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Abstract 

In the analysis of quantal dose-response data, the most commonly used parametric procedure is 

logistic regression, commonly referred to as “logit analysis.” The adequacy of the fit by the logistic 

regression curve is tested using the chi-square lack-of-fit test. If the lack-of-fit test is not significant, then 

the logistic model is assumed to be adequate and estimation of effective doses and confidence intervals on 

the effective doses can be made. When the tolerance distribution of the dose-response data is not known 

and cannot be assumed by the user, one can use nonparametric methods, such as kernel regression or local 

linear regression, to estimate the dose-response curve, effective doses, and confidence intervals. This 

research proposes another alternative to analyzing quantal dose-response data called model-robust quantal 

regression (MRQR). MRQR linearly combines the parametric and nonparametric predictions with the use 

of a mixing parameter. MRQR uses logistic regression as the parametric portion of the model and either 

kernel or local linear regression as the nonparametric portion of the model. Research has shown that the 

MRQR procedure can improve the fit of the dose-response curve by producing narrower confidence 

intervals for predictions, while providing improved precision of estimates of the effective doses with 

respect to logit analysis.
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CHAPTER 1 

INTRODUCTION AND LITERATURE REVIEW 

§1.1 Introduction and Literature Review 

Biological assays are methods for the determination of the potency of a substance by biological 

means. There are two types of biological assays—direct and indirect. The direct biological assay is one in 

which the doses of the standard and test preparations sufficient to produce a specified response is directly 

measured. The direct assay is seldom used in biological applications due to its dependence upon the ability 

to measure just the dose needed for a particular response and not one that is at least large enough, as in an 

indirect quantal assay. Indirect quantal assays are methods for the estimation of the potency of a dose by 

means of the observed response. The response variable of interest measured for each dose can be either 

quantal or quantitative. For the quantal response, the experiment can only determine whether a subject 

responds or fails to respond to a particular dose of the drug; that is, an all or nothing response such as 

“cy death. Thus, if the variable of interest is quantal, it is recorded as a for a response or a “O” for 

nonresponse. In quantal assays, the primary concern is with the distribution of the tolerance of the subjects 

to a particular drug or chemical being studied, where the “tolerance of the subject” is the dose just 

sufficient to elicit a response from the subject. The quantitative response measures some property of the 

subject such as weight, time of survival, or blood calcium. Quantal assays are the subject of this research. 

In quantal assays, the response is a Bernoulli random variable with parameter P. , the probability 

that a subject will respond to dose x,. Then, in a given sequence of doses x,,X,,...,X,, we observe the 

random sequence of 0’s and 1’s. The experimental results may be summarized as: 

Sample Number Sample 

Dose Size Responding _ Proportion 

x ny, q P 

x, ny r, P2 

Xq Ng ei Pa



where x; represents the i” dose in increasing order, n, the number of subjects receiving the i” dose, r, is 

. ; ; I, . ; 
the number of subjects responding to the i” dose, and P; = — , the sample proportion, estimates the true 

n; 

probability, P, that a randomly selected subject will respond to the i” dose, i = 1,2,...,d. 

The dose-response relationship is a model of the probability of response, P,, at dose x, as 
t 

P = F(x;,) I 

where F(x,) is the unknown cumulative distribution function (cdf) for the tolerance of the subjects in the 

population to the drug or chemical. As in many applications in regression, the exact form of F is unknown 

and the user supplies models that are approximations to the true underlying F. In the analysis of quantal 

dose-response data, the most commonly used parametric procedures are probit and logit analysis. Probit 

analysis assumes that the tolerance follows a normal distribution and thus F is a normal cdf. In logit 

analysis, it is assumed that tolerance follows a logistic distribution and that F is a logistic cdf. For most 

problems, there is relatively little difference between the normal and logistic specifications of the model 

since both distributions have similar shape characteristics, differing slightly in the tails of the distributions. 

When the user is satisfied with the chosen model, the primary concern then shifts to the estimation 

of effective doses. The effective dose, denoted by EDjo9,, is the dose at level ao where 1000% of the 

subjects, on the average, show a response. That is, the EDjgq,, is simply the 100a percentile of the 

distribution F. The most commonly used value of a is 0.5, which indicates the effective dose required to 

yield 50% response, denoted by EDso. In some cases, experiments are designed to estimate more extreme 

dose levels. Extreme dose levels, such as the ED,) and the EDgg, may be regarded as more suitable for 

characterizing the tolerance distribution, F. For example, when fitting data using probit and logit analyses, 

the EDs, values may be quite similar, but the ED,) and EDgp values may be different due to the difference 

in the tails of the logistic and standard normal distributions. 

For any estimate of the EDjo9,, appropriate confidence intervals should be given as an interval 

estimate of the effective dose. In this research, the parametric confidence interval on effective dose will be 

computed using Fieller’s theorem (Finney, 1978). It should be noted that Fieller’s intervals do not possess 

the feature of symmetry. Other methods that can be used for confidence intervals on effective dose are the 

delta method (Goedhart, 1985) and the likelihood-ratio interval (Cox, 1990). 

The material in this research will emphasize use of logit analysis, but the setup will be such that 

any general form of F may also be used such as probit analysis, using the normal distribution which has 

slightly lighter tails than the logistic form, the Gompertz distribution (sometimes called the extreme value



distribution), and the Cauchy distribution function. Other models used in the analysis of quantal dose- 

response data can be found in Ashton (1972), Cox and Snell (1989) and Morgan (1992). 

While such values of the EDj99, are easily estimated from the parametric procedures, it may be 

argued that a nonparametric procedure could be more relevant. Until recently, much of the nonparametric 

analysis of quantal dose-response data has centered on median effective dose or EDs, estimation. Classical 

nonparametric procedures only yield estimates of the ED,9. Such procedures include the Spearman-Karber 

estimator (Spearman (1908) and Karber (1931)), the Reed-Muench estimator (Reed and Muench (1938)), 

and the moving average estimator due to Thompson (1947). The methods mentioned above center on the 

median effective dose estimation, but not curve estimation. Therefore, if one is interested in estimating the 

ED for a # 0.5, other nonparametric methods are necessary. 

Staniswalis and Cooper (1988) and Muller and Schmitt (1988) used kernel regression methods to 

estimate dose-response relationships. Staniswalis and Cooper (1988) used kernel estimates to develop 

approximate confidence intervals for the optimal combination dose of a drug with therapeutic effects at the 

low doses and toxic effects at high doses, as well as to determine the lethal dose levels of a toxic chemical. 

The procedure proposed by Staniswalis and Cooper (1988) was implemented on real and simulated data. 

Muller and Schmitt (1988) introduced kernel regression for ungrouped data in which they derived the bias, 

variance, asymptotic normality, uniform consistency, and rates of convergence of the kernel estimates. 

Both Staniswalis and Cooper (1988) and Muller and Schmitt (1988) gave methods for finding ED jo, for 0 

<a<l. 

Einsporn (1987) and Einsporn and Birch (1992) established a bridge between nonparametric 

kernel regression and the standard parametric approach called model-robust regression (MRR). In one 

application of Einsporn’s (1987) method, the least squares “hat” matrix is mixed or linked with the weight 

matrix corresponding to nonparametric kernel regression. This specific application of MRR is termed 

“HATLINK.” By using a mixing parameter, A, the HATLINK prediction is a linear combination of 

parametric and nonparametric predictions. If the user’s parametric model is “correct,” then the procedure 

should place emphasis on the parametric predictions. On the other hand, if the user’s model appears to be 

different from the “true” model, the procedure should place greater emphasis on the nonparametric 

predictions. That is, more weight will be given to the kernel prediction where predictions at a given 

location x, will be influenced more by observations in a small neighborhood around x, rather than 

observations far from x,. The goals of MRR are to use the magnitude of the mixing parameter to 

determine if F has been misspecified, and to provide a model-robust method for making the usual 

regression inferences.



Other work combining nonparametric and parametric methods for data analysis, called 

semiparametric modeling, has been proposed by Olkin and Spiegelman (1987), Speckman (1988), and 

Severini and Staniswalis (1994). Olkin and Spiegelman (1987) suggests a linear combination of parametric 

and nonparametric methods in density estimation. Speckman (1988) introduces “partial linear regression” 

models in which the nonparametric and parametric portions of the model are additive. Severini and 

Staniswalis (1994) propose a semiparametric model using an additive function of parametric and 

nonparametric components, with estimates based on quasi-likelihood methods. Sutherland (1992) 

extended Einsporn’s (1987) HATLINK procedure to response surface methodology and design of 

experiments. 

The procedure considered in this research is an extension of the results of Einsporn (1987) and 

Einsporn and Birch (1993) to quantal dose-response data where the classical parametric analysis, such as 

logit analysis, is combined with a nonparametric procedure. Two nonparametric methods will be studied in 

this proposal: kernel regression, which was used in the work by Einsporn (1987) and Einsporn and Birch 

(1993), and local linear regression, a procedure first introduced by Cleveland (1979) and minimax 

properties developed by Fan (1993). Local linear regression has not been used to study quantal dose- 

response applications. The proposed method will be called model-robust quantal regression (MRQR) 

because it “robustifies” the quantal parametric model by adjusting the parametric predictions using a 

mixing parameter in the same manner suggested by Einsporn (1987). Also, another model-robust 

procedure will be studied in this research, termed “MRQR2” in which one of the nonparametric procedures 

in this research will be used to fit the residuals of the parametric fit and then add this residual fit to the 

parametric model using a mixing parameter between zero and one. 

The chi-square goodness-of-fit test is the statistical yardstick used to quantify the measure of fit in 

probit and logit analysis. But the chi-square test often lacks power, especially when the model has been 

misspecified. The model-robust procedures introduced in this research, with the use of the mixing 

parameter, improves the fit by decreasing the chi-square statistic, and give improved estimates of the 

EDyjo0, With narrower confidence intervals. The magnitude of the mixing parameter may also confirm that 

the parametric procedure is appropriate (for small values of A) or that the nonparametric procedure may 

provide a better estimate of the dose-response curve, indicated by large values of A. 

This dissertation is constructed as follows: Chapter 2 reviews quantal bioassay and some more 

common cumulative distribution functions used in the analysis of quantal bioassay. Chapter 3 gives a 

brief review of ordinary least squares and some of the nonparametric methods used in this research. 

Chapter 4 applies the nonparametric regression methods introduced in Chapter 3 to estimating quantal 

dose-response curves along with effective dose. In Chapter 5, details of the MRR method are presented in 

a general context for linear models and detailed in Chapter 6 for its use in the analysis of quantal bioassay,



the MRQR procedure. Chapter 7 ccntains the properties of the model-robust procedures, but begins with 

the asymptotic properties of the parametric and nonparametric methods. In Chapter 8, some results of the 

Monte Carlo simulations are given for the procedures presented in this research. Chapter 9 applies the 

model-robust quantal regression procedure to real and simulated data, and Chapter 10 summarizes the 

conclusions and lists some future considerations.



CHAPTER 2 

INTRODUCTION TO QUANTAL BIOASSAY 

§2.1 Quantal Bioassay 

In applications in the biological and health sciences where the response is binary (pass/fail, 

defective/nondefective, success/failure), one is interested in modeling the relationship between the 

response variable and a set of regressor variables. In the typical dose-response setting, there is only one 

regressor variable, the dose of the drug. Situations where doses are combinations of several drugs will not 

be considered in this research, but will be suggested for future research. It will be assumed that the data are 

grouped, in that for each dose, several subjects or experimental units are observed. The ungrouped case, 

where a single subject is tested at each dose, can be considered as a special case of the grouped data case. 

Under the usual assumptions of a binomial trial, if the probability of response to dose x, is P, 

then the probability of 7, responses in n, trials is given by 

Ce (1-R)"" r. 
i 

The method of maximum likelihood will be used to estimate the unknown parameters. In the quantal dose- 

response setting, we have an experiment with d doses of a substance, and the i” dose, x,, is given to n, 

individuals, of whom 7, respond. If P is the probability that any individual responds to the i” dose, then 
t 

the likelihood of 7,,7,,...,7, is the product of the binomial terms: 

The log likelihood is then 

n. 
(2.1.1) r 

The probabilities of response, P, can be modeled as 

P= F(By +B,x;) (2.1.2)



where F is the tolerance cumulative distribution function. If F is a member of the location-scale family 

of distributions, the unknown parameters B, and B, can be expressed as functions of the location and scale 

parameters. Several commonly used forms of F are the standard normal cdf, given by 

  

  

F(u) = e“ du 
(4) V2n ! 

and the logistic cdf given by 

F(u) = —— 
l+e 

Other models frequently used in the analysis of quantal response data such as the Gompertz, Cauchy, and 

Sine curves can be found in Morgan (1992), Govindarajula (1988), and Cox and Snell (1989). 

Given the model in (2.1.2), it is of primary interest to estimate B, and B,, the unknown 

parameters. One possibility is to “linearize” the sample proportions by using the transformation 

y, =F '(p,) 

and the model 

y, =Bo +B x+e; 

Then ordinary least squares may be used to estimate B, and B,. However, 

4 2 

Varly,) = Var(F"' (p,)) = van | 
and 

Var( p; ) = rae) 
t 

with P defined in (2.1.2). Thus, the y,’s are heteroscedastic and the usual method of ordinary least 

squares is no longer appropriate for estimating B, and B,. The correct procedure for estimating f, and B, 

is to use the method of maximum likelihood. 

The likelihood function in (2.1.1) can be viewed as a function of the two parameters B, and B,, 

L(B, B,). Taking the partial derivative of (2.1.1) with respect to B, and with respect to B,, and setting 

equal to zero yields the following equations: 

  

  

OL(By.B,) 4 nz? (p,-P) 
= i! =O 2.1.3 

a, iPU-P) Cre) 

EL(By.B,)  @ njz2x, (pi-P)_ , 
2B, RU-P) zu Cr)



where z, = f(B, +B,x,) is the probability density function of F and p, is the observed proportion 

responding at dose x;. Notice that equations (2.1.3) and (2.1.4), called the maximum likelihood equations, 

are nonlinear and need to be solved to obtain maximum likelihood estimates (MLEs) of B, and B,. 

To solve equations (2.1.3) and (2.1.4), it is necessary to use numerical techniques such as the 

Gauss-Newton algorithm along with iterated re-weighted least squares (IRLS). This is done by rewriting 

equations (2.1.3) and (2.1.4) as 

  

OL(B,,B d > (2 24 ( 0 i) = S wy -(B, +6,x;}}=0 (2.1.5) 
op, i=l 

OLiB,, d . A A 
APP) _ $ 3,(y - (6, +B,x,}}=0 (2.1.6) 

op, i=l 

respectively, where w, is given by 

_ me 
7) 

where 

B= F(B,+B,x) 

Q,=1-P, 

Z, = 1(6. +B,x;} 

and 

. i P rn LR 
yp Pe +B +B,3, 

Since equations (2.1.5) and (2.1.6) now appear linear in the unknown parameters, they can be solved to 

obtain estimates of B, and B, using the weighted least squares procedure. Unfortunately, w, and y, are 

also functions of the unknown parameters, and consequently, initial estimates of the parameters must be 

obtained and an iterative scheme must be used to solve for the MLEs. The IRLS algorithm is as follows: 

1. Obtain initial estimates of the parameters. Usually the initial estimates are 

obtained by regressing y, vs. x; using ordinary least squares. Since 

y, = F-'(p,), it follows that, initially 

yi = og p 
1- p, 

yi = 0° '(p,) 

  

or



where ® is the standard normal cdf, depending on whether F is assumed to be 

logistic or the normal cdf, respectively. 

2. Compute the following statistics using the current estimates of B, and B;,: 
> 

,0 Boo + Bio), 

F(Fig “u
w 

oO
 It 

> 

i,0 1- Fro» 

Zio = f(Bo0 + Box} = f (io) 

a2 
NZ; 

aA A ’ 

P Qo 

  and tl W, 

* a Pi - Fo 
Yi.0 = ¥i0 + . 

1.0 

  

3. Using the estimates from Step 2, compute 

aw S cd a a 

B= — and Bo. = ¥, — Bix, 
xwr 

where 

Wixi . Wid, d . 
> — l= > - i= _ — 

ry = d »>Jw od , ay" =2 x, —X,)¥;;, and 
=w, Lw, i=l 

4. If Bi, m= Bio and Bo: me Boo then stop. B,, and Bo, are the MLEs, B, and Bo 

respectively. Otherwise, replace Bio by Bi, and Boo by Bo and return to Step 2. 

At convergence, the maximum likelihood estimates have been obtained. In particular, we have 

B= 2) = (X’WX)"' X'Wy’ (2.1.7) 
B, 

where y is a dx vector of y; computed in Step 2 and W is a ded diagonal matrix of weights, with 

w 2 TE 
“FF 

being the i” diagonal element of W. Maximum likelihood theory states that the asymptotic variance of B 

is given by (6) where



is the Fisher information matrix. / (B) is estimated by 

i(6)- *inL(B) 

It can be shown that the estimated variance of B if (6) , can be expressed as 

(X'WXx)"' (2.1.8) 

Quite similar to classical linear regression, some goals of quantal bioassay are model building, 

hypothesis testing of model parameters and confidence intervals on parameters. The two elements of 

primary concern in the analysis of dose-response data is the test of lack-of-fit and the estimation of 

effective doses. The lack-of-fit test examines whether the proper F has been chosen. The most common 

test used to examine fit is the chi-square goodness-of-fit test (called the test of homogeneity by Finney 

(1978)). The goodness-of-fit test measures the departure of the observed data from the assumed model 

under the assumption that the proper F was chosen. The chi-square statistic is given by 

(7, - 8) yea ge (2.1.9) AIA 
which has an approximate chi-square distribution with (d -2) degrees of freedom. If the lack-of-fit test is 

insignificant, it is assumed that the correct form of F has been specified and the analysis may proceed. If 

the lack-of-fit test is significant, another F should be used. When a proper F cannot be chosen, another 

option when one has significant lack-of-fit is to make a transformation on the dose. Eggar (1979) and 

Guerrero and Johnson (1982) have applied the family of Box-Cox transformations to the dose scale. 

Once it has been determined that F is a good representation of the true dose-response 

relationship, confidence intervals may be obtained for P at each dose x; by straightforward application of 

the delta method. That is, 

P= F(x 

where x/ =(1x,). Thus, 

Var{ B) = x/(X'WX) "x, f?(x/B} (2.1.10) 

at each dose, x,. However, our main concern is point and confidence interval estimation of the effective 

doses. The effective dose, denoted by EDjo,, is the dose where, on average, 1000% of the subjects 

10



respond to treatment. Unless an experiment has been designed to estimate extreme dose levels, the 

percentage of responses usually span the 50% value or the median, usually denoted by EDsy. Sometimes, 

more extreme dose values such as ED, or EDog are better suited in characterizing the data since many 

different cdfs could give quite similar estimates of the ED. , but could give different estimates of the 

extreme dose levels. 

In general, for any quantal assay model where P =F (B. + Bx.) it follows thatx, is the EDjo0. 

satisfying a = F (B. + Bx, } Then xX, may be readily obtained as 

g, =f (e)-Po a (2.1.11) 
B, 

For the logistic model, if a = F (B. + Bx, } it follows that 

  F(a) = lol = logit(a) = By +B ix, 

where X, is the EDj9,, value. So, 

  ian {le 2) -#| (2.1.12) 

In particular, 

_ ~ Bo ED.) =—= (2.1.13) 

The three most common methods for estimating confidence intervals on the effective dose are the 

delta method, likelihood-ratio interval, and Fieller’s Theorem. For more information on the delta method 

and the likelihood-ratio interval see Morgan (1992). Fieller’s theorem will be used to compute confidence 

intervals in this research. Actually, Fieller’s theorem results in a “fiducial interval” for the parameter of 

interest. In a manner similar to Finney (1978) we will consider confidence intervals and fiducial intervals 

as equivalent. Note that x, in (2.1.11) is a ratio of estimates of parameters. 

. . . . a 
To motivate Fieller’s theorem, consider any ratio of the form p = B where pt, &, and B are 

parameters. Let a, b, and m be estimates of a, B, and p, respectively. Assume that (a, b) follows a 

t 

bivariate normal distribution with mean (a, B) and variance-covariance matrix Z given by 

v= |i | 

Vo, Vy, 

1]



where V,,, V,,, V,,, and V,, are appropriate constants. Since both a and b are normal, the distribution of 

(a-b)is 

(a-ub)~N(0, 07(V,, - 2nV,. +n7V,,)} 
Thus, a confidence interval for 1» with confidence level of (1-y)x100% is given by the set of values of w 

satisfying 

(a-pb)<¢’V? (2.1.14) 

where 

t=t ,(f) 
i- 

2 

is the ( - ) percent point of the Student’s t distribution, with f being the degrees of freedom 

associated with the appropriate estimate of o”, s?, and 

Ves (Vi, —2pV,, +nVy)) 

Using the quadratic equation of (2.1.14) and solving for 1, one obtains the (1-y)x100% confidence limits 

of pu as 

f 

I Vio}, os 2 Vie )\? —— || m- g—2|+ —| V,, - 2mV,, + m’V,,-8| V, - —2 (2.1.15) Team eae) Bem amtamtora ten 8 
where g, called the “index of significance of the difference of b from zero” is defined by 

_ PSV» =a 

Usually s* is the mean squared error (MSE) from the analysis of variance (ANOVA) table. In the 

quantal dose-response setting, if we have significant lack-of-fit, s’ is set equal to the “heterogeneity factor,” 

x? /(d—2), where x” is the goodness-of-fit test statistic. If the lack-of-fit is insignificant, then s? is set 

equal to 1. 

In our quantal dose-response setting, replacing m by 

F'(a)-B, 

B, 

in (2.1.15), and using the estimated variance for B, and B, , obtained from 5s? (X’WX) ', the Fieller 

interval for the ED, 9, value can be computed. For a more complete description of Fieller’s theorem, see 

Finney (1978). 
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Another statistic used in the analysis of dose-response data will be the prediction error sums of 

squares, the PRESS statistic. In ordinary least squares, the PRESS statistic is given by 

PRESS = (y, — Fra) = s Gi 
i=] i=l 

where 

é. 
— i 

e; i 
1- hi 

  

is the residual at the 7” data point with the 7” observation removed. For a development of the PRESS 

statistic in OLS, see Myers (1990). 

A “minus-i” statistic has yet to be developed for nonlinear models in the literature. Because the 

PRESS statistic is used a great deal to compare procedures and parameter selection in the nonparametric 

methods presented later, a “minus-i” statistic is developed in this research (see Appendix A). It has been 

shown that through the use of the Sherman-Morrison-Woodbury theorem, an approximation to the “minus- 

1” predicted values in logistic regression is 

1 
hee; 

Lt+e tbe” “| Int] 

a nw 

— pLogistic P= By Ew 
ci (2.1.16) 

where h! is the 7” diagonal element of H’ = X(X’W°X) | X’W’, the “hat-like” matrix used in weighted 

least squares for the one-step estimation of the unknown coefficients of the logit model, and 

e, = logit( D,) —xib. Because the logit transformation is used to linearize the logistic model, W’ is the 

diagonal weight matrix with the i” diagonal element as w, =n, p(t - p,). Given the “minus-i” predicted 

values, one can compute the PRESS statistics for logistic regression. Since the homogeneous variance 

assumption is not valid with quantal dose-response data, the i” PRESS residual will be weighted by the 

reciprocal of the variance of the 7” observed response such that another form for the PRESS statistic for 

logistic regression is 

a \2 
PRESS = S n(p, — B.,) 

2.1.17) 
i=l P,(1- p,) ( 

This weighting scheme on the PRESS-type statistics will be used throughout this research for uniformity 

and consistency. 
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§2.2 Examples 

In this section examples will be presented illustrating the application of logit analysis on quantal 

dose-response data. In the analysis, the log transformation on the dose scale will be used, and the method 

of maximum likelihood is used to obtain parameter estimates. Confidence intervals for proportion 

responding will be obtained using the delta method and Fieller’s theorem will be used to compute the 

confidence intervals on the effective doses. 

§2.2.A Example 1 

The following data set , taken from Huber (1994), in Table 2.2.1 is an example of a single agent 

quantal bioassay of a typical toxicity experiment. The results show the effect of different doses of nicotine 

on the common fruit fly. Notice, that this is an indirect assay because the exact concentration of nicotine 

required to kill an insect cannot be observed by the experimenter and the response (the mortality rate) is 

being observed. That is, if an insect dies at a given concentration it is known that the tolerance level of that 

insect was exceeded by that concentration. 

Table 2.2.1 Toxicity Data on Common Fruit Fly 

Concentration Number of | Number Percent 

(g/100 cc) Insects Killed Killed 

0.10 47 8 17.0 

0.15 53 14 26.4 

0.20 55 24 43.6 

0.30 52 32 61.5 

0.50 46 38 82.6 

0.70 54 50 92.6 

0.95 52 50 96.2 

As the dose of the nicotine increases, the proportion of flies responding (killed) also increases. The logistic 

model is given by 

| 
By +B yog( dose)) 

P= F(B, + B,/og(dose)) = rs 7 
e 
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where P is the proportion of flies responding to the nicotine concentration, B, and B, being the unknown 

coefficients. Using IRLS to obtain the maximum likelihood estimates, the estimated logistic curve for the 

fly data is 

] 
3.12+4.899 log(dose)) 

P= 
lee! 

Of primary interest is the chi-square lack-of-fit test given by (2.1.9). For this data set, x? is 0.7351, with 5 

degrees of freedom, which is significant at the 0.9810 level. Thus, the logistic function adequately fits the 

fly data set. Assuming that the best possible model has been fit to the data and there is no significant lack- 

of-fit, estimates of the ED., and a confidence interval on the ED.) are in order. Using Fieller’s theorem, 

Xs = 0.2304 g/100cc with a 95% confidence interval of (0.2019 g/100cc, 0.2610 g/100cc), yielding a 

width of 0.0590 g/100 cc. Figure 2.2.1 contains a scatter of the raw data with the logistic fit accompanied 

by a 95% confidence band on the dose-response curve. Note that the logistic model does an excellent job 

in fitting these data, which is indicated in the small size of the chi-square statistic as well as the width of the 

confidence interval on the ED. 9. Extreme dose levels of interest in this research will be the ED,, and EDgy 

values. For this particular data set, the ED ) = 0.1201 g/100cc with a 95% confidence interval of (0.0951 

g/100cc, 0.1423 g/100cc). The estimate that yields a 80% response is 0.4420 g/100cc with a 95% 

confidence interval on the EDgp of (0.3802 g/100cc, 0.5398 g/100cc). 

The confidence interval for the ED. 9, or any other a% effective dose, can be graphically 

represented on the dose-response curve by using “inverse” estimation. That is, a horizontal line is 

extended from 0.5, or a%, to intersect with the dose-response curve and the upper and lower confidence 

interval curves. Three vertical lines are extended downward toward the abscissa from these intersections 

until they intersect with the “dose axis.” The lower confidence limit for the EDs, occurs where the vertical 

line from the upper confidence level intersects with the dose axis; the EDsg is where the vertical line from 

the dose-response curve intersects with the dose axis, and finally, the upper confidence limit for the EDs 

occurs where the vertical line from the lower confidence level intersects with the dose axis. An illustration 

of inverse regression is given in Figure 2.2.1 in which LCL and UCL denote the lower and upper 

confidence limits on the EDso, respectively, and ED50 represents the median effective dose. The inverse 

regression method for estimating EDj 9, values and confidence limits on effective doses will also be used 

in the nonparametric procedures introduced later in this proposal. 
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§2.2.B Example 2 

The data in this example has been created from a mixture of logistic cumulative distribution 

functions of the form 

P(x) =(1-y)L(05, 0.1) +y[8Z(025, 0.05) +(1-5)L(0.75, 0.05)] (2.2.B.1) 

where L(,t) is the logistic cdf written as 

l 

Il+e 

L(p,t) = 

with ut and t being the location and scale parameters of the logistic distribution, respectively. The value of 

5 will be 0.5 throughout this research. The value of y, which will denote the degree of model 

misspecification, will range from zero to one. If y=0, then the model will be a logistic cdf with location 

and scale of 0.5 and 0.1, respectively, and the user’s model will be correct. As the value of y increases to 

one, the degree of model-misspecification also increases. Figure 2.2.2 is a plot of equation (2.2.B.1) for 

y=0, the logistic cdf. In this example, data will be randomly generated for the case in which there are five 

equally spaced doses of the drug, ranging from 0.1 to 0.9, with twenty subjects receiving each dose, and 

y=0.5. Figure 2.2.2 is a plot of the curve with y=0.5 overlaid on the y=0 curve. The data generated for this 

example is given in Table 2.2.2. 

Table 2.2.2 Logit Mixture Data 

Number of Number 

Dose Subjects Responding 

0.1 20 l 

0.3 20 5 

0.5 20 11 

0.7 20 15 

0.9 20 19 

Using the logit mixture data, the logistic regression model will be evaluated with respect to its performance 

in estimating the effective doses. Fitting the logistic model to the data yields 

1 
[4 9 (32046 SAdose) 

P= 

The value of the chi-square statistic is 0.6682, which is significant at the 0.8806 level, indicating that there 

is no lack-of-fit present for this data when using the logistic model. Hence, the lack-of-fit test fails to 

detect that the logistic model is incorrect here, a type II error. The estimate of the EDsp is 0.4896 with a 

95% confidence interval of (0.4035, 0.5742). For this data, the true value of the EDs, is 0.5, which is 
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covered by the 95% confidence interval. The estimate of the ED.) is 0.2771 with a 95% confidence 

interval of (0.1197, 0.3685) yielding a width of 0.2588. The 80% effective dose is 0.7014, with a 95% 

confidence interval of (0.6108, 0.8564) having a width of 0.2456. The true values of the ED ) and EDgp 

are covered by their 95% confidence intervals. The true ED,, value is 0.2730 and the true EDgp value is 

0.7270. A scatter of the data of Table 2.2.2 and the estimated logistic curve accompanied with 95% 

confidence bands can be seen in Figure 2.2.3. 
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CHAPTER 3 

ORDINARY LEAST SQUARES AND SOME 

NONPARAMETRIC METHODS 

Regression curves describe the relationship between the k regressor variables, x,,x,,...,.X,, and 

the response variable y. The regression relationship is modeled as y, = f (x, X, yeeerX,) t+eé,, 1 =1,2,...,n, 

where f is the unknown regression function and €, are the random observation errors. The goal in 

regression is to approximate f, the unknown function. If the parametric approach is used, the user assumes 

f has some prespecified functional form. An alternative to the parametric approach is nonparametric 

regression which attempts to estimate f without reference to any specific form or distribution of the errors. 

In the following sections, a brief introduction to ordinary least squares is given, along with some of its 

properties, followed by a discussion of some nonparametric regression methods. 

21



§3.1 Ordinary Least Squares 

Consider the model 

Y¥, =F (yp Xop00Xy) + €,, 1=1,2,....n; n2k+1 

where €, are independent and identically distributed with mean zero and constant variance o*. The x p 

j =1,2,...,k, represent the regressor variables which are assumed to be non-stochastic and measured with 

negligible error. In linear regression it is assumed that the correct form of f can be specified by the user 

as a model linear in the unknown parameters B,,B,,...,B, as 

Y; =Bo + B,X,; +... +B Xy +; (3.1.1) 

The vector form of equation (3.1.1) can be written as 

y=XB+e (3.1.2) 

where 

M1 

y2 

y = 

Yn 

is the mx1 vector of observed responses, 

LX Xe Ky 

LX Xp 6 ww My 

X={ SS =[1 x, x, ... x,| 

1X1, X2, Xin 

is the model matrix with 1 being the mx1 vector of ones, the i” row of the X matrix is written as 

x; = [1 Xyjove Xy | 

and 

Bo 

|p 
By 

is the px1 vector of unknown coefficients, where p = k+1. The estimate of B, obtained by the method of 

least squares, is 
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B=(X'xX)'X’y (3.1.4) 

Estimation of the mean response at data locations are obtained as 

y = XB = X(X'X) X’y = Hy (3.1.5) 

where 

H = X(X'X) 'X =[h, | (3.1.6) 

is commonly called the “hat” matrix or the projection matrix because it projects the observed responses, y , 

to the predicted values, y. The hat matrix plays a very important role in general linear models theory as 

stressed by Hoaglin and Welch (1978), who presented many of its mathematical properties. Some of these 

properties are as follows: 

1. H is symmetric idempotent 

2.-1<sh,<1 

M
a
 

3. LA, = p, where p =k +1 is the number of parameters to be estimated 
i=] 

M
e
s
 

4. hy = 1, for each i. 
i=i 

By some straightforward manipulation, a number of results in general linear models theory can be 

expressed in terms of the hat matrix or its elements. Several such results are given below: 

1. Var(¥) = Var(Hy) = 0°H 

2. Var(¥;) = o*[H], =0°h, 

3. e=y-y= y-XB =[I-Hly 

4. Var(e) =o’ [I-H] 

5. Var(e,)=a0°(1-h,) 

G= Le _ Le 

n-p r[(1- H)(1- H)'] 

where I represents the nxn identity matrix and e is the mx1 vector of residuals in the above expressions. 

