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(ABSTRACT) 

Accurate finite volume solution algorithms for the two dimensional Navier Stokes 

equations and the three dimensional Euler equations for both structured and unstructured 

grid topologies are presented. Results for two dimensional quadrilateral and triangular 

elements and three dimensional tetrahedral elements will be provided. Fundamental to 

the solution algorithm is a technique for generating multidimensional polynomials which 

model the spatial variation of the flow variables. Cell averaged data is used to recon- 

struct pointwise distributions of the dependent variables. The reconstruction errors are 

evaluated on triangular meshes. The implementation of the algorithm is unique in that 

three reconstructions are performed for each cell face in the domain. Two of the recon- 

structions are used to evaluate the inviscid fluxes and correspond to the right and left 

interface states needed for the solution of a Riemann problem. The third reconstruction is 

used to evaluate the viscous fluxes. The gradient terms that appear in the viscous fluxes 

are formed by simply differentiating the polynomial. By selecting the appropriate cell 

control volumes, centered, upwind and upwind-biased stencils are possible. Numerical 

calculations in two dimensions include solutions to elliptic boundary value problems,



Ringleb’s flow, an inviscid shock reflection, a flat plate boundary layer, and a shock 

induced separation over a flat plate. Three dimensional results include the ONERA M6 

wing. All of the unstructured grids were generated using an advancing front mesh gener- 

ation procedure. Modifications to the three dimensional grid generator were necessary to 

discretize the surface grids for bodies with high curvature. In addition, mesh refinement 

algorithms were implemented to improve the surface grid integrity. Examples studied 

include a Glasair fuselage, High Speed Civil Transport, and the ONERA M6 wing. The 

role of reconstruction as applied to adaptive remeshing is discussed and a new first order 

error estimator is presented. Numerical examples of the remeshing procedure include 

both smooth and discontinuous flows.
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Introduction 

1.1 Overview 

In the field of computational fluid dynamics (CFD), researchers have been dedicated 

to developing efficient and accurate numerical procedures to determine the flow field be- 

havior over arbitrary aerodynamic configurations. The intricate relationship between grid 

generation and flow solver capabilities has somewhat dictated the successes and failures 

during the evolution of this technology. The quality of the discretized domain directly 

affects the numerical stability and accuracy of the flow predictions. Grid quality mea- 

surements including mesh smoothness and uniformity are necessary to assess the state 

of the grid distribution. To date, the numerical techniques which solve the governing 

equations of fluid mechanics are sensitive to mesh irregularities whereby grid skewness 

and distortion adversely affects algorithm robustness and solution accuracy. Often times, 

grid skewness cannot be avoided due to the complex physical features associated with 

the body. This is especially true for structured grid generators that rely on hexahedral 

discretizations to describe the interior domain. Structured mesh generation procedures 

depend on mathematically based algorithms to determine the point distribution by solving 

algebraic or differential equations. While this process generally produces a smooth vari- 

ation of cells, the lack of flexibility due to mesh connectivity requirements complicates 

the task and constitutes the majority of the grid generation effort. 

On the other hand, very powerful numerical procedures for solving the governing 

hyperbolic systems of conservation laws on structured meshes have been developed and 
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made available for the past several years. Collectively, the schemes are referred to as 

upwind or flux-split schemes and encompass a variety of upwind formulations based on 

exact or approximate solutions to the Riemann problem [1] [2] [3] [5] [4] . The spatial 

accuracy of these methods is determined by the accuracy of the interpolating polynomial 

used to fit the data. An alternative approach to the upwind methods is based on the 

pioneering work of Jameson et al. [29] . He developed explicit Runge Kutta schemes 

with residual smoothing in order to control the unbounded growth of high frequency 

waves. At the forefront of high order accurate shock capturing schemes is an approach 

based on Essentially Non-oscillatory (ENO) interpolating techniques. Notable among 

this group were the efforts of Chakravarthy [6] , Osher [7] and Harten [8] . A predeces- 

sor to this technology is the total variation diminishing (TVD) scheme [27] which, by 

design, avoids numerical oscillations, thus capturing discontinuities with high resolution. 

However, in order to prevent the total variation from increasing, the accuracy is reduced 

to first order at local extrema via limiters. This local effect restricts the maximum global 

accuracy obtainable. An alternative approach is to allow the total variation to increase 

in a bounded fashion. The ENO formulation permits this by specifying reconstruction 

criteria that result in uniform accuracy over the entire domain. The procedure involves 

forming higher order terms consistent with Taylor series expansions. Arbitrary accuracy 

levels are achievable provided that the domain is large enough to support the stencil 

of cells used in the reconstruction step. Non-oscillatory uniform accuracy behavior is 

possible for hyperbolic systems of equations only if this stencil changes from cell to cell 

and from time level to time level [9] . 

The performance of these methods are all subjected to the non-uniformities associated 

with the meshes. In theory, their claimed accuracy is applicable to Cartesian domains 

where truly one-dimensional interpolation procedures can be developed. The issue of 

interpolation accuracy on one-dimensional non-uniform meshes has been addressed in 
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the past. The most common implementation of one dimensional interpolation for mul- 

tidimensional applications is a procedure based on one-dimensional interpolation along 

computational coordinate lines (constant 7,é, and ¢). For bodies with high curvature, 

the discretization limitations and inadequacies are directly affecting the solution quality 

regardless of the choice of solution algorithm described above. 

It’s time for a change in philosophy. If we are to improve our ability to accurately 

predict the flow physics around arbitrarily complex bodies, we must first address the issue 

of generating the best possible grid which most accurately represents the computational 

domain. The grid skewness and non-uniformities must be eliminated over regions of 

high curvature, and the flow solver algorithms must be valid for the discretization of the 

generated meshes. 

1.2 The Unstructured Arena 

As an alternative, unstructured grid generation techniques and unstructured solution 

algorithms are becoming increasingly popular in the CFD community. The inherent 

features of unstructured grids offer improved control over the point distribution, mesh 

size, and mesh shape. In addition, these grids are more suitable for adaptive refine- 

ment/remeshing techniques and incorporating moving boundaries due to the generalized 

indexing strategies. In short, their lack of directionality offers greater flexibility for 

discretizing complicated bodies. With the availability of supercomputers, complete un- 

structured flow field computations over complex aircraft configurations are possible. 

Flow over a High Speed Civil Transport at Mach 3.0 shown in Figures 1.1 and 1.2 is one 

example. This aircraft was discretized using a three dimensional unstructured advancing 

front grid generator. 

Although the grid generation and flow solver technologies are still in their infancy 

for unstructured grids, this approach is receiving attention and has progressed consider- 
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Fig. 1.1 — Outflow pressure contours for flow over a High Speed 
Civil Transport, M,, = .84 and a = 3.06° 
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Fig. 1.2 ~ Symmetry plane pressure contours for flow over a High Speed 
Civil Transport, M.. = .84 and a = 3.06° 
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ably over the past few years. Common to this grid generation technique is the creation 

of an unstructured background grid that stores the grid parameters which determine the 

mesh spacing characteristics. These quantities are stored at the nodes of the background 

grid and interpolated to the desired coordinates during the mesh generation phase. How- 

ever, the user’s effort in generating the background grid and specifying the grid control 

parameters becomes prohibitively expensive. The recent achievements in the advancing 

front grid generation arena are attributed to the efforts of Pirzadeh [10] [11] , and thus 

involve an alternative approach which greatly simplifies the creation of the background 

grid. He substitutes the complicated triangular/tetrahedral background meshes in favor 

of a simple Cartesian mesh where the solution to a Poisson equation with specified point 

and lines sources determines the mesh spacing parameters. The location of the point 

and line sources correspond to the important features of the geometry. For example, the 

leading edge of a wing could be modeled as a line source which would result in a con- 

centration of grid points around the leading edge. The solution of the elliptic equations 

are generally quite smooth. As a result of his efforts, the background grid generation 

process provides a smooth distribution of grid parameters which not only improves the 

grid quality but also increases the robustness and computational efficiency of the grid 

generator. 

The unstructured flow solver algorithms are not nearly as refined as their structured 

counterpart due, in part, to the lack of confidence in the grid generation area. In fact, 

innovative improvements have been scarce since 1990. The unstructured algorithms based 

on an approach developed by Barth [12] [13] represent the vast majority of higher order 

procedures on unstructured meshes in two and three dimensions. The approaches of [20] 

and [51] are also popular. 
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1.3 Motivation 

There is a need to extend the accuracy and dependability of structured flow solver 

algorithms to an arbitrary grid setting. It is the generalization of these concepts into a 

single technology and methodology that directly extends itself to domains of arbitrary 

origin, including unstructured environments, that is the subject of this dissertation. 

In describing this work, it is necessary to highlight and focus on the basic ideas 

common to a large class of finite volume methods. Within this formulation, there exists 

a common principle of balancing the time rate of change of conserved quantities with a 

flux integration through the surface bounding the cell. However, there is a division of 

approach for modeling the inviscid and viscous fluxes. The numerical modeling of the 

inviscid fluxes proceeds by evaluating the fluid dynamic states on both sides of an edge 

and computing the interface flux with an approximate Riemann solver. For structured grid 

environments, the interface quantities are commonly obtained with the traditional ¢ — « 

MUSCL extrapolation formula [27] [28] . The underlying principle which derives this 

expression and is often unrealized, is a technique known as reconstruction. In general, 

the reconstruction step generates a multidimensional pointwise distribution of a function 

from the known average values of the function with the condition that the integration 

of the reconstruction function recovers the cell average exactly. A more complete and 

formal definition by Barth will be recalled at a later time. For the ¢— « expression, 

the reconstruction step reduces to generating a locally one-dimensional interpolating 

polynomial in terms of specific cell averages. However, the resulting expression which 

provides a pointwise value of the function (for various combinations of ¢ and «) at the cell 

interface, assumes that these strategically selected cell averages are uniformly spaced, 

although is it straightforward to generalize this formula. Thus, this simple reconstruction 

upholds its accuracy only in computational space (or in the case of a uniformly spaced 
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grid). Nevertheless, the idea of separate reconstructions for the interface quantities as 

well as the cell stencil choice demonstrating upwind and upwind-biased interpolation 

capabilities needs to be retained. 

The viscous terms are formed by considering the mathematical nature of the heat 

flux and shear stress terms. The most common discretization for numerically modeling 

these gradient terms is simply forming central differences [27] . Although extending this 

approach to an arbitrary grid environment is not directly applicable, we can still utilize 

the concepts of differentiating a function and selecting a support stencil which surrounds 

the face. 

Current unstructured flow solver technologies utilize a few of these ideas, however, 

are limited in performance as compared to their structured counterparts. Several un- 

structured algorithms currently exist for solving the Euler and Navier Stokes equations 

[12-22]. The methodologies incorporate both finite volume and finite element techniques. 

Common to most of these algorithms is a first and higher order reconstruction for the 

inviscid flux calculation. Specifically, Barth [12] introduced a multidimensional linear 

reconstruction of cell averaged data which estimates the solution gradient within a cell 

from surrounding centroid data. This approximation is considered as a higher order cor- 

rection to an otherwise first order Taylor series expansion. Frink [17] utilizes geometric 

features common to both triangles and tetrahedra and illustrates an elegant formula for 

calculating the interface quantities to higher order using the gradient concept. However, 

the averaging processes and geometrical constraints which redistribute the centroidal cell 

quantities to the nodes are questionable, that is to say, the accuracy issue has been left 

unanswered. 

High order accurate finite volume schemes for the Euler equations on unstructured 

meshes were first introduced by Barth and Frederickson [13] . They derived and applied 

k — exact reconstruction as a means of reconstructing cell average data to an arbitrary 
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accuracy. In summarizing their efforts, Barth’s reconstruction criterion is designed to 

use polynomial functions that integrate the correct cell average and that for polynomials 

of degree & or less, the reconstruction is exact (k —ezact), i.e. this procedure is exact for 

polynomials of degree & or less. Smooth numerical examples for the Euler equations were 

provided to validate the methodology including reconstructing a high order polynomial 

and solutions to Ringleb’s flow. 

Godfrey, Mitchell, and Walters [9] , extended the method to compute flows with 

discontinuities. In addition, they required that the reconstruction polynomial integrates 

the cell average for all cells used in the reconstruction step. In contrast, Barth’s im- 

plementation compromises this feature. Second, the number of support cells within the 

stencil corresponds to the number of degrees of freedom prescribed by the polynomial. 

Barth’s criterion insists on a locality constraint whereby the stencil is confined to a rela- 

tively small neighborhood. This results in an over-constrained linear system to yield the 

polynomial coefficients which can be solved only approximately, thus the conservation 

of the mean system of equations does not yield the correct cell averages. The idea of 

a predetermined stencil size eliminates this disturbing issue of selecting the appropriate 

“neighborhood” of cells. The highlights, however, included assessing the spatial accuracy 

of k —exact reconstruction and combining this procedure with a moving stencil algorithm, 

similar to ENO techniques, for computing solutions for flows with discontinuities. 

Common to both implementations of k—ezact reconstruction is the idea of performing 

one reconstruction per cell for each dependent variable in the domain. As a result, the 

polynomials are discontinuous along the cell interface where two distinct values can be 

obtained. These values composed the two states in resolving the Riemann problem. If 

we contrast the reconstruction principles developed for unstructured meshes compared to 

structured grids, we can expose one major difference. Structured algorithms require two 

separate reconstructions for “each” interface to calculate the inviscid flux contribution. 
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The disadvantage of evaluating all of the interface properties surrounding a cell with a 

single reconstruction lies in the inability to select one stencil which adequately reproduces 

the spatial variation of the flow variables. In addition, the ability and flexibility of biasing 

the stencil in a preferred direction e.g. upwind, upwind-biased, etc., relative to a cell face 

is compromised. It is this principle that is exploited in developing a multidimensional 

solution algorithm for the Navier Stokes equations. 

1.4 Scope of the Investigation 

The purpose of this research effort is to investigate high resolution solution algo- 

rithms for the Navier Stokes equations for arbitrary topologies including unstructured 

grids. Emphasis is focused on the fundamental reconstruction techniques that apply 

to an arbitrary grid setting. A finite volume formulation is derived using the integral 

expressions for the governing equations of gas dynamics. Issues including numerical 

flux functions, flux integration requirements, and time integration schemes are briefly 

summarized. 

Next, multidimensional linear reconstruction algorithms which determine the point- 

wise variation of the state variables are described including two approaches. The first 

technique is a higher order correction to an otherwise first order method that is formu- 

lated from a Taylor series expansion. The additional expression requires the evaluation 

of the solution gradient for each cell in the domain. The gradient calculation is an ap- 

proximation to an exact expression and involves the numerical solution of a boundary 

integral. Several options for the path of integration are given. The second algorithm is a 

procedure for reconstructing the spatial variation of the flow properties using polynomial 

functions. This method, known as k ~ ezact reconstruction, specifies a design criteria for 

generating k** degree polynomials. Although this method is capable of high accuracy, 

the previous implementation is believed to possess inherent weaknesses. As a result, a 
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new and unique approach to this method is introduced. 

The improved algorithm retains the important concepts of reconstruction that are 

well known in one dimension but are rarely discussed and often violated in multiple 

dimensions. The numerical error resulting from the reconstruction step is quantitatively 

evaluated on triangular meshes using test functions. By performing separate reconstruc- 

tions for the right and left interface states using stencil selection algorithms that offer 

directional biasing, smooth as well as discontinuous flows can be computed. Before this 

research effort, only smooth flow patterns were computed using k — eract reconstruction. 

Perhaps the most credible result of this unique approach lies in the ability to compute 

viscous flows on highly distorted meshes. Several researchers have claimed that vis- 

cous solutions on unstructured triangular grids have geometrical limitations [24] which 

limits the maximum interior angle to approximately 105°; however, by using precise re- 

construction techniques and proper selection of the stencil, the viscous problem can be 

solved. 

The flexibility of the method is demonstrated by considering two and three dimen- 

sional inviscid and viscous flows on quadrilateral, triangular, and tetrahedral meshes. 

The inviscid cases include Ringleb’s flow, which has an analytical solution available 

to determine solution accuracy, and a simple shock reflection problem. The viscous 

test cases include incompressible flow over a flat plate and a high speed shock wave 

boundary layer interaction that exhibits laminar separation. Results for k = 0,1,2 degree 

polynomials are provided for these cases, and they are compared with experimental data. 

The three dimensional inviscid test case is transonic flow over the ONERA M6 wing. 

Comparisons for the pressure coefficient at several spanwise stations demonstrate the 

accurate flow field predictions. 

The unstructured grids are generated using the advancing front technique in two and 

three dimensions. Modifications to the three dimensional algorithm were required in 
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order to generate the surface grids. A summary of these efforts is highlighted including 

surface discretization procedures and grid refinement algorithms. Examples include a 

Glasair fuselage, High Speed Civil Transport configuration, and the ONERA M6 wing. 

