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(ABSTRACT) 

In this dissertation, two nonlinear regressive models, the forward model and the inverse 

model, have been developed to determine the pose (position and orientation) of the 

scanning laser Doppler vibrometer (SLDV) with respect to a structural coordinate system. 

The parameters in the forward model include the pose and the ranges. The parameters in 

the inverse model include the pose only. The parameters of those models are obtained by 

using the least squares technique. A geometrical method is developed to get an estimation 

of the pose and the ranges. This estimation is used as an initial solution in the iterative 

procedure for determining the parameters in the nonlinear regressive models. The 

statistical inferences are made about the inverse model by the linear approximation. The 

nonlinearity of the inverse modal is measured in order to verify the validity of the linear 

approximation. Included along with the development of the models, are the 

implementation of the algorithm (geometrical method and inverse model), the assessment 

of the inverse model, the calibration of the scanner, and the accuracy evaluation of the 

algorithm.
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CHAPTER ONE 

INTRODUCTION 

In this chapter, a scanning laser Doppler vibrometer (SLDV) will be briefly described. 

Then, two measurement systems and their problems using the SLDV will be discussed. 

Finally, the objective of this dissertation and the problem definition will be stated. 

1.1 Scanning laser Doppler vibrometer and its application 

With the development of laser technology, a variety of new instruments have appeared for 

scientific and industrial measurements. The SLDV is one of those instruments. The SLDV 

consists of two parts: a Michelson interferometer and a scanner [1.1-1.4]. The Michelson 

interferometer performs the measurement of the velocity. The scanner aims the laser beam 

at desired measurement points on a testing structure. It can scan a rectangular area within 

its viewable angles. 

The SLDV offers many advantages over the conventional accelerometer in dynamic 

measurements. It offers non-contacting measurements, high measurement speed, high 

sensitivity, high accuracy, and high spatial resolution. Its non-contact feature is 

particularly useful for testing light-weight structures and for measuring the velocity in 

severe conditions such as high temperatures. Its high spatial resolution makes it possible to 

get the angular velocity by numerically operating on the measured translational velocity 

field [1.5-1.8]. Therefore, it has found many applications in the research laboratory and 

industry for dynamic testing, modal analysis, noise predication and control, and damage 

identification [1.9-1.15].



1.2 Laser-based mobility measurement systems and concerned problems 

When used for dynamic measurements, the SLDV scans a structure which may be a simple 

beam, a compressor, a tire, or the fuselage of an airplane. The velocity fields over the 

structure are measured. Figure 1.1 shows a typical SLDV setup. The structure being 

tested is a plate. A Cartesian coordinate system called structural coordinate system 

O,X,Y,Z, is established. The points on the plate are well defined with respect to this 

coordinate system, which means the structural coordinates (x,, y,, Z,;) of these points are 

known. Although the structural coordinate system in this example is on the plate in Fig. 

1.1, it can be placed anywhere in space. Another Cartesian coordinate system called laser 

coordinate system O,X,Y,Z, is also established. It is placed at the laser head of the SLDV. 

A more detailed description of these coordinate systems will be given in chapter 2. The 

laser coordinates (x,, y,, Z,,) of those points on the plate are not known yet. 

Y,; Test structure     

    

    
line-of-sight 
of the laser beam 
  

Figure 1.1 A scanning laser Doppler vibrometer at work



In the laser-based mobility measurement system described in [1.16-1.17], the structural 

response is dominated by the vibration in one direction. The velocities of a vibrating 

structure at some specific known locations are desired. One problem with this system is 

how to automatically aim the laser beam at those specific locations. 

In another system, the velocities of six degree-of-freedom (three translational and three 

rotational degrees) for a vibrating structure are desired. However, the SLDV can only 

measure the velocity along the line-of-sight of the laser beam, i.e., the translational 

velocity in the line-of-sight direction (see Fig. 1.1). Thus, some strategies are required to 

obtain the six degree-of-freedom velocities. A complete description of the velocity in 

Cartesian coordinate system can be given by its three components along the three axes or 

by its magnitude and three direction cosines. The SLDV measures the component of the 

velocity along the direction of line-of-sight, or the projection of the velocity along the 

direction of line-of-sight. Mathematically, if one knows three independent projections of 

the velocity along three known directions, the three components of the velocity along the 

reference axes may be found. Experimentally, the SLDV can be placed at three different 

positions to obtain three projections of the velocity. If the directions of the line-of-sight of 

the laser beam for those positions are known in the structural coordinate system, the 

velocity along the three axes may be reconstructed. In this way, the three translational 

velocities are found or reconstructed [1.18-1.19]. The three angular velocities can not be 

directly measured by the SLDV. But they can be obtained by numerical operations on the 

measured (reconstructed) velocity field [1.9-1.15]. Therefore, it is necessary to obtain the 

direction of the line-of-sight of the laser beam with respect to the structural coordinate 

system.



The two problems previously discussed are actually the two stages of one problem. In 

other words, if one can aim the laser beam at the desired location (first stage), one will be 

able to obtain the direction of the line-of-sight of the laser beam (second stage). Further 

study shows that the problem can be solved once the pose (position and orientation) of the 

SLDV is determined with respect to the structural coordinate system. The pose of the 

SLDV is defined as the pose of the laser coordinate system with respect to the structual 

coordinate system. Therefore, the problem of concern in this dissertation is how to 

determine the pose of the laser coordinate system. 

1.3 Objective of this dissertation 

The objective of this dissertation is to develop a method that will give the best estimation 

of the pose of the laser coordinate system with respect to the structural coordinate system 

using experimentally obtained data. The method will give the inferences about the 

estimated pose and will be able to predict the positioning error of the laser beam. 

1.4 Problem difinition 

In the experimental data acquisition, some points defined as registraiton points on the test 

strucure are used to determine the SLDV pose. The known information for each 

registration point is the structural coordinates (x,, y;, Z,) and the input voltages (V,, V,) 

to the scanner controller. The input voltages can be linearly converted to the scanning 

angles (g,, @,). Thus, the problem in this dissertaiton is defined as the fillowing. Given N 

(N>=4) noncollinear registration points whose structural coordinates (x,,y,,2,) are



known and whose scanning angles (~, , @,) are measured, estimate the pose of the SLDV 

as well as its statistical properties. The more detailed descripions about the defined 

problem will be given in chapter 2.



CHAPTER TWO 

MATHEMATICAL MODEL FOR THE POSE DETERMINATION 
OF THE SLDV 

In this chapter, the definition of the pose of the SLDV will be given. The relationship 

between the input voltages and the structural coordinates for a spatial point P will be 

derived. Then, the pose determination problem will be mathematically defined. Next, it 

will be shown that once the pose of the SLDV is obtained, the input voltages and the 

direction of the line-of-sight of the laser beam for a known point P can be determined. 

Finally, the procedure to solve the defined problem will be discussed. 

2.1 Coordinate transformation and the pose of the SLDV 

A spatial point P can be fully determined by its structural coordinates (Xp5, Yp5, Zps). It 

can also be fully determined by its laser coordinates (xp,, Yp,, Zp). Figure 2.1 shows the 

two coordinate systems and the spatial point P. 

The relationship between the structural coordinate (Xps,Yps,Zps) and the laser 

coordinate (Xp,,Yp,, Zp,) is the coordinate transformation. Following equation is the 

transformation from the laser coordinates to the structural coordinates. 

5 
Xp Xp Ty Xp 

Yp ={7T} [R] Yep =37y LR] Yp (2.1) 

Zp Ss Xp LoL T, Xp L 

where AT } is the translation vector. It is the coordinates of the origin O, measured from 

the structural coordinate system, i.e., the position vector of the laser coordinate system



measured from the structural coordinate system. [LR] is the rotation matrix which rotates 

a vector from the laser coordinate system into the structural coordinate system. The 

columns of LR] are the direction cosines of the three axes (X,, Y,, and Z, ) measured in 

the structural coordinate system. Thus, LR] is the orientation of the laser coordinate 

  

  

        

system. 
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Figure 2.1 Relationship between the structural and laser coordinate system 

As pointed out in chapter 1, the term "pose" is defined as the position and orientation. The 

pose of the SLDV is defined as the position and orientation of the laser coordinate system, 

i.e., AT} and LR] with respect to the structural coordinate system. 

From Eq. (2.1), the transformation from the structural coordinates to the laser coordinates 

can be obtained. Using the orthogonality of the rotation matrix, one gets 

Xp Xp Xp 

yep = —TRT (SETHE TRT } yp} <UTH ARE yp | - (2.2) 
Zp Jr 2p Js 2p Js



It can be seen that the pose of the structural coordinate system with respect to the laser 

coordinate system is the following: 

Sr} Jarl (i{7}), and GRE TRY (2.3) 

Therefore, if the pose of the laser coordinate system is obtained relative to the structural 

coordinate system, the pose of the structural coordinate system can be easily found with 

respect to the laser coordinate system, or vise versa. 

Using homogeneous transformation, Eq. (2.1) can be written as 

T T 

{xp, Yp> Zp, 1} = [A Hx,, Yp> Zp, I}, (2.4) 

where 

§ S 

dH]= a 7} (2.5) 

It can be seen that if the structural coordinates and the laser coordinates are known, the 

pose of the SLDV can be determined from Either Eq. (2.1) or Eq. (2.2). In the real 

situation, only the structural coordinates are known for point P. Information contained in 

the laser coordinates is the mirror drive voltages or input voltages. These input voltages 

are the required voltages that will aim the laser beam at the spatial point P. Thus, to 

determine the pose, the relationship between the input voltages and the laser coordinates 

for point P is required. The pose can be determined by using the structural coordinates 

and the input voltages from a number of points.



2.2 Relationship between the input voltages and the laser coordinates 

The relationship between the input voltages and the laser coordinates for point P will be 

developed in this section. 

2.2.1 The operation of the scanner: input voltages and scanning angles 

The scanner used by the SLDV is a two-dimensional one. It uses two independently 

controlled scanning mirrors to direct the laser beam to different spatial positions. The 

mirror directing the laser beam horizontally is called X mirror. The other directing the laser 

beam vertically is called Y mirror. The mirrors are rotated to change the deflection angle of 

the laser beam. The rotation of the mirrors is controlled by a scanner controller. Two 

voltages are input to the controller to control the X and Y mirror, respectively. The rotated 

angle of a mirror is proportional to the input voltage. When the input voltages for both 

mirrors are zero, the laser beam position is defined as home position. If the input voltage 

for X mirror is zero, the laser will move along a vertical line called VV. If the input voltage 

for Y mirror is zero, the laser beam will move along a horizontal line called HH. These two 

lines divide the space into four quadrants as shown in Fig. 2.2. The angle of the laser beam 

away from its home position is called the scanning angle. This scanning angle has a known 

relationship with the input voltage. In quadrant I, the laser beam has positive X scanning 

angle and positive Y scanning angle; in quadrant II, negative X and positive Y; in quadrant 

III, negative X and negative Y; in quadrant IV, positive X and negative Y. 

A linear relationship is assumed between the scanning angle of the laser beam and the 

input voltage to the scanner controller for both X and Y mirrors [2.1]



& =@,+b,V & Py x TOxVy | (2.6) 
p 
Oye Py =ay + bV, 

where V, and V, are the input voltages in volts. p, and @, are scanning angles in degrees, 

a,, by, ay, and b, are scanner parameters and can be obtained by calibration. Equation 

2.6 is called the linear voltage-angle relation which is from the manufacturer and will be 

verified in chapter 7. If the scanning angles are known, the input voltages can be found as 

Vy =(@y —ay)/ dy (2.7) 

Vy =(9, —ay) | by 

uo 

es Lt) o» 
I (-,+) 

  

  
Figure 2.2 Laser head and relative scanning quadrants 

2.2.2 Scanner model: scanning coordinates and laser coordinates 

Figure 2.3 shows that the two mirrors are installed such that their rotation axes are 

perpendicular to each other, which is specific to the type of scanner in the SLDV laser 

10



head in our laboratory. The two mirrors are inclined 45 degrees relative to the vertical 

while in their home position. The distance between the mirror surface along the laser beam 

at the home position is called separation distance d/ of the reflection centers of the two 

mirrors. This distance is another scanner parameter and needs to be defined. The surfaces 

of the X and Y mirrors are assumed to be on the center of their rotation axes. The laser 

beam to the scanner is assumed to be parallel to the rotation axis of the Y mirror and to be 

incident on the center of the rotation axis of the X mirror. The laser beam reflected from 

the X mirror is assumed to be incident on the center of the rotation axis of the Y mirror. 

These assumptions are going to be verified in chapter 7 by analyzing the scanning angle 

residuals obtained from a nonlinear regression. Chapter 7 will also tell why the error 

caused by assuming the mirror surfaces to be on the center of their rotation axes is 

  

  

  

  

  

negligible. 

¥ 
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scanner X Mirror 

Figure 2.3. The laser home position and laser coordinate system 

Figure 2.3 shows that the origin of the laser coordinate system is on the surface of the Y 

mirror at the reflection point while in the home position. The X, axis is on center of the 

rotation axis of the Y mirror due to the assumptions mentioned previously. The Z, axis is 
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along the laser beam at home position. X,,Y,, and Z, form a right-hand coordinate 

system. The laser coordinate system is fixed at this position. 

A spatial point P seen by the laser beam can be fully determined relative to the laser 

coordinates system in two ways. 

The first is through the use of laser coordinates (xp,, Yp,, Zp,). The second is through 

the use of scanning coordinates (6); , py, Lp) defined later. The scanner model is 

defined as the relationship between the laser coordinates (Xp,, Yp,, Zp,) and the scanning 

coordinates (8), , @py,, Lp). Due to the fact that two mirrors are separated, the scanner 

model can not be derived without further considerations. 

When the X mirror rotates, the laser beam will move horizontally. It is equivalent to say 

that the laser beam comes from an imaginary point O’ behind the Y mirror in Fig. 2.4 (a) 

(note that subscript P is omitted for angles in Figs. 2.4 and 2.5 for simplicity). The 

different horizontal positions are achieved by rotating the laser beam an angle @,y about 

an axis which passes O’ and is parallel to the Y, while the Y mirror is at home position. 

Angle @py does not change with the rotation of the Y mirror. 
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Figure 2.4 Relationship between the scanning angles and the scanning coordinates 
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When the Y mirror rotates, the laser beam moves vertically. This rotation makes the 

imaginary point O’, called moving laser center, move along a circle arc whose radius is 

equal to the separation distance centered at O, and swinging in Y, —Z, plane (see Fig 2.4 

(b) and (c)). Different vertical laser positions are obtained by rotating the laser beam an 

angle @py, about X, axis. The range L, is defined as the distance between the spatial 

point P and the moving laser center O’. It is clear that the point P is fully determined by its 

scanning coordinate (6p;,, Opy,L,). To make the sign agree between the laser 

coordinate and the scanning coordinate, we define that @,, as positive if it moves the 

laser beam to a positive yp,, and visa versa. The same is true for 6,y,, which is referenced 

to the positive and negative xp, . Equation (2.8) can be easily obtained from Fig. 2.4. The 

negative sign in Eq. (2.8) is caused by the sign definition of the scanning angles and the 

scanning coordinates. 

Ax, = Ppy (2.8) 

Ory =—Ppx 

From Eq. (2.8), the scanning angles can be found as 

Pry = Ox, 

Figure 2.5 which is obtained from Fig. 2.4, provides the geometry to develop the 

equations. The following equations are for the transformations of the scanning coordinates 

to the laser coordinates for point P. 

Xp, =Lpsin Opy, 

pz, = (Lp cos Opy, —dl)sin 6) x, (2.10) 

Zpz, = (Lp CoS Opy, — dl) cos Op x, 
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Figure 2.5 Geometry for deriving the scanner model 

And following equations transfer the laser coordinates to the scanning coordinates. 

Ox, = tan” (yp, / Zz) 

py, =tan“(xp, If yen + zen +dl)) (2.11) 

1/2 

Lp = (x2, + (y You t Zp, + aly) 
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Equations (2.10-2.11) refer to the scanner model. From this model, it can be seen that 

scanning angles are not sufficient to determine a spatial point. Any point on the line-of- 

sight of the laser beam will have the same scanning angles. But L, defines the point. 

2.2.3 Summary of various coordinate systems 

Various coordinate systems have been introduced when deriving the relationship between 

the input voltages and the structural coordinates for a spatial point P. The transformations 

between them are Eqs. (2.1-2.2, 2.6-2.11). Table 2.1 is a summary of them. 

Table 2.1 Various coordinate systems 

  

  

  

  

  

      

Coordinate System Variables 

Input voltages V, and V, 

Scanning angles Px, and 9 

Scanning coordinate system 6, , O , and L 

Laser coordinate system —X,,¥,, and z, 

Structural coordinate system Xs, Ys, and Z,   
  

2.3 Discussions on the relationship between the input voltages and structural 

coordinates 

In the previous two sections, the transformation has been derived from the input voltages 

to the structural coordinates, or vise versa, for a spatial point P. There are several 
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intermediate variables involved for that processing. Figure 2.6 shows the details about the 

transformation. 

  

  

    
    

  

  

      

  

        

[ Vex Vey J 
(2.6) | a, by ay by | (2.7) 

. P py P py 

(2.8) ' | (2.9) 

Ory, Opy, Lp 

(2.10)} dl | (2.11) 

| Xpp pp Zp _] 

Q1 4 Ar} (RI f 2.2) 

[ Xps ps Zps     

(Numbers in parentheses are reference equation number) 

Figure 2.6 From the input voltages to structural coordinates or vise versa 

In Fig. 2.6, the rectangular box contains the variables. The top box is the measured input 

voltages. The bottom box is the known structural coordinates. The down arrow J 

presents the transformation from the upper box to the lower box. The number on the left 

side of the down arrow is the equation's number that can complete that transformation. 

The upper arrow T and the number on the right side of it do the same thing, but they 

present the transformation from the lower box to the upper box. The parameters listed 

between the boxes are the required parameters for completing the transformation between 

that two boxes. 

There are two group parameters in Fig. 2.6: 

I). The five scanner parameters: a,, by, ay, by, and dl; 
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II). The pose parameters of the SLDV: AT } and |[R]. 

The five scanner parameters are independent of the pose of the SLDV. Once calibrated, 

they can use as known parameters. However, they may change with time. Thus, occasional 

calibrations of them are needed. The pose of the SLDV contains six parameters (three 

translations and three rotations). It varies with the relative positions of the laser head to 

the structural coordinate system. 

The range L, in the scanning coordinate is something special. Currently, it can not be 

measured with the SLDV. If the input voltages are transformed to the structural 

coordinates, L, remains unknown and must be figured out. The broken line in Fig. 2.6 

shows this. However, if the structural coordinates are transformed to the input voltages, it 

can be directly calculated. The reason for these characteristics of the range L, is that the 

scanning angles alone can not uniquely determine a spatial point. Any point on the path of 

the laser beam, or on the line passing O' and P, will have the same scanning angles. 

Theoretically, using the known structural coordinates and the measured input voltages 

from enough points, all the unknowns can be solved which include the scanner parameters, 

the pose of the SLDV, and the ranges. In practice, it is not necessary to do that each time. 

The scanner parameters are independent of the pose of the SLDV. Once attained, they can 

be used as known quantities. By using the known scanning parameters, the scanning 

angles can be obtained from the measured input voltages. Thus, the remaining unknowns 

are the ranges and the pose of the SLDV. The ranges may or may not need to be 

determined. If the structural coordinates are expressed as functions of the scanning angles, 

the ranges are in the expression and need to be determined. The reason is that both the 
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scanning angles and the ranges are needed to uniquely determine a spatial point. If the 

scanning angles are expressed as a function of the structural coordinates, the ranges are 

not in the expression as unknowns. 

In addition, the minimum number of points required to determine the pose uniquely must 

be defined. The pose contains six unknowns. If the scanning angles are expressed as 

functions of structural coordinates, two scanning angle equations are available for each 

point. Thus, three points (3x2=6) are needed to obtain a solution from a determined 

equation set (six equations for six unknowns) if the three points are not on a straight line 

in space. Due to the nonlinearity, multiple solutions exist with three points (see section 

3.3.3 and section 4.1). There is no way to find a uniquely solution. Another shortcoming 

with three points is that the measurement errors are forced to go into the determined pose. 

Therefore, at least four noncollinear points are needed. The least squares method can be 

applied to the overdetermined equation set to obtain a uniquely solution. If the structural 

coordinates are expressed as functions of the scanning coordinates, three equations are 

available for each point. However, one more unknown (the range L,) is introduced for 

each point. Thus, three points will again yield a determined equation set (nine equations 

for nine unknowns). Four noncollinear points are still needed for a unique solution. In 

summary, four is the minimum number of points required for a unique solution of the pose 

of the SLDV. 

On the basis of previous discussions, the problem in this dissertation can be defined. It was 

given in section 1.4. For convenience, it is repeated here as the following. Given N (N>=4) 

noncollinear registration points whose structural coordinates (x,, ys, Zs) are known and 
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whose scanning angles (9, , p,) are measured, estimate the pose of the SLDV as well as 

its statistical properties. 

Of course, it is assumed that the laser head doesn't move when the laser beam is aimed at 

those N points. 

2.4 Required input voltages and direction of line-of-sight for a known point P 

2.4.1 The required input voltages to aim the laser beam at point P 

Since P is known in structural coordinate system, its structural coordinate (Xp,,Yps»Zps) 

is known. Figure 2.6 has already shown the steps to obtain the input voltages. Using Eq. 

(2.2), the laser coordinates (Xp,,¥p,,Zp,) can be found. Then, using Eq. (2.11), the 

scanning coordinates can be obtained. Next, using Eq. (2.9), the scanning angles can be 

obtained. Finally, Eq. (2.7) is used to get the required input voltages. 

2.4.2 The direction of the line-of-sight of the laser beam 

From Figs. 2.4-2.5 it can be seen that the line-of-sight of the laser beam is the line PO’. 

The direction of line-of-sight is the direction cosines of line PO’ measured in structural 

coordinate system. Referring to Fig. 2.5, the laser Cartesian coordinates of O’ can be 

found as 
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Xo 0 

Yop = 4—adlsin@, X, (2.12) 

Zor L —dl cos Oo x, 

where (4), ) is the scanning coordinate obtained in section 2.4.1. The structural 

coordinates of O’ can be obtained from Eq. (2.1), 

s 
Xo Ty Xo 

s 
Yor = 4Ty AR] yo (2.13) 

Zo S oL T, Xo L 

Now vector PO’ is 

{PO'}={x0,s-%ps Yo.s—Yes to,s-Zesh (2.14) 
Therefore, the direction cosines for vector PO’ can be easily found as 

(lno rq Np) ={PO'}/ |{PO'}} (2.15) 

where (/, m, n) is the direction cosines of a vector and [lel is the length of a vector. 

2.4.3 A numerical example of the aforementioned 

Problem: Given the origin coordinates and rotation matrix: 

0 0 -10 0 
NT}=} 0} inches ({ 0 }mm), [R]=|0 1 0 (2.16) 

60 1524 0 0 -1 

What is the required input voltages and the direction of line-of-sight of the laser beam for 

a known point P={—3, —3, o}" inches ({-76.2, —76.2, o}" mm) in the structural 

coordinate system. Using following scanner parameters: a, =0.0115 degrees, by =2.3988 
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degrees/volts, ay=0.0212 degrees, b,=2.4998 degrees/volts, and di=1.8110 inches (46 

mm). 

Solution: 

I). The required input voltages 

Equation (2.2) is used to the laser coordinates for point P. 

xp) [-1 0 0] [-3) [ 0 3 76.2 
ype =| 0 1 O [(Q-37-4 0 })=4-3> inches ({-76.2$ mm) (2.17) 

Zp}, [9 O -1} [0 —60 60 1524 

Putting the laser coordinate into Eq. (2.11), one has 

Op x, = —2.8624 degrees 

Opy = 2.7753 degrees (2.18) 

Lp = 61.5986 inches (1564.6044 mm) 

Equation (2.9) gives 

=-6,, =—2.7753 degrees Pp x PY, gree (2.19) 

Ppy =Opy = —2.8624 degrees 

The required input voltages is obtained from Eq. (2.7). 

V> x =—1.1617 volts 220 

Vpy =—1.1535 volts (2.20) 

II). Direction of the line-of-sight 

Equation (2.12) gives the laser coordinate of O’ as 
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Xo 0 0 

Yor = 0.0904 ¢ inches (¢ 2.2962 +} mm) (2.21) 

Zo},  (—1.8087 —45.9410 

Using Eq. (2.13), one can find the structural coordinate for O’ as 

Xo 0 -1 0 0 0 0 0 

Yor =) 07+} 0 1 = O fy 0.0904 >= 4 0.0904 > inches (, 2.2962 }+mm) (2.22) 

Zo}, (60 0 O -1)}|-1.8087 61.8087 1569.9410 

Equation (2.14) is used to find the vector PO’. 

0+3 3 76.2000 

{PO'}= 4 0.0904+3 }=4 3.0904 } inches (, 78.4962 }mm) (2.23) 

61.8087—0| {61.8087 1569.9410 

Finally the direction cosine of vector PO’ is found to be 

I 0.0484 
m+ =40.0499}. (2.24) 
n\n (0.9976 

This example shows a case at which the laser is aligned with the testing structure. This is a 

good position for measuring the velocity of structures dominated by vibration in the Z, 

direction. 

2.5 Experimental setup and procedure to determine the pose of the SLDV 

There may be two experimental setups for determining the pose of the SLDV. One is 

defined as the fixed setup. The other is defined as the index setup. 
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In the fixed setup, the laser head is placed at one position. The pose determination and 

velocity measurement will be completed at that position. That setup is being currently 

used. The advantage for this setup is that no additional equipment is needed to determine 

the pose of the SLDV. The disadvantage is the complexity involved in finding the range 

L,- 

In the index setup, the laser head is placed at two positions. One is called primary position 

and the velocity measurement will be completed at that position. The other is called 

secondary position. That position is mainly used to find the pose. The advantage of this 

setup is the simplicity in finding the ranges. The disadvantage of the setup is the need of 

additional equipment for recording the movement of the laser head from the primary 

position to the secondary position. 

The procedure to determine the pose of the SLDV using the fixed setup follows. 

1). Choose four or more known points on the test structure as registration points. They 

should be clearly and accurately marked on the structure. 

2). Place the laser head at a position from which the velocity is to be measured and from 

which all registration points can be viewed by the laser. 

3). Manually aim the laser beam at all the reference points one at a time. Record the 

corresponding scanner input voltages. These voltages will be converted to scanning 

coordinates through Eqs. (2.6) and (2.8). 

4). Determine the pose of the SLDV using the information from step 1 and 3. In other 

word, the following information for each of the registration points will be used: the 

structural coordinates (x,, ys, Zs) and the scanning coordinates (@, , @, ). 
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There is an alternative procedure to determine the pose for the fixed set up. 

1). Place the laser head at a position from which the velocity is to be measured. 

2). Choose four or more pairs of scanner input voltages. They should be on the DAC steps 

of the D/A converter and should cover the desired area on the testing structure. These 

voltages will be converted to scanning coordinates through Eqs. (2.6) and (2.8). 

3). Send the input voltages to the D/A converter one pair at a time, measure and record 

the corresponding locations of the laser beam spot on the structure with respect to the 

structural coordinate system. The measured locations are the structural coordinates for a 

registration point. 

4). Determine the pose of the SLDV using the information from step 1 and 3. In other 

word, the following information for each of the registration points will be used: the 

structural coordinates (x; , ys, Zs) and the scanning coordinates (6, , 9, ). 

The procedure for determining the pose of the SLDV using the index setup follows. 

1). Same as step 1 for fixed setup. 

2). Place the laser head at the primary position from which the velocity is to be measured. 

3). Same as step three for fixed setup. 

4). Translationally move the laser head to the secondary position, record the movement in 

each coordinate axis direction. Repeat step 3. 

5). Determine the pose of the SLDV for the primary position using the information from 

step 1, 3, and 4. 

The pose determination procedure is also called SLDV registration because this procedure 

registers the pose of the SLDV in the structural coordinate system. The most difficulty



step is the last step in the three procedures. This dissertation will concentrate on the pose 

determination and develop methods that will give the best estimation of the pose of the 

SLDV using the data obtained from either the fixed setup or the index setup. 

2.6 Summary 

This chapter presented the basis for the determination of the pose of the SLDV. The 

mathematical model has been derived which is the relationship between the input voltages 

and the structural coordinates. The parameters used to relate to the input voltages to the 

structural coordinates are the scanner parameters, the pose of the SLDV, and the ranges. 

The scanner parameter can be obtained by calibration. The problem to be solved in this 

dissertation is to estimate the pose of the SLDV using experimentally obtained data. The 

minimum number of registration points required to uniquely determine the pose is 4. This 

chapter has also shown how to automatically aim the laser beam at a desired location and 

how to obtain the direction of the line-of-sight of the laser beam by using the known (or 

estimated) pose. In addition, the experimental setups and procedures for determining the 

pose of the SLDV are also given. 
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CHAPTER THREE 

LITERATURE REVIEW 

As stated in chapter 2, the goal of this dissertation is to estimate the pose of the laser 

coordinate system with respect to the structural coordinate system (or vice versa). In this 

chapter, some of the techniques will be reviewed that can estimate the pose of a 

coordinate system with respect to another coordinate system. 

There are engineering applications involving the estimation of the position and orientation 

of a coordinate system [3.1-3.2]. Figure 3.1 shows a robot system [3.1]. In order to 

control the movement of the robot hand, the position and the orientation of the object 

coordinate system has to be found with respect to the robot world coordinate system. To 

do this, the relationships among the four coordinate systems must be found. That task can 

be completed by three calibrations. In each calibration, the position and orientation of a 

frame with respect another frame are found. 

  

  

      
    

  

  

  

  

Eye-to-hand 
ROBOT 

Calibration CAMERA 
_ Lew Frame 

Camera Frame 

Hand/Calibration 

Camera)\Calibration 

Robot World Frame 

ROBOT BASE —\~ Frame OBJECT     
  

      

Figure 3.1 A robot system with four coordinate systems (adapted from [3.1]) 
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In some applications, the different coordinate systems have same position (common 

origin) but different orientation. The rotation matrix is to be estimated. The satellite 

attitude estimation [3.4] is such an example. Other applications involve the estimation of a 

rotation matrix which rotates a set of vectors into another set of vectors. The two sets of 

vectors are measured in the same coordinate system. Vector correlation [3.4] is such an 

example. 

In following sections, the different representations of the orientation of a coordinate 

system will first be reviewed. Then, the techniques for estimating the position and/or 

orientation of a coordinate system with respect to another coordinate system will be 

reviewed. 

3.1 Various representations of the rotation matrix 

The rotation matrix presents the orientation of a coordinate system with respect to 

another. Without loss of generality, two Cartesian coordinate systems, A and B, are taken 

as examples. The rotation matrix specified here is the orientation of coordinate system B 

with respect to coordinate system A. In following discussions, the two coordinate systems 

are assumed to have a common origin. 

The several representations of the orientation discussed here are from Craig [3.5]. In the 

angle set conventions for expressing orientation, only the Z-Y-X Euler angles are 

reviewed. 

28



3.1.1 The unit vector expression 

In the unit vector expression, the orientation of the O,X,Y,Z, is expressed by a 3 by 3 

rotation matrix 3[R]. Each column of that matrix is one of the three axes of coordinate 

system B expressed as a unit vector. More specifically speaking, the first column is the 

direction cosines of the X, axis, the second column the Y, axis, and the third column the 

Z, axis. They can be written as follows 

ly B h, L, 

AR]=| rx, ™, mm, |- (3.1) 

Since the three axes of X,, Y,, and Z, are mutually orthogonal and each column of the 

*LR] is the direction cosines of one axis, the rotation matrix is an orthogonal matrix or 

GIR] G(R) =[7] (3.2) 
Note that the determinant of the rotation matrix is positive one since both coordinate 

systems agree with right hand rule. This orthogonality presents six constraints among the 

nine elements. 
Ly ly, +My, my, +ny ny =1 

ly ly, + iy, My, +My My =1 

Lp,!2, +'%,Mz, + Nz,N2, =! 
Ly by, +my, my, +ny Ny =0 

ly, lz, +my,m,, + ny nz =0 (3.3) 

Lfx, +imz,my, + Nz ny, =0 

From above equation, it can be seen that there are only three independent variables in the 

rotation matrix. This can be demonstrated geometrically. Assume that the orientation of . 
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the laser coordinate system that is going to be specified. For the X, axis, two of its three 

direction cosines can be arbitrarily chosen, the third one can not be chosen because of 

following constraint 

Ux, tmx, +My, =1 (3.4) 

For the Y, axis, only one of its three direction cosines can be arbitrarily chosen since it 

must be perpendicular to the X, axis and since there is a constraint similar to Eq. (3.4). 

For the Z, axis, none of its three direction cosines can be arbitrarily chosen since it must 

be perpendicular to the X, and the Y, axes and since there is also a constraint similar to 

Eq. (3.4). This procedure clearly shows that only three direction cosines for the three axes 

can be arbitrarily chosen, which means there are only three independent variables in the 

rotation matrix SLRI- 

3.1.2 The three Z, —Y, —X, Euler angle expression 

Figure 3.2 shows the Euler rotation procedure [3.5]. Using Euler angles, the final relative 

position of the two frames is achieved. Initially, the two frames coincide. Then frame 

‘O,X ,Y,Z, is rotated about the Z, axis by an angle ©. Frame O,X,Y,Z, reaches a new 

position called position one. At position one, the frame O,X,Y,Z, is rotated through 

angle B about the Y, axis to reach position two. At position two, frame O,X,;Y,Z, 

rotates an angle y about the X, axis to reach the third new position called position three 

(not shown in Fig. 3.2). That is the final relative position. Those three angles are called 

Z, —Y, — X, Euler angles. 
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Initial position Position 1 Position 2 

Figure 3.2 The three Z, —Y, - X, Euler angles 

The rotation matrix obtained by this way is 

cosacosB cosasinB siny —sinacosy cosasinB cosy +sina siny 

AR] =| sinacosB  sinasinB siny+cosacosy sinasin B cosy —cosacosy \(3.5) 

—sin B cos B siny cos B cosy 

The three independent variables in the rotation matrix are the three Euler angles. The 

rotation matrix obtained in this way will automatically satisfy the orthogonal condition. 

The determinant of the rotation matrix will be positive one. 

3.1.3 Equivalent angle-axis expression 

Figure 3.3 shows the equivalent angle-axis rotation procedure [3.5]. Using the equivalent 

angle-axis expression, the final relative position of the two frames can be achieved. 

Initially, the two frames coincide. Then frame O,X ,Y,Z, rotates an angle @ about an axis 

k according to the right-hand rule. The axis k is measured in the coordinate system 

O,X ,Y,Z, and its direction cosines are (J, , m,, n,). 
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Figure 3.3 Equivalent axis-angle rotation procedure 

The rotation matrix for this case is 

Ll,.v@+cos6 Im,v@—n,sin@ In, vO+m, sin® 

AR]=| lm, vO +n, sin@ m,m,vO+cos@ m,n,v@—I, sin® (3.6) 

In, V@—m,sin@ mn,v@+1,sin@ nn,v@+cosé 

where v@ =1—cos @. It appears that there are four variables in ALR]. However there is an 

additional constraint for the direction cosines of the axis k. 

| +m +n2=1 (3.7) 

Therefore, there are only three independent variables. The rotation matrix obtained in this 

way will automatically satisfy the orthogonal condition. The determinant of the rotation 

matrix will be positive one. 

3.1.4 Euler parameter expression 

The rotation matrix can be expressed as functions of four Euler parameters [3.5]. In terms 

of the equivalent axis k and the equivalent rotation angle @, the Euler parameters are 

defined as 
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e, =I, sin(@ / 2) 
é, =m, sin(@ / 2) 

e, =n, sin(@ / 2) 

e, = cos(@ / 2) 

(3.8) 

Using above four parameter, the rotation matrix {[R] is 

1-2¢? -2e 2ee,—-e,e,) 2ee,+€,,) 

ALR] =| 2(ee,+e¢,) 1-2e-2e 2e,e,—ee,) (3.9) 

2(ee,—e,€,) 2(e,e,+¢¢e,) 1-2e?-2eé 

It once again appears that there are four variables in the rotation matrix. However, there is 

a constraint on the four parameters. Equation (3.8) gives the constraint 

ete, tes +e, =. (3.10) 

Thus, the independent variables are three. The {[ R] obtained in this way will automatically 

satisfy the orthogonal condition. The determinant of the rotation matrix will be positive 

one. 

A quaternion is defined as a vector consisting of four elements [3.6-3.8]. It is called a unit 

or normalized quaternion if the length of the quaternion is one. It can be seen that the 

Euler parameters defined in Eq. (3.8) is a unit or normalized quaternion. 

3.2 The three calibrations of the robot system 

In this section, the techniques used to do the three calibrations in the robot system shown 

in Fig. 3.1 will be reviewed. The camera calibration will also be addressed since it is close 

to the problem of this dissertation. 

33



3.2.1 Hand calibration 

In the hand calibration (see Fig. 3.1), the position and orientation of the gripper coordinate 

system with respect to the robot world coordinate system will be found. The calibration 

can be furnished by built-in sensors or joint measurements. The calibration methods are 

also dependent on the structure of the robot, i.e., the number of the degree-of -freedom of 

the robot hand. 

Lenz and Tsai [3.1] developed a technique to calibrate a Cartesian robot with six degree- 

of-freedom. The technique is one part of a trio for real-time 3D robotics eye [3.9-3.10], 

eye-to-hand [3.11], and hand calibration [3.1]. The key idea of their method is that only 

one single rotary joint is allowed to move for each movement while the robot motion can 

still be controlled such that calibration object remains within the field of view. That idea 

allows the calibration parameters to be fully decoupled. Thus, a multiple dimension 

problem is converted into a series of one dimensional problem. 

3.2.2 Eye-to-hand calibration 

In the eye-to-hand calibration, the position and orientation of the camera coordinate 

system with respect to the gripper coordinate system is found. There are several 

techniques to do this. In general, the calibration can be done after the hand calibration and 

camera calibration have been completed.



