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(ABSTRACT) 

This thesis addresses the problem of developing a statistical method for validating 

the ESDM strain-field output. Specifically, 1t addresses the problems of estimating the 

ESDM strain-field uncertainty, choosing an appropriate standard measurement, estimating 

the uncertainty in the standard measurement and comparing the ESDM strain-fields 

against a finite set of standard measurements. A solution to each of these problems is 

presented. Specifically, it is shown that 1) the uncertainty in the strain-field may be 

estimated from the ESDM dynamic stiffness matrix; 2) strain gages are chosen to validate 

the ESDM strain-fields; 3) the uncertainty of the strain gage measurements may be 

estimated from the uncertainty in the system calibration, the output voltage of the system 

and the tolerance of the strain gage gage factor; and 4) the ESDM strain-fields may be 

validated against a set of strain gage measurements by a combining a 2-group z-test 

(hypothesis test on two means with known variances) with a qualitative analysis of the 

field. This statistical validation method is then evaluated in test-based simulation to 

determine if it provides reliable assessments of the ESDM strain-field accuracy. The 

results of the simulation show that the validation method does, indeed, provide reliable 

assessment of the ESDM strain-field accuracy. The results also show that the ESDM 
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method should be capable of accurately estimating dynamic strain-fields, provided it is not 

subjected to subtantial error in the calculated position and orientation of the laser or non- 

stationary behavior in the structure. 
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CHAPTER 1 

INTRODUCTION 

1.1 Problem Statement 

Structural dynamics is the area of engineering concerned with the response of load 

bearing machines to dynamic inputs. One of the major goals of structural dynamicists is to 

create light structures which are still capable of reliably carrying dynamic loads. To 

achieve this, it is often necessary to determine the stress state which develops in a 

structure during dynamic loading. Unfortunately, it is not possible to measure stress 

directly. However, the stress state is directly related to the deformation or strain state of 

the structure, which can be measured. 

Conventionally, dynamic strains are measured using strain gages [1]. Strain gages 

measure the average strain over a small region of the structure, and are typically used 

because they provide accurate results and are lightweight. Unfortunately, strain gages are 

difficult to install and require a considerable amount of data acquisition equipment. These 

two drawbacks make it impractical to use large numbers of strain gages during a test, 

which is not a problem in many cases. If the experimenter is only concerned with the 

maximum strain in a structure, and knows the location of maximum strain, then strain 

gages are well suited to the application. However, it is becoming increasingly important 

to know how the strain-field behaves as a whole. For example, when dealing with 
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complex structures, experimenters do not always know the location of maximum strain, or 

the experimenters are interested in how the strain-field changes due to changes in loading. 

Thus, it is becoming necessary to have methods capable of measuring full-field dynamic 

strains. 

Currently, many new techniques are being developed to measure full-field dynamic 

strains. Most of these techniques are optically based and include photoelasticity, video 

optical diffractometry and interferometry methods, such as moiré techniques, electronic 

speckle pattern interferometry (ESPI) and holography. Some of these methods, such as 

photelasticity and certain moiré techniques, operate with diffuse, or white, light. Other 

methods, such as ESP] and holography operate due to the coherence properties of laser 

light. 

There is also another class of methods that indirectly extract estimates of the full- 

field strain. These methods operate due to the Doppler effect properties of laser light and 

are being specifically developed for use with the scanning laser Doppler vibrometer 

(LDV). One method uses the velocity output of the scanning LDV to estimate the 

bending strain in a beam that is subjected to random input [2]. The other method, called 

experimental spatial dynamic modeling (ESDM), uses the velocity output of the scanning 

LDV to reconstruct the 3-D velocity field of the structure and to determine the dynamic 

strain-field. 

ESDM is a method developed by Montgomery and West [3] for reconstructing 

vector fields from high spatial density, spatially qualified measurements. Currently, as 

mentioned above, the ESDM method is used with a scanning laser Doppler vibrometer 

(LDV) where the field in question is the surface velocity field. However, the method may 

be adapted for use with any measurement system capable of high spatial density, 3-D 

measurements. 
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The ESDM method is theoretically capable of determining the surface strain-field 

on a vibrating structure. The method uses the scanning LDV measurements to reconstruct 

the 3-dimensional velocity field on the surface of the structure. The reconstructed velocity 

field may be post-processed to determine, among other things, the surface strain-field. 

Currently, the strain-fields from this technique have never been experimentally verified. 

Because ESDM is an experimental technique, and because there is always some error in 

the results from any experimental technique, the ESDM strain-field output must be 

validated through some statistical means. Currently, no methods have been developed to 

statistically validate the ESDM strain-fields. More specifically, no methods have been 

developed to determine the uncertainty in the ESDM strain-fields, no standard for 

comparing the ESDM strain-fields has been chosen and no method for validating the 

ESDM strain-field output against the standard has been developed. This thesis discusses 

research which has focused on the development of a method for statistically validating the 

ESDM strain-fields. 

1.2 Research Hypothesis 

The hypothesis of this research is that it 1s possible to statistically validate the 

ESDM strain-fields by comparing them to a standard measurement which is not a full-field 

technique. More specifically, it is hypothesized that: 1) it is possible to estimate the 

uncertainty in the ESDM strain-fields, 2) it is possible to find a standard measurement that 

is suitable for comparison with the ESDM strain-fields, 3) it is possible to estimate the 

uncertainty in this standard measurement, and 4) it is possible to develop a statistical test 

for determining if the ESDM strain-fields and the standard measurement are equivalent. 

Furthermore, it is hypothesized that qualitative properties of the strain-field can be used to 

indicate the accuracy of the ESDM strain-fields. 
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1.3 Research Objectives 

There were two primary objectives of this research. The first objective was to 

formulate a method for statistically validating the ESDM strain-fields. The second 

objective was to determine if the statistical validation method could reliably assess the 

accuracy of the ESDM strain-fields and to determine if any qualitative properties of the 

strain-fields could be used to assess their accuracy. 

Each of these primary objectives could be separated into several supporting 

objectives. The supporting objectives for the formulation and testing of the validation 

method are listed below. 

Formulation Objectives 

1. Develop the method for estimating the uncertainty in the strain-fields developed from 

the ESDM solution. 

2. Choose an independent standard, or calibration, measurement for validating the ESDM 

strains. 

3. Determine what parameters affect the accuracy of the standard measurement. 

4. Develop methods for assessing the uncertainty in the standard measurement. 

5. Develop a method for statistically comparing the ESDM strains and the validation 

strains. 

Testing Objectives 

1. Develop a method for creating known ESDM input. Also develop a method for 

creating known standard measurements. These objectives must be reached so that the 

experimenter can test the validation method under controlled conditions. 
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2. Determine what parameters affect the accuracy of the ESDM strain-fields. This 

objective must be reached so that the experimenter can create ESDM input that will 

produce both accurate and inaccurate strain-fields. 

3. Perform tests using the controlled data to determine if the statistical validation method 

produces reliable assessments of the ESDM strain-field accuracy. 

4. Determine what visual characteristics of the strain-fields might provide clues to the 

quality of the ESDM strain-field estimates. 

1.4 Research Overview 

The method for estimating the uncertainty in the ESDM strain-fields (formulation 

objective 1) was developed from the strain-field post-processing procedures and the 

Statistical properties of the ESDM method. The statistical properties of the ESDM 

method were extrapolated from the statistical properties of least-squares regression 

results. The development of the ESDM strain-field uncertainty is discussed in Chapter 3. 

Strain gages were chosen as the standard measurement for the ESDM strain-fields 

(formulation objective 2). Strain gages were chosen because of their accuracy, availability 

and cost. The method for estimating the uncertainty in the strain-gage measurements 

(formulation objective 4) was developed from the statistical properties of the strain-gage 

calibration method, the time-signal model, the manufacturer's data and the mathematical 

rules for the propagation of uncertainty. Strain gages, the error sources for strain gages 

(formulation objective 3) and the method for estimating the strain-gage uncertainty are 

discussed in Chapter 4. The strain gage error sources are also discussed in Chapter 2. 

Since the ESDM method and the strain gages measure different quantities, the 

ESDM estimates 2-D point strains and the strain gages measure 1-D average strains, they 

cannot be compared directly. The ESDM strains must be processed to produce equivalent 
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1-D average strains. These ESDM equivalent strains may be compared with the strain- 

gage strains in a 2-sample hypothesis test with known variances (hereafter referred to as a 

'2-group z-test') to determine if the ESDM strain-fields are statistically identical to the 

strain-gage strains (formulation objective 5). The methods for producing the ESDM 

equivalent strains and performing the 2-group z-test are discussed in Chapter 5. 

Due to the complexities associated with the ESDM method (e.g. structure 

behavior, transducer behavior, etc.), the only practical venue for providing a controlled 

test environment (testing objective 1) is in a simulation. Thus, a simulation of an ESDM 

experiment was developed to test the reliability of the validation method. This simulation 

software included simulations of a structure, the laser and the strain gages. The output of 

the simulated laser was processed to be used as input for the ESDM method. The 

simulated strain-gage output was used for comparison with the ESDM output. Clearly, 

for the results of the simulation to prove anything about the usefulness of the validation 

method, the simulation must provide realistic data. Thus, the parameters for the 

simulation were taken from an actual test. The simulation and it's parameters are 

discussed in Chapter 6. Chapter 6, as well as Chapter 2 and Chapter 3, also discusses the 

parameters which affect the accuracy of the ESDM strain-fields (testing objective 2). The 

test which provided parameters for the simulation is discussed in Appendix B. 

The reliability of the validation method was assessed (testing objective 3) by 

performing, and evaluating the results of, 5 simulations. The results of the simulation 

were also visually evaluated to determine if the strain-fields provided any qualitative clues 

to their accuracy (testing objective 4). Each simulation tested the affect of different error 

parameters on the ESDM solution. The results of the simulation are discussed in Chapter 

7. 
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1.5 Scope of Research 

Due to time constraints and practicality, it is never possible to consider every 

possible aspect of an area of research. Thus, it was decided to limit this research in the 

following areas. 

Experimental Spatial Dynamics Modeling 

It is assumed for this discussion that the scanning laser doppler vibrometer is used 

as the full-field transducer for the ESDM method. However, much of the work here 

would also apply to full-field measurements by other instrumentation. 

Validation Method 

The only validation measurement discussed are strain gages. It is expected that in 

most cases, strain gages will be used as the standard due to their low cost, ready 

availability and high degree of precision and accuracy. Also, only the wheatstone bridge is 

considered as the method of converting resistance change to voltage, as most strain-gage 

amplifier systems use only the wheatstone bridge. 

Simulation 

Only an Euler-Bernoulli beam was considered in the simulation. This was done 

because a beam that was outfitted with strain gages was available for determining error 

levels, and the beam was tested at a low frequency where the behavior is well described by 

the Euler-Bernoulli theory. 

The error simulations were only concerned with whether or not the ESDM method 

works under realistic error conditions. That is, it was only concerned with error 

conditions that the ESDM method is likely to encounter during an actual test. No attempt 

was made to determine the maximum allowable error conditions that still produced 

accurate ESDM strain-fields. 
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CHAPTER 2 

LITERATURE REVIEW 

This chapter discusses the literature relevant to completing the tasks of this 

research. It covers several topics including the rationale for undertaking this research, 

uncertainty in the ESDM strain-fields, uncertainty in the strain-gage results and the 

hypothesis testing. 

2.1 Rationale for Research 

Experimental spatial dynamics modeling is, as the name implies, an experimental 

technique. As is the case with any other experimental technique, the precision and 

accuracy of the ESDM results are limited by the finite precision and accuracy of the 

equipment used to collect the data. Also, because ESDM is an experimental technique, it 

is subject to noise and errors in the data. As such, it is necessary to be able to estimate the 

uncertainty in the ESDM results. Because the ESDM method is still a maturing 

technology, the techniques for estimating the uncertainty in many of the results, 

particularly the strain-fields, have not been developed. Currently, only the technique for 

estimating the elliptic confidence intervals on the nodal velocities has been developed by 

Montgomery [4]. No other literature on the topic has been published to date. 

The ESDM method provides a continuous field solution over the solution space. 

There are two options if one wishes to validate the ESDM strain-field solutions. The 
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ESDM strain-fields can be validated against the results of another full-field measurement 

system, or they can be validated against a set of discrete measurements. In most cases It is 

necessary to validate the ESDM strain solution using a limited number of discrete standard 

measurements because a full-field measurement system is unavailable. No literature was 

found that directly addresses the problem of validating a full-field solution with a limited 

number of discrete measurements. 

Before the ESDM strain-fields can be validated it is necessary to have estimates of 

the strain-field uncertainties and a method for validating the strain-fields against a small set 

of standard measurements. This research was undertaken since, as discussed above, 

neither of these items were available. 

2.2 ESDM Strain-Field Uncertainty 

It is important with any experimental technique to be aware of the possible error 

sources in the data acquisition process. Some error sources, such as environmental noise 

and A/D quantization error, are universal to all experimental methods. However, there are 

always some error sources that are unique to particular techniques. Since ESDM 

technology is still maturing, the amount of literature that discuss ESDM-specific error 

sources is limited. Lopez-Dominguez [5] discussed how error in the calculated location of 

the laser can cause out-of-plane velocity components to bleed into the in-plane 

components. Also, Venter [6] provided a sensitivity study of the ESDM method to spatial 

error. The information from both of these sources suggested that spatial error be 

considered in the ESDM test simulation. During an ESDM test, the location of the laser is 

determined from the position registration results. The magnitude of the spatial error in the 

simulation was, thus, determined from the results of Lindholm [7] who has developed a 

method for estimating the uncertainty in the position registration results. 
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The ESDM method is a finite element method where the nodal values are 

determined from the data with a weighted least-squares regression. To determine the 

uncertainty at any point in the solution, it is necessary to know the covariances of the 

nodal values. Draper and Smith [8] show that the regression coefficient covariance matrix 

can be calculated by pre- and post-multiplying the weighting matrix by the independent 

variable matrix. It is, thus, shown in Chapter 3 that the ESDM nodal velocity covariance 

matrix is equal to the inverse of the dynamic stiffness matrix. 

2.3 Strain-Gage Uncertainty 

When using strain gages there are many errors that can occur between the strain- 

field and the output strain. Like other experimental techniques, some of these errors are 

universal and some are unique. Murray and Miller [9] discuss four areas that can 

adversely affect strain-gage output. These error sources include wheatstone bridge 

desensitization, wheatstone bridge linearity and strain-gage lateral sensitivity. They also 

showed that the voltmeter resistance can desensitize the wheatstone bridge output. 

Window, et al. [10] also lists many possible error sources in strain-gage systems. In 

addition to the errors discussed by Murray and Miller, Window shows the many ways in 

which strain gages can be affected by temperature. Specifically, it shows that the strain- 

gage resistance and gage factor can both change with temperature, and that the structure 

can produce an apparent strain output if the gage is not properly temperature 

compensated. Window also lists many factors that can increase the lead resistance in the 

system. 

To compensate for the uncertainty in the many parameters of the strain-gage 

system, both Murray and Miller, and Beckwith, et al. [12] recommend calibrating the 

entire data acquisition system with a shunt calibration resistance. The calibration 
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resistance is placed in parallel with the strain gage to produce a know resistance change. 

Thus, the relationship between strain-gage resistance change and measured voltage can be 

determined. 

To determine the uncertainty in the strain-gage results, it is necessary to account 

for the uncertainty in the following terms: 

e The real and imaginary magnitudes of the measured output voltage. 

e The calibration coefficient 

e The gage factor 

The literature suggests that there are two methods for determining the propagation 

of uncertainty through the calculations from measured voltage to strain. The first method 

is to calculate strain uncertainty from the definitions of mean value, mean square value and 

variance. This method provides exact results. However, this method is difficult to use 

with non-linear relationships such as that between strain-gage resistance change and strain. 

In theses cases one can use an approximate method developed by Kline & McClintock 

[11]. This method provides an estimate of the propagation of uncertainty by linearizing 

the mathematical relationship about a point. It should be noted that both methods produce 

identical results when the function is a linear combination of variables that are statistically 

independent. 

2.4 Validation Method 

When performing a hypothesis test, one must determine whether to use a normal 

distribution or a students-t distribution. According to Beckwith, et al. [12], the sample 

variance is a reasonable approximation of the population variance when a quantity is 

estimated from more than 30 sample points. When the sample variance is approximately 

equal to the population variance it is reasonable to perform the hypothesis test using a 
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normal! distribution instead of a t-distribution. Any strain estimated with the ESDM 

method is determined from many many more than 30 points. Usually the ESDM method 

uses tens of thousands of points to reconstruct a velocity field. Therefore, it is reasonable 

to assume that the sample variance of the strain-field is approximately equal to the 

population variance. Thus, ifthe strain-gage strain magnitudes are estimated from more 

than 30 points, one can use a hypothesis test with a normal distribution to compare the 

ESDM strain-fields and the strain-gage strains. 
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CHAPTER 3 

EXPERIMENTAL SPATIAL DYNAMICS MODELING 

This section discusses aspects of the Experimental Spatial Dynamics Modeling 

method that are important to calculating accurate strain-fields and related statistics. 

Specifically, it discusses the appropriate strain relations that may be used during post- 

processing, the techniques for post-processing the reconstructed velocity field to 

determine strain and the techniques for determining the confidence intervals on the 

calculated strain-field. It also discusses certain practical aspects of model geometry that 

are important during post-processing. 

3.1 Background 

The Experimental Spatial Dynamics Modeling (ESDM) method is an 

experimentally based, finite element method for reconstructing vector fields from high 

spatial density, 3-Dimensional measurements. The ESDM method was developed to fully 

utilize the capabilities of the scanning laser doppler vibrometer (SLDV). Although the 

method can be used with any measurement system capable of high spatial density 

measurements, it will be discussed as it specifically relates to the SLDV. 

The SLDV is designed to sequentially sample the velocity field of a dynamic 

structure at many spatial locations. These spatial locations are referred to as ‘scan points', 

and the process of collecting data from a set of scan points is called a'scan’. At each scan 
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point, the laser measures the component of the velocity field along the laser beam, see Fig. 

3.1. By a process called 'registration' [13] it is possible to determine the position and 

orientation of the laser relative to the structure coordinate system and, therefore, the 

location of each scan point on the structure. The registration process also determines the 

direction of the laser beam from each scan point. When the laser scans the structure from 

at least three non-coplanar locations, it is possible to extract the 3-D velocity field from 
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Figure 3.1. Operation of SLDV, from Montgomery [14] 

The first step of reconstructing the velocity field with the ESDM method is to 

create a geometry model of the structure. This model is created out of plate or shell finite 

elements. The finite elements used in ESDM are different from the elements used in 

traditional finite element analysis (FEA). In traditional FEA, the displacement field is 

solved at the mid-surface of the structure and extrapolated to determine the displacement 

and strain-fields at the outer surfaces. In ESDM, the velocity field, and hence the 
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displacement and strain-fields, are solved at the outer surface of the structure. This is 

done for an obvious reason; the velocity data is measured by the laser at the outer surface. 

Figure 3.2 shows the differences between the layout of traditional finite elements and 

ESDM finite elements. 

Traditional FEM Plate Element 

we n     
  

      
  

  

                
      

ESDM Plate Element 

Modeled Structure 

  
Figure 3.2. Comparison of Traditional and ESDM Finite Elements 

Once the geometry model of the structure is complete, it is combined with the 

velocity data from the SLDV and the laser position from the registration to produce an 

effective dynamic stiffness matrix, K ,(@), and load vector, f(a) ; 

Experimental Spatial Dynamics Modeling 15



f,(@) =K,(@) Vy (3.1.1) 

The dynamic stiffness matrix and load vector are analagous to the stiffness matrix 

and load vector in traditional finite element method. The effective load vector is 

premultiplied by the inverse dynamic stiffness matrix to calculate the 3-Dimensional nodal 

velocities. The details of this process are discussed later in this chapter and in 

Montgomery [15]. 

3.2 Strain Calculation from Reconstructed Velocity 

Field 

Applying the ESDM method to a proper set of SLDV velocity measurements 

produces a finite element model which can be solved to obtain the 3-Dimensional nodal 

velocities. These results may be post-processed to determine the strain-field of the 

structure. This section discusses the elements necessary for calculating accurate strain- 

fields using the ESDM results. 

3.2.1 Strain Relations 

General Strain Equations 

From continuum mechanics, the strain-field in a structure is related to the 

displacement field by Eq. (3.2.1) [16]. Equation (3.2.1.a) shows the normal strains, and 

Eq. (3.2.1.b) shows the shear strains. Note that the first subscript of each strain indicates 

the normal direction of the plane in question, and the second subscript indicates the 

direction of the strain. Thus, €yy is the strain normal to the x-plane and y,,, is the strain 

parallel to the x-plane in the y-direction. As can be seen from Eq. (3.2.1), the strain-field 

is a function only of the displacement field gradients and the geometry. 
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Equation (3.2.1) is the definition of strain derived from pure geometrical 

relationships and, hence, is exact for any given displacement field [17]. However, for 

small displacements the higher order terms have little effect and can be neglected. The 

small displacement approximations are shown in Eq. (3.2.2). Since the strains collected 

during most dynamic tests are expected to be very small (<< 0.1% = 1000 Ls), it is 

assumed that the strain can be accurately calculated using the small displacement 

approximations. Note that these relationships may not be accurate for thin, flexible 

structures where the surface rotations are large [18]. Such a case could be large, thin 

plates. 
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Equation (3.2.2) is a much simpler form than Eg. (3.2.1) and is the form currently 

used with the ESDM method. This is also the accepted method for calculating strain in a 

conventional linear static analysis. 

Surface Strains 

An important point about the laser doppler vibrometer is that it is only capable of 

measuring the velocity field on the surface of a structure. Any motion beneath the surface 

is not directly measurable. Therefore, it is impossible to determine the gradient of the 

velocity field, and hence the displacement field, across the thickness of the structure. In 

the case of a plate in the xy-plane, this means that €,, cannot be calculated, and y,, and 

Yyz can be only partially calculated. Eliminating these strains from Eq. (3.2.2) produces 

Eq. (3.2.3). Equation (3.2.3) shows those strains, on a plate in the xy-plane, that can be 

completely determined from SLDV data. However, these strains are consistent with many 

structural models, such as beams, plates and shells. 
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Recall that ability of the SLDV to measure only surface velocities is also the 

reason for choosing the finite element configuration shown in Fig. 3.2. 

3.2.2 Calculation of Displacement Field from Velocity Field 

Currently the ESDM method has only been developed to perform sine-dwell 

testing. During such a test the output of the ESDM method is a steady-state velocity 

field. It can be seen from Eq. (3.2.3) that the strain-field is calculated from the 
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displacement field. Thus, this section discusses the method of determining the 

displacement field from the velocity field. 

In the current ESDM method, the velocity field of the structure is represented by a 

Steady-state, harmonic function as shown in Eq. (3.2.4) [19]. Note that in Eq. (3.2.4), 

Re[] means the real part of the complex function, and @ is the phase between the velocity 

and the force. Simplifying Eq. (3.2.4) produces Eq. (3.2.5). 

V(x, y,z,0,f) = Rel V(x, y,Z, ae] (3.2.4) 

V(x, y,z,@,1) =V,,(x,y,z,@) cos(ot) + V,,,(x, y,z,@)sin(at) 

Vee (x, y,z,0) =V(x, y,z,@)cos(¢) (3.2.5) 

V(x, ¥,z,@) =V(x, y,z,@)sin(¢) 

By definition, the displacement field is given by Eq. (3.2.6). 

O(x,y,2,0,1)= [V(x,y,2,0,1)at (3.2.6) 

Integrating Eq. (3.2.5) with respect to time results in Eq. (3.2.7). 

U(x,y,z,0,t)= U (x, y,z,@)cos( at) + U ,,(x,y.z,@)sin( at) 

U., (x.y,2,09) = VM e9.2,0) 
627) 

@ 

OT nl Xs V2, ) = Vag (x.9.2,0) 

@ 

—~ 

Note in Eq. (3.2.7) that the real displacement 1s due to the imaginary velocity and 

vice versa. Therefore, the magnitude of the displacement field is determined by dividing 

the velocity components by the forcing frequency and transposing the real and imaginary 

coefficients. 

It should be noted that the real and imaginary coefficients, and hence the phase, of 

the velocity are determined relative to the force and are orthogonal [20]. It follows that 
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the real and imaginary parts of the displacement, and hence the strain, are also orthogonal. 

Thus, the real and imaginary strain components may be calculated separately and 

recombined to determine the total strain response. Also note that although the real and 

imaginary fields (velocity, displacement and strain) are orthogonal, they are not 

statistically independent [21]. The significance of this will be discussed later in this 

chapter. 

3.2.3 Post-Processing the Displacement Field 

To determine the surface strains it is necessary to calculate the gradients of the in- 

plane displacements along each in-plane axis, Eq. (3.2.3). The gradients are functions of 

the displacement field as well as the geometry of the structure. In any finite element 

model, the displacements and the geometry are both represented in terms of nodal values 

and shape functions. The shape functions are, in turn, functions of the finite element 

natural coordinates, € and n. 

It is not necessary to use an isoparametric formulation for the element. In other 

words, the displacement field and the geometry may be represented by different shape 

functions. Equation (3.2.8) and Eq. (3.2.9) show the non-isoparametric finite element 

representations of the x-displacement and x-coordinate, respectively, for location 7. The 

other displacement and coordinate components are represented similarly. 

u, 

u 

w=[N(E.n) M(E.n) oo. Na(E.m)]) 2 =0N Ju] (3.2.8) 

x,=[M(é.n) M(E,n) .. .. M(é.n)]) ¢ J=[M']x] (3.2.9) 

Experimental Spatial Dynamics Modeling 20



As can be seen in Eq. (3.2.8) and Eq. (3.2.9), both the displacement field and 

geometry are functions of the natural coordinates of the element. Since the displacement 

field is not a direct function of the structure coordinates, it is necessary to relate the two 

quantities through the element natural coordinates. This can be done by using the chain 

rule as shown in Eq. (3.2.10) [22]. Note that the notation in Eq. (3.2.10), u,,., represents 

the partial derivative of the displacement, wu, with respect to the x-direction [22]. This 

notation is used with all the functions to represent partial derivatives with respect to a 

particular coordinate. 

—— = 4 

CE KE a u, Xye Voz |{ ts, 5 OM fleet | Pe Mee (3.2.10) 

én & On Wen yy 

[G]=[s]" ={*| -(6)}""f (3.2.11) 

Equation (3.2.10) shows the x-displacement natural coordinate derivatives as a 

function of the x-displacement gradient. The x-displacement gradient is determined by 

pre-multiplying Eq. (3.2.10) by the inverse of the Jacobian, J, as shown in Eq. (3.2.11). 

The y-displacement gradient is calculated using the same Jacobian. Note that the Jacobian 

is the matrix that contains the relationship between element natural coordinates and the 

structure coordinates. 

The components of the Jacobian are the partial derivatives of the geometry 

functions with respect to the element natural coordinates. Equation (3.2.12) shows the 

partial derivative of the x-coordinate with respect to n, the partial derivatives of x and y 

with respect to € and yn are similar. Similarly, the right side of Eq. (3.2.11) is the partial 

derivative of the displacement field with respect to the element natural coordinates. 
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Equation (3.2.13) the partial derivative of the x-displacement with respect to n, the others 

are similar. 

Xe=[Mc(E.m) MilEsm) oo M,.(é.n)}| 2 =(M’,,|[x] (3.2.12) 

U,54=[Mion(E sm) Nal.) oe oe Moola) 2 ]=[N,][u] — G.2.13) 

The strain-field may, thus, be calculated by combining the partial derivatives of the 

geometry and displacement field, with respect to the element natural coordinates, with the 

Jacobian and Eq. (3.2.3). This process is summarized in Eq. (3.2.14) through Eq. (3.2.17) 

[23]. 

u,. 

Ex, 100 Oly 
e, |=}0 0 0 If” (3.2.14) 

7 0 l | 0 V5, 
Vn v,, 

u,. Gi G,, 0 0 Uy, 

Uy — G,, Gy, 0 0 U, vllooo Ga. GAY (3.2.15) 

v,, 0 0 G, Gy] y, 
” 

[G]=[J]' =[J]= fe toma (3.2.16) 
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3.2.4 Practical Considerations When Post-Processing Finite 

Element Results 

There are several areas that, due to their effect on the results, need to be 

considered when post-processing any finite element results. These areas include: element 

continuity, model convergence and accuracy of geometry modeling. 

Element Continuity 

Although all finite elements are C° continuous, most are not C! continuous or 

higher. C° continuous means that the velocity field is continuous between elements, but 

the spatial derivatives of the velocity field are not continuous between elements. C! 

means that both the velocity field and the first spatial derivative of the velocity field are 

continuous between elements. This means that, for C9 continuous finite elements, the 

strain results are discontinuous at the element boundaries. Also, in conventional FEA, the 

calculated strain-field is often only accurate at the Gauss points [24]. There are methods 

of "smoothing out" these strain results [25], or the user can use higher continuity 

elements. 

Model Convergence 

Regardless of whether an element is C9 continuous or higher, if the element order 

is too low, or if an inadequate number of elements are appropriately placed in the mesh, 

the strain-field will not be accurate. Often it is not clear if the model order is high enough. 

In this case it is necessary to refine the model mesh, either with more elements or higher 

order elements, to determine if the strain-field results have converged. 
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Note that when calculating the strain-field, one is attempting to model the slope of 

the displacement field, in addition to the displacement field itself. Therefore, it may 

require more, or higher order, elements to provide an accurate strain-field than it would to 

provide an acceptably accurate velocity field. This means the strain-field converges slower 

than the velocity field. 

In the ESDM method it is possible to have too high a model order. This occurs 

when the number of model degrees of freedom approaches the number of data degrees of 

freedom (i.e. the number of scan points). When this happens, the ESDM model loses 

statistical degrees of freedom and starts to model the noise in the data. This problem can 

be remedied simply by collecting more data. 

Accuracy of Geometry Model 

Since the strain-field is based not only on the displacement field, but also on the 

model geometry, it is essential that the geometry be represented accurately. Also, it is 

essential that model elements are not excessively distorted [26]. For simple geometries 

such as flat plates and beams, this is not a problem. However, when the ESDM method is 

applied to more complex shapes, the necessary approximations and simplifications which 

are made to the geometry model may have a substantial effect on the strain estimates, as 

they do on conventional finite element models. 

3.3 Statistical Analysis of Calculated Strain 

This section discusses the items, outside of finite element modeling issues, which 

affect the accuracy of the calculated strain-field. It also discusses the method by which the 

uncertainty contributed by these items may be quantified. 

For the purpose of this discussion it is assumed that the finite element model is 

properly converged for strain and that the geometry of the structure is accurately 
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represented by the model. This implies that any error between the reconstructed strain- 

field and the actual strain-field due to the model is negligible relative to other errors. 

