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(ABSTRACT) 

This dissertation contains three essays at the frontier of social choice theory and the theory of 

games. 

In the first essay, we consider the problem of dividing a fixed quantity of a perfectly divisible 

good among n individuals with single-peaked preferences. 

We show that the properties of Strategy-proofness, Efficiency, and either Anonymity or No 

Envy, together characterize a unique solution which we call the uniform allocation rule: everyone gets 

his best choice within the limits of an upper and a lower bound that are common to all individuals and 

determined by the feasibility constraint. 

We further analyze the structure of the class of all strategy-proof allocation rules. 

The second essay explores the idea of Population Monotonicity in the framework of cooperative 

games. An allocation scheme for a cooperative game specifies how to allocate the worth of every 

coalition. It is population monotonic if each player’s payoff increases as the coalition to which he 

belongs grows larger. 

We show that, essentially, a game has a population monotonic allocation scheme (PMAS) if 

and only if it is a positive linear combination of monotonic simple games with veto control. A dual 

characterization is also provided.



Sufficient conditions for the existence of a PMAS include convexity and "increasing average 

marginal contributions”. If the game is convex, its (extended) Shapley value is a PMAS. 

The third essay considers the problem of two individuals who must jointly choose one from a 

finite set of alternatives. 

We argue that more consensus should not hurt: the closer your preferences are to mine, the 

better I should like the selected alternative. Two classes of Pareto optimal choice rules -- called 

generalized maximin” and ”choosing-by-veto” rules -- are shown to satisfy this principle. If we 

stengthen Pareto Optimality along the lines of Suppes’ grading principle, the only choice rules 

satisfying our condition are ”simple” maximin rules.



Acknowledgements 

For guiding my first steps into a new and fascinating world, I want to thank Herve Moulin. 

Without him, no doubt I would have gone astray. 

I am much obliged to Jacques Cremer, Hans Haller, Yannis Ioannides, Mamoru Kaneko and 

Amoz Kats for their excellent lectures, their lucid remarks, and their generous help. 

The detailed comments of William Thomson and Gerd Weinrich on Chapter one, and those of 

Jean Derks and Tatsuro Ichiishi on Chapter two, were very helpful. Had I followed all their 

(numerous!) suggestions, I would problably have written a better dissertation. 

My thanks also go to my earlier teachers, especially Robert Deschamps and Louis Gevers, who 

awakened my interest in economic theory. 

Finally, the hospitality of the economics department of the Universitat Autonoma de 

Barcelona, where I spent a fruitful five months, is gratefully acknowledged. 

Many people have talked about the loneliness of the long distance writer. I didn’t feel it. For 

their kindness, concern or friendship, I wish to thank Carme, Enri, Hanin, Hwei Yiing, Jeff, Ken, 

Nandini, Sevi, Soeprapto, Stephanie and Vikram. Special thanks to the smiling Buddha and to the 

most amazing man. 

And, of course, for all their stubborn love, I thank my parents. 

iv



Table of Contents 

Introduction 

Chapter 1. The Division Problem with Single-Peaked Preferences: 

A Characterization of the Uniform Allocation Rule 

1. Introduction 

2. The model 

3. The main results 

4. Strategy-proof allocation rules 

5. Conclusion 

Chapter 2. Population Monotonic Allocation Schemes for Cooperative Games 

with Transferable Utility 

1. Introduction 

2. Preliminary results 

3. The case of convex games 

4, Characterization Results 

5. The case of games with increasing average marginal contributions 

6. Conclusion 

Chapter 3. Compromising: When Are Closer Preferences Better? 

. 10 

21 

. 26 

. 28 

28 

31 

. 33 

39 

. 39 

. 42 

43



1. Introduction 

2. Setup, main axioms, and preliminary results . 

3. Generalized maximin rules 

4, Simple maximin rules 

5. Choosing by veto 

6. Concluding comments and open problems 

Bibliography 

Appendices 

Appendix to Chapter 1 

Appendices to Chapter 2 

Appendix to Chapter 3 

Vitae 

vi 

43 

. 45 

. 48 

52 

. 04 

56 

58 

. 61 

. 61 

63 

. 71 

. 78



Introduction 

1. Reasonable and feasible collective choice rules. 

Until fairly recently the frontier between social choice theory and the theory of games was + 

clear-cut one. On the one hand, social choice theory, initiated by Arrow’s (1951, 1963) famous book, 

was concerned with the problem of aggregating individual preferences in some reaonable way for the 

purpose of making ”good” collective decisions. The focus was on social welfare functions, transforming 

individual preferences into social preferences, or more simply on social choice functions, mapping 

individual preferences into social alternatives. Game theory, on the other hand, building on von 

Neumann and Morgenstern’s (1944) work, was interested in explaining the patterns of conflict and 

cooperation resulting from the interactions between individuals seeking their own interest. 

The borderline between the two fields began to fade away in the early seventies. The starting 

point was the observation that even if a satisfactory procedure for aggregating individual preferences is 

available, some agents might find it in their interest to manipulate it by distorting their true 

preferences. In fact, Gibbard (1973) and Satterthwaite (1975) proved that every non-dictatorial 

procedure for choosing among more than two alternatives must be open to such manipulations. 

Therefore, once we have constructed a reasonable choice rule on the basis of criteria such as 

efficiency and equity, we still face a feasibility problem: How can we decentralize the decision process in 

such a way that, for each possible configuration of preferences, the combination of actions freely chosen 

by the individuals leads to the social alternative recommended by our rule? This “implementation” 

issue has given rise to an abundant game-theoretical literature.? 

It is not our purpose here to review this literature. We refer the reader to Hurwicz, Schmeidiler and 

Sonnenschein (1985), which contains several surveys devoted to the different types of implementation 

problems.



This dissertation is a hybrid piece. It is concerned with both the normative and strategic 

aspects of collective decision problems underlined above. The emphasis will be sometimes on the latter 

issue (as in Chapter 1), sometimes on the former (as in Chapters 2 and 3.) 

2. Generality or specificity? 

Sen (1983, p. 1159) argues that “under the broad hat of social choice theory can be found quite 

a few different types of problems”. The three essays collected in this dissertation will give the reader a 

taste of this diversity. 

It is fair to say, however, that most of the work in the field of social choice has been carried at 

a high level of abstraction, far from the many complex features of actual group decision problems. As 

always, the trade-off is between generality and insight: by incorporating more details into our model, 

we are able to draw richer -- but also less widely applicable -- conclusions. 

This trade-off is present in the pages that follow. In Chapter 3, we reexamine the most abstract 

model of social choice: the nature of the alternatives at hand is not specified and the individual 

preferences are essentially unrestricted. This model is the skeleton of virtually every compromising 

problem, but very little information can be used in searching for decision rules. Chapters 1 and 2 

consider richer models. The focus there is specifically on sharing issues, and very particular assumptions 

are made on the preferences. In return, original solutions making use of the specific features of those 

models can be devised. 

3. An overview. 

The approach adopted in this dissertation is axiomatic. Our purpose is to study how some 

simple, appealing principles can restrict the set of plausible methods for making collective decisions. 

The reader will find that each essay is centered around one main axiom, even though generally used in



combination with others. Thus, Chapter 1 is an essay on the well-known property of Strategy- 

proofness; Chapter 2 investigates the idea of Population Monotonicity (introduced by Thomson, 1983a, 

b, in a different context); and Chapter 3 proposes and explores a new axiom, which we call ”Closer 

Preferences Better”. 

A brief overview is now in order. Our first essay deals with a sharing problem of a very 

particular type. A given quantity of a certain commodity has to be divided among n agents. Each of 

them regards this commodity as a mixed blessing: utility increases with consumption up to a 

saturation point beyond which it starts falling. Preferences are thus ”single-peaked”. Of course, the 

individual desiderata need not be compatible: the sum of the “peaks” may differ from the available 

quantity. Can we recommend a sharing method? The problem has been approached recently by 

Thomson (1990) from the viewpoint of equity. The focus of our paper, however, is on the strategic 

aspects of the model. Our main concern is that our sharing rule be strategy-proof: no agent should have 

an incentive to distort his preferences, no matter what the others do. Because of the specific features of 

the model, this requirement can be met. In fact, we show that only one rule satisfying very minimal 

conditions of efficiency and equity is strategy-proof. 

The axiom of Population Monotonicity, introduced by Thomson (1983a, b) expresses the idea 

that if a group of agents must divide a surplus over which no one has any particular claim, then 

nobody should benefit when a new agent joins the group to share the same surplus. In other contexts, 

such as the problem of the provision and cost-sharing of a public good, the property is reversed: as a 

newcomer never reduces anyone’s consumption and may bear a share of the cost, he should be 

welcomed by all (see Moulin, 1990b.) In our second essay, we further study the idea of Population 

Monotonicity in the framework of cooperative games with transferable utility. Specifically, we look for 

sharing rules which allocate the worth of every coalition among its members in such a way that every 

player’s payoff increases as the coalition to which he belongs grows larger. We characterize the class of



games that admit of such ”population monotonic allocation schemes”, and show how to construct such 

schemes for certain families of games. 

The third essay takes up the problem of two individuals who must jointly choose one from a 

finite set of alternatives. We show that, in a well-defined sense, compromising becomes easier as our 

agents’ preferences get closer to one another. If we believe that all opinions are equally acceptable -- so 

that neither agent can be held responsible for the divergence between their preferences --, then neither 

agent should suffer when his partner’s preferences get closer to his. We investigate how this reqirement 

restricts the set of acceptable choice rules.



Chapter 1 

The Division Problem with Single-Peaked Preferences: 

A Characterization of the Uniform Allocation Rule 

1. INTRODUCTION 

Imagine that a group of agents participate in some production process. Each is to contribute 

some quantity of a homogenous input, say labour, to the business. The technology is given and the 

total amount of work that is needed is fixed (presumably because of the complementarity of labour 

with some other production factor, like capital, that must be used at a given level.) All agents have 

agreed that everyone would receive a quantity of output proportional to his work effort. In such a 

framework, preferences over the participation levels in the business are rather naturally single-peaked: 

each agent has an optimal share around which his utility decreases monotonically. This is a direct 

consequence of the assumption that preferences are strictly convex in the labour-output space. 

The optimal shares, however, may not be compatible: they might add up to more or less than 

one. How should we determine everyone’s share in the business? This is what we call the "division 

problem with single-peaked preferences”. 

A slightly different version of the same problem is encountered in the literature on so-called 

fix-price equilibria. Consider a two-good exchange economy. Suppose that at the current relative price, 

which is rigid, the markets are in disequilibrium: the net demands do not add up to zero. How should 

the transactions be determined? This problem is a little different from the previous one since i) an 

agent’s net demand may be any real number (while his “optimal share” had to be between zero and 

one) and ii) the net trades must add up to zero (while the shares had to sum up to one.)



However, if we impose the requirement that no agent ”on the short side of the market” be 

rationed, we are back to the problem of dividing some fixed amount (demand or supply) among several 

agents (sellers or buyers) whose claims exceed that amount. 

Notice that the single-peakedness assumption is again quite natural: if an agent has strictly 

convex preferences, then his preferences over the bundles on his budget line are single-peaked. 

This essay is concerned with allocation rules for the division problem with single-peaked 

preferences. An allocation rule is a mapping that associates with each vector of (single-peaked) 

preferences some division of the amount to be shared. 

Our first concern is that our rule be strategy-proof: no agent should have an incentive to 

misreport his preferences, no matter what the others do. Strategy-proofness is the strongest 

decentralizability property that a rule could possess; indeed, every agent need only know his own 

preferences to compute his best choice. As such, it is very desirable. In the fix-price literature for 

instance, the main proofs of existence of a general equilibrium with quantity rationing rely on it. 

Dreze’s (1975) model cannot handle manipulable rationing schemes and the concept of "effective 

demand”, central in Benassy’s (1982) approach, is satisfactory only in the case of non-manipulable 

schemes. Without Strategy-proofness, one is forced to an approach in terms of Nash equilibria, which 

involves substantial difficulties: see Grandmont (1977) for a discussion. 

The consequences of Strategy-proofness have been extensively studied in several contexts (see 

the survey by Mueller and Satterthwaite, 1985.) 

The most general model is cast in the social choice framework: n agents have to pick one 

alternative from a given set X; no a priori structure is imposed on this set, and preferences are not 

restricted. A fundamental result known as the Gibbard-Satterthwaite theorem (Gibbard, 1973,



Satterthwaite, 1975) states that, when X contains at least three alternatives, every strategy-proof 

decision scheme must be dictatorial. 

Several authors have shown that similar impossibility results hold true in specific economic 

environments. Consider, for instance, an exchange economy with positive stocks of m private goods (m 

> 2) and n agents (n > 2.) Dasgupta, Hammond and Maskin (1979) have proved that if an efficient 

social choice function defined on the set of selfish, strictly convex and strictly monotonic preferences 

can be truthfully implemented in dominant strategies, it must be dictatorial (see also the earlier paper 

by Hurwicz, 1972.) Further negative results have been established by Satterthwaite and Sonnenschein 

(1981) for the case where public goods and production are introduced into the model. 

On the other hand, researchers have also tried to impose plausible restrictions on the 

preferences that would permit the construction of non-dictatorial strategy-proof schemes. One such 

restriction, popular in the social choice literature, is precisely that of single-peakedness. When 

preferences are restricted to be single-peaked, the Condorcet winner voting rule is stategy-proof. 

Conversely, every strategy-proof, efficient and anonymous voting scheme must be a mere variant of 

Condorcet’s rule: see Moulin (1980) for details. That author also characterizes the class of all strategy- 

proof voting schemes. His results rely on the restriction that agents are allowed to report only their 

peak. 

In economic models, by contrast, the possibility of constructing ”nice” strategy-proof allocation 

mechanisms when preferences are single-peaked, has not been much explored. Writers in the fix-price 

literature are aware that strategy-proof rationing schemes do exist. The two focal examples are the 

"uniform rationing scheme” and the ”queuing scheme”. In the case of an excess demand, the former 

provides each buyer with his demand as long as it does not exceed some upper bound, common to 

everyone, which is determined so as to clear the market. The latter ranks the buyers in some arbitrary 

order and satisfies each in turn, up to the limit of what is available. What characterizes these two



rules, however, and what other rules -- if any -- are strategy-proof, is a question that has received little 

attention. 

