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(ABSTRACT) 

The dissertation presents a new robust method for estimating the 

standardized distances of the data points associated with the weighted 

Jacobian matrix in power system state estimation. These distances, called 

robust Mahalanobis distances, can be used as weight functions to robustify 

the residuals of both the M-estimators and the least median of squares 

estimators for outlier diagnostics. They can also be used for leverage 

diagnostics and for alleviating the ill-conditioning problem of the Jacobian 

matrix. The robust Mahalanobis distances are calculated in three steps. 

First, projection distances are calculated and statistical tests applied to them 

to identify leverage points. Then, the sample covariance matrix is estimated 

from the data set without the identified leverage points. Finally robust 

Mahalanobis distances are calculated from the estimated covariance matrix. 

The projection distances are provided by a new version of the 

projection algorithm proposed by Donoho and Stahel, which has been 

specially adapted for power systems. The new projection algorithm consists of 

selecting relevant directions for each measurement in the factor space and



projecting on these directions only the subset of data points that have non- 

zero projections. It is shown that this subset is the union of the fundamental 

sets containing the selected measurement. The fundamental set of a state 

variable consists of all those measurements that observe this state variable. 

The probability distributions of the projection distances and the statistical 

cutoff values for leverage point identification have been determined through 

Monte Carlo simulations and Q-Q plots. It is found that the projection 

distances follow y’-distributions with degrees of freedom much smaller than 

the dimension of the factor space. 

Simulation results performed on various test systems have revealed 

that the projection algorithm can handle a large fraction of leverage points, 

whatever their positions in the factor space. In addition, it is very fast and 

compatible with real-time environment, even for very large systems. Its 

computing times grow linearly with system size.
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Chapter 1__Introduction 

The dissertation deals with the development of robust Mahalanobis distances 

(RMD) of measurement points in the factor space associated with the 

measurement weighted Jacobian matrix. The estimation of robust 

Mahalanobis distances borrows its theoretical framework from multivariate 

location and covariance estimation theory, which is a statistical field in its 

own right. Bad measurement that are outliers in factor space, called bad 

leverage points for short, may ruin the results of any M-estimator, including 

the Weighted Least Squares (WLS)-based estimators and the Weighted Least 

Absolute Value (WLAV) estimator [12,13]. The RMD's allow us to (1) 

robustify the M-estimators against bad leverage points, (2) robustify the 

Least Median of Squares (LMS) residuals for outlier diagnostics, (3) alleviate 

leverage induced ill-conditioning problem in power systems [97-99]. 

In spite of its many drawbacks, the WLS-based estimators are still very 

popular in power industry due to their high speed and ease of 

implementation. They consist of the WLS estimator combined with some bad 

data rejection rules based on weighted or normalized residuals. These 

estimators as well as the recently proposed WLAV estimator are vulnerable 

Introduction 1



to bad leverage points [9,10]. Up to now the methods used to identify them 

make use of the diagonal elements of the hat matrix, which are linearly 

related to the classical Mahalanobis distances. These distances are based on 

the classical estimators of multivariate location and covariance, namely the 

sample mean and the sample covariance, which are not robust against 

outliers. Therefore the Mahalanobis distances, and hence the leverage points 

identification methods based on them, are vulnerable to the presence of 

multiple bad leverage points. 

In late 1960's Huber [14] introduced the area of robust estimation of 

multivariate location and covariance. Working in the same vein, Donoho 

(1982) and Stahel (1981) [7,8] independently introduced the outlyingness- 

mean method, which is the first high breakdown multivariate location and 

covariance estimator. They suggested the projection algorithm to implement 

it. Later on, Rousseeuw (1984) [13] devised the Minimum Volume Ellipsoid 

(MVE) estimator and the Minimum Covariance Determinant (MCD) 

estimator, both of which have high breakdown point. Recall that the 

breakdown point of an estimator is the maximum number of outliers that the 

estimator can handle. 

The projection algorithm finds a distance u; for each point x; in the factor 

space. The algorithm consists of (1) determining the center M of the point 

cloud, (2) constructing directions Vj passing through the center M and each 

point xj in the factor space, (3) projecting the point cloud on each of these 

directions, (4) calculating standardized distance uj for x; in each direction 

based on these projections, (5) assigning the final distance uj for x; as the 
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maximum standardized distance among all Uj. This algorithm can not be 

applied as it is to power systems due to the sparsity of the weighted Jacobian 

matrix. Indeed the majority of the point cloud project at the origin in all 

directions, precluding us from computing the standardized distances. 

This dissertation presents a new robust projection algorithm specially 

adapted for power system state estimation problems. This algorithm accounts 

for the fact that the power system regression is without intercept, implying 

that all regression fits pass through the origin. Therefore, the ellipsoids 

calculated from the data points in factor space are constrained to the origin 

as center, that is, the center of the point cloud, M, is chosen to be the origin. 

In addition, the algorithm accounts for the structure of data points, which is 

due to the fact that each data point has a small number of non-zero 

coordinates. For instance, the projection of a power flow measurement on 

factor space lies on a 4-dimensional subspace, called the relevant subspace of 

this power measurement, whereas the projection of a power injection 

measurement lies on a larger dimensional subspace. The dissertation also 

explains some new concepts such as the relevant set of a measurement. This 

set consists of all those data points that have a non-zero projection on the 

relevant subspace of this measurement. 

The work also investigates the issue of relevant directions to be explored in 

the projection algorithm. It is shown that directions additional to those 

defined by the measurement points are needed to increase the breakdown 

point of the method. For selection of a robust scale, different estimators of 

scale are evaluated and a scale estimator newly developed by Rousseeuw and 
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Cray [96] has been chosen. The selection of this scale is justified because it 

exhibits higher efficiency compared to the Median-Absolute-Deviation-from- 

the-median (MAD) under gaussian distribution and has high breakdown 

point. 

The dissertation also includes statistical tests applied to the projection 

distances for identifying the leverage points. The cutoff of the statistical test 

have been found by analyzing the Q-Q plots. These are the quantile-quantile 

plots that determine the shape of the empirical distribution of the projection 

distances obtained through Monte Carlo simulations. The simulations have 

revealed that the projection distances follow y’ distribution with v degrees of 

freedom, where v is the dimension of the relevant subspace associated with 

each data point. 

The thesis also investigates the breakdown of the projection algorithm in 

power system state estimation. For this purpose new concepts of local and 

global breakdown points are introduced and a methodology to calculate them 

has been presented. The local breakdown of the algorithm is attributed to the 

structure of the data points, a structure that is induced by the sparsity of the 

Jacobian matrix. It is found that the local breakdown point is lower than the 

theoretical global breakdown point of 50% one hopes to achieve. As for the 

global breakdown point, it has been defined as the minimum of the local 

breakdown points; hence it is less than 50%. 

The work investigates ways to increase the efficiency of the projection 

distances. This is achieved through a 3-step procedure: (1) identify the 

leverage points by applying a statistical test to the projection distances, (2) 
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remove these leverage points when calculating the covariance matrix, (3) 

calculate the robust Mahalanobis distances using the robust covariance 

matrix. In addition, the use of RMD as weight function for standardizing the 

residuals in GM-estimators and in LMS has been proposed. Another 

application of RMD that has been investigated is to alleviate leverage 

induced ill-conditioning problem 

Besides the development of a new projection algorithm, the dissertation 

further contributes to the effort of the implementation of high breakdown 

point estimators in large power system networks. In particular the 

implementation of LMS using the resampling technique [49] is explored. The 

method introduced in Chapter 6 of this thesis is based on the network tearing 

techniques, which takes advantage of the sparsity of the Jacobian matrix 

[86]. Simulation results performed on different standard power system 

networks have been carried out and their results are presented. 

The thesis is organized as follows. Chapter 2 reviews the evolution of modern 

power systems and their security functions, including the state estimation 

function. Here a brief outline of the WLS-based estimators currently in use is 

also given. 

Chapter 3 explains the basic tenets of robust estimation theory and defines 

some of the statistical tools that allow us to analyze the stability of an 

estimator under departures from the assumptions. Also the superiority of 

robust estimators over the WLS-based methods are shown. Several concepts 

which have a specific meaning in the context of robust estimation theory, 

such as the concept of robustness, breakdown point, influence function, and 
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leverage point, are defined. In addition alternative robust estimators are 

described and their merits are compared. The influence of leverage points on 

these estimators will be analyzed in detail. The importance of leverage points 

to obtain robust and efficient estimator are explained. In particular, the use 

of one-step-GM estimators starting from a high breakdown fit is discussed. 

Chapter 4 is the main chapter in terms of the contributions of this thesis. 

Here the issue of leverage points in power systems is investigated. It is 

shown that leverage points are quite common in power system state 

estimation. The robustness of the classical method used for leverage point 

identification, viz. the diagonal elements of the hat matrix, is assessed. The 

linear relationship between the diagonal elements hat matrix and the 

classical Mahalanobis distance is shown. The need for a high breakdown 

Mahalanobis distance algorithm is then stressed. In this regard, the MVE 

estimator [16] and the outlyingness-mean method of Donoho & Stahel [7,8] 

are explained. It is found that the outlyingness-mean method implemented 

through the projection algorithm is more suitable for power systems. The 

chapter also presents in detail a new projection algorithm for leverage 

diagnostics that is especially adapted for the power systems state estimation. 

The performance of the new projection algorithm is illustrated through some 

simulation results, and its superiority over the classical method is shown. 

The statistical properties of the Robust Mahalanobis Distance (RMD), which 

are calculated after the elimination of the leverage points, are also 

investigated. 

Chapter 5 gives the simulation results of the projection algorithm applied to 
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various test systems. The chapter also discusses some RMD applications. The 

first application presented is the use of the RMD's as weight functions of the 

LMS residuals. The second application presented is their use to alleviate the 

ill-conditioning problem of the weighted Jacobian matrix, ill-conditioning 

that is usually induced by extreme leverage points. 

Chapter 6 deals with the decomposition of a power system into sub-networks 

in order to cut down the computing times of LMS. This work is in the same 

vein as that of Mili, Rousseeuw, Phaniraj [55], who have implemented LMS 

using the resampling technique in small power system networks. Test results 

from various IEEE test systems are also presented. 

Chapter 7 contains a summary of the contributions of this dissertation 

towards advancing the state-of-the art in power system state estimation. The 

contributions are assessed both in terms of their immediate application and 

their potential use in power system control center. These include GM- 

estimation methods, hierarchical state estimation based on the decomposition 

of large power systems into smaller parts, and robust meter placement. 

Introduction 7



Chapter 2. Overview of Power System State Estimation 

2.1 Introduction 

The first experimental ac power system in the United States was tested in 

the winter of 1885-86 at Great Barrington, Massachusetts [21]. It consisted of 

a generator, a transformer, a circuit breaker and a cable which supplied 

electricity to 150 street lamps. Until the dawn of 20th century power system 

had hardly seen a little change from this basic structure. These early power 

systems were single phase systems, serving small townships. The generation, 

transmission and distribution of power in theses small systems occurred at 

the same voltage and geographically at the same location. With the invention 

of the transformer in 1880's, and the advent of polyphase machines in 1890's 

it became clear that, more power can be supplied to the consumers at far 

more economical rates by interconnecting these isolated small systems and 

building huge generating stations located near the resources they require 

(large water masses for cooling, or near coal mines for thermal plants, etc.). 

In addition it was realized that dividing these bigger systems into different 
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classes of voltages viz. generation, transmission and distribution the 

transmission losses could be minimized. 

In modern power system networks the generators typically produce power at 

low voltage, typically at 13.2 kV or less. This power is then transferred 

through step up transformers to the Extra High Voltage (EHV) transmission 

networks operating at voltages that range from (345 kV - 765 kV). The HV 

transmission lines connect substations over long distances (100-300 miles). 

At these substations the power is distributed to the HV subtransmission 

network (115 kV - 230 kV) which connect to the smaller distribution 

substations. At the distribution substation the voltage is stepped down 

further to about 11-15 kV. This is the primary distribution system which 

provides large industrial loads. The distribution lines supply power to the 

residential area through distribution transformers which brings down the 

voltage to familiar household 120 V (line to neutral). The utilities which 

owned these larger systems later discovered that, by interconnecting their 

systems with neighboring systems they can improve the stability and 

reliability of the system. They also may gain economically by buying cheaper 

surplus power from neighbors instead of generating their own. Since then, ac 

power systems have evolved into a huge continental size interconnections 

consisting of hundreds of generators, thousands of transmission lines and 

even more numerous loads. In fact the entire continental US, is served by 

only three large synchronous interconnections. This complex network 

however came with its own problems. It became increasingly difficult for an 

individual utility to monitor the system with its components spread over 

thousands of miles from each other. These problems were compounded 

further due to lack of information from the neighboring utilities. The 
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decentralized control used by earlier smaller power systems where each 

generating plant operator made decisions based on local conditions, became 

wholly inadequate. This led to the evolution of the concept of system-wide 

control center, where operators would keep in touch over the phone, with all 

generating plants spread throughout the system, their task being to 

coordinate the control of the system. After the advancement in computer 

technologies, computer-aided software programs have been developed and 

implemented in the control centers. In these centers the measurements from 

the remote sights of the power system were received and processed by the 

computers, which then provided the data to the operator for final analysis. 

The operator then can send commands to the remote sites based on the 

analysis. 

These Supervisory Control And Data Acquisition (SCADA) systems however 

still lacked the ability of synthesizing the field data into an accurate picture 

of the entire system. The field measurements provided only a partial picture 

of the system to the operators. This is the consequence of the fact that all 

quantities in the power system network cannot be metered owing to the 

expensive instrumentation and communication involved. Moreover these 

measurements from the field meters were susceptible by systematic errors or 

gross errors. 

Events in 1960, in particular the New England blackout of 1965 exposed the 

inability of the SCADA system to serve the security function and challenged 

the power systems community to come with new advanced techniques to 

make the power system more secure and reliable. The concern about the 

system security has opened a new field of research in on-line steady-state 

security assessment. Efforts by power engineers beginning with T. E. Dy 
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Liacco brought the security functions in power system area to forefront. 

Particularly in U.S.A these concepts got major impetus since the utilities 

have been developed under the premise that all the loads must be met in full, 

as and when they occur, and with very high reliability (the average customer 

in U.S.A experiences well under 10 hours of service interruption per year) 

[4]. The security concerns therefore cover the whole system functions 

including generation, transmission, distribution, load forecasting, power 

dispatch etc. The power system is dynamic and goes through lot of states that 

can be summarized by the figure 2.1 [5]. 

  

Normal 

Load tracking, cost minimization, system coordination     

Reduction in reserve mafgins 

    

        
    

    

and/or increased 

probability of disturbande 

Restorative ; Alert 

Resynchronization Preventive control 

Violation of inequality 

constraints 

System 

splitting 

and/or 
In extremis 

(> Emergency 
Heroic action 

Cut losses, protect equipment         
  

      Figure 2.1 System operating states 
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In normal operating state all constraints are satisfied, i.e. all load demands 

are met by the generation without overloading any of the power system 

equipment such as transmission lines, transformers, circuit breakers, etc. In 

this state the system has reserve margins regarding the loadability of the 

equipment and power generation. When this reserve falls below a certain 

threshold the system enters the alert state. In that case, some system 

parameters, such as taps on the distribution transformers will be changed to 

bring the system in normal state. In the event of severe disturbance however 

these prevention method may fail, which brings the system to the emergency 

state, a state that is characterized by the violation of inequality constraints 

such as maximum power flow on lines and transformers. Some emergency 

control actions (load shedding, disconnecting lines) would then be taken to 

restore the normal state. If these measures fail then the system starts 

disintegrating. Actions are then taken to protect the field equipments. Once 

the collapse of the system has been stopped, the system enters the restorative 

state. Then the equipment would be brought into service in a long systematic 

manner to bring up the whole system into normal sate. 

The security functions in essence try to prevent the system to enter an 

emergency state or to bring it out to a normal state as quickly as possible [1- 

7]. These functions can be listed in 5 step sequence of decision making [1]. 

1. Using real-time system measurements, identify whether the power 

system is normal or not. If the system is in an emergency, go to step 4. If load 

has been lost, go to step 5. These are 

2. If the system is normal, determine whether it is secure or insecure in 

the event of next-contingency. 
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3. If it is insecure, i.e. there is at least one contingency that can cause an 

emergency, determine what preventive action should be taken to make the 

system secure. 

4, Execute proper corrective action to make the system normal. 

5. Restore service to system loads. 

The computer programs proposed for the security analysis can be summed up 

by the flow chart given in figure 2.2 [6]. 
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As shown in the flow chart the first step is the state estimation step. This is 
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the most important step since none of the security functions can be carried 

out without reliable results from the state estimation. 

Implementation of state estimation step however was not obvious. The 

utilities had started installing telecommunication units called remote 

telemetry units (RTU) to concentrate the field data and send it to the main 

control center. This made it possible to collect a large number of real time 

measurements at the control center. However these measurements usually 

consisted of the real power measurements and breaker status. The 

optimization and system security programs on the other hand requires the 

state of the system, usually voltages and angles at all buses in the system. 

Therefore the state estimator was required to run real-time loadflows to 

calculate the state of the system from the available field measurements. The 

first utility to implement such a scheme was AEP. The first attempt was to 

periodically run a load flow program. However due to large discrepancy 

between the calculated and the actual values this scheme was dropped. 

The large discrepancies stems from the fact that the conventional steady 

state load flow is a deterministic procedure which has the same number of 

equations as the number of unknowns. In other words it assumes that the 

injection at each load bus, and the voltages at generator buses are known 

accurately. In state estimation problem this lack of redundancy in the input 

data is unacceptable, since any single inaccurate measurement is sufficient 

to give wrong results. Schweppe suggested to use a WLS estimator, which is 

able to process redundant measurements and filter the field measurements to 

some extent to catch erroneous data. 

The erroneous data in the field measurements is due to several reasons. The 
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telemetered data from the field RTU's is always prone to communication 

errors and it is not possible to catch these errors by human intervention in 

real time. Also the meters have the instrumentation errors which cannot be 

predicated in advance. There are also topological errors caused by changes in 

the network circuits. To a certain extent some errors can also be caused due 

to the assumed power system model. The usual power system model is 

assumed to be a three-phase balanced network with unchanging system 

parameters such as line impedances. However the system parameters do 

change according to the changes in weather conditions. For example increase 

in ambient temperature will increase the line impedance. 

The additional measurements for the state estimator are usually the line 

flows and the voltage measurements (voltage magnitude) at important buses. 

The number of extra measurements however are limited because of the high 

cost of the equipment, viz. current transformers and voltage transformers. An 

ideal estimator, using these extra measurements, should be able to calculate 

a good state of the system, a state estimate that is not too far from the true 

one. 

Statistical tools were developed to estimate the state of the entire power 

system, i.e. to estimate voltage and angles at all buses in the system. This 

function called "power systems state estimation" were developed by F. C. 

Schweppe [37] in the late 1960's. Since then, it has become important as it 

can be utilized to identify and locate faulty meters, overloaded equipment 

such as transmission lines and transformers and to reroute the power. 

The output of a state estimator combined with load forecasting are inputs to 

the contingency analysis, such as loss of line or loss of generation. The 
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results are used to make the power system more secure through system 

control operations. All these controls are in real-time hence the normal 

procedure to check the validity of each telemetered data is not humanly 

possible. Hence it was necessary to let an automated process select the best 

measurements among them. This bad data detection has become now an 

important function of a state estimator[35-39]. 

2.2 Power Systems State Estimation Equations 

A typical power systems measurement set consists of measurements on bus 

voltage magnitudes, real and reactive power flows and power injections. 

These measurements are related to the voltages and angles of all buses in the 

system through a set of simultaneous nonlinear equations, which are derived 

as follows. Consider a transmission line between bus i and bus j represented 

by its n—equivalent circuit. Let the complex series admittance be Gij + j Bij, 

and half the shunt admittance be Bs,j;. Then the real power flow Pj; and the 

reactive power flow Qij between bus i and bus j are then given by equations 

(1) and (2) 

P, =G,V? -V,V,(G, -cos®, +B, «sin ®,) (1) 

O, =-(B,,, + B,)V? -V,V;(G, -sin ®, — B, -cos®, ) (2) 

where V; and V; are the voltage magnitudes at nodes i and j respectively, and 

6;; is the phase angle difference across the line. The injection at bus i can be 

written in terms of the sum of all the flows out of bus i, according to 
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Kirchhoffs law, while the voltage magnitude measurements are direct 

measurements of a component of the state vector. Thus for an n-bus system 

we can define the vector of measurements z of length m (the total number of 

measurements), and the state vector x of dimension 2n-1, (n voltages and n-1 

phase angles, the phase angles are with reference to a bus which is usually 

the swing bus). The system can then be modeled by the equation z =h(x)+e, 

where h(x) represents the set of equations described above. This is a 

nonlinear estimation problem, and its solution can be obtained through 

iterative algorithms. The solution vector x should be such that the estimated 

measurements 7 should fit the observed set z in certain sense. 

