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(ABSTRACT) 

A theoretical model is derived to study the point-wise stress variations which occur in the 

constituents of a hybrid 3-D short fiber composite subjected to arbitrary homogeneous loading 

conditions. The model includes the capability to analyze composites containing different types 

of fibers, different aspect ratios of fibers (as well as continuous fibers), and different fiber ori- 

entations. The composite’s stiffness tensor is developed by volume averaging the point-wise 

stress field in each constituent present in the material system. Validation of the model is ac- 

complished by comparing predicted stiffness properties to experimental data and other ac- 

cepted models presently available in the literature for PMC’s, MMC’s, and BMC’s. 

A derivation of a theoretical model describing the resulting point-wise stress redistribution 

which occurs in the matrix and the fibrous regions caused by fiber-fiber interaction at the ends 

of finite length fibers or fractured fibers is also presented. This theoretical development in- 

cludes the significant dependence of stress redistribution on fiber volume fraction, constituent 

properties, and crack size. Therefore, its use is not limited to polymeric composites but is 

also applicable to metal matrix and ceramic matrix systems. The model is extended to include 

one of the first quantitative analyses of variable fiber spacing which occurs in virtually every 

composite manufactured. A novel fiber discount method is proposed to study multiple fiber 

fractures which are of extreme importance when attempting to predict tensile strength of fiber 

dominated composite laminates.



A test methodology employing a macro-model composite with embedded strain gauges is 

presented which can be used to validate (or invalidate) micro-rmechanical models currently 

being developed and used by the scientific community. Results obtained with the embedded 

resistance gauges and the embedded fiber optic strain sensors (FP-FOSS) are validated with 

classical test and analytical techniques. These techniques include model composites sub- 

jected to thermal effects and mechanical loading sequences. The ability to vary specific 

physical parameters in the experimental model, such as fiber aspect ratio, fiber volume frac- 

tion, interphase/interface, and constituent properties (i.e. model PMC’s and MMC’s), in a 

systematic fashion enables this technique to study various physical aspects present in actual 

composite systems. The capability to initiate a fiber fracture at a specific location and load 

level is demonstrated. It is revealed that significantly different strain concentration exists in 

PMC composites which contain different fiber volume fractions and crack sizes. By varying 

fiber spacing between neighbors, a study is initiated on composites containing eccentrically 

located fibers. These results demonstrate that an asymmetric stress state exists in compos- 

ites containing variable fiber spacing and fiber fractures. The fact that multiple fiber fracture 

is achieved in a methodical fashion demonstrates the versatility of the model. These studies 

show that this experimental technique can model various physical phenomena which occur in 

actual composite systems.
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1.0 Introduction 

The micromechanics of composite materials has received considerable attention in the liter- 

ature during the past decade. This sudden interest has been driven, in part, by recent findings 

relating the ultimate strength and stiffness properties obtained at the global or laminate level 

to micro-parameters present in the material system. The purpose of the present dissertation 

is to describe the localized stress behavior which occurs in regions containing finite length 

fibers. To assist in relating the present results to those already established in the literature, 

the reader is provided with some classical formulations of related micromechanics problems. 

The following paragraphs present a brief synopsis of the developments under the topics: 

e Stress analyses of continuous fiber composites. 

@ Stress analyses of short fiber composites. 

Stress analyses of composites containing fiber fractures. 

e Experimental techniques for the validation of micromechanical theories. 
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1.1 Literature review 

Hill [1] was one of the first to derive an accurate depiction of a transversely isotropic material 

with cylindrically shaped continuous fibers embedded in an elastic matrix. His elasticity sol- 

ution provided a continuous point-wise stress/strain tensor for a 1-Dimensional (1-D) oriented 

composite subjected to arbitrary homogeneous loadings. By volume averaging these 

tensorial quantities, the stiffness and compliance matrices were calculated for this anisotropic 

composite material. The predicted global material properties were shown, through the use 

of energy concepts, to be upper and lower bounds to the actual solution depending upon the 

type of formulation used (i.e. displacement or traction type). A similar solution was con- 

structed by Hashin and Rosen [2] during the sarne time period. Therefore, credit for this sig- 

nificant solution in the literature could easily be attributed to either group of individuals. 

In recent years, Pagano and Tandon [3] have extrapolated the concentric cylinder model 

(CCM) described above, to address a more general class of continuous composite systems. 

These individuals have incorporated the existence of multiple finite interphase regions be- 

tween the fiber and matrix and 3-D hybrid composite effects into the analysis in an attempt to 

provide a more realistic depiction of an actual composite. In this specific paper, a displace- 

ment formulation was used to develop the theoretical model and study the effect coatings 

have on the stress redistribution in a composite material. 

The relationship which exists between the analysis which describes continuous fiber com- 

posites and that which describes short fiber composites should be intuitively obvious. In fact, 

short fiber composites which contain very long fibers in comparison with their diameter have 

stiffness values that are indistinguishable from their counterparts (i.e. same fiber volurne 

fraction) in continuous fiber systems. The Halpin-Tsai [4] equations are one example of a 

theoretical development which was originally derived for the prediction of stiffness values for 
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continuous composites and subsequently extrapolated to short fiber systems. The augmented 

model utilizes the analytical structure for the continuous fiber theory and incorporates an 

extrinsic parameter calculated either from experimental evidence or other appropriate elastic 

analysis to account for short fiber effects. These semi-empirical relations for stiffness values, 

represent the effect of not only fiber aspect ratio but also fiber packing sequence (e.g. square 

array or hexagonal array). When compared to experimental evidence, the analysis exhibits 

good correlation; however it does not provide point-wise stress values for the constituent 

properties. These stresses are essential for accurate strength predictions. 

In an attempt to extrapolate the ideas presented by Halpin-Tsai to composites containing 

nonaligned fibers, Berthelot [5] presented a theoretical analysis to study the effect unaligned 

short fibers have on the axial stiffness. The Halpin-Tsai equations [4] are used in this analyt- 

ical development for the generation of stiffness values for a unidirectional short fiber com- 

posite. The author makes the assumption that the fibers in the composite are uniformly 

oriented within a known angle referenced by the principal axis. By utilizing the transformation 

relations of the fourth order stiffness tensor and volume averaging techniques, a prediction for 

the stiffness values was obtained. In this paper the author validates his results with compar- 

isons between the theoretical predictions and experimentally determined values to assess the 

accuracy of the model. 

With regard to the development of direct short fiber based micromechanical models, one of 

the first treatments was constructed by Cox [6] in 1952. He assumed that a regular array of 

aligned isotropic fibers existed in a matrix material which constituted a composite mat. The 

load transfer which occurs between the matrix and the fibers near the fiber ends was derived 

to be an exponential decay as a function of the axial coordinate. This formulation was actually 

a forerunner for the more popular classical solution describing the stress redistribution which 

occurs near a broken fiber (i.e. shear lag) in a continuous composite system. This ground- 

breaking analysis provided the axial stiffness values and longitudinal contraction in the com- 

posite mat subjected to a uniaxial load. The author provides a comparison between the 
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predicted values and the experimentally determined values for the mechanical properties 

calculated. 

In a analogous approach, Choon and Sun [7] presented an analysis to predict the normal and 

interfacial shear stress distribution along the fiber/matrix interface for a short fiber composite. 

They developed the stress profile for a more general class of problem, that is a randomly 

oriented short fiber composite subjected to pure tensile loading. The formulation presented 

by these individuals was based on classical shear lag concepts similar to those derived by 

Cox. This research was aimed at investigating the effect constitutive properties and fiber as- 

pect ratio have on the axial stiffness of sheet molding composite (SMC) materials. From the 

calculated maximum fiber/matrix interface shear stress values, tensile strength values were 

insinuated 

Fukuda and Chou [8] investigated the stress distribution in unidirectional short fiber compos- 

ites subjected to uniaxial tensile loading. They employed a hybrid shear lag model similar to 

Cox for the derivation of the stress redistribution which occurs near the fiber ends. The pres- 

ent analysis expanded upon previous ones with the incorporation of load transfer between the 

fiber ends and the surrounding matrix to represent a perfect bond at this juncture. This re- 

search initiative analyzed metal matrix composites (MMC), where significant load transfer 

may occur at the fiber ends due to chemical adhesion between the constituents. The fiber and 

matrix materials were assumed to be isotropic systems with the typical shear lag assumption 

aptly describing each constituent. In a subsequent paper [9], these individuals included the 

effect of plasticity in the matrix material, typical in MMC’s, to develop tensile strength pred- 

ictions for a unidirectional short fiber composite. To validate the model, they compared the 

theoretical results calculated with unidirectional strength values in the literature. 

Some short fiber models present in the literature have attempted to model the fiber as a 

convenient shape, such as the classic formulation which assumes that the embedded fiber can 

be represented by an ellipsoid. Eshelby [10] first solved this often-referenced elasticity prob- 

1.0 Introduction 4



lem for an ellipsoidal shaped inclusion embedded in an infinite matrix by assuming that the 

inclusion and matrix are isotropic. The formulation was accomplished by analytically applying 

a traction to the inclusion. This simulated the restraining effect on the inclusion due to the 

matrix. A equivalent traction was also applied to the internal bulk matrix to simulate the effect 

the inclusion had on this material. With this analysis, he discovered that the state of strain in 

the inclusion was uniform and was thus able to calculate the tensorial stress components at 

the interface between the inclusion and matrix. However, the stress state in the matrix region 

around the inclusion was suggested to be complex and and was not presented in Eshelby’s 

paper. This derivation included the capability to calculate the stiffness tensor for a composite 

material containing a dilute suspension of these ellipsoidal inclusions. 

Russel [11] developed a solution to the short fiber problem by making the assumptions that 

the fibers and matrix are isotropic and the fiber shape can be represented by an arbitrary axial 

geometry with a circular cross section. The composite consisted of a dilute concentration of 

aligned fibers subjected to an arbitrary homogeneous strain. In this derivation, Russel [11] 

utilized the ‘slender-body’ theory which has been applied to flows of aerodynamic and 

hydrodynamic interests to develop the complete solution. The general results derived in this 

work can only be solved for either very small for very large aspect ratios of the inclusion, most 

other geometries do not have analytic solutions. Therefore in this work, the fiber geometry 

was subsequently chosen as ellipsoidal to circumvent this restriction. The final results were 

shown to be consistent with the analysis provided by Eshelby [10]. 

Chou et al. [12] derived relations to predict hybrid short fiber composite stiffness properties 

in which different fiber types are present and where the fibers are assumed to be ellipsoidally 

shaped, aligned, and uniformly spaced throughout the composite. This problem was solved 

using a self consistent approach, where the infinite matrix surrounding the inclusion of interest 

was assumed to have the stiffness properties of the macro composite. The model constructed 

is functionally dependent on fiber aspect ratio, fiber volume fraction, and constituent proper- 

ties, as it should be. Stiffness results presented by these researchers are compared with 
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other short fiber models present in the literature. During this same time period Laws and 

McLaughin [13] published a similar approach to this same problem. 

Takao et al. [14] studied the effect of mis-oriented ellipsoidally shaped short fibers on the axial 

stiffness of a composite system by presenting a solution similar to that derived by Eshelby [10] 

and the methodology presented by Taya, Mura, and Chou [15,16]. The elastic stiffness results 

derived in this analysis directly depend on stiffness parameters such as constitutive proper- 

ties, fiber aspect ratio, and fiber volume fraction, and indirectly depend on fiber/fiber inter- 

action. Results are compared with other self consistent methods which represent bounds to 

the exact solution. 

Mikata and Taya [17] developed a solution depicting the stress field for a coated fiber em- 

bedded in an infinite isotropic matrix subjected to biaxial loading by assuming that the single 

fiber could be represented by two confocal spheroids with isotropic properties. Boussinesq- 

Sadowsky stress functions were utilized to develop the elasticity solution for the point wise 

stress field in the composite system. The main thrust of this research was to study the effect 

of coating thickness, constitutive properties, and fiber aspect ratio on the stress field in and 

around the embedded fiber. 

Chang et al. [18] presented an analysis for a three dimensional composite containing isotropic 

short fibers by utilizing the results of Kelvin and the analysis for a single fiber embedded in 

an infinite matrix subjected to known step loading conditions along it’s perimeter. This me- 

thodical approach extended the analysis of it’s forerunners by characterizing a composite 

containing a repeating array of short fiber systems subjected to uniaxial loadings. From this 

analysis the researchers were able to determine the effective axial modulus and contraction 

ratio when the composite is subjected to axial loadings. 

Owen [19] studied the stress and displacement fields which occur in aligned short fiber com- 

posites containing isotropic constituents with a equivalent material approach. He replaced the 
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fiber with matrix material subjected to a strain distribution which would produce the same 

composite response with the fiber present. The development of the model included the anal- 

ysis of a composite with a free surface, as opposed to considering the composite as an infinite 

body. This numerical modeling effort was not validated with other experimental data or es- 

tablished theoretical models. 

Aboudi [20] developed a micromechanics model to predict stress strain relations of short fiber 

composites which is also applicable to continuous fiber composites. The theory consists of 

identifying a repeating unit cell within the composite material and then decomposing it into 

subcell regions identified by their material properties. The reader should be aware that this 

analysis models the subcells (i.e. short fibers) as a parallelpiped, and makes the assumption 

that the embedded fibers have a rectangular cross-section. A linear displacement field is 

assumed to exist within each subcell. Using this, along with continuity of stresses and dis- 

placements at the interfaces between subcells and cells, relations are developed relating 

micro-parameters to global constitutive equations. Inelastic effects are also described within 

this paper with arbitrary yield functions for the matrix material. Validation of this analysis 

consisted of a comparison of the predicted global stiffness values to those reported in current 

literature. 

Finite element programs have also been utilized to analyze short fiber composite systems, 

such as Carman [21], who investigated both stress redistribution and axial stiffness values in 

short fiber composites. He represented the fibers as square entities embedded in a matrix 

material and incorporated the effect of multiple fibers in the mesh to study fiber/fiber inter- 

action. This study investigated the effect fiber aspect ratio, fiber volume fraction, and fiber 

distribution have on global stiffness values. Results were compared with experimentally de- 

termined values for several metal matrix composites with good agreement. 

Analogous representations exist for continuous fiber composites containing fiber fractures to 

the above-mentioned stress analyses of finite length fiber composites. The only difference 
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between the two situations is the fractured fiber depicts a problem which has zero tractions 

at the fiber end while the finite length fiber depicts a problem which may not necessarily be 

traction free. Rosen [22] was one of the first individuals to investigate the stress redistribution 

which occurs in the vicinity of a fractured fiber in a unidirectional continuous composite ma- 

terial. By making what has been regarded as classic assumptions (i.e. in polymeric composite 

materials the matrix supports essentially no normal stresses and the fiber supports no 

shearing stresses) the shear lag solution was formulated. This analysis suggested that the 

stress terms decay exponentially at the fiber end as a function of the axial direction. These 

equations also provide a theoretical prediction for the size of the region subjected to the 

stress redistribution affected by the fiber fracture, which has been coined ‘ineffective’ length. 

The term ‘ineffective’ describes the inability of the fractured fiber to support any substantial 

load over this region. 

Whitney and Drzal [23] extended the shear lag concepts to include axial load transfer in the 

matrix and shearing stresses in the fiber. This analysis is applicable to a single fractured fiber 

in an infinite matrix, but does not address stress concentration effects due to fiber/fiber 

interaction. With the use of the equilibrium equations, symmetry conditions, concentric cylin- 

ders model, and an assumed functional dependence of the stress functions on the radial co- 

ordinate, they were able to obtain an approximate solution to this problem. The ineffective 

lengths calculated for the fractured fiber were compared with experimentally determined val- 

ues for two composite systems utilizing a single fiber fracture test methodology to validate the 

micromechanical model. 

To address the stress concentration on neighboring fibers due to fiber fracture, Hedgepath 

and Van Dyke [24] presented an analysis utilizing shear lag concepts along with an influence 

function approach. They formulated the problem for 2-D and 3-D composites containing either 

a square or a hexagonal packing of fibers and provided stress concentration values for adja- 

cent fibers in composites which contained multiple fiber fractures. The model, while quite 

useful, did not incorporate the functional dependence of fiber volume fraction or constituent 
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properties on stress concentration and is thus only applicable to high modulus fiber systems, 

very low modulus matrix systems, and large fiber volume fraction composites. 

Fariborx and Harlow [25] extended the ideas presented by Hedgepath and Van Dyke [24] and 

Zweben [26] to formulate an analysis which includes hybrid polymeric composite effects into 

the stress concentration predictions. They presented a 2-D model which was derived from a 

simplified shear lag approach, influence functions in a more tractable form, and the specifi- 

cation of the far-field field strain value in the fiber. The fact that hybrid effects were considered 

gives the impression that stress concentration values are at least dependent upon fiber 

modulus ratios and fiber area ratios, but are still not dependent upon the physical properties 

of the matrix. One should also note that the resulting stress redistribution in this model, as 

in other models, fails to satisfy global equilibrium requirements. 

Goree and Gross [27] approached the fiber fracture problem in a similar fashion to that de- 

scribed by Hedgepath and Van Dyke [24]; that is, by utilizing influence functions and shear lag. 

They extended the previous author’s work with the inclusion in the analysis of transverse fiber 

displacements to the existing axial displacements already used in the previous formulation. 

They compared their results with 2-D shear lag solutions and with Hedgepath and Van Dyke 

[24] results. A similar solution was generated by Eringen and Kim [28]; the results of the latter 

differ from Goree and Gross [27] in the equilibrium equations used and in the 3-D geometry 

considered. 

Adams [29] developed a finite element simulation for the single fiber fracture problem appli- 

cable to metal matrix composites. He attempted to describe the subsequent crack propagation 

problem which occurs in the vicinity of a fiber fracture where the crack extends into the matrix. 

A boundary condition was instituted which was a function of the crack size to simulate crack 

arrest behavior which occurs in the neighborhood of the high stress region surrounding a fiber 

fracture. 
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To derive a relationship between stress redistribution which occurs due to fiber fracture and 

unidirectional strength of composite systems, Batdorf [30] presented a statistical methodology. 

He noted that the strength of a single fiber correlated well with the distribution of flaws along 

its axial direction, suggestive of a Weibull distribution. With a knowledge of the stress con- 

centration values and the ineffective length due to multiple fiber fracture, a mathematical in- 

stability can be constructed for the problem which can be used to estimate the ultimate 

strength of the composite. 

Fukuda [31] studied unidirectional composites containing randomly spaced fibers. This the- 

oretical development which employed classic shear lag analysis along with statistical con- 

cepts developed by Batdorf [30] to obtain strength values for the material. The stress 

concentrations were calculated in a similar fashion to that described by Hedgepath and Van- 

Dyke [24], except that fiber spacing was considered to be non-uniform. Probabilistic concepts 

were utilized with these stress concentration values to predict the ultimate strength of the 

composite. It was shown that material systems containing randomly spaced fibers exhibit 

smaller strength values than do material systems with uniformly spaced fibers. 

Harlow and Phoenix [32] presented a more complete study of the tensile strength of a 2-D 

composite system utilizing a statistical analysis similar to Batdorf [30]. These investigators 

included a two parameter Weibull distribution based on evidence presented in the literature 

concerning the strength distribution in single fibers which suggested that flaws could be cat- 

egorized as either major or minor. They were able to demonstrate that strength was relatively 

independent of the ineffective length for certain values of the Weibull parameters. It was also 

claimed that a two parameter Weibull distribution is apparently unnecessary when calculating 

the strength of composite systems. 

Micro-mechanical rnodels have typically been verified with the comparison of the averaged 

predicted results with macro-mechanical properties, as in the work performed by Adams [33]. 

He constructed a finite element program to model a representative element consisting of a 
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single fiber and surrounding matrix present in the composite system. The calculation of the 

global composite response was determined from knowledge of the localized displacements 

exhibited by this element along with the assumption that the cell modeled is representative 

of the entire composite. By comparing the response predicted by the model at the micro level 

to that experimentally measured at the global level, an indication of the micromechanical 

model accuracy is obtained. In this particular study an investigation of the interface influence 

on the response of a composite to transverse loading was presented. 

There have been several laboratory attempts to study micro-phenomena at the local level, 

however most of these techniques require an accurate micro-mechanical model to interpret 

the experimental results. Verpost, Desaeger, and Keunings [34] have presented a review of 

three classical test methods of micromechanical properties to study interphase strength. The 

three techniques are the pull-out test, push-in test, and single fiber fragmentation test. All of 

these test methods, and associated ones in the literature (e.g. micro-bead test), rely on 

micromechanical models to imply quantitative values of the interphase shear strength. The 

discrepancies in results, both qualitatively and quantitatively and the dependence on the test 

technique used, renders these test techniques inappropriate for accurate validation of either 

theoretical models or micromechanical properties. 

Macro-model composites have begun to be used to provide a better understanding of some 

micro-tests. Pigott and Dai [35] utilized a macro-model composite to assess the micro-pullout 

test classically used to study interphase strength. These scientists embedded a finite length 

steel rod ( millimeters in diameter) in an epoxy matrix in an attempt to study the effectiveness 

of the pull-out test. It was demonstrated that the debonding force required to pull the rod out 

fit an empirical relation quoted extensively in the literature. A suggestion was made that this 

technique should be capable of providing not only the debonding energy at the fiber matrix 

interphase but also the frictional constants mathematically describing the sliding of the fiber 

past the matrix. 
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Ashbee and Ashbee [36] utilized photoelastic methods to investigate the stress redistribution 

which occurs at short fiber ends embedded in composites. They were particularly interested 

in the effect different interphase regions have on the as-cured stress state near the fiber ends. 

A discussion was also presented in this publication describing the effect water absorption has 

on the stress redistribution in short fiber composites. All data discussed in this paper were 

of a qualitative nature, describing the differences between two distinct situations as compared 

to quantitative numbers regarding actual stress transfer. 

James, Morris, and Cox [37] presented a methodology to measure micro-details on the sur- 

face of composite specimens. These individuals compared SEM and/or optical micrographs 

taken before and after the application of a thermo/mechanical load to the material system. 

Relative displacements were measured with cross-correlation techniques of pre- and post- 

surface texture conditions in the composite system. This methodology is conjectured to have 

an accuracy of plus or minus 10 angstroms for the SEM micrographs, and may be quite useful 

for surface-related micrornechanical issues. However, only limited applications are possible 

for internal damage evaluation. 

Waite et al. [38] embedded an optical fiber into a woven glass epoxy composite to asses the 

viability of measuring internal strains. The polarization fiber optic is 10 times larger in diam- 

eter than the structural fibers used in this study, and should not be regarded as unobtrusive. 

The optical fiber was coated with several different substances to effectively alter the adhesion 

between the optic and the host material. It was shown that application of certain interphases 

to the optical fiber provided a more optimal output from the embedded sensor. The ability to 

measure accurate strain data inside the composite was concluded by the researchers to be 

“coarse”, with additional investigation being required to fully assess its viability as an em- 

bedded strain gauge. 
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1.2 Summary 

As described in the previous section, there are a number of models available in the literature 

which quantify the effects of various physical parameters on the stiffness properties of short 

fiber composites. These models can be classified into several different categories depending 

upon their theoretical development. The first group discussed was formulated on the results 

obtained from continuous fiber systems and the empirical relations derived from experimental 

evidence (or other theoretical considerations)and were used to predict composite stiffness 

values. However, these models are usually case specific and do not provide point-wise stress 

variations in the constituents. The second class of short fiber models described in the litera- 

ture review was derived from concepts typified by shear lag analyses. These models consid- 

ered only axial loading cases, and such, were only able to provide axial stiffness predictions 

and axial Poisson ratios. Nonetheless, point-wise stress predictions were generated for these 

distinct loading cases in each constituent. The majority of these models also did not consider 

the substantial stress transfer which can occur at the fiber ends. These stated limitations are 

mainly due to the inherent assumptions in the shear lag analyses (e.g. the matrix is incapable 

of supporting a normal load). It was also shown in the preceding section that a few authors 

have used approximating shapes, such as ellipse, in the analysis of short fiber systems. The 

ellipsoidal inclusion model is an exact elasticity solution to the specific problem posed. How- 

ever, these models are only applicable to dilute concentrations and they do not accurately 

depict the significant stress redistribution at the fiber ends, at least in cylindrically shaped fi- 

bers. The literature review also discussed models developed on the assumption that the fibers 

could adequately be depicted as parallelpipeds. This included finite element formulations for 

the short fiber problem. However, once again these models can not provide the detailed 

stress information near the fiber ends which are essential for the study of strength properties. 
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As stated previously, short fiber models and fractured fiber models have similar types of for- 

mulations. This is evident in reviewing the number of short fiber models which have been 

developed on shear lag argurnents. In the literature review, it was shown that virtually every 

model proposed to study the fractured fiber problem was formulated on shear lag assump- 

tions. These models, while providing general information concerning fiber/matrix interaction, 

fall short of supplying the scientific cormnmunity with a complete analysis of the fiber fracture 

problem. The shortcomings in these models include a relationship between stress/strain 

concentration and constituent properties. The models also suggest that a functional depend- 

ence does not exist between stress/strain concentration and fiber volume fraction. The limi- 

tations noted above are attributed to the inherent assumptions made in the shear lag type of 

formulations. These shortcomings, as well as others, inevitably lead to solutions which are 

case specific and are not applicable to a general class of material systems. In the literature 

review, some authors used finite elements to study the fiber fracture problem to gain a better 

understanding of this physical phenomena. However, this methodology is computationally 

intensive and does not involve the correct physics to describe the singular effects at the crack 

tip. 

The methodologies presented in the previous section to validate micromechanical models 

were shown to be accomplished by several indirect techniques. First, a number of authors 

used volume averaging techniques to compare macro-level stiffness predictions with exper- 

imentally obtained results. This technique smears out significant details which address stress 

redistribution at the micro-level and is thus not complete. Some researchers attempted to 

measure physical quantities such as ineffective length and infer micro-behavior from micro- 

mechanical analysis. This requires accurate micro-analysis to generate precise data, and 

thus leads to circular arguments of providing corroboration of theoretical developments. 

Studies involving the measurement of surface related phenomena were also presented which 

suggest subsurface behavior could be inferred with the use of micromechanical analysis. 

