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MODEL FOR PRECISE DETECTION OF BONE EDGES
by

Visvanathan Ramesh
Dr. Roger W. Ehrich,ChairmanElectrical

Engineering
(ABSTRACT)

A mathematical model which is used to detect bone edges accurately is de-

scribed in this thesis. This model is derived by assuming the X-ray source to be

a square region. It is shown that for an ideal X-ray source (point source), the

bone edge lies exactly at the location of maximum first derivative of the imaged

object’s transmission function. However, for the non·ideal case, it is shown that

the bone edge does not lie at the maximum first derivative location. Also, it is

shown that an offset can be calculated from the edge parameters. The Marr-

Hildreth edge detector is used to detect the initial estimates for edge location.

Precise estimates are obtained by using the facet model. The offset is then cal-

V culated and applied to these estimates.
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1.0 INTRODUCTION

X-rays have been in common use for many years in medical diagnosis. X-ray

negatives provide a representation of a projection of the density of 3-dimensional
0

structures at X-ray wavelengths, which are in the range 10*6 to 10**0 cm. Be- 2

cause of the geometry of the projections, there is considerable geometric distortion

in X-ray images as well as large amounts of photometric noise caused by the im-

aging process and by other interfering tissues and internal structures. Therefore,

the use of diagnostic X-rays for measurement purposes is much more difficult

than for qualitative applications.

This thesis deals with a model which will be used to detect bone edges (or

bone boundaries) in X-ray images with high precision. The model is tested on

radiographic images. A cylindrical bone model is assumed, but it could be ap-

plied for identification of boundaries of any cylindrical object. The model is

clearly dependent on the imaging geometry used. Also, the intensity on the X-ray

photograph is dependent on various factors such as imaging geometry, atten-
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uation eharacteristics of the object being imaged, etc. lt should be noted that the

model developed is used in obtaining an edge detector capable of precisely locat-
i

ing bone edges. The input to the algorithm should specify the region in which the

bone edge is located. ln other words, the algorithm cannot discriminate edges

caused by structures other than bones and hence the user has to specify it.

This thesis is organized in the following manner. Chapter 2 discusses edge

detection. Edge detection is a fundamental process in the field of image process-

ing, and it plays a crucial part in any vision system. Higher processing levels

depend heavily on reliable low level feature extraction. Many different edge

models have been proposed as a basis for edge detection algorithms, and yet, it

is uncommon to find thorough discussions of these models and their suitability

for the types of images to which they are applied. The need for different opera-

tors for different images may indicate our inadequate understanding of edge de-

tection. Edge semantics are complicated, and much effort has been devoted to

detining simplilied models that are sufliciently realistic to produce good exper-

imental results in broad classes of applications. Chapter 2 discusses two major

edge detectors, namely, Haralick’s facet model based edge detector and Marr-

Hildreth edge detector.

As already mentioned, the edge model is dependent on the imaging geometry.

A discussion of the basic geometric factors influencing a radiographic image is

given in Chapter 3. Geometrie factors that influence the quality of the

radiographic image include magnitication, distortion, penumbra and motion.

These factors are discussed in detail in Chapter 3.
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Chapter 4 describes the derivation of the model for a simpliiied case. A point

source is assumed and the distance between the source and the object being im-

aged is assumed to be large. Chapter 5 describes the derivation of the model for

a more general case. The source is assumed to be a small square region and the

distance between the source and the object being imaged need not be large. Using

the derived equations in Chapter 5, plots are obtained and various results are

tabulated. Chapter 6 describes these plots.

Chapter 7 describes an edge detection algorithm which is used to locate bone

edges. Experiments performed using conventional edge detectors and the results

are described in Chapter 7.
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2.0 EDGE DETECTION

This chapter discusses various edge detection algorithms and compares their

relative merits. Edge detectors can be broadly classified into two classes: gradient

operators and second derivative operators. For a general survey the interested
A.

reader is referred to Rosenfeld & Kak (1976). Gradicnt operators respond with

a broad peak at an edge location, and the output of these operators requires a

g thinning or maximum detection step which degrades resolution. Second deriva-

tive operators on the other hand, respond with a zero crossing at an edge location,

which can be interpolated with a precision depending on the Signal to Noise ratio.

