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(ABSTRACT) 

Wing structures often contain nonlinearities which affect their aeroelastic be- 

havior and performance characteristics. Aerodynamic flows at transonic Mach num- 

bers generate nonlinear aerodynamic forces on the wing affecting the aeroelastic 

response of the wing. Analysis techniques accounting for these structural and aero- 

dynamic nonlinearities, and an understanding of their potential influence on the flutter 

mechanism of two-dimensional and three-dimensional wing-structures model are the 

main objective of this study. 

Two different catagories of structural nonlinearities, i.e. (i) distributed nonlinerity 

and (ii) concentrated nonlinearity , are considered. The concentrated nonlinearities 

are mathematically modeled using Asymptotic Expansion method which based on on 

the Krylov - Bogoliubov - Mitropolski technique. The effective stiffness coefficient of 

a nonlinear element is defined as the ratio of the amplitude of the Fourier series ex- 

pansion of the load and the amplitude of the displacement of that element. The ef- 

fects of distributed nonlinearities on the aeroelastic characteristic of 

three-dimensional wing model are also investigated. The influences of this type of 

nonlinearity is treated in a quasi-nonlinear approach , which allows the variation of



the the natural frequencies and damping factor of the structure model with respect to 

the amplitude of the motion. 

The transonic aerodynamic pressure distributions have been obtained by solv- 

ing the unsteady Transonic Small Disturbance ( TSD ) flow equation using finite- 

difference techniques. An Alternating Direction Implicit ( ADI ) algorithm was used for 

two-dimensional flow model, and an Approximate Factorization ( AF ) algorithm was 

used for three-dimensional flow model. The finite-state generalized aerodynamic 

forces used in the aeroelastic analysis have been calculated by employing the 

Method of Harmonic Oscillation and the Pulse Transfer Function analysis. 

The solution of the aeroelastic equation in frequency domain is obtained by re- 

presenting the equation in a finite-state form through the modal approach using 

Lagrange’s equation. The flutter boundary is obtained by solving this equation using 

the classical U-g method and root locus analysis. 

Flutter analysis of a two degree-of-freedom , two-dimensional typical wing 

sections with nonlinear torsional springs are studied. The aeroelastic responses of 

the system are obtained by integrating the nonlinear structural terms and aerodyna- 

mic terms simultaneously using Newmark - B and Wilson -@ methods. Flutter re- 

sults obtained from both time integration and eigenvalue solutions are compared. 

These two results, in general, are in agreement. Flutter behavior of a simple three- 

dimensional swept wing model is also investigated. Comparison of the flutter 

boundary obtained by using the eigenvalue solution with flutter data from wind-tunnel 

experiments are made.



Acknowledgements 

| would like to thank the members of my committee for their support, encour- 

agement and criticism. | especially thank Dr. R. K. Kapania and Dr. B. Grossman for 

patiently providing guidance and allowing me the freedom to pursue my own postu- 

lates and make and correct my own mistakes. 

A very special thanks to Ken, Josh and Michael, without whose moral support | would 

have been unable to finish my engineering study. A special note of thanks to my 

colleagues, who shared their knowledge, time and humor to aid me. 

| dedicate this small work to my dear father, for his friendship and dreams, tat tad 

evavagaccha tvam mama tejomSasambhavam (surely it reflects a small portion of 

my glory). 

Acknowledgements iv



Table of Contents 

Introduction 2... cc ccc cece eee tee eee mete eee eee tee e ee ee terete ee neeenee 1 

Aeroelastic Equations of Motion 2.0... ... 0 ccc cece eee ee eee eee eee ee enes ». 16 

2.1 Airfoil section 22... ee ee ee eee ete een nes 17 

2.2 Three-dimensional Wing ........ 0... cee ee eee eee ee eee eee eas 23 

Aerodynamic Model ...... cc ccc cece eee e eee eee eee eee etree seta eeneeeens 31 

3.1 OVEMVIEW 26. ee eee eee eee eee eee tenes 32 

3.2 Transonic Small Disturbance (TSD ) equation ......... 0... 0.0. cee ee eee 36 

3.2.1 The boundary conditionS ........ ccc eee ee eee ee eee tees 40 

3.2.2 The coordinate transformation ........ 0. ee eee eee ee ee tee eee 42 

3.3 Viscous effects 2... 0... ee ee ee ee eee eee eee enews 47 

3.3.1 The lag- entrainment method .......... cece ee ee eee ete 49 

3.3.2 The Viscous ramp method .........c cen cece eens See eee eee eee 50 

3.4 Alternating direction implicit algorithm ........... 0... cc cece eee eee 52 

3.9 Approximate factorization algorithm ......... cee ee ee ee ee ee eee 61 

3.6 Generalized aerodynamic forces calculation ........ 0... 0 cc eee ees 73 

Table of Contents v



3.6.2 The pulse transfer function method ........... cece ee eee newer 78 

Structural Nonlinearity Model ........ccccccccccccccecrececrecreceecseesene 102 

41 Overview 2.0... ee eee ee ee ne eee eee eee eee 103 

4.2 Asymptotic expansion method for a concentrated nonlinearity ............... 108 

4.3 Systems with a distributed nonlinearity ........ 0... ec eee ee eee 121 

4.4 Aeroelastic equations with concentrated nonlinearities ...............0006- 123 

4.4.1 Two-dimensional airfoil section model ........... 0. eee ee eee eee 123 

4.4.2 Three - dimensional structural mode! .......... ccc eee eee c eevee 126 

Solutions of the Aeroelastic Equations ....... ccc cece etree creer eee e ee eeeeaee 138 

5.1 OVErVIOW 2... ee eet eee tee eee eee eee 139 

5.2 Time marching solutions ........ 0... ee ee eee eee eens 140 

5.3 Solutions in frequency domain ......... 0... ccc ee ee eee nes 143 

5.3.1 The U-g method ....... cc cee et eee eens 145 

5.3.2 The root-locus method .......... cc cee eee ee ee eee eee 146 

5.4 Results for two-dimensional airfoil section wing model .................... 149 

5.4.1 Airfoil with linear Spring .......... ee ee ee ee eee ee ees 149 

5.4.2 Airfoil with nonlinear spring ......... cc cece eee ee eee Leeees 151 

5.5 Results for three-dimensional wing model ............ 0.00. eee eee ees 155 

5.5.1 System with linear springS ......... cee eee ee eee ee eee 157 

5.5.2 System with distributed nonlinearity ............ cc ee eee eee eee 159 

5.5.3 System with concentrated nonlinearity ........ 0... eee eee ee ee 161 

CONCIUSIONS 2... . ccc ee cee ee ee eee ee ee eee eee eee ee eee ete ee eee eee tees 179 

Table of Contents vi



References 2... cece ccc rect creer ners erect cere ee seeseeenesees cece ee neees 182 

Appendix A .......c0008 Poet cc mee ete m etree enema anne secre eserecness 192 

Appendix Bo... ccc ccc nc cee rec r ee reece eee eee e nee n eee e near eee eee ene eeees 195 

Vita ccc cee cere eee tere e eee eet eee esaeneees See eee tere ee nee 201 

Table of Contents vii



List of Illustrations 

Figure 2.1.1. Two-dimensional airfoil section wing model ............-0.4.: 30 

Figure 3.1.1. Typical structure of a transonic flow over lifting body .......... 84 

Figure 3.2.1. Regions in airfoil section for coordinate transformation ......... 84 

Figure 3.2.2. Grid-system for two-dimensional flow calculation ............. 85 

Figure 3.2.3. Physical and computational plane of tapered wing ............ 86 

Figure 3.2.4. The chordwise and spanwise variations of the metrics ......... 86 

Figure 3.2.5. Grid-system for three-dimensional flow calculation ............ 88 

Figure 3.3.1. Viscous ramp geometry ....... 0. cee eee eee eee eee tenes 89 

Figure 3.4.1. NACA64A006 airfoil with oscillating trailing edge flap .......... 89 

Figure 3.4.2. Usteady upper surface pressure distribution of NACA64A006 .... 90 

Figure 3.4.3. Time history of the upper surface pressure distribution of 
NACA64A006 airfoil ( general frequency TSD approximation) ...... 91 

Figure 3.4.4. Time history of the upper surface pressure distribution of 
NACA64A006 airfoil ( low frequency TSD approximation) ......... 92 

Figure 3.5.1. Approximate factorization ( AF ) scheme for unsteady flow ...... 93 

Figure 3.5.2. Plan view of F-5 wing geometry ........ 2c eee ee eee rece enes 93 

Figure 3.5.3. Streamwise steady pressure distribution for F-5 wing at M = 0.80 94 

Figure 3.5.4. Streamwise steady pressure distribution for F-5 wing at M = 0.95 95 

Figure 3.5.5. Convergence history of steady flow calculation for F-5 wing ..... 96 

Figure 3.6.1. Harmonic aerodynamic response of NACA64A006 airfoil ........ 97 

List of Illustrations viii



Figure 

Figure 

Figure 

Figure 

Figure 

Figure 

Figure 

Figure 

Figure 

Figure 

Figure 

Figure 

Figure 

Figure 

Figure 

Figure 

Figure 

Figure 

Figure 

Figure 

Figure 

Figure 

Figure 

Figure 

3.6.2. Variation of phase angle with reduced frequency ...........-- 97 

3.6.3. Variation of lift coefficient with reduced frequency ............. 98 

3.6.4. Comparison of the lift coefficient obtained using harmonic oscil- 
lation method and indicial Method ........... cee ee ee eee 98 

3.6.5. Smoothly varying exponentially shaped pulse .............02- 99 

3.6.6. Steady upper surface pressure distribution over 45-degree swept 
0 6 rr 99 

3.6.7. The aerodynamic response of 45-degree swept wing ......... 100 

3.6.8. Generalized aerodynamic coefficient, A12 ...... see eee 100 

3.6.9. Generalized aerodynamic coefficient, A22 ............0008- 101 

4.1.1. Load-displacement relationship for freeplay nonlinearity ....... 131 

4.1.2. Load-displacement relationship for preload nonlinearity ....... 131 

4.1.3. Load-displacement relationship for hysteresis nonlinearity ..... 132 

4.1.4. Load-displacement relationship for cubic nonlinearity ......... 132 

4.2.1. Effective stiffness coefficient of spring with preload nonlinearity . 133 

4.2.2. Comparison of the first and second order solution for the effective 
Stiffness coefficients 2... . 0... cc et ee te tte ee tens 134 

4.2.3. Effective stiffness coefficient of spring with freeplay nonlinearity . 134 

4.3.1. Variation of natural frequency with motion amplitude ......... 135 

4.3.2. Variation of damping coefficient motion amplitude ............ 136 

4.4.1. Three-dimensional elastic wing model .............000000: 137 

5.4.1. Effect of mass density ratio on flutter speed of an airfoil ....... 164 

5.4.2. Effect of mass density ratio on flutter reduced frequency of an 
FT (0) | 164 

5.4.3. Unstable pitching response of NACA64A006 airfoil ........... 165 

5.4.4. Stable pitching response of NACA64A006 airfoil .......... .... 165 

5.4.5. Neutrally stable pitching response of NACA64A006 airfoil ...... 166 

5.4.6. Effect of preload nonlinearity on flutter reduced frequency ..... 166 

List of Illustrations ix



Figure 5.4.7. Comparison of the first and second order flutter solution ...... 167 

Figure 5.4.8. Effect of freeplay nonlinearity on flutter reduced frequency ..... 167 

Figure 5.4.9. Effect of preload nonlinearity on airfoil pitching response ...... 168 

Figure 5.4.10. Effect of structural nonlinerities on the mass density flutter 
boundary of an airfoil 2.2... . ke te ee ete eee eens 169 

Figure 5.5.1. Plan view of WEAK3 swept wing geometry ........00ee wees 169 

Figure 5.5.2. Oblique projections of four wing mode shapes .............+. 171 

Figure 5.5.3. Generalized unsteady aerodynamic forces for swept wing ..... 173 

Figure 5.5.4. Root loci plot of nondimensional dynamic pressure ........... 174 

Figure 5.5.5. Plot of structural damping versus dynamic pressure .......... 174 

Figure 5.5.6. Flutter boundary for WEAK3 wing model ................08. 175 

Figure 5.5.7. Effect of distributed nonlinearity on the flutter dynamic pressure of 
awing Structure .. ce te ete ee tee eee es 175 

Figure 5.5.8. Variation of the flutter dynamic pressure with uncoupled torsion 
FrEQUENCY 22. cc ce ee ete eee eee eee tee ees 176 

Figure 5.5.9. Flutter boundary of wing with nonlinear torsional spring ....... 177 

Figure 5.5.10. Effect of preload nonlinerity on wing flutter boundary ........ 178 

List of Illustrations x



Chapter 1 

Introduction 

Under certain conditions, parts of an aircraft structure such as the wing or the 

horizontal tail surface can experience an excessive unstable oscillation. This so- 

called ‘flutter’ phenomenon, is an aeroelastic problem which is governed by the mu- 

tual interaction of elastic and inertial forces of the structure and the unsteady 

aerodynamic forces induced by the oscillation of the part of the aircraft structure it- 

self, Refs. 1-4. As is the case in many other forced vibration phenomena of elastic 

systems, several vibration modes may be involved ( for instance the first bending and 

first torsion modes of the wing ). These modes interact with each other under the 

influence of the oscillating aerodynamic forces. In such a case, the vibrating struc- 

ture begins to extract energy from the surrounding airstream which leads to a pro- 

gressive increase in the oscillation amplitude. This generally results in structural 

damage and failure. 
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Since aerodynamic forces increase as the free-stream velocity increases, 

whereas the elastic and inertial forces for a given structure configuration remain al- 

most constant during the oscillation, usually there exists a minimum flight speed 

above which the flutter phenomenon occurs. The ability to predict this minimum 

value, termed as ‘flutter speed’ and the stability boundary of the structure, termed as 

‘flutter boundary’ , are of great importance in aircraft structural design. Conventional 

design practice required that this flutter boundary of the structure be outside the flight 

envelope by a margin of at least 15 percent in equivalent airspeed. Therefore, a 

correct understanding of the flutter ( aeroelastic ) characteristics of the structure is 

important for safety reasons as well as for the overall performance of the aircraft. 

For many years, flutter analysis has been performed based on linearized aero- 

dynamic and structural theories, which assume that both the structure and aero- 

dynamics properties of the system are independent of the amplitude of the structural 

response, Refs. 5-9. This assumption allows the use of linear structural and aero- 

dynamic models and the utilization of the superposition principle. In many cases, this 

linear approximation has been validated by comparison with the experimental data 

and is found to give results that are sufficiently accurate for some design purposes, 

as shown in Ref. 9. For example, in flutter analysis of elastic wing structures in 

subsonic and supersonic free-stream Mach numbers, the linear lifting-surface theo- 

ries such as the Doublet-Lattice method, Kernel function methods or Theodorsen 

theory will give an adequate prediction of the unsteady aerodynamic loads, Refs. 

10-12. The nearly linear behavior of the aerodynamic flows over thin wings at small 

angles of incidence in subsonic and supersonic flight regime make it possible for the 

prediction of the unsteady aerodynamic loads by linear theory or theoretical means 

which are well developed for this flight speed regime. 
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For transonic flight regimes, however, because of the mixed subsonic-supersonic 

pattern of the flows, the theoretical means for unsteady aerodynamic load prediction 

are less developed. The airloads calculation for aeroelastic analysis are mainly 

based on the expensive numerical solution or the wind-tunnel experiments, Refs. 

13-15. This is unfortunate since experience has shown that transonic flow conditions 

are the most critical region for aeroelastic analysis . The main reason for this is the 

rather unique behavior of the unsteady aerodynamic forces at transonic flow regime, 

especially in the case of transonic flow with strong embedded shocks. This is re- 

flected by an interesting behavior called ‘flutter dip’ , a region in which the flutter 

speed gradually drops to a minimum in the transonic speed range followed by a rapid 

upward rise. 

An explanation for this behavior is that the airloads on the oscillating structure 

change drastically when the flight Mach number increases through the transonic 

range. The linearized aerodynamic theory could not predict this drastic change. In 

this transonic flow regime, the physics of the flow must be described by a nonlinear 

or system of nonlinear equations in which several parameter that are not included in 

the linearized transonic theory, such as : the wing thickness, wing camber, angle of 

incidence and the amplitude of the oscillation, have to be taken into account. 

Ashley, in Ref. 16 , concluded that the dominant factor in the generation of this 

peculiar behavior of the aerodynamic load is the involvement of the shock waves 

which are moving along the wing surface and their interaction with the boundary 

layer. This shock-wave boundary-layer interaction phenomenon occurs because a 

very small decrease in the boundary layer displacement, causes a reduced shock 

pressure rise across the shock and hence an upstream movement of the shock. This 
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shock-wave movement creates an important phase-lag between the wing oscillation 

and the aerodynamic response to this oscillation leading to changes in the pressure 

distribution over the wing surface. 

This explanation was supported by the wind-tunnel investigation done by Farmer 

and Hanson, Ref. 17 , on two swept wing models with identical dynamic properties 

but different thickness distribution properties ( one being a conventional wing and the 

other being a supercritical wing ), in which a pronounced transonic dip was observed 

on both of the wings at the transonic free stream velocities. This experiment also 

shows that the aeroelastic behavior of wing structures is highly dependent on the 

wing profile ( shapes and thickness distribution ), with a supercritical wing having a 

minimum flutter dynamic pressure as much as 30 % below that of the conventional 

wing. This result is in contrast to the results obtained from the calculation using 

linearized aerodynamic theories, in which the flutter of both wing models is inde- 

pendent of the thickness distribution. During the experiments, it was shown that this 

difference can be attributed to shock waves observed on the surface of the conven- 

tional wing configuration. 

Interest in the transonic flight regime began from the need for a new military 

aircraft design. It was started with the development of modern high-performance 

military aircrafts for supersonic operations for which the transonic speed range was 

the transition phase that has to be passed safely without excessive drag rise and 

without being aeroelastically unstable. Then came the new generation of the ‘air- 

combat fighter’ aircraft, such as F-14, F-15, F-16, and F-17 fighter planes, which have 

optimal maneuverability under transonic flow conditions. In relation to the commer- 

cial aircraft design, the interest arose from the need to find a concept which makes 
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it possible to cruise at transonic speeds without having the drag penalty induced by 

the shock wave movements. 

Inspired by this renewed interest in transonic flight, a large number of efforts are 

being made to solve the unsteady transonic flow equations along with its use in the 

transonic aeroelastic analysis. In the last 15 years , there has been a remarkable 

improvement in computational transonic aerodynamic capability. This has resulted 

from the continuing availability of larger, faster computers and from the rapid ad- 

vances made in the development of numerical methods. 

The Navier-Stokes equations are accepted as the governing equation for most 

of fluid dynamic phenomena of interest. These equations are capable of presenting 

mathematically the physical phenomena encountered in transonic flows, including 

mixed subsonic-supersonic pattern, shock waves, boundary layers and separation. 

They also apply to turbulence, a random, dissipative, three - dimensional phenome- 

non that involves many characteristic scales. For practical reasons, in the numerical 

solution of these equations, not all of the resolution of these scales are permitted, and 

some type of averaging must be used. The most commonly used is the Reynolds 

time - averaging procedure in which the equations are averaged over a time interval 

that is long compare with turbulent eddy fluctuations, but small compared with mi- 

croscopic change in the flow field. This process introduces new terms, called 

‘Reynold-stresses’ , which represent the time-average transport of turbulent mo- 

mentum and energy. 

The Euler equations, that are the exact equation for an inviscid flow , result from 

neglecting all viscous and heat-conduction terms in the Navier-Stokes equations. The 
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Euler equations are used when the inviscid effects dominate the viscous effects and 

the flows are highly rotational, for example flows with strong shock waves. 

The full potential equation is obtained from the Euler equation under the as- 

sumptions of irrotational, isentropic flow. The main advantage of this assumption is 

that it allows the introduction of a single velocity potential, ® , instead of three ve- 

locity components. The governing equation for an unsteady potential flow are usually 

developed from the mass conservation equation, with the density obtained through 

the Bernoulli's equation and the velocity potential definition. The full potential 

equation is a non-linear, second-order partial differential equation in space and time, 

and similar to the Euler and Navier - Stokes solutions, its numerical solution requires 

the implementation of the tangency boundary condition on the body surface. Thus , 

for unsteady flows, the finite-difference solution requires the use of a time dependent, 

body conforming grid system, which adds to the overall complexity and computa- 

tional efforts of the problem. Consequently a simpler form of the full potential 

equation, the transonic small disturbance equation, is often utilized. 

The transonic small disturbance equation is derived by assuming that the per- 

turbation of the flow from the free stream values are small and that the free stream 

Mach number is close to unity. With these assumptions the velocity components of 

the flow can be expressed in term of a perturbation velocity potential, @. The result- 

ing governing equation is also a non-linear, second - order partial differential 

equation in space and time, Ref. 18. However, consistent with the small disturbance 

approximation, the surface boundary conditions are applied on the mean body sur- 

face, so that a steady grid can be used, even for oscillating surfaces. This formulation 

is useful for thin wings at small angles of incidence. 
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By the mid 1970’s unsteady transonic flow solutions became available. The 

computational aerodynamics for unsteady transonic flows can be classified based on 

the type of equations used and complexity of the configuration considered. These 

solutions, in general, follow two distinct approaches, Ref. 19, 

1. Methods in which the nonlinear mean steady flow solution and the imposed 

linearized unsteady ( consisting of a time-dependent perturbation of small ampli- 

tude ) solution are obtained separately. The solution by Ehlers, Ref. 20, Traci, 

Albano, and Farr, Ref. 21 , and Cunningham, Ref. 22 , are examples of this kind 

of approach. These approaches are only valid when the amplitude of the motion 

is very small and all shock waves are very weak. This engineering-type approach 

can give solutions for a very limited application in transonic flows. 

2. Methods in which the steady and unsteady flow field are treated simultaneously, 

where nonlinear unsteady flow equations are solved. Finite-difference or finite- 

volume methods are generally used. Almost all the well known unsteady 

transonic analyses, such as the pioneering works by Isogai, Ref. 23 , Magnus and 

Yoshihara, Ref. 24 , Ballhaus and Goorjian, Ref. 25 , and many others, follow this 

approach. 

The second approach needs much more computational resources ( time and stor- 

age ) since a large number of parameters, such as : reduced frequency, Mach num- 

ber, amplitude of the motion, etc. , must be taken into account in the solution. But, it 

can be applied for more general problems, such as for flows with strong shock 

Waves. 

Introduction 7



Early research in computational transonic aerodynamic and aeroelastic analysis 

has been highly focused on the development of finite difference algorithms for the 

solution of the transonic small disturbance, Refs. 25-32 , and full potential, Refs. 

23,33-36 , equations, although some work are already begun for the higher level 

equations, Refs. 24,37,38 . Pioneering steady transonic flow algorithms were devel- 

oped by Murman and Cole, Ref. 32 , for the small disturbance equation and by 

Jameson , Ref. 33 , for full potential equation. In the same period, methods were 

developed for Euler equation solution with shock fitting by Grossman and Moretti, 

Ref. 39 , and for Euler solution with captured shock using artificial viscosity method 

by Magnus and Yoshihara, Ref. 24 . 

The computational methods of Ballhaus and Lomax, Ref. 26 , and Ballhaus and 

Goorjian, Ref. 25 , which made use of the small disturbance flow equation, had an 

important impact on this field. They incorporated a low - frequency approximation, 

which, along with the introduction of implicit finite difference methods, enabled eco- 

nomical two-dimensional unsteady transonic flow solutions to be obtained. This ap- 

proximation is valid for the reduced frequency of the oscillation less than 0.2 which 

is too restrictive for aeroelastic application ( flutter can be found at reduced frequency 

as high as 0.5 ) . However, the low - frequency method was considerably more effi- 

cient than the Euler equation solutions of Magnus and Yoshihara, and Lerat and 

Sides, Refs. 24 and 38 , respectively. Along with the numerical development there 

was an important wind tunnel experimental investigation by Tijdeman, Ref. 40. This 

work investigated airfoil behavior including shock wave motion and pressure distrib- 

ution for a pitching airfoil in transonic flow regimes which gave a better understand- 

ing of the effect of shock wave movement in unsteady transonic flows. 
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Since then, unsteady transonic aerodynamics has undergone a rapid growth. 

Numerous researchers have studied unsteady transonic flows around airfoils using 

a number of numerical techniques that are based on inviscid and viscous equations 

which model the physics of the flows at various levels of complexity. Some investi- 

gations also had been conducted on the effects of airfoil thickness, shock-wave 

boundary-layer interaction, angle of attack, and mode shapes and frequencies of the 

structure on the transonic load. 

At present, some of the most advanced codes used for aeroelastic analysis , such 

as ATRANSS ( the NASA Ames version of XTRANSS - the Airforce/ NASA code for 

transonic aeroelastic analysis of aircraft ) , Ref. 41, and CAP-TSD ( code developed 

at NASA Langley ) , Ref. 42 , use the transonic small disturbance equation. Both of 

these codes, currently, are being used for generic research in unsteady transonic 

aerodynamic and aeroelasticity of almost complete aircraft configurations. The 

XTRANSS code is based on the Alternating Direction Implicit ( ADI ) algorithm, 

whereas the CAP-TSD code uses the Approximate Factorization ( AF ) algorithm. 

Several terms of the ADI algorithm are treated explicitly in XTRAN3S, which leads to 

a time step restriction based on numerical stability considerations. Meanwhile the 

AF formulation in CAP-TSD code has no term that has to be treated explicitly. It was 

pointed out in Ref. 42 that the unsteady and steady results using these two algo- 

rithms were nearly identical, but the AF algorithm significantly decreases the com- 

putational time and cost. 