However, these methodologies inevitably lead to circular arguments (i.e. precise microme- 
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chanics are required to accomplish the task of understanding micromechanics). In the litera- 

ture review, scientists were beginning to embed internal sensors, such as fiber optics, in 

composites to measure internal damage states. The problem in using this technique on actual 

composites was the size of the sensor. The sensing mechanism disturbs the phenomena be- 

ing studied (Heisenberg uncertainty principle) and is thus obtrusive. Macro-models were also 

being employed in the study of micro-phenomena to circumvent the size problem, however 

these models were used to gain a qualitative understanding of micro-tests and were not in- 

volved in obtaining quantitative data. 

In this dissertation a short fiber model will be developed which provides point-wise stresses 

in a 3-D composite subjected to general homogenous loads. The formulation is similar in 

context to shear lag solution described in the previous subsection, however this model incor- 

porates a matrix capable of transferring a normal load and is thus not limited to polymeric 

composites. Furthermore, the analysis will be formulated to include transverse and longitudi- 

nal shear loading cases, unlike the shear lag solutions which only address axial loading. By 

utilizing a characteristic element concept, a 3-D composite will be constructed which contains 

different types of fibers and aspect ratio, unlike previous models. By volume averaging the 

point-wise stresses in each constituent, a complete stiffness and compliance matrix is gener- 

ated for the composite. 

To address fiber-fiber interaction, an analytical model is presented which is also applicable 

to continuous fiber composites containing fiber fractures. This model is developed with me- 

chanics of materials arguments utilizing equilibrium of constitutive elements, and thus does 

not suffer from the shortcomings present in shear lag formulations. The analytical model de- 

veloped provides strain concentration values which are dependent on fiber volume fraction 

and constituent properties. The model is therefore applicable to a general class of material 

systems containing fiber ends or fiber fractures, unlike shear lag models. The model is con- 

structed, in such a fashion, to include matrix cracks which occurs near the ends of the frac- 

tured fibers. These matrix cracks will be shown to significantly alter the stress redistribution 
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profile near the fiber end. The concepts described in this paragraph have not been incorpo- 

rated into models currently available in the literature. The model is subsequently expanded 

in this dissertation to include variable fiber spacing which provide one of the first quantitative 

analyses which address this topic. With the incorporation of a unique fiber discount method- 

ology, multiple fiber fracture is studied and evaluated. The results predicted by the model are 

verified with a direct quantitative measurement technique, believed to be the first of its kind. 

The methodology, presented to validate the analytical results, utilizes a scaled up version of 

an actual composite laminate. It is demonstrated that a desired damage event can be 

produced in the composite at a prescribed location and load level. With the use of embedded 

sensors in each constituent, a strain concentration measurement near the internal damage 

site is performed at the fiber diameter level. The experimental model has the versatility to 

vary specific physical parameters such as interphase, constituent properties, and fiber volume 

fraction in a controlled fashion to quantitatively study the effect each has on the stress redis- 

tribution in a composite. The test methodology outlined in this dissertation not only validates 

the models described herein but is also applicable to other micromechanical models under 

development and present in the literature. It is believed that models such as this one will ac- 

tually aid in guiding future theoretical developments. 
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2.0 Short fiber modeling 

Short fibers are presently being introduced into sheet molding compounds (SMC), metal ma- 

trix composites (MMC), brittle matrix composites (BMC), and a variety of other materials to 

enhance the mechanical properties exhibited by these composites. Improvements include in- 

creased stiffness, increased strength, increased toughness, high temperature durability, re- 

duction in specific gravity, and improved machinability, to name but a few. The scientific 

community endeavors to theoretically represent the complex interaction between the short 

fibers and the surrounding matrix, both globally and locally, in an attempt to infer material 

behavior. 

The micro-mechanical behavior of short fiber composites has been analyzed by a variety of 

authors using a number of different analytical techniques. The demand for this knowledge is 

presently being driven by the wide use of short fiber composites in aerospace systems and 

power plant technology as well as in automotive and sporting goods industries. Due to this 

broad range of applications, the engineer is met with a unique challenge to accurately de- 

scribe the various mechanical phenomena associated with these different types of composites 

and their intended use. Also, present day scientists and engineers are faced with a special 

opportunity and a difficult task, in the sense that they are required to develop new material 

systems which exhibit predisposed mechanical behavior as opposed to designing systems 
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around existing materials. In order to meet the current demand created by industry, that is, 

to be capable of designing new innovative composites and systems, the scientist must have 

knowledge concerning internal conditions, such as stress variations at the micro-level, to be 

capable of predicting the desired material characteristics at the global level. This knowledge 

may include characterizations of property variations within different material regions, ge- 

ometrical variations of the phases or fibers present, interfacial strengths between phases, and 

processing parameters. This information combined with a proper theoretical evaluation al- 

lows for explicit material development to satisfy specific performance requirements demanded 

of new innovative material systems. 

The model developed in this chapter provides the fundamental basis essential in addressing 

developmental issues of short fiber composites at the micromechanical level. This analysis 

makes use of ideas described by Hashin and Rosen [2], Pagano and Tandon [3], Whitney and 

Drzal [23], and Rosen [21] to depict the localized stress variation in each constituent present 

in the material system. The short fiber model derived herein depicts a general three dimen- 

sional short fiber composite subjected to arbitrary uniform global strains. The solution is 

presented in closed form and does not incorporate an axisymmetric loading assumption in the 

theoretical development. The analytical model is also general enough to be applicable for the 

evaluation of stresses in a continuous three-dimensional composite which contains broken fi- 

bers. In this analytical approach, the fibers in the composite are divided into separate cate- 

gories determined by their orientations, aspect ratio, and fiber type. Each fiber system is 

depicted by a set of concentric cylinder assemblages and are constructed from the appropri- 

ate fiber and matrix material properties, fiber lengths, and fiber volume fractions. A far-field 

solution is calculated utilizing an elasticity approach for an infinite fiber and matrix cylinder 

assemblage with the assumption that a state of generalized plane deformation exists. This 

provides the stress field in the constituents far from the fiber ends. A unique near-field sol- 

ution is derived with equilibrium equations and boundary conditions to depict the state of 

stress in the fiber and adjacent matrix near the fiber ends. These two solutions are super- 
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imposed to obtain the full field stress for each constituent present in the composite. To obtain 

the global stiffness values, the stress field in each composite cylinder assemblage is volume 

averaged to determine the global stress tensor. These values are subsequently related to the 

global strains to develop an accurate lamina level constitutive relation. 

This formal analysis expands upon the work performed by previous authors with the intro- 

duction of essential items into the theoretical analysis. These include the development of the 

stress redistribution profile in the constituents of a short fiber composite which is subjected 

to transverse and shear loads. Previous analyses did not incorporate these significant loading 

sequences into the formulation of cylindrically shaped fibers. The present analysis also pro- 

vides the point-wise stresses in the constituents in both the matrix and fiber at the fiber ends 

for off-axis fiber systems. This provides the capability to study 3-D hybrid short fiber com- 

posite affects. The previous analytical developments only address uni-axial oriented fiber 

systems. With these capabilities, stiffness values as a function of aspect ratio, fiber volume 

fraction, and fiber orientation are generated. Therefore, the present approach provides a 

more complete and precise representation of the local stress fields in a short-fiber or a 

broken-fiber composite, and furnishes a firm foundation for the prediction of composite 

stiffness and strength properties, as well as the analysis of damage development and long 

term behavior in these materials. 

Validetion of the model consists of comparing the predicted elastic properties for several short 

fiber composites to experimentally determined elastic properties for both polymeric matrix 

composites and metal matrix composites presently available in the literature. Additional 

comparisons are also made between the current theoretical analysis and other classical an- 

alytical models describing polymeric matrix composites, The versatility of the model is dem- 

onstrated by presenting a set of parametric studies for stiffness predictions in a brittle/ceramic 

matrix composites. To establish the models applicability to continuous fiber reinforced com- 

posites, a stiffness reduction section displays the effect multiple fiber fractures have on de- 
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creasing the apparent stiffness of a polymeric composite subjected to long-term loadings such 

as fatigue. 

2.1 Analysis 

A point-wise continuous stress analysis is developed in the following section for a 3-D hybrid 

short fiber composite subjected to arbitrary homogeneous loadings. The general assumptions 

involved in this analysis are the following: The constituents present in the composite exhibit 

linear elastic behavior. The embedded fibers are transversely isotropic, and the surrounding 

matrix material is isotropic. The fiber/matrix interface is a ‘perfect’ bond, such that decohesion 

does not occur between the two materials. Fiber-fiber interactions (i.e. side by side, as treated 

in chapter 3) are neglected, however this does not neglect axial stress transfer between short 

fiber ends (i.e. end to end) which may be in close proximity to one another. In the ensuing 

analysis a short fiber composite is specifically addressed, however the derivation is presented 

in a sufficiently general fashion to include continuous fiber systems containing broken fibers. 

In this analysis, the characterization of specific physical parameters such as fiber type (3S), 

fiber orientation (I), and fiber aspect ratio (A) present in the composite system is a necessity 

to provide an accurate depiction of the stress variation in each constituent. These variables 

=, I, and A are inherently defined to be integer quantities which provide simple labels for the 

various fiber elements (see Figure 1) in the composite and which provide the basic set of el- 

ements required to completely describe the composite. Each set of variables defines a fiber 

system (e.g. fiber(=,I, A) ) which is constructed out of a single fiber and a representative 

region of matrix. To clarify this nomenclature a typical example follows. If a composite con- 

tains two different types of fibers and all the fibers are aligned with some general axis and 

have the same aspect ratio there would be a fiber(1,1,1) and a fiber (2,1,1). While there may 
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be virtually thousands of fiber systems in the composite, only two representative ones are 

required to provide a complete representation of the mechanical response exhibited by this 

particular composite (see Christensen [39]). When analyzing a general hybrid 3-D composite, 

the number of fiber systems required to describe the composite would be equal to 

Num = Emaxd maxAmax, Where the subscript max represents the largest integer quantity in the set. 

The integer quantities =,I , and A represent the physical parameters which are used to 

characterize the composites mechanical response. In regards to =; the different fiber types 

which are used in the manufacturing process of the composite are characterized by the 

stiffness tensor which provides a complete description of the fiber’s mechanical response. 

The contracted stiffness matrix is represented in this dissertation by C7, where the superscript 

n, throughout refers to either a fiber region (n=1) or a matrix region (n=2) in the represen- 

tative element considered. In regards to I; the fiber orientations in a general 3-D fibrous 

material are described by the solid angles ¢ and w present in a global spherical coordinate 

system. These angles are measured with respect to a principal global cartesian axis 

[X;, X2X3] determined at the lamina level as shown in Figure 1. The angles will be used in 

later analysis to develop transformation matrices from the global cartesian coordinate system 

into a local fiber oriented cartesian coordinate system. Therefore the reader is cautioned not 

to confuse the various coordinate systems (i.e.global cartesian [X;, X2X3], global spherical 

[¢, @], local cartesian [x,y,z], and local cylindrical [r, @,z]) which will be introduced in this 

derivation (see Figures 1 and 2). In regards to A; the fiber aspect ratio in short fiber com- 

posites is an important quantity which severely influences the mechanical properties of the 

material, this value relates the fiber length to its diameter (note: certain papers define this 

quantity differently). In the present dissertation, the fiber aspect ratio (a) for each fiber system 

is defined as the fiber length divided by the fiber diameter. 

The analysis begins by evaluating the stress and strain state existing in a single fiber system 

embedded in the composite, labeled by fiber(1, 1,1). From this solution, other fiber systems 
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of different fiber type, fiber orientation, and fiber aspect ratio are easily formulated to arrive 

at a general solution for a 3-D hybrid short fiber composite. 

The analytical model generated in this chapter is accomplished in a two stage process. First: 

an elasticity formulation is constructed to develop the point-wise continuous stress/strain field 

in a fiber and matrix region which is located at a spatial position far removed from the fiber 

end with respect to the fiber diameter. This solution essentially corresponds to a continuous 

fiber composite, that is, end effects are insignificant in these regions. The derivation presented 

for this analytical portion is referred to as the far-field solution (o;)). Second: an approximate 

point-wise stress field is constructed from the traction boundary conditions, the equilibrium 

equations, and an exponential function to simulate the stress redistribution occurring at the 

fiber end. The derivation presented for this portion of the analysis is referred to as the fiber 

end solution (¢;). These two solutions are subsequently superimposed to obtain the full 3-D 

stress field (o’,) in the fiber and the surrounding matrix region. The following equation is thus 

representative of the methodology outlined above for fiber system (1,1,1). 

a"; = oii + aij [2.1] 

The solution to both problems is accomplished with concentric cylinder elements constructed 

as follows. It is generally accepted that the typical fiber system (1,1,1) can be adequately re- 

presented geometrically by a set of concentric cylinder elements (see Figure 2), consisting of 

both fiber and matrix regions. The radii of the cylinders are chosen such that the ratio of the 

fiber radius to the matrix radius is equivalent to the fiber volume fraction of fiber(1,1,1) (i.e. 

Vy; = 4 in the composite material. It should be noted that the radii may be adjusted to model 

local variations of fiber volume fraction in the material which predominantly occurs in short 

fiber composite systems. 

In solving the far-field solution, these cylinders are assumed to exhibit a state of generalized 

plane strain at large axial distances from the fiber ends compared to the fiber diameters. The 
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boundary conditions prescribed for the problem are formulated by hypothetically applying a 

displacement to the exterior of the global composite (see Figure 2), such that a uniform global 

strain exists at that boundary. This global strain value is a known quantity in the analysis. It 

has been postulated that the fiber system (1,1,1) under consideration must also exhibit this 

strain value on an average basis, that is, to be a representative element in the composite (see 

Christensen [39]). Therefore the local average strains in the element can be calculated from 

the global strains and a rotation matrix. The strains defined with respect to the local cartesian 

coordinate system are related to the global strains by the following transformation relations 

8’ y = irAjstrs [2.2] 

where «, is the linear global strain tensor, bars denote average quantities, and the prime on 

the strain quantity represents the local cartesian coordinate system of fiber system (1,1,1). 

The transformation tensor a; is constructed with the previously introduced solid angles of fi- 

ber(1,1,1) and is represented in the following matrix form. 

cosw sinwcos@_ sinwsing 

—sinw coswcosd coswsing [2.3] 

0 —sing cos ¢ 

The local cartesian coordinates are defined such that z (see Figure 2) is aligned with the axis 

of fiber(1,1,1) and z=0 represents the interface between the fiber end and the matrix. Note, 

for the development of the far-field solution we assume that z>r,. The displacement boundary 

conditions u; on the outer edge of the cylinder assemblage can be evaluated with the use of 

the local cartesian strains and the local position vector. The displacements are functionally 

related to the local cartesian strains @’, and the local cartesian position vector x; (i.e. [x,y,z]) 

through the following equation. 

uj; = Xe" y [2.4] 
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With the use of the basic transformation relation between cylindrical and cartesian coordi- 

nates, the displacements in terms of the cylindrical coordinate system are explicitly expressed 

as, 

u,= Bay (1 + cos 20) + e’yyr sin 26 + &’,,2z cos 6 + &’,,2 sin 8 + two (1 — cos 20) 

Ug = — B'xx 7 SiN 20 + F'xyF COS 20 — F' p72 SiN O + Z'yzZ COS O + Fy > Sin 20 [2.5] 

Uz = &'y7f COS O + e' yr sin 8 + &'772 

The relations between the local cartesian and the local cylindrical coordinates are as usually 

defined, Z=Z ,x=rcos@ and y=rsin@. The boundary conditions in Equation 2.5 suggest 

that the displacement fields within the cylinder assemblages may be explicitly expressed in 

terms of @ and z, that is on an r face the functional dependence of @ and z must be continuous. 

The displacement functions must also satisfy the strain-displacement, constitutive relation, 

and equilibrium equations. The equilibrium equations are provided as follows 
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the constitutive relations are written as, 
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266 = Capex + Coser + Cooteg [2.7] 

org = (Cop — Cos)Er9 

Coz = 2Cestpz 

Or = 2C5serz 

the strain-displacement relations are written as, 
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By substitution of strain displacement equations 2.8, into the constitutive relations in 2.7, and 

finally into the equilibrium equations 2.6, the general governing equations for a cylindrical 

coordinate system are written as, 
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n n ) n n n n n 
U u C (Cop —C 4a) (Coo +Cgy) n,n Or 6 22 on non 22 “44 22 T\44 

Caa(Uo rr + rr. 2? + r2 Ue 60 +C55Ug 27 + r Ur r9 + r2 Ur @ + 

(Ci +C55) 
u =0 r z,0z~ 

It has been shown by Pagano and Tandon [3]. that the general displacement solutions for each 

constituent corresponding to Equation 2.9 subjected to boundary conditions in the form of 

Equation 2.5 are written as, 

ur (r, 0,2) = U;(r) cos 20 + Uz (r) sin 20 + U3(r) + Ug (Nz cos 8 + Us(r)z sin 8 

ug(r, 0,2) = V4 (r) sin 26 + Vo(r) cos 20 + V,(r)z sin @ + Vs(r)z cos 0 [2.10] 

uz(r, 0, 2) = ZWa(r) + Wy(r) cos 6 + We(r) sin @ 

where, 

As A; 
UR(r) = AT? + Agr + 

tr 

By B, 
U(r) = Byr° += + Bgl +—— 

r 

D n 

Us(r) = fr +— 

Ug (r) = Fy 

u(r) —_ He 
[2.11] 

3Ch + Co. AS chen (3C20 23) an34 A2 _ an, (Co3 S22) yn t Vi(N=— 4 (Fr) ach, 1 3 och, 
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Vo) = (3C 20 + Cas) pir 22 arr (C23 = C22) prt 

23 r 22 

Va(r) = Fy 

V(r) = Hy 

W3(r) = D3 

ny F3g pn 
Wa (r) = + Far 

ny 13 un 
Ws (r) =—— + Agr 

With use of Equations 2.7, 2.8, 2.10, and 2.11 the point-wise continuous stress field for the far- 

field problem is written as 

on, = Z4(r) cos 26 +Z5(r) sin 26 + Z3(r) 

ogg = O4(r) cos 20 +@4(r) sin 20 + O4(r) 

oy, = Ry (r) cos 26 +Ra(r) sin 20 + R3(r) [2.12] 

ory = RZ4(r) cos 0 +RZs sind 

097 = OZ; (1) sin 8 + OZz(r) cos 8 

org = RO}(r) sin 20 + RO4(r) cos 20 

Where Z?, ©, R?, RZP, @ZP, and RO are defined to be 

3A(r> AD 
n Zt (1) = — 2C} C44 —,— + an ] 
23 22 
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3Byr° By 
n 
  Z5(r) = — 2C72Cu4l —,— + ] 

Coa Coor ; 

Z3(r) = Cq4D3 + 2C49D4 

3(CF, + Ce 3A, 
ery =2cnp — eet M9) gnp2 4 Ae _ ary 

23 r 

3(Chy + Co 3B) 
Of) = 2c - SEE air? 4 2 — Bh) 

Co3 r 

2C),D5 
OS(F) = ChDs + (Chy + CZa)D4 + = 

(Cop + C39) Ag 3AQ Ri(n/) = 2ch,[ - > - 
Coo r? r 

  + Az] 

(Cio + C33) By  3By 
  Ra (1) = 2Cul - |, > - 4 + 83] 

Coo r’ r’ 

ac.ps 
R5(r) = ChaDy + (Cop + Chg)D4 — = 

n F 

RZ4(n) = CéslFo — a + Fy] 

H2 

RZ3(0) = CéslHp + Ha 

n F. 

O2Z7(7) = CEsLF — 2 ~F4] 

Hi 

OZ3(0) = CBslHt + +H 
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This represents the solution to the far-field problem in terms of calculable constants 

Ar, Bf, Of, Ff, and H’. These are evaluated from the boundary conditions stated in Equation 

2.5 and the continuity of tractions and displacements which is assumed to exist between the 

fiber and matrix. Additionally the stresses and the displacements in the fiber are bounded, 

such that constants associated with 4 terms are set equal to zero and infinite stresses or 

displacements do not occur. These conditions may be expressed in terms of the following 

equations 

Al =A) =B) =B, =D} =Fy =H, =0 [2.14] 

u; (r,8, 2) = uP (r,9, z), and on (rp 0,2)= orp, 0, 2) 

With the use of Equation 2.5, the constants in Equations 2.10 and 2.11 are be evaluated in 

terms of the applied strains where each constant is generated by a specific local strain term 

é', By comparing Equation 2.5 to Equations 2.10 and 2.11, it is quite easy to deduce which 

strain generates the various constants. One finds that A? and 8? are functionally dependent 

On @'~, By, and &y, DP are functionally dependent on ex, &y, and e’z,, and FP and HP are 

functionally dependent on ¢’,, and @’y,. This dependence can be extrapolated to investigate the 

influence of strains on the stress terms. For example, the stress term o% is generated by in- 

plane strain terms (i.e. @’,, &’y, and &’,,). Therefore for this problem, the stress term o7, is un- 

coupled from the out of plain strains, that is the constants Af and Bf in Equation 2.12 and 2.13 

for o% are independent of @’, , 2, and @’y,. This functional dependence of the stress is uti- 
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lized in the development of the fiber end solution in subsequent paragraphs. This completes 

the derivation of the far-field analysis of fiber system (1,1,1). 

The second part of the stress analysis, presented in Equation 2.1 and corresponding to the fi- 

ber end solution (i.e. a), is addressed in the following paragraphs to complete the develop- 

ment of the short fiber or broken fiber problem (see Figure 3). For a broken fiber in a 

continuous composite system, it is known that the fiber ends are traction free; however the 

tractions on a short fiber are not necessarily zero unless no chemical bonding has taken place 

between the fiber and matrix. To address this dilemma, there may be a variety of ways to 

approximate the tractions existing at the fiber end of a short fiber which could include axial 

stress transfer between fiber systems (e.g. Carman and Berry [40] ). The form provided in this 

chapter, while general in context, is case specific. The tractions at the fiber end are equivalent 

to a composite where all fibers have been replaced by matrix material. This is representative 

of a homogenous composite consisting entirely of matrix material subjected to the boundary 

conditions stated in Equation 2.5. In accordance with these statements, it can be easily shown 

by reviewing the development of Equations 2.12, that the tractions at the end of fiber (1,1,1) 

can be represented as 

o's,(r, 8, 0) = Z1""(r) cos 26 + Z5""(r) sin 20 + Zy""(r) 

a’) (r, 0, 0) = RZ1"""(n) cos 6 + RZ5"' sin 8 [2.15] 

o'g(t, 8,0) = OZ7""(r) sin 6 + OZ5""" cos 8 

where the superscript “mat” refers to the solution for a composite made of pure matrix ma- 

terial subjected to the boundary conditions stated in Equation 2.5. The dependence of the 

functions Z7*, RZ, and @Z7* on the radial coordinate are the same as presented in 

Equation 2.13, but the reader should be aware that Z7* # Z?, @Zm7* # ©Z?, and RZ # RZ}. 

The evaluation of the constants (i.e.Ars , BYst , Fret, and Hit) in these functions are from the 

boundary conditions, Equations 2.5, applied to the monolithic matrix material. As an aside, 
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different boundary conditions could have been imposed to study other types of physical phe- 

nomena taking place in the composite. For example, when considering a broken fiber where 

the fiber end is traction free, the constants are found to be to zero. By using Equations 2.15, 

2.12, and 2.1 the traction boundary conditions for the fiber end solution are written as follows. 

oL(r, 8, 0) = (Z4"4"(r) —Z1(n) cos 20 + (25"24r) — Z}(1)) sin 26 +27 %(r) — Z4() 

Spp(F, 8,0) = (RZI""(r) — RZ} (r)) cos 6 + (RZ5"*(r) — RZ3(n) sin @ [2.16] 

Spe. @, 0) = (@Z7"*"(r) — OZ{(N) sin 0 + (@Z5"*"(F) — ©Z3(r)) cos 0 

The above equations provide explicit functions in terms of r and @ for the stress terms 

o!,, o, and of, in the fiber end solution. The stress tensors functional dependence on the 

axial coordinate z will be similar in form to that postulated by Whitney and Drzal [23]. which 

has been shown to give credible forms of the solution. As noted in the introduction of this 

chapter, this solution is extended to analyze unsymmetrical loading cases and allows the 

possibility of load transfer at the fiber ends. With these equations and the the equilibrium 

Equations 2.6, the entire stress tensor on a point-wise basis is developed as explicit functions 

of r,@, and z. This is accomplished systematically by addressing the traction in Equations 2.16 

resulting from the application of a given strain term (e.g.e’,.) independently. From the traction 

condition at the fiber, the functional dependence of specific fiber stresses (i.e.¢,;) can be in- 

ferred, as was accomplished for the far-field solution. With the use of equilibrium Equations 

2.6, the full stress tensor in the fiber region is generated. Thus, the following equations are 

representative of the fiber stress field for the fiber end solution of fiber(1,1,1). 

~4 2 2.. ~Az Ox7 = L94 + 2Pyr° cos 20 +2Q,r° sin 20](1 + Azje 

4 4 
Qyr _ 

7 COS 20 + ; sin 20]( — + A3z)e az 
~4 S,r Pyr 
ogg =L—Z— + Sot 

  

  

[E,r cos 6 +G,rsin O}47ze-% 
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4 4 

  

  

2 
~ Syr 3P,4R 3 _ 
on [+ So + +0 cos 20 + 0 sin 20](— 1° + A°z)e az 

[E,r cos @ +G,rsin O]a°ze~% 

oe pan a P,r® cos 20 + Qyr? sin 20]1°ze~” + [E, cos 6 + G, sin 8](1 + Azje [2.17] 

Coe = = [—P,r° sin 20 + qr cos 20]47ze +[-—-E,sin@ + G, cos 6](1 + dzje™ 

oy =0 

To develop the stresses In the matrix region for fiber (1,1,1), we will rely on the same meth- 

odology presented above. The tractions across the interface (l.e.r-=1r,) are continuous, and 

thus explicit forms of the matrix stresses o?,, o%, and o2, In terms of z and 0 are obtained. 

Furthermore, use is made of the fact that matrix stresses must decay for increasing values 

of r, such that as r approaches infinity the stresses go to zero. This and the previous equi- 

librium Equations 2.6 results in the following explicit forms for the matrix stresses as a function 

of r for fiber system (1,1,1). 