Besides Strategy-proofness, we would like our rule to possess two additional properties: it 

should be efficient and fair. In the present context, Efficiency simply requires that if the optimal shares 

sum up to more (less) than one, then no agent should get more (less) than his optimal share. In models 

of exchange with quantity rationing, this corresponds to the familiar requirement that no agent on the 

short side of the market be rationed. 

Fairness, on the other hand, certainly demands that our rule be anonymous. In addition, one 

might want that no agent ever prefers someone else’s share to his own: this is the well-known property 

of ”No Envy” first introduced by Foley (1967) and later studied, among others, by Varian(1974). (See 

also the survey by Thomson and Varian, 1985.) 

Our main result is that the properties of Strategy-proofness, Efficiency and either Anonymity 

or No Envy, together characterize a unique allocation rule. This rule is nothing but the adaptation of 

the uniform rationing scheme to the division problem: it gives everyone his preferred share within the 

limits of an upper and a lower bound determined by the feasibility condition that the shares add up to 

one. 

The paper is organized as follows. In Section 2, we set our formal model and present our basic 

axioms. Section 3 is devoted to the proof of our characterization theorem. As a by-product of our 

analysis, we also point out that earlier results by Moulin (1980) about voting schemes, derived in the 

context where agents report only their best alternative, generalize under a mild continuity requirement 

to the case where they may report a full preference. Section 4 addresses the difficult issue of describing 

all strategy-proof allocation rules. No general characterization is reached but we try to present a 

systematic approach to the problem. Concluding remarks are gathered in the last section.



2. THE MODEL 

Given is N = {1, ... , n}, a finite set of agents who must share one unit of some perfectly 

divisible good. The preferences of every agent i € N are represented by a complete preordering of [0,1] 

denoted R,. For all x, y € [0,1], x R; y means that consuming a quantity x of the good is, from i’s 

viewpoint, at least as good as consuming a quantity y. Strict preference will be denoted by P,, 

indifference by I. We assume that i’s preferences are continuous, that is, for each x € [0,1], {y € [0,1] | 

y R, x} and {y € [0,1] | x R, y} are closed sets. Preferences are further restricted to be single-peaked 

and "strictly decreasing around their peak”. That is to say, for each i € N, R, satisfies the following 

condition: 

There exists x* € [0,1] such that for all y, z € [0,1]: 

x"<y<z > x" PyPiz, (1) 

zZ<y<x" > x" Pry Piz. 

We call x* the peak of R;. To emphasize the dependence upon the preference preordering, we sometimes 

write x"(R;). We let S denote the set of continuous preferences satisfying (1). For any x* € [0,1] , S(x*) 

stands for the subset of those preferences in S whose peak is x". R = (Rj)jen denotes the vector of 

announced preferences, while R_,; stands for (Rj); EN\; (jEN). 

An allocation rule associates a vector of shares with each vector of preferences. It is thus a 

function ¢: sN_, (0,1 satisfying: 

Feasibility 

For all R € sN) Dien G(R) = 1.
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Our three basic axioms are the following: 

Efficiency 

For all R € SN, { icy xf(R;) < 1} > {4(R) > x{(R,) for alli € N }, 

{ Dien (RB) 21} > {4,(R) < x7(R) for alli € N}. 

Anonymity 

For all permutations 7 of N, all R € sN. ¢(R") = ?mi)(R), where R7:= (Ravi ien: 

Strategy-proofness 

For allie N,RES, RES, ¥$(R,, R_,) R, (Rj, R_p- 

3. THE MAIN RESULTS 

The axioms listed above characterize a unique rule that we shall call the uniform allocation 

rule (the term is borrowed from the fix-price literature.) This rule gives each agent his preferred share, 

as long as it falls within certain bounds which are the same for everyone and chosen so as to satisfy the 

feasibility condition. 

Definition 

The uniform allocation rule ¢* : sN _, 0,1} is defined as follows: for all i € N, 

$;(R) =, min { x7(Rj), AAR) } if Vien x7(Rj) 2 1, 

max { x/(Rj), H(R) } if Vien {(Ri) <1, 

where A(R) solves the equation LIEN min { x;(R;), A(R) } = 1 

and u(R) solves the equation LiEN max { x;(R,), u(R) } = 1.



1] 

Our main result can be stated as follows: 

Theorem 

The allocation rule @ : SN _, [0,1 yN is efficient, anonymous and strategy-proof if and only if 

o=¢". 

The proof relies on two preliminary results that will be presented as lemmas. Our first lemma 

shows that every efficient and strategy-proof allocation rule possesses a certain property of continuity 

with respect to the announced preferences. In order to define this property in a rigorous way, we need a 

few definitions. 

Consider a preference preordering R,; € S and some x € (0,1]. Define the equivalent of x under 

R., denoted ep (x), as its "closest substitute on the other side of the peak of R,”. Formally, letting 

Yr(x) = { y € [0,1] | y > x,*(R)) if x < x,*(R,) and y < x,*(R,) if x > x;*(R)) }, er, (x) is given by the 

following two conditions: 

(i) ep (x) € Yr (x), 

(ii) there is no y € Yr) such that ep, (x) P, y R, x. 

For each R, € S and x € [0,1], it is clear that eR, exists and is unique. Moreover, any two preferences 

R,, Ry € S are the same if and only if eR, (x) = ep, (x) for all x € [0,1]. It is therefore meaningful to 

define the distance between two preferences R,, R, € S as follows: 

d(R,, Ro) = x€(0,]] | ep, (x) - er, (x) |. 

The assumption of continuity of the preferences ensures that ep, and ep, are continuous functions, so 

that d(R,, R2) is well defined.
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A function f: S — [0,1] will be called continuous at R € S if and only if for each € > 0 there is 

6 > 0 such that if 0 < d(R, R’) < 6, R’ € S, then |f(R) - f(R’)| < €. The function f is continuous if and 

only if it is continuous at every R € S. 

Consider an allocation rule ¢ : sN _, [0,1]. For each i € N, R_; € gNVi define the function 

6 :S — [0,1] by 6, -(R,) = $;(R) for all R; € S. The property that we are interested in can be 

stated as follows: 

Continuity 

, R. 
For allie N, R, € sN\i the function ¢; “' is continuous. (2) 

We are now ready to prove: 

Lemma 1 

If the allocation rule ¢ : SN _, [0,1 yN is efficient and strategy-proof, then it satisfies Continuity. 

proof: 

1) We first show that every efficient and strategy-proof allocation rule satisfies the following 

property: 

For each i € N, R_; € gN\i and R,, R; € S, 

{ x; (R;) = x; (Rj) } => { $(R;, R_j) = $;(Rj, R_;) }. (3) 

Indeed, suppose that ¢ is an efficient allocation rule violating (3). Then 3 i € N, R_; € gN\i 

and R,, R; € S such that x;/(R,) = x;(Rj;) and, say, 

$(R,, R_,;) < O(Ri, R_)) . (4)
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Assume iEN xj (Rj) > 1 (the other case is similar.) By Efficiency, ¢(Rj, R_;) < xj(Rj) and 

$(Rj, R_;) < xj(Rj) = xj (Rj). So we get from (4): 

9 (Rj, R_j) < o(Rj, Rj) < xf(Rj) = x/(Rj) - 

Clearly (Rj, R_;) P; $,(R;, R_;) , violating Strategy-proofness. We have established property (3). 

2) Assume now that ¢ : sN _, (0,1) is an efficient and strategy-proof allocation rule 

violating Continuity, say: 3 R, € S, R_, € SN\1 and « > 0 such that for all 6 > 0 there is R} such 

R R 
that 0 < d(R,, R}) < é6 and | ¢, “F(R,) - ¢, ~1(R}) | > €. We want to derive a contradiction. 

Consider first the case }/jcn Xj (Rj) = 1. By Efficiency, 61 4(Ry) = x}(R,). Suppose that R; 

is such that xj(R’,) > xj(R,) (the other case is similar). By Efficiency again, $1) 1(R}) < x7(R’,). 

Choosing 6 < €, we can rule out the eventuality that x{(R,) = $1 4(Ry) < $1 1(R}) < xj(R’,) 

(indeed, d(R,, Rj) < 6 < € implies | xj(R,) - xj(R’,) | < €, while on the other hand, | 6, (R,) - 

6, °7(R}) | > ¢€.) Therefore we must have $,°1(R}) < $1°4(Ry) = xj(R,) < xj{(R’,) . Obviously 

Ry R 
?, (Ri) P’) 4, “1(R’,), contradicting Strategy-proofness. 

Consider next the case LIEN x;(R,) > 1 (the case iEN x;(R,) < 1 is treated in the same 

way.) By taking 6 small enough, we can make sure that R} satisfies xj(R’,) + MiEN\1 x7(R,) > 1. 

R R 
Efficiency thus requires ¢, “1(R,) < x7(R,) and by “1(R3) < x*(R’,). There are six cases: 

(i) 9}, (R1) < 6, (Ry) < x1(R4) < xi(R)), 1A
 

x7(R,) , IA
 

x7(R’) A (ii) 4,°(R,) < 64 (R}) 

A 

wes Rips «/p) R_ * . Rip, R_ (iii), “"(R{) < xi(RX) < 4, *(Ri) ¢ xi(Ri) with 6) “*(Ri) < dy “*(R,) 

and three other similar cases obtained by permuting the symbols R, and R}. 

; R_ , Riso os . Rivas R_ . 
In case (i), $4 1R,) P3 b4 1(R}), while in case (ii), ¢, 1(R3) P, o1 1R,) : ¢ is 

manipulable in both cases.
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In case (iii) we can make the first inequality strict by choosing 6 sufficiently small. If 

Ry ’ Ria ’ : ‘ Risp> ’ od, (Ry) Pi ¢, ~“(Rj) , then ¢ is not strategy-proof. On the other hand, if ¢, ““(Rj) Rj 

R 
oy “1(R,) , we can construct R”, € S such that 

R_ ba) R_ ? * ” * 

94 *(Ry) P’, $y *(Ri) and x7(R”,) = xj(R’)) . 

; . Ry Rtn, Ry Rao» Now ¢ must satisfy property (3), i.e. ¢, “(R”,) = ¢, ~"(R{). Therefore 6, ~““(R,) P”; 4, ~(R”,), 

contradicting Strategy-proofness again and thereby completing the proof of Lemma 1. QED. 

We shall prove next a fundamental one-agent result about Strategy-proofness. Call a function 

f:S — [0,1] strategy-proof if and only if f(R) R f(R’) for all R, R’ € S. For any three numbers a, b, 

c € [0,1] , denote by med {a, b, c} the median of these numbers. If x*(R) is the peak of R, we have : 

Lemma 2 

The function f : S§ — [0,1] is strategy-proof and continuous if and only if there exist two real 

numbers a and b, 0< a< b< 1 such that f(R) = med{a, b, x*(R)} for all R € S. 

proof: 

The ”if” part is just a matter of checking. We prove here the converse statement. 

Step 1-- We show that if f is strategy-proof, then f(S) is closed. Assume not. Then there 

exists some sequence {xn} C f(S) with xn — xg ¢ f(S). Consider then a preference R € S with x*(R) 

= x°. Since x° ¢ f(S), {(R) 4 x°. But we can always find some x’ € f(S) that will be closer to x° than 

f(R) is. Hence by reporting some preference R’ € S(x’), our agent ends up better off: f{(R’) P f(R). This 

contradicts Strategy-proofness. 

Step 2-- Since f(S) is closed, one and only one of the following statements must be true. 

(i) f(S) = [a,b] for some a, b € [0,1].
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(ii) 3 (a,b) c [0,1]\f(S) with a, b € f(S). 

Consider case (i) first . If x*(R) € [a,b] , it is clear that f(R) = x*(R), for otherwise the agent could 

report some preference R’ € S such that f(R’) = x*(R) and end up better off. If x“(R) € [0,a), we must 

have f(R) = a, since dtherwise the agent could report R’ € S with f(R’) = a. Similarly f(R) = b if 

x*(R) € (b,1]. Therefore f{(R) = med {a, b, x*(R)}. 

Step 3-- Consider now case (ii). Let thus (a,b) C [0,1]\f(S) with a, b € f(S). We will show 

that this contradicts our assumption that f is continuous. 

Choose R € S such that x*(R) € (a,b) and a I b. Since f is strategy-proof, either f(R) = a or 

f(R) = b. Assume f(R) = a (the case f(R) = b is similar). We now construct a preference R, in S that 

is arbitrarily close to R but is such that b P, a. Define R, to be the unique preference preordering in S 

satisfying: 

(i) For all x € (0, x*(R)], ery) = min { (1+ Blep(x)-x"(R)| ). ep(x) , 1 \ 

(ii) For all x € [x*(R), 1] , erg (*) = y © y is the highest number in (0, x*(R)] such that 

e = x. R 5 ) 

Observe that x"(R,) = x"(R). Since b P, a, Strategy-proofness requires {(R,) = b. Next pick € such 

that 0 < € < b- a. For any 6 > 0, we can make d(R, R,) smaller than 6 by making @ arbitrarily small. 

However, |f(R) - f{(R,)| = b- a> e. Hence f is not continuous at R, which is the desired contradiction. 

QED. 

Note that the Continuity assumption is necessary. Indeed, consider for instance the function 

f: S — [0,1] defined as follows: 

{((R)=0 if OP 1, 

1 if TRO.
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This discontinuous function is clearly strategy-proof but cannot be written as a median function as in 

Lemma 2. There are many other examples. 

We now turn to the proof of our characterization theorem. 

proof of the theorem: 

We first show that there is at most one allocation rule ¢ compatible with the axioms stated in 

the theorem. 

Combining Lemmas 1 and 2, we can write for alli € N, R € gN, o(R) = med { a(R_)), 

By Anonymity, a; = a and b; = b for all i € N. To see this, pick any i, i? € N. Let then 7 bea 

permutation of N such that (i) = i’, #(i’) = i and (j) = j for all j # i, i’. Then $,(R") = ¢,,(R) for 

all R € S¥ implies that med { a,(R_,»), b(R_,»), xf(R,») } = med { a,(R_,,), b(R_,,), x5(R,») } 

for all R € SN, Choosing R. such that x;,(R,,) = 0 yields a; = aj, and choosing R such that x5(R,,) = 1 

yields b; = bi». Since i and i’ were chosen arbitrarily, we are done. So we get 

$(R) = med { a(R_,), b(R_,), x4(R,)} for allie N,R ESN, (5) 

withO <a<b<l. 