One of the first numerical solutions of the full potential equation in unsteady 

transonic flow was done by Isogai, Ref. 23 , which solved the equation in a stretched 

cartesian coordinate system using a time marching semi-implicit finite difference 
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scheme. This scheme is similar to that being used by Ballhaus and Lomax, Ref. 26 , 

for low frequency small disturbance flow equation. From the comparison of the nu- 

merical results with the experimental results obtained by Tijdeman, it was concluded 

that the use of the full potential or transonic smal! disturbance equation must be re- 

stricted to the cases in which the embedded shock is weak. When the shock become 

strong, the entropy production through the shock can not be neglected. Some ad- 

vances in potential flow solutions can be found in the work of Sankar, et.al., Ref. 43 , 

Whitlow, et. al., Ref. 44 , and Shankar, Ref. 45. The solution algorithm presented by 

Sankar, et.al., used a strongly implicit procedure ( proposed by Stone, Ref. 46 , and 

referred as SIP ) that may be applied either as a relaxation procedure for steady flow 

problems, or as an accurate non-iterative time-marching procedure for unsteady 

flows. In Whitlow’s solution, the nonisentropic effects caused by shock waves are 

included in order to avoid the multiple flow solutions, Ref. 47. They showed that by 

modifying the isentropic density to include the effects of entropy jumps across the 

shocks, potential solutions closer to Euler solutions are obtained. Shankar imposed 

an internal Newton iteration at each time level of the approximate factorization pro- 

cedure to achieve time accuracy and computational afficiency. A similar approximate 

factorization, later on , was used by Batina, Ref. 42 , in developing CAP-TSD code. 

It is still too expensive to use code based on full potential flow equations for generic 

calculations of complete aircraft configurations. 

A code based on the Euler/Navier-Stokes equation, called ENSAERO, has also 

been developed and applied for aeroalastic analysis of a wing configuration, Ref. 48 

ENSAERO is a general-purpose aeroelastic code based on Euler/Navier-Stokes 

equations and the modal equation of motion with time accurate aeroelastic config- 

uration adaptive grids that was developed at NASA Ames. Batina, Ref. 49 , at NASA 
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Langley has also developed an Euler equation based code for aeroelastic analysis 

of aircrafts using unstructured grid. 

As mentioned earlier, viscous effects have a significant role in transonic flows. 

The presence of the shocks and their interaction with boundary layer makes the flow 

structure more complex and changes the pressure distribution over the body. 

Rizzetta, Ref. 50 , employed two methods to include these viscous effects into the 

flow calculation that are based on the inviscid flow equation, these are: a viscous 

ramp method and a lag entrainment method. This viscous corrections are imple- 

mented by modifying the inviscid surface tangency condition as well as the down- 

stream wake condition. 

The assumption of structural linearity, as previously mentioned, is frequently 

made in aeroelastic analysis. However, aircraft structures often exhibit nonlinear 

behavior that affects not only the flutter speed but also the characteristic of the flutter 

motion, Refs. 51-60. With the assumption of linear theory, for almost every structural 

configuration, the flutter dynamic pressure and flutter speed values, above which the 

structure is unstable and motion grows exponentially with time, can always be de- 

fined. As the amplitude of oscillation begins to grow, however, the extent to which 

this increase continues, depends upon the nature of the stiffness characteristic of the 

structure. If the structure exhibits nonlinear properties, where the stiffness coeffi- 

cients change with amplitude of the motion, the oscillation may increase to some 

amplitude where the structure may experience a stable limit-cycle oscillation. 

The study on the structural nonlinearity effects on the aeroelastic characteristic 

of a system goes back to the mid-fifties. Woolston, Ref. 51 , made an analog com- 

puter calculation for a two degree-of-freedom model and a three degree-of-freedom 
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model of wing structure having a concentrated nonlinearity and made a comparison 

with a wind-tunnel investigation. It was found that the existence of a preload on the 

nonlinear system has a very marked effect on the flutter speed, and the flutter speed 

could be a function of the amount of control surface deflection. It was also found that 

the flutter speed was reduced by a factor of two when freeplay was introduced into 

the system. Then Shen, Refs. 52,53 , introduced the concept of ‘equivalent linear 

system’ to approximate the actual nonlinear system by applying the simplified ver- 

sion of the method of Kryloff and Bogoliubov ( known as the method of harmonic 

balance ). The basic idea of this method is based on the assumption that a nonlinear 

element can be approximately replaced by a linear element with equivalent internal 

energy when the element is activated at equivalent amplitude level. With this as- 

sumption, the stiffness coefficient of the nonlinear element is replaced by its effective 

value. Application of the method to a two degree-of-freedom airfoil system with 

control surface was studied. 

A similar method was used by Laurenson, Ref. 55 , in the investigation of missile 

control surface structure containing structural freeplay type nonlinearities exposed to 

subsonic flow. Definition of the loads acting on the contro! surface used a linearized 

aerodynamic representation in which it was assumed that the lift force is proportional 

to and in phase with the torsional or pitch, motion. The method was expanded by 

Breitbach, Ref. 57 , for a structural system with multiple sets of strongly interacting, 

concentrated nonlinearities such as in the rudder and aileron control system. Re- 

cently, Kousen and Bendiksen, Ref. 59 , investigated the nonlinear aeroelastic be- 

havior of a two degree-of-freedom typical section airfoil having a torsional freeplay 

nonlinearity using an unsteady Euler equation solver. 
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In an attempt to improve the understanding of the nature of nonlinear transonic 

aerodynamic loads and of structural nonlinearities, an investigation is performed to 

study the aeroelastic characteristics of wing structures using both typical section 

model and three-dimensional wing models and considering both aerodynamic and 

structural nonlinearities. For the transonic aerodynamic calculations, the analysis is 

limited to attached flows over thin wings at small incidence angles resulting in weak 

shock waves and negligible boundary layer interactions. Under such circumtances 

the Transonic Small Disturbance ( TSD ) equation is indeed adequate to represent the 

physics of the flows. The transonic calculations are also limited for the flows with 

free stream Mach number less than one. 

Two types of structural nonlinearities, i.e. the concentrated one and another one 

which is distributed over the structure, are considered. The concentrated nonlinear- 

ities are treated using a mathematical model of the equivalent stiffness of the ele- 

ments, while the distributed nonlinear effects are taken into account in a 

quasi-nonlinear fashion by allowing the natural frequencies and the damping coeffi- 

cients of the wing to vary with respect to the amplitude level. These variations were 

obtained from the experiments. 

An outline of the contents of this thesis is next presented. Chapter 2 starts with 

a general derivation of the aeroelastic equation of motion for a two degree of freedom 

typical section model , which is followed by the transformation of the equation into a 

matrix form that is suitable for eigenvalue solutions in frequency domain. The 

three-dimensional wing structure is approximated using finite-state modeling. The 

aeroelastic equations of motion of the system are formulated through a modal ap- 

proach using Lagrange’s equation of motion. Because the finite-state unsteady 
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aerodynamic loads model has complex values, for the purpose of compatibility with 

the structure model, the equation of motion will be expressed in term of real matrices 

by applying Laplace transforms. The inclusion of the nonlinear spring attachment at 

the wing root will also be described. 

Chapter 3 describes the transonic small-disturbance equation that is being used 

to calculate the unsteady aerodynamic loads. It will also be shown that several al- 

ternatives exist in defining the coefficients in the governing equation. Two different 

time-integration algorithms to solve the flow equation are discussed. The first one is 

the Alternating Direction Implicit ( AD! ) algorithm. This algorithm was used for the 

two-dimensional flow solution. The second method is the Approximate Factorization 

{ AF ) algorithm which was used for the three-dimensional problems. The assess- 

ment of the accuracy, efficiency and limitations of these two finite difference schemes 

will be presented through a comparison of the results for several test cases with the 

experimental results and/or the results from other computations. A brief review of 

the models that have been developed and commonly used to roughly approximate 

viscous effects in the inviscid flow solver are described with the emphasis being 

given to two models: (i) lag - entrainment model and (ii) viscous ramp model. This 

is followed by the description of the method used to calculate the generalized aero- 

dynamic forces for use in the aeroelastic solutions, i.e. the harmonic oscillation 

method and pulse transfer function method. It will be shown that the pulse transfer 

function approach is more efficient as compared to the harmonic oscillation ap- 

proach. 

The derivation of the mathematical model of the structural spring nonlinearities 

are presented in Chapter 4. Two different categories of structural nonlinearities are 
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considered, i.e., (i) concentrated and (ii) distributed. Also two types of concentrated 

nonlinearities model are used in this investigation which are closely related to the 

nonlinearities that exist in some real structures. A survey of the kind of nonlinearities 

that exist in the aircraft structures is illustrated at the beginning of Chapter 4. 

In Chapter 5, the solution of the aeroelastic equation of motion will be explained. 

For two-dimensional problems both time integration method and eigenvalue type of 

solution techniques are used, whereas the three-dimensional problems are solved 

only using an eigenvalue type of solution. Whenever possible, numerical results are 

compared with the results obtained from the wind-tunnel experiments. 

Finally, Chapter 6 summarizes the results from previous chapters and draws 

some conclusions from this investigation. Recommendations for possible future work 

related to this study are also be given in Chapter 6. 

Introduction 15



Chapter 2 

Aeroelastic Equations of Motion 

In this chapter, the derivation of the aeroelastic equations of motion to be used 

for flutter analysis of wing structure in transonic flow will be covered. This chapter 

starts with the derivation of the aeroelastic equations using a two-dimensional typical 

section wing model, followed by finite-state approximation for three-dimensional wing 

model. Several assumptions that are being used in the derivation of the equation 

will be clearly stated. The effects of including the nonlinear behavior of the structure 

in the governing equation will be discussed. Details about the derivation of math- 

ematical models for the structure and aerodynamics will be presented in the next two 

chapters. 
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2.1 Airfoil section 

The governing equation for a two-dimensional airfoil follows from a typical wing 

model, shown in Fig. 2.1.1 . This model was devised by aeroelastic pioneers 

Theodorsen and Garrick, Ref. 61 , and is still being used by many researchers, 

seeking a system model suitable for preliminary examination of flutter and other dy- 

namic response problems. Theodorsen suggested that the dynamics of an actual 

wing structure might be simulated by choosing the properties of the typical section 

to match those at station 70 - 75 % of the semispan. Experience shows that this is 

true in the situations where the wing aspect ratio is large, the sweep angle is small 

and the sectional characteristics vary smoothly across the wing span. Of course, 

some essential features are lost, such as the effects of three-dimensional flow and 

the effect of rigid body degrees-of-freedom. Throughout this study we will consider 

only plunging and pitching motion. The definitions of various variables and sign 

convention are described in Fig. 2.1.1. 

In the following analysis, it is assumed that the airfoil section is rigid and the 

amplitude of the oscillation is small. The mean angle of attack is assumed zero in 

all cases, and there is no coupling in mechanical damping of the plunging and pitch- 

ing motion. 

Let a be the pitching displacement and h the plunging displacement of the airfoil 

section, in which h/c , with c being the airfoil chord, is assumed to be small. The 

kinetic energy of the airfoil can be written as 
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T= 

h
|
—
 

| (A +x&)? dm 

chord [2.1.1] 

mh? + Sha + + 2 
3 1 0 = 

2 

where m isthetotal mass, S, is the static unbalance of the wing about elastic axis 

and /, is the mass moment of inertia of wing about its elastic axis. The dot re- 

presents the derivatives with respect to time. If the bending and torsional spring 

have total stiffnesses K, and K, , respectively, the strain energy is given as 

V= —K,h? + —K,0° [2.1.2] A 1 
2 2 

The damping force is considered as an unconservative force which depends upon the 

velocities of the motion and is assumed to be derivable from the Rayleigh’s dissi- 

pation function, 

~ t.724 1, ;2 F= Soh? + > o,6 [2.1.3] 

where c, and c, are the damping coefficients of the bending and torsion spring, 

respectively. 

The aerodynamic lifting force, which is distributed along the airfoil surface, may be 

regarded as an unconservative force which is capable of doing positive or negative 

work on the oscillating airfoil. By assuming two-dimensional flow characteristics, one 

obtains for the virtual work 
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éw = -c on | Ap ax — c6a | Apx dx 
chord chord 

—L dh — My ba 

[2.1.4] 

where L_ is the total lift ( positive upward ), M, is pitching moment ( positive 

leading-edge-up ), and Ap is the lifting force per unit area. 

In Chapter 3 , the relationships are discussed between the aerodynamic lift force and 

moment, and the motion which causes them. Here we consider that for transonic 

flows, L and M, are nonlinear function of the displacements a , h and their time de- 

rivatives. 

When Eqs. [2.1.1], [2.1.2], [2.1.3] and [2.1.4] are gathered together into 

Lagrange’s equation, Ref. 62, 

“at (@g,) 7 $a + Sa + $a = Q, [2.1.5] 

the motion of the airfoil system is found to be governed by 

mh+S,%+¢ph+Kph = —L 

S,h + 1% +c, + Ka = M, [2.1.6] 

Introducing the following variables : 
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x, = S,/me r, = /2i,/ me 

Ch = Chl m C = ¢/me 

where kK = wc/U_ is the reduced frequency, w is the frequency of the motion , U 

is the free-stream velocity and c is the chord length, c = 2b. 

The non-dimensional form of Eq. [2.1.6] can be written as 

En + x," + Cy / KE’ + (wy [KP E = —L/mck* 

x0" + ry ao” + [kk a' + (w,6, [Ka = My/me?k? 

where the prime represents the derivative with respect to kt, the non-dimensional 

time. 

The aerodynamic forces L and M, may be expressed in term of aerodynamic coeffi- 

cients as 

L = gcC, 

M, = qceC,, 

with g = + ou is the dynamic pressure , U is the free-stream velocity, p is the 
2 

mass density of the airand C,,C, are the aerodynamic lift and moment coefficients, 

respectively. 

Substituting these expressions and rearranging, the final matrix equation of motion 

of the airfoil is 
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é” &’ g —C 

cw} + cc} + (FpatK =(—4 1 i [2.1.7] 
0” ox k at mk” (QC, 

where LM], LC] and [K] are the mass, damping and stiffness matrices, respec- 

tively, and they are defined as 

1 C, 0 
cw =| J. tele ch 

Xx Fy 0 Ca 

2 0 [kK] _ (w,/@,) 

0 r 

in which yw is the airfoil - air mass ratio, m/zpb? . 

The quantities C; and C,, are function of time. Eq. [2.1.7] is in the form suited for time 

domain solution ( aeroelastic response ) where the structure terms and the aero- 

dynamic terms are integrated simultaneously. 

In cases where the transonic flow has a very weak shock strength, the flow will 

‘not be highly nonlinear and the load superposition principle may be assumed to be 

valid. Then it is more efficient to transform Eq. [2.1.7] into a frequency domain form 

and solve it as an eigenvalue problem. 

To perform such a transformation, it is assumed that the oscillation of the airfoil is 

harmonic with frequency w and can be expressed as 

E() = ge 
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a(t) = ae” 

and using the principle of load superposition, the total lift and moment coefficients 

at any time t are given by the summation 

C, = Ee'"C, + age'"C, + Cr 

Cm = Ege "Cng + ae "Cay + Cro 

where C, and C, are the lift coefficients due to unit changes in displacement € and 

a , respectively. Similarly, C,, and C,, are the moment coefficients due to unit 

change in displacement € and a , respectively. CpoandC,. are, respectively, the 

steady lifting and moment coefficients . 

Substituting all these expression into Eq. [2.1.7], yields the matrix eigenvalue form 

of the equation : 

(Cm + CoI - Cat){ oh ~ acwa} fot [2.1.8] 

where A= -(t) and 

Cy Cy [A] =( 4 ~) me 
  

my k Ce Cra 

The solutions of both Eqs. [2.1.7] and [2.1.8] will be described in chapter 5. 
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2.2 Three-dimensional wing 

In this section we formulate the aeroelastic equation for a three-dimensional 

wing. Although the mathematical theory of distributed parameter systems has made 

rapid advances, the solution of dynamic problem of non-uniform structures system 

are still very complex. It seems more expedient, from a practical point of view, to 

approximate aeroelastic systems of aircraft structures by finite-state model, Refs. 

| 64,65 . In this approach, the continuous system ( with infinite degree of freedom ) are 

represented with a model having a finite number of degrees of freedom. For 

aeroelastic systems it includes both the structural and aerodynamic modeling. 

The theory of finite-state modeling of structures for dynamic analysis is widely used. 

The various methods of weighted residuals, finite-element techniques and variational 

techniques have all proven extremely useful for analytical modeling purposes. 

In Ref. 63 , Flannelly formulated system-identification techniques for approximating 

structures by finite-state models from experimental data. 

Meanwhile, the same progress has been made in the theory of finite-state modeling 

to approximate unsteady aerodynamic loads on aircraft structures undergoing arbi- 

trary motion. These methods often utilize oscillatory unsteady aerodynamics or 

transient aerodynamic response to construct approximate solutions for generalized 

aerodynamic forces. For example, Pade approximants were used in Refs. 5,66 , and 

a minimum state method was used in Ref. 67 to describe the unsteady aerodynamic 

loads in the complex s-plane ( Laplace plane ). 
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The addition of the resulting expression for the unsteady aerodynamic loads to the 

structural equations of motion produced a state-space matrix equations which is well 

suited for the aeroelastic analysis. The solution of this type of equation, which is re- 

presented by a finite number of the generalized coordinates, are much simpler and 

easier to obtain rather than the solution of the continuous model. 

In this study, the dynamic characteristic of the flexible wing structure is repres- 

ented using a modal approach. In this approach, the physical deformation of the 

elastic structure is expressed by a set of generalized coordinates and modal vector 

of the structure. The contribution of each mode to the total deformation is described 

by the Lagrange’s equation, Eq. [2.1.5]. Furthermore, it is assumed that the defor- 

mation of the wing structure can be represented by deflections at a set of discrete 

points. This assumption facilitates the used of discrete structural data, i.e. the finite 

state model of the structure, such as the orthogonal modal vector, the generalized 

modal stiffness matrix and generalized modal mass matrix. All these quantities can 

be generated from a finite- element analysis of the structure. 

It is assumed that the deformed shape of the wing can be represented by a set 

of discrete displacements at selected points. From the modal analysis, the total de- 

formation of the wing at any time is given by a finite modal series 

zoxy.t) = ) alt) hixy) 
i=1 

where Aix,y) is the displacement of structure in the i-th mode. The generalized 

displacement, q; (t), specifies the amount of the i-th mode participating in the total 
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displacements and n_ is the number of structural modes used in the analysis. Using 

this displacement expression, the kinetic energy can be written as 

2 

dm(x, . : T= + \ omtey) ) > a0 h{x,y) | dS 
S i=1 

where S is the planform area and dm(x,y)/dS_ is the area distribution of wing mass. 

If it is assumed that the non-conservative damping force is proportional to the velocity 

at the wing motion, then the non-conservative energy due to damping may be pre- 

sented using Rayleigh’s dissipation function as 

2 

p= + | 6] >) a A(xy) | as 
s 

i=1 

where ¢ is the damping coefficient. 

The generalized aerodynamic forces, Q; , associated with mode A((x,y) , is obtained 

from the virtual work due to external aerodynamic forces. The virtual work, dW , done 

by the lifting pressure,Ap, acting over the virtual displacements hi{x,y)édqié)_ is 

6W = » fc SON Trlr) 2) bat 
i=1 s 

from which the generalized aerodynamic forces is obtained to be equal to 

_ Ap(x,y,t | 
Q) = Ge" fr sat J A(xy) = 

Ss 
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Application of Lagrange’s equation with all these expressions and use the structure 

natural vibration modes as the structure modes, hi{x,y) gives the equation of motion 

which can be written in matrix form as 

[mM {9} + LoJ{g} + LK] {9} = {Q} [2.2.1] 

where [M ], [ C ] and [ K ] are the generalized mass, generalized damping and 

generalized stiffness matrices, respectively, and are defined 

Mm = f (dm/ds) Chtxy) dS for i= j 

= 0 for i # j 

C,, = 26M.) 0n, for i = j 

= Q for i # j 

K,, = @nfM,, for i = j 

= 0 for i # j 

In this equation ¢; is the damping coefficient at mode i, and w,, is the wing i-th na- 

tural frequency. {Q} is the generalized aerodynamic forces vector. 

The total lifting pressure, Ap (x,y,t) , can be expressed , assuming that the load 

superposition principle is valid , as the sum of the contribution due to each mode 

shapes, qt). Therefore, the finite state representation of the lifting pressure is writ- 

ten as 

Ap(xy.t) = ) Ap(xy.k) a0 
j/=1 
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where Ap({x,y) is the lifting pressure at discrete point (x,y) due to the wing displace- 

ment inthe j-th mode. Using this relation, the generalized aerodynamic forces for 

mode j can be written 

n 

Ap{x, 
Q, = ac) 9004 [7 A(x,y) 7 

s j=1 

The generalized forces, then, are given by 

{Q} = LA] {q} 

2 

A [N\A 5 AL = ge | ete) h(xy) [2.2.2] 
s 

where A,, may be considered to be the generalized force coefficients from the ° 

pressure induced by mode j acting through the displacement of mode i. 

This aerodynamic force coefficient is a function of reduced frequency , k , and usually 

has complex values. For the purpose of easier computation, it would be better to 

represent the equation of motion, Eq. [2.2.1], in terms of real matrices. This is done 

by taking the Laplace transform of this equation which yields a matrix equation in s- 

plane as, 

([MJs” + [C]s + (gc*) [A] + [K]) {9} = 0 [2.2.3] 

in which [ A ] is the Laplace transform of the aerodynamic force matrix ,[ A], and 

s is the Laplace variable, o+tiw. 
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The elements of the generalized aerodynamic force matrix, [ A] , are usually com- 

puted at finite number of values of reduced frequency. !n order to be able to apply 

Laplace transformation to this matrix, each element of the matrix should be repres- 

ented by a continuous function. Such continuous functions can be obtained by mak- 

ing an approximation to each of the element of the matrix. Pade approximation 

method , was introduced by Baker in Ref. 68, is used for this investigation. In this 

method, the aerodynamic forces coefficients at finite number of values of reduced 

frequency are approximated in s-plane by an interpolating function of the form ( see 

Appendix A ), 

6 ; i, [Anls [A] = [Ao] + [Ay]5 + [A2]5° + » (5 + Bm —2) 
m=3 

[2.2.4 ] 

where § = (b/U)s and £,,-2 is the phase-lag parameters. As described in Ref. 68 

, the form of above equation permits an approximation of the time delays between the 

motion of the wing and the aerodynamic response that is inherent in unsteady aero- 

dynamics subject to the following requirements : complex conjugate symmetry, de- 

nominator roots in the left hand plane, and a good approximation of the complex 

aerodynamic terms at s - plane. 

The approximating function coefficients ( Ao, Ai,...,As ) are evaluated by a least- 

square curve fitting ( described in Appendix A ) through the values of complex aero- 

dynamic coefficients at discrete values of reduced frequencies. Some results of this 

approximation will be presented in Section 3.6 when we discussing the calculation 

of the elements of the generalized aerodynamic forces matrix, Aj, ;. 

By substituting Eq. [2.2.4] into Eq. [2.2.3] and following the procedures outlined 

in Appendix B, the finite-state form of the equation of motion of the wing are reduced 
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into a system of 6n - first order equations, where n is the number of structural modes 

used in the computation, which may be expressed as 

§ {Z} = [H]{Z} [2.2.5] 

in which {Z} represents the state variables that contains the displacements, velocities 

and augmented states ; and LH] is a 6n x 6n real matrix of constant elements for a 

fixed value of Mach number, dynamic pressure and free-stream velocity. This is the 

form of equation of motion, which is suited for an eigenvalue solution, that will be 

used to study the wing aeroelastic problems. 

In cases where the structural nonlinearities exist in the wing structure, Eqs. 

[2.1.8] and [2.2.5] change slightly. This change and other effects on the mathematical 

modeling of the aeroelastic wing system will be throughly presented in discussion 

of the structure model in Section 4.4 of Chapter 4. 
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Figure 2.1.1 Two-dimensional airfoil section wing model with pitching, 
a and plunging, h , degree-of-freedom. 
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Chapter 3 

Aerodynamic Model 

The objective of this chapter is to describe the transonic aerodynamic loads cal- 

culations that are used for the aeroelastic analyses. This chapter includes a brief 

review of the structure and the nonlinear behavior of the transonic flows, a de- 

scription of transonic small disturbance ( TSD ) equations that are used in this study, 

and two solution procedures employed to solve these equations, i.e. the Alternating 

Direction Implicit ( ADI ) algorithm and the Approximate Factorization ( AF ) algorithm. 

The Lag-entrainment and Viscous Ramp methods to include the viscous effects into 

the flow solution are also described. Two techniques used to calculate the finite state 

generalized aerodynamic forces are also presented. The first technique is the Har- 

monic Oscillation method and the second technique is the Pulse Transfer-Function 

Method. Numerical calculations are performed on typical airfoil sections, for two- 
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dimensional problems, and two wing configurations, namely the F5 wing and a 45° 

swept wing, which have available experimental wind-tunnel data for comparison. 

3.1 Overview 

The main difficulty in transonic flow computations is that the flow structure is 

complex and is inherently nonlinear, typified by the appearance of the shock waves 

in the flow. A typical structure of a transonic flow with subsonic free-stream Mach 

number and containing supersonic region with a sonic line and shock wave, is given 

in Fig. 3.1.1. The complexity of this flow structure becomes more pronounced be- 

cause of the fact that ( as indicated by in the wind tunnel experiments ) the shock 

waves are moving. The shocks oscillate forward and backward following the 

aeroelastic movement of the body surface. Tijdeman, Ref. 40 , divided these shock 

waves motion into three - categories. 

(i) Sinusoidal shock-wave motion ( type A motion ) At a high Mach number, the shock 

moves sinusoidally with a phase shift with respect to the sinusoidal motion of the 

body surface. It reaches its maximum strength during its upstream motion and its 

minimum strength during the downstream motion. 

(ii) Interupted shock-wave motion ( type B motion ). This motion, occuring at a 

slightly lower free-stream Mach number, is characterized by the disappearance of the 

shock during a part of its downstream motion. As in type A, the shock wave reaches 

its maximum strength during its upstream motion. 
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(iii) Upstream - propagated shock-wave motion (type C motion ). The shock leaves 

the body surface from the leading edge during its upstream motion, and propagates 

upstream into the incoming flow as a weak, free shock wave. This type of shock 

motion can be expected when the body surface has a high frequency and large am- 

plitude oscillation. 