The final research topic involves the role of reconstruction for adaptive remeshing 

algorithms. Specifically, a first order error estimator based on reconstruction principles is 

introduced and validated for discontinuous and shock free flows. Qualitative and quan- 

titative analyses verifying the similar behavior between the exact error and approximate 

error is shown. 
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Chapter 2 
  

The Finite Volume Formulation 

2.1 Governing Integral Equations 

The integral form of the three dimensional Navier Stokes equations can be written 

as: 

0 4 a an A 

— Q dQ + F-.ndS— G-ndS = 0. 2.1 
OSI Jo s S 

where 
p 

pu 

Q=< pv 
pw 

Peo 

F=fitgj+hk 

Ge (fot + guj + hk) = Rev" JuJ v 

and 
pu pu pw 

pu? +p pvu pwu 

f= puyv G= 6 puvrtp?),h= pwu 

puw puw pw? +p 

puho puho pwho 

and 
0 0 0 

Tez Try Tz 

f= Tay IJv= Tyy shy = Tyz 

Trz Tyz Tzz 

Tz — x Ty — Wy Tz — qz 

Tz = UTzgz + UT zy + WT ez 
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2 
Ter = p(2uz _ 3 (ue + Vy + wz)) 

2 
Tyy = B(2vy — 3 (us + vy + wz)) 

2 
Tzz = p(2w, _— g (ue + Uy + wz)) 

Try = p(uy + vz) 

Trz = plu, + Wz) 

Tyz = p(vz + wy) 

and 
_ Lb 8a? 

qe = ~ Pry — 1) Oz 

_ Lt da? 

Pry —1) Oy 
ps 8a? 

= ~ Pr(y—1) dz 

where fi is the outward facing unit normal and 0 is the volume of the domain bounded by 

the surface S. The perfect-gas equations are non-dimensionalized with respect to density 

Poo, Velocity u.., reference length ZL and molecular viscosity y,.. In the equations above 

p, u,v, Ww, eo, ho, p,a, y are the density, (z,y,z) components of velocity, total energy per unit 

mass, stagnation enthalpy per unit mass, pressure, speed of sound, and ratio of specific 

heats, respectively. The molecular viscosity, y, is calculated using Sutherland’s law and 

the bulk viscosity, \ = =34, is based on Stoke’s hypothesis. Re and Pr are the Reynolds 

number and Prandtl number, respectively and are defined as 

Re = Pref Ureftref 

Href 

_ Href Cp 
Pr= — 

For a perfect gas the equations are closed by the perfect gas law 

P= (7~lpleo- 5(u? +0? + w*)) 

The first surface integral in Equation 2.1 represents the projection of the Euler flux 

onto a unit vector defined to be normal to the surfaces surrounding each cell. High order 
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accurate spatial schemes for generalized discretizations are developed by extending Go- 

dunov’s approach [25] to include arbitrary control volume shapes. Numerical evaluation 

of this integral expression begins by examining the functional form of F. Since F = F(Q) 

the functional form of Q will at some point need to be addressed. At this stage, however, 

a Godunov extension proceeds by assuming a functional form of Q that describes the 

spatial variation of the flow properties within each cell of the domain. By establishing 

a piecewise representation for the dependent variables which appear in the governing 

equations, the interface properties along a cell boundary become discontinuous. In fact, 

two distinct values are possible corresponding to the functional descriptions for the two 

cells that share the common boundary. As a result of the non-uniqueness, the Euler flux 

function is approximated with a numerical flux function according to 

[fF aase ff FQu.Qn,a)as 

where Q, and Qp describe the fluid dynamic states on both sides of the path of integration. 

Developing a discretization procedure that numerically approximates the surface integrals 

reveals two separate issues which have a combined effect on the accuracy. The first 

concentrates on the numerical estimate for the inviscid and viscous fluxes. The second 

focuses on the accuracy of the flux integration rule. 

A finite volume discretization algorithm for the integral form of the Navier Stokes 

equations provided in Equation 2.1 proceeds by introducing cell averages of the conserved 

variables of mass momentum and energy valid within each control volume. Therefore, 

for each cell m bounded by domain 0Q,,, the volume integral can be directly represented 

in terms of it’s cell average according to the following definition: 

Om = 5 |] f 2 am. 22 

This equation forms the basis of reconstruction methods. That is to say, given the cell 
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averages via a time evolution algorithm, it will be necessary to reconstruct the pointwise 

distribution to a given level of accuracy on an arbitrary grid. 
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2.2 Flux Difference Splitting 

Consider Roe’s flux difference splitting technique [1] [4] as the approximation for the 

inviscid flux function. Within this method, the surface integral has been approximated 

1 & [f , P Quen) dS 

[f Fe Qn, a) dS = II. ; [F(Qt) + F(@x)- |Al (Qe Qx)] a8. 24 

as: 

and 

The surface path of integration bounding the control volumes for finite volume schemes 

is simply a set of edges which encompass the cell. Therefore, the integral above can be 

rewritten to represent a summation process over the number of edges surrounding each 

cell as 

1 ~ [f. P@uanmas= S| [  5[F@x)+ F@a)-|41(@x-@2)] 45}. 
Sm k(m) k(m;) 

Roe’s implementation of his flux function is commonly referred to as a flux-difference- 

splitting technique which approximates the solution to the exact one-dimensional Rie- 

mann problem. The Riemann problem is an initial value problem with piecewise constant 

initial data. The time dependent details of the interaction from the two states, designated 

as the right and left states respectively, approximates the existence of three characteristic 

waves. These three waves are identified as either a shock wave, rarefaction, or contact 

discontinuity. The eigenvalues of the Jacobian matrix for the one dimensional Euler 

equations reveals the existence of these three transitional states. While the exact solu- 

tion to the Riemann problem requires a computationally expensive iterative technique 

[26] , Roe’s derivation models the propagation of the wave information in terms of the 

interface fluxes. Specifically, the flux normal to a cell face is a function of the two 

different fluid dynamic states, Q; and Qpr, and represents the initial data for the Riemann 

States. 
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In Equation 2.3 , the matrix A is derived by linearizing the flux F with respect to Q 

as 

OF 

The matrix is evaluated at a derived average state that satisfies the Rankine-Hugoniot 

jump conditions. Roe determined these average conditions to be: 

p= (prez) 

a= py UL + PR UR. _ py ur + PH UR w= py! wr + PH wR 

a py + PR pl + PH 
io = pr hor + px hor 

~ 1/2 1/2 py! + pil 

- ~ (+0? +0? 
a” = (7 —1)(ho - wet) 

as a result 

F(Qr) — F(Qt) = A(Qz, Qr)(Qr - Q1). 

If the diagonalizing matrices § and S-! represent the left and right eigenvectors of 

A and A represents the eigenvalues of A then 

A(Qt,Qr) = SAS“! 

and 

|A| (Qe -Qr) = S| A] SQ. 

This expression can be separated into three AF flux components resulting from the three 

distinct eigenvalues. 

S| A| SHAQ = |AF,] + |AFy| + [AP] 

with 

1 0 
_ . Ap u . Au-— n,AU 

IAA = 161 (ae~ SP) i + (01, Av — ny AT 
w Aw—n,AU 

(a? + 6? + w?)/2 iAu+ tAv+wAw—UAU 
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pAU utn,a 

= Vv 
2a 

|AFy3| = la + a| Ee + 

where A(-) = (-)r —(-)z and AU =n, Au+n,Av+n,Aw. 

The functional form of Q; and Qp is generally represented by polynomials of varying 

degree k. Two dimensional inviscid numerical experiments of Barth [13] suggest that 

N point Gauss quadrature, where N > 4+', is adequate for evaluating the inviscid flux 

integral. Using & degree multidimensional polynomials as a representation of the spatial 

variation of Q; and Qr, Une 2.3 is evaluated according to: 

|], 3[P@id + F@R)- 1A 1a - 0%] as = 
2.4 

s Sou, [F(QH, QE, A, €;,n9)| | 

k(m) | f= 

where 
k~i k-(i4) 

Qt r(z,y,z) = s > - Cyr 2ty 2. 2.5 

s=0 j=0 i=0 

where C; ;, is the polynomial coefficients and k(m) 1s a list of faces bounding surface S 

and k; designates the degree of the polynomial used in the inviscid calculation. N; is 

the number of quadrature points used in the flux integration for each face in k(m), wy 

and é;,n, are the weights and coordinates, respectively. 

The viscous fluxes are approximated by representing & degree polynomials and their 

polynomial derivatives as the viscous flux function. This can be expressed as: 

=, aQty aQte aQe | 
; ~ Qt 

I}, nds [J .2@ Ox’ dy’ Oz az dS 

where k, represents the degree of the polynomial used to reconstruct the properties 

needed to calculate the viscous fluxes. Proceeding as before, the flux can be evaluated 

  

  

as: 

ky dQ*» AQ AQ* ~ [08 eo A)ds = 
2.6 

wy |G (Q* aQ*> ag aQ*e A, € | | 

d |. y ’ Or )’ dy ’ Oz 9 fF, fof . 
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Combining these results yields a semi-discrete formulation for Equation 2.1 as: 

6Q 
maz + S- | 

Ot im fz 

N 

Wf F(QE, Qh, nis ’ nt )— 

1 2.7 

age AQk» ag . 
G(Q*, Or” ay Bz sf, €y,05)| = 0. 

      

The solution procedure for the above equation is divided into three common steps. 

These processes are standard extensions of Godunov’s scheme [12] [13] [27] [28] . 

1.0 The Reconstruction Problem: Given cell average values of the dependent variables 

reconstruct pointwise polynomial expressions that describe their spatial behavior. 

This process is described in detail in Chapter 3. 

2.0 Flux Integration: Perform the surface integration for the flux functions with sufficient 

numerical procedures. This issue is discussed in Chapter 4. 

3.0 Time Evolution: Update the solution using a time integration scheme. 

2.4 Time Integration 

Implicit and explicit time integration schemes have been implemented and are of the 

form: 

dQ _ oA 
Oma = RQ) 2.8 

where the residual R(Q), defined by 

N 

RQ) = | Der [F@E. Ob, Ae.) 
k(m) * f=1 

ky ky ky 

G(gh, ee Be oO Erm) | 
discretely represents the steady state terms. The notation R(Q) implies that the pointwise 

values are obtained as a function of the cell averages, i.e. Q = Q(Q,z,y,z), which is the 

reconstruction problem. The distinction between explicit and implicit time integration 

lies in the time level evaluation of R(Q). Explicit schemes solve Equation 2.8 in delta 

form as 

AQ wan 
Om a _ R(Q) 
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where n represents the current time level and 

AQ = Qrt — 

An m -— stage Runge-Kutta time stepping method developed by Jameson [29] has been 

applied for this class of time integration algorithms. An implicit formulation begins with 

evaluating Equation 2.8 at time level n+ 1 as 

Expanding this equation in a Taylor series yields the following system of linear equations 

dR(Q)” 
30 ]AQ = R(Q)". 2.9   

Qn 
et 

Within the approach lies the need to calculate the linearization of R with respect to 

conservative variables. However, by selecting primitive variables, the computational 

effort is reduced and can be accomplished via the following transformation: 

dQ 89 0¢_ OG 
dt =o Og Ot Ct 

where 

Using this result Equation 2.9 is rewritten as 

AT 34 ]Ag = R(@) 2.10 

Direct solvers are available which can solve this system of equations exactly, however 

due to excessive computational effort and memory requirements, an iterative block Jacobi 

technique was implemented. Representing Equation 2.10 as 

Azg=b 
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the matrix A can be divided into diagonal D and off diagonal L and U matrices, where 

A=L+D+U. The following iterative technique is then employed 

2(tl) = p-1(b~(L+U)z") 

The number of iterations to adequately approximate the solution of the linear problem 

will vary, however 6 iterations were performed for the numerical results for the ONERA 

M6 wing. This corresponds to a one-half order reduction in a RMS norm based on the 

sum of Az. All other calculations used Euler explicit time integration. 

A subset of the iterative technique applied to Equation 2.10 is a point Jacobi method 

which is computationally efficient and effective during the initial transient modes of the 

calculation. In addition, the block Jacobi scheme is used to initialize the inner iteration 

method. 
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Chapter 3 
  

  

Multidimensional Reconstruction Schemes 

3.1 The Reconstruction Problem 

In the previous section, a procedure was outlined for advancing the cell averages Q 

in time, contingent on evaluating the numerical fluxes. If we examine the semi-discrete 

form of the governing equations carefully, we reveal that the cell averages Q are updated 

in time using expressions that require pointwise values of Q; specifically the values at 

pre-determined Gauss points for use in the flux integration step. As a consequence, 

procedures must be developed to model the spatial variation of Q in terms of known cell 

averages Q. This is the reconstruction problem. 

In words, the reconstruction problem is the process of determining a pointwise distri- 

bution function given cell averaged data with the restriction that integrating the function 

recovers the cell average exactly. This restriction was imposed in the first step of for- 

mulating a finite volume procedure, namely that 

[fe ar= 5am) 

where for cell m and volume 2 which is independent of time 

In = aff [eve dQ. 

The key to the success of the finite volume scheme is accurately producing the 

pointwise values for use in evaluating the flux quantities. For steady state solutions, the 

accuracy of the scheme is limited by the accuracy of the expression used to determine 

the interface values. In addition, assuming exact time integration schemes, the accuracy 
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of the time dependent solution is still a function of the approximation of the spatial 

variables. 

The functional form of choice for Q(z, y,z) is polynomial expressions of varying 

degree k written in one, two, and three dimensions as 

k 
Q*i(z) = y OC; x 

#=0 

ko koi 
(2y=>> SoCyzty 

s=0 j=0 

k k~i k-(i+j) 

(auz=), Yo DS Cyraty eZ, 
1=0 i=0 3 j= = 

respectively. 

There are a few reasons for choosing piecewise polynomial functions. First of 

all, polynomial expressions are relatively easy to integrate over the control volumes. 

Secondly, in order to compute “weak” solutions, the model must permit discontinuities. 

Piecewise constant polynomials satisfy this requirement as two independent states Q; and 

Qr are evaluated at the cell interface. The discontinuous behavior is resolved with the 

Riemann solver. Multidimensional higher order methods result in non-constant interface 

quantities, however, the one dimensional Riemann solver may be used in combination 

with sufficient quadrature. Multidimensional Riemann solvers would be ideal for this 

situation, however, the solution along the interface at the instant of initial contact can 

be adequately resolved by solving an acceptable number of one-dimensional Riemann 

problems. For smooth data, the difference between the values Q, and Qpr decreases 

with increasing polynomial degree thereby decreasing the importance of sophisticated 

Riemann solvers [13]. 

One dimensional highly accurate solution algorithms that exploit the reconstruction 

process are abundant with the research in ENO schemes [6] [7] [8] [30] . The extension of 

the basic first order accurate methods to arbitrarily high orders of accuracy are described 
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within the framework of ENO. There are several ways in which the polynomial pointwise 

behavior can be derived using cell averages in one dimension. They are 

1. reconstruction by deconvolution 

2. reconstruction using the primitive function 

3. reconstruction by matching cell averages. 

Given a uniform one dimensional stencil of cell averages, all of these methods will 

reproduce the same unique polynomial. These approaches have been extended to multiple 

dimensions for structured grid domains [31] via reconstruction along local generalized 

coordinate lines. While the higher order methods reflect the high accuracy reconstruction 

technology for multidimensional structured flow solver algorithms, the extension of these 

procedures to arbitrary domain discretizations is, in most cases, not possible. For these 

reasons, they will not be discussed in this work. However, as an introduction into 

multidimensional methods valid for arbitrary discretizations, a simple one dimensional 

problem will be shown to visualize the concepts. 

Consider the following test function which is shown in Figure 3.1 

f(x) = sin(az). 

The reconstruction process for a polynomial of degree two is demonstrated by sub- 

dividing and initializing the domain by area averaging the exact solution onto the mesh. 

This can be accomplished by directly integrating the following equation: 

Qn = —— f(z)dz 
Lim Lian 

the results are provided in part a of Figure 3.2. 

Next, generate an equation for each cell that satisfies conservation of cell averaged 

quantities. This can be achieved by substituting a second degree polynomial written as 

Qm(z) = P?(z) = Co, + Ci, 24+ Co,, x7 3.1 
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into the previous equation yielding 

- 1 2 

Qn = = (Co, + Ci,,2 + Co,,x°)dz. 
Lm JL, 

Three equations are needed to solve for the coefficients Co,C,, and C2 for each cell m. 

For this example, we select the 2 nearest neighbors and generate the following equations: 

= 1 
Qm-1 = | (Corn +C1,,2+ Co,,27)dz 

Lm-1 Lm-i 

  

~ 1 
Qm =T_ (Co,, + Ci, + Co,, 27) dzx 

mJIIm 

1 
/ (Co,, + Ci,,2 + Co,,27)dz 

Lm+1 cm4i 

  

Qm+1 = 

which can be rewritten as 

  

= 1 1 1 2 

Qm-1 Em=1 Sins dz Ema Sen zdz bm=a tte zr dz Co, 

: ed —_— 2 
Qn |= En J, 42 Em J,,, rdz Zn Jy, 2°dz Ci, 

TT —_——. —t 2 

Om Lm+1 Somes dx Em+1 Somes vdz Em4i Sima: x* dz Co, 

We now have our equation set which can be solved using standard LU decomposition. 