Shiu and Ahmad [3.12-3.13] developed a technique to do the eye-to-hand calibration by 

solving a homogenous transformation equation 

(LI) LH) = (LHI) ela) (3.11) 
where °[ H] is the homogeneous transformation matrix from the camera coordinate system 

to the gripper coordinate system. Figure 3.4 shows how Eq. (3.11) can be derived. The 

homogenous transformation matrix for route R-G,-C,—O and for route 

R-G,—C,—O should be the same. Thus, 

(sre eK LH) = (Leer) Sar) G.12) 
Comparing Eq. (3.12) and Eq. (3.11), one has 

“tH)=(2tH]) (21H) 
MV (3.13) 

“(H] = (S[H]\(S[H]) 

G, THI C, 

R: Robot World Frame 

G: Gripper Frame 

C: Camera Frame 

O: Object Frame 

  

O 

Figure 3.4 The coordinate transformation relationship 

In the experiment, the robot hand is moved to position one. At that position, hand 

calibration and camera calibration are done to yield “[H] and “{H]. Next the hand is 

moved to position two, the hand calibration and the camera calibration are done again to 
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yield “[H] and “[H]. By treating cosine and sine functions as independent variables, Shiu 

and Ahmad obtained a linear equation to solve for “LH ] 

Chou and Kamel [3.6] developed another method to solve for the dH ] from Eq. (3.11). 

They used quaternion to express the rotation matrix. Thus, a simple and well-structured 

linear system can be derived. A singular value decomposition technique is used to obtain 

the rotation matrix. 

Tsai and Lenz [3.11] developed a technique to do the eye-to-hand calibration. That is 

another part of the trio for real-time robotics eye [3.9-3.10], eye-to-hand [3.11], and hand 

calibration [3.1]. Although independently developed, they used experimental schemes 

similar to those of Shiu and Ahmad. However, they solve that problem very differently. 

Tsai and Kamel's method can easily handle more stations (Figure 3.4 shows two stations) 

while keeping the number of the unknowns unchanged. 

The techniques in [3.6, 3.11-3.13] require that the robot arm have at least two rotational 

degrees of freedom and that there are at least three camera calibrations. Chang et al [3.14] 

developed an eye-to-hand calibration method for a robot with one rotational degree of 

freedom. Chen and Zheng [3.15] developed a method which requires only one camera 

calibration. 

3.2.3 Camera calibration 

In camera calibration, two sets of parameters will be determined. One set is the camera 

intrinsic parameters which include effective focal length, horizontal scale factor (or the 
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uncertainty of the horizontal scale factor), image center, and lens distortion coefficient. 

The other set is the camera's extrinsic parameters which are the position and orientation of 

the camera coordinate system with respect to the object coordinate system. The intrinsic 

parameter will not vary with different camera positions while the extrinsic parameters will. 

Once the intrinsic parameters are determined, one just needs to calibrate the extrinsic 

parameters, which is called camera pose determination. In next section, the techniques for 

calibrating the extrinsic parameters will be reviewed. 

' Many techniques have been developed for camera calibration [3.9-3.10, 3.16-3.22]. They 

can be broadly classified according to different criterion: nonlinear versus linear systems, 

algorithms which consider the lens distortion and those which don't consider the lens 

distortion, and iterative solution procedures versus non-iterative solution procedures. 

Generally speaking, the consideration of the lens distortion will lead to a nonlinear 

equation set which requires an iterative solution procedure. Different techniques use 

different camera models and different experimental setups. The calibration techniques for a 

pinhole camera model with lens distortion considered will be reviewed. 

3.2.3.1 Mathematical model for camera calibration 

The information used for camera calibration is a set of points whose object coordinates 

(x,, Yo» Zo y are known and whose computer image coordinates (x fo y,} are measured. 

The mathematical model is the relation between the object coordinates and the computer 

image coordinates for each point. The relation derived will be based on a pinhole camera 

with lens distortion considered. Four steps are involved to derive the relationship [3.10- 
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3.15]. Figure 3.5 shows the coordinate systems and perspective projection for a pinhole 

Camera. 

    Image Plane 

Figure 3.5 Pinhole camera and coordinate systems 

I). From object coordinates to camera coordinates 

This is simply a coordinate transformation. Expressed in translation and rotation, one has 

x x 

yp = iT HRI y (3.14) 
Z c 2Z oO 

The parameters to be calibrated are the camera's extrinsic parameters, i.e., the position and 

orientation. 
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II). From camera coordinates to ideal image coordinates 

With the assumption of a pinhole camera, one can obtain the ideal image coordinates 

(X,, Y,) by using perspective projection. 

X,=f=© 
7c (3.15) 

¥,=f2e 
zZ Cc 

where f is the effective focal length which is to be calibrated in this step. It is one of the 

intrinsic parameters of the camera. 

Ill). From ideal image coordinates to actual image coordinates 

Due to the lens distortion, the actual image coordinates will not be the same as the ideal 

image coordinates. The following equation is the relationship between the actual image 

coordinates and the ideal image coordinates. 

X,+D,=X, 
(3.16) Y,+D, =Y, 

where (X,, Y,) are the actual image coordinates on the image plane and 

D, = X (xr?) 

D, =Y, (x7?) (3.17) 
r=X7+Y; 
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The calibration in this step is the radial lens distortion coefficient K. There are two kinds 

of lens distortion: radial and tangential. An infinite series is required for each distortion. 

However, Tsai [3.10-3.11] found that for industrial machine vision applications, only the 

radial distortion needs to be considered and only the first term of the infinite series is 

needed. This results in Eq. (3.17). 

IV). From actual image coordinates to computer image coordinates 

The computer image coordinates are expressed in pixels. Thus the transformation of actual 

image coordinates to computer coordinates can be found as 

(3.18) 
Yorte. | 

Y, =OvY, +C, 

where (X,, Y,) are the computer image coordinates. du and dv are the known image 

scale factors. § is the uncertainty of the horizontal image scale factor. There is no such 

uncertainty in the vertical direction for a solid state camera [3.9-3.10, 3.16-3.19]. 

C, and C, are the coordinates in pixels (row and column number) of the center of the 

computer image coordinate system (computer frame memory). In this step, the parameters 

to be calibrated are S, C,, and C,. 

It can be seen that there are 11 parameters ( 6 extrinsic variables (3 translation plus three 

rotation) and 5 intrinsic variables (f, k, S, C,, and C,)) to be calibrated. For each point, 

two equations are available that relate the measured (X,,Y,) to the known object 

coordinates (x,, Yo, Zo) « Thus, at least 6 points are required to find a unique solution. 

More points will yield a more accurate estimation for the 11 parameters. It is clear that the 

equation set from which the calibration factors are solved are nonlinear. 
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3.2.3.2 Techniques for camera calibration 

Tsai [3.9-3.10] obtained the calibration parameters in two steps. When noncoplanar 

calibration points were used, parameters ([R], ST,,9fy and S are solved without iteration 

in the first step. Other parameters, f, 67, and k are solved iteratively in the second step. 

This is the third part of a trio for real-time robotics eye [3.9-3.10], eye-to-hand [3.11], and 

hand calibration [3.1]. Chang and Liang [3.16] solved the calibration problem by a 

recursive technique. Shih et al [3.17] developed an efficient and accurate technique for the 

camera calibration. The radial lens distortion coefficient is obtained by solving an 8 by 8 

matrix eigenvalue problem. They claimed that their method is faster and more accurate 

than Tsai's method. Ito and Ishii [3.18] developed a non-iterative procedure for camera 

calibration. Lai [3.19] considered two terms in the lens distortion equation 

D, =X," +K, (r? +2X?)+ K,(2X,Y,) (3.19) D, = KY,7? +K,(2X,Y,)+K,(r? +27) 

Newton method was used to solve for the 13 calibration parameters. He also made some 

sensitivity analysis. Other techniques [3.20-3.22] also developed for camera calibration. 

However, those techniques do not use the same camera model as outlined above. 

3.3 Camera pose estimation and 3D information extraction 

Using the calibrated camera intrinsic parameters, one can find the ideal image coordinates 

from the computer image coordinates through Eqs. (3.16-3.17). Equations (3.14-3.15) 

relate the object coordinates to the ideal image coordinates. Thus the position and 
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orientation of camera with respect to the object coordinate system can be determined. 

However, if one knows the ideal image coordinates of a 3D point, one can not find the 

camera coordinates of that point. The reason is that any point along a ray can result in the 

same ideal image coordinates. To infer the 3D camera coordinates from the ideal image 

coordinates, some additional conditions are required. 

In this section, the techniques of finding the camera pose by using the ideal image 

coordinates and the object coordinates will be reviewed. The techniques of extracting the 

3D information from the 2D image will also be reviewed. 

3.3.1 Camera pose determination from plane curves 

The camera pose can be determined by using plane curves whose ideal image is measured 

and whose object description is known. The key theory for this processing is that the 

perspective projection in the image plane of any plane conic curve is still conic. The most 

used plane curve for camera calibration is a circle and many techniques have been 

developed for that purpose [3.23-3.27]. 

3.3.2 Camera pose determination from points 

The camera pose can be estimated by using a set of points whose ideal image coordinates 

are measured and whose object coordinates are known. The techniques reviewed here do 

not involve the estimation of the range (section 3.3.3). Combining Eq. (3.14) with Eq. 

(3.15), one has 
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The perspective projection of point P on the image plane has the following coordinates in 

the camera coordinate system 

xX x 

{P,} = 1K -=fyy, (3.21) 

f 1 

In Eq. (3.21), (x,, y,) can be found. It is clear that every point along the ray O-P in Fig. 

3.5 can be expressed as 

Xray x, 

Vrayf = S04 Nu (3.22) 

Zray | 6 1 

When f, = 0, Eq. (3.22) is the origin of the camera coordinate system. When f, = f, it is 

the perspective projection of point P on the image plane. When f, equals a certain value, 

it will be the point P. Haralick et al [3.28-3.30] developed two techniques to estimate the 

camera pose. The first technique is an iterative method. The following is the procedure. 

I). Give an initial guess f, , for all the points 

II). Estimate the pose by minimizing the following 
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2 

Xp Xpy 
N 8 

Q= DL” oT HAR] yp t — trot Yan (3.23) 
i=] Zp 3 1 

where P is the ith point. w, is the corresponding weight. 

Ill). Modify f, , for all the point. Two schemes are developed in [3.24-3.26] for the 

modification. 

IV). Repeat step (I) and (IM) until convergence is achieved 

The second technique is a linearization method. Expressing the rotation matrix as a 

function of the three Euler angles, it is linearized as in Eq. (3.20). The least squares 

method is applied to the linearized equation. To improve the results, robust estimation 

methods are suggested. 

Ho and McClamroch [3.31] developed a technique using four points to determine the 

position and orientation of a camera. The four points actually are the four corners of a 

rhombus mark. Thus the pose of the camera is relative to that rhombus mark. 

3.3.3 3D information extraction from 2D image ) 

Given an image point, a corresponding unique spatial point can not be obtained. That is 

because any point along a ray will produce the same image point. In order to extract the 

3D coordinate of a spatial point from its 2D image coordinate, some additional conditions 

must be given. Haralick [3.32] studied some conditions under which 3D information can 

be recovered from their 2D images. The most interesting case is the so-called three point



problem. Figure 3.6 shows this problem. A, B, and C are three spatial points. The 

distances between them are known, D,, D,, D,. Their ideal image coordinates are 

measured. From their image coordinates, one can find the direction cosines for each of the 

three rays. Thus, the angle between the three rays can also be found. Let Z, (for i=1, 2, 

and 3) to be the ranges between the spatial points (A, B, and C) and the origin O. of the 

camera coordinate system. Then following three equation can be obtained after applying 

the cosine law to the three triangles: ABO, , BCO,, and CAO... 

Di=L/ +L, -2LL,cos¢, 
D?=2.+2-2LL,cos¢, (3.24) 

D3= 1, +L, —2L,L, cos 9, 

   Image Plane 

   
Figure 3.6 Perspective projection of three points 
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Haralick [3.32] and Wolf et al [3.33-3.34] has shown that Eq. (3.24) can have as many as 

8 solutions. Linnainmaa et al [3.35] have derived an analytical solution for Eq. (3.24). The 

problem with three points is the difficulty in obtaining a physically true solution of the 

three ranges. To get a unique solution for the range, at least four points should be used. 

Haralick [3.36] studied a special case in which four points are coplanar and form a 

rectangle. Hung et al [3.37] developed a techniques for finding the range for four coplanar 

points whose coordinate in the object coordinate system are given. 

Once the range L is obtained for one point, its camera coordinate (x,, y-, Z-) can be 

found. Thus, the 3D information for the corresponding 2D image is extracted. The 

available information for that point is its object coordinates and its camera coordinates. 

Using a set of such points, the position and orientation of the camera coordinate system 

with respect to the object coordinate system should be obtained. 

3.4 Pose estimation using a set of corresponding points 

In this section, the techniques will be reviewed which estimate the position and orientation 

of a coordinate system with respect to another from a set of known points whose 

coordinates in both coordinate systems are known, either given or measured. The three 

point situation will be discussed. Then, multiple point case will be reviewed. The case that 

the two coordinate systems have different engineering units will be also reviewed.



3.4.1 Pose estimation from three points 

Once three noncollinear points are given, i.e., their coordinates in both coordinate systems 

are known, the position and orientation of a coordinate system with respect to another 

coordinate system can be uniquely determined [3.2, 3.38]. To do this, an intermediate 

coordinate system is defined using the three points. Figure 3.7 shows three points and the 

intermediate coordinate system. The other two coordinate systems in Fig. 3.7 are 

coordinate system A and B. The origin O, is put right on the point F,. The Z, axis is along 

the direction of the vector from F, to P,. The X, axis is perpendicular to the plane 

determined by the points F,, P,, and P,. Its direction is determined by the cross-product of 

the vector from P to P, and the vector from P to P,. Finally the Y, axis is determined by 

the requirement that the intermediate coordinate system is a right-hand coordinate system. 

  
Figure 3.7 The definition of the intermediate coordinate system 
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The pose of the intermediate coordinate system relative to coordinate system B can be 

directly determined by the definition of the intermediate coordinate system. For point P, its 

intermediate coordinates can be transferred to the B coordinates by 

Xp Xp 

yp = {T} LR] yp (3.25) 

2PJp Zp), 

where WR] is the rotation matrix from the intermediate coordinate system to coordinate 

system B. According to the definition of the intermediate coordinate system, the rotation 

matrix “[ R] can be found without much difficulty. The vector from P, to P, is 

T 

{Po}, ={xp, —Xpp»> Yep Yee: Zna—Znah (3.26) 

where subscript B means the coordinates are measured in coordinate system B. The vector 

from F, to P, is 

T 

{P3}, ={Xpo —Xpp> Yep Ypp: Zn Zap} (3.27) 

The direction cosines of the Z, axis is found to be 

P. 
{Z}_=1h,»™,»m,} = rey (3.28) 

The direction cosine of X, axis is 

{X, be = tls, » My, Ny, y = ap ea (3.29) 

Finally the direction cosine of the Y, axis is 

{Yi}, ={h,, My, » ry} ={Z,}x{X,} (3.30) 

By combining Eq. (3.28-3.30), the rotation matrix is 

AR)=[{X,}, (4, {Z,},]- (3.31) 

48



The origin coordinates are simply the coordinates of point P, 

B T 

AT} = {xn2) Yap» Zaal (3.32) 

The transformation matrix from the intermediate coordinate system to coordinate system 

B can be found using Eqs. (3.31-3.32). 

B B 

2 [R] AT} Hl=| 1 1 3.33 
AL] |; 00 1 ©29) 

Replacing the coordinates (xp5, ng» Yas) (for i=1, 2, 3) in Eqs. (3.26-3.32) with the 

coordinates (x, A? Yeas JP a) the transformation matrix from the intermediate coordinate 

system to coordinate system A can be found. 

A A 

A [Rk] {tT} H\=| !? I 3.34 LH] a m (3.34) 

Finally the transformation matrix from coordinate system B to coordinate system A is 

A A B “I ‘CH= (LaLa) G.35) 
From Eq. (3.35), the position and orientation of coordinate system B_ relative to 

coordinate system A is 

Ar}s{r}—( TR] LR] tr} 
rR] = (TR) iR)) 

(3.36) 

3.4.2 Pose estimation from more that three points 

When more than three points are available, an overdetermined equation set will be 

obtained. The least squares method can be employed to find a unique solution. Haralick et 

al [3.29-3.30] developed a technique to analytically determine the pose based on the least 
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squares method. The technique can be applied to any two coordinate system. However, 

coordinate systems A and B are taken as examples again. For point P the coordinate 

transformation can be written as 

Xp Xp 

Yat = AT HARK yp (3.37) 
Zp Za, 

iJ A 

The unit vector expression for the rotation matrix (Eq. (3.1)) was used and the pose 

estimation problem was treated as a constrained least squares problem. The mathematical 

formulation is the following. 

Find S{7} and ‘[R] that satisfy ([R] )G[R) =[J] and simultaneously minimize Q as 

2 

x x N P P 

O=diwh yet —ATHAR ye (3.38) 
i=] 

ZR JA 7B Jp 

Using the Lagrangian multipliers method and setting the partial derivative of Q with 

respect to the variables in the pose and the Lagrangian multiplier to be zero, the position 

and orientation (rotation matrix) were estimated. The position is found to be 

    

x x 

It =4¥¢ -lRh y (3.39) 

Z) Z) 5 

where 

* 1 |” * ia | 
Ye =W 2 Yep» VV FW > yp, (3.40) 

Z A yw, a Zn}, Zz B 2™ = Zp}, 
i=l 
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The rotation matrix is found to be 

AR) =(VIUT (3.41) 

where [U] and [V] is the singular value decomposition of matrix [BB] 

[a8] =[UJ=Jvy (3.42) 
Matrix [BB] is defined as 

[BB] =|{2,} {B,} {B,}] (3.43) 

where 

N Xp,.e—Xnp 
{B,} = x” (xp, -~Z,,) Yr.p— Yep (3.44) 

" Zp.p—Zp.p 

The expression for {B} and {B.} is similar to Eq. (3.34). Replacing (x), a7Xp, A) with 

(n4 -Fp.a) and (zn, — Zpa)s 1B, } and {B,} are obtained. 

Sanso [3.7] developed a technique to estimate the pose plus a scale factor using 

corresponding points. Mathematically, the relationship between the corresponding data 

points can be written as 

Xp Xp 

Yp ={r}+a([R}) Yp (3.45) 
Zz Pp. Z PB 

iJ A iJ) B 

where A is a scale factor. The scale factor is necessary if the two coordinate systems have 

different engineering units. Sanso used quaternion (Euler parameters) to express the 

rotation matrix. The problem is then converted to an eigenvalue problem for finding the 

rotation matrix. An analytical solution for the position, the orientation, and the scale factor 

is found. 
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Maikhail [3.39] tried to solve the problem in Eq. (3.45). He used three Euler angles to 

express the rotation matrix. Then he linearized Eq. (3.45) and found the least squares 

solution for the linearized equation set. An iteration is required in order to obtain a 

converged solution of the pose and the scale factor. 

3.5 Rotation matrix estimation 

There are two cases in which a rotation matrix needs to be estimated. The first case is that 

there are two set of points measured with respect to one coordinate system. This is the so- 

called vector rotation. The first set of points are rotated to become the second set of 

points. If point P becomes point Q after an rotation, the relationship between that two 

points can be written as: 

Xp Xp 

Yo t =[R] yp (3.46) 

Zo Zp 

Since P and Q are measured in the same coordinate system, no subscript is needed to 

identify the coordinate system in which the vectors are measured. The object is to estimate 

the rotation matrix [R] which will rotate the first set of points P into second set of points 

Q.. (i=1, 2, ..., N) 

The second case is that there are only one set of points. Those points are measured in two 

coordinate systems which have common origin but different orientation. This is the so- 

called frame rotation. For this situation, Eq. (3.37) can be written as 
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Xp Xp 

Yap =ARh Ye (3.47) 
Zp Zz 

8 A B i) 8B 

The object is to estimate the rotation matrix which brings the measurements of points in 

one coordinate system into another coordinates system. 

From Eq. (3.46) and Eq. (3.47), we can see that mathematically there is no difference 

between the two cases. The techniques for estimating the orientation will also be the same. 

There are more discussions about this in chapter 4. 

Using the first case as example, following mathematical model can be derived. 

Find [R] that satisfy [R] [R] =[/] and minimize 

2 

Xo Xp 
N é i 

Q= > wilt yo, ¢-[R] ye (3.48) 
tae] Zo, Zp 

The solution was found [3.3-3.4, 3.40] by a singular value decomposition for the case that 

all weights w,=1. Define 

Xp, Xp, Xp, Xo, Xo, Xo, 

[PP]=l4 np ¥en Vy ¢b [QQ]=13%0 0 Wat Vey (3.49) 

Zp, Zp 2 Zp, N Zo, Z0, 20, 

The singular value decomposition of matrix [PP]. QQ] leads to 

[PPJooy =[vJzJv}' (3.50) 
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The rotation matrix is found to be 

[RJ=[VJvy (3.51) 

It can be seen that if the rank of matrix [PP] is 3, then the estimated rotation matrix will be 

unique. 

Moran [3.8] expressed the rotation matrix by a quaternion. The problem is converted into 

an eigenvalue problem and an analytical solution was obtained. 

The statistics of the estimated [R] was studied by Chang [3.41-3.44], by Waston [3.45], 

and by Mardian and Jupp [3.46]. However, they assumed that the vectors P, and Q, are 

unit vectors and the results are valid only for N > . 

3.6 Pose estimation of a scanning laser Doppler vibrometer 

In the literature, no attempts were made to determine the pose of a scanning laser Doppler 

vibrometer except for papers from Structural Imaging and Modal Analysis Laboratory at 

Virginia Tech. The reasons for this is perhaps that the scanning laser Doppler vibrometer 

is a newly developed instrument and no one has ever tried to develop a six degree-of- 

freedom mobility measurement system based up on it. 

3.6.1 A geometrical method using four registration points 

Zeng et al [3.47-3.48] developed a method to determine the pose of the scanning laser 

vibrometer using four registration points. In this geometrical method, three steps are 

involved. The first step is the estimation of the ranges. The second step is the estimation of



the rotation matrix expressed as equivalent angle and equivalent axis. The third step is the 

estimation of the origin coordinates of the laser coordinate system. Only three points are 

used to find the pose. Thus, four three-point combinations are obtained and four poses 

will be found. Based on an error function, the best pose is chosen from the four obtained 

poses. The problem with this method is that the four registration points were not used 

simultaneously. This method is further developed in chapter 4 to use four or more 

registration points simultaneously. 

3.6.2 An iterative method using multiple registration points 

Montgomery et al [3.38] developed an iterative method to determine the pose of the 

scanning laser vibrometer using multiple registration points. They took the three ranges of 

three chosen registration points as independent variables and expressed all the other 

related variables as functions of them. An error function was defined which had three 

equations. When the minimum of the error function was achieved, the three ranges and the 

pose were obtained. 

In order to understand the differences between the method in [3.38] and the method in this 

dissertation, the Montgomery method will be reviewed based on the definition of the laser 

coordinate system in this dissertation. The only difference between their definition and the 

definition in this dissertation is that they placed the laser coordinate system at the design 

center of the laser head. There will be a constant offset between the two origins of the 

two defined laser coordinate systems. However, this offset does not make any difference 

in reviewing their iterative method. 

55



I). The pose of the structural coordinate system expressed as functions of three ranges 

For each of the registration points, its structural coordinates (x,, ¥,, Z;) and the 

corresponding scanning coordinates (6, ,8, ) are known. If the ranges are obtained, one 

can find the laser coordinates (x,, y,, z,) by using Eq.(2.10). For the time being, the 

ranges for the first three registration point L,,L,,and L, are assumed to be known. 

Thus, the laser coordinates of the first three registration points can be used as known. 

The pose of the structural coordinate system with respect to the laser coordinate system 

can be determined by the method described in section 3.4.1 from the laser coordinates and 

structural coordinates of the three registration points. Once the pose of the structural 

coordinate is obtained, the laser coordinates of the registration points other than the first 

three can be found by using Eq. (2.2). Their ranges can be found by using the last equation 

of Eq. (2.10). Taking the fourth registration points as an example, one will have 

Yat =AT HR] Ye, (3.52) 

and 

2 1/2 

Lp, (3. +(y Yan t Zaz +dl) (3.53) 

The above derivation shows that the pose of the structural coordinates system, the laser 

coordinates and the ranges of the other registration points are functions of the first three 

ranges. They will vary with the first three ranges. Note that it is not necessary to take the 

first three ranges as unknowns. Any three registration points can be used. 
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II). The error function 

There are two things to be considered to define an error function. First, the laser 

coordinates for the same registration points should be the same whether it is transformed 

from the structural coordinates or it is converted from the scanning coordinates 

(6, , 6 ,L). Secondly, the distance between the registration points will not change 

whether it is measured in the structural coordinate system or measured in the laser 

coordinate system. The difference in the former is called the position error and the 

difference in the later is called the length error. The position error for point P is 

Cp x Xpy Xpy 

lep}= Cpy(—)¥pL( ~)Ypz (3.54) 

oe ZprJr l*PLJe 

where subscript T means that the laser coordinates are transformed coordinates obtained 

by Eq.(3. 52) and subscript C means that the laser coordinates are converted coordinates 

obtained by using Eq. (2.10) with 6p, and @,y being the measured value and range Lp 

being the calculated value from Eq. (3.53). The length error is 

N 

Clen = (D,, —Dzs y +> (Dy, — Dis ) (3.55) 
i=2 

where D,,, is the distance between point P, and P, measured in the structural coordinate 

system and D,, the distance measured in the laser coordinate system. The laser 

coordinates of all the registration points used in the calculation of D,, are the converted 

coordinates. Adding those errors together, the total error is gotten. 

  

N N 

Leron} = afin + Dead = fein + D(C.» ey Ce) (3.56) 2. i=4 
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Equation (3.56) have three equations. They are functions of the first three ranges. The 

three unknown ranges can be solved for from this equation. 

Il). The iterative procedure 

The errors in Eq. (3.56) is minimized by adjusting the first three ranges. In the 

implementation, a nonlinear quasi-Newton equation solver based on Broyden’s method 

[3.49] is used iteratively to minimize the error in Eq. (3.56) from an initial guess of the 

ranges. Once the error reaches its minimum, the pose of the structural coordinate system is 

obtained. 

From the above review of the method in [3.38], the main difference between the 

Montgomery method and the method (inverse model) in this dissertation is the 

formulation. First, the parameters to be determined are different. In the Montgomery 

method, there are three unknown ranges to be determined. This puts more emphasis on 

the three chosen points since error {e,} defined in Eq. (3.54) is always zero for those 

three chosen points. The inverse model in this dissertation takes the pose directly as 

unknown parameters. Every registration point is equally considered. Second, the error 

functions are different. In the Montgomery method, the error is defined as a function of 

the difference in the laser coordinates and the difference in the distances between 

registration points. In this dissertation, the error function is defined as the difference in the 

scanning angles which are directly connected to the measured input voltages. In addition, 

the method in this dissertation can make statistical inferences about the estimated pose 

parameters since the inverse model solution results from a nonlinear regressive model. 
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3.7 Summary 

In this chapter, some techniques have been reviewed that can determine the pose of one 

coordinate system with respect to another coordinate system. Most of the techniques are 

developed in the areas of robotics and computer vision. 

In chapter 2, the mathematical model has been developed for the pose determination of the 

SLDV. It can be seen that the hand calibration and eye-to-hand calibration (reviewed in 

section 3.2.1-3.2.2) are different problems from the pose determination problem. The 

differences are the known conditions. The camera calibration problem is similar to the 

pose determination problem. Figure 3.8 shows both the camera calibration and pose 
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Figure 3.8 Camera calibration and pose determination of the SLDV 
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The left side of Fig. 3.8 shows the camera calibration model. The box contains the 

variables. The up arrow and down arrow presents the coordinates transformation between 

the adjacent box. The top box contains the measured computer image coordinates for a 

spatial (calibration) point while the bottom box contains the object coordinates. The right 

side of Fig. 3.8 shows the pose determination model. The numbers in the figure are the 

equation's number for completing the coordinates transformation between the adjacent 

box. These two problems look similar, they are different problems. First, the measured 

quantities are different. In the camera calibration, the measured variables are the computer 

image coordinates. In the pose determination, the measured variables are the input 

voltages. Second the transformation equations (from camera coordinates to computer 

image coordinates for camera calibration and from laser coordinates to the input voltages 

for pose determination) are not the same because of the different intrinsic parameters. 

Third, the pose determination has a moving laser center problem while the camera 

calibration does not have such a problem. Fourth, the camera calibration has a lens 

distortion problem while the pose determination does not have such a problem. Because of 

these differences, the techniques developed for camera calibration (reviewed in section 

3.2.3) can not be directly applied to pose determination problem. 

Once the camera intrinsic parameters are calibrated, one can get the ideal image 

coordinates from the measured computer image coordinates. Only the pose of the camera 

needs to be determined from the known object coordinates and the derived ideal image 

coordinates. This problem is similar to the following problem: determining the pose of the 

SLDV from the known structural coordinates and measured scanning angles, however, 

they are different. The differences are the transformation equation as mentioned in last 

paragraph. The techniques reviewed in section 3.3.2 can not directly applied to the pose



determination problem again. The idea to directly solve a nonlinear equation set is 

appreciated. The techniques reviewed in 3.3.1 used plane curve to determine the pose. 

These techniques are not applicable to the pose determination problem for which there are 

3D points instead of plane curves. 

The ideal image coordinates can not directly map into the camera coordinates. This is 

because that the image coordinates are two dimensional while the camera coordinates are 

three dimensional. Thus to get the camera coordinates from the ideal image coordinates, 

some additional conditions are needed. The same is true for the pose determination. One 

can not get the laser coordinates directly from the first two scanning coordinates. As 

shown in Fig. 3.8 (b), the range L is introduced which is the third scanning coordinate. 

Due to the moving laser center problem in the pose determination of the SLDV, the 

techniques reviewed in section 3.3.3 can not be directly used. In addition, the developed 

techniques are only use either three points or four coplanar points to find out the ranges. 

In the pose determination, those limitations are not tolerable. 

If the camera coordinates and the laser coordinates are obtained, the techniques reviewed 

in section 3.4 and 3.5 can be directly applied to the camera calibration problem and the 

pose determination problem. Two things are worth pointing out. First, the techniques 

developed in that two sections are not developed for camera calibration problem. They are 

for general inverse problem of the coordinate transformation. Second, the problem solved 

in section 3.5 is a subproblem in section 3.4. By eliminating the origin coordinates 

(translation vector) as unknowns from the problem in section 3.4, the resulting problem is 

the one in section 3.5. However, the techniques reviewed in that two sections have two 

shortcomings. First, when all the points are in a plane, the techniques can not find a unique 
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solution. Second, the determinant of the obtained rotation matrix may be negative one. 

Therefore, even if the laser coordinates can be obtained, new techniques need developing. 

A problem with all the developed techniques is that only the solution is found. No 

statistical properties are available. New techniques are needed which will not only give a 

best estimation of the pose, but also give the statistical properties of the estimated pose. 

That is the target of this dissertation. 
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CHAPTER FOUR 

A GEOMETRIC METHOD FOR THE POSE DETERMINATION OF 
THE SLDV 

In this chapter, a geometrical method is developed to find the pose of the SLDV. The 

measured scanning angles (~, @,) and the known structural coordinates (x,, y,,Z,) of 

all registration points will be simultaneously used. In this method, the pose is found in 

three steps. The first step is to find the ranges. The second step is to obtain the rotation 

matrix. The third step is to obtain the origin coordinates of the laser coordinate system. 

The nonlinear equation set is only presented in the first step. The number of unknowns in 

this nonlinear equation set is equal to the number of the registration points. A closed-form 

solution is available for the rotation matrix and origin coordinates. 

The geometrical method presented in this chapter is developed from the previous work 

(3.47-3.48] for an automated mechanical mobility measurement system [1.16-1.17]. 

However, only four registration points were used in the previous work. 

4.1 Determination of the ranges 

In section 2.5, two methods were developed to solve the pose determination problem. 

Actually the index setup is designed exclusively for finding the ranges. The method for 

finding the rotation matrix and origin coordinates are exactly the same for both methods. 

Since the ranges will be used to find the rotation matrix and origin coordinates, it is 

essential to develop methods that will give the most accurate estimation of the ranges. 
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4.1.1 Method for fixed setup 

4.1.1.1 Nonlinear equation set for range determination 

The ranges can be determined without the knowledge of the pose of the SLDV. This is 

based on the fact that the distance between any two registration points remains the same 

whether it is measured in the structural coordinate system or it is measured in the laser 

coordinate system. 

For any two points P, and P,, the distance between them measured in the structural 

coordinate system is found to be 

Dis = ((x,, -Xp5) + (y2,5 - Yas) + (2, ~tns)) (4.1) 

The same value is obtained when measured in the laser coordinate system. 

2 

Dj =[ (Lp, sin, y, ~Lp, sin Opy, ) + 

((L,, cos > y, —dl)sin®, », -(Lp,cos Ops, -dl)sin®,,) + (4.2) 

((z,, cos Op », ~dl)cos 8, x, ~(Lp CoS Oy, —dl)cos px) ]” 

Equation (4.2) is obtained by replacing the structural coordinates in Eq. (4.1) with the 

laser coordinates. The two angles (@, ,6, ) in the scanning coordinates are obtained from 

the scanning angles (p, @,) by Eq. (2.8). The distance remains the same, thus 

Djs = Dj, (4.3) 

The left-hand side of Eq. (4.3) is known since the structural coordinates are known. The 

right-hand side contains two unknown ranges Lp and L, . For N registration points, there



will be N(N-1)/2 distances. Therefore, there will be N(N-1)/2 equations similar to Eq.(4.3). 

However, the number of unknowns is N. An overdetermined nonlinear equation set will be 

obtained if N is equal to or larger than four. Taking four registrations as an example, 

following six equations are obtained if the four points are called P,, P,, P,, and P,. 

fi =Dys5—- Dy, =0] 

f, =Dys — D3, =0 

fy =Dys — Dy, =9 L 

f, =Dzs —Dy, =0 

fs =Dys— Dy, =9 

fo = Dus — Dy, = 9) 

(4.4) 

  
where the D's are similar to Eqs. (4.1) and (4.2). In Eq. (4.4), there are only four unknown 

ranges Lp, L,, Lp, andL,. 

The least squares method can be applied to Eq. (4.4) to yield a unique solution. There are 

two methods to do that. The first one is to develop an optimization model. Applying the 

least squares method to Eq. (4.4), an optimization model can be derived. 

Find Ly , Ly, Lp,, and L», that satisfy 
L, > 0 (i=1,2,3,4) and minimize (4.5) 

O= NF; 
j=l 

There is no closed-form solution for this model. The ranges can be found from the above 

model by using optimization techniques. This is not difficult since the degree of 

nonlinearity here is relatively low. An additional requirement is a good initial solution that 

is essential for an optimization algorithm to reach the global minimum. 
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The second method to solve Eq. (4.4) is to linearize the equation. The least squares 

method is applied to the linearized equation set to obtain a solution. The procedure is 

iterative, repeating until a converged solution is obtained. Assuming that an initial solution 

is known {L},. A series expansion of f; is developed and keeping only the first two 

terms, one gets 

F({L}, +L) = F,({L},)+ yea, =0 (for j=1, 2, .., 6) (4.6) 
i=1 Op 

where {L}, = (Lap. Lp, Lng, Lp) - The results can be written in matrix form as 

[A} Sz} =-{F} (4.7) 

where 

Ff . A; === |.) forj=1 2, ..., 6 andi=1, 2, 3, 4 
OL, 

{&L} ={ SL, Lp, OL», 5," (4.8) 

Fi={f fh fh fe fe fe} |uur, 
The least squares solution for the increment of the ranges from Eq. (4.7) is 

{a}=-(4T[al) [ay {F} (4.9) 
An improved solution called {Z, } is obtained from the initial solution. 

Lp, =Lpy +L, (for i=1, 2, 3, 4) (4.10) 

This procedure is usually called the Gauss-Newton method. The Gauss-Newton method 

usually converges to the solution. However, if the initial solution is not close enough to 

the true solution, the solution may diverge.



For both methods, a good initial solution for the ranges is required. For the optimization 

model, different initial solutions may lead to different local minima. The global minimum is 

desired. For the Gauss-Newton method, the solution may diverge if the initial solution is 

not close enough to the true solution. Therefore, it is very important to find a good initial 

solution for the ranges. The next section will concentrate on finding a good initial solution 

without any guessing. 

4.1.1.2 Determination of an initial solution for the ranges 

The separation distance d/ of the two scanning mirrors is very small compared to the 

ranges. If it is set to be zero, the laser beam will come from the origin of the laser 

coordinate system for all the registration points (see Fig. 2.3-2.4). This condition will 

present certain advantages for finding the ranges. This section will show how to use this to 

get an estimation of the ranges. 

Three points P,, P,, and P, are considered first. As shown in Fig. 4.1, point P,, point P, 

and origin O, form a triangle. Applying the cosine law to that triangle, an equation which 

relates the known distance to the unknown ranges can be obtained. For three points , there 

will be three triangles available. Figure 4.1 shows that the three triangles are formed by 

PP,O,, P,P,0, and P,P.O,. The following three equations can be obtained by applying the 

cosine law to that three triangles. 
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Figure 4.1 Schematic diagram for finding the three ranges 

Dis =, +L, -2L,L, cos¢, 
Dys =; +L; -2L,L, cos¢, (4.11) 
Ds,5 = Ly, +L, —2L,L, cos, 

The left-hand side of Eq. (4.11) is known. It is the distance between two registration 

points in the structural coordinate system. The right-hand side of Eq. (4.11) contains three 

unknown ranges Lp, L, and Lp. The cosines of the three angles ¢,,6,, and @, can be 

obtained from the scanning coordinates (6, ,@, ). There are three issues associated with 

Eg. (4.11): () the calculation of cos¢, (i=1, 2, 3), (ID the solution of Lp (i=1, 2, 3) and 

(IID) the selection of the physically true solution. They are to be addressed one by one in 

followings. 

