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Sensor Arrays for the Measurement of 

Dispersive, Flexural Waves in Structures for 

Signal-to-Noise Ratio Enhancement and Angle 

of Arrival Determination 

This work examines the application of sensor arrays to structures. The wave equa- 

tion solution of Euler-Bernoulli beam theory provides the structural model for this 

study. A review of basic array theories for the enhancement of signal-to-noise ratio 

(SNR) and determination of angle of arrival (AOA) leading to source localization 

is given. Array techniques are considered with applications to dispersive flexural 

waves where the propagation velocity is not constant but dependent on frequency. 

The theory is validated through experiments with harmonic and broad band applica- 

tions. The test apparatus consisted of a long thin beam with anechoic terminations 

to emulate an infinite beam for frequencies above 300 Hz and a finite beam below 

200 Hz. The beam was excited by a shaker (with a force transducer) mounted on 

one end of the beam. Measurements were taken with accelerometers and a laser 

velicometer at the other end of the beam. The infinite beam case was used to iso- 

late the travelling wave response to single harmonic excitation. The finite case was 

used to consider transient response of the beam to an impulse. 

The harmonic response experiments on the infinite beam is used to demonstrate two 

things. First they show that the SNR increases by the square root of the number of 

sensors. Secondly they show that AOA can be determined explicitly from the phase 

between sensors for single frequency applications. The measured values of AOA 

were within +3 degrees for these experiments. This technique applies to harmonic 

signals in a highly damped medium.



The technique developed for transient applications uses the magnitude and the vari- 

ance of the correlation coefficient of a densely populated array to determine AOA. 

This technique is based on correlation between measurements along a wave front. It 

does not assume a phase relationship between sensors but instead exploits the spread 

of the signal as it travels. The spread is characteristic of a dispersive medium. This 

resolution of this technique is directly linked to the population of the array and the 

angular relationship between elements. The experiments verified that this technique 

measures the AOA for within the resolution of the array. For arrays from 3x4 to 

7x10 resolution of + 6 to 9 degrees was possible. 

This work has developed array theory for application to dispersive waves in struc- 

tures. It highlights the differences in the phase relationship between elements for 

dispersive versus non dispersive media. It shows improvement of SNR using struc- 

tural arrays. The potential for AOA determination on highly damped structures 

using harmonic signals was demonstrated. AOA determination was also shown for 

finite structures using impact excitation.
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Chapter 1 

Introduction 

The use of sensor arrays has long existed in sonar, radar, ultrasound, and satellites, 

just to mention a few applications. However, these applications have been limited 

to materials where propagation is through a known fluid such as water, or air. Ap- 

plications of sensor arrays for structures also have great potential as a measurement 

tool. 

The advantages of sensor arrays in structures (over single element sensors) are sim- 

ilar to the advantages found in the above mentioned applications. There is an 

enhancement in signal to noise ratio - usually quantified by the term array gain 

(AG). The direction or angle of arrival (AOA) of the signal can be determined if 

the wave propagation speed is known. With different wave types (flexural, shear, or 

longitudinal), the arrival times can be used to give range measurements. The tech- 

niques used in arrays can be applied directly to harmonic excitation of structures. 

There are many possibilities for array concepts that have been untried in other ap- 

plications but would enhance performance here. If piezoelectrics were used, they 

could be used as actuators as well as sensors. Phase and amplitude variation will



allow beamforming actuation and the generation of complex excitations by simply 

changing the weights and phases of the inputs. 

It is the purpose of this work to explore the use of array sensors as they apply to 

structures. The first chapter develops the theory for vibrations of beams. It presents 

different models specifying the criteria of validity for each. It also presents the dif- 

ferences between infinite and finite structures and appropriately between travelling 

and standing waves. 

Chapter two develops the theories used in array processing. It explains how arrays 

can improve signal-to-noise ratio and determine direction of arrival or range and 

depth information about sources. 

Chapter three develops the application of array processing to structures. It details 

how the array processing applies to travelling waves in beams as a first approxima- 

tion to structures. In particular, it considers the complications of dealing with the 

dispersive nature of flexural waves. 

Chapter four gives the experimental results of applying array processing to an infinite 

beam (travelling waves). It discusses the instrumentation and resolution considera- 

tions involved in developing a system. 

Chapter five gives the experimental results of applying array processing to transient 

signals on a finite beam (broad band applications).



The analysis uses the response of sensors on a beam to prove enhanced signal to 

noise ratio and source localization determination. Other advantages and actuation 

applications will be discussed. 

1.1 Beam Theory 

Vibrations in structures have been studied in great detail. Many authors have sur- 

veyed the subject, for a more in-depth review of the material see (Abramson, 1957; 

Abramson et al., 1958; Miklowitz 1960). In general, two approaches to modelling 

vibrations are taken. Modal models represent the vibrations as a summation of 

orthogonal mode shapes. In most applications, with the exception of structural 

acoustics, modal models are generally used over wave models; but they are inaccu- 

rate for sharp impacts or infinite structures. Infinite structures are those structures 

which absorb most or all energy before that that energy can reach a terminus and 

reflect. This is indicative of heavily damped systems. 

Wave models are used in (though not limited to) acoustics as well as infinite struc- 

tures. An infinite beam, for example, has no natural modes so a mode shape solution 

would be impossible. Wave models represent the vibrations as a summation of vi- 

brations with both near-field and far field terms. Near-field waves are waves that 

exist close to the source; far-field terms refer to those that have propagated away 

from the source.



1.2 Beam Theories and Approximations 

The study of beams is generally a first step in the study of structures since beams 

represent the simplest of structures, (Abramson, et al., 1958). While beams are 

simple structures, the boundaries complicate beam analysis by causing reflections. 

An infinite beam is simpler because it has no end conditions/boundaries; and, there- 

fore, produces no reflections It is an ideal medium for studying the propagation of 

travelling waves. 

Because of the complicated nature of continuous media and the discontinuity at 

boundaries, beam equations are not simple. These complicated equations have led 

many theorists (including Euler, Bernoulli, Saint Venant and Timoshenko) to de- 

velop simplifying assumptions and solutions to the beam equation. 

1.2.1 Euler and Bernoulli 

Beam equations fall into a three categories: elementary, approximate, and exact 

theory. Elementary beam theory has been developed by Bernoulli and Euler and 

has the governing equation 

Oty a’y 

where E is Young’s modulus, I is the area moment of inertia, p is the density, x is 

the axis variable along the beam width and y is the variable along flexural displace- 

ment. This equation is fully developed in appendix A and the Fourier solution of 

the equation applied to an infinite beam is included there.



A general solution to this equation is the form 

y = Asin Gx + Bcos Bx + C'sinh Br + D cosh Pr. (1.2) 

A wave form solution can also be assumed, 

y(z,t) = Acos (a — ct) (1.3) 

where c is the wave velocity and is the wavelength. A full wave solution of the Euler 

— Bernoulli equation for an infinite beam is given in Appendix A. The assumptions 

for its validity are given there as well. 

Combining equation 1.3 with equation 1.1 yields 

_ 2 [EI 
~~ AV pA 

Cc (1.4) 

From equation 1.4 the propagation velocity is inversely proportional to the wave- 

length (Meirovitch, 1967). If a disturbance which consists of multiple frequencies, is 

impacted on the beam, each harmonic component would travel at its corresponding 

wave velocity effectively dispersing the impact. Unlike deep water and air, a beam 

is a dispersive medium; a medium where the wave velocity is not constant, but de- 

pendent on the wavelength and thus the signal content spreads as it travels. 

This inverse relationship, in the limit, also leads to the physically impossible notion 

that very short wavelengths travel instantaneously along the beam. This is one of 

the troublesome problems of elementary beam theory and was discovered seemingly



first by Lamb (1917), showing why the elementary theory does not work for sharp 

impacts. Rayleigh (1894) and Timoshenko (1921, 1922) corrections develop inter- 

mediate theory that is more robust than elementary theory. 

1.2.2 Rayleigh Approximation 

Rayleigh corrected for the effects of rotary inertia and Timoshenko corrected for 

the transverse deformation from shear. The Rayleigh correction gives a differential 

equation of the form 

Oty R? Oy Oy | 2 p2 
R*— — R*———— +- — = 1.5 

“o Ox4 Ox? Ot? + ot? (1.5) 

The corresponding velocity and dispersion is related by 

4n?2 R2 

_ Y 

where FR? is the ratio of the area moment of inertia to the cross-sectional area 

R=] /A (1.7) 

and 

(1.8) S II 

i



1.2.3. Timoshenko Equations 

The Timoshenko equation is useful because it is a balance between the simple equa- 

tion of the elementary theory and the complex equations of the exact theory. Be- 

cause shear deformations have greater effects on the accuracy of beam model then do 

rotary inertia effects, Timoshenko corrections are generally chosen as the interme- 

diate model between Euler—Bernoulli and exact theory. The Timoshenko equation 

is given by 

  
  
OM (1 1 O*M 1 1 MM 1 O?M 0 (1.9) 

Or4 Ch Ca) Ox?0t? = ch \ch Ott ~— ch R? Ot? 7 

where: 

GA, . — cq = A ;A, = | [yea (1.10) 

G = shear modulus, M = moment , and 7(z) = true variation of 7 , the shear strain, 

over the area. 

Unlike the other theories it is impossible to write an explicit expression for c, but 

by solving the equations above an expression for c is given by 

Ce ce C3 Ce 

1-(54+5)+35-poap = (1.11) ca c, cc | Reh k? 

1.3. Literature Review 

Many reviews of the literature of vibrations as they apply to beams exist. Miklowitz 

(1960) has an excellent review of the study of elastic wave propagation. Miklowitz



concentrates on transient wave propagation in homogeneous, isotropic, linear elastic 

solids. He considers these as they apply to rods, plates, circular cylindrical shells, 

half space and infinite mediums. 

Abramson et al., (1958) reviews the theories, assumptions and limitations of stress 

wave analysis in beams and rods. The authors consider longitudinal and flexural 

waves, both plastic and elastic. The review begins with the elementary theory, con- 

tinues through the intermediate theories of Timoshenko, and is compared to the 

performance of the exact theory. 

While much work has obviously been done in the area, many publications are of 

particular note for how they relate to this work. The application of the many dif- 

ferent forms of the beam equations has seen much attention in the literature. 

Schaechter (1982) uses elementary theory in his work for demonstrating the hard- 

ware controlling flexible beams. His solution is a modal solution as opposed to a 

wave solution. It is more common to see wave solutions in acoustic applications like 

power flow measurement, but control and measurement can be achieved with wave 

models as well. Meirovitch and Norris (1984) and Meirovitch et al., (1984) discuss 

the use of modal models in the modelling and control of distributed systems. 

Von Flotow and Schafer (1986) consider the merits of modal versus wave models, 

particularly in how they apply to control applications. They purport that an alterna- 

tive to low authority feedback controllers (when high authority, full state feedback is 

impossible from lightly damped modes and model uncertainty) is an approach based



on wave models. This view is considered appropriate for large spacecraft structures 

where major forces are spatially and temporally localized. The paper then continues 

using elementary beam theory to develop a wave absorbing controller. 

Carroll (1987) uses Bernoulli theory in his study of structural response and power 

flow measurements. The emphasis of his dissertation was using quadrature for dis- 

criminating against reverberation so he studies the one-dimensional case of flexural 

wave propagation in a finite beam. 

Gonidou (1988) uses Bernoulli-Euler theory solved using fourier transforms for infi- 

nite, semi-infinite, and finite beams. Gonidou studies the active control of flexural 

power flow in thin beams. Guigou (1992) also uses Bernoulli-Euler theory solved 

via fourier transforms to solve for semi-infinite and finite beams. 

Jones (1955) uses Timoshenko theory to explore transient flexural stresses in an infi- 

nite beam. The solution is obtained by means of fourier transforms, from asymptotic 

approximations. The results are of the numerical form unlike the similar paper by 

Dengler and Goland (1952) where their solutions are of the integrand form. Dengler 

and Goland also use the Timoshenko equations to solve for transverse impact of 

long beams and also offer corrections to a similar solution by Uflyand (1950). 

Boley and Chao (1955) study transverse impacts using Timoshenko equations, but 

they use Laplace transforms to solve the equations. The solutions are again given 

in integral forms and must be evaluated numerically.



Anderson (1954) considers how Timoshenko equations determine the wavelength 

distribution of the bending-moment and shear-force responses to both a force im- 

pulse (transverse) and a moment impulse. The solution is for infinite beams. 

Miklowitz (1953) solves coupled Timoshenko equations (as opposed to a single vari- 

able equation) representing rotational and translatory motions of the beam using 

Laplace transforms. Miklowitz’s work shows agreement with the solution of Dengler 

and Goland (1952). The derivation of transforms for both finite and infinite beams 

is presented. 

Plass (1958) provides a collection of numerical solutions to the Timoshenko beam 

equations. He solves various end conditions with half-sine wave impacts numerically 

and one by Laplace transforms as well. Oliver (1957) looks at the response of cylin- 

drical rods to short pulses. 

Some work has also been done with the exact theory. Abramson (1957) uses the 

analysis as outlined by Love (1927) to study flexural waves in beams of circular cross 

section. Devault and Curtis (1959) outline a procedure for formulating exact theory 

solutions of elastic cylindrical rods. 

What can be seen from all of this is that appropriate theories can be used depending 

on the application. If rotary inertia and shear effects are truly negligible then Euler- 

Bernoulli models are adequate. This is true when the following assumptions are met 

@ cross-sectional dimensions are small compared to the length 

e transverse sections remain planar and normal to the length in bending 

10



e rotary inertia effects are negligible 

e shear deformations are small compared to flexural deformations. 

The necessity of going to a more complex model, such as the Timoshenko equation 

is mandated by the accuracy of the model to a particular application. In applying 

sensor arrays to structures, the critical consideration is the propating velocity of the 

wave for it defines the phase relationship between array elements. As long as the 

theory predicts the velocity with acceptable accuracy, elementary theory is applica- 

ble. For simplicity sake in this experiment, the structure and frequencies of interest 

have been chosen so that Euler — Bernoulli theory is appropriate. The work can be 

applied to different structures, simply by using the wave velocity, wave length, etc., 

indicated by the application. Applications to plates and more complicated struc- 

tures can be done as well. It is interesting to note that the difference between an 

Euler — Bernoulli beam equation and the plate equation is that FE is replaced with 

E(1 —v) because elasticity is constrained in width as well as length, (Cremer et al., 

1988). 