At this point, we have determined the coefficients Co,,,Ci,,,C2,, for use in Equation 3.1 

to yield a pointwise distribution of Q for the cell m. Figure 3.25 shows the results of the 

reconstruction applied at cell 3. 

3.2 Gradient Based Linear Reconstruction 

In this section, the development of a general approach for obtaining higher order 

accuracy based on piecewise linear reconstruction of cell averaged data is presented. The 

approach applies to arbitrary polygonal control volumes and follows the work by Barth 

presented in Ref. [12] . 

3.2.1 Two Dimensional Algorithms 

Consider the two dimensional mesh discretizations shown in Figure 3.3. Developing 

a linear reconstruction method for modeling the spatial dependence of the state variables 

within the domain m proceeds by expressing the pointwise variation in terms of a Taylor 
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Fig. 3.1 — Test function for one dimensional reconstruction 
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Fig. 3.2 ~ One dimensional reconstruction using k = 2 
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series. Specifically, a linear distribution of Q expanded about the centroid (zo, yo) can be 

written as 

Q(z, y) = Q(x0, yo) + Cs — Zo) + solu — yo) 3.2 

= Q(Z0, yo) + VQ-Ar 

Recall that we are restricted to using cell averaged data to form the terms in Equation 

3.2. However, by applying the integral definition of the cell average written as 

Im = 5 ff 2.2) aedy 

and substituting the linear function for Q(z, y) from Equation 3.2 yields 

Om =H [ff [2teo.0) + Fe — 20) + Pey— vo] dn 

where for a constant gradient vector, i.e. linear distribution function, the integral can be 

shown to be 

Qm = Q(Zo, Yo) 

where zo, yo iS the geometric centroid of the control volume. 

The vector vQ represents the solution gradient for the cell and can be computed 

using the following exact relation: 

[ff], a 
For a linear reconstruction of Q, the expression becomes 

vo=-// Qads. 3.3 OnJS 5. 

The gradient calculation is calculated by computing the surface integral defined by a 

closed path centered around cell m. If the function Q varies linearly, the gradient rule 

is exact and will yield an exact calculation of vQ as long as the integral expression is 

evaluated without error. 
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Several strategies for selecting the boundary paths of integration have been inves- 

tigated by previous researchers [14] [12][17] . The simplest surface integration path 

referred to as type 1 is shown in Figure 3.3 and corresponds to a path defined by the 

actual cell control volume. Using this boundary path, two viable alternatives exist for 

solving Equation 3.3 and will be identified as Type 1- A and Type 1 - B. 

A. Estimate the mid-point pointwise value of Q by forming an arithmetic average of the 

two cells that share a common face, i.e. the cell pairs connected by a dashed line, 

(see Figure 3.3a). Using the mid-point trapezoidal rule, calculate the gradient. 

B. Estimate the nodal values of Q by averaging the surrounding cell data to the vertex 

points. The corresponding groups of cells that influence the nodal approximation are 

grouped by dashed lines in Figure 3.3b. The gradient calculation can be computed via 

the trapezoidal rule. Frink [17] chooses to weight the influence of the surrounding 

cells relative to the inverse distance from the cell to the node as 

Di i=1 Tr; 

N 
Dizi x 

  

Qn = 

where 

ri = [(zn — 21)? + (Yn — 4)”)]?. 

and N is the number of cells surrounding node n. 

These techniques are very attractive due to their ease of implementation. The infor- 

mation describing the integration paths are available, and the issue of a valid integration 

path is never in question. However, both of these techniques have an inherent weakness. 

As a result of the averaging process, an exact calculation of vQ when Q varies linearly 

is most often not possible. Specifically, the Taylor series expansion and the trapezoidal 

rule are formally second order accurate, however the accuracy of the averaging process 

is second order accurate in special cases. For example, the line connecting the cell pairs 

must bisect the edge at the midpoint for approach A to preserve the correct gradient. 
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Fig. 3.3 — Typical triangle for Type 1 path integration 
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Similarly for approach B, the interpolated nodal value of Q must be computed based on 

linear variations from the surrounding cell data. While the accuracy of the averaging 

process on the global level is in question, the two algorithms have been shown to produce 

adequate results for both cell centered and cell vertex schemes for the Euler equations 

on smooth grids [17] [32] . Their effectiveness on grids which are highly distorted and 

skewed has not been demonstrated. 

A second boundary path that upholds the criteria of calculating the gradient exactly 

for linear variations in Q is a method used by Slack et al. [14] . Figure 3.4a depicts a 

typical type 2 path of integration that includes the first cell neighbors of M@. The path 

formed by connecting the cell centroids for cells A,B, and C constitutes the boundary 

for calculating Equation 3.3 using the trapezoidal rule. Unlike the previous method, 

this approach requires additional computational and storage requirements to include the 

boundary path characteristics. Due to geometrical considerations, this approach has a 

weakness. Consider part } of this Figure. The results from this boundary integral is 

a poor representation for the solution gradient to be used for cell M. In fact, the cell 

centroid is not bounded within the path of integration. 

A method proposed by Barth in [12] overcomes both of the difficulties described 

above. His approach, shown in Figure 3.5, is based on a centroid-centroid path which 

traces the convex hull of a neighboring set of cells that share a common vertex with cell 

M. The gradient is calculated using the trapezoidal rule and does not exhibit geometrical 

restrictions. As in the previous method by Slack, additional work is required to evaluate 

Equation 3.3 due to the complexity of the boundary surfaces. 

3.2.2. Three Dimensional Algorithms 

The three dimensional extension of linear reconstruction algorithms based on a higher 

order Taylor series correction is straightforward. Consider the following Taylor series 
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a— Typical triangle 

  
b — Distorted triangle 

  

Fig. 3.4 — Boundary description for Type 2 path integration 
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Fig. 3.5 — Typical triangle for Type 3 path integration 
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expanded about point (zo, yo) 

Q(z, 452) = Q(e0, vor 20) + F2(@ — 20) + Fy wo) + Fel ~ 20) 

= Q(£0, yo, 20) + VQ- Ar 

The solution gradient is calculated via Equation 3.3 using a three dimensional bound- 

ary surface as the integration path. In two dimensions, several path options were pro- 

vided, however, the three dimensional extension of a few of these approaches is difficult 

and not investigated in practice. The method of choice is the cell control volume, i.e. 

type 1, where the path of integration is easily identified. In the two dimensional example, 

the control volume was a triangle. The most common and simplest three dimensional 

element is the tetrahedral shown in Figure 3.7 where the 4 triangular sides constitute the 

closed path of integration. High order reconstruction algorithms are derived in a fashion 

analogous to their two dimensional counterpart. 

3.2.3. Simple Linear Reconstruction Formulas 

Although the numerical effort for evaluating the gradient expressions for use in 

Equation 3.2 is not computationally intensive, simplifications can be made to a few of 

the linear reconstruction processes that reduces the memory and numerical requirements. 

The semi-discrete form derived for the finite volume algorithm outlined in Chapter 2 

reveals that only the interface values of Q used in the flux integration step are required. 

Consequently, the Type 1 path integration formulas can be reduced to yield the value of 

Q at the cell mid face in terms of the geometry and Q. This is a consequence of the 

geometrically invariant features of triangles. Consider reconstructing an estimate of Q 

at the mid face of the edge marked with a cross (x) shown in Figure 3.6. Assuming 

that we have average values of Q at the midpoint for all three faces, f1, f2, and f3, the 

algebraic expression for Q according to Equation 3.2 reduces to: 
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1 Qx = Qe+ 5 |2Qs1 — (Qs2 + Qa) 3.5 

This result can be easily derived using a one dimensional Taylor series expansion 

0 Ox = O50) + $2 (s — 50) 

= Q(s0) + VQ: As 

where so is the cell centroid. The higher order correction term is derived by using simple 

one dimensional finite difference techniques and is written as 

1 $(Qye + Q¥3) As ~ & VQ-As x 3A 5   

This formula is identical to the higher order correction term in Equation 3.5. 

A similar analysis can be performed for the case of averaging Q to the cell vertices. 

Qx Q- 3 | 5 (ni Qn2) Qns| 3.6 

The terms in the Taylor series expansion are formed consistent with Figure 3.6 as 

1 Anew 26Gni + Qn2) — Ona 
VQ Ass 3As As   

which reduces to the correct expression in Equation 3.6. 

Both of the three dimensional higher order algorithms can be derived using a one- 

dimensional Taylor series approach by examining Figure 3.7 and exposing the geometri- 

cally invariant features of tetrahedrals. Solving the integral expression for the gradient 

using Equation 3.3, the higher order formula for the mid-point approximation of Q as- 

suming cell values averaged to the mid-face (Type 1 approach 4A) is 

Qx = Qe + 5[8Qp1 — (Qy2 + Qys + Qys) . 3.7 
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For the case of averaging the properties to the nodes, the expression which was first 

introduced by Frink [17] is 

1yl 
Qx = Qe+5[5(Qn + Qn2 + Qns) — Qna}- 3.8 

The higher order correction term for the first case is modeled as 

Qn — 3(Qs2 + Qa +Q 7Q:Asx SH = 812 + Oi + O19) a , 
3 

  

which is equivalent to the higher order correction term in Equation 3.7. 

The finite difference approximation for the one dimensional gradient using nodal 

values of Q can be deduced from Figure 3.7 to be 

i _ 
yQ- Asx 3(Qni + Qn2 + Qn3) — Qna As. 

AAs 
  

This expression also recovers the formula derived in Equation 3.8. 

3.2.3 Monotonicity 

The linear reconstruction techniques can introduce new extrema into the solution 

as a result of the higher order correction involving the gradient terms. A monotonicity 

principle that limits the maximum and minimum values for the linearly reconstructed 

function can be enforced to control the overshoots and undershoots. This is accomplished 

by modifying the functional form of Equation 3.2 to include a weighting factor on the 

higher order correction term in the Taylor series expansion. A limited form can be 

written for cell M as 

Q(z,y)mM = Q(20,y)mt+Ou V7Qm-Arm, PE [0,1] 

For linear reconstruction, the extrema occur at the vertices of the cell. The monotonicity 

idea can be enforced by guaranteeing that the limited quantities will be bounded by the 

neighboring cell centroid values. The quantity is determined by the following steps: 
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Fig. 3.6 — Geometrically invariant features of triangles 
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Fig. 3.7 — Geometrically invariant features of tetrahedra 
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1. Calculate the minimum and maximum values of Q from the immediate cell neighbors 

according to: 

wi” < Q(2,u)m S Om 

where 

mn = min(Qm, Qneighbors) 

Qu = maz(Qm, Qneighbors): 

2. Calculate @ for each vertex j by using 

min(1, oye ; if Q; —~Qmu > 0; 

du; = min(1, 232"), if Q; — Qu <0; 

3. By = min(Oy,) 

Although this procedure satisfies the monotonicity principle throughout cell M, a 

slight variation of this approach implemented by Slack et al. [14] imposes a less restric- 

tive condition. The limiting value of @ from item 2 is based on the computed values of 

the function at the midpoint of each face. 

3.3 K-exact Reconstruction 

3.3.1 Design Guidelines 

The process of generating accurate interpolating polynomials in multiple dimensions 

is vital to the success of developing high order accurate solution algorithms for arbitrary 

grid topologies. However, the lack of polynomial uniqueness is an indication that these 

methods have noticeable weaknesses. For example, if we attempt to construct a mul- 

tidimensional linear polynomial where the data points lie along a straight line, we will 

not be successful. In addition, if we reconstruct the data for cell A by selecting a set 

of points too far away from A, the accuracy will eventually degrade. The reconstruc- 

tion development follows the basic reconstruction design criteria that are well known in 
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one dimension, however they are rarely discussed and often violated in multiple dimen- 

sions. The following is a list of guidelines which is used in the reconstruction process 

as specified by Barth [13]. 

1. K-exactness: A polynomial in two independent variables of degree & has the form 

co
 

-,
 k 

P¥(z,y) = > Ci j zy). 
s=0 &.

 u ° 

The reconstruction step is k — exact if the process reconstructs polynomials of degree 

k or less exactly. Notice that in two dimensions we have “*¥¢*®) coefficients, 

therefore we need this number of independent equations to reconstruct the polynomial 

exactly. 

2. Conservation of cell averaged quantities: Given cell average quantities, construct a k 

degree polynomial which satisfies the following: 

eae [fear 
i.e. the polynomial chosen must reconstruct the mean exactly. 

3. Stencil Selection: The stencil selection process is perhaps the most difficult and chal- 

lenging criteria to overcome. The support set of cells necessary to perform the 

reconstruction step that will best represent the solution space is not obvious. In 

fact, depending of the nature of the flow physics and of the terms we are modeling, 

separate approaches are necessary. This issue will be addressed in greater detail in 

Chapter 4. 

3.3.1 Satisfying the Guidelines 

Barth’s approach to satisfying the criteria of conserving cell averaged quantities 

proceeds by performing a transformation local to the parent cell that involves a rotation 

and scaling into a new coordinate system (z,¥) according to 

sl= [oe 022) 5] yy) |Dor Doaea}ly 
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where the matrix D satisfies 

Conservation of the mean is guaranteed by transforming the standard basis polyno- 

mials written as 

P=(1,2,9,27,29,9’,..] 

into the zero — mean basis polynomials P°. The transformed polynomial basis is now 

represented as: 

P® =[1,2,9,2 —1,29,77 -1,..] 

where all but the first have zero cell averages. The details of the transformation are 

provided in Ref. [13] . 

The transformation process is applied to every cell in the domain resulting in separate 

expressions that guarantee the mean conservation principle. In order to generate the 

reconstruction polynomial, @+¥4+?) cells are required if the reconstruction is to be k — 

ezact. Barth’s approach is to include a larger supporting set to reconstruct his polynomial 

expressions. The stencil choice is based on the equation set that minimizes the Frobenius 

norm. Recall the Frobenius norm, A,is defined as 

n= [Slest] 
i,j 

where i,j are the row and column indices, respectively. As a result, the increased cell 

neighbor set that creates the matrix equations that yield the polynomial coefficients is 

over-constrained. The solution is computed using a modified Gram-Schmidt algorithm 

[33] . 

It should be mentioned that the consequence of over specifying the matrix equation 

to build the reconstruction polynomial is that the basic principle of conserving the cell 

averaged quantities is violated. In addition, the justification for the stencil selection 
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strategy is weak. In the next section, an improved approach to k — exact reconstruction 

is discussed. 
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Chapter 4 
  

  

K-Exact Reconstruction, A New Approach 

4.1 Conservation of Cell Averages 

The reconstruction process is defined by examining Equation 2.2 and addressing the 

inverse problem of accurately approximating the pointwise function Q(z, y, z) to a desired 

accuracy given cell average data, Q. 

Consider a general three-dimensional polynomial P of degree k written as: 

-i k-(i+j) _ 

Ci j,t ziy? z!, 4.1 

i=0 

co
e k 

PF (x,y,z) = 

#=0 &.
 ll @Q
 

In three dimensions, a polynomial of degree & contains “&+U4+2)(#+9) degrees of freedom. 

Recall that 1—D and 2—D polynomials contain k+1 and 4+¥G+?) coefficients, respectively. 

If we apply the polynomial representation of Equation 4.1 to evaluate Equation 2.2 we 

conclude, after careful examination, that for cell m: 

_ k k-i = -k~-(t+j) 1 _ 

Qm = S > acs} ty z! dQ. 4.2 

i=0 =j=0 i=0 m Qn 

The volume integral above is a function only of the control volume discretization which 

bounds cell m. Direct integration formulas in the form of Gauss quadrature rules are 

readily available to evaluate the integral for various elements including triangles, quadri- 

laterals, hexahedra, and tetrahedra. A summary of the formulas are provided in Ref. 

[34] . For example, a function integrated over the volume of the tetrahedron shown in 

Figure 4.1 can be evaluated according to, 

1 pl-€ pl--n N, 

If | F (En, C)dEdnd = So wr FE, ms Cr); 
r=1 
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where N, is the number of points, é.,7,,¢-, are the coordinates, and w, are the weights 

used in the quadrature formulas. Notice that if f(€,n,¢) is a polynomial of degree k, 

sufficient N, pairs of coordinates and weights can be selected to integrate the function 

exactly. 

The transformation of the volume integral from the real geometrical domain to the 

simpler integration space of the reference element is easily accomplished with a change 

in variables which yields the following relationship: 

f(R)dedyds = | f(3(G) det(J) dedndc, 
Qresi 

where J is the determinant of the Jacobian matrix, x represents the spatial coordinates 

z,y,z and € represents the reference coordinates £,n,¢. In the case of a tetrahedral element, 

the following relationships apply: 

det(J) = 62,, 

x(€, n¢) = (1 —€-n- C)Xn1 + EXn2 + 1Xn3 + CXn4 

where Q,, is the real element volume. 

