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(ABSTRACT) 

A novel bidirectional decomposition of exact solutions to the scalar wave equation has 

been shown to form a natural basis for synthesizing localized wave (LW) solutions that 

describe localized, slowly decaying transmission of energy in free space. In this work, 

we demonstrate the existence of LW solutions in optical fiber waveguides operated in 

the linear regime. In this sense, these solutions are fundamentally different from the 

non-linear, soliton-based communication systems. Despite the dielectric waveguiding 

constraints introduced by the fiber, solutions that resemble the free-space solutions can 

be obtained with broad bandwidth source spectra. As with the free-space case, these 

optical waveguide LW solutions propagate over very long distances, undergoing only 

local variations. Four different source modulation spectra that give rise to solutions 

similar to Focus Wave Modes (FWM’s), splash pulses, the scalar equivalent of 

Hillion’s spinor modes and the Modified Power Spectrum (MPS) pulses are 

considered. A detailed study of the MPS pulse is performed, practical issues regarding 

source spectra are addressed, and distances over which such LW solutions maintain 

their non-decaying nature are quantified. Present day state-of-the-art technology is not 

capable of meeting requirements that will make practical implementation of LW 

solution-based fiber optic systems a reality. We address futuristic technology issues and 

briefly describe efforts that could lead to efficient LW solution-based fiber optic 

systems.
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1.0 INTRODUCTION 

James Neil Brittingham, in his pioneering work in 1983, proposed Focus Wave 

Mode (FWM) solutions to Maxwell’s equations in free space [1]. These solutions were 

real, nonsingular, continuous functions that remained focussed for all time with only 

local variations and traveled with the velocity of light. Wu and King subsequently 

showed that Brittingham’s three-region-formulation to obtain finite energy solutions 

was incorrect and proved that although FWM solutions had a finite energy density, 

they possessed infinite energy [2]. Wu and Lehmann further proved that any finite- 

energy solution to Maxwell’s equations without sources would eventually spread and 

the amplitude would decay to zero as time approached infinity [3]. However, a lack of 

finite energy content, which physically precludes practical feasibility, did not deter 

researchers from exploring the mathematical and physical richness that was inherent in 

Brittingham’s formalism. Belanger [4, 5], Sezginer [6] and Ziolkowski [7] showed 

that the FWM solutions were related to exact solutions of the scalar wave equation. 

Belanger [4] and Sezginer [6] rewrote the FWM solutions in terms of Gauss-Laguerre 

and Gauss-Hermite packet-like solutions and Ziolkowski [7] proved that complex 
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sources could give rise to such FWM’s. 

Brittingham’s work, therefore, inspired several researchers to explore the 

existence of non-dispersive, packet-like solutions to the wave equation that could 

propagate through free space without any decay. While the infinite energy content 

remained an unresolved issue, Ziolkowski made the significant observation that plane 

waves share the property of infinite energy with the FWM’s [7, 8]. He argued that 

although the FWM solutions have an infinite total energy content, a superposition of 

FWM's might have an advantage over the standard plane wave superposition when it 

comes to describing the transfer of directed pulses in free space. Such pulses, 

characterized by high directionality and slow energy decay, were termed localized 

waves (LW’s). 

Experimental investigations of launching acoustical LW’s showed considerable 

success [9]. It was established that a LW pulse launched from a linear synthetic array 

maintained its shape and did not spread out for distances up to twice the Rayleigh 

length. Subsequent results showed that a ten-fold improvement over continuous wave 

excitations was possible [10]. Another area of research based on similar underlying 

principles was Durnin’s diffraction-free “Bessel beam” [11]. Experimental verification 

of the larger depth of such a beam, as compared to a Gaussian beam, was provided by 

Durnin, Miceli and Eberly [12]. 

In order to uniformize these attempts toward synthesizing highly directional 

pulses and beams, Besieris, Shaarawi and Ziolkowski proposed a novel approach to 
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the synthesis of wave signals [13]. Within the framework of this new approach, exact 

solutions were decomposed into bidirectional, backward and forward, plane waves 

traveling along a preferred direction z, viz., exp [-ia(z-ct)] exp[iB(z+ct)]. These 

bilinear expressions were elementary solutions to the Fourier-transformed (with respect 

to x and y) three-dimensional wave equation provided that a constraint relationship 

involving a, B and the Fourier variables dual to x and y was satisfied. Such elementary 

blocks were shown to constitute a natural basis for synthesizing Brittingham-like 

solutions, such as Ziolkowski’s splash pulses, Hillion’s spinor modes [14] and the 

Ziolkowski-Belanger-Sezginer scalar FWM's. An application of this technique to 

infinitely long, cylindrical, metallic waveguides was discussed by Shaarawi, Besieris 

and Ziolkowski [15]. By varying the free parameters of specific source modulation 

spectra, localized, non-decaying pulses that moved predominantly in the positive 

direction could be synthesized within the waveguide. 

The various attempts to synthesize focussed beams in free-space and in 

waveguiding structures leads one to speculate about the possibility of generating and 

maintaining a LW within the most efficient and popular waveguiding structure in 

communications systems today - an optical fiber. It is the intent of this work to 

demonstrate the theoretical existence of LW solutions in optical fibers, to outline 

practical requirements that lead to such solutions and to prognosticate technology 

movements that would make future LW-based fiber systems a reality. 

With the above goal in mind, we apply the method of bidirectional 

decomposition to optical fiber waveguides and investigate the possibility of 
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synthesizing pulsed solutions that can propagate along such guides with only local 

variations. The analysis is similar to that of the infinite waveguide described by 

Shaarawi et al. [15], with the exception of the boundary conditions that the fields must 

satisfy at the core-cladding interface. For simplicity, the core and cladding materials are 

assumed to be both nondispersive and nonabsorptive. The only dispersive 

characteristics are due solely to the core-cladding interface (waveguide dispersion). The 

general solution to the scalar wave equation in an optical fiber is analyzed for four 

source modulation spectra and the approximations that need to be made in order to 

generate solutions similar to Focus Wave Modes (FWM's), splash pulses, the scalar 

equivalent of Hillion’s spinor modes and the Modified Power Spectrum (MPS) pulses 

are considered. 

The motivation for this research is based on recent developments in optical fiber 

communications and sensing. Current research efforts in the area of high-speed, long- 

distance fiber-optic communications are concentrated on the development of new 

methods that will counter the pulse dispersion effects introduced during information 

transmission. The transmission of stationary, non-linear optical pulses, termed solitons, 

in dispersive optical fibers was first proposed by Hasegawa and Tappert in 1973 [16] 

and demonstrated in practice by Mollenauer et al. in 1980 [17]. Solitons are localized 

pulses that propagate through an optical fiber operated in its anomalous dispersion 

regime where a delicate interplay between the dispersion (material and waveguide) and 

nonlinearities results in a cancellation of distortive effects. While soliton-based 

communications systems are on the verge of becoming a practical reality, limitations 

imposed on system performance by fiber loss, frequency chirp and the interaction 
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(collision) of neighboring pulses are currently being studied. The novel method of 

wave synthesis proposed in our work does not invoke the need for non-linear effects 

in optical fibers and leads to solutions that are capable of countering the dispersive 

effects introduced by the waveguide. Although only a theoretical discussion is 

presented here, we are optimistic that this technique will lead to the emergence of a 

competing technology in the area of high-capacity, fiber-optic communications. Other 

areas that would benefit from the availability of LW solutions are those of remote 

sensing, novel scattering and diffraction phenomena, and the use of fibers as carriers of 

photon torpedoes, a la Star Trek! 

In Chapter 2, we first provide the background for the analysis of optical fiber 

waveguides and describe the methods used to obtain elementary, monochromatic, 

plane-wave-type solutions. The classical Fourier synthesis method for generating 

solutions for generic source spectra is outlined. The optical waveguide is then analyzed 

by assuming a solution of the bidirectional-type and we arrive at a generic elementary 

solution to the scalar equation in terms of the newly defined parameters. We take 

recourse to the classical waveguide analysis in order to further simplify the solution. A 

one-to-one correspondence is established between the two methods and conditions for 

the core and cladding regions are established. This leads to an elimination of practically 

unrealizable solutions and simplifies the mathematical analysis that follows. We briefly 

review linearly polarized (LP) modes in optical fibers and use properties derived in the 

literature to specify the boundary conditions. The superposition of elementary solutions 

after the boundary conditions have been invoked is also developed. In summary, a 

complete development of optical waveguide theory in terms of the bidirectional 
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parameters is undertaken in this chapter. 

In Chapter 3, we consider four different spectra that have given rise to LW 

solutions in the free-space case: the singular source spectrum, the splash pulse 

spectrum, the zero-order Bessel spectrum and the MPS spectrum. We derive 

expressions for pulse-like solutions resulting from the aforementioned spectra in 

optical fibers and show that merely picking established source spectra that have led to 

LW solutions in free space will not result in LW solutions in dielectric waveguiding 

structures. The synthesis, therefore, needs to be performed with caution and we 

consider reasons why some of the solutions may be practically unstable. 

In Chapter 4, the non-decaying nature of the MPS pulse shape is evaluated and 

the free parameters are related to physically meaningful quantities. The similarity of the 

MPS pulse in the fiber to its free-space counterpart is presented and we quantify the 

distance for which no decay will be observed. A graphical description provides a 

clearer picture of the pulse behavior at different distances along the fiber as well as for 

different choices of the source spectrum parameters. 

Feasibility of practical implementation of the spectra considered in Chapter 4 as 

well as future theoretical directions are considered in Chapter 5. Issues relating to 

material dispersion in the fiber are addressed; we show by analogy that the presence of 

material dispersion does not significantly affect the localization of solutions by 

considering the case of a plasma-filled metallic cylindrical waveguide. Absorption 

effects are commented upon and we briefly describe the resulting changes that need to 
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be incorporated in the analysis to include the lossy nature of the waveguide. Practical 

issues regarding sources and technology improvements are addressed. Finally, we 

summarize and conclude our findings in Chapter 6. 
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2.0 OPTICAL WAVEGUIDE THEORY 

The analysis of electromagnetic wave propagation in optical fiber waveguides 

dates back to 1961 when Snitzer investigated the modal content of a multimode fiber 

and observed the different modal patterns of the lower order modes[18, 19]. Until 

1971, the investigations were performed using a vector mode analysis which accounted 

for all polarizations and all the true modes of the waveguide [20]. Gloge [21] first 

proposed his weakly guiding theory based on the assumption that in a practical fiber the 

core and the cladding indices were very close to each other; this assumption is valid in 

both multimode and single mode fibers for different reasons. In a multimode fiber, the 

intermodal dispersion is directly dependent on the difference in the refractive indices 

and since a reduction in dispersion results in efficient data transmission at high bit- 

Tates, it is necessary to fabricate the core and cladding indices such that the weak- 

guidance condition is met. On the other hand, for a single mode fiber, the core and 

cladding indices should be close to each other in order to have manageable and 

manufacturable fiber core diameters. To elaborate, a typical practical single mode fiber 

has a core size of about eight micrometers and a fractional index difference between 
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core and cladding of less than one percent. If the difference in the core and the cladding 

were large, the fiber core diameter would have to be significantly reduced in order to 

maintain single-mode operation. The weakly guiding theory, which was thus based on 

practically sound reasons, introduced the concept of linearly polarized (LP) modes, 

significantly simplified the analysis and provided a basis for the development of 

modern-day optical fiber theory. 

In this chapter we will use the weakly guiding assumptions and develop the 

optical waveguide theory in terms of the bidirectional representation. A concise 

summary of the one-to-one correspondence between the classical analysis and the 

bidirectional synthesis will be available as a result of this effort. 
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2.1 Classical Analysis 

2. 1. 1 Monochromatic Plane-Wave Solutions 

The scalar wave equation for an idealized optical fiber made of a nondispersive 

and nonabsorptive material can be written as 

2 
(ve- a de) wi=0; i=1=> Core ;i=2 = Cladding , (2.1) 

Cc 

where V2 is the 3D Laplacian, n is the refractive index (n, > N» ; Nj, Ny assumed to be 

constant), and c is the velocity of light in vacuo. In Eq. (2.1), w, represents either of 

the transverse fields (E,, Hy, Ey, H,) or any of the longitudinal fields (E,, H,) in the 

fiber. A more detailed exposition of this behavior of the transverse as well as the 

longitudinal components of the modes will be given in the next section. 

In the classical analysis, we consider solutions of the form 

y(p,.9,z,t) = ® (p,0) exp (£iB,,z} exp {+ iw, }, (2.2) 

where B,, is the propagation constant, @,, is the angular frequency given by 2nc/A in 

terms of the free space wavelength 1, and the subscript cl is used to denote the classical 

approach. 

Equation (2.1) then becomes 

(V,2 + K;2)®=0, (2.3a) 
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where 

Kj? = kp? n;2 — By 2; kg = O,y /e. (2.3b) 

In cylindrical coordinates, V,? is given by 

Vi = d/dp?+p-! aap + p-2 97/ a6". (2.4) 

Substituting (2.4) into (2.3) and assuming separability with respect to the variables p 

and 9, viz., ®(p,o) = R(p) F(o), we get a set of ordinary differential equations; 

specifically, 

d?R/dp? +p-! dR/dp + (x? -— v’/p2)R = 0, (2.5a) 

d2 Fido”? + v?F = 0, (2.5b) 

where V is an integer. Eq. (2.5a) is the Bessel differential equation and Eq. (2.5b) is the 

second-order, ordinary, harmonic differential equation. Solving (2.5a) and (2.5b) and 

recombining variables, a general solution to the Helmholtz equation (2.3) can now be 

written as 

[ A Jv (Ki p) + B Yv (x; p) | 
_— _ COS Vo , (2.6a) 

| Cly (Kj p) +D Ky (&; p) | 
(P.o) = 

A 
A,

 
A 

Vv 
o
o
 

where A, B, C, and D are constants; Jy Ye I, and K, are the ordinary and the 

modified Bessel functions, and 

Ki =+jK;. (2.6b) 

In the classical analysis of a waveguide solution, one would determine which of these 
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constants need to be zero so as to acquire practically realizable solutions. In order to do 

that, we will first determine the respective regions of the waveguide in which k;? > 0 

and x;2 <0. 