It is important to note that equation (3.1.5) reduces to 

y= DL hyy; (3.1.7) 
I= 

for predicting y at the particular data location x;. From equation (3.1.7), it can be seen that the prediction 

at data location x; is a weighted average of the observations y,, with the weights given by the i™ row of 

the hat matrix. An observation ( yj x!) with a large 4, would have large influence on the prediction y,. 
i 
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In such a case, the 7” set of regressors, X;, is called a “high leverage point” and h,, is called the “leverage 

value.” The leverage value measures the “standardized” distance of x; from the center of the x data. 

For example, in simple linear regression (SLR) with k = 1, the hat matrix can be expressed as 

h, = 1) (x; - z)(x, - 3) 

“on Six 

where 

Sx = ¥(x, ~x)’ 

i _
 i 

In SLR, an observation x, is said to be a high leverage point if its distance from the center of the data is 

remote when compared to the rest of the x’s; in other words, h,, is large. If the data point x, is far removed 

from x, then h, will be large (in magnitude) and the response y, will receive a large “weight” in the 

estimation of y,. Conversely, observations taken close to x, receive less weight in predicting y, since the 

corresponding h,’s can be approximately zero. This weighting scheme used for making predictions by the 

method of least squares is heavily dependent upon the user’s choice of the parametric model. 

If the user’s model is correct over the entire range of the observed x’s, then the method of least 

squares is desirable and the weighting scheme which assigns larger weights to far distance points is 

appropriate. But when the user’s model differs from the true model, then the least squares weighting 

scheme could produce poor predictions at many x locations. In this situation, when predicting at an 

arbitrary point, X, it is no longer sensible to give more weight to observations y, taken at x locations far 

from x,. Rather, giving more weight to observations closer to x, seems more logical. 

This idea of giving emphasis to points closer to x, is accomplished by nonparametric regression 

methods, such as kernel and local linear regression (LLR). The nonparametric regression model assumes 

that f is entirely unknown. If f is well-behaved, then observations y, at locations nearest x, should be 

given more weight than observations taken at locations far from x). This weighting scheme weights the 

y,’s according to some decreasing function of their distance from x,. This is the weighting scheme used 

in kernel regression and LLR which will be discussed in the following sections. 
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§3.2 Kernel Regression 

Consider the usual regression setting with response variable y, and one regressor x. In the 

nonparametric regression model setting, the response is modeled as 

y, = f(x,)+e,, i =1,2,...,n (3.2.1) 

for some arbitrary smooth function f. Kernel regression or kernel smoothing is a method of 

approximating f using a weighting sequence on the response variable where the weights are functions of 

the distances between the values of the regressor variable x. One form of the kernel weighting sequence 

was proposed by Nadaraya (1964) and Watson (1964) and assigns weights of w, (x) to y , when estimating 

the response at x by 

  
x~X, 

CF) 
j(4) = ~~ (3.2.2) 

var 
where K( ) represents the kernel function and b is the parameter of the kernel function called the 

  

bandwidth. The form of K is assumed to be continuous, bounded, and a symmetric real 

function which integrates to one. Then, the kernel estimate of response at x = x,, p*(x,), is given by 

3 

¥ (x) = , 
Jj 

Wy (3.2.3) 
1 

Just as in ordinary least squares, where the hat matrix projects the observed responses to the 

predicted ones, the kernel weight matrix serves the same role. Equation (3.2.3) can also be expressed as 

Ha)= Day, (3.2.4) 
J= 

where hy are the kernel weights on the observations y, for estimating the mean response at location x; 

using the kernel function K(_ ), with h; given by 

  

  

K X,— 4X; 

k b 

h, = —7———~ (3.2.5) 
n K x; —X; 

i=! ( b | 

Another useful expression of (3.2.4) 1s 

y' =H'y (3.2.6) 

where y* is the nx! vector of kernel predictions, H“ is the nxn matrix of weights, h;. The matrix H‘, 

called the kernel hat matrix, kernel weight matrix, or smoother matrix, plays a role in kernel regression 
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similar to that of H in linear regression. Note that unlike its OLS counterpart, the kernel hat matrix is 

neither symmetric nor idempotent. As an example of using H“, one can express the variance of as 

Var($*) = o°H'‘H* (3.2.7) 

an exact expression if the bandwidth 5 is non-stochastic. If one is interested in predicting at a non-data 

point x,, then the kernel prediction may be obtained by 

  

  

I*(x0) = f(x) = x a (3.2.8) 

where 

(* — x; 
K b 

ko hi, = + E i) (3.2.9) 

j=l b 

The main disadvantage to using kernel regression is that it is not possible to obtain a closed 

functional form of f . The lack of a closed functional form of f also makes applying kernel regression, 

along with many other nonparametric methods, computationally intensive. 

As can be seen in equation (3.2.2), the kernel estimate of f depends on the choice of the kernel 

function K( ) and the bandwidth b. There are a wide variety of kernel functions available in the literature 

(see Hardle (1990)) and Chu and Marron (1991). It is recommended by Chu and Marron (1991) that the 

kernel function be nonnegative, symmetric about zero, and be continuous with at least two derivatives. 

Some of the more commonly used kernels are the quartic kernel, Gaussian kernel, and the Epanechnikov 

kernel. Copas (1983) found that in practice, the choice of kernel has little effect on the resulting estimate 

of f, so for convenience the Gaussian kernel will be used throughout this research, where 

K(u) =e", 

Though the choice of kernel may not be crucial in estimating f the method for selecting the 

bandwidth is extremely critical. The magnitude of the bandwidth determines the smoothness, or lack 

thereof, of the regression function. The kernel fit j“(x,) may be regarded as a weighted average of the 

observed y,’s. If 6 is very small, then the majority of the weight is given to the y,’s close to x,, resulting 

in »*(x,) = f (x,)* y,. Similarly, if 5 is very large, then the weights are spread evenly throughout all the n 

points resulting in ¥*(x;) = y. Therefore, small values of 5 tend to give f that simply reproduces the 

data, often resulting in a curve with considerable oscillation. Large values of 5 tend to give an over- 

smooth regression curve f such that the fit is merely the average of the responses. The precision of the 
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kernel estimates of mean response then are also dependent on b with the Var( 3" (x,)) increasing as b tends 

toward zero. 

One of the more common methods is to select the bandwidth using the data. Such methods are 

called data-driven selectors or automatic bandwidth selectors. A plethora of methods exist in the literature 

for data-driven bandwidth selectors, see, for example, Chapter 5 of Hardle (1990) for a description and 

summary of several of these methods, some of which are discussed below. 

The method of cross-validation, also called the “leave-one-out” method, is analogous to the 

PRESS procedure introduced by Allen (1974) and is one selection method used in this proposal. The 

bandwidth is found by minimizing 

PRESS(b) = y (vy, -54,(0)) (3.2.10) 

with respect to b, where SE ,(d) denotes the predicted value of y for the current value of b, where the 

prediction is made without the i” observation. The “minus-i” prediction, ¥i,(0), does not require 

performing n different regressions, each with the i” observation deleted. The “minus-i” predictions can be 

computed by 

  

dai () = Le, (3.2.11) 
izj 

where 

ht 
Wy = 7 (3.2.12) 

Another procedure, quite similar to PRESS(b), is one in which the bandwidth is found using a penalized 

PRESS(b) statistic, denoted PRESS (b), that finds the value of 6 minimizing 

" a 2 

‘(b 2 (, ~Ful8)) 3.2.13) PRESS (b) == 2. 
( ) n-tr| Hi | ( 

where vn is the sample size and tr[ Ht | is the trace of the nxn kernel weight matrix H‘. PRESS(b) is 

similar to the method of generalized cross-validation (GCV), first introduced by Wahba and Wold (1975). 

Other methods employed for data-driven bandwidth selection are based on finding the value of the 

bandwidth that optimize quadratic error measures for the regression curve. One form of quadratic error is 

the mean squared error (MSE) given by 

A 2 

MSE(b) = El f(x) - ¢(x)] 

which is the sum of the variance and a squared bias term. That is, 
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MSE () = Var f (x)] + bias? ( f (x)) 

Other forms of quadratic error measures are the mean integrated squared error (MISE) given by 

MISE(b) = E[[f(x)- f(2)] wx) 

and the average squared error (ASE), expressed as 

ASE(b )=- - x f(x, f(x)] wx,) 

where w(x,) is a nonnegative weight function. Because the distances above are the sums of the variance 

and the squared bias, the data driven bandwidth selectors seek to find the optimal smoothing parameter b 

that balances the variance and the bias. Hardle (1990) devotes an entire chapter to choosing the optimal 

bandwidth. 

One of the more paramount problems in kernel regression is the selection of the smoothing 

parameter, as well as how one automatically chosen bandwidth compares with another. A reason why so 

many bandwidth selection methods exist is due to the purpose of the smooth. As stated in Hardle (1990), 

“If the purpose of smoothing is to increase the “signal-to-noise ratio” for presentation, or to suggest a 

simple (parametric) model, then a slightly “oversmoothed” curve with a subjectively chosen smoothing 

parameter might be desirable. On the other hand, when the interest is purely in estimating the regression 

curve itself with an emphasis on local structures then a slightly “undersmoothed” curve may be 

appropriate.” Therefore, since the goals differ in a variety of platforms, there isn’t an outright “winner” of 

one bandwidth selection method over another. As stated earlier, the data-driven bandwidth selectors are 

chosen to balance variance and bias, sometimes resulting in an oversmoothed curve and other times 

resulting in an undersmoothed curve. 
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§3.3 Local Linear Regression 

In preliminary studies, use of kernel regression usually gives reasonable estimates of f in the 

interior dose region, but its biggest drawback has been bias at the extreme doses caused by the asymmetry 

of observations at the boundaries. Rice (1984) suggested using a modified kernel in the boundaries to 

remedy the bias problem, which would be different from the kernel used in the interior region. Another 

alternative to using different kernels in the boundaries is the local linear regression (LLR) estimate, first 

proposed by Cleveland (1979). Quite similar to kernel regression, the model for local linear regression is 

y, =f (x,) +,, where fis assumed to be an unknown smooth function withe, independent with mean zero. 

In LLR, for each point x, f(x) is estimated using simple linear regression through the weighted least 

squares method, with weights assigned to the observations using some nonparametric method, such as the 

kernel weight matrix. Kernel regression may be thought of as a special case of LLR, where in kernel 

regression the fit at each point x is just the weighted average of the m responses. Thus, kernel regression 

estimates mean response using a location model at each data point x and obtains the fits using weighted 

least squares. In LLR, mean response is estimated using a simple linear regression model and the fits are 

obtained using weighted least squares. The weights are the same as those used in kernel regression. 

Under the assumption of homogeneous variance, the local linear regression estimate at each 

observation x, is found by minimizing 

  (5, -Bo—B,(x-x,)) «{*4] (3.3.1) 

where K(_) is the kernel function and 4 is the bandwidth. In matrix notation, (3.3.1) can be written as 

L(x;) 

where H' represents the diagonal matrix formed from the i” row of the kernel weight matrix H“and B, is 

(y—xB,) H‘(y—xB,) (3.3.2) 

the unknown coefficient vector for the i” data point; that is, H‘can be written as 

e 
h, 

e 
h, 

H‘ = 

hi 

and 
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hk 0 

H* = (3.3.3) 

0 
hi, 

Minimizing (3.3.2) yields 

B, =(X’H!X) X'Hfy (3.3.4) 

and thus 

pUR(x,)=xi(X'HIX) X'Hhy (3.3.5) 

is the LLR estimate at dose x;. So, in LLR, one fits a simple linear regression model at each x,, yielding n 

sets of 

B, = |} i=1,2,..., 

B,, 

Now, the variance properties of the LLR estimate are obtained just as in ordinary least squares. So, under 

the assumption of homogeneous variance and a non-stochastic bandwidth, this research suggests 

~l 

Var(9'"(x,)) = o°xi(X'H*X) X'H}H}'x(X’H/ Xx) X, (3.3.6) 

Fan (1993) and Fan and Gijbels (1992) studied LLR and established some asymptotic minimax 

efficiency properties, as well as the fact that LLR for curve estimation does not have the boundary effects, 

and hence does not require modifications at the boundary as suggested by Rice (1984) for kernel 

regression. Just as one can fit LLR with x; = (1, x,), it is just as easy to fit local quadratic or local cubic 

regressions by modifying x; to x; = (1, X;, x?) or X; = (1, X;, X; ), respectively. The higher the order of 

the polynomials being fit, the further the reduction in bias is obtained. However, more variability in the 

estimate occurs when higher-order polynomials are fit. Therefore, Hastie and Loader (1993), Fan (1993), 

and Cleveland and Devlin (1998) have found that the local linear and local quadratic fits are most useful. 
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CHAPTER 4 

NONPARAMETRIC METHODS APPLIED TO 

QUANTAL BIOASSAY 

In the previous chapter an introduction to two nonparametric procedures, kernel regression and 

local linear regression, was given. In this section, these two nonparametric procedures will be applied to 

quantal dose-response data. In addition, this section contains a brief presentation of two classical 

nonparametric procedures used in quantal bioassays: The Spearman-Karber and Thompson’s moving 

average methods. The classical methods were used mainly in estimating ED.,)’s, thus limiting one who 

wishes to estimate other effective doses, say ED). or EDogo. Over the past decade, much work has been 

done in nonparametric regression in the general context, but little attention has been given to estimating the 

dose-response relationship via nonparametric methods, with the exception of the Spearman-Karber 

estimate. Copas (1983) introduced kernel regression applied to bioassay, in which a nonparametric binary 

regression function was proposed as a method of plotting p, the probability of an event (response), against 

x, the quantitative variable. Kappenman (1987) applied kernel regression to dose-response curves as a 

means of estimating the EDs 9. Staniswalis and Cooper (1988) introduced their method for grouped data 

with one drug as well as a combination of drugs in search of antagonism or synergism between two or 

more drugs. Kelley and Rice (1990) used a spline-based procedure to estimate dose-response curves and to 

assess possible synergism and antagonism of the two drugs. Work has also been introduced using local 

linear regression in conjunction with generalized linear models by Severini and Staniswalis (1994) and 

Tibshirani and Hastie (1987). 
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§4.1 Classical Nonparametric Methods Applied to Quantal Bioassays 

Classical nonparametric methods emphasize estimation of the EDso, the effective dose required to 

yield, on average, a response in fifty percent of the subjects. The nonparametric approach to estimating the 

EDs, has its origin in papers by Spearman (1908), Dragstedt and Lang (1928), Behrens (1929), Karber 

(1931), Reed and Muench (1938), and Thompson (1947). 

The Reed-Muench estimator of the ED,, was introduced by Reed and Muench (1938) as a 

computationally simple method of estimating the median-effective dose. Similar to the Reed-Muench 

estimator is the Dragstedt-Behrens estimator of the EDs) introduced by Dragstedt and Lang (1928) and 

Behrens (1929). The Reed-Muench and the Dragstedt-Behrens methods do not have a sound theoretical 

basis, but due to their computational simplicity they were widely accepted in many circles. Neither method 

is used very often today. 

Two of the classical nonparametric procedures that continue to be widely used and accepted in the 

estimation of the ED.) are the Moving Average method and the Spearman-Karber estimate. The Moving 

Average method is due to Thompson (1947) and like the aforementioned nonparametric methods, does not 

require a distributional assumption. Suppose that x, is the dose administered to n, subjects and 7, subjects 

respond, for i =1,2,...,.d The proportion of subjects responding is given by 

r 
i 

P;, = — 
n. 

f 

For the given doses in the experiment, calculate the moving average of response 

Di =(D, + Beas toot Pia) (J 

for some integer / , and associated with each moving average is 

x) = (x, + Xin tutti) /j 

Select the two p; such that p; < 0.50 < p’,, and linearly interpolate between x, and x,,, to obtain the 

estimate of the EDs). As far as the value of 7 is concerned, Thompson (1947) suggests 7 =3 as a 

reasonable span of the moving average. Variance estimates of Thompson’s Moving Average method can 

be found in Finney (1950, 1953). 

The Spearman-K4rber (S-K) estimate is the most commonly used of the classical methods due to 

its computational simplicity and sound theoretical properties. Since this estimate will also be used in this 

research, a more detailed presentation of it will be made. Let A, represent the spacing between 

consecutive doses given by 

A; = Com - x;) 
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The S-K estimate of theED. is defined as 

i= plx-4t]+ +E (Bam lls +i) (1p) + A=] (4.1.1) 

where d is the number of doses and x, is the i" dose, for i=1,2,...,.d. If p, =O and p, =1, then 

equation (4.1.1) reduces to 

A d-1 A. ] 4- 

= % (Pra pix +A) = 5 © (Pr ~ p,)(x, + Xia) (4.1.2) 

An alternative expression of equation (4.1.2) is 

~ 1 [4 
= see (x,_, ~ Xi4y ) + (x,_, + x,) (4.1.3) 

Expression (4.1.3) is convenient for evaluating the properties of the S-K estimate. Assuming that p, = 0 

and p, = 1, the variance of the S-K estimate is given by 

Var( ti )= 5 P(1- P)(x,_, ~x,) [Ny (4.1.4) 

Since the S-K estimate estimates the mean of the tolerance distribution it is an appropriate estimate of the 

ED., when the tolerance distribution is symmetric. The general formula for the S-K estimate of the EDs is 

given by 

1(x,,, + x;) 

2 

As can be seen in the variance properties of the S-K estimate, it is often desired that p, = 0 and 

A 

p-5" (Diss ~ P;) (4.1.5) 

Pp, =1. If this is not the case in the experiment, it is often assumed that py = 0 and p,,, =1. Although 

this assumption does not harm the analysis and occurs in practice quite often, it can be avoided by using 

the trimmed S-K estimate introduced by Hamilton et al. (1977), Miller and Halpern (1980), and Hoekstra 

(1989). This trimming is done in the same manner as that of the trimmed mean in the normal univariate 

situation. 
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§4.2 Kernel Regression Applied to Quantal Bioassays 

Using the form of the kernel weights by Nadaraya (1964) and Watson (1964), the kernel estimate 

of the probability of response at dose x is given by 

  

P#(x) = > + (4.2.1) 
  

where b is the bandwidth and K(_) is the kernel function, which is a function of the bandwidth. Using the 

Gaussian kemel, the kernel estimate of the probability of response at dose x; can be written as 

-~X; 2 

g | 5 1 
A 2 e Pj d 

P*(x,) = = ——___ = Dip, (4.2.2) 

  

  

where 

pk =~ __ (4.2.3) 

In matrix notation, the kernel estimate of the probability of response at the d doses can be expressed as 

P* = Hp (4.2.4) 

with the elements of H‘ given in (4.2.3) and p is the dx1 vector of observed probabilities of response. 

PRESS “(b) will be used initially to select the bandwidth, 6. However, other methods for 

bandwidth selection will be proposed and studied during this research. Einsporn (1987) and Sutherland 

(1992) have demonstrated that PRESS *(b) tends to yield more conservative values of the bandwidth, thus 

protecting the nonparametric regression procedure from either oversmoothing (the bandwidth is too large) 

or undersmoothing (the bandwidth is too small) the regression curve. 

Applying the aforementioned method of bandwidth selection to dose-response data, this research 

proposes a weighted PRESS “(b) statistic given by 

> w,(p, — Pi, (6) 
PRESS" (b) = > TL aw (4.2.5) 
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where w, = —_———,, serving as the weight, is the reciprocal of the variance at each dose, d is the 
P;1— p,) 

number of doses used in the experiment, and P',(b) is the “minus-i” predicted proportion of subjects 

responding to the i” dose x, for the current value of b with the i” observation removed. The trace of the 

dxd weight matrix is denoted by rf Hi J. The quantity tr[H* | is commonly referred to as the model 

degrees of freedom, and thus d -tr| H* | represents the kernel regression error degrees of freedom. For 

kernel regression, computing pk (0) does not require performing d different regressions, each with the i” 

data point deleted. Instead, “minus-1” predictions can be computed by 

A d 

PE, (6) = z hi iP; (4.2.6) 

where 

h* 
hy i = Toe A i (4.2.7) 

Once the optimal bandwidth has been selected, the dose-response curve can be fitted to the data 

and the EDjo, values as well as confidence intervals for the EDj99, values can be computed. Because it is 

not possible to obtain a closed functional form for the estimate of f, the computation of the EDjo9,, value 

will be done iteratively. That is, predictions will be computed for the dose-response relationship along the 

dose metameter until the dose x, is found corresponding to pk (x,) =a. 

With the value of x, computed, the sampling distribution of x, must be determined before 

confidence intervals on the ED, value can be determined. Instead of deriving a distributional form for 

the dose metameter, the inverse estimation method will be applied to the confidence limits on estimated 

probabilities to put bounds on the EDj99, value. This is done by first computing confidence intervals for 

P*(x). In this research, the variance estimate of P*(x) will be obtained as a function of the dxd kernel 

weight matrix. One form for the approximate variance of Pt (x;) for dose x, is given by 

Var( P¥(x,)) = DA P*(x,)(1- P*(x)) 7, (4.2.8) 

Using (4.2.8), approximate upper and lower confidence 95% intervals on P can be constructed of the form 

P*(x,) +196 se P* (x, ) (4.2.9) 

where se Pt (x,)) is the standard error of the nonparametric estimate at dose x,, which is the square root of 

the variance of P*(x,), Var Pt (x) , given in equation (4.2.8). Using the method of “inverse” estimation 
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presented in Section 2.2.A Example 1, and illustrated in Figure 2.2.1, the kernel estimates of effective 

dose and confidence intervals on effective dose can be computed. One thing of note is that the confidence 

intervals on x, will not be symmetric, although the confidence bounds on P* are symmetric. 

This research proposes the following chi-square goodness-of-fit statistic to measure the adequacy 

of the kernel fit to the observed data: 

nfo f) y= (4.2.10) =F 
Because the distributional form of this statistic is not known, x: will be used only as a method of 

comparison with the logistic regression analysis and the other nonparametric procedures. Studying the 

distribution of the nonparametric chi-square statistics will be suggested for future research. 
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§4.2.A Example 3 

Using the dose-response data of Example 2.2.A (the fly data), kernel regression was applied with 

the PRESS “(b) procedure as the method of bandwidth selection and the Gaussian kernel. The data-driven 

bandwidth for the fly data is 0.1866 with a x’ statistic of 1.7692. As opposed to the p = 2 model degrees 

of freedom associated with the parametric logistic regression model, the model degrees of freedom 

associated with the kernel fit is given by tr| Ht’ | = 3.8265, implying that it takes kernel regression 

approximately 3.8 “parameters” to fit the fly data set, almost 2 more model degrees of freedom than the 

logistic regression analysis. The estimate of the EDs is 0.2461 g/100cc with an approximate 95% 

confidence interval on the EDsy estimate of (0.2059 g/100cc, 0.2956 g/100cc), yielding a width of 0.0896 

g/100cc. Note that the kernel estimate of the EDgg is slightly larger than that of the logistic estimate of the 

EDgy = 0.2304 g/100cc with a width of 0.0590 g/100cc. Concerning the extreme dose levels, the kernel 

procedure estimates the EDg,. to be 0.4558 g/100cc with a 95% confidence interval of (0.3898 g/100cc, 

0.5467 g/100cc) having a width of 0.1569 g/100cc. The kernel procedure estimates the ED.) as 0.0946 

g/100cc with a 95% confidence interval of (0.0324 g/100cc, 0.1321 g/100cc), yielding a width of 0.0997 

g/100cc. Also of interest are the PRESS and PRESS’ statistics. For the logistic procedure, the PRESS and 

PRESS’ statistics are 14.4272 and 2.8854, respectively, whereas for the kernel procedure, the PRESS(b) 

and PRESS (b) Statistics are 12.4278 and 3.9161, respectively. So, in terms of “minus-i” predictions, 

kernel regression yields the better PRESS statistic, and logistic regression produces the smallest PRESS® 

Statistic. Figure 4.2.1 contains a graph of the kernel fit with a 95% confidence band for the fly data. 

Figure 2.2.1 and Figure 4.2.1 are very similar, although it seems that the kernel fit has more variance, 

which can be measured by the mean squared error, which is 0.1470 for the logistic fit and nearly four times 

larger in the kernel fit at 0.5575. Fits at the left and right boundaries seem to overestimate and 

underestimate, respectively, the observed probabilities of response. All things considered, the kernel 

regression fits the data reasonably well, though not as well as the logistic analysis. 
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§4.2.B Example 4 

The data given in Table 2.2.2 was created from the logit mixture model given in equation 2.2.B.1. 

The kernel fit to the data yielded a bandwidth of 0.2314 and a chi-square statistic of 2.3633, which is larger 

than the chi-square statistic from the logit analysis of 0.6682. Also, the kernel mean squared error of 

1.0742 is approximately five times as large as that of the logit analysis of 0.2227. The kernel estimate of 

the median effective dose is 0.4797 with a 95% confidence interval of (0.3832, 0.5834) yielding a width of 

0.2003. Recall that the true ED., is 0.5, thus the logit procedure estimates the median effective dose more 

accurately than the kernel procedure. The kernel estimate of the ED.) and EDgy are 0.2084 and 0.7765, 

respectively. The true value of the ED.) is 0.2730, which the kernel procedure estimates with only 76% 

accuracy, though the true ED.) value is covered by the 95% confidence interval of (0.0696, 0.3239). The 

true ED,, over-estimated by nearly 7%, with the true value being 0.7270. All of the true effective doses 

(ED, EDs 9, and EDgo) are covered by their respective 95% confidence interval estimates. See Figure 

4.2.2 for a plot of the kernel fit to the logit mixture data used in this example accompanied by a 95% 

confidence band. 
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§4.3 Local Linear Regression Applied to Dose-Response Data 

In a manner quite similar to kernel regression applied to quantal bioassays, local linear regression 

may be applied as well. Recall that LLR estimation is analogous to weighted least squares (WLS) 

estimation in which the rows of the kernel weight matrix are used to construct the weight matrix in WLS. 

In the quantal dose-response setting, it is known that the variances at each observation are heterogeneous. 

Therefore, the LLR estimate at dose x; is given by 

PUR (x,) = xi(X'H!X)X'Hip (4.3.1) 

where Hi? is given in (3.3.3) and p is the dx1 vector of observed proportions. One can express the vector 

of predictions at the d doses as 

| xi(X"HEX) XH" | 

x(X"HEX) X’H! 

pee — p (4.3.2) 

x,(X"HEX) XH |     
which when written as a linear predictor can be expressed as 

pe’ - Hp (4.3.3) 

Using the form of equation (4.2.3), the bandwidth will be chosen using the PRESS™(b) procedure 

described in Chapter 3, with the “minus-i” predictions obtained through methods analogous to those of the 

kernel regression procedure. 

One form for the approximate variance of the LLR estimate, assuming that the bandwidth is fixed, 

is analogous in equation (3.3.6). So, 

Var( PU*(x,)) = xi(X'H!X) ‘X'H!V'A}X(X’H;X) x, (4.3.4) 

Using the estimate of the variance in (4.3.4), one can compute confidence intervals for the LLR 

estimate. Also of interest is the model degrees of freedom associated with the LLR fit, which in effect can 

be obtained as the trace of the LLR weight matrix, denoted by tr[ Ht |. The error degrees of freedom will 

be expressed as d - tr{ HH"). Given the variance estimate, confidence intervals may be obtained using the 

inverse estimation method described in the previous section for kernel regression. 
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§4.3.A Example 5 

The local linear regression procedure was performed on the fly dose-response data given in Table 

2.2.1. The LLR procedure has a data-driven bandwidth, selected by PRESS’ (b), of 0.3199 and a chi-square 

statistic of 2.003, which is slightly larger than the chi-square statistic of both the logistic and kernel 

regression procedures. Though the LLR procedure fits a series of linear regressions to the data, note that 

the curve, given in Figure 4.3.1 along with a 95% confidence band, is not linear at all. In fact, the curve 

fits very well to the data, especially in the boundaries, a problem area for kernel regression. The model 

degrees of freedom for this LLR fit is 3.7125, slightly less than that of the kernel regression fit. The 

estimate of the EDso is 0.23715 g/100cc with an approximate 95% confidence interval of (0.2056 g/100cc, 

0.2728 g/100cc) and a width of 0.06718. The width of the LLR fit is smaller than the width of the kernel 

confidence interval on the EDso, but slightly larger than the ED, from the logistic regression procedure. 

The ED,, estimate is 0.1186 g/100cc with a 95% confidence interval of (0.0324 g/100cc, 0.1381 g/100cc). 

The EDgp estimate is 0.4925 g/100cc with a 95% confidence interval of (0.4388 g/100cc, 0.5675 g/100cc) 

yielding a width of 0.1287 g/100cc. The PRESS and PRESS’ statistics from the LLR fit are 15.3984 and 

4.1477, respectively, which are larger than those from the kernel and the logistic procedures. The mean 

squared error of 0.5395 in the LLR procedure is slightly less than that of the kernel procedure, but much 

larger than the logistic mean squared error. The excellent fit in the boundaries supports the contention that 

a modified kernel, as suggested by Rice (1984) is not necessary. 
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§4.3.A Example 6 

The local linear regression procedure was fit to the logit mixture data set given in Table 2.2.2. 

The LLR was fit to the data using a data-driven bandwidth of 1.0000, producing a chi-square statistic of 

0.4422 and a mean squared error of 0.1531. The chi-square statistic for the LLR procedure is much 

smaller than those of the logit and kernel analyses. The bandwidth of one implies that the LLR procedure 

fits a single line through the entire data with very little curvature, thus in Figure 4.3.2 the LLR fit is 

extremely linear. The LLR procedure manages to fit the data quite well, with an ED<) estimate of 0.4906, 

with a 95% confidence interval of (0.4229, 0.5581), yielding a width of 0.1353. Note that the width of the 

95% confidence interval on the ED,, for the LLR procedure is substantially smaller than the widths of the 

95% confidence intervals of the logit and kernel methods. The extreme dose estimates of the ED.) and 

EDgp are 0.2315 and 0.7521, respectively, with the true ED.) being under-estimated by 8.5%, and the true 

EDg, being under-estimated by 3.3% . The true effective doses for the logit mixture model for y=0.5 are: 

ED,)=0.2730, EDs,=0.5, and ED,)=0.7270. The PRESS’ statistic for the LLR procedure is 0.5291, which 

is nearly three times as small as the PRESS’ from the logit procedure of 1.7716. Also note that with the 

linear structure of the LLR fit, the procedure used only 2.1119 model degrees of freedom. Although the 

LLR fits the data extremely well, the dose-response structure, which asymptotes to zero in the left tail and 

one in the right tail, is still desired. 
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CHAPTER 5 

MODEL-ROBUST REGRESSION FOR LINEAR 

MODELS 

§5.1 Model-Robust Regression for Linear Models 

Model-robust regression (MRR) provides a link between parametric and nonparametric curve 

estimation. The MRR procedure attempts to improve predictions in the regression setting by combining 

parametric and nonparametric predictions using a mixing parameter 1. That is, the MRR prediction is 

obtained by 

yi F(A) = AG” +(1-A)§? (5.1.1) 

where y”” is the nxl vector of nonparametric predictions and y’ is the nxl vector of parametric 

predictions. The nonparametric prediction can be obtained from any one of several smoothing techniques 

such as kernel smoothing, local linear regression, k-nearest neighbor estimates, or spline smoothing. For 

more information on nonparametric smoothers not covered in this proposal, see Hardle (1990). For the 

parametric prediction, ordinary least squares can be used in the classical regression setting, although other 

parametric methods, such as robust regression based on M-estimators, could also be used. 

As for the parametric portion of (5.1.1), the OLS predictions are obtained by 

jy’ = X(X'X) X'y=H’y (5.1.2) 

where H? is the OLS hat matrix and y is the nx1 vector of observed responses at the n data points, x;, =, 

2,..... If the nonparametric predictions are obtained using kernel regression and the Gaussian kernel, as 

proposed by Einsporn (1987) and Einsporn and Birch (1993), the estimate is given by 

y= Hy (5.1.3) 

where H* is the kernel weight matrix with elements h, defined in (4.2.4). Methods for finding the 

bandwidth, b, were given in Section 3.2. 