~ S 4P 4Q _ 
2 3 2 2 sin 20](1 + Az)je Ax     

  

  

O77 = 4 4 cos 20 — 

~ Ss Po Qo) _ —E G ~ 
Sag =(—>+ —_ cos 20 + —> sin 20](- —j? +A°)e az +[ 2 cos 0 —-—* sin 0)A7ze az 

4r? or? ar? r J 

—3P P —3Q Q _ 
oo = (5 + ( a +— > ) cos 26 + (—* + >) sin 201-2? +.2°)e 

E G ~ 
— cos # +—sin ze 

[ 3 8 3 , 942 Az 

—S P, Qs, E G _ 
os =[—> 3 +—= cos 20 +— sin 20)4° ze 24+ [— cos @ +> sin 0](1 + Azje az [2.18] 

ar? r? r? r r 

P. Q _ E G _ 
=[— = sin 26 + = cos 20]A7ze az [> sin @ — +> cos @](1+ Az)e Az 

r r r r 
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S79 =0 

Note that the stress terms o%, in Equations 2.18 and 2.17 are defined to be zero, which should 

not be surprising when recalling Equations 2.12 and 2.13 and the discussion which followed 

them. It is stated in these paragraphs that the stress term o7%, was independent of out-of-plane 

tractions (i.e. oz, 69, and o,,), such that the fiber end solution appears to be correctly modeled 

as an out-of-plane problem (i.e. Equation 2.16), and thus the stress term o,¢ should be negli- 

gible. It should also be noted that all of the stresses presented in Equation 2.18 approach zero 

as either r>r; or Z>r; as they should. 

The constants in Equations 2.18 and 2.17 are evaluated by applying the boundary conditions 

in Equation 2.16 and the traction continuity conditions at the fiber matrix interface. These val- 

ues can be represented in terms of previously defined constants introduced in Equations 2.11, 

2.13 and the constitutive material parameters. The coefficient A in the present model is for- 

mulated by the techniques presented by Rosen [22] which takes into account a finite fiber 

volume fraction. The following equations reflect the influence of these constants. 

+ 
1- ypl2 2 1.4 { 

t= 7 lg (ie) sea 
f S14Cag 

S, = —C},D3 — 2CjpD] + C77"'D3"™ + 2c73"D* 

P,= 4 47 4 
Cog 23 

Py =Parp 
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Q, 4 B, — 9 B, [2.19] 

Co3 C23 

Qo = Qirf 

Q3 = ~ Qu 

Ey = — Cag(Fp + Fa) + Cos(Fo'" + Fy”) 

E,= E,r? 

E, = E, 

Gy = — Cos(H + Hy) + C55(Hg" + Hy") 

Gy = Gyr} 

G3 = Gy 

Once again the constants in Equation 2.19 are generated by specific local strain values ¢’;,. 

By using Equations 2.18, 2.17 and 2.12 in Equation 2.1, the full 3-D stress field is developed for 

the short fiber system (1,1,1) and it may easily be evaluated for other fiber systems ( =,I,A) 

in the composite material. 

The problem of evaluating the contracted stiffness matrix of the short fiber composite is ad- 

dressed as follows. The stress-strain relations for an anisotropic composite are written in 

contracted notation as 

3G = Cr [2.20] ie 
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where, once again, the over-bars denote the average stress and strain in the continuum. It 

is a relatively safe assumption that the transient stresses in the matrix have little effect on the 

average stress state in the composite. First, the dominant stress terms occur in the fibrous 

‘region and not in the matrix, at least in composites where C#, < C},. Secondly, almost all short 

fiber composites have relatively small (i.e.v;< .5) volume fractions of fibers and thus the 

transient stresses developed in the matrix, while very important with regard to failure stress 

and strength of the composite, should have little effect on the average stress in the composite. 

Based on this analysis, the average stress in the composite can now be obtained by volume 

averaging the stresses in the composite over each material region (i.e. fiber and matrix). This 

may be accomplished as follows 

= (Vo) { Ma
p a bmax 

y "yt LSS Sejm + Sf fogava} [2.21] 
1 1 

where V defines a volume and subscripts f, m, and c refer to the fiber, matrix, and composite 

respectively. The surnmations refer to the stress contributions from each fiber(=, I, A) which 

has a given fiber type, fiber orientation, and fiber aspect ratio. Note that the volume averaged 

stress in the matrix region only includes the far-field solution, which is consistent with previ- 

ous discussions. The rows of the contracted stiffness matrix are constructed by applying a 

unit global strain for each component in the composite strain tensor to simulate the dis- 

placement boundary condition described in Equation 2.5. From this, the stresses in Equations 

2.12, 2.17, and 2.18 are evaluated and found to be functionally dependent on the applied dis- 

placement (or strains). By using Equation 2.21 the average stresses can be calculated as a 

linear function of the applied global strain values. Using these results in Equation 2.20, the 

complete stiffness matrix can be computed for a 3-D hybrid composite material system. 
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2.2 Results and discussion 

In order to validate the theoretical model, a comparison is made between experimentally 

measured elastic properties and the current theoretical predictions for short fiber polymeric 

and metal matrix composites. Further theoretical validation of the model consists of com- 

paring the present theoretical predictions for a PMC with other theoretical models which are 

well established in the literature, such as Aboudi’s [20] square fiber model, Halpin-Tsai’s [4] 

equations, and Russel’s [11] ellipsoidal inclusion. It should be noted that none of the afore- 

mentioned models predict point-wise stress variations in the fiber and matrix, as does the 

current model. Point-wise stress values are essential to understanding the damage and fail- 

ure mechanisms present in composite systems at the micromechanics level which are known 

to severely alter the laminate properties. To demonstrate the large range of application the 

current model has in short transversely-isotropic short fiber systems, a study is presented on 

the effect of fiber aspect ratio and fiber volume fraction on the properties of brittle ceramic 

matrix composite systems. To further demonstrate the applicability of this analytical model to 

continuous fiber systems containing fiber fractures, a study is performed on the stiffness re- 

duction which occurs in PMC as a function of life (i.e. fiber fractures). 

This section is thus divided into the following subsections; 

e Polymeric matrix composites presenting a comparison between the current analytical 

predictions of stiffness, experimental data on stiffness, and classical accepted models of 

stiffness. 

@ Metal matrix composites encompassing a comparison between the predictions of the 

tensor stiffness values generated by the present model and experimental data. 
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e Brittle/ceramic matrix composites describing the dependence of stiffness properties on 

fiber volume fraction and fiber aspect ratio. 

e §6Stiffness reduction in continuous fiber composites which occurs in PMC’s subjected to 

fatigue loading which causes multiple fiber fracture. 

2.21 Polymeric matrix composites 

A comparison between the current theory, classic theories, and experimental results is pre- 

sented for a variety of polymeric composite systems discussed in this section. An analysis of 

epoxy based matrices containing E-glass, copper, and steel fibers of different aspect ratios 

and different fiber volume fractions are presented. The classical theories which are used in 

this study for comparison purposes are Aboudi’s [20] model, Halpin-Tsai [4] equations, and 

Russel’s [11] ellipse model. The constitutive properties used for all the theoretical calcu- 

lations discussed in this section are presented in Table 1. 

2.211 Axial modulus 

The first experimental validation is accomplished by comparing experimentally measured 

elastic properties of a 2-D E-glass/epon-828 mat with the current theory. This represents a 

composite whose fiber-to-matrix stiffness ratio (i.e.Cf,/C") is approximately 20. The well- 

documented experimental data developed by Kacir [41] describes a materia! system contain- 

ing 50 percent fiber volume fraction E-glass bundles having aspect ratios of 53 or 136. Kacir 

et al [41] studied the effect misoriented fibers have on the axial stiffness properties of this 

composite material by accurately determining the fiber orientations in the short fiber com- 

posite. This was accomplished with the use of dyed fibers along with x-ray technology to de- 

termine the precise alignment of the fibers in the actual composite system. Table 2 presents 
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the results of their tests describing the fiber orientation in terms of the percent fibers aligned 

at the solid angle w. Note @ is discussed in section 2.1 and for a 2-d composite the solid angle 

¢ =0. In Table 3, a presentation of the results for both the experimental data and the current 

theoretical predictions for axial stiffness values is published. With respect to the computation 

process used for the theoretical predictions, the fiber assemblages are constructed such that 

the local fiber volume fraction was the same as the giobal fiber volume fraction. In regard to 

composites "a-c” in Table 3 which have an aspect ratio of 136, the largest discrepancy be- 

tween the experimental and theoretical predictions is exhibited by composite “a” which re- 

presents a 2 percent error. For composites “d-h” which have an aspect ratio of 53, half of the 

aspect ratio in the previous composites, the largest error between the experimental data and 

theoretical results is 4 percent. Therefore, it appears that the correlation between the test data 

and the analytical predictions are remarkably accurate for each fiber orientation and fiber 

aspect ratio studied; that is, the dependence on aspect ratio and orientation appears to be 

correctly modeled. 

As a last note, the experimental data published by Kacir et. al. [41] is viewed as a concise 

representation of a 2-D short fiber composite and should thus provide accurate values of the 

longitudinal stiffness for this particular short fiber composite system. The ability to accurately 

predict the elastic properties with the current theory strongly suggests that the derivation de- 

scribed in section 2.2 should provide an adequate representation of the point-wise stress state 

existing in each constituent. That is the global stiffness values were calculated from the vol- 

ume averaged stress quantities for each region (fiber and matrix). 

For further validation of the present theory, experimental data on the stiffness properties of a 

PMC as determined by Berthelot [5] are compared to the models predictions. That investi- 

gator studied the effect fiber volume fraction has on the axial stiffness (i.e. E1,) of short fiber 

composites consisting of an epoxy matrix with steel or copper fibers. The steel fibers had an 

aspect ratio of either 50 or 100 with a fiber to matrix stiffness ratio of 75, and the copper fibers 

had an aspect ratio of either 60 or 100 with a fiber to matrix stiffness ratio of 40. It is important 
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to note that the short fibers embedded in the composite were misaligned at plus or minus 10 

degrees with the loading axis due to inherent manufacturing defects. 

The results for axial stiffness of the steel/epoxy composites as a function of fiber volume 

fraction and fiber aspect ratio are addressed first. Experimental results along with current 

theoretical predictions are presented in Figures 4 and 5 for an steel/epoxy material with as- 

pect ratios of 50 and 100, respectively. In each plot, two theoretical curves are drawn. These 

are representative of theoretical predictions for: 

1. all fibers aligned with the principal axes (w = 0) 

2. all fibers aligned at 10 degrees with the loading axis. (w = 10) 

For both aspect ratios, Figure 4 and Figure 5, the theoretical curves bracket the experimental 

results, as expected. In other words, the experimental data are representative of a composite 

containing fibers variably aligned between plus and minus 10 degrees and, thus, should lie 

between the two theoretical curves which represent bounds on this composite’s measured 

stiffness values. In Figure 6 and Figure 7, a comparison is presented between the current 

theoretical predictions and other classical theories (i.e.Aboudi [20], Halpin-Tsai [4], and 

Russel’s [11] ellipse) for the same material system, that is, steel/epoxy aspect with an ratio 

of 50 and 100, respectively. As one can see, for both aspect ratios studied, the trends pre- 

dicted by all models as a function of fiber volume fraction appear to be quite similar. However, 

the comparison of these models demonstrates that the Aboudi [20] model predicts values 

below that of the present theory, the Halpin-Tsai [4] equations predicts similar values to that 

of the present theory, and the ellipsoidal [11] model predicts larger values. Insights are 

gained by comparing Aboudi [20] results, Figure 6 and 7, with Berthelot [5] short fiber data, 

Figures 4 and 5. We find that the square fiber model consistently predicts a slightly less stiff 

composite than the experimental results suggest. However, the experimental data are for 

misaligned fibers while theoretical predictions are based on fibers aligned with the loading 

axis, which should result in stiffer predicted values rather than the less values obtained. With 

regard to the results of the ellipsoidal [11] model, Figures 6 and 7, it predicts significantly 
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larger stiffness value than that exhibited by the experimental data, Figures 4 and 5, a dis- 

crepancy which cannot be argued away by misorientation effects. The Halpin-Tsai [4] 

equations, on the other hand, provide reasonable results when compared with the exper- 

imental data and are in relatively good agreement with the present theory. Note that this 

model is based on empirical relations derived from experiments. 

A comparison is also made between axial stiffness values determined by experimental meth- 

ods described by of Berthelot [5] and the present model for a copper/epoxy composite system. 

In Figures 8 and 9, the plots of the theoretical curves and the experimental data are presented 

for a composite with embedded copper fibers with aspect ratios of 60 and 100. As noted above, 

the two theoretical curves shown in each graph correspond to predictions of composites 

containing either fibers aligned with the loading axis or oriented 10 degrees away from the 

loading axis. For these plots, the curves also bracket the experimental data points, with the 

exception of a few outlying data points for the smaller fiber volume fractions. In Figures 10 

and 11, a comparison with other theoretical predictions are shown for the copper/epoxy ma- 

terial system. In this plot, the Aboudi [20] model deviation from the present theory is much 

smaller than that shown for the steel/epoxy systems in Figures 6 and 7. When comparing the 

Aboudi [20] model, Figures 10 and 11, to the experimental data, Figures 8 and 9, one finds 

much better agreement for this material system as compared to the steel/epoxy which may 

be attributed to the relative decrease in the fiber/matrix stiffness ratio from the steel to copper 

system, that is, from a value of 75 to 40. With regard to the plots for the Halpin-Tsai [4] 

equations presented in Figure 10 and 11, they tend to provide overestimates for this particular 

composite. 

This section thus demonstrates the models accuracy at predicting the axial stiffness values 

of actual composite materials. This included three different fiber to matrix stiffness ratios (i.e. 

20, 40, and 75) and five different fiber aspect ratios (i.e.50, 53, 60, 100, and 136). Therefore the 

theory developed in this chapter appears to accurately predict the axial stiffness for all ma- 
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terial systems, and incorporates the correct functional dependence on fiber volume fraction 

and aspect ratio. 

To demonstrate the ability of the theoretical mode} to predict the complete stiffness matrix for 

a general composite material, the following paragraphs will compare a variety of commonly 

used mechanical constants calculated for a transversely isotropic material systems with the 

predictions of different modeling methodologies. The material system will be a steel/epoxy 

material consistent with the constituents described above. 

2.212 Transverse modulus 

The variation of transverse stiffness for a unidirectional short fiber composite as a function of 

fiber volume fraction is presented in Figure 12. The dependence of transverse stiffness on 

aspect ratio is known to be minimal; therefore, only one aspect ratio (i.e.100) is shown. The 

agreement between Aboudi [20] model and the present theory for this composite system are 

extremely close; in fact, the largest difference between the two is only about 3 percent. One 

should also note the sharply nonlinear dependence of this mechanical property, predicted by 

both models, as a function of fiber volume fraction. On the other hand the ellipsoidal [11] 

model predicts significantly different values from either of the two previously discussed mod- 

els, and appears to suggest a linear dependence on fiber volume fraction. 

(2.213 Axial shear modulus 

A comparison of the predicted axial shear modulus (i.e. Giz ) calculated by the three models 

is presented in Figure 13. The Aboudi [20] model suggests only small variations in the shear 

modulus as a function of the fiber aspect ratio for this particular composite, and so only one 

curve is plotted (for an aspect ratio of 100). In fact, that model exhibits little to no changes (i.e., 
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less than 2 %) in Gi for fiber aspect ratios larger than 10, however for aspect ratios below this 

value the the changes in G. are significant. The ellipsoidal [11] model also exhibits no de- 

pendence of G,, on fiber aspect ratio, and the results suggest a linear dependence of this 

property on fiber volume fraction. On the other hand the current theory, while exhibiting sim- 

ilar trends in the shear modulus as a function of fiber volume fraction to that of Aboudi [20], 

suggests that there is a dependence of G,,. on fiber aspect ratios larger than 10. One can 

easily make arguments which would suggest that fiber aspect ratio should effect axial shear 

modulus. The fact that the problem involves the shear transfer from the matrix to the fiber 

which is similar to the shear lag problem, would demand that a dependence on length exists. 

2.214 Transverse Poisson ratio 

A comparison of Poissons ratio (v3) in the transverse plane for the different modeling meth- 

odologies is plotted in Figure 14. The Aboudi [20] model and the current model exhibit similar 

trends for increasing fiber volume fraction and increasing fiber aspect ratio, however the 

present theory suggest slightly larger values in v2. The two models once again predict similar 

trends in this mechanical property as a function of fiber volume fraction and fiber aspect ratio 

(i.e. as fiber aspect ratio increases, vz; increases). Note that both of these dependences are 

of a highly nonlinear nature and are not a simple linear function as has been suggested by 

rule of mixtures arguments. Only one curve is presented for the ellipsoidal [11] model due to 

the small variations caused by aspect ratio changes in the material modeled. The Poisson 

ratios calculated using the ellispoidal [11] model appear to provide erroneous data for in- 

creasing fiber volume fraction. One expects that the Poisson ratio of the composite should 

approach the fiber’s value for large fiber volume fraction, which does not occur. Therefore, 

it appears that the Aboudi [20] model and the current theory predict reasonable trends in the 

variation of v2, and are in close agreement with each other, while the ellipsoidal [11] model 

provides outlying predictions. 

2.0 Short fiber modeling 42



2.215 Axial Poisson ratio 

The last comparison to be made between theoretical models for polymeric composites in this 

section involves the axial Poissons ratio, v2, as a function of fiber volume fraction. When 

comparing the three models (Figure 15), it is noted, that all the models exhibit similar trends 

in the functional dependence of v2; on fiber volume fraction. Only one curve is shown for the 

ellipse, due to the fact that virtually no dependence exists in this model on fiber aspect ratio. 

The Aboudi [20] model suggests the largest predicted value and the the ellipse provides the 

smallest predicted value, with the present theory lying between the two. The ordering of the 

curves with respect to increasing fiber aspect ratio for both the Aboudi [20] and the current 

model appear to behave in a similar fashion. This suggests that a reasonable correlation ex- 

ists between these models, and they should provide reasonable estimates for the prediction 

of V24. 

In conclusion for this section, one should immediately note the excellent agreement between 

the axial stiffness predictions of the present model and the experimental data. It also appears 

that the agreement between the present theory and the Aboudi [20] model for the five inde- 

pendent elastic constants describing a transversely isotropic composite is good. One should 

note, however, that the axial stiffness predictions of the present model were demonstrated to 

be more accurate, and should thus be regarded as a more precise model for the study of 

these material systems. The ellipse model appears to be an inadequate tool to study material 

property dependence on fiber volume fraction, at least for large fiber volume fractions. It 

should also be remembered that none of these other modeling techniques are capable of 

providing the point-wise stresses in each constituent as is the present model. 
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2.22 Metal matrix composite 

A comparison between the current theory and experimental results of Johnson and Birt [42] 

is presented for a MMC consisting of a silicon carbide whisker (r;=0.25um) embedded in an 

aluminum matrix. The experimental data generated by these researchers represents an ex- 

ceptional characterization of an actual metal matrix composite, which is briefly described in 

the ensuing paragraph. These investigators manufactured 2-D laminas of varying thickness, 

fiber volume fraction, fiber orientation, and fiber aspect ratio to evaluate the effect these 

micromechanical parameters have on the lamina mechanical properties, that is, the trans- 

verse and axial stiffness values, of metal matrix composites. A total of 3 different plate 

thickness (i.e. 6.35, 3.18, and 1.8 mm) and two different fiber volume fractions (i.e. 15 and 30 

percent), each having an experimentally measured fiber distribution and fiber aspect ratio, 

were presented. The manufacturing of the 2-D plates involved hot rolling the material into 

billet shapes. This process causes fiber damage in the composite and introduces an inherent 

amount of debris into the matrix, as well as decreasing the effective fiber volume fraction. With 

the use of image analysis, the researchers were able to characterize the amount of debris 

present in the matrix and published augmented stiffness values for the matrix material and 

fiber volume fraction to account for the apparent changes in the constituents due to fiber 

damage (see Table 4). With the same process (i.e. image analysis) they determined the fiber 

distribution, that is the average percent of fibers aligned at wm as well as the average fiber 

aspect ratio in the composite (see Figures 16 and 17). Therefore, these individuals provided 

a highly detailed experimental description of this 2-D metal matrix composite. 

In Figures 18 and 19, plots of the experimental data and theoretical predictions for the axial 

and transverse stiffness of a 15 percent fiber volume fraction metal matrix composite de- 

scribed above are presented. The results shown in these figures corresponds to a composite 

with fiber alignment and fiber aspect ratio data provided in Figure 16. The reader should note 

that two theoretical curves are plotted in each figure of this section, one corresponding to a 
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composite without debris as well as an unadjusted fiber volume fraction, and the second cor- 

responding to a composite with debris and an adjusted fiber volume fraction. Considering 

Figure 18, which depicts the variation of axial stiffness as a function of plate thickness, the 

largest discrepancy between the present theory and the data exists for the theory without 

debris. The maximum error in the axial stiffness predictions occurs in the 3.18 mm plate and 

is approximately 7 percent in disagreement with the experimental data. On the other hand, the 

theory without debris, is much closer to the experimental data and has a maximum error of 

only 3 percent. One would intuitively believe that the theory without debris should provide an 

upper bound approximation (i.e. if the fiber alignment parameters and fiber aspect ratio were 

correctly measured by Johnson and Birt [42], the composite with intact fibers should exhibit 

larger stiffness properties than a composite containing damaged fibers). Nonetheless, the 

error in either of the theoretical predictions, that is with or without debris, is relatively small, 

and both results are regarded as providing excellent correlation with the experimental data. 

In fact, when reviewing Figure 19 depicting the variation in transverse stiffness, one finds a 

remarkable correlation ( almost exact) between the theoretical results for the theory without 

debris and the experimental data. The theory containing debris differs only slightly from the 

experimental results, that is on the order of about 1 to 2 percent which is well within accept- 

able error bounds. From the results presented in these two figures, the modeling of metal 

matrix composites with the present theory appears to be quite good and provides stiffness 

results which differ from experimental data by no more than 7 percent, which are well within 

experimental errors. 

To demonstrate the ability of the current theoretical model to predict stiffness values for other 

fiber volume fraction metal matrix composites, a 30 percent material is presented for com- 

parison purposes. In Figures 20 and 21, a plot of the experimental data and the two theoretical 

predictions (as done in the previous example) for the axial and transverse stiffness of the 

metal matrix composite are presented. These results correspond to the fiber alignment and 

fiber aspect ratio data of a composite described by the data presented in Figure 17. Figure 20 
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depicts the variation of the axial stiffness as a function of plate thickness for this composite 

material. When viewing this plot, one can see that the theory without debris provides larger 

predictions than suggested by experimental data, as it should. The largest error between this 

theoretical curve and the data is approximately 9 percent and occurs for the 6.35 mm thick 

plate. On the other hand, the theory with debris, which should provide more accurate pred- 

ictions, does an excellent job of predicting the axial stiffness values for these composites. 

These latter predictions only deviate from the experimental data by at most 4 percent. When 

reviewing the variations in predictions of transverse stiffness values presented in Figure 21, 

the comparison between the theories and the data is quite good. The largest error for either 

prediction occurs in the 6 mm plate modeled and is at most 4 percent for the theory with de- 

bris and 3 percent for the theory without debris. These error values can be considered to be 

small and well within the experimental error bounds. 

From the plots described above, one can readily deduce that the present theory does an ex- 

cellent job of modeling metal matrix composites. The fact that the largest error is less than 9 

percent is a good indication of the models accuracy in describing short fiber metal matrix 

composites. In fact, remembering that the average aspect ratio, fiber volume fraction, and fi- 

ber alignment parameter is included in the results presented in this section, one concludes 

that the model correctly depicts the influence of these micro-parameters and provides highly 

concise predictions for the stiffness properties with stress volume averaging techniques. 

These results also suggest that the point wise stress state calculated with the model should 

give reasonable results, especially since the stiffness values are determined by averaging the 

point-wise stress tensor in each constituent. 
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2.23 Brittle/Ceramic matrix composite 

To demonstrate the ability of the current model to provide stiffness results as well as the 

point-wise stress variations for a general composite system, a parametric study is performed 

on a brittle/ceramic matrix composite. The composite used in this analysis consists of a high 

modulus (HMU) graphite fiber (which is a_ transversely isotropic) material embedded in an 

borosilicate glass matrix (which is an isotropic material). The mechanical properties of these 

constituents are are presented in Table 5. This particular composite has been utilized by 

previous investigators (see Dunyak [43]) to study ceramic matrix composites manufactured 

with injection molding techniques into tubular specimens. This shape is commonly used in 

filter and heat exchanger systems of power generation units, and is also an ideal specimen 

to study multi-axial loadings of material systems. The present analysis is directed at deter- 

mining the effect of fiber volume fraction and fiber aspect ratio on the five independent elastic 

constants of this unidirectional, short fiber composite material. These results, along with the 

point-wise stress predictions, can subsequently be used to analyze the strength variation ex- 

isting in these tubular specimens due to misoriented fibers. This is believed to be a cause of 

low strength in these specimens. 

2.231 Axial modulus 

Figure 22 depicts the variation in the axial stiffness property as a function of fiber volume 

fraction for 5 different (i.e.10, 20, 40, 60, and 80) fiber aspect ratios. For each aspect ratio 

considered in Figure 22, as the fiber volume fraction increases the axial stiffness increases 

and approaches the axial stiffness value of the fiber. This is easily explained by classic rule 

of mixture arguments presented in detail by Christensen [39]. Furthermore, as the fiber aspect 

ratio increases from 10 to 80, the stiffness values of the composite increases as it should due 

to the additional reinforcement in the axial direction provided by the longer fiber. However, 
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the degree to which this value increases for increasing aspect ratios is not constant, that is, 

for larger aspect ratio composites (i.e. 60 and 80) the relative difference in stiffness values is 

smaller as compared to the smaller aspect ratios (i.e.20 and 40). In fact, for very large aspect 

ratios (not shown on this graph) the difference in stiffness values becomes indistinguishable 

and virtually nonexistent. This should be expected; that is, as the fiber becomes very large, 

the stress redistribution near the fiber ends becomes negligible when compared to the uni- 

form stress ( generalized plane strain) state which exists far from the fiber ends. Thus, com- 

posites with fibers of comparatively large aspect ratios respond in the linear region identical 

to continuous fiber composites. However, the strength of short fiber composite is expected, 

and found to be significantly smaller, due to stress concentration effects at the fiber ends. 

Therefore, the mode! correctly depicts the influence of the fiber aspect ratio and fiber volume 

fraction on the axial stiffness values of BMC and CMC. 