I). The calculation of cos ¢; 

For any point P, its laser coordinates can be found from Eq. (2.10) (note that di=0) as



Ypz = Lp cosOpy SinOpy, (4.12) 

Zpy =LpcosOpy sinOpy, 

Using the above equations, the direction cosines for point P are 

I, = sin@py 

Mp = COSOpy SinOp x, (4.13) 

ny = cOsSO py, sin Ox, 

The direction cosines of points A, P,, and P, are the direction cosines of vector O, > PF, 

O, — P, and O, — P,. They can be obtained by using Eq. (4.13) 

(1, m, n), = (sin Opy , COSOpy SinO, y , COSOpy COSO» y’ 

(i, m, n\n = (sin Opy,» COSA, y Sin@, y , COSA, y CosO, x y' (4.14) 

(1, m, n) = (sin Ony,» COSOpy SinOpy , COSO,y Cos@, x yr 

The cosines of the three angles ¢, ,6,, and @, can be easily obtained by using the direction 

cosines of the three points F, P,, and P, as 

cos $, =Ipl, +mpmy + Np Np 

cos $, = Ip 1, + mp mp + np np (4.15) 

cos $; =[plp +mpmp + np Np 

If). The solution of L, 

It can be seen that Eq. (4.11) has exactly the same form as Eq. (3.24). The number of 

possible solutions for this equation is eight. However, some of the solutions may be 

negative or complex. Only the real and positive solutions are acceptable since physically 
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the range is larger than zero. An algorithm is developed [3.48] to find all the real and 

positive solutions of Eq. (4.11). The algorithm is presented here. 

From the third equation of Eq. (4.11), Lp can be found as a function of Lp 

  

Ly = Lp,cos$, ty|(Ly, cos,) —(L3, - D2.) (4.16) 

From the second equation of Eq. (4.11), L, can be found as a function of L, 

  

Ly, = Lp, cos, (Ly, cos,) —(1%,-D35) (4.17) 

Putting Eqs. (4.16) and (4.17) into the first equation of Eq. (4.11), an equation will be 

obtained that contains only one unknown, L, . This resulting equation can be written as 

f(L,)= 12 +E, -2LgLp, cos$, —D2., =0 (4.18) 

The roots of Eq. (4.18) are the solutions of the range L,. Putting them back to Egs. 

(4.16) and (4.17), the solutions for range L, and range L, are obtained. 

To insure L, to be positive and real, it is required that 

(, cos¢,) -(Z2,-D2,)20 
  

  

(4.19) 
Lp, Cos ~ (2, cos¢,) -(2 - D2.) >0 

which leads to 

Lp =D, ./ sin P, 31,5 %, 
(4.20) 

Ly, 2 Dy 

To insure L, to be real and positive, it is required that 

2 

L, cos¢,) -\L, — D2, ,)20 (Z,, cos¢,) -(Z, - D3.) aon 
Ly, Cos dy ~ y(t, cos,) -(12, -Dz,,) 20 
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which leads to 

L, SDys/ sing, eo | 42m 
To insure both L, and L, to be real and positive, L, must satisfy 

max(D,,5, Dy,s)< P;, Smin(D,,, / cos$,, Dy, 5! cos¢,) (4.23) 

Equation (4.23) produces the root search interval for solving Eq. (4.18). Equation (4.23) 

can be written as 

BB< P,, <EE (4.24) 

where 

BB= max( Dr s , Dus) 
(4.25) 

EE= min( D5 / cos,, D5 / cos¢,) 

Observe Eqs. (4.16) and (4.17). The following four cases are available for f (L, )=0. 

1). Plus-plus case: 

L, = Lp, cos} +y(Lz cos$,) -(2, - D2.) 
  

  

Lp, = L, cos $, + (Lp cos $,) - (2, — Ds, ) (4.26) 

f(L,)= 0, +E, -2L,Lp, cos, -D2,s =0 

2). Plus-minus case 

Ly, = Lp, COS, +y(L, cos$,) -(Z2, -D?,,) 
  

  

Ly, = Lp, cos, ~ (Lp cos ¢,) -(Z, -D3,,) (4.27) 

f(L,)=L, +L, -2L,Lp, cosd—D3,s =0 

3). Minus-plus case 
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L, = Lp £05 —4|(Lp cos$,) -(z2, - Dz.) 
  

Lp, = Lp, cos, +y(L, cos¢,) —(Z, -D3,,) (4.28) 

f (Lp) = B+ Li, -2L, Lp, cos, - D2, =0 

4). Minus-minus case 

Ly =Lp cos $5 — (Ly cos$,) -(2,- D2.) 
  

  

L, = Lp, cos $, - y(L, cos ¢,) -(Z, — Dj, s) (4.29) 

f (Ly) = L, + Li, -2Lp Lp, cos, - Di, 5 =0 

Since f (Z, } is also a quadratic function, it at most has two real and positive solutions. 

Thus, the total number of solution is eight. The search interval for f (Z, )=0 is same for 

all the four case. The numerical procedure of finding L, from Eq. (4.18) is a search 

procedure. All the possible solutions in the given interval are found. The following is the 

actual procedure. First, the given search interval of (BB, EE) is evenly divided into small 

sub-intervals. Next, the value of f (ZL, ) at the sub-interval boundaries is calculated. 

Finally, each subsequent value is compared to find a sign change. Meanwhile, the 

minimum absolute value (|F| _,) of f (Lp ) at the sub-interval boundaries is found and kept 

during the search process. If there are sign changes, the bisection method is used to 

determine the root. If there is no sign change, there may be a multiple root. |F | in is 

compared with | f (Z, ) at boundary BB and EE. If |F|__ is less than the absolute value of 

both f (BB) and f (EE ) , there will be an extreme value for f (Z,, ) in the search interval. A 

one-dimensional optimization method is used to find a point at which | f (L, } is minimum. 

The found point may or may not be a multiple root. Mathematically, the minimum absolute 
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value of f (Z, ) is zero for a multiple root. However, for experimental data, zero is hard 

to reach. An accuracy condition is put forth on the detection of the multiple root. If the 

condition is satisfied, that point is accepted as a root. 

II). The selection of the physically true solution 

Equation (4.11) may have more than one real and positive solution. However, only one of 

them is the physically true solution. The problem is to pick the physically true solution. 

From only three points, it is not possible to do this since all the solutions are real and 

positive. Fortunately, more than three registration points are available. Four points can 

form four three-point combinations. If the four points are P,P, PR, and P,, the four 

three-point combinations are: (I) APRA, dl) PAP, (ID PABP,, and (IV) RAP,. A set of 

real and positive solutions can be found for each combination. The physically true solution 

is one of the solutions found in each combination. Second, the range for one point is same 

from all the combinations used to find it. Based on these two observations, a physically 

true solution can be picked up for each of the four combinations. 

Combinations (1) and (II) will be considered first. For each solution in combination (I), an 

“identical” solution can be found in combination (11) by selecting the minimum difference 

along the index j defined in following equation 

Ey =|:LyjLa|+|L2—jLa| (4.30) 
where the left subscript i means the ith solution in combination (J), left subscript j means 

the jth solution in combination (I). Now a new one-dimensional error can be defined as 

ER = minl 5] (4.31) 
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If ER, is the minimum in ER, the pth solution in combination (1) is the physically true 

solution. Its “identical” solution in combination (11) is the physically true solution for 

combination (II). The geometrical meaning for this is that the triangle PPO, is shared by 

combination (1) and combination (11), thus the solution from the two combinations should 

give the same triangle. In other words, the summation of L, and L, from combination (1) 

should be the same as that from combination (I). 

The information in combination (II) can be used to improve the selection of the physically 

true solution in combination (1) and (11). For each solution combination (1), an "identical" 

solution in combination (III) can be found by selecting the minimum difference along the 

index k defined in following equation 

Ey =|Lp—Lp|+|:L,—Le| (4.32) 

where left subscript i again means the ith solution in combination (1), left subscript k 

means the kth solution in combination (III). Define another error vector as 

ERR, = ER, + minlEx] (4.33) 

If ERR, is the minimum in ERR, the gth solution in combination (1) is the physically true 

solution. Its “identical” solution in combination (II) is the physically true solution for 

combination (11). Note that g may or may not equal to p. The geometrical explanation of 

Eq. (4.33) is that the leg FO, is shared by triangle PPO, and ARO, which are 

determined from solutions of combination (1), combination (II) and combination (id). 

Therefore L, from triangle FPO, should be the same as that from triangle PRO,. 

In the same way the physically true solution can be determined for combination (III) and 

combination (IV) by considering the triangle P,P,O, and leg P,O, 
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Once the physically true solution is picked up for each combination, an initial range can be 

obtained for each of the four registration points. For example, the initial range for point P, 

is 

Lay = (Lp (I)+ Lp, (M1) +L, (IM) /3 (4.34) 

where L, (1) is the physically true solution for point P, from combination (1). The other 

terms in Eq. (4.34) have the similar meaning. Equation (4.34) is derived from the fact that 

the first three combinations contain point FP. The same thing can be done for points 

P,, P,, and P,. [f there are only four registration points, every thing is done for finding the 

initial solution. If there are more than four points, the initial range can be found for four 

points at a time. If the number of registration point is not an even number of multiple of 

four, some registration points may be used twice. The initial solution for those twice-used 

points can be the average from the two groups. Taking 6 points as an example, two four- 

point groups can be formed as PP.PAP, and PP,P.P,. Thus, points P, and P, have been 

used twice. Group PP,P,P, gives an initial range for P, and P,. Group P,P,P.P, also gives 

an initial range for P, and P,. The average of initial solution from both group can be used 

as the final initial solution for L, and Ly . 

Since the separation distance dl is very small compared with the range, the found initial 

solution here will be close enough to the true solution. 

4.1.2 Method for index setup 

Using this setup, the range can be found point by point instead of solving a nonlinear 

equation set. In the primary position, the laser beam is manually aimed at P, the 

75



corresponding scanning coordinate (,6,, ,pQp,y) is obtained. After translationally 

moving the laser head to a new position called secondary position, the laser beam is 

manually aimed at point P, again. So another set of scanning coordinate (0p. spy, ) is 

obtained. Note that the left subscripts P and S are used to indicate the primary position 

and secondary position. The movement of the laser head is along the directions of three 

axes (X,,Y,,Z,) and is measured as (xy, Yu» Zy)- These three pieces of information can 

be used to find out the range for both positions. Figure 4.2 shows a triangle for this case. 

Secondary position 

  
Figure 4.2 Schematic diagram for finding range in index setups 

The ranges shown in figure 4.2 can be found for the primary and secondary positions. 
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aQ,=i-Aa,-a, 

pLp = Dsina,/ sina, ¢. (4.35) 

sL, = Dsina, / sina, 

where D, a, and a, can be found by using the known three pieces of information. A 

temporary Cartesian coordinate system is placed at the moving laser center for both the 

primary position and secondary position. This coordinate system has the same orientation 

with the laser coordinate system (see Fig. 4.2). In the primary position, it is called 

pO’ X'Y'Z’. In the secondary position it is called ,O’ X’Y’Z’. Those two coordinate 

systems will have the same orientation since the laser head makes only a translational 

movement. Taking the primary position as reference, the coordinates of ,O’ with respect 

to the coordinate system of ,O’ X’Y’Z’ is 

0 Xu 0 

{ O°} =4 dl sin| 0p x,)$+4 yy >+4—dl sin 0, x, ) (4.36) 
dtcos( ,6,x,)| l%uJ |-dtcos( 4p x, ) 

The above equation can be derived from following relationship 

{,0'->,0’} = { ,O" —>,O,} +{,0,->;0,}+{,0, ->,0'} (4.37) 

where ,O, and ,O, are the origin of the laser coordinate system at the primary and 

secondary positions, respectively. The first and third term in Eq. (4.36) are found by using 

the relationship in Fig. 2.4. Now distance D between ,O’ and ,O" is the length of the 

vector from ,O” to ,O’ 

pD={{,o'} (4.38) 

The direction cosines of the vector from ,O’ to ,O’ are 

{i, m, n}; 4, ={sO'}/ D (4.39) 

The direction cosine of the vector {S,} from ,O’ to P, is 
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1 sin pO, y ) 

mt =4cos( Op, )sin( .8,x,) (4.40) 
NY is4 cos{ pOpy, )cos{ pO,.x.) 

Using the direction cosines of vector from ,O’ to ,O’ and vector {S, }, the angle a, can 

be found as 

a, = 60s" (hos +m ,09%5) +Moy"5)) (4.41) 

The direction cosine of the vector {S,} from ,O’ to P, is 

sin( sn, ) 
mt =4cos( .O,y )sin{ sO, x} (4.42) 
NY ish cos{ s9, y, }eos| s9p x, 

Using those direction cosines of vector from ,O’ to »O’ and vector {S,}, the desired 

angles @. can be found as 

at, = 005" —Ie ahs) — os) —Molter) (4.43) 

Putting D, @, and @, into Eq. (4.35), one can find out the two desired ranges. In the same 

way, the ranges for all the registration points can be found. 

In the index setup, one answer is obtained for each unknown range. There is no nonlinear 

equation set to solve. However, there is no statistical degree of freedom, either. Therefore, 

it forces the estimated ranges to fit the measurement errors. To get more accurate 

estimation, two or more secondary positions may be used. In this way, two or more 

estimations for each range can be obtained., the average of them will be more accurate 

than the estimation just from one secondary position. 
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4.2 Determination of the rotation matrix 

After the range L is found for a registration point, it is easy to get its laser coordinate by 

using Eq. (2.10). Thus, the structural coordinate (x,,y,,2Z;) and the laser coordinate 

(x,,»¥,>2Z,) are available for each of the registration points. The relationship between 

them is Eq. (2.1). The goal is to use these two pieces of information from the registration 

points to find the rotation matrix and origin coordinates. This section will concentrate on 

finding the rotation matrix. 

Considering the measurement error, one can obtain the following equation for point F.. 

E x B Xp te 

Yn = ATH ARG 2 +78), (4.44) 
Zp Ss Zp L e. 5 

Haralick et al [3.29-3.30] determined the origin coordinate and rotation matrix from Eq. 

(4.44) by using a weight least squares method. However, their method has two problems. 

First, when all the points are on the same plane, their method can not find a unique 

solution. Second, this method can not insure that the determinant of the found rotation 

matrix will be one. If the determinant of the rotation matrix is negative one, one of the 

coordinate systems is a left-hand coordinate system, which is not correct for the real 

situation. The method developed in this chapter will not have those problems. A unique 

solution can always be found and the determinant of the found rotation matrix is always 

one. 
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4.2.1 Elimination of the origin coordinate as unknowns 

One method to eliminate the origin coordinates as unknowns is to translationally move the 

two coordinate systems to a common point. The common point can be any registration 

point, or the average point (to be defined soon). The utility of the average point is 

developed by Haralick et al [3.29-3.30]. 

The average point P, of the N registration points is defined as the center of those points. 

Xp {7 Xp, en 
yp =e Yet > yp, = ye yp (4.45) 

22) Zp Js 2p), 2p JL 

The coordinate transformation between the two coordinate systems should hold for the 

average point. Thus, 

Xp, Xp 
Ye t = ATH AR] Ye (4.46) 

2255 22 J, 

Equation (4.46) can be obtained in another way. Adding all the registration points 

together from Eq. (4.44) and dividing by N, 

rel gg 1 | 1X, | Os 
Ws Yp =ATHARIG Yp ad Ey, (4.47) 

Zn}, Zp), ins 

Notice that the last term in Eq. (4.47) is zero since the measurement errors are assumed to 

be normal distribution with zero mean. Using the definition in Eq. (4.45), Eq. (4.47) 

becomes Eq. (4.46). 
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Subtracting both sides of Eq. (4.46) from Eq. (4.44), the following equation can be 

obtained. 

Xp —Xp Xp —~Xp e., 
§ 

Yep —Yp, =[R] Ye ~Yp¢ +4&), (4.48) 

Defining a new vector {d,} which is from average point P. to registration point P,, Eq. 

(4.48) can be written as 

{4,},=-RMa}, +(e, &, &,). (4.49) 
In fact, {d,} ; and {a,} _, present the same vector {d,} but they are measured in different 

coordinate systems. {d,} ; is the measurement of vector {d,} in structural coordinate 

system while {d,} ,, 1s the measurement of vector {d,} in the laser coordinate system. The 

geometrical meaning of Eq. (4.49) is that the two frames now have the same origin at P, 

and their relative orientation of the two frames remains unchanged. In this way, the two 

coordinate systems are translationally moved to the average point and the origin 

coordinates are eliminated as unknowns. Thus, the only unknown is the rotation matrix. In 

Eq. (4.49), the rotation matrix expresses the orientation of the laser coordinate system 

with respect to the structural coordinate system. It relates a vector’s measurement in one 

coordinate system to its measurement in another coordinate system. 

N registration points will present N pairs of information ({d,} and {d,} , for i=1,2,..., N). 

Each pair satisfies Eq. (4.49). The rotation matrix can be found by directly applying the 

least squares method to minimize the sum of the squared residuals. Wahba [3.3], Stephens 

[3.4], and Mackenzie [3.40] obtained the rotation matrix in that way. However, their 
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method has the same problem as Haralick et al [3.29-3.30]. A geometrical method is 

sought here to avoid these two problems. The equivalent angle and equivalent axis are 

found first. Equation (3.6) is then used to obtain the rotation matrix. 

4.2.2 Equivalence of frame rotation and vector rotation: principle and application 

Figure 4.3 graphically shows the principle of the equivalence between the vector rotation 

and the frame rotation for two-dimensional case. 
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(a) (c) 

Figure 4.3 The equivalence of frame rotation and vector rotation 

Figure 4.3 (a) shows a vector {B} and two frames O,X,Y, and O,X,Y,. The coordinates 

of vector {B} in O, X,Y, is 

x rcosa 
1B}, -| ‘t -| (4.50) 

ys}, ("sina 

where 7 is the length of vector {B}, @ is the angle between {B} and X,. In Fig 4.3 (b), 

frame O,X,Y, rotates an angle @ about axis Z, to reach a new position. The coordinates 

of {B} in O, X,Y, can be found by using a geometrical relation 

Xg5 COSA + y,,5in8 sO sinO || x (o},-{**} _J “Bs ° Yes Sin | n { i; (4.51) 

“ ye), (7%esSin@+y,,cos@) |-sin@ cos@jlys), 
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In Fig. 4.3 (c), vector {B} rotates an angle —@ to become a new vector {B’}. The 

coordinates of { B’} in O, X,Y, can be found as 

Xp rcos\a —@ cos@ sin |{x 
(2, -| “| =} ta 6)| | , (4.52) 

Ye} rsin(a —@) —sin@ cos@}\ yz}, 

The above equation is obtained by expanding sine and cosine functions and using Eq. 

(4.50). Equation (4.51) and Eq. (4.52) show that {B’} . is equal to {B}, . That is, the so- 

called equivalence between the vector rotation and the frame rotation. Note that the 

rotation is about the same axis but the rotated angle has opposite sign according to the 

right-hand rule, i.e., the direction of rotation is opposite. 

The equivalence relationship can be used to find the rotation matrix. The rotation matrix 

for the case that O, X,Y, rotates about Z, axis by angle @ (according to the right-hand 

tule) is given by Eq. (4.53). 

iel-| 
Assume that the coordinates of vector {B} is {B}, in O,X,Y¥, and is {B}, in O,X,Y,. By 

cos@ —sin 4 (4.53) 

sin@ cos@ 

the equivalent relationship, the coordinate of {B’} in the O,X,Y, is equal to {B} ,- From 

Fig. 4.3 (c), the angle @ rotated by vector {B} from {B} to { B’} can be found as 

@ = tan" (yy, / Xp5)—tan"(y,, I Xps)s (4.54) 

also, the above equation can be written as by using the equivalence relation 

6 =tan“(y,, / x,,)—tan" (yy; /Xp5) (4.55) 

Put —@ into Eq. (4.53), the rotation matrix LR] will be obtained. This procedure has 

shown how to use {B} s and {B} , to find the rotation matrix. 
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The example for the two-dimensional space case is also true for the three-dimensional 

case. Assume a vector {B} and two frames coinciding. The coordinates of {B} in frame 

O,X5¥,Z5 are 

{B},=(%» Ys Zn)s (4.56) 
Now, frame O,X,Y,Z, rotates about axis k by an angle @ according to the right-hand 

rule. The coordinates of {B} in frame O, X,Y,Z, become 

{B},=(x» Ye Ze); (4.57) 
If vector {B} rotates about axis k by angle —@ (according to the right-hand rule) to 

become { B’ }, the coordinates of {B’} in O,X,Y,Z, are 

{B’}.=(xp Ye Zee (4.58) 

Parallel to the equivalence of the vector rotation and the frame rotation in the two- 

dimensional case, it can be shown that {B’} ; will be equal to {B} _- Since {B’} and {B} 

are described in O, X,Y,Z,, they will be used to find the axis k and rotated angle @. In the 

two-dimensional case, one vector is enough to determine @ because the axis k is Z, by 

default. In the three-dimensional case, k and @ are to be determined. Thus, at least two 

vectors are required. Once k and @ are found, one can put k and —@ into Eq. (3.6) to 

calculate the rotation matrix. Since the rotation is made according to the right-hand rule, 

putting -k and @ into Eq. (3.6) will also give the same answer. The next section shows the 

details for the determination of the rotation matrix by determining the equivalent axis and 

angle. 

4.2.3 The rotation matrix from equivalent angle and equivalent axis 

The vector in the real problem is {d,} instead of {B}. The coordinates of vector {d,} are 

{d,}, in O,Xs¥,Z, and {d,}, in O,X,Y,Z,. By the equivalence relationship, the



coordinate of vector {d’} in O,X sY;Z; is equal to {d,} ,: It is known that {d,} rotates 

about axis k by an angle @ to became {d/}. Using {d,} and {d/} (for i=1, 2,.., N), the k 

and @ can be found. 

During the rotation, the angle between the vector {d,} and axis k remain fixed. Therefore, 

the angle between k and {d,} and the angle between k and {a’} remain the same, which 

leads to 

El, +mm, +nng = bly +mmy +nny (4.59) 

where (i, » mM,» n,,) is the direction cosine of vector {d,} and (1,,, My, na) is the 

direction cosine of vector {d’}. Equation (4.59) can be written as 

a,l, +b.m, +¢,n, =0 (for i=1, 2, ..., M) (4.60) 

where a; =1, —1,, b, =m, —my, and c, =n, —ny. There is a constraint for the direction 

cosine of axis k 

P+m+n?=1 (4.61) 

Equation (4.60) can be written in matrix form as 

[{a} {b} {c}]}{k} = {0} (4.62) 

where 

ne a Oy) 
b} =(b, by, .... by) 

{c}= (c,, cy, ve (4.63) 

{ik} = = (1, Mm,» rn) 

Equations (4.61-4.62) are the desired equations to determine axis k. If N is 3, a 

determined equation set is obtained. If N is equal to or larger than 4, an overdetermined 

equation set is obtained. For the overdetermined case, the least squares method can be 
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used to find out a closed-form solution. Following is the detailed procedure for finding the 

equivalent axis k. 

From Eq. (4.62),(/,, m,) can be found as a function n,. Moving the third column to right- 

hand side 

l, io} fo |=, 4.64) 
k 

and applying the least squares method to Eq. (4.64), one obtain 

lL, -1 | jo, | =-((Ca} HT [led CH) [ha (of Cn (4.65) 
k 

Let s,, be the inner product of vector {p} and {q} 

Soq = {Ph eta} (4.66) 

where { p}, {¢}={a}, {b}, {c}. Using the above equation, Eq. (4.65) can be written as 

f, =An, 
4.67 

m, =h,n, Ge?) 

where 

hy = (—SyySoq + Sap Spe) 1 2Z 

h, = (Sy5Sca — SagSte) / ZZ (6-08) 

and 

2Z = S_Siy — SaySap (4.69) 

Substituting Eq.(4.67) into Eq. (4.61), one has 

(h? +h? +1)n? =1 (4.70) 

Taking the positive square root of n,, the solution for n, is obtained as 

n, =1/ fhe +h? +1 (4.71)



Putting n, back into Eq. (4.67), all the direction cosines of axis k are obtained. Since the 

positive square root of n, is taken and since nm, may be negative in the real situation, the 

solution for & has directional uncertainty. 

If J, and n, are expressed as a function of m,, the following can be obtained after a similar 

derivation. 

I, = hm, | 

n, =hyn, (4.72) 

m, =1/ Jn +1+h? 

where 

h, = (-5..524 + ScaSpe) / yy 

hy = (5.55 — SugSye)/ YY (4.73) 

yy = SaaS cc ~ Sea Sea 

In the same way, one can obtain the following equation if m, and n, are expressed as a 

function of J, . 

m, = hel, 

n, =A,l, (4.74) 

L, =1/Jlt+h+h 

where 

—S.Say +5,5-4) xx h, = ( 
h, = (s,-5u, ~SiySeq)! xx (4.75) 

xx = Sip Sc ~ SpoShe 
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Three schemes have been developed to find axis k. From numerical point of view, a 

relatively large denominator will result in less error amplification. Based on this, the 

method for choosing a solution scheme is obvious. Finding which is the largest among the 

three numbers xx, yy, and zz, the scheme corresponding to the largest should be used. For 

example, if xx is the largest absolute value, Eq. (4.74-4.75) should be used. 

Once the axis k is obtained, @ can be found. Since @ is measured in a plane perpendicular 

to axis k, the angle between {d.} and {d’} is not required information. The method is to 

project {d,} and {d’} onto a plane perpendicular to k and then find the angle between the 

projections of {d,} and {d’}. 

Figure 4.4 shows the geometry used to determine the rotated angle. Angle 6,’, between 

{d,} and {d’}, is found to be 

cos 6 = 1, ly +m my + gM (4.76) 

angle ¢, between {d,} and kis 

cos 9%, =1,1, +m,m, +nzn, (4.77) 

  

Figure 4.4 The determination of rotation angle 
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The distance D between the tips of vector {d,} and {a’\ is found by the cosine law. 

D* =a if +a -24la.ifta ose (478) 
The distance D, between the tips of vector d;, and d/, is 

D> =|{a,} sin? ¢, + {{a, W" sin? @, —2[{4,}P sin’ 9, cose, (4.79) 

where sin? ¢, =1—cos* ¢,. The projection does not change the distance. Thus, Eqs. (4.78- - 

4.79) give 

Alfa, HW" (1—cos 6;) = alfa, }] sin? ¢,(1—cos 6,) (4.80) 

From above equation, one finds the angle @, as 

cos@, =1- +08 (4.81) 
sin” @, 

With N vectors, N rotated angles can be found. The best estimation of angle @ is to 

average all the obtained angles 

1 N 

6=—Ve 4.82 
N » ‘ ( ) 

f=1 

where @, is given by Eq. (4.81). The sign of 6, may be wrong because of the uncertainty 

of the axis k's direction. However, the correct rotation matrix 7[R] can be constructed 

with the found & and @. Note that the rotation is made according to the right-hand rule. If 

the found axis has correct direction, putting & and —@ to Eq. (3.6) will result in the correct 

answer. If the found k has wrong direction, putting k and @ into Eq. (3.6) will yield a 

correct rotation matrix. Accordingly, two rotation matrices are formed. One called {[R]” 

is obtained by using the found & and positive @. The other called |[R] is obtained by 

using the found k and —@. One of them must be the correct rotation matrix. To pick up 

the correct one, Eq. (4.49) can be used. The correct rotation matrix will make Eq. (4.49) 

hold. 
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4.3 Determination of the origin coordinate 

Once the rotation matrix is obtained, the origin coordinate can be found by using Eq. 

(4.46). 

Xp, Xp 

ATH=4 92 ¢ ~ LRH ye (4.83) 
Ze Js Zr JL 

As shown by Haralick et al [3.29-3.30], this is the least squares solution of Eq. (4.44) if all 

weights are equal to 1. 

4.4 Summary 

The geometrical method for pose determination has been developed in this chapter. It 

finds the pose in three steps: ranges, rotation matrix, and origin coordinates. In the first 

step, the total error is the sum of the squared difference in the distance between any two 

registration points. Minimization of this total error gives an accurate estimation of the 

ranges. 

In the second step, the total error to be minimized is (see Eq. (4.44)) 

2 

O=>\e,, (4.84) 
Zp 5



This total error is minimized in two steps by finding the equivalent angle and then 

equivalent axis. Thus the resulting estimation of the rotation matrix may minimize this 

total error. However, it is possible that the estimation just make the total error in Eq. 

(4.84) close enough to the global minimum. However, each single error in Eq. (4.84) is 

the squared distance between the actual registration point and the fitted registration point 

in the structural coordinate system. Thus, a global minimum in Eq. (4.84) does not 

necessarily imply a global minimum in the sum of the squared difference between the 

measured scanning angles and the fitted scanning angles. The fitted scanning angles are 

computed from the structural coordinates by using the obtained pose. Figure 4.5 shows 

two situations. The spatial error in situation one is smaller than that in situation two while 

the angle error in situation one is larger than that in situation two. Therefore, if one wants 

to aim the laser beam at a registration point more accurately, he needs less error between 

the measured scanning angles and the fitted scanning angles. 

The origin coordinate is obtained after the rotation matrix is found. The estimation 

minimizes the total error defined in Eq. (4.84). 

    

Spatial error 

Spatial error 
Actual Fitted Actual 

point point point | 

Fitted 
point 

| {Angle error —p|{ Angle error 

Situation one Situation two 

Figure 4.5 Spatial error and angle error 
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CHAPTER FIVE 

NONLINEAR REGRESSIVE MODELS FOR THE POSE 
DETERMINATION OF THE SLDV 

In this chapter, two nonlinear regressive models will be developed for the pose 

determination of the SLDV. The least squares method will be used to estimate the 

parameters in the models. The statistical inferences are derived based on the linear 

approximation. To verify the validity of the linear approximation, the nonlinearity of the 

models will be measured. 

5.1 Two nonlinear regressive models 

As discussed in section 2.3, there are two pieces of information available for each 

registration point. One is the structural coordinates (x,, y;, 2;). The other is the scanning 

coordinates (6, , 6, ). The structural coordinates can be expressed as a function of the 

scanning coordinates. The scanning coordinates can also be expressed as a function of the 

structural coordinates. From those two expressions, two nonlinear regressive models can 

be developed. 

5.1.1 Forward model 

When the structural coordinates are expressed in terms of the scanning coordinates, a 

forward model is obtained. Putting Eq. (2.10) into Eq. (2.1), one has the following 

equation 
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Xp Ly Sin@py, 

yp + = {TH LR]; (Lp cos Gpy, —dl) sinOp x, (5.1) 

Ss 

Taking the measurement errors into account, one can obtain the following equation from 

Eq. (5.1) for point P, 

Xp Lp sinOpy, E,, 

Yat = ATH [R} (Lp cos, y, — dl) sinO, x, t+4€,, (5.2) 
Zp}. (L, cos@,y —dl)cos@p x, EJ 

The above equation is the forward model. The scanning coordinates (@, y , @py,) in the 

forward model are the regressor variables while the structural coordinates 

(Xp.s>¥ps>2Zp5) are the response variables. The last term in Eq. (5.2) is the error 

(disturbance or residual) which accounts for the uncertainty in the measurements of the 

structural coordinates. The parameters in the forward model are the SLDV pose and the 

ranges Lp (i=1, 2, ..., N). Thus, the number of parameters in the forward model is 6+N. 

The structural coordinates in Eq. (5.2) are linear functions of the origin coordinates. 

However, they are nonlinear functions of the rotation matrix and ranges. There are two 

reasons for this statement. First, the range and rotation matrix are multiplied together. 

Second, the rotation matrix has nonlinear constraints or is a nonlinear function of the other 

independent variables or both. Therefore, the forward model is a nonlinear regressive 

model. 
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5.1.2 Inverse model 

When the scanning coordinates are expressed in terms of the structural coordinates, an 

inverse model is obtained. For convenience, recall Eq. (2.2) 

Xp Xp 

yp ={T}[R] yp (5.3) 

Zp L Zp S 

Using the first two equations of Eq. (2.11), the scanning coordinates are found to be 

aa ll SPL 
Onyx, = fan (22s 

(5.4) 

Opy = tan” pes 
Vent zey +dl 

Equations (5.3-5.4) show that the scanning coordinates are expressed in terms of the 

structural coordinates. Considering the measurement errors, one can obtain the following 

equation from Eq. (5.4) for point P, 

1] YP 
6, =tan'|“ I+e PX, Zz 8px, 

RL 

(5.5) 
-1 Xp 

Opy =tan | —=——==—_|+&, | 
Vy, tzy +dl me 

where the laser coordinates (xp,,¥p,,Zp,) are obtained from the structural coordinates 

(Xps, Yes» Zps) by Eq. (5.3). Equations (5.3) and (5.5) form the inverse model. The 

structural coordinates (Xp 5, ps,» 2Zp,s5) in the inverse model are the regressor variables 

while the scanning coordinates (9, y , @py ) are the response variables. The last term in



Eq. (5.5) is the errors which account for the uncertainty in the measurements of the 

scanning coordinates. The parameters in the inverse model are the pose of the structural 

coordinate system. The range is not an unknown parameter any more. Thus, the number of 

parameters in the inverse model is 6. Form Eqs. (5.3) and (5.5), it can be seen that the 

scanning coordinates are nonlinear functions of <{T} and JR]. Therefore, the inverse 

model is also a nonlinear regressive model. Note that iT} and AR] in Eq. (5.3) are the 

position and the orientation of the structural coordinate system with respect to the laser 

coordinate system. Once the iT} and {R] are found, the pose of the SLDV can be 

obtained from them by using Eq. (2.3). 

5.1.3 Some properties of the two nonlinear models 

Both the forward and inverse models are multiresponse models. That is, for a given value 

of the regressor variables, there is more than one response variables. For the forward 

model, the response variables are Xp >, Yp 5, and Zp ;. For the inverse model, the response 

variables are @,, and @,y. Additional consideration should be made for the 

multiresponse situation in estimating the parameters and evaluating the nonlinearity. 

In the forward model, the measurement errors are associated with the structural 

coordinate (Xp 5, ¥p5»2Zp5). The scanning coordinates (6, , 8py ) are assumed to be 

error free. In the inverse model, the measurement errors are associated with the scanning 

coordinate. The structural coordinates are assumed to be error free. However, in the real 

situation, both measurements have errors. Thus, the parameters estimated from either 

model are biased. 
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The errors in the forward model are assumed to be identically and independently 

distributed normal random variables with zero mean and finite variance. So are the errors 

in the inverse model. This independence means two things for multiresponse model. (i): 

Errors in different cases (different registration points) are independently distributed even 

for the same response. (ii). The errors in different responses for the same case (same 

registration point) are independently distributed. For the forward model, the structural 

coordinates of a registration point are measured by the coordinate measurement 

instrument. Thus, measurement accuracy is same for different registration points and for 

the x, y and z coordinates of the same registration points. The measurements of the 

coordinates are conducted independently for different registration points and for the x, y, 

and z coordinates of the same registration points. Thus, the errors in the forward model 

can be assumed to be independent and have equal variance. For the inverse model, the two 

mirrors are independently controlled by two galvanometers. The two galvanometers have 

the same structure and their control boards have the same gains. These imply that the 

errors in the scanning angles will have the same properties as those of the errors in the 

input voltages. The input voltages are from two channels of a D/A converter. The 

accuracy in the input voltages is same for the two channels and for different voltages 

(corresponding to different registration points). The accuracy is independent of the 

channels and of different voltages. These mean that the errors in the input voltages can be 

assumed to be independent and have equal variance. Therefore, the errors in the inverse 

model can be assumed to be independent and have equal variance. With the above 

discussed assumption, the statistical properties of the errors can be mathematical 

expressed. Taking the inverse model as an example, one has



Elte}, |= {0} 
Var{{e}, ]= Ele}, {eB ]=0°[1] ©-6) 

where [J] is a 2N by 2N identity matrix and 

eh, = leone, € Sonn? ? Ome, ? Km, f 6.7) 

5.1.4 Comparison of the two nonlinear regressive models 

The forward and inverse models have common and different properties. The common 

properties are the followings. 

I). They are nonlinear regressive models with multiple responses. 

II). The regressor variables have measurement errors 

IM). The errors in the forward model are assumed to be identically and independently 

distributed normal random variables with zero mean and finite variance. So are the errors 

in the inverse model. Note that the variance of the errors in the forward model is not equal 

to the variance of the errors in the inverse model. 

The differences between the two models are the followings. 

I). The number of the parameters for the forward model is 6+N while the number of 

parameters for the inverse model is 6. 
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Il). There is a constraint for the range, i.e., L, >0, for the forward while the ranges are 

not parameters in the inverse model. Note that there is no effective way to make 

inferences about a constrained parameter. 

IM). After the forward model is fitted, it can not predict the response variables (structural 

coordinates) from the given regressor variables (6, ,@py,) for a spatial point. 

However, after the inverse model is fitted, it can predict the response variables 

(9, x,» 9py,) from the given regressor variables (structural coordinates) for a spatial 

point. The direction of the line-of-sight of the laser beam for that point can also be 

obtained. 

IV). The errors in the forward model are in the structural coordinates while the errors in 

the inverse model are in the scanning coordinates (6, , @py ) which are directly 

connected to the scanning angles (Eqs (2.8-2.9)). As pointed out in section 4.4, the global 

minimum of the sum of the squared errors in the structural coordinates does not 

necessarily imply a global minimum of the sum of the squared errors in the scanning 

angles. To aim the laser beam at a spatial point more accurately, the errors in the scanning 

angles should be less. After the inverse model is fitted, the sum of the squared errors 

(residuals) in the scanning angles is minimized. Thus, the laser beam will be aimed at those 

registration points more accurately. 

It can be seen from those differences that the inverse model is better. Therefore, most of 

the efforts will be made on the inverse model in the remainder of this dissertation. 
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5.2 The estimation of the parameters in the nonlinear models 

There are several methods to estimate the parameters in a nonlinear regressive model [5.1- 

5.5]. The least squares method is the most commonly used. This method minimizes the 

sum of the squared errors by adjusting the parameters. When the assumptions about the 

errors in section 5.1.3 are correct, the least squares method is appropriate for 

multiresponse model [5.3, 5.5-5.7]. If the errors have statistical properties other than Eq. 

(5.6), other criterion may be used for the parameter estimation [5.3, 5.5]. The least 

squares method will be used here to obtain the parameters in the forward and inverse 

models. 

There may be two ways to apply the least squares method to a nonlinear regressive model. 

One way is to directly transfer the nonlinear regressive model into an optimization model. 

