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Chapter 2 
 
Literature Review 
 

Meshing is defined as breaking of a domain into smaller sub-domains to facilitate the 

numerical solution of partial differential equations.  Though meshing is applied to a wide 

variety of applications, the principal area of interest is the finite element method of 

structural analysis.  This area has been active for more than 40 years, and a large number 

of mesh generation algorithms have been proposed in the finite element community, for 

example, node placement followed by Delaunay-Voronoi methods (Thompson et al., 

1999), coarse domain decomposition with medial axis transformation, mesh template 

mapping, advancing front techniques, quadtree method, pliant methods, paving 

techniques, etc.  In addition, the increase in computational power of computers has made 

their implementation easier in wide variety of software applications (Owen, 1998).  Mesh 

generation time is virtually independent of the topology or the geometry of the given 

region but depends rather on the number of elements to be generated and the number of 

nodes present in the domain (Lo and Lee, 1994; Lee et al., 2003).  As the aim of the 

thesis is towards the development of a simple 2.5D1 mesh generator with triangular and 

quadrilateral mesh generation capability, the literature survey is limited to only these 

techniques.  Typically, meshes generated by mesh generators fall into two categories: 
                                                 
1 2D objects in 3D space 
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structured and unstructured.  The choice of the meshing method in any application is 

always strongly connected to the geometry of the domain under consideration (George, 

1991).   

 

2.1 Structured Mesh Generation 
Structured mesh generation is commonly referred to as “grid generation” and can be 

recognized by all interior nodes of the mesh having an equal number of adjacent elements 

(Owen, 1998).  Such an assembly is useful in the finite difference method and was very 

popular in the early days of establishing the finite element method.  These types of 

methods also require less amount of storage, as their element node coordinates can be 

calculated rather than explicitly stored.  In structured meshes the connectivity between 

the nodes is of pattern (i, j, k).  For example, if we assume the indices of a given node as 

(i, j, k), the node with indices (i-1, j, k) will be its left neighbor and that with indices (i+1, 

j, k) will be its right neighbor.  This kind of approach is appropriate for geometries for 

which such properties are suitable, i.e., for generalized triangle, quadrilateral or 

hexahedral configurations.  For other situations, specific treatment is necessary to 

conceive these geometries, for example, dividing a complex domain into simpler 

quadrilateral, triangular or hexahedral domains.   Figure 2.1 shows an example of a fairly 

complex geometry that is divided into simpler quadrilateral and triangular domains.  In 

short, structured meshes are produced over a pre-defined block structure and are 

numbered in a pre-ordered sequence as shown in Figures 2.2 and 2.3, respectively.  Here 

one should note that domain decomposition has the advantage of being easily created but 

the spacing of the resulting meshes do not always transit smoothly from one location to 

other, which is a significant drawback (Lewis et al., 1995).  In other words, a 

disadvantage of structured meshes is their lack of flexibility in fitting a domain of 

complicated shape.  A number of other techniques have been developed to find 

appropriate coordinate transformations for the generation of structured meshes, such as 

conformal mapping, medial axis transformation, transfinite mapping or algebraic 

techniques.  Structured grid generators are most commonly used within the computational 

fluid dynamics field, where strict alignment of elements may be required by the analysis 

code or may be required to capture physical phenomena (Owen, 1998).   
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Figure 2.1: Dividing a complex domain into a triangle and quadrilaterals 

 
Figure 2.2: A pre-ordered structured triangular grid 
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Figure 2.3: A pre-ordered structured quadrilateral grid 

 

2.2 Unstructured Mesh Generation 
An unstructured mesh does not have any fixed connectivity among its elements.  As 

most of the objects in reality have an intrinsically complex geometry, these methods are 

widely used in the real life applications.  A recent survey by Owen (1998) has shown that 

unstructured mesh generation has become more popular than structured techniques in 

most engineering applications, due to the flexibility and power they possess over 

structured generators when the object domain is complicated and irregular.  These 

methods also facilitate the process of generating variable size elements from densities 

specified at random points, which are usually the end product of the error estimation 

process in adaptive remeshing (El-Hamalawi, 2004).  Triangular and quadrilateral meshes 

are most commonly used for 2D finite element analysis.  Figures 2.4 and 2.5 show 

unstructured triangular and quadrilateral meshes, respectively. 
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Figure 2.4: Unstructured triangular mesh 