In power systems there is a relatively weak coupling between the real power 

measurements and the bus voltage magnitudes. The same is true in case of 

the reactive power measurements and the voltage angles. On the other hand 

there is a strong coupling between the real power measurements and voltage 

angles, and between the reactive power measurements and voltage 

magnitudes is observed. Therefore we can simplify the problem by neglecting 

the weak coupling in the state equations. Under this assumption the 

estimation problem can then be separated into two smaller problems viz., P-6 

and Q-V systems named after real power measurements and reactive power 

measurements. This is the decoupled state estimation which provides a 

significant computational advantage and ease of implementation. The state 

estimator can thus be speeded up using decoupled models. For the sake of 

simplicity we will use the decoupled form of the state estimator and in 

particular the P-6 form. 
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2.3 The Weighted Least Squares Estimator 

The conventional state estimators used by utilities are based on the 

Weighted Least Squares (WLS) method first proposed by Gauss and 

Lagrandge (1800) which is well known to engineers. The WLS is appealing 

because it can be implemented with little computational effort and it is 

highly efficient under the assumption of Gaussianity. 

In state estimation however, the number of measurements m, is greater than 

the number of unknowns n; the ratio m/n typically being 2 to 2.5. Therefore e 

in the equation z=h(x)+e can be a null vector only in the case where all 

measurements in the system are perfect i.e. any observable set of 

measurements gives exactly the same solution. As this is not possible, two 

critical assumptions were made [37,38]. The first assumption says that the 

vector e is a Gaussian random vector with parameters E(e) = Q and 

E(ee! ) = R. The second assumption says that all components of e are mutually 

independent random variables, therefore the covariance matrix R is a 

diagonal matrix shown below 

R=Diag(o,,, O25 Oy25 +> o.,) 

These assumptions made the task of analyzing statistical properties of the 

WLS estimator much easier and hence made the estimator much faster. 

Under these assumptions the probability density function of z can be written 

as 
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_exp{ -0.5 [z-h(x)I"_R” [z-h@}"” (5) 
(2n)”(det R)”” 
  F(z) 

where exp(.) is the exponential function and det R is the determinant of R. 

Using maximum likelihood criteria we can define an optimal x as x such that 

the likelihood function L is maximized. Assuming that the measurements 

{z1,...-Zpp} are statistically independent, L can be written as [24] 

L = f(z).f{Z9).f(z3). ... flay) 

Assuming that R is independent of the actual value of z, maximizing L 

amounts to maximizing the numerator of (5), or minimizing the magnitude of 

the exponent term in (5). The problem then reduces to minimizing the 

quadratic function [z-h(x)]' R? [z-h(x)l= dr, yielding a least squares 
iz] 

estimation problem. Let H(x) be d(h(x))/dx, which is the measurement 

Jacobian matrix. Then we can equivalently rewrite the optimization problem 

as to find x such that 

H'(3)R"'[z-h®]=0 (6) 

One way to solve (6) is to use the Gauss-Raphson iterative algorithm, given 

by Ax=(HR™H) H'R“(z-h(x)). The sparse matrix techniques described by 

Tinney et al [92,93] can be applied directly to the state estimation. 

Furthermore the objective function being minimized in WLS is globally 

convex, and has only one minimum, the choice of the starting point is then 

largely an academic question, which may provide small gains in the speed of 

the solution. 
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The WLS method however fails in the presence of bad measurement or 

outliers [65,66]. Attempts were made to rectify this defect by looking at the 

measurement residuals r=z—h(x). As mentioned above the measurement 

errors are assumed to be gaussian, therefore logical test to detect presence of 

the outliers is to check if the distribution of errors is gaussian. This can be 

2 

done by applying the y’(chi-square) test to objective function J(x) = $() . 
i=] 

where 0, is a diagonal elements of R. Statistically the sum of the weighted 

residuals should follow a x2, distribution, where 1 = m - n, is the degree of 

freedom. This test can only single out the presence of gross errors or bad 

measurements, without identifying the actual culprits. An additional scheme 

is required to identify the actual bad measurements. It can be based on the 

normalized residuals r,, [38] 

  

where wj; are the diagonal elements of the residual sensitivity matrix W, 

given by 

Note that we have r=We. It can be shown that in a set of measurements 

containing only one bad data point, the latter is always the measurement 

with the largest normalized residual [15]. Hence, one possible bad data 

identification scheme consists of performing cycles of measurement 

elimination and state estimation. At each cycle the measurement with the 
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largest absolute normalized residual is removed. This was computationally 

more expensive than the plain WLS, but fast enough to be utilized in a real- 

time environment. One more argument in favor of WLS with normalized 

residual-based WLS was that the measurement elimination procedure can 

also identify multiple "non-interacting" bad data; that is, if the bad data 

points are placed far away from each other then the test would rightly point 

them out. In power systems the "far away" would mean measurements 

located at nodes which are electrically distant from each other, and hence 

have very small interaction. However in the presence of close bad data 

points, this identification method would fail, and in many cases may flag 

the good measurements as bad ones and vice versa. 

2.4 Non-Quadratic Estimators 

Due to the limitations of WLS mentioned in the previous section, it was clear 

that the normalized-residual-test in Weighted Least Squares estimator is 

inadequate. It was necessary to investigate estimators that do not suffer from 

the same drawbacks. The basic problem with WLS-based methods can be 

attributed to the assumption of the gaussianity of the measurement errors 

which makes it the most efficient for the under assumption but at the same 

time makes it most vulnerable when the measurement errors depart from 

gaussianity. Hence it was logical to use other estimators which perform 

better under longer-tailed distributions. The longer-tailed distributions are 

more common in the real world in any case [29]. Soon after the WLS 

estimator, a new class of estimators called M-estimators, have been proposed 

for power system applications by Schweppe et al [42,45]. They have been 
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rediscovered by Merrill and Schweppe under the name of non-quadratic 

criteria. The reason for this nomenclature will be discussed in Chapter 3. An 

M-estimator minimizes a particular function of the residuals, and for 

different functions we get different estimators [32,33]. For example if the 

function happens to be the quadratic function, then the resulting estimator is 

the Least Squares estimator. On the other hand if the criterion is to minimize 
m 
a |r,1, then the resampling estimator becomes the Least Absolute Value 

i=1 

(LAV) one. Usually the objective function is chosen in such a way that less 

weight are assigned to those measurements which have large absolute 

residuals. Therefore these measurements do not have as large an influence 

on the estimate as the rest, resulting in a more robust estimate. To some 

degree, these estimators combine the estimation and identification phases 

into one step, since the suspected bad data are automatically down-weighted 

during the estimation process. The objective function used need not be 

smooth; in fact some of the best estimators of this type do not have 

derivatives at all points [33]. This causes some problems from a numerical 

standpoint, since the most common method for the solution of nonlinear 

equations in power systems is the standard Newton-Raphson technique 

which requires smooth functions i.e. the derivative of the objective function 

should exist at all points. Instead of the standard technique a piecewise 

Newton-Raphson method is used. Also, depending on the exact nature of the 

function, the convinient convexity property of the objective function may not 

hold true; this implies that the objective function may have many local 

minima, and that it is therefore necessary to choose the initial starting point 

for any numerical search procedure carefully. The superior bad data 

handling properties of these estimators were not recognized sufficiently at 
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the beginning in the power systems area, due to a lack of familiarity with the 

robust estimation theory that had recently been developed by statisticians. 

These methods were not investigated as thoroughly, since their drawbacks 

were immediately apparent, while their advantages over the least squares 

were not as readily comprehended. Such estimators will be described briefly 

in Chapter 3. 

Since the introduction of these estimators, research in the state estimation 

area has focused on two approaches. One approach is to use the LAV 

estimator. To overcome the computational problems associated with this 

nonlinear minimization, it has been reformulated it as a sequence of linear 

problems, each of which can be solved using Linear Programming (LP) 

methods [46,47]. This approach takes advantage of the progress made in the 

field of operations research towards solving LP problems rapidly, such as the 

Simplex method of Dantzig and more recently the geometric approach of 

Karmarkar. The sparse nature of power system models is also well suited to 

the application of the LP methods. However most of the research by power 

system engineers has concentrated on making the estimator faster, rather 

than determining if this type of estimator is really suitable for application in 

state estimation. In Chapter 3, a theoretical analysis of this estimator will be 

presented, which shows that there are other drawbacks with the LAV 

estimator. 

The other approaches that were investigated in the early 1980's concentrated 

on improving the WLS-based estimators. The hope was to find some 

techniques, which when applied to the WLS residuals, could always detect 

and identify multiple interacting bad data. Various methods were proposed, 

such as the combinatorial optimization methods of Monticelli et al [43], the 
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geometric optimization methods of Clements et al [44], and the Hypothesis 

Testing and Identification methods of Mili et al [62-64]. These all relied on 

detection tests based on the WLS residuals, without considering the very fact 

that such tests are prone to masking effect of multiple interacting bad data. 

2.5 Summary 

As the power systems have grown into continental-size networks it has 

become necessary to look at the total state of the system for its security as 

well as its operation at least cost. In power systems the state of the system 

consists of voltage magnitudes and voltage angles at each bus. The state 

estimation research got measure boost after the 1965 North East blackout 

and in 1977 the New York blackout & the 1977 New York blackout, which 

according to some analysts could have been avoided with a central control 

and a system wide state estimator [3]. The first power system state 

estimators were devised by Schweppe et al in 1970's; these estimators were 

developed based on WLS methods and standardized residual test for 

detection and identification of bad data. These methods were readily accepted 

by the utilities due to its ease of implementation and computational speed. 

Today these methods have become the yardstick in the area of power systems 

state estimation research, where all new methods are measured against it. 

However the underlying assumptions made to devise these estimators and 

hence its measure handicaps are largely forgotten. Some efforts mostly by 

engineers with strong statistical background working in the field of power 

engineering have started to reexamine these methods and since early 1980's 

alternative state estimation methods based upon robust statistics are being 
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investigated. 

In the next chapter, some of the tenets of robust estimation theory will be 

introduced, and also some recently proposed estimators which are suited for 

power systems state estimation problem will be examined. 

Overview of Power System State Estimation 26



Chapter 3_ Robust Statistics 

3.1 Introduction 

Statistics is the art and science of extracting maximum useful information 

from a set of data. An effective way of conveying this information is to 

describe it through assumed probability distributions of the observation 

errors, the so-called parametric models. This "classical approach" is founded 

on the belief that the data conforms stringently to the assumed parametric 

models [21]. It was however noticed that the real world does not quite behave 

as nicely as described by these assumptions. This led to the nonparamatric 

statistics in 1960's, which tries to come with an answer without making any 

assumptions about the probability distribution of the data except continuity 

of this distribution of independence between the data. While some problems 

did find satisfactory results with this approach, the parametric models 

continues to play an outstanding role because of their capacity to describe the 

information more completely, and because of their usefulness over a wider 

range of applications. The theory of robust statistics tries to combine the 

virtues of both these approaches; in other words it tries to come up with 
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parametric models to convey the information and procedures which do not 

depend critically on assumptions inherent in these models. 

This chapter describes the basic principles of robust estimation theory from 

statistical point of view. The fundamental principle of robustness, which 

seeks to make an estimator immune to the presence of outliers in the input 

data will be explained with the help of simple examples. The statistical 

concepts of the influence function, efficiency, breakdown point, qualitative 

robustness etc., which explain the behavior of an estimator and quantifies its 

usefulness under various real life conditions will be explained. Various 

classes of estimators will be described and their techniques will be illustrated 

with a simple example of one-dimensional location problem. The concepts 

will then be extended to the multiple regression problems relevant to power 

system state estimation. The concept of Leverage Points and _ the 

Mahalanobis distance and its relation to the Robust Estimation theory will 

be introduced. The application of these ideas to power system state 

estimation will be discussed, along with any modifications necessitated by 

the nature of the power system. 

3.2 Historical Review 

Robust methods probably date back to the prehistory of statistics. Looking at 

the data and rechecking the conspicuous observations and rejecting the 

extreme ones is a step towards robustness. Astronomers of Roman and 

Egyptian era were known to reject both highest and lowest observations and 

taking the average of the rest [21], thus using the o-trimmed mean 
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estimator. In more formal science of statistics the first references to the 

robust statistics is believed to be made by Daniel Bernoulli in 1777. Some 

other techniques that would today be called robust estimators, were in the 

scientific developments of the 18th and 19th centuries. These techniques 

were computationally laborious and were usurped by more elegant 

techniques based on Least Squares, until the advent of computer age. 

At the beginning of this century there were many estimation methods 

proposed by statisticians, but these tended to be heuristic procedures, 

without a formal theoretical foundation. By early 1920's Fisher combined all 

these methods by proposing parametric estimation theory and laid down the 

foundation of modern statistical science. This theory assumes an a priori 

knowledge of the probability distribution of the measurement errors. In 

classical state estimation, the errors are assumed to be distributed normally; 

based on this assumption, Fisher developed the maximum likelihood 

estimators which are optimal (unbiased with the minimum asymptotic 

variance), when the assumed parametric model is exact. He also introduced 

several concepts such as consistency, efficiency, and sufficiency, which 

measure the performance of an estimator under these assumptions. 

This development was of great theoretical significance, and it led to 

development of Least Squares estimator as the best Linearized Unbiased 

estimator under normal distribution of errors. By later half of this century 

the implications of this assumption was largely forgotten because of 

widespread use of standard computer programs which invariably 

implemented LS as the basis for all estimation problems. The ubiquitous 

Gaussian Distribution of errors was accepted and is still largely believed to 

be the true model of measurement errors in real world without any valid 
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evidence. For example if we randomly select a finite set of measurements 

from actual normal distribution the finite set of measurement does not have 

normal structure. Usually one gets a longer-tailed distributions while the 

normal gaussian distribution is short-tailed. In other words in real world 

probability of finding a finite set of measurements which follow exact normal 

distribution is next to impossible. Under these non-Gaussian distributions 

the LS method looses its efficiency quite rapidly. In fact, Tukey [59,67] 

showed that the arithmetic mean (the one-dimensional LS estimator) 

becomes less efficient than the sample median (the LAV estimator) even in 

the case of small contamination. That is, for a cumulative density function G 

given as the gaussian mixture model 

G = (1-e). N(O,1) + e.N(0,9) 

the LS estimator becomes less efficient than LAV when the fraction of 

contamination ¢€ exceeds 0.08. In the above equation N(a,b) denotes the 

normal distribution with mean a and standard deviation b, the p.d.f. of which 

is 

(Gay? 
g(x) = J e 262 

oon 
  

The Least Squares (LS) method which is the most commonly used estimator, 

is also the most vulnerable to outliers. Even with a single outlier the bias 

(difference between true value and the estimate) of LS can be increased to 

infinity, independent of the number of measurements. 

This appears to contradict the Gauss-Markov [21] theorem which states that 
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the LS estimator is the Best Linear Unbiased Estimator (BLUE) for a general 

class of symmetric distributions with a finite variance. However it should be 

noted that all linear estimators including LS exhibit poor performance under 

departures from the Gaussian model, and the LS estimator is biased for 

asymmetric distributions, which are much more common in practice. 

3.3 Review of Classical Statistics 

Before we go any further let us review some of the basic concepts in statistics. 

3.3.1 Consistency 

An estimator 6, is said to be consistent estimator of @ if, for any positive 

6, -6))e)=0. In other 
  

number e, lim p([6, -@|<e) =1 or, equivalently, lim p( 

words for a set of measurements z = (z1..z,) the estimate 6 (z) converges to 

the real value 6 when the number of measurements increase to infinity. 

3.3.2 Unbiasedness 

An estimator 6 is an unbiased estimator of 6 if B(6) =6, consequently the 

bias B of an estimator is given as B = E(6) —6. 

3.3.3 Maximum Likelihood Estimator 

Let z}...Z~, be sample observations taken on corresponding discrete random 
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variables Z1...Zm, then the likelihood function L = L(z1...zyy), is defined to be 

the joint probability of Z1...2;,. Therefore for a maximum likelihood 

estimator 6,,, of @ with observations z1..zm, the objective function is max 

f(Z1..Zpp,9). If z1..2 are independent then 

fl24..2pn,9) = f(z1,0)flz2,0)...fl2mn,0) =] [ £(z,.8). 
i=l] 

If we consider f to be normal gaussian distribution then for location case f(z;, 

—(2-6)2 

0) = f(z;-6) and f (2,0)=—Le 2. Now the maximum likelihood function 
20 

can be equivalently written as 

max f(z,..z,,,0)=> min {—In (f(z,..z,,,0))} = min {-n T1s(e.0)} 
6 6 MLE MLE MLE i 1 

For location case let r=z-6 then the objective function of MLE is 

J(6) = min }'p(r,) where rj = zj - @ and p(r) = -In fir). Differentiating J(@) we 
MLE **! 

dj(6) < dp(r) f(r). ; t —— = j= h =v = ; ge > w(r,) =0, where y(r) (1) is the score function 

3.3.4 Fisher Information: 

Let z = (z1..Z,,) be a set of independent measurements following a model z = 

6 + e, where z is the measured quantity, 6 is an unknown parameter to be 

estimated from z and e is the error. If the probability density function for e is 

f, then Fisher postulated that a finite amount of information is available in 
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the data set z. This information can be quantified as 

2 

1(6) = e( (2,8) or in a functional form 

  

2 2 

7 £'(z,8) f'(z,6) 
1(8) = || ——-— | f(z,8) dz=E 
°) iGe3) (7-0) dz (c2) 

Cramer-Rao inequality says that any unbiased estimator can have variance 

no smaller than Oy in other words for an estimator 6, if F(6,,| =@asm >, 

then its variance v(Jm , 6, = E| m4, -6) | 2 10" 

3.3.5 Asymptotic efficiency 

An estimator 6, is efficient if it can extract the maximum information from 

the data set, therefore the asymptotic efficiency is defined as the ratio of 

reciprocal of I(6) and the variance of the estimator V as m—> o>. In equation 

form it is written as e, = lim 1(@) , when e_=1 the estimator 6, is the 
mo V{/m,6, 

most efficient estimator and it is called Fisher consistent. 

3.3.6 Asymptotic Relative Efficiency 

aA 

As the name suggests it is the comparison between two estimators 8,,(1) 
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6, (2) and it's the ratio of their respective asymptotic variances. This was a 

useful development as different estimators can be compared for their 

performance, mainly by their bias and efficiency. The LS estimator is the 

most efficient unbiased estimator for normal gaussian distribution, whereas 

for double exponential distribution the sample median is the most efficient 

unbiased estimator, however under non-Gaussian distribution the LS 

method looses its efficiency quite rapidly as mentioned earlier. 

3.3.7 Affine Equivariance 

Consider a data set X =(x,,---,x,,) in n dimensions and let row vector T(X) 

and matrix C(X) be the estimate of the location and scatter respectively. 

Then the estimators T and C are affine equivariant when 

T(x,A+Db,...,x,A+b) =T(x,,...,x, JAD 

and 

C(x,A+b,....x,A+b) = A'C(x,,...,%,,)A 

for any row vector b and any nonsingular n-by-n matrix A. 

3.4 From Classical to Robust Statistics 

In 1930's E. S. Pearson [23] discovered the drastic non-robustness of the tests 

for LS estimator variances. His work started the first systematic research 

into the robustness tests. Later in 1960 Tukey [25] investigated some useful 
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robust alternatives to LS which started a growing flood of papers. The first 

attempts to formulate a realistic, manageable and comprehensive robustness 

theory were made by Huber and Hampel [21,22]. Frank Huber’s paper on 

"Robust estimation of a location parameter" formed the basis of robust 

estimation and he is usually regarded as the father of the modern Robust 

Estimation Theory. He postulated that a reasonable approximate model can 

usually be found from a given data set, where the majority of the data points 

follow an assumed distribution (usually gaussian or bell shaped in the 

middle) while the rest follow some unknown distribution. Therefore the 

model may not be optimal under the assumed distribution, but its bias and 

variance would be bounded when the assumptions are violated. Using this 

framework, Huber created the minimax approach to robustness, and 

developed the class of estimators called M-estimators (or generalized 

maximum likelihood estimators), which are in fact generalized form of 

maximum likelihood estimators of Fisher [21]: Here, for the location estimate 

T of 0, with the x; distributed independently with density f (x; - 8), instead of 

solving min{-¥ log f(x, - T) | = )f'/f(x,-T)=0 Huber solves 

min { > p(x, . T)} = ) w(x; - 7) = 0, without assuming p and y of the 

form -logf and -/f’/f respectively, for any probability density f. Even in 

the cases when this relationship is true, f need not be the density function of 

the x;. In power systems these estimators were first introduced by Merrill 

and Schweppe [40] as non-quadratic estimators. 

Continuing in this vein, Hampel [29] proposed to analyze the robustness of 

an estimator by complementary Fisherian measures viz. Qualitative 

Robustness, which assesses the effect of small deviations from the 

assumptions; Global Robustness, which determines the largest fraction of 
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contamination that an estimator can handle; Local Robustness, which 

analyzes the effects of infinitesimal deviations on the bias and variance, 

respectively. These concepts will be explained in the following sections 

through a simple estimation problem of location. 

3.5 Definitions in Robust Estimation 

Let us consider a regression problem, where z=(z},z9,...Zm)) is a set of 

observed measurements and let the objective of the estimator be to determine 

the value 6(z), which is most representative of the true value 0. These 

Measurements are assumed to be independent and identically distributed 

according to the cumulative distribution function (c.d.f.) G. Since G is 

generally unknown, it is approximated by the c.d.f. F (normal gaussian, 

double exponential, etc.). Let rp(6) and T(6) be the cumulative distribution 

functions of the estimate obtained with the c.d.f. 's F and G respectively. 