In general, a constraint optimization model will be obtained from the original nonlinear 

regressive model. The other way is to linearize the nonlinear model and then to apply the 

least squares method to the linearized equation. One solution can be obtained for each 

linearized equation without iteration. The procedure has to be repeated until a converged 

solution is obtained. 

5.2.1 Optimization models for the nonlinear regressive models 

In chapter 3, four representations of the rotation matrix were introduced. For each 

representation, an optimization model can be obtained for each of the two nonlinear 

regressive models.



5.2.1.1 Optimization model for the forward model 

The followings are the four optimization models for the forward model for the pose 

determination of the SLDV. 

1. Rotation matrix represented by unit vectors 

Find ;{T}, [R] and L, (=1, 2, ..., N) that 

satisfy ([R] )GIR] =[/] , det([R]) =1, and L, >0, (5.8) 

and minimize o=> fe}. 
i=] 

    

where 

{er I, “le. , [ns , [ns p (5.9) 

which are the residuals for point P, in the structural coordinate system. 

Il). Rotation matrix represented by three Euler angles 

Find ({T}, a, B, y, and L, (é=1, 2, ..., N) that 

satisfy L, > 0, (5.10) 

and minimize o-> fle} f 
i=1 

IID). Rotation matrix represented by equivalent angle and equivalent axis 

Find *{T}, 0, |,, m,, m,, and L, (=1, 2, ..., N) that 

satisfy [/ +m, +n, =1, and L, >0, (5.11) 

2 

  
and minimize O=¥'|fe,} | 

i=] 
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IV). Rotation matrix represented by Euler parameters 

Find {7}, &, @, &, &, and L, (=1, 2, ..., N) that 

satisfy e; +e; +e; +e, =1, and L, >0, (5.12) 

and minimize Q => fe} f 

i=l 

5.2.1.2 Optimization models for the inverse model 

The followings are the four optimization models for the inverse model for the pose 

determination of the SLDV. 

I). Rotation matrix represented by unit vectors 

Find ({T}, ([R] that 

satisfy ([R] CIR) =[1] . detG[R) =1, (5.13) 

and minimize o=S le} f 
t=1 

where 

en, = {Eom Eons, } (5.14) 

which are the residuals for point PF in the scanning coordinate. 

If). Rotation matrix represented by three Euler angles 

Find }{T}, a, B, y that 
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o 0 2 Q=>, 

i=] 

fen}. (5.15) 
    

Tit). Rotation matrix represented by equivalent angle and equivalent axis 

Find *{T}, 0, J,, m,, n, that 

satisfy [? +m? +n? =1, (5.16) 

and minimize o=S fe} 
t=] 

IV). Rotation matrix represented by Euler parameters 

Find AT}, €,, &, &, and eé, that 

satisfy e? +e? +e? +e? =1, (5.17) 

{Ep I, 

N. 2 
and minimize Q = )'| 

i=] 
      

5.2.2 Gauss-Newton method for the inverse model 

Linearization technique used for parameter estimation in nonlinear regression is called 

Gauss-Newton method [5.2-5.5]. It has been widely used in uniresponse model. It can also 

be used for multiresponse model [5.5]. When Gauss-Newton method is applied to a 

nonlinear regressive model, both the model and the associated constraint equation need to 

be linearized. The resulting linear equation with linear constraint can be solved by linear 

programming techniques. However, there is no effective way to make inferences about a 

model with constrained parameters. Thus, a nonlinear regressive model without 

constraints among its parameters is desired. 
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In the forward model, the range is a parameter. There is always a constraint, L, >0. 

Thus, the forward model is not desired. In the inverse model, the range is no longer a 

parameter. There is no constraint among the three position parameters. If the rotation 

matrix is represented by three Euler angles, there will be no constraints among the three 

Euler angles, either. It follows that the inverse model with the rotation matrix being 

represented by three Euler angles will not present any constraints among the six pose 

parameters. It is clear that this model is more desirable. Only this model will be considered 

here for linearization. 

For easy of notion, an parameter vector {y } for the six pose parameters is defined as 

N= slx , %2=sly , 13=slz (5.18) 

%4=@, Ys=B, Y5=7 

Equation (5.5) can be written as 

On x, = Hex, t&on,, 

Ony, = Hay, + € enn, 

where {lp x and ffpy are the expectation functions [5.5] of the scanning coordinates. 

(5.19) 

Compared with Eq. (5.5), the expectation functions are as followings. 

-1| Yas 4 Xpy Hex, =tan"| "4 | py = tan!) 74 _ (5.20) 
ae (22 mm ote a 

An initial value for the parameter vector is assumed to be {y *} which is not far from the 

true value. Taking the Taylor series expansion of Eq. (5.20) about {v\ and putting it into 

Eq. (5.19), one will have the following if only the linear term is kept. 
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ry) 
Op x, = tnx. ({r'})+ ea a OY; +o, 

anit), (5.21) 

Opy, = Hey, ({y'}+> 

The above equation can be written as a matrix form 

{F,}=[J, tor }+tent. (5.22) 

where {€,}. is defined in Eq. (5.14) and 

{r,}= an ra eh 6.23 
Ooy — Hpy, ({y*}) 

Ox, OUlpx, OUlpy, Alpx, Alpx, Alyx, 

sr 1 oy 2 Oy. 3 OY, oY s OY. 
J 

5.24 
| a]= Mey, Wy, ny, ny, ny, ny, em 

YY, OY, Oy OY, Ys «OY 

{6y} ={5y,, OY,, OY3, OY, Os, dy<}" (5.25) 

Matrix [J | is evaluated at {y} = {y*}. The actual expressions of the elements in matrix 

[J,,] are given in appendix A. Linearizing Eq. (5.19) for all N registration points and 

writing the results in matrix, one will have the following equation. 

{F}=[J]5y}+{el, (5.26) 

where 
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\Fat [7] tent, 
{Fh=2 : }, [yjJ=| = |, te}, = : 

I (72, | le», t, 

(5.27) 
\F, 

The least squares solution of the increment {dy } in Eq. (5.26) is 

-1 

{6y}=(VT 7) LT fF} (5.28) 
The improved solution for the parameters are as followings 

{y**}={y*}+{5y} (5.29) 

This procedure may be repeated until a converged solution is obtained. 

5.3. Inferences about the nonlinear regressive models 

The inferences about the nonlinear regressive models will be made exclusively about the 

inverse model with the rotation matrix being represented by three Euler angles. The reason 

is that there is no constraint among the pose parameters. The results of the inferences 

about a general linear regressive model will be applied to the inverse model through the 

linear approximation technique. Therefore, the linear regressive model will be reviewed 

before the inferences about the nonlinear models are made. 

5.3.1 Review of general linear regression 

5.3.1.1 The model and the assumptions of a general linear regression 

A general linear regressive model can be written as (5.6, 5.8-5.9] 

Y, =x, 8, +%.B,+...+Xy By +€; (5.30) 
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where: 

Y is the response variable and Y, is the observation or measurement for the ith case; 

X,»Xq, -.»Xy are the regressor variables and x, , X;., ...,X,,are the known values for the 

ith case (in some applications, x, =1); 

B,, B,, .-.. By ave the M parameters to be determined; 

€ is the error in the measurements and €, is the error for the ith case. 

Model (5.30) can be written in matrix form for all N cases 

{y}=[X]B }+{e} (5.31) 

where 

fy}={y, y, ... Yy}" (5.32) 

{B}={B, B, .. By} (5.33) 
fel={e, e, ... ey} (5.34) 

[X], =x, for @=1, 2, ... Nand j=1, 2, ..., M) (5.35) 

There are basically two assumptions for model (5.31). The relationship between the 

response variable and the regressor variables is assumed to be correctly expressed in the 

form of Eq. (5.30). The errors are assumed to be identically and independently distributed 

normal random variables with zero means and finite variance 0, i.e., 

E{{e}]={0}, Varl{e}]=o7[7] (5.36) 

With Eq. (5.36), the random response vector {Y} is also independent normal random 

variable with 

Ef{y}]=[XHB}, Var[{y}]=o°[7] (5.37) 

Because [X K B} is the expectation of {Y}, it is sometimes called the expectation function. 

It may be written as 
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{u}=[XHB} (5.38) 

Matrix [X] is also called the derivative matrix since element [X l, is the derivative of 

expectation function #1; with respect to parameter 8 ,. 

5.3.1.2 The Least squares estimator 

A hat is used to denote the estimated parameters. The least squares estimator for the 

parameters in Eq. (5.31) is 

(6 }= (xT Ex) [xT 7} (5.39) 
If the assumptions about the errors are held, the least squares estimator is the same as the 

maximum likelihood estimator. The least squares estimator is unbiased, consistent, 

sufficient, and has minimum variance among the unbiased linear estimators [5.9]. Thus, it 

is the best available estimator in practice [5.4]. 

5.3.1.3 Inferences about the general linear regressive model 

There are several inference results for the linear regression [5.5, 5.9]. The most widely 

used are the sampling theory results which are presented here. They result from the least 

squares estimator. 

The least squares estimator is normal distributed random variables with 

ell }]={6}. var[{6}]=o7([xT[x]) (5.40) 
In general, the variance o” of the errors is not known. Its estimate 
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Keay 
TOM (5.41) 

can be used to estimate o’”. 

The inferences about the general linear model include the inferences about the individual 

parameters, the inferences about all the parameters, the inferences about the expected 

response, and the inferences about the prediction of a response. The following are the 

details. 

I). The inferences about the individual parameters 

The inferences about the individual parameters include confidence interval estimation and 

hypothesis testing. The 100(1—«)% confidence interval for parameter B, is 

6, +s(B,)e(N - M; & 12) (5.42) 

where t(N -M;a/ 2) is the upper 100(a / 2) percentile of the Student ¢ distribution 

with N-M degrees-of-freedom, and 

A -l 

(6,)=s/(xT [x], (5.43) 

In the above equation, s is defined in Eq. (5.41) and subscript kk means the kth diagonal 

element of matrix (x [x 1 . 

The hypothesis test are conducted to check if parameter f, is statistically equal to, or 

larger than, or less than, a specific value B,,. If the equality is to be checked, the two 

alternatives are 

Hy: B, = Bu 

H,: B, # Bio | OM) 
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The statistic 

aA 

B, ~~ Bio tf = - . ~B.) A. (5.45) 

can be used to perform the test. The decision rule with this statistic for significance level 

@ is 

if |t*|>1(N — M; a / 2), reject H, 

Il). The inferences about all the parameters 

The inferences about all the parameters include confidence region and simultaneous 

confidence interval. The 100(1—«:)% confidence region for { 8} is given by 

({83-{6}) [xf Lxit{e}-{4}) < Ms’F(M,N-M; a) (5.46) 

where F(M,N — M; a) is the upper 100a percentile of the F distribution with M and N- 

M degrees-of-freedom. 

The simultaneously 100(1 —)% confidence interval for 8 , are given by 

  

6, +5(6,){MF(M.N — M; a) (5.47) 

It). The inference about the expected response 

The 100(1—a)% confidence interval for the expected response at a given value of 

{x}, ={Xq Xm Xout is 

{x}"| Bh es(¥,)w —M: 2) (5.48) 

where 

  

s(f,) = sx} (XT EXD) {2}, (5.49) 
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IV). The inferences about the prediction of a response 

The 100(1—«)% confidence interval for the prediction of a response at a given value of 

{x}, = {Xq1 Xo Xomt "is 

{x}7] Bhts(%)e(W - M; oe /2) (5.50) 

where 

  

A -1 

(i) = s 142K (xP Lx) {x}, (5.51) 

Sometimes the confidence interval for the prediction of a response is called prediction 

interval. This dissertation will use the term prediction interval. 

5.3.2 The inferences about the inverse model 

5.3.2.1 The least squares estimator of a nonlinear regression 

A nonlinear regressive model can be written as 

¥,= f({x},, fy +e, (5.52) 

where: 

Y is the response variable and Y, is the observation or measurements for ith case; 

{x} is the regressor variables and {x}, is the known values for the ith case; 

{y} is the parameter vector to be determined; 

ft ({x}. , {y}) is the expectation function which is a nonlinear function of parameters {y}. 

€ is the error in the measurements and €, is error for the ith case. 
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The parameters {y} can be obtained by the least squares method which minimizes 

N 

Q=)\& (5.53) 
i=l 

If the errors are identically and independently distributed normal random variables, i.e., 

E[{e}]={0}, Var[{e}]=o7[J] (5.54) 

the response variables {Y} are also independently distributed normal random variables 

with 

el{y}]={u}=(r (tah. {6))}, verl{y}]=07[7] (5.55) 
The least squares estimator {y\ is not a linear combination of the response vector{Y} for 

the nonlinear regression. ‘Thus, it does not have the properties of 1 B } in linear regression 

[5.4]. In general, {7} is not normally distributed. It is biased for {vy}. And it does not 

have the minimum variance, either. 

However, it has been shown that the least squares estimator {y } has asymptotic normality 

[5.3]. Given the assumption of Eq. (5.54) and proper regularity conditions, for large N 

(sampling cases), it can be shown that [5.3] 

(r}-w( tr (7) | (6.56) 

where [Vv] is the derivative matrix evaluated at {7} and 

  Y,=3 Gh ® ott 0.57) 

From another point of view, Eq. (5.56) is a linear approximation to the nonlinear model. 

By replacing matrix [X] with [V], one can obtain Eq. (5.56) from the results of the linear 
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regression. Thus, the inferences about a nonlinear regressive model can be made by analog 

to the linear regression. 

In practice, it is difficult to say how large the sample size N should be for Eq. (5.56) to be 

held [5.4]. It depends on the nonlinear model itself. 

5.3.2.2 The inferences about the inverse model by linear approximation 

The linear approximation technique is used to derive the inference about the inverse model 

with rotation matrix represented by three Euler angles. Currently it is assumed that the 

linear approximation is valid. In the next section, its validity will be evaluated by analyzing 

the nonlinearity of the inverse model. 

Once the least squares estimator {y\ is available, the estimation of error variance and the 

derivative matrix can be obtained. For the inverse model, the error variance estimate is 

T 
se _ let tet (5.58) 

2N -6 

Note that {e}, is evaluated at {y}={y}. The derivative matrix [J] is defined in Eq. 

(5.27). It is denoted as [J since it is evaluated at {y}={7}. The least squares estimator 

for the 6 pose parameters will have the asymptotic normal distribution 

(r}-n{ tr}. o*([iT 7) | (5.59) 
Analog to the linear regression, following inferences about the inverse model are made. 

112



I). The inferences about individual parameters 

The inferences about individual parameter include confidence interval estimation and 

hypothesis test. The 100(1 — a:)% confidence interval for parameter y, are 

¥,+5(¥,)t(2N -—6; a / 2) (5.60) 

where t(2N —6; @ /2) is the upper 100(@ / 2) percentile of the Student ¢ distribution 

with 2N-6 degrees-of-freedom, and 

(7) = 5, (a7 I). (5.61) 
kk 

In the above equation, s, is defined in Eq. (5.58) and subscript kk means the kth diagonal 

-1 

element of matrix (ATT) 

The hypothesis tests are conducted to check if parameter y, is statistically equal to, or 

larger than, or less than, a specific value y,,. If the equality is to be checked, the two 

alternatives are 

Ay: 2 =Yuo 
(5.62) 

A: Ve FY 0 

The statistic 

pt = Le Tro (5.63) 
s(¥,) 

can be used to perform the test. The decision rule with this statistic for significance level 

a is 

if |t*|> t(2N -6; a / 2), reject H, 
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II). The inferences about all parameters 

The inferences about all the parameters include confidence region and simultaneous 

confidence interval. The 100(1—a)% confidence region for {y } is given by 

“A A T a a 

({y}-{7})"[F] [Fly }-{7}) < 652 (6,.2N -6; «) (5.64) 
where F(6,2N —6; az) is the upper 100q@ percentile of the F distribution with 6 and 2N-6 

degrees-of-freedom. 

The simultaneously 100(1— 0: )% confidence interval for y, are given by 

7, +3(¥,) (OF (6,2N —6; a) (5.65) 

Ill). The inference about the expected scanning coordinates 

The 100(1—a)% confidence interval for the expected scanning coordinates at a given 

T 

spatial point of {Pp} ={xps Yas Zp sh are 

in,x, £5(Hp,x, )¢(2N —6; 0: /2) 
ny, t5( Any, t(2N -6; a / 2) 

where fip x and jipy are calculated from Eq. (5.20) by using the structural coordinates 

(5.66) 

of {P,} and the estimated parameters {7}, and 

  

sins.) =5 nx} (TT) fn) 

5 (4, ¥, ) = So | 1¥», y, F([ y [J Il) 1p, ¥, } 

The {vp x, }and {vp yt in Eq. (5.67) are the derivatives of the expectation function 

(5.67) 
  

(jtp x, and ffpy ) with respect to the six pose parameters and evaluated at {y}, ie. 
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_ Wax, 
Vand oir} 

py, 
Van = at ir}=tr} 

  {y}+{7} 

(5.68) 

IV). The inferences about the prediction of the scanning coordinates 

The 100(i—a:)% prediction interval for the prediction of the scanning coordinates at a 

given spatial point of {P,}= ix, s Yas Zn a is 

linx, (ii, t(2N-6 a / 2) 

liny +s(fihy )(2N -6; a / 2) 

where {lp y, and fp y are calculated from Eq. (5.20) by using the structural coordinates 

(5.69) 

of {P.} and the estimated parameters {7}, and 

  

s( iis x, = 5p it Hone (STL) Lax. 

siigs,)=5 t+ Orns} (TT []) fran) 
(5.70) 

  

The inferences made about a nonlinear regression model by the linear approximation are 

sometimes extremely misleading [5.5]. To verify the validity of those inferences, one 

definitely needs to evaluate the nonlinearity of that model. 
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5.4 The nonlinearity evaluation of the nonlinear models 

In the last section, inferences about the inverse model were derived based on the linear 

approximation. If the number of registration points is large enough, those inferences will 

be valid. However, in the real measurements, the number of the registration point is not 

very large. In the minimum case, there may be only four points. In another case, nine 

points may be used. When the N is small, the validity of those inferences will depend on 

the level of nonlinearity of the inverse model. 

The measures of the nonlinearity of a nonlinear regressive model are based on the work of 

Bates and Watts [5.10]. Their work is referred by several books on the nonlinear 

regression [5.2-5.5]. By using some concepts in the differential geometry, they extended 

Beale's pioneering work [5.11] and developed useful measures of nonlinearity based on 

the notion of curvature. In this section, their work will be derived and applied to the 

inverse model. To better understand the concept of the curvature, the geometry of the 

least squares method is presented first. 

5.4.1 The geometry of the least squares 

The geometry of the least squares method is reviewed for both linear and nonlinear 

regression. After the review, the two assumptions in the linear approximation are 

discussed. 
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5.4.1.1 The geometry of the linear regression 

For a linear regressive model 

{Y}=[X]1B}+{e} (5.71) 

its parameters can be estimated by the least squares method which minimizes the sum of 

the squared errors 

N 

o= Se =[Ir}-[xH af =[r}-{aif (5.72) 
t =

 

Equation (5.72) implies that the sum of the squared errors is the squared distance between 

the response vector {Y} and the expected response vector [X K B}. This relates the 

subject of linear regression to the Euclidean geometry. In the N-dimensional response 

space, the response vector {Y} is a fixed point. For a given value of the parameters { 8 }, 

the expected response vector is also a point in that space. However, this point moves as 

the parameters vary. The possible expected response vectors { nf By} form a M- 

dimensional expectation plane. This expectation plane is also called solution locus [5.11] 

because it corresponds to the possible values of parameters { 8 } which are the solution of 

the linear regression model. Geometrically the minimum Q is the squared shortest distance 

between the response vector and the expectation plane. By drawing a line from the 

response vector and making it perpendicular to the expectation plane, one can obtain the 

least squares estimator { B \ for the model parameters. Actually, the parameters 

corresponding to the intersection point of the line with the expectation plane are the 

desired solution. The followings are two examples to illustrate those geometrical 

properties. 
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I). One parameter model 

The one parameter model may have this form 

Y, =x, B,+€; (5.73) 

Two responses are obtained which form a two-dimensional response space. The 

regressors and the corresponding responses are: (i) x,, =1, y, =0.9, (ii) x, =2, y, =2.2. 

These data are simulated data. Figure 5.1 (a) shows the parameter space which is one- 

dimensional space. The equally-spaced five marks are for B, =0, 0.5, 1, 1,5 and 2. In Fig 

5.1 (b), the two-dimensional response space are shown. The respect vector {Y} is shown 

along with the expectation line. The ‘o' in this plot is vector {Y}. The expectation line has 

the form (2, = B,, #, =2B,). When the parameter varies from 0 to 2, the expectation line 

is obtained. The five stars on that line are corresponding to f, =0, 0.5, 1, 1.5 and 2. It can 

be seen that the five stars are equally spaced. 

  

      
  

Parameter Space Response Space 

4 

“A 3} 

2 

= 
S 2 

8 +t 
| [ | <f|[ Jf 

0 05 1 15 2 0 4 3 

Parameter 1 Coordinate 1 

(a) 
(b) 

Figure 5.1 Geometry of linear regression with one parameter and two responses 
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ID). Two parameters model 

The sine wave fitter [5.12] is a two parameter linear model 

Y, = B, cosaxt, + B, sinat, +, (5.74) 

Comparing to the general model, one can seen that 

X= COS @t;, Xj. = Sin dt, (5.75) 

where @ is the circle frequency of the signal. Three responses are obtained for this 

example. The regressors and the corresponding responses are: (i) x,, =1.0000, 

X,. =0.0000, y, =0.7000; G) x, =-0.8090, x, =0.5878, y, =-0.1500; ii) 

X3, = 0.3090, x,, =—-0.9511, y, =—0.4500. These data are simulated data for which 

@=2n and t=(0, 0.4, 0.8) are used. In figure 5.2 (a), the two-dimensional parameter 

space is shown. The grid lines are called parameter lines which are obtained by changing 

one parameter while the other is kept constant. The vertical (solid) lines are called B, line 

while the horizontal (dotted) lines are called B, lines. The B, lines are parallel and equally 

spaced. So are the f, lines. Figure 5.2 (b) is the three-dimensional response space. The 

response vector {Y} is shown along with the expectation plane. The "o” in this plot is 

vector {Y}. The expectation plane is obtained by varying the parameters in the expected 

vector in Eq. (5.76) 

LH, = B, 
pL, = —0.8090 B, + 0.5878 B, (5.76) 

Lt, = 0.3090 B, — 0.95118, 

The two sets of lines (solid and dotted) on the expectation plane are corresponding to the 

parameter lines in the parameter space. The lines in each set are straight, parallel, and 

equally spaced. 
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Figure 5.2 Geometry of linear regression with two parameters and three responses 
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What has seen from above examples is true for all linear regressive models. That is, for 

any linear model, parameter lines (straight parallel equispaced lines) in the parameter space 

map to straight parallel equispaced lines on the expectation plane in the response space. 

From this, one can see that rectangles in one plane map to parallelepipeds in the other 

plane, and circles and spheres in one space map to ellipses or ellipsoids in the other space 

[5.5]. 

5.4.1.2 The geometry of the nonlinear regression 

For a nonlinear regressive model 

{y}={ f(x} fr P}+fe} ={u} +f} (5.77) 

the least squares estimator for the parameters are obtained when the summation of the 

squared error 
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o=Ye?=[r}-{uif (5.78) 
i=l 

is minimized. The summation of the squared errors is the squared distance from the 

response vector to the expected vector. In the N-dimensional response space, the response 

vector is a fixed point. However, the M-dimensional expectation surface formed by all 

possible expected vectors { ul{y})} is not a plane any more. It is a curved surface. The 

minimum Q is the squared shortest distance from the response vector to the expectation 

surface. The least squares estimator is the parameters corresponding to the point on the 

expectation surface which is closest to the response vector. The following two examples 

are used to illustrate the geometry of the nonlinear regressive model. 

I). One parameter model 

The one parameter model may have this form 

y,=1-e™ +8; (5.79) 

Two responses are obtained for this example. The regressors and the corresponding 

response are: (i) t, = 0.4, y, =0.57; Gi) t, =1.5, y, =0.93. Figure 5.3 (a) shows the one- 

dimensional parameter space. The marks are for y,=1, 1.5, 2, 2.5, and 3. Figure 5.3 (b) 

shows the three-dimensional response space. The response vector {Y} is shown along with 

the expectation curve. The "o" in this plot is vector {Y}. The curve is obtained by varying 

the parameters Y, in 

p,=1-e°", po =1-e (5.80) 

The stars on the curve are corresponding to the parameter values in Fig. 5.3 (a). It can be 

seen that the stars are not equally spaced. This feature differs from the linear regression. 
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Figure 5.3 Geometry of nonlinear regression with one parameter and two responses 

Il). Two parameters model 

The sine wave fitter model can be written as 

y=, Sinlot, +7.) (5.81) 

This model can be transferred to the linear version (5.73) through reparameterization. 

Three responses are obtained. The regressors and the corresponding response are: (i) 

t, = 0.00, y, = 0.70; Gi) t, = 0.40, y, =—0.15; (ii) t, = 0.80, y, =-0.45. The simulated 

data is for @=27. Figure 5.4 (a) shows the two-dimensional parameter space. The 

horizontal and vertical lines are the y, and y, parameter lines, respectively. Figure 5.4 (b) 

is the three-dimensional response space. The response vector is shown along with the 

expectation surface. This surface is obtained by varying the parameters y, and y, in 

following 
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Figure 5.4 Geometry of nonlinear regression with two parameters and three responses 

The two sets of line (solid and dotted) on that surface are corresponding to the parameter 

lines in the parameter space. Those lines are not parallel. Nor are they equispaced. The 

solid lines are curves. The dotted lines (corresponding to the y, parameter lines) are 

straight lines. This is because that the expectation function is a linear function of parameter 

Y,- If it were a nonlinear function, those lines would also be curves. 

What has shown for those examples is true for a general nonlinear model. That is, for any 

nonlinear model, the expectation surface is the M-dimensional curved surface in the N- 
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dimensional response space. Parameter lines in the parameter space map to curves on the 

expectation surface in the response space. Those curves are, in general, not parallel. Nor 

are they equally spaced for nonlinear functional relationship between a parameter and the 

expectation function. 

5.4.1.3. Two assumptions of the linear approximation 

The linear approximation to the expectation function at the vicinity of {7 } is 

{u}={ul{7})}+[P for} (5.83) 
In using this approximation for inferences, two things are assumed about the local 

behavior of the expectation surface. The first one is the planar assumption: the expectation 

surface is locally replaced by the tangent plane. The second is the uniform coordinate 

assumption: straight parallel equispaced lines in the parameter space map into straight 

parallel equispaced lines in the expectation surface. Those two assumptions are not tenable 

if the nonlinearity of the model is high at { u({7})}. 

5.4.2 Curvature measures of a nonlinear regression model 

In order to evaluate the effectiveness of the linear approximation, the nonlinearity of a 

nonlinear regressive model has to be measured. Bates and Watts [5.10] developed two 

curvature measurements. The intrinsic curvature can be used to determine how planar the 

expectation surface is. The parameter-effects curvature can be used to determine how 

uniform the parameter lines are on the tangent plane. If both curvatures are small, the 
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linear approximation will be tenable. Most of the materials in this section are based on the 

work of Bates and Watts [5.10]. 

5.4.2.1 The velocity and the acceleration vector 

In the linear model, the second and high order derivatives of the expectation function with 

respect to the parameters are zero. It is natural extension to measure the nonlinearity of a 

nonlinear model by investigating the second-order derivatives of the expectation function 

with respect to the parameters. 

For the nonlinear model shown in Eq. (5.73), the first-order derivatives of the expectation 

function with respect to parameters is an N by M matrix with elements 

AGH UY) for (i=1, 2, ..., N, and j=1, 2, ..., M) (5.84) 
j 

Matrix [V] can be regarded as consisting of M vectors {V},, j=1, 2, ..., M. 

[V]; = 

The second-order derivative of the expectation function with respect to the parameters is 

an N by M by M array with elements 

Iv, _ a’ f({x},.f7}) 

Oa, 
Each face (referred by index /) is a complete M by M second-order derivative matrix of the 

for (i=1, 2, ..., N,j, kK=1, 2, ..., M) (5.85) 

ith element of {1} with respect to parameters {y }. The second-order derivative array 

may be regarded as consisting of M by M vectors iV} j, k=1, 2, ..., M. 
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The vectors {V} ; can be called velocity vectors because they present the rate of change of 

{2} with respect to each parameter. Similarly, the vectors VI can be called 

acceleration vectors because they present the rate of change of velocity with respect to 

each parameter. Note that the velocity vector {V}; is not the velocity measured by the 

SLDV for the vibrating structure. The reason for using the term "velocity" is to comply 

with the terminology used in the field of the nonlinear regression. 

5.4.2.2 Derivatives in an arbitrary direction 

The velocity matrix [V] and acceleration array [Vv | only provide the information for the 

expectation surface corresponding to the change along the directions of the parameter 

axes in the parameter space. The velocity and acceleration near {y } in an arbitrary 

direction {4} in the parameter space is of interest. They can be measured by introducing a 

scale A and letting 

Ly }={7}+ Ata} (5.86) 

where {h} is a direction vector. Above equation is a straight line in the parameter space. 

Its mapping { ul{7}+atay)} on the expectation surface is a curve through { ul{7}}. 

The velocity and acceleration of that curve at {7} will be corresponding to the change of 

the expectation surface along the arbitrary direction {hk} in the parameter space. This 

velocity and acceleration may be shown to be [5.10] 

{itr f = [V]{n} 

{ diy} = {AY LV {a} 

The N by 1 acceleration vector is obtained in this way 

(5.87) 
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Figg, ={AY"|V | {A} (5.88) 

where | V | is aM by M matrix. It is the ith face of the N by M by M array | V |. It can be 

seen that the velocity and acceleration of that curve at {7} are the linear combination of 

the velocity and acceleration vectors, respectively. It is clear that { ling} is a function of 

the direction vector {h}. In one direction, it may be small. It another direction, it may be 

large. 

The acceleration { fins | can be written as two components 

oo oo PE ae IN 

Li t= Lay h +1} (5.89) 

oe PE e ° 

where { ling} is the component in the tangent plane. It determines the change in 

e ° ° . e oo IN e 

direction and magnitude of the { lig} in the tangent plane. { lig} is the component 

normal to the tangent plane. It determines the change in direction of the { lig} normal to 

the tangent plane. 

5.4.2.3 Relative curvatures 

The accelerations are the indictors of the nonlinearity. However, they are not useful since 

they depend on the scaling (unit) of the measured data and the parameters. To eliminate 

this dependence, the accelerations are converted to the curvatures. The curvature in 

direction {h} at a point is defined as the ratio of the length of the acceleration vector to 

the squared length of the tangent vector, i.e., 
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(5.90) 

PE 

The tangent component { lig} of the acceleration vector, which is caused by model 

parameterization, can be converted to a parameter-effects curvature 

    (5.91) 

This curvature depends on the particular parameterization. If it is too large, the parameter 

lines on the expectation surface are not uniform. Thus, the uniform coordinate assumption 

will not be acceptable. 

IN 

The normal component { ligy} of the acceleration can be converted to an intrinsic 

curvature 

. |N 

cit _[taeat | 

Levodh 
Geometrically, this curvature is the inverse of the radius of the circle that best approximate 

(5.92) 

the solution locus in the direction of { lig} at {y }. This curvature is a property of the 

solution locus and it is the intrinsic property of the expectation surface. That is the reason 

why it is called intrinsic curvature. If this curvature is too large, the planar assumption will 

not be acceptable. 
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The curvatures c;,, and c;, are measured in unit of 1/response. To eliminate this 

dependence and to assess the effect of the nonlinearity on inference, those curvatures are 

converted to standardized relative curvatures 7);,, and 7);,, by dividing the response and 

model function by the standard radius 

p=s/M (5.93) 

since in the linear regression, the 100(1—a)%) confidence region (see Eq. (5.46)) has a 

radius pfF(M,N-M; a) . Equations (5.91) and (5.92) shows that dividing the response 

and model function by a factor will multiply the curvatures by the same factor, i.e., 

Tiny = PCy» Tay = PCy (5.94) 
The relative curvatures will also vary with the direction {hk}. The maximum relative 

curvatures 

  

(5.95) 

IN It Heyy } "I 

nas = 1GX PS ——s 5° (5.96) 
Kam} 

can be obtained by changing the direction vector {h}. 

    

The derived formulas can be used to calculate the parameter-effects and intrinsic 

curvatures. However, the procedure is not simple since the tangent and normal 

components of the acceleration need to be determined. Bates and Watts [5.10] developed 

an efficient procedure for calculating those curvatures. This procedure will be presented in 

the appendix B of this dissertation. 
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5.4.2.4 Statistical significance of the relative curvatures 

By the linear approximation, the 100(1—a)% confidence region for the parameters { } in 

a nonlinear regression model is 

({y}-{7}) [VF] [V(r } -{7}) s ms?F(M NM; ax) (5.97) 
After dividing the response and model function by the standard radius, the above equation 

becomes 

aqTria . 
ay\TiV | | V a (AE | |Z [ot sronn—ms a). 699 

From the above equation, it can be seen that the value 1/ J F(M,N —M; a) may be 

regarded as the curvature of the 100(1 ~a)% confidence region of parameters {y} for the 

scaled data. 

To determine the impact of the nonlinearity on the inferences, the maximum relative 

curvatures may be compared to 1/ JF (M,N-M; a). It has been pointed out [5.3-5.4, 

5.10] that if 77" is less than 1/ (2 F(M,N-M; @t)), the uniform coordinate assumption 

is tenable over the region of interest. Similarly, if mn”, is Jess than 

1/ (2 F(M,N-M; a)), the solution locus is sufficiently flat over the confidence region 

disc and hence the planar assumption is acceptable. Since both maximum relative 

curvatures are compared to 1/(2 F(M,N-M; a)), this value may be defined as the 

curvature criterion (CC), 1.e. 

cc=1/(2.F(M,N—M; @)) (5.99) 
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5.4.2.5 Examples of the nonlinearity evaluation 

The nonlinearity of the two nonlinear regression examples presented in section 5.4.1.2 can 

be evaluated by using the curvatures. 

I). One parameter model 

The model of Eq. (5.79) with the given data has the following least squares estimates 

¥, = 2.0555, s = 0.0260 (5.100) 

Since there is only one parameter, the derivative matrices are reduced to one vector. From 

Eq. (5.80), the velocity and acceleration vectors are found as 

. 0.1758 4 —0.0703 

{V} = iv} = (5.101) 
(0.0687 1 {—0.1031 

In the parameter space, there is only one direction vector, i.e., the direction along the 

parameter axis. Thus 

0.1758 . —0.0703 
{pi}= » {i}= (5.102) 

0.0687 —0.1031 

The tangent plane is reduced to a tangent line. The direction of the tangent line is the 

direction of velocity vector. The acceleration can be projected to the direction of the 

tangent line and normal to the tangent line 

—0.0959 0.0256 
{ji} = , {fi}" = (5.103) 

—0.0375 —0.0656 

Using Eqs. (5.91) and (5.92), the curvatures are obtained 

c™® = 2.8919, c™ =1.9762 (5.104) 
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Multiplying above equation by the standard radius p = 0.0260, the relative curvatures are 

obtained, 

n™ =0.0751, 1” =0.0513 (5.105) 

The above curvatures are the maximum curvatures since there is only one direction in the 

parameter space. From a F-distribution table, one finds that F(1, 1; 0.05)=161.4, thus 

1/(2VF )=0.0394. It can be seen that both the relative parameter-effects curvature and the 

relative intrinsic curvature are larger than 1/(2VF). Therefore, the linear approximation 

for this model is not acceptable. By looking at Fig. 5.2 (b), one would not say that the 

linear approximation is good enough. 

Il). Two parameter model 

The two parameter model is the model shown in Eq. (5.81). From Eq. (5.82) the velocity 

vectors and the acceleration vectors are found as the followings. 

sin{y,) y, cos(y,) 
{V}, =jsin(0.82+y,)}, {V}, =47, cos(0.82+7,) (5.106) 

sin(1.6% + 12) ¥, cos(1.6% + 2) 

and 

0 cos(y,) —7; sin(y,) 

{V}=40p, {Vh, ={V},, =4cos(0.8 +7.) {V}, =4-7; sin(0.82 + 7,) 6.107) 

0 cos(1.6x+y,) —Y; sin(1.6x +y7,) 
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From the above equations, it can be seen that all the acceleration vectors are the linear 

combination of the velocity vectors. This shows that for all the {h}'s, {tin} will be in the 

tangent plane. The intrinsic curvature for this model is always zero. Thus, through proper 

reparameterization, this model can be converted to a linear model. This is true. The linear 

model of Eq (5.74) can be converted from this nonlinear model. 

5.4.3 Curvature measures of the inverse model 

The inferences made about the inverse model are based on the linear approximation. To 

verify the validity, the nonlinearity of the inverse model needs to be evaluated. The 

curvature measures developed by Bates and Watts [5.10] will be used for this purpose. 

Although their method was developed for a uniresponse model, it can be applied to the 

inverse model since the errors are assumed to be identically and independently distributed 

normal random variables. 

The expectation function of the inverse model is a 2N-dimensional vector. 

{u}={Hpx,. Mp y,» ---» Hpx,» Mer} (5.108) 

The first order-derivative matrix of the expectation function with respect to the six pose 

parameters has been obtained which is denoted as [J] in section 5.2.2. The second-order 

derivative array of the expectation function with respect to the six pose parameters is an 

array with dimensions of 2N x66. Its (2i-1)th and (27)th faces are the followings. 
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[Vv | OMe x, 
i=l 

* 3 OY for i=1, 2, ..., Nand j, k=1, 2, ..., 6 (5.109) 
[Vv | o Hey, 

at OY OY, 

The detailed procedure to obtain the analytical expressions for the first-order and second- 

order derivatives of the inverse model with respect to the six pose parameters is presented 

in appendix A. 

The procedure to evaluate the nonlinearity of the inverse model follows. 

I). Obtain the analytical expressions of the first-order and second-order derivatives by 

using the procedure in appendix A. Those derivatives should be evaluated at {y}= { y i. 

I). Find the maximum relative parameter-effects curvature and the maximum relative 

intrinsic curvature by following the steps in section 5.4.2 or by using the efficient 

algorithm which was developed by Bates and Watts [5.10] and is implemented in appendix 

B. 