Substituting the above expressions into Equation 4.2 yields the following linear equa- 

tion for the coefficients C;;, which can be generated for each cell within the domain: 

k k-i  k-(44+7) 

Qn = = d d d Cig 0 Sour (Ep 5 1rs Cr) Yn (En Mrs Cr Zin (Er Mrs Cr) 

i= j= 

As a reminder, this equation contains @*¥@+2F+9) ynknown polynomial coefficients 

C;;,. Therefore, the final tasks in completing the reconstruction step are selecting the 

support stencil of equal number and solving the linear system for the coefficients. For 

example, if Ron) is a collection of cells to be used in reconstructing a k degree pointwise 

distribution of density p for cell m, the resulting linear system to yield the unknown 

polynomial coefficients is: 

k-i = k-(i+) k 

lim = > Gis 0 Sees in (E) yn (E)2m (é) 
i=0 j=0 I[=0 

K-Exact Reconstruction, A New Approach 45



  

  
  

N4 

Nl N3 

N2 

  

Real element 

  

Fig. 4.1 — Reference and real domains for tetrahedral element. 
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(k + 1)(k + 2)(k + 3) 
6 
  m = Rr(1), Rm ( ) 

or written compactly: 

[W][Ci 51] = [2] 4.3 

As was mentioned earlier, the possibility of selecting a stencil that results in a singular 

set of equations is very likely. When this occurs, the stencil is altered by substituting 

additional cells from the support cell list. An alternative approach for handling the 

singular equation set is to utilize Singular Value Decomposition algorithms [35] which 

will invert this type of matrix. In fact, another useful feature of this algorithm is that it 

allows more equations than unknowns permitting the support stencil to be larger than the 

required polynomial coefficients (or degrees of freedom). However, as a consequence, the 

conservation of the mean criteria will be violated, and the computational costs increase. 

In addition, as the stencil set increases in size, less valid polynomial data is introduced 

into the reconstruction process which may affect the accuracy. For example, a two 

dimensional reconstruction for cell A using a polynomial of degree k = 1 would require 

at least 3 cell averages. If we include cells A,B and C and the resulting stencil yields a 

non-singular set of equations, then conservation of the mean is guaranteed for the entire 

domain bounded by the three cells. However, if the equation set is singular, then the 

resulting polynomial does not integrate the mean values and merely represents a “best” 

fit for the data. 

Returning to Equation 4.3 and examining this system of equations, we note a few 

important points. © is strictly a function of the grid topology, and if the support stencil 

remains unchanged in time, W is fixed. 6 however is time varying requiring the system 

to be solved every iteration. This procedure can be implemented by decomposing ¥ 

into lower and upper triangular matrices and saving the decomposition. Both LU de- 

composition and Singular Valued Decomposition have this feature. For each time level’s 
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cell averages, the coefficients can be obtained by simple forward and backward substitu- 

tion. In fact, all of the reconstructions which share a common stencil can be computed 

simultaneously using the same factored ¥. If a stencil should change during the solu- 

tion advancement process, as with ENO schemes and rotated schemes, a complete LU 

decomposition would be necessary. 

Solving Equation 4.3 yields the polynomial coefficients used to determine the point- 

wise variation for the function defined by Equation 2.5. In all of these results, we select 

the set of primitive variables p,u,v,w,p as the functions. The inviscid and viscous flux 

integrals can be evaluated at the Gauss points using Equations 2.4 and 2.6, respectively. 

The gradients of the properties that appear in the viscous flux vectors are easily obtained 

through polynomial differentiation. 

4.2 Efficient Reconstruction 

An efficient implementation of the reconstruction algorithm proceeds by realizing 

that the reconstruction polynomials are evaluated only at the Gauss points. As a result, 

the work in generating the polynomial expression in Equation 2.5 can be greatly reduced. 

Notice that if the polynomial is evaluated at a prescribed value of z,y,z, (for example at 

the mid-point of the face) the only non-constant terms in the reconstruction algorithm are 

the stencil of cell averages, ©. Consequently, these terms can be individually grouped 

resulting in the following expression: 

Re 

Qin =), Wid. 

where R, is the number of polynomial coefficients and W; is a constant weighting factor 

multiplying the cell average ;. The constants, W;, are precomputed at a one time 

expense and stored in memory throughout the calculation. The actual calculation of 

W; can be performed efficiently as well. For example, consider a & = 1 reconstruction 

in three dimensions. Four cell averages are necessary to complete the stencil. The 
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computational effort in generating the weights W; reduces to a simple 3 by 3 inversion, 

for which the solution can be directly coded. As a result, the LU decomposition and 

subsequent forward and backward substitution steps are eliminated. This results in a 

significant memory and CPU savings. 

4.3 Stencil Selection Algorithms 

Several factors must be considered when selecting a stencil to be used in the re- 

construction algorithms. Although it is difficult to determine the “optimum” support 

set due to the virtually limitless combinations of possible stencils, we can key on two 

fundamental items: the nature of the governing equations and the geometrical features 

of the discretized domain. 

The Euler equations are hyperbolic in nature and are typically modeled as a system 

of waves containing characteristic information. Upwind schemes have been developed 

to extract the information by extrapolating the flow properties from both sides of a cell 

face. A consistent idea for selecting a stencil to model the terms that appear in these 

equations is straightforward and is presented in this section. When the effects of viscosity 

are considered, the complete Navier Stokes equations are solved. The elliptic nature of 

the viscous terms reveals that information travels in all directions, hence there is a need 

to include a stencil which is not biased in any preferred direction. 

Geometrical considerations are also important and play a role in determining the 

stencil. This is evident for structured flow solver algorithms where upwind interpolating 

polynomials are generated by identifying computational cells which are aligned in the 

direction normal to a cell face. Of course, the task of locating upwind cells is greatly 

simplified for structured grids, since incrementing the logical coordinate indexes yields 

the adjacent cell neighbors. While this is more difficult to accomplish in a general grid 

environment, search algorithms can be developed to provide an analogous result. 
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The inviscid stencil 

The inviscid flux calculation proceeds by reconstructing the primitive variables 

p,u,v,w, and p with polynomials of degree k; (i denotes inviscid). Two separate re- 

constructions corresponding to the right and left fluid dynamic states will be performed 

for each face in the domain. The polynomials will be evaluated at the specified Gauss 

points according to Equation 2.4. Fixed stencils are investigated for k; = 0,1, and 2 de- 

gree reconstructions and are illustrated in two dimensions in Figures 4.2 and 4.3. Notice 

that upwind and upwind-biased stencils are easily obtainable for both structured and 

unstructured grids using the following upwinding stencil selection algorithm. 

Upwinding stencil algorithm 

Consider the bold edge in Figure 4.4. We begin by identifying the upwind cell parent 

A to be used in reconstructing the left fluid dynamic state. For k; = Oupwing, the stencil 

is complete. For kj = lupwina, We require two additional support cells to conclude the 

stencil. The following algorithm accomplishes this task: 

1. Gather the first cell neighbors that surround the parent cell. 

2. Construct unit vectors from the cell face center to the neighboring cell centroids. 

3. Perform a dot product with the outward facing edge normal and the unit vectors to 

the cell neighbors. 

4. Sort the list from smallest to largest. 

5. Beginning at the top of the list, select the required number of entries. 

The considerations which influenced the algorithm development included contiguous 

cell stencils, stencils which align in the upwind direction, and stencils that remain local 

to each face. Notice that negative dot products indicate an upwind cell, and applying 

this algorithm to Figure 4.4 would yield a stencil including cells A, C, and D. For 

a kj = 2upwing Teconstruction, we build on the k; = lupwing Stencil by selecting three 

additional cells to complete the stencil. The algorithm above is repeated with a support 
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Inviscid Stencils 
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Fig. 4.2 - Sample inviscid stencils for quadrilateral elements. 
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set including the first cell neighbors for cells A, C, and D. The first three entries from 

the sorted list are accepted (F, G, and H in our example). A k; = 2upwina—siasea Stencil is 

constructed by including cells whose dot product yields a positive value. For all of our 

results, we restrict the level of biasing to include only 1 cell, and it is identified as the 

nearest downwind cell for the given edge (cell B replaces cell G in our example). 

Viscous flux calculation 

The viscous flux evaluation is also based on reconstructing the primitive variable set 

p,u,v,w, and p with polynomials of degree k, (v denoting viscous) for each edge in the 

domain. The gradient quantities of »,u,v,w, and p are formed by simply differentiating 

the polynomials accordingly. Chain-rule differentiation was applied to the square of the 

speed of sound (a?) gradients in terms of the density and pressure. For comparison, the 

quantity a? was reconstructed separately, however, no noticeable differences resulted. 

The viscous stencil 

The stencil used to generate the polynomials for the viscous flux calculation are based 

on a locality principle which attempts to align the edge at the geometrical center of the 

stencil (or as close as possible). This concept is consistent with the central difference 

approach used in structured algorithms. Fixed stencils are investigated for k, = 1, and 

2 degree reconstructions and are illustrated in two dimensions for both structured and 

unstructured grids in Figure 4.5. 

4.4 Limiting 

In order to control the numerical oscillations that occur in the presence of disconti- 

nuities, the reconstructed quantities will be bounded using the following rule, 

QzR € [®L, PR] 

which states that the interface properties must not introduce new extrema. 4; and ®z 

are the cell averages used in the left and right reconstructions. 
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Fig. 4.4 —- Example for upwind stencil selection algorithm. 
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Fig. 4.5 — Sample viscous stencils for triangular and quadrilateral elements. 
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4.5 Reconstruction Accuracy 

The accuracy of the reconstruction process is investigated by computing the exact 

cell averages of two dimensional functions on a mesh, then reconstructing the original 

functions with polynomials, and computing the error via norms. Recall that the standard 

norm L, is defined as 

} 

Ly = ||F (exact) — F(approzimate)||, = if |F(exact) — F(approximate)|? da " 
2 

This expression represents the difference between the exact solution and the computed 

solution integrated over the entire domain 2. For our purposes, the functional form of 

F(approzimate) is a polynomial expression, and F(ezact) will be known test functions. 

Direct integration formulas are readily available in the form of highly accurate Gauss 

quadrature rules to evaluate the above expression. Notice that if the test function is a 

polynomial, the integration rules are exact, however smooth non-polynomial functions 

can be predicted quite accurately using a large number of Gauss points. Realizing that 

the error integrated over the domain is equivalent to the summation of the integrated 

errors within each cell, the above equation can be rewritten as: 

Lp = bs | \F(exact) — F*|? inl] 
e(m) 7 Sm 

where & is the degree of the polynomial. Evaluating the expression using 12 point 

quadrature in two-dimensions will integrate the expression exactly for polynomials up 

to degree 6. The final form of the L, is 

© [ere nF |" 44 Ly = | 

c(m) f=l 

where 

F = F(ezact) ~— F*. 

In one dimension, the LZ, norm is O(Az”) for an n‘® order accurate solution. The 

accuracy n is determined by plotting the L, norm versus Az on a log-log plot. The slope 
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of the resulting line is the accuracy of the scheme. For an n‘” order accurate solution on 

two dimensional uniform domains, the L, norm is O(QAs"), where As is a uniform length 

scale representative of Az and Ay. When assessing the reconstruction accuracy for two 

dimensional cases, it is critical to maintain uniform cell size during mesh refinement. 

For triangular discretizations, the length scale is difficult to determine since the control 

volumes do not directly align themselves with the two coordinate directions, however, 

if the domain is uniformly refined the relative change in cell size is equal for all cells. 

Notice that the slope, and hence accuracy, can be computed in a discrete sense as follows 

fay log(ena 45 

log( R34) | 
n 

If the triangles are equilateral we can use the distance from the centroid to any of the 

vertex points as the length As. The simple relationship holds 

2 
As & 73 

where © is the area of the equilateral triangle. 

4.5 Validation of Reconstruction Algorithm 

Two types of test functions are selected to validate the reconstruction algorithm: 

polynomials and a hyperbolic sin function. The criteria for validation is based on suc- 

cessfully satisfying the design criteria presented earlier. Specifically, these are demon- 

Strating the ability to guarantee conservation of mean quantities and reconstructing k 

degree polynomials exactly. Reconstructing polynomial data using polynomial functions 

will demonstrate the & — exactness criteria. Hyperbolic sin functions are smooth in nature 

and will show the performance of the method when reconstructing non-polynomial data. 

The stencil selection algorithm for this series of tests is not an important issue, as the 

purpose is to only show that for given functions, exact reconstruction procedures are 

possible. For this purpose, a stencil is selected based on a nearest neighbor criteria. The 

K-Exact Reconstruction, A New Approach 57



performance of the method applied to a actual solution algorithm will be provided in the 

next section. 

The following four polynomial functions of increasing degree k& and the hyperbolic 

function selected for this test and are listed below and shown in Figure 4.6. 

f(z,y) =P%(z,y) = 1.0 

f(z,y) =P'(z,y)=10+2+y 

f(z,y) =P?(z,y) = 2.5 — 102 + yt 102? + 2zy + 5y” 46 

f(z,y) =P3(z, y) = 2.545.252 + .4y — 1.527 4 zy + By? + 2? — 20.72?y 4 8.32ry? — .2y3 

__sin(ry) x sinh(1z) 

f(z,y) = sinh(7) 

Recall that reconstructing polynomials of degree & contain 4+¥4+?) coefficients. The 

test functions will be reconstructed using polynomials of degree 1,2, and 3, therefore the 

resulting polynomial coefficients will be represented as: 

P°(z,y) =e 

P'(z, y) =co teiz + coy 

P?(z,y) =co +12 + coy + cgz? + cary + csy” 

P3(z, y) =co + c1z + coy + cgz? + cary + c5y” + cox? + c7x7y + cary” + coy’. 

The validation procedure involves three steps. 

1. Area average the test functions onto the mesh by solving 

i= [ff sone 
for each cell m using the functions f(z, y) listed in Equation 4.6 and sufficient quadra- 

ture. For all results, 12 point Gauss quadrature is used which will integrate two 

dimensional polynomials of degree 6 exactly. 

2. Reconstruct polynomials of degree 1,2, and 3 using the procedure in section 4.1. 

3. Compute the error norms and determine the accuracy of the scheme. 
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The three triangular grids used in this investigation are shown in Figure 4.7 and 

consist of 64, 324, and 1444 cells, respectively. They were constructed by subdividing a 

square domain / € [0,1] x [0,1] into triangles. Example stencils used in the reconstruction 

step are provided in Figure 4.8 for the medium grid. The bold dot indicates the parent 

cell for the stencil. 

A visual critique of the accuracy of the reconstruction process is realized using 

piecewise contouring. For each cell in the domain, the corresponding reconstruction 

polynomial is contoured within the cell bounds. The result is a discontinuous inter- 

face value between adjacent cells. This is a very powerful and intuitive approach to 

assessing the accuracy of the procedure. Consider Figures 4.9 and 4.10 which demon- 

strates the contouring procedure for the degree 3 polynomial and hyperbolic functions, 

respectively. Detailed in the figures are the result for degree 1, 2, and 3 polynomial 

reconstructions. Notice the improvement in the solutions for increasing k and that the 

algorithm reconstructed the first function exactly for k = 3. The linear, quadratic, and 

cubic behavior of the reconstructions are visually apparent within the cell contours. In 

both cases, the features of the discretized domain become difficult to distinguish with 

increased reconstruction accuracy. 

The accuracy of the reconstruction is investigated by computing the L, error norm 

according to Equation 4.4 using highly accurate quadrature rules. Figure 4.11 shows the 

variation in solution error as a function of the reconstruction polynomial degree & for the 

degree 3 polynomial and the hyperbolic test functions. The error trends are consistent 

with expectations, as the level of error is reduced for increasing values of k (p refinement) 

and, for a given level of k, the error reduces with increased mesh densities (h refinement). 

Notice that the degree 3 polynomial test function is reconstructed exactly using k = 3 

as the error calculation is effectively zero, i.e. machine zero, for all three meshes. In 

order to quantify the numerical accuracy of the method, the error versus mesh spacing is 
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a— grid.1l, 64 cells 

  

  

  

  

      
      
    
      
          

b — grid.2, 324 cells 

  

Fig. 4.7 - Triangular grid domains for two dimensional test functions 
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c- grid.3, 1444 cells 

  

Fig. 4.7 -— Triangular grid domains for two dimensional 
test functions (Continued). 
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a~ Stencil for kt =0 

  

  

  

  

  

  

  

      
                  

b — Stencil for & = 1 

  

Fig. 4.8 — Support set of cells for grid.2 
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c—- Stencil for & = 2 

  

  
  

  

  

  

  

        
      

  

              

d—- Stencil for & = 3 

  

Fig. 4.8 — Support set of cells for grid.2 (Continued). 
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Fig. 4.9 — Cell-wise contours for degree 3 test function (Continued). 
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plotted on a log-log scale, and the slope of the line reveals the order of the accuracy. The 

results are plotted in Figure 4.12 and listed in Table 4.1. The numerical values presented 

in the table represent an average calculation of the slope using Equation 4.5. From this 

investigation, k degree polynomials are determined to be O(k + 1) which verifies that the 

reconstruction procedure is implemented correctly. 