3.3.1 Error Sources 

As in any experimental technique, there are many error sources in the ESDM data 

acquisition process that can contaminate the results. Many of the sources are not unique 

to the ESDM method. Items such as filter matching, analog-to-digital converter 

resolution, channel cross-talk, transducer noise, environmental noise, calibration errors, 

and component non-linearities are universal to all experimental techniques. The ESDM 

technique, however, is significantly affected by some error sources that do not have a 

substantial impact on more traditional methods. The two most prevalent sources of this 

type are registration/spatial error and non-stationary structure behavior. 

Spatial Error 

Spatial error can be broken into two categories, laser position error and laser 

orientation error. Laser position error is a difference between the calculated location of 

the laser and the actual Jocation of the laser. Laser orientation error 1s a difference 

between the actual and calculated orientation of the laser, and causes a difference between 

the calculated locations of scan points and the actual locations scan points. Both of these 

errors are related and result from the necessity of experimentally registering the laser to 

the structure. Since the ESDM method is meant to be used in non-laboratory 

environments, a registration process was developed that could determine the location of 

the laser by using a few "known" points on the structure and the mirror angles needed to 

direct the beam to these points. Like any other experimental technique, the registration 

process is subject to uncertainty in its' parameters. Thus, error can develop between 

calculated and actual orientation of the laser. The magnitude of this error can range 

Experimental Spatial Dynamics Modeling 25



anywhere from 1.0 mm to 1.0 m (see Appendix B) depending on the condition of the 

registration data. 

The effect of spatial error is to attribute the measured velocity to the incorrect 3-D 

velocity component and is discussed more in Chapter 6. 

Non-Stationary Structure Behavior 

Non-stationary structure behavior means that the behavior of the structure changes 

during the course of a test. A major assumption of the ESDM method, and thus a 

necessary condition ts that the structure's behavior is steady-state and stationary during the 

course of a test. That is, the velocity field does not change during a scan and does not 

change between scans. Examples of non-stationary behavior include a shift in phase or 

magnitude between the input and the structure response, or a change in the operating 

shape. 

Many conditions can create non-stationary structure behavior. Temperature 

changes can affect the modulus and thermal coefficient of expansion of materials and, 

thus, shift the natural frequencies [27]. Boundary conditions can change (e.g. brackets 

can loosen, the structure can shift in its mount, etc.), which will change the natural 

frequencies and the mode shapes. Also, the structure may be stationary, but instability in a 

transducer may produce "apparent" non-stationary behavior. 

3.3.2 Error Assumptions 

All the error sources in any experiment produce errors that can be classified as 

either random errors or bias errors [28]. Random errors are those that occur in no set 

pattern; bias errors are those that occur in a regular systematic pattern. An example of 

random error is white noise. An example of bias error is the spatial error discussed above. 

Non-stationary behavior can be classified as either random or bias. 
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Random errors can be dealt with by taking many measurements and performing the 

proper signal processing. Bias errors are more difficult to deal with because they can 

usually only be detected by calibration [29]. In some cases it may not be possible to 

determine the exact bias at all. This requires that any uncertainty values for a 

measurement be adjusted to reflect additional uncertainty in the bias. For the purposes of 

this uncertainty analysis it is assumed that the bias error in the instrumentation is 

negligible. That is, all instruments are assumed to be properly calibrated. The effect of 

bias produced by spatial error and non-stationary behavior will be discussed in detail in 

Chapter 6. 

For the purpose of this error analysis, the random errors in velocity at each scan 

point are assumed to be normally and independently distributed, see Eq. (3.3.1). It is also 

assumed that the error is uncorrelated between scan points. 

e ~N(0,0°) (3.3.1) 

The assumption of normality can be made because the error in a velocity 

measurement is composed of error from many sources. By the central limit theorem [30] 

the combined effect of many error sources, even if each is not normally distributed, 

approaches a normally distributed error function. Note that the assumption of normality is 

also based on the assumption that the velocity measurements are not subject to a 

phenomenon called "drop-outs". Drop-outs are a momentary loss of velocity signal from 

the laser. These drop-outs cause the error distribution to become non-normal and biased. 

The origins of drop-outs are not well understood. 

The assumption of independence between each scan point can be made for at least 

one reason. The noise in any velocity measurement is due at least partially to the speckle 

pattern at the location where the laser is hitting the structure [31]. The speckle pattern is 

Experimental Spatial Dynamics Modeling 27



due to the optical roughness of a surface. The pattern of ridges and valleys on any rough 

surface is assumed to be random and, therefore, so ts the speckle pattern they produce. 

Thus, the velocity error variance at any scan point due to speckle pattern is independent 

from any previous or subsequent scan point. 

The assumption of uncorrelated noise between scan points is based on the 

assumption that the signals have been properly shielded from any systematic noise. 

3.3.3 Error Analysis 

In the ESDM method, the velocity field is reconstructed using a weighted least- 

squares finite element formulation [32]. That is to say, the coefficients of an assumed 

representation of the velocity field (in this case, nodal velocities of a finite element model), 

are determined using a least-squares variational statement. The uncertainties of the nodal 

velocities, and any point in the velocity field solution, can be determined when the 

realization is made that under the least-squares variational formulation, the inverted 

"dynamic stiffness matrix" is also the associated covariance matrix universal to all linear 

regression analyses. The process of proving the relationship between the dynamic stiffness 

matrix and covariance matrix is best described using matrix calculations and as such it is 

necessary to represent the ESDM finite element formulation of the velocity field in terms 

of matrices. Note that the following discussion is meant to show the equivalence of the 

ESDM method's weighted least-squares variational formulation to a matrix least-squares 

solution. The stiffness matrix and effective force vector are not actually calculated in the 

manner implied, since it is inefficient to perform the discussed matrix calculations on the 

large data sets usually used by the ESDM method. 

Matrix Least-Squares Finite Element Formulation of Velocity Field 

The variational model for the ESDM method is given by Eq. (3.3.2) [33]. Note 

that the distribution of the error in Eq. (3.3.2) is given in Eq. (3.3.1). This equation states 
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that at a given point on the structure, the velocity measured along the laser beam is a 

function of the 3-Dimensional components of the velocity field multiplied by the direction 

cosines between the structure axes and the laser beam. 

vi, = v,(%,,9,52)) Wen +v,(x,,¥,,2,) Wry +v,(%,,.9,.2%,) Wes +e@, (3.3.2) 

In the regression equation, the unknowns are the 3-Dimensional velocity 

components. The velocity along the laser beam is the dependent variable. All the error in 

the laser velocity is assumed to be due to the error term, e;. The coordinates, (x;, yj, Z;), 

and hence the direction cosines, (y,,, ¥,,, W,,), are the independent variables and are 

currently taken to be known "exactly" from the registration between the laser and the 

structure. 

The 3-D velocity field and the geometry are represented as functions of the finite 

element basis functions, as shown in Eq. (3.2.7) and Eq. (3.2.8). Thus, Eq. (3.3.2) can be 

written as Eq. (3.3.3). 

Gu = [Nv] Yee +IN’] Vy] Mon + ON’ a] ve (3.3.3) 

The ESDM method actually uses a weighted least-squares method. Thus, each 

side of the regression equation is divided by the sample variance of the dependent variable 

as shown in Eq. (3.3.4). The sample variance of the laser velocity is calculated from the 

time series model as per Montgomery [34]. 

we
 

Yue AN Iva Vow +(N'] Vy] Vie +N’ Tv] ¥en} (3.3.4) 
a el 

eo]
 

m 

Multiplying out the matrix terms results in Eq. (3.3.5). This equation can be 

reorganized to the form of Eq. (3.3.6). 
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(3.3.5) 

(3.3.6) 

It is now possible to reorganize the regression equation to a matrix form which is 

in terms of the element nodal velocities, Eq. (3.3.7). Note that the nodal velocity matrix is 

in the traditional ESDM form [35]. 
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Equation (3.3.7) is for a single velocity measurement. If two velocity 

(3.3.7) 

measurements are taken in the region of the same element Eq. (3.3.7) takes on the form of 

Eq. (3.3.8). 
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Rewriting Eq. (3.3.8) in matrix notation results in Eq. (3.3.9). 
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3 | (3.3.9) 

Equation (3.3.9) can be pre-multiplied by the "basis function-direction cosine" 

matrix to get Eq. (3.3.10). Equation (3.3.10) is now in the matrix form of a weighted 

least squares regression [36]. 

[NY] [WT [v, J=[NY] [W]'[NY Vy] (3.3.10) 

The effective dynamic stiffness matrix and force vector terms are calculated from 

Eq. (3.3.10) as shown in Eq. (3.3.11). Carrying out the matrix calculations produces 

results that are identical to the results of Montgomery [37]. 

f,(@)=K,(@)Vy 

7,(@) =[N¥] [W]'[v, ] (3.3.11) 

K ,(@) = [NY] [W] [NY] 

Thus, Eq. (3.3.11) shows the dynamic stiffness matrix and force vector equations 

in matrix form. This is significant because, in the matrix calculation form, it is easy to see 

that the dynamic stiffness matrix is the inverse of the nodal velocity covariance matrix 

[38]. The covariance matrix will be needed later to determine the uncertainty of the 

reconstructed strain-field. 

Variance of Reconstructed Velocity Field 

Recall that one major goal of this research is to obtain a statistically qualified 

strain-field from an ESDM reconstructed velocity field. More specifically, it is desired to 

be able to determine a confidence interval on the strain-field. Since the strain ts calculated 

by post-processing the velocity field it is instructive to first look at the variance of the 

velocity at a point. 
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Equation (3.3.12) shows the calculation of the expected value of the x-axis 

velocity at a specific point on the structure. The expected value of the velocity is needed 

for determining the variance of the velocity. The location on the structure, and the finite 

element mesh on the geometry model, determine the values of the shape functions. The 

shape functions are not random variables, since they are functions of the independent 

variables of the regression equation. Thus, the expected value of the velocity is the sum of 

the expected values of the nodal velocities multiplied by the shape functions. 

Myo = Elv,,) = ECN,(&,. 0,)Va + No(E50, Veo te + Ny (E55 )Vw ) 
N(é,,7,)E(v,,) + N,(E,. 7, JE(v,, +... +N,(€,, 7, EC, ) (3.3.12) 

N(E,, 1, bye + N,(€,, 1, lng t+ +N, (E,, 1, Ve rem 

The derivation of the variance of the x-velocity is shown in Eq. (3.3.13). The first 

line of the derivation shows the definition of variance [39]. Once again note that the basis 

functions are not random variables. 

Fag = V(Yog) = El (Vos = Hao ) 

= EI(N.. fv, - Mya l + N,V a2 = Heyyy f+ +N po Vem = Loyd) | 

= E| NE (ve —~ Hye )’ +2N,,N,,(Vy = bya MV — fyyq) +e. (3.3. 13) 

+2N,,N,. (Voi = By ) Vom = Lym) +2N,,Nyo (Vs ~ Eyxe Vim = Lg ) Fo 

+N? (v_, ~ Hn) | 

Simplifying Eq. (3.3.13) by using the definitions of variance and covariance [40] 

results in Eq. (3.3.14). Thus, the velocity variance at a point on the structure is 

determined by the shape functions and nodal covariances of the appropriate element. 

Ons = Ni vx +2N Ny Oveivag te +2, N, on +2.N, Nis vsavemt ANT Fiver (3.3. 14) lo* ‘mo ~ VxiVxm 
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The covariances are obtained from the covariance matrix, which is the inverse of 

the dynamic stiffness matrix, Eq. (3.3.11). Rearranging Eq. (3.3.14) in terms of the 

covariance matrix produces Eq. (3.3.15) [41]. Note that the covariance matrix used in 

Eq. (3.3.15) is a submatrix of the system covariance matrix. Equation (3.3.15), as written, 

contains only the covariance terms for the x-direction, nodal velocities on the element in 

question. 

N,, «+ Na, |Ko,(@)'| 2? |= NSKGIN, (3.3.15) 
mm 

Variance of Reconstructed Displacement Field 

The displacement variance can be calculated in a similar fashion to the velocity 

variance. The only addition is that the displacement is equal to the velocity divided by the 

forcing frequency. Thus, the variance of the displacement at a point on the structure is 

given by Eq. (3.3.16). 

N., 

N @ 

o -| Me Nw Me Iki, (o) of) -—NGK RIN, (3.3.16) 
oOo oO 

Nna/- 
@ 

Variance of Reconstructed Strain-field 

The strain variance is similar to the displacement variance, except that the strain 1s 

determined from the spatial derivatives of the shape functions, Eq. (3.3.17). 
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Recall from Sec. 3.2.3 that the spatial derivatives of the basis functions are 

calculated using the Jacobian, Eq. (3.2.9). For the case of calculating the spatial 

derivatives relative to the x-direction only a portion of the inverse Jacobian is needed, see 

  
  

Eq. (3.3.18). 

ON,,| | M2 PNre | 
Ox Of On Ir 

ON,, ON,, ON,, 2 

“ax |=| 2 ay | SI= aN (Jo), (3.3.18) 

ON ON,,, ON,,, ~ Ox 

Ox} | 8 en |     
Combining Eq. (3.3.17) and Eq. (3.3.18) produces Eq. (3.3.19). 

o = —(a3 ), INK SAN,(J2) (3.3.19) 

Thus, the variance of the normal strain may be determined by pre- and post- 

multiplying the appropriate covariance submatrix by the partial inverse Jacobian and the 

basis function derivative matrix. Equation (3.3.20) shows the variance for the y-direction 

normal strain. Note that the only differences between Eq. (3.3.19) and Eq. (3.3.20) are 

the covariance submatrix and the inverse Jacobian subvector. 

o,,= (Je), NUK dN, (Jz), (3.3.20) £ yo 2 
@ 
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Equation (3.3.21) shows the variance of the xy-shear strain. The second 

covariance submatrix contains the covariances between the x-direction and y-direction 

nodal velocities. In most, but not all, cases these values are zero. A complete derivation 

of the xy-shear strain variance is shown in Appendix A. 
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(52), aNUKSSdN, (Jz), (3.3.21) 
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 (53), dNUKS AN, (Jz), 

The x-y biaxial strain components are not statistically independent. Thus, the 

covariance terms between strain components are shown in Eq. (3.3.22), Eq. (3.3.23) and 

Eq. (3.3.24). These relationships are derived in Appendix A. 
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3.3.4 Notes on Strain Variance Calculations 

There are two important items that need to be considered when calculating the 

strain variance with the above equations. First, as noted in Section 3.2.2, the real portion 

of the strain is a function of the imaginary part of the velocity and vice versa. The ESDM 

method treats the real and imaginary parts separately. Thus, there is a real covariance 

matrix and an imaginary covariance matrix. Therefore, to calculate the variance of the real 
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strain, one uses the imaginary covariance matrix, and to calculate the imaginary strain 

variance one uses the real covariance matrix. 

The second item that needs to be considered is the statistical independence of the 

real and imaginary parts. As also mentioned in Section 3.2.2, the real and imaginary 

velocity components are not statistically independent [42]. Thus, there is a covariance 

between the real velocity and imaginary velocity at each scan point. This covariance is 

currently not used in the ESDM solution algorithms because it has been found to be small 

relative to the variance terms. Therefore, there is no covariance data in the ESDM output. 

The significance of this is that one can calculate accurate variances for the real and 

imaginary parts of the strain-field, but can only calculate approximate variances for any 

combination of the real and imaginary strain-fields. For example of this problem, consider 

Eq. (3.3.25). The variance of €, 1s determined via Eq. (3.3.26). Accurate variances can 

be determined for ¢,,, and for ¢,,,, but the covariance between ¢,,, and ¢,,, is unknown, 

therefore the calculation of the variance for ¢, is incomplete. 

E, = Ex, cos(at)+ e,,,sin(at) (3.3.25) 
x 

o, = cos(at) o*,, +sin(at)’ o?,,,, + 2cos( ar )sin( a) Open) (3.3.26) 

3.4 Summary 

The ESDM method ts developed around the capabilities of the SLDV. Since the 

SLDV is only capable of measuring velocities on a structure's outer surface, the ESDM 

method uses a finite element that models only the outer surface response. For a plate in 

the xy-plane, this means that the ESDM method can be used to determine the surface 

strains shown in Eq. (3.4.1). 
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The ESDM method produces the 3-D velocity field on the structure surface. 

However, the strain-field is a function of the displacement field gradient. Thus, it is 

necessary to calculate the displacement field from the velocity field. For a structure tested 

using a sine-dwell test, the relationship between the displacement and velocity is given by 

Eq. (3.4.2). 

O(x,y,z, 0,1) = Ugg (x, y,z,@)cos( ot) + U,,,(x, y,z,@)sin( or) 
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From the displacement field, the strain-field can be calculated using Eq. (3.4.3) 

through Eq. (3.4.6). 

u,. 

ey. 1 0 0 Oly 
é,/=|0 0 0 1 *” (3.4.3) 
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(3.4.6) 

There are several practical finite element items that must be considered to ensure 

that the ESDM strain-fields are accurate. First, elements that are lower than C! 

continuous will produce strain-fields that are discontinuous at the element boundaries. 

Thus, the results will require further processing to produce a continuous strain-field. 

Second, in the ESDM method it is possible to have a finite element model order that is too 

high or too low. Ifthe model order is too low, the model will not have the power to 

model the velocity field. If the model order is too high, the model will start to model the 

noise in the data. Also, strain-fields converge at a slower rate than velocity fields. Finally, 

the accuracy of the ESDM strain-field depends on the accuracy of the geometry model. 

Thus, care must be taken to ensure that the structure is modeled with sufficient detail. 

The ESDM method ts subject to both random errors and bias errors. The two 

most important bias error sources are spatial error and non-stationary behavior. The 

effect of these bias errors is discussed in later chapters. The random error is assumed to 

independently and normally distributed between scan points. 

The matrix form of the ESDM method is shown in Eq. (3.4.7). From this equation 

it can be shown that the inverse of the dynamic stiffness matrix is the covariance matrix of 

the velocity field reconstruction. Note that the dynamic stiffness matrix and the dynamic 

force vector were not actually developed in this manner, but show the relationship 

between the inverse of the dynamic stiffness matrix and the covariance matrix in a linear 

regression formulation. 
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fy(@) =K,(@)V, 

f,(@) =[N¥] [W] [v,] (3.4.7) 

K,(o) =[N¥] [W] [NY] 

Finally, using the velocity field covariance matrix is can be shown that the strain 

variances can be calculated using Eq. (3.3.19) through Eq. (3.3.24). 
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CHAPTER 4 

STRAIN GAGE METHOD 

This section discusses the strain gage measurement technique which was chosen as 

the reference for the ESDM method. Specifically, it discusses why strain gages were 

chosen as the reference, which type of gages were chosen, the basic principle of strain 

gage operation, the method of collecting data from strain gages, the possible errors 

associated with strain gages, and the process for statistically qualifying the strain-gage 

output. 

4.1 Why Chosen 

The key goal of this research, once again, is to validate the strain output of the 

ESDM method. More specifically, the goal is to verify that the method is capable of 

measuring accurate, quantitative strain-fields. To determine if the technique is accurate, it 

is necessary to obtain an independent strain measurement, which is known to be accurate, 

for comparison. That ts, it is necessary to obtain a standard to calibrate the ESDM 

output. 

There are several aspects of the ESDM method which must be considered when 

choosing a calibration standard. First, the ESDM method provides a full-field solution. A 

strain value can be determined for any point on the solution space. Thus, an ideal 

calibration standard will also provide a full-field measurement. Second, the ESDM 
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method is only capable of obtaining dynamic measurements. That is, it is not possible to 

statically calibrate the ESDM method, it must be dynamically calibrated. Therefore, an 

ideal calibration standard for the ESDM method would provide a full-field, quantitative, 

dynamic measurement. There are such methods available, as discussed in Chapter 2, 

however, in most cases an experimenter would not have both methods available. Thus, it 

is necessary to determine which of the criteria must be met to provide a reasonable, if not 

ideal, calibration measurement. Clearly, the calibration standard must provide an accurate, 

quantitative measurement. Also, it must operate properly under dynamic conditions. 

However, it is not necessary for the standard to provide a full-field measurement, 

especially considering that only select points would be considered from a full-field solution 

anyway. 

Based on these criteria, electrical resistance foil strain gages were chosen as the 

calibration standard for the ESDM method. This type of strain gage, when properly 

installed, can provide highly accurate measurements under both static and dynamic 

conditions. For example, Measurements Group produces gages with 0.5% tolerance gage 

factors and only 0.6% transverse sensitivity [43]. 

Advantages 

In addition to providing accurate, dynamic measurements, strain gages have 

several other advantages as a calibration standard. They work ona simple principle of 

operation, they are readily available and are low cost. They are also available with very 

small gage lengths which means they can approach point measurements. Finally, they are 

lightweight, which means that for practical purposes they do not affect the dynamics of the 

structure by adding mass. 
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Disadvantages 

There are several disadvantages of strain gages which should be mentioned. First, 

they are difficult to apply because the measured surface must be well-cleaned and the 

mounting procedure is tedious. Second, a considerable amount of equipment its required 

to collect data from each strain gage. These two problems are the reason that strain gages 

are not readily suited to large field strain measurements. 

The third major disadvantage of electrical resistance, foil strain gages is that they 

can be adversely affected by temperature. This is not a major problem, as the thermal 

output of the gages is usually near steady-state and can, thus, be filtered out during 

dynamic measurements. However, this condition is something that needs to be monitored 

to ensure that the calibration results are not contaminated. 

Finally, even though strain gages do not contribute any significant mass to a 

dynamic system, they can contribute to the stiffness of the structure. If the structure is 

made of a flexible material, such as some forms of plastic, the strain gage can produce a 

local increase in the stiffness. Note that this is not usually a problem for metal structures, 

as is discussed later in this chapter. 

4.2 Principles of Operation 

4.2.1 Strain Gage 

The electrical resistance foil strain gage works on the principle that the resistance 

of a conductor changes when the conductor is subjected to a load. This resistance change 

is due to several factors including the change in length of the conductor, the change in 

cross-sectional area and the change in resistivity of the material. It can be shown that the 

cross-sectional area change and the change in resistivity can both be related to the change 

in conductor length [44]. For example, the cross-sectional area change is related to the 
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change in length by the Poisson's ratio, v, of the material. Thus, the relationship between 

the resistance change and the length change can be described by Eq. (4.2.1). Note that in 

Eq. (4.2.1), m is the sensitivity of the material resistivity change to volume change [45]. 

Also, the denominator of Eq. (4.2.1), AL/Zo, is the average strain over the length of the 

conductor. The right side of Eq. (4.2.1) [46] is called the ‘strain sensitivity’ of the gage. 

AR/R Ap 2 (m- I-20) (4.2.1) 

In manufactured strain gages, the relationship between resistance change and strain 

can be expressed as shown in Eq. (4.2.2). Note that Gf called the 'gage factor’, is roughly 

equivalent to the strain sensitivity in Eq. (4.2.1). The differences between the gage factor 

and the strain sensitivity are "due to the geometrical differences between a straight wire 

and a strain gage grid" [47]. Note that Eq. (4.2.2) assumes that the strains are in the 

elastic range of the strain-gage conductor. 

AR, i 
G, R 

go 

(4.2.2)   

é, 
_ AL 
L, 

Strain gages are usually designed as shown in Fig. 4.1. Because a fairly long 

conductor must be used to produce a noticeable resistance change, the strain-gage 

conductor is looped back-and-forth across the backing to produce a grid. Note that the 

strain gage is only capable of measuring the average strain over the length of the strain- 

gage grid. 
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Figure 4.1. Basic Strain Gage Configuration 

Any ‘internal’ changes in the strain gradient are averaged out in the overall resistance 

change of the gage. 

4.2.2 Measurement of Resistance Change 

Even when using a fairly long strain-gage grid, the resistance change of a gage Is 

normally so small that it cannot be measured directly. For example, consider a strain gage 

with Gf= 2.09 and Ry, = 350Q. Ifthe gage is subjected to a strain of ¢ = 1000p, then 

AR = 0.73Q. This is not accurately measurable on a scale that would accommodate a 

350Q resistor. This is a bad situation considering that, in most cases, the dynamic strain 

will be << 1000uU¢. 

Thus, it is necessary to measure the resistance change indirectly through a circuit 

which is sensitive to resistance change and produces a measurable output. Such a circuit 

is the wheatstone bridge. 

The 1/4 Wheatstone Bridge 

The quarter wheatstone bridge circuit is shown in Fig. 4.2. As the figure shows, 

the quarter wheatstone bridge consists of two sets of series resistors in parallel. One of 
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the resistors is variable, which is the strain gage in this case. The circuit is powered by a 

constant voltage power supply. For an initially balanced bridge, the output voltage is a 

function of the resistance change, as shown in Eq. (4.2.3). Note the values a and 7 in 

Eq. (4.2.3). The value a is known as the bridge ratio and is given by Eq. (4.2.4). For 

most cases, the bridge resistances are all the same value as the initial strain-gage 

resistance, and the value of a = 1. 

  

aV AR 
AE = —(l-n)}) [48 42.3 Tea atin) [48 (4.2.3) 

Ro . 
a=—; bridge ratio (4.2.4) 

R, 

n=—_1_. non-linearity factor (4.2.5) 
i+ l+a 

  a R., 
The value 77 is the non-linearity factor of the bridge and is a function of the 

resistance change, as shown in Eq. (4.2.5). For small resistance changes the value of 77 is 

very small, and the output of the bridge is nearly linear. For example, for a bridge with a 

=], Rgo = 350 and ARg = 3Q, then 7 = 0.43%. Note, that as discussed in the next 

section, for a gage with Gr= 2.09, ARg = 3Q is equivalent to ¢ = 4101p. This amount of 

strain is beyond the elastic limit of most strain gages and 1s much larger than will be 

experienced during almost any dynamic test. Therefore, the non-linearity of the bridge 

can be neglected for most cases. 
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Figure 4.2. Quarter Wheatstone Bridge 

4.2.3 Relationship Between Strain & Bridge Output Voltage 

The output voltage of the wheatstone bridge can be directly related to the strain in 

the gage by combining Eq. (4.2.2) with Eq. (4.2.3) and Eq. (4.2.5). Substituting these 

equations results in Eq. (4.2.6) through Eq. (4.2.8). 

  wee 6G (4.2.6) 

av 
AE, “Tag el”) (4.2.7) 

___! (4.2.8) 
a lta “ 

E.G; | 

4.3 Potential Errors in Strain-Gage Output 

When performing experimental work, it is always necessary to determine the 

possible sources of error. It is especially important in this situation since the data acquired 

from the strain gages is to be used to verify the output of another method. The potential 
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error sources for a typical strain-gage system are shown in Fig. 4.4 [49]. Note that some 

of these error sources are universal to all data acquisition systems, while others are unique 

to strain gages. 

The next two sections discuss the errors in Fig. 4.4 in detail. Specifically, they 

discuss how the errors affect the data and how they can be avoided or corrected. As 

mentioned above, some of these errors are specific to the strain-gage system while others 

are applicable to all data acquisition processes. 

4.3.1 Possible Random Errors 

All Equipment 

Random Noise - All equipment are subject to the effect of external noise to some 

extent. Random noise can fall into two categories, white noise and flicker noise. White 

noise has a power spectrum which is independent of frequency and flicker noise has a 

power spectrum which is proportional to the inverse of frequency [50]. White noise is 

usually due to the random motion or random arrival of electrons in a material. White 

noise is often associated with thermal effects [50]. The origins of flicker noise are not well 

understood [50]. 
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Figure 4.4. Potential Errors for Typical Strain-gage System 
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Random noise can be avoided in two different ways. First, it can be avoided by 

following proper shielding practices for cable and connections [51], and by selecting data 

acquisition equipment (i.e. filter, amplifiers, A/D converters) which are properly shielded 

and matched. Second, it can be avoided by reducing the bandwidth of, or filtering, the 

noise [52]. Also, noise which is not removed from the signal by filtering can possibly be 

separated by using the appropriate signal processing techniques. 

Analog - To - Digital Converter 

A/D Converter Quantization Error - All analog-to-digital converters introduce 

some error into the data during conversion. The magnitude of this error depends on the 

size of the quantization step, which in turn depends on the dynamic range of the converter. 

The effect of the quantization error can be kept negligible by using a converter with an 

adequate number of bits, and by maximizing the dynamic range of the converter. The 

number of bits which is adequate will clearly be determined by the desired level of 

accuracy, the expected magnitude of the strain signal and the possible dynamic ranges of 

the converter. 

4.3.2 Possible Bias Errors 

All Equipment 

Deterministic Noise - All equipment are subject to external deterministic noise in 
  

the same way that they are subject to external random noise. If the deterministic noise is 

at frequencies which are different from the signal frequency, it can be removed in the same 

manner as random noise. However, if the noise is at the same frequency as the signal, 

such as currents induced by the magnetic field of the shaker, then it is not possible to filter 

out the noise from the signal. Since the sources for such deterministic noise are usually 

known, it is possible to avoid contamination of the signal by maintaining separation 

between the noise source and the signal, as well as following proper shielding procedures. 
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Cross-Talk Between Signal Channels - Poor shielding can result in cross-talk 

between signal channels. This cross-talk can occur anywhere the channels are in close 

proximity (e.g. filters, A/D converter, strain-gage amplifier system). This problem can 

only be avoided by using properly configured and shielded equipment. 

Error Between Quoted Settings and Actual Settings - Many data acquisition 

components have parameters, such as input voltage, gain, etc., that can be adjusted to suit 

a particular experiment. There is always a slight amount of error between the quoted 

(nominal) and actual values of these parameters. Usually this error is very small, however, 

in a complex data acquisition system, such as that used with strain gages, these errors can 

compound to produce substantial errors in the output quantity. This problem can be 

avoided by calibrating the entire data acquisition system to determine the actual 

relationship between the input and output quantities. 

Strain Gage 

Change in Strain-field Due to Existence of Gage - If the gage is stiffer than the 

material to which it is mounted, then it will start to carry a substantial part of the load at 

that point. Thus, it will actually change the strain-field that it is supposed to be measuring. 

This is can be avoided by choosing a gage which is designed for use with the material in 

question. 

Incomplete Strain Transmission - Incomplete strain transmission from the structure 

to the gage is due to the use of an improper strain-gage adhesive. It can also be due to 

improper preparation of the surface before bonding the gage. These problems can be 

avoided by adhering to the manufacturer's instructions for mounting the gage. Note that 

the only way to ensure that there is complete strain transmission is to calibrate the gage by 

applying a specified strain-field to the structure. This is a difficult process and requires a 

considerable amount of special equipment [53]. Thus, it is not practical to perform such a 
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calibration in most cases. Therefore, there is always an amount of uncertainty, albeit 

extremely small if proper mounting procedure has been followed, in the strain-gage output 

due to this phenomenon. 