IID). Compare those maximum relative curvatures with the CC which is 

CC= ! (5.110) 
24 F(6, 2N-6; a) 

for the inverse model. If the maximum curvatures are less than the CC, the inferences by 

the linear approximation are acceptable. Otherwise, more registration points are required 

to make the inferences valid. 
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5.5 Summary 

This chapter is on the nonlinear regressive models for the SLDV pose determination. In 

section 5.1, two nonlinear models for the pose determination have been developed. It has 

been pointed out that the inverse model is the better model. In section 5.2, the ways of 

using least squares method to estimate the model parameters are given. One is to transfer 

the problem to an optimization model. The other is to use Gauss-Newton method. Only 

the inverse model is considered for the Gauss-Newton method. In section 5.3, the 

inferences about the inverse model are derived based on the linear approximation 

technique. However, the validity of those inferences is dependent on the nonlinearity of 

the inverse model. In section 5.4, the parameter-effects curvature and the intrinsic 

curvature developed by Bates and Watts are derived. The way to use these two curvatures 

to measure the nonlinearity of the inverse model are given. 
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CHAPTER SIX 

IMPLEMENTATION OF THE DEVELOPED ALGORITHM 

In this chapter, the implementation of the developed algorithm (the geometrical method 

and the inverse model) will be presented. Simulated data and experimentally obtained data 

will be used to test the implementation. The results of the tests will be shown. 

6.1 Implementation of developed algorithm 

6.1.1 Overview of the implementation 

In chapter 5, two nonlinear regressive models were developed for the pose determination 

of the SLDV. It was pointed out in section 5.1.4 that the inverse model with the rotation 

matrix being presented by three Euler angles is a desired model. This model has two main 

advantages. First, it contains only the six pose parameters as unknowns. When the number 

of registration points increases, the number of unknowns remains unchanged. The second 

advantage is that there are no constraints among the six pose parameters. This fact makes 

it possible to derive statistical inferences. After developing methods to obtain the estimate 

of the six pose parameters, the statistical inferences about the inverse model were derived 

in chapter 5. The effectiveness of those inferences is dependent on the nonlinearity of the 

model. The measures of the nonlinearity of the inverse model are based on the curvatures 

defined by Bates and Watts [5.10]. A problem with a nonlinear regression is the selection 

of an initial solution for the parameters. If the initial solution is inappropriate, the iterative 

procedure for finding the parameters may converge to a local minimum or even diverge. 
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In chapter 4, a geometrical method was developed to determined the pose of the SLDV. 

The geometrical method is to minimize the sum of the squared errors in structural 

coordinates, Q, as defined in Eq. (4.84). Since measures were taken to reduce the effects 

of the measurement errors in each of the three steps involved in the geometrical method, 

the solution was close enough to the global minimum of Q. Thus, the solution from the 

geometrical method provides an excellent initial solution for the iteration procedure for 

determining the parameters in the nonlinear models. 

On the basis of the above discussions, the developed algorithm is implemented in two 

parts. Figure 6.1 shows the overall flow chart of the implementation. The left side of Fig. 

(6.1) is for obtaining the least squares estimation of the pose of the structural coordinate 

system with respect to the laser coordinate system. This part is implemented in the C 

computer language. This implementation has also been incorporated into the software 

system for data acquisition, signal processing, and system calibration. The right side of 

Fig. 6.1 is for the statistical inferences of the inverse model and their verification. This part 

    

  

    

      

            

        

is implemented in Matlab [6.1]. 

get structural coordinates get structural coordinates, 
and scanning angles scanning angles, and pose 

obtain the least squares make statistical inferences 
estimation of the pose and verify their validity 

write out the pose write out results 
          

  

Figure 6.1 The overall flow chart of the implementation 
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6.1.2 Implementation of the least squares estimation of the pose 

The geometrical method developed in chapter 4 is implemented. The result from this 

method is the pose of the SLDV with respect to the structural coordinate system. From 

the pose of the SLDV, one can get the pose of the structural coordinate system, i.e., 

ee iay. $7} =-(Lar cry). 6.1 
The three Euler angles can be derived from the rotation matrix AR] by using Eq. (3.5). 

sR,, gR 
a@ = Atan2| = (6.2) 

cos B cos B 

B = Atan2(—!R,, 4 =R2+2R3, ) (6.3) 

sR. 5R 
y = Atan2| -—2 2 (6.4) 

cos B cos B 

where Atan2 is the four-quadrant arctangent function. The obtained six pose parameters 

of the structural coordinate system can be used as the initial solution in the search for the 

least squares estimation of the pose. 

The optimization model, Eq. (5.15), is implemented for finding the least squares 

estimation of the pose parameters for the inverse model. By adjusting the six pose 

parameters, the sum of the squared errors between the measured scanning angles and the 

fitted scanning angles is minimized. 
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Figure 6.2 shows the flow chart of the implementation of finding the least squares 

estimation of the pose of the structural coordinate system. 

    

      

  

  

      
  

  

  

  

  

        
  

  

            
  

      

—— . 

1 | get input data 7 angle and arent 

: find rotation 2 | check input data 8 matrix 

3 | find initi find origin 

7 Tanges 9 coordinates 

4 find LS estimation find initial value 
of = 10) of scs pose 

5 find laser 1. find LS estimation 
coordinates of SCS pose 

eliminate origin 
6 coordinates 12| ouptut SCS pose               

LS: Least Squares, SCS: Structural Coordinate System 

Figure 6.2 Flow chart of finding the least squares estimation of the SCS pose 

In box 1 of Fig. 6.2, the input data are the structural coordinates and the scanning angles 

for all the registration points. In box 2, the input data are checked to see if there are less 

than four registration points and to see if there are common structural coordinates or 

common scanning angles for any two registration points. This is because the geometrical 

method requires that each registration point have unique structural coordinates and unique 

scanning angles. Box 3 requires one to find the initial ranges according to the description 

in chapter 4. In box 4, two optimizations are performed. In the first optimization, 
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N-1 N 

2.= > » ( D,5—D,, y is minimized. In the second optimization, 
ist jaiel 

N-1 N 2 

Q, = 2» 210; 3 -D; 1) is minimized. The initial ranges for the second optimization are 

the solution from the first optimization. After the second optimization, the solution is 

more accurate. The reason for this is that in the second optimization, the differences 

between the ranges are enlarged, which makes the objective function Q, less flat than 

objective function Q, in the vicinity of the global minimum. Box 5 and 6 are implemented 

according the description in chapter 4. In box 7, special considerations are made for the 

following cases. In finding the equivalent axis {k}, the program checks: 

(i) if the equivalent axis is one of the three axes X,, Y;, Z,, and 

(ii) if there is no rotation at all. 

In finding the equivalent angle 0,, the program checks if {d,} is parallel to axis {k}. Box 8 

and 9 are implemented according to the description in chapter 4. The first 9 boxes are the 

implementation of the geometrical method developed in chapter 4. The result is the pose 

of the SLDV. In box 10, the six pose parameters of the structural coordinate system are 

obtained from the pose of the SLDV by using Eqs. (6.1-6.4). They will be used as the 

initial parameters for the optimization in box 11. The optimization is based on model of 

Eq. (5.15). Once the minimum is obtained, the least squares estimation of the six pose 

parameters are found. Box 12 writes the results into a data file. 
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6.1.3 The implementation of the statistical inference and measures of the 
nonlinearity 

This part is the implementation of the work developed in chapter 5. Figure 6.3 is the flow 

    

    
      

    

    
      

    

  
  

  

  

      
  

    

chart of this implementation. 

1 . da get statistical inferences 

get Input data of predication of responses 

find first and second : 2 order derivatives get maximum curvatures 

3] set statistical inferences verify the validity of 
of six pose parameters linear approximation 

A| getstatisticalinferences | | 9 output results   
    of expected responses 

      
  

Figure 6.3 The flow chart of statistical inference and measures of nonlinearity 

The input data in box 1 includes the structural coordinates, scanning angles, and the pose 

of the structural coordinate system. In box 2, the first and second derivatives of the 

inverse model with respect to the six pose parameters are obtained by numerically 

evaluating the analytical derivative expressions. Those expressions are obtained by 

Mathematica [6.2]. The details about how to get those derivatives are presented in 

appendix A. Box 3 to box 5 are implemented based on the descriptions in chapter 5. In 

box 6, the maximum relative parameter-effects curvature and maximum relative intrinsic 
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curvature are obtained by using the procedure developed by Bates and Watts [5.10]. The 

detail about this procedure is presented in appendix B. In box 7, the maximum curvatures 

are compared to the CC (curvature criterion) defined in Eq. (5.110). From the 

comparison, a conclusion can be drawn about the adequacy of the linear approximation 

which is used in obtaining the statistical inferences. The obtained results are output to a 

data file in box 8. 

6.2 Two testing cases on the implementation and their results 

The implementation has been tested by simulated data and real data. Two testing cases are 

presented here. One is for simulated data. The other is for experimental data. 

6.2.1 Case one: simulated data 

The simulated data is formed in following way. The scanning angles for sixteen 

registration points are assumed. Those scanning angles are transferred to the scanning 

coordinates (6, ,6, ). By assuming range L to be 2500 mm for every registration point, a 

completed set of scanning coordinates is available. Letting d/=46 mm and using Eq. 

(2.10), the laser coordinates can be obtained for all the sixteen points. Now the pose of the 

SLDV is assumed as 

5000 0.17101007 0.11185620 -0.97889925 

{T}=4 8000 }(mm), {[R]=| 0.29619813 -0.95341225 -0.05719915]. (6.5) 

10000 —0.93969262 -0.28016650 -0.19617469 

From them the pose of the structural coordinate system can be obtained (Eq. (6.1)). 
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0.17101007 0.29619813 -0.93969262 

‘[R]=| 011185620 -0.95341225 -0.28016650 (6.6) 
—0.97889925 -0.05719915 -0.19617469 

T “{7} =(6.17229081x 10°, 9.8696820010°, 7.31383635x10°) (mm) (6.7) 

Using the assumed pose of the SLDV and Eq. (2.1), the structural coordinates can be 

obtained for all the registration points. Table 6.1 shows the simulated input data for testing 

the algorithm, i.e., the structural coordinates (x,,y,,2Z;) and the scanning angles 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

              

(Px, Py)- 

Table 6.1 The simulated structural coordinates and scanning angles 

Point X, (mm) Ys (mm) z,(mm) —Py -0y 
iD (degrees) (degrees) 

0 2.86186822e+03 | 7.53237293e+03 | 8.88766673e+03 | -12.500000 | 12.500000 

1 2.7745 1944e+03 | 7.44107394e+03 | 9.12918372e+03 | -12.500000 | 6.250000 

3 2.68 143278e+03 | 7.27984312e+03 | 9.64069072e+03 | -12.500000 | -6.250000 

4 2.67680145e+03 | 7.21182788e+03 | 9.90460027e+03 | -12.500000 | -12.500000 

5 2.791419 15e+03 | 7.77554750e+03 | 8.95149649e+03 | -6.250000 | 12.500000 

6 2.70276418e+03 | 7.68875721e+03 | 9.19419695e+03 | -6.250000 | 6.250000 

8 2.60967752e+03 | 7.52752639e+03 | 9.70570394e+03 | -6.250000_ | -6.250000 

9 2.60635238e+03 | 7.45500245e+03 | 9.96843003e+03 | -6.250000 | -12.500000 

15 2.73309557e+03 | 8.27267164e+03 | 9.09757970e+03 | 6.250000 12.500000 

16 2.64335922e+03 | 8.19509852e+03 | 9.34298869e+03 | 6.250000 6.250000 

18 2.55027256e+03 | 8.03386769e+03 | 9.85449569e+03 | 6.250000 -6.250000 

19 2.54802880e+03 | 7.95212659e+03 | 1.01145132e+04 | 6.250000 -12.500000 

20 2.74591436e+03 | 8.52071173e+03 | 9.17809662e+03 | 12.500000_| 12.500000 

21 2.65641569e+03 | 8.44773752e+03 | 9.42499847e+03 | 12.500000_ | 6.250000 

23 2.56332903e+03 | 8.28650669e+03 | 9.93650547e+03 | 12.500000_| -6.250000 

24 2.56084760e+03 | 8.20016668e+03 | 1.01950302e+04 | 12.500000 | -12.500000 
  

Note: e+03=10° 
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Using the data in Table 6.1, the pose of the structural coordinate system is found to be 

0.17101006  0.29619813  -0.93969262 
[R]=| 0.11185621 -0.95341225 -0.28016650], (6.8) 

—0.97889925 -0.05719916 -0.19617469 

“{T} = (6.17229083x10°, 9.86968198 x10°, 7.31383645x10°) (mm). (6.9) 

They are the same as the assumed values (Eqs. (6.6-6.7)). 

6.2.2 Case two: experimental data 

The experimental data were obtained by aiming the laser beam at sixteen preselected 

points on a graph paper which was smoothly attached to a flat wood board. The thermal 

drifting and hysterises errors were virtually eliminated in obtaining those data by turning 

on the system two hours in advance and approaching all registration points from the same 

direction (see sections 7.2.3 and 8.1.3). The following scanner parameters are used. 

Py = 0.0115+2.3988V, 

Py = 0.0212 +2.4998V, (6.10) 

al =1.811(inches) (46mm) 

Using the structural coordinates and scanning angles (columns 2 to 5 in Table 6.2), the 

implemented algorithm finds the least squares estimation of the pose of the structural 

coordinate system with respect to the laser coordinate system as 
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-0.9999 0.0043 -0.0004 

{R]=] -0.0043 -0.9998 0.0203 (6.11) 

-0.0005 -0.0203 0.9998 

L T,. SAT} = (14.8718, 15.0410, 66.0991)" (inches) 6.12) 

(377.7437, 382.0414, 1678.9171) mm) 

From above equation, the six pose parameters can be obtained which are shown in the 

second column of Table 6.3. 

Table 6.2 The measured data and residuals for case two 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

                

Point | Structural coordinates Scanning angles Residuals in scanning 

(z,=0) (inches) (degrees) angles (degrees) 

ID Xs Ys Py Py eo. E, 

1 2.0000 2.0000 | -10.5301 | 11.1653 0.0224 0.0045 
2 10.5000 2.0000 | -3.6195 | 11.1409 0.0061 0.0097 
3 19.5000 2.0000 3.8182 | 11.1043 | -0.0054 0.0044 
4 28.0000 2.0000 | 10.7639 | 11.0677 0.0149 | -0.0026 
5 2.0000 | 10.5000 | -10.7761 3.9516 0.0020 0.0143 

6 10.5000 | 10.5000 | -3.7249 3.9149 | -0.0003 0.0088 

7 19.5000 | 10.5000 3.8416 3.8905 | -0.0234 0.0173 
8 28.0000 | 10.5000 | 10.9162 | 3.8539 | -0.0006 0.0119 
9 2.0000 | 19.5000 | -10.8229 | -3.8969 0.0156 | -0.0107 

10 10.5000 | 19.5000 | -3.7601 | -3.9214 0.0070 | -0.0034 
11 19.5000 | 19.5000 3.8182 | -3.9458 | -0.0245 0.0058 
12 28.0000 {| 19.5000 | 10.8928 | -3.9824 | -0.0197 0.0008 
13 2.0000 | 28.0000 | -10.7058 | -11.2206 0.0160 | -0.0323 
14 10.5000 | 28.0000 | -3.7366 | -11.2328 0.0085 | -0.0133 
15 19.5000 | 28.0000 3.7479 | -11.2572 | -0.0113 | -0.0047 
16 28.0000 | 28.0000 | 10.7288 | -11.2938 | -0.0053 | -0.0102   
  

Note: 1 inch = 25.4 mm 
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The residuals shown in the last two columns in Table 6.2 are calculated by Eq. (5.19) 

  

&, =-& =-\O,, —-f een is 
The estimated standard deviation for the residuals in the scanning angles is 

1 . 2 2 5, es +e2, ) =0.0145 (degrees) (6.14) 

Using Eq. (5.60), the 95% confidence intervals for the six pose parameters are obtained 

which are shown in the second column of Table 6.3. 

Table 6.3 The estimated six pose parameters and their 95% confidence intervals 

  

  

  

  

  

  

    

Parameters 95% confidence intervals 

A 14.8718 + 0.0145 Gnches) 

%, 15.0410 + 0.0141 Gnches) 

7; 66.0991 + 0.1130 Gnches) 

Y, -179.7541 + 0.0344 (degrees) 

1s 0.0286 + 0.2865 (degrees) 

Y¢ -1.1631 + 0.2865 (degrees)       

Note: 1 inch = 25.4 mm 

Table 6.4 shows the 95% confidence intervals for the expected scanning angles for all the 

sixteen registration points. Those intervals are obtained by using Eq. (5.66). The 

prediction intervals for the prediction of the scanning angles of the registration points can 

also be found. But they are not presented here. For any other given point (given its 

structural coordinates), its confidence intervals for the expected scanning angles and 

prediction intervals for the prediction of the scanning angles can also be obtained. 
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Table 6.4 The 95% confidence intervals for the expected scanning angles 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

          

Point ID Q, (degrees) _Qy (degrees) 
1 -10.5525 + 0.0159 11.1608 + 0.0177 
2 -3.6256 + 0.0116 11.1313 + 0.0126 
3 3.8236 + 0.0116 11.0999 + 0.0126 
4 10.7490 + 0.0160 11.0703 + 0.0176 
5 -10.7781 + 0.0119 3.9373 + 0.0125 
6 -3.7246 + 0.0094 3.9061 + 0.0096 
7 3.8650 + 0.0094 3.8732 + 0.0096 
8 10.9168 + 0.0119 3.8420 + 0.0125 
9 -10.8385 + 0.0121 -3.8863 + 0.0123 

10 -3.7670 + 0.0096 -3.9180 + 0.0098 
11 3.8427 + 0.0097 -3.9515 + 0.0098 
12 10.9125 + 0.0121 -3.9832 + 0.0123 
13 -10.7218 + 0.0165 -11.1883 + 0.0168 
14 -3.7452 + 0.0122 -11.2195 + 0.0121 
15 3.7592 + 0.0122 -11.2524 + 0.0121 
16 10.7341 + 0.0165 -11.2836 + 0.0168 
  

The above statistical inferences are obtained based on the linear approximation. To verify 

the validity of those approximation, the nonlinearity of the inverse model needs studying. 

Using the algorithm developed By Bates and Watts [5.10] which is implemented in Matlab 

in this dissertation (see appendix B), the maximum parameter-effects and maximum 

intrinsic curvatures are found to be 

nJZ =0.0862, and 7% =0.0233. (6.15) 

Note that the CC value is 

cc=1/(2,JF(6,26; 0.05)) =0.3179. (6.16) 
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It can be seen from above two equations that the maximum curvatures of this model is 

much smaller than the CC. Thus, the linear approximation is acceptable. In other word, the 

expectation surface at the vicinity of {y } is sufficiently flat and the parameter lines are 

sufficiently uniform on the tangent plane. Thus, the statistical inferences about the inverse 

model are valid. The validity can be verified by comparing the confidence intervals for the 

expected scanning angles (Table 6.4) with the measured scanning angles (Table 6.2) 

The residuals €, and &, shows in Table 6.2 may be used to check the equal variance 

assumption made about the errors in the scanning angles in section 5.1.3. The estimation 

of the variances of the residuals in the scanning angles may be calculated as 

16 

2 = Ded, = 2.0746 x10" 
; isl (degrees?) (6.17) 

gs? =———) e? =1.5785x10~ 
© 16-1 

The alternatives in the hypothesis testing for the equal variance are 

H,: 02 =o? 

H: o2 to? (6.18) 

The statistic [5.9] 

s 

F* 2-2. =1,3143 (6.19) 
So, 

can be used to perform the test. For significance level & =0.05, one can find 

F(15,15; 0.025) = 0.3494 
( (6.20) 

F(15,15; 0.975) = 2.8621 

It can be seen from the Eqs. (6.19-6.20) that 

F(15,15; 0.025) < F* < F(15,15; 0.975) 
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Therefore, null hypothesis in Eq. (6.18) is accepted. This verifies the equal variance 

assumptions about the residuals in the scanning angles. 

6.3 Summary 

The implementation of the geometrical method and the inverse model has been presented 

in this chapter. The implementation is in C for finding the least squares estimation of the 

pose parameters. The implementation is in Matlab for finding the statistical inferences 

about the inverse model and for measuring the nonlinearity of the inverse model. For the 

simulated data, the estimated pose is the same as the assumed value. For the experimental 

data, the residuals (Table 6.2) in the scanning angles are small and the statistical inferences 

are valid. The equal variance assumption is verified by using the residuals in the scanning 

angles. Those results of the two cases show that the implementation is correct. 
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CHAPTER SEVEN 

ASSESSMENT OF THE INVERSE MODEL 

In this chapter, attention will be focused on the assessment of the inverse model. The 

errors associated with the determination of the SLDV pose will be reviewed. The linear 

voltage-angle relation of the scanner will be verified. The repeatability of the D/A 

converter and the scanner will be experimentally evaluated. The inverse model will be 

assessed by analyzing the residuals, checking the predictive ability, and studying the effects 

of the number of the registration points and the effects of the separation angles. 

7.1 Review of the inverse model and its assumptions 

In chapter 2, three relationships were used to derive the equation relating the input 

voltages to the structural coordinates for a registration point. The first relationship is the 

scanner's linear voltage-angle relation (Eqs. (2.6-2.7)) which results from the assumption 

that the scanning angle is a linear function of the input voltage for both the X mirror and 

the Y mirror. The second relationship is the scanner model, 1.e., the transformation 

between the scanning coordinates and the laser coordinates (Eqs. (2.10-2.11)). The 

assumptions in deriving this transformation are: (i) the rotation axes of the X and Y mirrors 

are perpendicular to each other (specific to the type of scanner in the SLDV laser head in 

our laboratory), (ii) the mirror surfaces are on the rotation center of their axes, (iii) the 

laser beam entering the scanner is parallel to the rotation axis of the Y mirror and is 

incident on the center of the rotation axis of the X mirror (partly due to assumption (ii)), 

and (iv) the laser beam reflected from the X mirror is incident on the center of the rotation 

axis of the Y mirror (partly due to assumption (ii)). The third relationship is the coordinate 
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transformation between the laser coordinates and the structural coordinates. There is no 

assumption for this relationship. 

The inverse model is obtained by expressing the scanning coordinates (@ _» 9y,) as 

functions of the structural coordinates (x,, y;, Z;). For convenience, the model is 

rewritten here (Eq. (5.19)) as 

Op x, = Hp x, el 
(7.1) 

Oey, = Hey, + ©o,,, 

The residuals in the above equation are assumed to be identically and independently 

distributed normal random variables with zero mean and finite variance. 

For linear or nonlinear regression analysis, it is necessary to verify all the assumptions 

about the model and the assumptions about the residuals. In the following sections, the 

work for verifying the inverse model will be presented. 

7.2 Error sources in the determination of the SLDV pose 

There are a number of error sources involved in the pose determination procedure. These 

errors may be classified as measurement errors, modeling errors, and other errors. 

7.2.1 Measurement errors 

The input voltages and the structural coordinates are the measurable variables in the pose 

determination. Both of them have measurement errors. For the voltages, the measurement 
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errors are very small. When a calibrated D/A converter board is used to generate the input 

voltages to the scanner controller, the measurement errors are the repeatability errors of 

the D/A converter board since the desired D/A voltages sent to the D/A converter is used 

as the input voltages. For the structural coordinates, the measurement errors are 

determined by the resolution used in measuring the structural coordinates of the 

registration point. Higher measurement resolution will result in lower measurement errors. 

These measurement errors can be controlled by the person who conducts the experiments. 

7.2.2 Modeling errors 

Modeling errors arise when the model can not present the actual behavior of a processing 

or a relationship. There are two possible modeling errors in the inverse model The first 

modeling error is from the assumption that the relationship between the input voltages and 

the scanning angles are linear. If the true relationship is nonlinear, the linear assumption 

will result in error. This assumption will be evaluated in section 7.3. The second error is 

from the scanner model. If the four assumptions can not be satisfied about the scanner and 

the laser beam (see section 7.1), the modeling error exists. The misalignment in the 

installation of the mirrors, the galvanometers, and helium-neon laser in the laser head will 

make the assumptions (i), (iii) and (iv) invalid and result in error. The error caused by 

assuming the mirror surface is on the rotation center of its axis was defined as the laser 

beam parallel shift error in [2.1]. Both Li [2.1] and Dominguez [1.18] showed that this 

error can be neglected. 
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7.2.3 Other errors 

Generally speaking, the errors involved in a linear or nonlinear regression analysis are the 

measurement errors and the modeling errors. The other errors here result from the 

scanner. The scanner consists of two independently controlled plane mirrors. The mirrors 

are installed separately. The rotation of the mirrors is controlled by galvanometers. It is 

known that there are three kinds of errors from the galvanometers [2.1]. In addition to the 

above-mentioned possible nonlinearity error, there are hysteresis and thermal drifting 

errors. The hysteresis error is the difference in the scanning angles by applying the same 

input voltages to the scanner controller from the different positions. In other words, if one 

applies zero voltage to the scanner controller from a previous position represented by 

positive 5 volts, one gets a scanning angle. Now if one applies the zero volts to the 

scanner controller again from negative 5 volts, a different scanner angle will be obtained. 

The difference between that two angles is the hysteresis error. For the scanner used in our 

SLDV, the hysteresis error is experimentally found to be about 0.05 degree for both X and 

Y murror at zero voltage. These errors can be eliminated if one always approaches a 

position from the same direction (either positive or negative). The thermal drifting error is 

the differences in scanning angles at the condition that the input voltage is held constant. 

This error is purely caused by the changes of the temperature of the rotary transducer in 

the galvanometer system. This error can be largely reduced if a device is installed to keep 

the temperature of the galvanometer constant. For our SLDV, a number of holes are 

drilled in the case of the laser head to enhance the convection cooling. If the laser head is 

turned on sometime before the measurements, the laser head will warm up and 

approximately approach a thermal balance state. In this way, the temperature of the 

galvanometer inside the laser head will remain approximately constant and thermal drifting 

153



error is virtually eliminated. Practically, the hysterises and thermal drifting errors can be 

considered as repeatability errors. The repeatability of the D/A converter and the scanner 

will be tested in section 7.4. 

When trying to aiming the laser beam at a known point, there are two possible errors. The 

first one is from the limited resolution of the D/A converter. Thus, it is possible for the 

laser beam to miss a registration point. The second error is from the fact that the laser 

beam has finite size. When locating the laser beam spot, one may only be able to "guess" 

the location of the center of the laser beam spot. However, these two errors can be 

considered as the measurement errors in the structural coordinates. Hence, it is not 

necessary to consider them separately. 

7.2.4 Residuals in the inverse model 

The inverse model implies that the structural coordinates are error-free and all errors are 

associated with the scanning coordinates. However, the residuals in the inverse model 

consists of the following three kind errors: (i) the errors converted from the measurement 

errors in the input voltages, (ii) the possible modeling errors, for example, if the 

misalignment does exist in installation of the components of the scanner, and (iii) the 

errors converted from the measurement errors in the structural coordinates. The residuals 

are assumed to be identically and independently distributed normal random variable with 

zero mean and finite variances. These residuals will be analyzed in section 7.5. 
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7.2.5 Strategies for assessing the inverse model 

On the basis of the discussions about the various errors, the assessment of the inverse 

model will focus on following issues: (i) verifying the linear voltage-angle relation, (ii) 

checking the repeatability of the D/A converter and the scanner, (iii) analyzing the 

residuals in the inverse model, (iv) checking the predictive ability, and (v) studying the 

effects of the number of registration points and the effects of the separation angles. 

Actually, analyzing the residuals includes the verification of the linear voltage-angle 

relation and the scanner model since any modeling errors will have their effects on the 

residuals. 

7.3 The linear voltage-angle relation and its verification 

7.3.1 Linear voltage-angle relation 

The linear voltage-angle relation is defined as the linear relationship between the input 

voltages and the scanning angles (Eq. (2.6-2.7)) 

Py = ay +byV, 
. (7.2) 

Py = Ay + byVy 

In an ideal situation, the offsets (ay, a,) should be zero since it is assumed that at zero 

input voltages, scanning angles are zero. Those two nonzero parameters may be 

considered as a compensation for those misalignment errors in the installation of the 

mirrors and galvanometers. 

155



7.3.2, Calibration and verification of the linear voltage-angle relation 

From the manufacturer [1.2] of our SLDV, the parameters in Eq. (7.2) are 

dy =ay =0 

be = =25 (7.3) 

In the development of an automatic mobility measurement system [1.16-1.17], it was 

found that the values of the four parameters in Eq. (7.3) would cause significant errors in 

the determination of the pose of the SLDV. Experiments were completed to calibrate 

those four parameters. The data obtained in that calibration are used here to verify the 

validity of the linear voltage-angle relation. 

The details about the experiments and calibration were given in [1.16]. Based on the fact 

that the rotation of the two mirrors are controlled by two separately installed 

galvanometers, the two equations in Eq. (7.2) are calibrated separately. Figure 7.1 shows 

the principle. X mirror may be taken as an example. When a voltage V, is applied to the 

scanner controller (V,=0), the X mirror will deflect the laser beam from home O to a point 

P. By measuring the distance H and J, , the scanning angle is 

L 
,=tan™| + |. 7.4 ®; =tan (-.) (7.4) 

  

  

      SLDV 
C Laser Head 

  

    
  

Figure 7.1 The principle for calibrating one scanning mirror at a time. 
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By applying a set of voltages covering the full range from negative 5 volts to positive 5 

volts, a set of scanning angles can be obtained. From the calculated scanning angles and 

the applied voltages, the parameters in Eq. (7.2) for the X mirror can be obtained through 

the use of the least squares technique. The parameters for Y mirror can be obtained in the 

same way. The only difference is that one needs to apply different voltage V, and hold V, 

to zero. This method is called one-dimensional calibration method since the laser beam is 

moved along only one direction and one mirror is calibrated at a time. Note that the 

moving laser center will not cause any problem for one-dimensional calibration. For the 

calibration of the Y mirror, the center (C in Fig. 7.1) is at the origin of the laser coordinate 

system, O,. For the calibration of the X mirror, the center is at the imaginary point, O’. 

Therefore, the value of H for calibrating X mirror is not the same as that for calibrating the 

Y mirror. 

The accuracy of the calculated angle depends on the measurement errors in H and /,. 

From the Eq. (7.4), the error in the scanning angle can be estimated as 

  

1 I; a, , 9, 
=— 6H +— i = (H6i, — 1,6H) (7.5) 

where 6H and & are the measurement errors. The worst case is that two errors, 
t 

Oi, and 6H , have opposite sign. 

Table 7.1 shows a set of data obtained for calibrating the X mirror. The maximum 

measurement error in /, was 1/32 inches (0.7838 mm). The error in measuring H was no 

worse than 0.25 inches (6.35 mm). For that set of data, H was measured as 398.6732 
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inches (10126.2993 mm). Using Eq. (7.5), the maximum measurement error in the 

scanning angles is 

  59, 
_ 398.6732 x 0.03125 + 85.3750 0.25 

398.6732? + 85.3750" 
=0.0117 (degrees) 

For most of the scanning angles, the error will be less than this value. 

Table 7.1 A set of calibration data for X mirror (H=398.6732 inches) 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

        

Points | vy , (volts) i, G@nches) | @, (degrees) 

1 -4.9726 -85.3750 -12.0872 

2 -4.4761 -76.7500 -10.8969 

3 -3.9787 -68.0625 -9.6883 

4 -3.4813 -59.3750 -8.4709 

5 -2.9836 -50.7500 -7.2546 

6 -2.4860 -42.1250 -6.0317 

7 -1.9886 -33.6875 -4.8300 

8 -1.4908 -25.2500 -3.6240 

9 -0.9922 - 16.6250 -2.3879 

10 -0.4957 -8.3750 -1.2034 

11 0.0000 0.0000 0.0000 
12 0.4981 8.3125 1.1945 

13 0.9954 16.6875 2.3969 

14 1.4956 25.1875 3.6150 

15 1.9936 33.5625 4.8121 

16 2.4917 42.0625 6.0228 

17 2.9895 50.5625 7.2281 

18 3.4875 59.1875 8.4445 

19 3.9851 67.8750 9.6621 
20 4.4827 76.5625 10.8709 

21 4.9801 85.3125 12.0786   
  
  
Note: 1 inch =25.4 mm 

(7.6) 

Figure 7.2 shows the relationship between the input voltages and the scanning angles for 

the X mirror. Three different models between the input voltages and the scanning angles 
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have been fitted by the least squares technique for the data in Table 7.1. Table 7.2 shows 

the results. For simplicity, the subscript X is not shown in the first column of Table 7.2e. 

The estimated standard deviations of the residuals shown in the last column of Table 7.2 

are calculated by 

s= (7.7) 

  

where M is the number of the parameters. 
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Figure 7.2 The scanning angles versus input voltages for X mirror (data in Table 7.1) 

From above table, it can be seen that after including the offset a, in the model, the 

estimated standard deviation is reduced from 0.0188 degrees to 0.0132 degrees, which is 

about 30 percent reduction. However, after including the quadratic term in the model, the 

standard deviation is reduced by only 4.5 percent. This shows that the relationship 

between the input voltages and the scanning angles can be linearly approximated. 
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Statistically, one can verify if the coefficient of the quadratic term is equal to zero or not. 

The two alternatives for this hypothesis test are 

H,: cy =0 
H: Cy #0 } (7.8) 

From Eq. (5.45) 

_|é, -0l _[-5.8302x104| _ _ (r+| = Is@)] “| 3.3936%107 | 1.7180 < 2(18; 0.025)=2.1009 (7.9) 

The null assumption is accepted for a significant level & =0.05. Thus, the linear voltage- 

angle relation is acceptable for the X mirror. 

Table 7.2 The results of three fitted models for X mirror 

  

  

  

  

        

Different Estimated parameters Ss 

Model 4, by & (degrees) 
@; =bV; + €; 2.4272 0.0188 

Q, =at+bV; +€, -0.0133 2.4272 0.0132 

Q, =a+bV,+cV, +& | -0.0080 2.4273 -0.0006 0.0126       
  

Table 7.3 shows a set of data obtained for calibrating the Y mirror. The measurement 

accuracy was the same as that for the X mirror. Due to the spatial limitation in the Y 

direction, the input voltages covered only from —3 volts to 3 volts. 
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Table 7.3. A set of calibration data for Y mirror (H=396.8622 inches) 

  

  

  

  

  

  

  

  

  

  

  

  

  

            

Points | V,, (volts) |, (inches) | o,, (degrees) 

1 2.9893 52.8750 7.5890 
2 2.4910 44.0000 6.3265 
3 1.9931 35.1250 5.0579 
4 1.4951 26.3125 3.7932 
5 0.9950 17.3125 2.4979 
6 0.4978 8.6875 1.2540 
7 0.0000 0.0000 0.0000 
8 -0.4971 -8.6875 -1.2540 
9 -0.9945 -17.4375 -2.5159 
10 -1.4917 -26.1875 -3.7153 
11 -1,9896 -35.0000 -5.0400 
12 -2.4873 -43.8125 -6.2998 
13 -2.9851 -52.7500 -7.5712 
  

Note: 1 inch =25.4 mm 

Figure 7.3 shows the relationship between the input voltages and the scanning angles for 

the Y mirror. Again, three different models between the input voltages and the scanning 

angles have been fitted by the least squares technique for the data in Table 7.3. Table 7.4 

shows the results. For simplicity, the subscript Y is not shown in the first column of the 

table. The estimated standard deviations of the residuals shown in the last column of the 

table are calculated by Eq. (7.7) with 13 data points. 
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Figure 7.3 The scanning angles versus input voltages for Y mirror (data in Table 7.3) 

Table 7.4 The results of three fitted models for Y mirror 

  

  

  

  

          

Different Estimated parameters s 

Model a by é, (degrees) 

Q, = BV; +; 2.5355 0.0096 

0; =atbV, +, 0.0017 2.5355 0.0099 

9, =atbV,+cV, +e, | —_-0.0021 2.5355 0.0011 0.0097     
  

From above table, it can be seen that the relationship between the input voltages and the 

scanning angles can be linearly approximated. Statistically, one can verify if the coefficient 

of the quadratic term is equal to zero or not. Similar to the test for the X mirror, one has 

  = 1.2360 < ¢(10; 0.025)=2.2281 (7.10)   

Wl é,-0| _ |10.7731x107| 
| s(@,)| | 8.7163x107 | 
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The null assumption is accepted for a significant level @ =0.05. Thus, the linear voltage- 

angle relation is acceptable for the Y mirror. 

Using the results of the calibrations for the X and Y mirrors, the equal variance assumption 

about the errors in the scanning angles can be tested. The two alternatives for this test 

were shown in Eq. (6.18). The estimated variances of the residuals in the scanning angles 

from the results of fitting the data by linear relation (including the offset term a, and a,) 

are the following. 

so. = 1.747810" 
s? =9.7947x1075 (degrees’) (7-11) 2 =9, 

From above equation, the statistic F* can be calculated as 

2 
Ss 

F* = =1,7844, (7.12) 
Soy 

  

From the F distribution table, one can find that 

F(19,11; 0.025) = 0.3617 7.13) 

F(19,11; 0.975) = 3.2428 

From Eqs. (7.12-7.13), it is clear that 

F(19,11; 0.025) < F* < F(19,11; 0.975) (7.14) 

Thus, the variance of the errors in the X scanning angle is statistically equal to the variance 

of the errors in the Y scanning angles. 

In this section, it has been shown that the linear voltage-angle relation is correct for the 

scanner. It has also shown that the equal variance assumption for the errors in the 

scanning angles is acceptable. The currently-used scanner parameters for transforming 
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between scanning angle and voltages were shown in Eq. (6.10). They are from the latest 

calibration by using the one-dimensional calibration method. 

The verification of the linear voltage-angle relation is completed separately, i.e., one 

mirror at a time. To verify it simultaneously, one needs to analyze the residuals in the 

inverse model. This will be done later in this chapter in section 7.5. 

7.4 The repeatability tests of the D/A converter and scanner 

Since the input voltages to the scanner controller is the output of a D/A converter, the 

repeatability tests need to check two things: (i) if the output voltages from the D/A 

converter are repeatable, and (ii) if the spatial locations of the laser beam are repeatable. 