The waveguiding condition for the propagation constant B,, is given by 

Ny 1 < By ¢ <n, My. (2.7) 

When the condition (2.7) is not met, evanescent or leaky modes are generated since it 

is not possible to have real values of B,, satisfy the eigenvalue equation. The eigenvalue 

(or, dispersion) equation governs the behavior of B,, with respect to the angular 

frequency w of operation and we will derive it later. Condition (2.7) implies that x,2 > 0 

in the core and «;? < 0 in the cladding region. 

Elementary solutions for the Helmholtz equation (2.3) in the two regions of 

interest, the core and the cladding, are thus given by Eqs. (2.6), with the top 

expression in the brackets corresponding to the core region and the bottom expression 

being valid in the cladding. Since Y,, (K,p) > e for p=OQand I, (k,p) +o as p 

— eo , the constants B and C are taken to be zero so that physically realizable solutions 

are obtained. Further, for simplicity of analysis, we assume that there is no azimuthal 

dependence of the field ( v = 0 ). Hence, the solution simplifies to 

{ A Jo (1 p) p<a 
’ 2. 

\ D Ky (x p) p7a C8) 
@(p) = 

The constants A and D can be determined by imposing the boundary conditions, as 

shown below. 
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2. 1. 2 Weakly Guiding Fibers & Linearly Polarized Modes 

In most practical optical fibers, the refractive indices of the core and the 

cladding are nearly equal. If the parameter A is defined as 

2_ n2 . 
A = 1 m2 , (2.9) 

2nj I 

I 
then the condition A << 1 is called the weak-guidance condition and an optical fiber 

with this property is called a weakly-guiding fiber. Using this weakly-guiding 

condition, the exact solutions of Maxwell’s equations can be simplified to give an 

insight into the properties of certain combinations of modes, termed linearly polarized 

(LP) modes. Apart from the simplification in the analysis and the ease in understanding 

the mode phenomena, the concept of LP modes has other useful properties. Gloge has 

shown that it is possible to calculate the fields in the fiber and the characteristic 

equations of LP modes directly from Maxwell’s equations [21]. The solutions so 

obtained are based on the scalar wave equation and for this reason, the LP modes are 

sometimes referred to as “‘scalar modes’’. 

‘Mis point in the analysis, it is interesting to note the use of Eq. (2.1) to 

describe : - ~ansverse fields in the fiber. Typically, in the exact analysis of an optical 

fiber wav. ie, the vector mode solutions for all transverse components can be 

explicitly expressed in terms of the longitudinal components which can be derived from 

an equivalent scalar wave equation. It is a property of the Laplacian in the Cartesian 
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coordinate system that enables us to express each of the six components (E,, Hy, Ey, 

H,, E,, H,) as a solution to the scalar wave equation. Note that the fields E,, Ey, Hp, 

Hy do not satisfy the scalar wave equation. Another point of importance, and often of 

confusion, is that although we postulate a set of LP mode components in the Cartesian 

system [ either (E,, Hy) or E,, H,) ] to constitute the fields in the fiber, we express 

their behavior in the cylindrical coordinate system (p, 9, z). 

These properties of LP modes imply that the solution ® (p) in Eq. (2.8) can be 

considered as a representation of the LP), mode of a fiber, the first subscript denoting 

that v = 0. In order to find a relation between the constants A and D in Equation (2.8), 

we use the property of LP modes that to meet all boundary conditions, it is sufficient 

that ® and d®/dp be continuous at p = a, where a is the radius of the fiber. This leads 

us to our final expression for the elementary solution for the Helmholtz equation (2.3), 

V1Z., 

A Jo (1 p) 
< (p) = ; boa 10) 

A Ko («. A Ko (®2 p) Jo (K) a) 
Ko (K2 a) 

as well as to the characteristic equation of the fiber 

KJ, (Kia) _ Ke Ki (kp a) (2.11) 

Jo (Ky a) Ko (K2 a) 

where we have used the property of the Bessel functions, Jo’(k,a) = — J,(«,a) and 

Ko (K2a) = — K, (Ka), and the primes indicate derivatives with respect to the arguments 

OPTICAL WAVEGUIDE THEORY 14



of the Bessel functions. The dispersion relationship (2.11) along with the relation 

V2=a2 (x? + k,’) (2.12) 

forms a set of equations which can be evaluated numerically to generate a graph of B 

versus @. In Eq. (2.12), V is the normalized frequency given by 

v=a8 n? - n? = 04 Vn? -n? . ‘ (2.13) 
c 

Instead of plotting the graph of B versus @, one conventionally plots a 

normalized version of the same, namely, the variation of the normalized propagation 

constant b versus the normalized frequency V, where b is defined as [21] 

  

2 
By 

b = kp . (2.14) 

nj - ng 

The dispersion relationship for the fundamental LP, mode, plotted in Figure 2.1, 

defines the allowed propagation constant value for a given frequency of operation. This 

relationship is a direct upshot of the waveguiding constraints imposed by the cylindrical 

wall (cladding) and introduces the major difference in this analysis as compared to the 

free-space case. The other criterion that will be different in this analysis is the inclusion 

of material dispersion which we will consider in Chapter 5. 
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Figure 2.1. Dependence of the normalized propagation constant on normalized 

frequency. Below V values of 0.4 numerical evaluation gives insignificant values. In 

theory, the fundamental mode has a zero cutoff value. 
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2. 1. 3 Temporal Fourier Synthesis 

Solutions obtained in the previous section are valid only for a single operational 

frequency, . Practical solutions can be obtained for any source spectrum A(@) by 

using the temporal Fourier synthesis, namely, 

W (P,z,t) =a | dw | A (@) Jo (Kip) exp ( iat) 

(2.15) 

x exp (— iBz) 6 (B - f(w)) > 

where the plane wave defined by exp[it - i6z] is used as the basis function and f(@) 

is defined by the plot in Fig. 2.2, where we show the explicit dependence of B on a. 

All previous analyses of complicated source spectra have been performed using 

the classical Fourier approach where modal solutions have been obtained for a 

monochromatic plane-wave variation in the longitudinal direction of propagation. Our 

aim in this thesis is to construct different source spectra that will give rise to 

nondispersive packet-like solutions. Shaarawi [22] has shown that in the classical 

Fourier method of synthesis, it is very difficult to conjure up, or design, apposite 

source spectra because of their complicated mathematical nature. We will show in the 

following sections how a transformation to the bidirectional representation will solve 

this complexity and lead to simpler expressions for source spectra that will lead to LW 

solutions. 
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Figure 2.2. Dependence of the propagation constant, B, on angular frequency, @. 

Values used: n, = 2.0, ny = 1.0, a = 4 um. Note that the graph lies between two 

straight lines with slopes n,/c and n./c shown by dotted lines. The specific values of 

n, and n» were chosen only to highlight the behavior of the plot. Note that at low 

frequency, the propagation constant is essentially given by that corresponding to the 

cladding; at high frequency, it approaches that of the core. 
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2.2 Bidirectional Representation 

2. 2. 1 Background 

According to the bidirectional decomposition [13], we use basis functions that 

comprise a product of two counterpropagating plane waves. As described by Shaarawi 

[22], this method of superposition leads to several simplifications. Specifically, some 

of the branch-cut singularities that one encounters in the Fourier synthesis are now 

converted into tame algebraic singularities; this leads to the elimination of the 

multivaluedness that typically accompanies branch-cut singularities and for numerical 

evaluation of solutions, large oscillations that are present due to the branch-cut 

singularities are now removed. As mentioned before, it is now easier to consider 

different spectra that can give rise to LW solutions. 

We therefore assume a solution of the type 

VW (P.9.2,0) = ® (p,o) exp {iB(z+ct) } exp {—ia(z-crt) } 

= ® (p,o) exp {iBn} exp {—iaG}, (2.16) 

where )} = z + ct and C =z — ct. Note that we have not made any changes in the 

transverse variation of the field and the expressions derived earlier will still be valid, 

with a few substitutions. In Eq. (2.16), a and B correspond to the propagation 

constants of the multiplicatively forward and backward propagating plane waves, 

respectively, that form the basis function. Breaking up the Laplacian into its transverse 
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component V,? and a longitudinal component 9,7 , we can write the following: 

2 2 
dzy = — (B-a)'y, (2.17) 

at w =— c2(B+a)'y. (2.18) 

We seek to establish a one-to-one correspondence between the parameters in the 

bidirectional approach and in the classical analysis. Since the waveguiding conditions 

that the mode propagation constant B,, should satisfy are known in the classical 

analysis, the one-to-one correspondence will determine the constraints on the 

parameters a and B, as well as help in establishing the regions denoted by «;2 > 0 and 

K;2 <0, respectively. This is a valid means of obtaining some of the desired conditions 

because the bidirectional decomposition is an alternate method for the synthesis of 

pulse-like solutions and not a replacement for the classical Fourier synthesis. There 

exists a parallel between the two methods, and it is most advantageous to extract 

maximum information from each of these approaches. 

Comparing Eqs. (2.2) and (2.16), we can show the correspondence: 

B. <> (B-a) and @,) © — (a+B)c, (2.19) 

or 

B.1<> (a-B) and @,< (a+B)c. (2.20) 

The constraint on the range of B,, given by Eq. (2.7) can also be expressed as the set of 

equations 

(n; @,))2 - (By c)? > 0, (2.21) 

(Bey c)2 - (ny @))2 > 0. (2.22) 

OPTICAL WAVEGUIDE THEORY 20



The corresponding equations for the bidirectional approach give us 

n,2(a+B)2 - (a-B) 2 > 0, (2.23) 

ny? (a+B)2 - (a-B) 2 < 0, (2.24) 

thereby implying, as in the classical analysis, that k,* > 0 and K,? < 0. 

We now proceed to develop the generalized solution to the scalar wave equation 

by using the bidirectional representation. In the analysis that follows, the constraint on 

a and B, given by the equation «,2 = n;,2 (a+P)2 - (a—P)?, is difficult to handle. For 

this reason, we model the waveguide as one with a core of refractive index n, = 1 anda 

cladding of effective refractive index n, =n, (n, < 1). It is fairly simple to calculate this 

effective index n,, as shown below. 

2.2.2 Equivalent Waveguide with n,; = 1 

A method to calculate the effective refractive index, n,, of the cladding for a 

unity core refractive index is now given. The analysis will be carried out in the classical 

notation. The underlying principle is that the expressions for the fields in the core and 

the cladding, as well as the eigenvalue equation, should remain unchanged by this 

transformation. The fields in the core and the cladding can be described completely in 

terms of kK, and K». The eigenvalue equation given by (2.11) can be expressed in the 

form f (K,, K») = 0. This implies that, if by a simple transformation, we can express 

K, and xk» in terms of n, = 1 and nz =n, , we will have an equivalent waveguide. 
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Consider the transformation, ky = kyn,. K, and K, can then be defined by 

kK? =k’o - B? (2.25a) 

and 

, 2 2 2 KZ =k’o (22 - B, (2.25b) 

respectively. Comparing Egs. (2.25) with (2.3b) we see that for n,; = 1 and n, = no/n,, 

we now have an equivalent waveguide in a frequency-scaled system which maintains 

the eigenvalue equation of the fiber as well as the expressions for the fields in the core 

and the cladding regions. All results obtained in the sequel are in the frequency-scaled 

system. 

2. 2. 3 Generalized Solution 

The change in notations for the refractive indices alters the relation between k; 

and (a, B) to 

K,? = 408 (2.26a) 

Ky? = n,? (a+B)? - (a—B)?. (2.26b) 

Before we arrive at the generalized solution that corresponds to the Fourier synthesis 

described by Eq. (2.15) we will consider the constraint imposed by the eigenvalue 

equation (2.11) and its implications in the (a, B) domain or, equivalently, in the (x,, 

K,) domain where «, and kK are defined by Eqs. (2.26). There are two distinct ways of 

understanding these implications and these two distinct interpretations will lead to 
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different methods of solving for explicit expressions for LW solutions. 

2.2.3.1 Approach # 1. 

In the first approach, we assume that the eigenvalue equation is a form of the 

expression 

f(a, B) =0. (2.27) 

A numerical evaluation of (2.11) gives us the constraint on the choice of B’s given a 

value for @. This dependence is shown in Figure 2.3. The solution is plotted for 

various values of the effective refractive index n,. We notice that as n, approaches 

unity, the dependence of 8 on a becomes weaker as expected. 

We can then write the generalized solution as 

y (p01) “Op? | dk; | da. | « A (0,B,«1) Ky Jo (1p) ei@6 e ibn 

(2.28) 

x 3 (4aB-K4) 5( - g(a), 

for p < a, where the constraint (2.26a) has been incorporated within the integral by the 

delta function and g(a) is the dependence of B on @ defined in Figure 2.3. Similarly, 

for the region p 2 a, we have 
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  y (p,6.n) =—4 5 | dk | & | [ A (0,B,«1 ) K1 Ko (k2p) 
(27) 

2.29 

x 2068) e-ink ¢ itn § (x2 - 4cxB) om” 
Ko (Ka) 

x 5 (k,? + nZ (a+B)* — (a - B)’) 8(B - g(a), 

where we have included all the conditions imposed on the choice of kK), K>, @ and B 

with the help of delta functions. 

In the analysis that follows, we will be concerned mainly with the evaluation of 

the core solutions and hence we need to further investigate the limits on the integrals in 

(2.28). The constraints on @ and B are given by the bidirectional equivalent of (2.7). 

