problem being investigated is in the area of Load Forecasting which again involves 

some subjective judgements. We believe this technique will find application in a host of other 

similar problems. 
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Appendix A 

RELEVANT PROBABILITY DISTRIBUTIONS AND 

RANDOM DEVIATE GENERATION TECHNIQUES 

Brief outlines of the probability distributions involved in the simulation process pertain- 

ing to the error factors are given below. It will be followed by a short discussion on the tech- 

niques used to generate the random deviates conforming to the particular distributions. 

A.1 Generation of Pseudo-Random Numbers 

The uniform distribution over the interval [0, 1] is of paramount importance in random 

number generation. It stems from its use as the foundation in generating random variates from 

more complicated distributions required in most simulation experiments. 
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A uniform continuous distribution over the intervala < x <b (denoted as [a, b]) is 

defined by the density function, fx) = 1/(b-—a), a<xsx<b . It has a mean 

ph, = (a+ b)/2 and the variance o? = (b — a)*/12 . The cumulative distribution function is given 

by, F(x) = (x —a)/(b—a), a< x < b, which becomes F(x) = x for the interval [0, 4], 

which makes it so convenient in simulation applications. 

Random normal numbers are the next most widely needed random numbers. Instead 

of going into the details of generating these basic random numbers, the procedures used in 

‘Gauss’ package are used to obtain these random numbers whenever needed. This package 

uses the multiplicative-congruential method [3] for the generation of uniform numbers and the 

fast acceptance-rejection algorithm [4] for the generation of standard normal numbers. These 

random numbers are then used to generate other random numbers conforming to the desired 

distribution. The various methods used for each application is briefly explained at the appro- 

priate places. 

A.2  Log-normal Error Simulation 

A.2.1 Log-normal Distribution 

This distribution is found to be very useful in modeling the error factors in the expert 

judgements. A non-negative random variable X is said to have a log-normal distribution 

whenever Y = In(X) has a normal distribution [5,6]. 

Normal distribution is the the most widely used distribution and it is defined by the 

density function, 
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The two parameters uw and ao? happens to correspond to the mean and the variance of 

the distribution. Unfortunately, an easy closed form solution is not possible for the cumulative 

distribution function F(y) . However, extensive tabulation of F(y) is available for the standard 

normal distribution with uw = O and o? = 1. This can readily be extended with little difficulty 

to evaluate F(y) of any other normal distribution. 

A two parameter log-normal distribution can be adequately described by the expected 

value uw and variance o? of the normal variable Y. !f u and o? are the expected value and 

variance of Y_ , then the log-normal distribution of X is represented by the notation 

X ~A(p, 0). 

The pdf of X is given by: 

  f(x) axto® exp| Da (In x — p)* |, ifx>0 

= QO, ifx<0. 

The expected value and the variance of X can be shown to be: 

E(X) = & = exply +4 a2], 

and Var(X) = 63 = = expl2u+o7].(explo?] —1). 

Relevant theorems regarding some important characteristics of log-normal distribution 

utilized in the following analysis are given below. Let X,,/=1,...,n be mutually independent 

random variables having log-normal distribution X; ~ A (u;, 0?) and a,,/=1,..,m be con- 

stants, then: 

1.0 (XJ ~ A(aimy af.07) 
2. WX, ~ A(Zu, Xo). 
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3. aX, ~ A(u;+ina, 0%), for «,;>0 

4, TI «,X, ~ ALZ(y,+Ina) ,= o], fora,>0. 

Another important characteristic used in the analysis is the fact that a log-normal dis- 

tribution can give a good representation of a normal distribution which has a small absolute 

(less than 0.25) of the co-efficient of variation. If a random variable has low variance such that 

its distribution can be equivalently approximated by each of the following, 

ACE, 6) = Nu, 0) 

Then, pa=eez® , a? = ex+ (ee _ 4) 
ue 

€é =In[ io oT ] 6? = In(1 + 07/1?) . 

v (u? + 0°) 

A.2.2. Log-normal Random Numbers 

Since a log-normal variable x is related to a normal variable y by the relation 

y = log. x, the log-normal variates can be indirectly generated from the normal random 

numbers. Specifically, if y is a normal random number from a distribution with parameters u 

and o%, then eY is a Jog-normal random variable with a mean € = entry @ and a variance 

= ert 0? (96? _ 1). This transformation is employed on normal random numbers to generate 

the log-normal random numbers with desired parameters. 
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A.3 Weibull Error Simulation 

A.3.1 The Weibull Distribution 

The Weibull distribution [6,7] for a non-negative random variable is defined by 

Box p41 + 
fix) = = (> Pte ba 

a and $ are the parameters of the distribution. The mean and the variance of this dis- 

tribution are given by, 

aT (1+ 1/6) 

a? [T(1 + 2/8) — (01 + 1/8))7] 

by 

Q x 

II 

The cumulative distribution function is given by 

8 
F(x) = 1-e7 */*) 

The gamma functions [°(.) involved in the computations of this distribution can be found 

tabulated in many statistics texts. 