4.6 Validation of Solution Algorithm 

Two numerical experiments will be considered to evaluate the performance of the 

reconstruction procedure within a finite volume setting. Accurate solutions to elliptic 

boundary value problems will be a key capability to lay the framework for solving the 

Navier Stokes equations. Specifically, the shear stress and heat flux terms require the 

accurate discretization of gradient quantities. This requires careful stencil selection to 

insure a successful algorithm. In addition, the issue of the accuracy of the flux integration 

procedure needs to be addressed. In order to utilize the accuracy of the reconstruction 

process, it is necessary to implement flux integration techniques of sufficient order. That 

is to say, the accuracy of the flux quadrature should not degrade the accuracy obtained 

by the reconstruction step. In addition, it should not be overly accurate as this results 

in a waste of computer resources. Multi-point Gaussian quadrature of various orders of 

accuracy will be used and compared in the integration. As a reminder, for straight line 

intervals, N point Gaussian quadrature integrates polynomials of degree 2N — 1 exactly 

and is 2N order accurate. 

AS was mentioned previously, the gradient expressions common in elliptic boundary 

value problems as well as the viscous terms in the Navier Stokes equations are formed 

via polynomial differentiation computed as 

OP¥(2,y) Ope ee a ee = S Vaue'v) 
s=0 g=0 
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Fig. 4.11 - Reconstruction error summary for test functions. 
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Fig. 4.12 — Reconstruction error comparison for test functions. 
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Table 4.1 — Numerical accuracy summary for test functions. 

   

  

    

  

  

        

Degree of 
Reconstruction Accuracy é Order 
Polynomial 

k=0 992 

k=1 1.946 

k=2 3.051 

k=3 #J|----- 
  

  
  

a — Degree 3 polynomial 

   

      

  

  

  

  

Degree of 
Reconstruction Accuracy 

Order 
Polynomial 

k=0 999 

k=1 1.974 

k=2 3.102 

k=3 3.957   

  

      
  

b — Hyperbolic function 
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Consistent with structured algorithms, a separate reconstruction is performed for each 

face in the domain thus allowing greater flexibility as compared to a single reconstruction 

valid for all faces surrounding the cell. This becomes very apparent when we consider 

that the polynomial derivative for linear (k = 1) reconstruction is a constant in both the 

z and y directions. As a result, the value of the gradient is identical for all points in the 

cell domain. Not only is this a poor representation of the solution gradient at the cell 

mid-face, but the robustness of this procedure in a solution advancement algorithm is 

extremely sensitive to grid characteristics, so this is not a practical option. The alternative 

of separate calculations of the gradient expressions for each face in the domain provides 

the opportunity to choose the optimum stencil of cells local to the face. 

4.6.1 Boundary Conditions 

In common CFD applications, boundary values which are also in the form of average 

quantities, are available for use in the reconstruction step. For certain boundary condition 

types, the domain which the cell occupies varies. Two alternatives include a fictitious 

region outside the boundary of the mesh referred to as ghost cells and the surface defined 

by the boundary domain referred to as a face cell. The properties for physical boundaries 

such as a wall, are represented as face cells, as they are valid on the boundaries of the 

mesh. Axisymmetric boundary conditions assume the presence of a cell which is not 

directly discretized in the domain, but rather is a mirror image of the immediate cell 

above the surface. The key to including these cells in the reconstruction step is to identify 

the control volume with which to satisfy the mean conservation criteria. For all results 

presented, the face cell option applies. In two dimensions, an equation is derived that 

guarantees conservation of the mean for line averaged boundary values. 

The global accuracy of the solution algorithms is not only determined by the accuracy 
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of the interior scheme, but also the boundary conditions as well. As will be demonstrated 

in a later example, if the boundary conditions are not modeled consistently (accurately) 

with the interior domain, the truncation errors introduced into the solution lead to less 

accurate results. For the purpose of validating the solution algorithm, the boundary 

condition issues are removed by imposing the exact conditions in an averaged sense. 

4.6.1 Elliptic Boundary Value Problems 

The numerical experiment selected to validate the method for elliptic boundary val- 

ued problems is a solution to the heat equation. The integral form of the governing 

[fea ff Faas =o. 

equation is written as: 

with 

Q = pCpT 

F= fit; 

pane ga gt 
~~" Ge 9 = Oy 

where « is the thermal conductivity. 

The solution domain is defined by 

0<z<l 0O<y<l 

with boundary conditions 

T(z,0) = 0.0 

T(z,1) = 0.0 

T(0,y) = 0.0 

T(1, y) = sinry 
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An exact solution to the problem is the hyperbolic test function used in the previous 

section and provided here for further reference. 

sin(my) x sinh(rz) 

T(z,9) = sinh(r) 

All solutions were integrated in time using a simple Euler explicit scheme. Steady 

state solutions were based on reducing the normalized L, norm of the residual 5 orders 

of magnitude or until it remains unchanged (worst case 2.8 orders). The three triangular 

meshes used in Sect. 4.5 are sufficient for this investigation. The results are provided 

in both graphical and tabular form for & = 1,2, and 3. Temperature contours are shown 

in Figure 4.13 for grid.2 (medium grid) using the cell by cell contouring approach for 

visual clarity. The differences between the & = 2 and k = 3 results cannot be seen in 

the contours but are reflected in the error analysis presented in Figure 4.14 and Table 

4.2. The slopes of the lines in Figure 4.14 indicate the correct trends associated with h/p 

refinement. 

The results of the flux integration study reveals improvement in solution predictions 

only for the case of k = 3. Barth [13] claimed that 4+ Gauss points are necessary to 

integrate k degree reconstructions without error. However, his findings were based on 

solutions to the Euler equations. By focusing on the functional form of the integrand 

in the flux integral, we notice that gradient expressions are integrated as compared to 

the complete reconstruction polynomial. Consequently, a quadratic (k = 2) polynomial 

reduces to a linear behavior in gradient form, thus the quadrature rules need be only 

adequate to exactly integrate a linear function. Therefore, the identical results between 

N = 1,2 and 3 point quadrature is justified for the s = 1 and k = 2 cases. However, for 

= 3 the polynomial derivative is quadratic in form requiring only 2 Gauss points to 

solve the integral exactly. While the differences in Figure 4.14 are visually minor, the 

numerical results in part a of Table 4.2 reveal a 15% improvement in solution error. The 
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discrete accuracy summary in Table 4.2 upholds the 0(k + 1) order accurate results for k 

degree reconstruction. 
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Fig. 4.13 — Cell-wise contours for heat equation results (Continued). 
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Fig. 4.14 — Solution error summary for heat equation 
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Table 4.2 — Solution accuracy and error norms for heat equation results 
using N point Gaussian quadrature. 

  

  

  

  

  

  

  

  

  

  

  

              

  

  

  

  

  

Degree of Number of Gauss 

. Reconstruction Points in Flux 
Grid Number Polynomial Integration L1 Error Norm 

K N 

1 1 1,2,3 1.53 e-02 

1 2 1,2,3 7.08 e-03 

1 3 1 4.42 e-03 

1 3 2,3 3.78 @-03 

2 1 1,2,3 3.00 e-03 

2 2 1,2,3 6.38 e-04 

2 3 1 1.89 e-04 

2 3 2,3 1.61 @-04 

3 1 1,2,3 6.96 e-04 

3 2 1,2,3 7.84 e-05 

3 3 1 9.84 e-06 

3 3 2,3 7.21 e-06 
[OO 

a-— Solution error norms 

| Degree of Number of Gauss Accuracy 

Reconstruction Points in Fiux 
; . Order 

Polynomial Integration 

k = N = 1,2,3 1.984 

k=2 N = 1,2,3 2.891 

k=3 N=1 3.920 

k=3 N = 2,3 4.021             

b — Solution accuracy 
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4.6.2 Ringleb’s Flow 

Ringleb’s flow presented by Chiocchia [36] is a shock-free transonic hodograph solu- 

tion for two dimensional planar potential flow. The flow quantities are non-dimensionalized 

according to: 

D1
 i 

m
Q
 

| 
Q!
 

III 
itl

 

&j
e 

Fl
e 

Sl
r 

where p is the density, a is the speed of sound, and q is the velocity magnitude. The 

streamlines in the hodograph plane (q,@) are given by 

1 
y = —siné 

q 

where @ is the local flow angle. The flow on the physical plane (z, y) corresponding to 

the streamlines given above is as follows: 

  

where 

1 . 
k= o constant on every streamline 

1 1 1 1,1+¢ 
==+——+ -5 -— =lg—— Y= ot gat 52 1o6 

- y-1- 
=,/l- 2 ¢ 79 

2 

pacer? 

where ¢ and # are the stagnation speed of sound and density respectively. The constant 

velocity lines are circles defined as 

  

J 2 2 
(zx 7) +y ~ 4p2q? 
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For this investigation, three grid levels were used to assess the numerical accuracy 

of the schemes. Two reconstructions were performed for each face in the domain cor- 

responding to the right and left states, respectively. The boundary streamlines shown in 

Figure 4.15 vary from 1.47 yielding transonic flow conditions on the left wall to 0.8, a 

subsonic state on the right wall. The boundary conditions for this study include the exact 

conditions specified over the complete domain. Roe’s approximate Riemann solver was 

used with a split flux condition at the inflow and outflow and full flux condition on the 

two walls. The meshes and density solutions are shown in Figure 4.15. The improve- 

ment in solution quality with increased mesh size (h refinement) is apparent. Cell-wise 

density contours for linear and quadratic reconstruction are shown in Figure 4.16. The 

smoothness in contour transition from cell to cell exemplifies the idea of p refinement. 

The upwind stencils for the k = 1 solution and the upwind-biased stencils for k = 2 are 

shown in Figure 4.17. The bold dot indicates the location of the parent face. Notice that 

the upwind-biased stencil includes the contributions from one downwind cell. 

The results of the accuracy calculations are shown in Figure 4.18. The improvement 

with increased k and decreased h is clear. The behavior of the error levels indicate the 

first, second, and third order accuracies for k = 0,1 and 2, respectively. The discrete 

error estimates are provided in Table 4.3 for various accuracies of flux integration. The 

greatest improvement is seen in the k = 2 solution using two point flux integration, and 

it amounts to an average 34% reduction in error levels. For a k = 0 reconstruction, the 

solution was independent of the flux integration rule, and little benefit was realized for 

the & = 1 case. For the cases presented here, the effect of the increased accuracy for the 

flux integration step is not linked to the global accuracy of the steady state solutions, i.e. 

the slope of the log-log error plot is upheld independent of the number of Gauss points. 

However, the solution errors are observed to decrease for several of these conditions, and 

they are, therefore, considered to be a better solution. These results are unique as they 
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are the first to formally demonstrate the accuracy of steady state solutions on triangular 

meshes using numerical techniques. 

The importance of accurate boundary condition treatment is demonstrated by numer- 

ically evaluating the streamline boundaries using common CFD methods. A first order 

tangency condition is applied along the right and left boundaries using the following two 

alternatives for modeling the pressure. 

Op | 
on 79 

op _ 0? 
én R 

where A is the exact local radius of curvature. The results of this study are shown in Fig- 

ure 4.19. For a = 1 reconstruction and using first order boundary conditions, the realized 

global accuracy decreased from 2.07 to 1.7, and the error levels increased an alarming 

600%. The solution errors associated with the coarse mesh using exact boundary condi- 

tions are lower than the first order boundary condition solutions on the medium mesh. 

The accuracy (slope) for the first order boundary condition treatment is not affected using 

the radius of curvature correction in the pressure gradient, however the errors are slightly 

less, indicating a physically more correct boundary treatment. While it has been com- 

monly asserted that the global accuracy of the numerical solution is limited by the lowest 

level approximations, quantified verification of this effect has not been demonstrated in 

multiple dimensions until this work. As a result, the accuracy of the boundary condi- 

tions must be consistent with the interior domain to achieve maximum solution accuracy. 

For an improved modeling of the tangency boundary condition, the curvature-corrected 

symmetry technique of Dadone and Grossman [54] could be implemented. 

Finally, a comparison of three linear reconstruction procedures is shown in Figure 4.20 

including & — exact reconstruction and the two Type 1 gradient based methods presented 

in Chapter 3. For the case of averaging the properties to the nodes, Frink’s approach was 
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Fig. 4.15 — Coarse grid and density contours for Ringleb’s flow & = 1. 
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Fig. 4.15 — Fine grid and density contours for Ringleb’s flow & = 1. (Continued). 
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a- K=1 reconstruction 
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b—- K =2 reconstruction 

   

  

Fig. 4.16 — Cell-wise contours for Ringleb’s Flow 
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Fig. 4.17 — Upwind and upwind-biased stencils for Ringleb’s flow 
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Fig. 4.18 — Solution error summary for Ringleb’s flow 
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Table 4.3 — Solution accuracy and error norms for Ringleb’s flow 
using N point Gaussian quadrature. 

Degree of | Number of 
Grid Number Reconstruction] Points in Flux | L1 Error Norm 

Polynomial Integration for Density 

2.75 e-03 

7.41 e-04 

6.91 e-05   
a— Solution error norms 

  

  

  

    

  

  

  

  

[ Degree of | Number of Gauss] Density | 
Reconstruction Points in Flux Accuracy 

Polynomial Integration Order 

k=0 N = 1,2,3 1.034 

k=1 N=1 2.071 | 
k=1 N=2 2.045 

k=1 N=3 2.049 | 

k=2 N=1 2.949 

k=2 N=2 2.991 i 

k=2 N=3 2.993       
b — Solution accuracy 
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—e@— Exact B.C. 
Slope = 2.07 

—m— First Order B.C. (radius of curvature) 
Slope = 1.69 

—~@— First Order B.C. (zero pressure gradient) 
Slope = 1.72   

  
10° 10°! 

  

Fig. 4.19 - Comparison of boundary conditions for Ringleb’s flow 
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chosen for the investigation. The spatial accuracy for the Type 1 methods were assessed 

by reconstructing their steady state solutions using a & = 1 reconstruction and computing 

the error norm. Using this approach, the error analysis procedure was consistent for 

all methods. The results indicate that the only formally second order accurate scheme 

is k — exact reconstruction. The effects of averaging the properties was to reduce the 

accuracy for the Type 1 schemes. The discrete accuracy levels are 2.07, 1.85 and 1.56 

for k — ezact , node averaged, and face averaged methods, respectively. Although the 

accuracy Characteristics appear to be similar for all three linear reconstruction techniques, 

the error levels indicate the relative difference between the methods. For example, the 

Type 1— B medium mesh results indicate a 117% increase in solution error as compared 

to k — eract reconstruction. Due to the accuracy reduction, the error differences grow 

radically during mesh refinement. 
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—®— K-exact, Slope = 2.07 

—— Type 1-A, Slope = 1.56 
—#— Type 1-B, Slope = 1.85 

(Frink)       

  
  

Fig. 4.20 — Comparison of linear reconstruction methods 
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Chapter 5 
  

Advancing Front Grid Generation 

5.1 Overview 

Unstructured computational fluid dynamics techniques have been implemented with 

success for the past several years. Two dimensional triangular meshes and three dimen- 

sional tetrahedral meshes have arisen as a popular alternative to the traditional structured 

meshes. There are geometrical advantages to an unstructured grid approach which re- 

veals the weaknesses of structured grids. Specifically, the flexibility of nodal placement 

and element size variations common with unstructured technologies results in more ef- 

fective discretizations for arbitrary complex bodies. In addition, this approach is ideal 

for adaptation procedures which involve sophisticated strategies to redistribute the cells 

within the entire domain. In recent years, this level of control has been shown to improve 

solution quality for various flows. 

Unstructured grids are generated in three different ways; subdividing structured grids 

into triangular or tetrahedral control volumes, Voronoi/Delaunay triangularization, and 

the advancing front technique. The first method of simply converting structured grids 

does not expose a discretization advantage, however this approach has been used to 

validate solution algorithms by comparing with structured solutions on meshes with 

similar characteristics [32] . The second approach, Voronoi/Delaunay triangularization 

[37] [40] , requires a nodal distribution to generate the mesh. Given the exact nodal 

placement, these algorithms connect the points to form the cells. While this approach 

has been implemented with success, it lacks the geometric flexibility to create the nodes 
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within the computational domain. Advancing front methods [10] [11] [38] [39] create 

the point distribution during the actual mesh generation process. An outline of the basic 

algorithm is highlighted in the next section following the work of McGrory [41] . 