The second thing is to test the repeatability of the scanner. The hysteresis error and 

thermal drifting errors are example of repeatability errors. To have less error, it is required 

that both of the D/A converter and the scanner have high repeatability. 

Two repeatability tests have been completed and are described below. 

7.4.1 The first repeatability test and its results 

Figure 7.4 shows the experimental setup for the first repeatability test. The Macintosh IIfx 

is the host computer. The desired D/A voltages are sent to the D/A board whose outputs 

are connected to the analog beam deflection inputs (X and Y terminals) of the VPI sensor 

(scanner controller). Channel 0 of the D/A board is connected to the Y terminal which 

controls the Y mirror. Channel 1 is connected to the X terminal which controls the X 
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mirror. The voltages are measured between the D/A board and the VPI sensor. These 

voltages are the input voltages to the scanner controller. The VPI sensor is the power 

supply to the SLDV laser head. When referring to control of the scanner, the VPI sensor 

will be called the scanner controller. This is the unit through which one can control the 

rotation of the mirrors to deflect the laser beam to a desired spatial location. The spatial 

points are on the graph paper which are smoothly attached to a plywood board. The 

dimension of the graph paper is 30" by 30" (762 by 762 mm2) with 20 scales per inch. The 

graph paper is labeled from left to right and top to bottom, which give a structural 

coordinate system as shown in Figure 7.4. 

SLDV 

Laser Head 

Y,    
Z;, 

   
  

  

      

  

        

Graph paper 

X, 

Plywood board Cables 

VPI Sensor 

(scanner controller) 

To X Terminal To Y Terminal 

te TX Voltage measurement points {HP 3478A 

D/A Ch. 0 D/A Ch. 1 Multimeter 

Macintosh Ifx 

Computer       
Figure 7.4 The experimental setup for the first repeatability test 
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Before starting the experiments, the accuracy of the HP multimeter was verified with a 

standard reference. The orientation of the laser head was adjusted to align with the graph 

paper roughly, i.e., the HH line shown in Fig. 2.2 overlapped a horizontal grid line of the 

graph paper and the VV line a vertical grid line. The distance between the laser head and 

the plywood board was adjusted such that at the full voltage range (negative 5 volts to 

positive 5 volts), the laser beam would cover the desired area on the graph paper. Five 

voltages (-4.9902, -2.5, 0 2.5, 4.9902 (volts)) were selected as the desired D/A voltages 

for each of the two channels. They formed 25 combinations. The order to send them to the 

D/A board is shown in the first three columns of Table 7.5. To reduce the thermal drifting 

error, the system was turned on for about 4 hours in advance. 

Following is the experimental procedure. 

I). The laser beam is moved to the upper left corner by sending positive 5 voltage to 

channel 0 and negative 5 voltages to change 1 and is held to stay there for 100 

milliseconds before it is moved to any other points. The purpose of doing this is to 

eliminate the error of the hysterises.. 

II). The first pair of the selected desired D/A voltages are sent to the D/A board. The 

voltages between the D/A board and the VPI sensor are measured and recorded. The 

position of the laser beam spot on the graph paper is measured with the grid of the graph 

paper. The position is rounded to the scale (grid line), which means that the measurement 

resolution is a scale (1/20 inches (1.27 mm)). The measurements are done for x, and y, 

only. Zero is assumed for the z, coordinate. As shown in Fig. 7.4, the origin of the 

structural coordinate system is put right on the graph paper. 
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III). Repeat (1) and (ID) for all the 25 registration points. 

Above three steps complete one test. Since this experiment was designed to check the 

system's repeatability, above three steps were repeated for 15 times. In the experiment, the 

system was turned on at about 12:00 PM. The experiment began at about 4:00PM lasted 

about a period of 8 hours. 

After finishing the experiment, the estimated mean and the estimated standard deviation 

were obtained for each measured datum from the 15 measurements. Table 7.5 shows the 

estimated standard deviation. The first column is the order in which the selected desired 

D/A voltages pairs (shown in column two and three) are sent to the D/A board. Columns 

four and five are the standard deviation for the voltages measured between the D/A board 

and the scanner controller. Columns 6 and 7 are the standard deviation for the structural 

coordinates (X, and Y;.) From the results, one can see that the voltages are very stable 

and repeatable. The standard deviations for them are just about 0.1 millivolts. Thus, the 

repeatability of the D/A converter is excellent. The standard deviations for the measured 

structural coordinates of the laser beam spot on the graph paper vary from point to point. 

Some points are zero while others are not zeros. As observed in the experiment, for those 

points with zero standard deviations, the laser beam spot was right on the grid of the 

graph paper. For those points with nonzero deviations, the laser beam spot was on a place 

between the grid lines. When measuring the location, it was rounded to one of the two 

grid lines adjacent to it. One can see from the table that the maximum deviation in the 

structural coordinates is just about half of the resolution in measuring the structural 
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location of the laser beam are quite repeatable. 

Table 7.5 The first repeatability test and its results 

coordinates. Therefore, the repeatability of the scanner is very good, i.e., the spatial 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

        

Order Desired D/A Estimated standard | Estimated standard 
voltages (volts) deviation (volts) deviation (inches) 

(point ID) V, Vy 5, 5, 5. 5, 

1 4.9902 ; -4.9902 | 0.0001 | 0.0002 | 0.0207 | 0.0207 

2 4.9902 | -2.5000 | 0.0001 | 0.0001 0.0244 | 0.0244 

3 4.9902 | 0.0000 | 0.0001 | 0.0001 0.0254 | 0.0254 

4 4.9902 | 2.5000 | 0.0001 | 0.0001 0.0000 | 0.0000 

5 4.9902 | 4.9902 | 0.0001 | 0.0001 0.0000 | 0.0000 

6 2.5000 | -4.9902 | 0.0001 | 0.0001 0.0000 | 0.0000 

7 2.5000 | -2.5000 | 0.0001 | 0.0001 0.0244 | 0.0244 

8 2.5000 | 0.0000 | 0.0001 | 0.0001 0.0000 | 0.0000 

9 2.5000 | 2.5000 | 0.0001 | 0.0001 0.0000 | 0.0000 

10 2.5000 | 4.9902 | 0.0001 | 0.0001 0.0000 | 0.0000 

11 0.0000 {| -4.9902 | 0.0001 | 0.0001 0.0129 | 0.0129 

12 0.0000 | -2.5000 | 0.0001 | 0.0001 0.0258 | 0.0258 

13 0.0000 | 0.0000 | 0.0001 | 0.0001 0.0000 | 0.0000 

14 0.0000 | 2.5000 | 0.0001 | 0.0001 0.0129 | 0.0129 

15 0.0000 | 4.9902 | 0.0001 | 0.0001 0.0176 | 0.0176 

16 -2.5000 | -4.9902 | 0.0001 | 0.0001 0.0129 | 0.0129 

17 -2.5000 | -2.5000 ; 0.0001 | 0.0001 0.0207 | 0.0207 

18 -2.5000 | 0.0000 | 0.0001 | 0.0001 0.0000 | 0.0000 

19 -2.5000 | 2.5000 | 90.0001 | 0.0001 0.0254 | 0.0254 

20 -2.5000 | 4.9902 | 0.0001 | 0.0001 0.0000 | 0.0000 

21 -4,9902 | -4.9902 | 0.0001 {| 0.0001 0.0244 | 0.0244 

22 -4,9902 | -2.5000 | 0.0001 | 0.0001 0.0176 | 0.0176 

23 -4,9902 | 0.0000 | 0.0001 | 0.0001 0.0000 | 0.0000 

24 -4,9902 | 2.5000 | 0.0001 | 0.0001 0.0000 | 0.0000 

25 -4.9902 | 4.9902 | 0.0001 | 0.0001 0.0129 | 0.0129           
  

Note: 1 inch =25.4 mm 
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It is noticed that the voltages measured between the D/A converter and the scanner 

controller are not exactly the same as the desired D/A voltages sent to the D/A board. The 

averaged difference is about 6 millivolts for the repeatability test. However, if the D/A 

converter is disconnected from the scanner controller, the output voltages from the D/A 

board is the same as the desired D/A voltages sent to the D/A converter. It is believed that 

the voltage difference is caused by the input impedance of the scanner controller. Based on 

the experiences with the system, this small voltage difference does not cause any problems 

in the accuracy of the determined pose of the SLDV. Therefore, the desired D/A voltages 

can be taken as the input voltages to the scanner controller. 

In the above repeatability test, the distance between the graph paper and the laser head is 

about 54 inches (1372.87 mm). If a scanning angle error is less than 0.0265 degrees, the 

spatial location error of the laser beam on graph paper will be less than half of the 

resolution (1/40 inches (0.635 mm)). Thus, the above repeatability test can not detect a 

repeatability error less than 0.0265 degrees in the scanning angles. To detect a smaller 

repeatability error in the scanning angles, the test can be conducted at a greater range. 

7.4.2 The second repeatability test and its results 

In this test, the laser head was placed 1343" (34112.2 mm) from the graph paper. Figure 

7.5 shows the set up and the relative dimensions. Four 7.5" by 5" (190.5 by 152.4 mm?) 

graph papers are attached to a flat wall. The graph paper has 20 grids per inch. One point 

on each paper was selected as a reference point. The grid lines were aligned with the laser 

by overlapping the laser beam locus on a horizontal grid line. The distances shown in the 

Fig. 7.5 are the distance between the reference points. Point O is the home position of the 
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laser beam on the wall. The perpendicular distance between point O and the floor is about 

56 inches (1422.4 mm). The distance between the wall and the mounting points of the 

laser head is about 1343 inches (34112.2 mm). Four pairs of desired D/A voltages were 

sent to the D/A board which would direct the laser beam roughly to the four reference 

points. The size of the laser beam spot on the graph paper is about two scales (0.1 inches 

  

   
   

    

  

(2.54 mm)) in diameter. 

me 
139.625" s 

a —a—ji— Wall 

°0 Graph paper 

88.3125” SLDV 

Laser Head 

Y, 
Z 

C   X     
Note : 1 inch = 25.4 mm 

Figure 7.5 Experimental setup for the second repeatability test 

The experimental procedure is the same as the first repeatability tests. However, half a 

scale resolution (1/40" (0.635 mm)) was used in measuring the location of the laser beam 

spot on the graph paper for this experiment. When the center of the laser beam spot was 

between two grid lines, its position was measured by putting it in either the center or the 
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two adjacent grid lines, depending on where it was more close to. The experiment began 

after the system was turned on for about two hours. The experiment lasted about two 

hours. Table 7.6 shows the results including the desired D/A voltages and the estimated 

standard deviation of the measured structural coordinates of the laser beam spot on the 

graph paper. From the table, one can see that the repeatability of the scanner is excellent. 

At this range, the maximum standard deviation is only about 0.0281 inches (0.7137 mm). 

Converting this to angle, one will get 

; _ 0.0281 

mee 1343 
  (radians ) =0.0012 (degrees). (7.15) 

Table 7.6 The second repeatability test and its results 

  

  

  

  

  

  

Order Desired D/A voltages Estimated standard deviation 

(pointID)| Vx Vy S,,Gnches) | s, (inches) 
1 -1.0791 0.9814 0.0140 0.0281 

2 1.4404 0.9814 0.0000 0.0154 

3 -1.0791 -0.5518 0.0186 0.0065 

4 1.4404 -0.5518 0.0000 0.0122               
Note: 1 inch =25.4 mm 

The results of the two repeatability tests show that the repeatability of the D/A converter 

and the scanner are excellent. Thus, the results of an experiment lasting a long time can be 

trusted and used in further analysis. 
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7.5 The evaluation of the inverse model 

This section will concentrate on the assessment of the inverse model. The assessment will 

be conducted in four aspects: (i) the analysis of the residuals, (ii) the validation of the 

model by checking the predictive ability, (iii) the study of the effects of the number of 

registration points, and (iv) the study of the effects of the separation angles. 

7.5.1 Analysis of the residuals 

As stated before, the residuals are assumed to be identically and independently distributed 

normal random variables with zero mean and finite variance. Those assumptions are going 

to be checked by the residual analysis. The residuals in scanning angles are calculated by 

Eq. (6.13). 

Eons ~ "ony, =-(6,y, ~ fp) (7.16) 
Cony = eons, = 9px, ~ Bx, 

The normal probability plot of residuals is used to check if the residuals are normally 

distributed [5.5-5.6, 7.1]. If the inverse model is correct and the assumption of normality 

is appropriate, the plot should appear fairly straight. 

For the residuals in different registration points, the assumptions that they are independent 

and have equal variance are acceptable. This is because that each registration point is 

independently measured by the same measurement tool and have the same measurement 

accuracy. For the same registration point, one needs to check if Eon and Ey,, are 

uncorrelated and have equal variance. To check if they are uncorrelated, a linear 

correlation coefficient is calculated by [7.2] 
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5, A _ *onx “ony 
Pe, Lony 5 . (7.17) 

é fonx "ony 

To check if the variance of €, is equal to the variance of €,,,» two quantities are 

defined 

N 1< 4 1 
MSe, = Ween ,and MSe, =,|— ier. (7.18) N = Pay 

If the above two quantities are significantly different, one may suspect the equal variance 

assumption. In fact, the equal variance assumption have been verified twice in section 

6.2.2 and section 7.3.2, respectively. 

The estimated mean and standard deviation of the residuals are calculated by Eqs. (7.19- 

7.20). Note Eq. (7.20) is the same as Eq. (5.58). 

  

  

a i a, =s7) (c, +e.) (7.19) 

s,=|— ¥ (2 +e ) (7.20) 
? 2N—-677* Px Phy . 

Four sets of data have been collected for the analysis of the residuals. For the first three 

data sets, preselected 25 pair voltages are used. For the fourth data set, randomly 

generated (uniform distribution between -5 volts and 5 volts) 25 pairs of voltages are 

used. Figure 7.6 shows those points in scanning angles. Figure 7.6 (a) is for the first three 

data sets and Fig. 7.6 (b) is for the fourth data set. Note that they are not the locations of 

the 25 laser beam spots (registration points) on the graph paper. 
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The experimental setup and procedure for collecting those data are basically the same as 

those for the first repeatability test. One difference is that half a scale was used in 

measuring the position of the laser beam on the graph paper, which gives a resolution of 

1/40 inches (0.635 mm). The distance between the board and the laser head was about 64 

inches (1625.6 mm). The 1/40 inches (0.635 mm) resolution roughly gives a resolution of 

0.0224 degrees in the scanning angles. The first three data sets were collected in one 

experiment but at different relative positions and orientations between the laser head and 

the graph paper. The fourth data set was collected during another experiment. As usual, 

the experiment began after the system was turned on for about two hours. 

    

        
    

For the first three data sets For the fourth data set 
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Figure 7.6 The scanning angles for the 25 registration point 

Table C.1 to C.4 in appendix C shows the four sets of data. In each table, the structural 

coordinates and the corresponding scanning angles shown were used to determine the 

pose of the SLDV. The residuals shown in the last two columns in each table were 
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calculated by Eq. (7.16) after the inverse model is fitted. The fitted scanning angles are 

obtained by using the estimated pose and the measured structural coordinates. 

Table 7.7 shows the linear correlation coefficients (Eq. (7.17)), MSe, , MSe, (Eq. 

(7.18)), estimated mean and standard deviation of the residuals (Eqs. (7.19-7.20)) for all 

the four data sets. 

Table 7.7 The correlation coefficients and other terms for the four data sets 
  

  

  

  

              

Data set p MSe,. MSe,, ii, Sy 
(degrees) | (degrees) | (degrees) (degrees) 

1 0.1344 0.0110 0.0108 4.6667e-5 0.0116 

2 -0.3650 0.0140 0.0118 8.2256e-5 0.0138 

3 0.2764 0.0157 0.0144 8.5080e-5 0.0162 

4 0.2067 0.0096 0.0085 1.5260e-5 0.0097 
    

Figure 7.7 shows the normal probability plots for all the four data sets. From Fig. 7.7, one 

can see that the normal probability plots of the residuals for all the four data sets appear 

straight line. Thus, the residuals are from a normal distribution. The correlation 

coefficients shown in Table 7.7 are small, Ey. and Ey should not be considered to be 

correlated. The estimated means of the residuals for the four cases are very close to zero 

which is the assumption. The MSe, and MSe, shown in Table 7.7 are not exactly the 

same. The difference is small. The equal variance assumption appears be acceptable again. 

The results of the residual analysis have verified the assumption about the residuals in the 

inverse model. This also implies that the inverse model is a correct model. Therefore, the 

linear voltage-angle relation and the scanner model are correct models. 
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Data set one Data set two 
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Figure 7.7 Normal probability plots of the residuals for all the four data sets 

7.5.2 The validation of the inverse model 

7.5.2.1 The procedure of model validation 

In the last section, the inverse model was shown to be a correct model through residual 

analysis. This section will focus on the validation of the inverse model. There are several 

methods to validate a regression model [5.6]. The procedure used in this dissertation is the 

following. 
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I). Determination of the pose (fitting the inverse model) 

The pose of the SLDV can be determined by using the information from current 

registration points. 

II). Collection of new data 

By collecting new data, one obtains the scanning angles and structural coordinates for a 

set of new registration points. For the experimental setup in the residual analysis, the new 

data may be collected in this way. A new set of voltage pairs is selected and sent to the 

D/A converter. The location of laser beam spot on the graph paper is measured for each 

voltage pair. The scanning angles are obtained by converting the selected voltage pairs 

through the use of Eq. (6.10). Thus, the structural coordinates and the corresponding 

scanning angles are obtained for the set of new registration points. 

Il). Verification of the predictive ability of the inverse model 

The fitted scanning angles can be found for the new registration points by using the 

estimated pose and the structural coordinates which are from the newly collected data. 

This fitted scanning angles for the new registration points are called the predicted scanning 

angles. The prediction error is defined as the difference between the predicted scanning 

angles and the measuring scanning angle obtained in step (II). 

lo, , =Pp.x — Pp 
Pee Nor j=1, 2, «9 ND) (7.21) 
Cony — Pry — Pry 

where M1 is the number of new registration points, @, x and Pp y are the measured 

scanning angles, and Pp, x and Pr, y are the predicted scanning angles. By processing the 
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prediction error, the inverse model can be validated. There are two ways to process the 

prediction error. One way is to define a prediction standard deviation [5.6] 

  

Nl 1 
Spe = Ae +e) (7.22) 

jal 

If Sp,, is fairly close to the estimated standard deviation, s,, of the residuals for the fitted 

inverse model, then the estimated standard deviation will give an appropriate indication of 

the predictive ability of the model. 

The second way to process the prediction error is to use the confidence intervals. Using 

the fitted inverse model (estimated pose) and the structural coordinates of the new 

registration points, a confidence interval can be constructed for the expected scanning 

angles or for the prediction of the scanning angles. The calculation formulas for finding the 

intervals were derived in chapter 5 by linear approximation. If the prediction errors are 

within the interval, then the predictive ability of the model is good. 

In practice, it is not necessary to collect new data. The data splitting technique can be 

used. A relatively large data set can be collected at one time. Part of the data set can be 

used to fit the model. The rest of the date set can be taken as newly collected data and 

used to check the inverse model and its predictive ability. 

7.5.2.2 Model validation by data set one 

Data set one, collected for the residual analysis, is used here to validate the inverse model. 

For that data set, 25 registration points are available. Using the data splitting technique, 

the 25 registration points are separated into two groups. The first group have nine 
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registration points. They are used to fit the inverse model. The scanning angles for the 9 

points are shown in Fig. 7.6 (a) with the "o" enclosing the "+". They are almost uniformly 

located. The reason for this is that extrapolation should be avoided in predicting a 

scanning angle. That is also the way for selecting registration points in experimental data 

acquisition. The point ID for the 9 points are 1, 3, 5, 11, 13, 15, 21, 23, and 25 as shown 

in Table C.1. The other 16 points in Table C.1 are taken as the newly collected data and 

used to check the inverse model and its predictive ability. 

The selected 9 registration points are used to determine the pose. The estimated standard 

deviation of the residuals for this fitting is calculated by Eq. (7.20). 

5,=0.0144 (degrees) (7.23) 

The maximum relative curvatures are 

nZ= =0.0561, and 1 =0.0185. (7.24) 

Both of them are less than the CC. 

CC=1/ (2 F (6,12; 0.05)) =0.2889 (7.25) 

Thus, the statistical inferences by linear approximation are acceptable. 

The residuals for the 9 registration points, the prediction errors for the 16 "new" 

registration points were calculated by using the obtained pose and the structural 

coordinates. The confidence intervals and prediction intervals for the 9 registration points 

and for the 16 "new" registration points were calculated by using Eq. (5.66) and (5.69). 

All those results are shown in Table C.5 and Table C.6. Table C.5 is for the 9 registration 

points. Column 1 is the point ID. Column 2 to column 4 are for the X scanning angles. 

Column 2 is the residual €, . Column 3 is half of the length of confidence interval for the 

expected X scanning angles. Column 4 is half of the length of the prediction interval of the 
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prediction of the X scanning angles. Column 5 to column 7 are for the Y scanning angles. 

They have the same explanation as those for column 2 to column 4. Table C.6 is for the 16 

"new" registration points. They have the same explanations as those for Table C.5 except 

that column 2 and 5 are the prediction error e, and e, , respectively. 

Using Eq. (7.22) and the data in Table C.6, the prediction standard deviation is found as 

S p,-= 0.0114 (degrees). (7.26) 

Figure 7.8 shows the residuals, the confidence intervals, and the prediction intervals for 

the 9 registration points. The fitted scanning angles are not shown. The order in horizontal 

direction is the order in Table C.5. This order does not have any special meaning. The two 

broken lines close to the center are the confidence intervals for the expected scanning 

angles. The two solid lines in the top and the bottom are the prediction intervals for the 

prediction of the scanning angles. The purpose of connecting those intervals with a line is 

purely for visualization since the order in horizontal direction does not show any meaning. 

The ‘o's in the plots are the residuals. 
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Figure 7.8 The residuals and confidence intervals for the 9 registration points 
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Figure 7.9 shows the prediction errors, the confidence intervals, and the prediction 

intervals for all the sixteen "new" registration points. The ‘o's in the plots are the 

prediction errors. The others in the plots have the same meanings as those for Fig. 7.8. 
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Figure 7.9 The residuals and confidence intervals for the 16 "new" registration points 

Comparing Eq. (7.23) with Eq. (7.26), one finds that the s,, is close to the estimated 

standard deviation s,. From Fig. 7.8 and Fig. 7.9, one can see that although some 

residuals and prediction errors are out of the confidence intervals of the expected scanning 

angles, they are within the prediction intervals. Those results show that the fitted inverse 

model is a valid model. The predictive ability of the fitted model is good and can be 

trusted. Therefore, the inverse model is an acceptable model 

75.3 Effects of number of registration points 

In chapter 2, it was pointed out that at least four noncollinear registration points are 

required for a unique solution of the pose of the SLDV. The asymptotic normality in 
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chapter 5 shows that the more the number of registration points, the better. However, only 

limited number of registration points can be taken in the real data case. Therefore, one 

would like to know the minimum acceptable number of registration points in a statistical 

sense. 

To answer this question, two things needs considering. One is the standard deviation. It is 

known that as the number of registration points increases, the estimated standard deviation 

of the residuals will be reduced. In the limit, it will be the true standard deviation of the 

residuals. In practice, after a certain number of registration points, using more points will 

not significantly reduce the estimated standard deviation any more. The other is the 

nonlinearity of inverse model. As the number of registration points increases, the 

maximum relative parameter-effects curvature and the intrinsic curvature will be reduced 

and the curvature criterion (CC) will increase. Even if the nonlinearity is high for a few 

registration points, it may be reduced to an acceptable level with more registration points. 

On the basis of these discussions, the minimum acceptable number of the registration 

points would be a number Na at which the maximum relative curvature is less than the CC 

and the estimated standard deviation is close to the true standard deviation (no significant 

reduction can be seen in the estimated standard deviation by using more registration points 

than Na). 

The data collected for residual analyses has been used to study the effects of the number 

of registration points. For each data set, the estimated standard deviation, the MSe, , the 

MSé, , the maximum relative parameter-effects curvature, the maximum relative intrinsic 

curvature, and the CC are calculated as a function of the number of registration points. 

For the first three data sets, the order of the registration points was rearranged such that 
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the first four points are the four registration points in the four corners as shown in Fig. 7.6 

(a), and the order of the other points was random. For the fourth data set, its order was 

already random since the registration points were randomly generated. The first four 

registration points are shown in Fig. 7.6 (b) with the "o" enclosing the "+". For each data 

set, 22 test cases (for N=4, ..., 25) were available. When k (k=4, ..., 25) registration points 

were used for a test case, the first k registration points were picked up. 

Figures 7.10 and 7.11 show the results of all test cases. In figure 7.10, the estimated 

standard deviation, MSe, , and MSe, are shown to change with the number of 

registration points. As the number of registration point increases, the estimated standard 

deviation decreases. From the plots, the estimated standard deviations stabilize roughly at 

9 or 10 registration points for the four cases. One can see from the picture that the MSe,_ 

and MSe, are not the same. For some cases, the MSe, is larger than the MSe, . For 

other cases, the MSE, is smaller than the MSe, . The difference between them is small. 

One can also see that the estimated standard deviations with all 25 points being used are 

not the same. This will be further studied by more experiments in chapter 8. 

183



  

  

  

  

        
    

    

           
    

Data set one Data set two 

= 0.03) ge peenebee we) ee Qf tenses S 0 , e 0.03 

S | : S ce 0.025} crt ttt een ce 0.025} +e eee eee 

S : S 
8 0.02 = 0.02 
® @® . 
Oo oS : 

wo 0.015;-- 0.015} 
c P=] : 

2 2 ott g 0.01/--* g 0.017: 

wo ” ; ; 

5 10 15 20 25 5 10 15 20 25 
No. of registration points No. of registration points 

Data set three Data set four 

~~ 0.03 ms he. 2 ~~ 0.03 - eee eens : eee eee LL ween eee : wee cece ced 

o S : : : 
ZS So = : 
c 0.025 « 0.025 Tite tere es Meese erase tne e rater eee ees 

2 : gs ; ; 
© 0.02}. 2 0.02f-- seeesseeedeecseseetessesereda 
® . Ain : ® : : : : : 
C ae ; CG : : : : : DO0ISf ee ie WO.O1Sf ret tttg 

c : : oO : : : : : 

= 0.01 & 0.01;-§ oh & . . & . . 

” : : : : oo a : : : ‘ 

5 10 15 20 25 5 10 15 20 25 
No. of registration points No. of registration points 

".": Estimated standard deviation, "--": MSe, . Meee MSé,, 

Figure 7.10 Standard deviations versus the number of registration points 

Figure 7.11 shows that as the number of registration points increases, (i) the maximum 

relative curvatures decreases and (ii) the CC increases. For the first three data sets, the 

maximum relative parameter-effects curvatures are less the CC even for four registration 

points. For the fourth data set, when N=7, the maximum relative parameter-effects 

curvature becomes less than the CC. One can also see that the maximum intrinsic 

curvature is always less than the maximum relative parameter-effects curvature. This is 

true for almost every nonlinear regression problem [5.4-5.5, 5.10] 
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Figure 7.11 Maximum relative curvatures versus the number of registration points 

From the results of the four data sets, one can see that nine can be a minimum acceptable 

number of registration points. Since the curvatures are less than the CC at that number and 

the estimated standard deviation will not be significantly reduced after that number. 
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7.5.4 Effects of the separation angles 

It can be seen from the Figs. 7.10 and 7.11 that when N=4, the relative maximum 

parameter-effects curvature for the first three data sets is much smaller than that for the 

fourth data set. Figures 7.10 and 7.11 also show that when N=4, the estimated standard 

deviation for the first three data sets is larger than that for the fourth data set. From Fig. 

7.6, one can see that for the first three data sets, the points on the corner were the first 

four registration points. Their separation angles are larger than those of the four 

registration points in the fourth data set. The separation angle is defined as the view angle 

between two registration points as viewed from the laser head. What has been observed 

from the plots indicates that larger separation angles have smaller curvatures but larger 

estimated standard deviations. Large separation angles refers to that the separation angle 

between any two registration points out of the four is relatively large. If more than four 

registration points are used, the four registration points forming the largest quadrilateral 

will be considered. 

To verify the observations and study the effects of the separation angles, two simulation 

tests were completed. The first one was designed to check if the estimated standard 

deviation depends on the separation angles. The second one was designed to check if the 

maximum relative curvature depends on the separation angles. 

7.5.4.1 Estimated standard deviation and separation angles 

For this test, two cases were considered. Each case had four registration points. One case 

had small separation angles (10 degrees along horizontal and vertical directions) while the 
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other large (25 degrees along horizontal and vertical directions). By assuming a range for 

all the registration points and the pose of the structural coordinate system, the simulated 

structural coordinates can be obtained for all registration points. The following is the 

assumed values. 

L, = 60 inches (1549.4 mm) (for all eight registration points in two cases) 

Y, =10 inches (254 mm), 7, =10 inches (254 mm), y, = 100 inches (2540 mm)(7.27) 

Y,=,Y5;=2/3,Y,=H/10 

Table 7.8 shows the scanning angles for the two cases. 

Table 7.8 The scanning angles for the two test cases 

Point Case one (de Case two 

ID 

-12.5 

12.5 
-12.5 
12.5 

  

Random normal errors N(0, 0.010(degrees)) were added to the scanning angles for both 

cases. Thus, the two cases have the same measurement errors. Using these error- 

contaminated scanning angles and the simulated structural coordinates, the pose of the 

structural coordinates system and standard deviation of the residuals in scanning angles 

were estimated for each case. After repeating 100 times, 100 estimated standard 

deviations were obtained. The estimated standard deviations for the two Cases are 

statistically the same. The average of the estimated standard deviation is about 0.0081 

(degrees) for case one (the small separation angle case) while the average of the estimated 

standard deviations is about 0.0082 (degrees) for case two (the large separation angle 
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case). From this result, one can say that the accuracy of the developed algorithm is not 

dependent on the separation angles. 

7.5.4.2 Relative curvatures and separation angles 

For this test, four registration points were used. Two situations were considered. One is 

for small scanning angles. The other is for larger scanning angles. The following is the 

details of this test. 

The assumed range (same for the four registration points and for all test cases) is 

L, =60 inches (1524 mm). (7.28) 

Three different poses are used in this simulation test. Equations (7.29), (7.30), and (7.31) 

are for poses one, two and three, respectively. 

y, =10 inches (254 mm), y, =10 inches(254 mm), y, =100 inches (2540 mm) (7.29) 

¥,=114, ¥,=2/10, y¥,= 2/3 

¥, =10 inches(254 mm), 7, =10 inches(254 mm), y, = 100 inches(2540 mm) (730) 

¥,2=41/4, y,=0, y,=2 /3 

Y, =10 inches(254 mm), 7, =10 inches(254 mm), y, = 80 inches(2032 mm) (7.31) 

¥,="/4, y,=2/10, ¥,=2/3 

The estimated standard deviation of the residuals is assumed to be 

$,,=1x10~ (radians). (7.32) 

Those assumed values (Eq. 7.28-32) are used in the two situations. 
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Table 7.9 shows the pattern of the scanning angles for four registration points, i.e., the 

four points are symmetrical in the sense of the scanning angles. The @, in Table 7.9 is 

defined as the scanning angle for the symmetrical point. The @, was equal to zero degrees 

for the small scanning angle situation and 60 degrees for the large scanning angle situation. 

The @,, in Table 7.9 is defined as the scanning angle offset. There were five test cases for 

each of the three poses and each of the two situations. The scanning angle offsets for the 

five cases were 2.5, 5, 7,5, 10 and 12.5 degrees. Note that the larger the scanning angle 

offset, the larger the separation angles. 

Tabie 7.9 Scanning angle pattern for four points in simulation test 

  

  

  

            

Point ID 1 2 3 4 

X scanning angles Pp ~ Pas Po +P, Do - Pos Py t+O,. 

Y scanning angles Po + P,, Py +P Po - Pas Po - Pros 
  

The simulated structural coordinates were calculated for each test case by using the 

assumed ranges, scanning angles, and poses. The maximum relative parameter-effects 

curvature and the intrinsic curvature were calculated for the thirty test cases by using 

assumed pose and the simulated structural coordinates. Table 7.10 shows the results for 

small scanning angle situation. Table 7.11 shows the results for the lager scanning angle 

situations. 
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Table 7.10 The maximum relative curvatures for the small scanning angle situation 

  

  

  

  

  

  

                    

Case Py, Py Pose one Pose two Pose three 

mone | Geowe) | pe | pe | oe | oe | ox | pm 
1 2.5 8.9020 1.0964 8.4912 1.0964 | 8.3258 1.0964 

2 5.0 0.6409 | 0.1390 0.5976 | 0.1390 | 0.5570 } 0.1390 

3 7.5 0.1517 | 0.0421 0.1376 | 0.0421 0.1213 0.0421 

4 10.0 0.0576 | 0.0183 0.0514 | 0.0183 0.0433 0.0183 

5 12.5 0.0280 | 0.0098 0.0250 0.0098 0.0205 0.0098 
  

Table 7.11 The maximum relative curvatures for the large scanning angle situation 

  

  

  

  

  

  

                  

Case ?,, Pose one Pose two Pose three 

number | (degrees) |p PE | p™ | p@ | p™ | p@ | pm 
1 2.5 619.62 | 4.5321 539.96 | 4.5321 | 490.28 | 4.5321 

2 5.0 39.742 | 0.5509 34.566 | 0.5509 | 31.505 | 0.5509 

3 7.5 8.2032 | 0.1556 } 7.1134 | 0.1556 | 6.5217 | 0.1556 

4 10.0 2.7663 | 0.0611 2.3893 | 0.0611 | 2.2071 0.0611 

5 12.5 1.2355 | 0.0284 1.0622 {| 0.0284 | 0.9896 | 0.0284 
  

  
It can be seen from Tables 7.10 and 7.11 that the maximum relative curvatures decrease 

with the increase of the separation angles for all the three poses. This agrees with the 

results shown in Fig. 7.11 The results also shows that the maximum relative intrinsic 

curvatures do not vary with different poses, which is expected. The curvatures for the 

large scanning angle situation is much larger than those for the small scanning angle 

situation. Note that the four registration points for the large scanning angle situation were 

in the same quadrant (quadrant I as specified in Fig. 2.2). 

Compared to the smaller separation angles, the larger separation angles have smaller 

curvatures and same accuracy (same estimated standard deviation) as the small separation 
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angles. Therefore, larger separation angles should be used if it is possible in the data 

acquisition. Also, the registration points should be distributed in the four quadrants, which 

can be achieved by approximately putting the laser beam home position at the center of the 

area to be scanned. 

7.6 Summary 

This chapter has focused on the assessment of the inverse model. In section 7.1, the 

inverse model and its assumptions are reviewed. In section 7.2, the error sources involved 

in determination of the SLDV pose have been discussed. There are two kinds of errors: 

measurement errors and modeling errors. In the 7.3, the linear voltage-angle relation for 

the scanner has been shown acceptable. In section 7.4, it has been found by two 

experiments that the repeatability of the currently-used D/A converter and the scanner is 

excellent. The standard deviation for the D/A converter is about 0.1 millivolts. The 

repeatability error (standard deviation) of the scanner is about 0.0012 degrees in the 

scanning angles. In section 7.5, the inverse model has been assessed in four aspects. 

Through analyzing the residuals in the scanning angles, it is found that the residuals agree 

with their assumptions. Thus, the inverse model is a correct model, which implies that the 

linear voltage-angle relation and the scanner model are valid. By using a data split 

technique, the fitted model is confirmed to have good predictive ability. By studying the 

effects of the number of registration points, it is found that nine would be a minimum 

acceptable number of registration points after the estimated standard deviations and the 

curvatures have taken into account. By studying the effects of separation angles through 

the use of simulated data, it is found that the accuracy for larger separation angle is the 

same as that for small separation angle if the measurement errors are the same. It is also 
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found that if the separation angles are larger, the maximum relative parameter-effects and 

the maximum relative intrinsic curvatures will be smaller. The simulation results also show 

that the curvatures for the situation that four points are in four quadrants (small scanning 

angle situation) are smaller than those for the situation that the four points are m the same 

quadrant (large scanning angle situation) even though the separation angles are the same 

for both situations. 
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CHAPTER EIGHT 

CALIBRATION OF THE SCANNER AND THE ACCURACY 
EVALUATION OF THE DEVELOPED ALGORITHM 

In this chapter, a new algorithm based on the inverse model will be developed for 

calibrating the scanner. The algorithm's implementation and application in calibration will 

be presented. Several experiments will be conducted to evaluate the accuracy of the 

developed (chapter 4 and 5) and implemented (chapter 6) algorithm in determining the 

SLDV pose. The results of the experiments will be given. The results obtained by using 

the newly calibrated scanner parameters will be compared with the results obtained by 

using the current scanner parameters. 

8.1 Calibration of the scanner by a nonlinear regression 

In the last chapter, the linear voltage-angle relations for the two mirrors have been 

verified. The currently used parameters a,,a,,b,,b, are obtained by the one- 

dimensional calibration method. As shown in Fig. 7.1, the distance between the laser head 

and the OP line needs to be measured. The orientation of the laser head relative to the OP 

line also needs adjusting. Both operations introduce measurement errors. It is desirable to 

calibrate the scanner without involving those operations, i.e., to calibrate the scanner by 

just using the input voltages and the structural coordinates. These variables can be directly 

measured. 
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This section will develop a new algorithm based on the inverse model for calibrating the 

scanner by just using the input voltages and the structural coordinates. The developed 

algorithm is able to calibrate the five scanner parameters simultaneously. 