3.5.1 Functional Form of an Estimator 

An empirical c.d.f. G,,(u) can be associated with the set of measurements 

Z=(Z1,2Z9,...2m); G,, = 4 x A(u-z;); where A(u) is the Heaviside step function. 
m i=] 

oo 

Therefore z, = | u.dA(u- z,) and the empirical c.d.f. G,, tends to the true 
-00 

c.d.f. G as m increases to infinity. Also 6,,(z) = 8 rn(Gmn); if this equality 

remains the same for all m and G,,, it is said to be a functional, and the 

estimator 8 n(Gm) is also a functional. Below are some of the functional of 
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common estimators and their corresponding conventional forms 

Arithmetic Mean: functional J udG(u) , 

. 1 2 
conventional— }° z, 

M i=! 

Sample Median: functional Gi ) 

Z)/2 if m is odd 

conventional Z59= 

0.5 (Zay +Zay2yn1 ) if mis even 

l-a 

a-trimmed Mean: functional = | G" (u )du 

[dam] 

conventional -—_———_ Z; 
(a - 2a)m| i={am] 

where 7 is the ordered list of z and the 

notation [x] denotes the integer part of x. 

3.5.2 Qualitative Robustness 

A sequence of estimators (On; m 2 1} is said to be qualitatively robust at the 

cumulative distribution function F if a small deviation between F and G 
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creates a small deviation between Pp(6,n) and Tq(6 in) , for all sample size m 

This is a difficult concept to use in practice, since measuring the distance 

between two cumulative distribution functions F and G is not easy. A more 

practical definition of qualitative robustness given by Hampel is as follows: A 

sequence of estimators (6,1; m 2 1} which is a continuous sequence of 

continuous functions Brn(Z) at F, is qualitatively robust at F. Thus by 

verifying the continuity of the functional 8 n(F im) the qualitative robustness 

of the estimator can be assessed. The asymptotic bias b=|6(c) -6(F) 

therefore in a contaminated model G = (1 - €) F +e H , where H is any c.d f. 

and ¢ is the fraction of contamination ( 0 <«e < 1), for the estimator F to be 

qualitatively robust, the asymptotic bias must be continuous at € = 0. 

3.6 Global Robustness and the Breakdown Point 

A robust estimator should not be unduly affected by presence of outliers or 

bad data i.e. its maximum possible bias should remain bounded in presence 

of outliers. Therefore we can now find another measure of robustness of an 

estimator by asking the following question. What is the maximum fraction of 

contamination the estimator can handle without breakdown (i.e. when its 

maximum possible bias becomes unbounded). In the case of finite number of 

measurements m the breakdown point can be described as the maximum 

fraction of measurement samples, e*, that can be made arbitrarily large with 

the bias remaining bounded. Formally it can be written as 

e" = max{e = [Dmx is finite }. From a practical point of view it can be 

explained as follows: 
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If z = (23, Zo, ... Zp) is a good sample, and 6, is the estimate calculated from 

z, then let z’ be a sample derived from z by replacing any f out of m 

measurements with arbitrary corrupted values (where f = €.m), and let 6” is 

the estimate calculated from z’. Now calculate 8 m for all possible samples z’. 

Compute the bias b=| Brn-8 mn! in each case, and find the maximum bias b,,,. 

for all the cases considered. Then the breakdown point of the estimator, e* is 

defined as max € such that b,,, is finite in all cases of z’. In case of sample 

mean the b,,, can be made infinite by placing a single outlier at infinity, i.e. 

the sample mean cannot handle even a single outlier hence its breakdown 

point is zero. The breakdown point is independent of the choice of the f 

contaminated observations, the magnitude of the contamination, and the 

p.d.f of the good sample z. 

It should be noted that the breakdown point is a worst case scenario; which 

implies that, if we find just a single case when f contaminated observations 

give an infinite bias, then the breakdown point is less than f/m, even though 

all other samples with f contaminated observations may have finite bias. 

A robust estimator relies on the assumption that the majority of the data is 

good, therefore the maximum possible contamination it can handle is 50%. In 

a n dimensional system with m measurements the maximum breakdown 

point of robust estimator is e.. = [= I since n measurements define the 

solution. For m > ~, €°,,,, asymptotically reaches its maximum value of 

50%; estimators that attain this breakdown point are called high breakdown 

point estimators. 

In location case LS reduces to the sample mean which has 0 breakdown point 
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and hence it is not qualitatively robust. The sample median, on the other 

hand has the maximum breakdown point in one-dimensional case hence it is 

qualitatively robust. In the worst case, when all corrupted samples are on 

the same side of the original median, at least 50 % of the observations would 

have to be corrupted before the median is affected. The a-trimmed mean on 

the other hand has a breakdown point that depends on the fraction of 

trimming, a. When a=0, the a-trimmed mean reduces to the arithmetic 

mean, and with a=0.5, it becomes the sample median. In fact, its breakdown 

point is a. 

The breakdown point also depends on the number of parameters being 

estimated. As a general rule, the breakdown point of an estimator decreases 

as the number of parameters being estimated, n, increases. For example, the 

LAV which is the multi-dimensional equivalent of the sample median has a 

breakdown point of 25 % in the simple regression (n=2) case, as opposed to 

50% for n=1. 

3.6.1 The Local Robustness 

This property measures the effect of a single outlier on the bias and variance 

of an estimator. Hampel showed that using Influence Function (IF) and the 

Change-of-Variance Function (CVF) we can measure the effect on the bias 

and variance respectively. 

By definition for a location case with sample z=({Z},...,Z.1,2m} IF is the 

difference between two estimates divided by the contamination 1/m; one 

estimate is with the full set z and second with set z without the 
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measurement z,, which take all real values. In the equation form it can be 

written as 1F(z;6,,,F) = m40,,(2).--+»Zm192) ~ 6, ,(z,s.-sZma)} where ze XK. 

The influence function enables us to measure two major properties of 

estimators viz. the gross error sensitivity and the local shift sensitivity. 

3.6.2 Gross Error Sensitivity 

The gross error sensitivity y" is related to the maximum bias discussed above. 

It is the supermum of the absolute value of IF computed over all values of z, 

ie. y= sup \IF(z; 6,,,F)!. The bias b=16,,-6,,.1! ~elIF! (the approximation 

is the difference between the finite sample IF and the asymptotic IF), then 

the maximum value of the bias is the maximum value of elIF| hence 

bmax=eY. This relation says that a robust estimator should have a bounded 

gross error sensitivity, and consequently a bounded bias. Such an estimator 

is said to be B-robust. 

3.6.3 The local shift sensitivity 

The local shift sensitivity measures the effect of small variations in the 

observations, which can be caused by rounding errors, for example. As noted 

by Hampel, this is equivalent to shifting an observation from a point z to a 

nearby point y. The effect of this shift on the estimate is equal to the 

difference between the values of the IF at these two points. The local shift 

sensitivity \* is the supermum of the standardized difference, taken over all 
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IIF(y; 9, F) - IF(z; On, F)l 

ly-zl 
  y #Zi.e. A” = sup 

OIF(z; On, F) 
If IF is differentiable for all z, then \* = sup 5 

Z 

3.6.4 Asymptotic influence function 

So far we have considered the finite measurement sample for the influence 

function. If the number of observations increase to infinity, then the familiar 

contaminated model G = (1-e)F + ¢ H reduces to G = (1-e).F + €.A(u-z) and the 

fraction of contamination, € = 1/m, will decrease to zero. Then the IF becomes 

the directional derivative of the functional form of the estimator,6(G) in the 

direction of G, given as 1F(z;6,F) = lim 6(G) - OCF) = 00(G) _ 
e390 € oc e=0 

  

The IF is a linearization of the estimator 6(G) at e = 0. This is shown in 

figure 3.1. It describes the local behavior of 6 in a small neighborhood of the 

assumed model F. The asymptotic variance v(6,F) can be approximated by 

the equation | IF*(z; 6, F) dF(z). The asymptotic variance determines the 

statistical efficiency of an estimator; the lower the variance, the more 

efficient the estimator is. 

The gross error sensitivity va and the local shift sensitivity \* are usually two 

opposing properties i.e. an estimator with bounded y may have very large A” 

and vise versa. figure 3.2 shows the asymptotic IF at the Gaussian 

distribution of the three estimators of location viz. the sample mean, the 

sample median and the a-trimmed mean. The IF of the arithmetic mean is a 
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straight line with slope 1, which indicates that the larger valued 

measurements have larger influence. Consequently the maximum value of 

the IF is unbounded, which means that the mean has an infinite gross error 

sensitivity; and hence the estimator is not robust. In other words 4” is equal 

to one for LS, the lowest possible value for any estimator, while on the other 

hand y* is bounded for the a-trimmed mean and for the sample median 

however for the sample median 1* is infinite. This tells us that the mean is 

most resistant to the rounding errors and it is most sensitive to the gross 

error, while the sample median is most susceptible to the rounding errors 

however it can resist up to 50% of the outliers. 
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    ) IF( 0,F) | 
  

0 

Figure 3.1 : Relation between asymptotic influence 

function and the breakdown point. 
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arithmatic mean 

- trimmed mean 

  

sample median 

  

        | Figure 3.2 : The asymptotic IF at gaussian distribution 

3.6.5 Hampel's Optimality Criterion 

For an ideal estimator both the asymptotic bias and the asymptotic variance 

at given c.d.f. F should be the least possible, however these requirements are 

inversely related i.e. for a lower bias estimator we get larger variance and 

vise versa. Therefore in practice, we have to find an optimal trade-off 
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between robustness and efficiency. This requirement is the Hampel's 

optimality criterion, which minimizes the asymptotic variance under the 

constraint that the gross error sensitivity is smaller than a given threshold. 

Estimators which satisfy such a criterion are called optimally B-robust. 

3.6.6 The Change of Variance Function 

Similar to the gross error sensitivity * of bias, we can define k* which is 

change of variance sensitivity. The CVF assess the robustness of the 

asymptotic variance with contamination ¢— 0. This is defined as the first 

derivative of the asymptotic variance with respect to € at e=0. In the equation 

0 V( 8, G) | 

of 

variance is related to change-of-variance sensitivity x by the 

form it is CVF (z ; 8 ,F) = e-0, The maximum asymptotic 

equation: sup V(6,G) = V(6,F) {ex (6.F)) Clearly if k* is unbounded then 

the variance will be unbounded on the other hand when k”* is bounded so is 

the asymptotic variance. The estimators which have k* bounded are called V- 

robust, while the estimators which minimize the variance under the 

constraint that k* is below a given threshold, are called optimally V-robust. 

3.7 M-estimators and the Leverage Points 

As mentioned above in 1960 Huber designed M-estimators which are the 

Likelihood Estimators with generalized form of the objective functions. These 

estimators can be designed as the trade-off between the robustness and 
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efficiency by selecting different objective functions. The objective function to 

be minimized is I(x) = ¥ plty,) where ry are the weighted residuals. For 
i=] 

z, —h,(x) 
example in Power System state estimation ty = . To solve the 

equation we can differentiate J(x) with respect to x and equate it to zero then 

we obtain the so called score function Yury, ) =0 which can be solved 
i=l 

iteratively. Although there is no assumption made about the p.d.f of the 

errors, the w(x) functions are usually similar to LS near r=0. This is done 

intentionally, since the LS is the most efficient estimator at the Gaussian 

distribution, and most distributions resemble the Gaussian (bell shaped) in 

the middle. Thus, having y(r) = r for small r gives an M-estimator increased 

efficiency for centrally located measurements. Different M-estimators with 

different characteristics of robustness and efficiency can be designed by 

selecting different minimization functions p(x) or equivalently by selecting 

different score functions y(x). For example if p(x) = x2, then the M-estimator 

is a Weighted Least Squares estimator, and if p(x) =|x|, then the M-estimator 

is same as LAV which is the median in one dimensional location case. 

Based on the properties of the p and wy functions, M-estimators are classified 

in three ways : 

(1) Those with convex p functions where y functions are non decreasing. The 

J(x) in this case has a global minimum and the solution is independent of the 

starting point. Examples of this class are the LS estimator, the LAV with p(r) 

= Irl , and the Huber estimator. 
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(2) Those with non-convex p functions where w functions decrease after a 

threshold but do not vanish. The J(x) in this case have local minima and 

convergence to the global minimum requires a good starting point. Examples 

of this class are the Schweppe estimator and the Muller estimator. 

(3) Those with non-convex p, but having y functions that become 0 for some 

values of r. Examples of this class are the Hampel estimator and the Huber 

type skipped-mean estimator. The WLS estimators with rejection rules such 

as the normalized residual test also belong to this class. Again J(x) have local 

minima and the convergence to the global minimum requires a good starting 

point. 

The latter two classes are also called re-descending M-estimators, since their 

y function increases from r = 0 and then decreases. 

Table 3.1 lists some of the M-estimators with their p and y functions, while 

Figure 3.3 shows the yw function graphically. It can be seen that in the center 

of each y function, around r=0, all the estimators are very similar to the LS. 

Table 3.1 : p and yw functions for some M-estimators 
  

  

  

  

        

ESTIMATOR | DOMAIN p(r) w(r) 

Least Squares re r2 r 

LAV re rl sign(r) 

Huber Irl <b 0.5 r2 r 

Irl >b b Irl - 0.5 b2 b sign(r)     
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Muller Irl <b 0.5 r2 r 

Irl >b 0.5 b Irl 0.5 b sign(r) 

Schweppe Irl <b 0.5 r2 r 

Irl >b Qb3/2 Jirl - 1.5 b2 3/2 sign(r) 

virl 

Huber Type Ir! <b 0.5 r2 r 

Skipped Mean Irl >b 0.5 b2 0 

Irl <a 0.5 r2 r 

Hampel a<lIril <b alrl -0.5 a2 a sign(r) 

b<Irl <c|_— dri - 0.5r’ > ab’? c-lrl . 
I O.5(a° - ~ b> a <b sign(r) 

Irl >¢ 

0 

0.5a(b+c-a) 
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    Figure 3.3 : Score function for various estimators 
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3.7.1 Robustness of M-estimators 

Hampel [29] showed that the total influence function for a regression M- 

estimator at the Gaussian c.d.f. ® is made up of two components; it is the 

product of the scalar influence function of the residuals IR = Wir) and the 
E[y’(r)] 

vector valued influence of position in the factor space IP = (Eu! )t. Where | 

are the points in the factor space with zero mean and a covariance matrix 

E[ ii" |. 

In the case of power systems state estimation where the objective function 

J(x) = $f BBO ah nie) H the Jacobian matrix defined as dh(x)/ox is the design 
ixl 

matrix, and R is the covariance matrix associated with the measurements; let 

l; be the transpose of ith row of R-¥2H associated with a particular 

measurement, then /. defines a point in the factor space. The solution to the 

estimation problem is then obtained by solving the score function 

I(x) = Sa “h(x 20) l;, where w(x) is the derivative of p(x) with respect to x. 
i=] 0; 

This equation can be solved using standard numerical techniques, such as 

the Newton-Raphson method, or by the iterative WLS method. 

For the total influence function to be bounded it is clear that, both wy and | 

must be bounded. However the M-estimators bound only the y function and 

hence the influence of large residuals but this is not true for large 1. Asa 
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point moves further away from the bulk of the data in the factor space, the 

value of / increases, and hence their influence in the estimator increases. 

These points which are away from the bulk of the data are the leverage 

points. Thus all regression M-estimators (including the LAV) are not robust 

in the presence of leverage points. A single bad measurement which appear 

as an outlier in the factor space can cause breakdown of the estimator. Thus 

potentially influential measurements are not only those far from the others 

in the z direction (response variables) but also those distant in the factor 

space (explanatory variables). 

The numerical values for some of the robustness parameters discussed in this 

chapter are summarized in Tables 2 and 3 [58]. Table 2 is for location 

estimates at the Gaussian distribution, and shows that the mean has the 

minimum variance, but has no robustness whatsoever, while the median is 

robust, but has a significant loss of efficiency. The Huber estimator combines 

the robustness of the median, with an efficiency comparable to that of the 

mean, even when the distribution of the measurements is such that the mean 

is the optimal estimator. 

Table 3.2 : Robustness Parameter Values for some Estimators 
  

  

                

Estimator Asymptotic {| Gross Error | Local Shift Breakdown 

Variance Sensitivity | Sensitivity Point 

Mean 1.00 oo 1.00 0.00 

Median 1.571 1.25 oo 0.50 
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Huber ( b=1) 1.107 1.46 1.46 0.50 

          Huber ( b=1.5) 1.037 1.73 1.15 0.50 
  

Table 3.3 : Location estimate variance for several estimators 
  

  

  

  

          

Estimator n var(6) Gaussian | n var(6) One-wild 

Mean 1.000 6.485 

Median 1.498 1.555 

Huber (b = 1.5) 1.051 1.222 

Hampel (a =1.7, b=3.4, c=8.5) 1.130 1.166 
  

In Table 3 the effect of one outlier is shown; that is, out of a total sample size 

of 20, 19 measurements are taken from the distribution N(0,1) and one 

measurement is drawn from the N(0,10) distribution. This is known as the 

one-wild distribution. The table gives the value for n times the variance 

obtained from Monte Carlo simulations [57]. It illustrates the rapid loss of 

efficiency suffered by the mean as soon as the measurement distribution 

deviates from the Gaussian; in contrast, the robust estimators are hardly 

affected by the addition of a single outlier. 

3.7.2 Generalized M-estimators 

Robust Statistics 53



The obvious way to robustify M-estimators against the leverage points in the 

factor space is to standardize the score function by a weighing function u(d;). 

These are the so-called bounded-influence regression estimators because the 

total influence of the estimator, as measured by Hampel is bounded. They are 

also called the Generalized M-estimators or GM estimators for short. There 

are two classes of these estimators depending on the method of bounding the 

influence of leverage points. 

1) The Mallows type GM estimator where the score function is: 

¥ u(t) w(ry, l;=0 

The weighing function u(Z;) bounds the influence of the far away points 

regardless of their residuals. 

2) The Schweppe type where the score function is: 

» u(d,) (35) i =0 
i=l 

In this case, instead of down weighing all the leverage points as in Mallows 

type, only those leverage points which have high residuals are down 

weighted. 

Therefore the general form of equation for a GM estimator can be written as 
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where 0(i.)=1 for Mallows type and #(i,)= A (1) for Schweppe type GM 
1 

estimators. 

We should clarify an important point regarding the leverage points. In an 

estimation problem the leverage points are not necessarily bad to have. A 

good leverage point brings in lot of information which tends to pull the 

solution in right direction, however a bad leverage point may force the 

estimator to a completely divergent solution. The Schweppe type estimators 

therefore tries to retain the good leverage points while down weighing the 

ones with large residuals. The principle is not to use a fixed tuning constant 

"b" for all the weighted residuals, but to adjust b based on the diagonal 

element of the weight matrix W. The reader may notice that this procedure 

is equivalent to comparing the normalized residuals ry; to b, since the 

normalized residual ry; is equal to r; / o,,W,. However the residual 

sensitivity matrix W used in WLS is not robust when multiple interacting 

leverage points are present, therefore we need a more robust weighing 

function in place of the W matrix. This can be done by finding the Robust 

Mahalanobis Distance which will be studied in detail in Chapter 4 and 

Chapter 5. 

The generalized M-estimators are an improvement over the M-estimators in 

terms of their ability to limit the influence of leverage points. However 

Maronna et al [32,33] have shown that the asymptotic breakdown point e* of 

such estimators cannot exceed the reciprocal of the number of variables being 

estimated, i.e.€ < 1/n. As a result the breakdown point of M-estimators tends 

to vanish for large n, which would be true for most of the power systems 
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networks. For example in a medium sized power systems with 100 buses and 

the number of state variables n=199, the breakdown point e* is less than 

1/200 = 0.005, which is of little practical use. 

3.8 Combination of HBPE and GM-estimators 

Clearly in multiple regression case with a large number of state variables, 

such as the power systems state estimation, we need High Breakdown Point 

Estimators (HBPE) [48-58]. The High Breakdown Point estimators achieve 

the maximum breakdown point of 50% regardless of the number of dimension 

unlike the GM estimators which can achieve the maximum breakdown point 

of 1/n. This class of estimators was first developed by Siegel [48] as the 

repeated median estimator. This was followed by the least median of squares 

(LMS) and the least trimmed sum of squares (LTS) estimators developed by 

Rousseeuw [49]. The LTS and LMS are improvement over repeated median 

estimator since they are location equivariant estimators. Other estimators 

belonging to the class of High Breakdown Point Estimators (HBPE) include 

the s-estimators also developed by Rousseeuw [50], the MM-estimates and 

the t-estimators developed by Yohai et al [51,52]. These HBPE generally 

depend on combinatorial solution methods, which become exponentially 

complex with the increase in the dimension of the problem. As a consequence 

the computational effort required to solve this problem also grows 

exponentially with the system size. This curse of dimensionality is addressed 

in Chapter 6 where an attempt is made to cut down the exponential growth 

of the computational effort and a short preliminary algorithm is presented 

along with simulation results. 
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The HBPE estimators can be characterized as the estimators having the 

maximum breakdown point, resistance to multiple interacting leverage 

points and/or multiple interacting bad data, but having a significantly lower 

efficiency at the Gaussian distribution. Therefore it is proposed that these 

HBPE estimators be used as diagnostic tools for the identification and 

rejection of the outliers, and to compute a robust starting point. Subsequently 

a generalized M-estimator based upon robust weight function u(/;) can be 

used to obtain a robust and efficient solution. 