Transverse Sensitivity of Gage - A strain gage can be affected by strains that are 

transverse to the grid, as well as strains the are along the grid. This is clearly undesirable 

when dealing with a biaxial stress state. However, for foil gages this transverse sensitivity 

can be as low as 0.6% [54] or lower. For most loading conditions, this produces a 

transverse response which is too low to be measured. For example, consider a strain gage 

which is subjected to a strain of 1001, and is mounted to a material with v = 0.3. 

Assuming no other transverse loads on the gage, the transverse strain is -30ue. The 

transverse strain output of the gage is 0.006*(-30ue) = -0.18pe. This is, of course, only 

0.18% of the longitudinal strain. Hence, the transverse sensitivity can be ignored. 

Gage Length/Strain Gradient Ratio - If the strain gradient, the rate of change of 

strain along a direction, at the strain-gage location is very large compared to the gage 

length, then it is possible to obtain a measured strain which is much lower than the actual 

strain. This is, of course, due to the averaging affect of the strain gage. This error can be 

avoided by using a smaller (i.e. shorter gage length) gage. 

Mismatch of Gage Self-Temperature Compensation and Structure - This condition 

can cause large apparent strain outputs due to thermal effects. This can be avoided by 

choosing the proper self-temperature compensated gage. Also, since only dynamic strains 

are of concern, the thermal strains can be removed by using an ac coupled filter. 

Self-Heating Effect - When the strain gage is first energized, it starts to dissipate 
  

heat and it's temperature increases. This temperature increase is accompanied by a small 

change in resistance, which in turn produces an apparent strain output. This can be 

avoided by allowing the system to warm up and stabilize before balancing the wheatstone 

Strain Gage Method 51



bridge, calibrating the system and collecting data. It can also be filtered in the same 

manner as a thermal output due to self-temperature compensation mismatching. 

Linearity of Gage Output - When subjected to large strains, the gage factor of a 

gage can deviate from the quoted value. However, this is not a problem when the strains 

are within the elastic region of the gage [55]. 

Change in Gage factor with Temperature - The gage factor can also vary with 

temperature. However, when not performing tests in extreme temperature environments 

[<-50°C or >150°C], this variation is usually small enough to be ignored [54]. 

Wheatstone Bridge 

Bridge Non-Linearity - As discussed in Section 4.2.2, the bridge output is very 
  

nearly linear for small strain inputs. 

Bridge Desensitization - The relationship between the bridge output voltage and 

the gage strain can be affected by the lead wires and connections between the strain gage 

and the wheatstone bridge. The lead wires add additional resistance to the bridge active 

arm that does not change when the strain gage is loaded. Thus, the percent resistance 

change in the arm is less with lead resistances than without. The relationship between the 

gage resistance change and the arm resistance change is shown in Eq. (4.3.1) [56]. FR; is 

the total resistance of the bridge arm, Ry is the lead resistance, Rg is the gage resistance. 

Bo) Be AR, (4.3.1) 
R R R 

t & & 

The desensitization of the bridge can be corrected for by calibrating the data 

acquisition system. 
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Lead Wires and Connections 

Lead and Contact Resistances - In addition to desensitizing the output of the 

wheatstone bridge, lead and contact resistances will attenuate the voltage signal between 

the data acquisition components. The effect of these resistances is usually small and can 

be corrected for by calibrating the strain data acquisition system. 

Filters and Amplifiers 

Filter Attenuation and Phase Distortion of Signal - If set improperly, filters can 

attenuate the data signal, as well as the noise. This can be avoided by becoming familiar 

with the characteristics of the filters used during a test. Also, if the filters are not phase 

matched the signals can be phase shifted and attenuated by different amounts. Thus, the 

proper phase information will be lost. If phase-matched filters are not available then it is 

necessary to determine the difference in phasing between the filters so that the phase angle 

of the data can be calibrated after it is collected. 

Analog - To - Digital Converter 

Finite Resistance of A/D Converter - Since the impedance of the A/D converter is 

not infinite, it will cause the measured output voltage of the data acquisition system to be 

lower than the open-circuit output voltage. This bias can be corrected for by calibrating 

the entire strain data acquisition system, including the A/D Converter. 

4.4 Statistical Qualification of Strain-Gage Output 

As can be seen from Section 4.3, there are many possible methods of introducing 

error into the strain-gage measurements. Because of the large number of parameters that 

can be affected by error, it is impractical to monitor each one individually. Furthermore, it 

is simply impossible to know the exact value of any parameter because of the finite 

precision and accuracy of measuring devices. Thus, it is necessary to develop a method 
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for estimating the value of the strain from the output of the data acquisition system. It is 

also necessary to quantify the uncertainty in the estimated strain due to uncertainty in the 

system and environmental parameters. 

4.4.1 Overview 

Five tasks are completed to obtain statistically qualified dynamic strain data from 

the measured voltage data. First, the relationship between the strain data acquisition 

system output and the actual average strain under the strain gage is determined. This is 

done by a combination of calibrating the strain-gage data acquisition system and using the 

manufacturer's data. Second, the real and imaginary components of the voltage data are 

determined. This is done by applying a single-frequency signal processing algorithm to the 

data. Third, the uncertainty in the measured voltage must be determined. This is also 

determined by the single frequency signal processing algorithm. Fourth, the calibration 

results are applied to the real and imaginary voltage components to determine the real and 

imaginary strain components. Finally, the uncertainty in the voltage data, the calibration 

and the gage factor are propagated to determine the uncertainty in the strain components. 

The following sections discuss the details of each step. 

4.4.2 Calibration of Strain-Gage Data Acquisition System 

As mentioned above, there are many parameters in the strain-gage data acquisition 

system which can affect the relationship between the measured voltage and the strain 

measured by the strain gage. Because of the complexity of the system, and because some 

of the parameters are nonstationary, it is not practical to measure all of the system 

parameters and then calculate the relationship. It is much easier to calibrate the entire 

system by applying a known input and determining the relationship from the measured 

output. 
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Calibration Method 

There are two generally accepted methods for calibrating a strain-gage system 

[57]. The first method involves subjecting the gage to a known strain-field and then 

measuring the output voltage to determine the calibration constants. This method is ideal 

because it provides a calibration directly from the voltage to the strain. Unfortunately, it is 

normally impractical to apply a known strain-field to a structure. Thus, the second 

method is normally used to calibrate a strain-gage system. 

The second method involves connecting a known calibration resistor in parallel 

with the strain gage, as shown in Fig. 4.5, and using the resulting output to determine the 

relationship between the measured voltage and the strain-gage resistance change. Note 

that this method does not include calibration for gage factor or incomplete strain 

transmission. Thus, it is critical that the gages are applied properly. It is also necessary to 

use the manufacturer's gage factor to determine the strain from the resistance change and 

to account for the gage factor uncertainty in the strain uncertainty. 
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Figure 4.5. Parallel Resistor Calibration Method 

The equations for determining the resistance change of the bridge arm when the 

gage 1s placed in parallel with the calibration resistor are shown in Eq. (4.4.1) through 

Eq. (4.4.3) [57]. 
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Note from Eq. (4.4.3) that the resistance change 1s always negative since the 

overall resistance drops when resistors are placed in parallel. 

Calibration Procedure 

The procedure for calibrating the strain-gage system is shown below. The basic 

concept is to apply various calibration resistors, collect the associated output voltages, and 

perform a linear least-squares regression to determine the calibration from the measured 

voltage to the gage resistance change. 

1. 

2. 

8. 

9. 

Allow the system to warm up and run test. 

Set all filters to a low cut-off frequency (e.g. 5 Hz) with dc-coupled, 

differential input. 

Set A/D converter dynamic range, sample rate and sample size. 

Re-balance bridges. 

Connect calibration circuit to leads of gage. 

Set calibration circuit to dR = 0. 

Collect set of output voltage data and note calibration circuit setting. 

Set calibration circuit to next setting, collect data, note setting. 

Repeat above for rest of circuit settings. 

10. Repeat above for rest of strain-gage channels. 
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11. Perform linear regression on each set of data to determine calibration from AE 

to AR/R. 

Calibration Circuit 

To provide a convenient method of connecting calibration resistors to the strain 

gages, a calibration circuit, as shown in Fig. 4.6 was constructed. The circuit consists of 

five resistances, plus an open-circuit position, which produce a set of desired resistance 

changes in a 350Q strain gage. Note that most strain-gage amplifier systems include 

calibration circuits, however, the resistors that are included with these circuits provide a 

rather large resistance change. These large resistance changes produce large output 

voltages that require the dynamic range of the A/D converters to be increased to a level 

much higher than is used to collect dynamic strains. Thus, this calibration circuit was 

constructed to provide resistance changes which are near the magnitude of the resistance 

changes produced during a dynamic test. 
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Figure 4.6. Calibration Circuit Diagram 

The resistances were chosen based on data from preliminary tests and simulations 

which showed that the maximum dynamic strain in the instrumented beam (discussed in 

Appendix B) was expected to be about 50ue. To provide extra range on the calibration 
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region the first calibration resistor was chosen so that the equivalent strain was about - 

70ue. Thus, assuming a Gf= 2.05, and using Eq. (4.2.6) and Eq. (4.4.3), the first resistor 

was calculated to have a value of 2.439 MQ. The other four resistors were chosen in a 

similar manner so that they produced equivalent strains which were evenly spaced between 

Ove and -70p1e. However, resistors of these exact values were unavailable, so the next 

closest available resistors were chosen. The values of these resistors are shown in Table 

4.1, along with the resistance changes they produce with a 350Q strain gage, and the 

equivalent strains for a Gf= 2.05. 

Table 4.1. Calibration Resistor Values 
  

  

  

  

  

  

        

Resistor Value* Resistance Change, AR/R Equiv. Strain (Gr= 2.05) 

00 0 Ouse 

12.037MQ -2.908e-05 -14.18p¢ 

6.311MQ -5.546e-05 -27. 05 

4.134MQ -8.466e-05 -41.30p 

3.073MQ -11.388e-05 -55 55 

2.849MQ -12.284e-05 -59 92     
*measured with HP 3478A multimeter, VPI&SU #113033 

Regression of Calibration Data 

The least-squares model which was chosen for the relationship between the 

measured voltage and the gage resistance change is shown in Eq. (4.4.4) through 

Eq. (4.4.7). The linear model, Eq. (4.4.5), was chosen based on Eq. (4.2.3) and the fact 

that the resistance changes are small. The calibration constants, which need to be 

estimated by the regression, are the linear resistance change gradient, 8), and resistance 

change offset, Bg, shown in Eq. (4.4.6). Note that this model assumes that there is some 

error in the measured resistance change which has a mean value of zero and a variance as 

shown in Eq. (4.4.7). It also assumes that there is no error in the measured voltage. Note 
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that neither of these assumptions is exactly true. The affect of violating the assumptions 1s 

discussed later in this chapter. 

r= (=) =Ef+e, (4.4.4) 

E=[1 AE,] (4.4.5) 

B=| (4.4.6) 4 
u, =E[e,]=0 o-Veleo (4.4.7) 

The true values of the resistance change, the calibration constants and the error 

variance are, of course, unknown and need to be estimated. The estimates of the 

resistance change are related to the output voltage as shown in Eq. (4.4.8). The estimates 

of the calibration constants, which are the estimates of the resistance change gradient, 1, 

and resistance change offset, bg, are shown in Eq. (4.4.9). 

7 =Eb (4.4.8) 

b= °s 449 in as 
The estimates of the calibration constants are determined by placing all the 

resistance change measurements and output voltage measurements in their respective 

matrices and performing the calculation shown in Eq. (4.4.10) [58]. 

b=(EE) E'r (4.4.10) 
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The estimate of the error variance is calculated as shown in Eq. (4.4.11), where 7 

is the number of data points used in the regression. 

, %rr—-b‘E’r 
Ss. = 

n-2 
(4.4.11) 

The variance of the calibration slope is given by Eq. (4.4.12) [59]. The variance of 

the calibration offset is not considered because it is a d.c. term that only represents the 

unbalance of the bridge. All d.c. terms are filtered during the dynamic tests. 

  od, = V[a]J=— (4.4.12) 

Notes on Calibration Method 

Error In Independent_Variables 

There are several items that need to be considered when using the calibration 

method as it is discussed above. First, the least squares linear regression assumes that 

there is no error in the independent variable, which in this case is the measured voltage. 

This is not correct. Some noise will enter the voltage signal before it is sampled. This 

error can cause the estimate of B | to be biased below the true value [60]. There are two 

ways in which this bias can be controlled or accounted for. First, the bias is not too large 

if the variance of the independent variable is smaller than the variance of the dependent 

variable. Thus, the bias can be kept to a minimum by properly shielding the voltage signal 

and by collecting large data sets for the calibration. Second, the possible bias can be 

reflected by increasing the uncertainty in the calibration constants. Of course, the amount 

of increase in the uncertainty must be estimated. 
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Calibration Method and Lead Wire Desensitization 

As mentioned above, the assumption that the mean error in the dependent variable, 

r, equals zero is incorrect. The reason for this is complex and is related to where the 

calibration resistor is connected into the wheatstone bridge circuit. For the calibration to 

be most accurate, (i.e. for the lead resistance desensitization to be accounted for) it is 

necessary to attach the calibration resistors directly to the strain gage, as shown in Fig. 4.7 

a). However, because of the small size of the strain-gage terminals, this is impractical. 

Therefore, the calibration resistor is usually connected in parallel with the strain gage and 

part of the lead wire, as shown in Fig. 4.7 b). This situation can create a small bias in the 

calibration results because there is a greater resistance change in situation b) than 1s 

assumed in situation a). This bias is illustrated in Fig. 4.8. In Fig. 4.8, 'r,' is the actual 

percent resistance change while '7;' is the assumed percent resistance change and 'Ea' is 

the measured output voltage. Since, in the calibration procedure, 7g isn't known, rg is 

used in the calibration with Ea. Since each rg (recall that there are five of them) is biased 

a proportional amount, that is the mean value of the error is not zero, the resulting 

calibration line has a shallower slope than the actual line. Note that although the error 

between rg and rc is systematic on a particular gage, it is random between different gage 

channels. 
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Figure 4.7. Differences Between Ideal and Actual Active Arm Conditions 

The bias discussed above is compounded by bridge desensitization due to the lead 

resistances. Figure 4.7 c) and d) show the difference between an ideal active bridge arm 

and an actual active bridge arm. The additional lead resistance in the bridge arm causes 

the bridge to become mildly desensitized to the resistance change in the gage [61]. The 

result of desensitization is that bridge output voltage is lower in the actual case than in the 

ideal case. This situation is illustrated in Fig. 4.9. As can be seen from the illustration, the 

slope of the resistance change in the actual test, 7;, is greater than is shown in the 

calibration results. The slope is also greater than the slope of the actual calibration curve. 

Thus, if a voltage, Zi, is measured with the strain data acquisition system, the calculated 

resistance change will be r¢, which is smaller than the actual resistance change, ry. 
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Figure 4.8. Hlustration of Bias in Calibration Procedure 

Actual Test 

  

Ta   

re   

    
  

- = Actual Calibration 

_--7” Calibrated 

Ei AEo 

Figure 4.9. Illustration of Total Bias in Calibration Results 

The magnitude of the bias in the results of a particular calibration cannot be 

measured accurately and, therefore, must be estimated. In most cases the bias discussed 

above is not very great and can be reflected by appropriately increasing the uncertainty in 

the calibration slope, Eq. (4.4.12). Thus, it is necessary to estimate an appropriate 
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increase. To do this, consider the following situation; a set of strain gages with a mean 

value of 350Q and a 95% confidence interval of + 2; a set of lead wires, 95% of which 

are below 2Q; a calibration resistor of 1.0 MQ; and a bridge supply voltage of 5.0V. Ina 

95% worst case, the strain gage in question will be 352. The gage is assumed to be 350 

Q in the calibration. Thus, the assumed percent arm resistance change, calculated with 

Eq. (4.4.3), is -3.5e-02 and the actual percent arm resistance change, calculated with 

Eq. (4.4.3) where Rg is equal to 354Q (352Q gage + 2Q lead wire), is -3.519e-02 with an 

output voltage of -1.76e-3V (calculated using Eq. (4.2.3)). The slope of the calibration 

curve 1s, thus, calculated to be (-3.5e-02)/(-1.76e-03) = 19.89. During the actual test, a 

percent arm resistance change of -3.539e-02, calculated using Eq. (4.3.1), would be 

required to produce an output voltage of -1.76e-03V. Thus, the actual slope of voltage to 

resistance change is (-3.539e-02)/(-1.76e-03) = 20.11. The difference between the actual 

slope and calibrated slope is 1.0%. Thus, a reasonable increase in the standard deviation 

of the calibration slope, given by Eq. (4.4.12), could be 0.5%. 

4.4.3 Time-Signal Model 

Since sine-dwell tests are currently used in the ESDM method, the voltages 

collected with the strain-gage data acquisition system will be in the form of a single 

frequency sine wave. Therefore, it is appropriate to process the data using the single- 

frequency signal processing method developed by Montgomery [62]. This method 

estimates the coefficients of a harmonic equation, as shown in Eq. (4.4.13), from the data 

using a least squares regression. The method estimates the real and imaginary magnitudes 

of the voltage relative to a reference signal. The reference signal is usually the input force. 

Assuming that any noise in the data can be represented by a normal distribution, the 

distribution of the real and imaginary voltage components is given by Eq. (4.4.13). 
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As discussed in Section 3.3.4, the real and imaginary parts of the measured voltage 

(@,t)= AE one cos( ct) + AE on sin( ar) 

(4.4.13) 

are orthogonal and can, thus, be treated separately. However, as can be seen in 

Eq. (4.4.13), the real and imaginary components of the voltage are not statistically 

independent. Thus, if one wishes to determine of the uncertainty of a quantity that is a 

linear combination of the real and imaginary voltage components, it is necessary to 

account for the covariance between the components. In the case of Eq. (4.4.13), the 

uncertainty in the voltage at any time, ¢, can be determined by using an equation that is in 

the same form as Eq. (3.3.26). 

4.4.4 Propagation of Uncertainty 

As noted previously, there 1s uncertainty in many of the values used to calculate 

the measured strain from the measured output voltage. Specifically, there is uncertainty in 

the magnitude of the output voltage, there is uncertainty in the calibration constants from 

output voltage to resistance change and there is uncertainty in the gage factor. It is 

necessary to determine how the uncertainty in these variables is propagated through the 

system so that an accurate estimate of the strain uncertainty can be calculated. 

AE to AR/R 

It is first necessary to determine how the uncertainty in the voltage magnitude and 

the calibration constants propagate into the uncertainty of the resistance change. Note 

that for this development, the resistance change will be represented by the variable 7, as 

shown in Eq. (4.4.14). Also, the calibration equation, Eq. (4.4.8) has been re-written in 

the form shown in Eq. (4.4.15). The relationship between the two forms is shown in 

Eq. (4.4.16). 
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r=— (4.4.14)   

b =F —-Bb AE, (4.4.16) 

In Eq. (4.4.15), the variables * , b,, and AE, are all random, independent variables 

[63]. The mean values and the variances for these variables are shown in Eq. (4.4.17) 

through Eq. (4.4.19). Note that the variance of 5] is shown in Eq. (4.4.17) without any 

adjustments for error in the calibration process. The calibration error can be accounted 

for by increasing the variance of 51 by (0.005b})4. Note also that the measured voltage 

estimate in Eq. (4.4.18) can be either the voltage at an instant in time, or the real or 

imaginary coefficients of voltage, depending on the interest of the experimenter. Note that 

the variance in Eq. (4.4.18) is determined as discussed in Section 4.4.3. 

Ms = E[2, | = £ 

a = Vib] _ oe [63] (4.4.17) 

x 

Hg, = E[AZ,,| = Bey 
3 = V[AE J=0 (4.4.18) 

H, = E[F | = B, +BAE, 

c [64] (4.4.19) 
  

The expected value of Eq. (4.4.15) is shown in Eq. (4.4.20). The equation shows 

that * is an unbiased estimate of the true resistance change. 
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4, = Elé]=E[z]+E[b,A2,]- E[0,42, | 
=P, + BAE,, + Bute, — BAE,, (4.4.20) 

=f, + Bug, 

The definition of variance [65] for * 1s shown in Eq. (4.4.21). 

of, = Vié]=EL{4-u.¥ J=E| {2 +0(48,,- aF,)-(,+ Aye)! | 
_ , _ (4.4.21) 

= ECF ~ 5,AE,, — By) +2(F — 5 AE,, — Py )(b,AE,, — Bip, ) +(b,AE,, ~ Bp, | 

Each of the terms in Eq. (4.4.21) can be treated separately [65]. It can be shown 

that the expected values of each of the terms are equal to the values shown in Eq. (4.4.22) 

through Eq. (4.4.24). The derivations of Eq. (4.4.22) through Eq. (4.4.24) are shown in 

Appendix A. 

2 

E[(7-8,a8, -p,) |= a{ +. ae (4.4.22) 
n Ss 

x 

AE Hs, (4.4.23) 
  E|2(% — b,AE., ~ By )(2,AE,, ~ Be; ) =—2 <: 

xr 

o E|(2,AE,, Bute) |= Bot, + (4, + 0%) (4.4.24) 

Combining Eq. (4.4.22) through Eq. (4.4.24) with Eq. (4.4.21) results in the 

expression for the variance of the resistance change estimate, Eq. (4.4.25). 

a + 2a 4 Ro, (4.4.25) 
XX 

  

n n S 
am 

. AE’, - 2AE_,AE,, ae | o,=|—+ 

AR/R toe 

Finally, it is necessary to determine how the uncertainty in the resistance change 

and gage factor propagate into the strain uncertainty. Since the strain is a non-linear 
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function of the gage factor, as shown in Eq. (4.4.27), it is not possible to determine the 

uncertainty of the strain in a manner similar to the uncertainty of the resistance change. 

However, since the uncertainty of the gage factor is small, it is possible to estimate the 

variance of the strain by assuming that the relationship is approximately linear over a small 

region and calculating the variance using Eq. (4.4.26) [66]. 

z=f(x,y) 

oe -(9)) o +{ 42) 2 (4.4.26) 
x wv y 

The partial derivatives of the strain function are shown in Eq. (4.4.27). 

  

P 
E=— 

G, 

Ca (4.4.27) 
a G, 
O€ or 

6G, G 

Combining Eq. (4.4.26) and Eq. (4.4.27) results in the expression for the variance 

of the measured strain, Eq. (4.4.28). 

= tote (4.4.28) 
G; G, 

4.4.5 Resulting Statistical Equations 

Equation (4.4.28) shows the variance for the measured strain in the situation 

where the calibration constants, error variance, voltage variance and strain-gage variance 

are all known. Normally, the true variances for these quantities are unknown, and 

estimates of these values must be used to determine the estimates of the resistance change 
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and strain variances. Substituting the estimated values into Eq. (4.4.28) results in 

Eq. (4.4.29) which is an expression for the estimated strain variance. 

2» 1a fF 2 Si= Ta Si + Ga Ss (4.4.29) 
F F 

where the estimated variance of the resistance change is given as, 

5 +b si, (4.4.30) 
xm 

  

n Ss 
xx 

Ss. = 
: [ 1 AE? -2AE AE, + af sist, 

+ s+ 

If the estimated variance from the calibration process is included in the calibration 

constant variance, then Eq. (4.4.30) becomes Eq. (4.4.31). 

2 s Ss. 2 

six +(AE? —2AE_,AE,, + AE? + alg + {0.0059} is (4.4.31) 
xx 

  

4.5 Summary 

Strain gages were chosen as the validation measurement for the ESDM method. 

Strain gages, particularly electrical resistance foil strain gages, were chosen because they 

are accurate, capable of dynamic measurements, readily available, cheap and lightweight. 

Electrical resistance strain gages operate on the phenomenon that the resistance of 

a conductor changes when it is subjected to aload. The relationship between strain and 

resistance change is given in Eq. (4.5.1) where Gfis called the gage factor. 

  £- 6G, (4.5.1) 

It is not practical to measure resistance change directly because it is usually very 

small compared to the nominal resistance of a gage. Therefore, a wheatstone bridge is 
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used to convert the resistance change of a gage to a voltage change. The relationship 

between resistance change and output voltage in a wheatstone bridge is given by 

Eq. (4.5.2) through Eq. (4.5.4). The value ‘a’ is called the bridge ratio and is usually equal 

to one. The value '77' is the non-linearity factor of the bridge. Usually the non-linearity 

factor is so small that it can be ignored. 

    
AR AE, = 21s (y_ 1) (4.5.2) 

(l+a) R,, 

Rye 
a=—); bridge ratio (4.5.3) 

R, 

n= _! _. non-linearity factor (4.5.4) 
l+a 

Re 

There are many possible sources of error and uncertainty in a strain gage data 

1+ 

  

acquisition system. Some of these error sources are common to all experimental 

techniques while others are specific to the strain gage method. Most of these errors can 

be corrected for by calibrating the data acquisition system as a whole. There are two 

methods of calibrating the system. The first is to apply a known strain-field to the 

structure and measure the output voltage. Unfortunately, it is impractical, and often 

impossible, to apply a known strain-field to a structure. The second calibration method is 

to apply a known change in resistance to the strain gage and measure the output voltage. 

The resistance change is created by connecting a calibration resistor in parallel with the 

strain gage. The equation for the resistance change is given by Eq. (4.5.5). 

    
AR R 

f=—-——* (4.5.5) 
R, R+R, 
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The complete process for calibrating the data acquisition system is given below: 

1. Allow the system to warm up and/or run test. 

2. Set all filters to a low cut-off frequency (e.g. 5 Hz) with dc-coupled, 

differential input. 

3. Set A/D converter dynamic range, sample rate and sample size. 

4. Re-balance bridges. 

5. Connect calibration circuit to leads of gage. 

6. Set calibration circuit to dR = 0. 

7. Collect set of output voltage data and note calibration circuit setting. 

8. Set calibration circuit to next setting, collect data, note setting. 

9. Repeat above for rest of circuit settings. 

10. Repeat above for rest of strain-gage channels. 

11. Perform linear regression on each set of data to determine calibration from AF 

to ARR. 

A calibration circuit was developed to fit the needs of the validation tests that are 

expected to be conducted later. Specifically, the calibration circuit was constructed to 

produce values of resistance change that are on the order of those produced during an 

actual test. This was done so that the data acquisition system could be calibrated at the 

desired A/D converter dynamic range setting. There are six different calibration resistors 

contained in the calibration circuit. This provides more data points for the linear 

regression than are available with the calibration circuits included in most strain-gage 

amplifier systems. 

The calibration data is regressed using a linear least squares method. A linear 

relationship is assumed between the resistance change and the output voltage. The 

regression model is shown in Eq. (4.5.6) through Eq. (4.5.8). 
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  (& ~Ep+e (45.6) 

E=[1 AE,,] (4.5.7) 

By = 4.5.8) ta ' 
The calibration coefficients are estimated by Eq. (4.5.9). The variance of the 

calibration sensitivity coefficient is estimated by Eq. (4.5.10) and Eq. (4.5.11). 

  

b=(E'E) Er (4.5.9) 

a= V6] =<: (4.5.10) 

eu rr—b’‘E’r 
4.5.1] a (4.5.11) 

There are two small problems with the calibration method. First, the least squares 

regression method assumes that there is no error in the independent variables. This is 

never exactly true. The error in the independent variables can cause the estimated 

calibration coefficients to be biased. This problem can be managed by ensuring that the 

output voltage is properly filtered, or by increasing the uncertainty of the calibration 

coefficients. The second problem is that the calibration resistors must be connected to the 

gage leads instead of directly to the gage. This also causes the calibration coefficients to 

be biased. Since this bias is unmeasurable and is random between different strain-gage 

channels, it can be accounted for by increasing the standard deviation of the calibration 

sensitivity by 0.5%. 
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Since the strain data is collected during a sine-dwell test, the output is in the form 

of a single frequency sine wave. To determine the magnitude, phase and variance of the 

raw data, it is necessary to process it using the single-frequency signal-processing methods 

that are used with the ESDM data. 

The uncertainty in the system parameters propagates into the uncertainty in the 

strain measurements. This uncertainty can be estimated from Eq. (4.4.29) and 

Eq. (4.4.30) or Eq. (4.4.31). 
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CHAPTER 5 

STATISTICAL VALIDATION METHOD 

This chapter discusses the procedure used to determine if the strain output of the 

ESDM method is equivalent to the output of the strain gage method. Specifically, it 

discusses the statistical properties of each measurement method, how the statistical 

properties determine which hypothesis test may be used for comparison, how the data 

must be processed for the hypothesis test, and the procedure for the hypothesis test. 

5.1 Characteristics of ESDM Strain Output 

There are several characteristics of the ESDM strain output which must be 

considered before the data can be validated against the strain-gage output. Recall from 

Chapter 3 that the ESDM output is given in Eq. (5.1.1). As shown in the equation, the 

ESDM method provides an estimate of the dynamic strain-field over the solution space. 

This estimate includes the magnitude and phase of the three biaxial-strain-components; € 

xx yy and Yyy. The magnitude and phase information is represented in the form of real 

and imaginary strain components. From this information it is possible to estimate the 

magnitude and phase of the strain along any direction on the structure surface. 

( 
&,, (x,),t) = nee (x, y)cos(at) + &4,(x,y)sin( ar) (5.1.1) 

( 
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The strain estimates in Eq. (5.1.1) are random variables. Since it is assumed that 

the error in the velocity is normally distributed, the estimates of the real and imaginary 

strain components are also normally distributed as shown in Eq. (5.1.2) [67]. The 

variances in Eq. (5.1.2) are estimated using Eq. (3.3.19) through Eq. (3.3.24). 

éE. ex O., Onn Onvyey 

z | ~alle Wot, opm (5.1.2) 
*Y Jipe,IM Vo Conny Cony Onn RE,IM 

Recall from Section 3.2.2 that the real and imaginary components of strain are not 

Statistically independent. However, the ESDM method currently does not account for 

covariance between the real and imaginary components in the input and therefore does not 

produce a covariance between real and imaginary components in the output. Thus, no 

covariance terms between real and imaginary parts are shown in Eq. (5.1.2). Recall from 

Section 3.3.4 that this means it is currently not possible to provide a rigorous estimate of 

the uncertainty in any value which is a combination of the real and imaginary parts, see 

Eq. (3.3.25) and Eq. (3.3.26). 

A final characteristic of the ESDM strain-fields is that they are typically computed 

from many statistical degrees of freedom. For example, consider a typical data set used as 

input into the ESDM method. It will consist of at least 4 scans and each scan is likely to 

contain at least (for a beam) velocity measurements at 1,000 spatial locations. At each 

spatial location the velocity measured by the laser will typically be sampled at 64 points (8 

points per wave over 8 waveforms). The velocity measurement at each spatial location 

will be used to determine the values of the real and imaginary nodal velocities. Some of 

these points will directly influence a nodal velocity by being on the element of interest. 