8.1.1 Development of the new algorithm for calibration 

The nonlinear regressive model expresses the input voltages as functions of the structural 

coordinates. Figure 2.6 has shown this procedure. Equation (2.7) can also be written as 

Vy = Ay + By Qy 
. (8.1) 

Vy = Ay + By Qy 

Comparing Eq. (8.1) with Eq. (2.7), one has 

. (8.2) 
Ay =—ay /b,, By, =1/b, 

From Eq. (5.4), Eq. (2.9), and Eq. (8.1), the following equation is obtained 

. x 
V,. =Av +Be| —tan7| ———?. 

me { +. +2? -al| Pi tZpy (8.3) 

Vpy = Ay + By wn ( 224 
ZPL 

where the laser coordinates (Xp, , Yp,» Zp,) are calculated by Eq. (5.3), ie., 

Xp Xp 

yp} =ATH AR] yp (8.4) 
Zp), Zp), 
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Equations (8.3-8.4) show that the input voltages (V, , , Vpy) are expressed as functions of 

the structural coordinates (Xp,,Yp5,Zp,). Considering the measurement errors, the 

following equation can be obtained for registration point P 

  

-1 Xp 
Vey = Ay + By| -tan |) ————————- [+ & 

Wyn +z, ,+dl ne 
‘ ; (8.5) 

Vpy = Ay + By tan” ae 
Zp , 

Equations (8.4-8.5) form a regressive model. The structural coordinates in Eq. (8.4) are 

the regressor variables. The input voltages in Eq. (8.5) are the response variables. The last 

two terms in Eq. (8.5) are the residuals which account for the measurements errors. They 

are assumed to be identically and independently distributed normal random variable with 

zero mean and finite variance. The parameters in this model include the six pose 

parameters and the five scanner parameters. The input voltages are linear functions of 

Ay, and A,, but they are nonlinear functions of the six pose parameters and other scanner 

parameters. Therefore, the developed regressive model is a nonlinear model. 

The eleven parameters in this nonlinear model can be obtained by using the least squares 

technique. Expressing the rotation matrix by the three Euler angles, the following 

optimization model can be formed after applying the least squares method to Eq. (8.5). 

Find ‘{T}, a, B, 7, Ay, By, Ay, By, di that 

minimize Q= (ec? +62, ) (8.6) 
i=] 
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When the minimum of the function Q in the above equation is achieved, the parameters are 

obtained. 

8.1.2 Implementation of the new algorithm and sensitivity analysis 

The developed algorithm for calibrating the scanner parameters has been implemented in 

Matlab. Using the current scanning parameters, the pose of the structural coordinate 

system can be found by using the techniques developed in chapter 4 and chapter 5. The 

obtained pose parameters and the current scanner parameters are excellent initial values 

for the optimization algorithm to find the minimum of the function Q defined in Eq. (8.6). 

After the implementation, a set of simulated data is generated for testing the 

implementation and for sensitivity analysis. The simulated data are formed in following 

steps. (i) The values for the eleven parameters are assumed. (ii) A set of voltages and a set 

of ranges for 25 registration points are formed. (iii) The related equations developed in 

chapter 2 are used to obtain the structural coordinates for the 25 points. 

The function Q defined in Eq. (8.6) is a function of the eleven parameters. For the 

simulated data, Q is equal to zero at the assumed values of the eleven parameters. By 

varying one parameter (holding the rest at the assumed value) around its assumed value at 

a time, one can study the sensitivity of the function Q with respect to the eleven 

parameters. It is found that the Q is sensitive to the six pose parameters and two scanner 

parameters B, and B,. The function Q is less sensitive to the other two scanner 

parameters A, and A,. The function Q is very insensitive to the separation distance di. 

Figure 8.1 shows how Q changes with d/. According to this result, the separation distance 
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dl is dropped from the calibration parameters. The current value (d/=46 mm) from the 

manufacture will be used in the pose determination algorithm and the calibration 

algorithm. 

Q Versus Separation Distance 

0.012 T Tr r r T T T   

0.01 

0.008 

co 0.006 

0.004 

0.002     

  

  

1.7 1.8 1.9 2 2.1 2.2 

Separation distance di (inches) 

Figure 8.1 The sensitivity of the function Q to the separation distance dl 

After dropping the di from the parameters, the following optimization model is 

implemented. 

Find <{T}, a, B, ¥, Ay, By» Ay, By that 

minimize Q= )'(e?, +€7,) 
i=] 

(8.7) 

Using the simulated data, the implemented algorithm is tested. The results show that the 

implemented algorithm is able to recalculate the assumed values from an initial solution 

different from the assumed value. 
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8.1.3 Calibration experiment and results 

The experimental setup for calibration was basically the same as that shown in Fig. 7.3. 

For convenience, it is repeated here. Figure 8.2 shows the board and the laser head only. 

However, a 48" by 96" (1912.2 by 2438.4 mm?) board and a 36" by 96" (914.4 by 2438.4 

mm?) graph paper were used. Only a 36” by 36" (914.4 by 914.4 mm?) area was used in 

the calibration. The graph paper has 10 scales per inch. The grid lines were marked form 

left to right and from top to bottom, resulting in a structural coordinate system shown in 

Fig. 8.2. The laser head was roughly aligned with the board, i.e., the HH line shown in Fig. 

2.2 overlapped a horizontal grid line and the VV line a vertical grid line. The home position 

of the laser beam was on the center of the 36" by 36" (914.4 by 914.4 mm?) area. The 

distance between the laser head and the graph paper was adjusted such that the laser beam 

would just cover the desired area (about 34" by 34” (863.6 by 863.6 mm7?)) at the 

maximum input voltages. Measured from the center of the laser head box, this distance 

was about 80 inches (2032 mm). 

SLDV 

Laser Head 

Y,    
Z, 

   
Graph paper 

Plywood board 

Figure 8.2 The experimental setup for the calibration experiment 
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For the calibration, 48 registration preselected points were used. Figure 8.3 shows the 

locations of the 48 points on the graph paper. 
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Figure 8.3 The selected 48 points for the calibration 

As always, the measurements begin after the system is turned on for about two hours. The 

following is the experimental procedure. 

I). The laser beam is manually aimed to the upper left corner by applying a positive 5 volts 

to the scanner controller for Y mirror and negative 5 volts for the X mirror. 

II). The laser beam is manual aimed at the first preselected registration points on the graph 

paper from the upper left corner. The registration points are the crossing points of the grid 
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lines. If the laser beam is moved beyond the registration point, the laser beam is returned 

to the upper left corner. The purpose of doing this is to eliminate the hysteresis error. 

Ii). Once the laser beam hits the registration point, the input voltages are recorded. 

VID. Repeat steps (I) to (IID for all the 48 registration points. 

Table C.7 in appendix C shows the measured data and the obtained residuals of the input 

voltages after completing the nonlinear fit. The following is the estimated scanner 

parameters from the nonlinear regression by using the data in Table C.7. 

ay = 0.3890, b, =2.3732 

dy = 0.6624, by = 2.4727 

The estimated mean and standard deviation of residuals are 

48 A, = 56 (c,,. +6, )=-1.29x10™ (volts) 
ist 

Q , | = 0.0052 (volts 
© ¥2x48-10 (volts) 

The estimated linear correlation coefficient is 

5S 

Pens tp = 0.0131 
Eye YF Se Se, 

Vex VY 

(8.8) 

(8.9) 

(8.10) 

(8.11) 

Figure 8.4 is the normal probability plot for the residuals. Figure 8.5 plots the residuals 

versus the input voltages. The upper plot is for residuals €, and input voltages V,. The 
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lower plot is for residuals €, and input voltages V,. In both figures, dVx, Vx, dVy, and 

Vy present €, , Vy, &,, and V,, respectively. 
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Figure 8.4 The normal probability plot of residuals for the calibration experiment 

From Fig. 8.4, one can see that although a few points are away from the straight line, the 

data points appear fairly linear. In Fig. 8.5, no clear function relationships are shown 

between the residuals and the input voltages. The mean of the residuals is almost zero as 

shown in Eq. (8.9). The correlation coefficient is about 0.0131. According to these results, 

the residuals Ey, and Ey, , agree with the assumption made about them. Thus, the 

nonlinear model for calibrating the scanner and the estimated parameters is acceptable. 

Once again, the inverse model is also verified since the nonlinear model for calibration is 

based on the inverse model. The calibrated four scanner parameters in Eq. (8.8) can be 

used in the future work. 
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Residual dVx versus Vx 
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Figure 8.5 The residuals and the input voltages 

8.2 Accuracy evaluation of the algorithm 

In the experimental situation, there are always measurement errors. The accuracy of the 

developed algorithm should be evaluated in this environment. This section will present 

several experiments and their results for evaluating the accuracy. 

8.2.1 Criteria for accuracy evaluation 

Since the true solution of the pose is not known, one can not compare the experimental 

results with a “known” solution. However, if an estimated solution is close to the true 

solution, the estimated standard deviation of the residuals will be small. Thus, the 
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estimated standard deviation of the residuals can be used to evaluate the accuracy of the 

developed algorithm. As shown in chapter 5, all the confidence intervals are proportional 

to the estimated standard deviation of the residuals. In the inverse model, the estimated 

standard deviation of the errors or residuals in the scanning coordinates is 

*9 = latch 

where {€, } is defined in Eq. (5.14). This is the same as that of Eq. (7.15). The smaller 

  

(8.12)          

the standard deviation, the more precise the determined pose. 

Another consideration is the maximum relative parameter-effects curvature. To make the 

statistical inferences by linear approximation valid, the curvature should be less than the 

CC although the smaller, the better. The maximum relative intrinsic curvatures will not be 

considered here since it is always less than the maximum parameter-effects curvatures. 

Sometimes, the maximum absolute residual is of interest. If it is too large, the 

corresponding data may be considered as an outlier. If the algorithm used to find out the 

model parameter is not robust, the estimated parameters may not be accurate due to the 

effects of the outliers. 

For all the tested cases, the estimated standard deviation, the MSe, and MSe, (defined 

in Eq. (7.18)), the maximum relative parameter-effects curvature, and the maximum 

absolute residual are found. 
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8.2.2 Two sets of the scanner parameters 

After the recalibration of the scanner in section 8.1, new values for the scanner parameters 

are obtained. The equation relating the input voltages to the scanning angles for the new 

scanner parameter values are (Eq. (8.8)) 

Py = 0.3890 + 2.3732V, 
(8.13) 

Qy = 0.6624 +2.4727V, 

The currently used values for the scanner parameters are (Eq. (6.10)) 

= 0.0115+2.3988V, 
x x (8.14) 
gy = 0.0212 +2.4998V, 

Comparing the two equations, it can be seen that the variations of the slope parameter are 

small. Thus, one would like to know if the changes are real or if they are caused by 

uncertainty in the measurements. To evaluate this, both equations were used for all the 

experiments to convert the input voltages to the scanning angles. Thus for each case, two 

standard deviations were obtained. One was based on the scanning angles obtained by 

Equation (8.13) and the other was based on the scanning angles obtained by Eq. (8.14). 

Similarly, two MSeé, 's, two MSe, 's, two maximum parameter-effects curvatures, and 

two maximum absolute residuals were also obtained for each test case. 

8.2.3 Experiments and their results 

The objective of the accuracy evaluation is to determine the accuracy of the developed 

algorithm for various conditions. Four experiments were conducted. For each experiment, 

there were either eight or nine test cases. The following is the details of these 

experiments.. 
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8.2.3.1 The general experimental setup and procedure 

The experimental setup and procedure for the accuracy evaluation were the same as the 

calibration tests described in section 8.1.3. 

For the first three experiments, the relative position of the laser head to the graph paper 

was held constant as in the calibration experiment (Fig. 8.2). For the fourth experiment, 

the relative position of the laser head to the board was changed from case to case. Section 

8.2.3.5 has the details. 

For all the experiments, nine registration points were used. They were preselected for the 

purposes of the different experiments. For the first three experiments, the position of the 

nine points on the graph paper varied from case to case. For the fourth experiment, the 

nine points remained unchanged for all nine test cases. 

8.2.3.2 First experiment: nine points on a square 

This experiment was designed to check if the accuracy varies with the separation angles in 

both X and Y direction. There were eight test cases for this experiment. For all test cases, 

nine registration points are uniformly located on a square. Figure 8.6 shows the two 

squares. The outside square was for case 1, which was corresponding to the maximum 

separation angles. The ith square was for the ith test case. It was obtained by moving the 

four sides of the (i-1)th squares 2 inches (50.8 mm) toward the center. Nine registration 

points are shown on the ith square in Fig. 8.6. The 8th square was 6" by 6" (152.4 by 
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152.4 mm?) in dimension, which was corresponding to the smallest separation angles. 

Registration point 5 was used by all the test cases. The second column of Table 8.1a 

shows the ratios of the side length of all the squares to the side length of the largest 

square. 

  

| 1st square 

  

ith square 
  

      

  

  
Note: 1 inch =25.4 mm 

Figure 8.6 The squares for the first experiment 

For each case, the experiment was performed with the procedure described in section 

8.2.3.1. For each test case, two estimated standard deviations, two MSe, 's, two MSe, 's, 

two maximum parameter-effects curvatures, and two maximum absolute residuals were 

obtained. The standard deviation is computed by use of Eq. (8.12). Figure 8.7 shows the 

estimated standard deviation of the residuals of the scanning angles for the eight cases. 

The legend "Old results" refers to the results obtained by using the old values of the 

scanner parameters (Eq. 8.14). The legend “New results" refers to the results obtained by 
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using the new values of the scanning parameters (Eq. (8.13)). These legends will be used 

in all the figures for presenting the standard deviations. Columns 3 to 6 in Table 8.1la 

shows the maximum relative parameter-effects curvatures and the maximum absolute 

residuals of the scanning angles. Table 8.1b shows the estimated standard deviation, the 

MSe, , and MSe, . The term "old results" and "new results" have the same meanings as 

  

  
  

those used in the figures. 
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Figure 8.7 The estimated standard deviations for the first experiment 

Table 8.1a The ratios, the maximum relative parameter-effects curvatures, the maximum 

absolute residuals for the first experiment 
  

  

  

  

  

  

  

  

  

  

Case ratios Maximum relative Maximum absolute residual 

parameter-effects curvature (degrees) 

number a,/a, Old results | Newresults | Oldresults | New results 

1 1.000 0.0412 0.0370 0.0181 0.0133 

2 0.882 0.1601 0.1678 0.0385 0.0355 

3 0.765 0.1247 0.1119 0.0160 0.0136 

4 0.647 0.1886 0.1489 0.0116 0.0112 

5 0.529 0.3167 0.2488 0.0104 0.0079 

6 0.412 1.0547 1.0299 0.0142 0.0136 

7 0.297 2.4840 2.3955 0.0080 0.0076 

8 0.176 11.6047 7.3358 0.0066 0.0079               
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Table 8.1b Estimated standard deviation, MSeé, , and MSe, for the first experiment 

  

  

Case | Estimated Standard MSe,_ (degrees) MSe,, (degrees) 
deviation (degrees) * 

Number Old New Old New Old New 

results results results results results results 

0.0099 0.0083 0.0099 0.0077 0.0058 0.0057 

0.0231 0.0233 0.0200 0.0197 0.0177 0.0184 

0.0105 0.0091 0.0093 0.0075 0.0076 0.0073 

0.0083 0.0064 0.0078 0.0059 0.0057 0.0043 

0.0064 0.0049 0.0057 0.0042 0.0048 0.0037 

0.0079 0.0074 0.0070 0.0063 0.0060 0.0059 

0.0050 0.0047 0.0040 0.0036 0.0042 0.0041 

0.0036 0.0057 0.0032 0.0043 0.0028 0.0051 
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8.2.3.3 The second experiment: nine points on a rectangle with the base larger than 
height 

This experiment was designed to check if the accuracy varies with the separation angles in 

Y direction. There were nine test cases. Figure 8.8 shows a square and a rectangle. The 

square (outside) was for the first test case. It was exactly the same square as the first test 

case in the first experiment. The ith rectangle shown in Fig. 8.8 was for the ith test cases. 

It was obtained by moving the top and bottom side of the (i-1)th rectangle 2 inches (25.4 

mm) toward the horizontal center line. The rectangle for the 9th test cases was 34" by 2” 

(863.6 by 50.8 mm?) in dimension. Nine registration points are shown on the ith rectangle 

in Fig. 8.8. Registration points 4, 5, and 6 were used by the nine test cases. The ratios of 

the height of all the rectangles to the side length of the largest square are shown in column 

two of Table 8.2a. 
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ith rectangle j 
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Note: 1 inch =25.4 mm 

Figure 8.8 The rectangles with the base larger than height for the second experiment 

The experimental procedure and the data processing were the same as that for the 

previous experiments. Figure 8.9 shows the estimated standard deviations for the nine test 

cases. Columns 3 to 6 in Table 8.2a show the maximum relative parameter-effects 

curvatures and the maximum absolute residuals of the scanning angles for the nine test 

cases. Table 8.2b shows the estimated standard deviation, the MSe . and MSE, . 
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Figure 8.9 The estimated standard deviations for the second experiment 
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Table 8.2a The ratios, the maximum relative parameter-effects curvatures, the maximum 
absolute residuals for the second experiment 

  

  

  

  

  

  

  

  

  

  

            

Case ratios Maximum relative Maximum absolute residual 
| parameter-effects curvature (degrees) 

number hth, Old results | Newresults | Oldresults | New results 

1 1.000 0.0622 0.0648 0.0246 0.0210 

2 0.882 0.0598 0.0550 0.0228 0.0203 

3 0.765 0.0519 0.0488 0.0121 0.0111 

4 0.647 0.0841 0.0870 0.0187 0.0166 

5 0.529 0.0838 0.0579 0.0090 0.0079 

6 0.412 0.1432 0.1370 0.0102 0.00989 

7 0.297 0.2186 0.2325 0.0086 0.0077 

8 0.176 0.6876 0.6993 0.0102 0.0091 

9 0.059 6.5726 6.8640 0.0116 0.0117       

Table 8.2b Estimated standard deviation, MSé, , and MSe, for the second experiment 

  

  

  

  

  

  

  

  

  

  

            

Case |) Estimated Standard | se, (degrees) MSe,, (degrees) 
deviation (degrees 9x ¥r 

Number Old New Old New Old New 

results results results results results results 

1 0.0145 0.0146 0.0131 0.0123 0.0104 0.0116 

2 0.0114 0.0101 0.0110 0.0092 0.0071 0.0072 

3 0.0078 0.0072 0.0072 0.0066 0.0055 0.0050 

4 0.0098 0.0098 0.0083 0.0082 0.0077 0.0079 

5 0.0069 0.0046 0.0065 0.0048 0.0046 0.0023 

6 0.0066 0.0062 0.0059 0.0055 0.0050 0.0046 

7 0.0049 0.0051 0.0047 0.0044 0.0033 0.0039 

8 0.0054 0.0054 0.0036 0.0035 0.0052 0.0051 

9 0.0057 0.0058 0.0033 0.0033 0.0058 0.0059         

210



8.2.3.4 The third experiment: nine points on a rectangle with the height larger than 
base : 

This experiment was similar to the second experiment. The difference is that the ith 

rectangle was obtained by moving the left and the right side of the (i-1)th rectangle 2 

inches (50.8 mm) toward the vertical center line. The ith rectangle shown in Fig. 8.10 was 

for the ith test case. Thus, the rectangle for the 9th test case was 2” by 34" (50.8 by 863.6 

mm?) in dimension. Registration points 2, 5 and 8 were used by all the test cases. The 

ratios of the base of the rectangles to the side length of the largest square are the same as 

those in Table 8.2a. For convenience, it is shown in column 2 of Table 8.3a again. 

  

  

ith rectangle 

  

  
  

      

          
Note: 1 inch =25.4 mm 

Figure 8.10 The rectangles with the base shorter than height for the third experiment 
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Figure 8.11 shows the estimated standard deviations for all nine test cases. Columns 3 to 6 

in Table 8.3a show the maximum relative parameter-effects curvatures and the maximum 

absolute residuals in the scanning angles for all the nine cases. Table 8.3b shows the 

estimated standard deviation, the MSe, , and MSe, . 

St
d 

(d
eg
re
es
) 

  

  

  

    

  
Figure 8.11 The estimated standard deviations for the third experiment 

Table 8.3a The ratios, the maximum relative parameter-effects curvatures, the maximum 

absolute residuals for the third experiment 

  

  

  

  

  

  

  

  

  

  

              

Case ratios Maximum relative Maximum absolute residual 

parameter-effects curvature (degrees) 

number a, /4, Old results | Newresults ; Old results | New results 

1 1.000 0.0603 0.0596 0.0259 0.0222 

2 0.882 0.1687 0.1769 0.0431 0.0408 

3 0.765 0.1336 0.1274 0.0281 0.0233 

4 0.647 0.1275 0.1142 0.0206 0.0176 

5 0.529 0.1215 0.1075 0.0136 0.0109 

6 0.412 0.3196 0.3312 0.0228 0.0230 

7 0.297 0.5116 0.4585 0.0204 0.0172 

8 0.176 0.8331 0.6483 0.0146 0.0092 

9 0.059 9.3132 9.8470 0.0175 0.0157   
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Table 8.3b Estimated standard deviation, MSe, , and MSe, for the third experiment 

  

  

  

  

  

  

  

  

  

  

            

Case sumated corees) MSe,_ (degrees) MSe,, (degrees) 

Number Old New Old New Old New 

results results results results results results 

1 0.0141 0.0134 0.0125 0.0111 0.0104 0.0108 

2 0.0302 0.0306 0.0276 0.0274 0.0213 0.0222 

3 0.0179 0.0165 0.0178 0.0155 0.0105 0.0111 

4 0.0124 0.0107 0.0121 0.0099 0.0076 0.0074 

5 0.0081 0.0069 0.0072 0.0055 0.0060 0.0058 

6 0.0134 0.0134 0.0141 0.0141 0.0064 0.0064 

7 0.0116 0.0099 0.0127 0.0108 0.0040 0.0040 

8 0.0071 0.0054 0.0073 0.0049 0.0038 0.0038 

9 0.0096 0.0115 0.0101 0.0103 0.0051 0.0084       
  

8.2.3.5 The fourth experiment: nine points on a square and different poses 

This experiment was designed to check if the accuracy varies with the different relative 

positions of the laser head to the graph paper (the structural coordinate system). Nine 

registration points were uniformly located on a 22" by 22” (558.8 by 558.8 mm?) square 

and were used by all the nine test cases. Nine different relative positions were selected for 

this experiment. One position was for one case. Figure 8.12 shows the nine positions. For 

simplicity, the laser head is represented by a rectangle. The nine positions are roughly 

located in a plane parallel to the X,Y, plane as shown in Fig. 8.12. At each position, the 

orientation of the laser head was adjusted such that the laser beam home position was at 

the center of the square on the graph paper. The locations of the laser head were roughly 

measured and are shown in Fig. 8.12. Position 5 was the position for the first three 

experiments, previously discussed. 
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  Note: 1 inch =25.4 mm 

Figure 8.12 Nine laser head positions in fourth experiment 

The experimental procedure and the data processing were the same as that for the first 

experiment. Figure 8.13 shows the estimated standard deviations of the residuals for the 

nine positions. Columns 2 to 5 in Table 8.4a show the maximum relative parameter-effects 

curvatures and the maximum absolute residuals of the scanning angles for the nine test 

cases. Table 8.2b shows the estimated standard deviation, the MSe, , and MSe, . 
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Figure 8.13 The estimated standard deviations for the fourth experiment 

   
  

Table 8.4a The maximum relative parameter-effects curvatures, the maximum absolute 

residuals for the fourth experiment 

  

  

  

  

  

  

  

  

  

  

      

Position Maximum relative Maximum absolute residual 

parameter-effects curvature _ (degrees) 

number | Oldresults | Newresults | Oldresults | New results 

1 0.0176 0.0157 0.0117 0.0111 

2 0.0382 0.0234 0.0145 0.0079 

3 0.0148 0.0106 0.0132 0.0076 

4 0.0108 0.0079 0.0073 0.0040 

5 0.1960 0.1625 0.0162 0.0143 

6 0.0231 0.0143 0.0155 0.0076 

7 0.0243 0.0219 0.0135 0.0131 

8 0.1647 0.1391 0.0142 0.0094 

9 0.0227 0.0171 0.0130 0.0136         
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Table 8.4b Estimated standard deviation, MSe, , and MSe, for the fourth experiment 

  

Case Gevistion (demees) MSe,, (degrees) | MSe, (degrees) 

Number Old New Old New Old New 

results results results results results results 

0.0072 0.0065 0.0032 0.0020 0.0077 0.0070 

0.0069 0.0042 0.0064 0.0042 0.0049 0.0025 

0.0060 0.0043 0.0026 0.0021 0.0065 0.0045 

0.0037 0.0027 0.0036 0.0020 0.0023 0.0024 

0.0087 0.0069 0.0080 0.0061 0.0061 0.0052 

0.0089 0.0055 0.0032 0.0041 0.0098 0.0049 

0.0087 0.0077 0.0076 0.0062 0.0066 0.0065 

0.0078 0.0064 0.0076 0.0059 0.0048 0.0045 

0.0078 0.0058 0.0050 0.0060 0.0075 0.0030 
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8.2.4 Summary and analysis of the experimental results 

In section 8.2.3, four experiments and their results for accuracy evaluation were presented 

From those results, the following is obtained. 

I). For all the test cases in the four experiments, the maximum absolute residuals are 1.5 to 

2 times the estimated standard deviations. Statistically, those data points are not 

considered to be outliers. Thus, the estimated parameters are not affected by outliers. 

Il). For the first experiment, the estimated standard deviations tend to decrease with the 

reduction of the separation angles for the first four cases except for case 2. The reduction 

is not significant. The estimated standard deviations are basically the same for case 4 to 

case 8. The large estimated standard deviation in case 2 resulted from the measurement 

errors. See Fig. 8.5, the largest residuals occur at about +4.3 volts in V, and +4.3 volts in 
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V,. The input voltages for the outside registration points of case two are very close to 

those values. Thus, when the calibrated parameters are used to convert the input voltages 

into angles, relatively larger measurement errors are produced in the scanning angles. The 

maximum parameter-effects curvature increases with the reduction of separation angles, 

which agrees with the simulation results of the last chapter. 

If). For the second experiment, the maximum separation angles were in the X direction. It 

remained the same for the nine cases. The separation angles in the Y direction gradually 

reduced from case 1 to case 9. The estimated standard deviations tend to decrease with 

reduction of the separation angle in the Y direction for the first five cases except for case 

four. The estimated standard deviations are basically the same for case 5 to case 9. The 

maximum parameter-effects curvature increases with the reduction of separation angles in 

Y direction. 

IV). For the third experiment, the maximum separation angle was in the Y direction. It 

remained the same for all test cases. The separation angles in X direction gradually 

reduced from case 1 to case 9. The estimated standard deviations were about 0.01 degrees 

except for case 2. The larger error in case two is caused by the same reason as that for 

case two in the first experiment. The maximum parameter-effects curvature increases with 

the reduction of separation angles in X direction. 

V). For the fourth experiment, the estimated standard deviations are all less than 0.01 

degrees. They are independent of the relative poses. The maximum parameter-effects 

curvatures vary with different relative poses. It seems that position 5 and 8 have relatively 

larger curvatures compared with the other seven positions. 
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VI). The maximum relative parameter-effects curvatures for most of the cases in the first 

three experiments and all the cases in the fourth experiments are smaller than the CC value 

(=0.2889 for nine points and significant lever &=0.05). A few cases with smaller 

separation angles in the first three experiments have their p,'s larger than the CC value. 

It can be seen that the curvatures in experiment 2 and 3 are smaller than those in the first 

experiment The reason is that the separation angles for one direction are still larger in 

these two experiments. All the nine cases in experiment four have relatively large 

separation angles. Their p7="s are smaller than the CC value. The above results show 

that: (i) although nine registration points is recommended in chapter 7, they are not 

enough for very small separation angle cases from the point of view of the relative 

curvatures, (ii) it would be better to check the curvatures for each pose during data 

acquisition. 

VID). Among the 35 test cases, there are two cases whose estimated standard deviations 

are above 0.02 degrees, one case about 0.018 degrees, and seven cases between 0.01 and 

0.015 degrees. The estimated standard deviations for all the other cases are below 0.01 

degrees. According to experiment four, the accuracy is not shown dependent on the 

relative poses. 

VIII). For most of the test cases in the first three experiments, the estimated standard 

deviations obtained by using the new values of the scanner parameters are a little bit 

smaller than those obtained by using the old value. However, for the test cases in the 

fourth experiment, the estimated standard deviation from the new values is obviously 

smaller than those from the old values. This pattern is also observed for the maximum 
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parameter-effects curvatures. According to these results, it may be concluded that the new 

values of the scanner parameter should be used because it gives slightly better results for 

most of the test cases. 

IX). For all the test cases, the MSe, is not equal to the MSe, . For some cases, the 

MSe,, is larger than the MSe, . For other cases, the MSe, is smaller than the MSe, . 

The differences between them are small for most of the test cases. 

The overall accuracy of the developed algorithm is satisfactory since for most of the test 

cases, the estimated standard deviations are less than 0.01 degrees which is less than 1 

DAC step for currently used D/A board. The accuracy of grid lines of the graph paper was 

verified with a standard steel rule with resolution of 1/16 inches. For the best results, the 

input voltages for the outside registration points should be in the middle to large range of 

0 to +5 volts and should not be around +4.3 for both V, and V,. 

8.3 Summary 

This chapter has developed a new algorithm based on the inverse model for calibrating the 

scanner parameter simultaneously. The advantage of the developed algorithm over the 

one-dimensional calibration method is that it uses only the input voltages and structural 

coordinates. Experiment has been conducted to collect the required data for calibration of 

the scanner. The calibrated scanner parameters are acceptable since the residuals in the 

input voltages agree with their assumptions. It is recommended to use the newly calibrated 

scanner parameters since it gives better results for most of the tested cases in the sense of 

the estimated standard deviation and the maximum parameter-effects curvatures. 
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Four experiments have been completed to evaluate the accuracy of the developed 

algorithm for different situations. The criteria for the evaluation are the estimated standard 

deviations and the maximum parameter-effects curvatures. The two sets of scanner 

parameters are used and compared in the evaluation. For most of the test cases, the 

estimated standard deviation is less than 0.01 degrees. The estimated standard deviations 

do not show a dependency on different relative poses. The maximum relative parameter- 

effects curvatures increase with the reduction of the separation angles. For the some cases 

with smaller separation angles, the relative curvatures are larger than the CC value. Thus, 

for those cases, more than nine registration points are required. 
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CHAPTER NINE 

CONCLUSIONS AND RECOMMENDATIONS 

The objective of this dissertation is to develop a method that can give the best estimation 

of the SLDV pose and its statistics. By developing the nonlinear regressive model, the 

objective is achieved. 

9.1 Conclusions 

Overall, the developed inverse model is shown to be a correct model for determining the 

SLDV pose. The statistical inferences about the pose parameters, about the expected 

scanning angles, and about the prediction of the scanning angles can be obtained after the 

model is fitted. 

Followings are a brief summary of other significant conclusions for this dissertation. 

I). The developed scanner model (transformations between the scanning coordinates and 

the structural coordinates for any registration point) is correct. It is based on the geometry 

of the scanner. 

I). The developed geometrical method can always give a good solution for the SLDV 

pose. With this pose as an initial solution, the best estimation of the SLDV pose can be 

obtained by an optimization algorithm for the inverse model. The techniques developed in 

chapter 4 for the geometrical method are effective and correct. Those techniques include: 

(i) finding the initial ranges by neglecting the separation distance d/ and using four 
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registration points, (ii) eliminating the origin coordinates by translating the two coordinate 

systems to the center (average points) of all registration points, (iii) finding the equivalent 

axis and equivalent angle by using the concept of equivalence of the vector rotation and 

frame rotation. 

Ill). The statistical inferences about the inverse model made by the linear approximation 

are acceptable if the maximum parameter-effects curvature is less than the CC value. 

Therefore, the maximum parameter-effects curvature is a valuable measurement of the 

nonlinearity. It can effectively validate the statistical inferences obtained by the linear 

approximation. 

IV). The new algorithm based on the inverse model for calibrating the scanner parameters 

is Shown to be correct. The results of accuracy evaluation show that accuracy obtained by 

using the new values of the scanner parameter is slightly better than that by using the 

current values of the scanner parameters for most of the testing cases. Thus, it is 

recommended to use it in future work. 

V). The results of tests with the simulated data show that the accuracy of the developed 

inverse model is not dependent on the separation angles. The maximum relative 

parameter-effects curvature is dependent on the separation angles. The smaller the 

separation angles, the bigger the curvatures. The results also show that if the four 

registration points are in the same scanning quadrant, the maximum parameter-effects 

curvature will be larger compared to the case that the four registration points are 

distributed in the four scanning quadrants (see Fig. 2.2). The big curvature will make the 

inferences (made by the linear approximation) invalid. Therefore, large separation angles 
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should be used and all the registration points should be distributed in all the scanning 

quadrants. 

VI. As the increase of the number of registration points, the estimated standard 

deviation and the maximum relative parameter-effects curvature will decrease. Although 

the minimum number of registration points required to determine the pose uniquely is 

four, more points are needed to reduce the estimated standard deviation and to satisfy the 

curvature Criterion. 

VID The results of the accuracy evaluation show that the accuracy of the developed 

algorithm (geometrical method and inverse model) is satisfactory since for most of the 

testing cases, the estimated standard deviation of the errors in the scanning angles is less 

than 0.01 degree which is about the DAC step of the D/A converter for generating the 

input voltage to control the scanning mirrors. 

9.2 Recommendations 

To get more accurate estimation of the pose parameters, efforts should be made to reduce 

the modeling errors and measurement errors. Accordingly, following recommendations are 

made for future work. 

D. A more accurate relation needs developing between the input voltages and the 

scanning angles. Although current linear voltage-angle relation is acceptable, there is room 

for improvement. Figure 8.5 shows that the residuals, €, , are larger at input voltage, V, , 

being about 4.3 volts. A more accurate relation is able to reduce these large residuals. The 
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best thing is to measure the scanning angles and the corresponding input voltages directly. 

Using those data, a more accurate relation between them can be established. 

If). To further reduce the estimated standard deviation of the errors in the scanning 

angles, a high resolution should be used in the measurement of the structural coordinates 

of the registration points. A coordinate measurement machine can be used for this 

purpose. Also, a D/A converter with more than 12 bits are needed. 

Il). Weighted least squares method can be used in finding the least squares solution of 

the SLDV pose in the case that the measured data does have outliers. 
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APPENDIX A 

DERIVATIVE COMPUTATION OF THE INVERSE MODEL 

In this appendix, the first order and the second order derivatives of the expectation 

function of the inverse model with respect to the six pose parameters will be derived. Due 

to the complexity of the expressions, those derivatives are obtained by using Mathematica. 

A.1 Analytical expressions for the derivatives of the inverse model 

The inverse model developed in chapter 5 has following expectation functions for spatial 

point P, (Eq. (5.18)) 

x 
Hex =ton( 224) Upy -so| ue | (A.1) 

eran z mL 

RL yen +2, +dl 
  

where the laser coordinates are obtained through the coordinate transformation ( Eq. 

(2.2)) 

Xp Xp 

Yat = ATH AR] y (A.2) 
Zz PB Zp 5 

PSL 

If the rotation matrix is expressed by three Euler angles, the rotation matrix is (Eq. (3.5)) 

cosacosB cosasinBsiny—-sinacosy cosasinB cosy +sina siny 

{R]=| sina cos B sina sinBsiny+cosacosy sinasin B cosy —cosa siny 

—sin B cos B siny cos B cosy 

(A.3) 

236



Note that the three angles are the Z,—Y,—X, Euler angles. By defining a parameter 

vectors (Eq. (5.18)) for the six pose parameters 

N=sly; Y2=st ys res, 
(A.4) 

%4=@, ¥s=B, ¥e=¥ 

The laser coordinates become functions of the six pose parameters. Putting the Eqs. (A.3) 

and Eq. (A.4) into Eq. (A.2), one has 

Xp =, +(cosy,cosys)xXps +(cosy, sinYs sinY, — SinY, COSY) Yp.s 
| ae (A.5) +(cosy, sinY; cos, +siny, SinY,)Zp 5 

Yor =Vot (sin Y,COSY, )Xp.s +(sin Y,SINY, SiNY , +COS Y 4 COSY, )Yp,s (A6) 

+(sin Y4SINY, COS V5 —COS V4 SINY ¢ \zp.s 

Zp, =7%3+ (-sin Ys )xp.s +(cosy; sin Y6)¥es +(cosys cos 7. )zps (A.7) 

If the laser coordinates (Eqs. (A.5-A.7)) are directly put into Eq. (A.1), one can obtain 

expressions in which the expectation functions are explicitly expressed as functions of the 

Six pose parameters. However, for the purpose of obtaining derivatives, it is not necessary 

to do that since the chain rule can be applied to get the derivatives. 

The first order derivatives are needed in three places: (i) the Gauss-Newton algorithm for 

the parameter estimation (section 5.2.2), (ii) the statistical inferences by the linear 

approximation (section 5.3.2.2), and (iii) the measures of the nonlinearity (section 5.4.3). 

The second order derivatives are needed only in the measures of the nonlinearity. 

Due to the complexity of the expressions of Eqs. (A.1) and (A.5-A.7), the first and second 

order derivatives of the inverse model with respect to the six pose parameters are obtained 
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by using Mathematica. Program listing A.1 is the Mathematica code to symbolically get 

the analytical expressions for those derivatives. 