There are several methods in which one can use to choose the mixing parameter, 4 for the linear 

model. Einsporn (1987) compares many forms of selecting 4 including a variety of “C,-type” statistics 
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and “PRESS-type” statistics. The work of Einsporn (1987) and that of Sutherland (1992) suggests that 

minimizing PRESS” (i) with respect to 2. works very well across a wide variety of situations where 

» (, - 5,-a(0)) 

PRESS'(X) ~ n-tr[H(.)| 
(5.1.4) 

where ¥,_,(4) is the linear combination of “minus-i” predictions obtained from parametric and 

nonparametric regression, given by 

¥,-(A) = APM +(1-A) 7, (5.1.5) 

In equation (5.1.4), H(A) is a linear combination of the nonparametric and parametric weight matrices 

given by 

H(A) = aH’? +(1-A)H? (5.1.6) 

In particular, Einsporn (1987) defined his MRR estimate as 

y'**(b, 2) = AH“ y +(1-A)Hy (5.1.7) 

= H(A)y (5.1.8) 

where 

H(A) = AH‘ +(1-A)H (5.1.9) 

with H* being the kernel weight matrix and H being the OLS “hat” matrix. The 5, needed to obtain H, 

and A used on the right-hand side of (5.1.7) emphasize the dependence of the MRR predictions on these 

two parameters. The phrase “HATLINK” was coined by Einsporn (1987) to reflect the fact that the MRR 

predictions used a “hat” matrix formed from a linear combination of the OLS and kernel “hat” matrices. 

The value of A will be between 0 and 1. 

Once the MRR equation has been established by proper choice of the smoothing parameter, b, 

and the mixing parameter, A , then an estimate of variance, Oo, can be obtained as 

n 2 
pa ¥, -y, r 

A) = Zl. 20) (5.1.10) 2 

° ( )= n— tr(H(2)) 

where tr(H(A)) represents, in effect, the model degrees of freedom or “number of parameters” used to fit 

the regression curve to the data, and the quantity {n - r[H(.)]} represents the “error degrees of freedom” 

for the MRR fit. For a thorough presentation of model-robust regression applied to the linear model, the 

reader is referred to Einsporn (1987) and Einsporn and Birch (1993). If the reader is interested in applying 

MRR for design augmentation with model misspecification, see Sutherland (1992) and Sutherland and 

Birch (1993). 
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CHAPTER 6 

MODEL-ROBUST REGRESSION APPLIED TO 

QUANTAL BIOASSAY 

§6.1 Model-Robust Quantal Regression 

Model-robust regression can be extended to quantal bioassays in an attempt to combine the 

parametric logistic regression analysis with the nonparametric regression methods in fitting dose-response 

data. As mentioned earlier, the chi-square lack-of-fit test is proposed as a measure of the performance of a 

parametric regression analysis, such as logistic regression, on dose-response data. The model-robust 

quantal regression (MRQR) may provide an improved analysis of dose-response data, either by improving 

the fit thereby decreasing the chi-square statistic, improving the estimate of the EDjo9,, or by narrower 

confidence bands resulting in narrower confidence intervals on the EDj99, values. The model-robust model 

for fitting quantal dose-response data is 

PMROR _ 9 PY 4 (1—A) PP (6.1.1) 

where P®® is the model-robust estimate of probability of response to dose x, , 4 is the mixing 

parameter, pyr represents the estimated probability that the subject will respond to dose x; obtained 

through nonparametric methods, and pr is the estimated probability of response using parametric 

methods. In this research, kernel and local linear regression will be the nonparametric methods used and 

logistic regression will be used for the parametric estimates. All applications and results are based on the 

grouped data case, but the ungrouped data case can be considered with slight modifications to the 

procedure. 

The value of the mixing parameter A determines the degree to which the predictions are adjusted, 

with A = 0 corresponding to logistic regression and 4 = 1 resulting in a pure nonparametric regression fit. 

To make predictions using MRQR, an appropriate value of 2 must be chosen. The method of selecting 4 

in this proposal is by cross-validation, the PRESS” (b) procedure of Section 3.2. It should be noted that in 

the classical linear regression framework, the assumption of homogeneous variance is used when 

estimating coefficients and making predictions. That is, when fitting data to the model 
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y= XB te, 

it is assumed that € is independent and identically distributed (iid) with a mean of zero and common 

variance oI. But when working with quantal dose-response data, this assumption is no longer valid. In 

fact, at each response r,, the variance of r, is n,p,(1—p,), and thus the variance of the proportion 

responding to dose x; is 

Var( p;) = A ‘) 
1 

(6.1.2) 

Therefore, due to the heterogeneity of variance, 1 is chosen to minimize an adjusted or weighted 

PRESS’ (2) given by 

¥ w(p,- B.(a)) 
  PRESS’(A) = — (6.1.3) 

() d-{aw] Hn"? ]+(1-a)21 

where w, is the reciprocal of the variance at the observation defined as 

Nn. 
Ww, == 6.1.4 

' P(1-P) 1) 

H”? is the nonparametric weight matrix, and the 2 in the denominator is the number of parameters being 

estimated by the parametric (logistic) regression procedure. The “minus-i” prediction, P (2) , is the linear 

combination of nonparametric and parametric “minus-i” predictions given by 

P (0) = APY? (b) +(1-A) PP (6.1.5) 

For kernel and local linear regression, the “minus-i” predictions are given by 

HNP _ NP 
f= Dh i dj 

j#i 

where 

NP 

h NP _ h; 

ijt i 1-Ai? 
  

Recall that the “minus-i” predictions for logistic regression were given in Chapter 2. So by simply using 

the weight matrix for either the kernel or local linear regression procedures, which were introduced in 

Chapter 3, one can calculate the “minus-i” predictions. The adjusted PRESS (A) is used to protect against 

over-fitting some data sets. Einsporn (1987) has shown that using the conventional PRESS procedure, as 

well as error sums of squares criteria, tend to select A near zero, favoring the parametric regression method. 

In many dose-response applications, interest is in predicting the probability of a subject’s response 

to a specific dose of a drug. Prediction at any dose x, is obtained by 

PMROR( x.) = 0P*?(x,) + (1- A) P?(x,) (6.1.6) 
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where P? (x,) represents the parametric prediction at dose x), which will be based on logistic regression 

for this research, and P*” (x) is the nonparametric prediction, kernel or local linear regression, at dose xy. 

The logistic prediction at dose x, is given by 

P(x) =$— oy ° 1+ e (Bo+B,x0) 

where B, and B, are the MLEs. The nonparametric prediction obtained at dose x, using kernel 

regression is 

  

Xy —X; 
  

j= h"(xo)p i 

and the local linear regression estimate at dose x, can be obtained from 

PUR(x,) = xh(X'H"(x,)X) X'H"(x,)p 

where x’, = (1, x,) and H*(x,) is the diagonal matrix formed from the vector h‘'(x,). 

Once the MRQR estimate has been computed, confidence bands on the MRQR curve can be 

calculated. From these, the EDj9), value can be computed along with confidence intervals on the EDjo9, 

value. The effective doses will be obtained iteratively by the method illustrated in Section 3.2. That is, 

iterate over the range of the doses until x, is found such that 

PMPOR (x) = APX?(x,)+ (1-4) P?(x,) = & (6.1.7) 

Then x, is the appropriate ED j99,. 

If P’“2* represents the dxlvector of estimated probabilities of response at doses XX y 000y9X qs 

then one proposed form of the variance of the MRQR estimate is given by 

Var( Pe" = Var[xP” +(I- n)P?| (6.1.8) 

, 

= [AH”? +(1-a)B]v[AH”” +(1-A)B| (6.1.9) 

where V = diag|Var(p)| and B = ( f (XB))X(X"WX) X'W( f (xB), where W is a diagonal weight 

matrix with the i” diagonal element given by 

  *) = 2 Alt) (6.1.10) 
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with f being the probability density function of the logistic model and P =F (xB) . See Appendix B for 

the derivation of this variance expression for the MRQR estimate. 

Given the variance of the MRQR estimate, a 95% confidence interval for the true probability of 

response at any dose x, can be obtained by 

PMOR(,,) +196 |Var( PM*2"(x,)) (6.1.11) 

where one proposed expression for Var PM (x,)} is 

Var( PM*2"(,)) =[an*”(x4) + (1-A)B(x0)] V[Ah*(x.) +(1-2)B( x) (6.1.12) 
’ 

where h(x,) is the dx1 vector of nonparametric weights given by h(x, ) = (ho,; Nigy y +05 hoa) where 

x(* a 

hy, =—— —*., j =1,2,...d EH) 
  

  

j=l b 

-1 -1 ae . 
and B(x,) = I (x$B)xo(X’WX) X'W( f (xB)) . The derivation of formula (6.1.12) also appears in 

Appendix B. Note, that the critical value of 1.96 is used to be consistent with the logistic regression 

analysis, not necessarily as a distributional assumption. 

In evaluating the fit of the MRQR procedure, a chi-square statistic can be computed by 

- 2 MROR 
d n(p, -F; 

2 —_ X amor = Bi BMor|— BOF) 7 Bra (6.1.13) 

Just like the chi-square statistics from the kernel and LLR procedures, the distributional form of the 

MRQR chi-square statistic needs to be studied. Until further research has been done on the distribution of 

the nonparametric chi-square statistics, they will be used for comparison only and not as a formal test. 

That is, since the method of maximum likelihood finds the unknown coefficients that minimize the chi- 

square statistic, the procedure yielding the minimum chi-square statistic, will be taken into consideration as 

providing the better fit to the data. 
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CHAPTER 7 

PROPERTIES OF MRQR UNDER 

MODEL MISSPECIFICATION 

§7.1 Bias, Variance, and Mean Squared Error Properties 

For the procedures presented in this research, bias, variance, and mean squared error expressions 

have been derived (See Appendix B for more details). In this section, a brief summary of these derivations 

will be given. Following the presentation of the mean squared error properties, tables and graphs 

containing mean squared error efficiencies with respect to the logistic regression procedure will be 

presented. For the nonparametric and model-robust procedures given in this research, the bandwidth and 

mixing parameters are obtained which minimize the mean squared error formulas. 

For the parametric procedure, specifically logit analysis, it will be assumed that the true model can 

be written as 

P = G(x) = F(XB)+H(x) (7.1.1) 

where P is the dx1 vector of probabilities of response, G is the true cumulative distribution function, a 

function of the d doses, F is the user’s fitted model, specifically the logistic cdf, and H(x) denotes the 

difference between the user’s postulated model and the true model. That is, H(x) = G(x) - F(X) . 

The bias, variance and mean squared error formulas that follow are all asymptotic in nature and, 

consequently, they are only approximate formulas for finite samples. Using the model given in (7.1.1), the 

bias for the parametric procedure can be expressed as 

Bias(P") ~ ( (XB))x(X'WX) 'X’W( (XB) ° - 1 B(x) (7.1.2) 

where P? is the dx! parametric estimate of proportion responding across the d doses, with ( f (xB)) being 

a diagonal matrix with elements of ( f(xiB), f (xB)... f (x',B)). The variance expression for the 

parametric prediction is given by 

Var(P?) ~ (#(XB))XV,X'(/(XB)) (7.1.3) 

where V; is an expression for the variance of the coefficient vector B written as 

“ -1 G “1 Var(B) = (X'WX) x'w(S)x(x'wa) (7.1.4) 
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with 

(S) _ G(x,)(1 - G(x,)) G(x,)(1 ~G(x,)) 
~\ = — (7.1.5) 
F/  \F(xiB)(1- F(x;8))”” F(x,B)(1- F(x28)) 

being a diagonal! matrix. Given the bias and the variance of the parametric procedure, the approximate 

mean squared error is computed as the sum of the variance and the squared bias. A noteworthy 

observation is that if the user’s model is correct, that is if F=G, then H(x) =0 and (3) =I, which yields 

zero bias for the parametric procedure, the variance expression of (7.1.3) is equivalent to expression 

(2.1.10), and the mean squared error expression is comprised of only the variance term. The mean squared 

error for any point x, can be expressed as the following: 

D ' ' r ’ ' ay, ~t ? MSE( P(x.)) = F°(8iB)xiV;%0 +| f(xiB)xi(X'Wx) *X'W(f(XB)) H(x)- H(x,) | 

For the two nonparametric procedures, kernel regression and local linear regression, the mean 

squared error properties will be developed for the model 

P = G(x) 

where G is any arbitrary cdf. The bias for the nonparametric prediction, based on a fixed bandwidth, is 

given by 

Bias(P’”) =(H"” -1)P (7.1.6) 

where H”” corresponds to the nonparametric weight matrix for either kernel or local linear regression. 

Similarly, the variance can be expressed as 

Var(P’”) =H" vn” (7.1.7) 

where 

veo} (SEM eba lle 
n, Ny 

Having the bias and the variance of the nonparametric procedure, the mean squared error can be easily 

obtained. The mean squared error at any point Xp is given by 

A 2 

MSE{ P??(x,)} = h'(xo)Veh( x0) +[h’(x)G(x) - G(x) 

where h is the dx1 vector of weights associated with xo, and G(X) is the true proportion responding at Xp. 

For the model-robust quantal regression procedure, which is a linear combination of the 

parametric and nonparametric predictions, written as 

pier _ 4p’? +(1-2)P’, (7.1.8) 
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the properties will not be strictly additive. The variance expression is approximated by 

Var(P #0") = Var| xP” +(1 - r)P?| 

~[AH”™ +(1-2)B]V,[AH"” +(1~2)B] 

where B = ( f (XB))X(X’WX) ‘X'W( f (Xp) '. The bias for the MROQR procedure can be expressed as 

Bias(P*°*) ~ 4H” - I]P +(1- al f(XB))xX(X"'WX) 'X’W(f(XB)) 1}a(s) 

which turns out to be a linear combination of the biases of the parametric and nonparametric procedures. 

As for the mean squared error, note that under the correctly or near correctly specified parametric model 

H(x) =0 and A =0 such that the mean squared error is comprised of primarily the parametric variance. 

On the other hand, if the user’s postulated model has been grossly misspecified, then 4 ~ 1 and H(x) #0, 

and thus the mean squared error will be made up of mainly the nonparametric fit to the data. For any given 

data point, xo, the variance and bias for the model-robust quantal regression procedure can be expressed as 

' 

Var{ PM*°%(x,)) fe [an’(x.) + (1 - 2) B(x,)|Ve[Ah'(x0) + (1 ~ 2) B(x.) 

and 

Bias{ P*2%(x,)) = A[h'(x)G(x) - G(x.)]+(1- a)| f(xiB)xi(X’WX) 'x'w(f(XB)) H(x) - H(x,) 

where 

-1 
B(x,) = (x,B)x¢(X’WX) | X'W(f(XB)) 

The alternative model-robust procedure, deemed MRQR2 in this research, in which a 

nonparametric method is used to obtain a fit to the residuals from the parametric model and added to the 

parametric fit using a mixing parameter, also denoted by A. The MRQR2 procedure is analogous to the 

work done in Speckman (1988). In Speckman (1988) the nonparametric method was used to obtain the fit 

of partial residuals of another variable, and not solely the residuals as is the case for MRQR2. Mays (1995) 

has found some good results in linear models when using the MRQR2 procedure. The MRQR2 procedure 

is also analogous to the resmoothing technique of Tukey (1977), where the final “smoothed” fit is the sum 

of the initial smooth fit to the data plus the smooth of the residuals. 

The MRQR2 estimate is given by 

peMror? _ F(x) + AH’ e (7.1.9) 
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where e=p-—F (x8) is the vector of residuals from the parametric fit, H”” is the nonparametric weight 

matrix used to fit the residuals, and A is the mixing parameter denoting the amount of residual information 

being added to the parametric fit. The bias for this MRQR2 procedure is written as 

Bia pron) x (I - na? (XB))X(X’WX) 'X'W( (XB)) - 1f(x) (7.1.10) 

and the variance is approximated by 

' 

Var(P*0*") [B+ H"”(I-B)|V.[B+ AH” (I-B)] (7.1.11) 

The variance and bias for the MRQR2 procedure at any point x, can be expressed in the following forms: 

, 

Var{ P™*2%(x,)) = [B(x,) + Ah’(x,)(1- B)|V[B(xo) + 4h'(x,)(I— B)| 

and 

Bias{ P™"0%( x,)) = -H(x,) +[B(xp) + 4h'(x.)(I- B) ]H(x) 

One rationale behind adding a portion of the residuals to the parametric fit is that if the parametric 

model has been misspecified to some degree, then there should be “structure” in the residuals, and 

therefore the residual fit will compensate for the misspecification. That is, if the residuals are a random 

scatter of points about zero, then the nonparametric fit will be a flat (horizontal) line, revealing no 

structure. But if the residuals are not random and show some structure, the intent is for the nonparametric 

fit to find the structure and add some fraction (determined by A) of it back to the parametric fit. 
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§7.2 Comparison of Theoretical Average MSE 

Given the properties derived in the previous section, the optimal values of the bandwidth and 

mixing parameters for the nonparametric and model-robust procedures were computed to minimize the 

average mean squared error at the design points. For the parametric procedure, the coefficient vector B 

was computed by the method of maximum likelihood to fit the data points. That is, assuming that G is the 

true cumulative distribution function, then the true response, P, can be obtained at each of the dose levels. 

Having the “true” responses at d evenly spaced dose levels, the coefficient vector, B, is now obtained via 

the method of maximum likelihood. 

The domain, x, of the function G will be scaled to be between zero and one. The dose levels (or 

design points) will be evenly spaced in a manner such that almost the entire curve will be covered. The 

general formula for the spacing between doses is given as 

max(dose) - min(dose) 

d-1 

where max(dose) is the maximum dose level and min(dose) is the minimum dose level used. In this 

  spacing = 

research, the minimum dose level used will be 0.1 and the maximum dose level will be 0.9. For example, 

if d=3 (three doses or design points), then the spacing between doses is 0.4 and the dose levels will be 0.1, 

0.5, and 0.9. Similarly, if d=5, then the spacing between design points will be 0.2 and the design points 

will be 0.1, 0.3, 0.5, 0.7, and 0.9. 

In order to evaluate the theoretical mean squared error for a given procedure, several “model” 

parameters must first be set. These parameters include the form of the true cdf, G(x), the number of doses, 

d, and the number of replicates at each dose, n;. The model used to obtain mean squared error estimates 

was 

G(x) = (1-y)Z(x;05, 0.1) + y[SL(x,0.25, 0.05) + (1-3) L(x;0.75, 0.05)| (7.2.1) 

which, depending on the value of y, is a mixture of logistic cumulative distribution functions. The notation 

L(x; 1, T) is the logistic cdf written as 

  
L(x; pt) = 55 (7.2.2) 

I+e** 

with pu and t being the location and scale parameters of the logistic distribution, respectively. The value of 

6 will be 0.5 throughout this research. With the value of 5 = 0.5, G is a mixture of a logistic cdf and a 

symmetric bimodal cdf. Other values of 5, not considered in this research, will yield asymmetric 

distributions. This form of G(x) was chosen because it provides a broad variety of reasonable cdfs ranging 

from the logistic cdf to cdfs very different from the logistic. The value of y, which will denote the degree 
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of model misspecification, will range from zero to one. If y=0, then the model will be a logistic cdf with 

location and scale of 0.5 and 0.1, respectively, and the user’s model will be correct since it is assumed that 

the user always selects the logistic model. As the value of y increases to one, the degree of model- 

misspecification increases. Figure 7.2.1 contains plots of G(x) for values of y=0, 0.1, 0.2, 0.3, 0.4, 0.5, 

0.7, and 1.0. Note that for y=0, G(x) is the logistic cdf, then y=0.1 denotes slight misspecification, and as y 

increases to one, the degree of misspecification increases. The misspecification is noticeable in the plot, 

especially in the left and right portions, where the curves tend to separate as y increases. 

Finney (1978) suggests that the number of doses (or design points) be equally spaced and that the 

same number of subjects (or replicates) be assigned to each dose. Thus, along with the range of values 

indicated for y, there will also be three doses used (d=3, 5, and 7) and three sets of replicates at each dose 

level (n=10, 20, and 50). The dose levels and replicates at each dose level were chosen to represent typical 

quantal bioassay situaions found in practice. 

The measure by which the procedures in this research will be judged is the average mean squared 

etror Statistic computed either over the design points (when finding the optimal bandwidth or optimal 

mixing parameter) or over the entire curve (for comparing the procedures). Note that the mse formulas 

given in the previous section are either dxd matrices or scalars representing the mse at an individual dose, 

Xo. To quantify the mean squared errors at the d design points, the trace of the mean squared error matrices 

is taken, which is the sum of the mses across the d dose levels. Then the optimal bandwidth or optimal 

mixing parameter were chosen to minimize this sum (or equivalently, their average). Once the optimal 

bandwidth and optimal mixing parameter (if appropriate) were chosen, the average mse (amse) was 

computed for each procedure by averaging the individual mses at each dose over 100 evenly spaced doses 

ranging from the minimum dose level of the design to the maximum dose level. The amse for each 

procedure represents that procedure’s ability to fit the curve G(x) by taking it into account both average 

bias and average variance of the fitted responses over the entire curve. Naturally, the smaller the amse the 

better a procedure is able to fit G(x). 

To compare procedures across all “model” parameters, the average mse efficiency (amse- 

efficiency) for any nonparametric or model-robust procedure (“other”) with respect to the logit method is 

computed, where 

amse( Logit) (7.2.3) 
amse — efficiency = 

ff ° amse( other) 

Therefore, the yardstick by which to assess the mse-efficiencies is one. So, if the amse-efficiency for a 

given model situation is greater than one, then the logit procedure has a larger average mean squared error 

and the “other” procedure is preferred; similarly, if the amse-efficiency is less than 
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Plot of the model function G(x) as the degree of model-misspecification, y, 

increases from 0 to 1. 
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one, then the logit procedure has the smaller average mse and is preferred over the “other” procedure for a 

given model situation. 

Tables 7.2.1-7.2.3 contain mean squared error efficiencies for each of the (d, n) combinations for 

the values of y given above. Listed below are some of the more salient observations regarding the 

theoretical mean squared error efficiencies. 

1. For three doses (d=3), the kernel efficiencies are less than one for y=0, 0.1, and 0.2 at 10 and 20 

subjects. For d=3, n=50, the kernel efficiencies are less than one for y=0, 0.1, 0.2, 0.3, and 0.4. 

So, for a small number of doses and at mild model-misspecification, the kernel procedure does not 

have a smaller amse than the logit procedure. 

2. The MRQR Kernel procedure has all efficiencies equal to or greater than one at the (d=3, n=10) 

combination and all but one efficiency equal to or greater than one at the (d=3, n=20) and (d=3, 

n=50) scenarios. This indicates that the MRQR Kernel procedure is detecting even the slightest 

model-misspecification with (d=3, n=10,20). 

3. For d=3, when the number of subjects increases to 50, the MRQR Kernel fails to detect any 

model-misspecification since all efficiencies are one. This implies that the optimal A is zero and 

the fits from the MRQR Kernel technique are obtained solely from the logit model. The MRQR 

Kernel method then fails to take advantage of the increased efficiency from the kernel method. 

Therefore, for a large number of subjects at each dose, the logit procedure and the MRQR Kernel 

procedure are equal. Also noteworthy, at d=3, is that the Kernel procedure has the smaller amse 

when compared to MLE when y is 0.4 or higher (mild to more extreme misspecification), 

regardless of the number of subjects at each dose. 

4. When applying the local linear regression (LLR) procedure to a small number of doses, d=3, the 

efficiencies with respect to the logit procedure are greater than one for n=10 with the exception of 

y=0 (the correct model). At the (d=3, n=20) combination, the LLR procedure outperforms the 

logit procedure for all values of y greater than 0.2. Similarly, for the (d=3, n=50) scenario, the 

LLR procedure has a smaller mse than logit for values of y greater than 0.3. 

5. As the sample size (n) increases, the logit procedure performs well under slight model 

misspecification. 
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10. 

11. 

For d=3, the model-robust quantal regression procedure using LLR (MRQR LLR) has a mixing 

parameter of one (A=1) for all (d, n, y) combinations. 

For the MRQR2 procedures (using Kernel and LLR as the nonparametric method to fit the 

residuals), with d=3, the nonparametric fit on the residuals is unable to detect (or fit) any structure 

in the residuals, therefore yielding a mixing parameter of zero and an efficiency of one. So, even 

with gross model-misspecification, the MRQR2 procedures will not detect any structure in the 

residuals when there are only three doses available. 

In comparing the efficiencies for the (d=3, n, y) combinations, the MRQR LLR procedure has 

much larger values than the MRQR Kernel procedure. So, for three doses, the MRQR LLR (or 

LLR) procedure outperforms all of the other new procedures presented in this research. Figures 

7,2.2-7.2.4 are mse efficiency plots for (d=3, n=10), (d=3, n=20) and (d=3, n=50) combinations, 

respectively, against y. It is evident in the plots that as the degree of model-misspecification 

increases (i.e., y increases), the MRQR LLR efficiencies are greater than the other efficiencies. In 

some of the efficiency plots, if the value of A is zero then the parametric and model-robust plots 

will overlap. Similarly, if the value of 4 is one, then the nonparametric and model-robust 

procedures will overlap. This overlapping will not occur with MRQR2 when A=1. 

For d=5 and n=10, the MRQR Kernel and MRQR LLR procedures have efficiencies greater than 

one for all values of y. Note that for Kernel regression, at the (d=5, n=10) combination, the 

efficiencies are less than one with the exception of at y=0.7 and 1.0. Thus, the MRQR Kernel 

efficiencies all greater than one imply that the model-robust procedure (mixing) has improved 

upon the logit as well as the kernel procedures. Also, the efficiencies for the MRQR LLR 

procedure are always greater than one or equal to those for LLR. Consequently, it is apparent that 

the MRQR method is working as anticipated, improving the fits are over those obtained by either 

the parametric or nonparametric methods. 

For d=5, n=10, the MRQR2 procedures, A=0 for all values of y except for y=0.7 and 1.0. Note 

that the efficiencies of the MRQR LLR procedure is smaller than the other nonparametric and 

model-robust procedures. 

As the number of doses increases and the number of subjects at each dose increases, the model- 

robust procedures (MRQR Kernel and MRQR LLR) tend to detect model-misspecification for 
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12. 

13. 

14. 

15. 

16. 

small values of y, i.e., at small values of y, the value of A is nonzero. For example, with the (d=5, 

n=20) combination, the MRQR Kernel and MRQR LLR procedures have efficiencies greater than 

one, with the exception of when the model has been correctly specified for MRQR Kernel. The 

MRQR Kernel procedure contains efficiencies greater than the logit and kernel procedures alone, 

thus indicating that mixing the two procedures is improving on the amse as the degree of model- 

misspecification increases. 

For the MRQR LLR procedure, the results are the same as those of the MRQR Kernel procedure, 

except efficiencies are higher. Therefore, of the two nonparametric procedures used in the model- 

robust procedure, the local linear regression procedure is more efficient in terms of amse. 

The MRQR2 procedures do not improve the amse except for large degrees of misspecification 

(y=0.5, 0.7, 1.0). The MRQR2 LLR procedure has a higher mse efficiency than the MRQR LLR 

procedure at y=1.0. 

Increasing the number of subjects to 50 with five dose, the MRQR Kernel and MRQR LLR 

procedures tend to have efficiencies ranging from one to 2.38 and 2.81, respectively. Under the 

correctly specified model or slight model-misspecification (y=0.1), the model-robust efficiencies 

are one. But as y increases from 0.1, the efficiencies rise above one, again indicating that as the 

number of doses increases and the number of subjects increase at each dose, the model-robust 

procedures detects the misspecification for small values of y. 

Similar to the previous scenario of (d=5, n=20), the MRQR LLR procedure has higher efficiencies 

than the other procedures with the exception of MRQR2 LLR at y=1.0 (the highest degree of 

misspecification). Figures 7.2.5-7.2.7 provide graphical representation of the mse efficiencies for 

d=5 and n=10, 20, and 50, respectively. Figure 7.2.5 shows that as the degree of misspecification 

increases, the MRQR LLR has the highest efficiency for all values of y. But MRQR LLR is 

outperformed by MRQR2 LLR for the (d=5, n=20) and (d=5, n=50) combinations at y=1.0. 

When the number of doses increases to seven, both model-robust procedures (MRQR and 

MRQR2) tend to perform extremely well with respect to amse efficiencies. The MRQR 

procedures have amse efficiencies ranging from one to 2.05 for n=10 subjects at each dose. For 

no or slight model-misspecification (y=0, 0.1, and 0.2) the efficiencies are one, but as y increases 

from 0.3 and above, the efficiencies increase above one, again indicating that mixing is helping to 
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improve on the individual parametric and nonparametric procedures. The same observations can 

be made for the (d=7, n=20) and (d=7, 50) combinations. Also, the MRQR2 LLR procedure only 

outperforms the MRQR LLR procedure at y=1.0 as was previously observed. Figures 7.2.8- 

7.2.10 are plots of the mse efficiencies for the (d=7, n) scenarios. 

In conclusion, for all the (d, n, y) combinations mentioned in this research, the mse efficiencies for 

the MRQR LLR are greater than the mse efficiencies for LLR with one exception. This is a clear 

indication that the model-robust procedure works and is mixing the parametric and nonparametric 

procedures in a manner to obtain a balance between the variance and squared bias. 
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Table 7.2.1 Average MSE Efficiencies with respect to the logit procedure for d=3 doses. 

MRQR MRQR_ | MRQR2 MRQR2 

D N y KERNEL | KERNEL LLR LLR KERNEL LLR 

3 10 0.0 0.6051 1.0261 0.8677 0.8677 1.0000 1.0000 

0.1 0.7317 1.1651 1.1215 1.1215 1.0000 1.0000 

0.2 0.9203 1.3229 1.5119 1.5119 1.0000 1.0000 

0.3 1.1780 1.4787 2.1385 2.1385 1.0000 1.0000 

0.4 1.5196 1.5816 2.9245 2.9245 1.0000 1.0000 

0.5 1.8925 1.6449 3.9111 3.9111 1.0000 1.0000 

0.7 2.6180 1.6409 5.0652 5.0652 1.0000 1.0000 

1.0 2.8480 1.5214 4.0455 4.0455 1.0000 1.0000 

20 0.0 0.3734 0.9672 0.5000 0.5000 1.0000 1.0000 

0.1 0.4841 1.1509 0.6932 0.6932 1.0000 1.0000 

0.2 0.6800 1.3333 1.0462 1.0462 1.0000 1.0000 

0.3 1.0126 1.4815 1.7021 1.7021 1.0000 1.0000 

0.4 1.5238 1.5484 2.9091 2.9091 1.0000 1.0000 

0.5 2.2264 1.5733 4.5385 4.5385 1.0000 1.0000 

0.7 3.6458 1.4831 6.4815 6.4815 1.0000 1.0000 

1.0 3.6220 1.3439 4.3044 4.3044 1.0000 1.0000 

50 0.0 0.1678 1.0000 0.2264 0.2264 1.0000 1.0000 

0.1 0.2364 1.0000 0.3377 0.3377 1.0000 1.0000 

0.2 0.3976 1.0000 0.6111 0.6111 1.0000 1.0000 

0.3 0.7377 1.0000 1.2857 1.2857 1.0000 1.0000 

0.4 1.3864 1.0000 2.7727 2.7727 1.0000 1.0000 

0.5 2.5938 1.0000 5.5333 5.5333 1.0000 1.0000 

0.7 5.3846 1.0072 9.3333 9.3333 1.0000 1.0000 

1.0 4.6607 1.0000 4.5790 4.5790 1.0000 1.0000                     
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Table 7.2.2 Average MSE Efficiencies with respect to the logit procedure for d=5 doses. 