Other points will indirectly influence nodal velocity by being on other elements. Thus, 

approximately 256,000 points will be used to calculate the velocity and, therefore, the 
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strain, at any location. Because the strains are estimated from such a large number of 

samples, one can assume that the sample variances are approximately equal to the 

population variances [68]. This means that a hypothesis test can be developed from a 

normal distribution instead of a t-distribution. 

5.2 Characteristics of Strain-Gage Output 

The strain-gage output has characteristics that are also very important to the 

validation of the ESDM strain output. Recall from Chapter 4 that the strain-gage output 

is given by Eq. (5.2.1). Notice that, unlike the ESDM method, strain gages are not 

capable of measuring strain at a point. As discussed in Chapter 4, the output of a strain 

gage 1s proportional to the average strain over the strain-gage grid area, A g Another 

important property of the strain gage is that it can only sense strains that are along the axis 

of the grid. It cannot measure tangential or shear strains. Note in Eq. (5.2.1) that Og is 

the angle between the strain-gage axis and the coordinate axes of the structure, as shown 

in Fig. 5.1. A third characteristic of the strain-gage output is that it also contains, due to 

signal processing, magnitude and phase information about the strain. Like the ESDM 

strain-fields, the magnitude and phase information are in terms of real and imaginary 

components (relative to an input signal, 1.e. force). 

&,(A,,0,,¢) = Exe (A,, 8, )cos( ct) + E,,4(4,,0, )sin(cor) (5.2.1) 
8°? "8? a? 8 eg? 8 
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Figure 5.1. Orientation of Strain Gage on Structure 

Because of random errors and possible bias errors in the data acquisition process, 

the real and imaginary strain coefficients in Eq. (5.2.1) are estimates of the true strain 

under the strain gage. These estimates are random variables with the properties given in 

Eq. (5.2.2). The variances in Eq. (5.2.2) are estimated using Eq. (4.4.29) through 

Eq. (4.4.30). Note from the equation that the strain estimates are assumed to be normally 

distributed. This is a reasonable assumption because the error in the raw strain data comes 

from many different sources. By the central limit theorem, the distribution of the 

composite error from many sources approaches a gaussian distribution for a sufficiently 

large number of samples, regardless of the distributions of the individual error sources. 

Note also in Eq. (5.2.2) that the covariance between the real and imaginary strain 

coefficients 1s available. Thus, the uncertainty in any combination of the real and 

imaginary strain components can be determined. 

Eure |_ al Coat “a 5.2.2 
Ea ( eum |e Onn ( ) 

A final consideration about the strain-gage output is that it is possible to collect 

large strain data sets during each scan. If the real and imaginary strain components are 

estimated from more than 32 samples it is reasonable to assume that the sample variances 
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in Eq. (5.2.2) are approximately equal to the population variances [69]. This means that a 

hypothesis test can then be developed from a normal distribution instead of a t- 

distribution. 

5.3 Calculation of Equivalent-Strains 

Because of the differences between the ESDM strains and the strain-gage strains, 

it is not possible to directly compare the two. Either the ESDM strain or the strain-gage 

strain, or both, must be processed further to produce values which are suitable for 

comparison. Since it is not possible to calculate a point strain (ESDM) from an average 

strain (Strain Gage), it is necessary to at least process the ESDM strain to produce an 

average strain. Also, since it is possible to calculate an strain-gage "equivalent" strain 

from the ESDM results it is not necessary to process the strain-gage strain any further 

than Eq. (5.2.1) and Eq. (5.2.2). In addition, the strain-gage data is the reference in this 

study, and it is best to not introduce any uncertainty into the reference by manipulating the 

primary measurement to produce a secondary value. Thus, it was decided to calculate an 

equivalent-strain from the ESDM strain results. 

5.3.1 ESDM Equivalent-Strain 

The conversion of the ESDM point strains to a strain-gage equivalent-strain, 

hereafter called an 'ESDM equivalent-strain’, is performed in three steps. First, the biaxial 

strain components in Eq. (5.1.1) are calculated as discussed tn Chapter 3 at several 

locations on the gage region. Then the biaxial strain components are transformed into a 

normal strain along the strain-gage axis. This is done by using the Mohr's circle equations 

for transformation of strain. Finally, the transformed strains are averaged over the gage 

region to produce the ESDM equivalent-strain. The uncertainty of the ESDM equivalent- 
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strain is then calculated from the uncertainties of the biaxial strain components. Each of 

the above steps is discussed below. 

Transformation of Strain 

Transformation of the ESDM strain from structure coordinates to strain-gage 

coordinates is a simple matter. Consider an arbitrary axis, x’, as shown in Fig. 5.1. Recall 

from mechanics of materials that, for the case of biaxial strain, the strain along x' can be 

calculated from the normal and shear strains using Eq. (5.3.1) [70]. 

6,218 7 Ey +2 cos(26,) + sin(2¢, (5.3.1)   

Average of Transformed Strain - ESDM Equivalent-Strain 

The ESDM equivalent-strain, Eg, is determined by averaging the transformed strain 

over the strain-gage region, as shown in Eq. (5.3.2). 

644, 0,)= => bel 59156.) (5.3.2) 

f=l 

At this point, it is necessary to determine how many points, 7, are needed to 

produce accurate average in Eq. (5.3.2). More specifically, it is necessary to know the 

minimum number of points required for an accurate average. An answer to this question 

can be found based on the size of the laser beam diameter. When focused, the laser beam 

has a diameter of approximately 1 mm. This is a minimum since the diameter can only 

grow larger as the beam loses focus. The size of a typical general purpose strain gage is 

about 3 mm (0.125 in) long by 1 mm wide. It is reasonable to assume that, under ideal 

conditions, the location of the measured velocity is known only to within the diameter of 

the beam. It is also reasonable to assume that the measured velocity is the average of the 

velocity over the laser beam diameter. Thus, at best, it would only be possible to 
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differentiate between three measured velocities over the strain-gage region. Therefore, it 

is reasonable to believe that it is not necessary to use point strains at more than three 

spatial locations to determine an accurate ESDM equivalent-strain. For simplicity, these 

three points were chosen to be the geographical center of the gage and the ends of the 

gage, as shown in Fig. 5.2. 

  

> Equivalent Strain 

Sample Locations 

      
Figure 5.2. Sample Locations for Determining Equivalent-Strain 

Thus, to determine the ESDM equivalent-strain, the point strains are determined at 

each of the sample locations, the point strains are then transformed to the strain along the 

gage axis using Eq. (5.3.1), and the average of the three transformed strains is calculated 

to form the equivalent-strain, Eq. (5.3.2). It is now necessary to determine the variance of 

the ESDM equivalent-strain from the variances of the point strains. The variance of the 

ESDM equivalent-strain is needed to statistically compare the ESDM equivalent-strain to 

the strain-gage strain. 

Uncertainty of ESDM Equivalent-Strain 

The equivalent-strain is composed of the average of three transformed strains, 

which are in turn composed of biaxial strain components. These biaxial strain component 

estimates, é,, é, and ,,, are all normally distributed random variables, as discussed in 

Section 5.1. The variance of the ESDM equivalent-strain can be determined from the 
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biaxial strain component variances by applying the definition of variance [71] to the 

equations for determining the equivalent-strain. First, the variance of the transformed 

strain is computed by applying the definition of variance to Eq. (5.3.1). Doing so 

produces Eq. (5.3.3). 

o, = (> + cos(2 0, )) of, + (> 50082 6, )) o, +(Jain( 0, )}o, 

(3 + cos(2 6 4 ~5-c0s(2 @,) Jo (3 +c03(2 a.) | 5sin(2 @,)\oam (5.3.3) 

(5 - =-cos(26, (3 sin(28, Jo 

The variances of the transformed point strains are used to determine the variance 

of the equivalent-strain. By applying the definition of variance to Eq. (5.3.2), it is seen 

that the ESDM equivalent-strain variance is calculated as shown in Eq. (5.3.4). Note that 

there are no covariance terms in Eq. (5.3.4) because the transformed strains are 

statistically independent. 

1 " 

Coy = One 
f 

(5.3.4) 
i=] 

Note that Eq. (5.3.3) and Eq. (5.3.4) are shown for the case where the population 

variance for the biaxial strain components are known. This is, however, not the case and 

the sample variances must be used instead. Equations (5.3.5) and (5.3.6) show the ESDM 

equivalent-strain sample variance based on the biaxial strain component sample variances. 

S, -— ys, (5.3.6) 
i=] 
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s, = (5 + oos( 24 Ns +($- Fete Ns +(Jsinloo )}s 
“(2 2 a) = (2 2 a) 7 AQ one 

1 | 1 1 1 1 1. 
+[ 5+ cos(24,) {5 -5cos(24,) 8, + (5 +eos(29,) { sin(20,) (5.3.7) 

2 

(> — 5 cos(2 6, 3 sin(2 0, )}s 

Distribution of ESDM Equivalent-Strain 

Applying Eq. (5.3.1) and Eq. (5.3.2) to Eq. (5.1.1), and applying Eq. (5.3.6) and 

Eq. (5.3.7) to Eq. (5.1.2) produces an estimate of the ESDM equivalent-strain of the form 

shown in Eq. (5.3.8) and Eq. (5.3.9). The estimates of the real and tmaginary equivalent- 

strain components are normally distributed because they are combinations of normally 

distributed random variables. 

é,(A 0 t) = Ege (A,,0, cos at) + Ey) A 6, )sin(ar) (5.3.8) 
a> Rg? ae 

Exes ~ NM Ecee Ons ) 
(5.3.9) 

Em ~ N Ca oy) 

Note in Eq. (5.3.9) that there is no covariance between the real and imaginary 

equivalent-strain components. The lack of covariance is due to the current lack of 

covariance output of the ESDM method as discussed in Section 5.1. The lack of 

covariance requires that the comparison between the ESDM equivalent-strains and the 

strain-gage strains be carried out on the real and imaginary parts separately, since the 

variance of the total equivalent-strain is not completely known. Note that in most cases is 

desirable to compare the real and imaginary coefficients separately, since this provides 

validation of the phase of the ESDM strain-field estimates, as well as the magnitude. 
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5.4 Hypothesis Test 

With the ESDM strain and the strain-gage strain in comparable forms it is now 

possible to determine if the ESDM method produces results which are consistent with the 

strain-gage results. Since both the ESDM equivalent-strain and the strain-gage strain 

estimates are random variables, it is necessary to perform a statistical hypothesis test on 

the data to determine if the results are the same. The properties of the data are used to 

determine what type of hypothesis test may be used. Recall from Eq. (5.2.2) and 

Eq. (5.3.9) that both the ESDM equivalent-strain and gage strain estimates are normally 

distributed with means and variances as shown in Eq. (5.4.1). Note once again that there 

is no covariance between the real and imaginary ESDM equivalent-strain components. 

Thus, it is necessary to test the real and imaginary components separately. 

EnREIM ~N(é,.0%) oe ay 6.4.1) 

Ene ine ~ N(E,50%) oe a 

Also recall from Section 5.1 and Section 5.2 that because of the large sample sizes used to 

determine the estimates of the mean and variance, the sample variances may be assumed to 

be reasonable estimates of the population variances. Thus, a hypothesis test on two means 

with known variances (hereafter referred to as a 2-group z-test) may be used to determine 

if the two methods are producing the same strain measurement. The hypotheses for the 2- 

group z-test are shown in Eq. (5.4.2). The null hypothesis is that the mean values of the 

two measurements are the same. The alternate hypothesis is that they are not the same. 

Note that these hypotheses are applied separately to the real and tmaginary strain 

components. 

he Fy = Ey (5.4.2) 
A, FE, 
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The test statistic for the 2-group z-test is shown in Eq. (5.4.3). Note that the 

values of the sample variances are used in place of the population variances. 

E,- E, 
Z,. = 

obs 2 2 

Js, +8 

For the 2-group z-test, the null hypothesis is rejected at the a-level if the 

(5.4.3) 

magnitude of the test statistic is greater than the value of zy/7, as shown in Eq. (5.4.4). 

reject Hg if: |z,,,1 > Za (5.4.4) 

The value of « was chosen to be 0.05, thus zy/2 = 1.96. This means that there is 

only a 5% chance of rejecting a null hypothesis that is true. It is also possible to determine 

the likelihood that Ho ts true by determining the a-level necessary to reject it. A null 

hypothesis that is only rejected at a high a-level is probably true, while one that is rejected 

at a low a-level is probably not true. 

5.5 Summary 

There are several properties of the ESDM strain-fields, shown in Eq. (5.5.1), that 

are important to the comparison with the strain-gage output. These properties are listed 

below. 

E (XY, 1)= Evang (X,Y) COS( OF) + Exing (X, y)sin( aot ) 

E hts t)= Eee (X,y)cos( at) + & ing (x,y)sin( a) (5.5.1) 

Vo Xi Vst) = Pyne (X,y)COS( Ot) + ¥yn¢(¥,y)sin( ar) 

e The ESDM strain estimates can be determined at any point on the solution space 

¢ The strain estimates include the three biaxial strain components: €yy, Eyy and Yyy 
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e The strain estimates include both magnitude and phase information about the strain- 

field. This information is in the form of real and imaginary strain components. 

e The strain estimates are normally distributed random variables. There are covariances 

between the biaxial strain components and the real and imaginary components. 

However, currently the covariance between the real and imaginary components is not 

considered. 

e The ESDM strain-fields are typically determined from a very large number of samples. 

Therefore, it is reasonable to assume that the sample variances of the strain estimates 

are approximately equal to the population variances. 

The strain-gage output, shown in Eq. (5.5.2), also has several characteristics that 

are important to the comparison with the ESDM strain-fields. These characteristics are 

listed below. 

2,(A 0 1)= Eig (A 0, )oos( ar) + 2, 44(A,.9, )sin (ar) (5.5.2) 
g° "2? g° 8 

e The strain-gage strain estimates represent the average strain over the strain-gage grid 

e The strain gages can only sense strain along the strain-gage grid axis. 

e The strain-gage strain estimates include both the magnitude and phase of the strain, 

due to signal processing. This information is in the form of real and imaginary strain 

components. 

e The strain-gage strain estimates are normally distributed random variables. 

e Iflarge ensembles are used to determine the strain-gage strain estimates, then it 1s 

reasonable to assume that the sample variances are approximately equal to the 

population variances. 

Based on the properties of the ESDM strain-fields and the strain-gage strains, it is 

obvious that the two quantities cannot be compared directly. Thus, it was decided to 
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process the ESDM strain-fields to determine a comparable strain. This comparable strain 

is called an "ESDM equivalent-strain". 

The ESDM equivalent-strains are determined in a two step process. First, the 

strain at several points on the gage are transformed from the biaxial strain components in 

Eq. (5.5.1) to the strain along the strain-gage grid using Eq. (5.5.3). 

Ey, = fm TS aoe cos(20,) +72 sin(26, ) (5.5.3)     

The transformed strains are then averaged to determine the ESDM equivalent-strain, as 

shown in Eq. (5.5.4). Based on the diameter of the laser beam, it was decided that an 

accurate ESDM equivalent-strain could be determined by averaging the transformed strain 

at three points (7 = 3) on the strain gage. 

n 

] 
£4(4,.9,)=— >) €elx,.31.4) (5.5.4) 

i=] 

The variance of the ESDM equivalent-strain is determined from the biaxial strain 

component variances using Eq. (5.5.5) and Eq. (5.5.6). 

3-43 e., (5.5.5) 

On, [5+ Foosl24,)| a, +(5-zeos(26,)| o,,+(sin(26,) Jo, 
2 2 2 2 2 

(5+ jeos(20 ) | + Soos(24 Jo (5+ 500sl24 )| Fsin(20 No (5.5.6) 
2 2 "2 2 yp 7 \2 2 72 ape 
! | 1. 

(5 - joos(24,) {+ sin(20,) Jo, 
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The ESDM equivalent-strain is in a form that is comparable to the strain-gage 

strains, as shown in Eq. (5.5.7). The real and imaginary equivalent-strain components are 

normally distributed, as shown in Eq. (5.5.8). 

&,(4,,0,t) = Sane ( A, 8, Joos cot) + &, (A, 9, )sin( ar) (5.5.7) 

Eve ~ N Eser sO ape ) 
(5.5.8) 

Eau ~ Cr Oy) 

The ESDM equivalent-strains and the strain-gage strains may be compared via a 

2-group z-test. Because of the lack of covariance between the real and imaginary 

equivalent-strain components, it is necessary to compare the real and imaginary 

components separately. The null and alternate hypotheses for each test are given in 

Eq. (5.5.9). The null hypothesis, Ho, states that the ESDM equivalent-strain component 

and the strain-gage strain component are equal. The alternate hypothesis states that they 

are not equal. 

A,.€, = €, (5.5.9) 

A, # €, 

The test statistic for the 2-group z-test is shown in Eq. (5.5.10). The null 

hypothesis is rejected if the magnitude of the test statistic is greater than the value of zy/9, 

as shown in Eq. (5.5.11). 

e -%, 
= (5.5.10) 

< obs —~ 2 2 

Si, +S; 

reject Ho if: 
  

  

> Zap (5.5.11) 2 obs 
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The value of o is the level of significance of the hypothesis test, and is chosen by 

the experimenter. For this case, « was chosen to be 0.05, which means that there is a 5% 

chance of rejecting a null hypothesis that is true. It is also possible to determine the 

likelihood that Ho is true by determining the a-level necessary to reject it. 
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CHAPTER 6 

ESDM TEST SIMULATION 

This section discusses the simulation that was developed to validate and test the 

ESDM software. Specifically, it discusses the purpose and components of the simulation. 

It also discusses how the simulation parameters were determined. For reference, the 

simulation code is contained in Appendix C. 

6.1 Purpose of Simulation 

Before applying the validation method discussed in Chapter 5 to an actual 

structure, it is necessary to determine if the method will provide reliable assessments of the 

bias, or lack of bias, in the ESDM strain-field estimates. To fully assess the characteristics 

of the validation method it is necessary to apply it to ESDM strain-fields that are known to 

be accurate and ones that are known to be inaccurate. Since no method is currently 

available for determining the accuracy of strain-fields from an actual test (if there was, 

then this research would be unnecessary), it is necessary find another means for 

developing "known" strain-fields. The obvious solution to this problem is to use simulated 

data that is based on an analytical solution. Then, an analytical, true strain-field is 

available to compare with the ESDM strain-field estimates and thus determine the overall 

accuracy of the strain-fields. Therefore, a simulation was developed to provide a means 

for assessing the performance of the validation method. 
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There are two difficulties associated with using a simulation to assess the 

performance of the validation method. First, it is necessary to provide simulation data that 

are based in reality, so that the problems encountered in an actual test will be encountered 

in the simulation and so that it can be determined if the validation method will be sensitive 

to these problems. Second, it is necessary to have both ESDM strain-field estimates that 

are accurate and strain-field estimates that are inaccurate. Therefore, it is also necessary 

to determine what parameters affect the accuracy of the ESDM results and to determine 

what changes in these parameters will create unsatisfactory results. Thus, an additional 

purpose of this simulation was to determine the parameters that affect the ESDM results 

and to determine if realistic errors in these parameters will affect the accuracy of the 

ESDM strain-field estimates. 

6.2 Simulation Components 

Figure 6.1 shows the flowchart for the ESDM test simulation that was developed 

to assess the performance of the validation method. As can be seen from the figure, there 

are four main components to the simulation: the beam response simulator, the mesh 

generator, the laser simulator, and the strain gage simulator. The beam response simulator 

provides a velocity field and strain-field based on beam parameters, mesh parameters, and 

input function parameters. The mesh generator creates a finite element model based on 

beam dimensions and mesh parameters. The laser simulator creates an input file for the 

ESDM software that is based on laser coordinates, the finite element mesh, the analytical 

velocity field and desired error parameters. The strain gage simulator produces output 

that is based on the strain-gage operating principles, the analytical velocity field, the strain- 

gage locations and desired error parameters. Each of the components is discussed in 

detail in the following sections. 
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Simulation Parameters 
-Beam Dimensions 
-Boundary Conditions 
-Material Properties 
-Force Parameters (Location, Magnitude, Frequency) 
-Finite Element Type 
-Finite Element Mesh Size |— 

  

    

  

Beam Response 
Simulation Mesh Generator 
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-Spatial Error 
-Nonstationary Behavior 
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Simulation   

Simulated Strain Gage Output 
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Measurements (.meas) File to 

ESDM Software 

Figure 6.1. Simulation Flowchart 

6.2.1 Beam Response Simulation 

Currently the simulation only models the response of a beam. A beam was chosen 

because it was desired to model a structure for which data already existed. The noise, 

error and strain data from the structure could be used in the simulation with basis in actual 

test. As discussed later, a beam was the only structure available at the time outfitted to 

collect the desired data. 
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Beam Mode Shape 

One of the objectives of this simulation is to determine if the ESDM method ts 

capable of accurately estimating strain-fields from realistic data. Therefore, it is necessary 

for the analytical solution to provide a realistic, or at least plausible, velocity field. For 

this reason the beam was modeled as an Euler-Bernoulli beam. The general solutions for 

the natural frequencies and mode shapes of the Euler-Bernoulli beam are given by 

Eq. (6.2.1) and Eq. (6.2.2) [72]. The values of k,,, A, B, C and D are determined by the 

boundary conditions of the beam. The simulation is capable of determining the natural 

frequencies and mode shapes for every standard type of boundary condition (i.e., free-free, 

simply supported, cantilever, clamped-hinged, clamped-clamped, hinged-free). 

@. = (kA) Jo (6.2.1) 

¢ (x)= Acosh(k,x)+ Bsinh(k.x)+Ccos(k.x)+ Dsin(k,x) (6.2.2) 

  

The Euler-Bernoulli assumption provides an accurate representation of the beam 

behavior for the first four or five beam bending modes. At higher frequencies, shear 

deformation becomes more significant in the beam (i.e. the ratio of the effective length to 

thickness decreases), and the Euler-Bernoulli assumptions become invalid. 

Beam Operating Shape 

The operating shape of the beam is determined from the Euler-Bernoulli mode 

shapes and natural frequencies using the mode-summation method [72]. In the mode- 

summation method, the operating shape is calculated using Eq. (6.2.3) and Eg. (6.2.4). 

Note that in Eq. (6.2.4) the input force is assumed to be a point load and the mass-per- 

unit-length is assumed to be constant. 

w(x = do Cx)ae) (6.2.3) 
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_ Fla ¢,(a) 
q, ae oo (6.2.4) 

In-Plane Operating Shape 

The simulation calculates the out-of-plane displacement using Eq. (6.2.3) and 

Eq. (6.2.4). However, the ESDM formulation calculates strain from the in-plane 

velocities. For small displacements in Euler-Bernoulli beams, the surface in-plane 

displacements are related to the out-of-plane displacements as shown in Fig. 6.2 and 

Eq. (6.2.5). Thus, the in-plane displacements are calculated from the slope of the mode 

shapes, Eq. (6.2.6). Note that these relations assume that the thickness of the beam, 2c, is 

  

constant. 

u(x,t) = -o Pele (6.2.5) 

u(x,t) = OE), (0 (6.2.6) 

  

    
  

  
Cross-sections remain 

normal to neutral axis 

Figure 6.2. Relationship Between Out-of-Plane and In-Plane Displacements 
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Analytical Strain-Field 

From mechanics of materials, the axial strain due to bending is inversely 

proportional to the radius of curvature of the beam [73], as shown in Eq. (6.2.7). This 

equation does assume that the cross-sections of the beam remain planar and perpendicular 

to the neutral axis, as shown in Fig. 6.2. Thus, the axial strain is calculated from the 

second derivative of the mode shapes, Eq. (6.2.8). 

é,(x,t) = -oLebest) (6.2.7) 

)= <4 d 8), (6.2.8) 

For purposes of simplicity, the simulation assumes that all in-plane motion is along 

the length of the beam. Thus, there is no strain along the y-direction of the beam. Also, it 

1s assumed that the velocity field is constant across the width of the beam. Thus, there is 

no shear strain in the simulation results. The axial-strain-only condition simplifies the 

process of determining the quality of the ESDM strain-field estimates. 

Calculation of Velocity from Displacement 

To properly simulate the laser operation it is necessary to determine the velocity 

field from the displacement field. These quantities are related by the forcing frequency as 

shown in Eq. (3.2.6). Note that for simplicity the simulated displacements are all assumed 

to be imaginary. Thus, the simulated velocities are assumed to be real (i.e. the beam 1s 

assumed to be at resonance). This further simplifies the process for determining the 

ESDM strain-field quality by making the real strain coefficients zero. 

6.2.2 Mesh Generator 

Recall from Chapter 3 that it is necessary for the ESDM finite element model to 

accurately represent the geometry of the structure if the strain results are to be accurate. 
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The mesh generator develops a finite element model of the simulated beam from the beam 

dimensions, finite element type and mesh density. 

Mesh generation can be a difficult process when dealing with an arbitrary 

geometry. However the problem is greatly simplified for this case since the geometry is 

always taken to be a flat rectangular beam. Several other constraints were imposed to 

further simplify the problem. These constraints are shown in Fig. 6.3. First, all the 

elements are rectangular, with the element faces parallel to the beam faces. This simplifies 

interpolation by decoupling the x and € coordinates from the y and n coordinates. 

Second, all the elements are the same length and the same width. Thus, the element length 

is determined by simply dividing the beam length by the number of elements. The element 

width is determined in a similar manner. Finally, the element nodes are spaced equally 

around the element. Thus, the distance between nodes is determined by the length of the 

element divided by the number of nodes along the length of the element. These 

simplifications make it easy to determine the locations of the nodes in both the structure 

and element natural coordinates. 

y 1=L/ 

      

  

  

  

  

          
| . | ; On an element: 

x=F(E) 
V3 y=Gq) 

  

Figure 6.3. Mesh Constraints 
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Once the locations of the nodes are determined, they are associated with the 

appropriate element. The static node association and dynamic node association are 

determined by element type. For the cubic isoparametric element, the static and dynamic 

nodes are the same. For the cubic and quintic b-spline elements, the shape is modeled by 

cubic isoparametric elements and the static nodes are associated appropriately. The 

dynamic nodes are associated to the b-spline element. 

6.2.3 Laser Simulation 

Principle of Operation 

The laser simulation, as the name implies, allows the user to simulate the operation 

of the laser during a test. More specifically, it allows the user to place the laser in space 

and collect data from the simulated structure as would happen in an actual test. The user 

chooses the locations of the laser, the scan density, the amount of noise on the laser data 

and the amount of spatial error. The user can also simulate non-stationary structure 

behavior. 

During an actual test, the laser beam never scans the exact same points from the 

different scan locations. To provide additional credibility to the simulation results, this 

feature was modeled as a semi-random scanning pattern in the laser simulation. The 

simulated, semi-random, scanning pattern is based on the total number of scan points, the 

scan density, and a random number taken from a uniform distribution. The random 

number determines where the scan will start. The scan density determines how many scan 

points are skipped between samples. For all the simulation runs, the analytical solution 

was calculated at 11011 locations (11 rows x 1001 columns), and the random number 

came from a uniform distribution with the limits of 0 and 20. For many of the simulated 

scans, the scan density was 9 (scan every 9th point). Thus, if the random number was 5, 
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the scan would start at point 5, the next point would be 14, then 23, etc. The simulation 

was also setup to scan every point if desired. 

At each scan point, the simulation calculates the magnitude of the velocity along 

the laser direction. This is done by multiplying the velocity components by the direction 

cosines from the scan point to the laser, as shown in Fig. 6.4 and Eq. (6.2.9). 

Vii = Vai Wisi + Vy Ways + Vas Wisi (6.2.9) 

xl, yl, zl a 

  

Figure 6.4. Calculation of Laser Velocity from Velocity Components 

The direction cosines from scan point to laser are calculated as shown in 

Eq. (6.2.10). 
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x, 7%; 
Wisi = Di 

y= (6.2.10) 
Li 

_ 4,4; 
Yai = Ti     

After calculating the measured velocity for each scan point, the program saves the 

data in a measurements file for use by the ESDM reconstruction software. This data 

includes the measured velocity, the scan location ( in both structure coordinates and 

element coordinates), the direction cosines, the variance of the measured velocity, the 

correlation coefficient and the p-value. For all the simulation cases, the correlation 

coefficient was set to 1.0 and the p-value was set to 0.0. 

Error in Velocity Magnitude (Noise) 

To study their effect on the ESDM reconstruction results, random errors can be 

added to the velocity and location data in the laser simulation. To simulate noise in the 

velocity, a random error is added to the measured velocity as shown in Eq. (6.2.11). The 

random error is chosen from a normal distribution as shown in Eq. (6.2.12). The noise 

model in Eq. (6.2.12) does not model the drop-out phenomenon discussed in 

Section 3.3.2. The drop-outs are not modeled because the phenomenon is not well 

understood. 

v,=Y, te (6.2.11) 

e,~N(0,0) (6.2.12) 

The variance in Eq. (6.2.12) is chosen to simulate actual test data. The method for 

determining the variance 1s discussed in detail in Section 6.3. 
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Spatial Error 

As discussed in previous chapters, spatial error can broken into two categories, 

laser position error and laser orientation error. Laser position error means that laser 

location is different from the location calculated from the registration, as shown in Fig. 

6.5. Laser position error causes incorrect direction cosines to be used in the ESDM 

reconstruction. Laser orientation error means that laser orientation is different from the 

orientation calculated from the registration. Orientation error causes the laser beam to hit 

the structure at a location which is different from the location calculated from the 

registration, as shown in Fig. 6.6. Laser orientation error causes incorrect sample 

coordinates to be used in the ESDM reconstruction. It also causes a small amount of 

error in the direction cosines. However, it is expected that the direction cosine error due 

to laser position error is much greater. 

Actual Laser Location    
xla, yla, zla bow 

Apparent Laser Location    xi, yi, Zt 

   

Figure 6.5. Laser Position Error 
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Figure 6.6. Laser Orientation Error 

As can be seen from Fig. 6.5 and Fig. 6.6, these two types of error are not 

independent. That is, an error in registration will result in both laser position error and 

laser orientation error. However, based on the results of Lindholm [7] the laser position 

error is expected to be considerably greater than the laser orientation error for a flat 

structure. Therefore, the simulation was developed to only the simulate laser position 

error. This simplification is justified by the fact that it will provide conservative results. 

That is, if the ESDM software fails to properly reconstruct the velocity field due to laser 

position error, then it will certainly fail if subjected to both laser and laser orientation 

error. Laser position error is simulated by using two laser locations during the simulation, 

an actual laser location and an "apparent" laser location, as shown in Fig. 6.5. The 

apparent laser location is that location where the registration process has incorrectly 

placed the laser. The direction cosines from the actual laser location are used to calculate 

the magnitude of the measured velocity, while the direction cosines from the apparent 
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laser location are saved with the output data file. Thus, the apparent, and incorrect, 

direction cosines are used in the ESDM reconstruction. 