3.9 Summary 

The classical methods used in the state estimation based on LS and WLS are 

inadequate, since these estimators breakdown even in the presence of single 

outlier in the data. Since the beginning of 1960 Tukey, Huber, Hampel 

theorized and studied the robustness properties of several estimators and 

proposed new robust alternatives to LS type estimators. These robust 

estimators which do not deviate significantly from the true solution (their 

bias is bounded) in presence of outliers, however have lower efficiency; that is 

the variance computed by these estimators are quite high under the Normal 

distribution. As a compromise GM estimators are introduced, which are both 

robust and high in efficiency. In multivariate problems the breakdown point 

of GM estimators unfortunately cannot exceed the 1/n ratio where n is the 

number of parameters to be estimated. Therefore for a fairly sized problem 

such as power systems it is necessary to use high breakdown point 

estimators. These HBPE which are computationally intensive (the 
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computational aspect of HBPE will be addressed in Chapter 6), have very 

poor efficiency. It is proposed therefore to use the HBPE as a diagnostic tool 

to give a robust starting point and then use a one step GM estimator for the 

final solution. Conventionally the GM estimator use the W matrix to compute 

the weight function. The W matrix however is based on sample mean and 

sample covariance matrix, which are non-robust estimates. In presence of 

multiple leverage points the W matrix fails to identify the leverage points. A 

robust distance estimator is required to identify the multiple leverage points 

so that a robust weight function can be used for the GM estimator. The 

identification of these multiple interacting leverage points and the robust 

distances will be addressed in the subsequent Chapters. 
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hapter 4_ Lever Identification and R Mahalanobi 

Distance 

4.1 Introduction 

We have seen that the classical WLS-based methods used in power systems 

state estimation studies are non-robust and may fail in presence of multiple 

outliers. As the power industry has started to look at more robust estimation 

techniques there has been lot of interest in the use of M-estimators and LAV 

in particular [46,47]. However these estimators are not robust against bad 

leverage points and a thorough investigation of the effects of leverage points 

in power systems is warranted. Though bad leverage points are harmful to 

M-estimators, good leverage points are very much desired as they are useful 

in reducing the variance of the estimates and thus improving the efficiency at 

the Gaussian model. 

It was shown in the previous chapter that the only sure way of defending 

against bad data points in a measurement set is to use high-breakdown point 

estimators. However these estimators exhibit poor statistical efficiency under 
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the normal distribution. The efficiency can be improved by employing one- 

step Generalized M-estimators starting from a high breakdown solution to 

the measurement set. The GM-estimators seek to bound the influence of bad 

leverage points by incorporating a weight function based on distances of data 

points in the factor space into the objective function. 

In the power system state estimation, the factor space is associated with the 

weighted Jacobian (design) matrix. Each row vector of this matrix, which is 

associated with a particular measurement, defines a point in the factor space. 

For an n-dimensional design matrix the factor space is an n-dimensional 

space where each coordinate axis is associated with a column of the design 

matrix. It is a well known fact that the factor space of a power system state 

estimation model contains leverage points [34,57], which are usually 

associated with power measurements on short lines, or power injection 

measurements at highly connected nodes, or measurements with small 

variances 0’ attached to them. The classical way of identifying these leverage 

points is to examine the diagonal elements of the hat matrix K given by 

K = H(H' H)'H', where H is the weighted Jacobian matrix. If a diagonal 

element Kj; is close to 1.0 then it is flagged as a leverage point. The diagonal 

elements of K unfortunately are based on the sample mean and the sample 

covariance, which are non-robust estimators. They can detect best only one 

leverage point which will have a large value of K;;. Theoretically, though, it 

can be argued that the Kj; can also reveal multiple non-interacting leverage 

points. Two measurements are said to be non-interacting if the corresponding 

off-diagonal terms of the hat matrix are zeros (or very small). These 

measurements cannot mask themselves in the WLS normalized residuals. 

Topologically, they are several buses away from each other. However it is 
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wishful to think of non-interacting leverage points since the leverage points 

usually appear in groups, each group being associated with a short line 

compared to the neighboring ones. 

Another way of determining the leverage points would be to look at the factor 

space as a point cloud and find the outliers with respect to the rest of the 

measurements. In a two-dimensional factor space this is quite apparent, as 

shown in Figure 4.1 

| 
  

bulk 

Ce) 
leverage points   —- 

X 
Figure 4.1 Graphical representation of leverage points 

        
In higher dimensions, however, it is hard to visualize the structure which 

contains the majority of the data and hence the bulk. Here, we need to define 

some kind of standardized distances and apply a statistical test to them for 

identifying leverage points. The first effort to come up with some sort of 

statistical distances was by P. C. Mahalanobis in 1930, hence the name 

Mahalanobis distance. This method is based on the assumption that the 
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measurement locations in the factor space follow a gaussian distribution in 

the factor space, which is a far cry at least where power systems 

measurements are concerned. It is based on the sample mean and sample 

covariance, which makes the method subject to the masking effect of multiple 

leverage points. In section 4.3 it is shown that the classical Mahalanobis 

distance is linearly related to the diagonal elements of the hat matrix. 

The need for robust leverage diagnostics was duly recognized by the 

statisticians. First efforts were made by Huber [14] who developed M- 

estimators of multivariate location and covariance. Donoho & Stahel [7,8] 

independently introduced the first high breakdown multivariate estimators 

of location and covariance. Later Rousseeuw [16] designed the Minimum 

Volume Ellipsoid (MVE) estimator with maximum breakdown point. 

However the MVE method is restricted to small dimensional problems (less 

than 10), which precludes its use in power systems. On the other hand the 

projection algorithm suggested by Donoho & Stahel is found to be more 

suited to the power systems regression problem. The following sections will 

elaborate on this point. 

A new version of the projection algorithm will be described and robust 

Mahalanobis distances will be proposed. Their performances will be 

illustrated through some simulation results performed on several test 

systems. 

4.2 Leverage Points in Power Systems 

The leverage points are outliers in the factor space. The factor space in power 
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systems is the one associated with the weighted measurement Jacobian 

matrix, where the measurements are usually power flows, power injections 

and bus voltage magnitudes. For the sake of simplicity, we are considering 

the decoupled weighted Jacobian matrix. In this case, a power flow 

measurement has only two entries in the associated row of the P-6 Jacobian 

submatrix whereas a power injection measurement at a node with n incident 

branches has (n+1) entries. These entries are proportional to the admittances 

of the associated branches and to the reciprocal of the associated 

measurement standard deviation, 1/o. As for the voltage measurements, they 

have only one entry, equal to 1/o, in the corresponding row of the QV- 

weighted Jacobian submatrix. 

Whenever in a network there is a short line compared to its neighbors, it has 

a relatively large admittance value. Therefore, the measurements associated 

with it are candidates for leverage points since they have large entries in the 

Jacobian matrix. Similarly an injection at a highly connected node is a 

candidate for a leverage point, since the sum of the admittances of all 

incident lines can add-up to a large number. Other candidates for leverage 

points are those measurements with small values for o. 

The reader here is reminded that, even though leverage points may have 

undue influence on some estimators, it may be desirable not to downweight 

them, especially when the associated measurements are good. Good leverage 

points are extremely beneficial in reducing the variances of the estimates. On 

the other hand bad leverage points, if not downweighted, will completely ruin 

the results of the M-estimators. Hence the need of high breakdown 

estimators to distinguish the good from the bad leverage points. 
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4.2.1 An example of a 3-bus system 

Consider a 3-bus power system as shown in Figure 4.2. Let R,j=0 and Xqj=l 

p.u. for all lines. In this case, the Jacobian matrix in the P-6 decoupled model 

z= Hx+e is given by: 

  

  ©) 
1@ 

      

      Figure 4.2: A simple example of leverage points in a power system.     
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Graphically we can represent the H matrix by its factor space shown in 

Figure 4.3. From this figure we can see that all points are close to each other, 

implying the absence of leverage points. 

Now if we shorten the line 1-3 by 5 times, and hence increase the admittance 

5 fold, the data points in factor space changes as shown in Figure 4.4 

Leverage Identification and Robust Mahalanobis Distance 65



  

  

    Figure 4.3: Factor space of the Jacobian 
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      Figure 4.4: Factor space of the Jacobian matrix after line 1-3 is shortened 
  

In Figure 4.4 we can notice a significant distance between measurements #7 

and #3 and the bulk. This suggests that they are outliers in the factor space, 

that is, leverage points. 

One more important observation can be made from the above figures. Notice 

that the injection at bus 2, the measurement #6, is always inside the bulk of 

the point cloud. This shows that we cannot a priori assume that all injection 

measurements are leverage points as it is suggested in some recent 

publications [34]. In fact, one has to look at the point cloud as a whole before 

Leverage Identification and Robust Mahalanobis Distance 67



deriving any firm conclusions about which of the data points are leverage 

points. 

4.3 The Mahalanobis distance 

In 1930 P. C. Mahalanobis, who was studying the Indian economy, suggested 

(u @ p) = (hu O p) as a measure of the distance squared between two 

populations, where wp” andy are their mean vectors and > is their 

covariance matrix. This is the classical squared Mahalanobis distance. The 

concept is based on the Euclidean distance between two points. This could be 

easily verified by letting 2. =CC' and v =C” uw’, i=1,2. Then, the squared 

(1) (2 \°f (2) 

Mahalanobis distance is given as (» -Vv ‘ -Vv } which is nothing 

else than the Euclidean distance between two points identified by the vectors 

v® and v™. One way to identify outliers in the multiple regression case is to 

calculate the Mahalanobis distances of the data points in factor space and to 

apply a statistical test to them. 

Let us apply this procedure to power systems. Let H be the weighted 

Jacobian matrix and let /, be the transpose of the ith row of H. The data 

point identified by /; will have a Mahalanobis distance, MD,, given by 

  

MD, = (1, -7)' C(1, -1) 

where / is the average of all the vectors /,, that is, 
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and T=— S30 -Dd - Dt. 

These distances form a univariate population, implying the use of univariate 

statistical tests to identify the outliers. The measurements having 

Mahalanobis distances larger than a given cutoff value are flagged as 

outliers. Let us recall that if this test is able to identify a single leverage 

point, it is prone to the masking effect of multiple leverage points. This is due 

to the fact that the MD;'s are based on non-robust statistics, viz. the sample 

mean and the sample covariance matrix. There is a monotone relation 

between the squared Mahalanobis distances and the diagonal elements Kj; of 

the hat matrix (Section 4.4). In the case of a regression with an intercept 

term, their relationship is given by [11-14] 

(MD, )’ 
n-l 

K.= 
u 
  + i (1) 

n 

In power system state estimation, the fit passes through the origin, implying 

the absence of an intercept term. In that case, Eq. (1) becomes K,, - Oy 

In addition, there is a strong likelihood of multiple interacting leverage 

points which will usually serve to mask each other's presence when using the 

MD); -test. In some other case, this test, may point out non-leverage points as 

leverage points. This is illustrated in Table 4. The table lists the classical 

Mahalanobis distances for the 3-bus system given in Section 4.2.1 when the 

line 1-3 is shortened by 5 times. The new Jacobian matrix is given as 
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Table 4.1 : 3-BUS system Classical Mahalanobis Distances 
  

  

  

  

  

  

  

Cutoff 1.09 

Measurement # Distance 

1 0.54 

2 0.29 

3 0.87 

4 0.42 

9 0.359 

6 0.63 

/ 0.359             

The cutoff is taken as (mean + 3.0*SD), where SD is the standard deviation. 

From Table 4.1 we can see that the measurement #7 is completely masked by 

measurement #3 and in fact #7 has the second lowest distance. This leads to 

the conclusion that the Mahalanobis distance is not suitable for identifying 

leverage points in power system state estimation. 
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4.4 The hat matrix and Leverage Points 

The classical method of leverage identification is based on the diagonal 

elements of the hat matrix. This section explains the derivation and the 

concept behind the method. The linearized regression model of power system 

state estimation is: 

where E[2]=0 and £[2(2)' |= R = diag(o}....,03,), 

then z= 

where E[e]=0, Ele(e)'| =], and /, is the (m x m) identity matrix. 

Therefore the weighted measurement error vector, e, has unit covariance and 

the expression of the LS estimates, x and Z, are given by 

$=(H'H) H'z 

2=H(H'H) H'z=Kz 

The matrix K in the above expression is called the hat matrix because it 

transforms the observed z into the LS estimates. K is n-by-n matrix which is 

both symmetric (K ‘=K ) and idempotent (K 7=K ). Its diagonal elements are 

written as 
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K, =1(H'H) 1! =K?+>,K?. (1) ii =i 
itj 

The K;; can be regarded as a measure of influence of the ith measurement 2; 

on its estimate z,. It takes on values that range from 0 to 1. From (1) we infer 

that when K, =1.0, then K, ~0, and z,=z;. In other words the fit is completely 

determined by the measurement z;. That is why it is called a leverage point. 

Note that K, =1.0 indicates that J; is an outlier in the factor space. When 

using the WLS residuals for detecting bad data, the influence of non- 

interacting leverage points may be bounded by normalizing the residuals, 

which yields 

r.. 

rN= bee, 2 
1-K, (2) 

We observe that the residuals are magnified by a weighting factor 1/ J1-K;;» 

which compensates for the small value of r; when the data point (z; , lj) is a 

leverage point. 

For purpose of leverage point diagnostics, we apply a statistical test to the 

K;;'s to distinguish between leverage and non-leverage points. Huber [1981] 

suggests to set the cutoff value equal to twice the expected value of the K;;, 

which is equal to m/n, that is 

l< n 
EK J=7 UK =o 

Therefore if the value of a Kjj is much larger than 2n/m, then the 

corresponding measurement is flagged as a leverage point. Unfortunately, 
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this test may fail to identify multiple interacting leverage points; they can 

mask each other's presence yielding smaller K;;'s. This point is illustrated in 

the statistical literature [56-59,15] [Mili, Phaniraj & Rousseeuw]. 

4.5 Robust Leverage Diagnostics 

The influence of position on the M-estimators has been studied by Hampel et 

al. [22,26,29]. The first efforts to find high breakdown leverage identification 

methods were made by Donoho (1982) & Stahel (1981) [7,8] with the 

outlyingness-mean diagnostics, and by Rousseeuw [9-20] with the Minimum 

Volume Ellipsoid (MVE) and Minimum Covariance Determinant (MCD) 

estimators. None of these algorithms are prone to the masking effects of 

multiple interacting leverage points. 

4.5.1 The MVE and MCD estimators 

The MVE and MCD estimators are based on the idea of finding an ellipsoid 

in hyper-space such that the ellipsoid contains half of the measurements and 

  

has the least volume [15]. Here half means, h = * tnt "| 
2 

Let T(H) be the center of this ellipsoid and C(H) be the associated covariance 

matrix of this ellipsoid. Then the robust Mahalanobis distance can be written 

as 

  

RD, = (l,-T(H)) (CY (l, -7() 
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The MVE is defined as the pair (T,C), where 7(H) is an n-vector and C(X) is 

a positive semidefinite n-by-n matrix such that the determinant of C is 

minimized subject to: 

{is(., -T)C"(x,-T) < a’} >h 

where h=[(m+n+1)/2] and a“ is a constant chosen as expected value, 

(usually x; if the majority of the data is assumed to be normal). 

The minimum covariance determinant (MCD) method, on the other hand, 

searches for a subset, containing half of the data, with the covariance matrix 

which has the least determinant. Geometrically the volume of the ellipsoid 

which contains this subset is linearly related to the determinant of the 

covariance, hence the name. 

Rousseeuw et al. [15,16] proposed an algorithm based on the resampling 

technique. Both MVE and MCD are implemented through the resampling 

technique since each ellipsoid considered is based on a statistical 

combination of half the measurements selected from the full set of 

measurements. An exhaustive search method is out of question because the 

number of combinations will increase exponentially as the dimension of the 

problem increases. 

The resampling technique (Appendix A) solves this problem by drawing only 

a number k of subsamples so that one of them contains only good data points 

with a high probability. 

Rousseeuw and Van Zomeren suggest to employ MVE only in cases where 

m/n>5. It was found that when the ratio of m/n is relatively small the 
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outliers are very hard to detect by the MVE method, because it was found 

that the algorithm exhibits very poor performance in higher dimensions. The 

MVE method, especially, is not practical for problems with dimensions higher 

than 10. 

4.5.2 Donoho & Stahel Outlyingness-mean Estimators 

The outlyingness-mean estimator is defined as follows. For each observation 

J; its outlyingness uj compared to the rest is given by 

liv’ - Liv’, bv’, ..., Lvl 
. = Su 3 

Mi = SNP Sv‘, Lv wey dv‘) (3) 
  

where L and S are estimators of location and scale and v is any direction 

vector in the factor space. 

The above estimator is motivated by the fact that the classical Mahalanobis 

distance MD can be represented as 

vi - yi 
n 

SD(LV', Lv .. 4 LV’) 
  MD(/,,H) = sup 

This equation can be obtained from the Eq. (3) by selecting the sample mean 

and the standard deviation for the location estimator L and the scale 

estimator S respectively. Both L and S in this case are non-robust hence MD 

is non-robust. 

Leverage Identification and Robust Mahalanobis Distance 75



Donoho & Stahel suggested replacing L and S by their robust counter parts 

to obtain robust Mahalanobis distances. They recommend the coordinate- 

wise median of the points, M, as the center, and median absolute deviation 

(MAD) as the scale. 

To compute uj; one must in principle search all possible directions, which is 

not possible in actual practice. Therefore we have to explore only a few 

direction vectors v to compute uj. Donoho & Stahel suggested that at the 

minimum the direction vectors between each |; and the center of the point 

cloud should be explored. Then the directions are given by v=/,—M and the 

estimator is given by 

ll.v' - med(iv', Lv',..., Lv‘) 
u;= sup t t t t v med|t),V med(jv,1,V,...5 1,V ) 
  

where med is the median of the projections of the data points lL; on the 

direction vector v, and the denominator is the MAD of these projections. 

Alternatively L and the scale estimate S can be a combination of LMS and 

the shorth. 

The algorithms of both MVE and projection pursuit methods are approximate 

but are effective in outlier detection [16]. The resampling technique used for 

MVE & MCD is affine equivariant but not permutation invariant; i.e. if we 

reorder the observation points J; then the random subsamples J change. On 

the other hand, the projection algorithm is not affine equivariant but it is 

permutation invariant because it considers all permutations of projections for 

a given set of directions. 
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4.6 Implementation of Projection Method in Power Systems 

The resampling method that implements MVE or MCD is extremely slow for 

systems of size 10 or more buses. Therefore in power system state estimation, 

due to the sparsity and large size of the weighted Jacobian matrix, projection 

method is implemented. The implementation however is not straightforward 

and significant modifications are warranted. The major difficulty in 

implementing the projection algorithm in power systems can be attributed to 

the sparsity of the Jacobian matrix. The weighted Jacobian matrix 

(decoupled model) has only two entries for a flow measurement and usually 

no more than ten entries for an injection. The dimension of a medium sized 

power system on the other hand is around 100 buses, therefore the weighted 

Jacobian matrix is extremely sparse. Due to sparsity, the majority of the dot 

products /f vy in Eq. (3) are zero. This makes scale estimates zero, and hence 

the bulk of the u; are indeterminate quantities. 

The following modifications were suggested in order to compute the 

projection distances : 

(1) While computing the coordinate-wise median over all points, only 

non-zero projections are considered. For the power system Jacobian 

matrix H the median is taken over the non-zero terms in each column of 

H. 

(2) Instead of blindly rejecting any non-zero projections for calculation of 

scale or location estimates, the projections are restricted to a set of 
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measurements called relevant set. This concept is defined in Section 

4.7.2. 

4.7 Anew projection algorithm for Power Systems 

In a power system the regression model Z=Hx is without intercept, which 

means that all the fitted hyperplanes should pass through the origin; hence 

the centers of the ellipsoids in the factor space are constrained to be the 

origin. To achieve the origin as the location in every case we have to 

duplicate all measurements by their mirror images. This modification also 

accelerates the computational effort required to detect the leverage points. 

The new algorithm is then represented by the following equation: 

  

RD(i,,H) = sup ivi 

y S((r'iv),li'2v), _ .0,v) 

The projections from most of the measurements on direction v are zero, and 

only a few measurements have non-zero projections. The majority of these 

zero projections should be discarded as they do not bring in any information 

about the factor space around the measurement under investigation. This 

phenomenon can be explained as the projections from relevant 

measurements, which are given by the relevant set of measurements 

(alternatively called union of fundamental sets). 
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4.7.1 Fundamental Set 

In power systems due to the sparsity of the Jacobian, the estimation of state 

variables are dependent on only a few measurements. In this section the 

concept of a fundamental set [57] for the state variables is briefly explained. 

This concept is further expanded for the use of the projection algorithm for 

leverage identification. 

Definition : In the linearized regression model of the power systems, z= Hx, 

the fundamental set F; of the variable x; is defined as the set of those 

measurements which have non-zero terms in the ith column of H. Formally, 

we have 

F,= 12, Hi, # O}. 

From the definition one can infer that if we remove all the measurements 

from the fundamental set Fj, then the state variable x; will not be observable. 