5.1.1 Advancing Front Algorithm 

A two dimensional advancing front process begins by creating an initial front using 

prescribed boundary segments and grid spacing parameters provided by a background 

grid. The initial front must form a closed path with a connectivity strategy that guarantees 

that the surface normals point into the computational domain. This front is marched 

towards the interior by generating triangles and updating the front to reflect the changes. 

The triangle size and orientation are interpolated from the background grid. The ideal 

third point is computed and compared with existing nodes using the following criteria: 

1. Gather all existing nodes within a prescribed radius from the ideal point. 

2. Determine which points generate a usable triangle, i.e. one which does not jeopardize 

the integrity of the grid. Basic considerations include points that lie on the correct 

side of the front and points that create triangles that do not cross existing edges of 

the current front. 

3. Select the optimum point using an ordering criteria. Options include closest node 

to the ideal point, the point that generates a triangle that closely matches the ideal 

element in unstretched local coordinates, and the Delaunay triangulation criteria. 

If the above procedure does not produce a usable existing node, the ideal point is 

subjected to the tests in item 2. However, if the ideal point also fails the prescribed 

criteria, the search radius is increased, and the process is repeated until an acceptable 

point is found. As nodes are added, the front is updated by removing faces which are 

not part of the current front. In order to maintain the grid characteristics provided by 

the background grid, the smallest elements on the current front are generated first. This 
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scheme is repeated until all of the edges are removed, thus discretizing the entire domain. 

The three dimensional advancing front algorithm generates an initial front consisting 

of a closed surface of triangles. This surface mesh is generated in three dimensions using 

the same principles defined above. The added complexity of the multidimensional surface 

meshes requires modifications to the skeleton approach outlined in two dimensions. 

Nevertheless, the basic use of background grid information to determine cell size and 

orientation and the algorithms for accepting points to the domain still applies. Special 

care must be taken to ensure that the surface mesh of triangles is closed and that the 

surface normals point into the computational domain before generating the interior mesh. 

The interior tetrahedra mesh is discretized by adding a new or existing node to a triangular 

face on the current front. Triangular faces are removed from the front during the process 

until the domain is completely meshed. 

5.1.2 The Background Grid 

Grid characteristics including cell size and orientation are provided through a back- 

ground grid that totally encompasses the region to be discretized. The quality of the 

resulting meshes is strongly related to the smooth distribution of these grid parameters. 

In addition to sacrificing grid generation robustness, the solution accuracy is adversely 

affected by the lack of grid smoothness. For these reasons, the creation and subsequent 

modifications of the background grid is considered to be an inherent weakness for the 

advancing front technique. However, recent progress has been achieved in improving 

the accuracy, flexibility and efficiency of background grids used for Euler calculations 

[10] [11] . The extension of this method to provide a distribution necessary to compute 

viscous flows has not been documented in three dimensions and is rarely discussed or 

demonstrated in two dimensions. 

The background grid stores the distribution parameters at the nodes. During the 
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mesh generation procedure, the parameters are interpolated from the background grid to 

the local point of interest. Typically, these grids are unstructured and often require a 

considerable amount of user effort to construct and assign grid spacing parameters. 

As was mentioned previously, viscous applications featuring grids which were gen- 

erated using the advancing front technique are rare. This is primarily due to a lack 

of grid quality when generating highly distorted cells. The variation in cell spacing, 

stretching ratio, and stretching direction necessary to produce quality viscous grids re- 

quires a very smooth distribution that is difficult to produce manually. As a result of 

the poorly conditioned background grid parameters, the computational domain is likely 

to cause numerical instabilities and inaccuracies. A method implemented by McGrory 

[42] in two dimensions uses the smooth qualities of structured grids to compute smooth 

background grid parameters. The resulting mesh distribution is similar to the structured 

grid. The approach is as follows. First, a structured grid is created with the appropriate 

grid stretching and cell size. Then, through geometrical considerations, the unstructured 

grid parameters are computed at the nodes of the structured grid. Finally, the structured 

grid is divided into triangular elements and used as the background grid. Although this 

technique requires the work of creating a structured grid, it is a very effective alterna- 

tive, and it provides a great deal of control when generating smooth, highly stretched 

triangular grids. 

For example, Figure 5.1 shows a structured grid which was subdivided into triangles 

and the resulting unstructured grid for a blunt body using a two dimensional advancing 

front grid generator. The cell size, stretching ratio, and stretching direction were com- 

puted as a function of the structured grid geometry. As can be seen in the figure, the 

distributions are very similar. The grid integrity is maintained as the variation in cell 

characteristics throughout the domain is smooth. 

In three dimensions, the grid parameters include the cell size, two stretching direc- 
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tions and stretching ratios. The size of the tetrahedra is determined by the cell size 

parameter and corresponds to the radius of a sphere which circumscribes an equilateral 

tetrahedron in transformed coordinates. The transformed space removes all stretching 

variations via simple mapping procedures. After locating the points in transformed space 

that produces an equilateral tetrahedral element, the true physical coordinates are obtained 

by a reverse mapping procedure which includes the effects of two stretching directions 

and their corresponding stretching ratios. 

5.2 NUKE, A Three Dimensional Grid Generator 

Three dimensional unstructured meshes are generated using an improved version of 

an Advancing Front grid generator developed by McGrory [41] . Code named NUKE, 

this software was originally written to run on a Silicon Graphics Iris Workstation using 

a sophisticated graphical interface, however a user-specified non-graphical mode is also 

available for Cray or Convex machines. Written entirely in the “C” programming lan- 

guage, this single program allows the user to visually critique the entire grid generation 

process. 

The enhancements to the grid generation capabilities are in the areas of surface 

description and surface discretizations. Before this research effort, three dimensional 

surface grids for bodies with curvature was not possible with this software. A discussion 

of the relevant features follows. 

5.2.1 Surface Description 

The algorithm requires three pieces of information to generate an unstructured grid 

around a body: lines, corner points, and surfaces. The line information describes the 

physical boundaries of the domain used when generating the initial fronts. The corner 

points are helpful to avoid creating redundant end points where multiple lines coincide. 

The boundary descriptions, including surface and far field, are provided in the form 
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of structured oriented patches. A patch is the simplest mathematical element to model 

a surface. These patches only define the surface definition and are not necessarily 

discretized in their entirety. The portion of the patch which is used in generating the 

surface grid encompasses any number of line segments which combine to form a closed 

curve. For example, a square planar patch could be used to define the surface of an 

arbitrary planar body by simply defining a closed line segment (in the shape of the 

body), which is physically within the bounds of the square patch. This greatly simplifies 

the structured patch surface description approach. Consider Figure 5.2 which shows the 

symmetry plane for a space shuttle configuration. The region to be meshed consists of 

the area between the closed outline of the body and the closed circular outer boundary. 

The surface which describes the physical description for the computational domain is a 

planar structured patch. Two options exist for defining the interior surface. The first is 

provided in part a in the same figure. As can be seen, the surface is constructed using 

a common structured grid. While this two dimensional planar grid can be created using 

existing structured grid generation tools, the simple alternative presented in part b is more 

appealing, requires less work, and provides the necessary surface details to generate the 

unstructured mesh. 

Figures 5.3 and 5.4 shows two examples of three dimensional patch descriptions 

including a Glasair fuselage and a High Speed Civil Transport (HSCT), respectively. 

Notice that both configurations are composed of several structured patches which form 

the complete shape. The dimensions of the patches are independent from one another al- 

lowing non-contiguous point distributions between patch interfaces. The only restriction 

currently imposed relating to surface patches is that the closed loops defining the region 

to be meshed must not cross a patch boundary. While this is currently a limitation, 

provisions can be included to allow loops containing multiple patches. Consequently, 

the fuselage surface and the HSCT will be discretized in multiple portions each of which 

Advancing Front Grid Generation 101



  

  

        

  
  

    

      
  

      
a— Complicated structured patch 
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b — Simple structured patch 

  

Fig. 5.2 — Patch descriptions for symmetry plane of 
space shuttle configuration 
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corresponds to the local patch. Also included in the figures are the unstructured surface 

meshes. The ability to generate smooth, high quality surface meshes is essential before 

proceeding with the interior grid generation. 

5.2.2 Surface Discretization 

The surface grids are generated using an algorithm which advances an initial front 

by moving along the physical three dimensional surfaces. An alternative approach would 

involve mapping (projecting) the three dimensional domain to a two dimensional com- 

putational space, generating a mesh using the advancing front method in two dimensions 

and reverse mapping the mesh back into the three dimensional space. Although the grid 

generation procedure in two dimensions is more refined and robust, selecting the mapped 

space is often difficult for bodies of high curvature. In addition, the grid characteristics 

in mapped space can lead to inadequate distributions in physical space. All element 

information including two stretching directions, ratios and size are interpolated from an 

unstructured background grid which must encompass the entire domain to be discretized. 

Triangular surface elements are generated by adding interior points which form the base 

of an equilateral tetrahedral element in transformed coordinates. This transformation is a 

function of the background grid parameters discussed above and is calculated as follows: 

y= |B ee! | 
Q@r3  My30 23 

where the subscripts z, y,z refer to the components of the a vector and where a and a, 

  

are the stretching directions provided by the background grid and a3 is computed as 

a3 = ay x Qo. 

In addition, 6, and 62 represent the ratio of element size relative to their respective 

directions of stretching. 
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' The procedure for producing surface grids involves three steps: generating initial 

boundary fronts in the form of line segments, advancing the front along the surface 

patches by adding points to create triangular cells, improving the integrity of the surface 

meshes using grid enhancement techniques. The algorithms for determining the location 

of the points that form the triangular surface elements often involves solving simultaneous 

equations using iterative procedures. Efficient numerical techniques are available to solve 

these equations. The most effective methods require parametric representations of the 

surface descriptions. The details of the parameterization are as follows. 

The parametric patch 

If we consider the structured surface grids to be a collection of patches defined 

by 4 points and 4 boundary edge curves, then each quadrilateral cell represents a sep- 

arate patch. The coordinates for the patch are given by two-parameter, single-valued 

mathematical functions of the form 

z=2(u,v); y=y(u,v); z= 2(u,v); u,v € [0,1] 5.1 

Figure 5.5 shows the representation of the parametric surface patch. Using the 

notation provided in this figure, the functional form for the parametric equations can 

be easily shown to be 

z =[zo0(1 — u) + 2,0u)(1 — v) + [201 (1 — u) + 2, u]v 

y =[yoo(1 — u) + yrou](1 — v) + [yor (1 — u) + yriule 5.2 

z =[zo0(1 — u) + z10u](1 — v) + [zo1(1 — u) + 211 uly 

where 200,710,201, and 21; represent the z coordinate values for the patch defined by 

points 00,10,01, and 11, respectively according to Figure 5.5. 

The initial front 

In order to generate the initial fronts, the line segments that define the body shape 

need to be mapped into the (u,v) space common to the surface patch. The physical 
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Fig. 5.5 — Parametric surface patch representation 
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(x,y,z) coordinates of the line segments and the surface patches are available; however, 

the (u,v) space is only a function of the surface patch indices. As a result, the (u,v) 

coordinates need to be computed for the line segments. The line segment AB in Figure 

5.5 lies on the surface patch, however the parametric coordinates (u,v) are unknown. 

These values are obtained by implementing an algorithm that computes the minimum 

distance between a point and a surface in parametric space, see Ref. [43] . For our 

purposes, the distance is approximately zero since the line is bounded on the surface 

patch, however the algorithm will reveal this location in parametric space. Figure 5.6 

portrays this situation where point A is a point defined on the line segment and point P 

is the location of this point on the surface patch. From this figure we can see that P — A 

must be in a direction normal to the surface at point P. Therefore the point P satisfies 

(P— A) x (P® x P*)=0 

or 

(P — A) = d(P* x P*) 

where d is the minimum distance between the two points. 

By representing P(u,v) using Equation 5.2, this vector equation reveals three depen- 

dent scalar equations for the unknowns u, v,d. Newton’s method can be used to efficiently 

solve this equation set as exact linearizations are easily calculated. The uniqueness of 

solution is guaranteed for this application as our lines are defined within the boundaries 

of the surfaces, however, in a general implementation, there may be multiple solutions 

or no solutions at all. After the input line segments are mapped into the parametric space 

of the surface patch, the initial front is generated by discretizing these boundary lines 

according to the background grid specifications. 

The length of the line segment is calculated by determining the length of a line that 

forms an edge of an equilateral tetrahedral element in transformed coordinates. Figure 
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5.7 portrays an equilateral tetrahedron circumscribed in a sphere. Assume that we wish to 

generate the line segment AB starting from point A. The length of this line can be shown 

to be AB = \/8/3s, where s is the radius of the sphere. Using this information, point B 

can be determined and subsequently transformed back into physical coordinates. This 

procedure is continued until all of the boundary fronts are discretized thus completing 

the first step in generating the surface mesh. 

Advancing the front 

The surface elements are generated by locating points that form the triangular base 

of an equilateral tetrahedron in transformed coordinates. Returning to Figure 5.5, assume 

that line segment AB is on the initial front and we desire the location of point C to 

form a surface element. From the geometrical features of figure 5.7, we deduce that in 

unstretched coordinates 

[A-C| = |B-O| = 878s 

where s is the radius of the sphere. 

An algorithm that reveals the location of this point involves solving two simultaneous 

equations for the parametric variables u,v using the secant method. An outline of the 

procedure is shown below. 

1. Transform points A and B into unstretched coordinates. 

2. Estimate the parametric location of point C to be at point A and the midpoint of A 

and B. 

3. Solve the following equations: 

fi(u,v) =|A —C| -— /8/3s = 0 

fo(u,v) =AB -MapC = 0 

using the secant method where M,,z is the midpoint between points A and B. Recall 

that (u,v) € [0,1] according to Equation 5.1 and that during the solution process, the 

updated values of u,v will require that we move along the surface patches as we 
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Fig. 5.7 —- Sphere circumscribing equilateral tetrahedral 
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converge to a solution. For example, if point C in Figure 5.5 is the location of the 

unknown point (in stretch coordinates), then during the iterative procedure we will 

have moved across the initial surface patch 1 unit in the logical i direction. 

4. Transform the point back into stretched coordinates. Recall that acceptance of this 

estimate for an interior point is subject to the criteria outlined in the advancing front 

algorithm above. 

5.2.3 Surface Grid Refinement Algorithms 

Upon completion of the boundary discretization, the surface grid quality is refined 

by performing a series of grid improvement algorithms. A tension spring analogy in 

combination with Delaunay triangularization criteria permits nodal movement and faces 

to be interchanged among the elements. For details of these methods in two-dimensions 

see Ref. [42] . Several iterations of this combined approach greatly improves the grid 

quality. When this process is complete, the final distribution of cells meets Delaunay 

criteria. 

5.2.4 Examples 

Several examples are provided to demonstrate the surface grid generation capabilities 

using the surface discretization and mesh improvement procedures previously outlined. 

The first involves the discretization of the ONERA M6 wing. Figure 5.8 shows the 

details of the surface description including the wing and symmetrical wing cap. 

Several features of the mesh are highlighted in Figures 5.9 through 5.12 including 

the farfield, airfoil symmetry plane, leading edge, and wing tip cap. Notice the level of 

mesh improvement using the grid refinement techniques. 

The second example details the surface and farfield mesh for the HSCT. The surface 

patches and completed surface grid was shown in Figure 5.4. The improvements using 

the criteria stated above can be seen in Figure 5.13 for a portion of the wing. The 
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wing Fig. 5.8 — Surface description for the ONERA M6 
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a— Before mesh improvement 

  

      

b — After mesh improvement 

  

Fig. 5.9 - Comparison of farfield surface meshes 
for the ONERA M6 wing 
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Fig. 5.10 — Comparison of airfoil symmetry plane surface 
meshes for ONERA M6 wing 
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Fig. 5.11 - Comparison of leading edge surface meshes 
for ONERA M6 wing 
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conical farfield boundary is presented in Figure 5.14 along with static pressure contours 

on the aircraft. This outer boundary shape is excellent for high speed calculations, 

and it required minimal effort to generate. Figure 5.15 is a view of the surface mesh 

looking from the tail of the aircraft towards the nose. The yellow grid lines represent 

the symmetry plane while the white lines show a portion of the outer boundary. 

5.3 Interior Discretization 

The interior mesh generation process is similar in concept to the surface grid gen- 

eration approach. New points are added in the interior domain which form equilateral 

tetrahedra in unstretched coordinates. The primary difficulty in advancing the three di- 

mensional front is the collapsing of the front to a point that prohibits completing the 

discretization. When this circumstance arises, faces are removed from the front that lie 

within a prescribed radius. This region is then re-generated. This approach has proven 

to be very successful in generating interior meshes. Interior mesh improvements similar 

to those described for the surface are currently being implemented. 
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a— Before mesh improvement 

  
b — After mesh improvement 

  

Fig. 5.13 — Comparison of wing surface meshes for the 
High Speed Civil Transport 
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Fig. 5.14 - Conical outer boundary mesh for High Speed Civil Transport 
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Fig. 5.15 — Interior surface mesh for High Speed Civil Transport 
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Chapter 6 
  

  

Two Dimensional Navier Stokes Solutions 

A description of the grids used for the two dimensional test cases is provided in 

Table 6.1. The numerical experiments were performed on both unstructured (triangular) 

and structured (quadrilateral) elements for comparison. The unstructured grids were 

generated using a modified Advancing Front technique [42] . 