For each of the simulations with spatial error, the amount of error between the 

actual and apparent laser locations was determined from a statistical analysis of actual test 

data. The magnitude of these errors are discussed in detail in Section 6.3. 

Nonstationary Structure Behavior 

As discussed in Chapter 3, non-stationary structure behavior is often manifested by 

a change in the phase between the velocity field and the force, and by a change in 

magnitude of the velocity field. For the simulation, non-stationary structure behavior was 

simulated by phase shifting the data at all scan points in the scan by an equal amount. 

Recall from Section 6.2.1 that the velocity is assumed to be real. If the velocity is phase 

shifted then the real part is determined from Fig. 6.7 and Eq. (6.2.13). For purpose the of 

simplicity, the imaginary part of the shifted velocity is disregarded. 

IM 

¢ = Phase Shift 

Vv 

  

Vre RE 

Figure 6.7. Real Component of Phase Shifted Velocity 

Vi = (v, Wri Vy Way: + Vai Visi )cos( g) (6.2. 13) 

Once again, to provide realistic error levels, the magnitude of phase shifting is 

determined from actual test data. This is discussed in detail in Section 6.3. 
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6.2.4 Strain Gage Simulation 

The strain gage simulation produces output that would be expected from strain 

gages mounted on the surface of the structure. This data is used to help verify the 

usefulness of the validation method developed in Chapter 5. The simulation determines 

the average strain along the gage axis as shown in Fig. 6.8 and Eq. (6.2.14) through 

Eq. (6.2.17). The user simply inputs the coordinates of the strain-gage ends. 

  

  

é, “7 (6.2.14) 

AL=L,-L, (6.2.15) 

(6.2.16) 

(6.2.17) 

          
  

Figure 6.8. Simulated Strain Gage 
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Since the validation method requires a variance for the strain-gage data, the 

simulation also determines a variance based on the magnitude of the calculated strain. 

This process is discussed in detail in Section 6.3 

The simulated strain data is saved along with the strain-gage coordinates and 

orientation data. The coordinates and orientation data are saved so that the equivalent 

strains discussed in Chapter 5 may be calculated from the ESDM reconstructed velocity 

field. 

6.3 Simulation Parameters 

The parameters used in the simulations are discussed in the following sections. To 

provide realism, most of the parameters are taken from actual test data. All of the data 

came from the same test, which is discussed in Appendix B. Note that the results of the 

actual test are not considered for two reasons. First, since the main purpose of this 

research was to develop and evaluate the validation method, it was decided that a detailed 

evaluation of actual ESDM test results was beyond the scope of this research. Second, 

the ESDM strain-fields from the actual test were found to be very inaccurate. Since the 

exact reasons for the inaccuracy of the actual test results were unknown, it was 

determined that presentation of the results without a detailed evaluation was 

inappropriate. Note, however, that the results of the simulations will provide some 

explanation for the inaccurate test results. 

6.3.1 Beam Parameters 

For all the simulation cases, the beam was modeled as shown in Fig. 6.9. These 

parameters are nearly identical to those from the actual test. Note that 34.68 Hz 

corresponds to the analytical and actual second bending mode of the beam. 
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Figure 6.9. Simulated Beam 

The out-of-plane velocity field that is produced under the simulated conditions is 

shown in Fig. 6.10. The in-plane velocity and the strain on the top surface of the beam are 

shown in Fig. 6.11 and Fig. 6.12, respectively. Note that the fields are shown as two- 

dimensional because the fields are taken to be constant across the beam cross-section (i.e. 

out of the page). 
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Simulated Out-of-Plane Velocity 
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Figure 6.10. Simulated Out-of-Plane Velocity Field 
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Figure 6.11. Simulated In-Plane Velocity Field 
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Figure 6.12. Simulated Strain-Field 

6.3.2 Finite Element Mesh Parameters 

For all of the simulation runs, the beam was modeled as a 1 by 10 mesh of cubic 

b-spline elements as shown in Fig. 6.13. 
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Figure 6.13. Finite Element Mesh of Simulated Beam 
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6.3.3 Laser Locations and Spatial Errors 

The same laser locations were used in all the simulation runs and are shown in 

Table 6.1. Note that these locations are not the same locations used in the actual test. At 

the time these locations were chosen, the location data from the actual test was 

unavailable. 

Table 6.1. Simulated Laser Locations 
  

Scan Position X-coordinate (cm) Y-coordinate (cm) Z-coordinate (cm) 
  

  

  

    

0 48.26 2.54 254.00 

0.00 101.60 25.40 

2 152.40 -177.80 101.60 

3 -50.80 0.00 63.50         
  

Table 6.2 shows the error that was used in those simulations that modeled spatial 

error. This error is the difference between the actual laser location and the apparent laser 

location. More specifically, the apparent laser locations are calculated by adding the 

errors in Table 6.2 to the laser locations in Table 6.1, as shown in Eq. (6.3.1). 

Table 6.2. Simulated Spatial Error 
  

  

  

  

    

Scan Position X-error (cm) Y-error (cm) Z-error (cm) 

0 1.905 -19.05 -1.27 

I -0.508 -0.762 -2.413 

2 0.254 1.905 2.54 

3 0.00 2.54 -0.152         
  

(6.3.1) 

The magnitudes of these errors were determined from a statistical analysis of the 

registration results from the actual test that was provided by Lindholm [7]. As shown in 

Appendix B, Table B.5, Lindholm was able to provide an estimate of the location of the 
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laser during each scan. Each estimate is accompanied by the 95% confidence interval on 

the estimate. The errors in Table 6.2 were determined by first finding the actual scan 

location, or group of scan locations, that was positioned most like the simulated scan 

location, and then estimating the magnitude of the confidence intervals that might appear 

on the simulated scan location. The error was then pseudo-randomly chosen to be a 

number that was within the estimated confidence interval. Note that, as can be seen by 

comparing Table 6.2 and Table B.5, the spatial errors used in the simulations are 

representative of a worst case registration scenario. The spatial errors in Table 6.2 tend to 

be near the edges of the confidence intervals in Table B.5. Although it is unlikely that the 

errors will be this extreme in an actual test, they are still representative of a situation that 

could occur. 

6.3.4 Laser Noise 

Recall from Eq. (6.2.11) and Eq. (6.2.12) that laser noise is simulated by adding an 

amount of error to the calculated velocity. This error is a random number taken from a 

normal distribution with a zero mean and a variance. To model the noise realistically, it 

was necessary to determine the variance for the normal distribution. Data from an actual 

test was used to determine this variance. Figure 6.14 shows the standard deviations of the 

measured velocities at approximately 11,000 scan points from the test described in 

Appendix B. This data is composed of the magnitudes and sample standard deviations of 

the real velocity coefficients from 6 scans that were performed on a beam identical to one 

in the simulation. Only the real coefficients were considered because the imaginary 

coefficients were approximately zero (i.e. the beam was excited at the second mode). The 

laser was set on medium when collecting the data in Fig. 6.14. 
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Figure 6.14. Standard Deviations of Actual Test Data 

As can be seen from Fig. 6.14, the standard deviation of the velocity is a random 

function that is somewhat dependent on the magnitude of the velocity. However, for 

simplicity, the standard deviation of the error was modeled as independent of velocity, as 

shown in Eq. (6.3.2). As can be seen from the equation, it is assumed that the standard 

deviation is modeled as a log-normally distributed random number with a mean of -4.8 and 

a standard deviation of 0.3. The parameters of the distribution were determined by trial 

and error until the simulated standard deviations were approximately the same magnitude 

as the test data standard deviations, as shown in Fig. 6.15. As can be seen in the figure, 

the modeled uncertainty has more scatter than the actual data and a higher average than 

the test data. Thus, the noise model in Eq. (6.3.2) is slightly more extreme than the actual 

noise, and produces conservative strain-field results. 

log(o,) ~ N(-48, {03}') (6.3.2) 
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Obviously, the simulated standard deviations only approximately model the 

distribution of the actual test data. However, the intent here was only to provide 

uncertainties for the simulation that were on the order of the uncertainties in the real data. 

It was felt that the noise model in Eq. (6.3.2), although only approximate, provided results 

that were realistic enough for evaluating the performance of the statistical validation 

method. 
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Figure 6.15. Standard Deviations of Simulated Test Data 

6.3.5 Non-Stationary Behavior 

As with the other error parameters, the nonstationary behavior was modeled after 

actual test data. From the test described in Appendix B, the phase shift was found to be as 

large as 13 degrees. The phase shifts for the different scans are shown in Table 6.3. 

These values were determined by first calculating the phase between the reference 

accelerometer and force transducer signals in each of the data sets. The phase shift 
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between data sets was then determined by subtracting the acceleration-force phase of the 

first data set (scan 'O - beginning’) from the acceleration-force phase in all the other data 

sets. Thus, for reference note that the phase between the acceleration and force was 87.36 

degrees for Scan '0 - beginning’. 

Table 6.3. Phase Shifts During and Between Scans for Actual Test 
  

  

  

  

  

  

  

  

  

  

  

  

      

Scan I.D. Phase Shift 

0 - beginning 0.00 

0 - end 3.48 

1 - beginning 7.11 

1 - end 7.03 

2 - beginning 1.08 

2 - end 6.56 

3 - beginning 9.78 
3 - end 11.66 

4 - beginning 13.46 

4 - end 12.44 

5 - beginning 2.87 

5 - end 3.92     
The phase shifting levels used in the simulation are shown in Table 6.4. 

Table 6.4. Phase Shifts Used in Simulated Scans 
  

  

  

  

  

Scan I.D. Phase Shift 

0 0.0 

1 10.0 

2 1.0 

3 7.0         
6.3.6 Strain-Gage Locations 

Four strain-gage locations were used in the simulation. These locations 

corresponded to a point near the fixed end, the node and anti-node of the second bending 

mode, and the strain node of the second bending mode. At each location there were two 
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simulated gages, one oriented along the beam axis, the other at a 45 degree angle. The 

gage locations are shown in Fig. 6.16 and Table 6.5. 
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Figure 6.16. Simulated Strain-Gage Locations (Test Locations Similar) 

Table 6.5. Simulated Strain-Gage End Coordinates 
  

  

  

  

  

  

  

  

    

Gage I.D. x1 (cm) yj (cm) x2 (cm) -y2 (cm) 
1-1 1.278 2.627 1.598 2.947 
1-2 1.278 2.500 1.598 2.500 
2-1 20.455 3.461 20.775 3.780 
2-2 20.455 3.333 20.775 3.333 
3-1 45.385 2.627 45.705 2.947 
3-2 45.385 2.500 45.705 2.500 
4-] 74.790 2.627 75.110 2.947 
4-2 74.790 2.500 75.110 2.500           
  

6.3.7 Strain-gage Variances 

The variances of the simulated strain-gage results were also taken from strain-gage 

results of the actual test. Figure 6.17 shows the variance for the actual data and the fitted 

line which was used to determine the variances of the simulated data. Note that Fig. 6.17 

is a plot of the 96 data points listed in Tables B.9 through B.11. Note also that the 

ESDM Test Simulation 112



variances of the strain-gage strains were calculated with the methods discussed in Chapter 

4. 
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Figure 6.17. Strain Variances - Actual and Fitted 

As can be seen from Fig. 6.17, the strain variance is roughly a function of the strain 

magnitude, except for a few outliers. Note, especially, the two data points at the top of 

the figure. These two variances are most likely statistical aberrations and are not 

representative of the variances usually seen in the strain results at those magnitudes. This 

hypothesis is confirmed by the results of the linear least squares regression that was used 

to model the relationship between the strain magnitude and strain variance. As can be 

seen in the figure, even with the two outliers included in the regression, the line passes 

near most of the other 94 data points at the bottom of the figure. The equation of the line 

in Fig. 6.17 is shown in Eq. (6.3.3). 

2 =7.1#10 6 +2.6*10" (6.3.3) 
esgi 
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Equation (6.3.3) was used to determine the variances of all the simulated strain 

data. Note that at no point was error added to the calculated strain magnitudes. The 

simulated variance was just used to represent the uncertainty that would be associated 

with the strain magnitude had it been collected from a strain gage. 

6.3.8 ESDM Strain-field Variances 

As discussed in Chapter 5, the variances of the ESDM equivalent strains are 

calculated as shown in Eq. (6.3.4) and Eq. (6.3.5). In the post-processing of the 

simulation results, the equivalent strain variances were calculated as shown in Eq. (6.3.4) 

and Eq. (6.3.6). Note that the covariances between the biaxial strain components are not 

accounted for in Eq. (6.3.6). This was done because the covariance terms had not been 

developed at the time of the simulation. However, as will be seen in Chapter 7 this 

difference does not affect the assessment of the validation method. 

3 == >'s, (6.3.4) 
i=] 

S., = (5 + Foos(29 Ns +(3-Zeosl26 Ns +(Jsinloo )}s 
a 2 2 g a 2 2 & &y 2 2 py 

cos{ 2 0.) sn + (+ +5c0s(2 a.) Ssin(2 0.) hm (6.3.5) 

2 2 

S.= (> + cos(2 6, ) s+ (; - = cos(2 0) s. + (sin(2 0), (6.3.6) 
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6.4 Summary 

The ESDM test simulation serves several purposes. These include providing a 

means of debugging the ESDM software, a means of testing the validation method 

discussed in Chapter 5, a means of testing the sensitivity of the ESDM method to errors in 

the data and a means of evaluating test configurations. 

The simulation consists of four major components: the beam response simulator, 

the laser simulator, the mesh generator and the strain gage simulator. The beam response 

simulator calculates a velocity field based on the beam dimensions, material properties, 

boundary conditions, forcing frequency and forcing location. It provides an out-of-plane 

velocity field, an in-plane velocity field and an analytical strain-field. The velocity fields 

are assumed to be real, and the strain-field is assumed to be imaginary. All the fields are 

constant across each cross-section and are two-dimensional. These constraints simplify 

the validation process by providing several field quantities which must be zero. 

The simulated velocity fields are "sampled" by the laser simulator to provide input 

data for the ESDM solver. The laser simulation samples the velocity field based on a user 

input scan density, a random start point and the laser coordinates. Errors can be added to 

the laser simulation, including noise, spatial error and nonstationary structure behavior. 

The mesh generator creates a finite element model of the simulated structure based 

on the structure dimensions, the finite element type and the finite element mesh density. 

The strain gage simulator produces output that 1s identical to that of strain gages 

mounted on the structure surface. The output depends on the location and length of the 

gages. The strain gage simulator also estimates the variance of the strain based on it's 

magnitude. 

A goal of this research is to determine if the ESDM method ts capable of reliably 

reconstructing the strain-field when subjected to realistic levels of noise. Therefore, data 
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from an actual test was used to determine the error parameters used in the simulation. 

This data included velocity noise data, spatial error data, nonstationary behavior data and 

strain-gage uncertainty data. 
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CHAPTER 7 

SIMULATION RESULTS 

This chapter discusses the results of the simulations that were outlined in Chapter 

6. Specifically, it discusses the ESDM strain-field output and how tt is affected by the 

existence of several different error conditions. For each simulated error condition, the 

normal and shear strain-fields are presented and compared to the actual strain-fields, and 

the ESDM equivalent-strains are compared to the simulated strain-gage output. 

The ESDM strain-fields are compared to the actual strain-fields both quantitatively 

and qualitatively. The quantitative comparison is performed in the following manner. 

First, the actual strain-field is subtracted from the ESDM strain-field to determine the 

magnitude of the error over the field, as shown in Eq. (7.1.1). 

e(x,,¥,) = AX, eco — AX) pertnan (7.1.1) 

Several statistics of the error are then determined, including the mean error, the standard 

deviation of the error and the maximum error. These quantities are determined from 

Eq. (7.1.2), Eq. (7.1.3) and Eq. (7.1.4), respectively. 

| == Yelx,y,) (7.1.2) 

  

  S. = fy leond-aF (7.1.3) 
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Cn = max| abs{e(x,, y, )] (7.1.4) 

In addition to calculating the above statistics, the magnitude of the error at each 

location on the field is compared to an acceptable error threshold to determine what 

percentage of the error field is below an acceptable level. An indication that the ESDM 

strain-field matches the actual strain-field is a large percentage of error below the 

threshold. 

Each of the above statistics describe different properties of the ESDM strain-field. 

The mean error provides an indication of the central tendency of the strain-field. A zero, 

or near zero, mean error is the first indication that, overall, the ESDM strain-field is an 

unbiased estimate of the actual strain-field. It is expected that the strain-fields are 

unbiased for the ideal and noise-only cases. However, it is expected that the strain-fields 

for the non-stationary behavior and spatial error cases will be biased because they violate 

the assumptions of the ESDM method, as discussed in Section 3.3.1. 

The standard deviation provides an indication of the precision of the ESDM strain- 

field. A large standard deviation suggests that, at any particular point on the field, the 

estimated strain is likely to be substantially biased from the actual strain. If the error in 

Eq. (7.1.1) was normally distributed, it would be possible to determine the exact 

likelihood that the ESDM strain-field would correspond to the actual strain-field at any 

point in the field. Recall from Section 5.1 that the ESDM strain-field estimates are 

normally distributed at any point on the field. However, the strain estimates have a 

different normal distribution at any point (i.e. a different mean and variance), as shown in 

Section 3.3.3; thus the error over the whole field is not necessarily normally distributed. 

Therefore, the maximum error and the ‘percentage of error below the acceptance 

threshold' are used to provide additional information about the likelihood that the ESDM 

and actual strain-fields are equal at any particular point. Note that this method of 
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determining the scatter in the data is rather qualitative and does not provide a numeric 

probability that the error will be significant at any point. It does however try to qualify the 

error in the entire strain-field. 

The acceptance threshold discussed above is an arbitrary quantity used to 

determine if the strain at a particular point on the field is an acceptable estimate of the true 

strain-field. The acceptance threshold is arbitrary in that it 1s determined by the 

experimenter performing the simulation and by the level of accuracy the experimenter 

requires. For these simulations the acceptance threshold was decided to be equal to the 

strain-gage noise threshold found in the simulated strain-gage data. The strain-gage noise 

threshold is defined to be the smallest amount of strain which can be statistically confirmed 

to be greater than zero. The noise threshold is dependent on many factors, including the 

quality of the data acquisition equipment and the environmental noise. Therefore, the 

threshold can vary from gage-to-gage and from experiment-to-experiment. For these 

simulations, the threshold was chosen to be the smallest 99.7% (30) confidence interval of 

the simulated strain-gage data, as shown in Table 7.1, for gage 2-1. Thus, the strain-gage 

noise threshold was chosen to be 0.154y1e (Recall from Chapter 6 that this value was 

determined from actual test data). It may argued that this acceptance threshold is overly 

optimistic, and that the ESDM strain-fields are unlikely to achieve such accuracy levels in 

practice. However, this low acceptance threshold will help to show several characteristics 

of the ESDM strain-field estimates that would not be seen if a higher threshold were used. 

It should be noted that the strain-gage noise threshold of 0.1541 is considerably 

smaller than the more generally accepted strain-gage accuracy level of 1.0ue. The reasons 

for this discrepancy are unclear, as no reference was found that describes how the 

accuracy level of 1.0,1e was determined. Part of the discrepancy perhaps can be attributed 

to the fact that incomplete strain transmission through the strain gage adhesive was 
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considered to be negligible in the development of the strain-gage measurement uncertainty 

(Chapter 4). Since 1.01e is a more accepted strain-gage accuracy level, the percentage of 

error below the acceptance threshold is also shown for a threshold of 1.0ye. 

Note that the above acceptance threshold was determined from a measurement of 

normal strain. Although it was determined from a normal strain measurement, the 

acceptance threshold is used for the quantitative analysis of both the normal strain-fields 

and the shear strain-fields, even though the shear strain is not the same physical quantity as 

the normal strains. 

During the course of this discussion it will be periodically necessary to refer back 

to the actual €y strain-field for comparison and it is, therefore, shown in Fig. 7.1. Note 

that Fig. 7.1 is identical to Fig. 6.12 except that the negative values of the strain-field are 

shown. That is, a value shown as 20 in Fig. 7.1 is actually -20ue. This was done 

simply to provide a clearer figure, as part of the strain-field is obscured when the positive 

strain-field values are plotted. Note also that the actual by and Yxy strain-fields are not 

shown because they are both zero. 
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Figure 7.1. True ¢, Strain-Field 

7.1 Ideal Conditions 

The ESDM method was first tested under ideal conditions to verify that it was 

capable of reconstructing the strain-field, and to verify that the equivalent-strain method 

provided an accurate estimate of the strain-gage strains. Recall from Chapter 6 that under 

ideal conditions, there is no noise on the velocity data, the structure behavior is stationary 

during the test, and the direction cosines between the laser beam and structure coordinates 

are known without error. 

7.1.1 Strain-Field 

X-Direction 

The reconstructed ey strain-field is shown in Fig. 7.2. The figure shows that it 

appears identical to the actual strain-field in Fig. 7.1. This is confirmed by the flat error 
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field shown in Fig. 7.3. Note that the maximum error is 0.0638e and, therefore, 100% of 

the field is below the strain-gage noise threshold of 0.154. Note also that the mean 

error is approximately zero at 0.000046p1e. These two statistics make it clear that under 

ideal conditions the ESDM method will provide an accurate estimate of the true surface 

strain-field at the 0.154,t¢ level. 

ESDM xX-Direction Strain Field (negative) - Ideal Conditions 
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ESDM x-Direction Strain Error (neg.) - Ideal Conditions 

mee 
See 

Pees, axe error-= 0. 
wi ‘- n error 
ap a, Le errorsia.. de’ 

SEED. ‘ Bee. ' . ~ Seal, ' 
Migs oP ‘ : Tre ' met 

LLL, el ae ; Le ee i B Ze Se ee Z 
hi ae ig Le Zi 

‘4 Zoe gs Le $ Ss 

Se Lig of LY 
Le gg epee "7 eee ibs 4 way’ 

wt oR Le tig LL Ly Li vee, 404." Mm <A wn ® 
a ae Lege iP 7 iM 

a5. Me 

ws mae 

: 
‘O
o 

- 
o>

 
‘ 

w
 

CO
 SN 

          

    

. 
a
n
e
 

. 

   

  

20    
a 

     

    

  

     
   

   

  

   

      

     
     

mae 
mak 

wee 4 

     

  

   

            

  

       ale 
    =A 

yee 
weg    

st
ra
in
 
er
ro
r 

(m
ic
ro
st
ra
in
) 

Eo \ 

x (cm) 

Figure 7.3. ESDM ¢€, Strain-Field Error - Ideal Conditions 

Y-Direction 

Figure 7.4 shows the reconstructed Ey strain-field, which appears to be nearly zero 

everywhere except at the free end (x = 96 cm). Statistical analysis of the field reveals that 

the mean error, although twice as large as the €, mean error, is still negligible at the 

0.154p1e level. The small standard deviation of the error (0.12 times the acceptance 

threshold) suggests that most of the error is below the strain-gage noise threshold. This is 

confirmed by the analysis showing that 99.7% of the error is below the 0.1541 threshold 

(100% at 1.01 level). Of the 0.3% of the error above the 0.154, level, the maximum 

was found to be 0.31 1ye. This error is still quite small and would not be considered 

unacceptably large for most cases. The increased error at the beam free end can be 

attributed to edge effects. "Edge effects" means that the elements on the edges, and 
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especially the corners, are sampled less than internal elements and are, thus, affected more 

by errors, even error as small as the round off error in the ideal condition velocity data. 

The data obtained from Fig. 7.4 suggests again that, under ideal conditions, the 

ESDM method can provide accurate results at the 0.154ue level. The increased error near 

the free end of the beam suggests that the quality of the reconstruction will deteriorate 

near the edges of the solution space as noise and errors are introduced into the ESDM 

data. 

ESDM Y-Direction Strain Field - Ideal Conditions 
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Figure 7.4. ESDM Ey Strain-Field - Ideal Conditions 

Shear Strain 

Figure 7.5 shows the ideal reconstructed Yxy strain-field, which appears to be 

approximately zero everywhere. Statistical analysis of the strain-field shows that the mean 

error, although three times greater than the €y mean error, is still negligible at the 0.154p1e 

level. Although the mean error is larger for Yxy than ¢,, the standard deviation is smaller. 
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This suggests that even though the mean error is larger, the error is still below the noise 

threshold. This is confirmed by the fact that the maximum error is below 0.154, at 

0.1466. All of this data once again shows that, under ideal conditions, the ESDM 

method provides unbiased estimates of the true surface strain-field. 

ESDM Shear Strain Field - Ideal Conditions 
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Figure 7.5. ESDM Yxy Strain-Field - Ideal Conditions 

7.1.2 Equivalent-Strain Validation 

Table 7.1 shows the results of the statistical comparison between the ESDM 

equivalent-strain and the simulated gage strain. Recall that the simulated strain gages are 

located as shown in Fig. 6.16, and that the gage strains and gage-strain variances are 

determined from actual test data as per Section 6.2.4 and Section 6.3.7, respectively. As 

can be seen in the table, the values of zgp,, calculated as per Eq. (5.4.3), are much less 

than 1.96. Thus, the gage strains and the ESDM equivalent-strains are not statistically 

different at the a = 0.05 level. In fact, the values are ‘not statistically different’, hereafter 
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referred to as ‘statistically identical’, at much higher levels. For example, in the worse case 

(gage 4-2), the strain values are identical up to the a = 0.86 level. This data indicates that, 

under ideal conditions, the ESDM equivalent-strains are unbiased estimates of the true 

strain-field. 

Table 7.1. Comparison of Equivalent-Strain and Gage Strain - Ideal Conditions 
  

  

  

  

  

  

  

  

        

Rosette | Gage | Gage Strain | Gage Strain | Equivalent | Equivalent- Zobs 
Variance -Strain Strain 

(ue) (ue)? (ue) Variance (ue)? 
| -8.852 8.885e-03 -8.84] 1.853e-06 0.108 

| 2 -17.699 1.517e-02 | -17.689 3.749e-07 0.075 
2 l -0.052 2.637e-03 -0.048 7.336¢e-07 0.083 

2 2 -0.104 2.674e-03 | -0.096 1.728e-07 0.148 
3 | 6.661 7.329e-03 6.660 4.530e-08 0.016 
3 2 13.318 1.206e-02 | 13.317 1.698e-08 0.008 
4 l 3.257 4.913e-03 3.269 1.851e-08 0.166 

4 2 6.513 7.224e-03 6.528 3.857e-09 0.181           
  

7.2 Noise on Velocity Data 

After determining that the ESDM method could provide accurate strain-field 

estimates under ideal conditions, the method was tested to determine if it could provide 

accurate strain results when subjected to noisy velocity data. Noisy velocity data was 

simulated by adding error to the analytical velocity field, as discussed in Eq. (6.2.11), 

Eq. (6.2.12) and Section 6.3.4. 

7.2.1 Strain-Field 

X-Direction 

The ESDM ¢€, strain-field for the noise-only condition is shown in Fig. 7.6. As can 

be seen from Fig. 7.6 and Fig. 7.7, the strain-field is starting to show some substantial 

error around the edges. Statistical analysis of the strain-field error shows that, overall, the 
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strain-field remains unbiased, with the mean error well below (0.27 times 0.1541€) the 

noise threshold. However, the maximum error (39.9 times 0.15418), the standard 

deviation (3.6 times 0.1541) and the fact that only 52.0% of the error is below the 

acceptance threshold (96.1% at 1.Op1e) indicates that the probability is high that the error 

at any particular point is above an acceptable level. However, the data (small standard 

deviation) also indicates that the error, although above the threshold, is not extremely 

large. 

Note from Fig. 7.7 that most of the error appears to be concentrated around the 

edges of the structure, especially the fixed edge at x = 0 cm and the free edge at x = 95.9 

cm. This appears to once again indicate the susceptibility of the ESDM method to the 

edge effects described in Section 7.1.1. 

ESDM x-Direction Strain Field (neg.) - Noise Conditions 
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Figure 7.6. ESDM €, Strain-Field - Noise Condition 
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ESDM x-Direction Strain Error (neg.} - Noise Conditions 
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Figure 7.7. ESDM ey, Strain-Field Error - Noise Condition 

Y-Direction 

Figure 7.8 shows the ESDM Ey strain-field for the noise condition. As can be seen 

from the figure, the solution is starting to show some considerable error at the free end 

and along the edges. Overall, the strain-field is only slightly biased, as shown by a mean 

error that is 1.7 times the acceptance threshold. However, the standard deviation (14.9 

times 0.154p1¢), maximum error (195 times 0.154j1e) and percentage of error below the 

acceptance threshold (20.6% at 0.154p1e, 75.2% at 1.06), indicate that the error at any 

point on the field is likely to be a substantial amount above the noise threshold of 0.154. 

The large increase in error between the ideal and noise conditions is not unexpected. As 

discussed previously, the ey strain-field appears to be greatly affected by edge effects. As 

such, most of the error appears to be concentrated around the edges of the field. It should 

be noted at this point that the fluctuations around the field edge provide an indication of 
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the accuracy of the field, even when the true shape of the field is not known. From 

strength of materials theory it is known that the stress, and hence strain, normal to a free 

surface (i.e. not carrying a load that is normal to the surface) must approach zero at the 

surface. In this case, €y must be zero at y= 0 cm and y = 5 cm, but as seen in Fig. 7.8 it is 

not at many locations. Therefore, it is apparent that the strain-field has some amount of 

error in it, even without knowledge of how the field should behave internally. 

ESDM Y-Direction Strain Field - Noise Conditions 
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Figure 7.8. ESDM Ey Strain-Field - Noise Condition 

Shear Strain 

Figure 7.9 shows the ESDM Yxy strain-field for the noise-only condition. As can 

be seen, Yxy is Starting to suffer in a similar manner to Ey. The magnitude of the mean 

error (1.53 times 0.1541€) suggests that the strain-field is slightly biased. However, the 

standard deviation of the error (13.5 times 0.1541), the maximum error (113 times 0.154 

us) and the fact that only 11.8% of the error is below the acceptance threshold (56.5% at 

Simulation Results 129



1.Ou1e) indicates that it is probable that the error at any location will be substantially 

beyond the 0.154,¢ level. It is expected that the increased error levels are once again due 

to edge effects. 