4.7.2 Relevant Set of a Measurement 

Definition: The relevant set of a measurement is defined as the union of the 

fundamental sets of those state variables which that measurement is 

function of. 

Proposition 1: The relevant set of power flow measurement on a line 

consists of the union of the fundamental sets of the state variables associated 

with the end buses of that line. 
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Proposition 2: The relevant set of power injection measurement on a bus 

consists of the union of the fundamental sets of the variables associated with 

all end buses of the lines incident to that bus. 

A geometrical interpretation can be given for the above propositions. The 

data point in factor space associated with a power flow measurements lie on 

a plane. The relevant set of this measurement consists of all those 

measurements whose associated data points in factor space have non-zero 

projection on that plane. A similar argument can be made for power injection 

measurement which lies in a higher dimensional subspace. 

4.7.38 Additional Directions 

Through simulations it was found that the number of projections obtained is 

very small in-spite-of increased data points. It is the small number of 

projections which eventually leads to the masking effect and lowers the 

breakdown point. This effect can be observed more clearly in an artificial 

system. It is demonstrated with help of an example, later in this chapter. To 

remedy this effect we need to explore additional directions other than the 

minimum recommended. This is done by introducing fictitious points which 

are the mid-points between any two measurements in the relevant set of 

measurements. The new additional directions are calculated by two ways, the 

first additional direction is obtained by adding any two directions from the 

same relevant set of the measurement, the second direction is obtained by 

taking the difference of the two directions. The necessity for both the 

additional directions is explained with the illustration shown in Figure 4.5. 
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\     Figure 4.5 Extra directions as addition and difference of two. 
  

Notice that the leverage point is always masked if we consider only the 

directions obtained by addition of any two directions from the same relevant 

set, and the point is unmasked as a leverage point only when we consider the 

direction obtained as the difference between the two points. That is when we 

consider direction d3=d1-d2. This may look like additional effort; however, 

we have already duplicated all points in the factor space, hence the difference 

between the directions is the same as addition of one original and one mirror 

image. Or equivalently if we consider the difference of directions, then we 

need not duplicate the points when we explore the new directions. 
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Table 4.1 gives the results of a simulation on the IEEE 118-bus system and 

Table 4.2 gives the result for the IEEE 14-bus system. The projection 

distances in these cases are found by both methods: with additional 

directions (AD) and without additional directions (NAD). The leverage points 

indicated in both cases are listed in the tables. The *...* indicates that the 

measurement was not listed as a leverage point using that particular 

algorithm, however it was found to be a leverage point by the other method. 

From these results we can see that some of the larger leverages identified by 

additional directions are masked in the case when additional directions were 

not considered. For example in the case of measurement #58, the distance 

calculated without additional direction is 8.04 while the distance calculated 

with additional directions is 118.548. 

We can also notice that some measurements are indicated as leverages in 

case of NAD and are not leverages in AD. However in all these cases the 

distances are border line, i.e. very close to the cutoff value (mild leverages). 

Therefore their detection is subject to fine tuning the cutoff. 
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Table 4.2 :IEEE 118-BUS, Robust Mahalanobis Distances for leverage 

points 
  

  

  

  

  

  

  

  

        
Leverage Identification and Robust Mahalanobis Distance 

AD NAD 

Cutoff 36.10973 __ 17.28681 

Measurement # RMD RMD 

6 90.69844 30.98796 

0 94.40672 9.2559 

96 09.67501 37.16633 

98 118.5485 +8.0413« 

77 +27.6/9« 20.92679 

8/ +53.9/2+ 22.08268 

88 467.0544 203.2042 

90 186.9875 98.08414 

9/ 293.4147 31.85147 

104 82.1939 15.689 

107 196.1544 20.80833 

109 226.3994 «16.147s 

110 119.8493 +16.005« 

111 901.5742 116.0516 

129 109.5915 64.80901 

171 41 .5/098 20.15083 

180 116.2565 *12.890« 

182 08.44829 52.14432     
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183 

188 

189 

190 

196 

202 

203 

204 

208 

210 

211 

212 

213 

214 

216 

217 

218 

219 

220 

229 

226 

232 

239 

2358     
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235.7222 

83.16146 

55.25045 

72.48944 

37.59807 

102.1888 

266.0302 

45,94841 

130.1789 

671.9043 

165.9283 

724.2157 

55.8171 

401.3657 

182.2328 

84.26289 

5207.925 

229.5293 

50.45221 

291.6687 

87.7981 

117.3955 

64.39416 

50.74227   

45.09664 

30.82472 

#11.907+ 

33.26239 

12.5564 

48.53274 

+14.148+ 

21.42178 

104.8895 

504.3973 

49 27811 

339.7453 

23.03863 

48.74530 

24.07547 

59.02984 

161.2159 

29.81522 

29.31612 

109.9245 

37.10484 

65.17734 

40.51033 

29.92096    



239 110.1864 

249 901.9742 

33.23792 

116.0516 
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Table 4.3: IEEE 14-BUS, Robust Mahalanobis Distances for leverage 
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points 

| _ NAD _ 

Cutoff __ 27.04246 18.98252 

Measurement # _ RMD RMD 

1 #28.425% 18.91606 

2 #28.420+% 18.91606 

3 9.843663 6.865178 

4 10.60454 7.414771 

9 2.146684 1.069462 

6 2.146684 1.069462 

] 10.77821 7.941203 

8 4.078636 2.019862 

9 +44 44/s 19.12590 

10 4796616 4.105243 

1 3.796878 2.415804 

12 5.741951 1.919097 

13 3.741951 1.919097 

14 1.229707 0.844635 

19 9.914977 3.477175 

16 14.38791 8.298549 

17 14.38751 8.298549 

18 9.062261 4.257944 

19 8.409596 6.938486    



20 

21 

22 

23 

24 

29 

26 

2] 

28 

29 

30 

31 

32 

JJ 

34       

2.616621 

4.497816 

2.110628 

2.055945 

#27.526+ 

#99.651+ 

+71.000+ 

29.4632 

20.12090 

3.741951 

19.68787 

6.713503 

9.008209 

9.875925 

5.616621   

1.430239 

2.688716 

1.530597 

1.111803 

18.01715 

#40. 735+ 

#25.960# 

18.46167 

9.016640 

1.519097 

10.98707 

9.152758 

3.432276 

7.943472 

2.430259       

  

To clearly demonstrate the masking effect let us construct an artificial 10-bus 

power system as shown in Figure 4.6. Here the masking effect of the NAD 

algorithm is seen clearly. The lines (7-8,7-9,7-10) in Figure 4.6 are shortened 

by 10 times and the leverage point results are listed in Table 4.3. 
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        Figure 4.6 10-bus system demonstrates masking effect 
  

The NAD algorithm fails to identify any of the leverage points in this case, 

while the AD algorithm correctly identifies all measurements 11 through 18 

as leverages. In fact in the NAD algorithm the measurements 11 and 12 have 

lower distances than the rest. 
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Table 4.4: Artificial 10-bus radial system with plain voltage profile 
Jacobian demonstrates the masking effect. 
  

  

  

  

  

  

  

  

        

AD NAD 

Cutoff 2.000000 2.000000 

Measurement # RMD RMD 

1 2.000000 2.000000 

2 2.000000 2.000000 

3 2.000000 2.000000 

4 2.000000 2.000000 

5 2.000000 2.000000 

6 2.000000 2.000000 

7 2.000000 2.000000 

8 2.000000 2.000000 

9 2.000000 2.000000 

10 2.000000 2.000000 

1 +7.33338 1.000000 

12 +7.33338 1.000000 

13 ¥3,87758 2.000000 

14 +3,87758 2.000000 

15 *3,87758 2.000000 

* 16 ¥3,87758 2.000000 

17 +3,87758 2.000000 

18 +3,87758 2.000000       
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4.7.4 Robust Estimation of Scale 

The modified equation for the robust Mahalanobis distance in Section 4.7 has 

a scale estimator S in the denominator. The selection of this scale is 

explained in this section. 

The new algorithm with extra points and with additional directions gives 

additional projections than the original, however the number of projections is 

still very small, usually less than 20 and sometimes as low as 4. In this case 

the scale of the projections plays an important role if the scale is too small, 

then the leverage points will be inflated, and vice-versa. The first 

requirement of scale in our case is that it should be robust, therefore the 

natural choice would be that of MAD or Shortest half, etc. These scales are 

very easy to compute with simple explicit formula, however these scales 

depend on the location of the point cloud (here the point cloud is that of 

projections and not the one associated with the Jacobian matrix) and tend to 

be symmetric around the location. Hence these scales are less efficient under 

gaussianity [96]. For example the median absolute deviation MAD = 1.4826 

med; {| x;-med;x; |} has efficiency of 37% at gaussianity. jt! Xj Xj 

Instead of these scales Rousseeuw and Croux [96] propose two new scales S, 

and Q, which are independent of the location, have higher efficiency and are 

still robust. These scales are defined as 

S, = 1.1926 med, {med ile, -x,|] 

Q,, = 0.25 quantile of the distances {[x, ~ x, i < i} 
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Both S, and Q, take O(n log n) time to compute. On the other hand Qn 

exhibits more efficiency than Sp. In fact the efficiency of Sp is 58%, whereas 

Qn attains 82% efficiency under gaussianity. However for smaller samples 

Sn performs better than Qn. Also the implementation of Sp is easier and it is 

computationally more efficient than Q,, hence we choose Sy as the scale for 

the leverage point identification. 

4.7.5 Selection of the Leverage Point Cutoff 

Another difficulty in leverage point identification is to find the cutoff point. 

The leverage points are described as outliers in the factor space, but how far 

must a point be from the bulk before it can be said to be a leverage point? In 

this dissertation some of the criteria for the cutoff values that can be used are 

given. 

The cutoff requires the location of the bulk and scale of the bulk. In 

projection algorithm the distances are univariates therefore we can use the 

usual univariate location and scale estimates to detect the outliers. Again 

since we are looking for the robust distances it follows that we should choose 

the robust statistics. Usually statisticians prefer a cutoff as 2.5 or 3.0 times 

the scale from the location. Here we can consider the following three cutoffs 

cutoff = med(u, ) +2. 5MAD(u,) 

cutoff = shu, )+2. SSH, (u;) 

cutoff = sh(u,)+2.55,,(u;) 
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where med is the median, MAD is the median absolute deviation, sh is the 

shorth, SH, is the shortest half, S, is the robust estimator of scale defined in 

previous section. All of these robust cutoffs were used in our simulations and 

generally they give similar results. 

A more theoretical cutoff is suggested by Rousseeuw and Van Zomeren [12] 

based on the assumption that the scatter of points in the bulk of the point 

cloud is gaussian, therefore their squared distances follow a y’ (chi-square) 

distribution. It is suggested to use the chi-square test with n-1 degrees of 

freedom and the 97.5 quantile as the cutoff [12]. The following section 

investigates this cutoff in the case of power systems as well as for a general 

matrix with similar sparse structure. 

4.8 Cutoff based on Q-Q plots 

A set of Monte Carlo simulations were carried out to see if one can indeed 

rely on the cutoff based on the y’-test. In power systems the design matrix, 

i.e. weighted Jacobian, is extremely sparse. Also each row follows a certain 

structure. For example each row corresponding to a line flow has only two 

entries and further they have opposite signs. This structure therefore is far 

from gaussian. The cutoff based on Q-Q (Quantile-Quantile) plots, however, 

expects the scatter to be gaussian. For this purpose artificial Jacobians were 

generated keeping the sparsity intact. 

To make the scatter of all points in the Jacobian matrix to conform to 

gaussianity is not defined very well. It is assumed that if in every axis of the 
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design matrix, the distribution of projections of points is gaussian, then the 

scatter is gaussian over all in the multidimensional space. 

To find the actual points in the Jacobian one of the three methods can be 

selected: 

i) Find a series of gaussian numbers and assign them to the non-zero 

elements of the Jacobian matrix, 

ii) Assign the gaussian numbers to elements of each row sequentially, 

iii) Assign the gaussian numbers to elements of each column 

sequentially. 

The first suggestion is the best if one is dealing with a full matrix, however 

in case of a sparse matrix we get a very skewed distribution. The second 

suggestion is also not acceptable as it did not produce gaussianity in each 

axis as desired. The third suggestion worked the best for the Monte Carlo 

simulations that were carried out. 

In the simulations 100 Jacobian matrices were generated and projection 

distances for all these measurements were plotted and checked to see if they 

indeed followed a y’-distribution. 
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Figure 4.8 ° plot of distances for measurement 3 
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Next the distribution for each measurement were plotted as Quantile- 

Quantile graphs to see if they resemble any one of them. To compare the Q-Q 

plots we have to know the degrees of freedom for the distances. In a full 

matrix the degrees of freedom is n; however, in a sparse system it is an open 

question. Here we have considered three possibilities for the degrees of 

freedoms. 

1) The minimum dimensions in which the measurement is represented. Every 

power measurement lies on a subspace which is much smaller than the entire 

factor space. These measurements do not have projections beyond this space, 

therefore its degrees of freedom should be restricted to this subspace. For a 

line flow it is equal to 2 and for an injection at a bus it is equal to the number 

of lines incident upon that bus plus one. This is the smallest degrees of 

freedom. 

2) The factor space containing only those buses which are one bus away from 

the measurement buses (restricted space). This is based on the fact that the 

projections on only these axes are considered to calculate the projection 

distance. That is, the measurements in the fundamental set of the 

measurement may have non-zero projections outside this space, but these 

projections are not part of the algorithm. This degrees of freedom is larger 

than the first choice. 

3) The smallest factor space containing all measurements in the relevant set of 

the measurement (extended or full space). This is based on the fact that we 

are considering the projections from these measurements while calculating 

the projection distance. This is the largest degrees of freedom. 
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Now we can compare the actual distribution with the y’-distributions of the 

above three degrees of freedom. Also, given the list of distances we can 

compare the distribution for all degrees of freedom in a y’-distribution table 

and give them scores to come up with the closest x” graph that resembles the 

actual distribution. 

For the score function, a y’ table of 0.1 to 100 quantile and 30 degrees of 

freedom were considered. The quantiles of each graph were compared with 

the actual distance which were given weights from 0-29 according to how far 

they are from the distribution. The closest one is given weight 0 and the 

farthest 29. Then the one with the least score (least difference for the most of 

the graph) was selected as the degrees of freedom for the measurement. 
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The Q-Q plots were also plotted for the distances obtained from the algorithm 

without the additional directions. 
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Table 4.4 lists the results of the score function which match the degrees of 

freedom of the y’-distribution with the distance obtained in Monte Carlo 

simulations. From all the measurements it is concluded that if one is using 

the algorithm without additional directions (NAD) the expected distribution 

of the distance of a measurement is y’ with the degrees of freedom equal to 

the dimension of the measurement subspace (first option). On the other hand 

for the algorithm with additional directions (AD) the degrees of freedom is 

equal to the dimension of the subspace defined by projections (second option). 
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Table 4.4 Score function for degrees of freedom for IEEE-14 bus system. 
  

  

  

  

  

                        

Meas. || # of buses The best Deg. || The best Restricted Extended 

# connected Frdm. match Deg. Frdm. |] Deg. Frdm._ |j Deg. 

to the meas. || (NAD) match (AD) Frdm. 

] 2 2 3 5 7 

2 2 2 3 5 7 

3 2 3 4 5 7 

4 2 2 5 7 8 

5 2 3 4 6 11 

6 2 3 4 6 \1 

7 2 3 5 6 11 

8 2 3 5 6 8 

9 2 3 5 8 12 

10 2 2 5 9 13 

11 2 3 5 7 8 

12 2 3 5 4 7 

13 2 3 5 4 7 

14 2 3 5 8 12 

15 2 3 5 6 \1 

16 2 3 6 6 12 

17 2 3 6 6 12 

18 2 3 5 6 8 

19 2 3 5 6 8 

20 2 3 6 6 13 
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10 

8 
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12 

10   

1] 

12 

14 

13 

12 

13 

13 
  

  

In Table 4.4 the following definitions are used: 

Extended/Full Degrees of Freedom: The smallest factor space containing all 

measurements the relevant set of a measurement. 

Restricted Degrees of Freedom: Only those buses from the full sets which are at most 

one bus away from the measurement buses. 

Measurement Buses: End buses of a measurement. 

4.9 Breakdown Point of Projection Distance 

We will now determine what is the maximum number of leverage points that 

Leverage Identification and Robust Mahalanobis Distance 

   



the projection algorithm can handle. This number is called the breakdown 

point of the estimator. 

In the previous section we have seen actually two algorithms: one is without 

any additional directions (NAD), while the other is with additional directions 

(AD). Both these algorithms are very robust, but they have different 

breakdown points. The AD has a breakdown point that is at least equal or 

higher than that of NAD since the former algorithm investigates all the 

directions that NAD checks plus a few more. 

In the literature [13] the asymptotic breakdown point of the projection 

method is given as 50%, and the finite sample breakdown point is equal to 

  [aes jm. However due to the sparsity of the Jacobian matrix this 

breakdown point cannot be achieved. The sparsity leads to the phenomenon 

of local breakdown which lowers the global breakdown point. This concept is 

explained next. 

4.9.1 Local Breakdown of Projection Distance 

In power systems, a leverage point is an outlier with respect to not all the 

data points, but only a subset of them. This subset consists of those 

measurements which belong to the union of fundamental sets associated with 

the leverage point. Therefore their breakdown point is related to this reduced 

set of measurements instead of the full set. 

Let us recall the concept of the fundamental set and relevant set of a 

measurement. The fundamental set F; of a state variable x; is defined as the 

set of those measurements which have non-zero terms in the ith column of H. 
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Concerning the relevant set of a measurement, it is defined as the union of 

the fundamental sets of those state variables on which that measurement 

depends. In the case of a power flow measurement on a line the relevant set 

consists of the union of the fundamental sets of the state variables associated 

with the end buses of the line, while in the case of a power injection 

measurement the relevant set is the union of the fundamental sets of those 

state variables associated with all end buses of the lines incident on the 

injection node. 

From the point of view of factor space, the relevant set of a measurement 

consists of those measurements which have non-zero projections on the 

subspace on which the measurement lies. The relevant set of a measurement 

(candidate leverage point) also determines the actual subspace where the 

candidate and its neighbors lie. This subspace defines the degrees of freedom 

which determines the cutoff value (section 4.8) 

The sizes of the relevant sets are different from each other, consequently the 

breakdown point of the projection algorithm is different for each 

measurement. The procedure to calculate the local breakdown point is 

explained with the help of the IEEE 14-bus system. Figure 4.12 shows the 

one-line diagram of the JEEE 14-bus system with a measurement 

configuration. 
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4.9.2 Procedure to find Local Breakdown 

  

  

        

    

  

            Figure 4.11 An example of IEEE 14-bus system 
  

Consider the projection algorithm without additional directions and let us 

calculate the local breakdown point of measurement # 1. The directions to be 

explored are identified by the vectors from the origin to each point in the 

relevant set of a measurement # 1, which consists of measurements 

{1,2,3,4,5,6,7,8,29}. Also let Di denote the direction passing through the 

origin and the measurement i. The unique directions to be explored are the 

D1, Dg, D5, Dg, Dg, Dag. The rest of the directions are the same because of 

the duplicate measurements. Recall that in the projection algorithm the 

measurements are duplicated with their mirror images to force the ellipsoid 

to center at the origin. For example since the measurements # 1 and # 2 are 
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already mirror images of each other therefore we need not duplicate them. 

On the other hand the measurements such as # 5, # 8 and # 10 will be 

duplicated by their mirror images. These duplicate measurements do not 

bring in new information and therefore will be ignored. 

The projections on each of these directions are as follows: 

D1 — {1,3,5,6,8,29} 

D3 — {1,3,5,8,9,29} 

Ds — {1,3,5,8,9,10,13,14,29} 

Dg — {1,3,6,8,10,11,29} 

Dg — {1,3,5,6,8,10,11,29} 

Dogg => {1,3,5,6,8,10,11,29} 

Here the entries in the curly brackets are the measurements which project on 

to the corresponding directions listed on the left. 

Let us now define the breakdown set. This set consists of measurements 

which, if placed at infinity, will inflate the scale of the projection distances to 

infinity in all investigated directions. Hence they will cause the algorithm to 

breakdown. The steps that allow us to find the local breakdown point are as 

follows. 

1. For each measurement, assign a weight which is equal to the number of 

directions on which it has non-zero projection. For example, the 

measurement # 1 appears in all six directions, D1 ... Dog therefore it is 

assigned a weight of 6. Note more than one measurement can have the 
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same weight. 

2. Order the measurements in descending order of their weights. Select 

measurements for the breakdown set starting with those with the 

largest weights, until the scale in one of the directions breaks down. 

Exit, if it is the last direction in which the scale breaks down. 

3. Ignore all the directions where breakdown has occurred. Recalculate 

weights for the measurements according to the remaining directions, 

and go to step 2. 

For measurement # 1, three iterations are carried out until the local 

breakdown point is found. The italics and * represent the breakdown of a 

given direction. 