MRQR MRQR | MRQR2 | MRQR2 

D N Y KERNEL | KERNEL LLR LLR KERNEL LLR 

5 10 0.0 0.8333 1.0526 0.8955 1.1111 1.0000 1.0000 

0.1 0.8219 1.0526 0.9677 1.1539 1.0000 1.0000 

0.2 0.8378 1.0690 1.1273 1.2653 1.0000 1.0000 

0.3 0.8553 1.0656 1.3542 1.4444 1.0000 1.0000 

0.4 0.8734 1.0781 1.6429 1.6429 1.0000 1.0000 

0.5 0.9146 1.0870 1.8750 1.8750 1.0000 1.0000 

0.7 1.011 1.1463 2.0000 2.0000 1.0217 1.2368 

1.0 1.2069 1.2727 1.7284 1.7284 1.1765 1.5909 

20 0.0 0.7143 0.7895 0.7317 1.0000 1.0000 1.0000 

0.1 0.7143 1.0000 0.7500 1.0714 1.0000 1.0000 

0.2 0.7442 1.0000 0.8889 1.1852 1.0000 1.0000 

0.3 0.7955 1.0938 1.1290 1.4000 1.0000 1.0000 

0.4 0.8667 1.1143 1.5000 1.6957 1.0000 1.0833 

0.5 0.9375 1.1539 1.9565 2.0455 1.0227 1.2162 

0.7 1.1634 1.2800 2.2857 2.2857 1.1636 1.4884 

1.0 1.5857 1.6324 2.0556 2.0556 1.5417 2.0943 

50 0.0 0.5455 1.0000 0.5714 1.0000 1.0000 1.0000 

0.1 0.5714 1.0000 0.5714 1.0000 1.0000 1.0000 

0.2 0.6667 1.0769 0.7000 1.1667 1.0000 1.0000 

0.3 0.8095 1.2143 0.9444 1.4167 1.0625 1.1333 

0.4 0.9546 1.3125 1.4000 1.7500 1.1053 1.3125 

0.5 1.1250 1.3500 2.2500 2.4546 1.2273 1.5882 

0.7 1.6429 1.7037 2.7059 2.7059 1.6429 2.1905 

1.0 2.3846 2.3846 2.8182 2.8182 2.4474 3.1000                     
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Table 7.2.3 Average MSE Efficiencies with respect to the logit procedure for d=7 doses. 

MRQR MRQR | MRQR2 | MRQR2 

D N Y KERNEL | KERNEL LLR LLR KERNEL LLR 

7 10 0.0 0.7736 1.0000 0.8367 1.0790 1.0000 1.0000 

0.1 0.7593 1.0000 0.8913 1.1081 1.0000 1.0000 

0.2 0.7818 1.0000 1.0488 1.2286 1.0000 1.0000 

0.3 0.8070 1.0455 1.2778 1.3939 1.0000 1.0000 

0.4 0.8644 1.0851 1.5938 1.5938 1.0000 1.0000 

0.5 0.9194 1.0962 1.9000 1.8387 1.0000 1.0000 

0.7 1.0556 1.1875 2.0541 2.0541 1.0857 1.2258 

1.0 1.3596 1.3908 1.7794 1.7794 1.3297 1.6351 

20 0.0 0.6452 1.0000 0.6897 1.0000 1.0000 1.0000 

0.1 0.6774 1.0000 0.7500 1.0500 1.0000 1.0000 

0.2 0.7097 1.0000 0.8462 1.1579 1.0000 1.0000 

0.3 0.7813 1.0870 1.1364 1.3158 1.0000 1.0000 

0.4 0.9091 1.1538 1.5789 1.6667 1.0345 1.1111 

0.5 1.0000 1.2000 2.2500 2.1176 1.0909 1.2000 

0.7 1.2857 1.3846 2.3478 2.3478 1.2857 1.5429 

1.0 1.8868 1.9231 2.2727 2.2727 1.8519 2.3256 

50 0.0 0.5333 1.0000 0.5333 1.0000 1.0000 1.0000 

0.1 0.6000 1.0000 0.6429 1.0000 1.0000 1.0000 

0.2 0.6667 1.0000 0.7692 1.4111 1.0000 1.0000 

0.3 0.8667 1.1818 1.0833 1.6250 1.0833 1.1818 

0.4 1.0625 1.3077 1.7000 1.8889 1.2143 1.3077 

0.5 1.3529 1.5333 2.8750 2.5556 1.3529 1.6429 

0.7 2.1000 2.1000 3.0000 3.0000 2.0000 2.4706 

1.0 3.2222 3.2222 3.6250 3.6250 3.2222 3.9546                     
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Figure 7.2.8 Average MSE Efficiency Plot for (d=7, n=10) Combination. 
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§7.3. Optimal Bandwidth and Mixing Parameters 

Another parameter of interest when using the model robust regression procedures is the mixing 

parameter A. As indicated earlier in this research, if the user’s model is correctly specified, then it is 

desired that 2 will be approximately zero, thus giving much of the weight to the parametric fit. On the 

other hand, if the user’s model has been misspecified, then as the degree of misspecification increases, so 

should A. Also, recall that the most important parameter when using nonparametric regression, in 

particular, kernel and local linear regression, is the bandwidth or smoothing parameter. The size of the 

bandwidth determines the smoothness of the regression function. Tables 7.2.4-7.2.6 represent the optimal 

values of the bandwidth and mixing parameter for all the (d, n, y) combinations. 

Some of the key points are noted below with respect to the mixing parameter for the model-robust 

procedures. 

1. At the smallest dose (d=3), the only procedure that mixes the parametric and the nonparametric 

methods is the MRQR Kernel at sample sizes n=10 and n=20. The MRQR LLR procedure 

chooses A=1 for all (d=3, n, y) combinations and the MRQR2 procedures yields A=0 for all (d=3, 

n, Y) combinations. It is interesting to note that for MRQR Kernel and both (d=3, n=10) and (d=3, 

n=20) combinations, as y increases (more model-misspecification) the mixing parameter A 

decreases (less mixing). This is perhaps due to the lack of information gained when using kernel 

regression with three doses, especially since it will be heavily biased in the boundaries. Also, at 

the (d=3, n=50) combination, for the model-robust procedures other than MRQR LLR the mixing 

parameter is zero for all values of y. 

2. When increasing the number of doses to five, the model-robust procedures tend to mix more of 

the nonparametric methods as the degree of model-misspecification increases. In particular, for 

the (d=5, n=10) scenario, the MRQR procedures mix when the user’s model has been correctly 

specified, resulting in smaller amses than MLE, as seen in Table 7.2.2. 

3. As the degree of model-misspecification increases, the value of the mixing parameter associated 

with the MRQR LLR procedure increases at a faster rate than the MRQR Kernel and the MRQR2 

procedures (see Figure 7.2.10). The MRQR2 procedures begin to mix (i.e., find structure in the 

residuals) when the value of y is 0.5. 
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4, Increasing the number of subjects from n=10 to n=20 tends to decrease the rate at which the 

mixing parameter increases. That is, for the correctly specified model or slightly misspecified, the 

value of the mixing parameter is near zero. For the MRQR Kernel procedure, the model- 

misspecification is not detected until y=0.3, whereas with the MRQR LLR procedure, some 

mixing is involved at y=0.1. 

5. The MRQR2 procedures begin to detect some “significant” structure in the residuals at y=0.4. 

Figure 7.2.11 is a plot of the mixing parameter versus the degree of misspecification for the (d=5, 

n=20) combination. 

6. For d=7, if the number of subjects increases from 20 to 50, the MRQR Kernel and the MRQR 

LLR procedure begins to mix at y=0.2. Note that for (d=5, n=20), the MRQR LLR procedure 

began mixing at y=0.1. Thus, the increase in the number of subjects at each dose enabled the 

parametric procedure (logit analysis) to fit quite well at slight model-misspecification. The 

MRQR2 procedures found some structure in the residuals at y=0.3 (see Figure 7.2.12). The same 

observations can be made for the (d=7, n, y) combinations (see Figures 7.2.13-7.2.15). 

The obvious trend noticeable in examining the mixing parameters is that as the degree of 

model-misspecification increases, the value of the mixing parameter increases. Also of note is that as the 

sample size (number of subjects at each dose) increases from 10, 20, to 50, the MRQR LLR procedure 

takes longer to detect misspecification (i.e., yield a nonzero mixing parameter). For example, with the d=5 

case, when n=10 the MRQR LLR mixes at y=0, then for n=20 MRQR LLR mixes at y=0.1, and finally at 

n=50, the procedure mixes at y=0.2. The MRQR2 procedures, on the other hand, tend to mix sooner as the 

number of subjects at each dose increases. 

A review of the bandwidth, or smoothing parameter, yields some very interesting observations. 

Some observations with respect to the bandwidth for the kernel and local linear regression procedures are 

given below. 

1. For the kernel regression procedure, the bandwidth stays relatively constant across all values of y 

for fixed (d, n) combinations. This is also the case for the LLR procedure, but only for the three 

dose-level situation. This is perhaps due to the fact that the bandwidth is a function of the 

distance between the dose levels moreso that it is a function of the responses, P. That is, as y 

increases, the distance between the dose levels remains the same for fixed (d, n) combinations 

although the responses do change slightly. 
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For each (d, n, y) combination, the bandwidth for kernel regression is always smaller than the 

bandwidth for the LLR procedure. This seems to imply that the size of the bandwidth plays is not 

as important in LLR as it is in kernel regression. Note that in kernel regression, a large 

bandwidth, say approximately one, will give a fitted line through the mean of the responses. 

Recall that the LLR procedure fits a series of regression lines via weighted least squares. 

Therefore, for the LLR procedure, a bandwidth near one implies that a single regression line will 

be fit through the entire data, rather than a series of lines. 

Another observation concerning the bandwidth is that for both kernel and LLR, the bandwidth 

gets smaller as the number of dose levels increases, and as the number of replications, n;, at each 

dose increases. This seems to confirm the notion that the more data points involved in the 

analysis, the closer the points will be and thus a smaller bandwidth is needed to fit the data. In 

terms of the bandwidth decreasing as n; increases, the decrease is very subtle in most instances, 

but it is a reflection of having more information available to fit the data. 
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Table 7.3.1 Optimal values of tne bandwidth and mixing parameter for the model-robust 

MRQR MRQR MRQR2 MRQR2 

KERNEL LLR KERNEL LLR 

D N Y b rX b r b r b x 

3 10 0.0 | 0.2540 | 0.4553 | 0.6310 | 1.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.1 | 0.2541 | 0.4477 | 0.6319 | 1.0000 ; 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.2 | 0.2544 | 0.4402 | 0.6328 | 1.0000 | 1.0000 | 0.0000 | 1.0000 |; 0.0000 

0.3. | 0.2546 | 0.4330 | 0.6337 ; 1.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.4 | 0.2547 | 0.4263 | 0.6346 | 1.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.5 | 0.2549 | 0.4197 | 0.6355 | 1.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.7 | 0.2553 | 0.4070 | 0.6373 | 1.0000 ; 1.0000 | 0.0000 | 1.0000 | 0.0000 

1.0 | 0.2559 | 0.3898 | 0.6400 | 1.0000 | 1.0000 ; 0.0000 | 1.0000 | 0.0000 

20 0.0 | 0.2295 | 0.3062 | 0.6304 | 1.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.1 | 0.2297 | 0.2994 | 0.6319 | 1.0000 | 1.0000 | 0.0000 | 1.0000 {| 0.0000 

0.2 | 0.2299 | 0.2935 | 0.6329 | 1.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.3 | 0.2300 | 0.2877 | 0.6336 | 1.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.4 | 0.2302 | 0.2822 | 0.6346 | 1.0000 | 1.0000 | 0.0000 ; 1.0000 | 0.0000 

0.5 | 0.2303 | 0.2768 | 0.6355 | 1.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.7 | 0.2306 | 0.2669 | 0.6373 | 1.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

1.0 0.2311 | 0.2534 | 0.6400 | 1.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

50 0.0 | 0.2309 | 0.0000 | 0.6313 | 1.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.1 | 0.2039 | 0.0000 | 0.6319 | 1.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.2 | 0.2041 | 0.0000 | 0.6328 | 1.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.3 | 0.2042 | 0.0000 | 0.6337 | 1.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.4 | 0.2043 | 0.0000 | 0.6346 | 1.0000 | 1.0000 | 0.0000 ; 1.0000 | 0.0000 

0.5 | 0.2044 | 0.0000 | 0.6356 | 1.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.7 | 0.2046 | 0.0000 | 0.6373 | 1.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

1.0 | 0.2050 | 0.0000 | 0.6401 | 1.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000                         
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Table 7.3.2 Optimal values of tiie bandwidth and mixing parameter for the model-robust 

MRQR MRQR MRQR2 MRQR2 

KERNEL LLR KERNEL LLR 

D N Y b r b X b r b r 

5 10 0.0 | 0.1754 | 0.2594 | 0.2087 | 0.3496 | 1.0000 | 0.0000 | 1.0000 ; 0.0000 

0.1 | 0.1817 | 0.2622 | 0.2468 | 0.4345 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.2 | 0.1862 | 0.2765 | 0.2942 | 0.5356 | 1.0000 |; 0.0000 | 1.0000 | 0.0000 

0.3 | 0.1888 | 0.3011 | 0.3589 | 0.6480 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.4 | 0.1896 | 0.3366 | 0.4513 | 0.7811 | 1.000 ; 0.0000 | 1.0000 | 0.0000 

0.5 | 0.1885 | 0.3851 | 0.5220 | 0.9496 | 0.2607 | 0.0960 | 1.0000 | 0.0000 

0.7 | 0.1815 | 0.5235 | 0.4714 | 1.0000 | 0.2058 | 0.5497 | 0.2372 | 0.7020 

1.0 | 0.1647 | 0.7619 | 0.2848 | 1.0000 | 0.1724 | 0.8318 | 0.1906 | 0.8563 

20 0.0 | 0.1547 | 0.0000 | 0.1665 | 0.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.1 | 0.1619 | 0.0000 | 0.1920 | 0.3063 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.2 | 0.1668 | 0.0000 | 0.2325 ; 0.4358 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.3 | 0.1695 | 0.3108 | 0.2899 | 0.5698 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.4 | 0.1699 | 0.3886 | 0.3792 | 0.7118 | 0.2362 | 0.3504 | 0.2668 | 0.5331 

0.5 | 0.1682 | 0.4796 | 0.5038 | 0.8904 | 0.2035 | 0.5857 | 0.2338 | 0.6974 

0.7 | 0.1601 | 0.6799 | 0.4255 | 1.0000 | 0.1739 | 0.8288 | 0.1925 | 0.8525 

1.0 0.1445 | 0.8912 | 0.2327 | 1.0000 | 0.1485 | 0.9510 | 0.1558 | 0.9361 

50 0.0 | 0.1302 | 0.0000 | 0.1339 | 0.0000 ; 1.0000 ; 0.0000 | 1.0000 | 0.0000 

0.1 | 0.1371 | 0.0000 | 0.1482 | 0.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.2 | 0.1426 | 0.2659 | 0.1707 | 0.3794 | 1.000 | 0.0000 | 1.0000 | 0.0000 

0.3 | 0.1457 | 0.3908 | 0.2133 | 0.5351 | 0.2127 | 0.5854 | 0.2396 | 0.6608 

0.4 | 0.1462 | 0.5208 | 0.2912 | 0.6794 | 0.1831 | 0.7911 | 0.2043 | 0.8192 

0.5 | 0.1444 | 0.6480 | 0.4510 | 0.8486 | 0.1653 | 0.8936 | 0.1809 | 0.8935 

0.7 | 0.1367 | 0.8472 | 0.3477 | 1.0000 | 0.1433 | 0.9693 | 0.1529 | 0.9563 

1.0 | 0.1238 | 0.9685 | 0.1732 | 1.0000 | 0.1251 | 0.9941 | 0.1308 | 0.9827                         
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Table 7.3.3 Optimal values of tne bandwidth and mixing parameter for the model-robust 

MRQR MRQR MRQR2 MRQR2 

KERNEL LLR KERNEL LLR 

D N Y b r b r b r b r 

7 10 0.0 | 0.1511 | 0.0000 | 0.1781 | 0.2877 | 1.0000 | 0.0000 |; 1.0000 | 0.0000 

0.1 | 0.1566 | 0.0000 | 0.2089 | 0.3619 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.2 | 0.1606 | 0.0000 | 0.2515 | 0.4595 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.3 | 0.1629 | 0.2541 | 0.3051 | 0.5642 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.4 | 0.1635 | 0.2924 | 0.3922 | 0.6819 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.5 | 0.1622 | 0.3487 | 0.5301 | 0.8313 | 0.2591 | 0.1703 | 1.0000 | 0.0000 

0.7 | 0.1549 | 0.5026 | 0.5904 | 1.0000 | 0.1876 | 0.5927 } 0.2015 | 0.6421 

10 | 0.1389 | 0.7626 | 0.2532 | 1.0000 | 0.1497 | 0.8581 | 0.1610 | 0.8493 

20 0.0 | 0.1335 | 0.0000 | 0.1454 | 0.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.1 | 0.1389 | 0.0000 | 0.1642 | 0.2591 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.2 | 0.1426 | 0.0000 | 0.1933 | 0.3799 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.3 | 0.1446 | 0.2817 | 0.2401 | 0.5089 | 1.0000 | 0.0000 | 1.0000 ; 0.0000 

0.4 | 0.1445 | 0.3636 | 0.3099 | 0.6368 | 0.2300 | 0.3923 | 0.2605 | 0.4776 

0.5 | 0.1426 | 0.4608 | 0.4605 | 0.7862 | 0.1892 | 0.6097 | 0.2021 | 0.6332 

0.7 | 0.1349 | 0.6755 | 0.5612 | 1.0000 | 0.1527 | 0.8456 | 0.1635 | 0.8313 

1.0 0.1209 | 0.9154 | 0.7799 | 1.0000 | 0.1280 | 1.0000 | 0.1358 | 0.9698 

50 0.0 | 0.1135 | 0.0000 | 0.1179 | 0.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.1 | 0.1191 | 0.0000 | 0.1303 | 0.0000 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.2 | 0.1230 | 0.0000 | 0.1471 | 0.3506 | 1.0000 | 0.0000 | 1.0000 | 0.0000 

0.3. | 0.1247 | 0.3719 | 0.1739 | 0.5034 | 0.2016 | 0.5888 | 0.2156 | 0.5880 

0.4 | 0.1243 | 0.5059 | 0.2242 | 0.6392 | 0.1648 | 0.7882 | 0.1759 | 0.7667 

0.5 | 0.1221 | 0.6414 | 0.3348 | 0.7705 | 0.1457 | 0.9096 | 0.1557 | 0.8793 

0.7 | 0.1143 | 0.8633 | 0.4528 | 1.0000 | 0.1243 | 1.0000 | 0.1314 | 0.9908 

1.0 | 0.1014 | 1.0000 | 0.1256 | 1.0000 | 0.1057 | 1.0000 | 0.1101 | 1.0000                         
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CHAPTER 8 

RESULTS OF SIMULATIONS 

§ 8.1 Setup of Simulations 

Evaluations of the relative performance of the parametric and nonparametric procedures presented 

in this research will be done through a Monte Carlo simulation study. Throughout this research the model- 

robust methods were presented as alternatives to analyzing quantal dose-response data for the one- 

regressor case. The simulations were designed to emulate the models given in Chapter 7, but due the large 

number of possible (d, n, y) combinations (3x3x8=72), only a subset of the combinations was considered. 

Dose-response data were simulated under the model given in (7.2.1) which represented a mixture of 

logistic distributions. In summarizing the average mean squared error properties using the optimal values 

of the bandwidth and mixing parameter, the following (d, n) combinations were used for y=0. 0.1, 0.2, 0.3. 

0.4, 0.5, 0.7, and 1.0: (d=3, n=10, 20), (d=5, n=10, 20, 50), and (d=7, n=20). For effective dose estimation 

with the optimal and data-driven bandwidths and mixing parameters, the combinations used will be (d=3, 

5, 7, n=20) at values of y=0, 0.1, 0.3, 0.5, and 1.0. Note that the values of y range from 0 for no model- 

misspecification to 1.0, indicating a large degree of model-misspecification. The number of Monte Carlo 

repetitions was 500 for each combination considered. 

Two sets of Monte Carlo simulations were obtained. The first set of simulations will be used to 

examine the theoretical properties (bias, variance, and mean squared error) of the model-robust procedures. 

The theoretical properties will be evaluated by comparing the simulated mean squared errors based on the 

optimal values of the bandwidth and mixing parameters for the various procedures presented with those 

from the theoretical results obtained by the formulas developed in Chapter 7 using the same optimal 

bandwidth and mixing parameters. Recall that the optimal values of the bandwidth and mixing parameters 

were obtained to minimize the theoretical average mean squared error. Also, using the optimal values of 

the bandwidth and mixing parameters, the model-robust procedures will be evaluated with respect to their 

ability to estimate effective doses, width of 95% confidence intervals on effective doses, and coverage 

probabilities. Similarly, the model-robust procedures will be evaluated with respect to their abilities to 

estimate the proportion responding, P, 95% confidence intervals on P, and coverage probabilities as well. 

After studying the model-robust procedures using the optimal values of the bandwidth and mixing 

parameters, the second set of Monte Carlo simulations were performed to evaluate the effectiveness of the 

PRESS’ procedure for selecting the bandwidth and mixing parameter. 
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§ 8.2 MSE Results Using Optimal b and A 

The simulated average mean squared error is computed as follows: 

1. The dose-response data is simulated for a given (d, n y) combination. 

2. For the logit procedure, the coefficients are obtained using the method of maximum likelihood. 

Using the estimated coefficients, the response, P, can be estimated at any dose level, xo, as 

n l 
P(x,) = ————— 0) a 

3. For the nonparametric and model-robust procedures, the optimal bandwidth and mixing parameter 

are used to obtain the proper “hat matrices.” 

4. The fit, P , for 100 points over the dose range were obtained for the parametric, nonparametric, 

and model-robust procedures. 

5. Compute the squared error (se) given by 

100 a\2 

»(B-) 
se= 

100 

where P, represents the true proportion responding at a given dose level x;. 

To obtain a representation of how the procedures fit to the true curve, note that the amse is computed over 

the entire curve and not just at the d design points. The amse is computed for each Monte Carlo run (500 

times in this research), and thus the Monte Carlo average mean squared error is given by 

500 

» Se; 
i=} 

500 | 

The average mean squared error results, given in Tables 8.2.1-8.2.3 are obtained using the 

  amse = 

optimal value of the bandwidth and mixing parameter and generating random quantal dose-response data. 

Table 8.2.1 represents the mse results for the three doses with ten and twenty replications at each dose 

level. The bold values in the tables represent the theoretical mean squared errors used to compute amse- 

efficiencies in Table 7.2.1. Note that for the (d=3, n=10) scenario, the average mses for the simulated 

results are often substantially larger than the average mses from the theoretical results. This is mainly due 

to the fact that not very much information is obtained with only three doses. Notice that increasing the 

number of subjects at each dose level to n=20, the amse results from the simulations match fairly well with 

the amse from the theoretical results, although there are some instances in which the two amses are quite 

different, for example at y=0.7. Some of these differences may be contributed to Monte Carlo error. It is 
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clear from this table that the asymptctic mean squared error formulas presented in Chapter 7 do not give 

very accurate results when d=3. 

When the number of doses are increased from d=3 to d=5, many of amses from the simulations 

match the amses from the theoretical results to four decimal places. In fact, all of the simulated amses are 

extremely close to the theoretical amses, apart from simulation error. This is especially noticeable for the 

(d=5, n=50) scenario in Table 8.2.2. The amses also match in the (d=7, n=20) combination (see Table 

8.2.3), thus reinforcing the validity of the theoretical mse via simulation. Thus, it is also clear that for d=5 

and n as small as 10 that the asymptotic formulas for the mse from Chapter 7 provide for accurate 

estimation of the true amse. 

If one were to examine the amse efficiency plots for the scenarios presented above, they would be 

nearly identical to those given in Chapter 7. Figures 8.2.1-8.2.6 are plots of the amse efficiencies for the 

(d=3, n=10), (d=3, n=20), (d=5, n=10, 20, 50), and (d=7, n=20) combinations, respectively. From the 

figures, it is evident that the MRQR LLR and the LLR procedures have the largest efficiencies, thus the 

smallest amses with respect to logit analysis. 
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Table 8.2.1 Mean squared error estimates from 500 Monte Carlo simulations for 

three dose levels. N indicates the number of subjects receiving each 
dose of the drug. The bold numbers indicate the theoretical mean 
squared errors used to obtain amse-efficiencies in Table 7.2.1. 

MRQR MRQR 
D N Y Logistic Kernel Kernel LLR LLR 

3 10 0.0 0.0125 0.0236 0.0162 0.0181 0.0181 
0.0118 0.0195 0.0115 0.0136 0.0136 

0.1 0.0111 0.0204 0.0139 0.0148 0.0148 
0.0120 0.0164 0.0103 0.0107 0.0107 

0.2 0.0105 0.0176 0.0123 0.0128 0.0128 
0.0127 0.0138 0.0096 0.0084 0.0084 

0.3 0.0111 0.0162 0.0120 0.0106 0.0106 
0.0080 0.0079 0.0054 0.0047 0.0047 

0.4 0.0104 0.0136 0.0104 0.0084 0.0084 
0.0155 0.0102 0.0098 0.0053 0.0053 

0.5 0.0101 0.0113 0.0093 0.0067 0.0067 
0.0176 0.0093 0.0107 0.0045 0.0045 

0.7 0.0120 0.0096 0.0097 0.0057 0.0057 
0.0233 0.0089 0.0142 0.0046 0.0046 

1.0 0.0198 0.0121 0.0155 0.0085 0.0085 
0.0356 0.0125 0.0234 0.0088 0.0088 

20 0.0 0.0051 0.0172 0.0071 0.0133 0.0133 
0.0059 0.0158 0.0061 0.0118 0.0118 

0.1 0.0046 0.0139 0.0057 0.0102 0.0102 
0.0061 0.0126 0.0053 0.0088 0.0088 

0.2 0.0045 0.0108 0.0047 0.0077 0.0077 
0.0068 0.0100 0.0051 0.0065 0.0065 

0.3 0.0048 0.0088 0.0044 0.0056 0.0056 
0.0080 0.0079 0.0054 0.0047 0.0047 

0.4 0.0056 0.0069 0.0044 0.0041 0.0041 
0.0096 0.0063 0.0062 0.0033 0.0033 

0.5 0.0070 0.0053 0.0050 0.0030 0.0030 
0.0118 0.0053 0.0075 0.0026 0.0026 

0.7 0.0117 0.0050 0.0086 0.0029 0.0029 
0.0297 0.0082 0.0221 0.0069 0.0069 

1.0 0.0225 0.0075 0.0173 0.0064 0.0064 
0.0297 0.0082 0.0221 0.0069 0.0069                   
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Table 8.2.2 Mean squared error estimates from 500 Monte Carlo simulations for 

five dose levels. N indicates the number of subjects receiving each 
dose of the drug. The bold numbers indicate the theoretical mean 

squared errors used to obtain amse-efficiencies in Table 7.2.2. 

  

  

MRQR MRQR 

D N Y Logistic Kernel Kernel LLR LLR 

5 10 0.0 0.0053 0.0069 0.0050 0.0065 0.0048 

0.0060 0.0072 0.0057 0.0067 0.0054 
  

0.1 0.0059 0.0071 0.0055 | 0.0061 0.0050 

0.0060 0.0073 0.0057 0.0062 0.0052 
  

0.2 0.0064 0.0073 0.0059 0.0055 0.0048 
0.0062 0.0074 0.0058 0.0055 0.0049 
  

0.3 0.0065 0.0071 0.0059 0.0045 0.0042 

0.0065 0.0076 0.0061 0.0048 0.0045 
  

0.4 0.0078 0.0082 0.0070 0.0044 0.0044 

0.0069 0.0079 0.0064 0.0042 0.0042 
  

0.5 0.0081 0.0085 0.0073 0.0041 0.0042 

0.0075 0.0082 0.0069 0.0040 0.0040 
  

0.7 0.0099 0.0093 0.0084 0.0047 0.0047 
0.0094 0.0093 0.0082 0.0047 0.0047 
  

1.0 0.0147 0.0134 0.0131 0.0101 0.0101 
0.0140 0.0116 0.0110 0.0080 0.0080 
  

  

20 0.0 0.0033 0.0042 0.0033 0.0041 0.0033 

0.0030 0.0042 0.0038 0.0041 0.0030 
  

0.1 0.0030 0.0040 0.0030 0.0038 0.0027 

0.0030 0.0042 0.0030 0.0040 0.0028 
  

0.2 0.0032 0.0043 0.0032 0.0036 0.0030 

0.0032 0.0043 0.0032 0.0036 0.0027 
  

0.3 0.0036 0.0042 0.0032 0.0030 0.0025 
0.0035 0.0044 0.0032 0.0031 0.0025 
  

0.4 0.0042 0.0044 0.0036 0.0025 0.0023 

0.0039 0.0045 0.0035 0.0026 0.0023 
  

0.5 0.0046 0.0048 0.0040 0.0023 0.0023 

0.0045 0.0048 0.0039 0.0023 0.0022 
  

0.7 0.0067 0.0056 0.0051 0.0029 0.0029 

0.0064 0.0055 0.0050 0.0028 0.0028 
  

1.0 0.0111 0.0067 0.0066 0.0052 0.0052 

0.0111 0.0070 0.0068 0.0054 0.0054                   
 



Table 8.2.2 (continued) 

  

  

  

  

  

  

  

  

      

MROR MROQR 
N Y Logistic Kernel Kernel LLR LLR 

50 0.0 0.0012 0.0023 0.0012 0.0024 0.0012 
0.0012 0.0022 0.0012 0.0021 0.0012 

0.1 0.0013 0.0020 0.0013 0.0020 0.0013 

0.0012 0.0021 0.0012 0.0021 0.0012 

0.2 0.0014 0.0022 0.0013 0.0021 0.0013 
0.0014 0.0021 0.0013 0.0020 0.0012 

0.3 0.0017 0.0021 0.0014 0.0018 0.0012 
0.0017 0.0021 0.0014 0.0018 0.0012 

0.4 0.0021 0.0022 0.0016 0.0015 0.0011 
0.0021 0.0022 0.0016 0.0015 0.0012 

0.5 0.0028 0.0024 0.0020 0.0012 0.0011 
0.0027 0.0024 0.0020 0.0012 0.0011 

0.7 0.0046 0.0027 0.0026 0.0017 0.0017 
0.0046 0.0028 0.0027 0.0017 0.0017 

1.0 0.0094 0.0040 0.0039 0.0034 0.0034 
0.0093 0.0039 0.0039 0.0033 0.0033               
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Table 8.2.3 Mean squared erroi estimates from 500 Monte Carlo simulations for 
seven dose levels. N indicates the number of subjects receiving each 

dose of the drug. The bold numbers indicate the theoretical mean 
squared errors used to obtain amse-efficiencies in Table 7.2.3. 

  

  

MRQR MRQR 

D N Y Logistic Kernel Kernel LLR LLR 

7 20 0.0 0.0019 0.0030 0.0019 0.0029 0.0019 

0.0020 0.0031 0.0020 0.0029 0.0020 
  

0.1 0.0020 0.0029 0.0020 0.0026 0.0018 

0.0021 0.0031 0.0021 0.0028 0.0020 
  

0.2 0.0023 0.0031 0.0023 0.0026 0.0020 

0.0022 0.0031 0.0022 0.0026 0.0019 
  

0.3 0.0027 0.0032 0.0024 0.0023 0.0019 

0.0025 0.0032 0.0023 0.0022 0.0019 
  

0.4 0.0030 0.0033 0.0026 0.0018 0.0017 

0.0030 0.0033 0.0026 0.0019 0.0018 
  

0.5 0.0038 0.0036 0.0031 0.0017 0.0018 

0.0036 0.0036 0.0030 0.0016 0.0017 
  

0.7 0.0054 0.0041 0.0038 0.0022 0.0022 

0.0054 0.0042 0.0039 0.0023 0.0023 
  

1.0 0.0101 0.0051 0.0051 0.0043 0.0043 

0.0100 0.0053 0.0052 0.0044 0.0044                   
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§ 8.3 Summary of Effective Dose Estimation with Optimal b and A 

In analyzing the results for estimating effective doses, the optimal values of the bandwidth and 

mixing parameter will be used to estimate effective doses, 95% confidence intervals on the effective doses, 

average widths of the 95% confidence intervals, and their coverage probabilities for the parametric, 

nonparametric, and model-robust procedures. The effective doses of interest in this research are the ED4p, 

EDs, and EDgp. The (d=3, 5, 7, n=20) combinations will be summarized at y=0, 0.1, 0.3, 0.5, and 1.0. 

These 15 (3x1x5) design combinations were analyzed to get a representation of the complete number of 72 

possible Monte Carlo combinations. For each (d, n, y) combination considered, 500 Monte Carlo 

repetitions were obtained and for each combination, the mean effective dose, average 95% confidence 

intervals on the effective doses, and average width of the 95% confidence intervals were obtained. Also, 

the coverage probability of the 95% confidence intervals were estimated as the proportion of repetitions 

among the 500 where the 95% confidence interval contained the true effective dose. Along with the 

nonparametric regression methods, the Spearman-Karber and Thompson Moving Averages were used to 

estimate the median effective doses. 