 

 
Figure 2.5: Unstructured quadrilateral mesh 
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2.2.1 Triangular Meshing 

In 2D, triangulation is the most common form of unstructured mesh generation as 

compared to a quadrilateral mesh, as any given arbitrary complex geometry can be more 

flexibly filled by triangular elements as compared to quadrilateral elements.  Also, in 

practice, domains do not have a regular geometry and require some irregular sub-domains 

to fill in the parent domain.  Most triangulation techniques currently in use can be fit into 

three main categories: quadtree, Delaunay, and advancing front.  These methods are 

discussed in detail by George (1991) in his book “Automatic Mesh Generation for Finite 

Element Analysis”. 

The quadtree technique was primarily developed in the 1980’s by Mark Shepard’s 

research group at Rensselar Polytechnic Institute (George, 1991).  In this method the 

geometric model is contained inside a quadrilateral large enough to cover the domain and 

which is recursively subdivided until the desired resolution is reached.  This recursive 

partitioning may then be deformed to resemble the real geometry of the domain, after 

which these quadrilaterals can be split into triangles.  Figure 2.6 shows a quadtree 

decomposition of a simple 2D domain.   

 

 
Figure 2.6: Quadtree decomposition of a simple 2D domain 

 

Unstructured grid generation methods based on the Delaunay criterion are frequently 

used because of the quality of meshes they generate.  This criterion was first proposed by 

B. Delaunay in 1934.  The Delaunay criterion, also called the “empty circle” property, 

stated that any node must not be contained within the circumcircle of any triangle in the 

mesh (George and Borouchaki, 1998).  Figure 2.7 is a simple 2D illustration of the 

criterion.  This criterion in itself is not an algorithm for generating a mesh but it provides 
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a criterion to connect a set of points in space.  Hence, all the Delaunay triangulation 

techniques require some sort of node insertion scheme to fill the parent domain.  A 

typical approach is to first subdivide the boundary of the domain to generate an initial set 

of nodes.  These boundary nodes are then triangulated according to the Delaunay 

criterion.  Nodes are then inserted incrementally into the existing mesh, redefining the 

triangles locally as each new node is inserted to maintain the Delaunay criterion.  It is the 

method that is chosen for inserting new interior nodes that differentiates one Delaunay 

algorithm from another.  Several node insertion algorithms are proposed in the literature, 

for example those developed by Bowyer-Watson, Green-Sibson and Tanemura-Merriam, 

etc.  A detailed discussion of these algorithms can be found in “Handbook of Grid 

Generation” by Thompson et al. (1999).  Delaunay algorithms have been found 

particularly suited to adaptive solution strategies which require addition of new grid 

points to an existing triangulation in order to modify the mesh.  There are two main 

disadvantages of Delaunay triangulation: (1) boundary integrity may not remain 

preserved and further steps may be needed, i.e., the algorithm may generate new 

boundaries and some additional procedures may be required to remove them, and (2) it is 

difficult to generate elements with high aspect ratios2.   

 

 

 

 

 

 

                                                 
2 The aspect ratio of the triangle is defined as the ratio of the circumradius of the triangle to twice its 
inradius. 
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Figure 2.7: Delaunay criterion illustration: (a) node 4 of the triangle 2-3-4 lies outside 

the circumcircle of the triangle 1-2-3 and node 1 of triangle 1-2-3 lies outside the 

circumcircle of the triangle 2-3-4; hence the triangles shown satisfy the Delaunay 

criterion; (b) node 4 of the triangle 2-3-4 lies on the circumcircle of the triangle 1-2-3 and 

node 1 of triangle 1-2-3 lies on the circumcircle of the triangle 2-3-4; hence the triangles 

shown do not satisfy the Delaunay criterion. 