While it is obvious that much has been done in this field, the work of Carroll (1987), 

Gonidou (1988), and Guigou(1992) apply directly. The powerflow models by Carrol 

(1987) and Gonidou(1988) and solutions presented by Guigou (1992) were the mod- 

els and solutions used in this work. These provide a fourier wave solution to the 

Euler- Bernoulli model of flexural vibration. The other work presented in this review 

can be used to develop different wave models when the simplifying assumptions of 

Euler-Bernoulli theory are not met. 

11



Chapter 2 

Sensor Array Processing 

Array Processing Introduction 

Now that the foundation for structures is established, the next step is to consider 

how array processing can be applied to the measurement of vibrations. First, the 

author wishes to introduce and review the vast body of array literature as it already 

exists in other applications and then bring the reader to an understanding of how 

these techniques can be applied to structures. 

There are at least two ways to consider the array literature that exists. One is to 

consider the literature and techniques within the applications for array processing; 

the other is to consider the types of analysis that are available. A little of both 

is done here. A review of techniques is given first with an in-depth look at what 

can be accomplished and how. Then a few paragraphs are provided to acquaint the 

audience with the gamut of applications of array processing. 

A look at the techniques follows. 

12



2.1 Array Processing 

Nicholas and Vezzosi (1991) give a summation of the history of the development 

of array processing techniques. “In recent years, an extensive body of theory and 

practice has been developed for spatial array processing. The need for higher res- 

olution of the source field image, has led to an evolution in these techniques, from 

classical beamforming to the Capon estimator, autoregressive methods and finally 

the high resolution methods based on the eigen decomposition of the cross spectral 

matrix measured at the array output.” The following is a review of the literature of 

the present usage of these techniques as they apply to some of the usages detailed 

above. 

2.1.1 Basic Array Theory 

To gain an understanding of basic array properties, an investigation into a simple 

array pattern(s) is useful. 

The simplest, and one of the most common array patterns is the uniform linear ar- 

ray (ULA). Bendat and Piersol (1986), among others, described the basics of linear 

arrays. Figure 2.1 shows the geometry of a typical linear array. 

Assume that a wave source exists in (or on) a medium and that the sensors are 

positioned such that the distance from the source to the sensors is much greater 

than the separation between sensors. For a wave propagating normal to the array 

in a homogeneous medium, the signal can be estimated to hit the array as a planar 

wave. When the wave impacts the sensors as a planar wave, the signal history at 
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Figure 2.1: Schematic of Simple Linear Array 
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each sensor has the same deterministic content, the signal content is the same except 

for noise. For example, if the model in figure 2.1 is a linear array of m, sensors, the 

output of each sensor can be written 

Si(t) = f(z(t)) + ni(t). (2.1) 

If the model further assumes that the noise for each sensor, n,(t), is zero mean, sta- 

tistically independent, and of the same variance (i.e. each sensor is equally noisy), 

then the array’s gain can be quantified. Array gain is a measure of the signal to 

noise ratio improvement. 

If the output of each element is qualified by Eq. 2.1 then the array output given by 

the average of the sensors is 

5(0) = + YUVle(t)) + mild) (2.2) 
3 4=1 

or equivalently 

~ 1 2 

5(t) = f(e(t)) + — Yoni, (2.3) 
$4=1 

Using the statistical relationship o2 = oe where N is the number of samples the 

variance of the array is given by 

2 
cao} + (2.4) 

where m, is the number of sensors, o2 is the variance of the array average, oF is the 
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variance of the correlated signal, and o? is the variance of the noise on a sensor. 

The signal to noise ratios (both in and out) are then given by 

(SNR), = - (2.5) 

(SNR),., = —L— = Vm (SNR),,. (2.6) out On| fms 

This relationship shows that the output signal to noise ratio is increased by a factor 

of ,/m,. This is usually referred to as the array gain and is often give in decibels. 

2.1.2 Directivity 

The above relationships are true only when the source is normal to the array. This 

is because the array has directivity. As the source moves off normal, the planar wave 

hits the array at an angle, see figure 2.2. As the angle of incidence increases, the 

sensors no longer receive coincidently; a pure time delay occurs between adjacent 

sensors. If the spacing between sensors is uniform, then the time delay between the 

sensors is the same. 

A standard method of quantifying the directivity of an array is to develop the direc- 

tivity pattern. A directivity pattern characterizes the behavior of the array for all 

angles. For a ULA assuming a harmonic source, the signal reaching the center ele- 

ment of the array can be expressed as S(t) = sin(wt). The other sensors’ equations 

are given by S,,(¢) = sin(wt-+md¢) where ¢ is the phase lag (or time delay) and m is 
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Figure 2.2: Angle of Arrival and Time Delay Schematic for Linear Array 
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the sensor index. If the propagation velocity, c, is constant, then mAt = ms sin 6/c 

and m¢ = Kms; where s is the spacing between sensors and the trace wave number, 

K= oat sin(@). A typical pattern is given in figure 2.3. For a uniform linear array 

the directivity pattern can be described by the following equation. 

sin(m,K sin 0s/2) 

m, sin(K sin 6s/2) (2.7) 
AG =   

What can be seen from the beam pattern is that the response of the array is depen- 

dent on the spacing of the sensors relative to the wavenumber as well as on the AOA. 

As ks decreases (and equivalently s/\ decreases) the array loses its directivity. The 

output of the array becomes omnidirectional. 

In a beam, where the propagation is not constant mAt = mssin@/c and m@¢ = 

kms sin(@), where k is the structural wave number (as given by eq. A.13). The time 

delay between sensors is not the same at different frequencies as c is not the same 

at different frequencies. If the phase lag between sensors is known, the angle of in- 

cidence, commonly called angle of arrival (AOA), can be calculated. Thus with an 

array, and the phase information provided, source localization can be accomplished. 

The inverse problem is also true for arrays. If the incoming wave’s direction can 

be determined by the phase lag between sensors, then a directional wave could be 

created from an actuator array if the proper phase relationships are held. In active 

sonar and radar this is what is known as beamforming. Beamforming allows radar 

and sonar to send out a signal in a particular direction and watch/listen for reflec- 
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tions/echoes. 

What can be seen with arrays is an improvement in performance that is quantified 

by the array gain (AG). For uniform linear arrays (ULA) the AG is ,/m, when 

the incoming signal is normal to the array so that the signals arrive coincidently; 

but when the signal is not incident normal to the array the phasing cause the AG 

to diminish. The beam pattern describes the array’s performance for all angles of 

incidence, for a given relationship between wavenumber and spacing. The fact that 

the array’s output is maximized along an axis suggests the array’s directivity. This 

directivity can be exploited to determine the source’s direction, relative to the array. 

The determination of AOA is the emphasis of much array processing. 

2.1.3 Beamforming 

The beamformer is an array processing technique that defines a set of weights for 

each element that allows the array to steer its directivity pattern. The main lobe of 

the array can be tuned to an angle where before it was fixed at normal to the array. 

The set of weights are the phase delays required to steer the beam (or main lobe) 

along a direction. 

It is standard practice to write the beamformer equations denoting one sensor as a 

reference element. If s;, = the distance between the reference sensor and sensor i, 

the weight of each sensor is then given by 

A -iamsiy sind /. (2.8) 

™Ms 
Wir = 
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Directivity Pattern for Linear Array 

Figure 2.3: Beam Pattern for a linear array 
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For structures it is convenient to rewrite this as 

Wir = eg tksir sing (2.9) 

ms 

where k is the structural wave number. The output of the array can be expressed 

as 

y(t) = 35 wi(0)zi(2), (2.10) 
1 

which can be more conveniently written in vector notation as 

y(t) = w7 (t)x(t). (2.11) 

The classic beamformer gives the same directivity pattern as seen in figure 2.3, only 

shifted to the look direction. The output power of the classic beamformer is given 

by the expression 

P(6) = Elly(t)/’] = w" (t)Rw(t). (2.12) 

If one looks at the performance of a conventional beamformer, one sees that the 

main lobe is fairly wide and that side lobes exist as well. Thus if more that one 

source is present, the contributions from the other source(s) will cause bias error in 

the estimator output in the direction of the other source(s) direction(s). Because of 

the side lobe interference much emphasis has been made in creating high resolution 

techniques. 
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2.2 High Resolution Passive Array Processing 

High resolution processing encompasses a series of technique to enhance the resolu- 

tion of passive techniques, usually with reference to directional information. Bien- 

venu and Owsley (1991) give an overview of the principles of high resolution array 

processing. High resolution processing is the performance key to passive sonar, try- 

ing to create the sharpest image from the information that is receivable. 

LeCadre and Ravazzola (1991) detail the extension of high resolution methods to 

realistic cases. They consider the noise models and the consequences of correlated 

noise sources, estimation of the additive noise models, noise whitening procedures 

and state space representations. They consider how these affect responses of the sys- 

tem dependent on the modelling types including ARMA, MUSIC, Maximum likeli- 

hood and maximum entropy techniques, eigendecomposition and iterative methods. 

Shang (1989) considers a high-resolution method of source localization processing 

in mode space. 

2.2.1 Capon Estimator 

To minimize biasing from side lobes of the conventional beamformer, Capon (1969) 

developed what is now referred to as the Capon estimator. This estimator minimizes 

the power of the estimator while keeping the gain in the steer direction constant. 

The weights can then be found to be 

—1 
R WB 

wHR-Tw5’ (2-18) Wc= 
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where R is the covariance matrix of x if R is a hermetian and positive definite 

matrix. Wg are the weights given by the classical beamformer. 

Figure 2.4 shows the effects of the higher resolution of the Capon estimator. The 

output of the estimator is given for two signals at 60 and 100° with a SNR of 20 dB 

on a7 element uniform array. Sample covariance was used to calculate the values of 

the Capon estimator (as it is unlikely that the true covariance of unknown sources 

would be known). The outputs are normalized by the maximum output. 

2.2.2 Linear Predictor Models — AR 

Linear Predictor Models were first introduced by Burg in connection with the max- 

imum entropy estimator (1972). The linear predictor uses the covariance matrix to 

predict one sensor as a linear combination of the remaining sensors. The weights 

of the estimator are chosen so as to minimize the squared error between the sensor 

and the estimates. 

If Z, is the predicted value it is written 

ms-1 

Ln = > QAyln—4 (2.14) 

t=1 

This process is termed autoregressive as x, is expressed in terms of itself. The error 

is then given by 

msl 

6, = In —In = ~ G;ln-i; 49 = 1 (2.15) 
~ 
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the mean square error (MSE) is given by 

m.—-l1 

> a;E[r,-;2"'). 
10 

In practice for a uniform linear array with uncorrelated sources 

H . a? 
Elfn-iF(n_y] = T(K — 1) = "(0 — ky). 

minimization of the error leads to the linear predictor which solves the equation 

r(0) r(1) 0 (M1) , @ r(o - (M — 2) _ (2.16) 

* * ' a ° 
r*(M—1) r*(M—2) ... — r(0) 1 Om-1 

where é,4-; 1s defined to be the mean square error of the observed minus the pre- 

dictor, (Pillai, 1989). 

While this methodology appears simple and straight forward, it is important to re- 

alize that the cross correlations, r(i), are not known and must be estimated from the 

sample. The implementation of AR models, and the determination of coefficients is 

quite involved and beyond the scope of this work. The application of this technique 

will be discussed in the broader case of ARMA modelling. 
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2.2.3 ARMA 

A broader model uses a transfer function model. An input sequence and output 

sequence, u(n) and z(n) respectively, are related by the equation 

In = — So alj)a(n —j)+ 7 b(k)u(n — k) (2.17) 
k=0 

This is referred to as an autoregressive moving average (ARMA) model. In transfer 

function form (between input u(n) and z(n) ) it is expressed as 

  

A(z) is the autoregressive branch and B(z) is the moving average branch. For sta- 

bility in the z-plane it is assumed that A(z) has its zeros within the unit circle. 

AR and ARMA define transfer functions based on an input of white noise. This z- 

plane transfer function can be exploited to determine AOA. The auto regressive part 

of the model relates the values of a sensor based on other sensors. The coefficients 

thus contain information that models the relationship from sensor to sensor. The 

z~—} operator is a pure time delay and is defined z = e?®. In radar ¢ is referred to 

as the electrical phase angle and is defined by 

¢= “= sin 0 (2.18) 

where s is the separation between sensors, \ is the wavelength, @ is AOA. By eval- 

uating the transfer function at z values corresponding to the range of AOA’s, the 

26



response of the array can be evaluated at all angles. A peak in the transfer function 

will be seen at the AOA, assuming the ARMA model is estimates the transfer func- 

tion. The complications of determining the phase angles (from the pure time delay 

of the z operator) in dispersive media will be considered later. 

2.2.4 Ejigenvector Based Techniques — MUSIC 

Another body of techniques for AOA detection includes eigenvector based algo- 

rithms. For a linear array of m, sensors detecting signals from K independent 

sources, the signal at any detector can be expressed as 

K 

23(t) = Yo ug(t)e*4 4"? + n(t), (2.19) 
k=1 

where d; is the distance between source and sensor j; u;, U2, ...,UxK are the signals 

of the sources, 6), 62,...,0x are the AOA of the sources and z,(t) is the signal seen 

at the ith sensor location. 

Letting a(0) = e~**4;5 | this can be written in vector notation as 

z;(t) = u(t)aj(9) + n(Z) (2.20) 

where u = [uj, U2,...,uK]? , x = [21(t), r2(t), ..., 2m, (t)] 

or more succinctly 

x(t) = Au(t) + n(¢) (2.21) 
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where A = [a(6;), a(62), ...a(x)| 

The output covariance 

R = E[x(t)x#(t)] = ARyA” 4 071 (2.22) 

where Ry = Efu(t)u”] is the source covariance matrix. Assuming independent 

(non-coherent) sources, yields that Ry is full rank , and from the independence of 

the direction vectors A is full rank; yielding that ARyA/® is of rank mg. 

Letting 141, /42,..-, 4K be the non-zero valued eigenvalues of AR, A”, then the eigen- 

values of R are 

_ J weto? fork =1,2,..,K 

Ar = o fork =K+1,K +2,...,m, (2.23) 

Letting v be equal to the associated eigenvectors, 

R = Av" = vAv". (2.24) 

For eigenvalues A, where k > mg, 

Rv; = o’v; = (AR,A® + oI)v; (2.25) 
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which means 

AR, A? v; + o’Iv; = ov; (2.26) 

meaning that 

AR,A® =0. (2.27) 

This last statement leads to the conclusion that for those values of the eigenvalues 

(the low repeating values) the corresponding eigenvectors are orthogonal to the 

direction vectors that dictate the AOA. From Schmidt (1979) this procedure is 

referred to as MUltiple SIgnal Classification or MUSIC. While MUSIC does not 

estimate the power of the signals for each AOA, it does guarantee that the peaks of 

1 —___—_—_ (2.28) 
» |vfa(9)/? 

k=K-+1 

correspond to the true AOA given that the array output covariance R is known 

exactly with uncorrelated, identical noise conditions, (Pillai, 1989). 