ESDM Shear Strain Field - Noise Conditions 
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Figure 7.9. ESDM Yxy Strain-Field - Noise Condition 

7.2.2 Equivalent-Strain Validation 

Table 7.2 shows the results of the ESDM equivalent-strain and gage strain 

comparison for the noise-only condition. From the zgp, data, it can be seen that all of the 

equivalent-strains were found to be statistically equal to the gage strains at the a = 0.05 

level. This is somewhat unexpected since, as discussed above, all three ESDM strain- 

fields were found to unacceptable. There are two reasons for this phenomenon. First, 

note in Table 7.2 that at gages 2-1, 2-2, 3-2 and 4-2, the error in the equivalent-strains is 

small (below 0.1541). This is due to the fact that the gages are in regions where the 

strain-fields are accurate, or at least the inaccurate fields are not used to calculate the 
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equivalent-strain (e.g. gages 2-2, 3-2 and 4-2 are all oriented along the x-axis and the 

equivalent-strains are, thus, unaffected by errors in by and Yxy)- Second, note that the 

variances of the equivalent-strains in Table 7.2 are very large. These large variances have 

the affect of producing artificially small values of the test statistic, zg4,;. This phenomenon 

is discussed in detail in Section 7.3.2 

Table 7.2. Comparison of Equivalent-Strain and Gage Strain - Noise Condition 
  

  

  

  

  

  

  

  

          

Rosette | Gage | Gage Strain | Gage Strain | Equivalent | Equivalent Zobs 

Variance Strain Strain 

(ue) (ue)? (ue) Variance (ue)? 
] ] -8.852 8.885e-03 -7.337 3.83 1e+02 0.077 

] 2 -17.699 1.517e-02 | -18.342 8.519e+01 0.070 

2 1 -0.052 2.637e-03 | -0.062 1.197e+02 0.001 

2 2 -0.104 2.674e-03 -0.013 3.686e+01 0.015 

3 I 6.661 7.329e-03 5.506 7.958e+00 0.409 

3 2 13.318 1.206e-02 13.265 3.328e+00 0.029 

4 ] 3.257 4.913e-03 4.617 4.886e+00 0.615 

4 2 6.513 7.224e-03 6.609 9.31le-01 0.099       
  

7.3 Non-Stationary Structure Behavior 

To determine if the ESDM method is sensitive to non-stationary structure 

behavior, it was tested with varying amounts of phase shifting in the data in each scan. 

The phase shifting was applied to the analytical velocity field as discussed in Sections 

6.2.3 and 6.3.5. The magnitude of the phase shifting used in each scan is shown in 

Table 6.4. 

Recall that the ESDM method assumes that the velocity field of the structure 

remains stationary throughout the experiment. As such, it is expected that non-stationary 

behavior will cause the ESDM strain-fields to be biased. 

Simulation Results 131 

 



7.3.1 Strain-Field 

X-Direction 

Figure 7.10 shows the reconstructed €, strain-field for the case of non-stationary 

structure behavior. At first glance, it appears as though the ESDM method has adequately 

modeled the strain-field; however, close inspection reveals that the strain does not 

approach zero at the free end as it should, see Fig. 7.1. This feature of the strain-field 

would indicate that it is erroneous even if the experimenter was not aware of the shape of 

the true strain-field. This is because the normal strain should approach zero at a free (i.e. 

not carrying a normal load) edge, as discussed in Section 7.2.1. 

The error field in Fig. 7.11 shows that the reconstructed strain-field is accurate at 

the fixed end and near the node, where the velocity is zero; however, the error increases 

with the velocity and peaks at the antinode and near the free end. This would be expected 

since the velocity at the node and the fixed end would still be zero regardless of the phase 

between the velocity and force. This of course assumes that the degree of non-stationarity 

is small enough that the node line does not move significantly between scans. 

Statistical analysis of the data in Fig. 7.11 reveals that only 2.7% of the error is 

below the noise threshold (17.7% at 1.0ue). This low percentage, combined with the 

large values of the error standard deviation (15 times 0.154), the mean error (6.2 times 

0.154) and the maximum error (32 times 0.154,18), clearly indicates that the €, strain 

estimate at any point 1s likely to be biased at the 0.154, level. 
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Figure 7.10. ESDM ¢, Strain-Field - Non-Stationary Behavior Condition 

ESDM x-Direction Strain Error (neg.) - Non-Stationary Condition 
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Figure 7.11. ESDM e, Strain-Field Error - Non-Stationary Behavior Condition 
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Y-Direction 

Figure 7.12 shows the reconstructed by strain-field for the non-stationary behavior 

condition. In this case, the estimated strain appears accurate except near the free end. 

Statistical analysis of the error also indicates that the error over most of the field is 

acceptable, since 91% of the error is below the acceptance threshold (99.44% at 1.0) 

and the mean error is still considerably smaller (0.18 times 0.154) than the threshold. 

Over the region where the error is above the threshold, the error is fairly large. This is 

indicated by the maximum error of almost 4p1e (24 times 0.154y¢) and the standard 

deviation that is 1.3 times the acceptance level. Because the error is concentrated at the 

free corners of the strain-field, it can probably be attributed, once again, to edge effects. 

ESDM Y-Direction Strain Field - Non-Stationary Condition 
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Figure 7.12. ESDM €y Strain-Field - Non-Stationary Behavior Condition 
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Shear Strain 

Figure 7.13 shows the reconstructed Yxy strain-field for the non-stationary 

condition. In this case the solution appears accurate over the first 15cm from the fixed 

end, but then deteriorates from there to the free end. Statistical analysis of the field 

reveals that only 14% of the error is below the strain-gage noise threshold (85% at 1.0pe). 

This low percentage, along with the large maximum error (45 times 0.1541€), standard 

deviation (8.4 times 0.154) and mean error (1.37 times 0.1541), clearly indicates that 

the shear strain estimate at any point is likely to be biased at the 0.154, level. 

ESDM Shear Strain Field - Non-Stationary Condition 
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Figure 7.13. ESDM Yxy Strain-Field - Non-Stationary Behavior Condition 

7.3.2 Equivalent-Strain Validation 

Table 7.3 shows the comparison of the equivalent and gage strains for the non- 

stationary condition. The comparison reflects the deteriorating performance of the model 

from the fixed end to the free end. All the equivalent-strains, except for the two nearest 
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the free end, were found to be statistically identical to gage strains at the a = 0.05 level. 

The two equivalent-strains which failed the hypothesis test have zyp, values which are 

much greater than 1.96. Of the six equivalent-strains that were accepted as statistically 

identical, four (gages 1-1, 1-2, 3-1 and 3-2) were accepted because they covered regions 

where the error in the strain-field was small. The other two equivalent-strains, gages 2-1 

and 2-2, were accepted because of what can be called ‘artificially low’ test statistics. To 

understand what is meant by artificially low test statistics, consider Eq. (7.3.1), which 

shows the equation for the test statistic, 294.5, from Section 5.4. 

Table 7.3. Comparison of Equivalent-Strain and Gage Strain 

Non-Stationary Condition 
  

  

  

  

  

  

  

  

                  
  

Rosette | Gage | Gage Strain | Gage Strain | Equivalent | Equivalent- Zobs 
Variance -Strain Strain 

(He) (ue)* () Variance (1s)? 
1 1 -8.852 8.885e-03 | -8.715 1.853e+01 0.032 
l 2 -17.699 1.517e-02 | -17.322 3.749e+00 0.194 

2 | -0.052 2.637e-03 0.952 7.336e+00 0.371 
2 2 -0.104 2.674e-03 2.276 1.728e+00 1.808 
3 1 6.661 7.329e-03 7.031 4.530e-01 0.545 
3 2 13.318 1.206e-02 | 13.327 1.698e-01 0.124 

4 1 3.257 4.913e-03 0.890 1.851le-01 5.432 

4 2 6.513 7.224e-03 2.156 3.857e-02 20.358 

Zug = oe (7.3.1) 
sts 

As can be seen in Eq. 7.3.1, there are two ways of producing a small zypy. First, 

the values of the equivalent and gage strain estimates can have nearly identical 

magnitudes. This will produce a small numerator in the zgp, calculation. Second, the 

equivalent and/or gage strain sample variances can be high. This will produce a large 

denominator in the zyp, calculation. In either situation, the value of zp, can be made 

small enough so that null hypothesis is accepted; however, this condition is not very 
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convincing if the null hypothesis is accepted because of extremely large variances. This is 

the case for equivalent-strains at gages 2-1 and 2-2. Both equivalent-strains were 

determined to be identical to the gage strains because of large uncertainties. This example 

emphasizes that it is necessary to consider the strain variances as well as 27945 when 

determining if the equivalent-strain output is acceptably accurate. Specifically, the 

experimenter must pre-determine an acceptable level of uncertainty in the strain estimates 

before performing the experiment. If the resulting uncertainties are above the pre- 

determined level, then the experiment must be re-run, or additional scans must be 

completed until the uncertainties are acceptable. Of course, the researcher must have 

realistic conceptions of what uncertainties can be obtained. 

7.4 Laser Spatial Error 

A critical assumption of the ESDM method ts that the measurement locations and 

direction cosines are known without error. It is, however, understood that there is some 

error associated with determining the position and orientation of the laser. This error will 

manifest itself as error in the measurement locations and direction cosines. It is necessary 

to determine if the ESDM method is capable of reliably estimating the strain-fields when 

there is error in these values. The spatial error was modeled as discussed in Section 6.2.3 

and Section 6.3.3. 

7.4.1 Strain-Field 

X-Direction 

Figure 7.14 shows the reconstructed ¢€, strain-field for the spatial error condition. 

As with the non-stationary behavior condition, this strain-field initially appears to 

accurately represent the true strain-field. The strain error field in Fig. 7.15 tells a different 
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story. As can be seen in the figure, there is several micro strain of error over most of the 

field with the maximum error being 2.4216. Statistical analysis of the error field reveals 

that the mean error is slightly smaller (0.80 times 0.154,1¢) than the noise threshold, which 

suggests that there is a small amount of bias in the field. Statistical analysis of the error 

field also reveals that only 6.5% of the error is below the strain-gage noise threshold 

(38.6% at 1.0y1¢), and that both the maximum error (15.7 times 0.1541) and the standard 

deviation of the error (9.3 times .154,1e) are considerably above the threshold. This data 

makes it clear that, overall, the error at a particular point on the field is likely to be 

unacceptably large at the 0.154, level. 

ESDM xX-Direction Strain Field (neg.) - Spatial Error Condition 

     

st
ra
in
 
(m
ic
ro
st
ra
in
) 

Oo 

    

J ee 

ce tig Dl POR he ee 4 

7 wheel. ete 

    
    

Figure 7.14. ESDM e, Strain-Field - Spatial Error Condition 
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ESDM X-Direction Strain Error (neg.) - Spatial Error Condition 
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Figure 7.15. ESDM e, Strain-Field Error - Spatial Error Condition 

Y-Direction 

Figure 7.16 shows the ESDM Ey strain-field for the spatial error condition. This 

strain-field is clearly not representative of the true strain-field with several micro strain 

error over most of the field and a maximum error of almost 9p at the free end. Also, 

only 7.6% of the error is below the strain-gage noise threshold (28.6% at 1] Oye) and the 

mean error (6.8 times 0.15416) and standard deviation (14 times 0.154y1e) are both much 

larger than the threshold. This data once again indicates that the Ey strain at any point is 

likely to be biased at the 0.154, level. 
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ESDM Y-Direction Strain Field - Spatial Error Condition 
ihe 

' 
1 
' wey 
1 ‘ me. 

~~. ~ “wo 
see 

; Peek max error: 
a *--FREAN erro 
ep ee, error std. de 

4 

' - . 
4 «* 

«et ' aos . 

a 

1 

' 

    
       

Seep Po prose ' Pte 

Cee ip lf 

      

    

  

             

Ce EE. : 

Le So RL LGP: 

wens 
fs 

          

   
     

4 
“ 

e
e
n
 
e
d
e
 

w
e
 
w
e
d
,
 

. 

      

  

WY Ww 
\
 

        

          

    

TN 
ma         

   

   
     

  

~~. <= “. 

ten 

st
ra

in
 
(m
ic
ro
st
ra
in
) 

So 

me 
Nee . 

See ig eee 

~~ Pe, o . . 

.. TID . oe ’ * ee, “ 
- ca 3 “, fy + , o. . C 

- ° Ne eS IL AL PR et , we . es wey ’ . “ - . mee . ve. 
’ a - 

. . ’ e C 

, 

tee 
ten 

x (cm) 

Figure 7.16. ESDM Ey Strain-Field - Spatial Error Condition 

Shear Strain 

Figure 7.17 shows the ESDM Yxy strain-field for the spatial error condition. It is 

obvious from this figure that the Yxy strain results suffer greatly when subjected to spatial 

errors. The errors are on the order of tens of micro strains, with the maximum error being 

almost 3616. Only 1.4% of the error is below the strain-gage noise threshold (3.66% at 

1.Oue). Clearly, it is likely that Yxy strain is likely to be biased at any particular point on 

the field. 

It is expected that the large amount of error in Yey develops because it is the sum 

of the spatial derivatives from both the x and y directions. Therefore, error is contributed 

to Yxy from both the x and y displacement fields. By contrast, ¢, and Ey obtain error from 

only one displacement field and are, therefore, less erroneous. 
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ESDM Shear Strain Field - Spatial Error Condition 
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Figure 7.17. ESDM Yxy Strain-Field - Spatial Error Condition 

7.4.2 Equivalent-Strain Validation 

Table 7.4 contains the data from the statistical comparison of the gage and 

equivalent-strains for the spatial error condition. The data confirms that the ESDM 

method does not provide accurate estimates of the strain-fields, at the 0.154p1¢ level, when 

subjected to laser spatial error. In all cases the equivalent-strains were determined to be 

0.05 level, in some instances by a great margin. unequal to the gage strains at the a 
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Table 7.4. Comparison of Equivalent-Strain and Gage Strain - 

Spatial Error Condition 
  

  

  

  

  

  

  

  

            

Rosette | Gage | Gage Strain | Gage Strain | Equivalent | Equivalent- Zobs 

Variance -Strain Strain 

(ue) (ue)? (ue) Variance (ie) 
1 1 -8.852 8.885e-03 | -7.802 1.865e-06 11.131 
1 2 -17.699 1.517e-02 | -17.283 3.73 1e-07 3.373 

2 1 -0.052 2.637e-03 9.266 7.087e-07 181.432 
2 2 -0.104 2.674e-03 2.031 1.633e-07 41.288 

3 1 6.661 7.329e-03 8.968 4.504e-08 26.952 
3 2 13.318 1.206e-02 | 12.333 1.630e-08 8.974 
4 ] 3.257 4.913e-03 -8.752 1.881e-08 171.343 

4 2 6.513 7.224e-03 5.290 3.840e-09 14.392       
  

7.5 Noise, Spatial Error & Non-Stationary Behavior 

Although it 1s clear that the ESDM strain-fields are not accurate at the 0.154p1¢ 

level when the data is subjected to spatial error or non-stationary behavior, it is useful to 

consider the combined effect of these errors. It is also useful to see how these errors 

affect the solution when combined with noise. Thus, a simulation was performed with 

noise, spatial error and non-stationary behavior combined. The same errors that were 

used for the individual error simulations were used for this combined error simulation, 

except for the noise model. The combined error simulation used a noise model that was 

much more conservative than the noise model in Eq. (6.3.2), as shown in Eq. (7.5.1). This 

noise model was used to prevent the error in the ESDM strain-fields from becoming 

overly extreme. 

log(o,) ~ N(-6.0,{0.4}"} (7.5.1) 
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7.5.1 Strain-Field 

X-Direction 

Figure 7.18 shows the ESDM ey strain-field for the combined error condition. 

Based on the experience from the previous simulations, it is obvious that the strain-field 

does not accurately represent the true strain-field at the 0.154 1e level. The inaccuracy of 

the field is confirmed by the statistical analysis of the error field in Fig. 7.19. The mean 

error of the field is 7 times larger than the strain-gage noise threshold. Also, only 1.3% of 

the error is below the threshold (8.6% at 1.Que), the standard deviation of the error is 25 

times larger than the threshold, and the maximum error is 45 times larger than the 

threshold. Clearly, the ey strain at any point on the structure is likely to biased at the 

0.154e level. 
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Figure 7.18. ESDM €, Strain-Field - Combined Error Condition 
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ESDM xX-Direction Strain Error (neg.) - Combined Error Condition 
” 

mA” “ne 
ee s 

“ho max efror= 6.868 
*-Fhean error =-17 “ 

. 
e
R
e
 
w
e
e
 

ot
 

. 
a 

. 

error std_dev. =!3.86>-~     
     

  

way 

wen ' p
e
w
 
en

lp
ee

cn
ch

ec
en

. 
wi
 

a 
e 

’ 

  

   
   

  

               oO 20 
He PD . ee \ 

5 ye ey PP 4 
a COLLIE " 
S 10 LLL 
oO 

J 

Ox eg2e eee 

c 
6 

5 -10 

= B 20d ee ee 
a Q 

-. 

7 Ye 

x (cm) 

Figure 7.19. ESDM ¢, Strain-Field Error - Combined Error Condition 

Y-Direction 

Figure 7.20 shows the ESDM Ey strain-field for the combined error condition. It is 

once again Clear that the strain-field is not accurate at the 0.154us level. The error is 

several micro strain over most of the field, with a maximum of 24.96. This maximum is 

162 times greater than the noise threshold. Statistical analysis of the field shows that only 

3.8% of the error is below the strain-gage noise threshold (25.2% at 1.Oye) and that the 

error standard deviation is 30 times greater than the threshold. Also, the analysis shows 

that the mean error is 9.3 times greater than the threshold. This data indicates that the ey 

strain at any point on the field ts likely to be biased at the 0.154, level. 
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ESDM Y-Direction Strain Field - Combined Error Condition 
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Figure 7.20. ESDM Ey Strain-Field - Combined Error Condition 

Shear Strain 

Figure 7.21 shows the reconstructed Vey strain-field for the combined error 

condition. Once again it is clear that the ESDM method has not provided accurate results 

at the 0.154 level. Statistical analysis shows that only 0.27% of the error is below the 

strain-gage noise threshold (2.15% at 1.Oye) and that the error standard deviation is 113 

times greater than the threshold. The analysis also shows that the mean error is 17 times 

greater than the threshold, and that the maximum error is 360 times greater than the 

threshold. 
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ESDM Shear Strain Field - Combined Error Condition 
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Figure 7.21. ESDM Yxyp Strain-Field - Combined Error Condition 

7.5.2 Equivalent-Strain Validation 

Table 7.5 contains the data from the comparison of the equivalent and gage strains 

for the combined error condition. The comparison also confirms the poor modeling of the 

strain-field at the 0.154 level. All but one of the equivalent-strains were found to be 

unequal to the gage strain at the a = 0.05 level, most by a wide margin. One of the 

equivalent-strains near the fixed end was found to be equal to the gage strain at the a = 

0.28 level. Based on observation of the strain-field error, it is believed that this 

equivalent-strain was accurate by chance. 
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Table 7.5. Comparison of Equivalent-Strain and Gage Strain 

Combined Error Condition 
  

  

  

  

  

  

  

  

            

Rosette | Gage | Gage Strain | Gage Strain |} Equivalent | Equivalent- Zobs 

Variance -Strain Strain 

(ue) (ue)? (ue) Variance (16)? 
1 1 -8.852 8.885e-03 | -7.956 6.873e-01 1.074 
1 2 -17.699 1.517e-02 | -15.615 1.146e-01 5.783 

2 ] -0.052 2.637e-03 8.739 3.899e-01 14.030 

2 2 -0.104 2.674e-03 4.425 6.161le-02 17.863 

3 1 6.661 7.329e-03 10.747 2.342¢-02 23.302 

3 2 13.318 1.206e-02 11.855 6.619e-03 10.711 

4 l 3.257 4.913e-03 | -12.492 1.589e-02 109.208 

4 2 6.513 7.224e-03 0.938 3.675e-03 53.400       
  

7.6 Discussion of Results 

It is stated in Section 5.1 and Eq. (5.1.2) that the ESDM strain-fields are unbiased 

estimates of the true strain-field. Also, it is implied in Section 5.4 that the ESDM 

equivalent-strains are unbiased estimates of the average strain under the region covered by 

a strain-gage. The ESDM test simulations in Chapter 6 were designed to determine, under 

a variety of conditions, if these estimates were truly unbiased. Several results were 

expected from the simulations. First, it was expected that the ESDM method would 

produce unbiased estimates (strain-fields and equivalent-strains) when subjected to ideal 

conditions. The ESDM method should produce unbiased strain estimates since it has been 

shown to produce unbiased estimates of the velocity field [74]. Second, it was also 

expected that the ESDM method would produce unbiased estimates when subjected to 

noise-in-the-velocity-measurement conditions. Reasonable levels of random noise should 

not have an excessive adverse effect on the ESDM results because the velocity field is 

reconstructed with a weighted least-squares algorithm. Finally, it was expected that the 

estimates, both strain-fields and equivalent-strains, would be biased when the ESDM 
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method was subjected to spatial error and non-stationary behavior. It was expected that 

spatial error would cause bias because it creates a violation in the assumption that the 

direction cosines between the laser beam and structure coordinates are known without 

error. It was expected that non-stationary behavior would cause bias in the estimates 

simply because the data from different scans come from different velocity fields. 

The data for the ideal condition test case in Section 7.1 shows that the ESDM 

method strain-field estimates and the equivalent-strain estimates are unbiased when 

subjected ideal conditions, as expected. A small region of the Ey strain-field was found to 

have a small amount of bias at the 0.154p1e level, however this error can be attributed to 

edge effects. In the model used for the simulation, the edge effects are aggravated by the 

fact that beam is modeled by only one element across the width, as shown in Fig. 6.13. 

With a one element wide model, each element has two free edges in the y-direction, which 

intensifies the problems associated with the edge effects. This aggravated edge effect 

explains how the €, strain-field is more accurate than the Ey strain-field, and suggests that 

the Ey strain-field can be improved by adding more elements across the width of the 

model. Note that adding more elements increases the degrees of freedom of the model, 

and hence may require more data. Also note that it is possible to decrease the edge effects 

by performing scans which have a higher scan density near the edge of the solution space. 

The strain-field data in Section 7.2 appears to indicate that the ESDM method 

cannot produce unbiased strain estimates when subjected to noisy velocity data. In all 

three fields; ey, €, and yyy; there is a considerable amount of error. However, for the ey 

and Ey strain-fields, this error is concentrated around the edges of the field, as seen in 

Fig. 7.7 and Fig. 7.8. This indicates that the error is due, at least in part, to edge effects. 

The fact that the error 1s worse in the €,, and yyy strain-fields than in the e, strain-field 

appears, once again, to be due to the aggravated edge effect discussed above. These 
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observations suggest that the ESDM method is capable of producing accurate strain-field 

estimates when subjected to noise, but only if enough data is collected near the edges of 

the solution space to reject the noise at the edge nodes. 

The Ey strain-field is the first to show how a qualitative analysis of the strain-fields 

can be used to supplement the equivalent-strain data. As discussed in Section 7.2.1, the 

normal strain to a free, unloaded edge must approach zero at the edge. In Fig. 7.8, ey 

does not approach zero at all the locations along the edges that are perpendicular to the y- 

axis. This indicates that there is some sort of problem with the Ey strain-field. This same 

sort of behavior can be found in all the strain-fields that were found to have a high 

proportion of biased estimates. 

The equivalent-strain data in Section 7.2 shows several details about the statistical 

comparison method. First, it illustrates the major problem of validating a strain-field with 

a limited number of independent strain measurements; it is always possible that the 

independent measurements are collected on a region of the field that is accurate even when 

most of the field is inaccurate. This stresses the need to consider the strain-fields both 

quantitatively and qualitatively. The data also illustrates the need to orient the strain gages 

so that equivalent-strains can be used to validate all three biaxial strain-components. Ifthe 

gages are all oriented along the same axis, no information is provided about relative 

accuracy of the strain-fields. 

The strain-fields in Section 7.3 show that, as expected, the ESDM method 

produces biased ¢, and Yxy strain-field estimates when subjected to non-stationary velocity 

fields. The data also shows that the bias in the fields is reflected in the magnitudes of the 

equivalent-strains. Furthermore, the data shows that the affect of the non-stationary 

velocity fields is reflected by increased uncertainties in the equivalent-strains. These 
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increased uncertainties emphasize the need of the experimenter to determine what level of 

uncertainty is acceptable in the ESDM strain-field results. 

Surprisingly, the Ey strain-field estimate was, for the most part, not affected by the 

non-stationary behavior of the structure. The reasons for this behavior are not clear. 

However, the &y strain-field shows an important point about the relationship between 

quantitative and qualitative analysis of the ESDM strain-fields. Since 91% of the field is 

within acceptable accuracy limits, it is possible that an experimenter could miss the region 

of unacceptable error when performing a quantitative assessment of the €,, strain-field. 

Therefore, one should, once again, never consider the quantitative strain validation data 

without considering the qualitative strain-field data, and vice versa. 

The data in Section 7.4 shows that, as also expected, the ESDM method produces 

biased strain-field estimates when subjected to spatial errors. The yx, field is especially 

affected by the spatial errors. It is believed that the great sensitivity of the shear strain to 

spatial error is linked to the fact that the shear strain is a function of the gradient of both 

the x- and y-displacements. 

The data in Section 7.4 also shows that the strain-field bias is reflected in the 

equivalent-strains. This shows once again that the equivalent-strain is a reliable method 

for assessing the quality of the ESDM strain-fields. 

Finally, the data in Section 7.5 shows that the ESDM method produces biased 

strain-field estimates and equivalent-strain estimates when subjected to combined errors. 

This, once again, indicates that the equivalent-strain is a valid method for assessing the 

bias in the ESDM strain-fields. 
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7.7 Summary 

This chapter has discussed the results of the ESDM test simulation. Specifically, it 

discussed the quality of the ESDM strain-field output and the degree to which the 

statistical validation method (developed in Chapter 5) reflected the quality of the strain- 

fields. A process was first developed to assess the quality of the ESDM strain-fields. This 

process consisted of calculating the error over the strain-fields, calculating the mean, 

maximum and standard deviation of the error, and determining the percentage of the field 

above an acceptable threshold. This acceptance threshold was chosen to be equal to 

smallest 30 confidence interval of the simulated strain gage data. Thus, the acceptance 

threshold was determined to be 0.154u1e. This acceptance threshold was used for both the 

normal strains and shear strain, even though the normal and shear strains are not measures 

of the same physical quantity. The results were also considered at a 1.0 acceptance 

level. 

The data presented in this chapter has shown that the validation method developed 

in Chapter 5 is a useful method for assessing the quality of the ESDM strain-fields. The 

data has also shown that the ESDM method will produce accurate strain-fields when the 

governing assumptions of the method have not be violated. 

The data in this chapter has also emphasized several characteristics of the ESDM 

method and the validation method. First, special care must be taken to collect enough 

data along the edges of the solution space. If enough data is not collected, the strain-field 

estimates will deteriorate around the edges when the velocity measurements are subjected 

to noise and errors. Second, the experimenter must pre-determine an acceptable level of 

uncertainty in the strain-fields before performing any validation between the strain gages 

and the ESDM equivalent-strains. This pre-determined level of uncertainty must be used 

with the validation method to determine if the ESDM strain-fields are accurate. Finally, 
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certain qualitative characteristics of the strain-fields can provide clues to the accuracy of 

the strain-fields. In particular, if a free edge exists in the solution space, the strain normal 

to that edge must approach zero at the edge. If it does not, there is a problem with the 

strain-field estimate. 
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CHAPTER 8 

CONCLUSIONS 

8.1 Review of Research Objectives 

8.1.1 Primary Objectives 

Recall from Chapter | that there were two primary objectives of this research. The 

first objective was to formulate a method for statistically validating the ESDM strain-field 

estimates that uses a finite set of independent, point measurements. This objective 

resulted from the desire to validate the ESDM strain-fields from a small number of 

independent strain-gage measurements. 

The second primary objective was to determine if the statistical validation method 

could reliably assess the accuracy of the ESDM strain-fields and to determine if any 

qualitative properties of the strain-field estimates could be used to assess their accuracy. 

8.1.2 Supporting Objectives 

The above two primary objectives were broken down into several supporting 

objectives. These supporting objectives are listed below as they relate to the primary 

objectives of formulating the validation method and of testing the validation method. 

Formulation Objectives 

1. Develop the method for estimating the uncertainty of the ESDM strain-field results. 
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2. Choose an independent, calibration measurement for validating the ESDM strain-field 

results. 

3. Determine what parameters affect the accuracy of the calibration measurement. 

4. Develop methods for assessing the uncertainty in the calibration measurement results. 

5. Develop a method for statistically comparing the ESDM strains and the calibration 

strains. 

Testing Objectives 

1. Develop a method for creating experimenter controlled, known ESDM input. Also 

develop a method for creating experimenter controlled, known standard measurements. 

2. Determine what parameters affect the accuracy of the ESDM strain-fields. 

3. Perform tests using the controlled data to determine if the statistical validation method 

produces reliable assessments of the ESDM strain-field accuracy. 

4. Determine what visual characteristics of the strain-fields might provide clues to the 

quality of the ESDM strain-field estimates. 

8.2 Summary of Research 

8.2.1 Formulation 

Chapter 3 addressed the development of the uncertainty in the ESDM strain-fields 

(Formulation Objective 1). Specifically, it discussed the procedures for processing the 

velocity fields to determine the strain-fields and the method for determining the strain-field 

uncertainties from the model covariance matrix. It was found that the covariances of the 

biaxial strain estimates can be determined from the covariance matrix. However, since the 

covariance between the real and imaginary velocity coefficients is not currently considered 
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in the ESDM formulation, the covariance between the real and imaginary strainfields 

cannot be determined. 

Chapter 4 discussed the chosen calibration method, the parameters which affect 

the accuracy of it's results and the uncertainties in results (Formulation Objectives 2, 3 and 

4). The foil electrical resistance strain gage was chosen to be the calibration measurement 

because of it's accuracy, low cost and the fact that it is the currently accepted practice. A 

detailed discussion was presented on several topics, including: the strain-gage 

measurement process, the potential errors in the process, the method of processing the 

strain-gage data acquisition system output to determine the real and imaginary coefficients 

of strain, and a method for estimating the uncertainty in the strain coefficients based on 

calibration results, time-signal model processing results and manufacturer's data. 

The problems of comparing the ESDM strain-fields and the strain-gage results 

(Formulation Objective 5) were addressed in Chapter 5. A method for processing the 

ESDM strain-fields to produce a suitable comparison strain was presented. This 

comparison strain was called the ESDM equivalent-strain and was determined by taking 

the average of the strain along the gage axis at three locations on the gage grid. A 

hypothesis test to determine the statistical significance in the difference between the 

ESDM equivalent-strains and the strain-gage strains was also presented. This hypothesis 

test was simply a 2-group z-test. 