The shock-wave movement, which affects the surface boundary layer, changes the 

pressure distribution over the surface as well as changes the overall aerodynamic 

coefficients. This can be seen in the results given in Ref. 40 of the local pressure 

coefficients at constant chordwise station which were plotted as a function of inci- 

dence angle. In subsonic flow, the local pressure coefficient varies almost linearly 

with the incidence angle, implying that the variation is constant and independent of 

the actual value of the incidence angle. But in the transonic flow region, the pressure 

coefficients shows a sudden jump at an instant the shock passes that position. The — 

curve show a nonlinear relation between the pressure coefficients and the incidence 

angle. 

In general, transonic flows should be mathematically described by nonlinear 

equations of mixed elliptic/hyperbolic type, since the subsonic flow is described by 

an elliptic equation and the supersonic flow by a hyperbolic one. The boundary be- 

tween the hyperbolic and elliptic solution must be found as part of the solution. The 

difficulty is that analytic solutions for these mixed equations are generally not avail- 

able. The early work in this area usually linearized the mixed equations into a simple 

equation, such as Tricomi’s equation, and attempted to solved it, e.g., Ref. 69. The 

most common technique used to solve this simplified equation was the hodograph 

method, in which the role of the dependent and independent variables are inter- 
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changed. This technique significantly simplifies the equation, but at the cost of con- 

siderably complicating the formulation and implementation of the boundary condition. 

This makes it extremely difficult to apply the hodograph method to the problems with 

complex body shape. 

The nonlinear transonic flow equations are generally solved numerically. There are 

many methods available for predicting steady and unsteady transonic flows. For 

aeroelasticity problems the motion of the shock is very important. The complexity 

of the equations that need to be solved depends on the characteristics of the flow and 

the coupling mechanism between the aerodynamic and structural model that is used 

in the aeroelastic analysis. Perhaps the most complex flow is the one induced by 

wing structure oscillating at large amplitude with strong shock-wave motion, such 

that the flow is separated. To incorporate the whole complexity of the flow structure, 

there is little alternative other than to use and solve the Navier - Stoke’s equations. 

On the other hand, if the wing is undergoing only a slight oscillation, with a relatively 

weak shock-wave, such that the flow is still attached, the flow can be predicted by 

solving the transonic small-disturbance equation, which is, as mentioned previously, 

the simplest equation that can describe a typical transonic flow. In between these 

two extremes, there is a range of flow phenomena that are described by equations 

of varying complexity. 

The second point mentioned above, namely the coupling mechanism that is to be 

used in the aeroelastic analysis between the structure and aerodynamic model, is 

important, because the assumptions that are used in deriving the flow model must 

be compatible with those used in the structural modeling. The choice of the coupling 

procedure employed in the aeroelastic solution is also dependent on these assump- 
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tions. In a simple flow pattern, such as in the subsonic flow, with linear structural 

dynamics, for instance, both the structure and aerodynamic terms can be estimated 

separately and then combined using superposition principle. This coupling generally 

is not be valid for cases involving highly nonlinear flow conditions. 

Another consideration that must be examined is the amount of resources ( CPU 

time and storage ) available to solve the problem. This consideration is important in 

the transonic aeroelastic analysis, since in transonic flow, due to the nonlinearity of 

the governing equations, these flow calculation have to be performed for several dif- 

ferent values of reduced frequency ( defined as wc/U , where w being the oscillation 

frequency, c is the chord length and U is the free-stream velocity ) which needs a 

very large amount of cpu time. Hence, it is desirable that the simplest possible 

equation is solved for a particular requirement. 

In this study, several assumptions are made regarding the structural and aero- 

dynamic modeling and the coupling procedure used in the aeroelastic analysis. 

These are: 

1. There is no separation in the flow field and the viscous effects are weak 

2. The oscillation amplitude is small. Even with the introduction of spring stiffness 

nonlinearity in the structural modeling, the structure motion does not exhibit a 

limit cycle behavior 

3. In the solution of aeroelastic equation in frequency domain, the superposition 

principle is assumed valid. 

With the first two assumptions noted above, the prediction of the aerodynamic force 

for the problem is carried out using transonic small disturbance equation. The 
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superposition principle is used in calculating the generalized aerodynamic forces 

used in the frequency domain and root locus solutions. Since the flow calculation is 

performed based on the inviscid flow equation, the viscous effect in the flow has to 

be imposed explicitly during the solution of the flow field. This is carried out using 

two different techniques, (i) by employing the viscous ramp model in the flow solution 

to roughly account for shock/boundary layer interaction and (ii) by the application of 

the lag - entrainment method. In the two-dimensional calculation we use the more 

detailed lag - entrainment method. As will be discussed in this section, the simpler 

viscous ramp model will be used for three-dimensional calculation. There are se- 

veral other methods that have been used to take into account the viscous effect in the 

flow, but the application of these methods into inviscid unsteady flow calculation ( 

either based on the full potential equation or the small disturbance equation ) require 

a significant additional computer time. Hence, their applications are limited, mostly 

for steady flow calculations. 

3.2 Transonic Small Disturbance ( TSD ) equation 

The transonic small disturbance ( TSD ) equations are derived based on the as- 

sumption that the perturbation of the flow to be everywhere small as compared to the 

unperturbed free-stream values. So, it is permissible, within a certain order of ap- 

proximation, to assume the existence of a perturbation velocity potential (x,y,z) . 

Then the velocity components of the flow U, V, and W in x, y, and z direction, re- 

spectively, can be written as 
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YU = U, (1 + Px) 

V= U. Py 

W = U.¢; [3.2.1] 

where U, is the free-stream velocity and a comma in the subscript indicates a partial 

derivative . Consider the continuity equation, which by using the velocity relation 

given above may be expressed as 

Pi + [p(t + ox)1, + (p@y)y + (pez), = 0 

and the Bernoulli equation for a perfect gas 

2 

bit bet ZOe + by + O2)4 Foy = Poon 

together with the isentropic flow relation 

a? dp 2 

G-))~ 9 @ 
  d( 

where p is the mass density of the air,a is the speed of sound and y is the ratio 

of specific heats. The small disturbance equation is found by combining these three 

equations and the potential velocity relations, Eq. [3.2.1] , and neglecting the higher 

order derivatives and the cross terms except the one in x - direction. The most 

commonly used form of this equation is the one written in the conservation form as 

a, hy th, ah 
at + ox * dy * az = 0 [3.2.2] 
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where fh = —Bob, + Ads 

Ed, + Fo?%+6¢/ 

h= dy + Hox, 

fk = $2 

t isthe non-dimensional time = kt 

f, 

k is the reduced frequency 

The coefficients A, B and E are defined as 

A = Mk B = 2M’k E = 1—M 

Several choices are used for the definitions of coefficient F, G and H depending upon 

the assumptions used in the derivation of the equation, Ref. 70. The ’classical’ defi- 

nition of this coefficients are given by, 

F= —2 (y+ 1)M 

The values that were introduced by the NLR group ( Amsterdam ), are defined as 

F= -+ [3 — (2 — y)M¢] 

- _1 y» G=->M 

H= —M 

and the coefficients that are referred to as ‘NASA Ames’ coefficients are defined as 

—- 1 2 

G= (y — 3) M? 41 
2 
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H = — (y — 1)M? 

In low frequency approximation, it was assumed that the time scale of the motion is 

in the same order as the time scale associated with upstream disturbance propa- 

gation and that these scales are much larger then the time scales associated with 

downstream propagation and convection, that is 

k= Of Ww A-M*)<< 1 
U 

Hence, in the low frequency approximation, the higher order derivative in time, Ox 

which has coefficient of M?k? , can be neglected. As will be shown later in this 

section, the flow solutions using the general frequency flow equation, in general, give 

better shock predictions. Therefore, for the aeroelastic calculations in the present 

study, the general frequency flow equation were used. 

Further modification to the TSD equation is sometimes made in which the exponent 

on M in the expression of coefficient F is replace by an arbitrary constant m. The 

value of m to be selected in a particular application, referred to as ‘transonic scal- 

ing’ , depends on the solutions and it varies from 1.583 to 2.0 , Ref. 71. If only weak 

shocks are expected, then m should be chosen such that the average pressure co- 

efficient , C, , across the shock is close to the sonic pressure coefficient, C,”. In case 

of stronger shocks, m = 2 should be used. In this study the value of m = 2 is used. 

The pressure coefficient on the lifting surface is defined by 
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which can be expressed in terms of perturbation velocity potential as 

Y 
27. = 

Cy = 2-1 MOY (2p, + aby + 692 +6 + O2)7) - 1}   

yM 

For small perturbations, the expression inside the square brackets may be expanded 

in series by using the binomial expansion to obtain the C, expression as 

Cp = —2b, — 26,- (1-M’)o,? — o/ 

in which cubic and higher powers of the perturbation velocity are neglected. 

3.2.1 The boundary conditions 

The conditions that are imposed on the far-field ( outer ) boundary are similar to 

the nonreflecting boundary conditions introduced by Kwak in Ref. 72 , and Whitlow in 

Ref. 73. These boundary conditions are defined as follows : 

- far upstream @ = 0 

- far downstream + (= + =). +o, = 0 

- far spanwise 3 od:,+ dy = 0 

- symmetry plane og, = 0 

- far above = o:+¢, = 0 

- far below 2 b,-¢; = 0 [3.2.3] 
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where C=E+ 2F¢, , and D= /4A+B/C . 

In steady flow solution, the time derivatives , vanish, resulting in Neumann bound- 

ary conditions. 

For clean wing configurations, the linearized unsteady flow - tangency condition on 

the surface, defined by z = f(x,y,t), is given by 

os = fi + fi [3.2.3] 

where the plus sign indicates the upper surface of the wing and the minus sign indi- 

cates the lower surface. The ft and f, terms are the slope of the upper and lower 

surface of the wing, respectively , and the f account for the instantaneous dis- 

placement of the body. These boundary are applied on the mean surface of the wing 

which is located along the axis parallel to the streamwise direction, z = O , 

equidistantly between two horizontal gridlines. 

At the trailing wake, the following boundary conditions are imposed in order to satisfy 

Kutta condition, 

L oz J = 0. 

[¢,+¢:] =0. (3.2.5] 

where [ ] indicates the jump across the wake. As for the flow - tangency condition, 

the wake conditions are applied along the mean surface from the trailing edge of the 

wing to the far-downstream boundary. 
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3.2.2 The coordinate transformation 

The TSD equation above will be solved using finite - difference methods. To ap- 

ply this solution procedure, a grid system in the flow domain is required. Such grid 

system are generated following some general requirements which are associated 

with the flow structure and the accuracy of the calculation, such as: 

e The grid-lines/points close to the body surface should be more dense than the 

grid-lines/points in the region far from the body surface. This is because of the 

fact that the variations of the flow parameters are greater in the region close to 

the body surface. 

® In order to be able to capture the local phenomena in the flow field, more 

lines/points are located at the leading and trailing edge region and also in the 

region where the shock wave exists. 

@ The far field boundary have to be located far enough from the surface such that 

it will not reflect the error back into the computational domain which can con- 

taminate the solution. 

For unsteady flow calculations based on TSD equation, the surface boundary condi- 

tions need not to be applied on the actual body surface, so that a body-fitted grid 

system is not required. The surface boundary condition, instead, is applied on the 

mean surface of the body. This means that its only require a simple grid system that 

is not moving during the calculation process. 

In order to fulfill the requirements that are stated above and to avoid the com- 

plexity of the wing planform, flow calculations are not performed directly on the 
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physical flow domain. Instead, they are performed in a calculation which is obtained 

by a coordinate transformation of the physical domain. 

In two-dimensional flow calculations, the finite-difference grid system in both the 

physical and computational domains are contained within rectangular regions. The 

physical grid system in x,z plane is transformed in to some &,{ plane so that the 

mesh spacing in both directions can be kept uniform in the computational plane, us- 

ing transformation function defined as follows, see Fig. 3.2.1 , 

1. z-direction 

Zz ne 
() = A, tan(——) 

2. X - direction 

In this direction, the computational plane is divided into three region : 

- in region 1 and 3 

() = % + Agtan{ F (E-fo)} + Agtan{ F (E- &)°} 

- In region 2 

(+) = €(a+ be?) 

where the constants a and b are determined by requiring 

dx mA, 
X = Xp and de 2 at €=& 
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The constant A, controls the grid spacing near the airfoil surface, A, controls the 

grid spacing at the leading edge , and A; determines the physical location of the grid 

line adjacent to the far-field boundary. 

The grid distribution in the physical plane resulting from this transformation is shown 

in Fig. 3.2.2 for the value of x = 0.495 andé, = 0.5. The airfoil is placed at the 

middle plane, between two gridlines in order to simplify the formulation of the surface 

and wake boundary conditions. The leading edge is also positioned between two 

vertical lines to avoid the singular point. The grid spacing between these two lines 

can be adjusted by changing the value of coefficient A, . This transformation gives 

finer grid spacing at the leading edge and close to the surface which are needed for 

improved stability and accuracy in the flow field calculation. The values of A, = 

0.001, A, = -0.497 , and A; = 0.5 were found to be suitable for the stable solutions 

of all calculations performed in this study. 

For the three-dimensional flow problems, a simple shearing transformation was 

used to map a trapezoidal wing planform into a rectangle in the computation plane, 

as shown in Fig. 3.2.3. In Ref. 74 , Guruswamy gave several criteria that a good 

transformation must satisfy. The important ones are: 

1. Far field boundaries are independent of wing planform and must be aligned with 

the free-stream direction 

2. Smooth first and second derivatives should occur for values of the metric quan- 

tities, €,,¢, , particularly near the boundary, and 

3. Grid-lines are clustered near the leading and trailing edge. 
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Considering these three criteria, a transformation function was chosen in this study 

as: 

[x ~~ xe(¥) 

p(x,y) »my=y, z)=z [3.2.6 ] 
(x,y) = 

where x.(y) is the x-ordinate of the leading edge and p(x,y) is the stretching func- 

tion. The leading edge and trailing edge lie on the coordinate lines € = 0 and € = 

1, respectively. Each span station ( 7 = constant ) has the same number of 

chordwise gridpoints, so there are no discontinuities in the gridlines. The transfor- 

mation is done in the following way : 

® The number of gridpoints in x,y and z directions are specified along with the lo- 

cation of the far field boundaries. 

e The physical grid on the wing surface are obtained by the transformation Eq. 

[3.2.6] in which p (x,y) = xXw(y)- Xe(y) and x.(y) defining the leading edge po- 

sition and x, (y) defining the trailing edge position. 

e An exponential distribution of grid is constructed at the wing root and based on 

this distribution and Eq. [3.2.6] in which p (x,y) = Xternea - Xiere (Y) , grid distribution 

in the upstream and downstream region are computed for every section along the 

wing span. 

® In order to ensure a smooth first and second derivatives of the metric quantities, 

this grid distribution is smoothed by requiring that 

by = (ey le/te H(x) 

where H(x) , shown in Fig. 3.2.4 , is given by 
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in which x is equalto (x-xX.) or (X-X%e),a = 600 and b = -0.225a. 

For wings with high aspect ratios, small sweeps and large taper ratios, the smoothing 

procedure ( step 4) is not necessary. However, for unsteady calculation on wings 

with low aspect ratios, high sweeps and small taper ratios ( such as the F5 delta wing 

), the transformation using step 2 and step 3 only yields highly skewed flow regions 

which produced a large discontinuous values for the metric €, near the upstream and 

downstream boundaries. And also the far field grid boundaries are not aligned with 

the flow direction. These factors can combined to make the unsteady flow computa- 

tion unstable and time step restriction, as reported in Ref. 75. Thus, the smoothing 

step is necessary in order to avoid such instabilities and time step restriction. A grid 

line distribution for a 45° swept wing configuration generated using this transforma- 

tion is shown in Figs. 3.2.5a and 3.2.5b. 

On the wing surface, from the wing root until the far-spanwise boundary, the grid- 

lines are equally spaced. From the leading edge to the upstream boundary and from 

the trailing edge to the downstream boundary, the grid distribution is smoothed to 

avoid a large skewness of the gridlines which causes large gradients for the metric 

€, near the far-flow boundaries. It was shown that in the flow calculation using this 

grid-lines distribution, the numerical instability and time step restriction are not 

found. 

With coordinate transformation, the TSD equation, Eq. [3.2.1] , may then be ex- 

pressed in computational coordinates &,”,¢ as 
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A 
-£ L Afe +Bo,)+ oe LEE.o. + FE hb S + G(cyds t+ %n) 

g + FG bet bn) + HG 8 (Gb¢ + bq) [3.2.7] 

+ CEG et Oy) tH GOs + og] + Gl Z oc] = 0 

3.3 Viscous effects 

As already mentioned at the beginning that the influence of viscosity on steady 

and unsteady pressure distribution is not negligible for transonic flows. The primary 

effects of viscosity in transonic flow over lifting surfaces are , 

1. The shock boundary layer interaction which weakens the shock relative to the 

inviscid case usually causes a significant upstream displacement of the shock. 

2. The difference of the viscous displacement thickness along the aft upper and 

lower surfaces of the lifting surface changes the load distribution over the entire 

surface as well as displaces the shocks. 

3. The shock boundary layer interaction causes a camber and displacement effects 

of the near wake. 

4. The viscous interaction at the trailing edge can modifies the Kutta condition used 

in the inviscid flows to establish the local! circulation. 

In the case where the shock wave is strong enough, a vortex separation or bubble 

type separation may occur on some portion of the lifting surface or could extend 
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significantly downstream. In this study, only the interaction in non-separating flows 

will be considered. 

The most important type of shock boundary layer interaction encountered on 

lifting body in transonic flows involves a normal shock on the upper surface. Because 

of its effects, this interaction should be included in the transonic flow calculations 

based on the inviscid flow equations. Some important progress towards the devel- 

opment of two and three-dimensional analyses of this interaction have been made 

during the past several years. 

The approach that has been used most commonly is that of implementing viscous - 

inviscid coupling, in which a boundary layer solution is coupled with the inviscid flow 

solutions through the displacement surface. This approach, call interacting 

boundary-layer theory ( IBLT ) is discussed by Melnik, Ref. 79 and LeBalleur, Peyret 

and Viviand , Ref. 99. 

For the interaction of the shock wave with a turbulent boundary layer the, the situ- 

ation becomes more complex. A procedure to account for this interaction was intro- 

duced by Lighthill, Ref. 76 , and implemented by Inger and Mason, Ref. 77. This 

approach was based upon a two layer description of the asymptotic structure of tur- 

bulent boundary layers have been introduced by Melnik and Grossman, Ref. 100 , and 

Adamson and Messiter, Ref. 101. These approaches are too complicated be included 

in the unsteady transonic flow calculations required in the present work. Instead, 

quasi-steady coupling methods as presented by Rizzetta in Ref. 50 were used. 

These methods, which will be described in the next section, avoid the iterative pro- 

cedure required in the interacting boundary-layer theory. 
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3.3.1 The lag - entrainment method 

The lag - entrainment method is applied to account for the viscous effects in 

two-dimensional flow calculations. This method is developed based on the boundary 

layer assumption that the normal extent of the viscous region is small when com- 

pared with the lifting surface and wake thicknesses. The effect of a viscous boundary 

layer for attached turbulent flow is modeled in a quasi - steady manner by means of 

Green’s lag - entrainment equations, Ref. 78. These equations are comprised of 

three first order ordinary differential equations. Two of them are obtained by inte- 

grating the continuity and the streamwise momentum equations in the normal direc- 

tion, while the third is derived from Bradshaw - Ferriss - Atwell turbulent kinetic 

energy equation, in a form proposed by Head. 

Using these three equations, a relation between the boundary layer thickness and the 

inviscid upstream properties is found in the form 

du, 

dx 
  

dd, 
= (Foy (* — Fi) 

where U, is the inviscid outer flow velocity, 6, is the displacement thickness, and 

F,, FF, are parameters that depend on Mach number, M , shape factor, H , entrainment 

coefficient, Cz , skin friction coefficient , C, , and other variables given in detail in Ref. 

50. 

Melnik, Ref. 79 , used this equation along with the full potential flow solver and 

treated it as an equivalent source distribution on the base of the lifting surface. 
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Rizzetta transformed this equation into the form that is compatible with the transonic 

small disturbance equation, which can be written as 

Jj 

ax 
  = Fy + Fad xx 

The term ¢,. is calculated from the inviscid disturbance equation as explained in the 

previous section. Downstream of the trailing edge, the same equation is applied on 

each side of the wake surface independently, with the skin friction coefficient set 

equal to zero. 

Coupling between the boundary layer and inviscid analysis is through the boundary 

condition on the surface of the lifting body and wake. The boundary conditions given 

by Eq. [3.2.3] are modified, respectively, as follows 

Oe 
gt = ft + ft + a on the body surface 

Ad;*t = A{ ee ) on the wake [3.3.1] 

In three-dimensional configurations, these boundary conditions are applied at every 

span sections in the spanwise direction. 

3.3.2 The Viscous ramp method 

The viscous ramp method is simpler and easier to implement as compared to lag 

- entrainment method described in the previous section. This method is used to ac- 

count for viscous effects in the three-dimensional flow calculations. The basis for the 

Aerodynamic Model 50



development of the viscous ramp model is the observation in many steady - exper- 

iment measurements that the post shock pressure for turbulent flow over an airfoil 

corresponds approximately to that of the oblique shock produced by flow over a ramp 

with a wedge slope equal to the detachment angle, Ref. 80. From this observation, 

a ramp model was constructed as shown in Fig. 3.3.1. It consists of a short precur- 

sor, of length x, , over which the surface slope varies from zero to the given wedge 

angle. This is followed by the main ramp body, of length x, , along which the slope 

varies quadratically. The viscous coupling is modeled by placing this ramp structure 

with respect to the local instantaneous sonic point location on the the surface. 

Augmenting the surface geometry by the ramp structure results in the modification 

to the surface boundary condition, Eq. [3.2.3] , in the manner as it was done in the lag 

- entrainment method, that is 

@2t = fet ft +f [3.3.2] 

If x, is the sonic point location ( from the leading edge ) and @ is the wedge angle, 

then f, is defined as follows, Ref. 80: 

f,=0 for x < x, 

X—X,; +X, 
= (2145 | for xi < x < X& 

X— Xs + Xo 
p= (Ly p1- SF) y for x < xX <x; 

f=0 for x; < x 

3/2 

6,_,[ 4 ]] 4 24 _ (= M*) 
5) | (1+ y) M? l| g (OFM Oa "SR | 

where 6 is the lifting body thickness 
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x, is the off set distance 

x = xX; — Xo —_— Xp 

Xe = Xs — Xo 

X3 = X;3 — X% + X, 

The values for x, , X», and x, are chosen to be equal to 0.02 , 0.02 and 0.10, re- 

spectively. 

3.4 Alternating direction implicit algorithm 

An alternating direction implicit ( ADI ) algorithm, Ref. 25 , is used to solve the 

TSD equation in two-dimensional cases. This algorithm is conservative in time and 

space and, therefore, will correctly simulate unsteady transonic flow. 

From the complete TSD equation given in the previous section, Eq. [3.2.7] , the two- 

dimensional TSD equation in &,¢ plane can be written as 

1 m 
5 (1+ y)M KM? bn t 2M Eb, — (1 -—- MIE - 

5 [3.4.1] 
(ox, ¢) . + €2 (62 9, ¢),¢ = 0 

/ 

where t is the non-dimensional time, t = kt. The solution of this equation, in term 

of the disturbance velocity potential at each grid point (x,z) in the flow field, is ad- 

vanced from time level n to level (n+1) by the following two - step procedure : 

Aerodynamic Model 52



1. & - sweep 

a Or (Pig — bin) = Ds Fix + (F) L C Or Dik J [3.4.2 ] 

2. €- sweep 

BO" * sg — 26%, + or a) + a8; ("7 - Pin) = 

  

[3.4.3 ] 
(FEV LAM - 67,0] 

2k M? ke M2 where a= B= “(AR 

In the first sweep, Eq. [3.4.2] is solved for the intermediate value Dik at the grid 

points along the grid-lines in the streamwise - direction. After the computation is 

completed for the whole computation domain, from k=1 until k=kmax, the second 

sweep is performed for the solution of ¢,;,. The calculation is carried out along the 

grid-lines perpendicular to the streamwise - direction, starting from the upstream 

boundary ( i=1 ) until the downstream boundary ( i=imax) . 

The D,f,; term is defined by 

; 2 D,f 1G f )-(f f )} i, = 1 — 4 — (ff. 14 _ 3 
g i,k Eia4 _ E,_, itp k Imp ak inpik ins ik 

A 1 A A , 

ligt ~ 218i, + (Ex) 4 2 (C1 + 20, Wig dy) 0; biases 

A 1 
a Fate FAO te tM 2 +200, 4 baa} 

~ 1 ~ 
~ 7 hot Za, + Gla + 20, 4 Ya b,e} 
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f_3 
I—"p 

a4 
i+ > 

U4 
Il—>s 

Uu = 

n 

n 

  

1 ~ ~w ~~ 

= zich 3, + (25), 3 (C1 + 2 Co Uy 34) % )~1,n} 

=GFA Fed +e y4 Pte — 7 

=U + Ej KE 1 ,lu",_4,7- 4] 

2’ 2' 

Cy 
~ 205 

Wat = diet Cia Ey aie ~ O10) 

ui = (En), 1 (8 — Ga Oe — Cnt 
2’ 2 

c = (1 — M2) and q@ = -+ (1 + y)M” 

& = 0 if Urn S 0 E44 = 0 if Urs te < 0 

=1 if us > 0 =1 if Ut, > 0 

uv, = tu" + u" ) ik = % tsk int yk 

The matrix equation of the & - sweep can be obtained by substituting all these ex- 

pression into Eq. [3.4.1] , and used second - order accurate expression for 0, and 

dO; operators, 

Ai 

A, 

Ar Pi—2,6 + Ar Gins.~ + As Pik + As Pinan = Rik 

= bs A: = —2aAt— a _— b. — bs 

= —& Ay = 20h +a +a + by 

Aerodynamic Model 

[3.4.4] 

54



~ oe ose 2e, 
Rix = 2a AE (bi, — bo4.~) + AE (a, — 43 — by + bg) + ( 7 )   

A ? n n n n (FE) (eet (Pees — Ole) — Dy a (Ole = Oe] 

ay =H 4 Git a = (Sx)i44 (C1 + C W444) 

a = ¢ U4. &% = (6.),-4 (C1 + U1) 

b; = Ut. be = (25),-4 (cr + Ce U4) 

b= od3, bs = (6,)-8( + @G_2.,) 
1 1 

Ag = 2 (Sia — E;-4) AC = 2 (Caas _ Cx 1) 

In a similar way, the matrix equation for the  - sweep can be written as 

Bi bins + Bodin + Byrnes = Rik [3.4.5] 

This is a tridiagonal matrix whose elements are defined by 

By = — { (Co) (¢:)-+ } / {(¢,), (AC)?} 

{(Ca)e / (Sx) (AC) {leet + (C2),-1} + (2a/ AC) + 28 

— {Sade (Cader t 3 1 1053); (AC)?} 

B, 

B; 

Rin = Grae + Pik — $i-1,0) — 2B(binas — 207K) — 

C, n n n n (Fag) (ers lass — 61) ~ Cyt Ole = Olea} 

Since the D, fi, is differenced by a first - order accurate backward difference, even 

if a second - order accurate operator is used for 0, , the spatial derivatives in Eq. 
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[3.4.3] are only first order accurate. It follows that the combination of Eqs. [3.4.4] and 

[3.4.5] will also have first - order accuracy. Hence, the overall spatial derivatives of 

the difference scheme for Eq. [3.4.1] are only first order accurate. 