This condition was implicit in the acquisition of Figure 2.3; that is, in order to obtain 

real-valued solutions for a and B to the eigenvalue equation, we had already taken the 

waveguiding constraint into account. Hence, if we perform the k, integral first and the 

B integral next, the integral over B needs to be carried out only in the range in which 

g() is valid and real. Hence, in this approach we require the use of numerical 

techniques to evaluate the final LW solutions to any given spectrum A(a, B). 

2.2.3.2 Approach # 2. 

In the second approach, we consider the eigenvalue equation (2.11) to be 

expressible in the form 

f (K}, Ky) =0. (2.30) 

OPTICAL WAVEGUIDE THEORY 24



This relation gives the dependence of k,, an equivalent propagation constant related to 

a and B, on another equivalent propagation constant, K., that is directly dependent on 

a, B and n,. This variation of «, with K, is shown in Figure 2.4. 

A general solution to the scalar wave equation can now be written in terms of 

the superposition 

w (p.6.n) =—— | dx, | da | dB A (a,B,K1) Ky Jo (Kip) 
(2x) 2 

(2.31) 
x eae ibn § (408-2), 

for p <a, where only the constraint (2.26a) has been incorporated within the integral. 

Similarly, for the region p 2 a, we have 

  y (p.6.n) = —! 5 [ |e | [ A (a,B,K1) Ky Ko ( K2p) 
(27) 

x Jo (Kia) e7iag e ibn 8(Ko-h (k;)) (2.32) 
Ko (2a) 

x 8(408—«?) (x24 n2 (a+)? —(o- By’), 

which includes all the boundary conditions that y should satisfy at p = a as well as the 

constraints (2.26) and (2.30). In Eq. (2.32), h(k,) denotes the constraint imposed on 

the choice of K, once a value is chosen for kK, and is shown in Fig. 2.4. In this 

approach, therefore, we have transferred all responsibility of accounting for the 

waveguide dispersion to the cladding solution evaluation. The simplifying beauty 

resulting from this mathematical sleight of hand is evident from the ease of evaluating 
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the core solutions without invoking the need for numerical techniques. The only 

complication that goes into the evaluation of w in the core is the determining of the 

limits on the integrals, which we shall address next. 

The limits on the integrals in the Equations (2.31) and (2.32) will be dependent 

on the constraints given by the expressions (2.23) and (2.24) along with the two 

choices for the one-to-one correspondence between the classical analysis and the 

bidirectional approach, (2.19) and (2.20). 

Choice 1: Equation (2.19) reduces the constraint (2.23) to 

-n, (a +B) < (B-a) < -n, (a+ B), (2.33) 

which, for n, = 1 and n, =n, gives us the two conditions 

wB<s and af <0, (2.34) 

where s = [(1+n,) / (1-n,)]. As a consequence, the limits of the integrals in Equations 

(2.31) and (2.32) can be written as 

eo 0 Bs 

| dx; | dB | dal , (2.35) 

0 0 0 

“ 0 a/s 

| dk; | da | dBI , (2.36) 

0 - 0 

where I represents the integrand in each of the integrals. The order in which the 

or 

integrations are carried out ( first over the variable & and then over B, or vice versa) 
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determines which of the above two equations is applicable. In Eq. (2.35) we note, 

however, that since B is always negative, the integration over @ is from zero to a 

negative number, f’s (s > 0). But « should always be positive to satisfy the condition, 

ap < 0. Hence, Eq. (2.35) gives us a contradiction in terms and leads to a trivial 

solution that is always equal to zero. Similarly, we can show that changing the order of 

integration [cf. Equation (2.36)] will also lead to a situation where both the conditions 

in (2.34) cannot be satisfied. 

Choice 2: Equation (2.20) reduces the constraint (2.24) to 

n, (a+ B) < (a—fB) < n, (a+ 8B), (2.37) 

which, for n, = 1 and ny = n, gives us the two conditions 

a/B> s and aB >0. (2.38) 

As a result, the limits of the integrals in Equations (2.31) and (2.32) can be written, for 

the case when both a and f are greater than zero, as 

| dkj | dp | dal , (2.39) 

i) 0 Bs. 

- - a/s 

| dx; | da | dBI , (2.40) 

0 0 0 

where I represents the integrand in each of the integrals. With this choice of the one-to- 

one correspondence, it is possible to satisfy both conditions in the expression (2.38). 

Also, in the limit n,> 1, we would expect that the solution should vanish since the 
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waveguiding constraint is no longer met. This is evident from the limits, since s > ©, 

and the integrals (2.39) and (2.40) go to zero for any integrand. 

The generalized solutions (2.31) and (2.32) have been obtained under the 

assumption that the constraints (2.23) and (2.24) are satisfied in all regions. Hence, the 

limits in (2.39) and (2.40) are applicable to the evaluation of the generalized solutions 

in the core as well as the cladding regions in this approach. Analogous to our argument 

in Approach # 1 that the limits are no longer necessary when the dispersion relation is 

incorporated as a delta function into the integral, one would tend to believe that this 

reasoning would be true for the cladding solution in this approach. However, this is not 

the case since the only conclusion that can be drawn from the analysis in the classical 

scheme is that the constraints imply that real values of 8, will result; this statement can 

be extended to imply in the first approach that real values of a and B will be obtained. 

However, for the expressions for kK, and K, there are no such guarantees because of the 

squared terms that appear in their respective defining relations (2.26). 

In summary, the two approaches presented above lead to different methods of 

analysis. We will choose the latter since closed-form solutions can be obtained through 

this method and it provides a physical picture of the LW solutions. The first approach 

necessitates the use of numerical methods and we will consider this approach only 

briefly in this work. We will show later, in Chapter 5, how this approach may be better 

suited when we consider material dispersion. 
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3.0 PACKET-LIKE SOLUTIONS IN FIBERS 

Different choices of the modulation spectrum A(a,f,«) entering into the 

bidirectional representations (2.31) and (2.32) can now lead to the desired packet-like 

solutions. In this section, we consider four specific spectra and derive solutions which 

resemble the ideal FWM, the scalar analog to Hillion’s spinor modes, the ideal splash 

pulse, and the ideal modified power spectrum pulse. It is interesting to note in the 

analysis that follows that the simplicity of the final expressions for the localized 

solutions depends on the order in which the integrations in Equation (2.31) are carried 

out. For instance, the integration, first over « and then over B, described by Equation 

(2.35), would very likely lead to a compact solution in the form of an integral which 

might need numerical evaluation. On the other hand, if the order of integration were 

reversed, as described by Equation (2.36), we might be able to extract information 

about the ideal free space solution which the pulse would resemble. In such cases, the 

solution y is broken up into two parts, viz., y = y, + W,,, where the subscript u 

indicates the unperturbed packet-like solution and the subscript w stands for the 

additional wall term introduced by the waveguiding constraint. 
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3.1 Examples of Source Spectra 

In the following subsections, we summarize results obtained from the 

synthesis of four different spectra. All spectra are chosen based on their track record, 

namely, their ability to generate packet-like solutions in free space. Only an evaluation 

of the integrals is presented in this section. Detailed numerical results are given in 

Section 3.2. 

3.1.1 Focus Wave Modes 

We first consider the singular spectrum 

A(a,B,«,) = (8n7a,) 5 (B-B’) exp (-c1ay), (3.1) 

which, in free space, has given rise to FWM’s, as introduced by Belanger, Sezginer 

and Ziolkowski. The constants a, and 8’ are free parameters in the source modulation 

spectrum which will be useful in adjusting the synthesized solutions to give directed 

energy transfer in the waveguide. 

We first substitute the singular spectrum (3.1) into the bidirectional 

representation (2.31). After integrating over kK, and using the sifting property of the 

delta function, y,, is found to be 

Vu (p,6.n) = ay | do Jo(V4aB’ p) exp(-iat - aa,)exp(+ip’n) , (3.2) 
0 
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and y ,, is expressed as 

, 

a 

Ww (p,.Gn) =— a1 | da Jo (V4a8’ p) exp (iat — aa,) exp (+iB’n) , (3.3) 
0 

where a = B's. 

We first obtain a closed-form solution for y,, . Using the identity (6.614.1) 

from Gradshteyn and Ryzhik [23], viz., 

" ps eb pe by 7 be [ Jo VB b) e-B = [E e| b| (1a (B)- in (By) (3.4) 
0 4 

and the Bessel function relation 

[ Ian (z) - lip (z)| = V 2 exp (- 2), 

we obtain the relation 

>
 

| dB Jo(bVB) eBa 
0 

2 

From Egs. (3.2) and (3.6), we then obtain the FWM solution 

exp GB’n) on B’p? | 
Wu (9,0. =a 

(a, + i) (a; + iC) 

We can rewrite the expression for w,, , (3.3), as 

Yo’ 

Ww (p,0.n) = - 2a; erin | wdw Jo (V4B’ pw) e-wXarid) , 
0 
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where we have made the substitution w2 = a. Using the identity (1.8.2.4) from 

Prudnikov et al. [24], namely, 

  | xV+l eax? Ju(bx) dx =” on [Uy41(2iax2, bx) + i Uy4,2(2iax2, bx)] , (3.9) 
0 (2ia)*+ 

where 

Un ag) = cD! [7 J Fase v (6) (3.10) 

is the Lommel function of two variables, we obtain 

; - B’ (a+ id)s Vw = ia, eB @+il 

(a + iC) 

(3.11) 

x (U; [ -2iB’(artié)s . 2 B’vs ] + 1U2[ -2i1B’(arrié)s . 2B 1), 

which gives us the final closed-form solution for the wall term. In Eq. (3.10), s, as 

defined earlier, is given by [(1+n,) / (1-n,)]. 

A similar analysis can now be extended to the scalar field solution in the 

cladding. The constraints imposed by the delta functions in Eq. (2.32), however, 

necess: the use of a numerical integration and we will not address this issue in this 

section 

3. 1.2 th Pulses 

We co: :der next the spectrum 
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A (0,B,k1) = 82a; a2 8 (Ki - ¥) exp|- (aa; + Baz)] , (3.12) 

which, without the delta function, yields Ziolkowski’s splash pulse in free space. 

Substituting the splash pulse spectrum (3.12) in the expression for the generalized 

solution of the scalar wave equation [cf. Eq. (2.31)] and integrating over B and k,, we 

get 

w (p.Gn) = 2 ¥ a1 a2 Jo (yp) 
(3.13) 

x | ca. exp (-c(a; + id)) exp , v (a2 —- in) . 

yvs/2 

Breaking up the solution into y,, and Wy, and using the identity (2.3.16.1) from 

Prudnikov et al. [24], namely, 

| ax. exp (-xa) exp(-2) =2 Ko (2 Yab) , (3.14) 

we can arrive at the expressions 

Wa = a1 a2 7Jo (yp) KolyV (a1 + if) (a2- in) ] (3.15) 

and 

ay a2 48/2 ~ | 

Ww = > 0 da. exp — a (ai +i 0)| exp |- F agin) (3.16) 

in the fiber core. Expressions for the cladding region can be obtained using numerical 

methods. 
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3.1.3 Scalar Analog to Hillion’s Spinor Modes 

We consider next the Bessel spectrum of order zero 

A (a,B,«1) = 822 a; b Jo(Bb) exp (-ca) , (3.17) 

which, in free space, yields the scalar analog to Hillion’s spinor modes. This spectrum 

presents a good example of arriving at different forms of expressions depending on the 

order of integration, as mentioned earlier. We will consider both cases here. 

3.1.3.1 Integrate over B first. 

Substituting the Bessel spectrum (3.17) into Equation (2.31) and integrating 

over K,, we obtain 

00 Qa’ 

da ea | dB Jo (V4aBp) Jo (Bb) eiB2 , (3.18) WV (p,¢.n) = a,b | 

0 0 

where @’ = a /s. Substituting B =rcos®, a =rsin @ and da dB =r dr dO, Eq. 

(3.18) becomes 

0 eo 

y (p60) = at | do | rdr Jo (¥4sin@ cos @pr) Jo (br sin 8) 
0 0 

(3.19) 
x exp(- [cos 8 (a; +i§) - insin ) ), 

where tan 8’ = 1/s . Using the identity (2.12.38.2) from Prudnikov et al. [24], 

namely, 
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| dx x Jo (bx) Jo (cx)e"P* =Adg , 

  

0 (3.20) 

where 

_ k? ( d -3/2 2 

Ad o= io ee rs Quip pow k |. (3.21) 
TU _ 

we obtain 

Q’ 

24q2+d? =ajb| dé P L peed (3.22) 
“= Vad [(p2 + q? +d?) aga  \ ad 

  

Here k? = 4qc /[p* + (b+d)?], p = (a, +iC) cos@ - in| sin®, q = 2p (sin® cos0)!/?, d = 

b sin®, and 6° is as defined earlier. Q,,™ (z), an associated Legendre function, is a 

solution of the differential equation 

(i - 23) © 22 SE +[n(a+1)- m_|@p = 0. (3.23) 
dz? 1—2z2 

  

3.1.32 Integrate over first. 

Substituting the Bessel spectrum (3.17) into Equation (2.31), integrating over 

K,, anc -reaking the solution into two parts, y,, and Wy, we obtain 

. im=ba | dB | da e+) Jo (V4aBp) Jo (Bb) eifn .(3.24) 
0 0 

Using the ide::tities (2.12.39.10) and (2.12.8.3) from Prudnikov et al. [24], namely, 
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. - 
| e-iPX Jo (xX) Jo (bx) dx =! exp wa} Jo Premeey , (3.25) 

ot p? | 4(b?- p?)] (4b? - p2) 

and 

eiPx Jo (cx) dx = —L_, (3.26) 
0 c2 - p2 

respectively, we obtain the following expression for the unperturbed pulse: 

2 2 “1/2 
pre -in} +02]. (3.27) 

(a; + if) 

_ ba We 
(a; + iQ) 

  

  

The contribution from the wall term, w,, , can be written as 

Bs 

dB Jo (Bb) eiBn | da e-Ha+i0) Jo (V/4a:Bp). (3.28) 
0 

Ww (p,0,7) = - arb | 
0 

The integral over a is of the same form as (3.3). Using an approach similar to that 

adopted for solving (3.3), we obtain 

Ww = ia; b | dB exp (-p [ca + iC)s - in] ) 
(a + iC) 0 

(3.29) 

x (Uj [-2iPrar+it)s. 2pBYs ] + i1U2[-2iBa.tié)s. 2pBYs ]) 

3. 1.4 Modified Power Spectrum (MPS) Pulse 

We now consider the MPS pulse spectrum 
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oP exp[- aa; - (pB-b) a2], B>b/p A@.B.0= , (3.30) 
0 »b/p>B>0 

which leads to localized, slowly decaying solutions in free space. We substitute the 

MPS pulse spectrum (3.30) into (2.31) and separate the integral into two parts, viz., 

vewerves | és ca dp I -| és] taf dBI, (3.31) 

0 0 0 0 0 8 

where y,, and Wy, correspond to the first and second terms, respectively. We first 

evaluate y,. Integrating over @ first, w,, can be written as 

  

_ PB GB exp l(- 7 Wu= 3F B exp [(-Bp + b) a2 + in] 

b/p 

(3.32) 

x | dK) Ki Jo (Kip) exp ' se) . 