For the (d=3, n=20) scenario, Tables 8.3.1-8.3.5 represent the effective dose summaries for y=0, 

0.1, 0.3, 0.5, and 1.0, respectively. The following are some of the more noteworthy observations for the 

(d=3, n=20, y) combinations: 

1. Under the correct model (y=0, Table 8.3.1), it is interesting to note that the logit procedure with 

estimates obtained via maximum likelihood estimation, the coverages of the 95% confidence 

Fieller confidence interval on the ED, , EDso, and EDgo are 78.4, 86.0, and 78.0, respectively. 

Although they should have 95% coverage, the small coverage probabilities are due to the lack of 

information obtained when using only three doses in the study. 

2. The estimates of the median effective doses, EDso, for each of the procedures are relatively the 

same with the nonparametric and model-robust procedures having better coverage probabilities 

(all above 93%) with slightly larger widths in the confidence intervals than the logit procedure. 

3. The coverage probability of the confidence intervals for the ED ) and EDg, estimates for kernel 

and local liner regression are not very good. But, the MRQR Kernel procedure mixes well enough 

so that the coverage probabilities of the ED.) and EDgp increase to 91.2 and 89.8, respectively. On 

the other hand, with the local linear regression and the MRQR LLR procedures (recall that the 

optimal mixing parameter is one for three dose across all values of y), the fit is linear in nature and 
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thus over-estimating the EDgy ( the average EDgy is 0.7570 compared to the true ED,y of 0.6385) 

and under-estimating the ED.) (the average ED.) is 0.2443 with the true estimate of 0.3615). The 

coverage probabilities for the ED.) and EDgy by the MRQR LLR procedure are 75.7 and 17.8, 

respectively. Under the correct model, the logit procedure has the best estimates of effective 

doses, but the MRQR Kernel procedure yields the highest coverage probabilities. 

The Spearman-Karber and Thompson’s Moving Average estimates of the EDs, are 0.4667 and 

0.5013, respectively, with coverage probabilities of 86.0 and 95.2. The widths of the two classical 

nonparametric procedures are slightly larger than the logit procedure, but smaller than the 

nonparametric and model-robust regression methods. 

As the degree of model-misspecification increases to 0.1 and 0.3 for (d=3, n=20), the results are 

quite the same as above. The MRQR Kernel procedure has the highest coverage probabilities on 

the effective doses (see Tables 8.3.2 and Table 8.3.3), but the logit procedure has the best 

estimates of the effective doses at y=0.1, whereas the MRQR Kernel procedure has the highest 

coverage probabilities and, thus, closer to the nominal 95% value, and more accurate estimates of 

the effective doses at y=0.3. Also, the LLR and the MRQR LLR procedures continue to fit poorly 

in the extremes (ED) and ED,,)). The S-K and the TMA estimates have coverage probabilities on 

the EDsp of 85.2 and 94.6, respectively. The ED. estimates are approximately the same for all of 

the methods presented, with the exception of the S-K method which seems to underestimate the 

ED,p. 

When the degree of model-misspecification is y=0.5, the kernel procedure has the highest 

coverage probabilities as well as the most accurate estimates of the effective doses. The increase 

in coverage probabilities between the logit and kernel procedures is perhaps due to the increase in 

the width of the confidence intervals for the EDs. estimates from 0.1608 for the logit procedure to 

0.2794 for the kernel procedure (see Table 8.3.4). The LLR procedure also does well in covering 

the true ED.) and EDgy values, although it slightly underestimates the ED.) value and slightly 

overestimates the EDg, value. The S-K procedure does not estimate the EDsp as well as the TMA 

procedure. 

At the highest degree of misspecification (y=1.0, Table 8.3.5), the LLR and the MRQR LLR 

procedure (recall that the mixing parameter is one) has the highest coverage probabilities as well 
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as the most accurate estimates of the effective doses. The MRQR LLR procedure also has the 

smallest widths on the confidence intervals for the effective doses. 

It seems that for three doses, the MRQR Kernel procedure tends to perform quite well under slight 

model-misspecification, but as the degree of model-misspecification increases to 1.0, the MRQR LLR 

procedure begins to outperform the other nonparametric and the MRQR Kernel procedures. For all values 

of y, the logit, nonparametric, and model-robust procedures perform well in estimating the median effective 

dose, but the model-robust procedures perform better when estimating the extreme values (ED ) and EDs) 

at values of y between 0.3 and 1.0. 

Increasing the number of doses to d=5, the model-robust procedures begin to outperform the logit 

and nonparametric procedures with respect to coverage probabilities and effective dose estimation. The 

main points of emphasis for (d=5, n=20) combination are listed below: 

1. Table 8.3.6 is a summary of the effective dose estimation for y=0. Under the correct model, the 

logit procedure, MRQR Kernel, and MRQR LLR procedures have more accurate estimates of 

effective doses, shorter confidence interval widths, and higher coverage probabilities than the 

nonparametric procedures. Note that when y=0, the optimal value of A=0, which implies that the 

model-robust procedures are choosing the proper value of A. 

2. Increasing y to 0.1 (see Table 8.3.7), the MRQR Kernel procedure did not detect the slight 

misspecification but the misspecification was detected by the MRQR LLR procedure. The MRQR 

LLR procedure has coverage probabilities of 88.6%, 94.0%, and 93.4% for the ED, EDso, and 

EDg) estimates, respectively. In addition, the MRQR LLR procedure has higher coverage 

probability, shorter average widths and more accurate estimates of effective doses than either 

MLE or LLR, again indicating that the concept of mixing does give improved results. The 

average widths of the confidence intervals for the logit, nonparametric, and model-robust 

procedures are relatively the same, but the coverages of the MRQR LLR procedure is slightly 

higher. Also, the MRQR procedure estimates the ED.) and EDs, quite well, but over estimates the 

ED, value. Though the S-K and the TMA estimates have narrower confidence intervals, this 

seems to contribute to the low coverage probability with respect to the other procedures. 

3. Tables 8.3.8-8.3.10 are for the (d=5, n=20, y=0.3, 0.5, 1.0) combinations. For these scenarios, the 

MRQR LLR procedure has higher coverage probabilities, narrower confidence intervals, and 

estimates the effective doses more accurately than the other procedures. The logit procedure 
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overestimates the ED,, and underestimates the EDg, values. Like the case with three doses, the 

MRQR LLR procedure tends to outperform the logit procedure, nonparametric methods, and the 

MRQR Kernel procedures as the degree of model-misspecification increases. 

For the (d=7, n=20, y) combinations, Tables 8.3.11-8.3.15 contains the effective dose summaries. 

In the seven dose case, the MRQR LLR procedure outperforms the other procedures. It is also interesting 

that the S-K and TMA coverage probabilities are low with very narrow confidence intervals. Also, with 

seven doses, the logit procedure has high coverage probability on the effective doses, but the confidence 

interval widths for MRQR LLR for ED.) and EDgy are substantially smaller. Again, MLE does a great job 

of estimating the EDs, even at gross model-misspecification. 

With respect to effective dose estimation, the median effective dose is well estimated by all of the 

methods presented. Regardless of the degree of model-misspecification, the ED. is estimated well by the 

logit procedure. This is perhaps due to the fact that for all values of y, the true ED<, value is 0.5, which is 

the center of the data. Because the median effective dose is estimated so well by all of the procedures, the 

extreme dose value estimation, such as the ED) and EDgy yields a better representation of how the 

methods are fitting the data. With five or seven dose-levels, the MRQR LLR procedure has the highest 

coverage probabilities on the extreme dose levels, narrower 95% confidence intervals, and more accurate 

estimates. 
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TABLE 8.3.1 —_ Effective dose estiniation summary for the (d=3, n=20, y=0) combination using 
optimal values of bandwidth and mixing parameter. The true effective dose 

values are: ED,)=0.3615; EDs =0.5; and ED,,=0.6385. 

Observed 

a # Mean Mean Coverage 

Method for EDjo9, | Incalculable ED 00 Width Probability (%) _ 

MLE 0.2 0 0.3392 0.2296 78.4 

0.5 0 0.5009 0.1588 86.0 

0.8 0 0.6626 0.2304 78.0 

Kernel 0.2 44 0.2644 0.1769 44.7 

0.5 0 0.5040 0.2803 93.8 

0.8 43 0.7363 0.1715 39.6 

MRQR Kernel 0.2 0 0.3134 0.2189 91.2 

0.5 0 0.5015 0.2082 93.6 

0.8 0 0.6883 0.2164 89.8 

LLR 0.2 0 0.2443 0.1540 75.7 

0.5 0 0.5011 0.1647 93.6 

0.8 0 0.7570 0.1521 17.8 

MRQR LLR 0.2 0 0.2443 0.1540 75.7 

0.5 0.5011 0.1647 93.6 

0.8 0.7570 0.1521 17.8 

Spearman-Karber 0.5 0 0.4667 0.1712 86.0 

TMA 0.5 0 0.5013 0.2138 95.2               
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TABLE 8.3.2 _ Effective dose estiraation summary for the (d=3, n=20, y=0.1) combination 

using optimal values of bandwidth and mixing parameter. The true effective 
dose values are: ED,,.=0.3445; ED,.=0.5; and ED,g,=0.6355. 

Observed 

a # Mean Mean Coverage 

Method for EDjo9,_~—_‘| Incalculable ED 00a Width Probability (%) 

MLE 0.2 0 0.3392 0.2310 85.8 

0.5 0 0.5030 0.1604 85.8 

0.8 0 0.6668 0.2330 85.6 

Kernel 0.2 39 0.2647 0.1796 56.0 

0.5 0 0.5068 0.2822 93.6 

0.8 53 0.7384 0.1700 43.8 

MRQR Kernel 0.2 0 0.3140 0.2198 93.4 

0.5 0 0.5035 0.2094 94.0 

0.8 0 0.6913 0.2193 94.0 

LLR 0.2 0 0.2451 0.1541 33.8 

0.5 0 0.5026 0.1658 93.6 

0.8 0 0.7595 0.1552 26.6 

MRQR LLR 0.2 0 0.2451 0.1541 33.8 

0.5 0.5026 0.1658 93.6 

0.8 0 0.7595 0.1522 26.6 

Spearman-Karber 0.5 0 0.4653 0.1714 85.2 

TMA 0.5 0 0.5028 0.2154 94.6               
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TABLE 8.3.3 Effective dose estiraation summary for the (d=3, n=20, y=0.3) combination 
using optimal values of bandwidth and mixing parameter. The true effective 
dose values are: ED )=0.3055; ED<9=0.5; and ED, )=0.6955. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

              

Observed 
a # Mean Mean Coverage 

Method for ED jo0g Incalculable ED io0a Width Probability (%) 

MLE 0.2 0 0.3393 0.2300 94.2 

0.5 0 0.5015 0.1588 88.0 

0.8 0 0.6636 0.2309 94.8 

Kernel 0.2 38 0.2640 0.1725 77.5 

0.5 0 0.5030 0.2830 94.6 

0.8 38 0.7375 0.1723 82.3 

MRQR Kernel 0.2 0 0.3146 0.2183 95.0 

0.5 0 0.5017 0.2078 94.8 

0.8 0 0.6879 0.2182 94.6 

LLR 0.2 0 0.2444 0.1533 66.2 

0.5 0 0.5012 0.1651 94.6 

0.8 0 0.7577 0.1533 64.4 

MRQR LLR 0.2 0 0.2444 0.1533 66.2 

0.5 0.5012 0.1651 94.6 

0.8 0 0.7577 0.1533 64.4 

Spearman-Karber 0.5 0 0.4657 0.1717 88.0 

TMA 0.5 0 0.5013 0.2140 95.8   
  

106



TABLE 8.3.4 — Effective dose estiraation summary for the (d=3, n=20, y=0.5) combination 

using optimal values of bandwidth and mixing parameter. The true effective 

dose values are: ED,.=0.2730; ED. =0.5; and EDgp=0.7270. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

              

Observed 
a # Mean Mean Coverage 

Method for EDjoo¢ Incalculable ED,o0 Width Probability (%) 

MLE 0.2 0 0.3353 0.2324 93.4 

0.5 0 0.4992 0.1608 84.0 

0.8 0 0.6630 0.2318 91.6 

Kernel 0.2 52 0.2624 0.1739 93.8 

0.5 0 0.4981 0.2794 91.8 

0.8 55 0.7371 0.1780 94.3 

MRQR Kernel 0.2 0 0.3125 0.2204 83.2 

0.5 0 0.4991 0.2074 92.2 

0.8 0 0.6857 0.2217 80.8 

LLR 0.2 0 0.2421 0.1546 86.8 

0.5 0 0.4992 0.1657 91.8 

0.8 0 0.7567 0.1561 87.4 

MRQR LLR 0.2 0 0.2421 0.1546 86.8 

0.5 0 0.4992 0.1656 91.8 

0.8 0 0.7567 0.1561 87.4 

Spearman-Karber 0.5 0 0.4622 0.1711 85.4 

TMA 0.5 0 0.4990 0.2145 94.0   
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TABLE 8.3.5 — Effective dose estiniation summary for the (d=3, n=20, y=1.0) combination 

using optimal values of bandwidth and mixing parameter. The true effective 
dose values are: ED,)=0.2300; ED.9=0.5; and EDg)=0.7705. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

Observed 
a # Mean Mean Coverage 

Method for ED jo0q Incalculable EDyjo04 Width Probability (%) 

MLE 0.2 0 0.3387 0.2337 87.0 

0.5 0 0.5054 0.1621 87.0 

0.8 0 0.6721 0.2360 85.0 

Kernel 0.2 55 0.2646 0.1859 72.4 

0.5 0 0.5121 0.2823 93.6 

0.8 65 0.7447 0.1643 73.1 

MRQR Kernel 0.2 0 0.3178 0.2262 54.8 

0.5 0 0.5065 0.2076 93.6 

0.8 0 0.6929 0.2209 57.0 

LLR 0.2 0 0.2453 0.1590 87.4 

0.5 0 0.5052 0.1669 93.4 

0.8 0 0.7626 0.1562 91.2 

MRQR LLR 0.2 0 0.2453 0.1590 87.4 

0.5 0 0.5052 0.1669 93.4 

0.8 0 0.7626 0.1562 91.2 

Spearman-Karber 0.5 0 0.4674 0.1715 88.6 

TMA 0.5 0 0.5062 0.2191 97.2 
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TABLE 8.3.6 — Effective dose estiration summary for the (d=5, n=20, y=0) combination 

using optimal values of bandwidth and mixing parameter. The true effective 
dose values are: ED,.=0.3615; EDs 9=0.5; and EDg p=0.6385. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

Observed 
a # Mean Mean Coverage 

Method for EDjo0q Incalculable ED i000 Width Probability (%) 

MLE 0.2 0 0.3662 0.1609 90.8 

0.5 0 0.5020 0.1183 92.8 

0.8 0 0.6378 0.1612 91.6 

Kernel] 0.2 27 0.3318 0.1632 91.8 

0.5 0 0.5041 0.1451 93.4 

0.8 33 0.6715 0.1534 90.4 

MRQR Kernel 0.2 0 0.3662 0.1609 90.8 

0.5 0 0.5020 0.1183 92.8 

0.8 0 0.6378 0.1612 91.6 

, LLR 0.2 36 0.3276 0.1577 88.4 

0.5 0 0.5038 0.1411 93.4 

0.8 43 0.6757 0.1488 84.0 

MRQR LLR 0.2 0 0.3662 0.1609 90.8 

0.5 0 0.5020 0.1183 92.8 

0.8 0 0.6378 0.1612 91.6 

Spearman Karber 0.5 0 0.4841 0.1228 87.2 

TMA 0.5 0 0.5024 0.1061 88.6                 
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TABLE 8.3.7 —_ Effective dose estiniation summary for the (d=5, n=20, y=0.1) combination 

using optimal values of bandwidth and mixing parameter. The true effective 

dose values are: ED,,.=0.3455; ED,,=0.5; and EDs )=0.6355. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

                  

Observed 

a # Mean Mean Coverage 

Method for EDjoog Incalculable ED joa Width Probability (%) 

MLE 0.2 0 0.3534 0.1675 86.4 

0.5 0 0.4993 0.1222 93.0 

0.8 0 0.6452 0.1672 92.6 

Kernel 0.2 30 0.3154 0.1669 90.6 

0.5 0 0.4993 0.1526 92.8 

0.8 29 0.6852 0.1676 92.6 

MRQR Kernel 0.2 0 0.3534 0.1675 86.4 

0.5 0 0.4993 0.1222 93.0 

0.8 0 0.6452 0.1672 92.6 

LLR 0.2 34 0.3076 0.1519 86.3 

0.5 0 0.4993 0.1459 93.0 

0.8 42 0.6928 0.1534 88.0 

MRQR LLR 0.2 0 0.3403 0.1558 88.6 

0.5 0 0.4993 0.1292 94.0 

0.8 0.6586 0.1559 93.4 

Spearman-Karber 0.5 0 0.4813 0.1253 83.2 

TMA 0.5 0 0.4993 0.1049 85.2   
  

110



TABLE 8.3.8 — Effective dose estiraation summary for the (d=5, n=20, y=0.3) combination 

using optimal values of bandwidth and mixing parameter. The true effective 
dose values are: ED,)=0.3055; EDs 9=0.5; and EDg =0.6955. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

              

Observed 

a # Mean Mean Coverage 

Method for ED,o0a Incalculable ED 00 Width Probability (%) 

MLE 0.2 0 0.3365 0.1851 90.0 

0.5 0 0.5011 0.1327 94.6 

0.8 0 0.6656 0.1850 93.2 

Kernel 0.2 29 0.2886 0.1819 91.3 

0.5 0 0.5008 0.1769 92.0 

0.8 21 0.7157 0.1834 94.8 

MRQR Kernel 0.2 0 0.3223 0.1720 87.8 

0.5 0 0.5009 0.1436 94.8 

0.8 0 0.6804 0.1723 91.0 

LLR 0.2 19 0.2753 0.1361 88.6 

0.5 0 0.5011 0.1470 93.4 

0.8 13 0.7269 0.1356 90.1 

MRQR LLR 0.2 4 0.3019 0.1538 92.5 

0.5 0 0.5011 0.1399 94.8 

0.8 4 0.7004 0.1535 95.2 

Spearman-Karber 0.5 0 0.4839 0.1357 88.0 

TMA 0.5 0 0.5016 0.1066 83.2   
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TABLE 8.3.9 — Effective dose estimation summary for the (d=5, n=20, y=0.5) combination 
using optimal values of bandwidth and mixing parameter. The true effective 

dose values are: ED,,=0.2730; ED 9=0.5; and EDg).=0.7270. 

  

Observed 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

              

a # Mean Mean Coverage 

Method for EDjoo. Incalculable EDjo0 Width Probability (%) 

MLE 0.2 0 0.3229 0.2072 88.8 

0.5 0 0.5051 0.1450 92.8 

0.8 0 0.6873 0.2083 90.8 

Kernel 0.2 21 0.2688 0.1883 92.1 

0.5 0 0.5028 0.2113 93.0 

0.8 33 0.7442 0.1927 94.9 

MRQR Kernel 0.2 0 0.2963 0.1846 86.0 

0.5 0 0.5042 0.1675 93.0 

0.8 0 0.7145 0.1892 91.2 

LLR 0.2 0 0.2601 0.1301 93.2 

0.5 0 0.5042 0.1344 94.2 

0.8 0 0.7479 0.1340 91.4 

MRQR LLR 0.2 0 0.2663 0.1359 93.8 

0.5 0 0.5044 0.1358 94.2 

0.8 0.7420 0.1300 92.2 

Spearman-Karber 0.5 0 0.4838 0.1485 87.8 

TMA 0.5 0 0.5049 0.1094 75.8   
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TABLE 8.3.10 Effective dose estination summary for the (d=5, n=20, y=1.0) combination 

using optimal values of bandwidth and mixing parameter. The true effective 
dose values are: ED,.=0.2300; ED. 9=0.5; and EDgp=0.7705. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

              

Observed 

a # Mean Mean Coverage 

Method for EDjo04 Incalculable ED joo Width Probability (%) 

MLE 0.2 0 0.2683 0.3164 87.6 

0.5 0 0.5011 0.1950 95.4 

0.8 0 0.7340 0.3169 87.4 

Kernel 0.2 42 0.2129 0.1747 92.4 

0.5 0 0.5008 0.3564 93.8 

0.8 37 0.7884 0.1691 90.7 

MRQR Kernel 0.2 42 0.2166 0.1729 91.3 

0.5 0 0.5006 0.3336 93.8 

0.8 37 0.7848 0.1699 90.5 

LLR 0.2 15 0.2198 0.1490 92.0 

0.5 0 0.5013 0.2584 94.4 

0.8 15 0.7818 0.1463 93.0 

MRQR LLR 0.2 15 0.2198 0.1490 92.0 

0.5 0 0.5013 0.2584 94.4 

0.8 105 0.7818 0.1376 92.7 

Spearman-Karber 0.5 0 0.4785 0.2012 91.8 

TMA 0.5 0 0.5015 0.1276 74.4   
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TABLE 8.3.11 Effective dose estiniation summary for the (d=7, n=20, y=0) combination 

using optimal values of bandwidth and mixing parameter. The true effective 
dose values are: ED 9=0.3615; ED<9=0.5; and ED, =0.6385. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

              

Observed 
a # Mean Mean Coverage 

Method for EDjo0, Incalculable ED 00a Width Probability (%) 

MLE 0.2 0 0.3643 0.1309 92.0 

0.5 0 0.4990 0.0977 93.2 

0.8 0 0.6336 0.1309 91.8 

Kernel 0.2 28 0.3390 0.1377 92.4 

0.5 0 0.4981 0.1195 92.6 

0.8 22 0.6596 0.1442 91.8 

MRQR Kernel 0.2 0 0.3643 0.1309 92.0 

0.5 0 0.4990 0.0977 93..2 

0.8 0 0.6336 0.1309 91.8 

LLR 0.2 124 0.3355 0.1337 89.6 

0.5 0 0.4982 0.1167 93.0 

0.8 100 0.6631 0.1399 90.0 

MRQR LLR 0.2 0 0.3643 0.1309 92.0 

0.5 0.4990 0.0977 93.2 

0.8 0.6336 0.1309 91.8 

Spearman-Karber 0.5 0 0.4983 0.0973 78.8 

TMA 0.5 0 0.4817 0.0674 76.0   
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TABLE 8.3.12 Effective dose estiraation summary for the (d=7, n=20, y=0.1) combination 
using optimal values of bandwidth and mixing parameter. The true effective 

dose values are: ED 9=0.3445; EDs 9=0.5; and ED, )=0.6355. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

      
  

  

  

                

Observed 

a # Mean Mean Coverage 

Method for EDjo04 Incalculable ED joa Width Probability (%) 

MLE 0.2 0 0.3517 0.1391 92.4 

0.5 0 0.4993 0.1025 90.0 

0.8 0 0.6468 0.1389 92.6 

Kernel 0.2 27 0.3215 0.1512 90.5 

0.5 0 0.4995 0.1319 92.6 

0.8 28 0.6754 0.1506 90.9 

MRQR Kernel 0.2 0 0.3517 0.1391 92.4 

0.5 0 0.4993 0.1025 90.0 

0.8 0 0.6468 0.1389 92.6 

LLR 0.2 86 0.3156 0.1385 87.4 

0.5 0 0.4993 0.1250 92.2 

0.8 85 0.6819 0.1401 88.0 

MRQR LLR 0.2 0 0.3429 0.1316 90.4 

0.5 0 0.4993 0.1064 90.8 

0.8 0.6555 0.1317 91.6 

Spearman-Karber 0.5 0 0.4791 0.1011 77.0 

TMA 0.5 0 0.4987 0.0065 68.0   
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TABLE 8.3.13 Effective dose estiraation summary for the (d=7, n=20, y=0.3) combination 

using optimal values of bandwidth and mixing parameter. The true effective 
dose values are: EDy)=0.3055; EDs =0.5; and EDg)=0.6955. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

              

Observed 

a # Mean Mean Coverage 

Method for ED i004 Incalculable ED j00a Width Probability (%) 

MLE 0.2 0 0.3311 0.1531 93.2 

0.5 0 0.4980 0.1104 93.4 

0.8 0 0.6649 0.1529 89.0 

Kernel 0.2 33 0.2937 0.1626 93.8 

0.5 0 0.4972 0.1544 93.8 

0.8 27 0.7012 0.1649 94.7 

MRQR Kernel 0.2 0 0.3207 0.1455 90.0 

0.5 0 0.4979 0.1182 93.8 

0.8 0 0.6750 0.1461 86.0 

LLR 0.2 31 0.2822 0.1207 90.0 

0.5 0 0.4975 0.1268 93.6 

0.8 20 0.7144 0.1241 92.1 

MRQR LLR 0.2 1 0.3061 0.1345 95.0 

0.5 0 0.4978 0.1167 93.6 

0.8 0.6900 0.1356 90.8 

Spearman-Karber 0.5 0 0.4770 0.1075 79.6 

TMA 0.5 0 0.4972 0.0640 63.6   
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TABLE 8.3.14 Effective dose estiraation summary for the (d=7, n=20, y=0.5) combination 
using optimal values of bandwidth and mixing parameter. The true effective 
dose values are: ED..=0.2730; ED<9=0.5; and EDg9=0.7270. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

Observed 

a # Mean Mean Coverage 

Method for EDjoo, Incalculable ED 00a Width Probability (%) 

MLE 0.2 0 0.3137 0.1711 87.4 

0.5 0 0.5014 0.1198 93.4 

0.8 0 0.6891 0.1712 92.0 

Kernel 0.2 33 0.2706 0.1704 93.6 

0.5 0 0.5022 0.1913 93.8 

0.8 25 0.7325 0.1685 93.9 

MRQR Kernel 0.2 0 0.2929 0.1601 86.8 

0.5 0 0.5016 0.1432 95.0 

0.8 0 0.7101 0.1593 90.0 

LLR 0.2 0 0.2618 0.1167 93.0 

0.5 0 0.5014 0.1141 94.8 

0.8 0 0.7401 0.1160 94.2 

MRQR LLR 0.2 0 0.2719 0.1255 93.0 

0.5 0 0.5014 0.1157 94.8 

0.8 16 0.7303 0.1180 91.9 

Spearman Karber 0.5 0 0.4807 0.1145 81.4 

TMA 0.5 0 0.5019 0.0608 54.0               
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TABLE 8.3.15 Effective dose estimation summary for the (d=7, n=20, y=1.0) combination 

using optimal values of bandwidth and mixing parameter. The true effective 

dose values are: ED )=0.2300; ED.,=0.5; and EDgp=0.7705. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

Observed 

a # Mean Mean Coverage 

Method for EDjo04 Incalculable ED 00a Width Probability (“%) 

MLE 0.2 0 0.2598 0.2404 94.4 

0.5 0 0.4999 0.1531 93.8 

0.8 0 0.7401 0.2405 92.0 

Kernel 0.2 38 0.2191 0.1512 92.0 

0.5 0 0.4976 0.3241 93.2 

0.8 33 0.7807 0.1506 92.9 

MRQR Kernel 0.2 38 0.2226 0.1513 92.2 

0.5 0 0.4977 0.3080 93.0 

0.8 33 0.7778 0.1509 92.9 

LLR 0.2 30 0.2230 0.1288 93.2 

0.5 0 0.4983 0.2630 92.0 

0.8 27 0.7770 0.1281 92.2 

MRQR LLR 0.2 30 0.2230 0.1288 93.2 

0.5 0 0.4983 0.2630 92.0 

0.8 27 0.7770 0.1236 93.2 

Spearman Karber 0.5 0 0.4781 0.1375 84.0 

TMA 0.5 0 0.4992 0.0582 28.8                 
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§ 8.4 Estimation of Proportion Responding Using Optimal b and A 

Another aspect of interest in the analysis of quantal dose-response data is how well the parametric, 

nonparametric, and model-robust procedures estimate the proportion responding, P. It has been shown in 

the previous section that the model-robust procedures (especially MRQR LLR) perform extremely well in 

estimating effective doses, especially as the number of doses increases. Tables 8.4.1-8.4.10 are summaries 

of the dose levels accompanied by the average percent responding, the mean width of the 95% confidence 

intervals on P, and the coverage probabilities at each dose level. The tables below summarize the (d=3, 5, 

n=20) combinations with y=0, 0.1, 0.3, 0.5, and 1.0. 

For the (d=3, n=20) combination, at each value of y, the model-robust procedures yield the highest 

coverage probabilities on the true response at the given dose levels. At y=0, the logit procedure has the 

largest width on the 95% confidence interval at the middle dose (0.5), but a narrower width at the extreme 

points (dose level 0.1 and 0.9). With respect to predicting the proportion responding at the three dose 

levels, all of the procedures presented predict well in the middle of the data (at dose level 0.5), but the 

MRQR LLR procedure more accurately predicts the true responses in the extremes. As the degree of 

model-misspecification (y) increases, the results are quite similar. 

Although there is not a strong distinction between the parametric, nonparametric, and model- 

robust procedures for three dose levels, the results are very interesting when increasing to five doses. First 

of all, under the correctly specified model (y=0) and the slightly misspecified model (y=0.1), the logistic 

regression procedure only yields 95% coverage of true proportion responding at only one of the doses 

(dose level 0.5). Interestingly, the nonparametric procedures of kernel and local linear regression have 

narrower confidence intervals and higher coverage probabilities on P, the true proportion responding, than 

the logit and model-robust procedures. 

Increasing the degree of model-misspecification to y=0.3, the LLR and MRQR LLR procedures 

tend to yield higher coverage probabilities on the true proportion responding as well as narrower 

confidence intervals than the logit, kernel, and MRQR Kernel procedures. The MRQR LLR predictions 

best estimate the true proportion responding over the five dose levels. Although both model-robust 

procedures overestimate in the boundaries, the MRQR Kernel procedure has the larger bias in the 

extremes, thus overestimating in the left boundary and under estimating in the right boundary. Again, 

these results are indicative of the boundary problem inherent with kernel regression. The LLR procedure 

does not suffer from this problem as expected. 

At y=0.5, the LLR and MRQR LLR procedures continue to outperform the logit, kernel, and 

MRQR Kernel procedures. The logit procedure predicts well at the 0.5 dose level, but does not predict 

well elsewhere and its coverage probabilities are generally very poor. The kernel procedure predicts well 
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for the middle three doses, but still does not fit well in the boundaries. With neither the kernel or logit 

procedure fitting the data very well, thus the MRQR Kernel procedure will not fit the data well. The LLR 

and MRQR LLR procedures have high coverage probabilities on the true proportion responding as well as 

excellent predictions at the dose levels. 

At the largest degree of model-misspecification, the widths of the 95% confidence interval for the 

logit procedure are more than twice as wide as the confidence intervals of the nonparametric and model- 

robust procedures, thus yielding fairly good coverage. With a significant reduction in confidence interval 

widths, the LLR and MRQR LLR procedures have good coverage. At dose levels 0.3 and 0.7, the Kernel 

and MRQR Kernel procedures has the higher coverage probabilities than the LLR and MRQR LLR 

procedures. This may be due to the ability of the Kernel procedure to detect the curvature at these points, 

whereas the LLR procedure tends to be linear in nature. Also, with respect to predicting the true response, 

the nonparametric and model-robust procedures have approximately the same predictions in the 

boundaries, but the LLR and MRQR LLR procedures have narrower confidence intervals. 
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Table 8.4.1 Summary of mean response at the (d=3, n=20, y=0) combination for 500 

Monte Carlo simulations and the optimal values of the bandwidth and 
mixing parameter. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

Observed 

Mean True Mean Coverage 

Method Dose Response Response Width Probability (“%) 
MLE 0.1 0.0346 0.0180 0.1202 99.0 

0.5 0.4978 0.5000 0.3855 92.8 

0.9 0.9649 0.9820 0.1217 99.0 

Kernel 0.1 0.0564 0.0180 0.1359 99.0 

0.5 0.4968 0.5000 0.3907 93.8 

0.9 0.944] 0.9820 0.1339 99.8 

MRQR Kernel 0.1 0.0413 0.0180 0.1212 99.8 

0.5 0.4975 0.5000 0.3783 93.6 

0.9 0.9586 0.9820 0.1210 99.8 

LLR 0.1 0.0377 0.0180 0.1538 100.0 

0.5 0.4988 0.5000 0.1943 93.6 

0.9 0.9621 0.9820 0.1522 99.8 

MRQR LLR 0.1 0.0377 0.0180 0.1538 100.0 

0.5 0.4988 0.5000 0.1943 93.6 

0.9 0.9621 0.9820 0.1522 99.8               
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Table 8.4.2 Summary of mean response at the (d=3, n=20, y=0.1) combination for 500 
Monte Carlo simulations and the optimal values of the bandwidth and 
mixing parameter. 