Iteration 1: 

Weight Measurements 

[6] — {1,3,8,29} 

[5] —> {5} 

[4] — {10} 

[3] — {11} 

[2] — {9} 

[1] — {13,14} 

Breakdown-set is {1,3,8} 
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Iteration 2: 

[4] 

[3] 

[2] 

[1] 

— {1,3,5,6,8,29}" 

+ {1,3,5,8,9,29}" 

> {1,3,5,8,9,10,13,14,29} 

~ {1,3,6,8,10,11,29} 

> {1,3,5,6,8,10,11,29} 

> {1,3,5,6,8,10,11,29} 

— {10,29} 

— {5,6,11} 

— {} 

— {9,13,14} 

Breakdown-set is {1,3,8,29} 

D29 

~ {1,3,5,6,8,29}* 

~» {1,3,5,8,9,29}* 

> {1,3,5,8,9,10,13,14,29} 

> {1,3,6,8,10,11,29}* 

— {1,3,5,6,8,10,11,29)* 

+> {1,3,5,6,8, 10,1129)" 
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Iteration 3: 

[1] + {5,9,10,13,14} 

Breakdown-set is {1,3,8,29,5} 

D,; = (1,3,5,6,8,29)* 

D3 = > (1,8,5,8,9,29}* 

Ds —- > (1,3,5,8,9,10,13,14,29}" 

Dg => (1,8,6,8,10,11,29}* 

Dg _—s > (1,3,5,6,8,10,11,29)" 

Deg > (1,3,5,6,8,10,11,29}* 

Therefore the breakdown point for the measurement # 1 is 4 because it will 

fail for a set of 5 outliers placed at infinity. 

4.9.3 Global Breakdown point 

Definition 1: The global breakdown point is defined as the least of the local 

breakdown points. This breakdown point is not very informative since it 

considers only the worst case, it does not give a useful quantification of the 

robustness of the projection algorithm. For instance, if one of the local 

breakdown points of a network is very small due to an extremely sparse 

structure around it such as an antenna, the global breakdown point of the 

entire network becomes very small. This however does not reflect properly on 
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the robustness of the algorithm in the remaining part of the network. 

Definition 2: The global breakdown point is the minimum number of outliers 

required to cause breakdown for all leverage points. In other words all of the 

investigated directions will breakdown. This breakdown point is equal to the 

minimum number of measurements which contribute to at least half the 

projections in each of the investigated directions. This definition gives an 

idea about the maximum number of leverage points the projection algorithm 

can identify reliably. 

The procedure to find the global breakdown point of the projection algorithm 

according to the second definition is the same as described in section 4.9.3, 

except for the first step. Unlike in the case of the local breakdown point, we 

investigate all the directions associated with all measurements. 

4.10 Robust Mahalanobis Distance 

The distances given by the projection algorithm are robust and have a high 

breakdown point. However they lack efficiency under the gaussian 

distribution. We need more efficient distances to be used in GM estimators. 

This can be achieved by two ways, one is to eliminate the leverage points 

identified by the projection algorithm and calculate the classical covariance 

matrix and then find the classical Mahalanobis distances based on it. The 

second method would be to use smooth redescending M-estimators to find the 

covariance matrix and the robust distance simultaneously. 

In this dissertation we have used the first approach. This method can also be 
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seen as a Huber-type skipped mean estimator since we eliminate the extreme 

leverage points. The elimination procedure involves a) ordering the leverage 

points by their distances and storing them in a list, b) eliminate the leverage 

point with highest value by deleting the associated row in the Jacobian 

matrix, c) check if the network is still observable, d) if the elimination of the 

leverage makes the network unobservable then the leverage point is removed 

from the list and the measurement is restored to the Jacobian matrix, e) the 

procedure is repeated until all the leverage points in the list are processed. 

The simulation results of RMD are given in the next chapter. 

4.10.1 Network Observability and Critical measurements 

In the first algorithm of RMD when we delete the suspected measurements 

from the Jacobian to calculate a robust covariance matrix, the network may 

become unobservable and will result in a singular covariance matrix. 

Therefore before deleting the rows of the Jacobian we need to check if the 

resulting covariance is singular. The normal way of checking the singularity 

of a matrix, through gaussian elimination or any other similar methods is a 

very lengthy and computationally expensive process. In its place we require a 

fast reliable algorithm to check the observability condition. 

There are two classes of algorithms that are available, viz. numerically based 

and topologically based. The numerical observability first introduced by 

Monticelli and Wu [70] usually appeals to the power industry since it uses 

the existing routines for sparse triangular decomposition and sparse vector 

methods. However this method also checks the observability due to 

numerical ill-conditioning, which may be desired in some problems but in our 
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case is unwarranted. The topological method on the other hand is purely 

based on the analytical inference and will give the same observability results 

for a Jacobian matrix regardless of the actual values of the non-zero entries. 

Krumpholz, Clements and Davis [71] set forth the mathematical foundation 

for the topological observability, which was later formulated into the matroid 

intersection problem in [72]. In the power industry at the beginning there 

was some reluctance regarding the implementation of topological 

observability as it was thought that the so-called graph-theoretic methods 

were too complex and expensive [74]. However in [75] Nucera and Gilles 

presented an efficient algorithm based on graph-theory search methods 

which performed better than the numerical algorithm by an order of 

magnitude. In single word this algorithm is guaranteed to give the correct 

answer in every case. The following paragraph explains briefly the 

topological observability technique. 

  

  

  

  

  

      Figure 4.12 An Example of_5-bus system 

From the definition of topological observability, a given power network is 

observable if we can find a tree containing all buses in which there is a one to 
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one correspondence between measurements and branches. In other words the 

measurements are assigned to branches of the network, such that no loops 

are formed, and all buses are connected. The assignment of measurements to 

branches is done according to the following rules: 

« Flow measurements, if assigned, must be assigned to the 

corresponding measured branch. 

e« Injection measurements, if assigned, are assigned exactly to one of 

their incident branches. 

For the 5-bus example the flow measurement # 1 can be assigned only to 

branch network 1-3, while the injection measurement # 4 can be assigned to 

either branch 1-2 or 1-3. 

In the above example, if we were to remove measurement # 3 and # 6 then 

there is no measurement that can be assigned to a branch connecting bus 5 

hence the network will become unobservable. In such a case the 

measurements # 3 and # 6 form a critical point, therefore in the RMD 

estimator we cannot delete these two measurements. 

4.11 Summary 

In the area of robust state estimation in power systems the study of leverage 

points is very important. There has been a lot of interest in the use of M- 

estimators and LAV in particular [46,47]. However these estimators are not 

robust against bad leverage points (leverage points with gross errors) and a 

thorough investigation of the effects of leverage points in power systems is 
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warranted. 

This chapter clearly shows that the conventional methods used by the power 

industry based on the classical Mahalanobis distance or the diagonal 

elements of the hat matrix are non-robust. A new robust algorithm to detect 

the leverage points and to estimate their distance has been presented in this 

chapter. This algorithm is designed for the power system state estimation 

problem. The breakdown point, cutoff and other statistical properties of this 

algorithm have also been studied. 
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h r5 Simulation Resul 

5.1 Introduction 

This chapter contains the simulation results and the breakdown point results 

for the robust Mahalanobis distance calculation and leverage point 

identification. As the state of the power system changes the leverage points 

in the Jacobian also change. This chapter studies the behavior of the leverage 

points under different power system conditions. 

The Mallows or Schweppe-type GM-estimator discussed in chapter 3 shows 

the weighing function f(/) to normalize the residual. This function depends on 

the distance of each measurement point in the factor space. The robust 

Mahalanobis distances can be used to improve the GM-estimator by 

replacing the function f(/) by (RMD). The following sections will describe the 

implementation of this GM-estimator with estimation results on IEEE-14 bus 

system. 

In power system state estimation, the Jacobian matrix is usually ill- 

conditioned. The ill-conditioning of this matrix can be due to leverage points 

[97-99]. In section 5.6 Monte-Carlo simulations are carried out by randomly 
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generating the Jacobian matrices and testing the techniques using RMD to 

improve the condition number. 

5.2 Changes in Leverage Points with Change in Loading 

Table 5.1 show results from IEEE 118-bus system under various loading 

conditions. For the simulation, a set of measurements, viz. 180 power flow 

measurements and 67 power injection measurements are placed throughout 

the network. The configuration is given in Appendix B. The measurement 

configuration is kept the same for all of the cases. At first a lightly loaded 

system was taken and later the load was increased at different places inside 

the network. Loadflow was run for all the five cases and the flow 

measurements in each case were calculated. For each of these cases the 

Jacobian was calculated and the projection algorithm for leverage points was 

executed. The leverage points identified in each case are listed with their 

robust Mahalanobis distance in the table 5.1. The stars *...* indicate that the 

measurement in that particular case is not a leverage point, but it is 

identified as a leverage point in some of the other cases. 

Table 5.1 Leverage points in P-flow decoupled model shift as the state of the 
m.     

Case | I ll VV V 

Cutoff |.17.85620 | 17.81549 =| 20.29952_ | 17.73449 |: 17.5391 

6 18.04155 | 18.54012 = | 21.96542 = | 18.54252 =| 18.54094 
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23.68221 
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60.0475 
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76.81371 

24.01622 
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23.83913 

38.93830 

52.28450 

211.5220 

84.47518 

34.59080 

17.86165 

78.88687 

106.4767 

60.04031 

487.1797 

29.59477 

+2.93/6+ 

91.69545 

98./3179 

11.183 

23.60733 

39.98571 

19.09189 

| 77.09371 

24.10819 

38.62019   

23.60346 

39.00462 

32.10852 

240.6809 

96.12302 

34.58042 

+14.298+ 

68.636195 

100.1425 

08.14959 

446.5181 

+3.9956+ 

236.9028 

1341.012 

92.01954 

621.3096 

1901.584 

42.02594 

22.56926 

64.15652 

29.9997 

39.93285   

23./2850 

38.74949 

52.52964 

211.4467 

84.44179 

54.59320 

17.86084 

78.98962 

107.1199 

60.05478 

489.6044 

34.29985 

#2.9419« 

99.80725 
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235.59301 

00.06508 

40.00922 

19.09173 

76.90566 

23.16058 

38.91654   

23./1245 

38./2186 

52.52863 

211.4467 

84.44178 

34.99502 

17.86076 

78.98237 

107.0747 

60.05149 

489.4288 

34.935053 

+2.9422+ 

60.27765 

8.676795 

23.59301 

00.06508 

43.00113 

19.09193 

6.96291 

24.07258 

38.05356     
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202 

203 
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208 

210 

211 

212 

213 
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216 

217 

218 

219 

220 
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229 
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232 
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2356 

| 238       

21.62617 

69.903599 

97.42901 

19.03960 

79.11301 

317.6128 

74.74734 

327.8044 

24.8994 

97.19/717 

92.27396 

0.86576 

23597.000 

108.6215 

22.30991 

7123437 

132.9441 

47.93493 

97.29868 

32.15643 

79.09544 

| 90.71697 
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21.65238 

66.57461 

97.78733 

19.05108 

79.16086 

317.2197 

74.77689 

327.9345 

24.99269 

97.19846 

92.29265 

90.86437 

2582.196 

107.9745 

22.586351 

61.5399/7 

132.1912 

4734269 

6.90837 

52.37918 

30.00780 

21.09784   

+16.647+ 

66.53009 

97.28161 

23.24184 

62.19615 

343.0532 

89.53516 

373.4308 

28.24001 

93.27129 

80.71340 

4065004 

2294.139 

101.6560 

29.64698 

1577.635 

237.4327 

4150598 

| 1503,796 

623.9152 

2123.13/7 

24.36516   

21.62851 

66.0549 

9784733 

19.03946 

79.11138 

317.6849 

74.74937 

327.8140 

24.89549 

7.15689 

92.27418 

00.86561 

2396.905 

108.6171 

22.50614 

1.19535 

132.9379 

47.99647/ 

97.00322 

32.32198 

73.64976 

20./8993   

21.85205 

66.00920 

9785614 

19.03989 

79.11398 

317.6626 

7474941 

327.8141 

24.89909 

97.19711 

92.27032 

90.86351 

2395.846 

108.5724 

22.32560 

7179237 

132.8777 

47.99/24 

97.00345 

32.52176 

73.64976 

20./8993     
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239 43.30618 | 4449472 | 52.39950 | 43.308356 =| 43.30839 

245 489.6175 | 487.1797 | 446.5181 | 489.6044 =| 489.4288 

24] 93.85903 | 81.03062 | 2117.805 | 93.80315 | 94.55925 
  

  

From the table we can see that the leverage points can shift drastically as the 

state of the system changes. For example in case of measurement # 247, it is 

identified as leverage in all cases, but in case III its distance is magnified 

more than 20 times. 

5.3 Leverage Points for Q-V models 

The same five cases of Section 5.3 were run with Q-V models. No significant 

changes in the leverage points was observed. There is a little shift in the 

robust Mahalanobis distance but it is extremely small compared to the shift 

seen in P-6 models. We can conclude then that for Q-V Jacobian the leverage 

points need to be calculated only once. 

Table 5.2 Leverage points in Q-flow decoupled model as the system state 

  

  

  

  

  

  

          

Case | I Il NV NV 

Cutoff | 18.84119 | 18.94166 18.06936 19.00312 | 19.05480 

6 20.22302 | 20.22648 | #17.806 20.22297 | 20.22492 

55 | 21.7843 | 20.14938 | 2250080 | 20.16283 | 20.16522     
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5.4 Effects of Row and Column scaling on Leverage Points 

Recently there has been a lot of interest in the implementation of LAV in 

power systems state estimation [46,47]. As this method cannot handle bad 

leverage points, attempts have been made to scale the weighted Jacobian 

matrix with the hope that the leverage points disappear. It is claimed that 

the row scaling, column scaling and columns rotation of the Jacobian matrix 

can alleviate the leverages. The results given to support this claim are 

however not general since they are based on the diagonal elements of the hat 

matrix which themselves are non-robust. 

The new robust algorithm was used to diagnose the original and the scaled 

Jacobian to investigate this claim. The following paragraphs discuss some of 

the results observed in these simulations. 

Simulation results performed on the IEEE 14-bus, 30-bus, and 118-bus 

systems have clearly shown that the scaling scheme proposed by these 

authors do not eliminate the leverage points; moreover as seen in some 

simulations non-leverage points in the original Jacobian matrix may become 

leverage points in the scaled Jacobian matrix. For example at the flat voltage 

profile, the IEEE 118-bus system possesses 44 leverage points out of 247 

measurements. After scaling, 4 previous leverage points are still there and in 

addition 23 new rows have become leverage points. Similar results have been 

found with the 14-bus and 30-bus system. Let us give some details for the 30- 
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bus system. At a lightly loaded operating point characterized by all real 

power injections less than 0.3 p.u. except bus 5, 17 and 18 where they are set 

about 1 p.u., the reactive power being negligible, the 30-bus system has 12 

leverage points as shown in Table 5.3. Note that all these leverage points are 

associated with short lines except for INP 17 which appears due to its 

relatively high loading. After scaling, INP 17 is still a leverage point and in 

addition there are 3 new leverage points as shown in Table 5.3. The leverage 

points are identified as outliers using the median and the median absolute 

deviation (MAD). The cut-off is taken as 14. 
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_Table 5.3__Leverage points in the IEEE 30-bus system __ 
  
  

  
  

  

  

  

  

    
        

  

  

  

  

  

  

      

____ Before Scaling _ __After Scaling 

Leverage Point Robust Leverage Point Robust 

__ __|__ Distances Distances —=———= — 

FLP 6-28 15.59 FLP 28-8 21.05 

FLP 28-6 15.59 INP 17 28.26 

FLP 17 17.01 FLP 10-20 36.48 

FLP 24-22 17.97 INP 9 74.06 

FLP 10-22 22.47 

INP 28 23.07 

FLP 6-8 24.67 

FLP 4-6 31.00 

FLP 6-4 31.00 

FLP 10-21 40.67 

INP 6 107.03 

INP 22 299.55         
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From these results it is clear that scaling cannot get rid of leverage points. In 

particular the column scaling is completely ineffective and can be proven 

theoretically using the hat matrix. 

Let S be an m-by-m diagonal matrix with each diagonal element 

representing the scaling factor for the individual rows, then the new 

Jacobian matrix is HS and the hat matrix will be given as 

  (HS)|(HS)'(HS)| (HS)' =(HS)[S' H! HS] (HS) 

which is the original hat matrix. 

5.5 Application Of Robust Mahalanobis Distances 

5.5.1 Weight function for GM-estimator 

To robustify M-estimators against the leverage points in the factor space we 

can standardize the residuals by a weight function u(Z;). These are the so- 

called bounded-influence regression estimators because the total influence of 

the estimator, as measured by Hampel, is bounded. They are also called the 

Generalized M-estimators or GM estimators for short. There are two classes 

of these estimators depending on the method of bounding the influence of 
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leverage points. 

1) The Mallows type GM estimator where the score function is: 

¥ ull.) v(t) 4 =0 
isl 

The weight function u(Zj) bounds the influence of the far away points 

regardless of their residuals. 

2) The Schweppe type where the score function is: 

u(i,) sy | 4, =9 
2 vf ull, ) 

In this case, instead of down weighting all the leverage points as in the 

Mallows type, only those leverage points which have high residuals are down 

weighted. 

The generalized M-estimators are an improvement over the M-estimators in 

terms of their ability to limit the influence of leverage points. However 

Maronna et al [32,33] have shown that the asymptotic breakdown point e* of 

such estimators cannot exceed the reciprocal of the number of variables being 

estimated, i.e.€< 1/n. Asa result the breakdown point of M-estimators tends 

to vanish for large n, which would be true for most of the power systems 

networks. Therefore it is proposed that High Breakdown Point estimators 

which achieve the maximum breakdown point of 50% be used as diagnostic 

tools for the identification and rejection of the outliers, and to compute a 

robust starting point. Subsequently a generalized M-estimator based upon a 

robust weight function u(/;) can be used to obtain a robust and efficient 
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solution. 

The following simulation was carried out on a IEEE 30-bus system for a 

lightly loaded condition. The least median of squares (LMS) solution was 

obtained by using the resampling algorithm of Rousseeuw, which was 

adopted for the power systems by Mili and Phaniraj [15]. The LMS solution 

was taken as the starting point and a Schweppe-type GM-estimator was run. 

The weight function for the bad leverage points was taken as the reciprocal of 

the RMD. The results of the simulation are given in the following three 

tables. The Table 5.4 lists the robust Mahalanobis distances while Table 5.5 

gives the residuals in the case of LMS solution and Table 5.6 gives the 

residuals after the GM-estimator solution. The variances for both solutions 

are compared. As seen from these tables the variance of LMS is 0.1462 and 

after using the GM-estimator the variance of the solution in 0.0449 which 

shows an improvement over 3 times. 

Table 5.4 RMD for the IEEE 30-bus system 

Meas. RMD Meas. RMD Meas. RMD 

1 0.4859310 21 0.5465245 41 0.9249553 

2 0.5504054 22 0.9112589 42 36.53173 

3 0.5285027 23 0.6025144 43 0.9684991 

4 0.4140959 24 0.6729622 44 0.576968 1 

5 0.4376961 25 0.8911788 45 0.9919938 

6 

7 

8 

9 

  

  

  

0.5920879 26 0.7408126 46 0.8656100 
0.4985972 27 0.9757179 47 0.8635619 
0.9681841 28 0.8598785 48 0.8386772 
3.283252 29 0.7536988 49 0.8298 152 

10 3.431711 30 0.9919939 50 7.894732 
11 0.8385525 31 0.9422284 51 0.9082732 
12 0.9675974 32 0.8900218 52 0.9082721 
13 21.39021 33 0.8150166 53 0.9082657                   
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14 | 14.38992 | 34 | 0.9082701 | 54 15.17431 
15 | 14.50944 | 35 | 0.5077882 | 55 | 0.7505515 
16 | 0.4282545 | 36 | 0.5048487 | 56 | 0.8425972 
17 | 0.7475088 | 37 | 0.9078608 
18 | 0.9919964 | 38 | 0.4524665 
19 | 06158624 | 39 | 0.7301241 
20__| 0.5769681 | 40 | 0.8265653 _[ 
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Table 5.5 Residuals of LMS solution 
  
  

  

          

Meas. Residual Meas. Residual 

1 1.446413 2 1.410522 

3 0.7524984 4 0.8309000 

5 0.6190000 6 0.5985000 

7 0.4460000 8 0.7718000 

9 0.7010000 10 0.6950000 

11 0.4408000 12 0.3744000 

13 0.2957000 14 0.1869000 

15 0.1863000 16 0.1587000 

17 0.2778000 18 5.4000001E-03 

19 0.0000000E+00 20 0.0000000E+00 

21 7.8500003E-02 22 0.1785000 

23 7.1800001E-02 24 5.9900001E-02 

25 5.0099999E-02 26 2.7500000E-02 

27 6.7500003E-02 28 9.0499997E-02 

29 5.3900000E-02 30 0.1579000 

31 7.6200001E-02 32 5.7000000E-02 

33 1.7700000E-02 34 1.2300000E-02 

35 6.1900001E-02 36 6.1000001E-02 

37 0.1809000 38 7.0900001E-02 

39 2.198911 40 0.4964785 

41 0.9420000 42 1.000000 

43 0.0000000E+00 44 0.0000000E+00 

45 0.0000000E+00 46 6.1999999E-02 

47 3.5000000E-02 48 9.0000004E-02 

49 3.2000002E-02 50 0.0000000E+00 
51 0.0000000E+00 52 3.5000000E-02 

53 0.0000000E+00 54 0.0000000E+00 

55 2.4000000E-02 56 0.1060000       
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Table 5.6 Residuals of GM-estimator solution 
  
  

  

          

Meas. Residual Meas. Residual 

1 0.1375450 2 0.1353137 

3 0.1138451 4 8.2873464E-02 

5 3.5172880E-02 6 2.9112339E-02 

7 7.4662298E-02 8 0.2550837 

9 0.1743405 10 0.1718904 

11 0.3835270 12 0.1725011 

13 0.1309559 14 0.1769679 

15 0.1763697 16 0.2162718 

17 0.3512209 18 7.9705775E-02 

19 1.0764789E-02 20 1.0764789E-02 

21 2.8254151E-02 22 0.1109881 

23 2.4871223E-02 24 7.9546779E-02 

25 5.5510160E-02 26 §.5751231E-02 

27 0.2386391 28 0.2475468 

29 2.6003020E-02 30 8.0693722E-02 

31 1.6263083E-02 32 0.3654516 

33 0.2666391 34 0.1867599 

35 6.0296532E-02 36 5.9397254E-02 

37 0.2788199 38 0.1127661 

39 2.3699999E-02 40 0.3346732 

41 3.2267 153E-02 42 0.1632401 

43 6.3934684E-02 44 1.0764789E-02 

45 0.0000000E+00 46 8.3474427E-02 

47 2.4253946E-02 48 2.5914095E-02 

49 2.1097098E-02 50 7.7635944E-03 

51 8.9052632E-02 52 1.8841885E-02 

53 0.3869663 54 2.2744419E-02 

55 3.48057 15E-02 56 0.2068248 
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5.5.2 Leverage Induced I]]-conditioning 

The extreme leverage points make the Jacobian ill-conditioned [97-99]. First 

it was proposed to scale the rows of the Jacobian associated with these 

extreme leverage points by their RMD and check if there is an improvement 

in the condition number. For this purpose Monte Carlo simulations were 

carried out. In the simulation 100 Jacobians were built for IEEE 14-bus 

system and the RMD for each of them were calculated. Next the condition 

numbers of these matrices were calculated for various schemes of scaling, 

such as normalizing the columns and rows of the matrix, etc., and these 

scaling methods were compared to the one proposed here. The results are 

summed up in the following figures. 