Yang (1990) uses eigenvector decomposition to extract mode amplitudes for data 

from a vertical array. The product of normal mode amplitudes with steering vectors 

is a maximum for true source ranges and correlation of decomposed modes with 

theoretically calculated mode amplitude is maximized at the source depth. Thus 

source depth and range estimates can be determined. This method is well suited for 

position uncertainty (slight tilt) of the sensors of a vertical array, but is performance 

dependant on the ability to measure modes. 
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2.2.5 Maximum Likelihood Estimation 

Most of the high resolution techniques assume that certain parameters are known, 

and these methods succeed or fail based on how well these parameters are known 

or how well they can be estimated. This opens the avenue for estimation of these 

parameters. When these are not known Maximum Likelihood (ML) techniques are 

often employed. 

Maximum likelihood estimation (MLE) and maximum likelihood methods (MLM) 

estimate a parameter, say 7, by choosing that value of 7 that maximizes the prob- 

ability density function of y(7) using the observed value of y. The logic here being 

that as y was an observed value it is also a likely value. And this likely (observed) 

value is probably close to the true value. This value of y can then be used to predict 

7: 

The advantages of MLE is that if an estimator exists that is unbiased and attains 

the Cramer-Rao (is efficient) bound, then ML will produce it (Kay, 1988). For 

sufficiently large data sets ML is unbiased and has a Gaussian distribution. For 

many linear models the MLE is equivalent to the least squares estimator (LSE). If 

a system can be described by 

y = Ax+n, (2.29) 

where A is known, y is the observed data, and n is zero mean Gaussian noise; then 

x can be estimated by 
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x= (AMA) TA? y. (2.30) 

This is equivalently the MLE and the LSE. The MLE is not equivalent to the LSE 

when A is random or if n is not mean zero Gaussian noise. However, for nonlinear 

systems the MLE can require iterative methods to determine a solution. 

For AOA applications the problem is to obtain estimates of 0; from the information 

received which is x. The data are related as given in equation 2.21. This is a nonlin- 

ear problem, and thus the thrust of the research is the maximization and constraint 

realization. Watanabe et al., (1991) employ MLE techniques using quasi- Newton 

methods. The computational cost for ML bearing estimation using uniform arrays is 

low. Lin and Barkat (1991) use dynamic programming to estimate the sources and 

AOA with the Maximum Likelihood Estimator (MLE). Goryn and Kaveh (1991) 

show that if there is a priori information about the number of sources a conditional 

ML solution can be obtained. They also present a suboptimal estimator that re- 

quires no a priori knowledge about the number of signals. They develop competitive 

feedback network solutions for narrow band direction finding. 

MAP(Maximum a posteriori) 

A priori refers to those maximizing routines where a knowledge of something is 

assumed ahead of time. Wahlberg, et al., (1991) consider a robust signal parame- 

ter estimation technique to make the estimation less sensitive to perturbations in 

the array manifold. Since the techniques for parametric estimation have models 
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that assume perfect knowledge of the arrays reaction to stimuli, the results degrade 

when the actual array differs from the assumed one. Wahlberg, et. al., offer a MAP 

(maximum a posteriori estimator) that achieves the Cramer Rao bounds even for 

moderate sample sizes. 

2.2.6 Subarray Processing — ESPRIT 

Subarray processing exploits the relationship among subarrays of the full sensor ar- 

ray. There are forward and reverse smoothing routines that are used for coherent 

or correlated noise scenarios, but probably the most noteworthy of the subarray 

routines is the ESPRIT routine. Estimation of Signal Parameters via Rotational 

Invariance Techniques (ESPRIT) uses the relationship to estimate the AOA based 

on the displacement between the subarrays. 

The most common development of the ESPRIT algorithm is for the uniform linear 

array (ULA). Consider two subarrays 

x(t) = [xi (t), 22(t), ..., 2x(t)] 

x(t) —- [Tm,-K41(t), 2m,—K+2(t), ...5 2m, (t)| (2.31) 

these can also be expressed in vector notation as 

s 

xX} 
s 

Xo 

Au(t) + nj(¢) 
ABu(t) + nj(t) (2.32) 

where A is the matrix of direction vectors for the first subarray as developed previ- 
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ously, see equations 2.19 through 2.21. For ULA, A is a Vandermonde matrix. 

B= diag|le—?F48imn% | e—skAsinGa | ees e JRAsin gx) 

Where A is the separation between the subarrays. 

In a non coherent signal environment the noise can be found using standard eigen- 

structure and eliminated. Looking at the covariance and cross variance without the 

noise one determines 

Cries = E[x§ x§] = AR,A? i714 1“1 

OP E{x$x$] = AR,BA” 

(2.33) 

Caszs _ YCrses = ARu(Ik — 7B)A# 

Since both A and Ry are full rank singular values are given by the roots of 

[In — +B" | = 07, = Bu = e— TRA sin Os (2.34) 

Bas Ober et al., (1991) use an ESPRIT-like algorithm to determine with high reso- 

lution angle of arrival information (AOA). 

2.2.7 Matched Field Processing (MFP) 

Matched field processing is accomplished by comparing the expected response of 

the array for all source locations within the measured field (Baggeroer et al.,, 1988). 

This is a computationally intense routine, so much of the literature considers means 

of lowering the computational cost or quantifying the effects of limiting factors. Cox 
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et al., (1990) create a subarray technique that allows simple planar beamforming 

techniques to be used where refraction and multipath effects make planar assump- 

tions inapplicable. This method seems to have possibilities in reflected structural 

waves as well. This method can be applied to MFP while keeping the computational 

intensity down. Matched field processing is well suited to those applications where 

reflection and refraction add to the propagation signature of the region, as long as 

the propagation field is well known. 

Tran and Hodgkiss (1991) use matched-field processing at 200 Hz for source detec- 

tion and localization for a 120 hydrophone array. Livingston and Diachok (1989) use 

matched-field processing techniques to estimate under-ice reflection amplitude and 

phase information from continuous wave (CW) sources. These computations were 

varied iteratively to achieve maximum matched-field processor gain with minimum 

range and depth errors. Hamson and Heitmeyer (1989) present simulated and exper- 

imental results on source localization in shallow water by matched-field processing. 

Perkins and Kuperman (1990) consider matched field processing in three dimensions 

to give localization in bearing as well as in range and depth and is demonstrated 

by a simulation. Nicholas and Vezzosi (1991) show the feasibility of the localization 

of sources with an array of unknown geometry under a series of conditions. The 

simulations quantify the validity of the model. Schmidt et al., (1990) develop a 

matched field beamformer that accommodates some mismatching in the environ- 

ment while suppressing sidelobes. They derive a multiple constrain matched field 

processor (MCM). 
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2.3. Array Processing Summary 

As is now evident, the array literature is voluminous. With simple array processing 

the quality of signals can enhanced. By beamforming through the look directions, 

signal direction can be estimated. With multiple signals, the Capon estimator, MU- 

SIC, ESPRIT, ARMA, or other complex signal processing can be applied for higher 

resolution of AOA determination. Estimation techniques, like MLE, can be applied 

when a needed quantity is unknown. As suspected, the more that is known the 

better the performance will be. Certain techniques are better suited for a particular 

set of knowns and unknowns, so smart application of the wealth of techniques is 

necessary. These techniques are limited by what is known, what is measured, and 

the quality of the measurement. 

These array techniques have obvious applications to structures. The quality of a 

vibrational measurement can be improved be array processing techniques, but some 

adaptations meed to be made. For flexural waves a beam is a dispersive media; so 

when beamforming is done, tuning of the array needs to occur both in frequency and 

in angle. Thus many of the equations of the algorithms have a phase dependency 

in two variables. 

In structures also the choice of algorithms will depend on what is known, what is 

measured, and how well it can be measured. Generally with little a priori infor- 

mation the incoming signal can be enhanced. For travelling waves in a structure, 

AOA determination can be accomplished with a knowledge of the phase and spacing 

among sensors and knowledge of the frequency. With transient waves of different 
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propagating velocities, range determination can be made. 

2.4 Applications of Array Processing Review 

As the processing techniques have been introduced, a review of the applications of 

array techniques is needed. 

The use of arrays outside of structures has existed for a long period of time and has 

many applications. Haykin (1985) gives an overview of array processing techniques 

and applications included below. A full review of array applications is not possi- 

ble here, because of size considerations; and because such reviews already exist; if 

more information is needed Pillai (1989), Bienvenu and Owsley (1991), Kock (1973), 

Urick (1975) give reviews of the literature and history of arrays as they apply to 

their works. 

Sonar 

There are many applications of arrays, one of the most common is sonar. Sonar, 

both active and passive, uses sound pressure transducers — hydrophones — to deter- 

mine the spatial and temporal characteristics of an area and create a map of the area 

of interest. The military application, which is generally a passive technique (listen 

only) seeks information about other vessels in the vicinity. Active sonar is used to 

map the ocean floor, by listening for reflections. Very simply, active sonar sends out 

a signal and listens for the reflections. By measuring the time delay between the 

sending of the signal and the return of the echo and knowing the wave propagation 
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speed, the distance to the target can be determined. Using the phase relationship 

between sensors as discussed above, the direction of the source can likewise be de- 

termined. 

Preston et al., (1990) use both towed and suspended arrays (horizontal and vertical 

respectively) to obtain baseline backscattering data of the Tyrrhenian Sea. They 

use frequency domain beamforming techniques to reduce their data. The work 

had two purposes: to measure the basin reverberation and backscattering and to 

compare explosive induced backscatter on both a horizontal and a vertical array. 

Sergiopoulos and Sullivan (1989) extend the aperture of the physical towed array 

by coherently combining the acoustic signals arriving at the hydrophones with com- 

pensation through a factor that corrects for the phase irregularities in the flow path, 

the overlap correlator. The overlap correlator uses redundant information to overlap 

data from a moving array effectively allowing it to perform as subarrays combining 

to form a larger array. 

Stein (1988) uses hydrophones to study a few transient ice events to see how back- 

ground levels are created in the Arctic Ocean. This work in ice is perhaps most 

demonstrative of how sensor techniques can be applied to structures. Stein consid- 

ers three types of wave radiation in ice: flexural, longitudinal, and acoustic. Only 

flexural waves are dispersive. Stein uses the arrival times of the different wave types 

to determine the distance to the source. In structures, longitudinal waves travel at a 

constant velocity while flexural waves travel at speeds determined by their frequency 

content. If an event creates more than a single wave type, then the arrival times 

could likewise be used to determine range measurements. 
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Exploration Seismology 

Exploration seismology is an active technique where signals flood an area with wave 

activity, usually a series of explosions. Then by listening to reflections, refractions, 

and diffractions, the seismologist determines the physical characteristics of the un- 

derground area. This is used to find likely sources of hydrocarbons. 

Radar 

Radar has similar applications to sonar. It is generally an active technique where a 

signal is sent and then listening antennas find the reflections caused by the targets 

thus locating them. Radio astronomy is a passive technique where antennas listen 

for radio emissions from celestial bodies and use the information to map the heav- 

ens. 

Tomography 

Tomography creates cross-sectional images. X-rays are perhaps the most common 

technique, but non-destructive techniques, ultrasonic and microwave medical imag- 

ing and seismic explorations are growing, (Haykin, 1985). Ultrasonics and tomogra- 

phy consider the information given by an array to construct an image of an under- 

lying object. Von Ramm and Smith (1983) review the principles and techniques of 

phase array ultrasonic scanners giving an analysis of the current techniques includ- 

ing phase compensation, spatial compounding, frequency compounding, and parallel 
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processing. Chivers (1986) details the use of time-delay spectrometry in ultrasonic 

transducer characterization. The author reviews the technique emphasizing the 

measurement parameters and extending its application to miniature hydrophones. 

These are the major areas of array research, each uses the array technology to 

accomplish its goal. The specifics of each application are not of interest here for the 

aim of this work is to develop the techniques for application to structures. 
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Chapter 3 

Theoretical Application of Sensor 

Arrays to Structures 

3.1 Introduction 

While much work exists in both vibration theory and array theory; little has been 

done to merge them. Many advantages exist in applying array theory to structures. 

The benefits of arrays apply directly. It is the purpose of this work to show that 

arrays accomplish the following when applied to structures. 

e Noise Reduction — The noise (the uncorrelated content) on a signal can be 

reduced by the averaging inherent in the array processing, as discussed in 

chapter 1. 

e Angular Beamforming — because of the spatial nature of the arrays, beamform- 

ing can be performed to ‘listen’ in a direction or to determine the direction of 

the source as explained in chapter 1. 
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e AOA and Source Localization ~ the propagation of the wave front can be 

viewed from the phasing of the waves; this in turn can be exploited to find 

angle of arrival and source localization information. 

e Frequency Beamforming - owing to the dispersive nature of flexural waves, 

signal processing can be performed to listen to a particular frequency (or fre- 

quency range). It will be shown that in tuning to a particular frequency the 

array behaves similarly to a low pass filter. 

This chapter considers the theoretical effect of these aspects of array processing on 

the output of the array. It also considers the interdependence of processing between 

these elements; while each can be considered and quantified individually they are 

interrelated. Further consideration will be given to how the simple beamforming 

techniques can be applied in a dispersive media. What applies directly? What must 

be altered? What cannot be used at all? What new things can be done? 

Those questions are answered by considering two things. The first is a look at trav- 

elling waves. Travelling waves are the propagation that will be seen highly damped 

media; waves that originate from a source but are fully absorbed so that no re- 

flections — or negligible ones - exist. In lghtly damped media, travelling waves 

are reflected at the boundaries and combine to develop standing waves. Travelling 

waves will be studied on an experimental, infinite beam (a beam with anechoic ter- 

minations that drastically reduce reflections. Harmonic signals will be considered 

to fully develop the array concepts in structures. 
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Secondly a broad band response will be analyzed; this will study transient process- 

ing and can be applicable to a broad range of structures. Because this technique 

processes the transient response, it can be used on both highly and lightly damped 

structures. Standing waves (i.e. steady state response) will not be considered here. 

Modal analysis is more effective at analyzing that form of vibration. 

For the purpose of theoretical study, the array is made of nine sensors equally spaced 

in a 3 x 3 grid as shown in fig 3.1. The signals considered are sinusoidal. 