Observed 

Mean True Mean Coverage 

Method Dose Response Response Width Probability (%) 
MLE 0.1 0.0356 0.0186 0.1212 99.4 

0.5 0.4931 0.5000 0.3841 92.4 

0.9 0.9631 0.9814 0.1260 99.2 

Kernel 0.1 0.0560 0.0186 0.1354 99.4 

0.5 0.4950 0.5000 0.3910 93.6 

0.9 0.9408 0.9814 0.1417 99.6- 

MRQR Kernel 0.1 0.0417 0.0186 0.1210 99.8 

0.5 0.5000 0.5000 0.3771 94.0 

0.9 0.9564 0.9814 0.1270 99.6 

LLR 0.1 0.0373 0.0186 0.1535 99.6 

0.5 0.4969 0.5000 0.1947 93.6 

0.9 0.9589 0.9814 0.1586 100.0 

MRQR LLR 0.1 0.0373 0.0186 0.1535 99.6 

0.5 0.4969 0.5000 0.1947 93.6 

0.9 0.9589 0.9814 0.1586 100.0               
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Table 8.4.3 Summary of mean response at the (d=3, n=20, y=0.3) combination for 500 

Monte Carlo simulations and the optimal values of the bandwidth and 
mixing parameter. 

Observed 

Mean True Mean Coverage 

Method Dose Response Response Width Probability (%) 

MLE 0.1 0.0347 0.0197 0.1200 99.0 

0.5 0.4964 0.5000 0.3860 93.6 

0.9 0.9649 0.9803 0.1223 99.6 

Kernel 0.1 0.0555 0.0197 0.1323 99.4 

0.5 0.4978 0.5000 0.3913 94.6 

0.9 0.9426 0.9803 0.1384 99.2 

MRQR Kernel 0.1 0.0407 0.0197 0.1193 99.2 

0.5 0.4968 0.5000 0.3788 94.8 

0.9 0.9585 0.9803 0.1233 99.8 

LLR 0.1 0.0366 0.0197 0.1512 99.8 

0.5 0.4985 0.5000 0.1944 94.6 

0.9 0.9615 0.9803 0.1559 99.6 

MRQR LLR 0.1 0.0366 0.0197 0.1513 99.8 

0.5 0.4985 0.5000 0.1944 94.6 

0.9 0.9615 0.9803 0.1559 99.6               
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Table 8.4.4 Summary of mean response at the (d=3, n=20, y=0.5) combination for 500 
Monte Carlo simulations and the optimal values of the bandwidth and 
mixing parameter. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

Observed 

Mean True Mean Coverage 

Method Dose Response Response Width Probability (%) 
MLE 0.1 0.0365 0.0209 0.1245 98.8 

0.5 0.5027 0.5000 0.3830 90.6 

0.9 0.9633 0.9791 0.1234 98.4 

Kernel 0.1 0.0582 0.0209 0.1381 99.8 

0.5 0.5026 0.5000 0.3897 91.8 

0.9 0.9417 0.9791 0.1380 99.2 

MRQR Kernel 0.1 0.0425 0.0209 0.1244 98.8 

0.5 0.5027 0.5000 0.3759 92.2 

0.9 0.9573 0.9791 0.1237 98.2 

LLR 0.1 0.0399 0.0209 0.1561 100.0 

0.5 0.5011 0.5000 0.1940 91.8 

0.9 0.9601 0.9791 0.1561 99.6 

MRQR LLR 0.1 0.0399 0.0209 0.1561 100.0 

0.5 0.5011 0.5000 0.1940 91.8 

0.9 0.9601 0.9791 0.1561 99.6               
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Table 8.4.5 Summary of mean response at the (d=3, n=20, y=1.0) combination for 500 

Monte Carlo simulations and the optimal values of the bandwidth and 
mixing parameter. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

    

Observed 

Mean True Mean Coverage 

Method Dose Response Response Width Probability (%) 
MLE 0.1 0.0367 0.0237 0.1229 99.2 

0.5 0.4893 0.5000 0.3828 92.8 

0.9 0.9600 0.9763 0.1309 99.6 

Kernel 0.1 0.0598 0.0237 0.1430 100.0 

0.5 0.4870 0.5000 0.3900 93.6 

0.9 0.9391 0.9763 0.1399 99.2 

MRQR Kernel 0.1 0.0426 0.0237 0.1251 99.2 

0.5 0.4887 0.5000 0.3759 93.6 

0.9 0.9547 0.9763 0.1285 99.4 

LLR 0.1 0.0389 0.0237 0.1604 100.0 

0.5 0.4940 0.5000 0.1945 93.4 

0.9 0.9572 0.9763 0.1584 99.4 

MRQR LLR 0.1 0.0389 0.0237 0.1604 100.0 

0.5 0.4940 0.5000 0.1945 93.4 

0.9 0.9572 0.9763 0.1584 99.4             
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Table 8.4.6 Summary of mean response at the (d=5, n=20, y=0) combination for 500 

Monte Carlo simulations and the optimal values of the bandwidth and 
mixing parameter. 

Observed 

Mean True Mean Coverage 

Method Dose Response Response Width Probability (%) 
MLE 0.1 0.0193 0.0180 0.0652 86.0 

0.3 0.1156 0.1192 0.2269 89.2 

0.5 0.4950 0.5000 0.3716 95.0 

0.7 0.8805 0.8808 0.2322 91.2 

0.9 0.9799 0.9820 0.0679 86.6 

Kernel 0.1 0.0351 0.0180 0.0941 99.6 

0.3 0.1581 0.1192 0.2038 89.0 

0.5 0.4918 0.5000 0.3144 93.4 

0.7 0.8398 0.8808 0.2027 90.8 

0.9 0.9655 0.9820 0.0921 99.2 

MRQR Kernel 0.1 0.0193 0.0180 0.0652 86.0 

0.3 0.1156 0.1192 0.2269 89.2 

0.5 0.4950 0.5000 0.3716 95.0 

0.7 0.8805 0.8808 0.2322 91.2 

0.9 0.9799 0.9820 0.0679 86.6 

LLR 0.1 0.0197 0.0180 0.0931 100.0 

0.3 0.1642 0.1192 0.1953 89.4 

0.5 0.4924 0.5000 0.2956 93.4 

0.7 0.8331 0.8808 0.1943 91.6 

0.9 0.9808 0.9820 0.0906 100.0 

MRQR LLR 0.1 0.0193 0.0180 0.0652 86.0 

0.3 0.1156 0.1192 0.2269 89.2 

0.5 0.4950 0.5000 0.3716 95.0 

0.7 0.8805 0.8808 0.2322 91.2 

0.9 0.9799 0.9820 0.0679 86.6               
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Table 8.4.7 Summary of mean response at the (d=5, n=20, y=0.1) combination for 500 

Monte Carlo simulations and the optimal values of the bandwidth and 
mixing parameter. 

Mean Observed 

Mean True Width Coverage 

Method Dose Response Response Probability (%) 
MLE 0.1 0.0262 0.0186 0.0783 88.2 

0.3 0.1330 0.1438 0.2297 87.0 

0.5 0.4992 0.5000 0.3485 95.0 

0.7 0.8693 0.8562 0.2318 90.2 

0.9 0.9752 0.9814 0.0769 89.8 

Kernel 0.1 0.0439 0.0186 0.1033 98.8 

0.3 0.1801 0.1438 0.2122 89.2 

0.5 0.5000 0.5000 0.3029 92.8 

0.7 0.8202 0.8562 0.2125 91.2 

0.9 0.9586 0.9814 0.0974 97.6 

MRQR Kernel 0.1 0.0262 0.0186 0.0783 88.2 

0.3 0.1330 0.1438 0.2297 87.0 

0.5 0.4992 0.5000 0.3485 95.0 

0.7 0.8693 0.8562 0.2318 90.2 

0.9 0.9752 0.9814 0.0769 89.8 

LLR 0.1 0.0217 0.0186 0.1007 100.0 

0.3 0.1921 0.1438 0.1927 86.0 

0.5 0.5000 0.5000 0.2641 93.0 

0.7 0.8084 0.8562 0.1929 88.6 

0.9 0.9813 0.9814 0.0915 100.0 

MRQR LLR 0.1 0.0248 0.0186 0.0689 86.4 

0.3 0.1511 0.1438 0.1927 87.4 

0.5 0.4994 0.5000 0.2844 94.0 

0.7 0.8506 0.8562 0.1931 92.4 

0.9 0.9770 0.9814 0.0650 87.2               
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Table 8.4.8 Summary of mean response at the (d=5, n=20, y=0.3) combination for 500 

Monte Carlo simulations and the optimal values of the bandwidth and 
mixing parameter. 

Observed 

Mean True Mean Coverage 

Method Dose Response Response Width Probability (%) 
MLE 0.1 0.0364 0.0197 0.1503 96.4 

0.3 0.1565 0.1931 0.2523 84.0 

0.5 0.4963 0.5000 0.3374 95.6 

0.7 0.8414 0.8069 0.2560 88.2 

0.9 0.9638 0.9803 0.1060 97.4 

Kernel 0.1 0.0548 0.0197 0.1075 89.8 

0.3 0.2145 0.1931 0.2307 91.2 

0.5 0.4981 0.5000 0.2942 92.0 

0.7 0.7810 0.8069 0.2347 94.8 

0.9 0.9457 0.9803 0.1049 90.4 

MRQR Kernel 0.1 0.0421 0.0197 0.0858 94.2 

0.3 0.1746 0.1931 0.2085 87.6 

0.5 0.4969 0.5000 0.2796 94.8 

0.7 0.8226 0.8069 0.2117 91.0 

0.9 0.9582 0.9803 0.0852 96.2 

LLR 0.1 0.0172 0.0197 0.1120 99.8 

0.3 0.2324 0.1931 0.1738 88.4 

0.5 0.4980 0.5000 0.2046 93.4 

0.7 0.7646 0.8069 0.1755 89.2 

0.9 0.9841 0.9803 0.1083 100.0 

MRQR LLR 0.1 0.0254 0.0197 0.0919 97.8 

0.3 0.1998 0.1931 0.1850 92.2 

0.5 0.4973 0.5000 0.2381 94.8 

0.7 0.7977 0.8069 0.1871 95.0 

0.9 0.9753 0.9803 0.0899 99.2               
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Table 8.4.9 Summary of mean response at the (d=5, n=20, y=0.5) combination for 500 
Monte Carlo simulations and the optimal values of the bandwidth and 
mixing parameter. 

Observed 
Mean True Mean Coverage 

Method Dose Response Response Width Probability (%) 
MLE 0.1 0.0467 0.0209 0.1402 98.6 

0.3 0.1751 0.2424 0.2865 75.6 

0.5 0.4903 0.5000 0.3522 95.2 

0.7 0.8138 0.7576 0.2938 81.4 

0.9 0.9498 0.9792 0.1461 98.4 

Kernel 0.1 0.0597 0.0209 0.1064 83.0 

0.3 0.2401 0.2424 0.2485 90.8 

0.5 0.4972 0.5000 0.2981 93.0 

0.7 0.7454 0.7576 0.2570 94.6 

0.9 0.9329 0.9792 0.1147 76.0 

MRQR Kernel 0.1 0.0529 0.0209 0.0955 89.4 

0.3 0.2062 0.2424 0.2219 83.2 

0.5 0.4937 0.5000 0.2731 93.0 

0.7 0.7810 0.7576 0.2303 88.4 

0.9 0.9417 0.9792 0.1025 85.4 

LLR 0.1 0.0200 0.0209 0.1488 99.6 

0.3 0.2493 0.2424 0.1571 94.4 

0.5 0.4949 0.5000 0.1643 94.2 

0.7 0.7409 0.7576 0.1615 93.2 

0.9 0.9744 0.9792 0.1569 99.2 

MRQR LLR 0.1 0.0229 0.0209 0.1421 99.6 

0.3 0.2411 0.2424 0.1619 92.4 

0.5 0.4944 0.5000 0.1762 94.2 

0.7 0.7489 0.7576 0.1668 93.2 

0.9 0.9717 0.9792 0.1499 99.2               
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Table 8.4.10 | Summary of mean response at the (d=5, n=20, y=1.0) combination for 500 
Monte Carlo simulations and the optimal values of the bandwidth and 
mixing parameter. 

Observed 
Mean True Mean Coverage 

Method Dose Response Response Width Probability (%) 

MLE 0.1 0.0861 0.0237 0.3609 97.0 

0.3 0.2318 0.3656 0.5289 74.6 

0.5 0.4983 0.5000 0.5568 98.6 

0.7 0.7657 0.6344 0.5325 73.4 

0.9 0.9129 0.9763 0.3649 96.8 

Kernel 0.1 0.0661 0.0237 0.1102 77.6 

0.3 0.3368 0.3656 0.3192 89.8 

0.5 0.4981 0.5000 0.3364 93.8 

0.7 0.6601 0.6344 0.3203 90.0 

0.9 0.9336 0.9763 0.1106 78.2 

MRQR Kernel 0.1 0.0682 0.0237 0.1098 76.4 

0.3 0.3254 0.3656 0.3050 87.8 

0.5 0.4981 0.5000 0.3198 93.8 

0.7 0.6716 0.6344 0.3061 88.2 

0.9 0.9313 0.9763 0.1102 75.8 

LLR 0.1 0.0309 0.0237 0.1083 100.0 

0.3 0.3077 0.3656 0.2272 80.0 

0.5 0.4982 0.5000 0.2473 94.4 

0.7 0.6897 0.6344 0.2278 80.4 

0.9 0.9690 0.9763 0.1089 100.0 

MRQR LLR 0.1 0.0309 0.0237 0.1083 100.0 

0.3 0.3077 0.3656 0.2272 80.0 

0.5 0.4982 0.5000 0.2473 94.4 

0.7 0.6897 0.6344 0.2278 80.4 

0.9 0.9690 0.9763 0.1089 100.0             
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§8.5 Results of Simulations Using Data-Driven Bandwidth and Mixing Parameter 

In this section, the parametric, nonparametric, and model-robust procedures will be assessed using 

the values of the bandwidth and mixing parameter chosen by the PRESS’ procedure. Recall that the 

PRESS’ procedure selects the bandwidth and mixing parameter via a penalized cross-validation technique 

(see Chapter 3 for more details). Using these data-driven parameters, the mean squared errors, effective 

dose estimation, proportion responding estimation, and other statistics such as the y’ and PRESS., will be 

compared across the procedures presented in this research. As mentioned in the introduction to 

nonparametric regression techniques, the bandwidth is the most important element when applying 

nonparametric methods. Though other elements will be compared, the main focus on this section will be 

the efficiency of the PRESS’ procedure to select the optimal bandwidth and the optimal mixing parameter. 

§ 8.5.1 Bandwidth and Mixing Parameter Selection 

Table 8.5.1.1 lists the average values of the bandwidth and mixing parameters chosen using 

PRESS’ and listed in bold are the optimal values, chosen by minimizing the theoretical average mean 

squared error. The table represents the (d=3, 5, 7, n=20) combinations for y=0, 0.1, 0.3, 0.5, and 1.0. 

For three doses, at all values of y, the data-driven bandwidth is at least twice the size of the 

optimal bandwidth for the kernel regression case. The data-driven bandwidth selected for local linear 

regression overestimates the optimal values over all values of y, but at a smaller relative error rate 

compared to the kernel regression procedure. The mixing parameter, on the other hand, is underestimated 

by the data-driven technique when using kernel and local linear regression techniques. For the two model- 

robust procedures, the optimal mixing parameter is most of the time twice as large and the data-driven one. 

When increasing the number of doses to five, the data-driven technique for the kernel regression 

procedure only slightly overestimates the optimal bandwidth for slight model-misspecification. But at the 

highest level of misspecification, the data-driven bandwidth for the kernel procedure is twice that of the 

optimal bandwidth. The data-driven bandwidth for the local linear regression procedure is approximately 

one for all values of y, often over-estimating the optimal values of the bandwidth by two to four times. As 

for the data-driven mixing parameter for five doses, the same trend is apparent that was evident when 

studying the optimal values of the mixing parameter: as the degree of model-misspecification increases, so 

does the value of the data-driven mixing parameter. For the MRQR Kernel procedure, the data-driven 

mixing parameter overestimates the optimal value at low degrees of misspecification, but at y=0.5 the 

optimal value is underestimated, and at y=1.0, the data-driven value of the mixing parameter 
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underestimates the optimal value by approximately 20%. The data-driven mixing parameter for the MRQR 

LLR procedure does an excellent job in estimating the optimal values of the bandwidth for values of y 

greater than zero. At y=0.1, the optimal value is overestimated by 14%, the data-driven value of the 

mixing parameter is estimated to within 4%, 15%, and 2% error, relative to the optimal mixing parameter. 

For kernel regression, as the number of doses increases, it seems that the efficiency for the data- 

driven technique to estimate the optimal bandwidth also increases. With seven doses and twenty subjects 

receiving each dose of the drug, the data-driven bandwidth overestimates the optimal bandwidth for kernel 

regression, but by a range of 8% to 15% for y=0 through 0.5. At y=1.0, the optimal bandwidth is 

overestimated by the kernel data-driven technique by 45%. As for the mixing parameter for the MRQR 

Kernel procedure, at y=0, 0.1, the optimal value of the mixing parameter is overestimated. For y=0.3, 0.5, 

and 1.0, the data-driven technique estimates the optimal mixing parameter with 86%, 76% and 90% 

efficiency, respectively. 

The local linear regression procedure seems to yield the same results for seven doses as they did 

for five doses. That is, the data-driven technique for the bandwidth selection overestimates the optimal 

values across all degrees of misspecification. But the data-driven technique for the mixing parameter does 

extremely well for y=0.3, 0.5, and 1.0. 
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Table 8.5.1.1 | Average values of the bandwidth (b) and mixing parameter (A) for N=20, and 
d=3, 5, and 7 doses. The bold values are the optimal ones chosen to minimize 
the theoretical mean squared errors. 

MRQR MRQR 

KERNEL LLR 

N D Y b r b r 

20 3 0.0 0.6260 0.0780 0.9769 0.4836 

0.2295 0.3062 0.6304 1.0000 

0.1 0.6369 0.0798 0.9637 0.5470 

0.2297 0.2994 0.6319 1.0000 

0.3 0.6074 0.0951 0.9724 0.4873 

0.2300 0.2877 0.6336 1.0000 

0.5 0.6414 0.1100 0.9637 0.5409 

0.2303 0.2768 0.6355 1.0000 

1.0 0.6145 0.1012 0.9721 0.5270 

0.2311 0.2534 0.6400 1.0000 

5 0.0 0.2089 0.1511 0.9687 0.3228 

0.1547 0.0000 0.1665 0.0000 

0.1 0.2127 0.1156 0.9558 0.3477 

0.1619 0.0000 0.1920 0.3063 

0.3 0.2300 0.1480 0.8837 0.5454 

0.1695 0.3108 0.2899 0.5698 

0.5 0.2524 0.2395 0.8339 0.7554 

0.1682 0.4796 0.5038 0.8904 

1.0 0.3394 0.7066 0.9180 0.9767 

0.1445 0.8912 0.2327 1.0000                 
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Table 8.5.1.1 (continued) 
  

  

  

  

  

  

    

MRQR MROQR 

KERNEL LLR 

N Y b r b a 

20 0.0 0.1518 0.2233 0.7866 0.3416 

0.1335 0.0000 0.1454 0.0000 

0.1 0.1541 0.2112 0.8309 0.4262 

0.1389 0.0000 0.1642 0.2591 

0.3 0.1563 0.2417 0.8375 0.5778 

0.1446 0.2817 0.2401 0.5089 

0.5 0.1639 0.3485 0.7938 0.7890 

0.1426 0.4608 0.4605 0.7862 

1.0 0.1754 0.8251 0.7799 0.9840 

0.1209 0.9154 0.1723 1.0000                 
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§ 8.5.2 Data-Driven MSE Summary 

Having obtained the data-driven and optimal bandwidths and mixing parameters for the 

procedures presented in this research, it is necessary to examine the effect of using the data-driven 

bandwidth on the average mean squared error (amse) over the true curve. Table 8.5.2.1 lists the average 

mses for the (d=3, 5, 7, n=20) combinations for values of y=0, 0.1, 0.3, 0.5, and 1.0. The bold values 

indicate the optimal average mses obtained using the optimal bandwidths and mixing parameters by 

minimizing the theoretical mse formulas given in Chapter 7 and derived in Appendix B. There are several 

situations where the data-driven mses are actually smaller than the optimal values (y=0, 0.1 for MLE and 

MRQR LLR). This apparent abnormality can be explained by the two primary sources of variability of 

these numbers: Monte Carlo variability for the simulated, data-driven values and small sample error 

involved with using asymptotic formulas to obtain the optimal values. 

For the (d=3, n=20) combination the average mean squared errors using the data-driven 

bandwidths and mixing parameters for the nonparametric and model-robust procedures tend to 

overestimate the optimal amses. The mses obtained from the data-driven parameters for the Kernel, 

MRQR Kernel procedures overestimates the mses using the optimal parameters. As for the LLR 

procedure, the data-driven mses overestimate the optimal ones, but not by very much. In fact, across all 

values of y, the data-driven mses for the LLR procedure nearly matches the optimal mses. The data-driven 

mses for the MRQR LLR procedure tend to overestimate the optimal values, as expected. It seems that 

although the data-driven bandwidths for the LLR procedure overestimates the optimal bandwidths, the 

mses are not effected, whereas use of the mixing parameter for the MRQR LLR procedure is not as robust. 

As the number of doses increases to five, the amses obtained using the data-driven nonparametric 

procedures continue to overestimate the optimal ones, moreso for the Kernel procedure than the LLR 

procedure. That is, the LLR procedure continues to be robust to bandwidth selection, whereas the 

bandwidth is having a larger effect on the Kernel regression procedure to estimate the optimal mse. Also, 

for the MRQR Kernel procedure, the value of the data-driven mixing parameter overestimates the optimal 

mixing parameters by as much as 1.5 to 5 times. Since the data-driven values of the bandwidth and mixing 

parameters were well estimated by the LLR and MRQR Procedures, so were the mean squared errors. Just 

as the data-driven bandwidths and mixing parameters better estimated the optimal ones as the number of 

doses increased from five to seven, the same holds true for the mean squared errors. 

Two additional features are worth noting. One, for d greater than 5 (and n=20) the simulated and 

theoretical mse results are nearly identical over all values of y, indicating that the asymptotic formulas 

work extremely well under these conditions -- a pleasant surprise. Two, the PRESS’ procedure used to 

select the bandwidth and mixing parameter performs well, especially at large values of y. For small values 
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of y, the MRQR LLR method using data-driven values, is no longer the optimal method. It is slightly 

inferior to MLE at y=0.1 and slightly inferior to LLR at y=0.3. Perhaps another selection procedure can be 

developed to eliminate this problem. 
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Table 8.5.2.1 | Average mean squared error obtained using the data-driven bandwidths and 

mixing parameters. The bold values are the optimal mses. 

MRQR MRQR 

N D Y MLE KERNEL | KERNEL LLR LLR 

20 3 0.0 0.0051 0.0582 0.0119 0.0133 0.0090 

0.0059 0.0158 0.0061 0.0118 0.0118 

0.1 0.0043 0.0533 0.0108 0.0102 0.0075 

0.0061 0.0126 0.0053 0.0088 0.0088 

0.3 0.0053 0.0404 0.0117 0.0059 0.0055 

0.0080 0.0079 0.0054 0.0047 0.0047 

0.5 0.0069 0.0351 0.0130 0.0030 0.0047 

0.0118 0.0053 0.0075 0.0026 0.0026 

1.0 0.0229 0.0228 0.0253 0.0068 0.0145 

0.0297 0.0082 0.0221 0.0069 0.0069 

5 0.0 0.0030 0.0059 0.0041 0.0045 0.0037 

0.0030 0.0042 0.0038 0.0041 0.0030 

0.1 0.0030 0.0053 0.0051 0.0037 0.0034 

0.0030 0.0042 0.0030 0.0040 0.0028 

0.3 0.0037 0.0063 0.0052 0.0035 0.0040 

0.0035 0.0044 0.0032 0.0031 0.0025 

0.5 0.0047 0.0072 0.0053 0.0029 0.0037 

0.0045 0.0048 0.0039 0.0023 0.0022 

1.0 0.0114 0.0148 0.0138 0.0059 0.0061 

0.0111 0.0070 0.0068 0.0054 0.0054 

7 0.0 0.0021 0.0032 0.0027 0.0029 0.0025 

0.0020 0.0031 0.0020 0.0028 0.0020 

0.1 0.0020 0.0034 0.0028 0.0029 0.0026 

0.0021 0.0031 0.0021 0.0028 0.0020 

0.3 0.0028 0.0037 0.0030 0.0030 0.0032 

0.0025 0.0032 0.0023 0.0022 0.0019 

0.5 0.0037 0.0039 0.0038 0.0028 0.0031 

0.0036 0.0036 0.0030 0.0016 0.0017 

1.0 0.0101 0.0066 0.0072 0.0043 0.0044 

0.0100 0.0053 0.0052 0.0044 0.0044                   
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§ 8.5.3 Effective Dose Estimation using Data-Driven Bandwidth and Mixing Parameter 

In this section, the estimation of the effective doses will be compared across the procedures 

presented in this research in which the bandwidths and mixing parameters are chosen to minimize the 

PRESS’ statistic. Along with effective dose estimation, the widths of the 95% confidence interval on the 

effective doses and the coverage probabilities of the true ED 99, will be given. 

Tables 8.5.3.1-8.5.3.5 summarizes the effective dose estimation with three doses for y=0, 0.1, 0.3, 

0.5, and 1.0, respectively. Recall that with three doses and twenty subjects receiving each dose, the 

PRESS’ did not estimate accurately the bandwidth or mixing parameter for either the nonparametric or 

model-robust procedures. Thus, it is of no surprise that the coverage probabilities are not as high as when 

the optimal bandwidths and mixing parameters were used earlier. Although, the median effective dose is 

well estimated by the logit, nonparametric, and model-robust procedures, the extreme doses, ED.) and 

EDgpo, are not covered very well. Also at three doses, due to the bias problem in the kernel regression 

procedure, the coverage probability on the extreme doses is very low. In fact, the highest coverage 

probability across all values of y for the ED 5 is 29.9% and the highest coverage probability for the EDgp is 

40.7%. The local linear regression procedure fairs only slightly better than the kernel procedure in 

estimating extreme doses, most notably at the larger values of y. Because the coverage probabilities are 

poor for the nonparametric procedures, the mixing of the two procedures does not show any significant 

improvement in the coverages at the extreme doses. Note that with the nonparametric procedures, some of 

the average ED, estimates are less than zero and some of the average EDgy estimates are greater than one. 

This is because there are no constraints used when applying the nonparametric procedures. 

As for estimating effective doses using only three dose levels, the logit procedure performs very 

well at y—O and 0.1. Increasing y to 0.3 and 0.5, the MRQR LLR procedure estimates the effective doses 

quite well. At y=1.0, the LLR procedure estimates the extreme doses well, while the other procedures tend 

to overestimate the ED,,. and underestimate the EDgp. Again, this inability of the procedures to estimate 

extreme doses is a result of the inability of the PRESS* procedure to choose the proper bandwidth. Recall 

that when the optimal bandwidth and mixing parameters were used (see Table 8.3.5), the coverages for the 

MRQR LLR procedure were very high and it overestimated the ED,) by 6% and estimated the EDgp with 

99% accuracy. 

Tables 8.5.3.6-8.5.3.10 are summaries of the effective dose estimation for the (d=5, n=20) 

combination for all values of y. Increasing to five doses, the same observations are apparent. But with five 

doses, the Kernel procedure has relatively reasonable coverage on the effective doses for small degrees of 

misspecification (y=0-0.5), and the LLR procedure has poor coverage probability on the extreme doses at 

y=0 and 0.1, but increases its coverage to at least 75% at y=0.3. If the model is correctly specified or 
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slightly misspecified (y=0, 0.1, and 0.3) the logit procedure yields the highest coverage probability with 

very good estimates of the effective doses. But when the degree of misspecification increases to y=0.5 and 

1.0, the LLR and MRQR LLR has the highest coverage probabilities on the effective doses. In almost all 

instances, the median effective dose is covered extremely well by all of the procedures, but the extremes 

dose estimation tend to indicate how the curves are being fit to the data (whether it is over- or under-fitting 

in the boundaries). Note that for y=0.3, 0.5 and 1.0, the MRQR LLR procedure estimates the effective 

doses to nearly 100% efficiency, slightly over-estimating each of them. In addition, for MRQR LLR, the 

confidence intervals obtained using the inverse estimation technique are quite conservative (intervals too 

narrow and the coverage probability less than the nominal 95% level) at the extremes, especially for 

smaller values of y. The MLE method does a good job of maintaining high coverage probabilities (greater 

than 90%), but, as y increases, the width of the intervals tend to be too wide (compared to MRQR LLR) 

and the ED, is substantially overestimated and the EDgy is substantially underestimated. 

At seven doses and twenty subjects receiving each dose, all of the procedures perform fairly well 

with respect to coverages and effective dose estimation except the LLR procedure at small values of y. 

Again, this is a result of poor bandwidth selection. Although it seemed that the LLR procedure was robust 

to the size of the bandwidth when comparing the mean squared errors, the bandwidth and mixing 

parameter is having a significant impact on effective dose estimation and coverage probability. See Tables 

8.5.3.11-8.5.3.15 for summaries of the effective dose estimation with d=7 and n=20. 
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Table 8.5.3.1 Effective dose estiraation summary for the (d=3, n=20, y=0) combination using 

PRESS to select the bandwidth and mixing parameter. The true effective doses 
are: ED,)=0.3615, EDsg=0.5, and ED, )=0.6385. 

Observed 
a # Mean Mean Coverage 

Method for EDjo0. Incalculable ED 00a Width Probability 

(%) 
MLE 0.2 0 0.3430 0.2267 82.0 

0.5 0 0.5015 0.1565 86.2 

0.8 0 0.6601 0.2275 78.6 

Kernel 0.2 81 -0.0572 0.4163 10.5 

0.5 0 0.5042 0.3751 93.6 

0.8 84 1.0589 0.4147 10.3 

MRQR Kernel 0.2 35 0.3383 0.2272 80.5 

0.5 0 0.5031 0.1943 86.2 

0.8 38 0.6604 0.2272 77.7 

LLR 0.2 0 0.2451 0.1515 8.4 

0.5 0 0.5014 0.1511 94.0 

0.8 0 0.7572 0.1485 7.8 

MRQR LLR 0.2 0.2969 0.1920 57.8 

0.5 0.5015 0.1673 92.2 

0.8 0 0.7059 0.1908 57.4 

Spearman 0.5 0 0.4710 0.1713 89.2 
Karber 

TMA 0.5 0 0.5024 0.2125 95.2               
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Table 8.5.3.2 Effective dose estimation summary for the (d=3, n=20, y=0.1) combination 
using PRESS to select the bandwidth and mixing parameter. The true effective 

doses are: ED,.=0.3445, ED,)>=0.5, and ED,,)=0.6355. 

Observed 

a # Mean Mean Coverage 
Method for ED, 00. Incalculable ED joo. Width Probability 

(%) 
MLE 0.2 0 0.3364 0.2317 88.2 

0.5 0 0.4997 0.1596 90.4 

0.8 0 0.663 1 0.2313 87.2 

Kernel 0.2 213 -0.0596 0.4312 7.7 

0.5 1 0.5009 0.3904 95.0 

0.8 215 1.0597 0.4217 8.8 

MRQR Kernel 0.2 37 0.3335 0.2332 87.3 

0.5 1 0.5005 0.1977 90.4 

0.8 38 0.6643 0.2320 86.6 

LLR 0.2 0 0.2417 0.1549 18.0 

0.5 0 0.7578 0.1550 95.2 

0.8 0 0.4998 0.1540 18.0 

MRQR LLR 0.2 0 0.2857 0.1909 55.6 

0.5 0 0.4996 0.1702 94.4 

0.8 0 0.7133 0.1903 55.2 

Spearman 0.5 0 0.4647 0.1720 88.8 

Karber 

TMA 0.5 0 0.4999 0.2118 96.8             
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Table 8.5.3.3 Effective dose estiniation summary for the (d=3, n=20, y=0.3) combination 
using PRESS to select the bandwidth and mixing parameter. The true effective 

doses are: ED )=0.3055, ED. .=0.5, and EDgp=0.6955. 