Program listing A.1 Mathematica code for obtaining the derivatives 

(8 mater errr nner ener en derive.math --~------------------~----- *) 

(* #) 
(*Mathematica program to find out the derivatives of the inverse model*) 

(* *) 
(* ene ee nee se a ee nee ee ene ee nee wee ee men ores eee ee ne eee ee ee eee en ee ee ee ee ee ee ee a ee ee ee ee *) 

(* ->1. define the x, y, z as functions of the six pose parameters’) 

X[r1l_,r4_,r5_,r6_J=rl1+ Cos[r4] Cos[r5] x0+ 
(Cos[r4] Sin[r5] Sin[r6] Sin[r4] Cos[r6]) y0O+ 

(Cos[r4] Sin[r5] Cos[r6] + Sin[r4] Sin[r6]) 2z0 

y[r2_,r4_,r5_,r6_J=r2+ Sin[r4] Cos[r5] x0+ 

(Sin[r4] Sin[r5] Sin[r6] + Cos[r4] Cos[r6]) y0O+ 

(Sin[r4] Sin[r5] Cos[r6] Cos[r4] Sin[{r6]) z0 | 

z[r3_,r4_,r5_,r6_J=r3- Sin[r5]) x0 + Cos[r5] Sin[r6] yO + 

Cos[r5] Cos[r6] z0 

(* ->2. define the inverse model for theta_X and theta_y *) 

thx=ArcTan[y[r2,r4,r5,r6]/z[r3,r4,r5,r6] ] 

thy=AreTan[x[r1,r4,r5,r6J/(Sqrt[y[r2,r4,r5,r6]*2+z[{r3,r4,r5,r6]*2)+d1) ] 

(* ->3. take the first-order derivatives *) 

thxD1=D[thx,r1] 
thxD2=D[thx,r2] 
thxD3=D[thx,r3] 
thxD4=D[thx, r4] 
thxD5=D[thx,r5] 
thxD6=D[(thx,r6] 

thyD1=D[thy,r1] 

thyD2=D[thy,r2] 

thyD3=D[(thy,r3] 

thyD4=D[thy,r4] 

thyD5=D[thy,r5] 

thyD6=D[thy,r6] 

(* ->4 take the second-order derivatives of thx *) 

(* Note: thx is not a funciton of rl, thus its second order *) 

(* derivatives are zero (skip) *) 
thxD22=D[thx, {r2,2}] 
thxD23=D[(thx,r2,r3] 

thxD24=D[(thx,r2,r4] 

238



thxD25=D[thx,r2,r5] 

thxD26=D[thx,r2,r6] 

thxD33=D[thx, {r3,2}] 
thxD34=D[thx,r3,r4] 
thxD35=D[thx,r3,r5] 

thxD36=D[thx,r3,r6] 

thxD44=D[thx, {r4,2}] 
thxD45=D[thx, r4,r5] 
thxD46=D[thx,r4,r6] 

thxD55=D[thx, {r5,2}] 
thxD56=D[thx,r5,r6] 

thxD66=D[thx, {r6,2}] 

(* ->5. take the second-order derivatives of thy *) 

thyD11=D[thy, {r1,2}] 
thyD12=D[thy,rl1,r2] 
thyD13=D[thy,r1,r3] 
thyD14=D[thy,r1,r4] 
thyD15=D[thy,rl1,r5] 
thyD16=D[thy,r1,r6]) 

thyD22=D[thy, {r2,2}} 
thyD23=D[thy,r2,r3] 

thyD24=D[(thy,r2,r4] 
thyD25=D[thy,r2,r5] 

thyD26=D[thy,r2,r6] 

thyD33=D[thy, {r3,2}] 
thyD34=D[thy,r3,r4] 

thyD35=D[thy,r3,r5] 
thyD36=D[thy,r3,r6] 

thyD44=D[thy, {r4,2}] 
thyD45=D[thy,r4,r5] 
thyD46=D[thy,r4,r6] 

thyD55=D[thy, {r5,2}] 
thyD56=D[thy,r5,r6] 

thyD66=D[thy, {r6,2}] 

(* ->6. save all the derivatives *) 
Save ["derive.txt", 

thxD1, thxD2, thxD3, thxD4, thxD5, thxD6, 
thyD1, thyD2, thyD3, thyD4, thyD5, thyD6, 
thxD22,thxD23, thxD24, thxD25,thxD26, 
thxD33, thxD34,thxD35,thxD36, 
thxD44,thxD45,thxD46, 
thxD55,thxD56, 
thxD66, 
thyD11,thyD12,thyD13,thyD14,thyD15,thyD16, 
thyD22, thyD23, thyD24,thyD25,thyD26, 
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thyD33, thyD34, thyD35, thyD36, 
thyD44, thyD45, thyD46, 
thyD55, thyD56, 
thyD66] 

In the above Mathematica code, ri (i=1, 2, ..., 6) are the six pose parameters. x0, yO, and 

20 are the structural coordinates for point P. x, y, and z are the laser coordinates for point 

P.. The first order derivatives are thxDi and thyDi (i=1, 2, ..., 6). The second order 

derivatives are thxDjk and thyDjk (j, k=1, 2, ..., 6). Due to the symmetry, only the 

uppertriangle part of the complete matrix is obtained. Once the analytical derivative 

expressions are obtained, one can get the numerical values of the derivatives for any given 

registration point and given pose parameters. 

The first order derivative matrix of the inverse model is a 2N by 6 matrix for N registration 

points. Its ith submatrix is for point P, 

(A.8) 
1 mr thxD2 thxD3 thxD4 thxD5 mf 
v, |= 

thyD1 thyD2 thyD3 thyD4 thyDS thyD6 

The whole matrix is 

[vV]=| : (A.9) 

When used in the Gauss-Newton algorithm, [V] is evaluated at the current solution of the 

six parameter {y }={y *}. This will result in matrix [/] as defined in Eq. (5.27). When 

used in the statistical inferences and in the measures of the nonlinearity, [V] is evaluated at 
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the least squares estimation of the six parameters {y}={7}. This will result in matrix 

J} 

The second order derivative array of the inverse model will be a 2N by 6 by 6 array. For 

point FP, there will be two faces of the three-dimensional array. One is the (2i-1)th face 

Vieng TMDik — (for j, k=1, 2, .... 6), (A.10) 

and the other is the (2/)th face 

LVI. at hyDjk — (for j, K=1, 2,..., 6) (A.11) 

Since this array is used in the measures of the nonlinearity, it will be evaluated at the least 

squares estimation of the six parameter {y } ={7}. 

A.2. The numerical evaluation of the derivatives 

The analytical expressions for those derivatives from Mathematica are imported to Matlab 

for numerical evaluation. The reason for this is that the other parts such as statistical 

inferences and the measures of nonlinearity are implemented in Matlab. To make sure 

there is no mistake during the importation process, a numerical derivative scheme is used 

to check the analytical derivatives. The numerical derivatives are obtained by using three 

point formulas, i.e. 

  

  

  

2 = (slo +h)— (9-H) (A.11) 

a fi -=( f(xy +h) + f(x —A)-2F(x)) (A.12) 
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By changing only one variable at a time and using Eqs. (A.11-A.12), the partial derivatives 

of the inverse model can be obtained. For the purpose of comparing the numerical 

derivative and analytical derivative, arbitrary pose parameters and structural coordinates 

may be used. The following are assumed values. 

Y, =100 inches (2540 mm); y, =80 inches (2032 mm); y, =10 inches (254 mm)(A.13) 

¥,=%/13;7,=27/45¥,=2/6 (A.14) 

Xp =30 inches (762 mm); yp, =20 inches (508 mm); zp, =20 inches (508 mm)(A.15) 

dl=1.8110 inches (46 mm) (A.16) 

Step length h=0.01 is used for all the six parameters when finding the numerical 

derivatives. 

Table A.1 shows the numerical derivatives and the analytical derivatives (numerical 

evaluation of the analytical expressions) for the inverse model. The left column is the name 

of the derivatives. The central column is the numerical derivatives obtained by using 

Eqs.(A.11) or (A.12) and using the assumed pose parameter and structural coordinates. 

The last column is the numerical evaluation of the analytical derivatives at the assumed 

pose parameters and structural coordinates. Since dup, /dy, and a Mpy, | Oy; are 

always zero, they are not listed in Table A.1. 

From the results shown in Table A.1, the numerical derivative and the analytical derivative 

are almost identical. Therefore, the imported analytical derivative expressions from 

Mathematica are correct and can be used for statistical inferences and measures of the 

nonlinearity of the inverse model. 
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Table A.1 Comparison of the numerical and analytical derivatives 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

    

Derivative Name Numerical Derivatives Analytical Derivatives 

Oop y / OY, 0.000572 0.000572 

Op x, /OYs -0.008381 -0.008381 

Oop, /OV. 0.007966 0.007966 

Dhtp x, 1OYs 0.338763 0.338765 

Op x, | -0.048632 0.048634 

py, 1 OY, 0.004381 0.004381 

MWpy, 17, -0.004121 -0.004121 

py, Ys -0.000281 -0.000281 

py, 14 -0.227205 -0.227207 

py, 1s 0.014009 0.014009 

Obpy, OY. 0.151358 0.151360 

3? Mp, (OY 2 -0.000010 -0.000010 

3? Mp, | oy? 0.000010 0.000010 

3? My, 1OY 2 -0.024032 -0.024031 

3? Mpx, 18 2 -0.010932 -0.010932 

7? Mp, OY 2 0.143055 0.143055 

3? My, | oy? -0.000036 -0.000036 

7? My, (OY 2 0.000036 0.000036 

7? Upy, 1 2 -0.000034 -0.000034 

? Upy, | ay? 0.053591 0.053590 

7? Mpy, /OY 2 -0.000454 -0.000455 

3? Mpy, /y 2 0.052606 0.052606       
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APPENDIX B 

AN ALGORITHM FOR CALCULATING THE RELATIVE 
CURVATURES AND ITS IMPLEMENTATION 

As shown in section 5.4.2, the relative parameter-effects and intrinsic curvatures vary with 

the direction vector {h}. To study the nonlinearity of the model function, the maximum of 

each of those two curvatures needs to be found. Directly using the formulas in that section 

to calculate the maximums is not efficient. Bates and Watts [5.10] developed an efficient 

algorithm to do that. The basic idea in their algorithm is to simplify the calculation by 

linear coordinate transformation in both the parameter space and the response space. In 

this appendix, their algorithm will be derived, implemented and verified. 

B.1 Coordinate transformation in both the parameter and the response space 

In the response space, the coordinates are rotated such that the first M coordinate vectors 

are parallel to the tangent plane and the last N-M are orthogonal to the tangent plane. This 

can be done by premultiplying all the vectors in the response space by an orthogonal 

matrix (oy. where [Q] is one part of the QR decomposition of the matrix [V], i.e. 

riore-{o] 4] @.1) 

where [R] is an M by M upper triangle matrix, [0] is an (V-M) by M zero matrix. 

In the parameter space, the coordinate transformation is defined as 

{o}=[R]({y}-{7}) (B.2)



After the transformation, the first order derivatives of the expectation function with 

respect to the parameter {o} is 

[U]= ae aT tetetoh = ae ltt ar fo }=f0} 

“of fT tah 
Thus, [U] is the first M columns of the [Q] matrix. The second order derivatives of the 

(B.3) 

expectation function with respect to the parameter {¢ } is 

0; l“l-5 = pao, -=[L] "IV [iz] (B.4) 

where (z}=[R] The multiplication in Eq. (B.4)) is completed on each face, i.e., the ith 

face of matrix | U | is defined as 

(o | =[c)' |v | [21- (B.5) 

Each face of the three-dimensional array is an M by M matrix. 

In the rotated response space, the first order derivative matrix [U] becomes 

1} | U -(of 1-{of fol! I-| B.6) (w}, =OF 1=(0F 12) pg =| 
From the above equation, one can see that in the rotated response space, the derivatives of 

the expectation function with respect to the parameters {¢ } are the standard basis vectors. 

In the rotated response space, the second order derivative array [7 | becomes 

[v7], =ler 7] B.7) 
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The right hand side is the multiplication of a matrix by a three-dimensional array. The 

result is still a three-dimensional array, this multiplying operation is defined as 

e N . 

U ik R » OFU ip (B.8) 
f= 

The array [co], can be written as 

[7 ],=1o) lo, B.9) 
- [PE , : . + |PE . 

where | |. is the first M faces of [u |, and is parallel to the tangent plane, [u | is the 

last N-M faces of [u |, and is perpendicular to the tangent plane. 

From the above derivations, the velocity and acceleration vectors of the expectation 

function with respect to the parameters {@} are expressed in the rotated response space. 

As shown in next section, this expression will simplify the relative curvature calculations. 

B.2. Calculation of the relative curvatures 

The curvatures for an arbitrary direction {4} in the {y } parameter space is (Eq. (5.90)) 

Mall 
{a} Hf 2 

im H 

From Eq. (5.87), it can be seen this curvature is independent of the length of the direction 

vector {kh}. The straight line {y}={y}+af{n} in the {y} parameter space become a 

(B.10) 

straight line in the {g } parameter space, i.e. 

{o}=[R] {7} + ala} —{7}) = aL Ra} = ala} (B.11) 
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where {d}= [R] fa}. It can be shown [5.3] that the derivatives of the expectation function 

along the direction {d} in {o} parameter space is equal to the derivatives along the 

direction {h} in {y } parameter space, i.e., 

{siya | = {Ha} =[U]id} (B.12) 
{digg = {ia} ={a}"|U |{a} 

Since the curvature is independent of the length of the direction {4}, the curvatures can be 

calculated by using a unit vector {d}. In the rotated response space, one has 

{vita} =) {a} (i 
(B.13) 

iit = {diva f = {d}"|U|_ {a} 

Since the rotation does not change the length of a vector, 

Ket Hall. aad, [Haul wis 
    

Since {d} is a unit vector, the length of the vector { Hy a} is equal to one. The curvature 

along direction {d} is 

Cay = ite i = fay" lu |, {a} (B.15) 

The relative parameter-effects curvature is 

ni = eftay’ Lo | {ay} B.16) 
where p is the standard radius defined in Eq. (5.93). The relative intrinsic curvature is 

nb = pita} [0 | {a}] B17 
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The maximum relative parameter-effect and the maximum intrinsic curvatures can be 

obtained by changing the direction vector {d}. Bates and Watts [5.10] developed a 

iterative method to find it. They found that if the gradient v(nz) has the same direction 

as vector {d}, then direction vector {d} will locate a local maximum for Thay: In their 

method, they used V(n?£) instead of V(n?£) since V(n?%) is in the same directi ethod, they u Nay) instead of V\nj,) since V\nj;) is in the same on as 

v(n7). The following is the procedure for finding the maxim parameter-effects 

curvature. 

I). Select an initial direction vector {d } 

I), Calculate {g}, = V(nz@) =4{{a}|0 | {a},} jo | {a},) ana 

{z},={g}, [eh] 

IM). If {Z}/ {d}, <1-e, then set {a}. ={%,} and repeat from step (ID), otherwise set 

Nee = el{ay|u ita 

The error e in step (II) is the convergence criterion which control how close to being in 

the same direction the {d}. and the gradient are required to be. It may be set that 

e=0.0001 or smaller. 

The outlined procedure can be used to find the maximum relative intrinsic curvature 7” 

with [U f being replaced by [u [- The experience of Bates and Watts shows that their 

algorithm tends to oscillate about the optimum as it gets close to convergence. They 

modified step (IID) to set 
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(3{8}, +{4},) 
{a}. ” [etal +a, (B.18) 

They also noticed that using a QR decomposition with pivoting to define [u Ie {d}. 

tended to lie close to {d}, =(0, 0, ..., 1)’. Thus, they set the initial direction vector {d}, 

to be {d}, 

With the above starting value and convergence criterion, the modified algorithm usually 

converged in about four iterations and never required more than ten iterations in any of 

their examples. Bates and Watts also developed a method for calculating bounds for the 

relative curvatures. If the calculated maximum falls in the bounds, a global maximum is 

considered to be achieved 

B.3_ Implementation and verification of the algorithm 

The discussed algorithm has been implemented in Matlab. In the implementation, Eq 

(B.18) is used to update {d}.. The initial value for direction vector {d} is from the calling 

program. The implementation looks straight forward. However, some efforts have been 

made to handle the three-dimensional second order derivative arrays and the related 

multiplication operations with them since Matlab only allows two-dimensional array 

(matrix). The three-dimensional N by M by M arrays are expressed as an NM by M 

matrices. Each M by M submatrix is one face of the original three-dimensional array. The 

related multiplication with those arrays is adjusted based on the matrix expressions. 
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To verify the effectiveness of the algorithm and correctness of the implementation, three 

cases have been tested. The following is the details. 

I). One parameter case 

This is the example used in section 5.4.1.2. The regressive models is 

y, =1l-e'" +6, (B.19) 

Two assumed observations are (i) t,=0.4, y,=0.57; Gi) t,=1.5, y,=0.93. Using the least 

squares method, the parameters and the standard deviation of the residuals are obtained as 

¥, =2.0555, s=0.0260 (B.20) 

Using the implemented algorithm, the relative parameter-effects and intrinsic curvatures 

are found as 

n™ =0.0751, n™ =0.0513 (B.21) 

This is the same as what has obtained in section 5.4.2.5 (Eq. (5.105)). In that section the 

second order derivative was directly projected onto the tangent line and a line 

perpendicular to the tangent line. 

II). Two parameters case 

Again this is the example used in section 5.4.1.2. The regression model is 

y, = 7, sinlax, + 7) + €; (B.22) 

Three assumed observations are: (i) ¢,=0.00, y,=0.70; (ii) t,=0.40, y,=—-0.15; (ii) 

t,=0.80, y,=—0.45. The frequency @ is assumed to be 27%. Using the least squares 

method, the two parameters and the standard deviation of the residuals are estimated as 

¥, =0.9901, 7, = 0.7830, s =0.0034 (B.23) 
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Putting the estimated parameters into Eqs. (5.106) and (5.107), one can find the velocity 

and acceleration vectors. Using the implemented algorithm, the maximum relative 

parameter-effects curvature and the intrinsic curvature are obtained. 

nZzZ = 0.0073, n° = 0.0000 (B.24) 

In section 5.4.2.5, it was shown that the acceleration vectors were in the tangent plane, 

the intrinsic curvature was zero. Here the same conclusion is obtained. It can be found that 

F(2, 1; 0.05) =199.5, thus, 

nZ= = 0.0073 <1/ (2VF ) = 0.0354 (B.24) 

Therefore, the linear approximation for this model is acceptable. Looking at Fig. 5.4, one 

would not say that the expectation surface is not flat enough. 

Since this model contains only two parameters, the parameter space is a two-dimensional 

space. Any unit direction vector in the parameters can be expressed as 

wf (B.25) 
sing 

where @& is the angle between the vector {h} and the first parameter axis. This is shown in 

Fig. B.1. 

724 

{h} 

_ 

1 
    

Figure B.1 Direction vector {h} in two-dimensional parameter space 
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Multiplying Eq. (5.90) by the standard radius, one will get the relative curvature 

Nyy = PCy, = P Ki i] 

{a}   

(B.26) 

where { ling | and { fig} are calculated by Eq. (5.87). The relative curvature 7),,, can be 

obtained for different direction vectors. Figure B.2 shows the result. 

  

    

8 q q f ' q q q ? 

7r Pee re be ee ee me Semmes eee ee tere ce twee eee eet wee wesw ee tte ee tea w seer eee teencce — 

6Fr ee ewe d ewe mene e ne reer ere tees e et ee me reed rer aerer sete rte seve snteosace forests ssaeneresetbecces 

@D BL... bocce ecb cece cece bec cece nec eeeecceetereceetnee nD cceeeedeeseecseeeteedens - 

8 
SB ghee Licccccceeecd DNeeeeclececeeecectevestettttdeveesesfalesteeceeesheveresneetered eee. 
g : 
s : 
& 3h ---- Pret b cet e rere bere e eae eees ee pereeetcesssssccepessss cscs: fecreee ~« 

Defer cc bec ce eee baw eecaveen Preceeeed Pe eeceey Code tcteseeeed eee ccee eed eeeeereeee fence eee he = 

ir Feccceeebssscsssesebsesesecsseteceseseesebessrssrsseterssesessetererssscees wee wen tee ew ee nee — 

Oo | i 1 l l l 

O 20 40... 60 80 100 120 140 160 180   

Angle (degrees) 

Figure B.2 The relative curative versus the angle of direction {/} in the parameter space 

Since the intrinsic curvature is zero, the relative curvature shown in Fig. B.2 is equal to 

the parameter-effects curvatures. The maximum in Fig. B.2 is 

N max=0-0073. (B.27) 
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Which is the same as the one obtained by the implemented algorithm. This provides an 

example which shows the implemented algorithm in this appendix is correct 

II). A case in Bates and Watts’ paper 

The regressive model in their paper [5.10] is 

  y =e (B.28) 

Using the observations and the estimated parameters from their paper, the first order and 

the second order derivatives are obtained. Then, by using the implemented algorithm the 

maximum relative parameter-effects curvature and the maximum relative intrinsic 

curvature are computed. The following is the results. 

nit = 0.7669, 7%. = 0.0834 (B.29) 

ne is the same as the one in the paper by Bates and Watts. However, they reported the 

maximum relative curvature (defined in the Eq. (B.26)) as ne in their paper. Since the 

intrinsic curvature is not zero for this model, the maximum relative curvature is not equal 

to the maximum relative parameter-effects curvature. The former is larger. 

The above three examples have shown that the algorithm for calculating the relative 

curvatures is effective and the implementation are correct. Thus, the implemented 

algorithm can be used to find the maximum relative parameter-effects curvature and the 

maximum relative intrinsic curvature for the inverse model developed in chapter 5. 
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APPENDIX C 

DATA COLLECTED FOR MODEL ASSESSMENT AND SCANNER 
CALIBRATION 

The collected data and the obtained residuals for sections 7.5 and 8.1. are presented here. 

Table C.1 Data set one for residual analysis in section 7.5.1 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

    

Point | Structural coordinates Scanning angles Residuals in scanning 

(z,=0) (inches) (degrees) angles (degrees) 

ID Xs Ys Px Py E,. Ey, 

1 0.3500 0.4000 { -11.9591 | 12.4958 0.0079 | -0.0030 
2 7.8000 0.4750 | -5.9855 | 12.4958 0.0227 0.0014 

3 15.1000 | 0.5500 0.0115 12.4958 0.0090 0.0069 
4 22.3250 | 0.6250 6.0085 12.4958 0.0154 0.0132 
5 29.6250 | 0.7000 11.9821 | 12.4958 0.0262 0.0188 

6 0.6250 7.8000 | -11.9591 | 6.2707 0.0057 | -0.0076 
7 7.9500 7.8500 | -5.9855 6.2707 0.0043 | -0.0010 

8 15.1000 | 7.8750 0.0115 6.2707 | -0.0016 | -0.0150 
9 22.2000 | 7.9250 6.0085 6.2707 | -0.0057 | -0.0072 
10 29.3750 | 7.9750 11.9821 | 6.2707 | -0.0050 0.0003 
11 0.7250 14.4500 | -11.9591 | 0.5217 0.0037 | -0.0100 
12 8.0000 14.4750 | -5.9855 0.5217 | -0.0022 | -0.0044 
13 15.1000 | 14.5000 | 0.0115 0.5217 | -0.0113 0.0017 

14 22.1500 | 14.5250 | 6.0085 0.5217 | -0.0178 0.0079 

15 29.2750 | 14.5250 | 11.9821 | 0.5217 | -0.0190 | -0.0080 

16 0.6750 | 22.2500 | -11.9591 | -6.2283 | -0.0105 0.0115 
17 7.9500 | 22.2250 | -5.9855 | -6.2283 0.0063 | -0.0024 
18 15.0750 | 22.2250 | 0.0115 | -6.2283 | -0.0012 0.0052 
19 22.1500 | 22.2250 | 6.0085 | -6.2283 | -0.0064 0.0128 
20 29.3000 | 22.2250 | 11.9821 | -6.2283 | -0.0065 0.0205 
21 0.4250 | 29.5250 | -11.9591 | -12.4534 | -0.0009 | -0.0247 
22 7.8250 | 29.5000 | -5.9855 | -12.4534 | 0.0073 | -0.0162 

23 15.0750 | 29.4750 | 0.0115 | -12.4534 | -0.0113 | -0.0082 
24 22.2500 | 29.4500 | 6.0085 | -12.4534 | -0.0078 | -0.0004 

25 29.5000 | 29.4250 | 11.9821 | -12.4534 | 0.0010 0.0078               
  

Note: 1 inch = 25.4 mm 
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Table C.2 Data set two for residual analysis in section 7.5.1 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

    

Point | Structural coordinates Scanning angles Residuals in scanning 

(z,=0) (inches) (degrees) angles (degrees) 

ID xs Ys Py Py Ey. E, 

1 0.7750 1.5000 | -11.9591 | 12.4958 0.0002 | -0.0087 

2 7.7500 1.2500 -5.9855 12.4958 0.0093 -0.0007 

3 14.8000 0.9750 0.0115 12.4958 0.0078 -0.0117 

4 22.0250 0.7250 6.0085 12.4958 0.0223 0.0039 

5 29.6000 0.4250 11.9821 | 12.4958 0.0283 -0.0114 

6 1.1000 8.4750 | -11.9591 6.2707 -0.0140 | -0.0051 

7 7.9250 8.3000 -5.9855 6.2707 0.0177 -0.0204 

8 14.8750 8.1500 0.0115 6.2707 -0.0075 | -0.0107 

9 21.9750 8.0000 6.0085 6.2707 -0.0005 0.0018 

10 29.4000 7.8000 11.9821 6.2707 0.0103 -0.0225 

11 1.2500 14.7500 | -11.9591 0.5217 -0.0211 -0.0101 

12 8.0500 14.7000 | -5.9855 0.5217 -0.0058 0.0094 

13 14.9250 | 14.6250 0.0115 0.5217 -0.0063 0.0067 

14 22.0000 | 14.5500 6.0085 0.5217 -0.0191 0.0060 

15 29.3750 | 14.4750 | 11.9821 0.5217 -0.0093 0.0080 

16 1.2500 22.1250 | -11.9591 | -6.2283 -0.0216 0.0099 

17 8.0750 22.1500 | -5.9855 | -6.2283 -0.0022 0.0060 

18 15.0000 | 22.2000 0.0115 -6.2283 -0.0187 0.0239 

19 22.0750 | 22.2250 6.0085 -6.2283 -0.0037 0.0189 

20 29.5000 | 22.2500 | 11.9821 | -6.2283 -0.0064 0.0128 

21 1.0750 29.0250 | -11.9591 | -12.4534 | -0.0106 | -0.0121 

22 8.0000 29.1500 | -5.9855 | -12.4534 | 0.0152 | -0.0129 

23 15.0250 | 29.3000 0.0115 | -12.4534 0.0085 0.0063 

24 22.2250 | 29.4250 6.0085 | -12.4534 0.0166 0.0010 

25 29.7750 | 29.5750 | 11.9821 | -12.4534 0.0150 0.0115               
  

Note: 1 inch = 25.4 mm 
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Table C.3 Data set three for residual analysis in section 7.5.1 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

    

Point | Structural coordinates Scanning angles Residuals in scanning 

(z,=0) (inches) (degrees) angles (degrees) 

ID xs Ys Px Py E,. Ey 

1 1.7000 0.6000 | -11.9591 | 12.4958 0.0068 0.0258 

2 9.5000 1.1000 -5.9855 12.4958 0.0010 0.0258 

3 16.6250 1.5500 0.0115 12.4958 0.0033 0.0195 

4 23.2750 1.9750 6.0085 12.4958 0.0122 0.0180 

3 29.6500 2.3750 11.9821 | 12.4958 | -0.0149 0.0092 

6 2.1000 7.7250 | -11.9591 6.2707 0.0083 -0.0017 

7 9.7000 7.9500 -5.9855 6.2707 0.0209 | -0.0080 

8 16.7000 8.1750 0.0115 6.2707 0.0013 0.0028 

9 23.2250 8.3500 6.0085 6.2707 0.0030 | -0.0208 

10 29.4750 8.5500 11.9821 6.2707 -0.0185 | -0.0119 

11 2.3250 14.1250 | -11.9591 0.5217 -0.0075 0.0000 

12 9.8250 14.1250 | -5.9855 0.5217 0.0248 -0.0014 

13 16.7750 | 14.1250 0.0115 0.5217 -0.0074 | -0.0029 

14 23.2500 ; 14.1250 6.0085 0.5217 -0.0118 | -0.0043 

15 29.4500 | 14.1250 | 11.9821 0.5217 -0.0340 | -0.0057 

16 2.3500 | 21.5750 | -11.9591 | -6.2283 0.0067 -0.0061 

17 9.8750 | 21.3250 | -5.9855 | -6.2283 0.0344 0.0072 

18 16.8250 | 21.0750 0.0115 -6.2283 0.0165 0.0019 

19 23.3250 | 20.8500 6.0085 -6.2283 0.0019 0.0054 

20 29.5250 | 20.6250 | 11.9821 | -6.2283 | -0.0088 | -0.0018 

21 2.2500 | 28.5500 | -11.9591 | -12.4534 | -0.0270 | -0.0375 

22 9.8750 | 28.0500 | -5.9855 | -12.4534 | 0.0104 | -0.0198 

23 16.9250 | 27.5750 0.0115 | -12.4534 | -0.0088 | -0.0142 

24 23.4750 | 27.1500 6.0085 | -12.4534 | 0.0112 0.0073 

25 29.7750 | 26.7250 | 11.9821 | -12.4534 | -0.0198 0.0132               
  

Note: 1 inch = 25.4 mm 
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Table C.4 Data set four for residual analysis in section 7.5.1 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

    

Point | Structural coordinates Scanning angles Residuals in scanning 
(z,=0) (inches) (degrees) angles (degrees) 

ID Xs Ys Px Py E,. Ey 

1 15.0250 | 29.0000 | -0.0002 | -11.8552 | -0.0096 | -0.0011 
2 24.8250 | 22.4250 8.2457 | -6.3381 0.0144 0.0149 

3 8.8750 19.4250 | -5.1305 | -3.6894 | -0.0082 0.0009 

4 18.1250 | 4.5250 2.6469 9.1392 | -0.0010 | -0.0084 

5 25.1500 | 28.5750 8.3862 | -11.5745 | 0.0165 0.0090 

6 2.1750 15.3250 | -10.6121 | -0.1496 0.0053 | -0.0162 

7 12.4250 | 26.5250 | -2.1554 | -9.7680 | -0.0104 | -0.0029 

8 5.5750 7.8750 -7.8127 6.2707 -0.0168 0.0002 

9 25.5000 | 4.8500 8.7962 8.8828 0.0130 | -0.0077 

10 1.8500 11.2250 | -10.8463 | 3.4023 0.0081 0.0042 

11 24.2500 | 15.0250 7.8123 0.0579 -0.0046 | -0.0201 

12 4.7750 | 21.5500 | -8.4803 | -5.4959 0.0005 | -0.0007 

13 28.3500 | 5.2250 11.1153 | 8.5655 -0.0130 | -0.0118 

14 15.9750 | 26.9250 0.7963 | -10.1220 | -0.0073 0.0056 

15 4.9250 | 24.9250 | -8.3164 | -8.3643 | -0.0009 0.0005 

16 3.0000 | 20.4250 | -9.9210 | -4.5194 0.0088 0.0043 

17 20.7000 | 3.9250 4.8021 9.6762 0.0107 0.0127 

18 10.5000 | 9.3250 -3.7601 5.0379 -0.0164 0.0058 

19 24.1750 | 16.2250 | 7.7537 | -0.9675 0.0035 0.0012 

20 15.8250 | 17.0750 0.7143 | -1.6754 0.0049 0.0083 

21 8.9250 2.7250 -4,.9782 | 10.6283 | -0.0015 | -0.0077 

22 9.7500 14.6000 | -4.4043 0.4851 -0.0100 0.0081 

23 20.0500 | 2.9500 4.2399 10.4940 | -0.0019 0.0088 

24 24.5250 | 10.0250 8.0465 4.4276 0.0108 | -0.0047 

25 6.0250 5.1000 -7.3793 8.6265 0.0058 | -0.0032             
  

Note: 1 inch = 25.4 mm 

 



  

  

Table C.5 Residuals and intervals for the 9 registration points in section 7.5.2 

  

  

  

  

  

  

  

  

  

  

    

Point For X scanning angles (degrees) For Y scanning angle (degrees) 

ID é Confidence | Predication e Confidence | Predication 

Px interval interval °r interval interval 
1 0.0137 0.0211 0.0378 -0.0043 0.0216 0.0381 

3 0.0102 0.0156 0.0350 0.0036 0.0149 0.0347 

5 0.0193 0.0195 0.0369 0.0135 0.0223 0.0385 

11 0.0063 0.0146 0.0346 -0.0056 0.0162 0.0352 

13 | -0.0106 0.0135 0.0341 0.0059 0.0138 0.0342 

15 | -0.0237 0.0141 0.0343 -0.0040 0.0172 0.0357 

21 | -0.0022 0.0216 0.0380 -0.0213 0.0211 0.0377 

23 | -0.0111 0.0164 0.0353 -0.0029 0.0148 0.0346 

25 {| -0.0008 0.0201 0.0372 0.0148 0.0218 0.0382             
  

Table C.6 Residuals and intervals for the 16 "new" registration points in section 7.5.2 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

    

Point For X scanning angles (degrees) For Y scanning angle (degrees) 

ID e Confidence | Predication € Confidence | Predication 

Px interval interval % interval interval 

2 0.0267 0.0164 0.0354 -0.0009 0.0167 0.0355 

4 0.0129 0.0160 0.0351 0.0088 0.0171 0.0357 

6 0.0099 0.0165 0.0354 -0.0052 0.0167 0.0355 

7 0.0074 0.0135 0.0341 0.0009 0.0136 0.0341 

8 -0.0007 0.0140 0.0343 -0.0136 0.0127 0.0338 

9 -0.0078 0.0137 0.0342 -0.0064 0.0142 0.0344 

10 | -0.0109 0.0156 0.0350 0.0005 0.0177 0.0359 

12 | -0.0001 0.0125 0.0337 -0.0001 0.0143 0.0344 

14 | -0.0194 0.0129 0.0339 0.0120 0.0149 0.0347 

16 | -0.0099 0.0168 0.0355 0.0164 0.0166 0.0354 

17 0.0073 0.0139 0.0343 0.0029 0.0138 0.0342 

18 | -0.0007 0.0144 0.0345 0.0109 0.0130 0.0339 

19 | -0.0073 0.0141 0.0343 0.0189 0.0144 0.0345 

20 | -0.0097 0.0160 0.0351 0.0270 0.0176 0.0359 

22 0.0072 0.0171 0.0357 -0.0118 0.0164 0.0354 

24 | -0.0082 0.0167 0.0355 0.0058 0.0169 0.0356             
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Table C.7 The measured data and the residuals for the calibration experiment in section 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

                

8.1.3 

Point | Structural coordinates | Input voltages (volts) Residuals in input 

(z,=0) (inches) voltages (volts) 

ID Xs Ys Vx Vy ey. Ey, 

1 1.0000 1.0055 -4.8584 4.9219 -0.0111 0.0115 

2 35.0000 1.0055 4.8877 4.8682 -0.0007 0.0044 

3 1.0000 35.1930 | -4.8340 | -4.9023 | -0.0017 0.0010 

4 35.0000 | 35.1930 4.8438 -4.8926 0.0011 -0.0088 

5 10.0000 1.0055 -2.2900 4.9024 -0.0030 0.0044 

6 18.0000 1.0055 0.0293 4.8877 -0.0011 0.0007 

7 26.0000 1.0055 2.3437 4.8779 0.0004 0.0019 

8 3.0000 3.0165 -4,2920 4.3360 0.0137 -0.0054 

9 33.0000 3.0165 4.3359 4.2920 -0.0118 | -0.0114 

10 5.0000 5.0276 -3.7500 3.7695 0.0028 0.0016 

11 31.0000 5.0276 3.7939 3.7354 -0.0015 | -0.0024 

12 7.0000 7.0386 -3.1934 3.1885 -0.0037 | -0.0022 

13 29.0000 7.0386 3.2373 3.1641 0.0046 -0.0036 

14 9.0000 9.0496 -2.6221 2.6074 -0.0041 | -0.0030 

15 27.0000 9.0496 2.6611 2.5928 0.0001 -0.0008 

16 1.0000 10.0551 | -4.9365 2.3291 -0.0091 0.0018 

17 35.0000 | 10.0551 4.9512 2.2949 -0.0035 | -0.0025 

18 11.0000 | 11.0607 | -2.0361 2.0264 0.0029 -0.0014 

19 25.0000 | 11.0607 2.0801 2.0117 -0.0017 | -0.0046 

20 13.0000 | 13.0717 | -1.4502 1.4453 0.0043 0.0018 

21 23.0000 | 13.0717 1.4990 1.4356 0.0023 -0.0009 

22 15.0000 | 15.0827 | -0.8740 0.8594 -0.0078 0.0011 

23 21.0000 | 15.0827 0.9082 0.8545 0.0008 -0.0003 

24 17.0000 | 17.0938 | -0.2832 0.2735 -0.0073 0.0005 

25 19.0000 | 17.0938 0.3174 0.2735 0.0017 0.0015 

26 1.0000 18.0993 | -4.9561 -0.0146 | -0.0078 | -0.0020 

27 35.0000 | 18.0993 4.9658 -0.0293 | -0.0005 | -0.0028 

28 17.0000 | 19.1048 | -0.2832 | -0.3125 | -0.0064 | -0.0013 

29 19.0000 | 19.1048 0.3174 | -0.3125 0.0028 -0.0006 

30 15.0000 | 21.1158 | -0.8740 | -0.8935 | -0.0060 0.0004 

31 21.0000 | 21.1158 0.9082 -0.8984 0.0047 -0.0031 

32 13.0000 | 23.1268 | -1.4551 -1.4746 0.0012 0.0011 

33 23.0000 {| 23.1268 1.4893 -1.4746 0.0001 0.0022 

34 11.0000 | 25.1379 | -2.0361 -2.0508 0.0037 0.0048   
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35 25.0000 | 25.1379 | 2.0703 | -2.0508 0.0006 0.0047 
36 1.0000 | 26.1434 | -4.9219 | -2.3389 | -0.0021 0.0063 

37 35.0000 | 26.1434 | 4.9365 | -2.3437 0.0043 | -0.0008 
38 9.0000 | 27.1489 | -2.6172 | -2.6269 | -0.0001 0.0059 
39 27.0000 | 27.1489 | 2.6465 | -2.6269 0.0030 0.0037 
40 7.0000 | 29.1599 | -3.1885 | -3.2031 | -0.0022 0.0039 
4l 29.0000 | 29.1599 | 3.2129 | -3.2031 0.0039 | -0.0014 
42 5.0000 | 31.1710 | -3.7402 | -3.7744 0.0059 0.0028 
43 31.0000 | 31.1710 | 3.7695 | -3.7695 0.0046 | -0.0016 
44 3.0000 | 33.1820 | -4.2773 | -4.3359 0.0178 0.0069 
45 33.0000 | 33.1820 | 4.3018 | -4.3310 | -0.0080 | -0.0022 

46 10.0000 | 35.1930 | -2.2852 | -4.9023 0.0027 | -0.0042 
47 18.0000 | 35.1930 | 0.0195 | -4.8974 0.0048 | -0.0039 
48 26.0000 | 35.1930 | 2.3193 | -4.8926 0.0063 | -0.0036               
  

Note: 1 inch = 25.4 mm 
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