By Feasibility we have 

Lien med { a(R_,), b(R_,), xf(R)) }}=1 for all RE SN. 

We first show that the function b is unique. Fix R; =... = Rm = Rie S(1), where 1 < m < n-1. Then, 

b(R!, ..., BR’, Reg) > Rn) +... + d(R),..., RB’, Rygy) o) Rn) 
——— ee —_——- 

m-1 m-1 

a ———— 
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—_— 

+ med { a(R, BY, Rmgos es Rn), b(R!,.., RY, Ringos -- » Rn); Xin4i(Rmai) } 
—— 

m 

+ med { a(R, RE, Rat) > Rn—), b(R!,.., RY, Rais > Rn—y)s x4(Rn) } = 1, 
—_ ——s— 

m m 

From this we get, for 1 < m<n-1: 

b(RY, RY, Rimgiy > Rn) = all - Dem 4, med { a(R’, Ry Rais) Rua 
en ne ear gece 

m-1 m 

Risa “9 Rn), b(R’, sey R’, Ringis oy Ria Risa “ey Rn), xj (Rj) } ] . (6) 

eee 

.,nand all Ry41,--, Ri-1, Rigas os Rn, a(R’, .. , Now we claim that for all j = m+1, .. 

’ Rn), : Rn) = 0. Indeed, let R = (R', ., RY, Rings +» Ry-1, R°, Rigas R}, Rind ong Ry-1 Rien oe 

where R° € S(0). By Efficiency, ¢(R) = med {a(R_,), b(R_;), 0} = a(R_j) < xj(Rj) = 0. Since ¢; 

cannot take on negative values, the claim follows. Therefore (6) can be rewritten: 

b(RY, 0, RY, Ragas) Rn) = ll - Chemo min { B(R',.., RY, Rg Byoas 
— a ee! 

m-1 m 

(7) Ryyis +» Rn), x7(Rj) } ] - 

b(R', ... , R') = 1/n. So b(R_,) is uniquely Furthermore, setting R, = Rn = R’ yields 

gN\i_ determined by the recursive formula (7) for any R_; € 

Next we show that a is unique. Fix R, = ... = Rm = R° € S(0), 1 < m < n-l, and derive from 

the Feasibility condition the following recursive formula:
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a(R°, .., R°, Rais ©) Rn) = cL - Dhemar med { a(R®,., R°, Regis Reon 

  

— ee 

m-1 m 

Ryats Bn), BIR, R°, Reraty s Byay jars Rn) x7(R)) 3] (8) 
See 

with initial value a(R°, .. , R°) = 1/n obtained by setting R, =... = Rn = R®. 

Since b is unique, formula (8) establishes that a is unique as well. It then follows from (5) that 

@ must be unique. This completes the first part of the proof. 

The second part is to show that ¢” is an allocation rule and that it satisfies our axioms. 

Feasibility, Efficiency and Anonymity are obvious. We check Strategy-proofness. Consider an arbitrary 

i € N with true preference R;. The case xj(R;) + iEN\i xj (Rj) = 1 poses no problem. Assume next 

xi(Rj) + Lienyi xj(Rj) > 1. Agent i might have an incentive to lie only if xj/(Rj) > A(R7, R_j) = 

¢;(R;, R_;). If he reports some R; with x7(R,) > xj (Rj), he gets A(R,, R_;) = A(R;, R_)) : there is no 

improvement. If he reports R; with xj(R;) < xj(Rj), there are two cases: 

(i) If Vien xj(Rj) 2 1, then i gets min {xj(R,), A(R)}. But in order to have 

A(R) > A(Rj, R_;), he should report R; such that x/(R,) < A(R;, R_;). He would thus be worse off. 

(ii) In the second case, ))icn xj(Rj) < 1. Agent i receives max {x;(Rj), p(R)}. This is not 

more than min {x;(Rj;), A(R;, R_,;)} = ¢;(R;, R_,;) for otherwise the two equations 

min {xj(R7), A(R;, R_;) } + iEN\i min {xj(R;), A(R7, R_;)} = 1, and 

max {x;(Rj), u(R)} + Lienyi max {xj(Rj), w(R)} = 1 

would imply that for some] € N\i, max {xj(Rj), u(R)} < min {xj(Rj), A(R], R_;)}, hence xj(Rj) < 

xj (Rj). So once again i cannot benefit from misreporting. A similar argument holds when xj(R;) + 

IEN\i xj (Rj) < 1, thus completing the proof of the theorem. QED.
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Observe that if we drop any of the three properties required by the theorem, new allocation 

rules emerge. 

The egalitarian rule ¢;(R) = 1/n for all i € N is strategy-proof and anonymous but clearly 

inefficient. 

The proportional rule ¢/(R) = x7 (Ri)/) EN xj(R,) is anonymous and efficient but not 

strategy-proof. 

Finally, the queuing rule ¢* defined by ¢7(R) = xj(R,) and ¢;(R) = min {xj(R,), 1 i<i 

$;(R)} for 1 <i<n in the case LIEN x; (Rj) > 1; and by ¢/(R) = x*(R,) fori < n-1 and 44(R) = 1- 

Di<n-1 xj (Rj) in the case yj EN x;(R;) < 1 is strategy-proof and efficient but not anonymous. 

The proof of the theorem may convey the impression that the bounds \(R) and p(R) in the 

definition of the uniform allocation rule are common to all agents because of the Anonymity axiom. It 

turns out, however, that Anonymity is not necessary to force ¢ = ¢*: it can be replaced by No Envy: 

No Envy 

For all RS‘ andi,j EN, 4 (R) R; $(R). 

This leads to the following variant of our theorem, whose proof is found in the Appendix: 

Theorem bis 

The allocation rule ¢ : sN _, [0,1 yN is efficient, envy-free and strategy-proof if and only if ¢ = ¢”.
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This new characterization is again tight. The egalitarian rule is an example of an envy-free and 

strategy-proof rule which violates Efficiency, while the queuing method is efficient and strategy-proof 

but generates envy. 

One can also construct methods which are efficient and envy-free, though manipulable. Here is 

an example. Given the reported preferences R, select those allocations that are feasible, efficient and 

don’t generate envy. Among those, choose one that maximizes player one’s share. Let ¢,(R) be that 

maximal value (if it does not exist, then let ¢, = ¢{(R).) Next, among those allocations which are 

feasible, efficient, envy-free and give ¢,(R) to player one, choose one that maximizes player two’s 

share. And so on. It is easy to check that this rule is indeed manipulable. 

To conclude the present section, we would like to point out that Lemma 2 can be modified so 

as to enable us to generalize Moulin’s (1980) results about voting schemes. 

Until the end of this section, consider thus the more general model in which our n agents have 

to pick one alternative from a given set that we shall take to be the real line R. Assume that n is odd, 

that each agent’s preference R, is single-peaked over R and strictly decreasing around its peak x;(Rj) 

(this last assumption is not made in Moulin, 1980.) Let T be the set of all such preferences. 

If our agents are allowed to report only their peak, a voting scheme can be defined as a 

mapping m associating with each vector of reported peaks x = (Dien E RN some alternative n(x) € 

R. The main result in Moulin (1980) is the following characterization theorem: 

The voting scheme x : RV _. Ris efficient, anonymous and strategy-proof if and only if there 

exist n-1 numbers ay, ..., @,-1 € R U {+00, -oo} such that for all (x,, ..., xn) € RN. 

a(x, coe y Xn) => med {X,, oes » Xn, 1, weep An-1 }-
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Of course, a more general class of voting schemes consists of those mappings 2” associating 

with every vector of preferences R = (Rj); EN © TN some alternative w*(R) € R. It is a 

straightforward matter to adapt the Continuity requirement expressed by (2) into the following self- 

explanatory condition on 7*: 

«R\i For alli € N, R_; € pN\i , the function 7; is continuous. (9) 

Adapting Lemma 2 is equally easy. Moulin’s proof then carries over and permits us to state the 

following extension of his theorem: 

The voting scheme x" : TN — R is efficient, anonymous, strategy-proof and satisfies the 

continuity condition (9) if and only if there exist n-1 numbers a,, ..., @,-,€ R U {+00, -oo} 

such that for all (R,, ..., Rn) € Th w"(R,, ..., Rn) = med { xi(R,), ..., xn(Rn), 

Oy, ee» Ops pe 

4. STRATEGY-PROOF ALLOCATION RULES 

We would like to address now the question of what can be done without the axioms of 

Efficiency and Fairness (i.e. Anonymity or No Envy.) 

Characterizing all strategy-proof allocation rules turns out to be difficult because they 

constitute an extremely rich class. We already noted that the Continuity assumption in Lemma 2 

cannot be dispensed with. Removing it leads to the following characterization of all strategy-proof 

functions from S to [0,1]. Choose a (possibly infinite but countable) collection of closed disjoint 

subintervals of [0,1]. For any preference R in S whose peak x*(R) falls in one of the subintervals, define
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f(R) = x*(R). For every preference whose peak is not in one of the subintervals, let f(R) be either the 

maximum of the interval which immediately precedes x*(R) or the minimum of the interval which 

immediately follows x"(R) -- depending on which is better according to R (if they are equivalent, 

choose one arbitrarily.) A function f : S — [0,1] is strategy-proof if and only if it can be obtained in 

that way. 

An allocation rule ¢ : sN _, 0,1) is strategy-proof if and only if for alli € N, R_; € sN \i 

R. 
d; “is a function of the type just described and Dien ¢(R) = 1 for all R € S. This is about as far as 

we can go. 

Requiring that our rule satisfy Continuity does not help much. From Lemma 2, it is clear that 

an allocation rule @ is strategy-proof and satisfies Continuity if and only if there exist functions a, and 

b; (i€N) such that ¢,(R) = med {a,(R_;), b(R_;), xj(R,)} for allie N, R € sN and ieN 6(R) = 

1. Because the functions a; and b, depend on the entire preferences of the agents different from i, it is 

extremely difficult to use the feasibility condition to explicitly restrict those functions. 

Suppose however that we restrict our attention to those allocation rules that take into account 

the agents’ peaks only. This may be a reasonable restriction, especially in the quantity rationing 

interpretation of the division problem. Most of the actual rationing schemes indeed focus exclusively on 

the agents’ demands, that is to say, the peaks of their preference preorderings. Define accordingly a 

peak-only allocation rule to be a function ¢ : (0,1) _ (0,1 associating with every vector of reported 

peaks x some vector $(x) such that LIEN $(x) = 1. 

Clearly a peak-only allocation rule will be strategy-proof if and only if there exist functions a; 

and b; (i€N) such that $,(x) = med {a,(x_,), bj(x_;), x;} for alli € N, x € (0,1) and 

Lien med {a;(x_;), bj(x_,), x} = 1 (10)
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The question is to know what restrictions on the functions a; and b, can be derived from 

equation (10). The problem is easily solved in the two-player case: 

Proposition 

A peak-only allocation rule ¢ : [0,1 P= [0,1 PF is strategy-proof if and only if there exist 

real numbers a, b, ¢, d, such that for all x € [0,1}° : 

$,(x) = med { 1-med {a, b, xy}, 1-med {c, d, xo}, x, }, 

(11) 
$o(x) = med { 1-med {1-a, 1-c, x,}, 1-med {1-b, 1-d, x,}, xo }, 

and O0<c<sd<a<sb<1l or 0<c<acd<b< 1. 

proof: 

It is easy to adapt Lemma 2 to the peak-only framework. This yields that if ¢ is strategy- 

proof, then there exist functions a,, b,, a2, by taking values in [0,1] such that 

@,(x) = med {a;(x»), by(x5), X,;} for all x € (0,1]?, 

¢>(x) = med {a.(x,), bo(x,), x2} for all x € [0,1]?. ) 

Rewrite the feasibility condition: 

med {a,(X), b,(x2), x,} + med {a(x,), bo(x,), x2} = 1. 

Set x equal to (0,0), (1,1), (0,1) and (1,0) to obtain the following system: 

a,(0) + a,(0) = 1, 

by(1) + bo(1) = 1, 
(13) 

a,(1) + b2(0) = 1, 

b,(0) + a(1) = 1.
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Set then x equal to (0, x,), (1, x2), (x,, 0), (x,, 1) to get: 

a,(x.) + med {a,(0), b,(0), x} = 1 for all x, € [0,1], 

by(x_) + med {a,(1), b.(1), xo} = 1 for all x, € [0,1], 

(14) 
a(x,) + med {a,(0), b,(0), x,} = 1 for all x, € [0,1], 

bo(x,) + med {a,(1), b,(1), x,} = 1 for all x, € [0,1]. 

Clearly, (12), (13) and (14) together imply (11) Gust rename a,(0) = a, b(0) = b, a,(1) =, by(1) = 

d.) We still need to check that any function written as (11) satisfies the feasibility condition ¢,(x) + 

¢>(x) = 1 for all x € [0,1]? (from (13), (14), we only know that this is true for x on the boundary of 

[0,1]?.) There are two cases: d < a and a < d. We shall deal here with the first case; the other is similar. 

According to where x, stands relative to l-a, 1-b, 1-c, 1-d, and where x, stands relative to a, b, 

c, d, we can compute the values ¢,(x) and ¢,(x). The results are the following: 

xX, € (0, 1-b] {1-b, 1-a] [l-a, 1-d] fi-d, 1-c] [1-c, 1] 

hy EEE 

(b, 1] (1b, b) (ay 1x) (xj, 1x)  (-d,d)— (1-4, d) 

[a, b] (1-x2, X2) (x1, 1-x;) or” (x1, 1-x)) (1-d, d) (1-d, d) 

(1-X2, X2) 

[d, aj (1-a, a) (1-a, a) (x,, 1-x,) (1-d, d) (1-d, d) 

[c, d] (1-a, a) (1-a, a) (x,, 1-x,) (1-X5,X_)  (1-Xy, X_) or? 
(X,, 1-x) 

(0, ¢] (1-a, a) (1-a, a) (x,, 1-x,) (x,, 1-x,) (1-c, c) 

i Depending on whether x, + x5 < 1 or xy + X5 21.
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One checks that the values of (¢,(x), $2(x)) displayed in the above table are indeed such that 

$,(x) + $2(x) = 1. QED. 