2.232 Transverse modulus 

Figure 23 depicts the variation in transverse stiffness as a function of fiber volume fraction and 

aspect ratio. In this figure, only two aspect ratios are presented due to the relative independ- 

ence of the transverse stiffness on this quantity, i.e., the transverse displacement response 

of a unidirectional composite subjected to transverse loading should not be significantly in- 

fluenced by the length of the fibers in the axial direction. One immediately notes that as the 

‘fiber volume fraction increases the composites transverse stiffness values increase and ap- 

proach that of the fiber. The reader should be aware of the nonlinear functional dependence 

existing between transverse stiffness and fiber volume fraction predicted by this theory, as 

pointed out in section 2.212. 
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2.233 Axial shear modulus 

Figure 24 depicts the variation in the longitudinal shear modulus as a function of fiber volume 

fraction and fiber aspect ratio. In this figure, the axial shear modulus displays a decrease for 

increasing fiber volume fraction as contrasted to increasing values noted in the previous 

paragraphs. This is simply due to the fact that the axial shear modulus of the fiber is smaller 

than that of the matrix. The other interesting point to be made concerning this graph is that 

as the aspect ratio increases the shear modulus decreases, which can be explained as fol- 

lows. For composites which have fiber modulus less than that of the matrix, the largest axial 

shearing stresses occur in the fiber end and not at the fibers center, thus as the fiber becomes 

longer the average shearing stress in the fiber actually decreases which results in a decrease 

in the shearing modulus (see Equation 2.21). The reader should be aware that for composite 

such as ceramic and brittle matrix material one may find a decrease in various stiffness val- 

ues as a function of fiber aspect ratio, depending on the relative ratio of fiber to matrix prop- 

erties. 

2.234 Axial Poisson ratio 

Figure 25 depicts the variation of Poissons ratio (i.e.v2,) as a function of fiber volume fraction 

and fiber aspect ratio. The Poissons ratio va, is defined as the ratio of the contraction in the 

axial direction (i.e. 1) to the contraction in the transverse direction when the composite is 

subjected to a transverse force. As the fiber volume fraction increases, the value va ap- 

proaches the Poissons ratio of the fiber; however, as fiber aspect ratio increases, v2, de- 

creases. When the aspect ratio of the fiber increases, it provides additional reinforcement in 

the 1-direction, thus increasing the stiffness (or decreasing the strain for an applied load) in 

this direction (see Figure 22). Therefore, as this stiffness value increases, one would also 

expect to see a relative decrease in the axial strain when a transverse load is applied to the 
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composite, resulting in a smaller ratio of the axial strain to transverse strain for this loading 

sequence. This causes a decrease in v2, for increasing fiber aspect ratio in this particular 

composite. 

2.235 Transverse Poisson ratio 

Figure 26 depicts the dependence of Poissons ratio (i.e. v23) on fiber volume fraction and fiber 

aspect ratio. The Poissons ratio vz3 is defined as the ratio of the contraction in the transverse 

direction (i.e.3 direction) to the contraction in the direction of the applied load, that is the 

transverse direction, 2 in this case. As with previous plots, when the fiber volume fraction 

increases, the composites mechanical property tends toward the fiber’s mechanical property. 

Also, as the fiber aspect ratio increases, the mechanical property increases, which can be 

explained with arguments similar to those presented in previous paragraphs. That is, when 

the aspect ratio increases, the contraction in the axial direction (i.e., 1 direction) due to an 

applied transverse load (i.e., 2 direction) decreases. To minimize the volume change, a larger 

contraction in the transverse direction (i.e., 3 direction) is necessary and causes an increase 

in vo3 for increasing aspect ratios for this fiber dominated material. 

These plots demonstrate the versatility of this theoretical analysis to model, not only 

polymeric and metal matrix composite, but is also applicable to brittle and ceramic matrix 

system which cannot be characterized by shear lag type solutions. The fact that some of the 

mechanical properties of the fiber are less than that of the matrix attests to this fact. It was 

also shown that the correct dependence of fiber volume fraction and fiber aspect ratio was 

exhibited by each of the five independent elastic constants. This suggests that an accurate 

depiction is provided for the theoretical point-wise stress variation in each constituent as a 

function of fiber volume fraction and fiber aspect ratio, since stiffness properties were derived 

from stress averaging techniques. 
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2.24 Stiffness reduction in continuous fiber composites 

The analysis portion of this section alluded to the fact that the model is applicable to contin- 

uous fiber reinforced composites containing fiber fractures. In the final section of this chapter, 

the effect of multiple fiber fractures on the stiffness reduction in continuous composites is ex- 

amined. To model fiber fractures in a composite, as described in section 2.1, the constants 

presented in Equation 2.15 and calculated from the fiber end traction condition (i.e. for a fiber 

fracture the fiber is traction free) are found to be zero. This provides the point-wise stress 

variation in the fractured fiber and surrounding matrix depicted by Equation 2.1. 

The composite chosen for this study is a typical E-glass/epoxy material system having the 

constituent properties presented in Table 1. It is hypothesized that a unidirectional continuous 

fiber composite is subjected to fatigue loading and that these loading sequences cause mul- 

tiple fiber fractures throughout the composite. These fracture events are evenly distributed 

and occur in a uniform fashion; that is, each fiber is thought to have fractured into the same 

number and length of segments. As the strength or life of the composite decreases, the length 

of the embedded fiber segments continues to decrease due to fiber fracture and alters the 

apparent stiffness of the composite. The reduction in stiffness is calculated with the model by 

employing the traction free condition and Equations 2.20 and 2.21. This analysis does not 

consider the significant stiffness reductions which occur due to nonlinear effects and matrix 

cracking. In accordance with the above statements, the following paragraphs describe the 

stiffness reduction as a function of the continuous composites remaining life, or fiber aspect 

ratio. 
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2.241 Axial modulus 

Figure 27 represents the functional dependance of the normalized axial stiffness property on 

life or fiber aspect ratio for a continuous PMC (note: all stiffness properties are normalized to 

a composite containing no anomalies, that is no fiber fractures). The number of fracture 

events which occur in the composite are described in the context of the effective fiber aspect 

ratio following the fiber breaks, that is, as fibers are fractured, they successively break into 

smaller segments and thus decrease the net aspect ratio of the embedded fibers. Therefore, 

a decrease in aspect ratio is representative of a reduction in composite life. The three curves 

presented in Figure 27 are for an E-glass/epoxy composite containing different fiber volume 

fractions of 75, 50, and 25 percent. As loading sequences progress, a larger number of fibers 

develop multiple fractures, the fiber aspect ratio becomes smaller, and the stiffness properties 

of the composite decrease. It is interesting to note that the composites containing the smaller 

fiber volume fraction (i.e. 25 percent) exhibits larger stiffness changes in early life (i.e.larger 

I/d ratios) and the stiffness changes gradually increase in later stages of life. However, the 

larger fiber volume fraction composite (i.e. 70 percent) exhibits relatively no change in 

stiffness properties early in life but drastic changes occur during late life. 

2.242 Axial shear modulus 

Figure 28 depicts the variation of normalized axial shear modulus as a function of life for the 

three different fiber volume fractions studied. As life proceeds or as fiber length decreases, 

the shear stiffness of the composite decreases. The rate at which this happens appears to be 

somewhat independent of fiber volume fraction, as compared to axial stiffness reductions. 
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2.243 Axial Poisson ratio 

Figure 29 depicts the variation in normalized Poissons ratio (i.e.v2;) as a function of life for the 

three fiber volume fractions studied. For this figure, one immediately notes that vz, increases 

as the aspect ratio decreases. This is in sharp contrast to the decrease exhibited by both the 

axial stiffness and shear modulus values (i.e. Figures 27 and 28). This can be explained as 

follows; when fiber fractures occur in the composite, the axial stiffness decreases as shown 

in Figure 28, causing larger contractions in the axial direction when a transverse load is ap- 

plied. This results in larger values of v2, for decreasing aspect ratios or decreasing life. One 

can also see from this plot that significant changes occur in va, earlier in life for the smaller 

fiber volume fraction composite than for composites with larger fiber volume fraction, as is 

described for the axial stiffness values. 

The above results demonstrate that the analysis presented in this dissertation is also appli- 

cable to fiber fracture phenomenon in continuous fiber composites. The parametric studies 

presented, address the stiffness reduction which occurs in material systems subjected to fa- 

tigue loading where fiber fracture dominates the subsequent changes in composite stiffness 

properties. This analysis did not address the significant stiffness reduction which occurs due 

to matrix cracking and subsequent nonlinear material behavior. This arise largely due to 

fractured fibers and fiber end effects and the interaction which occurs in the composite. The 

interaction between fibers is the topic of the next chapter. 
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3.0 Fiber-fiber interaction 

The influence of micro-parameters (e.g.interphase between fiber and matrix) on the behavior 

of composite materials is only now beginning to be realized by the scientific and engineering 

communities. The fact that there is a direct relationship between these parameters and 

rmacro-mechanical properties (Madhukar & Drzal [44]) has initiated a research thrust in this 

country for the development of accurate micromechanical representations of such phenom- 

ena. The literature currently abounds with micro-solutions to a number of various problems 

which are formulated on certain inherent assumptions which, if inaccurate, could drastically 

effect the analytical results. Until now, the validation of these micromechanical models has 

been accomplished with the use of volume averaging concepts and comparisons with 

macro-mechanical predictions, not with the more appropriate comparisons which utilize direct 

local measurements. The latter has not occurred due to experimental constraints including the 

dimensions involved (i.e. micro scale) and the internal nature of the problem. Verification of 

the models with volume averaging methods, on the other hand, leads to a “smearing” out of 

important details in the analysis which results in questionable validation of the models. 

In this chapter, an analytical model is developed which provides an approximate stress state 

in fibers and matrix adjacent to a fractured fiber or finite length fiber. This extends the the- 

oretical development presented in Chapter 2 for short fiber composites to include fiber/fiber 
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interaction near the fiber ends. This is essential to accurate macro-level strength predictions. 

The model developed in this chapter is validated with a unique methodology which provides 

a means to directly verify the model with experimental evidence. This novel technique, de- 

scribed in detail in Chapter 4, is the first methodology presented to directly validate various 

micro-mechanical analyses. 

It has been well established in the literature that the tensile strength of most unidirectional 

continuous fiber composites (and fiber-dominated multi-axial laminates) is controlled by the 

interaction of fiber failures, while in short fiber composites it is controlled by the interaction 

of fiber ends. A fiber fracture/end generally causes large strain concentrations to exist in the 

surrounding fiber, matrix, and interphase regions. In the previous chapter the strain concen- 

trations on adjacent fibers were smeared into a homogeneous effect in the composite, where 

in the present formulation a more detailed description is given. Various models, proposed in 

the literature (see Chapter 1), predict the stress/strain concentration which occurs in the vi- 

cinity of fiber ends and fiber fractures. These models are subsequently used in a strength 

formulation, such as that described by Batdorf [30] to “bridge” the gap between microme- 

chanical models of the problem and the desired laminate level strength predictions. However, 

all these fiber interaction models are limited in one context or another by the inherent as- 

sumptions (e.g. virtually every model in the literature is based on shear lag and is thus limited 

to polymeric matrix composites). These include a lack of point-wise stress concentration de- 

pendence on material properties, fiber volume fraction, crack size, multiple fiber fracture, 

interphase effects, and variable fiber spacing. While each model, in it’s own right, provides 

highly useful information, they do not however incorporate all the required parameters to ad- 

“equately address a wide class of problems. Furthermore, a lack of direct experimental evi- 

dence supporting their formulation leads to questionable results. 

In this dissertation, a model is presented which is capable of incorporating these parameters 

in a concise and clear formulation. The analytical model developed provides point-wise stress 

variations (radially and axialy) for a general class of composites containing single/multiple fi- 
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ber fractures with eccentrically oriented fibers. The stresses are valid for each constituent 

region (i.e. fiber, matrix, and interphase) in the composite. This approximate solution is de- 

veloped based on a mechanics of materials approach and classical elasticity concepts. An 

assumption is made in the analysis that the adjacent fibers can be modeled as annular rings 

to eliminate the local stress variation with angle. Through fracture mechanic arguments and 

experimental evidence, a functional dependence of axial strain on radial position is formu- 

lated. By using force balance, constitutive relations, equilibrium equations, and boundary 

conditions, an approximate solution describing the point-wise continuous stress field in each 

material region is obtained. Multiple fiber fractures/ends are addressed with a unique fiber 

discount and linear superposition principal to arrive at a full stress field in the adjacent fiber 

and matrix systems. Variable fiber spacing is incorporated into the model with the inclusion 

of multiple fibrous rings which represent the eccentrically placed fibers. With these concepts, 

a formulation which is straightforward yet rigorous is presented. 

The formal analysis described in this chapter provides a more detailed description of the fiber 

interaction problem than presently available in the literature. This analysis incorporates a 

dependence of the stress redistribution profile on the constituents constitutive properties. This 

permits analysis of a general class of composite systems (i.e. PMC, MMC, and CMC) while the 

current models in the literature only address polymeric composite systems. The analysis 

presented herein also includes a functional dependence of stress redistribution on fiber vol- 

ume fraction which is not available in the shear lag type of models (these assume the matrix 

supports no axial load, and thus fiber volume fraction does not effect the strain concentration 

values). The model also provides analysis of a matrix crack which occurs due to fiber fracture 

and propagates a finite distance into the matrix. Other models make the assumption that only 

the fiber fails and the matrix is unaffected. The model developed in this study also utilizes a 

unique methodology to analyze multiple fiber fractures which occur in composite materials. 

Also included in this analysis is a more appropriate model of variable fiber spacing which 

occurs in virtually every composite manufactured. 
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The analytical results of strain concentration calculated with the model are compared with 

direct experimental measurements to validate the theory. This provides a firm foundation, not 

only for results provided by the model, but also for the assumptions inherent in the analysis. 

To demonstrate the versatility of the model, parametric studies are performed with variables 

such as fiber volume fraction, constituent material properties, and crack size to investigate 

their significance on single fiber fracture/end. Specific results are presented for both 

polymeric and metal matrix composites, however the model is also applicable to the analysis 

of ceramic matrix composites containing cracks. A section is presented on multiple fiber 

fracture to demonstrate the models accuracy in predicting these strain concentration values. 

The final section of this chapter addresses variable fiber spacing with both experimental ver- 

ification and parametric studies. 

3.1 Theoretical development 

In the following section, a derivation is presented which predicts the point-wise stress state 

in the local vicinity of a fractured fiber or finite length fiber embedded in a composite subjected 

to uniaxial loading. This analysis extends the concepts presented in chapter 2, which describe 

short fiber effects, to include fiber-fiber interaction, variable fiber spacing, and multiple fiber 

fracture/ends, which are significant issues when attempting to predict the strength of com- 

posite materials. 

In obtaining the stress field for each constituent which is present in the composite, a classic 

superposition of two solutions is employed, as was accomplished in chapter 2 and is pre- 

sented in Figure 30. This involves separating the problem into a far-field analysis and a near 

field analysis represented by the following equation. 
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op = Ont oy [3.1] 

In Equation 3.1 the stresses with primes (i.e.c’) represent the full field stress solution, the 

stresses with tildes represent the near-field solution, and the stresses without any markings 

represent the far-field solution. The superscript ”n” refers to either the matrix, fiber, or inter- 

phase regions. The far-field solution was derived in chapter 2 and will not be addressed in this 

section. The near-field solution presented in Equation 3.1, should not be confused with that 

presented in Equation 2.1. The latter solution did not incorporate fiber-fiber interaction or 

multiple fiber fracture/end effects into the analysis. 

In posing the near-field problem, a fiber fracture/end is assumed to exist in a unidirectional 

composite containing a hexagonal array of fibers (see Figure 31). The following analysis 

specifically addresses a hexagonal array, however the analysis is general enough to model 

a variety of fiber packing arrangements which could be present in the composite. In Figure 

31, fr is the radius of the fiber, r, is the crack size, and r, is the closest adjacent fiber dimen- 

sion. The size of the fracture r, may (or may not) extend a finite distance into the matrix up 

to the adjacent fibers (i.er,=~r,). Prior to the formation of the crack, load was transferred 

across this material region, however, following crack propagation the surface of the crack is 

traction free. To simulate this mathematically in the context of the near field solution, a 

traction is applied to the crack face, such that when added to the far-field solution (Equation 

3.1 and Figure 30), the net traction on the crack face is zero for the fiber fracture problem. 

To calculate the net force applied to the crack face in the near field solution, the following 

equation is used. 

27 elt 27 ale 

Po= | | ofr dr do +{ | o,,r dr dé [3.2] 
0 “0 0 “ry 

Note that the stress terms used for the calculations in Equation 3.2 are the far-field stress 

terms presented in Equation 2.12. The first integral term in Equation 3.2 represents the load 
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originally transferred by the fractured fiber while the second integral term is the load originally 

transferred by the cracked matrix. If the crack does not extend into the matrix, the second 

integral term is exactly zero. Equation 3.2 is thus representative of the net force P, resulting 

from the applied traction in the near-field solution. 

} 

With regard to embedded finite length fibers in composites, there is load transfer between the 

matrix and fiber end which is due solely to the chemical bond existing between the two. 

Therefore the fiber end is not traction free in a finite length fiber embedded in a composite. 

The traction supported by the fiber end was discussed in detail in Section 2.1 of this disser- 

tation and can thus be determined. To calculate the net force which must be applied to the 

fiber end in the near field solution of the short fiber problem, Equations 2.12 and 2.15 are used 

to develop the following relationship 

2n uff 

Py = [ [ (of, — 21" "(r) cos 20 — Z5"*"(r) sin 20 —24'""(r))rdrdé [3.3] 
0 °0 

Where the stress term with superscript “mat” is defined by Equation 2.5. For the case of no 

chemical bond of?*=0 and Equation 3.3 reduces to 3.2 for r,<=ry. It is convenient in this 

analysis to utilize an equivalency argument by representing the adjacent fibers as a conven- 

ient shape. To this end, the adjacent fibers surrounding the fractured fiber/fiber end are as- 

sumed to be depicted by an annular ring of fibrous material (see Figure 31). This basic 

assumption results in an axisymmetric problem in which stresses and strains are not a func- 

tion of 6. The inner radius of the annular ring is represented by the inner dimension of the 

closest fiber r, and the outer radius of the ring r. is chosen such that the area of the ring is 

equivalent to the surrounding fibers (e.g. for hexagonal array the ring area is equal to 67F?). 

By taking a representative slice of the composite, at the plane of the crack, a typical force el- 

ement can be constructed as shown in Figure 32. By summing the forces on this element the 

following equation can be constructed. 
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Po —Fy,—Fo—Fg=0 [3.4] 

where 

27 plouter 

F,=| | yr dr dé 
O “Tinner 

The superscripts “inner” and “outer” in Equation 3.4 define the inner an outer radial dimen- 

sions of the n’th ring in the model. The F’s are representative of the average force present 

in each of the finite regions depicted in Figure 32 due to the near-field traction represented 

by either Equation 3.2 or 3.3. These F’s are calculated by area averaging the stresses o,, on 

each face as presented in Equation 3.4, however, these stress terms are unknown at this time. 

To solve this problem, knowledge of the functional dependence of each axial stress term on 

the radial coordinate must be known. In addressing this dilemma, it is first noted that the axial 

strain (i.e. 2) is a continuous function in r (if slip does not occur) across all boundaries without 

point discontinuities except at the crack tip. This can easily be verified with the displacement 

continuity requirements at the interface between constituents and constitutive relations pre- 

sented in Equation 2.7. Based on fracture mechanics and experimental evidence ( Lesko et. 

al. [45]), it is proposed that the radial variation of the axial strain for the region r>r, can be. 

obtained. This problem has historically been treated as a shear transfer problem between 

constituents. Fracture mechanics arguments (this analysis does not include singular effects) 

state that the shear stress should decay as 1/r5, which strongly suggests the dependence of 

the axial stress on the radial coordinate should be written as follows (as discussed in a later 

paragraph). 

Wa “5 fe) [3.5] 

B in the above equation is an unknown constant and the function f(z) represents the depend- 

ence of the axial strain on the z variable (note: it is convenient to define f(0)=1) which is yet 
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to be determined. Noting that the axial stress for each constituent is dominated by the axial 

strain for this problem, (i.e. &, > > &, OF E99) the following reduced constitutive relationship is 

written. 

Cf is defined to be the contracted stiffness tensor for the n’th constituent in the composite. 

By using equations 3.2-3.6 an explicit relation for B can be obtained in terms of the applied 

load, the fiber volume fraction, crack radius, and the constituent material properties. This is 

represented in the following equation 

4 1/2 1/2 1/2 4/2 f ,.1/2 1/2,4—1 
B= 3 PolCri(ra! = rel? + gl? — rg!) + Chy(rg!? — rg!) [3.7] 

Where r, defines the outer most radius of the matrix region presented in Figure 31. All of the 

quantities presented in Equation 3.7 are known, therefore a solution is presented for the axial 

strain/stress redistribution on the neighboring fibers, and matrix regions at the crack plane 

(z=0). Note that these values are dependent upon the distance from the crack and thus pre- 

dict a variation in strain concentration across the width of the fiber and matrix. From these 

results a maximum (i.e.r=r,), minimum {(i.e.r=r,), and an average strain concentration (i.e. 

area average) can be calculated for the fibers in the composite. These quantities will be used 

in parametric studies presented in Section 3.2-3.27. 

The preceding analysis only provides the axial stress variation in the plane of the crack; 

however, it is desirable to obtain the full field stress state in each constituent. In solving this 

problem, the equilibrium equations are utilized in a similar fashion to that accomplished when 

determining the out-of-plane stress terms in laminate analysis. The equilibrium equation for 

an axisymmetric problem are written as follows. 

OGrr | O6rz | Frr~ F499 
ort az + 7° [3.6] 
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doz, Oorz orz 

az tor tr 7° 
  

By using equations 3.5 and 3.6 and assuming that o,, = og9, the solution to the partial differ- 

ential in Equations 3.8 is obtained for the shear and radial stresses as a function of r and z. 

  

~n —~wNS p i 

12 = 55 r P [3.9] 

an Of(2) 
r= [—D" In(r) + 4BCr rl? + D2] 

The D’s in Equation 3.9 are constants determined by the boundary conditions of the near field 

problem which has not been posed at this time. The reader should note the 1/r‘/? dependence 

in the «,, term which is consistent with the fracture mechanics arguments given in previous 

paragraphs. To evaluate the constants presented in Equation 3.9, an internal traction is ap- 

plied at r=r, (i.€.6,(re,Z) and o,(re, Z)). This approach utilizes a form of the boundary condi- 

tions present in the analysis presented by Whitney and Drizal [23]. By enforcing continuous 

tractions at each interface between constituents, the entire stress field for each region is found 

which are represented by the following sets of equations. 

—P 
2. ~—Az 

Dar A*ze [3.10]   

Orz(le, Z) = 

~ P. - 
Oro. 2) = ae —1? + 2)e-” 

ven _ ~(n+1) 
Cir = Fir 

In the above equations, lambda is a parameter which controls the distance normally referred 

to as the ineffective length. This quantity dictates the length over which this stress decays as 

a function of the z variable. The relationship between the crack size, constituent parameters 

and volume fraction to this parameter are currently being studied to provide an accurate 
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functional dependence to the scientific community. To provide results regarding the shear 

stress variation, an experimentally determined value for 4 is used in this chapter based on the 

evidence presented in Chapter 4. 

Therefore, the entire stress field in the vicinity of the crack/fiber end has now been determined 

for a single fiber in a composite containing regular fiber spacing. The point-wise stresses are 

dependent on crack size, constituent properties, and fiber volume fraction unlike any analysis 

present in the literature. This analysis augments the results presented in chapter 2 by pro- 

viding the stress state, not only in the cylinder assemblage being addressed, but also in 

neighboring cylinder assemblages. The model still requires the incorporation of multiple fiber 

fracture/end effects and variable fiber spacing; these are discussed in the following sections. 

3.11 Multiple fiber effects 

A methodology is proposed in this section for the analytical development of multiple fiber 

fracture/fiber end effects in composites with the use of results derived in the previous section 

along with a unique fiber discount method and a superposition technique. This analysis pro- 

vides the stress/strain concentrations for each constituent in regions containing more than 

one fiber fracture/end. It is believed that this novel technique provides reasonable results for 

the predictions of the point-wise stress redistribution values in regions containing multiple fi- 

ber fracture. 

In this dissertation a description of the formulation for a composite which contains two adja- 

cent fiber fracture/end (see Figure 33) is presented. The subsequent methodology for multiple 

fiber fracture/end is easily inferred from the basic approach presented here. The fracture/ends 

in each of the two fibers are assumed to exist in the same axial (i.e. Z=0) plane of the com- 

posite. Therefore, it is postulated that the second fractured fiber (or fiber end) does not sup- 
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port any of the load redistributed from the first fractured fiber. This seems reasonable when 

considering the plane defined by z=0 (i.e.crack plane) and the cracked fiber problem. Here 

both fibers are fractured, and neither is capable of supporting any load in this region. 

Therefore, the second fractured fiber is discounted from the initial part of our analysis. This 

mathematically consists of reducing the area of the fibrous annular ring surrounding the first 

fiber fracture (see Figure 31) by an amount equal to second fiber fractured xr? (i.e. 

r? —r3=5r?). This effectively increases the load which must be supported by the unbroken 

fibers adjacent to the first fractured fiber when the second fiber fails. By using Equations 

3.2-3.10 as described in the preceding section, the stress redistribution in neighboring regions 

is calculated. 

To address the stress redistribution caused from the second fractured fiber, the process de- 

scribed above is repeated, however, the first fractured/end fiber is discounted and the stress 

redistribution around the second is analyzed. Once the solution to the second fractured fiber 

is obtained, it is superposed on the solution to the first fractured fiber problem, thus providing 

a complete point-wise solution to the problem. The first and second fibers have different sets 

of neighbors (see Figure 33), which results in an unsymmetrical stress distribution in the 

composite. 