6.1 Inviscid Shock Reflection 

A simple inviscid shock reflection is chosen as the first test case to validate the 

solution algorithm in the presence of discontinuities. Solutions with k; = Oupwing and 

ki = lupwing Were obtained for a M,. = 2.9 oblique shock at a wave angle of @ = 29° 

reflecting off a flat wall. A description of the problem, including the boundary condition 

specifications is provided in Figure 6.1. Steady state solutions were obtained, with 

and without the aid of limiting the primitive variables, for quadrilateral and triangular 

discretizations. Grid domains and pressure contours for both grid topologies are shown 

in Figures 6.2 and 6.3. 

The improvement in using the higher degree reconstruction k; = lupwing aS Compared 

to the first order method, k; = Oupwina, iS apparent in the contours. Considerably less 

diffusion results from the higher order method, and, as a result, the shocks are sharpened 

to nearly half their thickness as compared to the first order results. The effect of limiting 

can be observed in the wall pressure comparisons provided in Figure 6.4. The peak 

overshoot was greatly reduced, and the oscillations are well controlled. 
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Table 6.1 - Grid parameters for two-dimensional test cases. 

  

  

TWO-D GRID PARAMETERS 

Shock reflection (SR) 

Flat plate boundary layer (FPBL) 

Shock boundary layer interaction (SBLI)   
  

  

  

  

  

  

Case | Grid # # Cells # Nodes | #Faces | Type /|(AR)max 

SR grid.1 1243 676 1918 | Tri 1 
grid.2 1176 1254 2429 | Quad 1 

grid.1 800 861 1660 | Quad | 1190 
FPBL | grid.2 400 441 840 | Quad | 550 

grid.3 853 469 1321 Tri 772 

grid.1 1680 1767 3446 | Quad 103 
SBLI | grid.2 1651 883 2533, | Tri 34 

grid.3 | 6564 3398 9961 Tri 150               
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Fig. 6.1 — Problem description and boundary condition specification 
for the inviscid shock reflection problem. 
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a — Computational grid. 

      

c — Static pressure contours, k; = 1 
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Fig. 6.2 — Shock reflection problem, triangular discretization (grid.1). 
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Fig. 6.3 ~ Shock reflection problem, quadrilateral discretization (grid.2). 
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Fig. 6.4 — Wall pressure comparison for shock reflection, 
triangular discretization (grid.1). 
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6.2 Flat Plate Boundary Layer. 

An assessment of the viscous capabilities of the reconstruction algorithm is inves- 

tigated by considering subsonic flow over a flat plate and comparing to the velocity 

profiles from the Blasius solution [44] . Results for quadrilateral and triangular meshes 

are provided at a free stream Mach number M,., = 0.3 and Reynolds number based on 

freestream velocity and length of the plate of 2.0 x 10°. Constant freestream entropy and 

total pressure and v = 0 were imposed at the inflow. In addition, the static pressure was 

extrapolated from the interior. No-slip and adiabatic wall conditions were applied on 

the plate. The pressure was specified along the outflow and top boundaries, all other 

properties were extrapolated. The results are shown in Figures 6.5 through 6.7. 

The solution quality using k; = Oupwina (first order) and k; = lupwina (Second order) 

for the quadrilateral mesh in Figure 6.5 is similar to current structured algorithm results. 

Figure 6.6 compares k; = Oupwinds lupwinds ANd 2 owind—diasead TECONStructions fixing k, = 1 

on a coarse quadrilateral mesh. The results do not provide visual evidence that k; = 

2upwind—biased TeCONStruction improves the solution. This is because the viscous and 

inviscid reconstructions are not of the same degree, hence global accuracy is dictated 

by the lowest order approximation. This concept was tested by performing consistent 

reconstructions, specifically, k; = 2upwind-diasead aNd k, = 2 for grid.2, however the results 

were essentially equivalent. Coarser grids may be necessary to reveal any improvement 

with higher degree reconstructions for this test case. Figure 6.7 demonstrates the ability 

to calculate viscous flows on highly stretched triangular meshes in which all of the data 

for x, > .3 was plotted. As can be seen in Table 6.1, the maximum aspect ratio for the 

triangles was as high as 772. Moreover, 25% of the angles were greater than 150 degrees 

and 18% were greater than 170 degrees. Many researchers have believed that it was not 

possible to accurately resolve the spatial variations on trianglar meshes with this amount 
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of distortion. However, by precise reconstruction and careful selection of the stencil, 

accurate calculations are possible. 
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Fig. 6.5 — Comparisons of velocity distributions with incompressible 
Blasius solution; M,. = .3, Rez = 2.0 x 10°, Grid.1 
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Fig. 6.7 — Comparisons of velocity distributions with incompressible 
Blasius solution; M,. = .3, Rez = 2.0 x 10°, Grid.3 
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6.3 Shock Boundary Layer Interaction. 

The third model problem selected to test the reconstruction algorithm represents the 

combined physics of an impinging shock wave with a laminar boundary layer resulting 

in separated flow. The experiments of Hakkinen [45] provide the details of a Mach 2.0 

oblique shock wave impinging on a developing laminar boundary layer with sufficient 

strength to cause a region of separated flow before reattachment. The details of the 

computational domain and boundary condition treatment are shown in part a of Figure 

6.8. The three grids used in this simulation depicted in Figure 6.9 demonstrate the quality 

of the unstructured grids using the background grid procedure defined in Chapter 5 section 

5.1.2. 

Comparisons of wall pressure and skin friction for the three grids used in this in- 

vestigation are provided in Figure 6.10. The size of the separation region defined in the 

skin friction plot and the wall pressure distribution is captured by all three grids and is 

in agreement with the documented numerical results on structured grids [27] . In fact, 

the solution on the quadrilateral grid (grid.1) using k — eract reconstruction captures the 

separation region and wall pressure distribution better than the structured algorithm in 

Ref. [27] on the same grid. Possible explanations include the accuracy of the com- 

putational space interpolations used in the inviscid flux calculation and the choice of 

Riemann solver. The unstructured grid refinement study reveals better prediction of 

peak wall pressure, however the separation region remained virtually unchanged. Static 

pressure contours are shown in part b of Figure 6.9. The details of the physics including 

the separating boundary layer, expansion over the separation bubble, and recompression 

wave caused by turning the flow at the wall are well represented for the fine unstructured 

grid. A final calculation was performed on the quadrilateral mesh (grid.1) comparing 

higher order reconstructions. The results are shown in Figures 6.11 for wall pressure and 
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Fig. 6.8 — Problem description and boundary condition specification for the 
laminar shock boundary layer interaction problem. 
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Fig. 6.9 - Computational grids and pressure contours for the laminar 
shock boundary layer interaction problem. 
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Fig. 6.9 - Computational grids and pressure contours for the laminar shock 
boundary layer interaction problem. (Continued) 
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skin friction. These higher order results are the first in the literature for this problem and 

demonstrates the improved accuracy with increased degree of reconstruction. The most 

noticeable improvement is the reattachment point following the separation region. The 

numerical results in Ref. [27] demonstrate this trend in a grid refinement study. The 

peak wall pressure is also observed to agree slightly better with the experimental data. 
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Fig. 6.10 — Wall pressure and skin friction comparisons; 
Moo = 2.0, Rez = 2.96 x 10°. 
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Fig. 6.11 — Wall pressure and skin friction comparisons for quadrilateral 
mesh (grid.1); M.. = 2.0, Rex = 2.96 x 10°. 
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Chapter 7 
  

Three Dimensional Euler Solutions 

7.1 ONERA M6 Wing 

The test case selected to validate the reconstruction algorithm in three dimensions is 

the ONERA M6 wing [46] . This geometry has been frequently selected to determine the 

performance of structured [28] as well as unstructured [17] [32] flow solver algorithms. 

A summary of the grid specifications is provided in Table 7.1. Transonic flow predictions 

at M.. = 0.84 and a = 3.06° were performed on the two grids shown in Figure 7.1. Both 

grids exhibit spanwise stretching with a maximum value of six at the leading edge and 

reducing to an average value of three for the last half of the chord. This results in an 

order of magnitude reduction in grid size compared to its unstretched counterpart. No 

stretching was imposed along the outboard portion of the wing containing the spherical 

wing tip cap (0.9 < # < 1.0). 

The boundary conditions imposed for this investigation include tangency along the 

wing surface, symmetry constraints along the center plane, and characteristic conditions 

in the form of Riemann invariants for all remaining boundaries. 

The implicit time integration procedure outlined in Chapter 3 was used to obtain 

steady state solutions for this investigation. Implicit point Jacobi was performed using 

k; = 0 (first order) until the normalized /. norm of the full residual decreased 1— 1.5 orders 

of magnitude. At this point, the inner iteration scheme using a higher order, k; = lupwinds 

reconstruction reduced the residual to the desired 4 orders of magnitude. The CFL’s for 

point Jacobi and the inner iteration scheme were 1.0 and 50.0, respectively. 
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Table 7.1— Grid parameters for three-dimensional test case. 

  

  
THREE-D GRID PARAMETERS 

ONERA M6 Wing     

  

  

  

  

# Cells # Nodes # Faces 
Grid # 

Boundary} Total |Boundary| Total |Boundary| Total 

grid.1 3988 47004 1996 8088 3988 88026 

grid.2 8476 105155 4240 18067 8476 197596                 
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With the aid of blocking strategies, all computations were performed interactively 

on a Cray YMP. The coarse grid was run as one block, however the fine grid case 

was divided into several regions based on geometrical considerations. Specifically, the 

cells were sorted spanwise and grouped into 4 blocks. Solution histories are provided 

in Figures 7.2 and 7.3. The coarse grid solution converged in approximately 17 minutes 

using 10 mega-words of memory. On the fine grid (grid.2), the residual histories display 

the convergence trends as a result of varying the number of iterations performed on each 

block as they are sequentially cycled. The number varies from an initial value of 3 to a 

final value of 1. The slope remains fairly constant during the convergence process. The 

complete solution required 65 CPU minutes and 9 mega-words of memory. 

The results for this study include surface pressure contours and streamwise surface C, 

distributions. The basic flow features are shown in Figure 7.4 including the lambda type 

shock pattern on the top surface of the wing and the pressure distribution superimposed 

on the symmetry plane. Notice the grid clustering near the leading edge to resolve the 

initial gradients. Also included in this figure are surface contours at ¢ = 0.65. The post- 

processing capabilities for displaying unstructured CFD results have greatly improved 

over the past two years. These results, as well as the results that follow, were obtained 

using the flow visualization packages FAST and TECPLOT. 

The static pressure contours for the suction and pressure side of the wing are shown 

in Figure 7.5. The contour levels indicate the relative shock strengths over the top portion 

of the wing. The increased resolution of the shock structure for grid.2 is apparent in the 

contour distribution. 

Pressure coefficient results at 7 spanwise stations are provided in Figure 7.6. The 

experimental data is presented at a Reynolds number of 11.7 million. The properties 

are linearly interpolated to the data locations. The results on the fine mesh agree more 

favorably with experiment, however the basic Cp distribution is well captured on the 
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coarse grid. The lack of agreement at the 80% span location is common among inviscid 

solutions using this level of mesh spacing. Other researchers including Frink et al. [17] 

and Barth et al. [32] have validated their unstructured Euler solvers using this test case 

and show similar solution trends. 
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Fig. 7.1 - Computational grids for ONERA M6 wing. 
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Fig. 7.2 — Solution histories for ONERA M6 wing; grid.1. 
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Fig. 7.3 — Solution histories for ONERA M6 wing; grid.2. 
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Fig. 7.3 -— Solution histories for ONERA M6 wing; grid.2. (Continued). 
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Fig. 7.4 — Static pressure contours for the ONERA M6 wing. 
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Fig. 7.5 — Suction side static pressure contours for 
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Fig. 7.5 -— Pressure side static pressure contours for the 
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Fig. 7.6 — Pressure coefficient for the ONERA M6 wing, M.. = .84 and a = 3.06’. 
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Fig. 7.6 -— Pressure coefficient for the ONERA M6 wing, 
Mo = .84 and a = 3.06°. (Continued). 
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Fig. 7.6 — Pressure coefficient for the ONERA M6 wing, 
Mo = .84 and a = 3.06°. (Continued). 
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Chapter 8 
  

  

Reconstruction For Adaptive Remeshing Algorithms 

8.1 Introduction 

Common to adaptive mesh methods is the principle of improving the flow field 

resolution by strategically refining and distributing the grid points within the domain. 

Geometrical complexity, as well as flow field complexity, must be considered in the 

discretization process. The geometrical features such as high curvature regions of the 

body can be adequately defined in the initial mesh or alternatively during the refinement 

process. Because the physical flow features are not available apriori, the characteristics 

of the initial internal mesh are usually uniformly spaced and stretched over the entire 

domain. As the flow patterns develop, the solutions are analyzed exposing regions in 

the domain that warrant improved resolution. By using adaptive mesh procedures, these 

important flowfield features, such as shock waves, can usually be resolved with a high 

degree of accuracy. 

In general, there are three types of grid adaptation methods. These methods are 

categorized as either mesh movement, mesh enrichment, or adaptive remeshing. Mesh 

movement algorithms maintain a constant number of grid points and redistribute the 

nodes into regions of interest. This is accomplished by replacing the mesh edges with a 

spring of a certain stiffness and moving the nodal coordinates until the spring system is in 

equilibrium. As a result, nodal connectivity is preserved thus making the technique easy 

to incorporate into existing flow solvers. One draw back of this approach is the potential 

for an inadequate initial grid structure which results in highly skewed grids and limits the 
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final grid resolution. Alternatively, mesh enrichment schemes introduce more degrees of 

freedom into the system by introducing new points to the existing domain in regions of 

the flow where added resolution is required. Nodes are added in the domain by simply 

sub-dividing the computational cells which are marked for refinement [21]. The primary 

difficulty in adopting this approach is the need for more sophisticated data structures to 

store the connectivity information. Adaptive remeshing procedures compute a new mesh 

distribution over the entire computational domain. The distribution parameters include 

both cell size and cell stretching ratios and directions. Utilizing this information, the 

mesh is regenerated according to the prescribed specifications. 

The use of adaptive remeshing techniques for the Euler equations has been success- 

fully demonstrated [14] [47] [48] [49] [50] [51] [52] . Fundamental to the success of 

the methods is the establishment of an adaptation criterion that identifies various flow 

features. The classical approach constructs an error estimator by selecting a single prop- 

erty and forming its second order derivative tensor. Principle directions are identified 

and all scaling information is computed assuming a uniform value of the error over 

the entire domain. Paillere, Powell and Zeeuw [48] implemented a wave-model-based 

refinement criteria that detects regions of compressibility and regions of rotationality. 

Their efforts were a result of examining the flow features common to inviscid compress- 

ible flows. Hetu and Pelletier [52] introduced an adaptive remeshing strategy for solving 

complex viscous incompressible flows. One of the error estimators presented in their 

work was sensitive to shear layers and regions of high strain. In addition to selecting 

the appropriate remeshing functions, the issue of numerically modeling these terms on 

unstructured, and potentially highly stretched grids cannot be overlooked. Finally, the 

numerical implementation must be robust, efficient and accurate. 

8.2 Error Estimators 
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The key to success in all adaptive mesh methods lies in the performance of the error 

estimators. Two classical approaches currently used in the computational fluid dynamics 

community either adapt to error estimates or to the physical flow features, i.e. gradients. 

Both of these methods have inherent difficulties and limitations. The most commonly 

used direct error estimator follows the work of Ref. [48] and is presented below. 

- dq 074 Aq | & = A? (|| + ISzay! t 5,2!) 

As can be seen, the error é; is based on a cell length parameter, A;, and the second 

derivative values for property g. The most commonly selected property is density. A 

common adaptation parameter that indicates trends in solution errors based on physical 

flow features is 

| és [=| Aq | 

where é; is the error and Ag; represents an undivided difference for property q. 

The issue of the “optimum” arrangement of cells within the domain remains a very 

puzzling question. Once the error estimators have been utilized to determine the local 

cell errors, a criteria 1s necessary to ascertain which cells require continued refinement. 

The CFD community appears to be divided between two popular approaches. The first 

method calculates an error estimate for each cell in the domain using one of the two 

equations above or a simple variation of them. The errors are scaled from zero to one 

and compared against a predetermined target value. All cells which equal or exceed 

the threshold are flagged for further refinement. While this method is fairly easy to 

implement, it requires significant user interaction to determine the target value needed to 

resolve the flow physics. The second method is based on an equal cell error distribution. 