This solution algorithm is non - iterative. That is, the solution for time level n+1 is 

obtained directly after two - sweeps through the grid system. On the & - sweep , the 

generated matrix is a lower tridiagonal matrix for supersonic points (&_, = & = 1) 

, and a tridiagonal matrix for subsonic points (&-, = & = 0). A banded matrix 

solver from the IMSL routines is used to solve the matrix equation for the values of 

dis . On the € - sweep , only € - differences are in the 0, operator, which is backward 

differenced. Hence, the scheme is marched from the upstream to downstream by 

solving a tridiagonal matrix equation for each &€ = constant line. 

This ADI scheme has no time - step restriction based on a linear stability analysis. 

However, an instability can be generated by the motion of the shocks across which 

the differencing switches from backward to central difference. To keep the stability 

of the calculation, At must be chosen small enough that the shock wave does not 

move more than one spatial grid point per time step. So, at every time step the new 

position of the shock is computed. If the shock position move more than one spatial 

grid from the previous position, then the value of At is reduced by 10% of its current 

value. 

The boundary conditions applied in the computational plane are defined in Section 

3.2.1. These conditions are numerically imposed by redefining the matrix equations 

, Eqs. [3.4.4] and [3.4.5] at the appropriate grid points. 
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The farfield boundary conditions ( upstream, downstream, far above and below ) , Eq. 

[3.2.3] , are applied by writing the finite - difference approximation for these boundary 

equations, casting them in the matrix form similar to Eq. [3.4.4] or [3.4.5] , and in- 

cluding them with the matrix equations for the solution. 

The downstream boundary, for instance, at the boundary points i = imax may be 

expressed as 

where (6,44) = + ( —B/C + DjJC ) 

gz = (po + $")/2 

The difference equation of this boundary equation become 

Dik = —Andiian tA in t Oia 

Az 

A, = By 4 4 (Sx ),-2/ AC 

(1 — A, At)/(1 + A, At) 

This equation is used to replaced equation [3.4.4] in & - sweep at point i = imax 

and € = constant. The other far-field boundary conditions are treated in a similar 

fashion as described above. The wing flow tangency used is defined by Eq. [3.3.1] in 

which the viscous effects are modeled using the lag - entrainment method. This 

boundary is imposed in both of the sweeps through the 0, terms. This term is ap- 

proximated by 

+1 1 +1 +4 

On Pik = Ae MO Meet — (die 2 
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where the derivative at the right hand - side are written at half node points. As 

mentioned earlier, the airfoil is located equidistantly between two_ horizontal 

gridlines. For points along the line directly above the airfoil surface, the (¢, Reet 

in the equation above is replaced by 

dé, n+4 

ax? 
  (b,)feot = (Kt het 

And for the points along the line below the airfoil surface, this term is replaced by 

n+1 

  

dé 
O.Mreet = (tht Ge) 

Since these terms are known quantities, they can be kept at the right hand - side of 

Eq. [3.4.5] , resulting in a bi-diagonal matrix in & - sweep. 

The wake boundary conditions, Eq. [3.2.5] , are imposed at the downstream region, 

in a similar manner as for the wing flow tangency. It is incorporated into the solution 

by requiring that the perturbation velocity in the vertical direction, ¢ - direction, be 

continuous across the wake ,[¢,] = 0. This implies that the perturbation velocity 

must be redefined such that 

- for points along the line above the airfoil surface 

nti, — 1 _ a _ pynti 
(Piet ~ “AC (Pik Pik—1 I) 

- for points along the line below the airfoil surface 

(Gc) eat = ar (dinar — bi, —T YF 
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The circulation, I”, at new time level n+1, has to be computed before the flow field 

downstream of the airfoil can be updated. It can be obtained from the second wake 

condition ,[@.. + @: ] = O , which is equivalent to 

r.+Ty = 0 [3.4.6] 

Since the { - sweep is marched in increasing k, the new circulation I+‘ is obtained 

Starting from the values at the trailing edge, 

rtt = $f - o% 

and this values is applied in the Eq. [3.4.6] to find the values of I+’ for the points 

downstream the airfoil. 

To asses the accuracy of this solution procedure, calculation was performed on 

NACA64A006 airfoil section with an oscillating trailling - edge flap, as shown in Fig. 

3.4.1 The flap has a length of 0.25 chord. The calculation was carried out for the 

free-stream Mach number = 0.875 , reduced frequency of the flap motion k = 0.1170 

and the oscillation amplitude of 0.5 degree. The grid system in the computational 

domain has 99x80 grid points inthe €,{ directions. Since the nonreflecting bound- 

ary conditions are imposed in this solution procedure, the farfield boundary does not 

need to be located 1000 chord lengths away from the airfoil such as in LTRAN2 sol- 

ution, Ref. 25. The upstream and downstream boundary are located 20 chord lengths 

away from the leading and trailing edge, respectively, and the upper and lower 

boundaries about 10 chord lengths away from the mean surface. The integration time 

step were chosen At = 3° , which is corresponding to 120 time steps per cycle of 

oscillatory motion. The unsteady computations were initiated by using the steady - 

state relaxation solutions. The unsteady equations were then integrated in time for 
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several cycles until the solution become periodic ( usually about 2 to 4 cycles; in this 

particular problem 2 cycles were found to be adequate ). 

Figure 3.4.2 compares computed results of the upper surface pressure distribution 

at ¢ = 0° andt = 180° , obtained using the code that has been developed in this 

study with the one obtained by Ballhaus and Goorjian using LTRAN2, Ref. 25. These 

two results, in general, are comparable with the results from the present study giving 

a stronger shock wave strength at an approximately equal shock position. The dif- 

ference in the prediction of the shock strength can mainly be attributed to the fact that 

LTRAN2 solution used the low frequency approximation, while the result from this 

study was obtained using the general frequency equation ( @# term included ) . 

Another important difference that may be a contributing factors is the difference in the 

finite-difference switching across the shock between the two solutions ( LTRAN2 

solution use Murman - Cole switching and the present procedure employed differ- 

encing switching roughly based on the approach of Gudonov, Ref. 81, for Euler 

equation and implemented for the TSD equation by Goorjian, Ref. 34 ) , also the dif- 

ference in the boundary conditions and grid system used in the calculations. In Ref. 

25 it was stated that the LTRAN2 results are qualitatively similar to the wind - tunnel 

experiment data by Tijdeman, with weaker shock strengths. 

The time history of the upper surface pressure coefficient is shown in Fig. 3.4.3. A 

type A shock motion ( according to Tijdeman classification ) is observed in this result. 

The shock wave is moving almost sinusoidally following the sinusoidal motion of the 

flap. Note the phase shift between the shock wave location and the flap motion. The 

maximum downstream excursion of the shock does not occur when the flap reaches 

its maximum downward position. And also it shows that the shock strength is not in 
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phase with the shock motion. The shock obtained its maximum strength slightly after 

passing its maximum downstream position. Similar results from the calculation us- 

ing the low frequency approximation is presented in Fig. 3.4.4. As expected, this low 

frequency solution, in general, predicts weaker shock wave strength and smaller 

shock wave motion amplitude. The difference between this result and the result from 

the general frequency solution becomes more significant as the amplitude of the flap 

motion is increased. 

The comparison of these numerical results shows that the solution procedure devel- 

oped in this investigation gives good predictions of unsteady aerodynamic flows at 

transonic regime. This procedure is unconditionally stable without time step re- 

striction. The use of the genera! frequency equation instead of the low frequency 

approximation equation avoids the restriction on the value of reduced frequency, 

which can be consider as an advantage for general aeroelastic analyses. 

3.5 Approximate factorization algorithm 

ADI algorithm becomes very expensive for application to the three-dimensional 

flow calculations because not all sweep in the algorithm can be written in the 

vectorized form, Ref. 74. An approximate factorization developed by Batina, Ref. 82, 

for TSD equation was proven more efficient for three-dimensional flow calculations. 

This approximate factorization ( AF ) algorithm is used in this study which consists 

of a time linearization procedure coupled with a Newton iteration technique. For un- 
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steady flow calculation, the solution procedure involves two - steps, as shown in Fig. 

3.5.1, 

1. atime linearization step to determine an estimate values of the perturbation po- 

tential 

2. a Newton iteration is carried out, with the estimate values of the perturbation 

velocity from the linearization step as the starting values, to provide time accu- 

racy in the solution. 

Newton iteration is not needed in the steady flow calculation since time accuracy is 

not required when marching to steady state solution. So, the steady flow calculations 

involve only the time linearization step. The Newton iteration in unsteady flow cal- 

culations taking typically 2-3 iterations. The flow equation, Eq. [3.2.7] , is written in 

the form 

R(¢"*') = 0 

where "+t represent the perturbation potential at time level n+1. Applying 

Newton iteration to this equation with estimate value, ¢°, gives 

R(b) + (58) Ad = 0 
o=¢" 

At the convergence of the the iteration, the error in the potential , A@ , approaches 

zero, so that the solution is given by 

oti =¢@tbrAd eed [3.5.1] 
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The mathematical formulation of this AF algorithm is derived by first approximating 

the time derivative terms, @,¢ and @» , using second - order accurate finite differ- 

ence fomulae, 

0 
ot [c3grtt - 40", + g",')/2At] + O(At’) 

  

2 

=o = [(2ertt — 54" + 4g"! — 47-8) /(A)] + O18e) 

By substituting 6”+' = ¢*+ Aq _ into each terms in Eq. [3.2.7] , and combining with 

the time derivative terms, gives 

At’) Ad — (Ss) Ad, + Se (GE + 2G ") Ady + (44 = oi 

G(g,Ad, + Ad.) + ae + )+ HE dy (Ey Ad, + Ad,)} + 

  

  

Sy OE (GMb: + Ab) + Sp ao ZA} = 

(29° - 59" + 46"" Oa ‘) 
#) )E (At?) J- [3.5.2] 

(3¢,-496", + 5974" ) 
2 At 1+ Sr (GE + FEO) - BL   

G(Eybet+ on ra ~) (ey bg +b) + Heydbe(Eyb e+ q)} + 

  

x x x x x o 

Gr EGG tO) AHO (EO, + OH) + Ge EE) 

which can be written symbolically as 

NAP = R(¢',9",9""',9"~") [3.5.3] 
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The right hand - side of Eq. [3.5.2] is simply the original TSD equation in term of ¢* 

, meanwhile the left hand - side is made up of terms containing Ad and its deriva- 

tives. By approximating the left hand - side of this equation using a triple product of 

operators and rearranging the results, the AF scheme may be presented as 

LyL,LeAd = R($°,6",6""",6"~*) [3.5.4] 

_ 3B oO At) 6, a 
Pe VAG AL SE 8x CoA) Ge ht Ge 

= 1 (Ab) op 
" 2A’ an 7 On 

= 1-(46) 4-42 
$ 2A” at 3 at 

Fr = & E+ 2FEb. + 264, (Eo, +¢,) + 

ty 
(ZA + HE,d ) tHEy(Eyoe +o) 

Fo = > 1+He gy) 
x 

R= 
ox 

and R_ is equal to the right hand - side of Eq. [3.5.2] . 

Equation [3.5.3] is solved through three - sweeps in the computational domain by 

sequentially applying the differential operatorsL,.,L,,L, as 

€ — sweep L, Ad = —R 

| > 6
 n — sweep L, Ad = 
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C — sweep L.Ad = Ad [3.5.5] 

In the first sweep, the calculation is carried out along the grid-lines in the streamwise 

direction ( 4,€ = constant ). Using the intermediate value Ad from the first 

sweep, the second sweep is performed along the grid-lines in the spanwise direction 

( €,¢ = constant ) for the values of Ad . Once this sweep is completed, the up- 

dated values for Ad are computed by applying the last sweep along the vertical 

grid-lines ( €,” = constant ). With the updated values of Ad , the new values of 

the perturbation potential are obtained from Eq. [3.5.1]. 

The computation is started with the estimate values ¢° and is carried out until a 

convergence solution for @"+' is obtained ( until the perturbation error A@ reaches 

the value of 10°*). In most of the computation that had been performed in this study, 

a maximum of 3 Newton iterations are needed to obtained converged solution. 

Using the @”"+' values, the time linearization step is carried through to obtained the 

new estimate values @° for the next time step. In this step, the wing surface is put 

at their new position ( so an updated surface boundary condition is applied ). The 

unsteady solution are initiated using the steady - state solution as the first estimate 

values. 

Since the solution at each sweep depended entirely on the values that have been 

computed at the previous sweep, all of these sweeps can be coded in vectorized 

form. This is in contrast to the ADI scheme in which only one sweep, i.e., the sweep 

in streamwise direction , is fully vectorizable. In steady flow calculations, the con- 

vergence to the steady state solution can be accelerated by adding a relaxation pa- 

rameter , o , into the right hand - side of the first sweep. This parameter can have a 

value of > 1, and a value of 2.0 has proven suitable for all cases studied. 
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A central difference formula is used for all of the derivatives in the computation plane 

except for the region across the shocks. An Engquist - Osher ( E-O ) type - dependent 

mixed difference operator, Ref. 83 , is used to treat the switch between the subsonic 

and supersonic regions of the flow. This difference operator is a modification of the 

scheme introduced by Murman and Cole, Ref. 32 , and is design such that the non - 

physical expansion shocks do not occur. As in the scheme of Murman and Cole, the 

E-O scheme is based on sonic reference conditions and is applied on both sides of 

the equation inthe & - sweep. 

The term in the streamwise direction of the residual, R , for instance, is written as 

a 1g Fase f ge Et Fab) = ar (Gt - fata F3)) ¢ 2 

fa = Eu 1+ Fur 4 
2 2 

fos = Eu. a+ Fa? 3 
2 2 2 

uo4 = U+(1—-e 4)(u_1—-0) 
2 2 2 

Goa =uU+e _1(uU_41 — U) 
2 2 2 

us = Bb = (2) Hy) 
i> Aé jot 

2 

u_ is the sonic value of the perturbation potential 

é&_1 = 1 if uy U 

= 0 if uf cl
 

> 

Ss 

n
[
=
 

w
l
 

The same switch formula is used for the first and second terms in F,. Applying the 

difference formula to each terms in all three sweeps, resulting in a system of matrix 
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equations. The € - sweep is presented by a quadri - diagonal matrix, while both the 

nm , and { - sweeps formed a tridiagonal matrix equations. 

€ - sweep 

n - sweep 

a, Ad;_» + a Ad; _, + a, Ad; + a, Adj 44 = — oR 

A 

a = —af_3 
2 

~ A A 

ag = —% — a (f_ 1 -—f_1—f_3—g_1) 
2 2 2 2 

A ~ ~ 

a3 = Tt ay — (fi 4 —G_4 — G44 —- 9444+ 94) 

a, = (38/ 4A) (At/ Ag) é, 

a = (€,/2A)(At/ Ag)? 

. . ge . 
g = 264,(Eo,+¢,) t+(S)1 tHe ds) + 

Ex 
HE(Ebd,+¢,) 

b, Ad; _ + + b, Ad, + bs Adj 44 = Ad, 

b, = —8, (Fe),_ 4 

b, = 1- B, (Fe), 4 4 + (Fe),_ 4 
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bs = B, (Fadi y 4 

By = (&,/ 2A) (At/ An)? 

¢ - sweep 

cy Ady_4 + Co Ady + cgAdyy, = Ady 

a= 7% (Fo), 4 

Co 1+ 4 { (Fa), 4 + (Fs), 4} 
2 

3= Fa), at 

vy = (€,/ 2A) (At] AO? 

The time linearization step is carried out, as mentioned earlier, to generate estimate 

value, ¢* , as starting values in the Newton iteration. A time linearized version of Eq. 

[3.5.2] is used, in which the equation is linearized about time level n instead of it- 

erate level (“), 

RY) + (Gh) Ad = 0 
¢=¢" 

¢ = ¢" + Ad 

The resulting equations are the same with the equation derived for the Newton iter- 

ation step, except ¢* now is replaced by ¢”. So, the equation for the linearization 

step may be written as 

LyL,LeAd = R(¢",¢"~',6"~*) [3.5.6] 
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where L,,L,,L, operators and R have the same definitions as given previously, with 

the ¢° replaced by ¢” 

The boundary conditions need to be imposed in the computation are defined in 

Section 3.2.1. These conditions are applied numerically by redefining the matrix 

equations in all sweeps at the appropriate grid points on the boundaries and includ- 

ing these new equations with the matrix equation at the other points for the solution. 

The surface flow tangency condition, Eq. [3.3.2] , is imposed along the wing mean 

surface through the [ 0¢*,/0¢ ] term in R at & - sweep, and the L, - operator during 

the time linearization step in the unsteady computation. The formulation of this 

boundary condition inthe [0¢*,/0&] term is derived following the same procedure 

as described in Section 3.4. Similar procedure also applied in the modification of L, 

operator. Since the surface slopes at both time level n and n+1 are known values, 

the (Ad,),_1 and (Ades terms in this operator are replaced by : 

(Ad, ),4 = (QC th+ nt +4646) 

for grid points directly above the wing surface , and 

(Ab d4t = GG +h+ +h th +h)" 

for grid points directly below the wing surface. Bring these known values into the 

right hand-side of the difference equation, result in a bi-diagonal matrix equations at 

the boundary points. The wake boundary conditions are imposed within the  [ 

Op’. /0€ ]} term in R at € - sweep, and the L, - operator. The inclusion of this 

Aerodynamic Model 69



boundary condition in the [ d¢*,/0&] term following the same procedure as ex- 

plained in 

Section 3.4. Similar substitution are made in the L, operator, by replacing 

(46,44. = ar [ Ad, — Ad), -(P"t1- 1] 

for grid points directly above the wing surface, and 

(AG. )e44 = az Fabre — Ab, =I 

for grid points directly below the wing surface. The upstream, downstream, far - 

above / below and spanwise conditions are treated in the same ways. The condition 

at the above far field boundary, for instance, is imposed by applying the following 

conditions along the boundary line k = kmax, 

Oz On: D 
( E. Meat = ( E, 4 ~ (pe) et 

    

Ad Ad 
(+), 4 = (=), 4 - (4: 

cx 2 ex 2 20x 

The first condition is included in the R term, while the second one is incorporated 

inthe L, operator. 

Since all terms in this scheme are treated implicitly, this scheme does not have a 

time step restriction. In steady flow calculations, however, it is possible to accelerate 

the convergence to the steady state solution. This can be achieved by allowing a 

cyclic variation of variable a ( which contains At, the time step ). In present study 

we used a variation according to geometric sequence defined by 
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(n — 1)/(n1 — 1) 
Amin 
  

a = max ( Amax 

where n = 1,2,..., 1 

ni is selected between 6to 8. 

There is no exact rule in choosing the value of n1. In the steady calculation of a F-5 

wing configuration, the value of n1=7 gave the fastest convergence steady - state 

solution. Meanwhile, for the 45° swept wing configuration, the fastest convergence 

are obtained at ni=8. 

To demonstrate the accuracy and efficiency of the AF algorithm developed here, 

calculation are performed for a F-5 wing configuration. The wing has a full span panel 

aspect ratio of 3.16, panel taper ratio of 0.28, and a leading edge sweep angle of 

31.9° . The configuration of the wing is shown in Fig. 3.5.2. The cross section of the 

F-5 wing is a modification of NACA65A004 airfoil which has a drooped nose and is 

symmetric aft at 40% chord. The AF calculation results are compared qualitatively 

with the results obtained using ADI algorithm as reported in Ref. 74. The ADI cal- 

culation was performed using a modified grid transformation which is similar to the 

one used in the present study ( described in Section 3.2 ) and the results was pre- 

sented at four span stations along the wing span. The station were located at 7 = 

0.2 ,0.5,0.7 and 0.8 semispan length from the wing root. 

The results are also compared with the experimental data from an F-5 wing model 

tested by Tijdeman, Ref. 40. In the experiments, the steady and unsteady pressure 

distribution were measured at eight span stations along the wing, which are 4 = 

0.18 , 0.36 , 0.51 , 0.64 , 0.72 , 0.82 , 0.88 and 0.98. Because of the difference in the 

grid distributions used in the present calculation, no span station has location exactly 
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the same as the span station used in the experiment as given above. An interpolation 

of values are used in making the comparison of the results. 

In the first case, the calculation was carried out for Mach number = 0.8 and angle 

of attack of 0°. The coordinate transformation used is as described in 

Section 3.5.2 , with grid system has 81x41x36 points. Plots of the upper and lower 

surface steady pressure distribution obtained by present procedure at four span 

stations are given in Fig. 3.5.3. This results is computed using 125 time steps of the 

maximum size 0.5 ( the time step is cycled ). Comparison with experimental result 

are good at all span stations. At the region close to the leading edge, the AF proce- 

dure predicts a lower pressure coefficients compare to the experiment results. But 

compared to the ADI calculation reported in Ref. 74 , this result is much closer to the 

result from the experiment. Moreover, the converged ADI solution required about 

1000 time steps of size 0.01. 

Figure 3.5.4 shows the upper and lower surface pressure distribution at Mach num- 

ber = 0.95. It can be observed from this figure that the shock given by present al- 

gorithm is approximately as strong as the one measured in the experiment, but 

shifted further upward. Since at this Mach number the shock wave is quite strong, 

this disagreement could be due to the strong shock wave - boundary layer interaction 

in the flow which changes the shock position on the surface. This strong viscous 

interaction can not be accurately predicted using simplified viscous model as was 

done in this study. The viscous ramp model that were used in present study, as de- 

scribed in Section 3.3 , can’t be expected to predict the viscous effect precisely in the 

flow with strong shocks . Contrary to the results from the AF algorithm, the results 

from ADI solution shows stronger shocks which shifted farther aft. The convergence 
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history of the steady flow calculation at Mach number = 0.90 is presented in Fig. 

3.5.5. The residual ( R ) reaches the value of about 10°° and Adams. = 10-7 just in 

125 iterations. It can be seen that once the circulation , I , obtained its converged 

value, the residual R and Ad, decrease much faster than their decrease at the 

beginning of the iteration. Compared with the solution ADI algorithm, this solution is 

about 8 to 10 times faster. 

3.6 Generalized aerodynamic forces calculation 

As mentioned briefly in the previous section, the solution of the aeroelastic 

equations can be obtained by integrating the aerodynamic and structural terms si- 

multaneously in time domain. Or, by presenting the equation in frequency domain 

and solving it as linearized eigenvalue problem. In the first approach, the interaction 

between the flow and the structure occurs through the surface boundary conditions. 

At every time step, a new surface boundary conditions are employed in the flow sol- 

ution according to the surface displacements. 

In the. frequency domain solution, however, no such direct interaction happen. The 

compatibility between the structural motion and the aerodynamic forces comes indi- 

rectly through the parameter k , the reduced frequency of the motion. In conventional 

U - g flutter analysis, the solution is carried out in k - plane and in the root - locus 

method it is carried out in the s - plane. So, in both of these methods the aerodyna- 

mic forces as function of the reduced frequency or Laplace variable, s, are needed. 
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Two methods are used in this study to compute the aerodynamic load for flutter 

analysis in frequency domain, which will be described in the next two sections. 

3.6.1 Harmonic oscillation method 

The harmonic oscillation method assumes that the disturbance velocity potential 

for some sinusoidal body motion of frequency w can be expressed in an infinite se- 

ries as, Ref. 20, 

 (xy,f) = bo (xy) + 6b, (xy) e™ + &? by (xy)e™ + ... 

where e« is related to the amplitude of the body motion. For purely subsonic and 

supersonic flows, the aerodynamic response induced by sinusoidal motion is also 

sinusoidal at the same frequency, so the higher terms in @ are zero. But in 

transonic flows, this is not true because the nonlinearity of the flow equation 

produces the higher order terms in the responses. However, for a small amplitude 

motion, i.e. fore << 1, the terms of order e? or higher can still be ignored. 

But @, (x,y) now depends on the mean steady - state solution, ¢@,. In other words, 

the flow is assumed to be a linear perturbation about nonlinear mean steady-state 

conditions. 

The aerodynamic forces, then, are obtained by calculating the aerodynamic re- 

sponses ( in term of the total lifting pressure , Ap , or the lift and moment coefficients 

,C, and C,, ) of several cycles of a harmonically forced oscillation at each structural 

mode. The determination of the forces is based on the last cycle of the oscillation. 
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With this method, the flow field calculations are performed for each combination of 

the flow Mach number, structure modes and reduced frequency of interest. 

For a two-dimensional, two degree-of-freedom typical section model, the calculation 

of the aerodynamic forces using this method is still affordable. But for three- 

dimensional wing model, where 3 or more structural modes are usually used for the 

aeroelastic calculation and the calculations must be performed at a wide range of 

reduced frequencies, this method is not efficient. A more efficient method, called 

‘pulse transfer function method’ which is described in the next section, is applied. 