The class of two-agent strategy-proof peak-only allocation rules is thus parametrized by four 

parameters. Two of them, b and c, can be regarded as ”Efficiency parameters”, while a and d are 

"Fairness parameters”. Indeed, if in addition to Strategy-proofness we impose Efficiency, then b = 1 

and c = 0, leading to the two-parameter rules: 

¢,(x) = med {1-max {a, Xo}, 1-min {d, x9}, x,}, 

éo(x) = med {1-max {l-a, x,}, 1-min {1-d, x,}, xa}, 

with a, d € [0,1]. 

Conversely, all such rules are efficient. 

Finally, if we impose Anonymity, we must set a = d = 1/2. This yields the function: 

(x) = med {1/2, 1-x9, x}, 

@o(x) = med {1/2, 1-x,, xo}. 

We let the reader check that this rule coincides with the uniform allocation rule (which is anonymous.) 

Note that by setting a = 1 and d = 0, we would get $,(x) = x,, $2(x) = 1-x,, which is the queuing 

rule in which agent 1 comes first. Setting a = 0, d = 1, yields the queuing rule where agent 2 has 

priority. 

The three-agent case is already much more complicated. Imposing feasibility of our rule on the 

boundary of the unit cube, we still face a huge indetermination: 16 parameters and 12 functions can be 

chosen freely (within certain bounds.) Establishing which of the remaining rules satisfy the feasibility 

condition on the interior of the cube appears somewhat hopeless.
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It is certain, however, that the class of all three-agent strategy-proof peak-only allocation rules 

is very rich. It definitely involves an indetermination in terms of functions. Consider for instance the 

class of functions ¢ : [0,1]? — [0,1]° given by: 

$,(x) = - 1/3 + b(x2) + ¢(x3), 

$o(x) = 1/3 + a(x,) - e{x3), 

$3(x) = 1 - a(x,) - b(xg). 

where a, b, c can be any functions taking values in [1/6, 1/2]. Every such ¢ is obviously a strategy- 

proof peak-only allocation rule. 

What is needed in order to solve the problem in full generality, is a systematic technique of 

dealing with the equation 5°, EN med {a,(x_,), b;(x_j), x;} = 1. This is by no means an easy question. 

5. CONCLUSION 

This essay has explored the problem of dividing some fixed amount of a good for which 

individuals have single-peaked preferences. 

We first looked for strategy-proof, efficient and anonymous schemes. It turned out that these 

requirements point out at a unique rule, namely the uniform allocation rule: everyone gets what he 

wants within the limits of a lower bound and an upper bound that are common to all agents. This 

remains true if the Anonymity axiom is replaced by No Envy. 

Incidentally, we noted that Moulin’s (1980) characterization of strategy-proof, efficient and 

anonymous voting schemes, derived in the context where agents report only their best alternative, 

remains true (under a mild continuity assumption) when voters are allowed to report a full preference 

preordering.
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Finally, we touched upon the delicate issue of characterizing all strategy-proof allocation rules. 

We showed that this class is very large. More work is needed, however, to reach a general 

characterization.



Chapter 2 

Population Monotonic Allocation Schemes 

for Cooperative Games with Transferable Utility 

1. INTRODUCTION 

This essay introduces and analyzes a refinement of the notion of core allocation for cooperative 

games with transferable utility. We denote by N = {1, ... , n} the set of players and by P(N) the set of 

nonempty subsets of N, or coalitions. A (cooperative) game (with transferable utility) is a real-valued 

function v defined on P(N) (with the convention that v(@) = 0.) 

In most interesting economic applications, the function v is superadditive, so that it is efficient 

for the players to form the grand coalition, N. The question then arises of how to divide v(N). Among 

the most popular multi-valued concepts, the core proposes a very appealing solution. Formally, the 

core of the game v is the set 

ev) = {x ERN | Dien x = v(N) and Dieg x; 2 v(S) for all S € P(N) }. 

If an allocation belongs to the core, no coalition S will unanimously decide to challenge it since there is 

no way to divide v(S) so as to make every member of § better off. 

But the process of coalition formation is a complex one, in which players may not necessarily 

achieve full efficiency. To deal with the possibility of partial cooperation, we should specify not only 

how to allocate v(N) but also how to allocate the worth of every coalition S, should the players fail to 

fully cooperate and S eventually be formed. The need for such a generalized allocation concept was 

stressed, among others, by Dutta and Ray (1989). 

28
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The concept we propose here is in that spirit. Our concern is to guarantee that once a coalition 

S has decided upon an allocation of v(S), no player will ever be tempted to induce the formation of a 

coalition smaller than S by using his bargaining skills or by any other means. This amounts to 

requiring that the payoff to every player increase as the coalition to which he belongs grows larger. 

Formally, we are searching for what we call a population monotonic allocation scheme -- in short, a 

PMAS: 

Definition 1 

A vector x = ( Xi¢ ). ES,SEP(N) is a population monotonic allocation scheme of the game v 

if and only if it satisfies the following conditions: 

For all S € P(N), ies Xg = V(S). (1) 

For all S, T € P(N) andi eS, SCT > Xig S$ Xiq- (2) 

To give another justification for our concept, we may reverse the perspective. Instead of 

regarding N as a given society, which may break down into smaller groups S, let us reinterpret each S 

as a society of its own, and N as some maximal conceivable society. In this variable population 

interpretation of the model, condition (2) is akin to the Population Monotonicity axiom introduced by 

Thomson (1983a,b) in the context of bargaining. See also Chun’s (1986) Solidarity axiom for 

quasilinear social choice problems and Moulin’s (1990a) variant for the fair division problem. 

Condition (2) has a lot of normative appeal in several contexts. A good example is the 

provision of a public good problem: the agents must choose the level of production of the public good 

and share its cost. Since a newcomer never reduces anyone’s consumption and may pay some share of 

the cost, it seems reasonable to ask that he be welcomed by all. Our concept thus yields a natural 

strengthening of Foley’s (1970) core. Moreover, since the game associated with such a public good
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economy is convex, a PMAS always exists, as will be shown below. Moulin (1990b) constructs a PMAS 

that further satisfies the rather natural condition that no agent enjoy more than the utility from 

choosing the level of public good and paying 1/n of the cost. 

The remainder of this essay addresses two questions: (i) when does a game possess a PMAS? 

and (ii) can we explicitly construct such allocation schemes? 

It is apparent from Definition 1 that if x is a PMAS of v, then xg = (“slies € e(v>) for all S 

€ P(N), where v> denotes the restriction of v to P(S) := {TCS | T46}. Hence the class of games with 

a PMAS is included in that of totally balanced games. Section 2 shows that, except when n < 3, this 

inclusion is strict. A simple example of a totally balanced game lacking a PMAS is the famous 4-player 

”glove game” discussed in Aumann (1985). More generally, we show that many assignment games lack 

a PMAS. 

In Section 3, we prove that convex games always have a PMAS. In particular, the extended 

Shapley value (which is nothing but the natural extension of the Shapley value to our context) is a 

PMAS. 

Yet many games that are not convex do have a PMAS. For instance, whenever a game is 

monotonic (v(S) < v(T) if S ¢ T) and possesses a veto player (i.e. some i such that v(S) = 0 if i ¢ S), 

we can easily construct a PMAS by allocating to the veto player the entire worth of every coalition to 

which he belongs. 

In Section 4, we essentially show that a game has a PMAS if and only if it is a positive linear 

combination of monotonic simple games with at least one veto player. Such games with veto control 

arise quite naturally in economic contexts. For instance, the ”big boss games” studied by Muto et al. 

(1988) fall into that category. Linear combinations of such games are perhaps less natural. Consider the 

following example. Firm 1 discovers a new product, which it protects through a patent. A coalition S of
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firms may thus manufacture the product and maximize joint profits only if 1 € S. Otherwise 

production is ruled out and profits are zero. In this game, which is akin to what Muto et al. (1989) call 

an information market game, firm 1 is the only veto player. But if other firms own patents on other 

products, the game can be regarded as the sum of several games with veto control. This requires, 

however, that each firm’s cost function be additively separable in the different products. More 

generally, some sort of separability assumption will always be needed to model an economic situation 

as a linear combination of games. 

In the second part of Section 4, we present a dual characterization of games with a PMAS 

along the lines of Bondareva’s (1963) theorem on the nonemptiness of the core. 

These characterizations leave open the problem of explicitly computing population monotonic 

allocation schemes. In Section 5, we focus on a particular class of games, called games with increasing 

average marginal contributions, for which we construct a PMAS that resembles the extended Shapley 

value. 

Concluding comments are gathered in Section 6. 

2. PRELIMINARY RESULTS 

By definition, every game v that possesses a PMAS must be totally balanced. As long as n < 3, 

the converse of that proposition is also true: 

Proposition 1 

Every 3-player game that is totally balanced, has a PMAS.
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The reader will easily check that, in fact, for every x in the core of v, there exists a PMAS y such that 

Proposition 1 does not carry over to games with more than three players. As mentioned earlier, 

a basic example of a totally balanced game which lacks a PMAS is the ”glove game” popularized by 

Aumann (1985). Players 1 and 2 are endowed with one left glove each; 3 and 4 own one right glove 

each. A pair of gloves can be sold for a market price of 1 while a single glove has no value. This yields 

the following game v (throughout this paper, s stands for |S], the cardinality of S, and i is freely used 

instead of {i}, ij instead of {i,j}, and so on): 

v(i) = 0 fori = 1,... , 4; v(12) = v(34) = 0, v(13) = v(14) = v(23) = v(24) = 1, 

v(S) = 1 for all S with s = 3; v(N) =2. 

The core is the interval joining the two allocations (0,0,1,1) and (1,1,0,0). The core of each 3- 

player subgame consists of a single allocation at which the two players who own the same type of glove 

get nothing. Since the cores of the 2-player subgames are obviously nonempty, v is totally balanced. 

The argument now goes as follows: every PMAS must satisfy Xi w 2%. 134 = 1, Xo nN 2 

Xo 934 = 15 %3 N 2X3 193 = 1 and x4 y 2 Xq 94 = 1. Hence D):-N Xiq 2 4, Which is not feasible. 

The game thus lacks a PMAS. 

More generally, consider the class of assignment games introduced by Shapley and Shubik 

(1971). It is well known that every assignment game is totally balanced. But many of them lack a 

PMAS: 

Proposition 2 

Every assignment game with at least two sellers and two buyers, and such that each seller-buyer pair 

derives a positive gain from trade, lacks a PMAS.
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The proof is sketched in Appendix 1. 

3. THE CASE OF CONVEX GAMES 

Before characterizing, in the next section, the class of all games which admit of a PMAS, we 

concentrate first on the case of convex games, as defined by Shapley (1971). This is because the 

problem of existence of a PMAS for convex games receives a simple and quite satisfactory solution. 

Indeed, we can explicitly construct population monotonic allocation schemes which, moreover, display 

good fairness properties. 

Let us denote by II(N) the set of permutations of N. For each x € II(N), and each i € N, let 

N(w, i) = {JEN | (j) < w(i)}. We generalize the definition of a marginal contributions vector as 

follows: 

Definition 2 

Given a game v and a permutation 7 € II(N), the extended vector of marginal contributions 

: : : wT _ T : 
associated with w is the vector x" = (X:g); ES,SEP(N) defined componentwise by 

xiG = v (N(z, i) NS) - v ((N(x, i) NS) \ i). 

The following result is due to Ichiishi (1987). For the sake of completeness, a proof is provided 

in Appendix 2. 

Proposition 3 

If v is a convex game, then every extended vector of marginal contributions is a PMAS of v.
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Of course, the PMAS x” penalizes those players who occupy the first positions in the ordering 

associated with w. For instance, if N(a, i) = {i}, then player i will not derive any benefit from the 

game: indeed, XiG = v(i) for all S € P(N), i € S. However, we can compromise between the extreme 

solutions suggested by the extended vectors of marginal contributions. Shapley (1971) proved that the 

core of a convex game is a polytope whose extreme points are the (usual) marginal contributions 

vectors. Because every convex combination of population monotonic allocation schemes of a game v is 

itself a PMAS of that game, we obtain: 

Corollary 1 to Proposition 3 

If v is a convex game and x = (ieNn € C(v), then there exists a PMAS y = 

(Vislics Se P(N) of the game v such that y,,, = x; for alli € N. 

In other words, every core allocation of a convex game can be ”reached through a PMAS”. This is true 

in particular of the Shapley value; but we can say more. Define the extended Shapley value of the game 

v in the obvious way. A little argument, exposed in Appendix 3, shows that the extended Shapley 

value is the arithmetic average of the extended vectors of marginal contributions. Therefore, 

Corollary 2 to Proposition 3 

If v is a convex game, then its extended Shapley value is a PMAS of v. 

To conclude this section, we point out that the convexity assumption may be slightly 

weakened without jeopardizing the existence of a PMAS. Say that a player i € N is convex (with 

respect to the game v) if and only if v(S) - v(S\i) < v(T) - v(T\i) whenever S C T CN. The reader 

may check that adding a convex player to a game preserves the existence of a PMAS. That is to say, if
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yN\i has a PMAS and i is convex with respect to v, then v possesses a PMAS as well. As a 

consequence, it is not necessary that all player be convex to ensure that a PMAS exists. For instance, 

every totally balanced game with at least n-3 convex players (n > 3) has a PMAS. . 

4. CHARACTERIZATION RESULTS 

Convex games are just one class of games that possess a PMAS. Our goal in this section is to 

describe the set of all such games. 

Let us start by defining a few key terms. The game v is zero-normalized if and only if v(i) = 0 

for all i € N, and the zero-normalization of v, denoted vo is defined by v9(S) = v(S) - Lies v(i) for all 

S € P(N). The game v is nonnegative if and only if v(S) > 0 for all S € P(N), and monotonic if and 

only if for all S, Te P(N), v(S) < v(T) whenever S C T. A player i € N is a veto player in the game v 

if and only if v(S) = 0 for all S € P(N\i). For convenience we shall call a game in which i is a veto 

player an i-veto game; and a game with at least one veto player a game with veto control. Finally, we 

recall that v is called a simple game whenever v(S) € {0, 1} for all S € P(N). 