3.2 Noise Reduction 

In chapter two, the noise reducing property of arrays was developed. As a demon- 

stration of this property as it applies to structures, consider a simulation of the 

response of a classic beamformer with the array geometry shown in figure 3.1 to a 

sinusoidal excitation. The relationship between sensor responses is somewhat ap- 

parent from the figure. The sensors measure a sinusoidal response, but sensors 7,8, 

and 9 see the wavefront last, after sensors 4, 5, and 6 which see the wave front 

after sensors 1, 2, and 3. For a single frequency sinusoid, the time delay between 

these sensors is given by the product of the velocity (wave speed) and distance 

(separation), 

o(seconds) = gL k¢/w. (3.1) = 

The delay can be expressed in terms of the wavelength (in radians) by the following 

relationship, 
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Figure 3.1: Schematic of Rectangular Array 
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¢(radians) = gw k¢. (3.2) 
c 

The relationship between sensors is then given by 

s(1,2,3) = Asin(wt) (3.3) 

s(4,5,6) = Asin(wt + 4) (3.4) 

s(7,8,9) = Asin(wt + 2¢) (3.5) 

(3.6) 

The signal content viewed by each sensor is the same, simply shifted in phase. 

3.2.1 Frequency Domain 

By transforming the data into the frequency domain (via the Fourier transform) the 

amplitude, frequency and phase are extracted. If the output of the array elements 

are averaged the output is 

s(array) = Asin(wt + darray) (3.7) 

The amplitude and the frequency of the array are the amplitude and frequency of 

signal. If the output is beamformed to a reference sensor, then the phase of the 
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array is the phase at that location. If the frequency domain data are uncompen- 

sated in phase (perhaps because it is unknown) then the phase of the array is the 

spatial average of the spectra. If the phase of a signal is random, it is averaged out 

as noise. If the phase relationship among sensors is unknown it is useful to employ 

the power spectra to represent the array output. The power spectrum has no phase 

as it has all real components, eliminating any confusion about phasing when the 

information is not present. With the frequency spectrum, any signal — if random 

and uncorrelated between sensors will be reduced, approaching zero in the limit. If 

power spectrum is used, frequency spectrum is multiplied by the complex conjugate 

and positive real values are obtained. With zero mean gaussian noise, the noise 

approaches the variance value, so the SNR is improved by m,. In this paper the 

power spectra will be used only where noted. 

As an example of the differences in the frequency domain techniques, simulations 

of the nine element array were conducted. The response of a beam was calculated 

at the sensor locations depicted in figure 3.1 according to equation A.37. A 310 Hz 

force of 1 pound located 54 inches from the nearest array element was used along 

with the beam properties found in table 3.2.1. 

Table 3.1: Properties and Measurements of Beam 

  

  

E | 9.5x10e6 psi 

Thickness 0.125 in. 

Width 3 in. 

Density | .098 lbs/zn.? 

  

  

            
  

  

For the beam properties, and forcing function given, the response of the beam at 
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the sensor location has a magnitude of 3.575 x 1074 lbs. That corresponds (for a 

sinusoidal signal) to a 0 = 2.52 x 10-4and o? = 6.39 x 107°. Significant mean zero, 

Gaussian noise,o = 0.5 x 1077, was added to obstruct each signal. The SNR was 

estimated by comparing the magnitude of the signal content at the forcing function 

to the magnitude of the signal content at the other frequencies. For an increase 

to nine elements, an improvement of 2.97 times is seen, this matches (to within 

statistical tolerance) the predicted value of 3. As the number of elements increases, 

the effect is more and more dramatic. Figure 3.2 shows how the SNR as defined in 

equation 2.5 can be improved with averaging. A weak signal is brought out above 

the noise floor as more and more array elements are used. The frequency spectrum 

shows the difference in the spectral quality of a signal of 1, 9, and 32 elements. With 

just one sensor the signal is indiscernible, but is quite readable with added elements. 

The SNR values are given in table 3.2.1. The SNR should improve by \/m,. The 

comparative improvements also are given in Table 3.2.1. 

Table 3.2: Simulated SNR Values for Arrays 

  

  

SNR of 1 sensor array {| 2.0705 

SNR of 9 sensor array 6.1546 

SNR of 32 sensor array | 11.6719 

  

  

  

  

  

  

  

theoretical simulated 

9 vs 1 3 2.9725 

32 vs 1 5.66 9.6372 

32 vs 9 1.89 1.8965             
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3.2.2 Time Domain 

The same noise reduction techniques can be demonstrated for time domain analysis. 

Because of the phase shift between sensors, the signals must be weighted to accom- 

plish phase compensation in the time domain. It is well known that phase shifted 

signals can destructively interfere to significantly reduce the signal content, so data 

of each sensor must be shifted so that the signal aligns in phase, and then aver- 

aged. The shifting is generally accomplished by weights, the classical beamformer 

weights are used here. The weight is a phase shift among sensors that is dependent 

on the geometry of the array and the wave speed or wavenumber as described in 

equations 3.2 and 3.1. Figure 3.3 demonstrates how time domain signals can be 

improved with averaging when the signal content is aligned. Again, the response of 

a beam to sinusoidal excitation was simulated at the sensor locations depicted in 

figure 3.1. Significant mean zero, Gaussian noise with a variance of 5e-3 was added 

to obstruct each signal. 

The time domain signals were weighted with the appropriate time delay and then 

averaged, as with the classical beamformer. For example the weight for sensor 1 is 

given by equation 2.9 for this case m, = 0, d; = separation from sensor 1 to 2 (2 

was the reference sensor) = 1 inch, sin @ = 0. 

w, = IL ink(310H2)x1in (3.8) 

Each sensor was so weighted and then added to get the output of the array. The 

SNR values are tabulated for the 1, 9, and 32 element arrays in table 3.2.2. Fig- 

ure 3.3 shows how the array can reduce the noise so that the signal content can be 
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easily seen. The amount of that improvement is quantified by the SNR. It can be 

seen that the noise on the signal is reduced; and the phase of the data is known to 

be the phase at the reference sensor of the array. This demonstrates the statistical 

properties of noise reduction developed in basic array theory. 

Table 3.3: Simulated SNR Values for Arrays 

  
  

SNR of 1 sensor array 18.663 

SNR of 9 sensor array 55.078 

SNR of 32 sensor array | 106.94 

  

  

  

  

  

  

  

theoretical | simulated 

9 vs 1 3 2.9725 

32 vs 1 5.66 5.6372 

32 vs 9 1.89 1.8965             
  

  

3.3. Array Performance 

The performance of an array is measured by how well it discriminates against other 

signals. When the array is tuned to look at a particular frequency and angle, how 

much do other frequencies impact the response. Usually this is quantified by the 

beam pattern of the array, which gives the output of the array versus angle, see 

figure 2.3 and equation 2.7. The array equation is described by more variables for 

a dispersive media. The beam pattern is still dependent on just AOA and spacing 

versus wavelength but spacing versus wavelength now changes with frequency (and 

equivalently k). The output of the 3x3 array is defined by three independent vari- 

ables. 
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It is impossible to represent a dependency in 3 variables graphically, so descriptions 

will be give in two variables. These will be interwoven to give the overall impression 

of the effects of angle, spacing and wavelength on the output of the array. 

3.3.1 Angular Beamforming 

The weights of the classical beamformer tune an array to an angle, those weights 

are defined by equation 3.8. The weighting determines the phasing between sensors 

as noted in equation B.10. It is intuitive that the array has a maximum output 

when it is beamformed to the angle of arrival, but how is the output of the array 

affected when signals are present at off angles? What is the beam pattern for this 

rectangular array? 

To quantify the arrays response dependent on the angle or any other variable, a 

derivation for the relationship between the grid of sensors must be developed. For 

the grid defined by 3.1, appendix B derives the array response. From equations B.10 

and B.11 the array output can be developed for errors in the angle. The output can 

be expressed as 

S Ll. cea ae 
_ — (e~tks(sin sina) 4 1 4 etks(sind—sin ba 4 

Sarray 9 

etks((cos 6—sin §)—(cos @g—sin @a)) + etks cos @ cos 04 4 

  

etks((cos @+sin @)—(cos @atsin@a)) 4 ptks((2cos @—sin@)—(2cos@a—sinGa)) 

eiks2 cos 6-2 cos 6a 4 erks((2 cos 6+sin 9)—(2 cos 4+sin 62) )) 
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for the array depicted in figure 3.1. 

The rather cumbersome equation can be understood by breaking it down into pieces. 

The first term describes the response of the first element. The array development 

assumes that the wave consists of only far-field terms so the wave at the reference 

element can be described by a magnitude, a frequency and a location. 

So _— W ett (2) ett (3.9) 

The response at sensor one is likewise given by 

Sy = Welk?) et (3.10) 

If the output is now multiplied by the weights, the reference sensor is multiplied by 

1/m,, but sensor 1 output now becomes 

1 . Lo 
wo, = 5 Wee etetees (3.11) 

Wi Si _ 5 Hele tetete tate sin 04 /wa 

(3.12) 

where 9,,wW.,k., and sq are the values of 0,w,k, and s that are used to calculate 

the weight for the beamformer. If all values but angle are correct, the equation can 

be rewritten 
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Wi Sy _ 5 Were sin @) e wt pws (3.13) 

  

W154 1 tk(z(2)+ssin@) —iwt twkasasin 0a/wa ,—tkr(2) 
=> = e€ e€ e€ 5 9° 
_ wen 6 twkasa sin 0a/wa (3.14) 

_ ~ eiks(sin 6—sin 6a) 

9 

Similar analysis can be performed on all array elements, this can be found in ap- 

pendix B. This leads to equation 3.9, which can evaluate the performance of the 

array for errors in angle. This equation defines the directivity pattern for the 9 

element array. What can be seen from this relationship is that the output of the 

array is dependent not only on the AOA but also on the value of ks . The derivation 

of the beam pattern of the linear array showed this also. For small spacings relative 

to wavelength, the output of the array is omnidirectional; as the spacing between 

sensors grows, the beam pattern collapses to a main lobe and as ks continues to 

grow the main lobe thins and side lobes grow. 

Mechanically , as the spacing shrinks relative to the wavelength the sensors are ef- 

fectively located at the point on the beam regardless of the angle of the beamformer. 

This can be seen in figure 3.4 which depicts the response of the array with chang- 

ing values of angle and spacing. The response is symmetric, symmetric arrays have 

symmetric beam patterns, asymmetric arrays have asymmetric patterns. Regardless 

of the spacing, the array output is maximized for AOA’s along the beam — the main 

lobe. 
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3.3.2 Frequency Beamforming 

The weights of the classical beamformer are also dependent on frequency. Looking 

back on equation 3.1, the delay between sensors is dependent on the propagat- 

ing speed. Flexural waves are dispersive, meaning waves of different frequencies 

propagate at different speeds. When the wavenumber changes with changes in the 

frequency, the phasing between sensors changes; that change is proportional to the 

wavenumber, see equation 3.2. From the solution of the wave equation the wavenum- 

ber is proportional to the square root of the frequency, k « ,/w. Substituting this 

relationship into equation 3.1 yields 

ox vu ¢. (3.15) 

All other things being equal, an array tuned to a frequency will measure other fre- 

quencies according to relationship 3.15. To quantify the output at other frequencies 

relative to the tuned frequency, the output of the array must be considered. For the 

3x3 grid array, the relationship is derived in Appendix B. From equations B.10 and 

B.11 the output of the array can be calculated. If no error is assumed in the angle 

of arrival then the relative output of the array is given by the expression 

SL 1 (gik(1—k/ka)((~s)sin9) 41 4 gtk(I—k/ha)esind   

Sarray 9 

o4
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etk(1—k/ka)s(cos6—sin8) 4 -tk(1—k/ka)scos@ 1 pik(1—k/ka)s(cos 6-+sin 6) + 

etk(l—k/ka)s(2 cos 6—sin 8) 4 etk(l—k/ka)s2cos@ 1 pik(1—k/ka)s(2.cos 6+sin 6)) 

(3.16) 

for the array depicted in figure 3.1. 

Figure 3.5 depicts the response of the array with changing values of the wavenumber 

and for different values of spacing. The response of the array is fairly flat and near 

maximum for frequencies below the tuned frequency (and appropriate wavenumber) 

for those values of wavelength and spacing where the array behaves omnidirection- 

ally. 

Attenuation exists for wavenumbers below the tuned frequency if the spacing to 

wavelength ratio moves the beam pattern out of the omnidirectional region. The 

maximum output occurs at the tuned frequency for all spacing possibilities as again 

this is the main lobe of the beam pattern. 

When the frequency falls outside the tuned frequency, the shifting done in the ” tun- 

ing” can cause data to add destructively. If the phasing is sufficiently mistuned, 

the phasing of some sensors can be at + 180 degrees to the reference, such that 

destructive interference occurs. This occurs at the minimums on the graph. In 

some respects the array behaves like a low pass filter; but signals that are spatial 

harmonics of the tuned frequency are not attenuated. 

If other estimators are used instead of classical beamforming techniques the response 
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of array would be characterized by the weighting of the particular estimator. Fil- 

tering and higher resolution estimation techniques will reduce out-of-band effects. 

3.3.3 Interdependence of Angle and Wavenumber in Clas- 

sical Beamforming 

The output of the array has been parameterized for both errors in wave number 

and angle of arrival, but these parameters are not easily separated. If the array sees 

errors in both parameters how does this effect the output of the array? If the array 

is tuned to a signal of k, incident from 6,; how well will it measure or discriminate 

a signal of k. from 62. Returning again to equations B.10 and B.11, the array out- 

put can be developed to determine the interdependency of the array on AOA and 

wavenumber, for the array depicted in figure 3.1. 

So * (eihl(-s) sin 8)—if5 (-2) sin 414 cikssind—it- sin Bq 4 
  

Sarray 
. : Ke : . -K2 

etks(cos 8—sin @)—iZ7 s(cos Ga~sin9a) 1 ,tks cos 6—if > s cos Oa +4 

. : Ke . 
eiks(cos 0+sin 9)—ig_ a(cos Gatsin Ga) 

2 
eiks(2 cos 6—sin 6)—i < s(2.cos 0g—sin Og) 4 

2 2 
eiks2 cos —if— 82 cos 64 4 etks(2 cos 6+sin 0)—i-_9(2 cos 0g+sin a)) 

Figures 3.7 through 3.6 show how the array output can be affected by both errors 

and how those errors are related to one another. These figures represent spacing 

scheme of s *k, = .1, 1, and 10, where k, is the tuned wavenumber. 
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Figure 3.5: Normalized Output of 3x3 Array with Errors in Wavenumber 
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A flat response region exists at very low relative wavenumbers. The logic is again 

the same as that developed for frequency beamforming. The output approaches 

maximum as the frequency approaches values much lower (again by 2 orders of 

magnitude) than the tuned frequency, regardless of the AOA. As the wavenumbers 

decrease, the wavelength increases. Once the wavelength is sufficiently long the sen- 

sors are essentially located at the same point on the wave regardless of the tuning in 

either frequency or angle. The region of omnidirectionality changes with the spacing 

relationship. 