Figure 5.1 shows the condition number after scaling by the RMD for extreme 

leverages. In this case the condition number improves for all cases except for 

2 when the condition number actually worsens by a slight amount. In the 

figure, cases with ratios above 1 indicates that the scaling improves the 

condition number. 

Figure 5.2 shows the condition number after scaling the columns and rows of 

the Jacobian matrices by their norms. This scaling was found most consistent 

from all other choices. In this case the condition number improved for all 

cases. 

Figure 5.3 compares both scaling methods mentioned above. In the figure the 

cases with ratios above 1 indicate that the RMD works better. 
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      Figure 5.1 Ratio of condition numbers after scaling to before scaling by RMD 
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The results summarized above show that the scaling by RMD may not be suitable in all 

cases. 

The RMD therefore can be used only to diagnose the extreme leverage points. To 

improve the condition number various schemes proposed by many authors such as 

Tylavsky and Walker [97-99] can be used. These schemes include a) deleting the 

Jacobian rows associated with the leverage points b) neglecting the resistive part of the 

impedance of the line associated with the leverage points c) removing the state variable 

associated with the measurement and replacing it with the bus-voltage state variable. 
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5.6 Summary 

The weighted Jacobian in a power system usually has many leverage points. 

These leverage points are however not fixed. For P-6 Jacobian matrix as the 

leverage points shift due to changes in the loads, i.e. the operating point of 

the system. The shift in this case can be very large. In some cases the 

extreme leverage points can become non-leverage points and vice-versa. In 

Q-V Jacobians however, it was noticed that the leverage points do not shift 

too much. 

The leverage points in the Jacobian matrix are a consequence of the 

structure of the power system, measurement configuration, and the operating 

point. It was found through simulations that the leverage points cannot be 

eliminated entirely by scaling as proposed by some researchers recently. In 

fact the scaling in some cases can make non-leverage points appear to be 

leverage points. 

The use of RMD was specifically investigated in two areas. One is its 

application as normalizing residuals and the second is its use in ill- 

conditioned matrices. The application of RMD as a weight function in 

standardizing the residuals of a GM-estimator, after a high breakdown 

initial estimator, is useful to lower the overall variance of the solution, and 

hence increase the efficiency of the estimate. 

The extreme leverage points can also make the Jacobian matrix ill- 

conditioned. This problem has been studied by Mason et al. [97]. It has been 

shown that the extreme leverage points can cause a loss of precision in a 
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computer program [99] and lead to the loss of convergence. A Monte Carlo 

simulation was carried out to see if the problem can be alleviated by the use 

of row scaling by the RMD. The simulation results show that this method 

does improve the condition number but it is not always the best case. It was 

found that normalizing columns followed by normalizing the rows gives the 

best results for most of the time. In the case of these extreme leverage points 

it is suggested to follow the recommendations of Tylavsky et al. [98], which 

consists of elimination of the measurement from the data set, neglecting the 

resistance of the line associated with the measurement, etc. 
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Fast Algorithms for the Least Median of ar a 

Estimation of Power Systems 

6.1 Introduction 

The high breakdown point estimators suffer from the exponential growth in 

the computation as the system size increases. The drawback makes the 

HBPE impractical for system sizes over 150 buses [57]. Therefore some 

modifications in the algorithm are required to make the estimates compute 

faster. This chapter describes an algorithm based on heuristics which make 

possible the implementation of the Least Median of Squares (LMS) estimator 

through the resampling technique in very large power systems. The 

algorithm presented here, decomposes the system into overlapping 

subsystems in such a way that LMS retains its high breakdown point for the 

whole system even when it is applied separately to each separate part and 

the results from the individual sub-systems are assimilated. The algorithm 

tries the computational effort of LMS to grow linearly rather than 

exponentially with system size, which opens the door to an implementation 
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in real time. 

6.2 High Breakdown Point Estimators 

In the following paragraphs some of the common HBPE are described 

6.2.1 Least Median of Squares Estimator 

The objective function for the LMS estimator is given as 

min J(x)=(re)yim 

where 

m n+1 
v=l[o]l+ Cod 

In other words for a simple regression of the location case when n=1, the 

LMS estimator minimizes the median, of the squared residuals, while in 

multiple regression problems, it minimizes the v-th ordered squared residual. 

In an iteration the weighted residuals are first squared and then ordered by 

increasing value: 

(ro)dism SC re)e:mS SC) mim 

and the median of the squared residual is examined against the medians in 

the previous iterations. The iteration where the median is the least is the 

solution of the LMS estimator. 
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It is clear from the above definition that the LMS estimate is defined by a 

simple majority of the data, that which defines the narrowest (hyper) strip. 

This implies that the LMS can withstand a case with half the redundant 

  measurements being outliers, i.e. it can handle == number of outliers, 

which results in the maximum breakdown point e",,,, that any estimator can 

achieve. 

From the preceding paragraphs it is clear that the LMS estimator is 

computationally complex. In spite of the algorithms that can find the median 

without explicitly computing all the intermediate terms [96], the 

computational complexity of evaluating the LMS objective function given as 

O(m), grows exponentially as the size of the problem increases. The 

convergence of the LMS is also slow compared to the classical estimators; the 

LMS converges like m-V/3. 

6.2.2 Least Trimmed Sum of Squares Estimator 

The LTS estimator is also based on the ordered squared residuals like LMS. 

For a system of size n and number of measurements m, LTS minimizes the 

sum of the h smallest squared residuals, where h is an integer that has a 

value between v and n where v= [==]. In a sense LTS can be considered 

as a generalized form of the sum of squares estimator: if h=n, the LTS is 

identical to the LS estimator, while if h=v, it is identical to LMS. Therefore 
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depending on the value of h the efficiency and robustness properties of LTS 

can be varied under assumed distribution of the residuals. The larger value 

of h lowers the breakdown point and increases the efficiency of LTS and vice 

versa. Therefore a judicious choice of h is required to obtain the optimal 

trade-off between robustness and efficiency. In the location case the LMS 

resembles the a-trimmed mean as it is the mean of the observations that 

constitute h measurements with smaller residuals than the rest, therefore for 

h=n the estimate is the same as the sample mean and for h=v it is equal to 

the shorth (mean of the shortest half). 

The LTS is computationally more complex than LMS, since each of the h 

smallest squared residuals must be determined. The computational 

complexity for the LTS estimator is given as O(m log m). On the other hand, 

LTS converges like m-!/2 which is faster than the LMS. 

6.2.3 S-Estimators 

S-estimators were devised by Rousseeuw and Yohai 1984 [15] in an attempt 

to combine the best properties of the LMS and LTS estimators and to reduce 

the computational complexity if possible. In other words the new estimators 

should have breakdown point of 50% and a convergence rate of m-!/2, These 

estimators are based on estimating the scale rather than the location of a 

sample as we can see from their the objective function. 
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The objective function for the S-estimators is given as 

min J(x) = s{r;(@), ro(8) ... , r,(8)} 

where s is an estimate of the scale of the residuals. Rousseeuw & Yohai 

defines s as the solution to 

1 m 

m »y p(r;/s) =k 

i=] 

where p(r;/s) is similar to the p function used in M-estimators, and k is the 

expected value of p at the normal distribution, EKglpl. They suggest the use of 

either the Tukey biweight or the Hampel as possible M-estimators to be used. 

S-estimators possess the exact-fit property, that is, if more than half the data 

fit the model exactly, the estimate will pass through those measurements 

exactly. 

S-estimators have most of the desired statistical properties; they present 

however, a much more complex computational problem than the LMS or LTS, 

which in turn are more difficult to implement than the LS or LAV. Methods 

suggested for the implementation of S-estimators are similar to the projection 

pursuit techniques of Friedman and Tukey [17]. 

6.3 Implementation of LMS in Power Systems 

The Least Median of Squares (LMS) has several remarkable robustness 
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properties which make it a good candidate for outlier diagnostics in power 

system state estimation [49,50]. First, its bias remains bounded even if half 

of the measurements in excess are vertical outliers and/or bad leverage 

points, that is, even if there are [m-n]/2 outliers, where m is the number of 

measurements and n the number of state variables to be estimated. This 

means that its breakdown point reaches the maximum possible value that 

any estimator can attain. Second, it nearly minimizes the maximum possible 

bias over a broad class of estimators which depend only on the regression 

residuals [53]. However, these advantages are offset by a non- 

straightforward implementation. The difficulty stems from the fact that the 

LMS criterion is not differentiable and possesses many local minima. 

Rousseeuw solves the LMS through the resampling technique as shown in 

[49,50]. It consists of first drawing randomly a given number of measurement 

samples of size n, and then minimizing the LMS criterion among those 

samples that make the system observable [55]. This procedure suffers from 

two weaknesses which are (i) the exponential growth of the number of 

samples that have to be drawn with system size, and (ii) the violation of 

system observability by a large number of selected samples. 

6.4 - The Resampling Method Applied to LMS 

The LMS estimator minimizes an objective function given by 

Fast Algorithm for LMS in Power Systems 139



min J(x)= ("ym 

where 

m n+1 
v= [So] + [ 2 | 

and where [x] is the integer part of the real number x and v:m is the vith 

ordered statistics in m quantities. Although the objective function results in a 

very desirable high breakdown characteristic, its minimization is not 

straightforward, for it is not differentiable and possesses many local minima. 

One method of determining the LMS estimate is via a combinatorial 

approach in which samples of size n are repeatedly selected and used to 

calculate the system state. Since the evaluation of all (7) measurement 

combinations is not practical for large or even moderately sized systems, we 

may reduce the computational effort by resorting to the resampling method 

as suggested in [11]. This technique allows one to use a subset of the total 

number of data point combinations while, at the same time, ensuring a high 

probability P of obtaining at least one good sample. Letting e€ denote the 

assumed fraction of contamination among the measurements, one can 

determine the number of samples, k, that have to be drawn from 

P=1-(1-(1-¢)9)k 
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___La(1-P) 
~ La(i-(1-e)") 

Ln in the above equation represents the natural logarithm. This relation is 

derived for the case in which there are no restrictions placed on the set of n 

data points selected, i.e. any combination of n measurements will suffice to 

compute the system state. When considering power systems, the n selected 

measurements must satisfy an observability criterion in order to calculate 

the state solution. Thus, we are not considering a subset of all (7) 

combinations of measurements, but a subset of these combinations for which 

the system is observable. Although one cannot derive an exact expression 

analogous to Eq. (2) for cases where there exists a constraint on the samples, 

it is possible to develop an algorithm which generates measurement samples 

in a manner which allows use of the resampling method with power systems. 

The exponential growth of the number of samples k with system size prompts 

the decomposition method presented in Section 3. 

6.5 - System Decomposition 

The idea of using system decomposition to save computing time is not new in 

power systems. It dates back to the work of Kron [34] and Happ [35], among 

others. It has been extended to the hierarchical state estimation of power 

systems by means of the WLS estimator [87] as well as the LAV estimator 
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[88,89]. The decomposition scheme that is proposed here is unique in the 

sense that it takes advantage of the local robustness properties of the LMS 

estimator (or of any high-breakdown-point estimator). Indeed, simulation 

results obtained using various test systems show that the LMS retains its 

breakdown point in the internal region regardless of the loss of 

measurements at the boundaries. The internal region of a subsystem 

contains all those fundamental sets whose size remains the same as in the 

original untorn system. On the other hand, the fundamental sets that 

undergo a loss of measurements form the boundary region. Therefore, by 

tearing the system in such a way that each fundamental set (and hence each 

measurement) is internal to at least one subsystem, the union of the 

identified internal good measurements by LMS form a good sample for the 

whole system. Let us recall that a fundamental set of a state variable 

contains those measurements which have non-zero entries in_ the 

corresponding column of the Jacobian matrix [57,58]. It is only these 

measurements that contribute to the estimation of that state variable. One 

consequence of the limited size of the fundamental sets is that the LMS 

breaks down locally as soon as more than half of the measurements in excess 

of a given fundamental set are wrong. Hence, the relevance of the concept of 

the local breakdown point in power systems, and in sparse regression models 

in general. 
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6.6 Principles of the Method 

The method confines the computational effort to a linear growth by 

decomposing the system into overlapping subsystems and applying the LMS 

estimator to each of them. As indicated by Eq. (2), it is clear that the 

resampling technique for LMS cannot be used in its present form for large 

power systems due to excessive computing time. This computational problem 

can be solved using a decomposition technique which takes advantage of 

properties of the LMS estimator and sparsity of power systems networks. 

Decomposing a system requires tearing the system along certain network 

branches. When a branch is broken, the flow measurements which are 

assigned to it as well as the injections at the buses to which the branch is 

incident are removed from the system. Hence, only the fundamental sets 

associated with boundary buses will have reduced size, the other 

fundamental sets remain unchanged. Here, the boundary buses are those 

buses which have fundamental sets containing the deleted measurements. 

Therefore, after tearing the original system, we can identify two regions in 

each resulting subsystem, viz. an internal region consisting of those buses 

which have unchanged fundamental sets, and hence the same maximum 

local breakdown point, and a boundary region consisting of those buses 

which have reduced fundamental sets, and hence a lower maximum local 

breakdown point compared to the original untorn system. The internal region 

in a subsystem also includes internal measurements, all of which belong 

exclusively to unchanged fundamental sets. The remaining measurements in 
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the subsystem are termed boundary measurements. 

Since the size of the internal fundamental sets of a subsystem are 

unchanged, the ability of LMS to reject outliers in that region is the same as 

that in the original untorn system. This claim has been supported by 

extensive simulation results. Therefore, by overlapping the adjacent 

subsystems such that each measurement is internal to at least one 

subsystem, we can obtain a good sample of size n for the original untorn 

system. This good sample results from the union of all subsets containing 

only good internal measurements of the samples selected by LMS from each 

subsystem. It is clear that the measurements selected by LMS in the 

boundary regions of all subsystems are to be disregarded. 

Once a good sample for the whole system has been identified, the system 

state is estimated and the residuals are calculated. The outliers are then 

identified through a residual statistical test. To improve the statistical 

efficiency of the estimates, we may either run a standard WLS estimator 

after eliminating the identified outliers from the measurement set, or 

perform a few steps of a bounded-influence G-M estimator starting from the 

LMS estimates. 
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    Figure 6.1 Illustrative example of 7-bus system     

Figure 6.1 shows the one-line diagram of the 7-bus system, which is torn into 

two subsystems designated by Sj and Sg. The system tearing results in the 

loss of measurements #10 to #14, and thereby in the reduction of the sizes of 

the fundamental sets of buses 4 to 7. Subsystem Sj has an internal region 

that consists of buses 1 to 3, and a boundary region that contains buses 4 to 

6. Measurements #3 to #5 belong only to the unchanged fundamental sets of 

S;, and hence are internal measurements; the remaining ones are the 

boundary measurements. On the other hand, subsystem Sg has a single-bus 

boundary region with no internal region and no measurements. 

Fast Algorithm for LMS in Power Systems 145



Table 6.1: Fundamental sets for the 7-bus system. 

  

  

  

  

  

  

  

  

  

  

  
  

  

        

Unbroken System Subsystem S1 Subsystem S2 

Bus No. | Fundamental Fundamental Fundamental 

Sets Sets Sets 

1 {1,2,3,8} {1,2,3,8} n/a 

2 {1,3,4,6} {1,3,4,6} n/a 

3 {1,3,5,6,7} {1,3,5,6,7} n/a 

4 {1,2,8,9} {1,2,8,9} n/a 

5 {8,9,10,11,12} {8,9} * n/a 

6 {6,7,13,14,15} {6,7} * n/a 

7 {10,11,12,13,14,15} n/a { } 

Internal Measurements | Internal Measurements | Internal Measurements 

all 1,2,3,4,5 none 

Boundary Boundary Boundary 
Measurements Measurements Measurements 

none 6, 7, 8,9 none 
  

6.7 Optimal Decomposition Methodology 

6.7.1 Principles of the Method 

  

The goal of the decomposition method is to reduce the computational effort of 

the resampling technique while preserving the robustness of the LMS 

estimates. This is achieved by formulating the problem as an optimization 

problem with constraints as follows. Consider a system of N buses which is 

decomposed into v subsystems. The computational effort of the resampling 

method applied to the ith subsystem with nj; state variables is function of (i) 
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the number of samples to be processed, k;, which increases exponentially 

with nj, where k; is given by Eq.(2) substituting n with nj, (ii) the number of 

arithmetic operations required to run the estimator on each subsystem, 

which grows as n?, (iii) the complexity of the transformations of the untorn 

system to the subsystems, which grow as an®, where « is a small positive 

number and 1.0<B<2.0 as suggested in [3]. This leads to a computational 

effort, C, given by 

C= SY) k,n? +an? (3) 
i=l 

It is apparent that the second term is always insignificant except when the 

system is divided into a large number of small subsystems. For such cases, nj 

and k; are small, making the first term comparable to the second one. 

The objective of an optimal decomposition scheme is to minimize C subject to 

the following constraints: (i) all subsystems must have topological integrity, 

i.e. they must form connected graphs, (ii) all subsystems must be observable, 

(iii) the union of the subsystems must include all the buses of the original 

system, and (iv) each measurement must be an internal measurement of at 

least one subsystem. 

6.7.2 Example of IEEE 14-Bus System 
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Table 6.2: Fundamental sets for the 14-bus system. 

  

  

  

Fundamental Sets Fundamental Sets Fundamental Sets 

Bus No} — of Untorn System of Subsystem S1 of Subsystem S2 

1 {1,2,6,7,29} {1,2,6,7,29} . 

2 {1,2,3,4,5,8,29} {1,2,3,4,5,8,29} {3,4,5,8} * 

3 {3,4,9} {3,4,9} {3,4,9} 

4 {5,9,10,13,14,17} {5,9,10,13,14,17} {5,9,10,13,14,17} 

5 {6,7,8,10,11,12,29} {6,7,8,10,11,12,29} {8,10,11,12}* 

6 {11,12,22,23,24,33,34} {11,12,22,23,24,33,34} {11,12,22,23,24,33,34} 

7 {14,15,16,18,30,31} {14,15,16,18,30,31} {14,15,16,18,30,31} 

8 {15,16,30,31} {15,16,30,31} {15,16,30,31} 

9 {13,17,18,19,20,28,30,32} {13,17,18,19,20,30,32} * {13,17,18,19,20,28,30,32} 

10 {19,20,21,32,33} {19,20,21,32,33} {19,20,21,32,33} 

11 {21,22,32,33} {21,22,32,33} {21,22,32,33} 

12 {23,25,26,34} {23,25,26,34} {23,25,26,34} 

13 | {24,25,26,27,34} {24,25,26,34} * {24,25,26,27,34} 

14 | (27,28) - {27,28}       
  

  
Figure 6.2 shows the results of the decomposition of the IEEE 14-Bus system 

into two overlapping subsystems, referred to as Sj and Sg. The fundamental 

sets of the original untorn system as well as of the two subsystems are given 

in Table 6.2. It is seen that Sj consists of buses 1 through 13 whereas S9 

contains buses 2 through 14, indicating an overlap of 12 buses. Concerning 

Sj, it is formed by deleting branches 13-14 and 9-14, which results in the loss 

of measurements #27 and #28. This in turn reduces the size of fundamental 

sets 9 and 13. Therefore buses 9 and 13 form the boundary region whereas 

the remaining buses form the internal region. The measurements #1 to #12, 

#14, #15, #16, #21, #22, #23,#29, #31, and #33 are internal measurements. 
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The others in Sj are boundary measurements. As for subsystem Sg, the 

internal measurements are measurements #9, #13 to #28, #30 to #34. It is 

apparent that all measurements are internal to either Sj or S9, hence 

satisfying the decomposition constraint (iv) stated in section 3.2.1. 