If a game v has a PMAS, then every game obtained by adding to v an additive game, also has 

a PMAS. It follows that v has a PMAS if and only if its zero-normalization has one. We shall therefore 

characterize first the class of zero-normalized games having a PMAS; the characterization of all games 

with a PMAS will then obtain as an easy corollary. Our main result is the following: 

Theorem 1 

A zero-normalized game has a PMAS if and only if it is a positive linear combination 

of monotonic simple games with veto control.
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proof: 

"If’ — Every monotonic simple game with veto control has a PMAS: just choose one veto player, give 

him the entire worth of every coalition to which he belongs and zero to the other members. Next 

observe that if x is a PMAS of the game u and y is a PMAS of the game w, then ax + by is a PMAS 

of the game au + bw whenever a and b are nonnegative. 

”Only if’ — Let v be a zero-normalized game and let x be a PMAS of v. We proceed in two steps. 

(1) The game v can be written as a sum of monotonic zero-normalized games with veto 

control. Indeed, for each i € N such that x, # 0, define the game v as follows (the case where XN = 

0 for all i € N is trivial): 

vi(8) =) xg if ie S, 

0 otherwise. 

This is a monotonic zero-normalized i-veto game, and v = ).-- w. vi 
, DiEN:x #0 

(2) We claim next that if w is a monotonic zero-normalized i-veto game, then there exist a 

collection (w )k=1,...,K of monotonic i-veto simple games and a collection Or ok of positive 

numbers, such that w = rk akwk. Combined with step (1) this will prove the theorem. 

1 K We construct the games w’, .... w’ and the numbers yl vesy Kk recursively. Set K = | {xé 

R,4| 43S € P(N) s.t. w(S) = x} |. For k = 1, ..., K, let 

ak := min {u*-1(g)} uk-1(s) > 0, 5 € P(N)}, 

ko gkel. yk yk 
u 

k and let w~ be constructed as follows: 

wk(S) =|1 if uk-1(s) > 0, 

0 otherwise, 

with the convention that w = w. By construction, w = rh 1 ak wk ; wi wees wk are simple games,
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k k-1 and yl wee \K are positive. Moreover, for k = 1, .... K, u~ is a monotonic i-veto game if u is one. 

0 Since u» = w is by assumption a monotonic i-veto game, we are done. QED. 

It may be worthwile noting that Theorem 1 is essentially preserved if we drop the condition 

that the game under consideration be zero-normalized. Specifically, we have: 

Corollary to Theorem 1 

A game has a PMAS if and only if it is the sum of a positive linear combination of 

monotonic simple games with veto control and an additive game vg given by 

Va(S) = a |S for all S € P(N), where a is an arbitrary real number. 

proof (Only if): 

Pick a game v with a PMAS. Let a := 0 A min; cn v(i) and define va(S) = a |S] for all S € 

P(N). The game w := v - vg has a PMAS and satisfies w(i) > 0 for all ie N. For S € P(N), write now 

w(S) = w(S) + ies w(i) = w(S) + Dien wii) d'(s) where d! is the dictatorial game in which 

di(S) = 1 if i € S and 0 otherwise. Applying Theorem 1 to w? shows that w is a positive linear 

combination of monotonic simple games with veto control. The result follows. QED. 

A few additional comments are in order. 

(1) A well-known result by Shapley (1953) states that every game can be written as a linear 

combination of unanimity games (recall that v is a unanimity game if and only if there exists T € 

P(N) such that for all S € P(N), v(S) = 1 if T C S and v(S) = 0 otherwise.) Since unanimity games 

form a subset of the set of monotonic simple games with veto control, the crucial feature in Theorem 1
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is that we can restrict ourselves to positive linear combinations. 

(2) Derks (1987) has shown that every nonnegative game v with a nonempty core can be 

represented as a positive linear combination of simple games with veto control (see also Dubey, 1975.) 

The proof of the corollary to Theorem 1 shows that if v has a PMAS, these simple games can be chosen 

monotonic. 

(3) A superadditive simple game has a nonempty core if and only if it is a game with veto 

control (see, e.g., Moulin, 1986.) That statement remains true, as the reader may check, when the word 

”superadditive” is replaced by ”monotonic”, thereby providing a nice alternative expression of 

Theorem 1. 

To close this section, we briefly present a dual characterization of games which admit of a 

PMAS, much in the spirit of Bondareva’s (1963) theorem on the nonemptiness of the core. 

Fix i € N and consider a subset S. of P(N) satisfying the following condition. If S € S. , then 

(i) i € S andS € P(N)\N, and 

(ii) if T € P(N)\N and S C T, then T€ S.. 

Denote by &. the set of all such subsets S$. of P(N). 

Definition 3 

P(N)\N 
A vector of sub-balanced weights is a vector 6 € R such that Lses. bg < 1 for all S; 

i 

ex, ,allie N. 

The proof of the following result is given in Appendix 4:
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Theorem 2 

The zero-normalized game v has a PMAS if and only if SE P(N)\N b¢ W(S) < v(N) for 

every vector 6 of sub-balanced weights. 

Again, this theorem generalizes to games that are not zero-normalized. Namely, every game v 

has a PMAS if and only if bq vo S)< v9(N) for every sub-balanced vector 6. 
SEP(N)'S 

P(N)\N such that Observe also that every vector of balanced weights, i.e. every 6 € [0,1] 

Lis EP(N)\N:ieS bg = 1 for all i € N, is sub-balanced. The necessary and sufficient conditions for the 

existence of a PMAS thus imply the well-known conditions for a nonempty core -- as it should be. 

5. THE CASE OF GAMES WITH INCREASING AVERAGE MARGINAL CONTRIBUTIONS 

Theorems 1 and 2 do not offer an operational criterion to check whether a particular game has 

a PMAS. Moreover, the problem of actually constructing such a PMAS is left open. It may therefore be 

worthwile studying some specific classes of games for which a PMAS can be computed. 

Convex games, analyzed in Section 3, are one example. A few other classes exist for which the 

task is almost trivial. The reader may check, for instance, that games with "increasing average worths” 

(v(S)/s < v(T)/t whenever S C T) or "increasing relative worths” (v(S)/ ies v(i) < v(T)/ ieT 

v(i) whenever S C T) admit of a PMAS (just divide v(S) equally in the first case and in proportion to 

the v(i)’s in the second case.) 

In this section, we present one more class of games possessing a PMAS. Of interest here is the 

construction of that PMAS, which is closely related to the Shapley value.
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Definition 4 

Let v be a game and let v’(S) := 1 Lies (v(S) - v(S\i)) for all S € P(N). We say that v has 

increasing average marginal contributions -- in short, is an IAMC game -- if and only if for all 

S, T € P(N), v’(S) < v’(T) whenever S C T. 

Clearly, many IAMC games are not convex. It is also worth noting that not all convex games 

have increasing average marginal contributions. For instance, the 3-player game defined by v(i) = 0 for 

all i, v(12) = v(13) = 0 and v(23) = v(123) = 1, is convex but not IAMC, as v’(23) = 1 > v’(123) = 

2/3. 

Proposition 4 

Every IAMC game has a PMAS. 

The proof, given in Appendix 5, is constructive. We define € = (ipieT TEP(N) recursively 

as follows: fori € T, T € P(N), 

1 ) 
Ep= il vVO+ Le & (4) iT t ( SCT iS ) 

s=t-1,iES 

(with the convention that Sa = 0 for all i € N), and then show that € is a PMAS of v whenever v is 

IAMC. 

We should point out that contrary to our result about convex games, it is generally not true 

that every core allocation of an IAMC game can be reached through a PMAS. Here is an example: let v 

be the 4-player game defined by
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v(S) =| 0 if1 €SorS =1, 

4 if1 € Sands = 2, 

7 ifl1 € Sands =3, 

12 ifS=N. 

One verifies that this game is IAMC. The allocation (0,4,4,4) is in the core of v, but in order to belong 

123 to the core of v’“~, any allocation y must have y, > 1. 

We would like to make here a short digression. It turns out, as shown in Appendix 6, that the 

Shapley value admits of a recursive definition very similar to (4): one just replaces v’(T) by v(T) - 

v(T\i). Consider now what we call ”quasiconvex games”: 

Definition 5 

The game v is quasiconvex if and only if for all S, T € P(N), 

ies (v(S) - v(S\i)) < ies (v(T) - v(T\i)) whenever S C T. 

The class of quasiconvex games includes, and is strictly larger than, the class of convex games. 

Yet, the recursive definition of the Shapley value enables us to prove the following result (see Appendix 

6): 

Proposition 5 

If v is a quasiconvex game, then its core contains its Shapley value. 

Although the Shapley value is in the core of every quasiconvex game, the extended Shapley 

value is not a PMAS (as is the case with convex games.) Consider for instance the three-player game
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v defined by v(13) = v(23) = 2/3, v(N) = 1, and v(S) = 0 otherwise. We get ¥) y = 2/9 < ¥y 13 = 

1/3. This game, however, is quasiconvex. The question of whether quasiconvex games have a PMAS is 

an open one. 

6. CONCLUSION 

This essay introduced a refinement of the notion of core allocation, called population 

monotonic allocation scheme (PMAS), and investigated conditions for its existence. Sufficient 

conditions include convexity (Section 3) and increasing average marginal contributions (Section 5). In 

the case of convex games, the extended Shapley value was shown to be a PMAS. 

Two characterizations of the class of games with a PMAS were proposed. One describes that 

class as the set of all positive linear combinations of monotonic simple games with veto control (see 

Section 4, Theorem 1, for a precise statement); the other consists of necessary and sufficient conditions 

along the lines of Bondareva’s conditions for a nonempty core (see Section 4, Theorem 2). 

One of the major restrictions of this essay is the transferable utility assumption. Generalizing 

our approach to the NTU case would be an interesting but certainly difficult task. Indeed, preliminary 

results by Moulin (1990b) show that in ordinally convex games, the extended vectors of marginal 

contributions need not be population monotonic allocation schemes. However, if the game is generated 

by a NTU public good economy, the egalitarian equivalent solution defined in Moulin (1987) does 

constitute a PMAS.



Chapter 3 

Compromising: When Are Closer Preferences Better? 

1. INTRODUCTION 

We consider the problem of two individuals who must jointly choose one from a finite set of 

alternatives. 

If our agents happen to have identical preferences, their problem is trivial: Pareto Optimality 

singles out an unambiguous best choice. At the other extreme, if they have purely antagonistic opinions 

-- in the sense that they disagree on how to rank every two alternatives --, then all choices are Pareto 

optimal and compromising is hard. 

Between these two polar cases are preference configurations embodying different degrees of 

consensus. If agent two’s preferences change in such a way that he now agrees with agent one on every 

pair of alternatives where he previously did, and possibly on more, then we may say, following 

Grandmont (1978), that two’s preferences have become closer to one’s. 

We will argue that the alternative selected after this change in two’s preferences should not be 

worse, from agent one’s viewpoint, than the one selected before. Likewise, when one’s opinion gets 

closer to two’s, two should not suffer. We refer to this idea as the principle of "Closer Preferences 

Better”, in short, CPB. Loosely speaking, the idea is that more consensus should not hurt. 

The core of this paper is in the tradition of axiomatic collective choice theory: it is primarily 

concerned with choice rules viewed as mappings from the set of preference profiles into the set of 

alternatives. Our main purpose is to find, and if possible characterize, sensible rules satisfying the CPB 

43
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condition. 

Strategic considerations, however, will not be totally left out. From a noncooperative 

viewpoint, collective choice methods may be regarded as "game forms” that assign to each agent a 

strategy space and select one alternative on the basis of the strategies chosen by the agents. We will 

briefly discuss the relevance of the CPB idea to the design of such game forms. 

The paper is organized as follows. 

Section 2 introduces our notations, formalizes and discusses the CPB condition, and proves 

some technical results which we use repeatedly in the sequel. 

Section 3 describes a first. class of choice rules that meet the CPB requirement as well as Pareto 

Optimality. These rules generalize the maximin choice rules considered in Moulin (1983). Maximin 

tules are based on Rawls’ (1971) difference principle: they always select an alternative that maximizes 

the welfare of the worst-off agent. The rules we consider in Section 3 form a broader family that 

includes such “simple” maximin rules as a special case. 

In Section 4, we argue that simple maximin rules can be recommended on the basis of equity 

among all Pareto optimal rules satisfying CPB. Specifically, we introduce a strengthening of Pareto 

Optimality -- called Strong Optimality -- which is akin to Suppes’ (1966) grading principle. We then 

prove that if a rule is strongly optimal and satisfies the CPB condition, it must be a simple maximin 

rule. 

Section 5 investigates a second family of Pareto optimal rules satisfying CPB. These rules 

embody the idea of ”choosing by veto” (Mueller, 1978, Moulin, 1981) and are best defined by referring 

to the game forms that implement them. This in turn leads us to redefine CPB as a property of game 

forms. 

Finally, Section 6 is devoted to some concluding comments and open problems.
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2. SETUP, MAIN AXIOMS, AND PRELIMINARY RESULTS 

Given are two agents i = 1, 2 and a set A containing m < oo alternatives. Agent i’s preferences 

are conveniently described by a utility function u;: A — {1, .... m}; we stress however that all of the 

analysis below is purely ordinal. The function u, is assumed to be one-to-one, which forbids indifference 

between alternatives. Denoting by U(A) the set of such utility functions, a (choice) rule is simply a 

mapping S : U(A)? -—» A, which associates with every preference profile u = (u,, uy) some ”best” 

alternative S(u,, u9). 

Recall that an alternative a Pareto dominates an alternative b at profile u if and only if u;(a) > 

u;(b) for i = 1, 2. Pareto Optimality is perhaps the most widely accepted axiom in the collective choice 

literature; we will impose it throughout the paper: 

Pareto Optimality 

For all u € U(A)?, no alternative in A Pareto dominates S(u) at u. 

To formulate our main axiom, we need the following definition: 

Definition 1 

For ug, U;, U2 € U(A), we say that ug is between u, and us, which we denote by uy € [uj, uy], 

if and only if for all a, b € A: { u,(a) < u,(b) and u,(a) < up(b) } = { up(a) < ug(b) }. 

This definition is equivalent, in our context, to Grandmont’s (1978) notion of intermediate 

1 preferences’. The property that we want to investigate is the following: 

Grandmont's definition, however, is cast in a framework which can accomodate indifferences.
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Closer Preferences Better 

Let u € U(A)*; i,j € {1, 2},i #j. For all uw’, € U(A): 

{u’, € [u, ul} => {uC S(v’, uj) ) > uj(S(u)) }. 