The maximum output occurs at the tuned frequency and angle, but the effect of 

the wrong angle diminishes the signal if tuned to the true frequency /wavenumber. 

The same is true for the for wavenumber, if the wavenumber is tuned too high, the 

output can fall into one of the many valleys. 

For example, for a signal at 1.43w and at the tuned AOA, the output of that signal 

would be 1% of the value it would be if the array were tuned to that frequency. A 

signal at 1.43w but at —44° to the tuned AOA would have an amplitude of 11% 

of its maximum value. In this way signals can be discriminated. This can be an 

advantage and a disadvantage. If noise exist at a particular angle and frequency, 

the array can be tuned to ‘eliminate’ that signal, and other signals will have the 

amplitudes that correspond to that particular array tuning. It can also be seen that 

if signals of multiple frequencies and angles exist there is limited ability to beamform 

the array to listen to incoming signals. 
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3.3.4 The Measurement of Angle of Arrival Based on 

Phasing 

The relationship between phase delay among sensors has been developed to deter- 

mine its effect on the array output, but what happens if the relationship is used to 

determine the AOA? Equation 3.1 gives the relationship; and it shows that phase 

is contingent on the wavenumber, frequency, and the separation of sensors in the 

propagation direction, which is contingent on @. Simply, the phasing from sensor 

to sensor is a measure of the projection of the velocity into the coordinate system 

of the array. If all other variables are known, then it follows that the AOA can be 

determined from the phase delay between sensors. Figure 3.9 illustrates how this 

works. In the top illustration where @ is positive sensor 2 leads sensor 1, but in 

the bottom illustration where @ is negative sensor 1 leads sensor 2. If the 8 were 

zero there would be no phase shift between sensors. It is evident from this that the 

phasing indicates the angle of arrival. 

Consider the geometry of the array depicted in figure 3.1. The phase between sensor 

1 relative to sensor 2 is given by the equation combining equations 3.1 and B.11. 

é12 = —ks sin 0/w 

Equivalently, knowing the phase, @ can be found, 

  6 =sin7! (2 . (3.17) 
8 
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Similarly, 

  6 =cos~* (=) (3.18) 

While similar relationships can be developed to determine 0, an obvious problem 

occurs in looking at the relationship between sensors 6 and 2. 

  

ber = ks(sin 8 + cos 6) (3.19) 

w 

snfé+cos@ = feat (3.20) 
S 

(3.21) 

Equation 3.20 cannot be solved explicitly for 8. While it was convenient to define 

the separation between sensors relative to sensor 2, it is not so here. It is necessary 

to write the separation relative to other sensors; (,, depicts the separation of sensor 

x to sensor y. If instead of making the comparison of sensor 6 to 2, the comparison 

were made between 6 and 3, then @ can be found by the relationship 

  _ ~1 Pes 6 = cos ( ks ). (3.22) 

Similar relationships can be made for each sensor. 

3.3.5 Error Analysis 

The measure of the usefulness of these relationships is the sensitivity of the expres- 

sions to errors in k,s,w and ¢. The uncertainty of any measurement is given by 

Taylor’s series expansion. 
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9\° ae\* ao \’ a0 \’ 
w= (oat) + (mat) +(%35) +(mas) 629 

It is interesting to note that Osiny = — dong Thus as regards uncertainty, 
zr zw 

there is no difference in using cosine or sine relationships. The uncertainty can be 

evaluated using the following relationships 

ag _ Asin "($5))  _ dukes (—b-1) 
ak Ok Vi-(#22 
060 8(sin-1($*)) _ gw/ks (—s-!) 

oe "8 Vi-F (3.24) 
86 _ a(sin7?($*)) _ gw/ks (71) 

060 a¢ OO /1— (#2 2 

38 A(sin-1($#) _— Solis —_ (4-1) 

Ow Ow VJi-(#2)? 

The sensitivity of the AOA measurement is evaluated using the Monte Carlo ap- 

proach. Owing to the complicated nature of the sensitivity equation, they were 

evaluated for a range of values of k,s,¢, and w. These evaluations are given in fig- 

ure 3.10 and show that the sensitivity increases as ¢ and w increase and as k and 

s decrease. It is also helpful to note that the sensitivity function does not exist 

for values of —1 < he < 1 since the sin~! and cos~} functions do not exist there. 

Furthermore the sin~* and cos~! functions assume values of -90 to 90 and 0 to 180 

respectively. For the purpose of this work AOA are limited to -90 to 90. The values 

of cos~! > 90 are reassigned to cos~! —180 to keep it within that range. 

The uncertainty can be expressed by substituting the individual sensitivities into 

the Taylor expansion. This yields 
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As is obvious from the complexity of the uncertainty equation, the uncertainty of 

the angle of arrival for an uncertainty of a particular variable is dependent on the 

values of all other variables. For example, an uncertainty in spacing is more signif- 

icant at shorter wavelengths. If the uncertainty in spacing is .01 inches, that is far 

less critical for a wavelength of 20 inches (and thus k = .31 (1/inches)) than it is 

for a wavelength of .2 inches (and thus k = 31 (1/inches)). 

Because of this interconnectedness of the variables it is impossible to isolate the 

impact of a single uncertainty from the other variables. What then can be done to 

quantify the propagation of errors in AOA determination is to hold all other vari- 

ables constant while varying one variable and evaluating the uncertainty. Values of 

s = 1 inch,f = 200 Hz, k = .4243 1/inch, and ¢ = 3.4 x 10-4 were assumed for the 

evaluation. Owing to the nature of the equations, combinations of s, ¢, k, and f fail 

to have a solution to the AOA equation. For the sensitivity plots this corresponds 

to s < 1 inches, k < .4243 1/inches , F > 200 Hz and ¢ > 3.4 x 10~4 seconds. 

If one considers the sensitivity plot for spacing, the plot shows that the uncertainty 

of AOA is greatest for the smallest spacing and decreases with larger spacing. For 

a spacing of | inch (the nominal value) an uncertainty of +1 inch yields and uncer- 

tainty of 7 radians. But at a spacing of 10 inches | inch uncertainty corresponds 

to .01 radians. For a typical experimental setup with a spacing of 1 inch and an 

uncertainty in spacing of .01 inches (at f = 200 Hz and ¢ = 3.4 x 104 sec) this 
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corresponds to an uncertainty of 0.31 radians or < 2 degrees. 

If uncertainty in frequency and wavenumber are considered instead similar conclu- 

sions can be drawn. Uncertainty in frequency is more critical at higher frequencies 

because they signify shorter wavelengths. For an uncertainty of 20 Hz (this corre- 

sponds roughly to an uncertainty of .02 (1/inches) in wavenumber) evaluated at 100 

Hz an uncertainty of 6.6 degrees in AOA is given while at 400Hz it would correspond 

to an uncertainty of 9.5 degrees. 

For the uncertainty in the phase measurement it can be seen that the equation is 

most sensitive as the argument of the arc sin approaches 1. For the values assigned in 

this evaluation the argument of the sin’ is soot So the sensitivity will increase 

as it approaches the nominal value. 
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Chapter 4 

Application of Sensor Array to 

Infinite Beam — Experimental 

Harmonic Response 

4.1 Introduction 

Now that the relationships that exist in beamforming data have been established 

and to some degree predicted by theory, these relationships need to be validated by 

experiment. This will be done by looking at the propagation of harmonic signals on 

an infinite beam, so that travelling waves may be isolated. This experiment will be 

used to confirm the theory and model previously established, it will also show any 

deviations from theory. This chapter will also illustrate the use of array processing 

to show improved SNR and AOA determination. Chapter five will deal with the 

transient analysis. 

4.2 Experimental Considerations 

4.2.1 Setup 

The first series of experiments were performed on an infinite beam so that travelling 

waves would be the primary phenomenon. An infinite beam model was fabricated 
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by taking a long thin beam and putting nearly anechoic terminations on both ends. 

The terminations were built by layering the end of the beam with damping material, 

the layers thickening toward the ends. The ends of the beam were then imbedded in 

boxes of sand again growing wider towards the ends. The purpose here is to slowly 

change the impedance of the beam without creating any discontinuities that could 

cause reflections. 

The beam was then mounted, supported by the boxes at both ends and by strings 

from the ceiling at three locations along the beam. A shaker was attached at one 

end, and a sensor array was attached at the other. The first array used was an upper 

triangular array of 6 accelerometers mounted in a 3x3 grid. The accelerometers were 

separated by 1 inch. The setup can be seen in figure 4.1. 

Data were also collected using the VPI laser. The laser measures velocities; its op- 

erating principle is based on the measurement of the Doppler shift frequency. The 

setup was much the same as the accelerometer arrangement with the laser making 

measurements as opposed to accelerometers. The setup can be seen in figure 4.2. A 

grid pattern was setup along the beam that consisted of 750 measurement locations 

in a 10 row by 75 column matrix. Single frequency, least squares processing was 

used to determine the amplitude and phase at each location. Time histories were 

not recorded. The beam had the same properties and measurements as noted pre- 

viously, see table 3.2.1. 
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4.2.2. Euler-Bernoulli Analysis Verification 

Euler-Bernoulli analysis was used to model the wave behavior of the beam. A com- 

parison of the Euler-Bernoulli equation to a more exact model validates the use of 

this model. A corrected equation is given below, (Cremer, et al, 1988) 

(4.1) 
EI oy O*y _ J’ EI| oy J' Hy _ 

méeéeK m Oni’ OP nae * Kae 

where m’ = distributed mass (per unit length), J’ = distributed mass moment of 

inertia (per unit length), and K = shear stiffness. 

The first two terms correspond to the uncorrected wave equation; the other terms 

represent the corrections. The first two of the correction terms correspond to the 

rotational inertia and shear deformations respectively. Either of these terms would 

appear if the appropriate correction alone were considered. The last term is a higher- 

order correction that is negligible even at frequencies where the first two correction 

terms are significant. In homogeneous structures the second of these correction 

terms (shear deformations) is more significant (it is 3.12 times greater) than the 

first (rotational inertia). This follows from the definitions of these terms 

a (4.2) 
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EI _IEX 
— = ——. 4.3 
K GA (4.3) 

where X = shear distribution parameter , and G = shear modulus. 

The correction term can now be written as 

h? Oy 
— 4.12——___. 4.4 

12 Ot?0x? (4.4) 

These correction terms decrease the value of the propagating speed as the wave- 

length approaches the thickness of the beam. As that happens, the assumption 

allowing for the neglect of shear deformation and rotary inertia effects are no longer 

valid. Assuming that the correction is significant only if it changes the propagation 

speed by 1% or more, this relationship allows us to determine the range of frequen- 

cies for which the Euler-Bernoulli solution is valid. The Monte Carlo evaluation of 

the uncertainty of wavenumber (k = w/c) corresponds to an uncertainty of less than 

2 degrees at the most sensitive location. 

From the solution to the wave equation, it is known that oy = multiplication by 

—k? = (2n/X)*, and oy = multiplication by —w’, 

making the correction term 

h,,0?y 
13.6(5) Ot2? 

where h = beam thickness. 
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The equation can then be written 

ae) —w? ( + 13.6 (+) | =0. (4.5) 

Solving for c yields 

  
|ETa n\2\ 74 c= 1413.6 (5) 

m! Xr 

Thus the correction term is only necessary for values of 

A < .055h. 

For the infinite beam in this experiment that corresponds to a frequency range up 

to 8 kHz (Cremer et al., 1988). 

4.2.3 Measurement of Anechoic Termination 

It was also a necessary step in checking the apparatus (once the infinite beam was 

fabricated) to determine the the quality of the infinite beam representation. 

It is assumed that the anechoic termination of a sandbox can absorb waves for 

which the sandbox is > 1.5 to 2 times the wavelength. For the 24 inch box of this 

experiment and the infinite beam, this corresponds to frequencies above 200 to 300 

Hz. To check the performance of the terminations, the reflection coefficients of the 

sandboxes were calculated according to the analysis presented in Appendix C. Fig- 

ure 4.3 shows the reflection coefficients for the range of 0 to 1600 Hz, for the left 

and right sandboxes. It shows that for frequencies above 200 Hz, less than 10 % of 

the incident power is reflected back. 
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4.2.4 Measurement Problems 

Mass Loading of Accelerometers 

The next consideration was to determine the effect of the instrumentation on the 

beam behavior. The accelerometers behave as a lumped mass located on the beam. 

From Guigou (1992) and Frampton (1991) the effect of a lumped mass (located at 

x = 0) on an infinite beam can be expressed 

a) 9 ww°m tw J ik{e| 

iEIP + (adam 9" pares a wd 
—iw?m tw? J 

ETE + (lium * 99") Gere pwd? 

y(x) = Wie’ + (     

e7 Fel) 
    +( 

(4.6) 

where W = the initial amplitude of the incoming wave, m is the mass of the lumped 

mass, and J is its mass moment of inertia. 

For z > 0 this can be written 

iw?m tw? J Jette 
— : € 

4B Ik? +(1—-—1)w2*m 4EIk4+(14+7)w2S 

—tw*m Ww J k 

~ Ne 4, 
GETB +(1-—12)w?m + 4ARIk+(1+ Nor? | (4.7) 

  y(x) = Wile + (   
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For z < 0 this can be written 

    

  

* 2 
. 2 

_ ike twem w* J ~ike 

vie) = Wl + (Tare +—aw'm * TETR+ (4 Oud 
—iw*m iw? J k 

- z 4.8 (Tere + om ~ IETk+ (+ ee” | (4.8) 

Equations 4.8 and 4.9 can be broken down into terms. The first term in the large 

bracket is the incident wave — the original wave. The terms in the first set of paren- 

thesis (the terms multiplied by e**** are waves that are transmitted (x > 0) and 

reflected (x < 0) by the mass discontinuity. The wave is propagating from the z < 0 

direction. The terms in the second set of parenthesis correspond to near-field flex- 

ural waves transmitted (x > 0) and reflected (x < 0) by the mass discontinuity. 