 

The advancing front or moving front method is another popular basis for generating 

triangular mesh routines (George, 1991; Owen, 1998).  In this method, triangles are built 

progressively inward from the boundary front (also called initial generation front).   Once 

a triangle is formed, the base of the triangle is declared passive and is removed from the 

moving front.  The new edges are added as active if they don’t overlap any of the edges 

in the existing active front.  This way, active fronts are maintained and passive fronts are 

deleted as the algorithm progresses.  The triangulation finishes when all the active fronts 

become passive.  Figure 2.8 is a simple two dimensional illustration of the advancing 

front technique where triangles have been formed at the boundary.  The dotted boundary 

lines in the figure show the passive front.  Several versions of the advancing front method 

are available in literature (George, 1991; Lo, 1992; Qian and Dhatt, 1994; Lohner, 1996; 

Lee and Hobbs, 1999).  There are two main disadvantages of the advancing front method: 

(1) efficiency, where processes such as checking the intersection of edges, and 

overlapping of elements consumes a lot of computational time; (2) complicated domains 
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may also pose some problems while identifying and selecting optimal points based on a 

selected front, followed by the checks to see if the element generated is valid or not.  All 

these problems may adversely affect the convergence of the method.   

 

 
Figure 2.8: Advancing front illustration 

 

 To overcome the various problems associated with the Delaunay and advancing front 

methods, El-Hamalawi (2004) has presented a combined methodology for generating 2D 

triangular meshes.  In his method the boundary front is discretized by adding nodes based 

on pre-specified element densities.  Approximate equiangular triangles are then generated 

from the front such that they satisfy Delaunay’s “empty circle” criterion.   

 

2.2.2 Quadrilateral Meshing 

From experience with the finite element we know that a quadrilateral mesh has better 

quality and its solution converges faster than a triangular mesh, but it is more difficult to 

automatically generate a quadrilateral mesh as compared to a triangular mesh.  Lee and 

Lo (1994) grouped unstructured quadrilateral meshing algorithms into direct and indirect 

approaches.   

The direct approach, as the name suggests, directly generates the quadrilaterals.  

Several direct methods have been proposed and among these methods there appear two 

main categories: (1) Geometric decomposition, (2) Advancing front.  Geometric 

decomposition involves decomposition of a domain into simpler convex or mappable 

regions.  This decomposition is achieved by various techniques, for example recursive 

domain decomposition, quad tree decomposition and medial axis decomposition.  In 

general, though these methods generate all quads with a high quality mesh, they are 



 15

difficult to automate, especially if a domain with line constraints is involved.  Here one 

should note that the problems involving line constraints may not allow the decomposition 

of the domain into simpler convex or mappable regions.  Also, the spacing of the 

resulting meshes does not transit smoothly from one location to the other, which is a 

serious drawback.  The second method is the advancing front method.  There are several 

versions of this method: the paving proposed by Blacker and Stephenson (1991), and 

enhanced paving suggested by White and Kinney (1997).  Figure 2.9 shows a simple 

illustration of how the paving method works.  Paving is a popular method and is 

implemented in several commercial packages.  This method may be unsuitable for cases 

involving interior line constraints.  The problem arises due to interference of opposing 

elements and sometimes due to large differences in element size between opposing fronts 

(Lee et al., 2003).   

 

 
Figure 2.9: Paving method applied to a square domain 

 

In an indirect approach the domain is first meshed with triangles and then various 

techniques are used to convert them into quadrilaterals.  The technique used could either 

be a splitting triangle or a combining triangle method.  The splitting triangle method 

guarantees an all quadrilateral mesh and is faster than the combining triangle method, but 

a high number of irregular nodes are introduced into the mesh, resulting in poor quality.  