0 4B 

Using the identity (3.6), and integrating over Kk, and B, we obtain 

oo Wu (P, 6 1) = : : (3.33) 
4 (a; + iC) (a2 + X/p) 

which is identical to the MPS pulse derived by Besieris et al. [13]. 
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To evaluate wy, we switch the order of integration of « and B, and use the 

identity (3.9) to obtain 

w= iene ea) | dB (uy [2iB(a,+i&)s. 2pBYs 1 + 1U2[2iBia,+i€)s. 2p BYs- i} 
2n (a+iC) Jpyp 

(3.34) 
x exp (— BQ) ; 

where Q = (pay - in) + s (a, + iC). By expressing the Lommel functions U , and U, in 

terms of a series of Bessel functions [cf. Eq. (3.10)], and switching the summation and 

integral evaluation one can show that the integrand is bounded and an end-point 

evaluation of the form 

oo 

exp[- 1 f(x)] g(x) dx = exp[- 1 f(a)] g(a) +O (u -2) (3.35) 

jaf (@)| 
dx 

a 

is justified. Using the result from such an end-point evaluation, we arrive at the final 

expression for y,, viz., 

iP exp (bay - bO/p) 

ee On (a+ it) 
(3.36) 

Us [2iB (ay +ib)s, apbys | + 1Ua[2i B (a,+i8)s, 2p bys 1. 

3. 1. 5 Splash Pulse Spectrum Without the Delta Function 

The splash pulse spectrum described in 3.1.2 can be changed slightly by 
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removing the delta function 5(, - Y). The reason for considering this variation will 

become evident when we evaluate the distances over which such solutions remain 

localized. The spectrum, given by 

A (a,B,K1) = 82a; a2 exp - (aa, + Ba2)| , (3.37) 

can now be substituted into Eq. (2.31) to obtain LW solutions. Integrating over k,, we 

obtain 

oo 

w (p.6.n) = 2 a; a2 | da. exp[- aa + id)| 
0 

(3.38) 
Q1 

x | mdm Jo (40. pm) exp [-m?(ap- ind], 

0 

where we have substituted B = m? and a, = (a/s)!/2. Using the identity (3.9), we can 

write (3.38) as 

v(p.Gn)= A182 [+h], (3.39) 
a2— in) 

where 

  I= ‘| da exp l- oa +it)- 0 2] 

  

0 
(3.40a) 

x Uy - 2 G2) O20) 
s vs 

p= -| da exp |- a (a1 +ity- 0 & mn) 
0 

me 2 (3.40b) 
x U2|- jG) O20 

s vs" 
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and U,, is the Lommel function of two variables. Using the expansion of the Lommel 

function in terms of Bessel functions, defined by Eq. (3.10), interchanging the 

summation and integration operations, and using the expression (6.611.1) from 

Gradhsteyn ad Ryzhik [23], namely, 

  

- -v[J/n24q2-ql” 
dx e-® Jy (px) = 2 Vp? + q@ -a] (3.41) 

0 Vp? + q? 

we Can arrive at 

In= ifvp2+q@?2)? Y epkco**", (3.42) 
k 

  

=0 

where 

p--i 2m y vp? + q? - a] (3.43a) 
pv¥ys Pp 

2p et. 3.43b Pp le ( ) 

and 

qe (ap +igh+ iD), (3.43c) 
S 

Assuming q? >> 4p2/s, and going through a simple but lengthy algebraic evaluation, 

we obtain the final closed-form expression for y, given by 

y= — 41 #2 _ {4p2s + [(ar + iC)s + (a2 - in)| | ue (3.44) 

(a; + iC) 

PACKET-LIKE SOLUTIONS IN OPTICAL FIBERS 42



3.2 Evaluation of Localization Distances 

In this section we will evaluate distances up to which the solutions derived in 

the previous section remain localized. A typical trade-off observed during the analysis 

is the following. The pulse energy needs to be localized to the fiber core dimensions as 

well as in the longitudinal direction of propagation. In order to achieve both these 

qualities we need to pick values for the free parameters that will not contradict the two 

| requirements. Our analysis therefore is limited to looking at the solution at z = O and 

analyzing the behavior with respect to p , and to observing the amplitude of the pulse as 

a function of z, the longitudinal direction of propagation. We define a decay parameter 

T(z) as the ratio of the amplitude of the pulse after it has traveled some distance z to the 

initial amplitude at z = 0, to aid our analysis. We also define | y | ° as the initial pulse 

amplitude, | y | + as the amplitude of the pulse propagating in the positive z-direction 

and | y!~ as the amplitude of the pulse propagating in the negative z-direction. 

3.2.1 FWM Solution 

The initial pulse amplitude of the ideal FWM solution is given by 

_ Bp? | 
|wul® = exp| PP (3.45) 

The variation of the field amplitude in the radial direction is dictated by the magnitude of 

the ratio B’/a, and is shown in Figure 3.1. A pulse propagating in the positive z 

direction has a pulse peak given by 
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+ 2 

[Wul* = exp|-P-P |, (3.46) 

which is identical to the initial pulse amplitude. The distance over which this pulse can 

be utilized for communications purposes depends on the losses and the material 

dispersion of the waveguide. Transmission of energy in the positive direction seems 

possible with very little constraint on the free parameters of the source spectra. The wall 

term comprising the Lommel functions can be expected to impose further constraints on 

the pulse parameters. The behavior of Lommel functions will be more clearly seen for 

the MPS pulse in the next chapter. 

3.2.2. Splash Pulse Solution 

The amplitude of the unperturbed splash pulse solution, y,, , evaluated at z = t = 

0 can be expressed as 

Wu = a1 a2 YJo (yp) Ko (y Yai a2 ). (3.47) 

The radial dependence of the field is governed by the magnitude of y and is a simple 

Bessel function of order zero. The parameter y is thus fixed to a value on the order of 

10° m:!. We need to ensure during synthesis that we do not impose any further 

constraints on the free parameter y when considering the distances over which this 

pulse can remain nondecaying. Atz=t=0, ly, | 0 is given at the center of the fiber 

(p = 0) by the equation 

2 (I ul °)"= af 2 7? A exp (-4y Vara ) (3.48) 

where we have used the large argument expansion of the Bessel function and the fourth 
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power of the amplitude is taken only for convenience in deriving the results that follow. 

At z=ct, the amplitude of the pulse traveling in the positive direction, | y,, | +, can be 

written as 

(| wal *)* = az af y? —-L— exp (- 4y vay [a3 + 422]! cos o) , (3.49) 
Was z2 

where 6 is given by the relation tan2@ = 2z/a>. Expressing cos in terms of z and ap, 

using the approximation a, >> z of interest, and defining a decay factor rf as ly, tt / 

hy or, we obtain an estimate for the nondecaying pulse distances. The decay factor ri 

can be written as 

(r,)* = a exp 2y Vaan 2 z |: (3.50) 

  

1 +422 
ad 

2 

  

which shows that for the decay factor to remain = 1, the value of the free parameter a, 

should be a few orders of magnitude greater than the distance, z, of interest. The decay 

parameter is plotted in Figure 3.2. Note also that the nondecaying nature of the solution 

can be controlled irrespective of the choice of values for the parameter ‘y, which defined 

the confinement of the field in the fiber core. 

3. 2. 3 Scalar Analog to Hillion’s Spinor Modes 

The amplitude of the unperturbed pulse expression forthe Bessel spectrum can 

be written, atz=t=0, as 

2 -1/2 

aib i . (3.51) 

This behavior is plotted in Figure 3.3. The corresponding expressions for 

    

Wu = -|1+(2 
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ly, !° and ly, |” are 

lw l= 1 (3.52) 

and 

2] -1/2 
| wa *=[1 40 , (3.53) 

The decay factor I’ has the same expression as ly, |* , given by (3.53), and we 

note that the pulse in the positive direction is singular at p = O and z = b/2. This 

behavior of the unperturbed, ideal pulse is physically unrealizable. If the wall term y,, 

cancels this singularity, the sensitivity to variations in initial distribution may make this 

pulse extremely difficult to realize in a practical sense. 

3. 2. 4 Splash Pulse Spectrum Without the Delta Function 

In all the previous examples in this section, we have considered the effect of the 

free parameters on the ideal pulse shapes. The only total pulse, (YW, + Wy), that we 

will consider is the MPS pulse in Chapter 4. We will now investigate a pulse where the 

free parameters cannot be tweaked in order to generate a pulse that will propagate for 

long distances and at the same time be confined to the fiber core. Consider the splash 

pulse spectrum without the delta function 6 (Kk, —Y). 

The initial pulse amplitude is given by 

| w| ° = a2 (4p2s + [ay s + a2 ]2} 7. (3.54) 
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At the center of the fiber core, the amplitude of the pulse traveling in the positive 

direction can be written as 

|w]* =a2 {422s +[a; s+a2]2} 17. (3.55) 

As a result, the decay factor, I’, can be expressed in the form 

  144228)? (3.56) 
[a1 st+az]2 

  

From (3.54), the variation of the initial field amplitude in the core can be plotted versus 

the radius p as shown in Figure 3.4. The variation of the decay factor, I, is given in 

Figure 3.5, where we have made the assumption that as << a>. Figure 3.4 shows that 

in order to confine the field to the core, the free parameter values should be on the order 

of 104 to 10-5. At the same time, Figure 3.5 shows the decay factor will remain close 

to 1 for a» values on the order of 10’ if nondecaying solutions over 1000 km distances 

are desired. This shows that the free parameter a, dictates both the variation of the field 

within the core and the distance over which the field remains non-decaying, and cannot 

meet the necessary requirements. 
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Figure 3.1. Variation of the ideal FWM solution in the fiber core. Parametric values 

used: B’= 10° m!, a, = 0.10 m. 
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Figure 3.2. Variation of the decay factor for the splash pulse. Parametric values used: 

a, = 1m, y= 10° m!. Solid Line: a, = 10!3 m. Dashed Line: a, = 5X 10!2 m. Dotted 

Line: a) = 10!? m. 
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Figure 3.3. Variation of the ideal solution resulting from the Bessel spectrum in the 

fiber core. Parametric values used: b = 10!2 m, a; = 1 m. 
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Figure 3.4. Dependence of the field confinement in the fiber on the free parameter a5 

for the splash pulse. For guided confinement of the field power, a) values on the order 

of 10°> will be preferred. 
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Figure 3.5. Variation of the decay factor I’ as a function of the free parameter a, for 

the splash pulse. Note that for nondecaying transmission of energy the values of a 

should be on the order of 10’, which contradicts the requirement imposed on the field 

confinement as seen from Figure 3.4. 
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4.0 DETAILED STUDY OF THE MPS PULSE 

Expressions (3.7), (3.15), (3.27) and (3.33) for w,, represent the non- 

decaying, ideal, LW solutions in the core for the FWM’s, splash pulses, the scalar 

equivalent of Hillion’s spinor modes and the Modified Power Spectrum pulses, 

respectively, while equations (3.11), (3.16), (3.29) and (3.36) for w,, describe the 

deviations in those free-space solutions because of the waveguiding constraint. The 

behavior of these solutions is sensitive to the values of the free parameters. In order to 

understand the properties of these solutions, we analyzed the ideal pulses as they 

propagated through the waveguide and quantified the distances over which they 

maintained their non-decaying nature in the last chapter. 

In this chapter, we will restrict ourselves to a detailed analysis and 

quantification of the MPS pulse for which a tractable, closed-form solution is 

available. Substituting values of the free parameters in the source modulation spectra 

into the equations, we will be able to determine the amount of localization of the initial 

pulse, and the behavior of the pulses traveling in the positive and the negative 

directions. By doing so, we will relate the free parameters in the spectra to physically 
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meaningful quantities, such as the minimum and maximum wavelengths in the source 

spectrum range, the width of the initial pulse and the pulse amplitude. 
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4.1 Similarity with the Free-Space MPS Pulse 

It is known that the unperturbed MPS pulse is localized in free-space and can 

propagate without decay for thousands of kilometers (for an appropriate choice of the 

free parameters). The total solution for the MPS pulse in a fiber comprises the 

unperturbed term as well as a contribution from the wall term. The relative significance 

of each of these terms in the total solution provides an indication of the localized nature 

of the MPS pulse in the fiber. In this analysis, therefore, we compare the relative 

amplitudes of the unperturbed and the wall terms for a specific case, namely, at p = 0 

and z = 0. A ratio of the unperturbed and the wall terms will be obtained and we will 

strive to make this ratio as large as possible by tuning the values of the free parameters 

in order to maintain localization. This analysis will therefore give us a first indication of 

the magnitudes of the free parameters. 