8.2.2 Testing 

Chapter 6 discussed the method that was used to assess the performance of the 

validation process developed in the previous chapters (Testing Objective 1). It was 

decided that it was only possible to control the ESDM input and the standard 

measurement output, to the desired extent, in a simulation. Therefore, Chapter 6 

discussed the components of the simulation and their operation. The components included 
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a beam response simulator, a laser simulator, a mesh generator and a strain-gage 

simulator. Chapter 6 also presented the conditions that were simulated (Testing Objective 

3) and how some of these conditions (i.e. the error conditions) were expected to affect the 

accuracy of the ESDM strain-field estimates (Testing Objective 2). These conditions 

included the beam dimensions, material and boundary conditions; the force magnitude and 

frequency; the noise magnitude; the spatial error magnitude; the nonstationary behavior 

parameters; the strain-gage locations; and the strain-gage uncertainties. Many of these 

conditions were chosen to simulate an actual test that was performed on a particular beam. 

The results of the simulation (Testing Objective 3) in Chapter 6 were discussed 

and evaluated in Chapter 7. The results showed that the validation method does indeed 

produce reliable assessments of the ESDM strain-field accuracy. The simulation also 

showed that the ESDM method does not reliably estimate the strain-field to the accuracy 

of 0.154p1e when subjected to the modeled levels of non-stationary behavior and spatial 

error. These results were expected since both non-stationary behavior and spatial error 

violate the governing assumptions of the ESDM method. 

Chapter 7 also provided evidence that certain visual characteristics of the strain- 

fields provide information about the quality of the ESDM strain-field estimates (Testing 

Objective 4). For example, in thoses cases where the solution space contains a free 

surface, the strain normal to a free surface is known to go to zero at the free surface. 

Several simulation cases showed that the strain-fields do not approach zero at the 

boundary when the ESDM method is subjected to certain error conditions. 
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8.3 Conclusions 

8.3.1 Validation Method 

Quantitative Analysis 

Based on the results in Chapter 7 the quantitative comparison between the ESDM 

equivalent-strains and the strain-gage strains can provide a reliable assessment of the 

ESDM strain-field accuracy. In all the cases studied, the ESDM equivalent-strains 

reflected the bias, or lack of bias, in the strain-field estimates. Thus, the equivalent-strains 

would show the bias in the strain-field when compared with the strain-gage output. 

There is one important characteristic to consider about the validation method. The 

2-group Z-test that is used in the validation process can accept the null hypothesis (7: €g 

=, ) for two reasons: the two estimates of strain are approximately equal in magnitude, 

as one would hope, or the variances of the two estimates are large. It is not very 

convincing to argue that the two estimates are equal if the null hypothesis is accepted 

because of large uncertainties in the estimates. Thus, the experimenter must decide what 

is an acceptable amount of uncertainty in the strain estimates before performing the 

hypothesis test. If the uncertainty of either estimate is unacceptable, the reason for the 

large uncertainty must be determined and eliminated, and the test must either be re-run or 

additional data must be taken. 

There is also one important point to consider about the overall validation process. 

As shown in the data in Chapter 7, it is always possible to find locations on a strain-field 

where the estimates are accurate, regardless of how wildly biased the strain-field may be 

overall. Therefore, there is always the possibility of placing the strain gage at a location 

where the ESDM equivalent-strain will match the strain-gage strain, even if most of the 

field is inaccurate. Therefore, one should never attempt to validate an ESDM strain-field 
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with only one strain gage. The quantity and locations of the strain gages used to validate 

the ESDM results are clearly determined by the results that are expected or desired. If the 

strain-field is expected to be simple (e.g. the first bending mode of a center loaded simply 

supported plate) less strain gages will be needed for the validation than if the strain-field is 

expected to be complex (e.g. between the third and fourth mode of a cantilevered beam 

loaded near the built-in end). As for the exact number, location and orientation of gages 

to use, no guidelines have yet been developed. Obviously, the validation results are more 

convincing if more strain gages used. The validation results are also more convincing if 

the gages are spread out over the solution space, and are oriented such that the equivalent- 

strains reflect all three biaxial strain components. 

Regardless of the quantity of gages used to validate the strain-field estimates, it is 

always possible that the fields are inaccurate away from the strain-gage locations. Thus, it 

is necessary to perform a qualitative analysis of the entire field, in addition to a 

quantitative one, to verify that the strain-field estimates are accurate. 

Qualitative Analysis 

The results in Chapter 7 also indicate that a qualitative analysis of the ESDM 

strain-fields can provide clues to problems with the estimates. In all the cases where the 

ESDM method failed to reconstruct accurate strain-fields, the normal strains failed to 

approach zero at the appropriate edges. Note that although the qualitative analysis works 

well for cases where there is a free boundary, it may not be possible to find properties of 

the strain-field which must hold for other boundary conditions. Thus, it may be necessary 

to use strain-field properties which one expects to be true, but aren't necessarily 

guaranteed to be true. For example, for a cantilevered structure, one would expect the 

stress and strain to be greatest at the built-in end. However, it is possible to imagine a 

situation where this does not happen. For example, the point of maximum strain may 
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move away from the built-in end as the location of the force is moved closer to the built-in 

end. Thus, the qualitative analysis, like the quantitative analysis, cannot be used alone. 

8.3.2 ESDM Method 

Based on the results in Chapter 7, several observations can be made about the 

ESDM method. First, under ideal conditions and realistic noise conditions, the ESDM 

method is capable of accurately reconstructing the strain-fields. However, one must be 

careful to collect an adequate amount of data near the boundary of the reconstruction 

space. Failure to do so will leave the finite element boundary nodes without enough 

statistical degrees of freedom to resolve the strain-field (to the 0.1541e level or 1.01 

level) from the noise. 

The results of Chapter 7 also indicate that the ESDM method will not accurately 

estimate the strain-fields (to the 0.154y1e level or 1.Oue level) when subjected to the 

amounts of spatial error and nonstationary behavior that are specified in Section 6.3.3 and 

Section 6.3.5, respectively. In both cases, a substantial portion of the error in the ESDM 

strain-fields was above the noise floor of the strain gages. Clearly, these two conditions 

must be avoided in the current ESDM formulation to maintain the integrity of the ESDM 

strain-fields. The Recommendations section of this chapter discusses a possible way this 

may be accomplished. 

Finally, the results of the simulation suggest that existence of multiple error 

conditions during a test will compound the individual effects of the error conditions on 

ESDM strain solution. No attempt was made to determine how the error conditions 

interact to produce the additional error. 
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8.4 Recommendations for Future Work 

Based on the results of this research, there are several recommendations to be 

made regarding the future development of the ESDM strain-fields and the ESDM method 

in general. These recommendations are arranged by topic. 

8.4.1 Validation Method 

The next logical step in the validation of the ESDM strain-fields is to apply the 

validation method that was developed here to a real structure. Application of the 

validation method to a real structure will provide the information that 1s necessary to 

determine the noise floor of the ESDM method and the precision that can be achieved in 

the strain-field estimates. 

Develop the strain-gage calibration method to account for error in the measured 

voltages. This may be done by replacing the linear least squares method with a linear total 

least squares method. 

Perform a study to determine why there is a discrepancy between the uncertainty 

levels of the strains collected during this research and the generally accepted minimum 

strain uncertainty level of +1.Oue. 

8.4.2 ESDM Formulation 

Determine the sensitivity of the ESDM method to errors in the governing 

assumptions. Also, assess the affect of interaction between multiple error conditions. 

Some of this work has already been completed. Venter [6] has performed an analytical 

sensitivity study of spatial error on the ESDM method. 

Develop methods for including spatial uncertainty in ESDM formulation. This 

may be done with an adaptation of the total least squares method. This work is currently 

in development. 
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If it is found that the covariance between the real and imaginary velocity 

coefficients can have a significant affect on the ESDM results, reformulate the ESDM 

method to account for the covariance. This information will make it possible to determine 

the covariance between the real and imaginary strain-fields. 

8.4.3 ESDM Implementation 

Develop data acquisition methods that include the use of a driving point 

measurement. The driving point measurement must be processed in real time so that any 

non-stationary behavior may be assessed and corrected for during the test. Also develop 

data acquisition methods that allow for real time assessment of the registration results. 

This will allow for correction of poorly chosen scan locations and registration points 

before the scan is commenced. 

8.5 Concluding Remarks 

The research presented in this thesis has now made it possible to validate the 

strain-field output of the experimental spatial dynamics modeling method. The ESDM 

method may now be applied to an actual structure to determine if it is capable of 

producing unbiased strain-fields under real test conditions. From the results of this 

research, it is believed that the ESDM method can produce strain-field estimates that are 

accurate to within reasonable levels (e.g. perhaps + 2 or 5.0%) when the test structure 

is modeled accurately and scanned adequately, and when the assumptions of the method 

are not violated. It must be determined during testing if it is indeed possible to ensure that 

all these parameters can be properly controlled under real conditions. Should the results 

of actual tests show that the ESDM method can produce acceptable strain-field estimates 

under real conditions, then the ESDM method will become a powerful tool for studying 

the strain state, and hence stress state, of dynamically loaded structures. 
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APPENDIX A 

DERIVATION OF STATISTICAL RELATIONS 

A.1 ESDM Strain Variances 

A.1.1 Shear Strain Variance 

(1) 
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-4(s-ea)) eANS-f3)}S-18)) 
From Eq. (1) and Chapter 3 it can be seen that: 
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vin=t|(S-0{4}) |= (08), evenans( ), (5) 

and, 

vil 2-2 1) (ss) ests), (6) 

Thus, 

H(4-(4}) |- 03), AN} K5!4N, (Jz), (7) 

# (2 -e{2}) |= 22), asian) () 
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(Vv, = Lye) 
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Thus, 

a [alla [a 2 yt) ani yet 1 54 - 4} (4 - (Sh) = Ue ), NK 5,-dNo(J3), (14) 

Substituting Eq. (7), Eq. (8) and Eq. (14) into Eq. (4) produces the variance of the shear 

strain, Eq. (15). 
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A.1.2 X-Strain, Y-Strain Covariance 

By Definition: 

Cree = E| (xy ~ Hao )\ Epo ~ Hoe | 

Rewriting in terms of displacements, 

n= 2-+(2)/5--(44) 
Equation (2) is similar in form to Eq. A.1.1.(14). Thus, 

6 (4-e{ 2} 4-2[S})]- 26: ), ANSK Gy No(Jo), 

—
 

O, =—s (Iz), ANZKS, dN, (Jz), aeyo 2 
@ 

A.1.3 X-Strain, Shear Strain Covariance 

By Definition: 

Orpo = El (Ey ~ Haw) Yor ~ Hee) 

Rewriting in terms of displacements and rearranging, 

en ny a l|axlsha \& a lalla 

Both terms of Eq. (2) are similar in form to Eq. A.1.1.(14). Thus, 

f ] ' 

Frame = 7(So), ANEK G9 INo(So),, +—5(Io), ANSK GrANo(Io), ax pryo 2 
@ 
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A.1.4 Y-Strain, Shear Strain Covariance 

By Definition: 

Conse = El (ey. — Hoe ) ae — Lye )] (1) 

Rewriting in terms of displacements and rearranging, 

2n-ffS-shle-eed 4s-a)ls-48)] m Y Y\& x Y BKB Y 

Both terms of Eq. (2) are similar in form to Eq. A.1.1.(14). Thus, 

l ' ] ’ 

Come = (So), ANoK srdNo(So), +(So), INK on dNo(Sa), (3) éypryo 2 
@ 
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A.2 Strain Gage Resistance Change Variance 

A.2.1 Derivation of: E|(7-4,#, -4,) |= a{ +. a   

El (i —b,AE,, -p,) | = E[7? ~ 27b,AE,, ~ 2r f, +b AB? + 2b, AE,,By + f| 

Recall That: 

El ]= viento? 

Finding the expected value of each term separately: 

  
o ~ 2B, +B AE,, )B,AE,, 
n 

E|(7 -4,4E, -8,) |=(8,+B,AE,) + 

-2(f, + BAE,, )By {a 1%) a: +2Bf,AE,, + B 

Simplifying produces: 
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(4.4.22) 

(1) 

(2) 

(3) 

173



AE, Hz, (4.4.23)   A.2.2 Derivation of: E|2(7 -b AE, - B,)\(BAE,, - Bute, )| ~—2 2 
x 

E|2(F ~ bAE,, —B, )(AE,, — Bhai )| =2 E[7b,AE,, ~ EB Me; ~ bP AE, AE,, + b, AE, Bee: 
(1) 

—B,d, AE,, + PBbs; | 

Finding the expected value of each term separately: 

  

o 
S Jab +B AE Me; — BP bs: Bb = (A + PAE, )B up, ~ (B, + BAE, )B Me, ~ G + 

Simplifying produces: 

- AR OAR E[2(z ~ AB, - B,)(,48,, ~ Buts,)|=-2-° AE te 
xX 
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  A.2.2 Derivation of: E|(O,AE,, - Bus) |= Bo, +(44, + o1,) 2 (4.4.24) 
xX 

E[(AAE,, — Bibs, Y| = E[b; AE? | 7 E[20,AE, Abts, | + EA, | (1) 

Finding the expected value of each term separately: 

E[loa Bia ]=(A + Slt + o,)- 2a A Q) 

Simplifying produces: 

E[(,A2,, ~ ples; y| = B07, + (2, + o,)& 

x 
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APPENDIX B 

SIMULATION PARAMETER DEVELOPMENT TEST 

This appendix discusses the experiment that was designed to determine the 

parameters of the ESDM test simulation. Specifically, it provides an overview of the 

experiment, discusses the experiment setup, the experimental procedure and the results 

that were pertinent to the simulation. 

B.1 Experiment Overview 

This experiment was designed to provide data about certain ESDM test parameters 

for the ESDM test simulation in Chapt 6. Specifically, it was designed to provide the 

following data: 

1. The magnitude of the strain that can be expected to develop during an experiment. 

2. The levels of precision that can be expected from strain gages. 

3. The magnitude of the uncertainty that can be expected in the velocity measurements. 

4. The magnitude of the uncertainty that can be expected in the reconstructed laser 

positions. 

5. The amount of non-stationarity that can be expected to develop in the structure during 

an experiment. 

The experiment setup that was used is shown in Fig. B.1. As can be seen from the 

figure, a cantilever beam was chosen as the test structure. A beam was chosen because it 
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provided a strain field which was approximately one-dimensional. The beam was 

cantilevered because the simulation showed that larger strain magnitudes could be created 

for a cantilevered boundary condition than for other boundary conditions. It was also 

fairly easy to mount a cantilevered beam. 

Butterworth Butterworth 
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Figure B.1. Experimental Setup 

The beam was made from a hot-rolled carbon steel. The exact alloy was never 

determined, however it was probably 1040 steel. The dimensions of the beam are shown 

in Fig. 6.9. The length was chosen so that the structure could fit on the test stand that was 

available at Sandia National Laboratory. The width was chosen to ensure Euler-Bernoulli 

beam behavior [75]. 

The beam had four strain gage rosettes mounted on one side. The locations of the 

gages were chosen so that a rosette was at the point of maximum strain, at the anti-node, 

at the node and at the location where the strain was expected to be zero. The gages were 

oriented so that the center gage was parallel to the axis of the beam. It would have been 

more useful to orient the gages so that the side gages were oriented along the beam axes, 
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however, the orientation marks on the gages made it difficult to accurately align the gages 

in this manner. The approximate locations of the gages, and the identification system used 

for the gages, are shown in Fig. 6.16. Note, that each rosette contained one more strain 

gage than is shown in Fig. 6.16. This gage was oriented at a 459 angle below the center 

gage and was labeled as <rosette id>-3. The exact locations of the gages are discussed in 

Chapt. B.3.1. 

The side of the beam that was not covered with strain gages was painted with 3M 

retro-reflective paint. The laser scanned the side with the retroreflective paint. Since the 

gages were not on the scanned side of the beam, an assumption of the experiment is that 

the strain field is the same on both sides of the beam. Another assumption is that the paint 

completely transmits the surface motion of the beam. 

The beam was excited near the free end, as shown in Fig. 6.9. The free end was 

chosen because it provided a reasonable amount of strain output for the amount of input 

shaker travel when excited at the second mode. The shaker was attached to the beam 

through an impedance head. The impedance head provided a force measurement and an 

acceleration measurement. The force measurement was used to determine the phase of 

the velocity and acceleration signals. The acceleration signal provided a driving point 

measurement for evaluating the stationarity of the structure behavior. 

The ESDM data and strain gage data were collected using different systems. 

There were several reasons for this. First, there were not enough filters of the same type. 

There were eleven data channels: eight strain, one velocity, one force and one 

acceleration. However, there were only three sets of matched butterworth notch (high- 

pass and low-pass) filters, and only ten channels of matched 8-pole elliptic, low-pass 

filters. Second, the system used to drive the laser and collect the ESDM data, the Apple 

Macintosh GCI system, was setup to collect two data channels. Third, even if the GCI 
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system could collect more channels, the dynamic range of the analog-to-digital converters 

was fixed at 5.0V. This was inadequate because the strain signals were very low (<< 

1.0V) and there were not enough amplifiers for all the channels. Thus, the data collection 

system was setup as shown in Fig. B.1. The strain, force and acceleration signals were 

collected with the Zonic 7000 data acquisition system, and were filtered with the 8-pole 

elliptic, low-pass filters. The velocity and force signals were collected using the GCI 

system, and were filtered through the butterworth notch filters. Note, that it would have 

been ideal to filter all the data with notch filters, however there simply weren't enough 

high-pass filters available. 

B.2 Experiment Parameters 

B.2.1 Forcing Frequency 

During the experiment, the beam was excited at the second mode, which was at 

34.68 Hz. The second mode was used for two reason. First, a reasonable magnitude of 

strain could be produced for the amount of motion that was required at the driving point. 

Second, the second mode shape had a low spatial frequency. That is to say, the rate of 

velocity change over the structure was low. This meant that the velocity and strain fields 

could be reconstructed with a smaller finite element model. Thus, fewer points needed to 

be scanned on the structure, which shortened the experiment time. 

B.2.2 Filter Settings 

The filter settings which were used during the experiment are shown in Tables B.1 

and B.2. These frequencies were determined from the frequency response tables provided 

by the manufacturer for each filter type. Note that the cutoff frequency for the 8-pole 
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elliptic, low-pass filters is closer to the excitation frequency. This is due to the fact that 

the 8-pole elliptic filters had a much greater roll-off than the butterworth filters. 

Table B.1. ESDM Data Filter Settings 
  

  

                  
  

  

  

  

  

  

Signal Filter Low- High- Gain Gain Gain Gain 

Type Pass Pass Pre-LP | Post-LP | Pre-HP /| Post-HP 

Setting | Setting 

Force Bttrwrth | 45.0 Hz | 25.0 Hz 0 0 20 db 20 db 

Velocity | Bttrwrth | 45.0 Hz | 25.0 Hz 0 0 0 6 db 

Table B.2. Strain Gage Data Filter Settings 

Signal Filter Low- High- Gain Gain Gain Gain 

Type Pass Pass Pre-LP | Post-LP | Pre-HP | Post-HP 

Setting | Setting 

Force Elliptic | 37.0 Hz n/a 0 20 db n/a n/a 
Accel Elliptic | 37.0 Hz na 0 0 n/a n/a 

Strain Elliptic | 37.0 Hz n/a 0 0 n/a n/a 

Gages 

(All)               
  

B.2.3 Sampling Parameters 

The sampling frequencies and sample sizes which were used during the experiment 

are shown in Table B.3. Note that the sample size is larger for the strain and driving point 

data. This was possible because the strain data was collected only twice during each scan 

and did not affect the length of the experiment. This maximized the number of statistical 

degrees-of-freedom available for the strain gage data analysis. The sample size for the 

ESDM data greatly affected the length of each scan and was thus kept smaller to provide a 

reasonable scan time. 
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Table B.3. Sample Parameters 
  

  

  

  

Data Set Sample Frequency Sample Size 

ESDM Data 277.44 Hz 64 points 
Strain Gage and Driving 400.00 Hz 128 points 
Point Data       
  

B.2.4 Registration Points 

There were 13 registration points marked on the beam, as shown in Fig. B.2 and 

Table B.4. All the registration points that could be reached from a scan location were 

used in the registration. 

/\Y 

  

6 9 12 
‘e! —@ @ —@ | 

\ 7 10 
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2 8 11 13 
‘eo -@ —@— e     

Figure B.2. Registration Points Used in Experiment 
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Table B.4. Registration Point Coordinates 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

Registration Point | X Coordinate (cm) | Y Coordinate (cm) 

Number 

1 0.00 5.00 
2 0.00 0.00 
3 25.24 5.00 
4 25.24 2.46 

5 25.24 0.00 
6 47.47 5.00 

7 47.47 2.46 
8 47.47 0.00 

9 72.87 5.00 
10 72.87 2.46 
1] 72.87 0.00 

12 95.49 5.00 

13 95.49 0.00         
  

B.2.5 Scan Positions 

The beam was scanned from 8 different locations during the experiment. The 

structure coordinates of the laser base at eacd scan position, along with their 95% 

confidence intervals, are shown in Table B.5. The large number of locations was needed 

because the laser was unable to scan the entire structure from most locations. The 

location choices were based on the space available in the laboratory and on the need to 

have non-colinear scan locations. Note that these scan locations were determined by B. 

Lindholm, using the methods discussed in reference [7]. 
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Table B.S. Scan Positions 

Scan Position X-Coordinate (cm) {| Y-Coordinate (cm) | Z-Coordinate (cm) 

0 46.0+2.2 18.6 + 26.1 264.0+ 1.6 
1 93.6+ 1.9 -110.8+4.1 191.6+2.6 
2 149.8 +0.4 8.3+2.9 88.3 + 2.0 
3 127.6 + 0.3 8.3 +0.9 84.5+0.9 
4 149.2 + 0.7 90.1 + 2.3 60.4 +2.9 

5 104.6 + 0.7 90.3 +2.2 60.9+2.7 
6 65.2 + 1.6 -111.5+1.5 101.1+1.8 
7 51.0+2.9 -111.2+3.4 102.8+3.7           

B.2.6 Scan Areas and Densities 

As mentioned above, the laser was unable to scan the entire beam from each 

location. Figure B.3 shows the approximate areas which were scanned from each 

location. Note that each region of the beam was scanned from at least 3 non-colinear scan 

locations. 

From simulations, tt was expected that a 1 by 10 mesh of cubic b-spline elements 

would provide a converged solution for the second bending mode. However, the scan 

density was chosen so that a 2 by 20 mesh of cubic b-splines could be used if necessary. 

The scan densities for each scan location are shown in Table B.6. 

  

  

  

  

  

  

  

  

    

Table B.6. Scan Densities 

Scan Position Scan Density (rows x 

columns) 

0 200 x 20 

1 200 x 20 

2 110 x 20 
3 110 x 20 
4 110 x 20 
5 120 x 20 

6 120 x 20 
7 120 x 20       
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Figure B.3. Approximate Scan Regions 

B.3 Experimental Procedure 

The experiment can be broken into three phases: pre-test, test and post-test. It is 

convenient to discuss these three phases separately. 

B.3.1 Pre-Test Procedure 

Mount Strain Gages 

The pre-test phase of the experiment mainly involved preparing the beam for the 

test. The first step was to mount the strain gages at the desired locations. This was 

completed by the technicians at Sandia National Laboratory. 
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Measure Locations and Orientations of Gages 

The second step was to measure the actual location and orientation of each gage. 

To do this, the beam coordinate system was chosen, the rosette orientation marks were 

measured relative to the coordinate system, and the coordinates of several points on the 

gages were determined from the orientation mark coordinates. 

The beam coordinate system was chosen as shown in Fig. 6.9. Note that two of 

the beam edges lie on the x and y axes. All the gage measurements were made relative to 

these edges using a tape measure. Thus, all the measurements are accurate to within 

0.079 cm (1/32 of an inch). 

Each strain gage rosette has three orientation marks on the edge, as shown in 

Fig. B.4. The location and orientation of the gages relative to the orientation marks are 

known from measurements of scale drawings provided by the manufacturer [76]. Thus, 

the structural coordinates of any point on the rosette can be calculated from the 

coordinates of the orientation marks. 
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Figure B.4. Orientation Marks On Strain Gage Rosettes 
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The end coordinates of the strain gages are shown in Table B.7. 

Table B.7. Strain Gage End Coordinates 
  

  

  

  

  

  

  

  

  

  

  

  

              

Rosette | Gage | X-Coord. Y-Coord. X-Coord. Y-Coord. 

End 1 (cm) End 1 (cm) End 2 (cm) End 2 (cm) 

1 1 7.66 2.74 7.89 2.96 

] 2 7.62 2.54 7.94 2.54 

1 3 7.66 2.34 7.89 2.11 

2 1 25.29 1.47 25.50 1.70 

2 2 25.24 1.27 25.55 1.27 

2 3 25.29 1.07 25.50 0.84 

3 ] 50.44 2.74 50.67 2.96 

3 2 50.39 2.54 50.72 2.54 

3 3 50.44 2.34 50.67 2.11 

4 ] 77.99 2.78 78.21 3.00 

4 2 77.95 2.58 78.26 2.58 

4 3 77.99 2.38 78.21 2.15 
  

Prepare "Laser" Surface 

The next step was to prepare opposite beam face for the experiment. This 

  
included applying the retroreflective paint and marking the locations of the registration 

points. Before applying the paint, the surface was prepared by sanding and then cleaning 

with acetone. The surface was sanded to remove any surface rust and to provide a rough 

surface for proper paint adhesion. Two coats of paint were then applied to the surface. 

The first coat was allowed to dry, and then sanded, before the second coat was applied. 

After the second coat of paint was dry, the registration points were located and 

marked. The points were located by measuring from the beam axes with a tape measure. 

This is the same procedure used for locating the strain gage rosettes. 

Mount Impedance Head 

To mount the impedance head on the beam, it first was necessary to mount a stud 

at the driving point. Several attempts were made to glue the impedance head to the beam, 
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but the glue had a very short fatigue life and never lasted through an entire scan. The stud 

was centered on the beam cross-section, about 1.27 cm from the free-end. 

Before mounting, a layer of wax was applied to the mating surface of the 

impedance head. This was done to dampen any vibration between the impedance head 

and the beam. The impedance head was then screwed onto the stud and torqued to 

manufacturers specifications. 

Mount Beam in Test Fixture 

The beam was then mounted to the test fixture. The fixture was made of a steel L- 

bracket, an aluminum plate and 4 bolts. The beam was placed between the bracket and 

the plate, and the bolts were tightened to hold the beam in place. The beam was held in 

place by friction between the bracket and the plate. The fixture was then bolted to the 

seismic mass in the laboratory. 

The fixture was periodically checked during the experiment to ensure that the 

beam did not loosen in the mount. 

Connect Strain Gages to Amplifier System 

After mounting the beam in the test fixture, the strain gages were wired into the 

amplifier system. Under ideal conditions, the gages would be wired to the amplifiers 

through special, gold pinned connectors. However, because the connectors were 

expensive, one connector was purchased for each amplifier channel (8) and the gages were 

wired to the connectors through a terminal block. This setup, of course, slightly increased 

the resistance of the bridge arm, as well as produced another opportunity to introduce 

noise into the signal. These error sources were compensated for in the calibration and 

signal processing of the strain data. 
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Test Response of Strain Gages to Shaker Magnetic Field 

To determine if the magnetic field of the shaker would cause any deterministic 

error in the strain gage output, the shaker was energized while disconnected from the 

structure, and the output of the strain gages was monitored to determine if there was any 

noticeable response in the strain gage output. No effect was noticed. 

Connect Beam to Shaker 

The last setup step was to attach the shaker to the beam. The shaker was hung 

from the ceiling by a bungee cord. The shaker was attached to the beam through a stinger 

and the impedance head. 

Determine Frequency of Second Mode 

The final step before performing the experiment was to determine the second 

natural frequency of the beam. This was done by performing a modal test on the beam 

with the Zonic 6080 dynamic signal analyzer. 

Frequency response functions were determined for the driving point acceleration 

measurement, as well as for the center gage of each rosette. The FRF's placed the second 

mode at 33.12 Hz. 

The results of the modal test were verified by performing a sine dwell test with the 

laser, force transducer and an oscilloscope. The sine dwell test was performed by 

directing the laser beam to the driving point and adjusting the excitation frequency until 

the force and velocity were in phase. This was determined by observing the force-velocity 

lissajous curve on the oscilloscope. At resonance the lissajous curve is a straight line. 

From the sine dwell test, the second natural frequency was determined to be 34.68 Hz. 

B.3.2 Test Procedure 

The procedure that was used to perform the experiment is listed below 
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10. 

11. 

12. 

13. 

14. 

Turn on all the equipment and wait 15 minutes for the equipment to warm up. This 

allows the strain gages to come to operating temperature. The strain gage bridges are 

then balanced. 

Set the laser in a location for a 'head-on' measurement. This ensures that the laser will 

measure the greatest velocity magnitudes. 

Set the input frequency and the filters. 

Start the shaker and allow it to run for 5 to 10 minutes. This allows the impedance 

head output to stabilize. 

Determine the location of the 'hotspot' by manually moving the laser beam to find the 

point of maximum velocity. 

Adjust the shaker input and amplifier gains so that the measured velocity is within the 

dynamic range of the laser and the analog-to-digital converter. 

Manually center the laser beam on the scan area. 

Setup the data acquisition parameters of the Macintosh and the Zonic 7000. 

Register the structure. 

Set the scan area 

Verify that the settings of the data acquisition systems, filters and amplifiers are 

correct. 

Allow the data acquisition system to scan the structure. While the laser is scanning, 

monitor the output (e.g. magnitude, phase, statistics) for any obvious errors. 

Once at the beginning of the scan and once near the end of the scan, collect a set of 

strain and driving point data. 

When the scan is complete, move the laser to the next location and repeat steps 9 

through 13. 
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15. After the final scan of the day, calibrate the strain gage data acquisition system as per 

Chapt. 4. 

B.3.3 Post-Test Procedure 

After the test was completed, the test data was processed to determine the 

quantities that were discussed in Chapt. B.1. First, the raw strain calibration data was 

processed as discussed in Chapt. 4 to determine the relationship between the measured 

voltage and the resistance change. The raw strain gage time series data was then 

processed, along with the raw force time series data to determine the coefficients of the 

time signal model discussed in Chapt. 4. The time signal model coefficients were then 

used with the calibration data and the manufacturer's gage factors to determine the 

estimates and uncertainties of the strain magnitude. 

After processing the strain data, the force and acceleration data were processed to 

determine the phase between the two signals. The force and acceleration were processed 

using the same time series signal processing techniques that were used on the raw strain 

data. 

The raw velocity data was then processed to determine the coefficients, and 

uncertainties in the coefficients, of the time signal model. The coefficients and 

uncertainties were then used to develop the noise model in Chapt. 6.3.4. 

Finally, the registration data was processed, as discussed in Chapt. B.2.5, to 

determine the uncertainties in the laser positions. 