Observed 

a # Mean Mean Coverage 

Method for ED jo, Incalculable ED 00a Width Probability 

(%) 
MLE 0.2 0 0.3402 0.2301 94.4 

0.5 0 0.5025 0.1594 95.0 

0.8 0 0.6648 0.2310 95.0 

Kernel 0.2 180 -0.0423 0.4142 23.1 

0.5 0 0.5037 0.3660 94.0 

0.8 187 1.0554 0.4145 20.4 

MRQR Kernel 0.2 45 0.3363 0.2311 94.3 

0.5 0 0.5031 0.2042 85.0 

0.8 45 0.6674 0.2318 94.7 

LLR 0.2 0 0.2440 0.1536 64.0 

0.5 0 0.5020 0.1542 94.2 

0.8 0 0.6400 0.1546 61.2 

MRQR LLR 0.2 0 0.2957 0.1941 75.4 

0.5 0.5025 0.1711 92.6 

0.8 0 0.7093 0.1560 77.6 

Spearman 0.5 0 0.4662 0.1715 88.0 

Karber 

TMA 0.5 0 0.5025 0.2157 96.6               
  

142



  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

Table 8.5.3.4 — Effective dose estimation summary for the (d=3, n=20, y=0.5) combination 

using PRESS to select the bandwidth and mixing parameter. The true effective 
doses are: ED,)=0.2730, EDs,=0.5, and ED,)=0.7270. 

Observed 
a # Mean Mean Coverage 

Method for ED 00a Incalculable ED 00a Width Probability 

() 
MLE 0.2 0 0.3334 0.2326 96.0 

0.5 0 0.4972 0.1597 89.0 

0.8 0 0.6609 0.2312 95.0 

Kernel 0.2 221 -0.0776 0.4324 14.7 

0.5 0 0.4970 0.3947 95.2 

0.8 218 1.0647 0.4131 21.6 

MRQR 0.2 54 0.3292 0.2326 95.3 
Kernel 

0.5 0 0.4976 0.2134 89.0 

0.8 52 0.6635 0.2322 93.8 

LLR 0.2 0 0.2395 0.1566 89.2 

0.5 0 0.4978 0.1553 96.0 

0.8 0 0.7561 0.1531 92.4 

MRQR LLR 0.2 0 0.2842 0.1933 91.0 

0.5 0 0.4973 0.1692 94.4 

0.8 0 0.7105 0.1898 87.8 

Spearman 0.5 0 0.4637 0.1720 86.6 
Karber 

TMA 0.5 0 0.4977 0.2109 95.8               
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Table 8.5.3.5 — Effective dose estiniation summary for the (d=3, n=20, y=1.0) combination 
using PRESS to select the bandwidth and mixing parameter. The true effective 

doses are: ED,)=0.2300, ED,,.=0.5, and EDg)=0.7705. 

Observed 

a # Mean Mean Coverage 
Method for EDjo0g Incalculable ED i000 Width Probability 

(%) 
MLE 0.2 0 0.3319 0.2344 88.6 

0.5 0 0.4973 0.1614 86.8 

0.8 0 0.6626 0.2327 75.4 

Kernel 0.2 192 -0.0630 0.4243 29.9 

0.5 4 0.4934 0.3707 93.3 

0.8 215 1.0542 0.4092 40.7 

MRQR Kernel 0.2 49 0.3299 0.2357 87.6 

0.5 4 0.4960 0.2072 86.7 

0.8 50 0.6641 0.2331 76.7 

LLR 0.2 0 0.2387 0.1570 94.4 

0.5 0 0.4978 0.1559 94.0 

0.8 0 0.7571 0.1565 93.0 

MRQR LLR 0.2 0 0.2849 0.1954 81.2 

0.5 0 0.4975 0.1717 93.0 

0.8 0 0.7102 0.1933 77.4 

Spearman 0.5 0 0.4600 0.1715 86.0 

Karber 

TMA 0.5 0 0.4971 0.2142 95.4               
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Table 8.5.3.6 | Effective dose estiniation summary for the (d=5, n=20, y=0) combination 

using PRESS to select the bandwidth and mixing parameter. The true effective 
doses are: ED,)=0.3615, EDs9=0.5, and ED,)=0.6385. 

Observed 
a # Mean Mean Coverage 

Method for EDjo0 Incalculable ED jo0a Width Probability 

(%) 
MLE 0.2 0 0.3622 0.1587 90.0 

0.5 0 0.4983 0.1170 95.0 

0.8 0 0.6344 0.1587 94.0 

Kernel 0.2 25 0.3045 0.1609 72.2 

0.5 0 0.4992 0.1363 95.0 

0.8 16 0.6936 0.1576 73.1 

MRQR 0.2 6 0.3532 0.1536 86.6 
Kernel 

0.5 0 0.4978 0.1161 94.0 

0.8 4 0.6428 0.1554 91.7 

LLR 0.2 0 0.2773 0.1015 3.6 

0.5 0 0.4986 0.0965 95.8 

0.8 0 0.7200 0.1001 6.2 

MRQR LLR 0.2 0 0.3383 0.1367 73.4 

0.5 0 0.4984 0.1148 95.4 

0.8 0 0.6585 0.1351 72.4 

Spearman 0.5 0 0.4835 0.1214 86.4 
Karber 

TMA 0.5 0 0.4990 0.1042 88.2               
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Table 8.5.3.7 —_ Effective dose estimation summary for the (d=5, n=20, y=0.1) combination 

using PRESS to select the bandwidth and mixing parameter. The true effective 

doses are: ED,.=0.3455, ED,,=0.5, and EDg)=0.6355. 

Observed 

a # Mean Mean Coverage 

Method for ED jo0,, Incalculable ED 00a Width Probability 

(%) 
MLE 0.2 0 0.2434 0.1669 93.2 

0.5 0 0.5004 0.1222 95.0 

0.8 0 0.6455 0.1670 93.0 

Kernel 0.2 20 0.2935 0.1747 81.0 

0.5 0 0.5015 0.1439 93.4 

0.8 26 0.7068 0.1671 81.4 

MRQR 0.2 3 0.3489 0.1636 92.2 

Kernel 

0.5 0 0.5003 0.1212 94.6 

0.8 5 0.6522 0.1630 92.1 

LLR 0.2 0 0.2750 0.1075 20.0 

0.5 0 0.5004 0.1018 95.8 

0.8 0 0.7256 0.1069 20.8 

MRQR LLR 0.2 0 0.3307 0.1416 77.6 

0.5 0 0.5003 0.1197 96.0 

0.8 0 0.6700 0.1406 76.2 

Spearman 0.5 0 0.4814 0.1260 86.6 

Karber 

TMA 0.5 0 0.5003 0.1055 88.0               
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Table 8.5.3.8 Effective dose estiniation summary for the (d=5, n=20, y=0.3) combination 

using PRESS to select the bandwidth and mixing parameter. The true effective 

doses are: ED,)=0.3055, EDs.=0.5, and ED, )=0.6955. 

Observed 

a # Mean Mean Coverage 

Method for EDjo0a Incalculable ED 0a Width Probability 

(%) 
MLE 0.2 0 0.3351 0.1871 92.8 

0.5 0 0.5002 0.1340 91.4 

0.8 0 0.6653 0.1874 91.4 

Kernel 0.2 37 0.2595 0.1962 85.1 

0.5 0 0.5013 0.1622 90.0 

0.8 27 0.7410 0.1954 83.5 

MRQR 0.2 11 0.3213 0.1846 89.2 

Kernel 

0.5 0 0.5005 0.1369 90.2 

0.8 7 0.6797 0.1859 86.2 

LLR 0.2 0 0.2652 0.1222 76.0 

0.5 0 0.5006 0.1147 92.0 

0.8 0 0.7352 0.1203 74.6 

MRQR LLR 0.2 0.3009 0.1461 83.0 

0.5 0 0.5004 0.1272 93.0 

0.8 0 0.6989 0.1443 76.2 

Spearman 0.5 0 0.4809 0.1368 83.8 

Karber 

TMA 0.5 0 0.5006 0.1070 79.2               
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Table 8.5.3.9 Effective dose estiruation summary for the (d=5, n=20, y=0.5) combination 
using PRESS to select the bandwidth and mixing parameter. The true effective 
doses are: ED.)=0.2730, ED, 9=0.5, and EDgo=0.7270. 

Observed 

a # Mean Mean Coverage 

Method for EDjo0. Incalculable ED 00x Width Probability 

(%) 
MLE 0.2 0 0.3177 0.2070 89.4 

0.5 0 0.5019 0.1443 92.4 

0.8 0 0.6861 0.2075 91.0 

Kernel 0.2 39 0.2181 0.2254 84.6 

0.5 0 0.5036 0.1864 93.4 

0.8 28 0.7870 0.2244 81.4 

MRQR 0.2 16 0.2822 0.2077 81.0 
Kernel 

0.5 0 0.5031 0.1555 92.0 

0.8 11 0.7227 0.2073 81.2 

LLR 0.2 2 0.2557 0.1350 93.4 

0.5 0 0.5019 0.1278 93.4 

0.8 ] 0.7470 0.1339 91.2 

MRQR LLR 0.2 2 0.2739 0.1481 82.7 

0.5 0.5020 0.1342 93.8 

0.8 1 0.7292 0.1464 84.6 

Spearman 0.5 0 0.4819 0.1460 86.2 

Karber 

TMA 0.5 0 0.5027 0.1078 78.4                 
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Table 8.5.3.10 Effective dose estimation summary for the (d=5, n=20, y=1.0) combination 
using PRESS’ to select the bandwidth and mixing parameter. The true effective 
doses are: ED.)=0.2300, ED, 9=0.5, and EDg)=0.7705S. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

Observed 
a # Mean Mean Coverage 

Method for EDjo0¢ Incalculable ED io0u Width Probability 

(%) 
MLE 0.2 0 0.2662 0.3173 85.2 

0.5 0 0.5010 0.1945 95.0 

0.8 0 0.7358 0.3180 83.6 

Kernel 0.2 86 0.0561 0.3088 59.7 

0.5 2 0.5025 0.2662 93.4 

0.8 76 0.9482 0.3138 59.7 

MRQR 0.2 73 0.0935 0.2933 60.2 
Kernel 

0.5 2 0.5025 0.2481 93.0 

0.8 66 0.9107 0.2952 60.8 

LLR 0.2 4 0.2218 0.1684 94.6 

0.5 0 0.5010 0.1522 94.0 

0.8 1 0.7796 0.1677 93.6 

MRQR LLR 0.2 4 0.2233 0.1697 93.8 

0.5 0.5010 0.1528 94.0 

0.8 1 0.7781 0.1689 92.0 

Spearman 0.5 0 0.4781 0.1994 92.8 

Karber 

TMA 0.5 0 0.5016 0.1254 73.0               
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Table 8.5.3.11 Effective dose estiniation summary for the (d=7, n=20, y=0) combination 

using PRESS’ to select the bandwidth and mixing parameter. The true effective 
doses are: ED,)=0.3615, EDs 9=0.5, and EDgp=0.6385. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

Observed 

a # Mean Mean Coverage 
Method for ED joo, Incalculable ED 00a Width Probability 

(%) 
MLE 0.2 0 0.3653 0.1306 94.4 

0.5 0 0.5006 0.0976 93.0 

0.8 0 0.6359 0.1307 92.2 

Kernel 0.2 21 0.3329 0.1374 89.6 

0.5 0 0.5001 0.1167 94.8 

0.8 20 0.6682 0.1391 87.1 

MRQR 0.2 12 0.3598 0.1286 93.2 

Kernel 

0.5 0 0.5005 0.0995 92.6 

0.8 10 0.6414 0.1296 91.0 

LLR 0.2 20 0.3011 0.0930 20.2 

0.5 0 0.5004 0.0844 93.8 

0.8 14 0.7000 0.0942 21.2 

MRQR LLR 0.2 8 0.3461 0.1152 76.0 

0.5 0 0.5006 0.0942 93.8 

0.8 5 0.6552 0.1161 75.4 

Spearman 0.5 0 0.4822 0.0970 80.0 

Karber 

TMA 0.5 0 0.4998 0.0669 74.4               
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Table 8.5.3.12 Effective dose estimation summary for the (d=7, n=20, y=0.1) combination 

using PRESS to select the bandwidth and mixing parameter. The true effective 

doses are: ED )=0.3455, EDs.=0.5, and EDgp=0.6355. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

              

Observed 

a # Mean Mean Coverage 

Method for EDjo0. Incalculable EDyj00¢ Width Probability 

(%) 
MLE 0.2 0 0.3528 0.1393 94.4 

0.5 0 0.5003 0.1028 94.6 

0.8 0 0.6478 0.1393 96.0 

Kernel 0.2 18 0.3157 0.1483 89.6 

0.5 0 0.5005 0.1300 93.0 

0.8 22 0.6841 0.1481 90.0 

MRQR Kernel 0.2 7 0.3467 0.1369 92.9 

0.5 0 0.5005 0.1065 93.0 

0.8 10 0.6537 0.1365 93.7 

LLR 0.2 10 0.2894 0.0977 26.7 

0.5 0 0.5000 0.0889 94.8 

0.8 15 0.7110 0.0980 26.0 

MRQR LLR 0.2 5 0.3289 0.1183 73.9 

0.5 0 0.5002 0.0985 94.8 

0.8 5 0.6721 0.1190 74.7 

Spearman 0.5 0 0.4823 0.1017 80.8 

Karber 

TMA 0.5 0 0.5000 0.0654 70.4   
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Table 8.5.3.13 Effective dose estimation summary for the (d=7, n=20, y=0.3) combination 

using PRESS to select the bandwidth and mixing parameter. The true effective 

doses are: ED 9=0.3055, EDs,=0.5, and EDg9=0.6955. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

    
  

            

Observed 

a # Mean Mean Coverage 

Method for EDjo0. Incalculable ED 00a Width Probability 

(%) 
MLE 0.2 0 0.3330 0.1524 93.4 

0.5 0 0.5001 0.1100 92.2 

0.8 0 0.6673 0.1527 86.8 

Kernel 0.2 32 0.2902 0.1600 92.3 

0.5 0 0.5008 0.1578 94.0 

0.8 27 0.7100 0.1602 90.5 

MRQR Kernel 0.2 15 0.3236 0.1506 90.9 

0.5 0 0.5003 0.1218 91.6 

0.8 13 0.6772 0.1494 85.4 

LLR 0.2 2 0.2743 0.1070 79.5 

0.5 0 0.5002 0.0987 93.0 

0.8 4 0.7256 0.1070 75.6 

MRQR LLR 0.2 2 0.3013 0.1227 82.1 

0.5 0 0.5001 0.1060 92.6 

0.8 l 0.6982 0.1229 73.9 

Spearman 0.5 0 0.4796 0.1070 80.2 

Karber 

| 

TMA 0.5 0 0.5001 0.0630 60.4   
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Table 8.5.3.14 Effective dose estiraation summary for the (d=7, n=20, y=0.5) combination 

using PRESS to select the bandwidth and mixing parameter. The true effective 
doses are: ED )=0.2730, ED5)=0.5, and EDg,=0.7270. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

              

Observed 

a # Mean Mean Coverage 

Method for ED joo. Incalculable ED 00a Width Probability 

(%) 
MLE 0.2 0 0.3124 0.1718 90.4 

0.5 0 0.4993 0.1204 93.0 

0.8 0 0.6862 0.1715 88.2 

Kernel 0.2 28 0.2602 0.1706 90.9 

0.5 0 0.4988 0.1826 92.0 

0.8 22 0.7388 0.1743 92.7 

MRQR Kernel 0.2 18 0.2935 0.1637 86.1 

0.5 0 0.4990 0.1452 92.4 

0.8 14 0.7057 0.1651 87.2 

LLR 0.2 0 0.2612 0.1164 94.4 

0.5 0 0.4988 0.1100 93.4 

0.8 2 0.7385 0.1180 95.2 

MRQR LLR 0.2 0.2737 0.1247 87.5 

0.5 0 0.4987 0.1138 93.4 

0.8 0 0.7260 0.1264 86.6 

Spearman 0.5 0 0.4798 0.1155 82.0 

Karber 

TMA 0.5 0 0.4987 0.0609 50.2   
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Table 8.5.3.15 Effective dose estitiation summary for the (d=7, n=20, y=1.0) combination 

using PRESS’ to select the bandwidth and mixing parameter. The true effective 

doses are: ED,,.=0.2300, EDs .=0.5, and ED ,.=0.7705. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

              

Observed 

a # Mean Mean Coverage 

Method for EDjo0, Incalculable ED 00a Width Probability 

(%) 
MLE 0.2 0 0.2564 0.2450 94.2 

0.5 0 0.4990 0.1548 94.8 

0.8 0 0.7415 0.2444 95.8 

Kernel 0.2 39 0.1897 0.1802 87.0 

0.5 0 0.4989 0.2787 93.8 

0.8 36 0.8068 0.1767 85.8 

MRQR 0.2 34 0.1996 0.1816 86.1 
Kernel 

0.5 0 0.4983 0.2610 93.6 

0.8 30 0.7973 0.1784 84.7 

LLR 0.2 5 0.2213 0.1460 93.9 

0.5 0 0.5000 0.1521 93.6 

0.8 6 0.7760 0.1450 95.5 

MRQR LLR 0.2 0.2221 0.1467 93.9 

0.5 0 0.5000 0.1523 93.6 

0.8 6 0.7752 0.1456 93.9 

Spearman 0.5 0 0.4758 0.1384 83.2 
Karber 

TMA 0.5 0 0.4992 0.0575 29.4   
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§ 8.5.4 Estimation of Proportion Responding Using Data-Driven b and A 

Just as the summaries before, when examining the ability of the logit, nonparametric, and model- 

robust procedures to predict the proportion responding using the data-driven bandwidth and mixing 

parameter, it is really an inquiry in how well the PRESS’ procedure selects the bandwidth and mixing 

parameter and what effect it has on predicting the proportion responding. In this section, Tables 8.5.4.1- 

8.5.4.5 represent a summary of the mean response for the (d=5, n=20) scenario, for y=0, 0.1, 0.3, 0.5, and 

1.0, respectively. Following are a few interesting points regarding the estimation of the proportion 

responding. 

l. At low degrees of model-misspecification, y<s0.3, the MRQR Kernel procedure has an average A 

near zero, thus giving more weight to the logistic regression fit to the data. Note that the coverage 

probabilities are high in each case (y=0, 0.1, and 0.3). 

2. The MRQR LLR procedure performs well at y=0, in which the mixing parameter is zero, but at 

y=0.1, the MRQR LLR procedure has very poor coverage probabilities at dose levels 0.3 and 0.7. 

This is perhaps due to the linear nature in the curve, as mentioned earlier. 

3. At y=0.5, the MRQR LLR procedure has the highest coverage probabilities in the extremes of the 

data. At the 0.5 dose level, the logit procedure has a slightly higher coverage probability, but all 

of the procedures continue to fit well in the middle of the data. The MRQR LLR procedure also 

predicts the true response extremely well for this particular combination. 

4. At the highest degree of model-misspecification, none of the procedures tend to have reasonable 

coverage probabilities. This may be a reflection on the PRESS" procedure to select the bandwidth 

and mixing parameter. Another possible explanation for the poor coverage probabilities is in the 

variance formulas used by the nonparametric and model-robust methods. The formulas, given in 

Chapter 7, are all based on a fixed bandwidth and mixing parameters. Neither is fixed in the case 

when the bandwidth and mixing parameters are chosen by data-driven methods, as they are in the 

simulation. Note in Table 8.4.10 that the MRQR LLR procedure has good coverage probabilities 

when using the optimal (and fixed) values of the bandwidth and mixing parameters. 
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Table 8.5.4.1. © Summary of mean xesponse at the (d=5, n=20, y=0) combination for 500 
Monte Carlo simulations and the data-driven values of the bandwidth and 
mixing parameter. 

Observed 

Mean True Mean Coverage 

Method Dose Response Response Width Probability 
MLE 0.1 0.0201 0.0180 0.0646 86.2 

0.3 0.1199 0.1192 0.2213 91.0 

0.5 0.5037 0.5000 0.3543 95.8 

0.7 0.8841 0.8808 0.2172 90.2 

0.9 0.9806 0.9820 0.0624 84.2 

Kernel 0.1 0.0590 0.0180 0.1086 82.0 

0.3 0.1939 0.1192 0.1796 66.2 

0.5 0.5011 0.5000 0.2490 95.0 

0.7 0.8094 0.8808 0.1781 71.4 

0.9 0.9450 0.9820 0.1026 84.4 

MRQR Kernel 0.1 0.0269 0.0180 0.0646 86.2 

0.3 0.1303 0.1192 0.2213 91.0 

0.5 0.5043 0.5000 0.3542 95.8 

0.7 0.8735 0.8808 0.2172 90.2 

0.9 0.9733 0.9820 0.0624 84.2 

LLR 0.1 -0.0393 0.0180 0.1460 100.0 

0.3 0.2305 0.1192 0.1337 4.4 

0.5 0.5020 0.5000 0.1292 95.8 

0.7 0.7730 0.8808 0.1315 6.8 

0.9 1.0418 0.9820 0.1418 100.0 

MRQR LLR 0.1 0.0135 0.0180 0.0646 86.2 

0.3 0.1514 0.1192 0.2213 91.0 

0.5 0.5031 0.5000 0.3541 95.8 

0.7 0.8525 0.8808 0.2171 90.2 

0.9 0.9874 0.9820 0.0625 84.2               
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Table 8.5.4.2 | Summary of mean response at the (d=5, n=20, y=0.1) combination for 500 

Monte Carlo simulations and the data-driven values of the bandwidth and 
mixing parameter. 

Observed 

Mean True Mean Coverage 

Method Dose Response Response Width Probability 

MLE 0.1 0.0244 0.0186 0.0759 91.6 

0.3 0.1303 0.1438 0.2331 90.8 

0.5 0.4992 0.5000 0.3531 96.2 

0.7 0.8689 0.8562 0.2339 89.6 

0.9 0.9753 0.9814 0.0764 91.2 

Kernel 0.1 0.0659 0.0186 0.1131 75.8 

0.3 0.2046 0.1438 0.1879 79.0 

0.5 0.4975 0.5000 0.2481 93.4 

0.7 0.7955 0.8562 0.1849 76.6 

0.9 0.9350 0.9814 0.1121 76.2 

MRQR Kernel 0.1 0.0301 0.0186 0.0759 91.6 

0.3 0.1381 0.1438 0.2331 90.8 

0.5 0.4994 0.5000 0.3531 96.2 

0.7 0.8613 0.8562 0.2339 89.6 

0.9 0.9693 0.9814 0.0764 91.2 

LLR 0.1 -0.0310 0.0186 0.1508 100.0 

0.3 0.2331 0.1438 0.1384 23.6 

0.5 0.4995 0.5000 0.1340 95.8 

0.7 0.7662 0.8562 0.1374 23.6 

0.9 1.0309 0.9814 0.1497 100.0 

MRQR LLR 0.1 0.0160 0.0186 0.1498 100.0 

0.3 0.1619 0.1438 0.1391 24.8 

0.5 0.4996 0.5000 0.1357 95.8 

0.7 0.8375 0.8562 0.1379 24.0 

0.9 0.9833 0.9814 0.1488 100.0               
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Table 8.5.4.3. Summary of mean response at the (d=5, n=20, y=0.3) combination for 500 
Monte Carlo simulations and the data-driven values of the bandwidth and 

mixing parameter. 

Observed 

Mean True Mean Coverage 

Method Dose Response Response Width Probability 
MLE 0.1 0.0367 0.0197 0.1084 96.2 

0.3 0.1583 0.1931 0.2624 86.0 

0.5 0.4999 0.5000 0.3498 94.0 

0.7 0.8416 0.8069 0.2623 84.6 

0.9 0.9360 0.9803 0.1056 97.4 

Kernel 0.1 0.0914 0.0197 0.1291 50.8 

0.3 0.2363 0.1931 0.1973 82.8 

0.5 0.4989 0.5000 0.2395 90.0 

0.7 0.7633 0.8069 0.1962 83.0 

0.9 0.9090 0.9803 0.1272 54.2 

MRQR Kernel 0.1 0.0472 0.0197 0.1084 96.2 

0.3 0.1699 0.1931 0.2624 86.0 

0.5 0.5010 0.5000 0.3498 94.0 

0.7 0.8296 0.8069 0.2623 84.6 

0.9 0.9509 0.9803 0.1086 97.4 

LLR 0.1 -0.0086 0.0197 0.1608 99.4 

0.3 0.2445 0.1931 0.1488 76.8 

0.5 0.4995 0.5000 0.1450 92.0 

0.7 0.7548 0.8069 0.1483 74.4 

0.9 1.0093 0.9803 0.1577 99.8 

MRQR LLR 0.1 0.0217 0.0197 0.1598 99.4 

0.3 0.1998 0.1931 0.1495 76.8 

0.5 0.5002 0.5000 0.1468 92.0 

0.7 0.8001 0.8069 0.1489 74.4 

0.9 0.9781 0.9803 0.1568 99.8               
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Table 8.5.4.4 | Summary of mean response at the (d=5, n=20, y=0.5) combination for 500 

Monte Carlo simulations and the data-driven values of the bandwidth and 

mixing parameter. 

Observed 

Mean True Mean Coverage 

Method Dose Response Response Width Probability 
MLE 0.1 0.0493 0.0209 0.1395 97.4 

0.3 0.1799 0.2424 0.2796 77.0 

0.5 0.4963 0.5000 0.3412 95.6 

0.7 0.8160 0.7576 0.2830 80.6 

0.9 0.9495 0.9792 0.1425 97.8 

Kernel 0.1 0.1196 0.0209 0.1418 27.2 

0.3 0.2654 0.2424 0.2025 88.4 

0.5 0.4955 0.5000 0.2325 93.4 

0.7 0.7301 0.7576 0.2028 87.2 

0.9 0.8795 0.9792 0.1398 28.4 

MRQR Kernel 0.1 0.0737 0.0209 0.1418 27.2 

0.3 0.2026 0.2424 0.2025 88.4 

0.5 0.4962 0.5000 0.2325 93.4 

0.7 0.7929 0.7576 0.2028 87.2 

0.9 0.9249 0.9792 0.1398 28.4 

LLR 0.1 0.0234 0.0209 0.1684 99.2 

0.3 0.2539 0.2424 0.1581 94.2 

0.5 0.4977 0.5000 0.1548 93.4 

0.7 0.7423 0.7576 0.1578 93.4 

0.9 0.9764 0.9792 0.1657 99.2 

MRQR LLR 0.1 0.0284 0.0209 0.1684 99.2 

0.3 0.2314 0.2424 0.1581 94.2 

0.5 0.4970 0.5000 0.1548 93.4 

0.7 0.7646 0.7576 0.1578 93.4 

0.9 0.9712 0.9792 0.1657 99.2               
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Table 8.5.4.5 |§ Summary of mean response at the (d=5, n=20, y=1.0) combination for 500 

Monte Carlo simulations and the data-driven values of the bandwidth and 

mixing parameter. 

Observed 

Mean True Mean Coverage 

Method Dose Response Response Width Probability 
MLE 0.1 0.0877 0.0237 0.3670 97.0 

0.3 0.2336 0.3656 0.5269 71.0 

0.5 0.4986 0.5000 0.5489 98.4 

0.7 0.7644 0.6344 0.5263 74.0 

0.9 0.9114 0.9763 0.3666 97.2 

Kernel 0.1 0.2124 0.0237 0.1647 3.0 

0.3 0.3396 0.3656 0.1984 83.4 

0.5 0.4987 0.5000 0.2102 93.4 

0.7 0.6584 0.6344 0.1990 81.4 

0.9 0.7862 0.9763 0.1642 3.4 

MRQR Kernel 0.1 0.1878 0.0237 0.1647 3.0 

0.3 0.3135 0.3656 0.1984 83.4 

0.5 0.4982 0.5000 0.2102 93.4 

0.7 0.6845 0.6344 0.1990 81.4 

0.9 0.8113 0.9763 0.1642 3.4 

LLR 0.1 0.0665 0.0237 0.1898 88.6 

0.3 0.2834 0.3656 0.1689 52.2 

0.5 0.4989 0.5000 0.1613 94.0 

0.7 0.7147 0.6344 0.1689 55.0 

0.9 0.9330 0.9763 0.1887 87.8 

MRQR LLR 0.1 0.0685 0.0237 0.1898 88.2 

0.3 0.2816 0.3656 0.1689 52.2 

0.5 0.4990 0.5000 0.1613 94.0 

0.7 0.7165 0.6344 0.1689 55.0 

0.9 0.9311 0.9763 0.1887 87.8               
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§ 8.5.5 The Chi-square Statistic 

Table 8.5.5.1 is a summary of the average chi-square statistic for the (d=3, 5, 7, n=20) 

combinations for y=0, 0.1, 0.3, 0.5, and 1.0. Recall that the chi-square statistic is a weighted error sums of 

squares given by 

m\2 

= leah) 7 f) 
Al-F) 

which is approximately distributed with a chi-square distribution with (d-2) degrees of freedom. 

This section is primarily an examination of the chi-square lack-of-fit test under a variety of conditions. 

First of all, for the (d=3, n=20) scenario, it is interesting that for the MLE method for all of the 

values of y considered, there is not one occurrence of a significant lack-of-fit out of 500 Monte Carlo 

repetitions for each value of y. At a=0.10, one would expect to see (0.10x500)=50 out of 500 tests to 

detect lack-of-fit for the MLE. This is a reflection of the lack of power of the chi-square test as well as the 

lack of information available when using only three dose levels. Apparently, the chi-square distribution is 

not the appropriate distribution for this statistic at d=3. Also note that the logit procedure has the smallest 

average chi-square statistic at three dose levels. 

Increasing the number of doses to d=5, the lack-of-fit occurrences for the MLE method increases 

as the degree of model-misspecification increases. Note that for y=1.0, the highest degree of 

misspecification, the chi-square lack-of-fit test was significant 303 out of a possible 500 Monte Carlo 

repetitions (61%). Note that for (d=5, n=20), at low degrees of model-misspecification (y=0, 0.1), the 

MRQR Kernel procedure has the smallest average chi-square statistic, and the MRQR Kernel] and the logit 

procedure has approximately the same average chi-square statistic at y=0.3. As the degree of model- 

misspecification increases to y=0.5 and 1.0, the MRQR LLR procedure has the smallest average chi-square 

statistic. 

For the (d=7, n=20) combination, the MRQR Kernel procedure has the smallest chi-square 

Statistic across all values of y. Also, the number of occurrences in which the chi-square test was significant 

differed slightly from the (d=5, n=20) scenario. Especially at y=1.0, there were only 271 Monte Carlo 

situations which had significant lack-of-fit as opposed to the 303 with five doses. 

Also, note that for d=5 and d=7 under the correctly specified model (y=0), the chi-square test 

detects slightly fewer significant lack-of-fits for the MLE method than it should at the 10% level of 

significance. The LLR and MRQR LLR procedures would detect far too many significant lack-of-fits than 

would be desirable at both d=5 and d=7 design points. For example, with d=5, the average chi-square 

statistic for the LLR procedure is 14.4775, compared with the critical value of 6.25. 
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Table 8.5.5.1 Summary of the average chi-square statistics for the (d=3, 5, 7, n=20) 

combinations. y denotes the degree of misspecification, #LOF indicates the 
number of times the chi-square test had significant lack-of-fit out of 500 Monte 
Carlo runs. 