We use the Bessel function expansion of Lommel functions [cf. Eq. (3.10)] in 

order to evaluate the wall term at p = 0. We are thus interested in finding the limit of 

[U, + iU,] as p > 0. Using L’Hopital’s rule and the recursive relations for Bessel 

functions we can show that 

lim  Jm (az) _ am 
= 2 (4.1) 

z—0 

The wall term y,, can be expressed at p = 0, from Eqs. (3.36) and (4.1), as 
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_ pexp (ibn/p) 1 
  

  

y | 
. 2n (a; + iC) [s (ay +iC) + (pag -in)| 

; > (-1*[i(ar+igy vs |**! (ai) 2+ (42) 
mn (2k +1)! 2%+4 P 

  

Hit -1)K[i(a, +ig) vs ]7**? (2b. )*+? 
k=0 (2k + 2)! 22k +2 P 

Grouping the summation terms together, and using the series definition of the 

exponential function, we obtain the final expression for the wall term at p = 0, namely, 

sb (a; +iC )| 
= REX ibm) [1 -ene| Sr? l 

ee 
e
t
l
 

    

  

. (4.3) 
20 (a; + iC) [s (ay + iC ) + (pag - in )] 

At z=ct, z=0, the amplitude of the wall term is then given by 

= = = 1 - _ aisb] [Yu (P= 0, 2=0)| = 1 1 exp sb (4.4) 

where we have assumed that pa, >> sa,. Since the amplitude of the unperturbed term at 

p = 0, z= 0 is given by | y,, | = [4xa,a,] —1 the ratio of the unperturbed term to the 

wall term then becomes 

  

lwo] _ \ 

lw |  2[l-exp@x] ’ | (4.5) 

where x = sba,/p. For very small values of x, this ratio becomes 

[Wel 2 
[vw [ “2x” “ 
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which implies that for a more pronounced localization of the total solution, one should 

choose the factor x to be very small. The first indication obtained from this comparison 

to the free-space pulse is that s should be chosen as small as possible, and given a value 

for s, the ratio ba,/p should be made as small as possible. We will look at the practical 

implications of this statement next. The various pulse solutions for different 

combinations of the x parameter are easily visualized graphically and are shown in 

Section 4.3. 

4.2 Practical Implications of Free Parameters 

Using our knowledge from the analysis of the free-space MPS pulse, the 

behavior of the guided localized wave solution can now be connected directly to the 

values of its defining constants. We intentionally fix the constant ay = 1.0 m (without 

loss of generality) ; the other constants control the following properties. 

Normalizing the magnitude of the solution y at p = 0, z = ct, to its initial value 

4ma,a we obtain 

ly (p =0,z=ct)| = ——2_ .. (4.7) 
1 +|22)° 

This means the amplitude of the solution is maintained out to the distance L = pay. 

Since we desire to maintain the initial amplitude over distances L ~ 40, 000 km, we take 

p to be very large, 1.e., p = 108. We will ensure in the following analysis that this 
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choice of p does not violate any other physical constraint. 

One of the features that remains hidden in the bidirectional analysis is the 

natural angular frequency, @. Although often considered a disadvantage in 

comprehending the physical significance of spectra, this problem can be easily solved 

by using the one-to-one correspondence between the Fourier method and the 

bidirectional synthesis. The solution to the ideal MPS pulse, given by Eq. (3.33), 

although written in the form f (p, C, 1), can be recast in the form f (p, z, t). A Fourier 

transform, given by 

oo 

F (p, z, @) -| dt exp (iq@t) f(p, z, t) (4.8) 

can then lead us to the spectrum of the MPS pulse in the m domain. However, the 

expression for the MPS pulse solution is very complicated and, as a consequence, only 

plots of the spectra resulting from numerical calculations can be obtained. To gain a 

physical handle on the behavior of the spectrum, we will adopt another approach 

described by Ziolkowski [25] and derive closed form expressions for the spectrum; this 

method will lead to a practical understanding of each individual free parameter. 

In our analysis of the MPS pulse solution, we used the bidirectional 

representation given by Eq. (3.30). The method we use to determine the spectrum 

considers the MPS pulse solution as a superposition of Gaussian pulses emanating 

from complex source points. The general localized wave solution is written as 
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f (p, z,t) = dB F (p) exp [-p S (p, Z, t) (4.9) 

[a; +i (z-ct)] , 

where 

p? 

—@€ — i(z+¢ct) (4.10) ,Z, t= 
$(P 20 a+i(z- ct) 

and F (B) denotes the MPS pulse spectrum, given by [25] 

F (B) =a; ap p H(B— b/p) exp|- ao (pB- b)], (4.11) 

where H(x) is Heaviside’s function. Normalizing the value of a, (ay = 1), and using the 

definition for the Fourier transform given by (4.8) we can evaluate the spectrum for a 

specific case, namely, z = 0. Assuming pa, >> 1, the Fourier transform for the MPS 

pulse is written as 

F (p, z=0, @) -| apr () | dt exp [-i(@- Br) 

0 [a -ict | 
  

(4.12) 

2 

x exp j- ee | 
a,-1ct 

Using the series expansion of the exponential function, Eq. (4.12) can be rewritten as 
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F (p, z=0, @) -| dB F (B) > ket 

n=0 : 

  

0 

(4.13) 

x at OP [-i (w- B ct)| 

- 00 [ai -ict]"*! 

Using the identity (3.382.7) from Gradhsteyn and Ryzhik [23], namely, 

~ _ Qn p-! dx (B- ix) "exp[-ipx] = Hep)—~2—exp(-Bp), (4.14) 
- 00 I () 

and the series definition of the Bessel function given by 

(1) 9x 2n JoQx)= y Oe’, (4.15) 
n=0 nn! n! 

the generic Fourier transform for any LW solution becomes 

F (p,z =0, @) -2{ dp F (B) H(@-) exp|-a; (2 - B) 

(4.16) 

x Jo(2p4/B (2-8) J. 

Substituting the MPS pulse spectrum (4.11) into (4.16) and accounting for the 

Heaviside functions, Eq. (4.16) is reduced to the form 
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Cc 

@ —b 

x I’ P du exp[—u(p-ai)] Jo| 2p 4/u(@-») 

0 

F (p, z= 0, @) an H(2- §) e[-p(? - B)] (4.17) 

  

where u is a dummy variable. Using the series expansion of the Bessel function 

(4.15), and rearranging terms within the integral, we obtain 

Foos-00) B24 ui -B) eaf-o(-$] 
(4.18) 

(-1)" (2p)? cp n 
> Ta 5 du exp|[—u(p-a:)] un(@ — uv} 

The identity (2.321.2) from Gradhsteyn and Ryzhik [23], namely, 

xem dx nem iP + 2 (-1 yn ~_— *) (4.19) 
a 

gives us a Series form of the Fourier transform 

Foroo «=P nla B) ewle(2-F)) 

<5 GP ola blo-n] am 
* rle- ~p)'Ole-a 7]. 
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Assuming p >> a, and reverting to the compact Bessel function form, we obtain the 

approximate MPS pulse spectrum in the @ domain, viz., 

  

  

_ ~ 2 
b 

Fpr=00) = S u(B— 5] oat -5)] 
(4.21) 

of -Ve(2- 8) |} 

This expression can be recast in the physically appealing form 

F (p,z=0,@) = “an H(o - min } exp|-(@ = Onin) = nin} 

(4.22) 
2 x JP omin(o - Onin) 

where 

Omax =C/ay (4.23) 

and 

Onin =Cb/p. (4.24) 

The maximum angular frequency of interest @,,,, is thus fixed by a, and the 

minimum angular frequency ,,;,, by the ratio b/p. Before proceeding with a more 

detailed exposition of the practical significance of the free parameters, a few comments 

about the MPS pulse spectrum are in order. First, the approximate expression for the 

spectrum seems to indicate a discontinuity at @ 
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= Min: However, an exact evaluation shows that this is not the case. Second, to test if 

the approximation is close to the exact expression we consider the case, p = 0. The 

exact Fourier transform expression leads to 

F (p =0,z=0,@) =2241 _P_ H(@ - b 
Cc p- a p 

(4.25) 

« [ef-n(2-B)}- em fol 2-8 
For p >> aj, Eq. (4.25) reduces to the approximation (4.21) for p = 0. Ziolkowski 

[25] has also shown that exact and approximate expressions for the spectrum at z # 0 

are very similar to those for z = 0 except for some z-dependent phase terms that 

typically play no role in practical calculations. We plot the approximate Fourier 

transform given by (4.22) in Figure 4.1, where @,,,= 3 X 10!4 rad/s and @,,,, = 

12x x 10!4 rad/s . The amplitude of the transform has been normalized and the 

equivalent optical wavelengths corresponding to @,,;, and @,,,, are 2 [1m and 0.5 

Lim, respectively. The plot shows that the frequency spectrum is dependent on the 

radius under consideration. This observation will play a role in our consideration of 

source requirements for the practical feasibility of such a system and will be discussed 

in Chapter 5. 

The transverse localization of the unperturbed MPS pulse is given by its initial 

waist 

= Amin, Amax (4.26) 
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where A... = 2%C/My;, and Amin = 2%C/Wpa, - Hence the waist is fixed if the 

minimum and the maximum wavelengths are specified. On the other hand, 

B 41. 20 (4.27) 

Eqs. (4.26) and (4.27) imply that the maximum and minimum wavelengths 1,,:, and 

X are fixed if a, and wo are specified. Since in practice the available frequencies in 
max 

the fiber are limited, we have chosen, for the sake of demonstration, A,,;, = 0.3 wm 

and Aa, = 30 um. The fiber dimensions limit the allowed choices for the waists. Since 

our wavelength selection gives Wy = 0.50 tum, the initial waist is smaller than the 

chosen fiber radius (r ~ 2 - 5 pm). Then the ratio b/p = 2.1 x 10° finally fixes the 

remaining constant b to be very large: b = 2.1 x 10!3. Therefore the assumption that 

a, << p/ay , or since 

  x= SPA = 531)? <a (4.28) 

that x << b/a», which was used to obtain (4.5), is valid. In this small x limit, Eq.(4.4) 

reduces to the form 

Wold 20 WO 1 Am 21 Om (4.29) 

This result indicates that an increase in the bandwidth or equivalently an 

increase in the number of minimum wavelengths in the waist will increase the 

difference between the unperturbed MPS core term and the wall term, thus making the 
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guided localized wave solution more like its free-space counterpart. The requirement, x 

<< 1, sets a practical limitation on the fiber structure: Either the fiber material should be 

highly transparent to a broad window of wavelengths or the fiber should be strongly 

guiding. One would therefore have to explore materials with large transparent windows 

of transmission, or, reevaluate the entire analysis without using the LP mode 

formulation. The latter approach would necessitate the use of smaller core fibers in 

order to remain close to single-mode operation and would, in turn, imply added 

complexity of source design. Eq. (4.29) also underscores the contribution of the wall 

term as a function of the weak-guidance condition of the fiber. For example, if the 

index of refraction of the fiber cladding were made closer to the core refractive index, 

the fiber would guide the modes in a weaker fashion and we would expect the 

contribution from the wall term to increase. This physical insight is confirmed by Eq. 

(4.29) since as n, ~ 1, s increases and the ratio | w,!/1| Wy, | decreases, implying a 

growing influence of the wall term. 

Returning to the explicit representation of the wall term (3.36) one finds that its 

transverse variations are controlled by the Lommel function terms. Since 

Ys” b p = 4nx p¥s_ (4.30) 
X min 

except when p <A_._, an explicit numerical evaluation of those terms is necessary. min 

These terms yield an oscillatory, rapidly damped function of p. The decay rate can be 

obtained since as z > 9, the function 
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Jn (az) ~» (az n+ 1)- 1/2 (4.31) 
zn 

so that only the n = 1 term survives and it goes to zero like (p / Aj, 32 | In 

contrast, the perturbed core term decays transversely as exp[ — (p? / Wwo)] except in the 

(forward and backward) tail regions of the MPS pulse where | z - ct | >> a, so that it 

decays more gradually like its axial decay: 

    

p2 
exp | - ——————_—_—___ _ aty 2 242 

wa(i+@ 2") emp Pot 37-1 

aj wg (z- ct) ~ [1424 - (4.32) 

- ct)2 _ct)2 2 
1+ 2" ee aj 

a? a? 

Thus if the waist is many wavelengths in size, the wall term will be much 

smaller than the core term everywhere except near the wall where its decay rate 

becomes slightly less than the core’s. This comparison illustrates that the wall term in 

the forward tail region of the core MPS component will lead the central peak. This 

means one can visualize the wall component of the guided localized wave solution as a 

a low-level background field propagating in the fiber with little significant contribution 

except near the wall where it provides a guiding and renovating mechanism for the 

central, core component. Heuristically, it appears that the core component surfs along in 

the fiber on the background wall field. 

4.3 Graphical Description 

A graphical description will provide a physical picture of the MPS pulse and 
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confirm our heuristic feel for the surfing solution. The variation of the square of the 

amplitude of the unperturbed solution, | y, | 2. for Amax / Amin = 100 is shown in 

Figure 4.2. The parametric values used are: a, = 5 X 10% m, a,=1m, b=2.1 Xx 

1013 nr!, p = 108, s =10. The wall term for the same is shown in Figure 4.3. Figure 

4.4 shows the total launched pulse at the input end of the fiber (z = 0); for a fiber core 

diameter on the order of a few micrometers, the pulse is considerably confined to the 

core. The total pulse looks exactly like the unperturbed solution indicating that the effect 

of the wall term is negligible for this choice of free parameters. Local variations in the 

pulse shape are seen as a function of the parameter C. At distances of propagation on 

the order of several thousands of kilometers, there is no variation in the amplitude of 

the pulse. At z = 40,000 km [shown in Figure 4.5], the localized nature of the solution 

starts collapsing, the pulse shape changes and the peak amplitude drops to less than half 

its original amplitude. Plots in Figures 4.2 - 4.5 were obtained for an x value of 0.2 

and hence the contribution due to the wall term is not noticeable for a ratio | y, |/l w,, | 

= 5.0. To emphasize the heuristic surfing nature of the unperturbed core term along the 

wall term, we plot the different components of the MPS pulse for A,.a / Amin = 25> OF 

equivalently, for | wy, |/ 1 wy | = 1.25. These plots are shown in Figures 4.6 - 4.8. 