Figure 2.10 shows an example of how the splitting triangle method works.  The 

combining triangle method combines adjacent pairs of triangles to form a single 
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quadrilateral.  Although the quality of mesh3 generated is better than the one obtained 

from splitting triangle, this method leaves a large number of triangles that cannot be 

joined with adjacent triangles to form a quad, finally resulting in a mesh that is generally 

not as good quality as the one generated by the direct approaches.  To reduce the number 

of triangles left in the combining triangle method, one may alter the order in which the 

triangles are combined.  Figures 2.11 and 2.12 show examples of how the combining 

triangle method works.  In Figure 2.11, the combining triangle algorithm leaves no 

triangle in the domain, whereas in Figure 2.12 the combining triangle algorithm leaves 

two triangles in the domain.    

 

 
Figure 2.10: Splitting triangle method 

                                                 
3 There are a number of criteria for deciding the quality of a mesh, which are as follows: (a) The variation 
in the area of elements should not be large, (b) aspect ratio should be close to 1, and (c) ratio of largest to 
smallest edge/angle of the element should be close to 1.  
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Figure 2.11: Combining triangle method, no triangle left in the domain 

 

 
Figure 2.12: Combining triangle method, two triangles left in the domain 
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2.3 Node Spacing Function 
The node spacing function (NSF) is one of the critical aspects of mesh generation 

which requires consideration while producing a graded mesh4.  Node spacing functions, 

also called mesh density functions, are characterized by the number of nodes or elements 

at any particular point in the domain.  Many engineering problems consist of situations 

where geometry changes with position and time, or one might be interested in a finer 

mesh in one region and a coarser one in other.  For example, in structural analysis using 

the FEM, an area of drastic change in stress and strain requires a finer mesh.  Hence, in 

order to generate a finite element mesh for such situations one must have a precise 

definition of target element size distribution.  This is where the node spacing function 

comes into action.  Feasibility and accuracy of finite element analysis is highly dependent 

upon how nodes are located in a domain, and hence node density must be controllable in 

any region of the domain. 

In most of the mesh generation methods these spacing functions are defined explicitly 

by a background mesh, which can be given by the user or could be a mesh from the 

previous iteration in the adaptive solver.  The methods to calculate the spacing 

information from a given background meshes can be quite different (Lo and Lee, 1994).  

The easiest way to calculate the element size from background mesh is by interpolation.  

The background mesh specifies sizes of elements over each vertex, and the element sizes 

for the new mesh can be interpolated from these values (Bossen and Heckbert, 1996).  Lo 

(1991) has presented a contour method to translate background mesh information into 

contour lines of node spacing values.  These contour lines divide the problem domain 

naturally into sub-regions in which meshes of different element sizes are formed.  

Comparing these two methods, the background mesh interpolation technique is very 

efficient and allows a more precise retrieval of the elements size information.  However, 

this method is more computationally time consuming as compared to the contour 

technique which has element sizes assigned to sub-divided regions.   

A slightly different approach in the generation of graded triangular and quadrilateral 

meshes has been presented by Lo (1992).  The node spacing inside the domain is defined 

                                                 
4 A graded mesh is defined as a mesh having variation in the sizes of elements while traversing from one 
element to another in the meshed domain. 
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as a function of boundary line segment sizes.  A very simple formula for the derivation of 

a node spacing function based on boundary line segments has been proposed.   

 

2.4 Mesh Generation Algorithms 
A recent survey of unstructured mesh generation algorithms and their industrial 

implementation has been provided by Owen (1998).  Also, an extensive detail of these 

algorithms along with others is mentioned by George (1991) in his book where he has 

divided them into seven classes.  The following points are paraphrased from George 

(1991).   

1.) “Manual” or “semi-automatic” methods could be used for situations having 

simple geometry.  The user explicitly needs to define points, edges, faces 

and elements composing the mesh.  These methods are suitable for 

particular geometrical situations which use the specific properties of 

geometry explicitly (where the connectivity is known in advance). 

2.) Methods which construct the mesh of the real domain as a mapping, by a 

suitable transformation, of a mesh of simple geometry, i.e., triangle, 

quadrilateral, etc.  The mapping function is predefined to ensure certain 

properties (respecting contours, etc.).  In this case the data is a discretization 

of the contour of the domain. 