To quantify the effect of the mass of accelerometers on the wave propagation of the 

beam, and in particular on the phase of the wave; equations 4.8 and 4.9 were eval- 

uated. Figure 4.4 shows the magnitude and phase of a 200 Hz incident wave with 

no mass discontinuities, this can be compared theoretically to the response when 

performing measurements with an accelerometer. The accelerometers each weigh 

.009 Ibs and act as mass discontinuities. The effect of 1 accelerometer can be seen 

in figure 4.5. At values of (x < 0) the magnitude of the wave is no longer constant, 

exhibiting that there is more in this region than just a travelling wave. The mass 

reflects part of the wave and the reflected wave combines with the incident wave 

to create a new waveform. This can be seen in the phase component as well. The 

phase is no longer a linear function, but is distorted from that of a travelling wave. 

To quantify how the added mass of the accelerometers can effect the measurement 
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process, the velocity response of the beam was measured using the laser with 2, 4, 

and 6 accelerometers. The phase shift per unit distance (the effective wavenumber) 

between two point was measured at 3 frequencies and compared. The data are given 

in table 4.2.4. It can be seen that the mass from the accelerometer array can load 

the measurement of wavenumber by about 15% with two accelerometers and about 

50% with six. 

Table 4.1: Errors in Measured Wavenumber with Mass Loading 

  

0 accelerometers 2 accelerometers 6 accelerometers 

310 Hz 04 63 0.80 

410 Hz 61 10 0.98 

510 Hz 67 15 1.05       
  

Laser Alignment 

The laser is not a contacting measurement technique, and therefore adds no mass 

to the system. The system does have inherent measurement problems as well. The 

laser measures the velocity along the laser axis. As the laser scans an area it moves 

from being perpendicular to the beam. As the laser moves from perpendicular, the 

velocity measurement is a measurement of the velocity projection in the plane of 

the laser beam. For the scans performed in this experiment, the laser scanned a 

maximum of 37.5 inches of the beam at at distance of 11 feet from the beam. The 

sharpest angle then is formed at the tan! £18.78 = 8° which corresponds to an error 

in the velocity magnitude of + 1%. The cos(8°) = 0.99. This is considered negligi- 

ble in all data. The laser was used when more than 6 sensors were required, when 
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the mass loading effects of the accelerometers were substantial, or to compare the 

response of the beam with and without accelerometers. 

The laser analysis of the response of the beam velocity was performed using a 64 

point linear least squares fit. The input frequency was assumed known. The phase 

measurement is referenced to the output of the force transducer mounted to the 

shaker stinger assembly. Although it is assumed that access to the source is not 

available, this does not cause a loss of generality. The laser measures the response 

of each point in the scan independently, it is therefore impossible to reference the 

phase from sensor to sensor without first referencing them to another signal. The 

force transducer was used because it was an easily accessible signal throughout the 

scanning process. If simultaneously sampled data were available the phase informa- 

tion would be available between the sensors. 

Effects of Terminal Reflections 

From the analysis of the mass loading effects, it was seen that reflections can affect 

the measurements of the traveling waves. To quantify the affects of the ~10% re- 

flections that were found from the reflection coefficient measurements, a simulation 

was performed in which reflections from the anechoic terminations were added into 

the displacement. Figure 4.6 shows the theoretical magnitude and phase along the 

beam for this simulation. Figure 4.7 shows the experimental verification of this 

phenomenon. Data taken with the laser is displayed and demonstrates the same 

behavior. The magnitude of the signal is not constant, indicating the presence of 

more than a single travelling wave. 
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The phase is of particular interest; the rising line of the phase does not have a 

constant slope. For an ideal travelling wave propagating down a beam, one would 

expect to see a constant shift in phase with distance as seen in figure 4.4, with the 

phase wrapping around from z to —7. The phase versus position plot should have 

a linear dependence which wraps around at wavelength intervals (the phase going 

from -7 to 7 every wavelength). The slope of that linear dependence should remain 

constant between wraps and it should have a value of k, k = rad/in. If the slope 

is not constant (as caused by the reflections) it erroneously depicts values of k that 

are not constant, or phase changes among sensors that are not spatially consistent. 

k can be estimated from the change in phase divided over the length of beam (from 

location 1 to location 2), 

®(21) — (2) 
I, — £2 

k= (4.9) 

If equation 4.9 is used to measure k, then errors up to 50 % are incurred. Similarly 

the phase shift from location to location can be erroneous. 

From equation 4.9 it is that k is the slope of the phase line; it is the change of the 

phase (in radians) per inch. While it is obvious from figure 4.6 that the slope changes 

along the wavelength, the variations in the waveform are consistent from wavelength 

to wavelength. The wavelength has not changed, but the rate of change of phase 

varies non-linearly from position to position. In order to minimize the effects of this 

warble in phase, it is important to use information that is at least a wavelength long 
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so that the warble is effectively averaged out. If sections of the wavelength are used, 

the phase shift from location to location is a misrepresentation of the wavenumber. 

Figure 4.8 shows how the values of k vary along the wavelength, but the variation is 

centered about the theoretical value. The values of k were calculated by measuring 

the phase at adjacent sensors along the beam and dividing that phase by the sepa- 

ration distance. In this way figure 4.8 calculates the instantaneous, spatial slope of 

figure 4.7. 

4.3. Experimental Results 

4.3.1 Noise Reduction 

The first task of the experiment was to prove that arrays can improve the SNR. 

This can be shown in a number of ways; the output of the data in both time domain 

and frequency domain will be examined. 

Time Domain 

To examine the performance of the array in the time domain consider the perfor- 

mance of the 6 element array of accelerometers. Figure 4.9 shows the improvement 

in signal quality with 6 accelerometers. The response of the beam to sinusoidal ex- 

citation at 310 Hz was measured using 6 accelerometers. The data were acquired at 

26.75 kHz and filtered with a low pass 8 pole 6 zero elliptic filter set at the Nyquist 

Frequency. The data were normalized by the maximum output to have the same 

amplitude (because of the small reflective content the amplitude was not constant 

from sensor to sensor), then combined with white noise, aligned in phase to a ref- 
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erence sensor, then averaged. As larger sensor arrays were fabricated by combining 

the signals of smaller sensor arrays each group was aligned in phase to a common 

reference measurement. The improvement in signal to noise ration will be quantified 

in the frequency domain development. 

With larger arrays greater improvement is possible. To generate the larger array, 

6 independent data sets were combined. To fabricate the response of a 36 element 

array. Figure 4.10 shows how SNR improves with large sensor arrays. 

It is also important to realize that if these signals are combined arbitrarily (i.e. 

without compensating for the delay between sensors) the signal can be obscured. 

Figure 4.11 shows that the signal content can be lost without beamforming. These 

signals were combined without adjusting for the phase between sensors. The signal 

has been averaged out along with the noise. This can be seen in the signal strength 

decrease of 36 averages. 

These experiments validate the noise reducing properties of an array. An array can 

take a noisy signal and decrease the noise level dramatically. There is also a danger 

of an array obscuring the signal through destructive interference. 

Frequency Domain 

The frequency domain response of the array will be considered using three different 

techniques. The same data (as the time domain techniques) is analyzed here. First 

the average of non-beamformed spectra of the accelerometers will measured. Sec- 

ond the averages of the power spectra will be evaluated. Finally, the spectra of the 
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beamformed spectra will be considered. 

Averaging the spectral response of the sensors has the same effect as measuring the 

spectral content of the non-beamformed time data. In either case the phase shifts 

(measured in either time or frequency) between sensors cause destructive interfer- 

ence. Figure 4.12 illustrates this without added noise. 

The second technique prevents the loss of signal in averaging by averaging the au- 

tospectra of each sensor. The autospectra is a real only quantity, that cannot lose 

the signal through destructive interference. The result of this technique can be seen 

in figure 4.13, again without added noise. 

The final technique takes the beamformed data and determines the spectral content. 

The data are phase shifted so that the measurements are aligned to the reference 

sensor. Figure 4.14 shows the improvement in SNR for the 6 element array. The 

improvement of larger array is produced as before and can be seen in figure 4.15. 

The improvement in SNR can be found in table 4.3.1. 

Again, the frequency domain techniques show that arrays can accomplish noise 

reduction. Just like the time history, the frequency spectra can be averaged de- 

structively and cause a loss of signal content. If phase information is unimportant 

to the application, then the power spectra can be averaged without any danger of 

phase cancellations. If the frequency content is important, then the data must be 

aligned in phase and then analyzed. 
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Table 4.2: Measured SNR Values for Arrays 

  
  

SNR of 1 sensor array 1.028 

SNR of 9 sensor array 2.672 

SNR of 32 sensor array 5.252 

  

  

  

  

  

  

  

theoretical | simulated 

9 vs 1 3 2.6 

36 vs 1 6 5.11 

36 vs 9 2 1.96               
  

4.3.2 Determination of AOA 

While the classical beamformer, or any of the other signal processing techniques can 

be used to provide angle of arrival information, a more direct approach will be taken. 

Using the relationships between sensors, like the ones given in equations 3.17, 3.18, 

and 3.22, the AOA can be solved for explicitly. The restriction is that all elements 

of the grid must be definable (with respect to another) by either a sine or cosine 

relationship and not a combination of sines and cosines as in equation 3.20. 

The beam acts as a one-dimensional structure, and the propagation direction of 

waves is always along the beam. Since the direction of propagation can not be 

changed, the array orientation must be changed to demonstrate AOA determina- 

tion. If the 3x3 grid were mounted on the beam at a 30° angle of rotation it should 

measure an AOA of —30°. Directivity can be demonstrated with arrays skewed from 

normal on a one-dimensional beam. 

The grid of the laser data lends itself to this kind of analysis. Each grid location is 

a sensor, determining amplitude and phase. By choosing the appropriate geometry 
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of sensor locations angles from 0 to 90° were measured. Figure 4.16 shows sensor 

locations for the angles analyzed. Rectangular arrays at 0, 14, 26.6, 45, 63.4, 71.6, 

and 90 degrees were generated from the grid of laser measurements. A base array 

of 4 sensor locations exist for each configuration and the array equations are given 

below. This arrangement stays within the implicit restraint of sines or cosines. The 

spacing of the grid in x and y coordinates is .5068 in. horizontally and .2534 inches 

vertically. 

kso, sin 8 
du = ——— (4.10) 

ks3, cos 9 
és, = ses 

w 
ks43 sin 8 

dag = —— (4.11) 

While the laser grid is defined by the x-y coordinate system, each array configura- 

tion has its own coordinate system, and the spacing relative to the reference frame 

changes accordingly. The spacing for the base grid for each angular orientation is 

given in table 4.3. 

Returning to the problem of small amounts of reflectivity causing variances in the 

delay between sensors along the length of the beam, it is necessary to repeat the 

unit cell grid down the length of the beam. This also maximizes the information 

available. Then for each cell group, the expressions of equation 4.12 can be used to 

solve for the 6, averaging the values to determine the AOA. 
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Figure 4.16: Grid Arrangement For AOA Calculations 
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Table 4.3: Sensor Spacing for Laser Grid 

  

  

if Angle | $21 | $31 | $392 | 

0 0.2534 | 0.5068 | 0.2534 

14 2.0894 | 1.0447 | 2.0894 

26.6 1.1331 | 0.5666 | 1.1331 

45 0.7167 | 0.7167 | 0.7167 

63.4 0.5666 | 1.1331 | 0.5666 

71.6 1.6025 | 1.6025 | 1.6025 

90 0.5068 | 0.2534 | 0.5068 

  

  

  

  

  

  

  

                  
  

  

Data were taken with the laser for frequencies between 310 and 710 Hz in 20 Hz 

increments. The processing algorithm selected the sampling frequencies based on 

the excitation frequency. These values can be found in table 4.4. All data were 

filtered with a low pass 8 pole Butterworth filter at the Nyquist frequency. 

Least squares processing was performed on the data to determine the magnitude and 

phase of the response. The values were curve fitted with a two-degree of freedom (5 

x 12 order) polynomial (to the 10x75 data set) fit to smooth out dropout from the 

laser. This program performed a surface fit of a complex matrix using a regression 

model of Legendre polynomials (for orthogonality) in the form z(x,y) = (ao Po(x) + 

a2* P(x) +...€12Pi2(x))...(bo Po(y) + b2 * Pi(y) +...b5Ps(y)) with complex coefficients. 

After the processing the AOA was determined from the phasing of the cells. Fig- 

ures 4.17 through 4.19 show the determined AOA versus frequency, the line indicates 

the actual AOA. The agreement between true and measured data is good with the 

maximum error being less than 3 degrees. Table 4.3.2 gives the values found for 
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Table 4.4: Table of Sample Rate for Laser Data 

  

    

Excitation Frequency(Hz) | Sample Frequency (kHz) 
310 2.9 

330 2.6 
350 2.8 
370 3.0 
390 3.1 
410 3.3 

430 3.4 

450 3.6 
470 3.7 
490 3.9 
510 4.1 
530 4.2 
550 4.4 
570 4.6 
590 4.7 
610 4.9 

630 5.1 
650 5.2 
670 5.3 
690 5.5 
710 5.7   
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each configuration at each frequency. The mean values and the standard deviation 

of the data are given at the bottom of the table. 

From the values of table 4.3.2 it can be seen that the phase can be used to determine 

the AOA. From the values listed in the table, one can see that the errors worsen 

as the frequency increases. This is to be expected as was shown by the sensitivity 

plots in figure 3.10. It can also be seen from the standard deviations that there is 

more spread as the AOA reaches 0 or 90. This comes from the sensitivity of the 

stn! and cos! as the value of the delay approaches its maximum value as seen in 

figure 3.10. The spread at 0 and 90 is not as great as it might be because if the 

argument of sin~’ and cos! exceeded +1, (where the function no longer exists, the 

argument was limited to +1. 