The harmonic oscillation method is used to calculate the generalized aerodynamic 

forces ( lift and moment coefficients ) of two-dimensional typical section model having 

a NACA64A006 cross section ( see Fig. 2.1.1). The airfoil is given a sinusoidal 

pitching motion with respect to the elastic point located at quarter chord aft from the 

leading edge, | 

a(t) = a sin (at) 

The flow field calculation was carried out using the ADI algorithm, for free-stream 

Mach number = 0.875 , reduced frequency = 0.4680 , at pitching amplitude 

a = 1°. The flow equation are integrated for 6 full cycles, with 120 time steps for 

each cycle ( which is associated with A(wf) = 3°). 

Figure 3.6.1 shows the aerodynamic response of the airfoil due to the sinusoidal 

pitching motion in term of the total lift and moment coefficients with respect to the 

elastic point. It can be observed that both the lift and moment coefficients becomes 

harmonic after about 4 cycles of motion. From several calculations it was found that 

the number of cycles needed for the aerodynamic response to become harmonic 

depends on the reduced frequency of the motion, k , the pitching amplitude, a , and 
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the free-stream Mach number , M. For higher values of reduced frequency ( approx- 

imately for k > 0.3), more cycles are needed to obtained periodic response ( between 

4 to 5 cycles ) and at lower values of k only 2 - 3 cycles is required. The reason for 

this is that at higher values of k ( which means stronger unsteadyness in 

the flow ) , a strong transient aerodynamic response is found in the flow which take 

a longer time to die out. A similar pattern is also observed in the case of the effect 

of pitching amplitude. The larger the values of a, , the longer time it takes for the 

aerodynamic response to be periodic because of stronger disturbance exist in the 

flow field. The dependency of the number of cycles on the free-stream Mach number 

is not as strong as in the two parameters described above. This could be due to the 

fact that the dependency with the Mach number are more closely related to the 

change in the flow structure at different values of Mach number ( such as the shock 

strength and position ). Since the flow structure over NACA64A006 airfoil section is 

only slightly change over the computed Mach number range ( from M = 0.80 to M 

= 0.90 ), periodic response is also expected to be obtained after approximately the 

same number of cycles. 

Note the phase difference between the lift coefficient and the moment coefficient with 

respect to the airfoil motion. When the periodic response has been already achieved, 

these two phase shifts are almost equal and its values depend on the reduced fre- 

quency of the motion, as shown in Fig. 3.6.2. As the reduced frequency increases, 

the phase shift also increases. The increase at higher values of reduced frequency 

(k > 0.3) is slower compare to its increase at lower values. From the computation 

at two different free-stream Mach number, M = 0.80 and M = 0.85, it was found that 

the phase shift of the lift and moment coefficients are not strongly affected by the 

free-stream Mach number. This fact is also observed in the investigation performed 

by Ballhaus and Goorjian as reported in Ref. 84. 
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The value of the lift and moment coefficient are 

IC;| = Chlas sin (wt — y,) 

[Cal = Ch] a sin (wt — Wm) 

where CfandC;,, are the aerodynamic lift and moment coefficient response, re- 

spectively, and wy, and y,, are the phase shift of the lift and moment coefficients rela- 

tive the airfoil motion, respectively. 

Figure 3.6.3 shows the lift coefficients as function of reduced frequency. It is clear 

from the results shown here and in Fig. 3.6.2 that the effect of increasing frequency 

on the lift coefficients { as well as moment coefficients ) is to decrease their 

amplitude/value and increase their phase shift relative to the airfoil motion. The 

comparison between the lift coefficients obtained from the present calculation with 

the results from LTRANZ2 , Ref. 84 , is presented in Fig. 3.6.4. In LTRAN2 code the 

calculation of the lift and moment coefficients were carried out using the indicial 

method. In this method, the indicial response at each motion mode is computed. The 

indicial response is the flow field response to a step change in the given mode of 

motion. From the indicial response, the solution for any arbitrary frequency of that 

motion can be obtained with the aid of the Duhamel integral. This approach ( which 

is similar to the pulse transfer function method that will be discussed in the next 

section ) has the advantage that solutions for all reduced frequencies for each com- 

bination of the mode of motion and free-stream Mach number can be obtained from 

a single flow field computation. From Fig. 3.6.4 it can be observed that present re- 

sults compare well with the previous results. The discrepancy in the two results may 

be due to two reasons. The first one is due to the low frequency approximation ap- 

plied in LTRAN2 solution which limit its application only for flow with reduced fre- 

quency less than 0.2. The second reason is due to the consideration that have to 
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be made in computing the indicial response for transonic flow. This consideration is 

that the amplitude of the step change in the motion should be sufficiently small that 

the shock waves locations remained essentially fixed and the superposition principle 

is still valid. For the NACA64A006 airfoil considered, a very small step change is re- 

quired , such aS a = 0.1° was used in the calculation using the indicial method re- 

ported in Ref. 84 , in order the above consideration to be fulfilled. On the other hand, 

in the present calculation, using the harmonic oscillation method, it was necessary 

to use a value of amplitude of pitching motion of 1° , in order to obtained an accurate 

response. It was found very difficult to obtain periodic response for amplitude less 

than 0.5°. Since the flow response, as mentioned earlier, is amplitude dependent, 

this large amplitude difference should be considered as a major contributor to the 

difference observed for the lift and moment coefficients. 

3.6.2 The pulse transfer function method 

The pulse transfer function method was used for two-dimensional transonic 

aeroelastic problems by Bland and Edwards, Ref. 87. We have extended this ap- 

proach to three-dimensional problems. For the three-dimensional model, the calcu- 

lation of the generalized aerodynamic force for flutter calculation using the harmonic 

oscillation method becomes expensive because for each combination of reduced 

frequency, mode of motion and free-stream Mach number, a complete flow field 

computation is required. In the pulse transfer function method, the aerodynamic 

forces for each combination of the structural mode and Mach number in a wide range 

of reduced frequency are obtained in a single flow field calculation. The aerodynamic 
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forces are computed indirectly from the aerodynamic response due to a smoothly 

varying exponentially shaped pulse, as shown in Fig. 3.6.5. This method is a mod- 

ification of the indicial method , briefly mentioned in the previous section, in which a 

step - displacement is replaced by an exponentially shaped pulse. The advantage 

of using the pulse input is to avoid the non-physical transients that was found when 

using the step function input in indicial method with ADI solution for the TSD equation 

in which the second-order time derivative included, Ref. 85. The non-physical tran- 

sient is due to the approximation of the infinite intial derivative using the finite time 

step taken. 

The pulse is expressed as 

2 

q() = ge “-® 

Where q is the amplitude of the pulse , a and are constants related to the width 

and center of the pulse. 

The deformation Z of any points (x,y) on the structure surface at any time t is 

determined by the product of the the pulse and the structure mode, z(x,y) , and may 

be written as follows 

2 

Z(xy.t) = qge*'~® z(x,y) [3.6.1] 

This deformation is applied to the structure and the aerodynamic transients response 

( which may be expressed in term of the total lifting pressure at point (x,y) on the 

surface , Ap (x,y) ) are computed. By using a Fast Fourier Transform ( FFT ) analysis, 

both the response and the input pulse are transformed into reduced frequency, k , 

domain. The aerodynamic forces is defined as the ratio between the FFT of the 

transient response divided by the FFT of the deformation, 
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FFT of the aerodynamic response 
Q(k) = FFT of the deformation 

Specifically, if Q represents the total lifting pressure Ap, (x,y) , which is the total 

pressure at point (x,y) induced by the displacement in the j-th structural mode, 

then in k - plane it can be written as 

FFT [ Ap, (x,y,t) ] 
Api (ayik) = FETEL@.z Gey) I 
  

and Ap, (x,y,f) = GLCp (x,y, t) ~ Co (x,y,t) J 

where z;(x,y) is the j-th structural mode. Once these quantities are computed, the 

generalized aerodynamic forces , Aj , for the aeroelastic solution are obtained by 

substituting these values into the Eq. [2.2.2] . 

In a three-dimensional wing model, for the purpose of the compatibility between the 

structure and aerodynamic terms in the derivation of the aeroelastic equation of mo- 

tion ( see Section 2.2 ), z(x,y) are selected as the mode shapes of the wing, A, (x,y). 

In this study, the values of a and @ in Eq. [3.6.1] are selected to be equal to 0.25 

and 17.5 At , respectively, where At is the non-dimensional time step. It is im- 

portant to note that the transient response has to be calculated for a time interval that 

is long enough such that the final value of the response becomes steady and equal 

to its initial value. Otherwise, the Fourier transform of the response will not be ac- 

curate. A calculation for 1024 time steps with the At = 57/48 is used, which is found 

to be accurate and gave a stable response. 
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This method was used to calculate the generalized aerodynamic forces for the flutter 

calculations of a 45° swept wing. This wing is a semispan wind - tunnel wall - 

mounted model that has a quarter chord sweep angle of 45° ( leading edge sweep 

angle of 46.3° ), a panel aspect ratio of 1.6525 and panel taper ratio of 0.66. This 

series of wings was tested in the Transonic Dynamic Tunnel ( TDT ) at NASA Langley 

Research Center, Ref. 13 , and is an AGARD standard three-dimensional configura- 

tion, Ref. 86. A plan view of the wing is shown in Fig. 5.5.1. The wing has a 

NACA64A004 airfoil section and was constructed of laminated mahogany. In order to 

obtain flutter for a wide range of free-stream Mach numbers and mass density ratio 

in the TDT, some of the wings had holes drilled through the wing to reduce the 

stiffness, and filled with a rigid plastic foam to maintain the airfoil shape. The wing 

model that is used in present study is the one that denoted as WEAK3 model. Figure 

5.5.2 shows oblique projections for the four natural modes and its displacement 

contour used to model wing WEAKS structurally. These modes which are numbered 

1 through 4 represent the wing first bending, first torsion, second bending and second 

torsion mode, respectively. The natural frequencies range from 9.60 Hz for the first 

bending mode to 98.50 Hz for the second torsion mode. 

The flow field calculation is performed in the computational domain with 90x20x40 

grid points which are distributed following the coordinate transformation given in 

Section 3.2 , and shown in Figs. 3.2.5a and 3.2.5b.. The impulse response calculation 

are calculated using the AF algorithm and are initiated with the steady flow solution 

as the first estimate of the potential values. The steady upper surface pressure dis- 

tribution for mean angle of attack 0° at the span section located 0.2 semispan length 

from the wing root is presented in Fig. 3.6.6. At Mach number range from 0.499 to 
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0.954 the flow field is generally free of shocks, except at Mach number equal to 0.954 

a weak shock was observed at two span sections at the wing tip region. 

Figure 3.6.7 shows the total-lift pressure response, Ap; , at the grid point located at 

the wing tip, one half chord length from the leading edge, induced by the displace- 

ment in the second mode ( first torsion mode ), at Mach number M = 0.90. The wing 

is given a displacement according to Eq. 3.6.1 with z(x,y) replaced by the displace- 

ment of the wing second natural mode. The pulse amplitude, gq , is taken to be equal 

to 0.00215 which associated with the deflection of 1% of chord length at the wing tip. 

The response becomes steady, returning to its initial value very quickly in 60 - 100 

time steps after the wing returning to its steady position. Since at this Mach number, 

the entire flow field is free of shocks so that the flow is not highly nonlinear, a quick 

converged response can be expected. When the amplitude of the pulse, q@ , is 

doubled, the wing motion gave a diverged aerodynamic response ( the response did © 

not come back to its initial value after about 1024 time steps ). So, the amplitude of 

the pulse should be chosen in such a way that it is not so large which might give a 

diverged response, but also it is not so small that the response become inaccurate. 

For calculations reported in Ref. 87, the pulse amplitude was selected such that the 

maximum angle of attack is equal to 1°. In general, the selection of the gq, value is 

dependent on the geometry of the wing and also the characteristic of the flow. 

After the Fourier transformation of this response, the generalized aerodynamic force 

is obtained through the integration of Eq. [2.2.2] . The value of A, , the generalized 

aerodynamic coefficients induced by the second natural mode and acting through the 

first mode , is given in Fig. 3.6.8 as a function of reduced frequency. The comparison 

was made with the results computed using the harmonic oscillation method. Results 
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from harmonic method were obtained for 7 values of reduced frequency, ranging from 

k = 0.0 to 0.9 with increment of 0.15. The two set of results are in very good 

agreement, which validates the pulse transfer - function analysis for application to 

transonic flow problem. The same agreement for the Ay, coefficient is shown in Fig. 

3.6.9. 

Using this method, the number of flow field calculation needed to compute all of the 

elements in the generalized aerodynamic forces matrix, at a certain value of M, is the 

same as the number of the structural modes being used in the aeroelastic calculation. 

In the harmonic oscillation method, this number will be equal to the number of the 

structural modes multiplied by the number of reduced frequencies of interest. 

Aerodynamic Model 83



SONIC LINE Ne J SHOCK WAVE 

  

    

  

SUPERSONIC REGION 

SUBSONIC REGION 

Figure 3.1.1 Typical structure of a transonic flow over lifting 
body with subsonic free-stream Mach number. 
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Figure 3.2.1 Regions in airfoil section for coordinate transformation. 
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Figure 3.2.2 Grid-system in physical plane for two-dimensional 
flow calculations based on TSD equation. 
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Computational plane 
Physical plane 

Figure 3.2.3 Physical and computational plane of 
tapered wing geometry. 
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Figure 3.2.4 The metric &, - variations, a) chordwise variation 
along span-section at the wing root, y=0; and 
b) spanwise variation along gridline at the leading edge. 
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a) gridlines distribution in x-y plane 

  
Figure 3.2.5 Gridlines distribution for three-dimensional flow 
calculations over 45° swept wing, a) gridlines 
distribution in x-y plane ; and b) gridlines distribution in x-z plane. 
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b) gridlines distribution in x-z plane 

  
Figure 3.2.5 Concluded 
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Figure 3.3.1 Viscous ramp geometry used to model the viscous effect in 
flow calculation based on inviscid flow equation. 
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Figure 3.4.1 NACA64A006 airfoil section with sinusoidaly 

oscillating trailing edge flap of length 0.25 chords. 
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Figure 3.4.2 Unsteady upper surface pressure distribution of NACA64A006 
airfoil section induced by oscillating trailing edge at M = 0.875 and 
k = 0.1170, a) attimet = 0°, and b)attimet = 180°. 
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Figure 3.4.3 The time history of the upper surface pressure distribution 
of NACA64A006 airfoil section induced by oscillating trailing edge 
flap, obtained using general-frequency TSD equation. 
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Figure 3.4.4 The time history of the upper surface pressure distribution 

of NACA64A006 airfoil section induced by oscillating trailing edge 
flap, obtained using low-frequency TSD equation. 
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Figure 3.5.1 An approximate factorization (AF) algorithm for unsteady 

flow calculations, consists of i) atime linearization step and 

ii) Newton iteration. 
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Figure 3.5.2 F-5 wing configuration with a modified NACA65A004 
airfoil cross-section. 
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Figure 3.5.5 The convergence history of steady flow calculation over 
F-5 wing configuration using AF algorithm, M = 0.90 and a = 0°. 
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Figure 3.5.6 The convergence history of steady flow calculation over 
F-5 wing configuration using AF algorithm, M = 0.95 and a = 0°. 
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Figure 3.6.1 Aerodynamic response of NACA64A006 Airfoil section due 

to sinusoidal pitching motion about elastic axis located a quarter 

chord aft from leading edge, M = 0.875, pitching amplitude = 1°. 
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Figure 3.6.2 Variation of the phase angle, between lift force and pitching 
motion, with reduced frequency of the motion for NACA64A006 airfoil section. 
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Figure 3.6.3 Variation of lift coefficients with reduced frequency 
of the motion for NACA64A006 airfoil having sinusoidal pitching motion. 
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Figure 3.6.4 Comparison between litf coefficients obtained using 
harmonic oscillation method ( present results ) and using indicial 
method ( LTRANZ2 solution ) at M = 0.80 and 0.85. 
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Figure 3.6.5 Smoothly varying exponentially shaped pulse used 

in the pulse transfer function method. 
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Figure 3.6.8 Comparison of the generalized aerodynamic coefficient Ai , 
obtained using the harmonic oscillation and pulse transfer function method. 
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Chapter 4 

Structural Nonlinearity Model 

As mentioned in chapter 2, since virtually many aircraft structures contain some 

kind of nonlinearity, it is necessary to include this nonlinear behavior of the structure 

in the aeroelastic analysis. In this chapter, the derivation of several structural non- 

linearity model are given. Two different approaches for predicting its effects on flutter 

behavior are described. The first one is the asymptotic expansion method for con- 

centrated nonlinearities and the second one is a quasi-nonlinear approach that is 

used to include the effects of distributed nonlinearities. The procedure to include 

these effects into the aeroelastic solution, is also described. Results from the case 

studies that have been investigated are presented. 
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4.1 Overview 

It is known that the structural nonlinearities play a significant role in the 

aeroelastic response and flutter characteristic of an aircraft structure. A survey of 

various types of structural nonlinearities and their sources in aircraft structures is 

given by Breitbach in Ref. 56. In general, nonlinearities arising in an aircraft struc- 

ture can be divided into two major groups : 

1. Distributed nonlinearities which are activated continuously throughout the struc- 

ture by elasto-dynamic deformation in riveted, screwed and bolted connections 

as well as within the structure components themselves. Because of the large 

number of the rivets and screws it can be assumed that the resulting damping 

and stiffness nonlinearities are more or less distributed throughout the structure. 

This type of nonlinearity, will directly affect the natural frequencies, mode shapes 

and damping coefficients of the structure. 

2. Concentrated nonlinearities which act locally in the structure or part of the 

structure, especially in the control mechanism or in the part connecting the wing 

with external store. This type of nonlinearity, furthermore, may be identified ac- 

cording to its physical sources and effects and can be further sub-divided into 

three categories : 

(i) Freeplay and preload nonlinearity - because of the back-lash in the linkage 

elements of the control system or the solid friction in a control cable. The force 

- displacement relationships of these kind of nonlinearities are shown in Figs. 

4.1.1 and 4.1.2. 

(ii) Hysteresis type of nonlinearities , such as shown in Fig. 4.1.3. As the applied 

force increases, the displacement grows linearly until a certain point at which a 
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jump occurs and beyond that the displacement becomes linear again. For the 

displacement in the opposite direction, the same jump occours at a different force 

level. This type of nonlinearity exists in the control system where static friction 

changes to sliding friction beyond the critical slip - stick point. It also can repre- 

sent the slip of the wing skin pane! at the rivets. 

(iii) Cubic/Geometric nonlinerities , where the force exerted depends not only 

on the linear terms of the displacements but also on its higher - order terms, so 

the force - displacement relation is not linear as shown in Fig. 4.1.4. In structure 

this effect found when a thin wing, or perhaps a propeller, is subjected to in- 

creasing amplitude of torsion. 

The nonlinear effects on the actual structure and control mechanism, in general, 

come as a combination of these three kind of nonlinearities coupled with the distrib- 

uted one. 

At first sight, the above described distributed nonlinearities do not seem to be of 

great importance for aeroelastic investigations. However, many difficulties as occur- 

ring particularly during measurements in the vibration and flight flutter tests can be 

attributed to these effects. It has been shown in Ref. 88 that weak distributed 

stiffness nonlinearities in concurrence with equally weak manufacture - related 

structural asymmetries can be identified as physical sources of the well - known 

phenomenon of amplitude dependent normal mode asymmetries. 

Very interesting problem concerning the measurement of generalized masses is in- 

vestigated in Ref. 89. The study comes to the conclusion that measured generalized 

masses can be considerably affected by measuring error due to small distributed 
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stiffness nonlinearities. Several means to overcome this problem are proposed in 

that study. 

As to the influence of distributed physical nonlinearities toward the natural frequen- 

cies and damping coefficients, experience has shown that natural frequencies are 

weakly decreasing function of the amplitude of the vibration. But the overall damping 

coefficients can undergo much higher variation with respect to the vibration ampli- 

tude. In the ground vibration test of a F104G Starfighter aircraft as reported in Ref. 

90 , test results indicate a trend of slightly reducing natural frequencies with in- 

creasing amplitude level ( Ref. 90 , Table 23 and 24 ). A strong nonlinear behavior 

was found for a fin torsion, tailplane coplanar rotation mode. With increasing ampli- 

tude the resonance frequency drops from 12.7 Hz to a minimum of 10.2 Hz but in- 

crease to 11.2 Hz with higher amplitude. No such common trend in damping 

coefficients was observed. For a wing bending, tailplane rotation mode, the damping 

coefficients decrease with an increasing amplitude ( Ref. 90 , Table 25). But for the 

wing torsion mode, the damping coefficient increases from 0.007 to a maximum value 

of 0.082 and then decreases to 0.042 at higher amplitude. 

Consequently, it can be said that in aeroelastic analysis in which the structural prop- 

erties ( natural frequencies , mode shapes and damping coefficients ) are obtained 

from the ground vibration test, certain changes of the critical flutter speed resulting 

from nonlinear damping effects can be expected, especially in cases of mild flutter. 

The nonlinear effects on natural frequencies and modes may be regarded as negli- 

gible. 

Regarding the concentrated nonlinearities, it is evident that as the magnitude of 

the structural nonlinearity in a system becomes significant, the simplified linearized 
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approach may lead to inadmissible errors and in some cases to a totally different 

result, that may give a complete misinterpretation of what actually happens phys- 

ically. Flutter studies of wing structure configurations with nonlinearities existing in 

the control surfaces, Refs. 51-58 , have shown that nonlinearities can affect not only 

the flutter speed but also the characteristics of the wing motion. With the assumption 

of linear structure theory, one can always define a wing flutter speed, above which 

the wing motion is unstable and the motion grows exponentially with time. However, 

as the amplitude of the oscillation begins to grow, the extent to which this increase 

continues depends upon the nature of the stiffness characteristic of the wing and that 

of the control surface. If the structure exhibits any type of nonlinearities, the stiffness 

characteristics change with amplitude of the motion and the oscillation may increase 

to an amplitude at which the wing experiences a stable limit cycle oscillation. A 

missile control surface having a freeplay nonlinearity, or ‘slop’ , is an example of a 

system whose response characteristic are function of the amplitude oscillation. Ata 

particular flight speed, the amplitude of the oscillation, caused by external aero- 

dynamic excitation , starts to build up. Due to the presence of a freeplay nonlinearity, 

in combination with increasing amplitude of oscillation, the effective stiffness of the 

system increases and the motion becomes stable at some limited amplitude. Thus, 

although the critical flutter speed of a linear configuration might be exceeded, de- 

structive oscillation for nonlinear system may not result from this tendency toward 

instability. The system possibly experiences a failure due to large amplitude steady 

oscillation or due to fatigue . 

Studies in Ref. 51 investigate the effects of control system nonlinearities, such as 

actuator force and the deflection limits, on performance of an active flutter supression 

system. Whereas flutter of a linear system is characterized by an exponential growth 
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of oscillation amplitude with time, flutter of a nonlinear system may be amplitude 

limited. On the other hand, a nonlinear system which is stable with respect to a small 

disturbance may be unstable with respect to large ones. Interest in this particular 

problem stems from studies in Ref. 54 of a passive wing/ store flutter suppression 

concept known as the ‘decoupler pylon’. These studies have shown that a store 

mounted on a pylon with low pitch stiffness can provide substantial increase in flutter 

speed and reduce the dependency of flutter on the mass and inertia of the stores 

relative to that of stiff-mounted store. By decoupling the influence of store pitch in- 

ertia on wing torsion mode, the frequency separation between flutter critical modes 

is increased and the flutter speed is also increased. 

As mentioned in Chapter 1, most of the studies on the structural, concentrated non- 

linearity effects on flutter characteristics of aircraft structures make use of the de- 

scribing function technique, Ref. 52 , which is an adaption of the method of harmonic 

balances. In this technique the motion of the structure is assumed to be sinusoidal, 

and the load developed in the nonlinear elements ( obtained from the load - dis- 

placement relationship of those elements ) are expanded in Fourier series. All har- 

monics except for the fundamental one are neglected, and the ratio of the amplitude 

of the fundamental harmonic of the load to that of the assumed displacement is used 

to define an ‘equivalent ’ linear spring. The equivalent linearized system is then 

analyzed by the conventional linear flutter theory. This technique gives satisfactory 

results for freeplay nonlinearities only when the amplitude of the motion is larger 

then the amplitude of the freeplay. If these two amplitudes are of the same order, 

significant errors can occur. This is due to the fact that only the fundamental term of 

the Fourier series expansion of the load ( as described in Section 4.2 ) is being used 

in computing the effective stiffness coefficient of the element. An asymptotic expan- 
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sion method is developed in this study for the purpose of including the higher order 

terms of the expansion series. In this method, the higher order terms can be included 

to any degree of approximation. This method, thus, does have a more general form 

compared to the describing function method. 

The distributed nonlinearity effect in the aeroelastic calculation is employed indirectly 

by allowing the variation of the natural frequencies and damping coefficients with re- 

spect to the vibration amplitude. The next two sections are devoted to describing the 

asymptotic expansion method used to compute the effective spring stiffness 

coeffcients and the method used to include the distributed nonlinearity effects in the 

flutter analysis. 

4.2 Asymptotic expansion method for a concentrated nonlinearity 

The equivalent stiffness coefficients of the nonlinear spring are calculated using 

the asymptotic expansion method, based on the method proposed by Krylov - 

Bogoliubov - Mitropolsky for nonlinear oscillation problems, Ref. 92 . The funda- 

mental idea of this linearization approach is based on the assumption that a nonlinear 

element can be approximately replaced by a linear element with equivalent internal 

energy when the element is activated at equivalent amplitude level. 

Let us first, consider an oscillating system defined by a differential equation of the 

form 
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xX” + wx = ef(x,x’) [4.2.1] 

where w is the frequency of the motion , f(x, x’) is small nonlinear perturbation 

forces which can be presented as a summation of periodic functions of period 2z 

radian ,€ is a small positive parameter , and prime indicates the derivatives with 

respect to time. 