Once again, the normalized unperturbed and wall terms behave like their counterparts in 

Figures 4.2 - 4.5; however, the total pulse now appears to possess a noticeable 

contribution form the wall term. Note that in Figures 4.2 - 4.8 the squares of the 

amplitudes are normalized; as a result, the total pulse solution should not be considered 

to be a mere sum of the the individual contributions from the y,, and y,, terms. 

In order to ensure propagation of electromagnetic energy in the positive 
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direction, it is instructive to analyze the behavior of the pulse traveling in the negative 

direction. We have evaluated the behavior of the MPS pulse in the negative direction 

and found that the solution in the negative direction decays rapidly over distances on the 

order of 10°18 meter and is on the order of 10°!9 times the original pulse amplitude after 

propagating a distance of one meter. This result, plotted in Figure 4.9, further confirms 

that the choice of the free parameter values can lead to positive pulse propagation 

without any negative component being supported by the waveguide. 
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5.0 PRACTICAL ISSUES 

The synthesis of pulses resulting from source spectra considered in the 

preceding chapters led to localized packet-like solutions that could propagate through an 

optical fiber by effectively neutralizing the dispersive effects introduced by the walls of 

the waveguide. The waveguide structure used for the synthesis can be considered ideal 

in the sense that we did not incorporate the effects of losses in the medium as well as 

the dispersive nature of silica-based glasses. Practical demonstration of LW solutions 

will depend critically upon these effects and we will present approaches to analyzing 

these effects in this chapter. 

One of the notable features of all spectra that give rise to LW solutions is that 

they are broadband in the optical sense; this factor causes a major deviation in 

understanding the resulting modes in an optical fiber. One such effect is the potential of 

generating the higher order LP,, mode, which will act as a noise source in the system. 

We will evaluate the behavior of the LP, , mode in the fiber for the MPS pulse. 

Having discussed the negative effects of an absorptive, dispersive medium, we 

will revert our attention to the problem of sources - the requirements imposed on them 

by the spectra, the need for arrays for effective LW pulse transmission and _ the 

robustness of the source spectra to minor deviations in implementation. 
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5.1 Lossy Dispersive Media 

5. 1. 1 Material Dispersion 

The refractive index of the optical fiber material is dependent on the wavelength 

of the source being used. This dependence, termed material dispersion, has a 

significant effect on an optical pulse propagating in the fiber. Since the group velocity is 

directly related to the refractive index of the medium, a pulse tends to spread out at the 

receiving end due to the different frequency (or wavelength) components of the pulse 

propagating at different velocities. An extensive analysis of this effect has been 

performed by several researchers and we will summarize the method of using part of 

that analysis as applicable to the bidirectional representation. 

Assuming a harmonic oscillator model for the dielectric material, the index of 

refraction can be written as 

M . 

n2(@)=1+ 5 —Ai_, (5.1) 
j=l @;? - m2 

where Q; ’s are the multiple resonance frequencies within the structure. Expressed in 

terms of wavelengths, Eq. (5. 1) reduces to the Sellmeier equation, 

M B22 

n2Qj=1+ ) —lo_, (5.2) 
j=1 47-07 

where each Aj = 2nc/a),. The constants Aj ’s and B;’s can be obtained empirically by 
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interpolating between data-points where exact refractive indices are known. The first 

two resonances for pure fused-silica glass are found to be at 1, = 0. 1 ym and A, =9 

jum, and the corresponding coefficients have been derived empirically to be B, = 

1.0955 and B, = 0.9. The truncation of the Sellmeier equation, (5.2), to two terms is 

sufficient for understanding the behavior of the refractive index, and more importantly, 

the dispersion as a function of wavelength. Defining dispersion as 

-1 At D= Lan’ (5.3) 

> 
(with L = total length of the fiber and At = the pulse spread) we plot the behavior of n 

and D as a function of A in Figure 5.1. The dispersion curve crosses zero at a 

wavelength of approximately 1.3 tim using the specified values of B, and B», which is 

in close agreement to experimental observed values. 

Using the approximation (5.2) along with the best-fit values for B j ’s (or Aj ’s), 

one can express the refractive index as a function of wavelength (or frequency). A 

substitution of this relation in the synthesis of LW solutions can then lead to an 

understanding of the effects of material dispersion on the degree of localization. A 

closer look however indicates a need for intensive numerical computation as a result of 

the complication of the constraint (2.3b), which now becomes 

5| x? - 4op - Al - A2 . (5.4) 

[23 [2-34 
(a +B)? (a +B)” 
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While numerical calculations can result in plots of LW solutions, these tend to be 

complex and difficult (if not impossible) to perform. A major drawback, which is an 

upshot of the numerical computation process, is a loss of physical insight; it would be 

very useful in the preliminary stages of research to possess the useful tool of analytical 

tractability. In an effort to maintain a physical handle over the proceedings, we first 

investigate the effect of material dispersion in another waveguiding structure that can be 

easily modeled to obtain closed-form solutions. 

Our choice of waveguide for this segment of research is a hollow, cylindrical 

metallic-waveguide filled with plasma, an ionized gas within which positively charged 

ions and negatively charged electrons are free to move. The structure, shown in Figure 

5.2, provides two important properties that facilitate ease of mathematical handling: i) 

The metallic cylinder imposes the boundary condition that tangential components of the 

electric field should be zero at p = R; ii) for the case of an isotropic and low-density 

plasma, one can ignore the effect of collisions so that one can assume that the magnetic 

permeability Lp is equal to that of the neutral un-ionized gas, can consider the 

conductivity G, to be small, and can obtain a simple algebraic formula that describes the 

permittivity E,» as shown below. 

We use a simplified analysis for modeling the plasma. When a time-harmonic 

electric field, E, 1s applied to the plasma, an electron experiences a force 

=-—ekE, (5.5) 

where e = 1.6 X 10°!? Coulomb. The charged particles in a plasma are assumed to 
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move according to Newton’s law, viz., the force exerted on the electron due to a nearby 

proton can be expressed as 

Fam@ 4 =-morx, (5.6) 

where m = 9. 1 x 103! kg is the mass of the electron, @ is the angular frequency of the 

E field and x is the displacement of the electron away from the positive ion. The 

charged particle pair constitutes a dipole and the total dipole moment density P in the 

plasma is given by 

=—Nex, (5.7) 

where N is the number of electrons in the plasma per unit volume. The electric flux 

density, D, can then be expressed from Eqs. (5.5) - (5.7) as 

w. \2 
D= qE+P = ep -(2P} E=eE, (5.8) 

where @, is the plasma frequency given by 

=,/Ne wp=4/- Ne. (5.9) 

We now evaluate the constraint (2.3b) in terms of the bidirectional representation. 

Using the one-to-one correspondence, @,)7 “- c2(o + B)2 and B77 - (a- B)2, we can 

rewrite (2.3b) for the waveguide under consideration as 

x2 = n2 (a, B)(a+B)*- (a-B)”. (5.10) 

Substituting the expression for n,, in the (a, B) domain, namely, 
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2 
ng (a, py = £2 (% B) _ 1 ___ , (5.11) 

€0 c2(a+B)? 

in Eq. (5.10) and assuming a system where €p is normalized to unity, the bidirectional 

superposition (2.31) is given by 

  vocm=—L. > | “da | “dB A (@,Bskom) Jo (MP) 
(2n) 2 m=1 JO 0 R (5.12) 

aps _ of Sa} 
x eis e ibn 5 (Aap 2 R2 ’ 

where we have replaced the integral over kK by a summation sign in order to satisfy the 

boundary condition y (R, z, t) = 0 for any mode of order m. In Eq. (5.12), k,,, is the 

mth zero of the zeroth order Bessel function. Substitution of different pulse spectra 

described in Chapter 3 into Eq. (5.12) will now lead to an evaluation of final 

expressions for the pulse shapes. We will first consider the splash pulse spectrum 

without the delta function given by (3.37). 

Substituting (3.37) into Eq. (5.12) and integrating over B, we obtain 

wv (p.6.n) = a nn (22) | ga. exp[-a (a1 +10)] 
0 

(5.13) 

_~L 
* exp 40 

    

OF Kor? c2* p? (a2 mn) 

where we have limited our analysis to a mode with the characteristic modal number m = 

PRACTICAL ISSUES 83



1. Using the identity (3.14), we obtain a closed form expression for the LW solution, 

ViZ., 

_ aja Ko1P W (9,6) = 5 Jo (so18 Kol 4/ 

  

  

2 2 of mat [ai +i C][a2- in] | s.19 

  

We can now evaluate the magnitudes of the pulse at the launching point, z = t = 0, to be 

  KO1P 
Jo|—— 2 2 

|w(p,z=t=0)|%= amy ko| 4/ [oe 202] a1 a2 |. (5.15) 

2 

Similarly, the amplitude of the pulse propagating in the positive z-direction, with z = ct, 

C = 0, n = 2z, is given by 

  ot 
+ - —_**__ | w (p, 0, 2z/c) | a ap ) 5 

2 
  

— 

Ko(/ oe + x0 ay [a2 - i 2z] | (5.16) 

Assuming that the values of a, a, @, and R are such that the large argument 

expansion of the Bessel function, namely, 

Ko (z)=4/5- exp (-z), (5.17) 

is valid, we obtain an expression for the amplitude decay factor T’, viz., 

_lwl* _ z2 z2 ay Ko1 2 T= 7 1-25) exp 502 2 R2 aj a2 /, (5.18) 

  

  

where we have assumed that z << a». A careful observation of the role of Op and R in 

(5.18) provides a physical insight into the effect of material dispersion. As QO, 

PRACTICAL ISSUES 84



increases (which may be due to an increase in the number of electrons per unit volume 

for a denser plasma), the decay factor is seen to fall faster as a function of z. This 

implies that as the plasma becomes denser, the localization of the splash pulse becomes 

weaker. This result is to be expected intuitively. Also, Eq. (5.18) shows that as R 

decreases, the effect of the plasma in the cylindrical waveguide becomes more 

pronounced, as expected. To quantify this behavior we plot the decay factor, I’, as a 

function of z for two values of R in Figure 5.3. For a fixed radius, R = 50 cm, the 

dependence of I’ on @, is shown in Figure 5.4. A similar plot for a smaller radius, R = 
p 

10 cm, is given in Figure 5.5. 

If there were no plasma in the hollow cylindrical waveguide (@, = 0), the decay 

factor would vary as 

  

_lwl* _ (,_ 22 | - z2 SOL ay T= at Z| | - ER Va I: (5.19) 

The effect of the plasma is therefore dependent on the relative magnitudes of @,/c and 

Ko)/R. As long as @, / © < Kg, /R, the LW solution remains fairly localized and the 

effect of material dispersion is to reduce the longitudinal localization distance from its 

free-space value by a factor < 10. However, for @, /c >> Ko, /R, the effect of material 

dispersion becomes predominant and the localization of the pulses is no longer 

guaranteed. An intuitive extrapolation to the fiber optic case would lead one to believe 

that as long as the fiber sizes are picked to be the largest possible (while maintaining 

single-mode operation) and as long as the operational band of wavelengths are chosen 

to be away from the resonance wavelengths (1, = 0.1 jum and A, = 9 pm), the effect 
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of material dispersion seems to be defeatable and LW propagation seems possible, 

albeit with localization distances smaller than those in the ideal case; however, this 

intuitive leap of faith needs to be confirmed numerically. 

Two other examples where the effect of the plasma is not noticeable are now 

presented. Consider first the FWM spectrum given by Eq. (3.1). Substitution of the 

spectrum into the bidirectional superposition given by (5.12) and considering, once 

again, only the case m = 1, we obtain 

_ 3 

y (p,6.n) = Jo (S22? exp (iB n) exp [_a [oF , xo] 

  

  

B’ | 4 R 2 

(5.20) 
: 2 2 

x exp/—- GS |Op roi? 
4p’ c2 R 2 

after integration over B and a. The FWM decay factor I is given by 

= o1p T=Jo RI? (5.21) 

which is independent of both z and QO). The expression for the pulse given in Eq. 

(5.20) is fundamentally different from the one in Eq.(5.16) where the QO, and z terms 

were coupled together. In Eq. (5.20) we notice that Q, is not coupled to any of the 1 or 

C terms in the real part of the solution. More specifically, if we take the real values of 

the solution at z = O and for any z in the positive direction, we find that the pulses are 

identical to one another irrespective of the material dispersion represented by Q,. 

Another such example is the MPS pulse spectrum given by Eq. (3.30). 
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Substituting the spectrum into the bidirectional superposition (5.12) and integrating 

over a, we obtain 

oo 

exp (- 2B) (5.22a) 

    

  

Vv (PLN) = Be Jo (Sou | , aB expo) 

where 

v= pag - in (5.22b) 

and 

y= 7 it) oe + roi? . (5.22c) 

  

Since the integrand is bounded within the range of integration and at infinity, we can 

use the end-point evaluation described by Eq. (3.35) and arrive at an approximate 

expression for the LW solution, namely, 

b p2 

(21) (paz — in) 
  v (p.G.n) = Jo (sox exp (i2n} exp [- uP) ,  (5.23a) 

where u is as defined earlier. The MPS pulse decay factor can be written as 

T=[ p2a} + 422] 4? Jy (So1P } (5.23b) 

which is again independent of Oy. We note that the plasma frequency @, is coupled 

with © and not with n; hence, it does not enter into the evaluation of the decay factor. 

Consequently, the MPS pulse propagating in the forward direction is not affected by 

the material dispersion within the cylindrical metallic waveguide. It begins to decay 
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after the distance z = pa, has been surpassed, just as it does in the free-space case. 