A.3.2 Weibull Random Numbers 

The inverse transformation technique of generating random numbers is very suitable to 

generate Weibull random numbers [7,8]. This method utilizes the cumulative distribution 

function F(x) of the distribution to be simulated. Since F(x) is defined over the interval [0, 1], 

we can generate a uniform random variate R which is also defined over the interval [0, 1], and 

set F(x) = R. Then x is uniquely determined by this relation. That is, x = F-‘(R) is the variate 
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desired from the given distribution, whenever it is feasible to carry out the inverse transfor- 

mation. 

For Weibull distribution, we have, 

F(x) = 1-e-#? 

Therefore, setting R' = 1—e-" ~~ where R’ is from the uniform distribution, 

we get enw? = R, where R = 1—R' is also from the 

uniform distribution. 

Hence, x= c-+ In R)V8 

This provides a simple method to generate Weibull numbers, we only need to generate 

random deviates from the uniform distribution and then apply the inverse transform indicated 

above. 

A.4 Beta Error Simulation 

A.4.1. The Beta Distribution 

The beta distribution has a bounded range and is defined in the interval [0, 1] by the 

density function [6,7], 

1 
WW) = Be B) xeD(A—-xXEe), Os x<t 

Here, « and B are positive numbers, which are the parameters of the distribution. 

Bia, B) is the beta function defined in terms of gamma_ functions as 

Ba, B) = (a) (Bf) /T(« +8) . The distribution for any other range [a, b] can be obtained 

by the transformation Y = (X-a)/(b-a). 
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The mean and the variance of this distribution are, 

a 

a+ p 
  Hy = 

2 = «f = —— 
"(a+ BP (a+ B+ 1) 

The cumulative distribution function, 

x 

1 (x—1) (6-1) 
= 1—- = | | Ba By’) (17 OP at = bla, B) 

0 

is known as the incomplete beta function and is not easy to compute in general but can be 

found tabulated in reference [9]. 

A.4.2 Beta Random Numbers 

Since a simple functional cumulative distribution function is not available for Beta dis- 

tribution, the inverse transformation procedure is not feasible for generating Beta random 

numbers. For a bounded distribution like this with non-functional distribution function but 

whose density functions can be computed with relative ease, the procedure known as the 

Rejection Technique is very convenient to generate the variates. The technique consists of 

drawing a random value from an appropriate distribution and subjecting it to a test to deter- 

mine whether or not it will be accepted for use. The algorithm of rejection technique for gen- 

erating beta variates from a distribution with parameters B(a, 8) is given below [7,8,10]. 

Let the density function be f(x), such that, 

O< fx) < M, forasx <b. 

M is the maximum value of the density function at the mode point which can be shown 

to be x, = (« —1)/(a + B — 2). Then the algorithm consists of the following steps. 

1. Seta and fp 
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2. Caiculate mode x,, = (a —1)/(a + B — 2). 

3. Generate two uniform random numbers u, and u, . 

4. Ifu, < flu,/f(x,) , that is, if 

uy XXn (1 -x,)F 7 Soup (1 — au), 

the desired deviate is u,. 

5. Otherwise go to step (3). 

A.5 Gamma Error Simulation 

A.5.1 The Gamma Distribution 

The I distribution for a non-negative variable is defined by the density function, 

1 ror—1 Ox 
f(x) = =— 6 > (x) rn x e, x>0 

The mean and the variance of this distribution is given by uw, = r/@ and o? = r/@é?. The 

cumulative distribution function for a [ distribution is not available in general in a functional 

form and must be tabulated. To simplify the tabulation, the distribution is standardized by the 

transformation v = @x, and the density function becomes, 

IV
 Q fv) =   1 t~1 a-v) rn vue", V 

The cumulative distribution function for this standard gamma density function given by, 
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t 
1 r-1 =v = = > F(t) | ri vee) «lav I(t), t = 0 

0 

[ - function. Elaborate tabulation of this function can be found in [11]. This provides an easy 

means of evaluating the probabilities associated with this distribution. 