The contribution of the perturbation load in the solution is expanded in term of pa- 

rameter e« using a perturbation technique. This expansion function take the form of 

an asymptotic series comprised of integer power of e , which can be expressed as: 

N 

x = acosy + ye u, (a, Ww) + O(e%t’) [4.2.2] 

n=1 

Here, the first term is the fundamental solution (¢« = 0), and the remaining terms 

represents the asymptotic approximation of the nonlinear contribution to the re- 

sponse. O(e%+") is a quantity of order e%+'. The functions u, (a, w) are periodic 

functions in angular variable , wy , with period 2x, and the motion amplitude ,a. The 

parameter N indicates the order of the asymptotic approximation. The quantities a 

and w are function of time and are defined by the differential equations : 

N 

a = Ye Ana + o(eNt') 
n=1 

N 

ae w— ye B, (a) + O(e"t') [4.2.3] 
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The right hand - side of this equation are series expansions of e and the parameter 

A,(a) and 8,(a) which are function of the motion amplitude, a. We have to derive 

the function u,(a, wy), A.(a), 8,(a) such that the expression [4.2.2] , with a and w 

substituted by function defined by Eq. [4.2.3] , will be the solution of the original 

equation, Eq. [4.2.1]. Differentiating Eq. [4.2.2] gives, 

  

du 
= {cosy+e— +2 2 uy C2 4 

at G da dt 
[4.2.4] 

{-asiny + oo + 2 Ove + av si es E OW re ot 

and differentiating this equation once more, yields 

d?x _ d’a Ou, 2 Ou, 
rm = | cosy + ¢ Aa +E Aa +o. + 

d*y Ou, 5 OU, 
72 | nasinv +e + Oy + ..> + 

2 
da OU, 2 OU, 

(He? 3 at + [4.2.5] 

  2(ar Sey} asin + aadW + € Bay tube 

07u, 2 67up 

tCer==" ave 

ay’ ay? 
  

2 

(Sr | #084 +€ 

From Eq. [4.2.3] , the following relations can be derived, 

  

d’a _— 2, dA 3 
We ge A, Wa + €... 

d°y 2, 2A 3 
72 = € B, a + €... 

da 
2 

Sf) = PA +e... 
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2 
dW apn , 38 

(Gr) = © 8 +e... 

d 
(SE (2) = w’ + 2ewB, + ©? (BY + 2wB,) + ©... [4.2.6 ] 

Putting Eqs. [4.2.3] and [4.2.6] into Eqs. [4.2.4] and [4.2.5] , and substituting the re- 

sulting equations into Eq. [4.2.1] , which follows that the left hand side of Eq. [4.2.1] 

may be written as, 

  

2 , 2 Ou 2 
x” + wx = &4 —2wA, siny — 2waB, cosy + @ a + wu, > + 

  

2 dA, 2 
Ee 4 (A, da aB, — 2waB,) cosy — 

2 

  

    

aB, O"u, 
(20 A, + 2A, By + Ay Ze a) sin + 20a, SE + 

é7u é°u 
2w B, ; + w* 5 + w Upp + eo. 

ay ay j 
[4.2.7] 

Also the right hand side of Eq. [4.2.1] , with the help of Eqs. [4.2.2] and [4.2.4], may 

be written in the form 

ef(x,x’) = ef(acosy,—asinw) + e{f, u, (acos wy, —aw sin w) + 

f. (acos y,—aw sin )(A, cos ¥ — aB, sinw + 

a o)} +e... 

[4.2.8] 

In order that the forgoing expression [4.2.2] may satisfy the original equation with an 

accuracy of the order e%*', it is necessary to equate coefficients of equal power of 
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é in the right hand side of Eqs. [4.2.7] and [4.2.8] upto terms of the N-th order (inclu- 

sive ). Doing so, yields to the following system of equations : 

2 

  

  

  

u 
2( P + U,) = fla, W) + 2A, sin + 2waB, cos 

2 du , a” ( By? + u,) = f,(a, ¥) + 2wA, sin + 2waB, cos 

2 aun . aw ( 5y2 + Uy) = fy_,(a,W) + 2wA, sin + 2waB, cos [4.2.9 ] 

where for brevity the following symbols have been used : 

f,(a,¥) = flacosy, —asin w) 

Ou 
f,(a,v) = u,f,(acos p,—aw sin py) + [A, cosy — aB,siny + w a 

dA 
f.(acos y,—aw sin) + (aB? — A, —) cosy + 

2 32 
uy 

+ 2wB, “) 

ow 
  2A, B a, 22 2wA Os 

(2A, By + Ay ~Gz a) sind — On" “Bad 

[ 4.2.10 J 

It can be observed that f(a, ¥) is a periodic function of the variable w with a period 

27 and is dependent on a. The explicit expression of these function will be known 

as soon as the expressions for A/a), B{a), and u(a, Wy) are found. So, in seeking the 

complete solution up to the N-terms, the computation have to be started from N = 

1. For the value of N = 1, A,,8,andu, are determined from the first equation in 

[4.2.9]. Examine the Fourier series expansion of f(a, w) and u,(a, y) : 
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fo(@.¥) = goa) + > {on(a) cos(my) + Ayla) sin(my)} 
n=1 

us (a,¥) = vola) + >) {vq(a) cos(my) + wy(a) sin(my)} 
n=1 

Substituting these two expressions into the first equation in [4.2.9] , and equating 

coefficients of identical harmonics (suchas cosy, sinyw,....... ) the expression for 

A,(a), 8,(a) are uniquely determined as follows 

  

  

Ala) = = hi(a) Ba) = = g(a) [4.2.11] 

and then u,(a, ¥) expression is obtained as 

goa g,(a) cos nw + h,(a) sin nw ulay = 22 ry (2) (a) sin ny } 
@ w (1 -—n*) 

n=2 

By completely determining A,(a), B,(a), u4(a, Ww) , from Eq. [4.2.10] the explicit ex- 

pression of f(a, ¥) can be formulated. Expanding it in a Fourier series , 

f (a,¥) = Gola) + Y Gla cos(ny) + h(a) sin(ny)} 
n= 

Using the second equation in [4.2.9] and following the same step as in the calcu- 

lation of A,, B, explained above, the A,(a), B,(a) expression are obtained, 

  Ala) = =~ Aa) Ba) = Dw g:(a) [4.2.12] 
2wWa 
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a 1 \ { g(a) cos ny + h(a) sin ny } 
u(a, v) = “ot L 

(1 —n’) 

So, we have a process for determining successively and uniquely the quantities 

Aja) , 8,(a) , u(a,w), nm = 1,2,.... 

up to any value of n. The solution of the Eq. [4.2.1] can be constructed to any degree 

of approximation by substituting the expression of u,(a, w) into Eq. [4.2.2]. 

The Fourier series coefficients g,(a),h,(a) can be written as 

2n 

g,(a) = > | ffacos wy, —awsin yw) cos ny dy 
0 

2n 

h(a) = al flacos W, —aw sin) sinny dy 
0 

Then, for the second order approximation, the A,,A,,8,,B2. coefficients can be 

  

  

  

    

written as 

27 

A,(a) = = [ f(acos y,—asiny) sin dy 
2n°w 0 

2n 

B,(a) = = f(acos ¥,—asin wy) cos dy 
2an w 0 

at 2n 

A{a) = > — = aA, + 2A,B, ] — - | {f,(acos ¥, —aw sin) u, + 
2wn 0 

Ou, 
f.(acos py, —aw sin y) (A, cosy — aB, sin + Wy w)} sin dy 

dA 
Ba) = =o [ 7a A, — aBy ,—aw sin) u, +                

f,.(acos , —aw sin wy) (A, cosy — aB, sin + a w)} cos wy dw 
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[4.2.13] 

Consider now the oscillation of a system with a nonlinear spring and of mass 

m. The oscillation equation is given by 

mx” + p(x) = 0 [4.2.14] 

in which the relation between elastic force and displacement is nonlinear and may 

be expressed as 

p(x) = Kx + e x(x) [4.2.15] 

where x(x) is function that account for the nonlinear load - displacement relationship 

in the spring and K is the linear spring coefficient. This equation will belong to a type 

already discussed, Eq. [4.2.1] with 

wo = K{[m , f(x,x’) = — yx(x)/m 

As it already been shown, the solution of Eq. [4.2.14] have a similar form as given 

by Eq. [4.2.2] , which satisfy the condition in Eq. [4.2.3] . Introducing two functions of 

amplitude , K(a) and A(a) , defined as 

N 

A(a) = + e A,(a) + O(e%t') 
n=1 

N 

K(a) = K + 2 B,(a) + O(e%*') [4.2.16] 
n=1 

Considering these two expression, the condition in Eq. [4.2.3] may be rewritten in the 

following form, 
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da _ Aa) 
  

  

dt ~ | m 4 

d K(a 
ot. = We in which We” = (8) 

Substituting these relations into the expression for x’, and x” into Eqs [4.2.4] and 

[4.2.5], and then use these result to replace terms at the left hand side of Eq. [4.2.14] 

, gives the oscillation equation in the form, 

x” + A(a)x’ + K(a)x = O(e%*4) 

Hence, the approximation function of the form as defined by Eq. [4.2.2] satisfies the 

linear differential equation of the oscillation of the form 

mx” + A(a)x' + K(a)x = 0. [4.2.17] 

with the accuracy of the order of magnitude e%*+*. In other words, the nonlinear sys- 

tem represented by Eq. [4.2.14] is equivalent to the system represented by Eq. | 

[4.2.17] with 

p(x) =2 (a) x’ + K (a)x 

representing the nonlinear damping and spring forces in which A and K satisfy Eq. 

[4.2.16] . The function A, therefore, is called the equivalent damping coefficient 

and K_ is called the equivalent stiffness coefficient. Instead of using the expression 

given by Eq. [4.2.16] , the equivalent stiffness coefficient may be written as a series 

expansion of the linear stiffness coefficient 

K = K(1 +B, + &B, +...) [4.2.18] 

The number of terms used in the expression identify the order of the approximation. 

The first order approximation ( referred to as the ‘describing function method ’ ) 
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keeps the first two term of the series, the second-order approximation keeps up to 

the e? terms, and so on. 

The nonlinear elastic force - displacement function, p (x) , is obtained from the load 

- displacement relationship. For a spring with preload nonlinearity, see Fig. 4.1.2 , 

undergoing sinusoidal oscillation of amplitude a , for instance, the elastic force - 

displacement functions are given by 

1.a < dp 

2.6p < a < (6p + 6s) 

p (x) = Kx + K(acos® — acos wp) for O< fW < D 

= Kx for WD, IA
 

<
 lA
 

rs] 
3.a => (dp + ds) 

p (x) = Kx + K(acos@ — acos ¥,) for O<y< W 

= Kx + K(acos@ — acos ) for WB sw < D 

= Kx for @ < wy <a 

) 6 
where Wy = cost (PS 

6 
®, = cos (F) 

¥ = cos*(+) 

The expression of x(x) may be deducted from each of the p(x) functions given 

above using Eq. [4.2.15] . Once the x(x) expressions are known, the coefficient of the 

series for the equivalent stiffness coefficient , B{a) , can be easily computed. The 

integration of Eq. [4.2.13] gives the coefficient needed for a second order approxi- 

mation, 
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K = K(1+4+ cB, + eB) 

1. a < dp 

2 6B,=0 , &B,=0 

2. dp <a < (ép+ ds) 

eB, =+-[O)—+sin 20] 
2 

2 1, % 4 * 3 1 ? 
€ By = one ($B | Sin 2%) — (7 — cos Bp + 7 cos 2p) 

  (Gm + Gna) 3 
N 

+2 sin Do (Pp cos Dy — sin Do) — yc 24 
n 

n=2 

3. a >(dp+ ds) 

( sin 20, — sin 2¥,) — > (©, — ¥,)} 1.1 
eB =a 

eB, = x { (eB,)° — [(cos ®, — cos ¥,) — ( cos’*®, - cos’ P,) 
Te 

+ + (cos 20, — cos 2¥,)]? + [ 2( sin ®, — sin Yo) (®, cos D, — 

  

2 

n° —1 

  

N 

Yo cos ¥y—sinO)+sin¥)]— ) ( ) (Gnq + Ona) } 
n=2 

1,6 
OD, = cos"! (2) 

-_,, dp+6 
Yo = cost (—P FPS 

Dp 
Cn = | T, cos né cos 6 dé 

Yo 
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7) 

on = | T, sinn@ cos 6 dé 

Yo 

Po 

rT, = (cos ‘¥ —cos 6) sin né d@ 
0 

The same expression can also be derived for spring with freeplay nonlinearity. 

The ratio between the values of K , the equivalent stiffness coefficients, and the linear 

stiffness coefficients K ( K/K is called the effective stiffness coefficient, 6 ), fora 

preloaded spring as obtained from the asymptotic expansion method is shown in 

Fig. 4.2.1. For this calculation the value of deadband , és is equal to 0.4° and 

ds/dp , the ratio of the deadband to the preload amplitude , equal to 4. Presented 

here is the effective stiffness coefficients for both the first and second order solutions. 

For amplitude of motion less than the preload amplitude, dp , the effective stiffness 

coefficient is one and the response is linear. As the amplitude of the motion in- 

creases, the stiffness decrease. This softening effect is due to the deadband, os , 

in the spring causing the effective stiffness to be less than the linear value. As the 

amplitude increases well beyond the deadband region, the influence of the nonline- 

arity become small, and the magnitude of the effective stiffness coefficient again ap- 

proaches one. While both first and second order solution shown in Fig. 4.2.1 exhibit 

the same trends, the second order solution predicts a larger stiffness reduction when 

the amplitude of the motion falls within the deadband region of the load - displace- 

ment curve, Fig. 4.1.2. This results because the second-order solution includes 

higher-order harmonic terms. At higher value of amplitude, the first and second or- 

der solutions converge and asymptotically approach the linear solution. Comparison 

of the first order solution with the solution given by Laurenson et. al. in Ref. 55 are 
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in good agreement. Laurenson solution used the discribing function method which, 

as mentioned earlier, is equivalent to the first order approximation. It was found from 

several calculations that the larger the ratio value of ds/ép , at a constant value of 

ép , the greater the difference between the first and second-order approximation. 

Figure 4.2.2 represent the effective stiffness coefficients at different values of ds/dp 

, for the values of dp equal to 0.3°,0.35°,and0.5° and 06s _ equal to 

0.3°,0.7°, and 1.5° (this associated with the ds/dp values of 1,2 and 3, respec- 

tively ). As this ratio increases ( i.e. as the width of the deadband path, ds _ , in- 

creases ), the reduction in the effective stiffness coefficient after the linear path 

increases. Also, the recovery of the stiffness coefficients in the linear path after the 

deadband, slows down as the dés/dp ratio increases. For a constant value of preload 

, Op , the characteristic of the nonlinear spring is greatly dependent upon the width 

of the deadband, the larger this width, the greater the reduction in the effective 

stiffness. The same tendency also occurs in springs having a freeplay type of non- 

linearity, as illustrated in Fig. 4.1.1 . In this case the effective stiffness coefficient 

dependent upon the amplitude of the freeplay és , as shown in Fig. 4.2.3. The cal- 

culations were performed for values of the freeplay amplitude of 1°,1.5° and 2° , 

respectively. For the amplitude of motion less than the freeplay amplitude, the ef- 

fective stiffness is zero. As the amplitude increases, the linear spring predominates 

and the magnitude of K approaches that of K. At a smaller value of the freeplay 

amplitude, the linear value of the stiffness could be approached at a smaller motion 

amplitude. Mathematically, the linear stiffness value , K , can only be obtained if the 

ratio of the motion amplitude to the freeplay amplitude approaches infinity (i.e. ei- 

ther ds have to be very small or the amplitude of the motion have to be very large 

). 
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4.3 Systems with a distributed nonlinearity 

The distributed nonlinearity effects in flutter calculation are imposed indirectly 

through the variation of natural frequencies and damping coefficients of the wing 

structure with respect to the oscillation amplitude. For the most part, the variations 

of these quantities are obtained from the ground vibration test of the structure. For 

example, variation of the natural frequency and damping coefficients with respect to 

the oscillation amplitude for swept wing obtained from the ground vibration test, Ref. 

91 , are shown in Figs. 4.3.1 and 4.3.2 , respectively. The wing tested has a leading 

edge sweep angle of 40° , semispan taper ratio 0.47 and aspect ratio of 1.515. It has 

to be noted that this wing configuration is not exactly the same as the 45° swept 

wing configuration that is being used for flutter calculation in the present study. 

However, because of the lack of the ground vibration data available for the latter wing 

configuration , in the investigation of the distributed nonlinearity effects on the flutter 

solutions , the 45° swept wing model is assumed to have the natural frequency and 

damping coefficient variation as given in Figs. 4.3.1 and 4.3.2. This assumption was 

made based on the facts that the geometry of the two wings are very similar and also 

the first four values of the natural frequency of both wing are close to each other. 

It can be observed from Fig. 4.3.1 that the natural frequencies have a weak variation 

with respect to the amplitude, except for the fourth mode ( second torsion mode ). 

On the contrary, the damping coefficients have a strong variations for all of the 4 

structural modes. In Ref. 91, Kussner attributed this variation due to the slipping of 

the riveted and bolted joints which changes the stiffness and resonance ( natural ) 

frequency and cause energy loss and damping. These changes are not constant for 

different levels of motion amplitude. Therefore, the variation of the resonance fre- 
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quencies and damping coefficients with respect to the motion amplitude are not lin- 

ear functions. Another factor that may also affect this variation is the temperature 

distribution over the aircraft structure. If sun shines on the aircraft during the vi- 

bration test, the temperature at different points in the structure may become different. 

In that case, the stiffness tensor and the phase resonance frequency can change 

rapidly, as much as 0.5 Hz, due to thermoelastic effects. This kind of thermoelastic 

effect can become an important consideration in the flight flutter test, since the air- 

craft will be exposed to the sun for a very long period of time during the test, 

Ref. 89. Both of these variations ( those of frequency and damping ) are applied in 

the flutter calculation of the three-dimensional wing model by performing the calcu- 

lations for several values of motion amplitude. The elements of the stiffness and 

damping matrices, [K] and [C ] respectively used in the aeroelastic equation , Eq. 

[2.2.1] , become motion - amplitude dependent. The elements of these matrices can 

be redefined as follows : 

C, , (a) = 2(,(a) M,, @,Aa) for i =j 

= 0 for i # j 

K, ; (a) = wi(a)M, ; for i = j 

= 0 for i # j 

where a is the amplitude of the motion and ¢;(a) and w,,(a) variations are given 

by Figs. 4.3.1 and 4.3.2, respectively. The aeroelastic equation is solved for several 

values of the amplitude, and as a result of the analysis, we get variation of the flutter 

dynamic pressure with respect to the motion amplitude. 
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4.4 Aeroelastic equations with concentrated nonlinearities 

As in the case of distributed nonlinearity, with the concentrated nonlinearity in 

the structure included, the aeroelastic equations will change. The stiffness coefficient 

is not constant, but is a function of the motion amplitude. For the frequency domain 

solution, it is assumed that , in the present of structural nonlinearities , the structure 

does not exhibit a limit cycle oscillation with large amplitude, and that the superpo- 

sition principle of the aerodynamic load is still valid. It is also assumed that the mo- 

tion amplitude is small such that the TSD flow equation is still applicable. 

4.4.1 Two-dimensional airfoil section model 

For the airfoil section model, the nonlinearity may exist in either one of the two 

( torsional or bending ) springs, see Fig. 2.1.1. This model can be used to represent 

, for instance, the spring tab system in which the concentrated nonlinearity delib- 

erately introduced into the control mechanism in order to relieve pilot operation. At 

small tab deflection, the stiffness of the spring tab system is relatively high resulting 

from special pre-tension of the tab spring. At certain tab deflection the pre-tension 

ceases and the stiffness suddenly drops to a much lower value. This spring proper- 

ties can be categorized as preload spring nonlinearity. Such spring tab systems have 

already proven, Ref. 56 , to be very susceptible to a dangerous kind of divergent 

flutter. 
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Power operated controls may also have nonlinear effects and could be appropriately 

modeled using the typical section spring model. The dynamic behavior of power 

control mechanism is characterized in Ref. 93 as: 

1. The complex highly damped stiffness of the hydraulic actuator itself is a nonlinear 

function of the vibration amplitude as well as of the actuator preload and of the 

position of the jack piston, 

2. The linkage mechanism between the actuator body and the aircraft structure is 

affected by considerable nonlinear effects due to solid friction and back-lash es- 

pecially in the hinge bearing , and 

3. For acase in which the vibratory motions of the aircraft structure result in relative 

motions between piston and cylinder of the servo valve, actuator forces are in- 

duced which will vary with the vibration amplitude. This kind of dynamic inter- 

action can lead to stability problems. 

In Ref. 93 , it was also stated that the dynamic stiffness of the hydraulic actuators is 

usually a frequency dependent function to be taken into account as a very important 

part of the flutter clearance process. 

Following the derivation in Section 4.2 , the equivalent stiffness coefficients, Eq. 

[4.2.18] , can be written as 

K, = 6nKp, and K, = 6,K, 

where 6, and 6, represent the effective stiffness coefficients of the spring, and by 

Eq. [4.2.18] is defined as 

Ohoe = 1+ 68; + &?B, +... [4.4.1] 
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With this notation, the stiffness matrix in the aeroelastic equation, Eqs. [2.1.7] and 

[2.1.8] , may be written in the following form to include the nonlinearity effects, 

2 (cop/,)° 6, 0 
[K] = ( =) > [4.4.2] 

0) ri, Ow 

which is called the equivalent stiffness matrix of the system. Since the B,,B, ,... 

coefficients are motion amplitude dependent, elements of this matrix will also de- 

pendent on the motion amplitude. Introducing this matrix into the aeroelastic 

equation of motion, Eq. [2.1.7] , to replace the stiffness matrix [ K ] , the resulting 

equation for aeroelastic analysis in time domain can be written as 

E” é’ 4 _ E 4 —C, 

M + LC + (=> )LK = 4.4.3 L ye Lc] Y (“3 )LK J / (Te 2c, [4.4.3] 

and for aeroelastic analysis in frequency domain , Eq. [2.1.8] , can be written as 

  

¢ __(¢ 
[Cv] + Ce] - cal} i = iC i [4.4.4] 

Xo Ao 

Note that both Eqs> [4.4.3] and [4.4.4] are amplitude dependent. The solution of this 

equation are computed , as described an detail in Section 5.2 , for several values of 

amplitude of the motion. From this solution, the variation of the flutter speed with 

respect to the motion amplitude is obtained. 
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4.4.2 Three - dimensional structural model 

The three - dimensional wing model that is used to study the concentrated non- 

linearities effects is shown in Fig. 4.4.1. This model is similar to the structure model 

described in Section 2.2 , with the addition of two springs ( roll and torsion springs ) 

at the wing root. This model is representative of a control surface with a loose hinge 

and/or joint slippage in the surface support structure and control actuator. It can also 

be used for the problem dealing with tactical missile wing pair ( control surface ) , 

as investigated by Laurenson, Ref. 55 , in which the nonlinearities exist in the wing 

root attachment with missile body. In both cases, structural nonlinearities were as- 

sociated with the root rotational support springs, K, and K, . 

By including these two rigid motions into elastic motion of the system and taking also 

into account the nonlinearities on them, the system flutter problem is represented by 

the following system of nonlinear equation, Ref. 65, 

| CH] [PF] T [c1] 0 
; {v"} + {v} + 

| [PF] [M] 0 [C] 
[4.4.5] 

    
T [K1] 0 |i _[ C4] oe 

v} = q 

0 [K] | [Aer] [Ae] 

where {v} is the vector of generalized coordinates and which consists of 8,@ and 

the generalized coordinate associated with wing elastic modes , { q }. 
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6 

m=] 4 

{q} 

in which @ is the generalized coordinate associated with pitching displacement ( ro- 

tation about y - axis ), and @ is the generalized coordinate associated with rolling 

displacement ( rotation about x - axis ). Matrix [H] is the matrix of moment of inertia 

of the rigid wing, and is defined as 

lo log 
[LH] = 

los '¢ 

in which /, and /, are the rigid moment of inertia of the wing about pitching axis and 

rolling axis, respectively. 4/,, is the product of inertia of the rigid wing. 

Matrix [ PF ] is the matrix of inertial coupling between rigid and elastic mode of the 

wing, and which is defined as 

ne 

LPF] = 
Igy 2+ + + Mon 

where n is the number of the elastic modes use in the analysis and /,, is the inertial 

coupling between the rigid pitching motion, @ , and the i-th elastic mode. These 

quantities essentially are the product of inertia of the wing structure calculated with 

respect to the pitching axis and the elastic axis of the i-th mode. The i-th mode 

elastic axis is defined as the lines of zero deflection in the i-th elastic mode and can 

be computed from the mode deflection contour, as shown in Fig. 5.5.2. 4, is the 
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inertial coupling between the rigid rolling motion, @ , and the i-th elastic mode, and 

is defined in a similar way as [,,. 

The [ K1 ] matrix is the stiffness matrix of the rolling and torsion spring including the 

nonlinearity effects ; the form of this matrix is similar to the one given by Eq. [4.4.2] , 

which is 

Kyd, 0 
[Ki] = 

where K, and K, are the linear stiffness coefficients of the torsion spring and rolling 

spring, respectively , and 6, and 6, are the effective spring coefficients of the 

torsion and rolling spring, respectively, as defined in Eq. [4.4.1]. [C1] is the damp- 

ing matrix associated with the rigid rolling and pitching displacements , 

by 0 
[ci] = 

where €, and ¢, are the damping coefficient associated with the pitching and rolling 

motions, respectively . 