If one looks at the mean values of the AOA’s, there is a bias error in the data. The 

mean values of AOA are lower than true for most angles. The most likely cause for 

this is uncertainty in the grid spacing. For the spacings of .5068 and .2534 inches, 

uncertainties of .004 inches and .002 inches correspond to + .5 degrees. 
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Table 4.5: AOA Measurements 

  

  

Hz 0 14 26.6 45 63.4 71.6 90 
  

  

310 2.60 13.35 26.65 45.17 63.37 71.15 87.39 

330 0.62 13.99 26.03 44.59 63.35 71.46 89.37 

390 -0.13 13.41 26.03 44.51 63.25 71.33 90.13 

370 -0.19 13.03 26.25 44.71 63.17 71.30 90.19 

390 0.90 13.23 26.45 44.95 63.45 71.47 89.09 

410 2.88 13.61 26.87 44.98 63.57 71.10 87.11 

430 -0.10 12.75 26.40 44.84 63.09 71.77 90.10 

450 -0.05 12.76 26.40 44.69 63.71 73.05 90.05 

470 -0.14 13.39 27.26 44.83 62.80 72.03 90.14 

490 -0.18 13.33 26.68 44.65 62.95 71.04 90.18 

510 -0.26 13.13 26.19 44.61 63.30 71.03 90.26 

530 -0.55 12.55 25.75 44.18 63.05 70.67 90.55 

590 -0.31 12.64 26.24 44.60 63.36 71.04 90.31 

570 -0.23 12.81 26.20 44.60 63.28 71.14 90.23 

590 -0.26 13.10 26.26 44.57 63.03 70.80 90.26 

610 -0.32 13.29 26.05 44.51 62.87 70.01 90.32 

630 -0.38 13.17 25.34 44.38 63.00 69.62 90.38 

650 -0.51 12.57 24.14 44.10 63.10 69.15 90.51 

670 -0.40 12.54 24.73 44.47 63.10 69.32 90.40 

690 0.55 12.67 24.90 44.45 62.80 68.82 89.44 

710 2.00 13.08 25.08 44.61 62.99 68.89 87.92 

mean | 0.28 13.07 26.00 44.62 63.17 71.73 89.73 

std 102 1.13 0.98 046 034 1.38 1.05   
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Chapter 5 

Application of Sensor Array to 

Finite Beam — Experimental 

Transient Broad band Response 

Now that the performance of the array for narrow band signals has been character- 

ized, the performance under broad band disturbance needs to be analyzed. What 

happens to the array’s performance when the structure is impacted (hit with an im- 

pulse)? Can the system be analyzed as before? The development of the SNR, AG, 

and AOA were all based on the ability to beamform the data. The beamformer uses 

the delay caused by propagation to determine the proper phasing between sensors. 

With multiple frequency content in a dispersive media multiple propagating speeds 

exist. The array cannot beamform for more than one frequency at a time. If the 

phasing for each frequency can be determined separately, then that information can 

be used to do the AOA determination. 

A logical choice might be to use the FFT to switch the signal into the frequency 

domain and deal with each frequency separately. For a transient response, the time 

domain response of the array can be captured by each sensor. Each signal can then 

108



be transferred into the frequency domain. Transfer functions between sensors should 

show the phase relationship between the sensors and the analysis proceeds as before. 

This works as long as no reflections are present; but in finite structures reflections 

can not be avoided. 

A likely solution to this would be the truncation of the time domain signal to insure 

against reflections. For a given frequency range, the maximum propagating speed 

is known, and thus the length (of time) of data is defined. This procedure would 

dictate a different length time history for each point. Fourier transforming different 

length time histories creates leakage and thus destroys the phase information. 

While it might be possible to truncate all the sensor signals at the same point in time 

(as dictated by the shortest one) and insure no reflections, there is no guarantee that 

all the resulting time histories will have signal content. It is certainly guaranteed 

that they will not have the same frequency content so that phase comparisons can 

be made. 

Knowing that the frequency domain technique will not describe the phase informa- 

tion, two things are evident. One, power spectra must be used for any frequency 

domain averaging that is done. Two, time domain techniques must be employed to 

determine phase information. 

While the dispersive property of flexural waves precludes analysis of phasing in the 

frequency domain, it can be exploited in the time domain. Each point along a beam 

is temporally and spatially linked. So each point down the beam (in the propagation 
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direction of the wavefront) will have a different time history. 

Imagine an impulse containing frequencies from 0 - 50 Hz acting on a beam. At the 

source the frequencies are coincidental; they occur nearly simultaneously. As the 

signals propagate away from the source, the frequency content begins to disperse; 

the frequencies that existed simultaneously at the source will spread over an increas- 

ingly longer time period as they move away from the source. From equation 3.15, 

it is known that the delay from is proportional to the square root of the frequency. 

The 36 Hz component will have travelled twice as far as the 9 Hz component. Close 

to the source the frequencies seem lumped together, but as they propagate away, 

the spread widens. Once significantly far away from the source (that significance 

dictated by the frequency content and the propagation characteristics) the frequen- 

cies separate. 

This behavior can be seen in figure 5.1. This plot shows the difference in time histo- 

ries as dependent on beam position. The response of the beam to an low frequency 

impact (a half rectified sine wave of .018 seconds duration) was measured at 4.44 

inch intervals along the beam. Data were taken at 50 kHz. Because the laser can 

only scan one point at a time, a programmed impulse was repeated for each data 

point and was used as a trigger to simulate simultaneous sampling. 

The propagation of the wavefront delays in time as the sensor location moves down 

the beam; it takes longer to travel farther. Further, the impulse spreads as its trav- 

els, the high frequencies being measured first, and the low frequencies arriving last. 

This can be seen in the data by comparing the time histories for the closest. and 
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farthest sensors in figure 5.2. At the farthest sensor it can be seen that the high 

frequency component has separated from the gathering of other frequencies, as given 

by the dispersion equation, equation 3.15. This can be seen at time = .015 seconds. 

No such component is distinguishable in the nearest sensor as the frequencies have 

not had the time to spread apart. 

So it can be seen, as previously stated, points at the same distance along the prop- 

agation axis are linked spatially and temporally. The signal content of sensors 

coplanar in the wavefront should be the same except for noise. They should have 

experienced the same amount of dispersion. So if the time histories can be quantita- 

tively compared, those with the most similar time histories describe the propagation 

direction. 

The correlation coefficient (CC) is a means to do this quantitative comparison. The 

CC is a measure of the strength of the relationship between two variables and is 

defined by 

CC = 271 __ (5.1) 

where Sag = 0%, AB. 

It is helpful to note that the CC is a normalization of the covariance matrix that 

bounds the values between -1 and 1. It is expected that the correlation coefficient 

would be maximized for sensors at the same point along the wave front. This rela- 
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tion will be the foundation for AOA determination for broad band sources. 

To verify this, transient data were taken using the laser velocimeter. The response 

of the beam to an impulse was measured for a grid of points on the beam. Arrays 

measured at 0, 26.6 45, 63.5 and 90 degrees were constructed from the grid and the 

correlation coefficients were calculated for the sensor locations. 

The grid was made of a rectangular matrix of points spaced a third of an inch apart 

and covering approximately a 3 by 6 inch area. This experiment was set up to pro- 

duce a worst case scenario result. The impulse has frequency content from 0 to 50 

Hz; these low frequencies have low propagating velocities. With the closely spaced 

grid and slowly propagating waves, the change from sensor to sensor will be small. 

While this will result in high correlation coefficients for all sensor locations, little 

change will occur within the array. With faster wave velocities or greater sensor 

spacing, the change in the correlation coefficient from sensor to sensor is greater. 

Figure 5.3 shows the excitation sent to the shaker and the signal measured at the 

force transducer. The excitation signal was used to trigger data collection. 

Figure 5.4 shows the array orientation for each configuration and the lines on these 

show the assumed 0 degree line. The output of each array is calculated by measuring 

the angles among all the sensors and determining the correlation coefficients among 

them as well. Sensor pairs of the same angular orientation are averaged to give the 

CC for that AOA. The maximum CC should occur at the angle matching the AOA. 

The results of the experiment are presented in figures 5.6 through 5.10. It can 
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be seen that the maximum value of the correlation coefficient occurs at or near the 

AOA. This can be used to determine the AOA. It is important that this is purposely 

an ill-posed setup and with larger area arrays, higher frequencies, greater spacing 

between sensors more resolution would be evident. 

In looking at the data, it can be seen that the values of the correlation coefficients 

spread out as they get off angle, but vary, little when near the AOA. The reason for 

this is evident with a study of the geometry of the array. Take the array arrange- 

ment of figure 3.1. While the angle between 1 and 3 and between | and 2 both 

measure 90 degrees, the signal from sensor 2 is more correlated to sensor 1 than it is 

to sensor three. The delay between 1 and 3 is greater, so the dispersion is greater. 

This is indicated by a lower CC. A spread in the values of CC for an angle will 

indicate measurement at off angle, while little or no spread can be seen as the angle 

approaches AOA. 

This technique limits the signal processing to consider only those angles for which 

there is a colinearity of sensors, angles in between those values cannot be evaluated. 

The evaluated angles are those angles which equal the tan™! of the possible Az and 

Ay combinations. The resolution of this method is then limited by the size of the 

array. Table 5 shows the difference in the angles that can be evaluated for a 3x3, 

4x4, 5x5, and 6x6 uniform array. Note that a 6x6 array has a maximum separation 

of 5 units in any direction. 

Consider figure 5.6, that was generated from the grid pattern denoted in figure 5.4. 

For simplicity sake, refer to the sensor locations by the numbering depicted in ta- 
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ble 5. Using the results of figure 5.6 and geometry of reffig:gridt, it can be shown 

that the values of the correlation coefficients can be predicted by and related back 

to the beam pattern. 

Table 5.1: Numbering of Sensors for 0 Degree Array 

  

61 51 41 31 21 11 

62 52 42 32 22 12 

63 53 43 33 23 13 

64 54 44 34 24 14 

65 55 45 35 25 15 

66 56 46 36 26 16 

67 57 47 37 27 17 

68 58 48 38 28 18 

69 59 49 39 29 19 

70 60 50 40 30 20 10 

C
o
n
n
o
r
 

W
N
 

    
  

With frequency content between 0 to 50 Hz the impulse spans wavenumbers from 

0 to approximately 0.2 in~!. The midrange frequency of 25 Hz corresponds to a 

wavenumber of .15in~!. For the spacing between adjacent sensors of .33 inches this 

corresponds to ks = .05 for at 25 Hz. 

Consider the correlation coefficients evaluated at 90 degrees. This occurs any time 

an element is compared to the one directly behind it (compare | to 11), the one two 

rows behind it(compare | to 21), the one three rows behind it (1 to 31), et cetera. 

This corresponds to measuring the correlation at spacing of 1/3, 2/3, 1, 4/3, 5/3, 

and 2 inches. At 90 degrees then there are corresponding values of ks = 0.05, 0.1, 

0.15, 0.2, 0.25, and 0.3 for the respective spacings. The values of CC correspond to 
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beampattern values evaluated at 90 degrees for the appropriate values of ks. 

The correlation coefficients at + 80.5 degrees correspond to comparing sensor 1 

to sensor 20 or comparing sensor 10 to 11. The sensor separation is the distance 

between sensors which is 3.02 inches. The CC correspond to the beampattern eval- 

uation at 80.5 degrees and ks = .46. 

Similar analysis can be performed for each point, and an estimate of the array out- 

put given based on solving equations B.10 and zetas for the k, s, and @ values for 

each correlation coefficient. This was done for the array at 0 degrees and the beam- 

pattern prediction is given in figure 5.5, demonstrating the relationship between the 

beam patterns and the patterns generated by the correlation coefficients. 

It may not be obvious why high resolution methods such as MUSIC are not employed 

here, so an explanation is necessary. The high resolution models assume that the 

output of the sensor can be expressed as 

x(t) = Au(t) + n(t) (5.2) 

where A is a set of weighting vectors that define the phasing from source to sensor. 

The MUSIC formulation assumes the the weighting is dependent only on 0, but for 

structures it is also dependent on frequency. This model does not work in a disper- 

sive media for multiple frequencies and thus can not be employed here. It could still 

be used for a single frequency case. 

The same problem exists in employing AR, or ARMA modelling. The z transform 
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Table 5.2: Resolution of Arrays as a Function of Size 

  

  

  

x and y spacing | indicated angle || 3x3 | 4x4 | 5x5 | 6x6 
2345 +00 + 90.0] x Xx x x 

+5 + 78.7 x 
+ 4 + 76.0 x x 
+ 3 + 71.6 X x x 

+ 5/2 + 68.2 x 
+ 2 + 63.4 || x x x x 

+ 5/3 + 59.0 x 
+ 3/2 + 56.3 x x | x 
+ 4/3 + 53.1 x x 
+ 5/4 + 51.3 x 
+ 1 + 45.0] x X x x 

+ 4/5 + 38.7 x 
+ 3/4 + 36.9 x x 
+ 2/3 + 33.7 x x x 
+ 3/5 + 31.0 x 
+1/2 + 26.6 || x | x x x 
+ 2/5 + 21.8 x 
+ 1/3 + 18.4 Xx x x 
+ 1/4 + 14.0 Xx x 
+ 1/5 + 11.3 x 
+ 0 + 0.0] x Xx x x                     
  

model is such that the delay of the z operator is a function of both k and 6. The 

problem is the same here, the basis assumes a non-dispersive media. 

5.1 Summary 

So what is seen for the finite case is that the correlation coefficients (the normaliza- 

tion of the covariance matrix) can be used to find AOA for transient signals even in a 

dispersive media. The correlation coefficients are highest nearest the angle of arrival 
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Figure 5.6: Correlation Coefficients for Array Positioned at 0 Degrees 
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Array Oriented at 90 Degrees 
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with little spread in the values, but they are lower in off angles and they assume a 

wider range of values. High resolution techniques often used in other applications 

can not be employed for a multiple frequency signals in a dispersive media. The 

resolution of the result is limited by the resolution inherent in the geometry of the 

array. 

This process is very much like the beamformer. The output of the array is measured 

for the possible angles and the maximum (with the minimum in variance) is evalu- 

ated as the AOA. In fact, consider the power of the classical beamformer as given in 

equation 2.12 is the covariance matrix with some weighting functions. The output 

here is the covariance weighted by some normalizing factors. The covariance matrix 

is foundation of array processing techniques because it contains within its elements 

a measure of the relation between sensors, and the different estimation techniques 

are simply different ways of getting that information out. 

The output could be weighted for a particular frequency, and that would emphasize 

that frequency in the evaluation. The correlation coefficient is still analyzed for the 

entire time response, over the entire frequency range. This would cause a skewing 

in the data unless the tuned frequency were dominant. 
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Chapter 6 

Conclusions and 

Recommendations for Further 

Work . 

6.1 Conclusions 

What can be seen.with arrays is an improvement in performance that is quantified 

by the array gain-(AG). Generally the AG is \/m,. The beam pattern describes 

the array’s performance for all angles of incidence, for a given relationship between 

wavenumber and spacing. The fact that the array’s output is maximized along an 

axis suggests the array’s directivity. This can be exploited to determine the source’s 

direction, relative: to the array, demonstrating the array’s applicability to source 

localization problems. 