5. 1. 2 Dissipative Scalar Wave Equation 

The dissipative scalar wave equation for an optical fiber waveguide can be 

written as 

2 
[v2 [7+ (e1 +00) +0100] y=0, (5.24) 

Cc 

where the constants c, and c, (c) # C>) represent the losses in the waveguide. Note that 

this equation bears a resemblance to the classical telegraph equation. An exponential 

transformation of the form 

w(F,t)=exp|—L(c; +0) t] (Ft) (5.25) 

leads to the expression 

2 2 ~ 

Veta +B ee)” | G0. (5.26) 

  

The lossless case therefore corresponds to the condition c, =C,. Assuming a solution 

of the form described by Eq. (2.16), which we repeat here for easy readability, viz., 

¥ (1,0,6,t) = © (p, 0) exp (iP(ztct) } exp {-ia(z-ct) 

= ® (p, >) exp {iBn) exp {—ia}, (2.16) 

with 7, = z+ctand C =z —ct, and substituting the expressions describing 0 2 and 0,7 

from Eqs. (2.17) and (2.18), namely, 

ay =— (B-a) Vy, (2.17) 
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a W=—c2(Bta) y. (2.18) 

into (5.22), we obtain 
(V2 +2) ®=0, (5.27) 

where 

Ki2= 0,2 (+B)? (a—B)> +5 (ey -€2)?. (5.28) 

In Eq. (5.28), we have assumed that the term c? has been absorbed by the constants c, 

and cy». Substituting the corresponding values for the refractive indices in the 

expression for K;? in the two regions, we get the general solution for the dissipative 

waveguide in terms of the bidirectional superposition, viz., 

¥ (p,6.n) = —L— [es | [ A (@,B,«1) K1 Jo (Kip) 

  

  

(2x)? 
, (5.29) 

x er ein 31-2)? 4 4ap — x2] 

in the core and 

¥ (p,6.n) =— [os | dK, | da | dB A (0,B,Ki ) K; Ko (K2p) 
(22) ? 

x Jo (Kia) e7 iat ¢ ibn 5(k2-f (x,)) (5.30) 
Ko (k2a) 

(cy - Co)? 2 2 n2(c1—c)7 x 6 1 + 4B — Kj 6 i - nZ (a+B) + (a - B) ny 

in the cladding. 

The limits on the integrals in Eqs. (5.29) and (5.30) are now given by the 
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waveguiding conditions, namely, K,* > 0 and K,* <0. Since the delta function in 

(5.29) implies the relation 

2 4op =x; - Cae, (5.31) 

we see that the integration in the a - B plane can lie in the first or third quadrants for 

4x," > (c)- Co)? , or, in the second or fourth quadrants for 4x)? <(c;- Co)? The 

relative values of the loss coefficients and the choice of k, thus define the quadrants of 

operation. Another requirement on K,? , namely, k,? > 0, implies that 

1608 > - (c,- 5). (5.32) 

The requirement that kK»? should be less than zero leads to the expression 

4 ng (atB)* — 4 (a - B)” + n2(c, —c9) 7<0 (5.33) 

which can be expressed in another manner, viz., 

2 2 (+B) (By L, (5.34) 
y? nZy? 
  

where 4 2 = (c,- C5)? . The relation (5.34) describes the interior of a hyperbola in 

the (a—B) vs. (a+P) plane, as shown in Figure 5.6. The shaded region in Figure 5.6 

describes the valid region for integration. The asymptotes of the hyperbola are given by 

the equations (a — B) = tn, (a + B), and the curves intersect the (a + B) axis at +. 

The shaded region can be further transformed into the @ vs. B plane to obtain the limits 

on the integrals. The figure shows that the limits on the integrals go asymptotically 

towards the lossless waveguide when c, ~ Cc, and y ~ 0. As an aside, it is worth 

noting that the condition c, = c, corresponds to Lord Kelvin’s celebrated solution for 
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the transmission line equation. 

Egs. (5.31) - (5.34) are the defining relations for the limits on the integrals in 

the bidirectional superposition of solutions in the lossy case. A delicate balance between 

all these constraints needs to be achieved as a Starting step prior to performing a 

numerical analysis to evaluate the localization of solutions. In a nutshell, we have 

described in this subsection an approach toward the analysis of a lossy waveguide and 

the effect of the losses on the constraints on K, and K> in the integrals as well as their 

influence on the limits of the integration. With the guidelines mentioned in this section, 

it still seems feasible to obtain novel, exact solutions using the bidirectional approach. 

We will leave the numerical derivation of these results for future research and 

investigations. 

5. 1. 3 Asymptotic and Numerical Methods 

Having described the complications resulting from incorporating material 

dispersion and losses in our problem formulation, it is instructive to describe some of 

the efforts that have been undertaken by researchers in the past for the evaluation of 

pulse propagation in lossy dispersive media. As a result of this essay, we will also gain 

an idea about possible approaches to solving the complex problem of synthesizing LW 

solutions in lossy dispersive waveguides. 

Connor and Felsen [26] first proposed a method based on the use of complex 

space-time rays for understanding the behavior of pulse propagation in lossy dispersive 
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media. Their approach involves the use of solutions of the form A (7, t) exp [iS (7, 0], 

where S is a rapidly varying function of space and time, whereas A is a slowly varying 

function of the same variables. The solutions are analyzed in terms of wave packets that 

travel with central frequency w= —0S/dt and central wave number k = — VS. When 

the medium is lossy, the wave packets are shown to propagate along trajectories in the 

complex (7, t) domain. While complex space-time rays have obscure physical 

significance, their intersections with the real (r, t) space describe physical fields. Using 

this approach, Connor and Felsen were able to describe the propagation of a Gaussian 

pulse in a cold dissipative plasma. We are currently investigating the adaptation of this 

method for analyzing the synthesis of LW solutions in waveguide structures. 

Preliminary explorations indicate that this technique may be applied to multimode 

waveguides where wave propagation may be adequately described in terms of a 

geometric ray approach. For single-mode fibers, however, the applicability of this 

formulation is not clear. 

One of the reasons Connor and Felsen chose the complex space-time ray 

approach was to sidestep the complexities arising from the alternate conventional 

approach where analytical techniques would involve the evaluation of complex saddle 

points within integrals. As described earlier, in conventional Fourier methods of 

synthesis, plane wave eigenfunctions are used in conjunction with a given spectrum 

and an integration is performed with respect to the temporal frequency @ and a 

transverse propagation constant. The integral may be evaluated asymptotically using 

saddle point techniques when the observation times are sufficiently large to be able to 

call the dispersion mature [27, 28]. In this method of analysis, the saddle points are real 

PRACTICAL ISSUES 92



for lossless media; however, when the medium becomes absorptive, the saddle points 

become complex and a very complicated evaluation of their behavior is required; 

information about the evolution of the branch points and branch cuts is also needed for 

an accurate analysis. Oughstun, Sherman and coworkers, in a series of papers 

[29 — 34], have developed a comprehensive theory for the analysis of pulse 

propagation in Lorentz-like, lossy, dispersive media. The analysis starts with the 

substitution of the refractive index in a Lorentz - like medium, described by 

n (@) -| 1 ee) (5.35) 
aw? — w) + 2150 

in the phase function @ (@, 8) = iw(n(m) — 8], which appears in the Fourier 

representation of a pulse at (z, t), namely, 

W(z,t) = | Fw) exp| Z 9 (w, @) | do, (5.36) 
C 

where ® = ct/z characterizes a space-time point in the field, ¥ (@) is the temporal 

Fourier spectrum of the initial pulse f(t) = wy (0, 1), b2 = 4nNe2/m is the square of the 

plasma frequency of the medium, N is the number density of electrons of charge e and 

mass m, @, is the undamped resonance frequency and 8 is the associated 

phenomenological damping constant. In order to evaluate the pulse evolution at large 

distances z, the topography of the real part of the phase function, ¢ (@, 8), needs to be 

understood. Specifically, an evaluation of the saddle points of @ (@, 8) and the values 

of the phase function at these points are needed. The saddle points of the complex 

phase function are given by solutions of the equation @° (@, @) = 0, which can be 

written as 
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n(@) + @n’ (@) — 6 = 0. (5.37) 

Using approximations for various regimes of operation (namely, when @ is very large, 

very small, and comparable to the undamped resonance frequencies) Oughstun et al. 

have shown that it is possible to obtain a complete, uniformly valid description of the 

entire dynamical field evolution in the mature dispersion limit. For a Lorentz-medium 

with two resonances, with the refractive index being expressed as 

2 2 1/2 

n(@)=({1- bo - b3 , (5.38) 
w* — 02 + 2i89m «=? — 0 + 21820 
  

a combination of numerical and asymptotic approaches is necessary to obtain an 

accurate analysis and to gain a physical insight into the phenomenon of pulse 

propagation. 

Current research efforts are concerned with the conversion of the entire 

asymptotic analysis into the @ — B domain for a single-resonance medium (to be 

extended later to a double-resonance medium); the Sellmeier equation for the variation 

of the refractive index as a function of @ is currently being modified to include the 

effect of losses. Practical values for the damping constants are being calculated and 

asymptotic methods for evaluating the double integral over a and B are being devised. 

This effort will lead to the evaluation of LW solutions in lossy dispersive optical fibers. 

The analysis and results will be presented at a later date. 
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Figure 5.1. Refractive index and dispersion as a function of wavelength for a two-term 

Sellmeier expansion [36]. 
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Metallic Cylinder 

  

  
Plasma 

Figure 5.2. Schematic of metallic cylindrical waveguide filled with ionized, cold 

isotropic plasma. 
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Figure 5.3. Variation of pulse decay factor with waveguide dimension for typical 

daytime ionosphere plasma frequency. 
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Figure 5.4. Variation of pulse decay factor with plasma frequency for a waveguide 

dimension, R = 50 cm. 

PRACTICAL ISSUES 98



  

      

0.8 

0.6 7 

0.4 - 

02 5   
    

Figure 5.5. Variation of pulse decay factor with plasma frequency for a waveguide 

dimension, R = 10 cm. 
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Figure 5. 6. Region of integration for a lossy waveguide. 
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5.2 The LP, Mode 

In this section we will consider the possibility of generating LW solutions of a 

higher order. Specifically, we will try the synthesis procedure using the Bessel function 

of the first order (which corresponds to the LP,, mode in the classical analysis) as a 

basis function in the radial direction. The analysis will be restricted to the unperturbed 

solution and we will not consider the effects introduced by the wall term. There are two 

ways of viewing the analysis. First, we may wish to investigate the possibility of 

higher order LW solutions that can function as carriers of information in a fiber optic 

system. Alternately, we would like to investigate whether the LP,, mode equivalent 

will act as a noise source in a system that uses LP,), modes as information signals. This 

viewpoint is fairly important since our analysis of the MPS pulse spectrum has shown 

that while 87% of the power will be contained below Ornax (Or, above Amin)? 13% of 

the power in the spectrum is contained in a wavelength region where real solutions for 

the eigenvalue equation for the LP,, mode are available. [These approximate power 

spreads are based on the assumption that 4, corresponds to the single-mode cut-off 
n 

wavelength for the fiber. ] 

Fundamentally, one would not expect any difference in the analysis of this 

higher order mode except for the algebraic manipulations involved; hence, one would 

anticipate, a priori, that a nondecaying LW solution would result. A detailed analysis 

for the unperturbed MPS pulse is given below to check if this a priori conjecture is 

justified. 
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The fundamental solution for the LP, ,““™ mode is given by 

A J, (kK; Pp) cos @ 

P(p) = AK; (x2 p) , >a 1 (Ko 
Ki (pa) 2} 1 a) cos 

(5.39) 

where K ;2 = ko? n,? — B,,? and x 2? = B2 - ky? Nj*, B,, being the propagation 

constant of the LP,, mode. The synthesis procedure for the LW solution in the 

bidirectional representation (a. — B domain) is similar to the one performed for the LPp, 

mode and we can substitute the MPS pulse spectrum given by (3.30) into the 

bidirectional superposition (3.31) and evaluate the unperturbed solution y,, as 

  

  

  

cos d . 
w= PORt $B exp [(-Bp + b) an + in] 

n B 
b/p 

(5.40) 

x | dk1K1Jo tep)erp| H+) 
0 4B 

We use the identity (2.12.9.3) from Prudnikov et al. [24], viz., 

| dx x%-1 J, (cx) exp(- px2) =A, (5.41) 
0 

where 

(a + Vv) 

( ) Aga pS ovr} 7? iF ((@*™) .v43;-22|. (5.42) 
v+1 2 4p 
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In Eq.(5.42), ,F , is the confluent hypergeometric function defined by the series 

iF ;(a;b;z) = x oT Ze , (5.43) 

where (a), is defined by (a), =a (a + 1)..... (a +k - 1). Using the identity (5.41) with 

v=1,a=2,c=p and p=(a, + iC) / 4B and integrating over k ,, we obtain 

oo 

  yx PPLEAP (ban) cos 9 (3/2) | -p? | 
g¥x (a, it)? Zo Sk la +it 

(5.44) 

x dB B“*"? exp[-B (p a2—in)]. 
b/p 

The integral in (5.44) is the incomplete Gamma function, I’ (a, B), and after some 

algebraic manipulations, one can rewrite the above equation as 

Wu= P p exp (baz) cos Tk+3?) | -p? k 

) 4n((a; + it)(p ag—in)]?? K=O T&+2) | (ar +it}(p a—in 
(5.45) 

x I (k + 3/2, b/p) . 