3.) Methods based on the solution of a system of partial derivative equations 

formulated on a reference mesh.  It corresponds to a domain with an 

elementary geometry in which a structured grid is developed easily 

(quadrilateral, hexahedral).  A mapping function is defined to ensure some 

required properties (respecting of contours, orthogonality of elements, 

variable density of elements, etc.).  In this case, the domain is also defined 

via its contour. 

4.) Methods based on the deformation and local modification of an easily 

obtainable grid.  The application of techniques of overlapping and 

deformation of simple meshes is done in such a way that the real domain is 

covered accurately. 
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5.) Methods based on the composition of meshes of sub-sets of the domain, 

obtained by the methods in case 2 or 3.  This consists of generation of a final 

mesh by structured partitioning of a coarse mesh composed of blocks, taking 

a simple geometric shape.  In this approach, a coarse partitioning of the 

domain composed of blocks of simple elementary geometry (segments, 

triangles, quadrilaterals, tetrahedral, etc.) is given.  The interfaces between 

these blocks must be defined carefully, on one hand, to ensure the validity of 

the result and, on the other hand, to determine the nature of partitioning to 

which they will be subjected (number of subdivisions, etc.) precisely.  This 

technique enables the consideration of a domain with an arbitrary shape, but 

in the case of a complex shape, one has to define a large number of initial 

blocks. 

6.) Methods deriving the final mesh, element by element, from the boundary 

data.  This consists of generation of mesh of a domain from its boundary 

using the advancing front or Delaunay-Voronoi method.  The boundary is 

defined either in a global or discrete way as a polygonal approximation of 

the contour in the form of segments in dimension 2 and, in dimension 3, as a 

polyhedral approximation in the form of triangular faces. 

7.) Methods using a composition of meshes of sub-sets based on geometrical or 

topological modification of these meshes, obtained by any of the previous 

methods.  This approach relies on the use of geometrical transformations 

(symmetry, for example) or topological transformations (for example, global 

refinement).  In this case, the geometrical properties of the domains are 

considered fully in order to mesh only the useful parts.  The mesh of the 

various parts, which can be derived from others (by symmetry, rotation, 

etc.), is then obtained using simple transformations and the final mesh is 

simply the pasting together of all the different sub-meshes. 
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2.5 Mesh Generator Requirements 
Development of any mesh generator constitutes tremendous geometric computation 

and hence involves a huge cost, i.e., time and money.  So it is always important that a 

good mesh generator, 2D or 3D, should (Lee and Lo, 1995): 

 

1.) Support varied demands, i.e., it is application independent and modular. 

2.) Allow meshing for complex geometry. 

3.) Generate anisotropic and graded meshes, i.e., element shape and size vary 

with position. 

4.) Be automatic and robust, i.e., no user interaction required beyond 

specification of geometry and desired element size. 

5.) Always produce a good quality mesh. 

 

The elements constituting the mesh must generally satisfy some specific properties 

which are as follows (George, 1991; Lee and Lo, 1995): 

 

1.) Properties of a geometric nature: 

(a) The variation in size between two adjacent elements must not be too 

large.   

(b) The density of elements in some region of the domain must be 

higher, for example a region of high stress.   

(c) When elements are of triangular type, the existence of an obtuse 

angle is to be avoided. 

(d) Elements must satisfy anisotropic features (i.e., some directions are 

to be preferred). 

 

2.) Properties of a physical nature: 

(a) These are strongly connected to the physical aspects of the problem under 

consideration.  They can be achieved if geometrical properties of the 

above type are present.  In fact, one may have to produce relatively thin 



 22

elements, isotropic or anisotropic elements, elements with specified 

shapes, etc.  according to the physical behavior of the problem. 

 

We have presented a brief survey of the mesh generation methods available in the 

literature.  The survey is limited to meshing methods applicable to 2D objects, though in 

some situations similar methods can be extended to 3D objects.  Chapter 4 discusses in 

detail the meshing methods implemented in the WoodFrameMesh program.   