Remark: The IEEE 14-bus system is a small and tightly connected system. 

Therefore, its decomposition does not yield smaller overlap satisfying all 

constraints. 

6.8 Algorithm for Sub-Optimal Decomposition 

The optimal decomposition has to minimize the computational effort, C, 

while satisfying all the decomposition constraints. To obtain a global optimal 

solution for a given system, we have to investigate all possible system 

decomposition schemes. In an N-bus system, the total number of 

decomposition schemes is given by 

Q= >(2) where A = >(§) (4) 
i=l] i=] 

Here J is the total number of subsystems that can be formed. It is apparent 

that explodes with increasing N. Therefore, an exhaustive search of all 

possible decomposition schemes is computationally prohibitive. For example, 

the number of all possible combinations to form a subsystem of size 50 out of 

the IEEE 118-bus system is (3) = 6.2 103. However, it is possible to greatly 
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reduce the number of combinations and obtain a sub-optimal tearing solution 

by first banding the incidence matrix of the system, and then tearing the 

system with minimum overlap, as it is suggested by the following example of 

radial system. 

6.8.1 Decomposition of a Radial System 

Consider the special case of a radially connected power system network. Let 

the buses be numbered sequentially, so that the node incidence matrix is a 

band matrix with a bandwidth of two as shown in Fig. 3. Any subsystem 

formed by a set of two buses i and j, and all the buses which are numbered 

between i and j, satisfies the first constraint. This greatly reduces the 

number of combinations to be considered since there are only Yi=n(n+1)/2 

number of possible subsystems that form connected graphs, satisfying 

constraint (i). In such a subsystem the number of boundary measurements 

ranges between 0 to 10. Therefore the size of the minimum overlap required 

between two adjacent subsystems satisfying decomposition constraint (iv) is 

limited. Recall that constraint (iv) requires that each measurement is an 

internal measurements for at least one subsystem. In the worst case, when 

injections at every bus are measured, the size of the overlap required 

between two adjacent systems is six buses. Even for such a simple system, 

the exhaustive search is computationally intensive. However the 

computational time can be dramatically reduced by considering a sub- 

optimal decomposition scheme which proceeds by decomposing the system 

into an increasing number of overlapping subsystems. For each 
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decomposition the computational effort C of the resampling method is 

calculated from Eq. (3). The search is stopped when further division of the 

network does not yield a reduction in C. In each iteration the overlap 

between two adjacent subsystems is kept to the minimum by stretching the 

boundaries of the adjacent subsystems by one bus at a time. 

To illustrate this point, consider the radial network of 20 buses. In the first 

iteration two subsystems of equal size are formed, say subsystem Sj 

containing buses 1 through 10 and subsystem Sg containing buses 11 

through 20. For such a division there would be many measurements which 

are not internal to either subsystem, violating the decomposition constraint 

(iv). To satisfy this constraint the minimum overlap is formed by stretching 

the boundaries of 51 and Sg as follows. We first enlarge S 1 to S; by adding 

bus 11 to Sj , and then count the number of internal measurements m1 

common to both S; and Sg. Then we enlarge Sg to S, by adding bus 9 to So 

and count the number of boundary measurements m2 common to both Sj 

and S,. If ml< m2 , we name subsystem Sj to Sj and enlarge S, by one bus; 

otherwise, we name subsystem S5 to Sg and enlarge Sg . The overlap is thus 

increased one bus at a time until all the measurements are internal to either 

S1 or Sg, hence satisfying constraint (iv). 

6.8.2 Decomposition of a Meshed Network 

A similar sub-optimal decomposition as described for the radial system can 

be applied to a large power system since the associated node incidence matrix 
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can be put into a banded structure. This is made possible by the fact that 

each bus in the network is connected to very few neighboring buses, usually 

less than 6. A two step decomposition scheme is proposed. First, the node 

incidence matrix is converted into band matrix [12]. Then, the node incidence 

matrix is divided into several sub-matrices which represent the different 

subsystems. Finally the best division which leads to the minimum 

computational effort for the resampling is selected. 

6.9 Banding of the Node Incidence Matrix 

The decomposition is achieved through the elimination of elements in the 

node incidence matrix. This is a square and symmetric connection matrix 

with entries 1 or 0. The entry 1 with indices i and j denotes the presence of a 

branch between nodes i and j. On the other hand, the diagonal elements 

represent the buses themselves and are always 1. Elimination of a branch is 

carried out by the deletion of two symmetric elements in the matrix, while 

elimination of a bus is carried out by the deletion of the diagonal element of 

the bus as well as the deletion of all off-diagonal elements in the row and 

column of the bus representing all branches incident to the bus. 

Let us now describe the banding procedure of the incidence matrix. In the 

procedure the following terms are defined. Let M be the node incidence 

matrix of an N-bus system. Let mij be the entry in the ith row and jth column 

of M. Let d, =|i- j| be the distance between the ith and jth columns of the 

matrix M. The bandwidth for the ith bus, denoted by d*, is defined as the i 
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maximum distance djj for the non-zero entries of the ith row, yielding 

d* = max|d,lm, =1, j=1...,N} 

The maximum of d*, denoted by d,,, is the bandwidth of the incidence matrix 

M. In the set of all possible incidence matrices, M, there is at least one 

matrix M* with global minimum bandwidth d* defined as 

d* = min{d,, for all Me M} 

Since the number of matrices in the set M for an N-bus system is equal to N!, 

which increases exponentially, an exhaustive search method to seek M* is 

computationally prohibitive. In order to overcome this difficulty, a 

combination of two procedures is proposed. Starting with an initial bus 

ordering, the first procedure finds a local minimal banding through bus 

reordering. Then, the second procedure improves the obtained solution by 

finding several local minima and selecting the best one. 

6.9.1 Procedure 1: Finding Locally Minimal Band Matrix 

The procedure consists of the following steps: 

Step 1: Randomly order the incidence matrix M. 

Step 2: Find the ith bus such that d*=d,,. 

Step 3: Find the jth entry in the ith row such that 
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d, = d? for non-zero entries, mjj = 1. 

Step 4: Permute the jth and kth rows and columns for k = 1,...,N, and k 

# i. Select the reordered matrix for which the new bandwidth di of the 

ith row is minimum. 

Step 5: Find the jth column for the new incidence matrix M , such that 

d; =d,,. Ifj #1, then go to step 2; otherwise stop. 

Procedure 1 tries to order the buses in such a way that neighboring buses 

will have small differences in their indices, whereas buses which are 

relatively far away from each other will have large differences in their 

indices. Since there are very few neighboring buses, which will be assigned 

close indices, the number of locally minimal reorderings is limited. Hence it 

is likely that there are very few locally minimal band matrices, all of which 

have the same band structure for larger systems. 

6.9.2 Procedure 2: Refinement of the Band Matrix 

As the local minimum obtained from Procedure 1 is close to the global 

minimum, a small variation in this solution may lead to a solution which is 

near the global minimum. Based on this conjecture, a procedure to improve 

the banding solution has been developed. It consists of the following four 

steps: 

Step 1: List the buses of the banded incidence matrix in decreasing 
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order of their bandwidth; 

Step 2: Select a small fraction, say 1/10, of the buses from the top of the 

list; 

Step 3: For each selected bus i, find the distances djj for all mjj = 1 in 

the ith row and calculate their median, referred to as med. If med is 

greater than a threshold value (typically 4 to 6), then renumber bus i as 

bus i+med by reordering the columns and rows of the incidence matrix; 

Step 4: Run Procedure 1 on the reordered incidence matrix to find a 

new local minimum; go to step 1. 

The procedure stops when the number of consecutive iterations exceeds a 

given threshold, say 4, without any improvement. 

6.9.3 Tearing the Band Incidence Matrix 

Tearing of the system is done using the banded matrix obtained from the 

first step of the decomposition scheme as follows. The incidence matrix is 

split into an increasing number of parts while satisfying all decomposition 

constraints stated in Section 3.2.1. For each decomposition, the 

computational cost C for the resampling technique is calculated through 

Eq.(3). The optimal decomposition is the one that minimizes C. The 

procedure consists of the following steps: 

Step 1: Set j = 2; 
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Step 2: Divide the incidence matrix into j equal parts and shift the 

boundaries of the subsystems until they form connected graphs which 

are observable; this satisfies constraints (i) and (ii); 

Step 3: Increase the overlap by stretching the boundaries of the 

adjacent subsystems one bus at a time while satisfying constraints (i) 

and (ii). The enlarged overlap among the adjacent subsystems results in 

the increase of both the number of internal measurements and the total 

computational effort C ; 

Step 4: From any two adjacent enlarged subsystems, retain those 

subsystems which give more number of internal measurements for less 

increase in C; 

Step 5: Go to step 3 if there exist one or more measurements that are 

not internal to any subsystem, that is, if constraint (iv) is violated; 

Step 6: Calculate C for the resultant decomposed system. If it is less 

than that of the previous iteration, save the obtained decomposition 

scheme, set j = j + 1 and go to step 2; otherwise stop and select the 

solution of the previous iteration as the optimal decomposition. 

6.10 Simulation Results 

The decomposition procedure has been applied to the IEEE 118-bus system. 

The simulations were carried out on VaxStation 3200. Figure 6.3 shows the 
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incidence matrix with randomly ordered nodes where each entry point 

represents non-zero elements. It is seen that the matrix has no band form. 

The result after banding and decomposition of the incident matrix into 2 

parts is shown in Figure 6.4. The first and second subsystems consist of 

buses 1 through 86 and buses 15 through 118, respectively. The size of the 

overlap is 72 buses. This constitutes the optimal decomposition since further 

division leads to the increase of the total computing effort C. The gain in 

computational effort with respect to the non-decomposed system is 22% . This 

claim is supported by simulation results obtained after running the LMS on 

the decomposed and non-decomposed systems. In the decomposed system, the 

simulation time is 12.3 sec. whereas in the non-decomposed system it is 15 

sec.. This gives a ratio of 0.82. 
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6.11- Summary 

Two algorithms that allow the LMS estimator to be applied to large power 

systems through the resampling method have been proposed. The first 
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algorithm decomposes the system into overlapping subsystems so that the 

total computational effort is minimized while preserving the high breakdown 

property of LMS estimates. The algorithm has been verified on several test 

systems and illustrated on the IEEE 118-bus system. 

The second algorithm implements a computationally efficient observability 

method that satisfies the assumptions underlying the resampling method. 

The method draws measurement samples that make the system observable 

by using fundamental sets in conjunction with the augmenting sequences. 

With these algorithms, the computational effort of the resampling method for 

LMS grows linearly with system size. 
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Chapter 7_ Conclusion and the Future Research 

7.1 Contributions of this Dissertation 

The goal of this dissertation was to show that the outlier detection methods 

recently developed in the statistical field can be used for leverage point 

identification in power system state estimation. The dissertation shows that 

the prevailing leverage diagnostics used in power system state estimation, 

which are based on the hat matrix, are totally inadequate. The conventional 

wisdom that if no leverage points are indicated by the diagonal elements of 

the hat matrix then none exists is totally misleading, especially in case of 

multiple interacting outliers. Therefore new methods based on Robust 

Statistical theory are needed. In order to accomplish this, the underlying 

principles behind robust outlier detection methods had to be demonstrated 

and their relevance to the power system state estimation had to be 

established. In particular the fact that any methods based on the hat matrix 

are not robust is stressed. The dissertation also introduces basic robustness 

concepts such as the breakdown point and the influence function, which will 

hopefully be used by future researchers in power systems to evaluate new 

state estimators. 

Conclusion and Future Research 162



Good leverage points are very important in power system state estimation as 

they can improve significantly the efficiency of the state estimator. The 

power industry still by and large uses the state estimators based on WLS. 

The ill-effects of outliers in such estimators is a well known fact to 

statisticians, but it still eludes the power industry in general. Recently 

however there have been many publications raising the alarm against such 

conventional methods, and slowly the power engineers are becoming aware of 

the need for more robust methods. This dissertation describes the 

contributions of various statisticians in this regard and describes some robust 

estimators that can be used in power system state estimation. In particular 

the M-, GM- and high breakdown point estimators are described. The M- 

estimators are vulnerable to bad leverage points. The GM-estimator on the 

other hand uses the information on leverage points to its advantage. The 

leverage points do not have any effect on high breakdown point estimators 

(HBPE), however these are very inefficient estimators and are used only for 

outlier diagnostics. Therefore an ideal state estimator in power system would 

consist of a HBPE followed by a few steps of a GM-estimator to give a robust 

and highly efficient estimate. In this regard we require a robust method for 

leverage point identification and an efficient distance estimator. 

In power systems, the first attempt to robustify the M-estimators was made 

by Schweppe. He proposed to normalize the residuals by means of the 

diagonal elements of the hat matrix. Recently, Abur proposed to eliminate 

leverage points in the LAV by rotating the design matrix and scaling the 

Jacobian rows and columns [34] whereas in his first work on the LAV [47], he 

states "the LAV estimator may fail to reject bad data occasionally". Re- 

analyzing his old simulations, he has concluded that the hitherto 
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unexplainable failures of the LAV were actually due to bad leverage points. 

These developments definitely encourage research in the field of leverage 

point identification. 

The outlier detection methods until recently were based on either the 

classical Mahalanobis distance or the hat matrix technique. Some efforts 

were made to improve the robustness of these detection techniques by P. J. 

Huber [14], however the first robust methods were introduced by Donoho and 

Stahel as recently as 1982. In the last decade some progress has been made 

in this regard by other statisticians, notably by Rousseeuw et al. [15]. These 

robust outlier detection methods assume that all sample points in the factor 

space are in general position, i.e. any n row vectors of the design matrix are 

linearly independent. In power systems the design matrix is the Jacobian 

matrix which is an extremely sparse matrix. This sparsity violates the 

general position assumption and hence induces the failure of the leverage 

diagnostics as suggested by Donoho, Stahel and Rousseeuw. Therefore 

certain modifications were needed to suit the power system state estimation 

problem. In this dissertation it is demonstrated that these modifications 

make the procedure more robust against multiple interacting leverage points. 

The GM-estimators require distance measures for each measurement 

corresponding to its position in the factor space. In this dissertation this 

distance measure is obtained by calculating the Robust Mahalanobis 

Distance (RMD). The Huber-Skipped estimator is used to calculate RMD 

after the identification of leverage points through the projection algorithm. 

The RMD has many applications in the related field of estimation. One 

particular application is their use to robustify GM-estimators. Another 

application is their use to alleviate the ill-conditioning problem of the 
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Jacobian matrix due to leverage points [99]. The latter application has been 

further explored and some solution have been proposed in this dissertation. 

The RMD was calculated efficiently. This was accomplished using sparse 

matrix techniques [78-83] which eliminates a significant amount of 

multiplications that would be required otherwise. Recently the power 

industry is looking into replacing the older computers with multi-processor 

computers. For example in 1990, the Hawaiian Electric Company put into 

service a control center using a network of multi-processor VAX 

workstations. This could be an extremely significant improvement in the 

computation times as the algorithm suggested in the dissertation can readily 

lend itself to parallel processing. Indeed, in the projection algorithm, each 

direction can be assigned to each processor. 

The dissertation further contributes to the effort of high breakdown point 

estimator implementation for large power system networks. In particular the 

LMS implementation using the resampling technique [49] is explored. A 

method based on the network tearing techniques is introduced in the last 

chapter of this thesis. The technique proposed here takes advantage of the 

sparsity of the Jacobian matrix [82-83]. It is demonstrated that each state 

variable is observed by a few number of measurements, called fundamental 

set. There is a maximum local breakdown of LMS associated with each 

fundamental set [53-58]. The network in principle can then be torn into 

several overlapping sub-networks so that this maximum local breakdown 

point for each fundamental set can be preserved. The final solution is 

augmented after solving each little network individually. The algorithm 

presented in the dissertation is based on heuristics and is only the first step 

towards the final implementation of full scale LMS. 
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The concepts of fundamental sets and local breakdown point have been 

further extended in this dissertation. This work can find further applications 

in other areas than power system state estimation. Some of these 

applications are currently being pursued at Virginia Tech and they will be 

described in the section on future research. 

7.2 : Future Research 

Future research include the following topics: 

(1) Mallows-type GM-estimators downweight the leverage points regardless 

of their residuals, which is too drastic and can be harmful as far as the final 

estimate is concerned. On the other hand, Schweppe-type GM-estimators 

make use of the robust Mahalanobis distance as a scaling factor for the 

residuals, and hence downweight the leverage points only if they have large 

standardized residuals. The full scale implementation of such estimators 

should be explored in the power system estimation area. These days LAV is 

becoming popular in the power systems area. LAV is, however, vulnerable to 

leverage points. With the knowledge of RMD the LAV estimator can be 

robustified. The RMD has applications in areas other than state estimation, 

such as the stability problem, where the method is being used as a clustering 

technique to find the coherent generators. Some of the applications 

mentioned above are already being investigated at Virginia Tech. 

(2) The RMD is found useful in improving the condition number of the 

Jacobian matrix. In power systems, specially in the case of large systems, the 

Jacobian matrix is sometimes ill-conditioned, which may induce convergence 
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problems when estimating the state of the system. This problem can be 

alleviated by using the RMD. The reader should note that in load flow 

however the leverage points cannot be eliminated since the number of 

unknowns and number of equations is the same hence the RMD can be 

useful only to scale the matrix properly. 

(3) Another application of the RMD can be envisaged in power systems 

planning. In particular the problem of meter placement can benefit from it. 

The leverage points as explained in previous chapters can be extremely 

beneficial to the estimation. Therefore highly reliable instrumentation could 

be placed on short lines or on highly connected buses so that good leverage 

points are ensured. Recently a phasor measurement system was developed at 

Virginia Tech which can measure the voltage and angle at a bus (state of the 

bus) very accurately. Since a phasor measurement is expensive it cannot be 

placed everywhere in the system. With the use of RMD it is possible to select 

some sights in the network where the phasor measurements have to be 

placed. 

(4) The implementation of high breakdown point estimators for a large power 

system network is still an open problem. In this dissertation preliminary 

algorithm was introduced which can handle medium sized power system 

networks. For larger networks of size of thousands of buses or more new 

algorithms are required. The new algorithms should improve the technique 

of selecting buses and lines to form sub-networks to preserve the robustness 

property of the estimator. Also better computation methods using sparsity 

technique as well as parallel or distributed processing is required to reduce 

the computing time. The local breakdown point properties should also be 

preserved in the decomposed networks and new more accurate definitions in 
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this regard are required. Such efforts are already under way. 

(5) In high breakdown point estimation other estimators such as LTS, S and 

t estimators mentioned in previous chapters should be investigated for their 

application in power systems. Also the implementation of these estimators 

through alternate techniques such as simulated annealing and neural 

networks, should be explored. 

(6) The extremely complex problem of topological errors is still an open 

question. When topological errors occur, they invariably create multiple 

outliers. They also change the structure of the Jacobian matrix which in turn 

changes the position of the leverage points. A new set of leverage points 

might appear. The investigation of topological errors is made through 

combinatorial procedures, which are similar to the resampling algorithm that 

implements the high breakdown point estimators. In addition, it may be 

feasible to devise a high breakdown point estimator that identifies the 

topological errors. 
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Appendix A Resampling Technique for MVE 

For a m point data set in n-dimensional space we draw different sub-samples 

of sizes n+1, indexed as j=({1,...n+1}. For each of these subsamples we 

determine the arithmetic mean and the corresponding covariance matrix C 

given by the following equations 

pos x, C,=— ¥ (x; - Tx, - T) 
n+1 ; nj 

J 

where C; is non-singular whenever x,...x, are in general position i.e. when 

we have an observable subsample. 

The corresponding ellipsoid is then inflated or deflated so that it exactly 

contains h = [(m+n+1)/2] points, which amounts to computing the squared 

magnification factor mj 

m ={(x,-7,)c7(x,-7,) } 
him 

where "h:m" represents the hth quantity in the ordered sequence of m 

quantities. 

The squared volume of the resulting ellipsoid is proportional to m;? det(C as 

of which we select the one with the smallest value. This process is repeated 

for many sets of (n+1) points. The number of sample sets to be drawn is 

based on the probability of drawing at least one good set, from the data set 

with assumed fraction of outliers. For a data set of m points and assumed 
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fraction of outliers e, the probability P that at least one out of J subsamples 

consists exclusively of good points is given by 

J 
P=1-(1-(1-e)") 

therefore the J is given by the following equation 

___In(@i-p) 
in(1—(1-e)") 

For the best subset J we can approximate MVE as 

C(x ) = (x25 )'c2,,miC, 

In the above equation Rousseeuw [12] recommends the correction factor 

ce =(1+15/ (m-—n)) . The correction factor is derived from the simulation 

results which is believed to correct the bias in the estimate due to higher 

degrees of freedom in higher dimensions. 
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