B.4 Results 

The results of the strain gage signal processing are shown Tables B.8 through 

B.11, and in Fig. 6.17. Note that the figure shows the data in the tables. 
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Table B.8. Strain Gage Output - Scan 0 and Scan 1-Beginning 
  

  

  

  

  

  

  

  

                    

  

  

  

  

  

  

  

  

                    

Strain Gage | Magnitude | Variance | Magnitude] Variance | Magnitude | Variance 
Scan 0 Scan 0 Scan 0 Scan 0 Scan 1 Scan 1 

Beginning | Beginning End End Beginning | Beginning 

(mm/mm) | (mm/mm)? | (mm/mm) | (mm/mm)? | (mm/mm) | (mm/mm)* 
1-1 5.221E-06 | 3.865E-15 | 5.228E-06 | 4.109E-15 | 5.165E-06 | 4.057E-15 

1-2 1.83E-05 | 1.145E-14 | 1.825E-05 | 1.029E-14 | 1.809E-05 | 1.137E-14 

2-1 4.735E-07 | 1.117E-15 | 4.713E-07 | 1.362E-15 | 4.587E-07 | 1.228E-15 

2-2 2.791E-06 | 1.791E-15 | 2.759E-06 | 2.214E-15 | 2.737E-06 | 1.946E-15 

2-3 1.748E-06 | 5.663E-14 | 1.744E-06 | 2.781E-15 | 1.724E-06 | 2.386E-15 

4-] 3.279E-06 | 6.972E-14 | 3.264E-06 | 3.097E-15 | 3.256E-06 | 3.039E-15 

4-2 8.526E-06 | 6.658E-15 | 8.492E-06 | 6.988E-15 | 8.437E-06 | 6.816E-15 

4-3 3.049E-06 | 1.519E-15 | 3.031E-06 | 1.661E-15 | 3.015E-06 | 1.647E-15 

Table B.9. Strain Gage Output - Scan 1-End and Scan 2 

Strain Gage | Magnitude | Variance | Magnitude} Variance | Magnitude | Variance 

Scan 1 Scan 1 Scan 2 Scan 2 Scan 2 Scan 2 

End End Beginning | Beginning End End 

(mm/mm) | (mm/mm)? | (mm/mm) | (mm/mm)? | (@am/mm) | (mm/mm)? 
1-1 5.237E-06 | 4.033E-15 | 5.235E-06 | 4.515E-15 | 5.197E-06 | 4.283E-15 

1-2 1.824E-05 | 1.146E-14 | 1.827E-05 | 1.161E-14 | 1.813E-05 | 1.307E-14 

2-1 4.68E-07 | 1.281E-15 | 4.782E-07 | 1.305E-15 | 4.745E-07 | 1.248E-15 

2-2 2.746E-06 | 2.378E-15 | 2.777E-06 | 2.431E-15 | 2.756E-06 | 2.511E-15 

2-3 1.74E-06 | 2.921E-15 | 1.757E-06 | 3.374E-15 | 1.739E-06 | 2.792E-15 

4-] 3.265E-06 | 3.647E-15 | 3.275E-06 | 3.23E-15 | 3.242E-06 | 3.539E-15 

4-2 8.515E-06 | 8.102E-15 | 8.519E-06 | 9.203E-15 | 8.464E-06 | 8.573E-15 

4-3 3.046E-06 | 1.764E-15 | 3.04E-06 | 1.669E-15 | 3.02E-06 | 1.766E-15 
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Table B.10. Strain Gage Output - Scan 3 and Scan 4-Beginning 
  

  

  

  

  

  

  

  

  

  

  

                  
  

  

  

  

  

  

  

  

  

                

Strain Gage | Magnitude | Variance | Magnitude] Variance | Magnitude | Variance 

Scan 3 Scan 3 Scan 3 Scan 3 Scan 4 Scan 4 

Beginning | Beginning End End Beginning | Beginning 

(mm/mm) | (mm/mm)? | (mm/mm) | (mm/mm)? | (am/mm) | (mm/mm)? 
1-1 5.228E-06 | 4.232E-15 | 5.188E-06 | 4.027E-15 | 5.063E-06 | 4.743E-15 
1-2 1.822E-05 | 1.046E-14 | 1.807E-05 | 1.265E-14 | 1.773E-05 | 1.176E-14 

2-1 4.592E-07 | 1.201E-15 | 4.611E-07 | 1.293E-15 | 4.439E-07 | 1.23E-15 
2-2 2.727E-06 | 2.402E-15 | 2.719E-06 | 2.68E-15 | 2.709E-06 | 2.544E-15 
2-3 1.731E-06 | 2.834E-15 | 1.72E-06 | 3.017E-15 | 1.688E-06 | 2.945E-15 
3-1 n/a n/a n/a n/a 5.556E-06 | 4.561E-15 
3-2 Wa n/a n/a n/a 1.477E-05 | 2.844E-14 
3-3 n/a n/a n/a n/a 5.34E-06 | 2.808E-15 

4-1 3.271E-06 | 3.23E-15 | 3.236E-06 | 3.288E-15 n/a n/a 

4-2 8.498E-06 | 6.599E-15 | 8.43E-06 | 7.947E-15 n/a n/a 
4-3 3.037E-06 | 1.618E-15 | 3.011E-06 | 1.587E-15 n/a n/a 

Table B.11. Strain Gage Output - Scan 4-End and Scan 5 

Strain Gage | Magnitude | Variance | Magnitude | Variance | Magnitude | Variance 

Scan 4 Scan 4 Scan 5 Scan 5 Scan 5 Scan 5 

End End Beginning | Beginning End End 

(mm/mm) | (mm/mm)2 | (mm/mm) | (mm/mm)2 | (mm/mm) | (mm/mm)2 
1-1 5.134E-06 | 4.475E-15 | 5.08E-06 | 3.521E-15 }] 5.108E-06 | 4.126E-15 
1-2 1.796E-05 | 1.424E-14 | 1.783E-05 | 1.277E-14 | 1.794E-05 | 1.338E-14 
2-1 4.523E-07 | 1.443E-15 | 4.468E-07 | 1.264E-15 | 4.458E-07 | 1.491E-15 
2-2 2.743E-06 | 2.219E-15 | 2.72E-06 | 2.653E-15 | 2.719E-06 | 2.681E-15 

2-3 1.706E-06 | 2.768E-15 | 1.701E-06 | 4.503E-15 | 1.7E-06 | 4.161E-15 
3-1 5.639E-06 | 4.109E-15 | 5.592E-06 | 5.681E-15 | 5.615E-06 |; 5.099E-15 
3-2 1.498E-05 | 2.799E-14 | 1.486E-05 | 2.984E-14 | 1.494E-05 | 2.725E-14 

3-3 5.419E-06 | 2.772E-15 | 5.37E-06 | 3.22E-15 | 5.396E-06 | 2.912E-15 
  

The phases between the accelerometer signal and the force signal are shown in 

Table 6.3. The large magnitudes of phase shift were due in part to the light damping of 

the beam at the second mode. Because the beam is very lightly damped it has a very high 

Q-value. The Q-value is given by Eq. (B.4.1) and is a measure of the resonance peak 

sharpness [72]. A structure with a high Q-value has a sharp resonance peak. This means 
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that the structure response attenuates rapidly as the forcing frequency moves off 

resonance. It also means that the phase between the response and the force changes 

rapidly with the forcing frequency. 

g=-——@ = t (B.2.1) 
® rox(2)~ Prox) 2S 

The high sensitivity of the beam response to error between the natural frequency 

and the excitation frequency means two things: the excitation frequency must remain 

stable and the natural frequency must remain stable. Excitation frequency stability was 

never a problem, however, the beam has a certain amount sensitivity to "external" 

environmental parameters (e.g. temperature) which could affect the natural frequencies. 

This sensitivity to environment combined with the high sensitivity of the response to 

changes in natural frequency meant that it was difficult to maintain a stationary response 

during the experiment. 

The magnitudes and uncertainties of the velocities for the first six scans are shown 

in Fig. 6.14. Note that for simplicity, only the real components of the velocity were 

considered. 

The laser locations, and related confidence intervals, that were obtained from the 

registration are shown in Table B.5. 
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APPENDIX C 

SIMULATION CODE 

C.1 Beam Response Simulation 

As shown in Fig. C.1, the beam response simulation consists of one main program, 

Beam_2.m, and four subroutines. Each subroutine calculates some quantity related to the 

mode shape of the beam. 

| 
  

  

Beam_2.m 

      
  
  

        
  

phi.m phisqrd.m dphidx.m d2phidx2.m 

        
  

    
  

Figure C.1. Beam Response Simulation Subroutines 
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C.1.1 Beam_2.m 
“Beam_2.m 

% 
“Analytical Solution for a Beam subjected to a concentrated load 

“and various boundary conditions 

“Chris Doktor April 19, 1995 latest version August 4, 1995 

clear 

width = 1.96875; “beam width (in) 

height = .25; “beam height (in) 

gamma = .290; “material density (Ibf/in*3) 

len = 37.75; “beam length (in) 

I = width .* (height .*3) ./ 12.; Yomoment of inertia (in*4) 

m = width .* height .* gamma ./ 32.15; “mass per unit length (slugs/in) 
E = 28.5e06; “oY oung's modulus (psi) 
c = height./2.; “distance from beam surface to neutral axis (in) 

numelemx = 10; 

numptsperelem = 10; 

numx = numptsperelem*numelemx + 1; 
delx = (len - 0)./(numx-1); 

x = 0:delx:len; 

delelemx = len./numelemx; 

eta = 1:-2/(numptsperelem):-(1-2/(numptsperelem)); 

eta = eta’; 

for i= l:numelemx; 

etal(:,:) = [etal(,:);eta ones(numptsperelem, 1)*(i-1)]; 

end 

etal(:,:) = [etal(,:);-1.00 numelemx-1 |; 

eta = etal; 

clear etal; 

Yoassumes a single element covers the width of the beam 

numelemy = 1; 

numy = 11; 

dely = (width - 0)./(numy-1); 

y = 0:dely: width; 

xt = -1:2/(numy-1):1; 

BnL= [pi 2*pi 3*pi 4*pi 

4.730 7.853 10.996 14.137 

4.730 7.853 10.995 14.137 

1.875 4.694 7.855 10.996 

3.927 7.069 10.210 13.352 

3.927 7.069 10.210 13.352]; 
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%BnL - columns - modes, rows - boundary conditions 
“row | - pinned - pinned 
Yorow 2 - free - free 

Yrow 3 - fixed - fixed 

Y%row 4 - fixed - free 

“row 5 - fixed - pinned 
“row 6 - free - pinned 

for n= 1:4, 

alpha(2,n) = (sin(BnL(2,n)) - sinh(BnL(2,n)))/(cosh(BnL(2,n)) - cos(BnL(2,n))); 

alpha(3,n) = (sinh(BnL(3,n)) - sin(BnL(3,n)))/(cos(BnL(3,n)) - cosh(BnL(3,n))); 

alpha(4,n) = (sinh(BnL(4,n)) + sin(BnL(4,n)))/(cos(BnL(4,n)) + cosh(BnL(4,n))); 

alpha(5,n) = (sin(BnLi(5,n)) - sinh(BnL(5,n)))/(cos(BnL(5,n)) - cosh(BnLi5,n))); 

alpha(6,n) = 1 ./ alpha(5,n); 

end 

“Yoalpha - columns - modes, rows - boundary conditions 

echo on 
% enter the number of the desired boundary conditions 

% pinned - pinned (1) 

“% free - free (2) 
% fixed - fixed (3) 

% fixed - free (4) 

% fixed - pinned (5) 

“% free - pinned (6) 

echo off 

be = input('? '); 

Fo = input(‘input magnitude of force (Ibf) '); 
pos = input(‘input coordinate of force (in) '); 

BnL = BnLi(bc,:); 

alpha = alpha(bc,:); 

Bn = BnL // len; 

wn = (Bn .“2)*sqrt(12*E*I/m); “%eigenvalues- 12 for unit conversion 

wnHz = wn ./ (2*pi) 

Ww = input(‘input forcing frequency (Hz):'); 

w = 2*pi*w, 

for mode = 1:4; 

coeff = [0 0 ] | 

alpha(mode) 0 ] 0 

0 -alpha(mode) 0 -1 
0 -alpha(mode) 0 

0 -alpha(mode) 0 
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1 0 -alpha(mode) 0]; 

coeff = coeffi(bc,:); 

M(mode) = m .* quad&(‘phisqrd',0,len, [],[], Bn(mode),coeff(1),coeff(2),coeff(3),... 

coeff(4)); 

q(mode) = Fo .* phi(pos,Bn(mode),coeff(1),coeff(2),coeff(3),coeff(4))./ ... 

(M(mode) .* (wn(mode).*2 - w.%2)) .* 12.; %12 for unit conversion 

for i = 1:length(x); 

yn(mode,i) = q(mode) .* phi(x(i),Bn(mode), coeff(1),coeff(2), coeff(3),... 

coeff(4)); 

dyndx(mode,i) = q(mode) .* dphidx(x(i), Bn(mode), coeff(1),coeff(2),coeff(3).... 

coeff(4)); 

d2yndx2(mode,i) = q(mode) .* d2phidx2(x(i), Bn(mode),coeff(1),coeff(2),... 

coeff(3),coeff(4)); 

end 

end 

z= yn(1,:) + yn(2,:) + yn(3,:) + yn¢(4,:); 

dzdx = dyndx(1,:) + dyndx(2,:) + dyndx(3,:) + dyndx(4,:); 

d2zdx2 = d2yndx2(1,:) + d2yndx2(2,:) + d2yndx2(3,:) + d2yndx2(4,:): 

strainx = -c.*d2zdx2; 

plot(x,z,'-",x,yn(1,:),'--.x,yn(2,:),'--',x,yn(3,:),--",.x,yn(4,:),'--",pos,0,'*"); 

grid on 

title(‘out of plane displacement’), 

xlabel(‘location along beam (in)'); 

ylabel(‘displacement (in)'); 

figure(2) 

plot(x,dzdx,'-',x,dyndx(1,:),'--',x,dyndx(2,:),'--',x,dyndx(3,:),'--'".x,dyndx(4,:)... 

, --',pos,0,'*"); 

grid on 

title(‘slope at positions along beam’); 

xlabel(‘location along beam (in)'), 

ylabel(‘slope (rad)’'); 

figure(3) 

plot(x,strainx,'-',pos,0,'*'); 

grid on 

title(‘surface strain on beam’); 

xlabel(‘location along beam (in)'); 

ylabel(‘strain (in/in)'); 

figure(1) 

“setup velocity field 
velcol = w.*z'; “evelocity in z-dir 
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velcolx = -c.*w.*dzdx'; Yovelocity in x-direction (on surface of beam) 

for i = ]:numx; 

for j = l:numy; 

coord((i-1)*numy+j,:) = [eta(i,2), -eta(i,1), xi(j), x(@), yG), 9, ... 

velcol(i), velcolx(i)]; 

end 

end 

for 1 = l:numy; 
vel(:,1) = velcol; 

velx(:,1) = velcolx; 

end 

C.1.2 Phi.m 
“Mode Shape of Beam 

function y = phi(x,Bn,A,B,C,D) 

phil = A * (cos(Bn*x) + cosh(Bn*x)); 

phi2 = B * (cos(Bn*x) - cosh(Bn*x)); 

phi3 = C * (sin(Bn*x) + sinh(Bn*x)); 

phi4 = D * (sin(Bn*x) - sinh(Bn*x)); 

y = phil + phi2 + phi3 + phi4; 

C.1.3 Phisqrd.m 
“Mode Shape of Beam squared 

function y = phisqrd(x,Bn,A,B,C,D) 

phil = A * (cos(Bn*x) + cosh(Bn*x)); 

phi2 = B * (cos(Bn*x) - cosh(Bn*x)); 

phi3 = C * (sin(Bn*x) + sinh(Bn*x)); 

phi4 = D * (sin(Bn*x) - sinh(Bn*x)); 

y = (phil + phi2 + phi3 + phi4) .* (phil + phi2 + phi3 + phi4); 

C.1.4 Dphidx.m 
“First X derivative of Beam Mode Shape 

function y = dphidx(x,Bn,A,B,C,D) 

phil = A * (-sin(Bn*x) + sinh(Bn*x)); 

phi2 = B * (-sin(Bn*x) - sinh(Bn*x)); 

phi3 = C * (cos(Bn*x) + cosh(Bn*x)); 

phi4 = D * (cos(Bn*x) - cosh(Bn*x)); 

y =Bn .* (phil + phi2 + phi3 + phi4); 
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C.1.5 D2phidx2.m 
%Second X derivative of Beam Mode Shape 

function y = d2phidx2(x,Bn,A,B,C,D) 

phil = A * (-cos(Bn*x) + cosh(Bn*x)); 

phi2 = B * (-cos(Bn*x) - cosh(Bn*x)); 

phi3 = C * (-sin(Bn*x) + sinh(Bn*x)); 

phi4 = D * (-sin(Bn*x) - sinh(Bn*x)); 

y = (Bn.‘2) .* (phil + phi2 + phi3 + phi4); 
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C.2 Finite Element Mesh Generator (model_geom.m) 

“Creates finite element model geometry 
“*#Beam_2 must be run before model_ geom.m 

%Chris Doktor April 20, 1995 - Latest Version June 2, 1995 

% LINEARQUAD 1 
“%elem_type = 1; “LINEAR QUADRILATERAL 
“elem_name = 'LINEARQUAD'; 
“nodside = 2; %Number of nodes per side 

% LINEARTRIANGLE 2 
% QUADRATICQUAD 3 

% CUBICQUAD 4 
“elem _type = 4; %CUBIC QUADRILATERAL 

%elem_name = 'CUBICQUAD'; 
“onodside = 4; 

“odynodside = 4; 

“% CUBICBSPLINE 5 

elem_type = 5; “CUBIC B-SPLINE 

elem_name = 'CUBICBSPLINE'; 

nodside = 4; 

dynodside = 4: 

% QUINTICBSPLINE 6 

“oelem_type = 6; MQUINTIC B-SPLINE 

“elem_name = 'QUINTICBSPLINE'’; 

Yonodside = 4; 

Ydynodside = 6; 

nodsidex = nodside; 

nodsidey = nodside; 

stat_node = nodside.’2, 

dyn_node = dynodside.*2; 

numnodesy = (numelemy*nodside - (numelemy - 1)); 

delynode = (width - 0)./(numnodesy - 1); 

numnodesx = (numelemx*nodside - (numelemx - 1)); 

delxnode = (len - 0)./(numnodesx - 1); 

if elem_type == 5; 
dynumnodesy = (numelemy + | + 2); 

dynumnodesx = (numelemx + | + 2); 

elseif elem_type == 6; 

dynumnodesy = (numelemy + | + 4); 
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dynumnodesx = (numelemx + | + 4); 
end 

for i = 1:numnodesx; 

for j = 1:numnodesy; 

nodes((i-1)*numnodesy+j,:) = [(i-1)*delxnode, (j-1)*delynode, 0.0, .. 

0.0, 0.0, 1.0]; 
end 

end 

if elem_type == 1; 
for i = 1:numelemx; 

for j = 1:numelemy; 

node(1) = (i-1)*numnodesy + j - 1; 

node(2) = i*numnodesy + j - 1; 

node(3) = node(2) + 1; 

node(4) = node(1) + 1; 

element((i-1)*numelemy + j,:) = (node(:)']; 

end 

end 

end 

if elem_type == 3 | 4| 5 | 6; 

for i= 1:numelemx; 

for ) = l:numelemy; 

for k = 1:nodsidey; 

for | = 1:nodsidex; 

node((k-1)*nodsidey+1) = (i-1)*(nodsidex-1)*numnodesy + ... 

(l-1)*numnodesy + (j-1)*(nodsidey - 1) + (k-1); 

end 

end 

element((i-1)*numelemy + j,:) = [node(:)']; 

dynelement((i-1)*numelemy + j,:) = [node(:)']; 

end 

end 

end 

if elem_type == 5 | 6; 
clear dynelement; 

for 1 = l:numelemx; 

for j = l:numelemy; 

for k = 1:dynodside; “in y 

for 1 = l:dynodside,; %in x 

node((k-1)*dynodside+l) = G-1)*dynumnodesx + ... 

(k-1)*dynumnodesx + (i-1) + (1-1); 

end 

end 

dynelement((i-1)*numelemy + j,:) = [node(:)']; 

end 

end 

end 
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“save data to .geom file 

file = input(‘input .geom file name: ','s’); 

[fileid, message] = fopen(file,'w') 

for i = 1:size(nodes, 1); 

fprintf(fileid, STATNODE  %i “of “of Yof “of “of Yfin', i-1, nodes(i,:)); 
end 

for 1 = 1:max(max(dynelement))+1; 

fprintf(fileid, DYNNODE %i %i\n', i-1, 1); 
end 

for 1 = 1:size(element, 1); 

fprintf(fileid,DYNELEMENT %i %i %i %oi “ci\n', i-1, 1, elem_type, ... 

stat_node, dyn_node), 

fprintf(fileid,' ‘); 

fprintf(fileid,'%o1 ', elementti,:)); 

fprintf(fileid,'\n'); 

fprintf(fileid,' ‘); 

fprintf(fileid,'%i ', dynelement(i,:)); 

fprintf(fileid,'\n'), 

end 

fclose(fileid); 
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C.3 Laser Simulator (laser.m) 

“elaser.m 
% 
“Simulation of velocity field measured by laser from a position in space. 

‘“Beam_2.m must be run prior to laser.m. 

“Chris Doktor April 20, 1995 latest version August 16, 1995 

numptsinfile = 0; Y%number of points already saved to file. 

numilaser = input(‘input number of laser positions to be used: '); 

for q = 1:numlaser; 

“input laser coordinates 

fprintf(‘coordinates for laser position “i\n', q); 

Ipos(1) = input(‘input laser x position (in structure coord): ‘); 

lIpos(2) = input(input laser y position (in structure coord): '); 

Ipos(3) = input(‘input laser z position (in structure coord): ‘); 

“determine scan density 

posdens = [9 899 9 8 9]; 

scandens = posdens(q); 

“determine phase shift of structure 

posphi = [0 1017160 10]; 

phi = posphi(q); 

“determine first scan point 
startpoint = unidrnd(round(size(coord, 1)./550)); 

for 1 = 1:round(size(coord,1)./9.02); 

“oindex j according to scan density 

j =1.*scandens + startpoint; 

%determine direction cosines 

dirmag = sqrt((Ipos(1) - coord(j,4)).%2 + (lpos(2) - coord(,5)).%2 + ... 

(Ipos(3) - coord(j,6)).%2); 

dirx(i) = (Ipos(1) - coord(j,4))/dirmag; 

diry(i) = (Ipos(2) - coord(j,5))/dirmag; 

dirz(i) = (Ipos(3) - coord(j,6))/dirmag; 

velaser(i) = (coord(j,7).*dirz(i) + coord(j,8).*dirx(i)).*cos(phi.*pi/180); 

dataplot(i,:) = [coord(i,4)./len.*(numx-1)+1], .. 
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% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 

coord(i,5)./width.*(numy-1)+1, velaser(i)]; 

Beginning of Registration Error Simulation 
Rcoord(i,1) = coord(i,4); 

Rcoord(i,2) = coord(i,5); 

Rcoord(i,3) = coord(i,6); 

coord(i,4) = coord(i,4) + normrnd(0,.01334); 

coord(i,5) = coord(i,5) + normrnd(0,.01334); 

coord(i,6) = coord(i,6) + 0; % assume no error in z-coordinate 

dirmag = sqrt((Ipos(1) - coord(i,4)).“2 + (Ipos(2) - coord(i,5)).%2 + ... 

(Ipos(3) - coord(i,6)).%2); 

dirx(i) = (Ipos(1) - coord(i,4))/dirmag; 

diry(i) = (Ipos(2) - coord(i,5))/dirmag; 
dirz(i) = (Ipos(3) - coord(i,6))/dirmag; 

End of Registration Error Simulation 

end 

% Beginning of Laser Error/Noise Simulation 
Yostdev = abs(max(velaser))/1000; used in B_spline1x10noiz.project 

fo ri= l:round(size(coord,1)./9.02); 

if abs(2.54/100 .* velaser(i)) < le-8; 

Ystdev = abs((frnd(200,2)/50)/100*mean(velaser)); 

%stdev = (frnd(200,4)/25)/100*mean(abs(velaser)); 

%stdev = (10.*(-5.2))./2.54 .* ((2.54/100 .* 1.0e-7).“(-.25)); 
“logstdev = -1.25*log10(1.0e-7) - 5.2 + normrnd(0, .15); 

%stdev = 1/100 .* (10.Alogstdev) .* 1.0e-7; 

“Yologstdev = -1.25*log10(1.0e-8) - 5.2 + normrnd(0, .3); 

“stdev = 1/100 .* (10.“logstdev) .* 1.0e-8; 

logstdev = normrnd(-6,0.4); 

stdev = (10.“logstdev).*100./2.54; 

else 

“stdev = abs((frnd(200,2)/50)/100*velaser(i)); %B_spline1x10noiz2.project 

“%stdev = abs((frnd(200,4)/25)/100*velaser(i)); %B_spline1x10noiz3.project 
“stdev = (10.4(-5.2))./2.54 .* ((2.54/100 .* abs(velaser(i))).“(-.25)); %B_spline1x10n01z4&5. project 

“ologstdev = -1.25*log10(2.54/100 .* abs(velaser(i))) - 5.2 + normrnd(0, .15); 

%B_spline1x10no0iz6. project 
%stdev = (1/100 .* (10.logstdev)) .* abs(velaser(i)); 

“logstdev = -1.25*log10(2.54/100 .* abs(velaser(i))) - 5.2 + normrnd(0, .3); 

“%stdev = (1/100 .* (10.“logstdev)) .* abs(velaser(i)); 

logstdev = normrnd(-6.0.4); 

stdev = (10.“logstdev)*100./2.54; 

end 

var(i) = stdev * stdev; 

error = normrnd(0, stdev); 

velaser(i) = velaser(i) + error; 

end 
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% End of Laser Error/Noise Simulation 

“efor 1 = 1:size(dataplot, 1); 

% velplot(dataplot(i, 1),dataplot(i,2)) = dataplot(i,3); 

%end 

“evelplot = velplot(1:numx, 1 :numy); 

clear dataplot; 

“Save = input('Do you want to save this data to a file ? [Y/N]: ',’s'); 

save = 'y'; 

if save == 'y' | "Y's 

%input .meas file name 

if numptsinfile == 0; 

file = input(‘input .meas file name: ','s'); 

end 

[fileid, message] = fopen(file,‘a’) 

for i = 1:round(size(coord, 1)./9.02); 

j =1.*scandens + startpoint; 

fprintf(fileid,, SAMPLEVEL %i %g “%g “og “og “of Y%fin', itnumptsinfile-1, ... 
velaser(i), 0.0, var(i), 1.0e-15, 1.0, 0.0); 

fprintf(fileid,,SAMPSIGNOISE %i “%f\n', i+numptsinfile-1, 1000.0); 

fprintf(fileid, SAMPLEPOS %i “oi “of “of “of “ef Yof Yof Yof Yofin'’, ... 

itnumptsinfile-1, coordG, 1:6), dirx(i), diry(i), ... 

dirz(i)); 
end 

numptsinfile = numptsinfile + round(size(coord, 1)./9.02); 

message = fclose(‘all'); 

end 

end 
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C.4 Strain Gage Simulator (sg.m) 

“sg.m 

% 
“Simulation of strain gauge data acquisition 

“%Beam_2.m must be run prior to sg.m. 
“delx must be approximately equal to 0.125 to achieve the proper strain gauge length 

%Chris Doktor October 18, 1995 

“clear variables 

clear sg; 

“strain gauge parameters 
sgcoord = [5 width./2 6 width./2 5 (width./2)+.05 6 (width./2)+.1758 

65 width.*2./3 66 width.*2./3 65 (width.*2./3)+.05 66 (width.*2./3)+.1758 
143 width./2 144 width./2 143 (width./2)+.05 144 (width./2)+.1758 
235 width./2 236 width./2 235 (width./2)+.05 236 (width./2)+. 1758]; 

“Yesgcoord - coordinates of gauge ends 

“calculate true average strain across gauge 

for 1 = 1:size(sgcoord, 1); 

% Calculate true average strain on gauge 1 

xl = x(sgcoord(i,5)); 

x2 = x1 + delx./2; 

x3 = x(sgcoord(i,7)); 

ul = -c.*dzdx(sgcoord(i,5)); 

u3 = -c.*dzdx(sgcoord(i,7)); 

yl = sgcoord(i,6); 

y3 = sgcoord(i,8); 

y2 =yl + (y3-yl)./2; 

LI = sqrt((x3 - x1).%2 + (y3 - yl).%2); 

L2 = sqrt((x3 + u3 - x1 - ul).%2 + (y3 - y1).%2); 

theta = (180/pi) * atan((y3 - y1)./(x3 - x1)); 

avestrn! = (L2-L1)./L1; 

sg = [sg 
i 1 1x1 yl theta avestrn] 

1] 2 x2 y2 theta avestrn1 

113 x3 y3 theta avestrn1]; 

“Sg[rosette# gauge# sample# xcoord ycoord theta avestrn] 

% Calculate true average strain on gauge 2 
x1 = x(sgcoord(i,1)); 
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x2 = x1 + delx./2; 

x3 = x(sgcoord(i,3)); 

ul = -c.*dzdx(sgcoord(i,1)); 

u3 = -c.*dzdx(sgcoord(i,3)); 

avestrn2 = (u3-ul)./(x3-x1l);  “eaverage strain = du/dx 

sg = [sg 
i2 1 xl sgcoordG,2) 0.0 avestrn2 

12 2 x2 sgcoord(i,2) 0.0 avestrn2 

12 3 x3 sgcoord(i,4) 0.0 avestrn2]; 

“sg[rosette# gauge# sample# xcoord ycoord theta avestrn|] 

end 

%save = input(‘Do you want to save this data to a file ? [Y/N]: ','s'); 
save = 'y'; 

if save == 'y' | 'Y'; 

“input .gstrn file name 

file = input(‘input .gstrn file name: ','s'); 

[fileid, message] = fopen(file,'a') 

“save data to .gstrn file name 

for i = 1:size(sg, 1); 
fprintf(fileid,'GAUGESTRN %i %i %i %g %g %g Ygin', sg(i,1:7)); 

end 
message = fclose(‘all’); 

“input .gcord file name 
file = input(‘input .gcord file name: ','s'); 

[fileid, message] = fopen(file,‘a’) 

“save data to .gcord file name 

for i = |:size(sg,1); 
fprintf(fileid,, SAMPLECOORD %i “%i “oi “og Yog %g\n', sg(i,1:6)); 

end 

message = fclose(‘all'); 

end 

end 
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