To analyze a composite containing multiple fiber fractures the same sequence of steps is 

employed. Each fractured fiber is analyzed as a separate problem which requires that all 

other fractured fibers be discounted from the analysis. After analyzing the stress redistrib- 

ution which results from each fiber fracture separately, the solutions are superposed to de- 

velop the full stress field in a composite containing multiple fiber fractures/ends. It should be 

noted that the resulting stress redistribution due to multiple fiber fractures is no longer sym- 

metric (see Figure 33), and in fact, predisposes itself to strain concentrations which are larger 

on specific fiber assemblages. This suggest a distinct failure pattern should propagate 

throughout the composite based on maximum strain concentration arguments. 
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3.12 Variable fiber spacing 

A similar methodology to that outlined in the initial section, is employed to study the effect 

variable fiber spacing has on the stress redistribution near a fiber fracture/end. For simplicity, 

this issue is addressed, as was done in previous sections, in the context of a hexagonal array 

of fibers. The analysis begins by assuming that only one of the fibers is eccentrically oriented 

in the array during the manufacturing process (see Figure 34). The present methodology can 

easily be applied to numerous misaligned fibers including a randomly oriented system. It is 

proposed that the problem can be represented by an annular ring of fibers as described in the 

initial formulation. However, multiple fibrous rings are required to adequately address this 

problem. 

For a composite containing one fiber eccentrically oriented, two fibrous rings are constructed 

around the fractured fiber (see Figure 34) to represent this situation. The outer fibrous ring 

depicted in this figure is representative of the 5 regularly spaced fibers and is located at the 

inner radius corresponding to r, and the outer ring is adjusted such that the area is equal to 

5zr?. The inner fiber ring, which represents the single eccentric fiber, is located at r’, and the 

outer radius of this ring corresponds to an equivalent area represented by xr?. By utilizing 

equations 3.2-3.6, the axial stress variation in each of the constituent regions can be obtained. 

In describing the results of this analysis, it is convenient to define an eccentricity parameter 

y as follows (see Figure 34) 

Vaa"s 
a [3.11] 

When » equals unity the composite contains regularly spaced fibers and when it is zero the 

eccentrically oriented fiber touches the fractured fiber. As noted above, the solution is not 
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limited to only one eccentrically oriented fiber. By the addition of multiple rings, any number 

of variably spaced fibers can be represented. 

In the following sections, results are presented to substantiate the present analysis with ex- 

perimental evidence. The reader is also provided with insight into the complex stress state 

which occurs in actual composite systems containing fiber fracture which have resulted from 

either manufacturing or in service use. 

3.2 Results and discussions 

In this section, direct experimental verification (the first known verification for a microme- 

chanics model) as well as a number of parametric studies are presented which depict the in- 

fluence that specific physical parameters have on the stress redistribution in composites 

containing fractured fibers. A comparison is first provided between experimental data and 

theoretical results to confirm the current analysis. Having shown the validity of the approach, 

a study of the effect constituent properties, fiber volume fractions, and crack size have on the 

strain concentrations in adjacent fibers is furnished. The point-wise stress states for a 

polymeric and metal matrix composite containing fractured fibers is discussed. A section is 

dedicated to the effect multiple fiber fracture has on a typical polymeric matrix composite. 

The final section introduces the results of various parametric studies concerning variable fiber 

spacing and its effect on strain concentration. Included in this section is a validation of the 

present model furnished by the comparison of the theoretical predictions with experimental 

data. 
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3.21 Experimental verification (uniform spacing) 

The reader is first provided with a direct experimental validation of the theoretical microme- 

chanics model developed in this chapter, believed to be the first of its kind. The experimental 

data are generated with a unique test methodology utilizing embedded sensors in a macro- 

model composite which is described in detail in Chapter 4. The experimental setup repres- 

ents a typical polymeric composite having the elastic properties published in Table 6. 

The initial set of experimental results described in this section depicts a polymeric model 

composite (see Table 6) whose fiber spacing is representative of a fiber volume fraction of 

v;= 0.15. In this particular set of composites, the fiber fractured and the crack arrested at the 

fractured fiber matrix interface, that is the size of the crack in the material is equal to the di- 

ameter of the fiber (i.e.r, = 7). In Figure 35, a plot of the experimentally determined and the- 

oretically calculated strain concentrations are shown. In this figure, the y abscissa represents 

strain concentration which is defined as the full field axial strain (Equation 3.5 in Equation 3.1) 

normalized to the far-field axial strain (i.e.c’,/e, = strain concentration). The x abscissa 

represent the normalized distance from the crack tip (e.g. fractured fiber is located at 

rjr;= 1) at the plane of the crack, that is z=0 in both the theoretical calculations and test data. 

The experimental data is presented for both the fiber (determined by resistance strain gauges) 

and the matrix regions (determined by Fabry-Perot fiber optic strain sensors FP-FOSS). These 

techniques allow for a detailed mapping of strain concentration in a highly localized region 

of the composite. The data point at r/r;=1.6 presented in Figure 35 is representative of the 

strain concentration in the matrix region adjacent to the fractured fiber and differs the most 

with the theoretical predictions. This test data is about 18 percent lower than the theoretical 

prediction. This is explained as follows, the strain sensor provides an average strain reading 

over it’s gauge length. The peak strain occurs at z=0 and decays continuously as a function 

of the axial coordinate, therefore the strain measured should be smaller than the strain pre- 

diction at the plane of the crack (i.e. the largest strain). Furthermore, this particular sensor 
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has a comparatively longer gauge length (i.e. 2.66 r,) than the other sensors used and should 

thus provide the largest deviation when compared with the theoretical predictions. Nonethe- 

less, the overall agreement between the theoretical and experimental results presented in 

Figure 35 are excellent when considering the complexities which arise from internal meas- 

urements. 

In subsequent experiments, composites having the same fiber volume fraction as described 

above were tested, however in these tests the fiber fractured and the crack propagated in the 

matrix up to the adjacent fiber. The crack size is thus equal to the adjacent inner fiber di- 

mension, that is r,.=r,. In Figure 36 a plot of the experimentally determined data and the 

theoretical predictions is presented for these experiments. The sensors in the composite were 

placed at different axial distances from the crack plane (i.e. z #0). Therefore, multiple the- 

oretical curves (i.e. Z=0,2= 1.667, , and z=2.0r;) are presented with each curve corre- 

sponding to the actual location of a strain gauge. One immediately notes the better 

agreement between the theory and the test data shown in Figure 36 than provided in Figure 

35. This is mainly due to a more accurate measurement of the axial location of the strain 

gauges in the experiments represented in Figure 36. In fact the largest discrepancy between 

the theory and the experimental data is only 6 percent, which leads one to the conclusion that 

the present model is providing highly accurate predictions. The results from the larger crack 

depicted in Figure 36 is also contrasted with the smaller crack presented in Figure 35 (i.e. 

re =F, versuS f.=1,). The reader should immediately note that a much larger strain concen- 

tration is predicted and measured for this larger crack size (compare Figures 35 and 36); in 

fact the value increased by almost 50 percent. Present models in the literature do not incor- 

porate a crack parameter into their theoretical calculations and thus suggest no dependence 

of strain concentration on crack size. However, as one can plainly see from the experimental 

results this dependence is significant. By corroborating the present model with the results 

presented in the previous two figures, a validation of the models dependence on crack size 

is accomplished. 
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To substantiate the models depiction of the dependence on fiber volume fraction, a compar- 

ison is made with a relatively larger fiber volume fraction composite than presented in the 

previous paragraphs. In Figure 37, a plot of experimental data and theoretical predictions for 

a 20 percent fiber volume faction polymeric model composite is provided. For this particular 

set of composites the fiber fractured and the crack did not propagate into the matrix material 

(i.e. r. =). This size of crack is analogous to the results presented in Figure 35 for a smaller 

fiber volume fraction. When comparing Figure 35 to Figure 37 one finds that the smaller fiber 

volume fraction exhibits, both theoretically and experimentally, larger strain concentrations. 

Once again, the reader should be aware that the current models in the literature do not in- 

corporate a dependence of strain concentration on fiber volume fraction. When reviewing the 

results presented in Figure 37, one finds the discrepancy between theory and experiments is 

less than 5 percent for all the data points, which is remarkable. These results provide a firm 

foundation which suggest that the correct dependence of strain concentration on fiber volume 

fraction is represented in the model. 

In subsequent experiments with a composite having the same fiber volume fraction composite 

(i.e. v,;=0.20), the crack propagated up to the adjacent fibers {i.e. r.=r,). The results of the 

experimental tests along with the theoretical predictions are provided in Figure 38. This crack 

is similar to the one depicted by the results presented in Figure 36 for a smaller fiber volume 

fraction. When comparing the two figures (Figures 36 and 38), the larger fiber volume fraction 

does not appreciably alter the strain concentration, for this particular PMC composite and 

crack size. This is exhibited by both the theoretical predictions and the experimental data, 

which suggest that in PMC containing large cracks r, =r,, the strain concentration is relatively 

independent of fiber volume fraction for this very specific crack and material system. In Figure 

38, the largest error between analytical predictions and the test data is about 7 percent which 

is once again an extremely accurate correlation. This further corroborates the statement 

made at the end of the previous paragraph (i.e. the model contains the correct functional de- 

pendence on fiber volume fraction). 
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In conclusion, two fiber volume fraction polymeric composites, each having different crack 

geometries which comprise a total of four different data sets, have been compared with the 

current analysis. The largest error between the theoretical results and the experimental data 

was shown to be less than 18 percent, which was primarily due to the the large gauge length 

of the particular FOSS used and inaccurate measurement of its exact axial location. None- 

theless the agreement between the theory and experiments was well within the experimental 

error which is inherent when performing internal measurements and should thus be regarded 

as excellent correlation. Furthermore, the model exhibited the appropriate functional vari- 

ations in strain concentration with fiber volume fraction and crack size, where other models 

suggest independent behavior. Therefore, these studies validate the models depiction of the 

dependence on fiber volume fraction and on crack size and gives a direct experimental ver- 

ification of the micromechanics model. In the following sections of this chapter, a set of 

parametric studies is presented to demonstrate the significant alterations which occur in the 

strain concentration profiles predicted by the current theory. 

3.22 Constituent properties 

In Figure 39, a plot is presented of the average strain concentration in the plane of the crack 

in adjacent fibers versus constituent properties. Average strain concentration is calculated 

by area averaging the strain values over the fiber’s face at z=0. It is important to recognize 

that this plot is constructed with a crack which does not propagate into the matrix (i.e. 

r-=r). The three curves plotted in the figure represent different fiber volume fractions. One 

immediately recognizes that strain concentration increases with increasing Cf,/C] as it 

should. That is, as the matrix stiffness decreases relative to the fiber stiffness, the fiber sup- 

ports a larger portion of the load. Note for larger values of Cf,/C7, the strain concentration 

values appear to become independent of material properties (i.e.constant). However, the 

value which this occurs at varies as a function of vy For a v;=0.65 this occurs at approxi- 
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mately C{,/C] = 15, for v= 0.40; Cf{,/Cy = 20, and for v;=0.20; Cf,/Cq = 30. This suggests, for 

composites which fall to the right of these values (typically polymeric) in Figure 39, matrix 

properties have little influence on strain concentration, while for composites which fall to the 

left of these values {typically ceramics and metal matrix) the load carrying capabilities of the 

matrix significantly effects strain concentration. Therefore, Figure 39 provides a definitive 

bound for the applicability of the models which have been formulated on shear lag assump- 

tions (e.g. Hedgepeth & Van Dyke [24] and Fukuda [30]). For these latter types of analyses, 

which assume the matrix does not support a normal load, the strain concentrations are not 

expected to be a function of constituent properties. 

3.23 Fiber volume fraction 

Figure 40 depicts the variation of the average strain concentration in adjacent fibers at the 

plane of the crack (r, =) as a function of v; for a typical polymeric composite (see Table 6). 

The maximum, minimum, and average strain concentrations, described in the previous sec- 

tion, are presented in this plot. As v; increases the maximum and average strain concen- 

trations increase, as intuition would suggest. However the minimum strain concentration 

exhibits a maximum value at approximately v;= 0.20. It is believed, as the fibers are moved 

closer together (i.e.larger v,), the fiber region nearest the fractured fiber (i.e.r,) is actually 

supporting a larger portion of the load, which results in a decrease in the load supported by 

the outer fiber region (i.e.r%} This hypothesis is substantiated by the steady increase exhibited 

in the maximum strain concentration for increasing v;, The reader should also notice, for 

larger fiber volume fraction, the average strain concentration becomes relatively constant. 

Models present in the literature (Hedgepath & Van Dyke [24]) actually suggest this independ- 

ence of stress/strain concentration on fiber volume fraction for polymeric materials, as mod- 

eled here. However, these latter models do not depict the extreme stress/strain variation 

which actually exists across the fiber dimension predicted by the current theory and presented 
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in Figure 40. In the context of macro-strength predictions, these stress variations are essential 

to an accurate representation. 

3.24 Stress variations 

As presented in Section 3.1 of this dissertation, the model provides more than just axial fiber 

strain concentrations at the crack plane for discrete values of r. To demonstrate this, the 

methodology described in Equations 3.8-3.10 is used to provide stress results for continuous 

values of r at given z locations. The results presented are for a typical glass/epoxy composite 

(r- =r) containing 65 percent fiber volume fraction. The normalized stresses (note: near field 

stress versus far-field fiber stress o7/o{,) plotted in Figure 41 correspond to o, at z=0 and 

o,z (note: absolute value was plotted to provide results on same graph) at z= 1/4. A was as- 

sumed to be 0.58/r; for these calculations. The reader should immediately notice in Figure 41, 

a variation in axial stress exists in both the fiber and matrix materials. This plot suggests that 

for this polymeric system the fiber supports the majority of the axial load, as expected. How- 

ever, unlike shear lag analysis, the matrix supports a normal stress equivalent to approxi- 

mately 10% of the fiber axial stress. Figure 41 depicts another point of interest concerning the 

variation of shear stress in the radial direction. First, it appears that the transfer of normal 

load to the fiber is through a matrix shearing mechanism, as expected. However, the shear 

is predominately dissipated in the fiber region and not the matrix. Thus, unlike the shear lag 

models, a substantial shear stress is also present in the fiber. The shearing stress is seen to 

be virtually nonexistent outside the first fiber ring. These relationships provide the necessary 

information to understand the interaction which occurs between constituents present in 

polymeric composites containing fiber fracture. 

To demonstrate the current analytical rnodels applicability to other model systems, the stress 

variation in a SiC (nicalon)-Al MMC (v;= 0.40 and r. = %) is presented in Figure 42. The mate- 
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rial properties for the constituents are presented in Table 4. As in the previous figure, the 

normalized axial and shear stress terms are shown for axial locations similar to those men- 

tioned above, that is maximum shear and normal stress. It can be seen in Figure 42 that the 

normal stress supported by the matrix region is as significant as the normal stress supported 

by the adjacent fiber region, which contradicts shear lag-type of arguments (i.e. the matrix 

supports no normal load). The fact that the matrix does support a significant normal load 

should be of no surprise when comparing the stiffness of the fiber to the stiffness of the matrix, 

that is the ratio C{,/C7] is approximately 4. This is in sharp contrast to the normal stress sup- 

ported in the PMC depicted in Figure 41 whose stiffness ratio is about 20. With regards to the 

shearing stress presented in Figure 42, one notes that the majority of the stress is dissipated 

in the matrix region and not by the fiber for this material system. This is in sharp contrast to 

the results presented in Figure 41 for the PMC where the majority of the shear stress is dis- 

sipated in the adjacent fiber. 

In conclusion, the present model provides point-wise stress states in material systems which 

are a function of the constituent parameters, unlike models currently in the literature. These 

added features will provide more accurate predictions of strength in PMC, materials and will 

provide one of the first accurate models to predict strength in MMC’s. The fact that shear lag 

models are not applicable to MMC’s renders them inappropriate for strength predictions in 

these material systems. 

3.25 Crack size 

In Figure 43, the variation of average strain concentration on adjacent fibers in the plane of the 

crack as a function of normalized crack size (i.e.(r. —r)/(re — f%)) is presented for a typical 

glass/epoxy system. At a normalized value equal to 0, the crack does not extend into the 

matrix r=, and when it is unity, r, =r, the crack extends up to the adjacent fiber. Results 
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for three different fiber volume fractions (i.e. 0.20, 0.30 and 0.65) are provided in this figure. 

When the crack does not extend into the matrix, the smaller v; composites exhibit a smaller 

strain concentration, as expected. However, when the crack propagates to the neighboring 

fibers (i.e.normalized value of 1) there is a reversal in the ordering of the strain concentration, 

which is explained as follows. For large fiber spacing (i.e. smaller v;), a crack which propa- 

gates up to the adjacent fibers is actually a larger crack as compared to the small fiber 

| spacing (i.e.larger v;). Furthermore, the larger fiber spacing causes a larger Py due to the 

bigger region of matrix cracked (see Equation 3.2). That is, for smaller v; composites, the load 

transferred due to the matrix crack is actually greater. Therefore, the interaction between fi- 

ber volume fraction and crack size significantly alters the strain concentrations in the com- 

posite material. As noted previously, current models in the literature do not incorporate these 

important parameters. 

A parametric study is presented in Figure 44 depicting the effect larger cracks (i.e. r=.) 

have on the average strain concentration in adjacent fibers at the plane of the crack as a 

function of the constituent properties. The reader will remember that a similar comparison 

was presented in Figure 39 for a smaller crackr, =r. It can be seen by viewing Figure 44 that 

the strain concentrations decay for increasing values of the stiffness ratio. However, this is the 

exact opposite effect from that which was presented in Figure 39 for the smaller crack. When 

considering a composite with a larger crack, Pp represents a combination of the forces ori- 

ginally supported by the fractured fiber and the fractured matrix (see Equation 3.2), while in 

the composite with the smaller crack, Pp represents only the force originally supported by the 

fractured fiber. The composite with the larger crack thus has a larger Py which results in a 

larger strain concentration in the adjacent fibers as compared to the smaller crack sizes, as 

one would intuitively expect. However, as the stiffness of the matrix decreases (i.e. C{,/C4 

increases) the load originally supported by the cracked matrix decreases, which results in a 

decrease in Po, thus resulting in a decrease in strain concentration as a function of increasing 

stiffness ratio. One can also see in Figure 44 that the ordering of the strain concentration as 
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a function of fiber volume fraction is exactly the opposite as that presented in Figure 39. 

Composites with smaller fiber volume fractions contain fibers which are spaced further apart. 

Thus when a fiber fracture propagates to the adjacent fibers systems the crack in the smaller 

fiber volume fraction composites is actually larger. Furthermore, since the crack is larger, the 

term Py is larger due to the additional matrix region cracked in the composite (see Equation 

3.2), and this causes smaller fiber volume fraction composites to exhibit larger strain con- 

centration for large crack size. One can begin to understand the importance of parameters 

such as crack size, constituent properties, and fiber volume fraction which have been shown 

in the previous figures to significantly alter not only the strain concentrations but the actual 

trends in strain concentration as a function of each parameter. 

Therefore, from this analysis, one may conclude that smaller v; composites with larger matrix 

cracks should exhibit larger average strain concentrations. This important fact does not show 

up in any other model present in the literature due to their relative simplicity. By extending 

these results to actual composite systems, the analysis can assist design and processing 

methods to improve tensile strength of MMC’s, PMC’s and CMC’s. For instance, it may be 

desirable to minimize the strain concentration in a composite intended for a specific design 

application. With the present model, one can tailor the constituent properties, fiber volume 

fraction, and crack size for the intended use. The crack size can be altered with the applica- 

tion of an interphase coating (see chapter 4) and/or by adding toughening agents to the matrix 

material. A model, such as this one, which is capable of providing an accurate depiction of the 

physical phenomena present at the micro level, is of extreme importance to the design of new 

material systems. Furthermore, this is the first model of its type to predict a functional de- 

pendence of strain concentration on the parameters provided in this section. 
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3.26 Multiple fiber fracture 

Figure 45 depicts the effect of multiple fiber fractures on average strain concentration in ad- 

jacent fibers in a glass/epoxy composite. It is assumed in these calculations that fiber frac- 

tures occur in fibers which are adjacent to one another (see Figure 33). The strain 

concentration values presented in the plot are representative of the fiber which exhibits the 

largest average strain concentration in the composite for the given number of fibers fractured. 

The curves in the figure are representative of predictions made for four combinations of v; and 

r. in Figure 45 for a typical polymeric composite. As expected, with increasing fiber failures, 

the strain concentration increases, however the increase is highly nonlinear. Note, that after 

5 fibers have fractured, there is a drastic increase in strain concentration, which suggests that 

the composite should be incapable of sustaining a large number of fractured fibers in a given 

region prior to composite failure. This is validated by the experimental results presented by 

Jamison [46] and the theoretical predictions of Batdorf [30]. Furthermore, one should realize 

that the v;= 0.20 curves actually bracket the larger v;=0.65. This phenomena was noted and 

explained in a previous paragraph of this section. Experimental results on multiple fiber frac- 

ture in a 2-D model glass/epoxy composite have shown that for two adjacent fiber fractures 

the strain concentration is 1.7 while current theory predicts a strain concentration value of 

1.68. The excellent agreement between theoretical and experimental results provide a firm 

validation for this model. The ability to make macroscopic predictions utilizing the proposed 

theory is a natural extension of this work. 

3.27 Variable fiber spacing 

A validation of the analytical results predicted by the model for variable spacing is initially 

made in this section for a glass/epoxy composite. A comparison between the experimental 
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data for a model composite v;= 0.15 described in Chapter 4 with the current theory is pre- 

sented in Figure 46 for different crack geometries (i.e.r, =r, and r,=r’,). The two theoretical 

curves presented for each crack geometry correspond to the maximum strain concentration 

on either the eccentric fiber r=’, or an aligned fiber r=r, (see Figure 46). Experimental re- 

sults are shown for three different 1 values of 0.16, 0.31, and 1.0 (see Equation 3.11) with 

7 = 1.0 representative of uniformly spaced fibers. The experimental data are represented in 

the figure with the unfilled symbols corresponding to the curves with the solid symbols. The 

reader should be aware that the predicted results are calculated at the precise location the 

experimental data were obtained, as accomplished in Section 3.21. The comparison between 

the present theory and experimental results appears to be fairly reasonable. With regards to 

the strain readings accomplished at r=/r’, for the composite with the crack r.=r’,, the the- 

oretical predictions are well within 10 percent error of the experimental data points for both 

values of y (i.e.0.16 and 1.0). In regards to the strain readings at r=r’, for the crack size of 

r, =f, the error is less than 20 percent. This relatively larger value may be explained by in- 

accurate measurements of the crack size during the test. Nonetheless, the trend in the test 

data as a function of eccentricity parameter and crack size is the same as that predicted by 

the theoretical model. Therefore, the comparison between the experimental data and the an- 

alytical results are regarded as good. 

Having demonstrated the validity of the analytical results concerning variable fiber spacing, 

a parametric study is undertaken for a typical glass/epoxy PMC. In Figures 47 and 48, plots 

are presented for the maximum strain concentration versus the eccentricity parameter », for 

the the eccentrically located fiber r=’, and the adjacent fiber r=r,. The plots depicted in the 

figures are representative of two crack sizes, a fiber fracture (i.e.r, =r) and a full matrix crack 

(i.e. fr. =r’,). In Figure 47, the results for a typical polymeric composite v; = 0.20 are presented. 

Note the extreme differences in strain concentration for a fiber fracture as compared to a full 

matrix crack as was described in the preceding section. For increasing alignment (i.e.4 in- 

creases) the eccentrically located fiber (i.e. r=r’,) exhibits a decrease in strain concentration 
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for either crack size, as expected. However, the aligned fibers (i.e..-=r,) display an increase 

in strain for increasing alignment. The aligned fibers are required to support a larger portion 

of the load as the eccentrically located fiber becomes more aligned. In Figure 48 a similar 

plot for v;= .65 is presented. One immediately notices a difference when comparing this plot 

to Figure 47. The strain concentration in a higher fiber volume fraction composite (Figure 48) 

does not have as large a dependence on crack size or y, as does the strain concentration in 

a smaller fiber volume fraction. Therefore, one can conclude that eccentricity parameters ef- 

fect smaller v; composites more severely than they do the larger v; composites. This appears 

reasonable, noting that for small v; composites, the measured distance between the eccen- 

trically located fiber and the aligned fibers is greater than in large vy The larger distance 

correspondes to larger strain concentration effects. This does not imply that the larger fiber 

volume fraction composites are not effected. One can plainly see from Figure 48 this is not 

the case {in fact for metal matrix and ceramic matrix composites the effect is severe). 

In Figure 49 a plot of maximum strain concentration versus v; is presented for an eccentrically 

located fiber for three different 4. This figure depicts the significant effect eccentricity has on 

strain concentration. First, for fibers uniformly spaced (i.e.7 = 1), the strain concentration in- 

creases for increasing fiber volume fraction. However, for 7 =0 the exact opposite trend is 

noted. That is, as v; increases, strain concentration decreases. A value of » =0.5 is also 

presented to show the apparent trend from an increasing strain concentration to a decreasing 

strain concentration as a function of vy This drastic change in the variation of strain concen- 

tration for different values of 7 can be explained as follows. As described in the previous 

section, in polymeric composites with uniformly spaced fibers and small crack size, the max- 

imum strain concentration increases as the fiber volume fraction increases. For a composite 

containing an eccentrically located fiber the maximum strain concentration may decrease 

depending on the degree of eccentricity. Assurning that the eccentrically located fiber touches 

the fractured fiber (i.e°,=1;). For small vy the aligned fibers are a large distance from the 

fractured fiber (i.e.r,>r,) Therefore, the eccentrically located fiber supports the majority of the 
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load in this scenario. When vy; increases, the aligned fibers become closer to the fractured fiber 

and begin to support a larger portion of the load. This decreases the strain concentration on 

the eccentrically located fiber. Thus, a drastic difference in the dependence of strain concen- 

tration on v, is noted for varying degrees in the uniformity of fiber spacing. From these plots 

it is relatively easy to understand why micromechanical concepts such as these are of ex- 

treme importance when predicting the strength of composite materials. 

In conclusion, the agreement between the experimental data and the theoretical predictions 

was relatively good. The dependence of strain concentration on the eccentricity parameter 

was shown to be more significant in smaller fiber volume fraction composites, at least PMC’s. 

The eccentricity parameter was also demonstrated to alter the dependence of strain concen- 

tration on fiber volume fraction (i.e. increasing or decreasing) which is extremely important 

to design engineers. 

In the following chapter the description of the experimental setup will be presented. This 

unique methodology has applications far beyond those provided for validation of the current 

model presented in this chapter. 
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4.0 Model composite 

As stated in previous chapters, micro-level damage events in composite materials are ex- 

tremely important issues when addressing the remaining strength and life of the system. 