While a complete physical picture of the LP,, mode is still obscure from the 

above expression, one can see that the solution is inversely proportional to the term 

(pay — in), thus implying that for localized non-decaying solutions, the product pay 
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should be much greater than the longitudinal distance, z, of interest. This condition is 

the same as that for the LP), mode of the MPS pulse. Hence, one would expect that for 

the parametric values chosen for the localized propagation of the LPy, mode, an 

excitation of the higher order mode would similarly lead to a LW solution. In order to 

find the approximate behavior of the LP,, mode in the transverse direction, we take 

recourse to an approximate analysis which is best executed by carrying out the series 

evaluation prior to assessing the integral. Following this approach, we can manipulate 

the terms in the series to recast Eq. (5.44) as 

_ ppexp (bag) cos 9 Ve , 
Wu= dB VB exp[-B (p a2— in) 

g¥n (a, +it)” 
  

b/p 

-p2 B 1% ; -p?B k+1 

eed reer 
Using the series definition of the exponential function, (5.46) becomes 

(5.46) 

  

    

p exp (bag) cos @ ap 2% [:8 lp — in) 
VB 

Wu = 
six p (a +it) ” 

b/p 
(5.47) 

—92 
x | exp ee -1). 

2 (a; +i¢) 

Analytical, closed-form expressions for the integral in Eq. (5.46) can be obtained in 
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terms of a difference of complementary error functions by invoking the definition of 

the aforementioned functions. However, our motivation in this derivation is to take a 

closer look at the radial variation of the LP,, mode. This goal is easily achieved by 

using an endpoint evaluation of the integrals [given by (3.35)]. As a consequence, we 

obtain a final approximate expression for the LP, ,; mode, viz., 

/ Pp cos @ bh | 
Wu = exp |/12n| |1-—exp 

mb (a; +it) 82P | P | 

where 2 = p7K(a, +i€), and we have assumed that pa, >> Q and pa, >>| 7 |. The 

  =bo)) , (5.48) 

  

behavior of this function in the fiber core is shown in Figure 5.7. A typical first-order 

Bessel function, J ,(P), is also plotted in Figure 5.8 for comparison. The plots show 

that the LP, mode obtained from the MPS pulse spectrum is more focussed within the 

fiber core as compared to the Bessel function, as expected. 

From the expression for the ideal, unperturbed pulse, one sees that the LP,, 

mode will remain localized for the choice of free parameters. A more detailed study of 

the noise introduced by this mode is currently in progress. 
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Figure 5.7. MPS pulse for the LP, , mode plotted in the fiber core. 
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Figure 5.8. Bessel function of order one, J,( « Pp), plotted in the fiber core. 
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5.3 Source Considerations 

In the past decade, the search for (electromagnetic) wave solutions that do not 

decay for extremely long distances has been an active area of interest in several inter- 

related disciplines. Wu’s electromagnetic missiles, Durnin’s Bessel beams, the search 

for super-gain/super-directive antennas and Ziolkowski’s EDEPT’s are examples of a 

seemingly disjoint, yet globally unified, effort that seeks to answer the question: “Is 

there a way of defeating the Rayleigh diffraction length for a radiating beam in free 

space?” 

Despite extensive theoretical analyses that have been expounded to prove the 

plausible existence of such solutions, the question of practical feasibility still remains 

unanswered. Except for a handful of experiments that have demonstrated basic 

concepts, the immense theoretical promise held by LW solutions has not yet been 

fulfilled. Furthermore, some of the recent reviews [37 - 39] of diffraction-free beams 

have been hypercritical. Hafizi and Sprangle [39], for example, have questioned the 

basic methods used to compare the localization distances and have doubted original 

claims that these beams are “resistant to diffractive spreading commonly associated with 

all wave propagation [11] ”. 

We shall now review some of the practical methods that have been used to 

generate Ziolkowski’s ADEPT’s; specifically, a review of MPS pulse generation is 

instructional since it allows us to glean some of the pertinent implementation ideas and 

tune them for the optical regime. Ziolkowski’s ADEPT’s are closest in analogy to the 
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fiber optic LW solutions; also, they are free from objections raised about earlier 

attempts of generating directed pulses. For example, Wu’s electromagnetic missiles 

require the use of pulses with extremely short rise times, whereas the supergain/super- 

directive antennas are impractical since any deviation from the exact theoretical solution 

results in mediocre array performance. 

Consider the MPS pulse described by Candy, Lewis and Ziolkowski [40, 41], 

namely, 

  

1 exp (- bs /B) (5.49) 
( 9 , t) = ° 9 

mee wri [(sp)+a]® 

where s (Pp, z, t) = p2 / [% + i(z-ct)] — 1 (z + ct) and a, B, a, Zp and b are free 

parameters that determine the source spectrum. A planar array comprising 101 

independently addressable elements is chosen as the source for generating the MPS 

pulse described above. The first step in the array design involves a simulation of the 

solution (5.49) using well-chosen spatial-temporal sampling intervals. The simulation 

provides the designer with a complete spatiotemporal characterization which includes 

details of the time histories required at different spatial positions in order to generate a 

localized radiation. This trait, namely, the dependence of the time history (or, viewed in 

another way, the dependence of the frequency spectrum) on the spatial coordinate is 

peculiar and is a unique feature of the LW solutions described by Ziolkowski. Antenna 

array designers have used phased-array techniques in the past; however, their efforts 

have been limited to spatial phasing with individual elements being driven by 

monochromatic signals. In LW solutions described here, the driving function for each 
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element is a broad bandwidth waveshape determined by the solution (5.49) and its 

derivatives and is dependent on the position of the element in the array. A schematic 

description of an ADEPT/EDEPT array implementation is shown in Figure 5.9. Each 

individual element driven by its own time history radiates a pulse which combines with 

pulses emanating from other elements to form the resulting wave packet. 

Instead of viewing the driving functions for the individual elements in the time 

domain, one can also consider the different pulses originating from different source 

points with a correlated frequency content. To quote Ziolkowski [10], “.. they (the 

pulses) arrive at the right place at the right time with the frequency components 

necessary to reconstruct the packet”. An extension of this technique to fiber optic 

implementation now seems possible. For example, by slicing the Fourier spectrum of 

the MPS pulse at different spatial positions, one can envision the possibility of an array 

of point sources, each driven by a specific source spectrum defined by the slice. The 

focussing or the delivery of these different sources can be executed by a set of tapered 

fibers, as shown in Figure 5.10. Each source for the individual element needs to 

possess well shaped frequency spectra or be driven by ultrashort, appropriately shaped 

time functions. Current research in the generation of shaped pulses reflects the 

possibility of achieving LW source arrays in the future [42 - 44]. 
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Figure 5.9. Generation of ADEPT-like pulse packets with the use of independently 

addressable point sources.. 
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Figure 5.10. Fiber optic LW solution generation scheme: A possible implementation 

method. 
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5.4 Material Issues 

The preceding section addressed some of the issues on possible source 

requirements. The development of novel arrays of optical sources with the capability of 

possessing well-defined spectra or driving functions can, in the future, find 

applications in LW pulse propagation. While broadband sources may portend the 

feasibility of LW -based fiber-optic communication systems on the transmitting end, a 

major issue that remains unaddressed is the ability of the fiber material to propagate all 

wavelengths of interest without significant degradation. In this section, we will look at 

future technology trends, as related to material properties of fibers, that can lead us 

toward the development of a well-tailored LW communication system. 

The detailed study of the MPS pulse in Chapter 3 has shown us that for the total 

solution to remain localized within the waveguide, the ratio of the maximum to 

minimum wavelengths should be at least in the range 5 - 10. This ratio requirement 

implies that the transmission medium should be capable of transmitting wavelengths in 

the range from 0.5 um to 10 um. While currently available fiber materials have specific 

windows of transmission, the burgeoning field of infrared fibers offer much 

encouragement for future feasibility. A spectral attenuation plot for silica based fibers 

used in present-day communication systems is shown in Figure 5.11. This plot, 

reproduced from Keiser [45], shows the movement of the operating wavelengths in the 

1970’s in the 800 nm band toward the 1300 and 1550 nm bands in present years. In the 

early 1980’s, silica-based fibers reached the limit of their transparency and researchers 

turned their attention toward other materials that could result in lower losses at longer 
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wavelengths [46, 47]. This led to the emergence of the infrared fibers made from 

polycrystalline materials such as thallium and silver halides and non-oxide glasses 

composed of metal fluorides or chalcogenides. Chalcogenide fibers are composed of 

Ge, Se and Te and typical examples such as As.S3 and As,Se3 are capable of 

transmitting in the 1 to 10 um range. Non-oxide fibers made from mixed fluorides such 

as ZrF,, BaF,, GdF,, and AIF; have a transparency in the 1 to 6 um range. 

Polycrystalline fibers, such as KRS-5 (thallium bromoiodide) and AgCl, are capable of 

transmitting wavelengths between 2 and 20 um . The theoretical minimum losses for 

most such fibers have been predicted in the 0.001 dB/km range. Current fabrication 

techniques, however, have barely scratched the surface of the immense ultra-low-loss 

potential of IR fibers. Some of the data presented by P. W. France [48] in 1988 is 

reproduced in Figures 5.12 and 5.13. The samples had a minimum attenuation of 4.3 

dB/km while the dotted graph in Figure 5.12 indicates the theoretical limit of 0.01 

dB/km. The contaminants responsible for the high peaks are also mentioned in Figure 

5.13. Recent results have reported lowest losses of < 0.1 dB / km at 2.55 pm [49, 50]. 

As soon as practical problems of impurities in raw materials, formation of 

microcrystallites (which induce scattering losses), water-solubility and toxicity are 

solved, these glasses will lead to the fabrication of novel transmission media that will 

be more suitable for the transmission of LW pulses. The associated problems of 

designing new sources and detectors will need to be addressed in parallel. While 

conquering dispersion seems to solve one of the problems, losses in the fiber will 

eventually set the limits for LW transmission; the question of regeneration and the 

possibility of having highly broadband optical amplifiers then comes into picture. 
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Only future technology trends and developments will disentangle this seemingly 

inextricable web of interrelated problems and shed light on the possibility of 

implementing LW transmission systems. 
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Figure 5.11. Spectral attenuation of typical silica based fibers. 
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Figure 5.12. Attenuation measurements at four different wavelength regions for heavy- 
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Figure 5.13. Exploded view of one wavelength region from Figure 5.12 for heavy- 

metal fluoride glasses [48]. 
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6.0 SUMMARY AND CONCLUSION 

A novel bidirectional decomposition of solutions to the scalar wave equation 

into multiplicatively backward and forward traveling plane waves was applied to an 

optical fiber operated in the linear region. The classical optical waveguide theory was 

adapted to accommodate the bidirectional representation and a weakly guiding theory 

was formulated in the (a, B) domain. Several source spectra were considered and 

' closed-form solutions were obtained; in this work, we have presented results from four 

choices of spectra and evaluated distances for which the pulses would remain localized. 

In some cases, we have anticipated problems associated with the practical 

implementation of the spectra. 

The MPS pulse proved that even though the solution deviated from the ideal 

free-space MPS pulse due to the waveguiding constraint, a proper choice of the free 

parameters could lead to large distances over which the pulse would maintain its 

original amplitude. The Fourier domain analysis of the MPS pulse spectrum led to the 

acquisition of practical parameters such as the minimum and maximum wavelengths in 

the spectrum as well as the waist of the initial pulse. Similar analyses are possible with 

all other source spectra. We also showed that the synthesis process leading to exact 

solutions needs to be performed with caution, and demonstrated this in the case of the 

splash pulse spectrum without the delta function where it was not possible to tweak the 

CONCLUSION 119



free parameters to obtain nondecaying localized pulses confined to the fiber core. This 

example underscores the fact that all spectra that have given rise to LW solutions in free 

space need not be suitable for generating nondispersive solutions in waveguides. 

In the practical realization of localized pulse-launching schemes, source spectra 

which are most easily implementable should be considered. It is not clear if the four 

spectra considered in this paper will prove to be the right candidates. However, a rich 

class of other related spectra A(a,B,«) of the form 85(B—B’) exp (-aa,) Ip(ak), 5(B- 

B’) exp (-aa;) Jo(a2k), 5(B-B’) exp (cay) Jg(agk?/4), or a exp (-c1a,) exp (-Bay) 

exp (-a3/a), which are theoretically more cumbersome, may lend themselves to easier 

implementation because of the extra free parameters available for tweaking. Such 

Spectra may also reduce the restriction on the highly broadband nature of the MPS pulse 

spectrum described in this paper. Utilizing the full potential of the bidirectional 

superposition may thus pave the way for future experimental systems. 

In practical fiber optic systems, pulse dispersion is significantly affected by 

material properties, especially when a broadband spectrum is used as the source. In 

order to aid our analysis when material dispersion is present, we have looked at a much 

simpler system, namely, a plasma-filled cylindrical metallic waveguide. Our results 

indicate that despite the presence of material dispersion, localized propagation of pulses 

is feasible. Future theoretical efforts will include a more detailed analysis that 

incorporates material dispersion and losses in the fiber. Several numerical methods or 

asymptotic techniques available in literature can be used to perform this analysis. 

Despite the localization of the solutions derived from the fundamental LPp, modes at 
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the center of the fiber core, the possibility of generating higher order modes in the fiber 

cannot be ignored. Higher order modes will act as noise in the system and their effect 

on the localization of the fundamental solution needs to be further analyzed. In the 

practical arena, the availability of the optical equivalents of the arrays used for 

generating the acoustic LW’s will finally determine the realizability of such schemes. 

In summary, we have shown the existence of slowly-decaying, nondispersive 

solutions in an optical fiber waveguide operated in the linear region. It has been our 

attempt to lay the theoretical foundations for a more complex analysis that incorporates 

material dispersion and absorption. Several practical issues still remain unanswered 

and technology trends in the coming years will play a crucial role in the availability of 

answers to some of the questions posed in this thesis. Development of novel materials, 

availability of broadband sources, and the generation of more accurate models for the 

propagation of LW pulses in fibers will lead to a clearer understanding of this 

phenomenon. Hopefully, this is only the beginning of a new research area involving the 

merger of theoretical electromagnetics and practical optical fiber engineering. 
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