Matrix [ A. ] is the matrix of generalized aerodynamic loads associated with the wing 

elastic displacements whose elements are defined by Eq. [2.2.2] , and [A] is the 

is the matrix of generalized aerodynamic loads associated with the rigid rolling and 

pitching displacements, defined as: 
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The LA, ],[ Ae] matrices are the matrices of aerodynamic load couplings between 

rigid and elastic displacements which are defined, respectively, as 

Are Arg 

Ap, se 

LAe J] = [Aer] = 

    } Ang Ang ; 

The [M],[K]and[C] matrices are the generalized mass, stiffness and damping 

matrices of the elastic wing, respectively , which are defined by Eq. [2.2.1] . The el- 

ements of rigid, rigid - elastic and elastic - rigid generalized aerodynamic load ma- 

trices, [A,], [A], [A.-] , are computed using the same approach as for the 

aerodynamic load matrix for the elastic modes of the wing by considering the roll and 

pitch displacements as two additional wing modes. Aj , for instance, is defined as 

the generalized aerodynamic force coefficient from the pressure induced by the rigid 

pitching mode acting through the displacement of elastic mode i. Following the de- 

finition given by Eq. [2.2.2] , it can be expressed as 

Ap,(x,y) ds 4 0 
Aig = —4C [en A{xy 2 

Ss 

where Ap,(x,y) is the total pressure distribution on the wing surface due to rigid 

pitching displacement. These quantities are calculated following the procedure de- 

scribed in Section 3.6.2. 
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Equation [4.4.5] may be transformed into the s - plane , in the same way as it was 

explained in Section 2.2 for purely elastic wing system. This gives the aeroelastic 

equation in the following form 

[CM ]s? + [C]s + [KI] {9} + (Gc?) [A] {Gg} = 0 [4.4.6] 

where 

_ [H] [PF] _ [c1] 0 
[M] = : [C] = 

[PF] [M] 0 [Cc] 

_ [Ki] 0 _ [LA,] DAre J 
[K] = [A] = 

0 [K] [Aer] [Ae] 

[A] is the Laplace transform of the aerodynamic force matrix [A]. Applying the 

Pade’s interpolation to matrix [A] , following the procedure in Appendix B for the | 

linear system, this equation can be further written into the short form as represented 

by Eq. [2.2.5] , 

s{Z} = LH] {Z} [4.4.7] 

Matrix LH] is defined in a similar way as matrix LH] in Eq. [B.5] in which matrices 

[M],[C],[K]and[A] are use to replace matrices [M],[C],[K]and[A] , respec- 

tively. This equation is used to study the concentrated nonlinearity effects on the 

wing structure. The solution of this equation is carried out by applying the root-locus 

method discussed in Section 5.3.2 and some of the results is presented in Section 

5.5.3 . 
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freeplay nonlinearity. 
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Figure 4.1.2 Load-displacement relationship for a spring with 
preload nonlinearity. 
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Figure 4.1.4 Load-displacement relationship for a spring with 
cubic nonlinearity. 
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Figure 4.2.1 Effective Stiffness Coefficients (K/K) variation with 
displacement amplitude of the spring with preload nonlinearity, ds/6p = 4 
and 6s = 0.4° 
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Figure 4.2.2 Effective Stiffness Coefficients (K /K) variation with 

displacement amplitude of the spring with preload nonlinearity, 

for various ds/ép values. 
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Figure 4.2.3 Effective Stiffness Coefficients (K/K) variation with 
displacement amplitude of the spring with freeplay nonlinearity, 
for various és values. 
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Figure 4.4.1 Three-dimensional elastic wing model with rolling, 
K, , and torsion, K, , spring attachment at the root. 
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Chapter 5 

Solutions of the Aeroelastic Equations 

In Chapter 2, we derived the aeroelastic equations of motion for two different 

models of wing structures, namely ; (i) a two-dimensional typical section model and 

(ii) a three-dimensional wing model. Two and three-dimensional unsteady transonic 

flow calculations are described in Chapter 3, which also include the computation of 

the generalized unsteady aerodynamic load vector / matrix. The possible structural 

nonlinearities effects and the way of taking them into account in flutter analyses of a 

system are discussed in Chapter 4. 

In this chapter, solutions of the flutter equations given in Chapter 2, for systems with 

linear structures, and in Section 4.4 , for systems with a nonlinear structures, are 

discussed . Numerical calculations are performed using both the two and three- 

dimensional! wing models , and with and without structural nonlinearities. Compar- 

isons are made between the numerical results obtained using present method with 
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data from the wind tunnel experiments and other previously available numerical cal- 

culations. 

5.1 Overview 

In the transonic regime, the strongly nonlinear nature of aerodynamic flow 

equations make it impossible to solve the aerodynamic and structural equations in- 

dependently. This is unlike in the subsonic and supersonic cases, where the gov- 

erning equations of motion are linear and the aerodynamic forces can be written as 

a linear function of the body motion. For transonic flows, the superposition principle 

is not, in general, applicable in this case and a coupled set of aerodynamic and 

structural equations have to be solved simultaneously in order to obtain the 

aeroelastic response and stability boundaries of a system. 

In the aeroelastic equation given by Eq. [2.1.7] , the unsteady aerodynamic force co- 

efficients, C, and C,,, in the transonic flow are nonlinear functions of airfoil dis- 

placements. The position of the airfoil at every instant of time is required in the 

calculation of the aerodynamic force coefficients. However, the displacement of the 

airfoil depends on the unsteady aerodynamic pressure distribution over the airfoil. 

So, the solution of the aeroelastic equation have to be carried out iteratively by inte- 

grating the structural terms and aerodynamic terms simultaneously in time. This type 

of solution needs a large amount of computer time, since at every time step, a com- 

plete flow field calculation has to be performed. 
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But when the amplitude of the motion is small, such that the perturbation of the flow 

parameters at any time can be assumed to be a linear function of the flow parameters 

at that instant, then the superposition principle of the aerodynamic load may be ap- 

plied. The assumption of the load superposition makes it possible to transform the 

aeroelastic equation , Eq. [2.1.7] , into an eigenvalue type of equation in frequency 

domain, such as given by Eq. [2.1.8] . As will be described later in the following 

section, the solution of this equation is easier and faster to obtain as compared to a 

time marching solution of Eq. [2.1.7]. These type of solutions, however, have disad- 

vantages, such as the lack of details of the response and the restriction on the am- 

plitude of the motion. But, for preliminary calculation purposes, where detailed 

response characteristics are not needed, the eigenvalue type of solution may still be 

of considerable value. 

In the next two sections, both of the solution methods, i.e. the time marching type of 

solution and the eigevalue type of solution, are described. 

5.2 Time marching solutions 

Because of the large amount of CPU time and computer storage needed to per- 

form this calculation, only the problems dealing with the two-dimensional typical 

section model, as represented by Eqs. [2.1.7] and [4.4.4] , are solved with the time 

marching approach. In this approach, the aeroelastic responses are computed by 

integrating the structure and aerodynamic terms in Eqs. [2.1.7] and [4.4.4] simultane- 

ously. It was shown, Ref. 94 , that this step - by - step time integration solution, in 
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general, requires a time-step which is based on the accuracy needs for the the 

computation of the unsteady aerodynamic load coefficients. Since this required 

time-step is usually much smaller than the requirement for stable integration of the 

structural response, there is no need to use a complicated time integration scheme 

in this solution. Two direct integration methods were used in this study, namely : the 

Newmark - f and the Wilson - 6 methods, Ref. 55. The advantage of these methods 

is that these are both simple and easy to code. 

Before we proceed to derive the solution of Eq. [2.1.7] , we rewrite this equation into 

the form 

[mM ]{u"} + Lol{u’} + LK ]{u} = {R} [5.2.1] 

where {u} is the generalized displacement vector which consists of € and « and 

{R} is the generalized aerodynamic forces vector which is defined as the right hand 

side of Eq. [2.1.7] . 

In the Wilson - @ method, it is assumed that the variation of acceleration from 

time t to time (¢+ 6Af), where 621.0, is linear. At time (t+ @Ad , then we have 

,., OAty, , , 
Utsoat = ut (—B- )(U"psoart UD 

ondu’ + (PO) (a gay t Bu’ [5.2.2] Ursoar = Ur + (At)u r+ (3) t+oatt 2u”)) 5.2.2 

Writing the aeroelastic equation at time t+ @At as, 

[M] u" soar t [Cl] Uproar t+ CK] Ursoar = (Rraead} 
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and substituting U’:sexe and Usexe expressions from Eq. [5.2.2] into this equation, 

yields to equation, 

[A] u"rsoar = (Resoash [5.2.3] 

where 

[A] = [M] + a [C] + a, [kK] 

{R} = {Resa} — [C] {agus + u's} — [K] {up + 2aqu’, + 2a,u")} 

with a = at and a = oe 

The solution is started with the computation of the unsteady aerodynamic load vector, 

{R}, at time t = 0, in which the surface flow tangency condition is derived from 

the initial position of the wing surface. Having the aerodynamic load calculated, the 

vector U":.64. is then computed from Eq. [5.2.3] . The next step is to solve Eq. [5.2.2] 

fOr U'sseae ANd User, uSINg all quantities previously computed. Using the new values 

Of U'r4oa2 ANG Ursone , the unsteady aerodynamic load vector is updated ( in which case 

a new Surface boundary conditions are applied in the flow computation ) and then the 

integration can be proceeded to the next time level. The value of @ used in the in- 

tegration was 1.39. 

The solution procedure in Newmark - f method is similar to the Wilson - 6 method 

with the only difference is that the value of 0 = 1 is used in the Newmark - 8 method. 

The time step At for these two methods is chosen based on the maximum time step 

allowed for accurate flow field solutions, which is equal to 0.1. Within this time step 

value, it was observed in this study that these direct integration schemes are nu- 
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merically stable. This was verified by repeating a response calculation for different 

time steps. 

In the case where one of the spring is nonlinear, integration is performed on Eq. 

[4.4.4] , which include the stiffness variation with respect to the motion amplitude, 

instead of Eq. [2.1.7]. The integration procedure is similar to the one applied to Eq. 

[2.1.7] as explained above, with one additional step, i.e. at every time step a new 

stiffness coefficient is used in the integration The effective stiffness coefficients are 

computed from Eq. [4.4.1] based on the new spring displacements , t+. AS long 

as the amplitude of the displacement is not excessively large, this simple integration 

procedure still gives stable solution for maximum time step of 0.1. 

For certain combination of values of Mach number, M , reduced frequency, k , and 

airfoil to air mass density ratio , n , the flutter boundary can be defined as a point 

where the system has a neutrally stable response. 

5.3 Solutions in frequency domain 

As stated earlier, the solution in the frequency domain is much easier and faster 

to obtain. But several assumptions have to be made regarding the motion of the 

structure and the unsteady aerodynamic force calculations, as described in Section 

2.2 and Section 3.6 , which will be restated here for clarity. The first important as- 

sumption that had been made is that the amplitude of the motion is small so that both 
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modal superposition and unsteady aerodynamic load superposition principle are 

valid . The second assumption is related to the flow modeling. It is assumed that the 

transonic flow pattern is not complex, i.e. there is no strong shock or strong shock 

wave boundary-layer interaction which can induce flow separation in the flow field. 

As a result, the transonic small disturbance theory can be used to represent flow 

phenomena involved. 

Applying the first assumption, the aeroelastic equation of motion can be transformed 

into matrix eigenvalue form as given by Eqs. [2.1.8] and [2.2.3] for system with linear 

structure , and by Eqs. [4.4.4] and [4.4.6] for system with structural nonlinearities. 

Two methods are used to solve these equations : (i) the U-g method and (ii) the root 

- locus method . The U-g method, Ref. 1 , is applied to obtained the flutter solution 

of two-dimensional typical section wing model , represented by Eqs. [2.1.8] and [4.4.4] 

For the three-dimensional finite-state wing model, the equation of motion , Eqs. 

[2.2.3] and [4.4.6] , are transformed further into the Laplace plane, as expressed by 

Eqs. 12.2.5} and [4.4.7] , and solved using the root - locus method . The purpose of 

this transformation, as mentioned earlier, is to avoid working with complex matrices 

of the aerodynamic load terms . And also this representation of the problem makes 

it easier to incorporate a control law into the problem, since the control laws are often 

represented in the Laplace plane. 
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5.3.1 The U - g method 

In the U-g method, a new parameter g , called the artificial damping coefficient, 

is introduced , and is regarded as one of the unknowns. The values of this artificial 

damping coefficient are assumed to be proportional to the values of the stiffness co- 

efficient but has a phase shift of 90° with respect to the displacement vector. With 

the introduction of this parameter, the variable J in Eqs. [2.1.8] and [4.4.4] mentioned 

earlier, is redefined as 

A = pk(1 + ig) [5.3.1] 

For a particular value of reduced frequency , k , a certain value of Mach number, M , 

and mass density ratio yw the flutter equation , Eq. [2.1.8] , is solved for the complex 

eigenvalues, 1. From the values of 1, then the values of g are computed using the 

relation given by Eq. [5.3.1] , 

real part of J 

imaginary part of A 
  g = 

Following these computational steps for several different values of k , in the range 

where flutter is suspected to occur, a plot of artificial damping , g , versus reduced 

frequency , k , is obtained. Using this curve, the flutter reduced frequency is defined 

as the value of the reduced frequency for which the value of the artificial damping is 

equal to zero. A similar plot of U , the normalized free-stream velocity, versus arti- 

ficial damping coefficient can also be generated. The normalized free-stream veloc- 

ity, U = U/wc , is obtained from the following relation which is derived from the 

definition of k , 
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get .t f/f 1 
Ure TE real part of A [5.3.2] 

Similarly, the flutter speed is defined as the value of U at which the artificial damping 

coefficient vanishes. The flutter computations are carried out for several combination 

of the Mach number and the mass density ratio. 

In a case when structural nonlinearity exists in either one of the springs, Eq. 

[4.4.4] , the flutter equation now has 6 as a parameter, which in it self is a function 

of the motion amplitude. The flutter speed or flutter reduced frequency is first eval- 

uated numerically as a function of the effective stiffness coefficient, 6. Then, from 

the relation of 6 with the motion amplitude, as given by Eq. [4.4.1] , the flutter speed 

was evaluated as a function of the motion amplitude. 

5.3.2 The root - locus method 

The finite state aeroelastic equation, Eqs. [2.2.5] and [4.4.7] are solved using the 

root locus analysis which is very similar to the U-g method. In the U-g method, we 

deal with complex matrices ( since the generalized aerodynamic matrix is a complex 

matrix ). In finite state aerodynamic modeling ( see Appendices A and B ), the gen- 

eralized aerodynamic forces are transformed into the Laplace plane ( so are the 

structural terms ) which make it possible to write the whole equation in terms of real 

matrices , Eq. [2.2.5] . For a fixed value of Mach number, dynamic pressure, g , and 

flight velocity, U , the eigenvalues of Eq. [2.2.5] are the roots of the characteristic 
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flutter equation of the system. Since the elements of matrix [H] varies with dynamic 

pressure ( for a constant Mach number ), a root locus illustrating the variation of the 

eigenvalues with dynamic pressure can be constructed for each Mach number. This 

has to be noted that since for a given Mach number, the flight velocity varies some- 

what because of the change in the speed of sound with altitude, it is assumed in this 

calculation that the Mach number fixes the value of U. 

The flutter point is defined as a point where the root crosses from the stable region 

( the eigenvalue has a negative real part ) into the unstable region ( eigenvalue has 

a positive real part ). Since the modal damping is proportional to 

  

4 real part of the root 

g = 18 \ “imaginary part of the root 

the same analytical results presented as root locus plots can be presented in the 

similar form of damping versus dynamic pressure as in the U-g method. The flutter 

dynamic pressure , g,, at certain value of free-stream Mach number and mass den- 

sity ratio, is defined as the dynamic pressure at which the damping coefficients is 

equal to zero. 

For the case where one of the attachment spring at the wing root is nonlinear, the 

root locus solution is applied to solve Eq. [4.4.7] . For specific values of equivalent 

stiffness coefficients , K, and K, the standard root locus may be used to solve the 

flutter equation. From the solution of the linearized equation, the flutter dynamic 

pressure for varying values of root - spring equivalent stiffness or equivalent uncou- 

pled frequency in rolling motion, @ and @, are obtained. And also the relative root 

displacements at flutter are defined from the eigenvector of the system. Curve of the 
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dynamic pressure versus equivalent stiffness and motion amplitude versus equiv- 

alent stiffness are obtained. 

For nonlinear springs, the initial step is to select the magnitude of the root displace- 

ment { either root - roll , a, , or root - pitch , a, ) and the equivalent spring stiffness 

associated with that displacement. Assuming that we have nonlinearity 

only in rolling spring, we select a, and K, . For a given magnitude of a, , the values 

of 46, is calculated from the Eq. [4.4.1] . This is followed by obtaining the spring 

stiffness using the relation 

For selected K, values, the flutter dynamic pressures is obtained from the K, ver- 

sus dynamic pressure curve. This procedure leads to the result of flutter dynamic 

pressure as function of the spring stiffness coefficient. By using the relation between 

the equivalent stiffness coefficients and the motion amplitude, the flutter dynamic 

pressure-displacement amplitude relation can be generated. Calculations can also 

be performed in term of equivalent natural frequencies of the spring, @, , by using the 

relationships 

Wy, = [Ky/l]z and We = O¢ Wy 
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5.4 Results for two-dimensional airfoil section wing model 

The two - dimensional typical section wing model for flutter calculation is illus- 

trated in Fig. 2.1.1 . The airfoil has a NACA64A006 cross section, with radius of gy- 

ration about elastic axis, r, , equal to 0.5. The airfoil is assumed to pitch about 

one-quarter chord axis , a = -0.5, and the mass center was assumed be at x,b aft 

the elastic ( pitch ) axis where x, = 0.25. The generalized aerodynamic coefficients 

are calculated following the procedure described in Section 3.6.1 and are plotted in 

Fig. 3.6.4. 

5.4.1 Airfoil with linear spring 

The curves of flutter speed and corresponding reduced frequency versus the 

airfoil - mass density ratio, ~ , were obtained for the spring frequency ratios , 

@, | ®, equal to 0.1 and 0.15 using U-g method. The curves are shown in Figs. 5.4.1 

and 5.4.2 for free-stream Mach number M = 0.85. Similar curves were also ob- 

tained for M = 0.80, but are not shown here. At both Mach numbers, the same gen- 

eral trend is observed. The flutter speed increases steadily with uw. The curves 

become less steep for a higher frequency ratio. For a given value of yz , the flutter 

speed is lower at a higher frequency ratio. From Fig. 5.4.2 it can be observed that the 

flutter reduced frequency increases as x decreases and the curves are higher for 

higher frequency ratios. 
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Comparison with the results obtained by Yang, et. al. , ref. 94, which used LTRAN2 

Code to calculate the aerodynamic forces, are generally in good agreement. In the 

solution given in that reference, the generalized aerodynamic coefficients are calcu- 

lated using the indicial method based on the low frequency TSD equation. The re- 

sults are in less agreement for lower values of yu and higher values of frequency 

ratio. The main reason for this is that at lower values of u , flutter occur at a higher 

value of reduced frequency which is out of the range of validity for the low frequency 

approximation ( around k < 0.2) used. Another reason is, as mentioned in Section 

3.4 , the differences in the position and the strength of the shocks predicted by the 

two solutions and some other differences, such as the mesh distribution, numerical] 

procedures etc. 

Time marching solutions are performed to assess the accuracy of the frequency 

domain, i. e. U-g method , solutions. Before the integration is performed, the aero- | 

dynamic equation was integrated in time for three or four cycles by forcing a 

sinusoidal pitching displacement with amplitude of 0.01 rad. in order to avoid the 

aerodynamic transient response in the flow field. The free motion was started at the 

end of the fourth cycle, after the aerodynamic force response became periodic, by 

simultaneously integrating the structural and aerodynamic equation. The initial con- 

ditions, at t=O , used for the free motion a(0)=0,a’(0) = 0.01 , 

€(0) = Oand €’(0) = 0. The responses were computed for free-stream Mach num- 

bers equal to 0.80 and 0.85. By varying the airfoil - air mass density ratio, we could 

get a stable, neutrally stable or an unstable response. Figure 5.4.3 shows the re- 

sponse atk = 0.10,M = 0.85 and uw = 70 , in which the response grows very rapidly 

( unstable response ). As the value of the mass density ratio is increased, the 

aerodynamic damping become higher which leads to a neutrally stable or converged 
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response , as shown in Fig. 5.4.4. At wu = 220 , the response is highly damped in 

which case the motion amplitude decreases very quickly. The values of aeroelastic 

parameters for the neutrally stable condition at M = 0.80 were selected from the 

point on the flutter speed curve in Fig. 5.4.1 for a value of k = 0.1. The corre- 

sponding values of u and U , the free-stream velocity , were equal to 97.5 and 6.15 

, respectively. The system response for this aeroelastic parameter combination is 

shown in Fig. 5.4.5. The value of u that gives the neutrally stable response is ob- 

tained by interpolating the values from two response, i.e. at uw = 90, where the re- 

sponse was slightly divergent and at xn = 110, where the response was convergent 

From this interpolation, the neutrally stable response was found to be associated 

with the value of uw = 94.5, which is about 3 % lower than the result obtained using 

the U-g method. These two results show that the frequency domain solution for this 

specific problem , is as good as the more expensive time domain solution in pre- 

dicting the flutter boundary of the system. 

5.4.2 Airfoil with nonlinear spring 

Flutter calculations were performed for the same model as described above but 

with nonlinear torsional spring. Two types of concentrated nonlinearities are inves- 

tigated in this study: (i) preload and (ii) freeplay nonlinearity. The effective stiffness 

coefficients of this spring as function of motion amplitude are computed in Section 

4.2 using both the first and second order approximations. Flutter calculations were 

carried out in the frequency domain using U-g method. In all cases the mass density 

ratio , uw, is chosen to be equal to 100. Flutter reduced frequency variations with 
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respect to the pitching motion amplitude for each type of the nonlinearity were gen- 

erated. 

Figure 5.4.6 shows the normalized flutter reduced frequency variation, for the 

torsional spring with preload nonlinearity, at three different free-stream Mach num- 

bers, M = 0.70, 0.80 and 0.85; for w,/@, = 0.1 and 6s/dép = 4. The region be- 

low the curve is unstable and above is stable. The flutter reduced frequency is 

normalized with respect to the flutter reduced frequency of linear system , ( i.e. 

6s = 0). For small initial pitching displacement, a/ép < 1, the system oscillated 

on the linear arm of the spring and, at reduced frequency above Kins, , WaS Stable. 

For slightly larger displacements, the oscillation entered the region of the dead-band 

( the region of width és where the slope of the load - displacement curve is equal 

to zero ) so that the effective torsional stiffness was reduced. In this case, a decrease 

in torsional stiffness was destabilizing and limited amplitude flutter occurred. This 

should correspond to the so-called ’mild-flutter’ in the experimental investigation 

of nonlinear flutter of an airfoil section model by Woolston, et. al. , as reported in Ref. 

51. As the initial pitching displacements were increased still further, the oscillations 

covered more and more of the dead-band region. A further destabilizing reduction 

in stiffness occurred, and the oscillation should be stable but with rapidly increasing 

amplitudes, corresponding to the ‘violent flutter’. It can be observed that for each 

value of Mach number, there is a maximum flutter reduced frequency ( i.e. a mini- 

mum flutter speed , see relation in Eq. [5.3.2] ) , above which the system is stable 

with regard to all pitching amplitudes, a. This minimum flutter speed corresponds 

to the weakest torsional stiffness, which occurs at a = 6p + 6s. It can be seen that 

the maximum flutter reduced frequency decreases as the Mach number increases, 

i.e. the minimum flutter speed increases as the Mach number increases. This result 
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indicates good agreement, qualitatively, with both the experimental and analog re- 

sults given in Refs. 51,53 . 

Comparison is also made between the flutter results obtained from the calculation 

using the first and second order approximations for the effective stiffness coefficients 

of the torsional spring for M = 0.70 and are shown in Fig. 5.4.7 . The first order ap- 

proximation gives a smaller stiffness reduction ( see Fig. 4.2.1 ) which leads to a 

smaller flutter reduced frequency increase and a smaller flutter speed decrease. 

The difference in the maximum value of the flutter reduced frequency between the 

two solutions is about 25 % , a number that can not be ignored. 

Next, the effects of the freeplay nonlinearity was investigated. The aeroelastic pa- 

rameters of the model used in the calculations are the same as the ones used in the 

previous example. The torsional spring is considered to have a freeplay nonlinearity 

of amplitude 6s = 0.5°. The effective stiffness coefficients for this spring are given 

in Fig. 4.2.3. As shown in Fig. 5.4.8 , the region below the curve is unstable and that 

above the curve is stable. The flutter speeds are normalized with respect to the 

flutter speed of the corresponding linear system , ds = 0 and o,/@, = 0.5. For 

small amplitudes, the airfoil is initially floating in the region of freeplay, and the os- 

cillations are confined within this region where the effective stiffness value of 

w, = 0(K,=0 ). With K, equal to zero, airfoil system is essentially modeled by 

a one degree of freedom system in plunging. As the amplitude of the pitching dis- 

placement is increased, the oscillations extend beyond the region of freeplay to a 

proportionate amount, and the effective values of both K, and @, increase. In the 

linear system, an increase in mw, ( which means a decrease in ratio value, @,/@, , 

for a constant value of mw, ), means a decrease in flutter reduced frequency and in- 
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crease in flutter speed , see Figs. 5.4.1 and 5.4.2 , so that in this case the flutter 

boundary shifts to a lower flutter reduced frequency. If sufficiently high initial pitching 

displacements could be attained, the flutter boundaries would become asymptotic to 

the linear flutter reduced frequency. 

Further study of the nonlinearity effects on the flutter boundary is performed by 

investigating the variation of the airfoil to air mass density ratio, yu, that gives a 

neutrally stable response ( flutter boundary ) with respect to the motion amplitude. 

The aeroelastic model is the same as the one used in previous calculations, with the 

torsional spring having preload or freeplay nonlinearity. The flutter solution was 

carried out in the time domain by integrating the aeroelastic equation, Eq. [4.4.4] , 

using the time integration scheme described in Section 5.2 . 

Figure 5.4.9 shows the response of the linear system and system with torsional spring 

having a preload nonlinearity, 6s/ép = 1 and 6p = 0.0275 rad. At M = 0.85, 

pe = 94.5 ( where the linear calculation gives a neutrally stable response ) , the linear 

system, as expected , exhibits a neutrally stable response. Meanwhile, in the non- 

linear system , the decrease in the torsional stiffness increases the amplitude of the 

displacement and also increases the aerodynamic damping and thus leading to a 

slightly converged response. The variation of the mass density ratio with respect to 

the amplitude ratio of pitching motion , ( a/é6p ) in the preload spring and ( dés/a ) 

in the freeplay spring, are given in Fig. 5.4.10. 

In preload cases, the mass density ratio is normalized with the value of the linear 

system , ds = 0. The flutter mass density ratio steadily increases as the amplitude 

of the pitching motion increases, i.e. flutter occurs at a higher values of uw. Fora 
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larger value of ds/dp ratio, the increase is steeper, because of a larger reduction 

in the torsional spring stiffness coefficient. 