These events include fiber fractures, matrix cracks, and fiber end effects. Development of ac- 

curate representations of these phenomena at the local level is difficult, and until this time has 

been unverifiable. The thrust of the current research is aimed at presenting a direct approach 

to understanding and validating analytical micromechanical models under development or 

already present in the literature. The ability to critique these models with experimental results 

is of extreme importance to the engineering community. The data generated from these tests 

forms a basis for validating models, and will provide guidance for future research. Tradi- 

tionally, the largest problems in obtaining this type of data are the inability to closely examine 

internal damage events as they occur and the relatively small dimensions being examined. 

The fact that parameters at the micro level significantly influence the strength of composite 

materials signifies that the micromechanics models should be accurate in every detail. This 

can only be accomplished with a novel technique utilizing direct experimental verification. A 

test methodology such as this one will also assist in identifying new directions for subsequent 

modelling efforts, particularly for optimizing the selection of fiber, matrix, and interphase for 

specific applications. The knowledge gained from investigations such as these in continuous 
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fiber composite systems will also have direct application to smart materials analysis and de- 

sign [45]. 

Previous attempts to validate theoretical micromechanical models fall into two categories: 

volume averaging techniques [6-8, 12-14, 20, 21, and 30] and qualitative studies (23, 34, 36, and 

37] on modelled situations. While both approaches yield useful information, they fall short of 

providing the quantitative data correlation needed to assess the validity of the micromechan- 

ical predictions. The volume averaging techniques smear out micro-details which are ad- 

dressed in the analysis and are essential to global-level strength predictions. Likewise, the 

techniques which employ a modelled situation rely on theoretical micromechanics that have 

not yet been validated to verify their own predictions. However, the model composite, de- 

scribed in this dissertation does not suffer from these inconsistencies, and thus offers the 

unique opportunity to quantitatively assess the micro-details of internal strain concentrations 

which effect strength predictions. This unique investigation employs a scaled-up represen- 

tation of a composite lamina (one ply of a multi-layered composite or laminate). Scaling up the 

fiber-matrix interaction allows for the quantitative and qualitative studies of typical damage 

states without loss of generality. At this level, continuum mechanics (see Fredrick [47) accu- 

rately describes the fiber/matrix interaction at the model composite level and the actual 

composite laminate level, for which the theory is developed. Within this macro-model com- 

posite, internal quantitative measurements of strain are obtainable in all constituents (i.e. fi- 

ber, matrix, and interphase) in the presence of particular damage events which are simulated 

in a controlled and known manner. Quantitative measurements are made with embedded fiber 

optic strain sensors and resistance strain gauges while qualitative measurements are made 

with photelastic resin and visual inspection. The use of embedded sensors in a composite to 

interrogate the state of the material is also directly applicable to the study of smart material 

structures. 

The model composite developed for the current study is unique in the sense that a macro- 

scale is being utilized to study a local phenomenon in the composite lamina. This provides a 
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method to visually and remotely measure and control internal damage events. The tests 

conducted with the model composite provide experimental evidence concerning the inter- 

action between fiber, interphase, and matrix in the presence of various internal disturbances, 

otherwise unobtainable. These studies investigate the stress redistribution around stress 

risers which are present in actual composite systems, which is of paramount concern to the 

scientific community. Experimentally determined values for the magnitude of stress concen- 

tration and for the size of affected regions are of primary interest in the present analysis, be- 

cause of their importance to strength predictions. The principal focus of developing the 

current methodology is to examine the effects of fiber volume fraction, irregular fiber spacing, 

constituent properties, bond strength, and interphases on stress redistribution. 

Results presented in this chapter include stress redistribution in short fiber composites. This 

demonstrates the applicability of the experimental model to various composite systems. 

Continuous fiber reinforced composites containing a fiber fracture are the main focus of the 

present study and thus represent the bulk of the data discussed. A fiber fracture in the model 

composite is shown to be achieved in a controlled manner at a pre-determined location in the 

composite. The stress concentration and ineffective length due to the fiber fracture are 

quantitatively and qualitatively measured for different fiber volume fractions and interphases. 

Results suggest that crack propagation plays a significant role in subsequent stress redis- 

tribution. A methodology is thus presented to directly study the effect of various physical pa- 

rameters and their relation to internal damage events on micro level stress redistribution. 

4.1 Materials 

The matrix material used in the manufacturing process of the macro-model composite is an 

epoxy resin system (PLM-9 micromeasurement group). This material is a brittle thermoset 

4.0 Model composite 82



and is representative of typical matrices currently being used in actual polymeric composites. 

The PLM-9 resin also possesses photoelastic properties and is easily cast into relatively large 

rectangular shapes with minimum fabrication tools being required. Therefore, this material 

is an ideal choice to study the stress redistributions that occur around a fiber fracture in a 

macro-model. 

The mechanical properties of the monolithic matrix material (PLM-9) are determined with 

standard experimental tests. These tests demonstrate that the mechanical properties of the 

manufactured matrix are the same as those published by the supplier. They also reveal that 

the stiffness properties do not sufficiently change with cure cycle (i.e. the cure temperature 

does not appreciably alter the elastic modulus). In fact, the discrepancies in the elastic 

modulus determined for specimens cured at 37°C and 110°C are found to be less than 3 

percent (the lower cure temperature actually exhibits a larger elastic modulus which is be- 

lieved to be due to consolidation effects). On the other hand, the creep rates exhibited by the 

specimens are extremely sensitive to the cure temperature. The specimens cured at room 

temperature display significantly larger creep rates than specimens cured at elevated tem- 

peratures. To provide a more complete depiction of this monolithic material, the matrix glass 

transition temperature, T,, was determined by differential scanning calorimetry (DSC) to be 

between 102 and 113 degree C. A summary of the PLM-9 mechanical properties are presented 

in Table 6. 

The fibers used in the manufacturing process of macro-model composite are borosilicate 

glass rods. These rods represent the structural fibers present in a typical polymeric composite 

‘material. The “fibers” used are glass stirring rods 3 mm in diameter, which can be found in 

most chemistry laboratories and are easily obtainable. This glass/epoxy model composite 

represents an E-glass/epoxy system scaled up 150:1 times. In fact, the fiber to matrix stiffness 

ratio (Cf,/C%) calculated with the introduction of this fiber into the PLM-9 matrix is approxi- 

mately 20. This value is indistinguishable from an E-glass/epoxy material system used in a 

large number of composites currently manufactured for various uses. The glass fibers also 
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bond extremely well with the PLM-9 matrix with virtually no voids existing along the surface 

of the fibers, and thus offer an appropriate system to study. The bond strength at the interface 

is easily determined with a fiber push-thru test utilizing a continuous ball indenter. The glass 

fibers are a brittle material and exhibit purely linear elastic behavior prior to ultimate failure. 

This mechanical response offers an ideal opportunity to study proposed linear elastic models. 

A comprehensive summary of the glass fibers mechanical properties used in these tests are 

presented in Table 6. 

Wooden dowels were also introduced into the model composite to represent structural fibers. 

These dowels are easily obtainable at hobby and speciality shops. With the introduction of 

these fibers into the PLM-9 matrix, a composite is generated which has a fiber to matrix 

stiffness ratio of approximately 4. This value is representative of a typical SiC-Al metal matrix 

composite used in aerospace application that has been scaled up 100:1 times. The work 

performed with this material system is not at the stage where definitive results are being 

generated. However, the feasibility study performed demonstrates that the adhesion between 

the wood and the matrix is sufficient to provide an excellent representative MMC system. 

To study the stress redistribution in the vicinity of a fiber fracture in composite materials, a 

controlled fiber failure needs to occur at a predetermined location. This controlled failure is 

accomplished by notching the fiber with a diamond saw prior to manufacturing. The flaw in- 

troduced on the fiber surface provides a sufficient stress concentration to fracture the em- 

bedded fiber during tensile loading of the composite. This allows a fiber fracture to be initiated 

at a predetermined location in the composite. With this a priori knowledge, sensors can be 

embedded in the composite near the internal position of interest during the manufacturing 

process. Data on the stress redistribution behavior in the vicinity of the strain concentration 

can subsequently be obtained from the sensors. It has been demonstrated, through tests of 

10 individual glass fiber samples, that these notched fibers fail at a load level of 200 Newtons 

plus or minus 30 Newtons. The notch, in some of the more recent model composite tests, is 

replaced with a mechanical score. This introduces a comparatively larger stress concen- 
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tration on the fiber and causes it to fail at a lower applied load level. This enables the re- 

searcher to control the load at which internal fiber failure occurs, and thus offers the 

opportunity to obtain vital stress redistribution data before and after fiber fracture. 

A variety of materials are currently under examination which may be applied to the fibers to 

alter the fiber/matrix interface in the model composite system. The coatings are applied to the 

fibers prior to manufacturing. Some of the materials being investigated are silane coupling 

agents which promote adhesion, and vacuum grease which prevents adhesion. The silane 

coupling agent should promote the existence of a comparatively stronger chemical bond [48] 

between the glass rods and the matrix material. The vacuum grease applied to the glass rods 

should prevent adhesion and minimize the mechanical interlocking at the fiber/matrix inter- 

face. The vacuum grease applied to the wooden rods should also prevent adhesion, however 

it should not decrease the mechanical interlocking to the degree exhibited by the glass rods. 

This is mainly due to the porous nature of the wooden dowels. 

A variety of materials are also being investigated to represent a finite interphase region be- 

tween the fiber and matrix in the model composite. These include bismalimide (BMI) which 

provides a finite region of a thermoset material, polyethersolfone (PES) which provides a finite 

region of a thermoplastic material, and epoxide which provides a finite region of a thermoset 

material. 

The bismalimide represents a relatively a brittle interphase which should bond well with the 

matrix material (i.e. both are thermosets). The epoxide is also a thermoset which should pro- 

vide excellent adhesion between the interphase and matrix region, however, this material is 

relatively more ductile than the bismalimide and offers a distinctly different type of interphase 

to study. The PES material is a thermoplastic and should not chemically bond with the matrix 

material, however, there should be mechanical interlocking due to surface texture and thermal 

contraction affects (i.e. residual stress due to manufacturing caused by the thermal mismatch 
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between fiber and matrix). These interphases should provide a fundamental basis on which 

future tests can be guided in an attempt to study specific interphase types and gain a better 

understanding of the micromechanical phenomena associated with this region. 

4,2 Measurement techniques 

In this study both quantitative and qualitative methods are utilized to study the stress redis- 

tribution around internal disturbances in composite materials. The qualitative method used in 

this study employs photoelastic data obtained from the matrix material. By viewing the com- 

posite in the desired states (i.e. with an applied load following fiber fracture), qualitative in- 

formation about the localized stress redistribution is obtained. The stress gradients produce 

different hues of color which correspond to isostress regions produced by the internal strain 

concentration. When investigating the response of the matrix in the presence a of fiber frac- 

ture, approximate measurements of ineffective length can be obtained using this technique. 

Photographs, taken at applied load levels, are subsequently analyzed and compared to pro- 

vide qualitative information about the effect local fiber volume fraction and interphases have 

on local stress gradients in the vicinity of a disturbance (e.g. fiber fracture or fiber end). Al- 

though this technique provides a good indication of the general aspects associated with re- 

distribution of stress, precise quantitative information is difficult to obtain from this technique. 

This is mainly due to the interaction between fibers, causing a 3-D stress field. This results in 

superposition and interference of the stress fields when the hues of colors are viewed through 

the thickness of the composite. 

Resistance strain gauges (350 ohms) are applied on the surface of the external composite to 

obtain quantitative information about the axial global response. Such gauges are normally 

applied to a defect-free composite to ensure no interaction occurs between the internal dis- 
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turbance and the external strain patch. The external strain patches have a gauge length of 6.35 

mm. The purpose of this strain patch is two fold. First, it provides definitive data on the elastic 

modulus of the composite. Second, in a defect-free composite the external strain patch should 

measure the same strain as an embedded sensor (i.e. generalized plane strain assumption). 

These results can be used to validate (or invalidate) internal measurements being employed 

to study localized fiber fracture. 

Resistance strain gauges are one method employed to generate quantitative data on stress 

redistribution at predetermined locations in the composite. The resistance strain gauges are 

attached to the fiber surface of the embedded fiber with epoxy adhesive (AE-10 

micromeasurments group) These high resistance (4500 ohm) strain gauges provide highly 

sensitive measurements of strains experienced by the embedded structural fibers with mini- 

mal heat dissipation. Strain gauges are placed on both the fibers and interphase regions prior 

to the manufacturing process. The internal resistance strain gauges have a sensing length 

of 2.54 mm, and are smaller than a fiber diameter. This allows measurements of fiber strains 

at the d; level. With the present system strain measurements can be made at a resolution of 

3 pe. 

All gauge positions are referred to the z coordinate (see Figure 50 presented in context of fiber 

fracture) whose origin is defined by the strain concentration (e.g. short fiber and fiber crack) 

present in the composite. The location of the gauges on the fibers can be divided into 4 ge- 

neric categories: near-field (NF), far-field (FF), outer-field (OF), and transient (T){see Figure 50). 

The near-field area is defined as the strain on an adjacent fiber next to either a fiber fracture 

or a fiber end (e.g. short fiber). Note that the near-field faces the crack (i.e. smallest r com- 

ponent) and should represent the highest strain concentration (S.C.) in the fiber. The far-field 

defines a region which is far removed from any disturbances present in the composite (i.e. 

z>d,;). The outer-field is defined as the region on the adjacent fiber face furthest removed 

from the strain concentration (i.e. largest r value). The transient field is defined as the strain 

on the actual broken or short fiber in the vicinity of the strain concentration. These generic 
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terms are used in the results section of this chapter to describe data trends in specific regions. 

This methodology allows for the measurement of internal strains experienced by the embed- 

ded structural fibers or interphase region in composite material at specific locations. 

Fabry-Perot Fiber Optic Strain Sensors (FP-FOSS) are another quantitative method employed 

to study the internal stress redistribution in composite materials. FP-FOSS’s interferometers 

are embedded in the composite during the manufacturing process to measure matrix strains 

in the vicinity of the strain concentration. The sensing length of these transducers vary from 

sensor to sensor due to the unique nature of the FP-FOSS (i.e. each interfermoter is individ- 

ually made by hand). Nominally the length varies from 3 mm to 4 mm which permits internal 

matrix strain measurements at the a; level. This is compared to the 2.54 mm gauge length of 

the internal resistance gauges applied to the fibers. The resolution of the FP-FOSS gauge is 

reported to be 0.11 we. For a determination of the strains from the output signal, fringe 

counting is performed. For a detailed description of the manufacture of the FP-FOSS and the 

analysis of the data, the reader is referred to Lesko et.al. [45]. 

These methods allow for a qualitative understanding of the perturbed stress region around a 

fiber fracture. They permit a direct quantitative measurement of the strains in internal struc- 

tural fibers and matrix region. This includes detailed strain mappings around local disturb- 

ances such as fiber fractures and fiber end effects. The quantitative external strain 

measurements supply data on the global response and offer an excellent opportunity to vali- 

date the internal measurements. 
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4,3 Fabrication 

The mold was thoroughly cleaned with acetone prior to manufacturing the model composite. 

TFE release agent was applied to the mold to permit easy extraction of the composite. The 

TFE release agent appeared to produce out-gassing during the cure cycle of the composite. 

Therefore, in the majority of the tests performed, the TFE release agent is subsequently wiped 

off the mold with a dry clean cloth immediately following its application. This appeared to 

minimize the presence of surface bubbles present in the composite. The reader should also 

be aware of the researchers attempt to bake the mold prior to manufacturing the composite 

in an attempt to minimize air bubbles. This apparently does not significantly alter the amount 

of air bubbles present. 

Following mold preparation, a choice must be made on the fiber number, the fiber spacing, 

and the fiber type to be introduced into the composite. The present macro-model composite 

represents a 2-D model capable of containing six fibers aligned in a row. For a composite 

containing one fiber, the global fiber volume fraction is 1.87 percent while for a six fiber com- 

posite it is 11.2 percent. The fiber spacing within the mold is easily adjusted, such that a va- 

riety of local fiber volume fractions can be studied. In this dissertation, the results of two 

uniform fiber spacings are presented. These center to center fiber spacings are 4.6 mm and 

6.2 mm, representative of 20 percent and 15 percent fiber volume fractions respectively (larger 

fiber spacing correlates to smaller fiber volume fraction). Variable fiber volume fraction is 

obtained by skewing the central fiber in the composite towards one of its neighbors. This re- 

presents a composite containing unevenly spaced fibers. By embedding fiber lengths smaller 

than the length of the composite, short fiber systems can be manufactured. 

Having chosen the fiber spacing, the fibers are cleaned with acetone to remove any oils which 

may have been deposited on them. The fibers and sensors are placed in their appropriate 
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locations and secured in the base of the composite. This includes the fibers which have strain 

gauges adhered to them and the fibers which have been notched. The positioning of these fi- 

bers in the mold is extremely important, since this will determine the location of the fiber 

fracture and the location from which data is obtained on stress redistribution in the composite. 

Following the placement of the structural fibers, the fiber optic strain sensors are put in the 

composite. Once again, the orientation of the sensor’s gauge length is extremely important 

since this will be the location that data will be recorded. With the fibers and sensors in the 

desired location (see Figure 51), the mold is sealed and put in an oven to soak for a minimum 

of 1 hour at 50°C. 

While the mold is being preheated the PLM-9 matrix material can be prepared for pouring. 

Following the manufacture’s recommended instructions, the appropriate amounts of hardener 

and curing agent are heated to the appropriate temperatures and thoroughly mixed. Once the 

mold is preheated, the matrix material is poured slowly along the inside corner of the mold. 

This is done to minimize introduction of bubbles into the composite during the curing process. 

The mold encompassing the matrix material and fibers is placed in an controlled oven at the 

desired cure temperature for an allotted time period. 

The temperature and time period to cure the composite are extremely crucial. If the composite 

is cured at an elevated temperature, significant residual stresses are present in the fiber and 

matrix. In fact, for composites cured at 100°C, the residual compressive stresses in the fiber 

are so large that internal fiber fracture cannot be achieved without failing the entire compos- 

ite. Therefore, to circumvent this problem, a cure cycle of 24 hours at 37 degrees C (which 

differs from the manufacturer’s instructions) is utilized in the current research. This cure cycle 

minimizes the compressive stresses in the fibers, but serves to expedite the fabrication of the 

composite and appears to provide a sufficiently cured composite with only minimal residual 

stresses present. 
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In removing the fabricated composite from the mold, it is sometimes necessary to place the 

composite and mold in a refrigerator for 5 minutes. This facilitates the removal process by 

capitalizing on the differences in thermal expansion coefficients between the composite and 

the mold. A depiction of the fabricated composite with internal sensors and notched fibers is 

shown in Figure 52. 

4.31 Interphase 

The interphase/interface coatings are applied to the fibers prior to positioning them in the 

mold, but following the application of the resistance strain gauges. The two coatings applied 

to the fiber to alter the level of fiber/matrix adhesion are silane coupling agent (z-6040) and 

vacuum grease. These rnaterials are not regarded as depositing a finite interphase region on 

the fiber. The silane coupling agent (45 parts by volume) is thoroughly mixed with isopropy| 

alcohol (5 parts) and distilled water (50 parts) and allowed to age for six hours. The fibers are 

subsequently dipped into the solution once and allowed to dry. This theoretically deposits one 

atomic layer of the silane coupling agent on the glass rod. In contrast, the vacuum grease is 

applied to the fibers by hand and subsequently wiped off. 

The thermoset BMI comes in a liquid form which is somewhat viscous at room temperature. 

The BMI is initially preheated to decrease the viscosity of the polymer. The BMI is subse- 

quently poured over the fibers in an attempt to provide a finite interphase region approxi- 

mately 0.1 mm thick. The manufacturer recommends curing the BMI at 250 deg C, however 

the strain gauge adhesive is rated at 100 deg C. Therefore, the fibers are baked at 100 deg C 

for a minimum of 1 hour to cure the deposited BMI which is adhered to the fibers. 

The more ductile thermoset used in these tests is an epoxide resin. The epoxide is mixed 

following the manufacture’s recommended instructions. Once prepared, the liquid mixture is 
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poured over the fibers to deposit a finite interphase region approximately 0.1 mm thick, like 

the BMI. The epoxide is than allowed to dry at room temperature overnight. 

The manufacture of the thermoplastic interphase is accomplished by dissolving a powder form 

of PES in methylene chloride. The fibers are dipped into this solution and allowed to dry at 

room temperature for 24 hours. As noted above, all of these manufacturing methodologies 

described for the interphase region result in coating thickness of approximately 0.1 to 0.2 mm. 

Some of the coatings are non-uniform; however by taking more care, uniformity has been 

improved in the most recent samples. 

4.4 Results & discussion 

A variety of results are presented in this section which describe the ability of the model 

composite to represent (and the embedded sensors ability to measure) specific physical sit- 

uations which occur in actual composite systems. To ensure that the internal measurements 

are accurate, a subsection details a validation procedure for the sensors. Following the vali- 

dation of internal measurements, a brief description is presented on the experimental results 

pertaining to a short fiber composite. This addresses load transfer which occurs at the ends 

of finite length fibers, however, the bulk data presented in this dissertation details stress re- 

distribution which occurs near a fiber fracture. A number of subsections are presented which 

describe the results obtained on fiber fracture in composites containing single fiber, three fi- 

ber (this subsection describes two distinct types of crack propagation sequences), and six fi- 

ber systems. A subsection is also dedicated to the presentation of data obtained from tests 

performed on composites containing variably spaced fibers. The final subsection presents 

results describing interphase effects in composites and their relation to fiber fracture and 
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crack propagation. Specific problems which arose in the fabrication of composites containing 

a variety of interphases is also discussed. 

The test results presented in this section are representative of a typical glass/epoxy com- 

posite system scaled up 150 times unless otherwise noted. The tests performed on the model 

composite system include thermal loading sequences and uniaxial tension/compression ap- 

plied with a controlled oven and a servo-hydraulic test machine, respectively. All strain 

readings presented in this dissertation are taken at thermal equilibrium with thermal strain 

compensation made through the appropriate strain bridge configuration. When obtaining 

thermal data, the composite is held at a fixed temperature for a minimum of 1 hour prior to 

obtaining the data. A single fiber composite and a three fiber composite are defined to be a 

model composite with one and three structural embedded fibers respectively. 

4.41 Validation 

Before embedded sensors can be used to corroborate theoretical micromechanical pred- 

ictions, the data obtained from the sensors must be validated with standard testing and ana- 

lytical techniques. This is accomplished by applying uniaxial tension (load in the z-direction 

of Figure 50) to the composite which is void of strain concentrators (i.e. fiber fractures, matrix 

cracks). For this state of stress it is assumed that the composite experiences a state of gen- 

eralized plane strain. This implies that the strain experienced by the composite is equal to 

that experienced by the fiber and matrix. This classic theoretical argument, for continuous 

fiber composites, is mathematically expressed as, 

matrix __fiber_ comp 

The generalized plane strain assumption stated above is generally accepted, and makes it 

directly possible to test the strain sensing ability of the FP-FOSS and the embedded resistance 

4.0 Model composite 93



strain gauges. This is accomplished by comparing the strain measurements made by the 

external strain patch «s¢"" to measurements made by the internal sensors (i.e. the resistance 

gauges eféer, and the FP-FOSS ez"), Upon making this comparison, the strain response from 

all three sensors should be indistinguishable (see Equation 4.1). When comparing the strain 

record for the three sensors as a function of applied stress (Figure 53) for a three fiber system 

( global v; = 5.67 percent), a small deviation of about 5 percent is found. This small deviation 

is well within the expected experimental error. When comparing the strain response of these 

sensors to an accepted micromechanical prediction for an upper bound on composite stiffness 

{i.e. Concentric Cylinders Model), reasonable agreement is observed. Note that the CCM 

model was formulated assuming the model composite could be represented with cylindrical 

elements such that a?/d?, =v; (global value). The embedded sensor also appears to be a 

non-intrusive technique for the measurement of strain in this in-homogeneous system. This is 

substantiated by noting the excellent agreement between the external measurements and 

those made internally. 

A summary of test data obtained on defect free model composites for both single and three 

fiber systems are presented in Table 7. The mechanical properties shown in this table were 

determined with data obtained with the internal resistant strain gauges and Equation 4.1. 

Theoretical results calculated from a displacement formulation with a CCM model (upper 

bounds) are also presented in the table. 

In all the mechanically loaded tests performed on the model composite, the stress versus 

strain plots were essentially linear curves (see representative Figure 53). The experimentally 

determined E,, data shown in Table 7 for the three fiber system is representative of 18 tests 

with a range in data of plus or minus 0.50 GPa, while in the single fiber composite, 3 test 

specimens exhibited a range in data of plus or minus 0.41 GPa. With regard to the thermal 

data («:,) shown in Table 7 (fiber optic senors were not employed for the thermal loading se- 

quences analyzed), the strain versus temperature plots (see Figure 54) are linear curves be- 

low 87 degree C and nonlinear above this temperature. It appears that the matrix thermal 
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expansion coefficient and longitudinal modulus become functionally dependent on temper- 

ature as the glass transition temperature is approached (see Section 4.1). The experimental 

results presented in Table 7 are representative of the linear portion of the curves analyzed. 

The a data presented for these composites are an average of two tests with a variance of 

plus or minus 2 percent. 

' The comparison between the results obtained with internal measurements utilizing the 

FP-FOSS and the resistance strain gauges to validate the experimental techniques was shown 

to be excellent. The comparison of elastic modulus and thermal expansion coefficient calcu- 

lated with internal resistant strain gauges and with an upper bound theoretical model are 

consistent. Thus, the FP-FOSS and the resistance strain gauges are reliable means of making 

accurate quantitative measurements of internal strains. 

The reader should be aware that in the initial tests performed on the model composite with 

the FP-FOSS, discrepancies in the strain measurements were found. These were solely due 

to inaccurate measurement of the sensor gauge lengths during their manufacture. The prob- 

lem was identified in the first set of experiments, and therefore all test data presented in this 

dissertation are with precise knowledge of the sensors gauge length, which provides accurate 

strain measurements. 