These array techniques have obvious applications to structures. The quality of a 

vibrational measurement can be improved by array processing techniques, but some 

adaptations need to be made. The flexural waves of a beam are dispersive; so when 

beamforming is done, tuning of the array needs to occur both in frequency and 

in angle. Thus many of the equations of the algorithms have a phase dependency 
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in two variables. This limits the applicability of the present algorithms to struc- 

tures. For single frequency vibration, the application is immediate. In broad band 

applications, phasing is dependent on both frequency and AOA. Many of the high 

resolution techniques can not be used, for they assume a phasing dependent only 

on spatial geometry. 

For the harmonic applications that measured a single frequency travelling wave all 

the array concepts were established. The agreement of the AOA measurements data 

with the true values is demonstrated in figures 4.17 through 4.19 and table 4.3.2. 

From this it can be seen that the AOA can be determined within 3 degrees. The 

improvement in signal to noise ratio was also demonstrated. 

What was seen for the finite case is that the correlations coefficients can be used 

to find AOA for transient signals even in a dispersive media. The correlation coef- 

ficients are highest nearest the angle of arrival with little spread in the values, but 

they lower in off angles and they assume a wider range of values. High resolution 

techniques often used in other applications can not be employed for a multiple fre- 

quency signals in a dispersive media. The resolution of the result is limited by the 

resolution inherent in the geometry of the array. 

6.2 Contributions of This Work 

This work accomplishes the development of the theory of sensor array processing 

as it applies to dispersive structures. The theory is validated through experiments 

in both harmonic and broad band applications. It is done without wave vector fil- 
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tering or wavenumber vector filtering to separate out single frequency components, 

but rather is developed for single or multiple frequency applications. The harmonic 

applications could be used in conjunction with wave vector filtering if so desired. 

It has been shown and quantified that sensor arrays can improve the SNR using 

both frequency domain and time domain techniques. For time domain applications 

the data must be weighted (phased) to maximize the output, this is determined by 

the geometry of the array and the propagating field of the medium. In frequency 

domain techniques power spectra can be used to eliminate destructive interference 

caused by phasing, or frequency domain transforms can be applied to beamformed 

data if the phase information is needed. 

Harmonic techniques based on the classical beamformer were developed to solve 

implicitly for AOA based on the phase relationship between sensors. This technique 

applies to harmonic signals in a highly damped medium. This technique can also 

be used in conjunction with filtering to apply to data filtered to become harmonic. 

A transient technique to determine AOA was developed based on the correlation 

coefficient. This technique allows for the determination of AOA based on the max- 

imization of correlation coefficient and the amount of data scatter. This robust 

technique is based on the correlation between measurements along a wave front. It 

does not assume phase relationships between sensors and is therefore applicable to 

transient signals in a dispersive media. 
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6.3. Recommendations for Further Work 

The future for this work has several obvious avenues. First, it needs to be applied to 

more complex structures. The beam was effective for proving the concepts presented 

here, but now full application to plates, shells, thick beams, et cetera is needed. 

Actuation applications also look promising. If sensing can be done so to “look” in 

a direction, actuation should be practicable by exploiting the phasing as well. An 

actuator array should be able to send a wave front in a prescribed direction. The 

applications of this to vibrational and acoustic controls are promising. 

For the application to the thin beam, the mass loading caused by the accelerometers 

caused measurement problems, showing the need for lightweight sensors. Piezo- 

electrics show promise for the films are lightweight. They also have the added 

incentive that they can perform as actuators or sensors. 

These are the things that seem to be the next step in continuing this work. 
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Appendix A 

Analysis of Infinite Beam 

The analysis of the infinite beam uses Bernoulli-Euler beam theory of bending. This 

elementary theory has been developed by many sources (Thompson, 1981; Cremer 

et al., 1988; Meirovitch, 1967, Guigou 1992; Abramson et al., 1958) and is valid for 

the following assumptions: 

e cross-sectional dimensions are small compared to the length 

e transverse sections remain planar and normal to the length in bending 

e rotary inertia effects are negligible 

e shear deformations are small compared to flexural deformations. 

A.1 Equations of Motion 

To determine the differential equation that governs the motion of the beam, consider 

a free body diagram of an element of the beam, see figure A.1 Further, all beam 

parameters are considered constant along the length of the beam. From mechanics 

of materials the following relationships are known. 
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Figure A.1: Free Body Diagram of Differential Element of Beam 
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Fe = Talat); (A.1) 

” = —V. (A.2) 

These equations can be equivalently written 

0? M OV 
aor = pe = Act) (A.3)   

The bending moment can be expressed in terms of beam coordinates by the equation 

O*y(z,t) 
Ox? 
  M=-EI (A.4) 

where E is Young’s modulus and / is the cross-sectional area moment of inertia. 

From Newton’s first law, the free body diagram yields the following relationship for 

a summing of forces. 

0’ y(x, t) OV + q(z,t)dr = pAdt—a (A.5) 

If the relationship between shear and moment is used, (equation A.3) this can be 

rewritten 

0°M O*y(z, t) 
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where A is the cross-sectional area, and p is the volumetric density of the beam. Sub- 

stituting the relationship between moments and the flexural stiffness (equation A.4) 

the equation can be written in terms of cartesian coordinates. 

O*y (2, t) OMT OA 
El Or4 +P 

Oy (a, t) 
oR q(z,t) (A.7) 

This equation can be further simplified, if a harmonic time dependence, e, is 

assumed. For 

2 . 

y= Ae outst) — — Awe? (A.8) 

Substituting A.8 into equation A.7 yields 

O*y(x,t) 
EI—Z ~~ pAw*y(z,t) = 9(2,t) (A.9) 

If the applied force is a point force applied at the location x=a on the beam, it can 

be expressed by 

F6(x — a)e™ (A.10) 

where F is the magnitude of the forcing function and 6(z — a) is the spatial Dirac 

delta function. Replacing the forcing term q(z,t) in equation A.9 with equation A.10 

gives 
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O*y (x,t) 
  

  

EI — pAw*y(a,t) = F6(xz — a)e™ (A.11) 
Ox4 

which can be rewritten 

Oy(z, t) 4 F awwt aot k°y(z,t) = Epo —a)e™. (A.12) 

k is known as the structural wave number and is defined by the following relationship: 

  ye. (A.13) 

A.1.1 Fourier Transform Solution 

Equation A.12 can be solved by using spatial Fourier transforms. 

The spatial Fourier transform of equation A.12 is 

+00 94 , +00 . +00 , ; 
/ Oyu, t) yet e dr — Kt | y(az, tye’ dr = / F6(a — aje“e-* dr 

(A.14) 

From Fourier transform tables (Campbell and Foster, 1948; Champeney, 1973; and 

Oberhettinger, 1990) the spatial Fourier transform of 

y(z,t) = [- y(x, tye’ dx (A.15) 
—CO 

and it is likewise known that 
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+00 . . 
/ 6(z —a)e'’"*dx =e *", 

—0oO 

Assuming 

2 
Py _ Fy _ WY 4 pte 
az? Ax? Oz 

equation A.12 can be written 

vty(v,t) — k*y(v,t) = Fe-*te™ 

or equivalently 

Fe7™ 
twt 

Solving for y(z,t) can be done with the inverse Fourier Transform 

y(z,t) =F-"[y(v,t)]) = Sy(v, the*dy 
Fe'@4e—wt ive 

  

— “EIQ -F) 

_ Fe-'t e'y(x—a) 
=r J Ae 

Using partial fraction expansion 
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(A.16) 

(A.17) 

(A.18) 

(A.19) 

(A.20) 

(A.21) 

(A.22) 

(A.23)



Few iv(z—a)/ A 4 B ] 

€ p2 + k2 p2 _ k2 
  y(z,t) = F'ly(v,t)] = 

El 

where: 

—l 1 

A= 7 7? = oR 

  

Fe7‘™t —etv(z-2) et (z—-a) 

t)= d / fg vet) = pl ae’ t | pp 

from Fourier analysis theory 

2 2 € a*+w 
  

for the component: 

  

if we let 

a= k 

we = yp 
t = (r-a) 

— et(z-a) —] Ik 
de = ty(x—a) 

| Poe RI) pte 
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(A.24) 

(A.25) 

(A.26) 

(A.27) 

(A.28)



—1 

2k 
e klz-a| 

for the other component: 

  

if we let 

a = —tk 
we = y2 

t = (r-a) 

tv(xz—a) —] ik 
€ a WirT—-a 

[ape ee ‘dz 

Substituting A.29 and A.32 into A.25: 

Fe7™m —] k —1 - ee |jz—a| __~ ytklz—al 

Wot) = ere Lae + 35K 

F [-l, | 
t= _ ik|z—a| _ “hle-al —twt 

We) = Terps | i ° ¢ 
  

153 

(A.29) 

(A.30) 

(A.31) 

(A.32) 

(A.33) 

(A.34)



_ we i __ ik|z—al ~klc—a|] ,—iwt 

(et) = Tea [eel — elena 
  

_ 2 jiettle—al — e~He-all et 
  

iF “Elon . ble i _ jet*le a| —ie k|x al e twt 
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(A.35) 

(A.36) 

(A.37)



Appendix B 

Derivation for Phase Relationship 

Between Sensors 

The output of a sensor is assumed to be proportional to the deflection, velocity, and 

acceleration of the beam at the sensor location and can be written 

wF _ tk|z—al| - i —k|z—al) ,—iwt Bl $= Tap {e + te he (B.1) 

With the sensors located sufficiently far from the source, nearfields are negligible. 

The source is located at a = 0 yielding 

wk 
s(t) = Bee (B.2) 

The output of each sensor is delayed so that the signal aligns yielding 

wh 
s(i) = TET Oe. (B.3) 

The output of the array is the average output of the sensors and is then given by 
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ETE + S- s(é) = eh emtwt tool), (B.4) 
™Ms j=1 

To quantify the output of the sensor array with errors in frequency or angle, the 

output of a correctly tuned array can be compared to an incorrectly tuned one. 

The assumed values of a variable are denoted as follows 

W, = assumed frequency 

k, = assumed wavenumber 

6, = assumed angle of arrival 

oa = assumed delay 

For a correctly tuned array, the delays are all matched to the reference sensor, ¢ = 0. 

    
iF 1 me Fo. ts aay 

. — _~ tkz(r) —twt 

Sideal = ETB m, dX $(") = TER m, d cs (B.5) 

Thus the output of the array over the ideal output is given by 

ms 

iF LY ‘cike(t) eit giwd (i), 

  

  

S 4EIk> ms L 

5 = 1=1 ms (B.6) 

ideal _iF tkz(r) p—tw aif h Setter eit, 
t=1 

This can be simplified to 

S 1 ™ . . . . 
_— \- eth(z(t)—2(r)) .twbalt) (B.7) 

Sideal ™Ms jn 

$(2) is the assumed delay based on the tuning of array. Using equation 3.2, equation 
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B.7 can be rewritten 

  

1 ™ oo. a S ——>> cik(2(i)—2(r)) piwlali)*ka/wa (B.8) 

Sideal ™Ms j=] 

where (, is the assumed separation between sensors in the wave propagation direc- 

tion. From the wave equation 

  

wk? 
We = ke" (B.9) 

Equation B.9 can be substituted into equation B.8 giving 

S _ 1LXS cihteti)-e6) HHS Gold (B.10) 
Sideal Ms jo] 

. 2 . 

Ideally the difference in e7)-*(") is equal but opposite to eka“) Error is incurred 

in the difference between the assumed values of wy, ka, 8 and ¢,(z) and the tuned 

values w, k, and ¢(2). 

Using sensor 2 as the reference sensor, the separation between sensors are 

q = —s sind 

G2 = 0 
(3 = s siné 

Gg = +8 cos8 

(; = s cosé (B.11) 

(; = (3+8 cosé , 

Cr = +8 cosé 

(g = 2s cos@ 

( = (+s cosé 

To find the assumed values of ¢(z) the assumed value of @ is used. If there is an 
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error between the assumed and actual value of an array parameter, the output of 

the array will come off the maximum output. Equations B.10, and B.11 can be used 

to determine the output of the array for errors in the parameters. 
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Appendix C 

Experimental Analysis of Infinite 

Beam 

To prove that the infinite beam equations are valid for the laboratory setup, it is 

necessary to prove the non-reflectivity of the beam termini. To accomplish this, the 

power reflection coefficient of each termination is measured. The technique used 

here follows the approach taken by Seybert and Ross (1977) and Gonidou (1988). 

The power reflection coefficient is a measurement of the reflected power over the 

incident power. It measures the power of the waves propagating from the sand box 

over the waves propagating into the box. Fig C.1 shows the setup of the the equip- 

ment used to determine the reflection coefficient. Two accelerometers were used, so 

the acceleration at those two points is to be considered. 

The acceleration from the incoming wave can be written 

A; _— W;(t)(e*** _ ie *lel) et, 
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incident 
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. reflective 
      

Figure C.1: Apparatus Setup To Measure Reflection Coefficient of Right Sandbox 
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The acceleration from the outgoing (relected) wave can be written 

A, _ W,(t)(e7**? _ ieW Fel) e—i4t, 

By placing the accelerometers sufficiently far enough away from the shaker, the 

near-field term,e~*'!, is negligible. The acceleration at the location for the two ac- 

celerometers can be written 

A; = W,(t)ei*te-it (C.1) 

A, = W,(t)e7*#e~Wt, (C.2) 

(C.3) 

Using the frequency spectra from the accelerometers the spectra can be be expressed 

Py = Pag + Pap + 2(real( Pp) cos(2kz,) (C.4) 

—imag(P4p) sin(2kz1)) 

Po. = Pasa + Pap t+ 2(real( Pap) cos(2kz2) (C.5) 

—imag(Pap) sin(2kz2)) 

real(Py2) = Paa+ Ppp cos(kAz) (C.6) 

+2(real( Pap) cos(kAz) 

—imag(Pap) sin(kAz)) 

imag(Pi2) = (Paa— Pep) sin(kAz) (C.7) 
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where Pa, and Pgp are the power spectra of A and B respectively, and P,g is the 

cross spectra. 

The reflection coefficient can be expressed as the reflected power over the incident 

power or 

= Pye 

Paa 

by substituting equations C.5 through C.7 to solve for P44 and Ppp the reflection 

coefficient can be expressed 

_ Pu t+ Po — 2Real( Piz cos(kAz) + 2Imag(Pi2) sin(kAz) 
r= Py, + Pog — 2Real( Piz cos(kAxr) — 2Imag( Piz) sin(kAz) (C.8)   

Thus with the output of two accelerometers, the reflection coefficient could be de. 

termined. 
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