For a spring with freeplay nonlinearity, as the amplitude ratio increases ( for a con- 

stant ds and increasing a ) , the effective values of K, and w, also increase and shift 

the flutter boundary to a lower value of ». This can be explained using the result 

given in Fig. 5.4.1. In a linear system, an increase in wm, means a decrease in the 

value of w,/w, for a constant value of ( w, ) , leading to the flutter at a lower value 

of the mass density ratio for an assumed flutter speed. For a nonlinear system, this 

analogy translates as a shifts of the flutter boundary towards a lower value of pz. 

§.5 Results for three-dimensional wing model 

Three-dimensional flutter calculations are performed on a 45° swept wing which 

is an AGARD standard aeroelastic configuration, Ref. 86. The geometry of the wing 

configuration was described in Section 3.6.2 . A plan view of the wing is shown in 

Fig. 5.5.1 and the oblique projections of the four natural mode shapes and its dis- 

placement contours used in the flutter calculation are illustrated in Fig. 5.5.2. This 

wing series was tested in the Transonic Dynamic Tunnel at NASA Langley Research 

Center and the results are presented in Ref. 13. 

The unsteady generalized aerodynamic forces ( GAF ) for the flutter calculation are 

computed using the pulse transfer function analysis ( Section 3.6.2 ). To assess the 

accuracy of this method for transonic application, unsteady GAF’s were obtained for 

the wing with thickness included, at free-stream Mach number 0.9 and mean angle 
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of attack 0°. The accuracy of these forces is determined by making comparisons with 

similar results computed using harmonic oscillation method ( Section 3.6.1 ). Com- 

parison of the A,,and A» of the GAF are given in Figs. 3.6.8 and 3.6.9 , respectively. 

The two sets of results are in very good agreement, which validates the pulse transfer 

function method for application to transonic flow problems. 

The flutter calculations were carried out using the root - locus method. The 

aeroelastic equations of motion are transformed into the Laplace plane , yielding the 

equation of the form given by Eqs. [2.2.5] and [4.4.7]. The GAF, at finite number of 

values of reduced frequency, k , are approximated by a rational function as defined 

by Eq. [A.5], see Appendix A , before it was transformed into Laplace plane. The 

accuracy of the approximation may be observed from several results presented in 

Figs. 5.5.3 (a-d), for Mach number 0.9. It is noted that A,, is defined as the gener- 

alized unsteady aerodynamic forces coefficient from the pressure induced by mode j 

acting through the displacement of mode i. The real and imaginary parts of A,, at 

each value of k are plotted. The continuous lines represent the continuous values 

obtained from the interpolation function. The parameters £,, B., 83; and B, in the in- 

terpolation function are chosen such that the interpolation error is minimum. It was 

found that the best possible values for these parameters are 0.80 , 0.40, 0.20 and 

0.025 , respectively. It can be seen that this interpolation function gives very good 

approximation for each A,, shown. Results for other A,, elements show similarly 

good agreement between the data points and interpolation function and are not 

shown. It was also found that the interpolation is not very sensitive to the small 

changes in values of the parameter f,. For some A,,; ,5 % changes inthe ; 

values do not change the overall interpolation error. Similar conclusions are also 

given by Roger in Ref. 65. 
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5.5.1 System with linear springs 

Aeroelastic stability and flutter results are presented to investigate the 

aeroelastic characteristic of the wing in transonic speeds. Calculations were per- 

formed for several values of free-stream Mach number and mass density ratio , yn. 

These values are chosen following the values that were obtained in the wind - tunnel 

experiment given in Ref. 13 , so that the comparison of the results can be made. Four 

flutter calculations were performed, for Mach number M = 0.499 , 0.80 , 0.90 and 

0.954 with the corresponding values of mass density ration = 33.465, 143.92 , 

143.92 and 225.82 , respectively. Root - loci plot for M=0.8 and yw = 143.92 are © 

presented in Fig. 5.5.4. In this figure only two dominant roots are plotted, which 

represent the roots associated with the first bending and first torsion modes. Each 

point represent the root for certain value of dynamic pressure , g = [U/(bwo./ pn 1” 

, where q, is the first torsion natural frequency. The increment in dynamic pressure 

shown in the figure is Ag = 0.3. At this Mach number value, the curve indicates a 

classical bending - torsion type of flutter behavior. Here the first torsion branch 

moves to the left in the stable left-half plane, with increasing dynamic pressure. 

Meanwhile, the bending dominated branch moves slowly into the unstable plane and 

become the flutter mode. The nondimensional flutter speed, U = U/bo,/ a , is 

found equal to 0.39495 . The experimental value for the flutter speed at this Mach 

number given in Ref. 13 , is 0.38375 . This value is about 3% lower as compared to 
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the value obtained from the present calculation. At the other three Mach numbers, 

similar behavior was observed. 

The plot of damping coefficients versus dynamic pressure is given in Fig. 5.5.5. The 

bending dominated flutter is found to occur at dynamic pressure equal to 

g = 0.26211. The variation of the nondimensional flutter speed, U , with free-stream 

Mach number is shown in Fig. 5.5.6. The present results are compared with the wind 

- tunnel data. The experimental data are all for WEAK3 wing model tested in air. It 

can be observed from this plot, that the experimental data defines a typical transonic 

flutter ‘dip’ , with the bottom of the dip occurs near M = 1.072. The flutter speed at 

this bottom can not be predicted in present study, since the flow solution developed 

in this study is limited only for free-stream Mach number less than one. In the sub- 

sonic Mach number range, M = 0.499, present calculation predict a slightly uncon- 

servative flutter speed with about 3.5% difference compared to the experimental data. 

The comparison at three Mach numbers in transonic range still shows a good 

agreement. A large decrease was observed in the flutter speed between the free- 

stream Mach number 0.9 and 0.954 . Between these two values, the flutter speed 

decreases by 20% . This large reduction is due to the nonlinear flow effects, since 

a weak shock already appears in the wing tip region at M = 0.954. The involvement 

of the shock in the flow field cause a lifting pressure jump due to the change in the 

overall pressure distribution over the wing surface. As the free-stream Mach number 

increases, the corresponding flutter reduced frequency decreases from k = 0.3 at M 

= 0.499 to the value of k = 0.08 at M = 0.954. 

Bennett, et al., Refs. 96,97 , presented aeroelastic results for the same wing config- 

uration. These results were obtained using the CAP-TSD aeroelastic code developed 
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at NASA Langley. The computation in CAP-TSD is based on the transonic small dis- 

turbance flow equation, and the aeroelastic solutions are obtained by time integration 

procedure. A good agreement was reported in the flutter boundary obtained from 

CAP-TSD calculation and the experimental data. Good agreement between the nu- 

merical results (i.e. from the present study and the ones obtained using CAP-TSD ) 

with the experimental data may be due to the fact that for the wing geometry con- 

sidered, no strong shock and flow separation are involved. When a strong shock is 

present in the flow field or when the physical situation is known to involve a sepa- 

rated flow, this level of agreement can be sustained only if the analyses are extended 

to account for these unmodeled effects. 

5.5.2 System with distributed nonlinearity 

The structural distributed nonlinearity effects on the flutter characteristic of the 

wing configuration are investigated following the procedure described in Section 4.3 

. Because of these nonlinearities, wing natural frequencies and damping coefficients 

are assumed to have a variation with respect to the amplitude of the motion as given 

in Figs. 4.3.1 and 4.3.2 , respectively. The flutter calculations are performed for se- 

veral values of amplitude, ranging from 2 mm to 20 mm, which are related to the 

amplitude of the vibrator used in the ground vibration test of the aircraft structure. 

The inclusion of the natural frequency and damping coefficient variations leads to the 

variation of the flutter speed / flutter dynamic pressure with the motion amplitude, as 

shown in Fig. 5.5.7 . In this plot, the flutter dynamic pressure is normalized with its 

linear value, Ginear ( the flutter dynamic pressure for system without structural nonlin- 

Solutions of the Aeroelastic Equations 159



earity, vibration amplitude = 2 mm). The calculations were performed for 3 free- 

stream Mach numbers ,M = 0.8, 0.9 and 0.954 with corresponding values of mass 

density ratio as given in the previous calculation. 

It can be observed that the combined effects of natural frequency and damping coef- 

ficients variations, shift the flutter boundary into a lower value of dynamic pressure. 

The strongest effect was found at M = 0.954, in which case the flutter dynamic pres- 

sure decreased by approximately 11% as the amplitude increases to 18mm. Mean- 

while, at M = 0.80 and 0.90 this decrease is only about 6 % and 3 % , respectively. 

Since the dynamic pressure decrease involved the variation of 8 parameters ( 4 for 

natural frequency and 4 for damping coefficients ) and also the effect of nonlinear 

aerodynamic damping, it is quite difficult to find a single dominant factor that cause 

the difference in the decrease of this value for different Mach numbers. In ref. 56, it 

was pointed out that the effects of the natural frequency variation on the wing flutter 

behavior can be regarded as negligible. Hence, the most probable factor that brings 

different variations of flutter dynamic pressure is the interaction between the struc- 

tural damping and aerodynamic damping. At M = 0.954 , the aerodynamic force 

drops significantly ( compared to the value for M = 0.8 or M = 0.9), which is re- 

flected by a lower value of the flutter speed, and aeroelastic solution become more 

sensitive with the change in the values of the damping and stiffness coefficients. 

The variation of the flutter speed / dynamic pressure has an important consideration 

when the aeroelastic calculation for flutter clearance have to be performed using the 

structural data ( natural frequencies, mode shapes, generalized mass ) obtained from 

the ground vibration test. Since the data are usually collected from several tests and 

the fact that it is impossible to repeat an exactly the same test twice, some variation 
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in the test parameters ( the most common one is the amplitude of the oscillation 

given by exciter ) can be expected. If these data, then, are used for flutter calcu- 

lations, some variation of the kind previously described has to be expected. 

5.5.3 System with concentrated nonlinearity 

The effects of the concentrated structural nonlinearity are investigated using the 

wing model shown in Fig. 4.4.1. This model is similar to the one used by Laurenson 

in Ref. 55 to investigate the nonlinearity effects on the flutter characteristic of missile 

control surface. At the root, the wing surface is attached by two springs: a rolling 

and a torsion spring. In this study, the torsion spring is assumed to have a preload 

nonlinearity, as illustrated in Fig. 4.1.2. The aeroelastic equation of motion of the 

system is given by Eq. [4.4.7]. The effective stiffness coefficients of the torsional 

spring are computed using second order asymptotic expansion method, and the 

aeroelastic solutions are obtained by applying the root - locus procedure. 

Shown in Fig. 5.5.8 are linearized system results of flutter dynamic pressure, which 

is normalized with respect to the flutter dynamic pressure of system without spring 

attachment ( rigid attachment ) , g, , as a function of effective root pitch uncoupled 

frequency, @,. The results are for free-stream Mach number of 0.9 , damping coeffi- 

cients equal to zero and for the following inertia properties of the surface , Ref. 91: 

le = 0.0188 kg.m? tt, = 0.0080 kg.m? |,, = 0.0065 kg.m? 

le = —0.0321 kg.m lon = —0.0143 kg.m 
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—0.0045 kg.m lye = 0.0095 kg.m = fl 

les = —0.0401 kg.m lg = —0.0212 kg.m 

la = —0.0090 kg.m 4g = 0.0030 kg.m 

Results presented here are computed for three different effective values of the un- 

coupled roll frequency, @, = 60Hz, 100 Hz and 150 Hz. The flutter boundary for 

the system is shown in Fig. 5.5.9 . These results are for preload , 

dp = 0.25°, dp/ds = 0.5,@, = 100Hz and @, = 100Hzand200Hz . The flutter 

dynamic pressure is normalized with the value for linear system, ds = 0, which are 

about 0.49g, and 0.449, for @, = 100Hz and 200 Hz, respectively ( obtained from 

the result in Fig. 5.5.8). The characteristic of this boundary is similar to the flutter 

boundary obtained in the two-dimensional typical section model, see Fig. 5.4.6. 

At all pitching amplitudes, the system acts exactly as it would if it were a linear sys- 

tem. A drop in flutter dynamic pressure was observed as the pitch amplitude in- 

creases. This type of behavior is indicative of an amplitude - sensitive instability in 

which an initial disturbance of prescribed amplitude is necessary to produce an un- 

stable system. At amplitude of approximately 0.75° , a distinct change occurs with 

the boundary, reversing its downward movement. The flutter dynamic pressure 

continues to increase thereafter and approaches the linear boundary. At that point, 

the pitch displacement exceeds the deadband region and the beneficial effect of in- 

creasing torsional stiffness is immediately evident. For this configuration, three sta- 

bility region exist, Ref. 98 . Unconditionally stable behavior is present at normalized 

dynamic pressure below 0.85 ( for @, value of 200 Hz ). Between this level and the 

linear value of 1, an amplitude - sensitive region of stable limit cycle oscillation ex- 

ists. This can be illustrated by considering the normalized dynamic pressure of 0.9 . 
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An initial disturbance of amplitude less than 0.48° will allow the system to remain 

stable. Exceeding this value will cause a limit cycle oscillation to occur with an am- 

plitude of about 1.2°. The region above the curve is the unstable region of divergent 

flutter. It also can be observed from this figure that for a lower value of effective un- 

coupled pitch frequency, the unconditionally stable region occurs at higher normal- 

ized dynamic pressures and the region of limit cycle oscillation becomes smaller. 

The effect of the preload amplitude, dp , to the stability boundary is illustrated in 

Fig. 5.5.10 . The results in this figure were obtained for the values of both 

@, and @, equal to 100 Hz and the dp/dés ratio of 0.5 and 1. It is shown that the de- 

crease in flutter dynamic pressure and the width of the limit cycle region become 

smaller as the amplitude of the preload increases, i.e. the dp/ds ratio increases. 

This is due to the increase of the effective stiffness of the torsional spring. 
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Figure 5.4.1 Effect of mass density ratio on flutter speed of two 
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of two degree-of-freedom system for various frequency ratio and M = 0.85 

Solutions of the Aeroelastic Equations 164



  

  

    
  

NACA64A006 Airfoil response 

< 
© 
E 
8 M=0.85 k = 0.10 

8 n= 70 | 
a 

5 Lt eel aSlh\ {\ {\ 4 

o YY 
Cc 

a 
c 

2 
a 

0 1000 2000 3000 4000 

Time ( degree } 

Figure 5.4.3 Unstable pitching response of NACA64A006 airfoil obtained 

from time integration of aeroelastic equation using Newmark- B method. 

NACA64A006 Airfoil response 

M=0.85 k = 0.10 
uw = 220 

[\ [\ [\ ae 

\ 
V/ Ya 

as * * r v r T — 

0 1500 3000 -_ 4500 
Time ( degree ) 

  

  

Pl
un
gi
ng
 
Di
sp
la
ce
me
nt
 

  
    

Figure 5.4.4 Stable pitching response of NACA64A006 airfoil obtained 
from time integration of aeroelastic equation using Newmark- 8 method. 
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Chapter 6 

Conclusions 

This study has examined the flutter characteristic of two-dimensional airfoil sec- 

tion and three-dimensional 45° swept wing model in transonic flow. General finite- 

difference solutions for predicting the unsteady aerodynamic loads for two and 

three-dimensional configurations have been developed and presented. Comparisons 

of the steady and unsteady pressure coefficients calculated using present solutions 

with results from other methods and with experimental! data have been found to be 

favorable. 

An efficient method called the pulse transfer function analysis of calculating transonic 

unsteady generalized aerodynamic forces ( GAF ) previously developed for a two- 

dimensional airfoil section model was extended to treat more general flexible modes 

of a wing. The GAF calculations based on the harmonic oscillation method is also 

presented. Comparison of calculated GAFs from both methods showed good agree- 
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ment, which verified the pulse transfer function analysis for application to three- 

dimensional transonic flows. It was shown that computational resources required by 

the pulse analysis were an order of magnitude less than those required by the har- 

monic method. 

For the two-dimensional airfoil section model, the flutter solutions obtained using 

time marching and eigenvalue solution were in agreement. The linear flutter bound- 

ary for three-dimensional wing model compared well with the experimental data, 

which is the first step toward validating the solution procedure for more general 

aeroelastic applications. 

The effects of structural nonlinearities ( concentrated and distributed nonlinearity ) 

on flutter boundary of lifting surface was also investigated. It was shown that the 

presence of structural nonlinearity can adversely affect the flutter characteristic of the 

lifting surfaces. Of particular concern is the occurrence of the limit cycle oscillation 

observed in the three-dimensional wing model, which may lead to structural failure 

due to material fatigue. The results obtained in this study show that lifting surface 

with structural nonlinearity are susceptible to limit cycle behavior at dynamic pres- 

sure lower than the linear flutter value. It was also shown that the flutter solutions 

using second-order asymptotic expansion for the spring stiffness predict a lower 

flutter dynamic pressure as compared to the first-order solution ( the so-called de- 

scribing function method ). 

Further research in this area could include the time marching aeroelastic solution of 

three-dimensional wing model to verify the accuracy of the frequency-domain sol- 

utions. It also would be useful to extend the method developed in this study for 

system with multiple nonlinearities. This may be accomplished by using an iterative 
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procedure similar to the one given in Ref. 98. The prediction of the unsteady aero- 

dynamic force could also be improved by taking into account the vorticity and entropy 

corrections in the flow field calculations. 
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Appendix A 

Aerodynamic Transfer Coefficients 

The unsteady aerodynamic forces usually are computed at a given Mach number, 

M , for only a finite values of the reduced frequency, k . The variation of the aero- 

dynamic forces with reduced frequency in s-plane can be approximated by a rational 

polynomial of the form 

6 

~ A, (ik) 
A(k) = Ay + A, (ik) + A, (ik)? + =) ———— [A.1] (k) Ao 4 (ik) 2 (ik) yee 

m=3 

The real and imaginary parts of the forces, A , are 

~ 2 A, k? 
Re (A) = Ar = Ap — Ak + > 

(ko + By") . ; ; [a2] 
A,k As k Ag k 
  

(k? + By”) * (kK + B,”) (k? + B,7) 
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~ A; k 
Im(A) = A, = Ayk + —Aok fr _ 

(ko + By) 
A,k Bo As k By Ag k Bg 

(kK? + Bo) = (kK* + Bs) == (kK? + B,”) 

[A.3] 

in which A_ are calculated at a discrete values of k . 

From Eqs. [A.2] and [A.3] , for each value of k, the real and imaginary error function 

of A may be determined , that is 

Real ( error,) = Ep; = Ar, —_ {Br} {c} 

Imag (error,)=E,; = Ajj — {B,}" {c} 

where 

2 2 2 2 

k; k, k, k, 
) 2 2 2 2 2 kv +B kp +B kp + By ky + By 

T 2 

kB, kB. k)B3 kB, 
2 a2 2, a2 2 72 2, 72 

kj" + B, ki + Bo ko +Bg ky + By 

    {B,j}" = (0 k° 0 

{c}" = (Ap A, Ap Ag As As Ag ) 

and index j refers to a particular reduced frequency k; at which A is calculated. 

The complex error function of the approximation can be written as 

For N data points, the least - square fit are determined by requiring 
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N 
0 —_ 

aA > GE) = 0 
j=i 

where E, is the complex conjugate of E,. 

Differentiation of this equation yields the following set of normal equations 

N 

> [Ary — (8p, (8) {Be} + (Ay — (8,37 {0}) (B,)] = 0 
j=1 

from which the vector of the coefficients of the fit, { c } , can be computed. 

1 
N N 

{c} = »- {Br,}" {Bri} — {B,}" {B,)} > (Qry {Bri} + Q);{B,j}) [A.4] 

j=1 j=4 

Let s, the Laplace variable, is equal to iw , from the definition of reduced frequency 

kK=qmb/U thenik=sb/U= s. 

Substituting this relationship into Eq. [A.1] yields 

6 

~ Am 
A (5) = Ap + Ay (5) +A, (5) + Da BEY [A.5] 

m=3 

where coefficients Apo, ..., As are determined from Eq. [A.4] . The values of £,,_, are 

non - critical and arbitrarily choosen from the range of reduced frequencies for which 

the transonic aerodynamic data have been calculated. 
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Appendix B 

Aeroelastic Equations of Motion Using 

Finite State Aerodynamic Model 

The transonic aeroelastic stability analyses and flutter calculations in frequency 

domain for a three - dimensional wing model are performed using finite state 

aeroelastic modeling. The equation of motion of the system are cast in the Laplace 

- domain, i.e. the s - plane, instead of the usual k - plane, in order to avoid working 

with complex matrices. The finite state generalized aerodynamic forces are approx- 

imated by interpolating the aerodynamic forces calculated from the solution of the 

transonic small disturbance flow equation using Pade’s approximating functions ( see 

Appendix A ). This approximation function when coupled to the equations of motion 

and Laplace transformed leads to a linear first-order matrix equation. 

Assume that the displacement of the system may be described by separation of time 

and space variables as 
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z(x,y,f) = f(t) Z(xy) 

and this displacement can be approximated using a finite modal series as 

z(x,y, = q(t) h(x,y) 

j=l 

where q(t) is the generalized modal displacement and h(x,y) is the j-th mode 

shape of the wing structure. 

The equation of motion, derived using the Lagrange’s equations, can be written as 

[mM] {4} + Cel {9} + [KI] {9} = (Q) [8.1] 

where [M],[C],[K] are the mass, damping and stiffness matrices , respectively 

, and {Q} is the vector of generalized forces. The elements of these matrices are 

defined as follow : 

M,; = J m(xy) h?(xy)dS , for i=j 

=0 , for i¥jf 

C,, = 20)M,,@n, , for i=j 

=0 , for i#j 

K,, = M,;@n? , for i={ 

= 0 , for i¥#j 

_ Ap(x,y,f) dS 
Q(t) = Ge? [20 h(x,y) 

s Cc 
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with gq is the dynamic pressure ,c is the chord length, and S is the wing surface 

area. 

The total pressure distribution, Ap (x,y,t) , can be expressed as the sum of the con- 

tribution due to each of the flexible mode, q, (t). Therefore, 

Aplxy.t) = > Apjxy.k) aff 
j=) 

Ap; (x,y,k) , is the lifting pressure at point (x,y) due to the wing deformation in the j-th 

mode shape. Substituting this equation into the previous one results in 

n 

Ap (x, 
Q(d = (gc’) » 40 {|e hi(x,y) “$ 

j=" s 
n 

= (Gc) Ag, 
j= 

Using this new force vector and taking the Laplace transform of Eq. [B.1] , the 

equations of motion in s variable may be written as, 

([M 1s? + [EJs + (ac?) LA(s)] + [K1) {q} = 0 [8.2] 

where A (s) represents the Laplace transform of Aand s=iw. 

The finite state of the generalized aerodynamic forces , [A ], are approximated in the 

s-plane by using an interpolating function of the form 

6 

A(z —\2 [Am] (s) [A @)] = [Aol + (A ©) +041 6 + > as, [2.3] 
m=3 
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in which s is equal to sb/U. Substituting this aerodynamic approximating coeffi- 

cients into Eq. [B.2] and rearranging it yields, 

      joa + [8,J5 + [B,J + L615 [851s [8,15 LB; 1s hia =0 
G+h) ~ G+h) ~ Sth) ~ Sth) 

where [8,J = [uM] + gc? LA] 

[8.J = [cl] + GeLA] 

[e,J = [kK] + ge LA] 

[8] = gc LAs] 

[es] = Ge LA] 

[Be] = gc? LAs] 

[B,J = gc? LAg] 

Multiply the whole equation with the denominator and grouping the terms of the same 

power ins, 

(D1 5° + [Ds] 5° + [D,]5* + [D3] 5° + 

[D2] 5? + [D\] 5 + [Do]) {q} = 0 
[8.4] 

where [D.] = [B:] 

[Ds] = a,[B,] + [8] 

[D.] = a (BJ + a [82] + [8:] + [8.] + [Bs] + [8s] + [87] 

[D.] = a,[8:] + a [82] + a:[B:] + 6: [B.J + [Bs] + a [Be] + &: [8;] 

[D.] = a[B.) + as[B.] + a [Bs] + be [B.] + [Bs] + o2 [Bs] + e2 [Br] 

[D,] = a[B.] + a,[B:] + bs [B.] + [Bs] + a [Be] + es [B87] 

[Do] = a. [Bs] 
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The coefficients a, ..., @4; .....3 G4, ..., @3 are Computed from the multiplication of the 

terms at the denominator of Eq. [B.3] , defined as follows : 

(5 + By)(5 + B)(5 + Bs) + By) = B+ aS + 5 + aS + ay 

5 + Bo) (5 + Bs) (5 + Bs) = 5 + by5* + DS + by a
s
 

” 

+ BE + BNE +B) = P+ 4K + OF + c ~
~
 

w|
 

5 + B)(5 + Bo) (5 + B) = FP + 0,5? + a5 + Os —
 

wn
 

+ B)(5 + B)(E + PB) = Pt+eK+e,5 + & ~_
~ w)
 

Define a vector {Z} as 

{Z}) = (5° {9} s*{q} 5°{9} 57 {gq} 5 {q} {a} ) 

Rewrite equation [B.4] in the form 

5° {q} = —[Del' {[Ds]5° + [Dg] 5" + [D3] 5° + [D.15° + [D,]5 + [Oo}} {9} 

the the equation of motion can be reduced into a 6n first-order equation 

§ {Z} = LH] {Z} [8.5] 

/ 0 0 0 0 90 

0 / 0 0 0 0 

[H] = 
00 / 0 0 0 

00 0 ! 0 0 

000 0 / 0     
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where H= — [D.]-' [Ds] H,= — [De ]-' [D.] 

Hy = —[DJ]"[D;] HH, = —[Ds]}* [D2] 

H; = —([DJ]'(D.] He — [Ds]-* [Do] 

The eigenvalues of equation [B.5), for a specific values of Mach number, dynamic 

pressure and freestream velocity, are the roots of the flutter characteristic equation 

of the system. 

Since the matrix [ H ] varies with dynamic pressure, a root locus plot illustrating the 

variation of the eigenvalues with dynamic pressure can be constructed. And, since 

the modal damping is proportional to 

  

real part of the root 

imag part of the root 

similar plot of damping coefficient and frequency versus dynamic pressure can be 

made, just as in the U-g method. 
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