4.42 Short fiber systems 

The short fiber composite results presented in this section assist in demonstrating the ability 

of this technique to model various physical situations which occur in composites. A transient 

(z= 4.8 mm) and a far-field resistance strain gauge are employed to study the stress redis- 

tribution in a short single fiber system subjected to uni-axial tension and compression. A plot 

of applied composite stress versus the local strain at each gauge location is displayed in 
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Figure 55. The curves generated from the strain data obtained from the gauges are linear for 

either loading condition. The stress/strain slope at the far-field gauge is 3.6 GPa in tension 

and 3.5 GPa in compression. The slope at the transient gauge is 6.9 GPa and 6.4 GPa in ten- 

sion and compression, respectively. By taking a ratio of the transient slope to the far-field 

slope, an effective decrease in strain at the fiber end is computed to be 0.53 (ie). By 

analyzing photographs of the stress redistribution, as depicted by the photoelastic data, an 

approximate ineffective length of 15 mm is measured. 

A comparison between the experimental results described above to various micro-mechanical 

models present in the literature is presented as follows. Calculations accomplished with the 

Whitney and Drizal [23] model of a single fiber in an infinite matrix suggest an ineffective 

length of 51 mm. Performing a similar calculation with Rosen’s (22] classical shear lag sol- 

ution an ineffective length of 62 mm is computed (efficiency parameter is taken to be 0.95 and 

the global fiber volume fraction is used 0.0187). Both theoretical results appear to signif- 

icantly overestimate the experimental data presented above (15 mm). On the other hand, by 

back calculating an actual 2 from the experimental results (i.e. 2 = 0.316 mm-’) in the short fi- 

ber model presented in Chapter 2 and using this result in the stress analysis, one calculates 

an effective decrease in strain of 0.50. This is nearly identical (within 6 %) to the measured 

value (0.53) presented above. Therefore, it appears that the functional dependence (i.e. ex- 

ponential) of stress and thus strain on z is being adequately addressed in this model. How- 

ever, the experimental findings suggest that the derivation of the parameter 4 in the 

theoretical models needs to be reevaluated. 

The results provided in this section serve to demonstrate the current experimental methodol- 

ogy’s potential to study individual parameters in micro-mechanical models. These results 

suggest that specific areas need to be readdressed in the study of short fiber composites and 

related micromechanical phenomenons. 
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4.43 Continuous fiber systems 

Experimental studies on stress redistribution in a continuous fiber reinforced model compos- 

ites containing a fiber fracture, serves to further validate the proposed methodology. Strain 

concentration is defined for a continuous fiber composite system as the strain at a particular 

gauge location following fiber fracture divided by the strain at the same location prior to fiber 

fracture. Thus, a far-field gauge, as defined in Section 4.1, exhibits no strain concentration or 

S.C. =1.0. In this study, single fiber, three fiber, and six fiber composites are employed. All 

tests results presented in this paper involving fiber fracture are accomplished by loading the 

composite in uni-axial tension. Initial tests on fiber fracture were accomplished by applying a 

thermal load to the composite and utilizing the constituents thermal mismatch to start a fiber 

fracture. However, this led to additional curing of the composite and increased the residual 

compressive stresses on the fiber which negated the phenomena being studied (fiber frac- 

ture). 

When a model composite, which contains a notched fiber, is loaded in uni-axial tension, the 

notched fiber fractures with an audible acoustic emission. For a single fiber system the 

traction on the composite at which the fiber fractures is 1.2 MPa (2 samples), while for a three 

fiber system, with no interphase, it occurs at 3.55 MPa ( 18 samples). By comparing these re- 

sults, one finds the applied stress at which the fiber fractures in a three fiber system is ap- 

proximately three times greater than the single fiber system (this is for the notched fibers). 

This should not be surprising, considering that the fibers are significantly stiffer than the ma- 

trix in this particular composite system and will, therefore, support the majority of the axial 

load. This suggests that fiber fracture in the three fiber composite should occur at an applied 

load three times greater than the single fiber composite. Also, using the assumption that 

generalized plane strain exists prior to fiber fracture, the load supported by the fibers at fiber 

fracture can be calculated with the use of Tables 6, 7, and the results presented above. Per- 

forming the calculations, one finds that the fiber fractures at an applied load between 160 and 
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270 Newtons. These results are consistent with individual fiber tests presented in Section 4.1. 

However, the latter experimental results are slightly higher and more scattered than the indi- 

vidual fiber tests. This may be attributed to residual compressive loads which are present in 

the embedded fibers following the manufacturing process (i.e. shrinkage and thermal con- 

traction). 

In recent tests on the model composite, the applied load at which the notched/scored fiber 

fails appears to be more random than in the initial tests performed. This may be due to al- 

terations in the notch size which could occur during the grinding process. The reader should 

also be aware that by scoring the fiber, a 25 percent decrease in the tensile load at which fiber 

fracture occurs in the model composite is found. 

4.431 Single fiber test 

The following results are representative of notched single fiber test performed with the model 

composite. These tests are performed to assess the success of the methodologies employed 

to create a fiber fracture at a prescribed location in the composite at a specified load. Once 

satisfactory results are obtained, studies can be undertaken on composite systems containing 

multiple fibers. When the fiber fractures in the composite, energy is released in a manner 

similar to a spring which has instantaneously broken. The energy released is dissipated in the 

form of a shock wave, matrix cracking, and fiber slipping. In the single fiber model compos- 

ites, the fiber fractured and a crack propagated a finite distance into the matrix. This distance 

is usually less than 1 mm for a single fiber composite. By viewing the composite with an ap- 

plied load under polarized plates, a representative stress redistribution pattern in the vicinity 

of the fiber fracture (see Figure 56) is observed. From pictures such as this, an approximate 

measurement of ineffective length is determined. The ineffective length for a single fiber 

composite appears to be approximately 13 mm. This length measurement is comparable (as 

it should be) to the results presented In Section 4.42 for the single short fiber composite. As 

4.0 Model composite 98



noted in that section, the analytical models currently in the literature appear to overestimate 

this length. This strongly suggests that a revaluation of this quantity may be necessary in 

these analytical developments. 

4.432 Three fiber system (small crack) 

For the uncoated three fiber (one fiber notched/scored) model composite systems, two distinct 

fracture patterns are discovered, that is a large crack (r,=r,) and a small crack (r, =r) (see 

Figure 31). The results obtained on composites containing the small crack are first presented, 

while the results typical of a large crack are described in a subsequent section. In the current 

section, two distinct fiber spacings are addressed, that is, a center to center spacing of 4.6 

mm and 6.2 mm representing a local fiber volume fraction of 15 and 20, percent respectively. 

A small crack occurs in a model composite when a fiber fractures and the crack propagates 

a small distance into the matrix. This length is typically smaller than 1 mm and crack arrest 

occurs at or near the fractured fiber/matrix interface. A typical photograph depicting this fiber 

fracture pattern is presented in Figure 57. 

In the 6.2 mm fiber spacing composite, the small crack occurred in 8 out 15 specimens tested. 

The center fiber fractures at an applied traction of approximately 3.3 MPa. From strain gauges 

placed on adjacent fibers in the near-field region at z=0, a strain concentration measurement 

of approximately 1.28 is determined. While for strain gauges placed on adjacent fibers in the 

outer field region at z=0, a strain concentration measurement of 1.14 is found. With the use 

of photographs taken of the composite with an applied load under polarized lights an ineffec- 

tive length is measured to be on the order of 6-10 mm (see Figure 58). Employing Rosen’s [22] 

shear lag model to provide a theoretical prediction for comparison purposes, a 30 mm length 

is calculated. In this calculation, the local fiber volume fraction is assumed to be 15 percent. 

As eluded to in in previous sections of this dissertation, the theoretical value determined for 
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the ineffective length from Rosen’s [22] model is larger than the measured value determined 

from the test data generated from the photoelastic resin. 

In model composite tests performed on a comparatively larger fiber volume fraction compos- 

ites (20 percent), 5 of 15 specimens exhibited small cracks (r, = 7). The fiber fractured in these 

composites at an applied traction similar to that quoted above (i.e. 3.3 MPa). The measured 

strain concentration on an adjacent fiber in the near field region at z=0 for this fiber volume 

fraction is determined to be 1.4. This strain concentration value is larger than that measured 

(i.e.1.28) in the smaller fiber volume fraction composite described above. In composites with 

relatively larger fiber volume fraction the fiber spacing is smaller, and thus the strain con- 

centration should be larger (that is the adjacent fiber is closer to the crack). From strain data 

obtained in the outer field region at z=0 on an adjacent fiber, a strain concentration of 1.11 

is found. This value is actually lower than the previous value for a larger fiber volume fraction. 

The reader will remember that in Figure 40 this trend was depicted by the theory presented 

in Chapter 3. That is the maximum strain concentration (r=r,) increases but the minimum 

strain concentration (r=r,) may actually decrease as fiber volume fraction increases. For the 

20 percent fiber volume fraction composite, the ineffective length measured from the 

photoelastic data (Figure 59) gave values between 4 to 8 mm. These values are less than 

those measured (i.e. 6-10 mm) for the smaller fiber volume fraction quoted above (also com- 

pare Figure 58 to Figure 58). As the fiber volume fraction increases the local stiffness of the 

composite increases, and thus decreases the length over which the stress is redistributed. 

Using Rosen’s [22] shear lag model, an ineffective length of 26 mm is calculated for compar- 

ison purposes. This once again appears to be an overestimate of the measured value deter- 

mined from the photoelastic results. 

In conclusion, the results presented in this section strongly suggest that strain concentration 

values are dependent on fiber volume fraction. The strain concentration increases frorn 1.28 

to 1.40 in a 15 to 20 percent fiber volume fraction model composite respectively. Furthermore, 

the test results clearly show that a significant stress gradient exists across the width of the 
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fiber, that is the strain concentration decreases from the near field region to the outer field 

region in adjacent fibers. As noted in Chapter 3, models currently available in the literature 

(not including the one derived in chapter 3) suggest no functional dependence of strain con- 

centration on these parameters. It was also demonstrated in this section (by means of test 

results obtained from the photoelastic resin) that theoretical predictions for ineffective length 

currently in the literature may be overestimating the size of the region affected by the fiber 

fracture. However, due to the qualitative nature of these tests results, the latter conclusion 

should only be regarded as an initial observation. Nonetheless, the data obtained from the 

photoelastic results did substantiate the idea that composites containing larger fiber volume 

fractions have ineffective lengths which are smaller. 

4.433 Three fiber system (large crack) 

The following section describes the tests results obtained on model composite systems con- 

taining a large crack (r,=r,). As in the preceding section, two distinct fiber spacings are ad- 

dressed which are representative of local fiber volume fractions of 15 and 20 percent. A larger 

crack occurs in a model composite when the fiber fractures and the crack propagates up to 

the adjacent fibers. The reader should be aware that the crack size decreases with increasing 

fiber volume fraction in composites which contain large matrix cracks. That is in a 15 percent 

v; model composite r. = 6.4 mm while in the 20 percent vy, model composite r. = 4.2 mm. A 

typical photograph depicting this fiber fracture with subsequent crack propagation is pre- 

sented in Figure 60, which is in sharp contrast to the small crack depicted in Figure 57. 

For the 15 percent fiber volume fraction composite, a large crack occurred in 7 of the 15 

specimens tested. Strain data obtained at the near field gauge location at z=0 provided a 

strain concentration measurement of 1.76. This is in sharp contrast to the 1.28 value meas- 

ured (presented in previous section) in a composite containing the same fiber volume fraction 

with a small crack. For the outer field region at z= 2.5 mm a strain concentration of 1.25 is 
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measured on the adjacent fiber. This suggest that a large strain gradient exists across the 

diameter of the fiber. The ineffective length measured from pictures taken of the photoelastic 

resin did not seem to be consistent with the test performed on the larger crack size. Values 

as low as 16 mm and as large as 26 mm are observed. A typical photograph depicting the 

photoelastic data utilized in measuring the ineffective length is presented in Figure 61. The 

inability to distinguish a definitive demarcation in the fringe patterns along the boundary of the 

ineffective length caused a high degree of skepticism in these measurements. Nonetheless, 

this length is considerably larger than the ineffective length experimentally determined for the 

same fiber volume fraction composite with a small crack (i.e.6-10 mm). Referring once again 

to Rosen’s [22] shear lag model, the ineffective length is independent of crack size and thus 

predicts the same value quoted in the previous section (i.e. 30 mm) for this fiber volume 

fraction. This theoretical value appears to be a reasonable estimate of the ineffective length 

for this fiber volume fraction and crack size in view of the difficulties involved in accomplishing 

these measurements. 

In the 20 percent fiber volume fraction composite containing a large crack, some interesting 

discoveries are presented. Considering the strain data obtained on an adjacent fiber in the 

near field region at z=0, the strain concentration values measured are virtually indistin- 

guishable (i.e. within the accuracy of the measurement devices) from the measurements made 

on the 15 percent fiber volume fraction composite (i.e. 1.76). Once again, this is in sharp con- 

trast to the measurement made on the same fiber volume fraction composite with a smaller 

crack size (i.e.1.40). The ineffective length measurements accomplished with this composite 

system and crack size is also comparable to that described above (14 to 24 mm compared to 

4-8 mm for similar fiber volume fractions with smaller crack size). The length measured in 

these tests is also subject to some skepticism due to the lack of a definitive demarcation. As 

noted in the previous section, Rosen’s [22] shear lag model predicts an ineffective length for 

this fiber volume fraction of 26 mm. This value appears to be a reasonable estimate of the 

experimentally determined length for this crack geometry. 
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Therefore, these results first demonstrate that significant strain gradients exists across the 

- diameter of adjacent fibers, as suggested in the previous section. The most notable result 

presented in this section suggests that strain concentration and ineffective length are signif- 

icantly affected by matrix crack size. For larger matrix cracks, these quantities increase. 

Current models in the literature do not address the functional dependence of strain concen- 

tration on these parameters. However, the model presented in Chapter 3 not only incorporates 

these parameters into the theoretical development, but also provides excellent correlation 

between the test results and theoretical predictions (see Figures 35-39). On the other hand, 

Rosen’s [22] shear lag model appears to provide reasonable estimates of the ineffective 

length in polymeric composites which contain large crack sizes. For these composites (this is 

a very specific material system and crack size) the strain concentration values are relatively 

independent of fiber volume fraction as depicted by shear lag models. The fact that the model 

developed in this dissertation is applicable to this situation and also provides accurate results 

attests to its improvements, over these classical solutions. 

4.434 Six fiber system 

The following subsection details the results obtained on a model composite containing six fi- 

bers. The fiber spacing in this composite system is 4.2 mm fiber center-to-center, and re- 

presents a composite whose local fiber volume fraction is 20 percent. This fiber volume 

fraction is identical to the three fiber system with a comparable fiber spacing described in the 

two previous sections. The results presented in this subsection depict the model composite’s 

ability to investigate multiple fiber fracture which occurs in composite systems. In the current 

study, the two centered fibers are notched, however one is notched more severely. The more 

severely notched fiber should theoretically fail first, followed by the less severely notched fi- 

ber. Strain gauges in this composite system are attached to fibers in the near field region 

closest to the more severely notched fiber at z=0, and in the near field region of the fiber 
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closest to the less severely notched fiber at z=21 mm. That is, the strain gauges bracket the 

notched fibers at the specified axial locations. 

Upon loading the six fiber composite, the more severely notched fiber fails at an applied 

traction of 3.15 MPa. The fiber fracture did not propagate a crack into the matrix (see Figure 

62) and could be adequately represented by a small crack (r, = 7). Following this fiber failure, 

data is collected from the two strain gauges to determine the strain concentration which exists 

in the neighboring fibers. The strain concentration determined from the results of the gauge 

located at z=21 mm is found to be 1; or in other words the gauge exhibits no strain concen- 

tration. The strain concentration on the near field gauge at z=0 is found to be 1.40. This value 

is nearly identical to the strain concentration value determined for the three fiber composite 

with a similar crack size and fiber spacing described in Section 4.432. These results strongly 

suggest that the stress field is unperturbed outside the first ring of fibers (as assumed in the 

derivation of the theoretical model presented in chapter 3). 

After collecting these data, the composite is again loaded until the second fiber fails. This 

occurs at at an applied traction of 2.43 MPa. When the second fiber fails in the composite, a 

crack does not form in the matrix material. Thus, the two fractured fibers are adequately re- 

presented by small crack sizes (see Figure 63). The data collected from the strain gauges on 

the fibers reveal a strain concentration at z= 21 mm of 1.1 while at z=0 the strain concen- 

tration is 1.7. As noted in Section 3.26, this experimental value is compared to a prediction of 

1.68 made with the model developed in that section. 

.After collecting these data, the composite is again loaded at which time two more fibers fail. 

These fibers fail at an applied traction of 4.54 MPa and the crack does extend into the matrix 

material. Only the two end fibers and the matrix material outside this region remain intact 

(see Figure 64). The strain concentration calculated from the strain gauges located at z= 21 

mm is found to be 0.6 (net decrease due to fiber fracture) while the gauge at z=0 became 

inoperable due to damage. 
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The results presented in this subsection serve to validate the current test techniques and our 

ability to study various physical phenomena which occur in continuous fiber composites. This 

includes single fiber fracture, multiple fiber fracture, and the effect fiber volume fraction has 

on these quantities. It is believed that this test technique can aid in answering a number of 

significant micromechanical issues by providing a be better understanding of the physical 

phenomena present. This will assist engineers and scientists in their quest to design actual 

composite systems beginning from a constituent perspective. 

4.44 Variably spaced fibers 

This subsection addresses model composites which contain three fibers (center fiber notched) 

and which are variably spaced. The results of strain redistribution for two distinct fiber 

spacings are presented in this study the first is 7.8 mm and 4.6 mm center-to-center fiber 

spacing (as measured form the center fiber) representative of 7 = 0.313 (Equation 3.11). The 

local fiber volume fraction for this composite is 15 percent. The second fiber spacing is 4.6 

mm and 9.2 mm center to center fiber spacing, representative of 7 = 0.163 and v; = 14 percent. 

The data were obtained on the 7 = 0.313 model composites; the fiber fails in the composite 

at an applied traction of approximately 2.12 MPa. The fiber fracture which occurs in these 

specimens does not propagate a crack into the matrix {i.e.r, = 7%). However, by increasing the 

applied traction on one of the composites up to 4.36 MPa, the crack is caused to propagate 

into the matrix and up to the adjacent fibers. The ability to propagate a matrix crack following 

fiber fracture can not be achieved in the uniformly spaced fiber model composites. The strain 

concentration data obtained from these tests are depicted in Figure 46 by the open symbols. 

With regard to the results gathered from the model composite system with 7 = 0.163, the 

central fiber fractures at an applied traction of 2.47 MPa. In these studies, only one of the 
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composites exhibits a small matrix crack (i.e. r-=1r;) while all others contain large matrix 

cracks (i.e.r. = /,). Upon increasing the traction (up to 5 MPa) on the composite which contains 

the small crack, the crack extends up to the adjacent fibers (i.e. large crack). This phenomena 

is analogous to the crack propagation event presented in the previous paragraphs. The test 

results obtained on these composite systems (7 = 0.16) are presented in Figure 46. A repre- 

sentative photograph depicting the stress redistribution in a variably spaced composite with 

a fiber fracture is presented in Figure 65. It can be seen that the stress patterns are unsym- 

metrical about the center fiber. This suggests a significant amount of bending stress is present 

in this composite system. 

The test methodology described in this section further validates the current test technique to 

study various physical parameters and their effects on stress redistribution in actual com- 

posite systems containing internal disturbances. The ability to understand the effect variable 

fiber spacing has on the local stress redistribution could be a major concern when addressing 

strength issues at the laminate level. The ability to propagate a matrix crack once a fiber 

fracture has been achieved attests to the fact that different stress mechanisms are present in 

these type of composites as compared to uniformly spaced composites. 

4.45 Interface 

As noted in Section 4.1, both silane coupling agent and vacuum grease were applied to the 

structural fibers to alter the adhesion between the fibers and the surrounding matrix. The 

silane coupling agent applied to the glass rods generates a composite with sporadic voids or 

air pockets along the interface between the fiber and matrix. These voids predominantly oc- 

cur around the resistance strain gauges attached to the fibers. Nonetheless, in regions which 

are devoid of these air pockets the adhesion between the glass rods and the matrix is strong. 

However, the difference in the fiber/matrix interface strength in silane treated fibers as com- 
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pared to untreated fibers appears to be insignificant. This statement is based on a fiber push 

through test accomplished on a coated and an uncoated specimen. Therefore, the application 

of the silane coupling agent to the structural fibers does not appear to significantly increase 

the fiber/matrix bond strength between of this composite system. The fact that an uncoated 

fiber exhibits adequate adhesion and the silane coupling agent actually causes sporadic voids 

along the interface leads one to the conclusion that an uncoated fiber is an excellent choice 

for the study of composites in which the fibers are strongly bonded to the matrix. 

The vacuum grease used in altering the fiber/matrix interface strength is applied to both the 

glass rods and the wooden dowels embedded in the composite. Its application to the glass 

fibers produce a composite in which virtually no adhesion occurs between the fiber and ma- 

trix, that is no chemical bond and only minimal mechanical interlocking exists. The fact that 

the glass rods can actually be removed from the composite by hand attests to this fact. With 

applying vacuum grease to the wooden dowels, no chemical bond is found to exist between 

the fiber and matrix, however, mechanical interlocking is present. This is mainly due to the 

porous nature of the wooden dowels and the ability of the matrix to infiltrate into these re- 

gions. In initial tests performed on model composites containing wooden fiber coated with 

vacuum grease, a crack was introduced into the the matrix material during the manufacturing 

process with the use of a circular shaped capton film placed around the center fiber. The 

matrix crack is a typical strain concentration found in ceramic composites (the ratio of fiber 

to matrix stiffness values for this composite is typical of ceramics) and is thought to control 

the ultimate strength of the composite. However, when the composite is loaded in an attempt 

to release the capton film, the crack propagates the entire width of the composite but does 

not fracture the fiber. At this point the fibers are bridging the gap between the cracked matrix 

region (the reader should be aware that the crack was not intended to propagate the entire 

width of the composite) and supporting a load supplied from the test machine. The exposed 

portion of the fibers were void of matrix material (as could be seen by eye), which substanti- 

ates the claim that no chemical bond existed between the fiber and matrix. However, since the 
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fibers still transferred load into the matrix, mechanical interlocking must be present. Tests, 

such as the ones described in this section, demonstrate the versatility of the model composite 

to analyze other physical phenomena (e.g. matrix cracks with fiber bridging) as well as fiber 

end effects. These results also corroborate that the model composite can be representative 

of material systems other than polymeric (such as metal matrix and ceramic systems). 

4.46 Interphase 

The results presented in this section describe the data obtained on model composite systems 

with embedded glass rods coated with PES, BMI, or epoxide. The composites tested with 

these interphases contained three fibers, with the center fiber notched in all tests. The major 

portion of the results presented in this section details the physical relationship which evolves 

during the manufacturing process between the fiber, interphase, and matrix region, such as 

the quality of adhesion. 

In model composites containing embedded glass fibers coated with epoxide, a number of 

small air bubbles are present along the surface of the interphase (i.e. interface between the 

interphase and matrix). However, in several composites manufactured, the air bubbles are 

not present at all (for a comparison see Figure 67). The differences noted between the 

batches is that the amount of hardener added to one batch was different from the other. In the 

majority of the composites manufactured with the epoxide interphase, the air bubbles present 

on the interphase surface inhibited accurate strain measurements at gauge locations near fi- 

ber fractures. This is mainly due to the fiber (or really the interphase) slipping in the matrix 

which causes a slip stick-phenomena to be recorded. However, in these tests it is found that 

when the composite fails the fibers pull out of the matrix. The exposed fiber length remains 

coated with the epoxide, such that failure occurred between the interphase and matrix re- 
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gions. That is, the interface strength between the fiber and interphase is stronger than the 

interface between the interphase and matrix. 

In composite materials containing fibers coated with BMI, there appears to be regions of rel- 

atively large voids along the interface between the interphase and matrix (see Figure 66). This 

may be due to the relatively low cure temperature cycle (i.e.100 degree C instead of 200 de- 

gree C) performed on the interphase material prior to manufacturing the composite. This cure 

cycle is used because of the thermal constraints on the gauge adhesive used to secure the 

strain gauges to the fibers (as stated in Section 4.3). The large voids present in this composite 

are in sharp contrast to the small bubbles present in the epoxide coated composite system 

(Figure 66) Once again due to the presence of these voids no accurate strain measurements 

can be accomplished regarding fiber fracture. Upon loading the composite the strain readings 

jump, thus signifying a fiber/interphase slip. One of the more important results obtained during 

this test involves the catastrophic failure of the composite. As noted for the composite de- 

scribed above, when the composite fails the fibers pull out of the matrix region. However in 

this case, the fiber is clean (as could be seen by eye). The failure occurs between the inter- 

phase and the fiber in this composite system (the adhesion between the fiber and interphase 

is smaller than the adhesion between the interphase and the matrix). 

The only quantitative results regarding the effect of interphases on strain redistribution pre- 

sented in this dissertation are with data obtained from a PES coated fiber system. The pres- 

ence of voids along the interphase surface is minimal in this composite system. Also when 

the composite catastrophically fails, little to no fiber pullout is present. This further signifies 

that the interface between fiber/matrix/interphase is sufficiently strong to transfer load be- 

tween the fiber and matrix. Therefore, this material system represents an adequate model to 

initiate studies on interphase affects and their relationship to stress redistribution in the 

presence of fiber fracture. 
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In tests performed on the PES coated three fiber model composite system, the center fiber 

fails at an applied traction of approximately 3.35 MPa. This value is comparable to the stress 

level achieved in a large portion of the uncoated three fiber systems. When the fiber fractures, 

the crack propagates half the distance between the fiber and matrix (r- = (4 + 7)/2)._ In com- 

parison to composites containing uncoated fibers made under the same circumstances, the 

crack propagated up to the adjacent fiber (r.=r,). The latter crack is a larger crack. This 

significant result suggests that the interphase coating is capable of effectively altering the 

subsequent crack propagation into the matrix during fiber fracture. The energy released when 

the fiber fractures is distributed between shock wave formation, matrix cracking, and fiber slip. 

It is believed that in an uncoated fiber system no slip occurs. However in a coated system, 

especially for PES coatings where only mechanical interlocking should occur (see Section 4.1), 

fiber slip may occur. This would tend to decrease the size of the crack formed in the matrix. 

In fact, a smaller crack is observed in composites coated with PES. No definitive results are 

presented which indicate that local fiber slip is actually occurring in this composite even 

though it is postulated in this dissertation. The data obtained on a near field gauge placed 

on an adjacent fiber at z=0 reveals a strain concentration of 1.46 while the strain concen- 

tration on an outer field gauge at z=0 reveals a strain concentration of 1.14. These strain 

concentration values are not believed to be significantly altered by the interphase coating. 