In words: the closer your preferences are to mine, the better I like the selected alternative. We postpone 

the discussion of this axiom to the end of the section and turn now to some simple facts that will 

greatly simplify the analysis. 

For all u,, uy € U(A), say that uz is obtained from u, by an elementary shift if and only if there 

exist a, b € A such that u,(a) = u,(b) + 1, and ua(a) = u,(b), ug(b) = uy(a) and uo(x) = u,(x) for 

all x € A\{a,b}. 

Lemma 1! 

For any two distinct preferences u,, uy € U(A), there exist an integer T > 1 and a sequence 

{u= Uy, ut, .., ul = ua} C U(A) such that for all t € {0, ... ,T-1}: 

(i) utt! js obtained from ut by an elementary shift, and 

(ii) uF) & fay, ud). 

proof (sketch): Let A = {a,, ... , am} and, without loss of generality, assume that for k = 1, ..., m, 

uz(a,) = k. Shift am to the top of u, through a sequence of elementary shifts (which all obviously 

satisfy (ii).) Then shift a,,_, to the second position. Continue this procedure until uz is reached. QED. 

Because of Lemma 1, we may restrict our attention to elementary shifts. Call the following 

property CPB*:
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For all u € U(A)’, i,j € {1, 2} (i # J), and for all uw, € U(A), if u’; € [u;, uj] and u’; is 

obtained from u, by an elementary shift, then uj( S(u’,, uj) ) > u,(S(u)). 

Lemma 2 

If S: U(AP— A satisfies CPB*, then it satisfies CPB. 

proof: Assume that S satisfies CPB*. Let u € U(A)?, fix i € {1, 2} -- say i = 1 -- and let uw’, € 

u,, U5]. By Lemma 1, there exist two integers T,, T. and two sequences of preferences uP= uy, .., 1» 42 8 1» 42 1 

t T T t T T 
ut,..,u t= w’,} and {u 1 Wy, vey U 2 yu} 425 uz} such that (i) for all t € {], ..., 

t 
T,+T>}, ut is obtained from ut! by an elementary shift, and (ii) for all ty € {1, ..., Ty}, ute [uy, 

t t 
u’,] while for all t, € {T,+ 1, ..., T,;+To}, u 2€ [u’,, Uo]. Now, since u ze [u’,, Up] and u’, € [u,, 

t 
Uo], we have u 2 € [u,, uz]. We may thus use CPB* to conclude that for all t € {1, ..., T,+ To}, 

ux(S(u‘, uy)) > up(S(u'-?, U>)), which implies at once that uj(S(u’,, ug)) > u(S(u)), as desired. 

QED. 

We are now in a position to better discuss the CPB condition. There are two related but 

distinct arguments for imposing it. 

The first argument goes as follows. Any selected alternative constitutes a compromise between 

our two agents. We may think of it as maximizing some collective preferences obtained by ”averaging” 

the individual preferences. As two’s preferences get closer to one’s, the collective preferences should get 

closer as well (which of course benefits agent one.) We regard this as a sensible and natural property to 

expect from an averaging procedure, which makes it worth studying even though its ”ethical” basis 

may remain unclear. 

Our second argument relies on the idea that more ”common ground” always facilitates the
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search for a compromise. This can be given a precise meaning: 

Lemma 3 

Let uy, Uy, Uy € UA). If u’> € [uy, ua], then for every x € A there exists y € A such that 

us(y) 2 uy(x) and u'p(y) > up(x). (1) 

proof: Thanks to Lemma 1, the proof is truly elementary. Indeed, we may assume that u’, is obtained 

from uy by an elementary shift: let a, b € A satisfy u,(a) > u,(b), up(a) = un(b) - 1, and let u’,(a) = 

uz(b), u’o(b) = up(a), and u’9(c) = ud(c) for all c € A\{a, b}. If x € A\{b}, choosing y = x is 

trivially in accordance with (1); and if x = b, then we may choose y = a. QED. 

Thus, no matter which alternative is chosen at u, we can make sure that after the change in 

two’s preferences, both agents enjoy at least the same utility levels as before. 

This fact may be viewed as a justification of the CPB condition. For if we believe that all 

tastes are equally acceptable, then neither agent can be held responsible for the divergence between 

their preferences. As a consequence, the collective benefit created when agent two’s preferences come 

nearer to one’s (as expressed by Lemma 3) cannot be attributed to agent two. In that sense, agent one 

has the ”right” not to suffer from two’s move. 

3. GENERALIZED MAXIMIN RULES 

In this section, we describe a first class of Pareto optimal rules that meet the CPB 

requirement. These rules are inspired by Rawls’ (1971) difference principle, which recommends to 

evaluate social alternatives on the basis of the welfare that they yield to the ”worst-off agent”. In our
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setup, Rawls’ criterion may be interpreted to mean that at every profile u, the selected alternative 

should maximize u,A uy over A. We consider a broader class which includes such ”maximin rules” as 

a special case. 

For all u € U(A)*, a € A andt € {1-m,..., 0, ..., m-1}, let u°(a) = (u,(a)+t) A uo(a). Define 

the set of t-maximin winners at u, denoted M'(u), by the condition 

a € M'(u) © u'(a) > u'(b) for all b € A. 

We call M!: U(A)* + A a generalized maximin correspondence. Note that M?° is just the ”simple” 

maximin correspondence, under which the agents are treated symmetrically. If t is negative, M° favors 

agent one: in the extreme case where t = 1-m, he gets his first choice at every profile. Likewise, a 

positive t works in favor of agent two, who becomes a dictator when t = m-1l. 

Definition 2 

The rule S : U(A)*— A is a generalized maximin rule if and only if there exists t € {1-m, ..., 0, 

m-1} such that for all u € U(A)*, S(u) € M*(u). 

For i € {1, 2}, the rule M$ is defined as follows: for all u € U(A)* anda € A, Mj(u) = aif 

and only if either M'(u) = {a}, or M'(u) = {a, a} and u(a) > u,(@). 

The rule Mj is thus the selection of Mt obtained by letting agent i break ties. Note that this rule 

satisfies the familiar Neutrality property which forbids discriminating among alternatives. It turns out 

that it also satisfies our two main axioms: 

Proposition 1 

For every t € {1-m, ..., 0, ..., m-1} andi € {1, 2}, the generalized maximin rule M; satisfies 

Pareto Optimality and CPB.



50 

proof: Pareto Optimality is straightforward. We verify the CPB property. Fix t € {1l-m, ..., 0, ..., m- 

1} and i € {1, 2}, say i = 1. By Lemma 2, we need only check that Mj satisfies CPB*. Pick u = (uy, 

Uy) € U(A)? and consider first an elementary shift in uy “towards” u,. Specifically, let a, b € A satify 

u,(a) > u,(b), uy(a) = ua(b) - 1, and construct u’, as follows: 

u’9(a) = ua(b), 

u’5(b) = up(a), and 

u’5(X) = uo(x) for all x € A\{a,b}. 

We must check that 

uy ( Mi(uy, uy) ) > u,(Mj(u)). (2) 

Define u':= u'(M!(u)) = u'(M5(u)) and distinguish four cases: 

Then obviously Mj(u,, u’>) = Mj(u), satisfying (2). 

ase2: u'< Uo(a). 

Observe that u,(b) + t < uj(a) +t < u’. Again Mi(u,, w’>) = Mj(u). 

Case 3: u' = uy(b). 

Define c by u,(c) + t = u5(b) and distinguish three subcases. 

(i) M'(u) = {c}, hence M{(u) = c. Either u,(c) > uy(a) or u,(a) > u;(c). In the former case Mj(u4, 

u’>) = ¢ while in the latter Mj(u,, u’>) = a. In both cases (2) is satisfied. 

(ii) M'(u) = {b}, hence Mj(u) = b. Either u,(a) +t > uy(b) +t > u,(c) + t = un(b) > up(a) > up(c), 

or a= c and u,(a) + t > u,(b) + t = up(b) > up(a). Anyway, Mj(u,, u’5) = a, in accordance
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with (2). 

(iii) M'(u) = {b, c} (c # b). Then u,(a) > u,(b) > u,(c) and uy(c) > u5(b) > uz(a). We have Mj(u) = 

b and Mj(uj, u’>) = a, in accordance with (2). 

Case 4: ut = up(a). 
Define d by u,(d) + t = up(a) and distinguish again three subcases. 

(i) M*(u) = {d}, hence Mj(u) = d. Either u5(d) > ua(b) > uo(a) = u,(d) + t > u,(a) + t > u,(b) + 

t, or a = d and u,(b) > u(a) = u,(a) + t > u,(b) + t. In both cases Mj(uy, u’5) = d, which 

satisfies (2). 

(ii) M'(u) = {a}, hence M{(u) = a. Then u,(a) > uy(d) > u,(b) and uy(b) > ug(a) > ug(d). We have 

Mi(uj,, u’5) = a, satisfying (2). 

(iii) M'(u) = {a, d} (d # a). Then u,(a) > u,(d) > u,(b) and u(d) > u(b) > uo(a). Now Mj(u) = 

Mi(u,, u’>) = a, which again satisfies (2). 

The reader can check that no elementary shift in u, towards uy can be harmful to agent two. The 

reasoning follows the one given above, even though it is not entirely symmetric due to agent one’s 

privilege when M‘(u) is not a singleton. QED. 

Proposition 1 calls for the following remark. Not every generalized maximin rule satisfies CPB. 

Although it is not clear why the same agent should have priority whenever M! ties, we should stress 

that two familiar tie-breaking devices lead to violations of CPB. 

Consider first breaking ties according to a fixed ordering of the alternatives. Let a, b, c be three 

distinct alternatives and suppose that in case of a tie, S selects a over b, and b over c. Consider a 

profile u where u,(b) > uy(a) = u,(c) + 1, ug(c) > up(a) > up(b), and M'(u) = {a, b}. Then S(u) = a.



52 

Next construct u’, € [u,, uy] by exchanging the positions of a and c in u,. We have M‘(u’,, uz) = {b, 

c}, hence S(u’,, up) = b, violating CPB. 

At this point, the refinement of Rawls’ principle known as the leximin criterion naturally 

comes to mind. In a context slightly different from ours, this criterion has been extensively studied and 

is known to have nice properties (see Sen, 1983, for a detailed account of the literature). For t € {1-m, 

vey 0, «, m-1}, u € U(A)’, a € A, let T'(a) = (u,(a) + t) V uo(a) and define L'(u) by 

aeéLt(u) = ae M*(u) and (a) >7'(b) for all b € M(u). 

Can we find single-valued selections of the generalized leximin correspondence Lt which satify the CPB 

condition? Unfortunately the answer is no (except for the trivial cases t = 1-m and t = m-1). To see 

this, let a, b, c, be three distinct alternatives and consider a profile u at which u,(b) > u,(a) = u,(c) + 

1, up(c) > ug(a) > up(b), M'(u) = {a, b} and L'(u) = {a}. Exchanging the positions of a and b in 

agent one’s preferences makes two worse off under any selection of Lt, 

4. SIMPLE MAXIMIN RULES 

Simple maximin rules select at every profile u an alternative in M°(u). Contrary to other 

generalized maximin rules, they do not introduce a systematic asymmetry between the agents, even 

though they need not break ties anonymously. 

The purpose of this section is to show that simple maximin rules may be recommended on the 

basis of fairness, not only within the class of generalized maximin rules but among all Pareto optimal 

and CPB rules. 

We use an axiom inspired by the well known grading principle of Suppes (1966). The idea is to 

strengthen the Pareto Optimality requirement by weakening the notion of Pareto domination. For all 

a, b € A and u € U(A)%, rewrite u(a) := u,(a) A uo(a) and U(a) := u,(a) V uo(a). Consider the
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following domination criterion: 

a dominates b at u if and only if u(a) > u(b) and (a) > 1(b). (3) 

Next define the following property: 

Strong Optimality 

For all u € U(A)%, no alternative in A dominates $(u) at u in the sense of criterion (3). 

Although Strong Optimality is of course stronger than Pareto Optimality, many choice rules do satisfy 

it : nice examples include all strict scoring rules, in particular the well known Borda method. Among 

the rules that satisfy the CPB requirement, however, Strong Optimality turns out to be very selective: 

Theorem 

The simple maximin rules M° and M9 satisfy Strong Optimality and CPB. 

Conversely, if a choice rule satisfies Strong Optimality and CPB, then it is a simple maximin rule. 

The rather tedious proof of this result is relegated to the Appendix. Here we restrict ourselves to a few 

comments. The natural translation of Suppes’ grading principle in our setup is based on the following 

domination criterion. For all a, b € A and u € U(A)?, 

a dominates b at u if and only if at least one of the following conditions is met: 

(i) u(a) > u(b) and T(a) > T(b). (4) 

(ii) u(a) > u(b) and (a) > T(b).
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Say that S satisfies Suppes Optimality if and only if it never selects an alternative which is dominated 

in the sense of criterion (4). This requirement implies Strong Optimality. Among the rules that satisfy 

it are the strict scoring rules and the simple leximin rules, i.e., the single-valued selections of the 

correspondence L° described at the end of Section 3}. It is easy to see that the latter are in fact the 

only simple maximin rules to do so. It follows from the theorem that Suppes Optimality is 

incompatible with CPB. 

5. CHOOSING BY VETO 

We study here a second family of Pareto optimal choice rules satisfying the CPB condition. 

These rules are particularly interesting from the noncooperative viewpoint, as they can be implemented 

by very simple game forms of the choosing-by-veto variety (see Mueller, 1978 and Moulin, 1981). 

Definition 3 

Fix i,j € {1, 2},1 #j, andt € {0, ..., m-1}. Define the choice rule V; as follows: for all u € 

U(A)? and a € A, 

aéVi(u) © u(a)>t, and uj(a) > uj(b) for all b € A such that uj(b) > t. 

We call Vj a ”choosing-by-veto” rule. Indeed, its very definition suggests the following game form: 

- stage 1: agent i vetoes t alternatives in A. 

(5) 
- stage 2: agent ) vetoes m-t-1 alternatives among those remaining after stage 1. 