# MRQR MRQR 

N D Y LOF MLE KERNEL | KERNEL LLR LLR 

20 3 0.0 0 0.8665 13.2899 2.5185 1.8995 1.3497 

0.1 0 0.8844 13.4645 2.4804 1.4647 1.1950 

0.3 0 0.8378 12.6011 2.7256 1.6656 1.2270 

0.5 0 0.9403 13.6470 3.1643 1.8792 1.4729 

1.0 0 0.8534 12.7130 2.9737 1.7912 1.3755 

5 0.0 37 2.7493 3.5769 2.6244 14.4775 5.9434 

0.1 43 2.7380 3.5873 2.5778 13.7198 6.1300 

0.3 61 3.3807 4.3143 3.4005 16.4820 4.5264 

0.5 72 3.8563 5.2827 4.2836 5.3359 3.3953 

1.0 303 7.9375 10.4735 9.9232 5.7631 4.9484 

7 0.0 41 4.8306 3.4600 4.0716 17.8514 9.5509 

0.1 45 4.9625 3.4957 4.2072 16.0589 7.8044 

0.3 35 4.9734 3.5294 4.2342 14.4419 8.0644 

0.5 83 6.1246 4.2785 5.0681 9.5867 6.9814 

1.0 271 10.5878 6.3149 6.6768 7.7295 7.5382                     
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§ 8.5.6 The PRESS Statistic 

Recall that the PRESS’ statistic was used in this research as a penalized cross-validation procedure 

in selecting the bandwidth for the nonparametric procedures and the mixing parameter for the model-robust 

procedures. Table 8.5.6.1 lists the average PRESS’ statistics for the 500 Monte Carlo repetitions at the 

(d=3, 5, 7, n=20) combinations for y=0, 0.1, 0.3, 0.5, and 1.0. Note that for all of the (d, n, y) combinations 

listed in Table 8.5.6.1, the MRQR LLR procedure has the smallest PRESS’ statistic. As the number of 

dose levels increase, the PRESS’ statistic for MRQR LLR decreases at the corresponding values of y. The 

PRESS’ statistic for the logit procedure tends to increase as the degree of model misspecification increases, 

but decreases as the number of dose levels increases at the corresponding values of y. 

For the (d=3, n=20) combination, the kernel procedure has extremely large PRESS’ statistics. 

Recall that the kernel procedure has boundary problems which could be a direct reflection on the PRESS* 

statistic. As the number of doses increases, the PRESS’ statistic for the kernel and MRQR Kernel 

procedures tend to get smaller. 

Note that the model-robust procedures continue to reduce the PRESS" statistic with respect to its 

corresponding nonparametric procedure and the logit procedure. That is, for each value of (d, n, y) 

combination, the MRQR Kernel and MRQR LLR procedures have smaller PRESS" statistics than the logit 

and kernel, and the logit and LLR procedures, respectively, showing once again that mixing is beneficial to 

fitting a curve to the data. 
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Table 8.5.6.1 Summary of the average PRESS: statistics for the (d=3, 5, 7, n=20) 

combinations. y denotes the degree of misspecification. 

MRQR MRQR 

N D Y MLE KERNEL | KERNEL LLR LLR 

20 3 0.0 340.64 1594.75 281.96 319.54 150.00 

0.1 364.82 1544.69 302.71 283.90 155.18 

0.3 350.57 1511.48 284.52 283.61 129.63 

0.5 435.72 1580.89 352.76 275.24 167.66 

1.0 377.52 1468.82 306.75 282.81 140.04 

5 0.0 178.70 206.41 66.69 153.75 45.75 

0.1 158.50 211.73 58.65 116.70 33.67 

0.3 211.83 287.46 110.78 63.69 22.19 

0.5 402.56 365.67 185.99 46.30 29.05 

1.0 1622.43 583.22 533.53 129.84 129.02 

7 0.0 92.03 60.48 30.71 71.72 27.56 

0.1 83.19 70.62 33.54 55.37 24.18 

0.3 114.07 78.58 41.73 34.15 17.22 

0.5 164.26 110.43 73.98 20.23 14.65 

1.0 722.86 184.60 179.01 30.96 30.65                   
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CHAPTER 9 

EXAMPLES OF MRQR APPLIED TO QUANTAL 

BIOASSAY 

§9.1 Examples of MRQR Applied to Quantal Bioassay 

In this section, the MRQR procedure will be applied to the two data sets used previously for the 

logit and nonparametric procedures presented in this research. Because the nonparametric portion of the 

model can be either kernel or local linear regression, the logistic model will be combined with both 

procedures. That is, logit procedure with kernel regression will be denoted MRQR Kernel, and logit 

procedure combined with LLR will be denoted MRQR LLR. In each procedure the bandwidth and the 

mixing parameter will be selected to minimize the PRESS’ (b) statistic. Comparisons will be made between 

the logistic, kernel, LLR, MRQR Kernel, and MRQR LLR with respect to the model degrees of freedom, 

the chi-square statistic, mean squared error and width of the confidence intervals on the ED, EDs, and 

EDgp. For the logit mixture data, one can base the adequacy of the fit on how close the estimate of the 

effective doses are with respect to their true values. 
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§9.2.A Example 7 

The fly data set in Table 2.2.1 was fit using the MRQR procedure. Table 9.2.1 contains summary 

information from the different fits to the data. Plots of the MRQR Kernel and MRQR LLR fits can be 

found in Figure 9.2.1 and Figure 9.2.2, respectively. 

Table 9.2. 1 Summary information of fits to fly dose-response data. The 95% confidence 
interval estimates on effective doses are given in parentheses. 
  

  

  

  

  

                

Procedure x Dfmodel | MSE ED, EDs EDgo 
Logistic 0.7351 2.0000 0.1470 0.1201 0.2304 0.4420 

(0.0951,0.1423) | (0.2019,0.2610) | (0.3802,0.5398) 
Kernel 1.7692 3.8265 0.5575 0.0973 0.2457 0.4403 

(0.0324,0.1321) | (0.2059,0.2956) | (0.3898,0.5467) 
LLR 2.0030 3.7125 0.5395 0.1186 0.2371 0.4925 

(0.0324,0.1360) | (0.2056,0.2728) | (0.4403,0.5786) 
MRQR Kernel 0.7250 2.8526 0.2021 0.1125 0.2372 0.4285 

(0.0789,0.1391) | (0.2051,0.2720) | (0.3871,0.5292) 

MRQR LLR 0.6315 2.5281 0.1412 0.1205 0.2328 0.4417 

(0.0324,0.1408) | (0.2037,0.2640) | (0.4025,0.5460)   
  

Note that the chi-square statistic is smallest for the MRQR LLR procedure, with the chi-square statistic 

from the logistic procedure only slightly larger. The value of the mixing parameter A for the MRQR 

Kernel procedure is 0.4668, and for MRQR LLR, A = 0.4102. The magnitude of the mixing parameter for 

both MRQR procedures implies approximately an equal amount of weight is being given to the parametric 

and nonparametric fits to this data. As shown in the theoretical results of Chapter 7 with the logit mixture 

model, a mixing parameter approximately equal to 0.4 corresponds to a degree of model-misspecification 

on the 0.3 to 0.4 range. Though the chi-square test does not indicate lack-of-fit in this example, it can be 

very misleading since the chi-square lack-of-fit test does not reject enough. Also, the model degrees of 

freedom for the MRQR LLR procedure is less than the model degrees of freedom for the MRQR Kernel fit, 

but only slightly. The mean squared error is smallest for the MRQR LLR procedure, only slightly less than 

the mean squared error for the logistic fit. Note that the estimates of the ED., values are approximately the 

same for the five procedures, with the logit procedure yielding the smallest width of the 95% confidence 

interval on the EDs, only a few thousandths less than the width of the MRQR LLR procedure. Not only 

do the procedures have approximately the same estimate on the median effective dose, their ED.) and ED 

estimates are approximately the same as well, with the exception of the LLR procedure which has a 

substantially larger estimate of the ED.) with respect to the other procedures. 
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Figure 9.2.1 Model-robust Quantal Regression Using Kernel Regression as the 

Nonparametric Portion to Fit the Fly Data. 

- «+ Rawdata, | MRQR Kernel fit, - - - 95% Confidence band 
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Figure 9.2.2 Model-robust Quantal Regression Using LLR Regression as the 

Nonparametric Portion to Fit the Fly Data. 

«+ .Rawdata, MRQRLLR fit, - - - 95% Confidence band 
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§9.2.B Example 8 

The previous example was used to illustrate the use of the model-robust procedures using real 

data. In this section, the model-robust procedures will be applied to the logit mixture data set from Table 

2.2.2. The MRQR LLR procedure has a chi-square statistic of 0.1885, which is much smaller than the chi- 

square statistic of the MRQR Kernel and the logit procedure. Note that the statistics in Table 2.2.2 for the 

logistic and MRQR Kernel procedures are approximately the same. This is because the mixing parameter 

for the MRQR Kernel procedure is approximately zero (A=0.0086), thus giving almost all of the weight to 

the logistic fit. 

Table 9.2.2 Summary information of fits to logit mixture dose-response data. The 95% 
confidence interval estimates on effective doses are in parentheses. 
  

  

  

  

  

                

Procedure x" Dfmodel | MSE ED, EDso EDgo 
Logistic 0.6682 2.0000 0.2227 0.2771 0.4893 0.7014 

(0.1197,0.3685) | (0.4035,0.5742) | (0.6108,0.8564) 

Kernel 2.3633 2.7998 1.0742 0.2084 0.4797 0.7765 
(0.0696,0.3239) | (0.3832,0,5834) | (0.6447,0.9252) 

LLR 0.4422 2.1119 0.1531 0.2315 0.4906 0.7521 
(0.1475,0.3037) | (0.4229,0.5581) | (0.6796,0.8363) 

MRQR Kernel 0.6682 2.0075 0.2227 0.2771 0.4893 0.7014 
(0.1363,0.3519) | (0.4149,0.5628) | (0.6272,0.8400) 

MRQR LLR 0.1885 2.0806 0.0646 0.2427 0.4901 0.7395 

(0.1544,0.3242) | (0.4182,0.5623) | (0.6570,0.8287) 
  

  
The mixing parameter for the MRQR LLR procedure is 0.7202, which implies more weight is given to the 

local linear regression fit than the logistic fit. The median effective dose for the procedures in Table 9.2.2 

are approximately the same, but the extreme doses are substantially different. Recall that the true ED is 

0.2730 and the true EDgp is 0.7270. The logistic and MRQR Kernel procedure estimates the ED., well, 

overestimating it by approximately 2%. But the ED, value is more accurately estimated by the MRQR 

LLR procedure, overestimating the true ED,) by only 2%. All of the true effective doses are covered by 

their respective 95% confidence intervals for each of the procedures, but the MRQR LLR procedure has 

the narrowest intervals on the ED,,) and EDgo. The width of the 95% confidence interval for the ED4p is 

0.1697, compared to a width of 0.2156 by the MRQR Kernel and logit procedures. The MRQR LLR 

procedure has a 95% confidence interval width on the EDgy estimate of 0.1718, compared to a width of 

0.2128 by the MRQR Kernel and logit procedures. 

Another statistic of interest is the model degrees of freedom. Note that with only a slight increase 

in the model degrees of freedom, the MRQR LLR procedure reduces the chi-square statistic with respect to 
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the LLR and logit procedures. Also, the sample mean square error for the MRQR LLR procedure is much 

smaller than that of the other methods. 

Figure 9.2.3 and Figure 9.2.4 are plots of the MRQR Kernel and MRQR LLR fits to the logit 

mixture dose response data, respectively. Because the value of the mixing parameter is approximately zero 

for the MRQR Kernel procedure, Figure 9.2.3 is almost identical to logit plot in Figure 2.2.3. The MRQR 

LLR procedure fits this data extremely well, even detecting the slight curvature at dose levels 0.3 and 0.7. 
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CHAPTER 10 

SUMMARY AND FUTURE RESEARCH 

§10.1 Summary and Future Research 

The nonparametric regression procedures presented in the previous chapters show promise as 

methods that can be used alongside the parametric analysis of quantal dose-response data, or as a tool for 

curve fitting and effective dose estimation when the user does not know the parametric form of the true 

underlying model. The theoretical results of Chapter 7 indicate that the model-robust procedures, 

especially MRQR LLR, improves the average mean squared error with respect to the parametric (logit) and 

nonparametric methods. This improvement can be seen when using the optimal bandwidth and mixing 

parameters as well as the data-driven ones chosen using the PRESS’ statistic. Although both model-robust 

quantal regression procedures are attractive, the method using local linear regression as the nonparametric 

portion seems to be better due to its lack of boundary problems. 

Based on the theoretical results of Chapter 7 and the simulation results presented in Chapter 8, 

the model-robust procedures improves the prediction when the user is not certain as to the form of the true 

underlying model. Summarizing Chapter 7 and Chapter 8, the following is a list of the more pertinent 

features of the model-robust procedures: 

1. With a small number of doses, such as d=3, the MRQR LLR procedure yields as small or smaller 

average mean squared error than the other procedures, with the exception of the MLE when y=0, 

for n=10, 20, and 50 replicates at each dose level when using the optimal bandwidth and mixing 

parameter. 

2. Using the optimal bandwidth and mixing parameters, the MRQR LLR procedure had higher mean 

squared error efficiencies than the other procedures for the (d=5, 7; n=10, 20, 50) combinations 

across almost all values of y. This implies that with the optimal values of the bandwidth and 

mixing parameter, the MRQR LLR procedure performs better than the logit, kernel, LLR, and 

MRQR Kernel procedures. 
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3. Using the optimal values cf the bandwidth, the model-robust procedures mixes appropriately. 

That is, as the degree of model-misspecification increases, the value of the mixing parameter 

increases as well, giving more weight to the nonparametric procedure. 

4. Based on 500 Monte Carlo repetitions, the asymptotic theoretical properties of the bias, variance, 

and mean squared error formulas for the nonparametric and model-robust procedures are valid, 

especially when d 2 5. 

5. Although the estimated median effective dose was approximately the same for all the procedures 

presented, as the degree of model-misspecification increased, the model-robust procedures 

estimated the extreme doses more accurately, and with higher coverage probabilities, when using 

the optimal bandwidth and mixing parameter. 

6. Using the optimal bandwidth and mixing parameter for the nonparametric and model-robust 

procedures, respectively, the true response, P, is also more accurately estimated by the model- 

robust procedures. 

7. The PRESS’ procedure, which was used to estimate the bandwidth and mixing parameter, tends to 

overestimate these parameters, especially the bandwidth. 

8. When applying the model-robust procedure using the PRESS’ statistic as the selection criteria for 

the bandwidth and mixing parameter, the estimates of effective doses, coverage probabilities, and 

estimates of the proportion responding tend to be adversely effected by shortcomings of the 

PRESS’ procedure. But the MRQR LLR procedure still performed well when compared to the 

other procedures even when the bandwidth and mixing parameter are chosen by PRESS’. 

It is evident from the above summary that the model-robust procedure applied to quantal dose- 

response data is capable of improving the fit obtained by either the parametric and nonparametric methods 

with the proper values of the bandwidth and mixing parameter. Although there are several areas for future 

research with respect to the model-robust procedures, the primary area is that of bandwidth and mixing 

parameter selection. Other statistics were studied for bandwidth and mixing parameter selection, such as 

the PRESS and generalized cross validation (GCV), but these methods had a tendency to pick the 

bandwidth too small or too large. 

174



Also worthy of future study is the MRQR2 procedure in conjunction with quantal dose response 

data. The method is performing quite well in the linear models case (see Mays (1995)), but did not 

perform well in this research. This may have been due to the type of curves studied as well as the method 

for bandwidth and mixing parameter selection. 

In this research, one of the nonparametric methods used was local linear regression. Another 

possibility would be to use local quadratic regression in conjunction with a parametric method. The local 

quadratic regression may fit better in the tails of the data, since many dose-response curves/data asymptotes 

in the extremes. That is, small doses yield a low responses (near zero), and large doses yield high 

responses (near one). 

Just as local linear regression was used to fit the dose-response data, it seems feasible to fit a local 

logistic regression as well. This would entail fitting a logistic regression at each dose, just as in the local 

linear regression, a linear regression model is used at each dose. This can also be generalized such that any 

generalized linear model (Cauchy, Gompertz, Weibull, etc.) can be used to fit the dose-response curve 

locally. Also, instead of using the logistic regression model as the parametric function in the model-robust 

model, on can also use any generalized linear model such as the Cauchy, Gompertz, and Weibull, to name 

afew. Using any generalized linear model would make the model-robust procedure more applicable across 

a variety of fields. This is similar to the method proposed by Severini and Staniswalis (1994), in which 

they are using quasi-likelihood method to fit semiparametric models. 

Although this research has shown promise, a number of avenues are incomplete and still need to 

be studied. First of all, the distribution on the mixing parameter may serve as a method of testing the 

adequacy of the models. In other words, if one can obtain a formal test on A, then it can be used to 

determine if the parametric model supplied by the user is adequate or if the nonparametric method is 

appropriate. Finally, continued research is necessary for the proper bandwidth and mixing parameter 

selection. The performance of the model-robust procedure is quite good when the bandwidth and mixing 

parameter are chosen by the PRESS’ statistic, but use of the optimal bandwidth and mixing parameters 

substantially improves performance. 
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APPENDICES 

Appendix A 

Recall that the PRESS statistic is the predicted error sums of squares in which predictions are 

made with the 7” data point removed, for i=1,2,....n. This “minus-i” prediction is straightforward in the 

linear regression framework. However, when fitting a nonlinear function such as logistic regression, the 

predictions cannot be obtained via a linear predictor. In this section, an approximation will be given for the 

“minus-i” statistic for the logistic regression procedure. 

The ordinary least squares predictions are given by 

y = XB = X(X’X) X'y = Hy (A.1) 

where H is the OLS “hat” matrix. It has also been shown in this research that the kernel and local linear 

regression estimates may be obtained in the same manner as the OLS predictions of the form 

y? = Hy (A.2) 

where 9” is the nx1 vector of nonparametric prediction and H™” is the nxn nonparametric weight or 

“hat” matrix. So, the “minus-i” predictions are given by 

  

Vii = Dy; (A.3) 
isj 

where 

h.. = fy (A.4) 
re 1—h; . 

The “minus-i” predictions for the nonparametric procedures are analogous, simply substituting the 

elements of the nonparametric weight matrix in equations (A.3) and (A.4). In this research, the PRESS 

statistic has been used as a method of comparison between the various models in fitting quantal dose- 

response data, and as a method of selecting the bandwidth and the mixing parameter in the nonparametric 

regression procedures and the model-robust regression procedures, respectively. 

For logistic regression, and nonlinear models in particular, no such deletion formulas or “minus-i” 

prediction formulas exist, so equation (2.1.16) was derived in this research. The logistic model is given by 

1 
B l+e”™ 

179



If the logistic model is linearized usiig the logit transformation such that 

logit(p) = XB | (A.6) 

where logit(p) is the dx1 vector of logits, then by applying the Sherman-Morrison-Woodbury theorem 

(see Rao (1973)), a “minus-i” prediction may be obtained. 

The SMW theorem states 

(X'X) 'x,x'(X'X) | 
X’X)' =(X'K-—xx') | =(x'x) | + ( ), ( t ) ( ) 1—x!(X'X)" ‘x, (A.7) 

The left-hand side of the equation above is the X’X matrix with the i” data point removed. In the context 

of logistic regression, if the logistic regression model is linearized using the logit transformation, then the 

PRESS residual is given by 

e,,; = logit(p,) ~ x{b,, (A.8) 

where b_, is the vector of estimated regression coefficients with the i” data point set aside. Now, it is easy 

to show that the SMW theorem applies to the (x wx y matrix results in 

. * tent yv)! 

(xe x)" «(90x aula) = A Xs x) 
poche t 
  

* -1 * 1-xi(xw'x) x,w' 

Thus, it follows that 

(xw'x) 'x,wre, 
b= b--——__, —_ (A.9) 

where w, =n,p,(1-p,), e; = logit(p,)-—x'b, and Ah, is the i” diagonal element of 

H' = x(xw'x)” X'W" ie ht = xi(xw'x)” x,w,, with W’ being the diagonal matrix with elements 
tb? 

w,. It should be noted that b is the one-step weighted least squares estimate of B. That is, b is not the 
i 

maximum-likelihood estimate of B given in Chapter 2, in which the weight matrix W changes in each 

iteration until the maximum likelihood estimate of B is obtained. 

So, 

é,= logit( P;) - logit( P.,) (A.10) 

with 
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1 (xw'x) 'xwre, 
logit\ P.,)=x/| b- 

& ( il ) i 1 _ h* 

* -i * 

b (XW x) X;W, ; All 
= x! — . mae (A.11) 

hie. 
= x'b -—~—~ 

I- h; 

So, transforming back to the original scale, the “minus-i” prediction is approximated by 

Pw (A.12) 
fae [ink 

l+e*e . 

where b = (xw'x)” XW’ logit( p) and e, = logit(p,)-x'b. 

Due to the small size of many dose-response data sets, it is possible to compute the true “minus-i” 

values and compare them to the approximate ones. Using 21 real data sets, the approximate “minus-1” 

values were very close to the true ones, with an average difference of -0.0026, and a mean absolute 

difference of 0.0244. Due to the precision of the approximate “minus-i” values, it seems reasonable to use 

them in the computation of the PRESS statistic for logistic regression. 
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Appendix B 

Model-robust quantal regression (MRQR), a linear combination of parametric and nonparametric 

estimates, presents several difficulties when developing variance expressions for estimates. One problem is 

the nonlinear nature of the parametric procedure. Variance expressions here are asymptotic in nature. A 

second problem concerns the variance for the nonparametric estimates. There are numerous methods 

available in the literature for estimating the variance for a nonparametric regression procedure. Most of 

them are based on asymptotic results and their accuracy for small samples has yet to be ascertained. One 

method for the derivation of the bias and variance expressions of the MRQR procedure will be presented 

here. Before the bias and variance estimates for the MRQR procedures are obtained, bias and variance 

expressions for the logistic and nonparametric regression methods will be derived. 

Though asymptotic expressions of the variance of prediction are available for the logistic method, 

a linearization of the logistic estimate will be performed to ease the development of the prediction variance. 

Let PY = F (x8) denote the dx1 vector of predictions at the d doses. That is, the function F (x6) is 

’ 

the dx1 vector [F (x8), F (x:6},..., F (x:8)} . Expanding F (x8) by a first-order multivariate Taylor 

series about the true parameter vector, B , results in 

  

  
F(x8) ~ F(XB) + OF a A - B), (B.1) 

= F(X) +( F(XB))x(B - p| (B.2) 

  
d 

where f(u) = Me) is the logistic probability density function, and ( f(XB)) is the dxd diagonal matrix 
u 

whose diagonal elements are ( f (x‘B), f (x5B),..., f (x/B)). Algebraic manipulation of the right-hand side 

of the above equation yields 
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( 
= ! - (¢(XB))X(x’Wx)'x'w/( £(xB)) "| F(x8) 

+(¢(XB))X(X’WX) "X'W(f(XB)) ‘Pp 

where here, W is the dxd diagonal matrix of “true weights” written as 

nf?(xiB) 

‘PQ 

with P = F(xiB) and Q, =1-P. Thus, one obtains 

pee ~ A+Bp, (B.3) 

where A = [I- B]F(XB) and B= (f(XB))X(X’WX) 'X’W(f(XB)) 

Before detailing any further derivations, it will be assumed, without loss of generality, that the 

true model is given by 

P = G(x) = F(XB) +H(x) (B.4) 

where H(x) is a dx1 vector representing the difference between the user’s parametric model, F, and the 

true model, G. Therefore, if F=G, the H(x) =0 implying that the users model has been correctly 

specified. 

The expectation of B will now be derived due to its necessity later for the expectation of the 

logistic predictions. From the maximum likelihood equation and equation (B.2), one can write the 

maximum likelihood estimate, B, as B = (X'WX)'X'Wp" , where W is the “true weight” matrix defined 

above. So, the expected value of B under the true model G is given by 
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E(B) = (X'Wx)'X'WE(p") 
-1 (X'WX) X'WE|( ((XB)) ‘(p- F(XB))+ xB| 

(x'wx)'x’W(/(XB)) E(p)-(X’Wx)"X’W(/(XB)) 'F(XB) 
+(X’WX) 'X’WXB 

= B+(X'WX) 'x'w(f(XB))[#(XB) + H(x)]-(X’Wx)'X’w( (XB) F(XB) 

= B +(X'WX) 'x'W(f(XB)) “H(x) 

Thus, under the correct model, i.e. F=G and H(x) =0,E () =f which is an unbiased estimate. 

The expectation of P“**“* can now be obtained as follows: 

E( Bier) e|F(x8) 

~ | F(XB) +(f(X B))x(B -6) 

= | F(XB) + (F(XB))X2(B)-(/(XB) )xB| 

= F(XB) + ((XB))x|B + (x"Wx)"x’W( (XB) "H(x)]~(7(XB))XB 
= F(XB) +(f(XB))X(X'Wx)"X'W(/(XB)) (x) 

Manipulating the above expression, it can be shown that 

E(Pe) = P+ ( (XB))x(X"WXx) 'x'wW(f(XB)) | - 1a(x) (B.5) 

Again, it is noted that if H(x) =0, then EP") = P = F(X), the true response curve. Using equation 

(B.6), the bias of P’**”* can be obtained as 

Bias(P'“**"*) = E(B") — P 

=P+ (F(XB))x(x’Wx) X'w(f(XB)) 1}(x) -P 

= (F(XB))x(x’Wx)" x’W(f(XB))- 1h(x) (B.6) 

It is now of interest to obtain the variance of P’“**"" , but first the variance of B must be obtained. 

Using the MLE expression of B from the previous page, the variance is given by 
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Var 8) = Var|(X'WX)'X'Wp'] 

= (X"'WX)'X'WVar(p* )w'x(X’WX) 

X'WX)'X’ Wrar|( #(XB)) '(p- F(XB)) oe X(X’WX)" ( 

(xwxy x1 /(38)) 
| (x8) 

-1 
)) Var(p)(f(XB)) W'X(X'WX) " 

  

= (X'Wx) 'x'W(f(XB)) Vo(f(XB)) W’X(X'WX) | 

where 

V, = Var(p) = (Sele) _ eal 7) 

for the model given in equation (B.4). Note that 

(#(XB)) V(F(XB)) 'W ‘= (w W; f2(x{B)G(x,)(1— G(x,)),--+, 2 2(x48)G(x4)(1- G(x,))) 

(ee (x/B).A7(xB)G(x,)(1- G(x.) “Be el F(xiB)(1— F(xiB)) a ngF(xB)(1— F(x;B)) 

-( ofx\-ctx) __G(x4)(1- G(x,)) } 
F(xiB)(1- F(xiB))’ ” F(x,B)(1- F(x,B)) 

“(r) 

Var(B) = (xrwxy'xw(S)x(xrway” (B.8) 

  

<
8
 

Thus, 

Under the correct model, (¢) =I which yields Var(B} = (X'WX) , the asymptotic variance of the 

MLE. From this point on, the variance of B will be denoted by V; ; 

Now, the variance of the logistic estimate for the proportion responding is given by 

Var( P=") = Var[F(XB) + (£(XB))XB - (7(XB))XB| 
(#(XB))x Var(B}x"( f(XB)) 

(f(XB))XV,X'(f(XB)) (B.9 

Similarly, if G=F, then (<) = J and (B.9 yields 

Var( Bie") = ( f(XB))X(X'WX) 'X'(f(XB)) (B.10) 
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which is the asymptotic variance of estimated response when using maximum likelihood estimation. The 

mean squared error can be expressed as the variance plus the squared bias. In the logistic regression case, 

if the user’s model is correct, then the mse is composed of the variance expression only (equation B.10), 

but if the user’s model is misspecified, then the mse is comprised of the variance expression in (B.9) and 

the squared bias of equation (B.7). 

In a similar manner, variance, bias, and mean square error expressions can be obtained for the 

nonparametric procedures (kernel and local linear regression) for fixed bandwidth. The expected value of 

the nonparametric prediction for a fixed bandwidth is given by 

E(P’”) = E(H’’p) 
- HH? E(p) 

=H’ P 

where H”’, which is assumed fixed for all derivations, corresponds to the nonparametric weight matrix for 

either kernel or local linear regression. The bias of P*” can be obtained via 

Bias(P™”) = E(P”’) -P 

=H” p-p 

=(H” -1)P 

The variance for the nonparametric regression estimate, assuming that the bandwidth is constant, is given 

by 

Var(P*”) = Var| Hp] 

=H”’Var(p)H™” 
= HY’ vq” 

where V, is given in equation (B.8). Thus, the mean squared error of the nonparametric estimate is given 

by 

MSE(P*”) = H’’v.H” + (a - 1)P](H"” ~ 1p] (B.11) 

Given the form of the MRQR model in (6.1.1), the variance of the MRQR estimated probabilities 

of response of the d doses can be written as the variance of the linear combination: 

Var(P**0") = Var|xP™” +(1- r)P”] (B.12) 

where P*” is the nonparametric estimate of the probability of response, and P” denotes the parametric 

estimate of the probability of response, and A is the mixing parameter. P*” is given in equation (4.2.4) for 

kernel regression, and in equation (4.3.4) for the local linear regression estimate, with both estimates being 
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written as linear predictors. As noted throughout this proposal, the logistic regression procedure will be the 

parametric analysis used on the quantal dose-response data. It should also be noted that the logistic 

estimate cannot be written as a linear predictor, as is the case for ordinary least squares, kernel regression, 

and local linear regression. With the estimated variance for the parametric procedure given in equation 

(B.9 and the estimated variance for the nonparametric method given above, the variance of the MRQR 

estimate of probabilities of response for a fixed mixing parameter, A, and bandwidth, b, can be expressed as 

Var(P*2") = Var| xP” +(I _ r)pior| 

~ Var {MH +(1-A)[A + Bp} 

=Var\,H"’p +(1-2)A +(1-A)Bp} 

=Var\[AH™ +(1-2)B]p+(1-a)a} 

=[AH’”? +(1-A)B]V.[AH” +(1-2)B] 

where A and B are defined in (B.3). Using the MRQR model, the expected value of P®2? can be 

obtained as 

E(PMe*) = E[AP*” +(1- r)P?| 

= XE(PY”) +(1-2)£(P”) 

Since E(P’] = E(PYrs) is given in (B.6) and E(P*”) = H”’P,, it follows that 

E(P*°*) = AHY’P +(1- AYP + ( f(XB))x(X’Wx) 'X'W(f(XB)) | - 1fa(x)} 

= [aH +(1-A)IP +(1- al 4(XB))X(X'Wx) 'x'w(f(XB))'- 1}H(x) 

where I is the dxd identity matrix. Given the expectation of P"° , the bias of the MRQR estimate is 

Bias{P'**) = XH"’P +(1- a)P + ( (XB))X(X’WX) 'x’w((xB))" - r(x) -P 

=H" -I]P +(1- al (XB))X(X’WX) 'X’W(f(XB)) | — 1 h(x) 

With the variance and bias expressions for the MRQR procedure, the mean squared error can be expressed 

as the variance and the squared bias. Examining the bias and variance expressions for the MRQR 

procedure, under the correct parametric model, it is expected that H(x) ~ 0 and 70, thus the 

contribution to the mse is supplied mainly by the variance of the parametric model with small bias. 

Alternatively, if the users model is incorrect, then H(x) #0, which contributes bias to the mse, and A may 

be close to 1, depending upon the degree of misspecification. Thus, the mse will be composed of a larger 

contribution from bias. 
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For the alternative MRQR procedure, deemed MRQR2 in Chapter 6, the properties can be 

derived in a similar manner. The true model is assumed to be given in (B.4) and the user fits 

pron _ P(x) + AH?e (B.13) 

where e=p-F (x6) is the vector of residuals from the parametric fit, H’” is the nonparametric weight 

matrix used to fit the residuals, and A is the mixing parameter denoting the amount of residuals being added 

to the parametric fit. For the MRQR2 procedure, the estimate of proportion responding can be written as 

prnor _ F(x) + AH’?e 

= F(xB) + MA" (p - F(xB}} 

=(I- nH’”)F(XB) + AH? p 

ry MROR2 P 0. With the expression above, the expectation of can be obtained as follows: 

E(B”) = (1- aH” )e(F(x8)} + AH?” E(p) 

= (I- an”) P + ( (XB))x(X’Wx) 'x'w(f(XB)) | - tfa(x)} + AHP 

=P+(I- nat” 1(XB))x(X'Wx)"'X'W( (XB) - 1 (x) 

Given the expectation of P’”°”’ | the bias is 

Bias(P*2") = (1 ne”) (XB))X(X'WX) 'X’W(f(XB)) | - 1 B(x) 

Note that under the correctly specified model, P’”2”? is an unbiased estimate of P. 

Using the derivations previously obtained for the parametric procedure, the variance of the 

por MRQR2? estimate can be obtained by expanding in the following manner: 

prRor (1 _ AH’? A + Bp] +\H”’p 

=(I-AH")a+(I-2H" )Bp+ AH" p 
=(I-AH”)A +[B+.H(I-B))p 

Since the first term of the above expression is constant, the variance of P’“"2*? js 

‘ 

Var(P°") ~[B+AH""(1-B)|V.[B+ 4H” (I-B)| (B.14) 

Having mse formulas for the nonparametric and model-robust procedures introduced in this 

research allows one to obtain optimal values of the mixing parameter, A, and the smoothing parameter, b, 

by minimizing the mse. These mse properties will also be a useful tool in comparing the various methods. 
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