This statement is based on the assumptions that the interphase is capable of transferring load 

between the fiber and matrix, the interphase stiffness is not appreciably different than that of 

the fiber and matrix, and the interphase region is not extraordinary large. This statement is 

further substantiated by results obtained by adhering strain gauges to the interphase region. 

Comparisons performed between the data obtained from these sensors to strain measure- 

ments performed at comparable locations on the fiber revealed indistinguishable results. 

The final results obtained with the PES coated fiber system involves a regular array of fiber 

breaks in the composite. The composite is initially loaded until the notched fiber fractures 

(see figure 67) at which time data is gathered on strain concentration affects. An additional 
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load is applied to the composite at which time more fiber fractures occur in the composite 

(note these fibers were not notched). One can see from viewing Figure 68 that three fiber 

fractures are present in the composite at this stage of life. Upon further loading of the com- 

posite an additional fiber fractured (see Figure 69), thus totaling 4 separate fiber fractures in 

the composite. The composite is again loaded and prior to ultimate failure another fiber frac- 

ture occurred (see Figure 70). This phenomenon of stair-casing fiber fractures is not noted in 

any of the uncoated experiments performed. However it is recorded in a number of the coated 

fiber systems studied. This results suggest that the strain concentration in coated composites 

may be redistributed over a larger region (i.e. larger ineffective length), such that multiple fi- 

ber fracture occurs in the composite as opposed to catastrophic failure. This significant result 

has a direct relationship to strength predictions. 

o 

In conclusion, it has been shown that a number of distinctly different interphases can be ap- 

plied to the structural fibers embedded in the model composite to study a variety of physical 

phenomena present in actual composite systems. The results of this section suggest that a 

strong bond between the interphase and matrix is achieved with the BMI coated fiber systems, 

while a strong interface exists between the fiber and interphase in the epoxide coated fiber 

system. The author is fully aware that more work needs to be performed on these systems 

to minimize the presence of the voids. It was shown that with an application of PES to the fi- 

bers, the size of the crack and subsequently the magnitude of the strain concentration can be 

altered. It appears that the interphase does not significantly alter the strain redistribution 

profile in the plane of the fracture. Furthermore, with the application of an interphase to the 

fibers, the stress redistribution along the axial direction (i.e. ineffective length) of the adjacent 

‘fibers may be altered in such a fashion to actually decrease the strain concentration and 

cause the composite to exhibit stair-casing fiber fracture as opposed to catastrophic localized 

planar failure. 
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5.0 Conclusions 

An approximate method has been presented for determining the point-wise stress tensor in 

the constituents of a hybrid 3-D short fiber composite subjected to arbitrary homogeneous 

loading conditions. The model includes the capability to analyze composites containing dif- 

ferent types of fibers, different aspect ratios of fibers {as well as continuous fibers), and dif- 

ferent fiber orientations. The composite’s stiffness tensor was calculated from the volume 

averaged stress quantities in each constituent present in the material system. Validation of the 

model was achieved by comparing predicted stiffness properties to experimental data and 

other accepted models presently available in the literature for PMC’s, MMC’s, and BMC’s. 

In polymeric matrix composites, comparisons were made between longitudinal stiffness val- 

ues determined from experimental tests and theoretical predictions for systems containing 

five different aspect ratios (i.e. 50, 53, 60, 100, and 136), three different stiffness ratios (i.e. 

C{,/CH = 20, 40 and 75), assorted fiber orientations, and a variety of fiber volume fractions. 

It was shown that excellent correlation existed between the current theory and the test data 

for each system modeled. These results suggested that the point-wise stress values provided 

by the model are an accurate depiction of the stress variation which exists in each constituent. 

Comparisons were also made between typical mechanical properties of a transversely 

isotropic composite predicted by analytical models well established in the literature and the 
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current theory with some discrepancies noted. However, the current model was demonstrated 

to provide a relatively more accurate correlation with experimental data on these particular 

composite systems. Furthermore, the comparison models which provided reasonable results, 

do not provide point-wise stress variations in the fiber/matrix region as does the current 

model. 

In metal matrix composites, comparisons were made on longitudinal and transverse stiffness 

values determined by experimental tests and theoretical predictions for systems containing 

six different aspect ratios, six different fiber alignments, and two different fiber volume frac- 

tions. It was shown that good agreement existed between the test data and the theoretical 

predictions for all cases considered, including those with debris. These results validated the 

model’s applicability to a general composite system (e.g. metal matrix) and demonstrated that 

the model was not limited to polymeric matrix composites. To further substantiate this point, 

several parametric studies (i.e.varying fiber volume fraction and fiber aspect ratio) were pre- 

sented for stiffness predictions calculated with the current analysis modeling a brittle/ceramic 

matrix composite. A demonstration of the model’s applicability to continuous fiber systems 

containing fiber fractures was also discussed. 

The derivation of a model describing the resulting point-wise stress redistribution which oc- 

curs in the matrix and the fibrous regions caused by the fiber-fiber interaction at the ends of 

finite length fibers or fractured fibers was presented. This theoretical development included 

the significant dependence of stress redistribution on fiber volume fraction, constituent prop- 

erties, and crack size, unlike shear lag analysis, which presently dominates the literature. 

Therefore, its use is not limited to polymeric composites but is also applicable to metal matrix 

and ceramic matrix systems. The fact that it provides bounds for classical polymeric models 

which incorporate shear lag assumptions was also demonstrated. The model was extended 

to include one of the first quantitative analyses of variable fiber spacing which occurs in vir- 

tually every composite manufactured. A novel fiber discount method was proposed to study 
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multiple fiber fractures which are of extreme importance when attempting to predict tensile 

strength of fiber dominated composite laminates. 

A validation of the fiber-fiber interaction model was achieved with comparisons between cal- 

culated strain concentration values from the current model and test data obtained with direct 

experimental measurements. This was accomplished for two different fiber volume fractions 

and two different crack sizes (a total of four different data sets). These test data sets sub- 

stantiated the model’s accurate dependence of strain concentration on fiber volume fraction 

and crack size. Corroboration of the model’s prediction of strain concentration as a function 

of multiple fiber fractures was also initially achieved with a comparison of data obtained ex- 

perimentally. The correlation between test data and theoretical predictions of strain concen- 

tration for variable spaced fiber composites was good. These tests consisted of three 

eccentricity parameters and two crack sizes. A number of parametric studies were also per- 

formed with this model. The following general conclusions were drawn: 

e Average strain concentration increases as the stiffness ratio C{,/C] increases in a com- 

posite with r. =r. However, in composites which contained a relatively larger crack { 

r-=Fr,), the average strain concentration decreases. 

@ In polymeric composites containing small crack sizes (rf, =F), the average and the maxi- 

mum strain concentration increases as fiber volume fraction increases and the minimum 

strain concentration decreases. However, in composites with r.=r, the opposite trend 

was noted. 

e Normal stresses in the matrix and shearing stresses in the fiber (not considered in shear 

lag analysis) are significant terms which must be addressed when studying stress redis- 

tribution around a fiber fracture. The current analytical model demonstrates that these 

stress terms become even more significant in MMC’s and BMC’s. 
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@ Crack size was shown to significantly alter the stress redistribution in composites. 

e Multiple fiber fracture studies demonstrated that significantly large strain concentrations 

exist in the composite following five adjacent fiber fractures. This suggests that cat- 

astrophic failure of the composite ensues shortly thereafter. 

e Variable fiber spacing was shown to significantly alter the effect fiber volume fraction has 

on the maximum strain concentration in the composite. Depending upon the degree of 

eccentricity this value may increase or decrease. 

A test methodology employing a macro-model composite with embedded strain gauges was 

presented which may be used to validate (or invalidate) micro-mechanical models currently 

being developed and used by the scientific community. Results obtained with the embedded 

resistance gauges and the embedded fiber optic strain sensors (FP-FOSS) were validated with 

classical test and analytical techniques. These techniques included model composites sub- 

jected to thermal effects and mechanical loading sequences. The ability to vary specific 

physical parameters in the experimental model, such as fiber aspect ratio, fiber volume frac- 

tion, interphase/interface, and constituent properties (i.e. model PMC’s and MMC’s), in a 

systematic fashion enables the current technique to study various physical aspects present in 

actual composite systems. The capability to initiate a fiber fracture at a specified location and 

load level was demonstrated. It was also insinuated that other damage mechanisms such as 

matrix cracks could be studied with this model system (these are important to the study of 

CMC’s). In the fiber fracture tests, it was revealed that significantly different strain concen- 

trations exist in PMC composites which contain different fiber volume fractions and crack 

sizes. By varying fiber spacing between neighbors, a study was performed on composites 

containing eccentrically located fibers. These results demonstrated an asymmetric stress 

state exists in composites containing variable fiber spacing and fiber fractures. The fact that 

multiple fiber fracture could be achieved in a methodical fashion demonstrated the versatility 
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of the model. These studies show that this experimental technique can model various phys- 

ical phenomena which occur in actual composite systems. 

A variety of interfaces were applied to the structural fibers used in the model composite sys- 

tem. The silane treatment did not appear to alter the interface appreciably between the glass 

and the epoxy resin. The vacuum grease altered the adhesion between the glass and the 

epoxy significantly while its application to the wooden dowels resulted in only moderate ef- 

fects (which was desired in the study of fiber pull-out). A variety of finite interphase regions 

were applied to the fibers in the composite. These results suggested that distinctly different 

failure mechanisms are present depending on the interphase. The most uniform interphase 

coating in a manufactured composite was achieved with the PES coated fibers. In this com- 

posite, the coating appeared to alter the subsequent crack propagation following initial fiber 

fracture (maybe due to slip mechanisms). This reduced the size of the crack and the subse- 

quent strain concentration in the plane of the crack on the adjacent fibers. However, it is not 

believed that the presence of the interphase region following crack propagation significantly 

alters the strain concentration in the plane of the crack. Nonetheless, it appeared that dis- 

tinctly different stress redistribution occurred along the axial direction of the coated fiber (as 

compared to uncoated fiber), evidenced by the stair casing fiber fracture prior to composite 

failure. 

In summary, a theoretical model has been generated which provides a more complete and 

precise representation of the local stress fields in a short/broken fiber composite. Further- 

more, a theoretical model was presented which describes a more accurate representation of 

the interaction that occurs in composite systems containing short/broken fibers than is pres- 

ently available in the literature. A novel methodology has also been described which can 

substantiate micromechanical models which are essential for the manufacture and design of 

material systems for specific applications. This technique may guide future developments of 

theoretical micromechanical models. The package presented in this dissertation thus pro- 
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vides a firm foundation for the prediction of composite stiffness and strength properties, as 

well as the analysis of damage development and long term behavior of these materials. 
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Figure 1. 3-D Hybrid Composite: Illustration of a typical 3-D hybrid short fiber composite de- 

picting the global cartesian coordinate system, global spherical coordinate system, and 
the fiber labeling nomenclature. 
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Figure 2. Concentric Cylinder Model: Illustration of a composite cylinder model depicting the 

local cartesian coordinate system, the local cylindrical coordinate system, and the ap- 
plied displacement. 
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Figure 3. Fiber End Problem: Illustration of the fiber end problem depicting the applied traction 
at the fiber/matrix interface. 
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Figure 4. Axial Modulus vs Fiber Volume Fraction (steel/epoxy I/d=50): Comparison of 
Berthelot’s [5] experimental data and the current theory for an steel/epoxy material 
with aspect ratio of 50 as a function of fiber volume fraction. 
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Axial Modulus vs Fiber Volume Fraction (steel/epoxy I/d=100): Comparison of 
Berthelot’s [5] experimental data and the current theory for an steel/epoxy material 
with aspect ratio of 100 as a function of fiber volume fraction. 
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Figure 6. Axial Modulus vs Fiber Volume Fraction (theory I/d=50): Comparison of predicted £4, 
values for various theories in an steel/epoxy material with aspect ratio of 50 as a 
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Figure 8. Axial Modulus vs Fiber Volume Fraction (copper/epoxy I/d=60): Comparison of 
Berthelot’s [5] experimental data and the current theory for an copper/epoxy material 
with aspect ratio of 60 as a function of fiber volume fraction. 
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Figure 9. Axial Modulus vs Fiber Volume Fraction (copper/epoxy I/d=100): Comparison of 
Berthelot’s [5] experimental data and the current theory for an copper/epoxy material 
with aspect ratio of 100 as a function of fiber volume fraction. 

130



  

40.00 Prrrrrr?dd PrPrroerd tb bb prr rr beri’ bre bb Proper rti)eiei gt 

Halpin-Tsai 

/ 

30.00 

20.80 G
P
a
 

Fi
t 

18.0   \ 

j
t
 
d
t
 

a
 

dn 
a
 

d
d
 

dn 
d
C
 
a
d
 
d
d
 

dk
 t
d
 

Zl
 

h
i
g
t
s
e
s
t
i
t
p
e
p
y
 

tl 
p
p
y
 

p
p
 

y
y
 

p
y
 

fl 
p
y
 

y 
py 

p
p
 

y
y
 

yy 
f 

y 
y 

yg 
gy 

yg 
5 

yg 
y
y
 

      0.20 PTrrrPrrrrryprrrrorrprerpryrrrrrrerrprryperrrrererdre 

0.00 0.12 0.20 0. 30 0.40 

fiber vol. fraction 

Figure 10. Axial Modulus vs Fiber Volume Fraction (theory I/d=60): Comparison of predicted 
E,, values for various theories in an copper/epoxy material with aspect ratio of 60 as 
a function of fiber volume fraction. 
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Figure 11. Axial Modulus vs Fiber Volume Fraction (theory I/d=100): Comparison of predicted 
£1, values for various theories in an copper/epoxy material with aspect ratio of 100 as 
a function of fiber volume fraction. 
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Figure 15. Axial Poisson Ratio vs Fiber Volume Fraction: Comparison of predicted v2, values for 
various theories in an steel/epoxy material as a function of fiber volume fraction. 
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by Johnson and Birt [42]. 
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Figure 18. Axial Modulus Comparison MMC (15%): Comparison of £1, obtained by Johnson and 
Birt [42] experimentally and the current theory for a MMC v;= 15% as a function of 
plate thickness. 
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Figure 22. Axial Modulus vs Fiber Volume Fraction (BMC): Plot of Ey, as a function of fiber vol- 
ume fraction for different aspect ratios in a glass/HMU graphite composite. 
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Figure 23. Transverse Modulus vs Fiber Volume Fraction (BMC): Plot of E22 as a function of fiber 
volume fraction for different aspect ratios in a glass/HMU graphite composite. 
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Figure 24. Shear Modulus vs Fiber Volume Fraction (BMC): Axial shear modulus as a function 
of fiber volume fraction for different aspect ratios in a glass/HMU graphite composite. 
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Figure 26. Transverse Poisson Ratio vs Fiber Volume Fraction (BMC): Piot of vg3 as a function 
of fiber volume fraction for different aspect ratios in a glass/HMU graphite composite. 
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Figure 27. Axial Modulus Degradation: Figure depicting the degradation of a normalized £,, as 
a function of fiber aspect ratio in a E-glass/epoxy composite for three fiber volume 
fractions. 
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Figure 28. Shear Modulus Degradation: Figure depicting the degradation of a normalized Gy as 
a function of fiber aspect ratio in a E-glass/epoxy composite for three fiber volume 
fractions. 
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Figure 29. Axial Poisson Ratio Degradation: Figure depicting the degradation of a normalized 
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Figure '6, Superposition Technique: Figure depicting the superposition of the far-field solution 
on the fiber end solution to obtain the full field solution to the finite length fiber prob- 
lem. 
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Figure 31. Annular Ring Model: Illustration of a composite containing a fiber fracture that 
propagates a crack into the matrix which can adequately be represented by an annular 
ring problem.
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Figure (7. Elemental Force Balance: Drawing depicting the force balance in a composite ele- 
ment generated by the applied near field traction Pp due to a fiber fracture. 
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Figure 34. Annular Ring Model of Variable Fiber Spacing: Ilustration of a composite containing 
an eccentrically located fiber and a fractured fiber which is modeled as an annular ring 
problem. 
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Figure 36. Strain Concentration vs Position (large crack; 15%): Comparison of strain concen- 
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Figure 40. Strain Concentration vs Fiber Volume Fraction: Plot depicting the functional depend- 
ence of the maximum, minimum, and average strain concentration (z=0 and 7, = rs) 
on fiber volume fraction for an glass/epoxy system. 
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Figure 41. Stress vs Position (PMC): Plot of normalized stress versus normalized radial distance 
for axial stress (20) and absolute value of shear stress (z= 1/A) in a glass/epoxy 
composite where v; = 0.65 and r¢ = f7. 
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Figure 43. Strain Concentration vs Crack Size: Figure depicting the variation of average strain 
concentration (z=0 and r, = ry) on an adjacent fiber as a function of normalized crack 
radius for three fiber volume fractions in a glass/epoxy composite. 
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Figure 44. Strain Concentration vs Stiffness Ratio (large crack): Plot of average strain concen- 
tration on an adjacent fiber (z=0 and r,=r,) versus fiber/matrix stiffness ratio for 
three fiber volume fractions. 
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Figure 45. Strain Concentration vs Fractured Fibers: Figure representing the influence of the 
number of fractured fibers on the largest average strain in a glass/epoxy system for 
two different fiber volume fractions and crack radiuses. 
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Strain Concentration vs Eccentricity Parameter (experimental): Comparison of strain 
concentration values (z=0 at distinct values of r) obtained experimentally and the- 
oretically as a function of the eccentricity parameter for two different crack sizes. The 
experimental data in this figure is represented by the hollow symbols. 
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Figure 47. Strain Concentration vs Eccentricity Parameter (20%): Figure displaying the func- 

tional dependence of strain concentration (z=0 and distinct values of r) on eccentricity 
parameter » for a glass/epoxy composite v; = 0.20 for two different crack sizes and 
locations. 
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Strain Concentration vs Eccentricity Parameter (65%): Figure displaying the func- 
tional dependence of strain concentration (z=0 and distinct values of r) on eccentricity 
parameter » for a glass/epoxy composite v; = 0.65 for two different crack sizes and 
locations. 
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Figure 49. Strain Concentration vs Fiber Volume Fraction (eccentricity): Plot depicting the the 
functional dependence of strain concentration (Z=0, r =r. , andfe = Fr) On fiber volume 
fraction for a glass/epoxy system for three different eccentricity parameters. 
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Model Composite Drawing: _ Illustration of the model composite with embedded strain 
sensors and their respective locations. 
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Figure 51. Embedded Sensors: Photograph of the internal strain sensors and the structural fi- 

bers placed in the mold during the manufacturing process. 
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Figure 52. Model Composite Photograph: Typical photograph of a manufactured model com- 

posite containing internal strain sensors. 
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Figure 53. Internal Sensor Validation: Comparison of strain measurements obtained from an 
external strain patch, an internal strain gauge, and a fiber optic strain sensor to a 
theoretical prediction from a CCM model. 
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Figure 54. Strain vs Temperature: Strain temperature plot generated from data obtained with 
embedded resistance gauges for a single and three fiber model composite. 
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Figure 55. Stress vs Strain: Stress strain plot using the data obtained form embedded resist- 
ance gauges for a short fiber composite with the transient gauge at x=4.8 mm. 

176



  
Figure 56. Stress Redistribution (single fiber system): Representative picture of the stress re- 

distribution caused by a fiber fracture in a single fiber model composite. 
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Figure 57. Small Crack Size: Photograph depicting crack arrest at the fractured fiber matrix 

interphase (r, = ry). 
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Figure 58. Stress Redistribution (small crack; 15%): Representative photograph of the stress 

redistribution in a model composite due to a fiber fracture (r, =r, and v; = 0.15). 
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Figure 59. Stress Redistribution (small crack; 20%): Representative photograph of the stress 

redistribution in a model composite due to a fiber fracture (r. = ry and vy = 0.20). 
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Figure 60. Large Crack Size: Photograph depicting crack arrest at the adjacent fiber matrix 

interphase (rc = Fa). 
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Figure 61. Stress Redistribution (large crack): Representative photograph of the stress redis- 

tribution in a model composite due a to fiber fracture (r- =r, and v7 = 0.15). 

182



4
2
-
 

_—
" 

e
d
.
 

"C
O 

Bi
de

n.
 

—_ 
—-
~ 
a
 

eC
. 

¢
 

| 
1 

hi 

  
Figure 62. Stress Redistribution (six fiber system): Representative figure of a six fiber model 

composite containing a single fiber fracture (re =r). 
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Figure 63. Stress Redistribution (two fiber fractures): Representative figure of a six fiber model composite containing two fiber fractures (Fe = 4). 

184



  
Figure 64. Stress Redistribution (four fiber fractures): Representative figure of a six fiber model 

composite containing four fiber fractures (r- = r,). 
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Figure 65. Stress Redistribution (variable fiber spacing): Representative figure depicting the 

stress redistribution around a fiber fracture in a model composite containing variable 
fiber spacing. 
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Figure 66. Interphase Coatings: Picture depicting composites manufactured with interphases. 

The composite on the right depicts an epoxide coated fibers system (fiber on extreme 
right in this composite has a different amount of hardener added to the epoxide), while 
the composite on the left depicts a BMI coated fiber system. 
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Figure 67. Stress Redistribution (PES coating): Representative illustration of the stress redis- 

tribution around a fiber fracture in a model composite containing fibers coated with 
PES. 
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Figure 68. Stress Redistribution PES (stair-casing): Representative illustration of the stress re- 

distribution in a model composite containing with PES coated fibers depicting the ev- 
olution of stair-casing fiber fractures. 
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Figure 69. Stress Redistribution PES (stair-casing): Representative illustration of the stress re- 

distribution in a model composite containing with PES coated fibers depicting the ev- 
olution of stair-casing fiber fractures. 
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Figure 70. Stress Redistribution PES (stair-casing): Representative illustration of the stress re- 

distribution in a model composite containing with PES coated fibers depicting the ev- 
olution of stair-casing fiber fractures. 
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Table 1. Mechanical properties of the polymeric matrix composite constituents used in the the- 
oretical calculations. 

  

  

  

  

  

    

Material | Tensile modulus | Shear modulus | Poisson’s ratio 

E (GPa) G_ (GPa) Vv 
11 12 12 

Epoxy 25 0938 | 0.35 

Epon 828 3.2 1.20 0.35 

Steel 190.0 73.07 0.30 

Copper 105.0 40.38 0.30 

E-glass 71.2 29.20 0.22         
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Table 2. Measured fiber orientations from the experimental data of Kacir et al [41] for a 50% 
volume fraction E-glass fiber in epon-828 matrix. 

  

  

  

    

fiber composite 

angle a b Cc d e f g h 

He 

percent of fibers at + a in composite 

0 3.2 18.2 25.0 15.3 25.4 37.7 27.9 37.0 

5 7.1 17.0 28.7 9.1 07 6.7 21.3 20.0 

10 8.0 23.3 24.3 13.4 16.5 20.1 26.3 24.4 

15 14.3 15.7 8.1 16.2 16.5 190 10.7 10.0 

20 64 57 45 76 73 44 #454 39 

25 7.2 3.8 2.5 3.8 3.3 2.6 3.3 1.6 

30 5.6 6.2 1.9 3.6 5.6 1.9 2.0 1.3 

35 5.6 1.3 0.6 6.6 2.0 1.1 0.7 0.3 

40 5.6 3.8 0.6 3.6 2.8 1.3 0.7 0.3 

50 9.5 0.6 1.9 6.6 7.3 0.2 0.8 0.3 

60 6.2 1.9 0.0 3.5 2.4 0.9 0.2 0.3 

70 6.2 0.6 0.6 1.9 1.2 0.9 0.4 0.3 

80 10.3 1.3 0.0 1.9 1.2 1.5 0.0 0.0 

90 4.8 0.6 1.3 1.9 0.8 1.1 0.3 0.3   
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Table 3. Comparison of the experimental data of Kacir et al [41] with the current theory for a 50 
percent fiber volume fraction epon-828/E-glass composite. 

  

  

  

  

  

  

  

  

    

Composite Aspect ratio E exp. E , theory 

(GPa) (GPa) 

a 136 20.6 21.03 

b 136 29.5 30.13 

Cc 136 32.5 32.47 

d 53 23.6 24.61 

e 93 26.8 26.41 

f 53 29.4 29.44 

g 53 30.3 30.13 

h 53 30.6 30.68         
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Table 4. Mechanical properties of the metal matrix composite constituents used in the theoretical 
calculations. 

  

  

  

  

  

    

Material | Tensile modulus | Shear modulus | Poisson’s ratio 

E (GPa) G_ (GPa) n 
11 12 12 

2009 Al. 72.0 27.0 0.320 

.15 debris(.03) 77.2 27.9 0.315 

.30 debris(.08) 84.2 29.1 0.308 

SiC (W) 483.0 206.4 0.170 

SiC (nicalon) 193.06 83.9 0.150         
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Table 5. Mechanical properties of the brittle matrix composite constituents used in the theoretical 
calculations. 

  

Material Tensile modulus Tranverse modulus Shear modulus Poisson’s ratio Poisson's ratio 

  

    
E, (GPa) | E.5 (GPa) G, o(Gpa) Vio. Vong 

Borosilcate glass | 62.70 62.70 26.14 0.20 0.20 

HMU graphite | 358 54 10.34 14.41 0.26 0.36           
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Table 6. Mechanical properties determined for the PLM-9 matrix and published for the 
borosilicate glass rods used in the theoretical calculations. 

  

  

    

Material Young's Modulus |Poisson’s Ratio | Thermal Coefficient | Tensile Strength 

E Vv oO Oo 

(GPa) 1/deg C (MPa) 

7740 glass 62.7 0.20 3.25E-6 

PLM-9 epoxy 3.3 0.36 70.0E-6 90.0         
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Table 7. Mechanical properties experimentally determined and theoretically predicted for model 
composites containing single and three continuous fiber systems. 

  

  

    

7740-Glass E E oO Oo 11 

PLM-9 "1 m m 

Fiber Vol. Fract.| (GPa) Exp. (GPa)CCM | 1/degCExp. | 1/degC CCM 

0.0187 3.5 4.4 44.5E-6 52.7E-6 

0.0561 5.6 6.6 25.4E-6 35.6E-6         
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