In fact, Suppes’ grading principle was used to characterize the leximin "generalized social welfare 

function”. See Hammond (1976).
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It is easy to see that the above game form does implement the choice rule V} in prudent strategies (see 

Moulin, 1981). It turns out that choosing-by-veto rules meet our two main requirements: 

Proposition 2 

For every t € {0,..., m- 1} andi € {1, 2}, the choosing-by-veto rule Vi satisfies 

Pareto Optimality and CPB. 

proof: Fix t € {0,...,m-1} and i € {1,2}, say i = 1. We check that Vj satifies CPB*. First 

consider an elementary shift in uy towards uj: let a, b satisfy u,(a) > u,(b), ug(a) = ud(b) - 1, and 

construct u’ € [u,, us] by exchanging the positions of a and b in uy. By definition, Vj(u) is obtained 

by maximizing u5 over those alternatives x satisfying u,(x) > t, while Vj(u,, u’>) is obtained by 

maximizing u’z over the same subset of alternatives. Since uy and u’> differ only in how they rank a and 

b, Vi(uy, w5) = Vi(u) whenever Vi(u) ¢ {a, b}. If Vj(u) = a, then obviously Vj(u,, u’>) = a; and if 

Vi(u) = b, then Vj(u,, u’>) € {a, b}. In all cases CPB* is satisfied. 

Next consider an elementary shift in u, towards uy. Note that for each alternative x satisfying 

u,(x) > t, there is an alternative y such that u’,(y) > t and uo(y) > uo(x) (this is in fact an immediate 

consequence of Lemma 3.) Therefore, by the very definition of Vj, agent two cannot suffer from the 

change in one’s preferences. QED. 

There exists another proof of Proposition 2 which deserves to be mentioned. When each agent 

has full information about the other’s preferences, prudent behavior may not be appropriate. A 

remarkable feature of the rule Vj, proved in Moulin (1981), is that it is implementable in subgame 

perfect equilibrium by the following ”mirror image” of game form (5):



56 

- stage 1: agent i vetoes m-t-1 alternatives in A. ! 

(6) 
- stage 2: agent j vetoes t alternatives among those remaining after stage 1. 

It is clear that CPB can be reformulated as a requirement on game forms rather than on choice 

rules. Given a (two-player, extensive) game form (with perfect information and no chance move), each 

profile of preferences over the possible outcomes generates a game. If indifferences are ruled out, every 

such game has a unique subgame perfect equilibrium (computed by Kuhn’s (1953) algorithm.) We say 

that a game form satisfies CPB if and only if the following condition holds true for any two players i, 

j: whenever agent i’s preferences get closer to j’s, agent j (weakly) prefers the equilibrium of the game 

generated by the new preference profile to the equilibrium of the game generated by the original profile. 

It can be shown that every two-stage game form satisfies CPB. In particular, the game form 

described by (6) does, and so does the choice rule V; that it implements. 

6. CONCLUDING COMMENTS AND OPEN PROBLEMS 

This essay explored the intuition that more consensus between two agents who must jointly 

take a decision should not be harmful. We formalized this idea by the Closer Preferences Better (CPB) 

condition: the closer your preferences are to mine, the better I like the selected alternative. 

We discovered that certain generalized maximin choice rules as well as choosing-by-veto rules 

satisfy the CPB condition together with Pareto Optimality. We further proposed the condition of 

Strong Optimality, which reinforces Pareto Optimality in a way similar to Suppes’ grading principle. 

We found that if a choice rule satisfies Strong Optimality and CPB, then it must be a simple maximin 

rule. 

Many questions remain open. First, can we characterize the class of Pareto optimal (and,
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perhaps, neutral) rules satisfying CPB? Our feeling is that generalized maximin and choosing-by-veto 

rules should include most interesting rules meeting these two requirements. 

Second, does there exist any Pareto optimal and CPB rule satisfying Anonymity? We have no 

clue. Note however that any such rule would necessarily violate Strong Optimality. 

Third, can we generalize our approach to n-agent decision problems? We may think of two 

extensions of the CPB condition. For any two agents i and j, we may require that as }’s preferences get 

closer to i’s, agent i does not end up worse off. Or we may require that this be true only if agent j’s 

preferences also get closer to everyone else’s preferences. 

The first condition is extremely demanding. In particular, it can be checked that every non 

dictatorial generalized maximin rule violates it. The natural extensions of the choosing-by-veto rules 

are also ruled out. Furthermore, the motivation for this condition is not clear. Indeed, when j’s 

preferences get closer to i’s, it may not be possible to guarantee to every agent the same utility level as 

before: Lemma 3 is essentially a two-agent result. Therefore, demanding that agent i not be harmed by 

the change in j’s preferences may not be justified. The second condition seems more reasonable. The 

generalized maximin rules Mj, appropriately redefined, do satisfy it. Whether this condition has any 

discriminating power remains to be seen.
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Appendices 

Appendix to Chapter 1 

Proof of Theorem bis: 

The basic structure of the proof is the same as the one of our main theorem. There are, 

however, a few complications. 

We show first that there is at most one allocation rule compatible with the axioms of 

Efficiency, No Envy and Strategy-proofness. Let N’ C N and R € gN”. For any T CN’, let Rr denote 

the restriction of R to T, i.e. the subvector obtained from R by deleting the components corresponding 

to those i not in T. Let R® € S, a € [0,1], be some preference with peak at a and let M, T form a 

partition of N’. The notation (Ry, R-p) will be used to denote any vector R € SN” such that R; = R® 

fori € M. 

By Lemmas 1 and 2, if ¢ is strategy-proof and efficient, then for alli € N, R € sN 

$(R) = med {a,(R_,), b,(R_,), xf(R,)} with 0 <a, <b, <1. (Al) 

By Feasibility, 

Tien med {a(R_j), b(R_)), xf(R,)} = 1. (A2) 

Let now M C N be a subset of m agents, with 1 < m < n-1. Pick some R! € S(1) and fix R, = R' for 

alli € M. From (A2), 

1 1 1 * 

Cie SCR Raya) + Ciena Med {RM Ry mui)» RM Ray mui FR} 
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By Efficiency, a(Rayp Ry MUP = 0 for all j} € N\M, thus leading to: 

Viem (Ruy Buy) = 1- Lien min {b(Riy Ruy Mui) XJ (R)}. 

Next, since all i € N have the same preferences, No Envy imposes equal treatment: $i(Rags Ry\w) 

must be identical for all i € N. Therefore, 

b(Raygyi Ry) = A (1- LIEN\M min {b(Rays Ry MU) xj (Rj) } J 

for all i € M, all M such that 1 < m < n-l. 

Moreover, setting R. = (R!, ..., R') and using No Envy again, we get the initial value b(R’, wee 

, R') = 1/n for alli € N. We conclude that for all i € N, b; is unique. 

A similar reasoning shows that a, is also unique for each i. Taking (Al) into account, this 

completes the first part of the proof. 

It remains to show that ¢* is envy-free. Suppose $7). xj(Rj) = 1 (the other case is handled in 

the same way.) Any arbitrary i € N gets either x/(R,) -- in which case he does not envy anybody --, or 

A(R) < x7(R;). Any other agent j gets either x}(Rj) < A(R), or A(R), which cannot generate i’s envy. 

QED.
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Appendices to Chapter 2 

Appendix 1: Proof of Proposition 2 

Let players 1 and 2 be sellers and players 3 and 4 buyers in the assignment game v. Assume 

without loss of generality that v(13) < v(23) A v(14). Since v(123) = v(23), every core allocation of 

yl23 134 gives zero to player 1. For the same reason, every core allocation of v gives zero to player 3. It 

follows that any PMAS x of v has X1 13 $ X41 493 = 0 and X3 13 $ X3 134 = 0. Hence v(13) = X43 + 

X3 13 $ 0, a contradiction to the assumption that all buyer-seller pairs derive a positive gain from 

trade. QED. 

Appendix 2: Proof of Proposition 3 

Let v be a convex game and 7 € II(N). Consider the extended vector of marginal contributions 

x”. Pick an arbitrary S € P(N) and rank all players i € S in increasing order of 7(i). Let i, i? € S be 

two players such that i’ immediately follows i (i.e. w(i) < 7(i’) and there is no j € S such that 7(i) < 

m(j) < m(i’) ). Observe that 

x = v (N(x, i) 1S) - v (N(x, i) 1S) \ i), and 

X56 = v (N(x, i?) NS) - v ((N(a, i’) NS) \ 7) 

= v (N(a, i’) NS) - v (N(x, i) NS). 

Therefore XG + X3g = v (N(a, i’) NS) - v ((N(x, i) NS) \ i). Repeating this argument leads to 

yy cS xiG = v(S), which establishes the feasibility of x”. 

As for the monotonicity property, note that ifi € S C T CN, thenS 9 N(z, i) C TN N(a, 

i) for all i € N. Hence by convexity, xi < xT This completes the proof. QED.
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Appendix 3: Proof of Corollary 2 to Proposition 3 

The extended Shapley value of the game v_ is the vector o(v) defined componentwise as 

follows: for all i € S,S € P(N), 

Gic(v) = (v9), 

where $(v>) = (4:(V°)); eg is the Shapley value of the game v. 

For each 7 € II(N), let x” be the extended vector of marginal contributions associated with 7 

(see Definition 2). Let S € P(N) andi € S. By definition, 

3ig(v) = 4,(v°) = 4 ~~ Xie (A.1) 

On the other hand, 

yo w= D > xf 
nr’ €Il(N) mell(S) —-wETI(N) 

m(j)=n(j)VieS 

= » » XiG » 
weEll(S) nm ETN(N) 

m(j)=nQ)Vjes 

where the last equality holds true because for all r € II(S) and 2’ € II(N) such that 7’(j) = z(j) for 

all j € S, we have 

x = v (N(n’, i) MS) - v ((N(m’, i) NS) \ i) 

= v (S(m, i) NS) - v ((S(7,i) N S) \ i) 

_ Jt 
— *is 

Now, observe that the number of permutations x’ € II(N) satisfying 7°(i) = (i) for all i € S is just 

n!/s! . Therefore,
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m > ni x", (A.2) 

Combining (A.1) and (A.2), we get: 

’ 

es =3 UD xg. iS n! 7° €TI(N) iS 

The rest of the proof follows as indicated in the text. QED. 

Appendix 4: Proof of Theorem 2 

(1) Let v be a zero-normalized game and denote by {e™} 1.....M the set of all monotonic 
m= 

simple games with veto control which are not identically zero. By Theorem 1, v has a PMAS if and 

M m=1 pMe™. By Farkas’ only if there exist non negative numbers p™, m =1, ..., M, such that v = > 

lemma (see e.g. Rockafellar (1970), theorem 22.1.), such numbers exist if and only if 6.v < 0 for all 

P(N) 
vectors 6 € R such that 

§.e™M < 0 form = 1, ..., M. (A.3) 

P(N 
2) We claim that we can set 6,, = -1. To see this, suppose that there exists some 6 € R (N) N 

satisfying (A.3) and such that 6.v > 0. We construct & satisfying (A.3), by = -l, and é’.v > 0. 

Distinguish two cases: 

(i) by # 0. Note that (A.3) implies 6, < 0, since the game in which all proper coalitions have 

zero worth and N has unit worth belongs to {e"} = M * Hence 6x < 0 and we may just set 6’ = - 

6/bx.- 

(ii) 64, = 0. Define & as follows: 8x, = -1, &. = NDI +e } 6g for S € P(N)\N, where 
N77” NT ST S , 6_y-v(-N) 

€ > 0, 6 x stands for (65)5 €P(N)\N and v(-N) stands for (V(S))5 e P(N) \N" Note that 6.v > 0 and 6x
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Iv(N)| ———— + € >. Now, 
6 x.v(-N) 

=0> 6 y-v(-N) > 0=> 

d’.v = 8 x.v(-N) + 6x v(N) 

= (Stn t 6) bn XO) )- 909 

= («¢ 6 y- v(-N)] + |v(N)| - v(N) > 0. 

Furthermore, for m = 1, ..., M, 

Be = 8 1. eM(-N) + &y e™(N) 

= (—Sem +) 8 y-e™(N) )-1, 

where e™(-N) stands for (™(S)) se p(N)\N’ But 6.e™ < 0 and by = 0 => 6 _y-e™(-N) < 0. Hence 

8.e™ < 0. 

(3) We have established that v has a PMAS if and only if USEP(N)\N bg v(S) < v(N) for all 

P(N)\N 
vectors 6 € R such that ~SEP(N)\NOS e"(S) < 1 for m = 1, ..., M. But this is readily 

equivalent to the statement of Theorem 2. QED. 

Appendix 5: Proof of Proposition 4 

Let v be an IAMC game and let € be given by (4). Let g° = (Simier TEP(S)’ It is trivial 

that for every i € N, é is a PMAS of v!. Next pick an arbitrary T € P(N), t > 1, and assume that e 

is a PMAS of v> for all coalitions S C T with s = t-1. We have to prove that ef is a PMAS of v-. 

We first check the feasibility condition: 

Lépetovn+ixo yr «& 
op tO tich tier scr 78 

s=t-1,iES
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t V(T)- 5 x ge + 1y> DS &¢ 
i€T ScT i€T SCT 

s=t-1 s=t-1,iES 

=vT)-?} Db vS)+? DS D &e 
SCT SCT ie€S 
s=t-1 s=t-l 

= v(T). 

Next we verify the monotonicity property. Pick an arbitrary Sg C T with |S,| = t-1 and an 

arbitrary ig € So. We have: 

for 2 4S, 

sos 1 (T) 4 
- « e 

t ( v’( ) oo &i 0S } 2 &i So 

s=t-1,i9 ES 

eivD+i; LY &s 2 (1- ¢) £1 So er
i 

ly» 1 1\ 1 ’ & -v(T) +; ~ & o > (l-gaAlvGo+ Vo §& t t S 1 1g ( t) t-1 ( 0 RCS, 19k ) 

Since v is an IAMC game, ve is also an IAMC game. Therefore the above inequality will certainly hold 

true if 

~ $&&> DY é. (A.7) 
scTast1 1 “Ros, “tok 

SH#S5 r=t-2,i,E€R 

Observe that both sums in inequality (A.7) have t-2 terms. Moreover, to each S corresponds a unique 

R such that R = S\i*, where i* is the unique player in T that is not in Sy. Therefore, (A.7) will 

certainly be true if é s 2 é S\i" for all S c T, S # S, , with s = t-1. But this follows from our 
0 0 

assumption that gS is a PMAS of v> for all coalitions S of cardinality t-1. QED.
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Appendix 6: Proof of Proposition 5 

We first establish the recursive expression of the Shapley value mentioned in the text. 