Typically, this approach is implemented by establishing a target error and flagging all 

cells whose error is within one standard deviation of this value. 
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The adaptive remeshing procedure is usually defined by the following sequence of 

steps: 

1. Establish a grid refinement criteria. 

2. Generate a steady state solution. 

3. Calculate error estimates for every cell in the domain using an error indicator. 

4. Calculate the remeshing parameters at the nodal points based on the prescribed target 

error. 

5. Repeat steps 2 through 4 until the grid refinement criteria is satisfied. 

Common to both methods is the concept of improving the quality of the computed 

solutions; however as the flow fields become increasingly complicated, more sophisti- 

cated remeshing functions are necessary. In fact, several researchers [52] have adopted 

the philosophy of identifying separate remeshing functions to detect key features in a 

flow using the same error estimators described above . While this may be a viable 

alternative for remeshing complicated flows, the fundamental issue of accurate error 

estimators is still critical to the success of reliable remeshing procedures. Without a 

thorough understanding of the flow physics and the numerical foundation of the error 

estimators relative to the physics of the solutions, erroneous results can occur. Warren 

[53] demonstrates inaccurate solution predictions using the above error estimators which 

indicates that the strategies are not adequate. He offers a modification to the error estima- 

tors which improves the performance and assesses his results by comparing to structured 

grid converged results. Comparisons of this nature are vitally important as they repre- 

sent true tests of solution accuracy; however there is still no mathematical foundation 

that supports the validity of the error indicators. It is this principle that we focus on 

when applying reconstruction principles to obtain a more complete understanding of the 

behavior of solution errors. 
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8.3 The Role of Reconstruction 

Developing procedures that attempt to reveal a relationship between the solution 

error and the computational domain represents the majority of the research effort in 

remeshing algorithms. However to date, these estimators lack rigorous validation. It 

is acknowledged that the methods in many cases have justifiable foundation but quan- 

titative proof is simply not available. As a result, it is certainly conceivable that these 

methods described above do not actually model the solution errors or even behave as 

the real errors. The role of the reconstruction process, specifically the fundamentals 

of reconstruction accuracy, will serve as an analysis tool in determining the functional 

behavior of solution errors. 

The two key features that error estimators should possess are: 

1. The error estimator must behave as the true error, i.e. the difference between the 

exact error and the approximate error decreases during mesh refinement. 

2. The numerical approximation for the error should be computed accurately regardless 

of mesh distortion and skewness. 

8.4 A New First Order Error Estimator 

A definition for the reconstruction accuracy and numerical error was provided in 

Chapter 3 and demonstrated in Chapter 4. The integral expression for the error norms 

were calculated using highly accurate Gauss quadrature and revealed solution accuracies 

as high as third order. This success is due entirely to the precise reconstruction process 

that was formally presented in Chapter 4. Using the definition for the Z, norm from 

Chapter 3, the solution error was calculated according to 

Ly = ||F(ezact) — F(approzimate)||, = if |F(exact) — F(approzimate)|? da * 
2 

Recall that the reconstruction accuracy results in Chapter 4 revealed that using polynomial 

approximations of degree k, the solution accuracy was 0(k + 1). 
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Note that we are now taking a different viewpoint than truncation error estimates 

in classic finite difference schemes in which the derivatives of the partial differential 

equation are modeled with finite differences of a given order of accuracy. In the present 

work, we are concerned with the true error, i.e. the difference between the exact solution 

and our numerical approximation integrated over the domain. The pointwise value of 

the numerical approximation comes from the reconstruction process applied to the cell 

averaged data following a time integration algorithm. 

The development of a first order error estimator begins by examining the error norm 

Ly. In two dimensions, the L, norm is O(QAs”) for an n‘* order accurate solution. The 

length scale As is an indicator of the mesh spacing and is O(Az, Ay). In Chapter 4, a 

k = 0 reconstruction was demonstrated to be first order accurate. In terms of the error 

norm 

Ly = O(QAs) = O(Az, Ay). 8.1 

Recall that in terms of a two dimensional Taylor series, the first order truncation error 

for a function U(z + Az,y+ Ay) expanded about U(z,y) is 

If we draw an analogy between the behavior of this pointwise error which is 0(Az, Ay) 

and if we assume equilateral triangular meshes where Az = Ay, then 

ou oo) Az. 8.2 T.E.% (5 + ay 

Relating Equation 8.1 to Equation 8.2 reveals a functional form for an error estimator 

that behaves qualitatively consistent with the solution errors. Specifically, the new error 

estimator is 

~ dQ dQ 
ej = (I5= | + lay )As 8.3 

where Q represents a fluid property. 
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8.5 Validation of Error Estimator 

Two test cases will be investigated to validate the first order error estimator. An 

exact steady state compressible solution in the absence of discontinuities is necessary to 

compare the exact solution errors to the estimated errors. This problem will also indicate 

the overall performance based on the key features outlines above. For these reasons, 

Ringleb’s flow [36] is selected. Secondly, the remeshing scheme will be challenged by 

a 10 degree high speed ramp that exhibits both shock waves and expansion fans. 

Ringleb’s Flow 

The first order accurate solutions for a &k = 0 reconstruction were documented in 

Chapter 4 for this test case. The ZL, norm indicated a slope of 1 on a log-log plot which 

is consistent for first order accurate schemes. The first test for the error estimator is to 

compare the estimated error to the exact error. The numerical procedure for calculating 

the estimated error defined by Equation 8.3 is itemized as follows: 

1. Reconstruct the gradient expressions in Equation 8.3 by performing a & = 1 re- 

construction for each face in the domain using an upwind stencil. The resulting 

polynomial is represented as 

Q(z, y) = Co +012 + coy 

and by simply differentiating the polynomial we conclude that 

dQ _ dQ _ 
Or =C\ Oy = C2. 

The gradient expressions are arithmetically averaged for each cell. 

2. The length scale As is the length from the cell centroid to the vertex point and was 

given in Chapter 3 as 

Q 
As & — 

. 13 

where © is the area of the equilateral triangle. 
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3. The errors for each cell in the domain can now be calculated according to Equation 

8.3. The total error is the sum of individual cell errors. 

A comparison between the exact error and the computed error is provided in Figure 

8.1. The first plot reveals that the approximate error approaches the exact error during 

mesh refinement. Part b for this figure is graphed on a log-log axis to compare the 

accuracy. Recall that the slope of this line determines the solution accuracy. As can be 

seen, the curves have nearly equal slopes. The offsets in the curves are due to several 

reasons including approximation of the gradient, scaling based on volume, and neglecting 

higher order terms. However, the results of the analysis provide the numerical evidence 

that this new error estimator behaves as the true error. 

Implementing this error estimator in a remeshing procedure requires the selection of 

a cell remeshing criteria. For all of the following results, we adopt the philosophy of an 

equal distribution of error throughout the computational domain based on a user-specified 

cell target error E,. The remeshing algorithm determines the cell size by comparing the 

target error to the calculated (estimated) error according to 

Et 
Asnew = WH aU 

lar | + la 

or 

E 
ASnew = —As 8.4 

ée 

As a note, the value of As,.. 1s the radius of a circle that circumscribes the equilateral 

triangle. This quantity is directly used in the advancing front grid generator. 

Figure 8.2 shows the results of the adaptive remeshing algorithm for 3 different target 

errors. The coarse mesh shown in Figure 4.15 served as the initial discretization, and 

the remeshing process was fully automated to perform any number of remeshing cycles 

without user intervention. As can be witnessed in the figures, the remeshing cycles 

indicate that the high curvature regions exhibit the maximum solution errors and as a 
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Fig. 8.1 - Comparison of the exact error to the estimated error 
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result, the mesh distribution is uniformly concentrated in this area. All solutions were 

interpolated onto the improved meshes resulting in an efficient remeshing process. A 

constraint was enforced during the cycle that limited the maximum change in As to 

5 <As < 200, 

however this did not affect the geometrical features of the final mesh. A summary of the 

grid convergence for a typical remeshing cycle is shown in Figure 8.3. The remeshing 

history using the exact error é.;¢: in Equation 8.4 is shown for comparison. Notice that 

after 7 remeshes, grid convergence had been achieved using the approximate method 

and that the differences between the écsiimatead ANd Eccace ae COnsistent with the results 

in Figure 8.1. Specifically, the exact error is numerically smaller than the approximate 

method for a given grid size thus the target error is achieved with fewer cells. 
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10 Degree Ramp 

The second test case is Mach 5 flow over a 10 degree ramp. Three target errors 

were selected to assess the performance of the remeshing algorithm in the presence of 

discontinuities. The resulting adapted meshes are provided in Figure 8.4 and reveal the 

relative level of solution error between the shock wave and the expansion fan. The 

peak pressure ratio relative to the free stream pressure increases from 2.938 in the initial 

mesh to 4.060 on the finest mesh. A comparison of the pressure on the lower and upper 

walls is shown in Figure 8.5. The improvment in solution quality during refinement is 

evident. The maximum errors consistently occur at the initial compression point on the 

ramp due to turning the uniform flow parallel to the ramp wall. The maximum error 

through the expansion fan occurs on the ramp wall as well. The resolution of the shock 

wave/expansion fan interaction is most clearly resolved on the finest grid. 

The importance of these results lie within the relative error levels associated with 

shock waves and expansion fans. Remeshing strategies which are based strictly on 

gradient quantities require the correct scaling levels to force grid refinement in the shock 

free regions of the flow. Consequently, the relationship between the errors associated 

with shock waves as compared to expansion fans was not realized. The new first order 

error estimator used in this analysis reveals the relative errors between the two flow 

pattern types. 
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Chapter 9 
  

  

Concluding Remarks 

A new multidimensional reconstruction algorithm has been successfully developed 

and validated for solving the Navier Stokes equations for arbitrary discretizations. The 

formulation is based on multidimensional reconstruction techniques designed for general 

grid topologies. The method is a direct extension and generalization of proven structured 

flow solver algorithms, whereby the pointwise spatial variation of the flow properties 

are reconstructed for each face in the domain using cell averages. The reconstruction 

accuracy was successfully assessed by evaluating the integral error norms for several 

test functions on triangular grid topologies. The results indicated that high accuracy 

is possible using the reconstruction procedure and that the accuracy for reconstructing 

polynomials of degree & is 0(k+1). The accuracy of the solution algorithm within a finite 

volume framework was assessed by comparing computed solutions with the analytical 

results for Ringleb’s flow. The numerical experiments indicated that sufficiently accurate 

flux integration procedures are necessary in order to achieve the lowest levels of solution 

error, however the formal accuracy of the reconstruction step is not affected by this step. 

On the other hand, insufficiently accurate boundary condition treatment was shown to 

directly alter the global accuracy of the steady state solutions. These documented results 

represent the first analysis that formally quantifies the solution accuracy for the Euler 

equations on unstructured, two dimensional grids. In addition, a comparison of this 

unique approach with other linear reconstruction algorithms demonstrated the improved 

solution prediction capabilities. 

The robustness of the method lies in the stencil selection flexibility. Several sten- 
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cil selection strategies have been introduced to demonstrate upwind and upwind-biased 

reconstruction capabilities. An upwinding algorithm was presented that was valid for 

general discretizations. Inviscid solutions for both smooth and discontinuous flows were 

shown. For flows with strong shock waves, a simple limiter was devised to control the 

oscillations. Results showed the effective control of the extrema as the overshoots were 

greatly reduced. 

The primary concern for solving the complete Navier Stokes equations was the 

numerical approximation of the gradient expressions on highly distorted meshes. Re- 

searchers have claimed that there are geometrical limitations associated with triangles 

that have large interior angles, i.e. angles greater than 105°. In order to provide a vis- 

cous mesh capable of resolving the high gradients common in the boundary layer region 

subject to this cell shape restriction, the grid sizes would become uncontrollably large 

even in two dimensions. However, by using precise reconstruction and proper stencil 

selection, accurate viscous solutions on highly stretched two dimensional structured and 

unstructured meshes have been calculated with success. For the viscous test cases pre- 

sented in this work, as many as 30% of the grid angles were greater that the presumed 

limitation of 105°, and 25% were greater than 150°. The gradient expressions present in 

the viscous flux vector, i.e. shear stress and heat flux terms, were successfully calculated 

using polynomial differentiation. The choice of a viscous stencil was based on a locality 

condition whereby the cell set is centered around the face in question. 

Inviscid three-dimensional unstructured results using implicit time integration, do- 

main decomposition, and a computationally efficient implementation of k — exact recon- 

struction have been shown. Experimental data was included for comparison and revealed 

accurate prediction of the pressure coefficient for the ONERA M6 wing at various span- 

wise stations. The lack of agreement at 80% span is due to viscous effects not modeled 

in the Euler calculations. 
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The surface discretization procedure for a three dimensional advancing front grid 

generation algorithm was successfully modified and improved to allow bodies with high 

curvature. Iterative numerical procedures were designed and implemented to place the 

points on the body. These included a closest point algorithm for determining the values 

of the parametric variables u,v and a method that located the third point to form the base 

of a tetrahedron in unstretched coordinates. Surface refinement techniques including a 

spring analogy for moving points and a Delaunay criteria for switching faces resulted 

in improved grid distributions. Several examples demonstrating the effectiveness of the 

complete process were shown including a full aircraft configuration. 

The role of reconstruction in adaptive remeshing algorithms was discussed and a 

first order error estimator was successfully developed and validated for discontinuous 

and shock-free flows. The fundamental idea of uniformly distributing the error within 

the domain was preserved. The development of the error estimator had both quantitative 

and qualitative foundation. Similar behavior in the estimated error and the exact error 

was observed for Ringleb’s flow. These results represent the first analyses that verify 

the numerical consistencies between the approximate and exact error. As a result, the 

relative error levels common to shock waves and expansion fans were investigated and 

identified. 

The writer believes that the results of this research indicate the need for continued re- 

search to improve the robustness and computational efficiency and memory requirements 

for both grid generation and flow solver algorithms for unstructured discretizations. The 

skepticism in the CFD community towards accurate viscous solutions on highly stretched 

unstructured grids should be somewhat softened as the results of this work indicate a 

capability in this area. In addition to the numerical efficiency and memory issues, the 

viscous capability should be extended and demonstrated in three dimensions. However, 

the extension should be straightforward, in that the reconstruction procedure has already 

Concluding Remarks 178



been applied to the three dimensional Euler equations. Thus, the only required action 

would involve a viscous stencil selection algorithm applicable in three dimensions. A 

formal extension of the structured ENO techniques to unstructured environments would 

be helpful. This task falls along the lines of new and improved moving stencil algorithms. 

Other items related to solution algorithms that warrant investigation include higher order 

boundary conditions using reconstruction and improved limiters for high speed flows. 

Three dimensional advancing front grid generation research is critical in developing 

a realistic capability for analyzing the flow physics for complicated viscous flow fields. 

In particular, the most obvious weakness in the method lies in the inability to generate 

highly stretched three dimensional tetrahedral meshes for viscous applications. While 

the improvements in the background grid technology will certainly help to preserve grid 

smoothness and improve algorithm robustness, the performance of the algorithms that 

check for grid integrity during the generation process, i.e. face crossing, are susceptible 

to numerical roundoff errors for highly clustered cells. An alternative procedure for dis- 

cretizing the viscous region which the writer feels warrants investigation is to discretize 

the dense boundary layer regions with prisms (semi-structured). One method of accom- 

plishing this would be to simply project the triangular structured grid off the body and 

normal to the body an adequate distance to include the boundary layer height. Stretching 

functions can then distribute the triangular surfaces throughout this small volume. The 

interior grid could then be generated using the projected triangular surface as the initial 

boundary front. The benefits of this approach include a 2 reduction in control volumes 

distributed though the boundary layer, since a prism can be divided into three tetrahedra. 

As a consequence, the grid sizes are greatly reduced. 

This issue aside, there are still other areas that deserve continued attention. First of 

all, the surface grid improvement algorithms need to be applied to the interior mesh to 

improve the integrity of the interior domain. Due to the irregular geometrical patterns 
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that develop during the interior grid generation phase, visual inspection of grid quality 

is virtually impossible. Therefore, grid assessment models need to be established that 

can reveal weaknesses within the domain. The feasibility of implementing blocking 

strategies for generating grids conducive to space marching algorithms should also be 

investigated. 

Continued research in the area of adaptive remeshing algorithms will become in- 

creasingly important as the grid generation capabilities mature. Moreover, it is felt that 

the source of the success in this area will be linked to numerically validating the per- 

formance of the error estimators by formally comparing the approximate error with an 

exact error. In addition, numerical procedures for accurately calculating the error terms 

become important for nonuniform meshes. Relative to this work, the first order estimator 

needs to be extended to include the effects of triangles which are not equilateral as well 

as being extended to three dimensions. In addition, a second order error estimator should 

be investigated that follows the same development. Finally, remeshing algorithms for 

viscous flows need to be studied. 
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