A.5.2 Gamma Random Numbers 

Since a simple functional cumulative distribution function is not available for Gamma 

distribution, the inverse transformation procedure is not feasible for generating Gamma ran- 

dom numbers. A Sampling Rejection Technique (Johnk’s Method) is used to generate Gamma 

variates. This procedure uses the Rejection Technique, which consists of drawing a random 

value from an appropriate distribution and subjecting it to a test to determine whether or not 

it will be accepted for use. The algorithm to generate Gamma numbers is given below after 

the statements of relevant facts pertaining to the procedure [7,12]. 

Theorem 1 : The sum of two gamma random variables with parameters I,(«,, 6) and 

l,(a,, B) is also gamma with parameters [(a, + ,, f). 

Theorem 2: \|f U, and U, are continuous uniform random variables described by, 

fU)=1 i=1,2 O<U <1 

  

and x = UIA y = Ue 

and it is true that X+y<i1 

_ X 
then z= x+y 

is Beta distributed with parameters A and B. 
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Theorem 3: lf X is a random variable gamma distributed with parameters I(1, 1) [ that is, X 

is exponential with parameter 1],and Y is beta distributed with parameters B(p, 1— pp), then 

Z = XY is gamma distributed with parameters [(p , 1) 

Another important fact very helpful in the generation of gamma deviates is that if X is 

gamma distributed with parameters I(«, 1), then B-'X is gamma distributed with parameters 

I(x, 8). 

Having listed the relevant facts, the following is the algorithm to generate a gamma 

variate G with parameters (a, f). 

Let a is a non integer shape parameter. 

a, = is the truncated integer root of a . 

u, is the /” uniform random number 0 < yu, < 1. 

1. 
*4 

Let x = —In[]u, so that x is gamma with parameters I"(1, «,). 
j=1 

Set A = a—a,andB = 1-A. 

a. Setj = 1. 

b. Generate a random number u, and set y, = (u,)"4. 

c. Generate a random number u,,, and set y, = (uj,,)'8 . 

d. Ify,+y, > 1, set} = j + 2 and goto (b). 

e. Let z = y,/(y,+y¥,), so that z is a beta variable with parameters 

B(A, 8B). 

Generate a uniform random number u, and let @ = —In(u,), so that 

Q is a gamma variable with parameters [°(1, 1). 

G= (x + 2zQ)/B is the desired deviate with parameters I(«, 8) , be- 

cause, xis ['(«,, 1), zQ is [(« —«,, 1) so that (x + 2Q) is gamma with 

parameters [(a, 1). 
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Appendix B 

DATA FOR IDA EXAMPLE FROM CON EDITION’S 

PLANNING STUDY 

This appendix explains the relevant data from Con Edition’s Planning Study necessary 

to carry out the analysis in Power Planning example in chapter 5. The details about the data 

can be found in the reference [45]. 
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Table A. tabulates Coal Conversion Plans in detail denoted by the code names FT, NR, 

ST, AK, NC, TD, NRD, STD, AKD, SC, DS, DW, DR, and DRA. For example, the coal con- 

version schedule FT represents the following scenario. 

Plant Conversion Date Capacity(MW) 

Ravenswood 3 4-1-82 922 

Arthur Kill 2 4-1-83 355 

Arthur Kill 3 4-1-84 461 

Ravenswood 1 4-1-85 372 

Ravenswood 2 9-1-85 370 

Astoria 3 4-1-87 328 

Astoria 4 9-1-87 346 

Astoria 5 2-1-88 322 

Total 3456 

Table B. lists codes es for Electric Load Growth rate. \t is represented by a code number 

following the symbol for coal conversion and covers load growth rates of +2 %, +1 %, 

-1% and -2 %. 

Table C. gives Codes for Purchased Energy, H - High Level, M - Medium Level, L - Low 

Level, and N - No Purchased Energy. 

Table D. lists the Codes for the growth in Fuel Prices. 

Table E. lists Miscellaneous Codes for some special events. 

Table F. enumerates all of 126 scenarios simulated in the study. They are represented 

by the codes discussed earlier. 

Table G. tabulates the total coal consumption estimated by the simulation study. 
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