Given is a game v defined on P(N). For any T € P(N), let ov) be the Shapley value of the 

subgame vi. Define the vector y= ipier TEP(N) recursively as follows: for alli € T, T € P(N), 

ven = i ( v(T) - v(T\i) + st Pig ) ' 

s=t-1,iES 

with the convention that vig = 0 for alli Ee N. 

Lemma 

For all T € P(N), tp = (Viphep = OV"): 

Proof: 

If t = 1, the claim holds trivially. Let then t > 1 and assume that bo = $(v>) for all S € P(N) 

with s = t-1. We show that 7 = é(v!). Pick an arbitrary i € T. We have: 

vip = ¢( v(T)- wT) + p> #,(v*) ) 
s=t-1,iES 

=i((T)-w\)+ OD 
ScT RCS 

s=t-1,1ES 

eT (w(R) - (RD) ) 

1 . oy, (ter-1)! (r-1)! ; 
t (= TW +S | RESCT, st} ETE (w(R) - RAW) ) 

t-r 

t-l-r 
But |{S | RCSCT, s=t-1}| = ( ) = t-r. Therefore, 

bp =} ( v(T) - v(T\i) + Ret — (v(R) - v(R\i)) )
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_] (t-r)! (r-1)! v(R) - vV(R\; =f CE HD 

(vt). QED. 

With the above lemma at hand, we now turn to the proof of Proposition 5. 

Proof of Proposition 5: 

If n = 1, the claim holds trivially. Let then n > 1 and assume that the proposition is true for 

all quasiconvex games of size n-1. Consider a quasiconvex game of size n. By our previous lemma, ¢(v) 

= wy. Pick an arbitrary T € P(N)\N : 

ue ¢:(v) = v vn 
iéT i€T 

= 4 5 W(N)-vM\)) +a 5 LD Ye 
ieT i€T keN\i 

= 45 W)-wn\i+h DYE N\k: 
i€T keEN\i i€TN(N\k) 

Observe that there are n-t coalitions N\k containing T, say N\1, ..., N\(n-t). For each such 

coalition, Li ETN(N\k) vb N\k = Di eT ve N\k > v(T) by the induction hypothesis. Next consider 

those coalitions N\k which do not contain T. For each of them, iETA(N\k) vi N\k= ie T\k 

ve N\k 2 v(T\k). Therefore: 

YD ov) > 4S (w)-vN\y) + BET + BS WT\k). 
ieT ie€T k=n-t+1 

Using the quasiconvexity of v, we obtain:
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Xe ¢(v) > bY (o(T)- v(T\) + 3 wT) + } s* v(T\k) 
ie€T i€T k=n-t4+1 

_t 1 :) + Bet 1 + =A v(T)-_ DY wWT\) +4 oT) +5 Le v(T\k) 
i€T k=n-t+1 

QED.
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Appendix to Chapter 3 

Proof of the Theorem 

The first statement follows immediately from the definitions of M? and M$ and from Proposition 1. 

The proof of the converse statement goes by induction on m, the number of alternatives. 

STEP 1: The theorem is trivially true for m = 1. 

STEP 2: Assume that the theorem is true for m = mg - | (mg > 1). Let A contain mg alternatives and 

let S : U(A)*— A be strongly optimal and CPB. Then for all u € U(A)* and x € A such that u(x) = 

U»(x) = 1, we have S(u) € Mu). 

PROOF OF STEP 2: Contrary to the claim, suppose J x € A and u? € U(A)*such that u2(x) = 

uS(x) = 1, yet S(u°) ¢ M°(u°). Define the rule § : U(A\{x})?— A\{x} as follows: for all i € 

U(A\{x}), 

S(a) = S(u), 

where u € U(A)? is obtained from a by ”adding x at the bottom of ui, and i,”: for i=1, 2 anda € A, 

uj(a) = U;(a) + 1 and u,(x) = 1. This is well defined as S(u) € A\{x} by (Pareto) Optimality of S. By 

construction, 

S(a°) ¢ M°(u®) = MOG), 

where M° is the restriction of M° to U(A\{x})*. It is straightforward to check, however, that § 

inherits from 5 the properties of Stong Optimality and CPB. Thus the theorem is false for m = my- 1, 

a contradiction.
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STEP 3: Let r,, rp > 1 be two integers and assume that: 

(a) The theorem is true for m = mg- 1 (mg > 1); 

(b) A contains mg alternatives (mp > 1), and S: U(A)?— A is strongly optimal and CPB; 

(c) For all w’ € U(A)? and x € A such that 

{ u’,(x) < ry- 1 and u’,(x) < ry } or { u’y(x) < ry and u’,(x) < r5- 1 f, (Al) 

we have S(u’) € M°(u’). 

Then for all u € U(A)* and x € A such that 

u,(x) < ry and uo(x) < ro, (A2) 

we have S(u) € M9(u). 

Steps 2 and 3 together imply that if the theorem is true for m = mo- 1, then it is true for m = mg. 

PROOF OF STEP 3: Let rj, ro > 1 be two integers, assume (a), (b), (c), and fix u = (u,, uy) € 

U(A)* and x € A satisfying (A2). We must show that S(u) € M°(u). The case Ty = 1.5 = 1 was 

treated in Step 2, so we may assume, say, r, > 1. We further suppose that for all y € A: 

u,(x) > u,(y) > us(y) > ug(x), and u(x) > ug(y) > uy(y) > uy(x), (A3) 

for otherwise the claim is trivial. 

For the remainder of the proof, we let v denote the alternative just below x in agent one’s 

preferences, i.e., u,(v) = u,(x) - 1, and we let z be his least preferred alternative, i.e., u,(z) = 1. Next 

we define two preferences that will be used repeatedly. We construct u’, by shifting x one rank down in 

Uy: 

u’,(x) = u,(v), u’;(v) = u, (x), w’s(y) = ux(y) for all y € A\{v, x},
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and we construct u’, by pushing z down to the bottom of uz: 

u’o(z) = 1, and for all y, y’ € A\{z}: u’9(y) > u’a(y’) & ud(y) > ud(y’). 

Observe that u’, € (u,, us| since by (A3) uo(v) > u(x). Also, u’> € [u,, uy]. Moreover, by (c), 

S(u’, Up) € M°(u’y, ug) (A4) 

while by assumptions (a), (b), and Step 2, 

S(u,, up) € Mu, u’5) (A5) 

By definition, M°(u) contains either one or two alternative(s). We consider either case in turn. 

ase A: M°(u) is a singleton, say M°(u) = {a}. 

It is straightforward to check that 

{a} if u(a) # u,(x) or up(v) < u(a) = uy(x) = up(a) < u,(a), 

Mw ,u2)=4 {v}(v Aa) if u(a) = uy(x) = uy(a) < up(a), 

{a, v} (v # a) if u(a) = u,(x) = uy(a) < u,(a), ud(v). 

Also, defining b by uz(b) = u,(a) - 1, one verifies that 

° { {a,b} (b # a) if'u,(a) < uy(b) A ug(a) and u,(b) < up(z), 
M™(u,, w’5) = 

{a} otherwise. 

Assume now, contrary to the claim, that 

S(u) # a. (A6) 

We consider the three cases corresponding to the three possible values of M°(u’,, Up).
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Case Al: M° (u's, u>) = {a}. 
  

We further distinguish two subcases according to the value of M°(u,, u’s). 

ase A.1.1: M°(u,, u’5) = {a}. 

Expression (A4) reads: 

S(w’4, U5) =a (A7) 

By CPB, uo( S(u’,, uz) ) > ug(S(u)). But by (A6) and (A7), S(u’y, uy) # S(u), hence the previous 

inequality is strict. But then by (Pareto) Optimality: 

uy(S(u)) > uy( S(u’,, ug) ) (A8) 

By CPB again, u,( S(u,, u’>) ) > u,(S(u)). Hence by (A7) and (A8), u,( S(u,, u’,) ) > uy( S(w’y, u5)) 

= u,(a). From (A5) however, S(u,, u’>) = a, a contradiction. 

Case A.1.2: M°(u,, u'5) = {a, b}, b F a. 

Then uj(a) < u,(b) A up(a) and uz(z) > u(b). Because M°(u) = {a}, 

there exists a (possibly empty) set C C A such that 

fy EA luy(y) < uy(a)} = {y © A | up(y) 2 uy(a) } UC, and (A9) 

{y €A| ugly) <ujy(a)}={y EA | uy(y) > uy(a) } UC. 

By definition of M°(u), there are only three positions of S(u) which are compatible with (A7) and 

(Pareto) Optimality. 

(a) u,(S(u)) < u,(a) and ug(S(u)) > ug(a). By CPB, up( S(u’,, up) ) > ug(a), but by (A4), S(u’,, up)
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€ Mu’), Uz) = a, a contradiction. 

(8) u,(S(u)) > uy(b) and u5(S(u)) < ug(b). By CPB, u,( S(uy, wu’) ) > uy(b), but by (A5), S(u,, u’2) 

€ M°(u,, u’5) = {a, b}, a contradiction since u,(a) < u,(b). 

(7) S(u) = b. Construct u”, by shifting a to the top of uy: 

u”>(a) = mg, and for all y, y’ € A\{a} : u’o(y) > u’ oly’)  ud(y) > ud(y’). 

By (A9), u”5 € [uy, uy], hence by CPB u,( S(u,, u”5) ) > uy(b). But then uy(a) A u” (a) = uy(a) > 

u,( S(u,, u”5) ) A u5( S(uy, u”9) ) = u9( S(uq, u”5) ) and u,(a) V u”o(a) = u”o(a) > uy( S(u,, 

w”5) ) V u”o( S(uy, u”5) ) = uy( S(uy, u”4) ), ie., a dominates S(u,, u”2) at (u,, u”>) in the sense of 

criterion (3), violating Strong Optimality. 

Case A.2: Me (u's, U>) = {v}, v # a. 

Then a = x and u,(a) < up(a). Notice that (AQ) still holds true, even though the structure of the 

profile is somewhat different. We distinguish four possible positions for S(u): 

(a) u,(S(u)) < uy(v) and u,(S(u)) > uo(v). By CPB, uo( S(u’,, ug) ) > up(v), but by (A4), S(u’,, uy) 

€ M°(u’y, uy) = {v}, a contradiction. 

(8) u,(S(u)) > uy(b) V uy(a) and uy(S(u)) < ug(b). By CPB, u,( S(u,, u’y) ) > uy(b) V uy(a), but 

by (A5), S(uy, uw’) € Mu, w’5) € {a, b}, a contradiction. 

(7) S(u) = b. By (Pareto) Optimality, this requires u,(a) < u,(b). The argument used in A.1.2(7) 

applies. 

(6) S(u) = v. Construct u”, by shifting a to the top of u,. By (A9), u”, € [u,, ug], hence by CPB, 

uz( S(u”,, Ug) ) > Ua(v). But then a dominates S(u”,, u5) at (u”,, ug), violating Strong Optimality. 

ase A.3: M° (u's, U5) = {a, v}, v # a. 

Then u,(x) = u9(a) < u,(a), uo(v). Now M°(u) = {a} implies the following structure:
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there exists a (possibly empty) set C’ C A such that 

{y € A] uy(y) < ug(a) } = { y € A | ud(y) > up(a) } U C’, and (A10) 

{y €A|ud(y) <un(a)}={y €A| u(y) > ula) } UC. 

The positions of S(u) compatible with (A6) and (Pareto) Optimality are the following: 

(a) u,(S(u)) < u,(v) and uy(S(u)) > us(v). By CPB, up( S(u’,, ug) ) > ug(v), but by (A4), S(u’,, 

Uy) € Mu’), uy) = {a, v}. This is a contradiction since uy(v) > up(a). 

(B) u,(S(u)) > uy(b) V u,(a) and u9(S(u)) < up(b). 

(7) S(u) = b. 

(6) S(u) = v. 

The last three cases are handled as in case A.2. - 

Case B : M° (u) is not a singleton. 

Say M°(u) = {a, a} and u,(a) = u9(@) < up(a), uy(q@). It is straightforward to check that 

(B.1) ax#x © M°(u’,, us) C {a, a}. 

(B.2) a=x & M°%u’,, uy) = {a, v},v xa. 

One also checks that Mu, u5) € {a, a}. 

Assume again that the claim of Step 3 is false. This means now 

S(u) ¢ {a, a}. (All) 

ase B.1: M° (u's, Uy) C fa, ap. 

By definition of M°, only two positions of S(u) are compatible with (All) and (Pareto) Optimality :



17 

(@) u,(S(u)) < uy(a) and ug(S(u)) > u(a). By CPB, uo( S(u’,, ug) ) > ug(a), but by (A4) S(u’,, ua) 

€ M%(u’,, uy) © {a, a}, a contradiction since uz(a) > uz(a). 

(8) u,(S(u)) > u,(a) and un(S(u)) < uy(a). By CPB, uy( S(u,, wu’) ) > uy(a), but by (A5), 

S(uz, wy) € Mu, u’5) € {a, a}, a contradiction since u,(a@) > u,(a). 

ase B.2: M°(u’,, uo) = fa, vB v # a. 

There are now three positions for S(u): 

(aw) u,(S(u)) < uj(v) and u,(S(u)) > ug(v). By CPB, up( S(u’,, ug) ) > ug(v), but by (A4), S(u’,, 

Uz) € Mw’), uz) = {a, v}, a contradiction since u5(v) > u(x) = up(a) > up(a@). 

(B) u,(S(u)) > uy(a@) and uy(S(u)) < ug(a). By CPB, uy( S(uy, u’5) ) > uy(a@), but by (A5), S(u,, 

ws) € M°(u,, u’5) C {a, a}, a contradiction since u,(a@) > u,(a). 

(y) S(u) = v. Note first that 

there exists a (possibly empty) set C” C A such that 

{y €A| u(y) <uy(a)} = {y € A | uy(y) > u,y(a) } UC”, and (A12) 

{y € Al ud(y) <uy(a)}={y € A | u(y) > uy(a) } UC”. 

Construct u’”, by shifting a to the top of u,. By (A12), wu”, € [uy, ug], hence uz( S(u’”’,, ug) ) > 

u5(v). But then a dominates S(u’”’;, ug) at (u’”’,, uy), violating Strong Optimality. The proof is now 

complete. QED.
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