Two important edge detectors are discussed here. One is based on the facet

model (Haralick and Watson, 1981) and the other is the Mexican hat filter (Marr

and Hildreth, 1980). _
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2.1 Facet model

The basic philosophy of this model derives from recognizing that the discrete

set of values which form the digital image are the result of sampling and quan-

tizing a real valued function, f, defined on the domain of the image which is a

bounded and connected subset of the real plane. Thus, any property associated

with a pixel or a neighborhood of pixel values should be evaluated by relating it

to the property of the corresponding gray tone surface fwhich underlies the

neighborhood. This involves estimating the surface function f locally, from the

neighborhood samples available. This is accomplished by assuming a parametric

form for f and then estimating its associated parameters. The function can be

linear, quadratic, cubic or even quartic. For example if f is linear:

j(r,c) = or + ßc + 7

. where ot, [3, 7 are parameters to be estimated and r and c are the row and column

coordinates. The facet model assumes that the image is everywhere simple and

that the spatial domain of the image can be partitioned into connected regions,

called facets, each of which satisfies certain gray tone and shape constraints. The

gray tones in each facet must be a polynomial function of the row-column coor-

dinates of the pixels in the facet. The shape constraint is also simple. Each facet

must be sufficiently smooth in shape. The facet model uses least squares fitting

to estimate the coefficients of the polynomial. Least squares fitting is based on

the assumption that the image data contains a slowly varying component, the

EDGE DETECTION s



signal, and a smaller fast varying component, the noise. The problem is to de-

termine that function within a class of functions which best explains the observed

data by minimizing the squared distances from the observations to the underlying

function. For reasons of stability, this is done by keeping the degree of the

polynomial small compared to the number of data points. The underlying as-

sumption is that the order of the polynomial is large enough so that the

polynomial can well represent the signal and at the same time the polynomial is

too small to allow for the reproduction of noise. Additionally, the chosen model

should not be able to reproduce impossible (or unlikely) configurations of the

signal. For small image neighborhoods, low order polynomials will frequently

reproduce enough of the signal for many applications. Higher order polynomials
9

require the use of larger neighborhoods due to the increase in the number of lit-
ir

ting parameters. Over these larger neighborhoods the higher order models may

no longer represent legitimate signal configurations.

2.1.1 Edge detection using the facet model

Haralick (1984) proposed an edge detector using the facet model. Pixels

which are part of regions have simple grey tone intensity surfaces over their areas,

and pixels that lie on an edge have complex gray tone intensity surfaces in their

neighborhoods. Speciiically, an edge is present if and only if there is some point
in the pixel’s neighborhood having a zero crossing of the second directional de-
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rivative taken in the direction of a non-zero gradient at the pixel’s center. To

determine whether or not a pixel is an edge pixel, its underlying grey tone inten-

sity surface is estimated on the basis of the pixels in its neighborhood. Then the

directional derivatives for the intensity surface are computed and the edge pixel

is located at places where a zero erossing of the second directional derivative is

present. As noted, the second directional derivative is taken in the direction of a

non-zero gradient at the pixel’s center. Thus this kind of edge detector will detect

weak local gradients.

2.2 Murr-Hildretlz edge detector
”

Marr and Hildreth (1980) suggest an edge operator based on the zero

crossings of a generalized Laplacian. In effect, this is a non-directional or

isotropic second derivative zero erossing operator. Marr and Hildreth selected a

limited range of spatial frequencies by blurring the image with Gaussian filters,

and they identified edges as the locus of points where the directional derivative

of the filtered image has a peak, which implies the zero erossing of the second

derivative. This technique is important because of its ability to detect edges at

several different resolutions, determined by the standard deviations of the

Gaussian filters. This technique locates infinite straight edges with linear illumi-
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nations exactly. Berzins (1984) examines the error introduced when the actual

edge is not an ideal straight edge.

The mask for the generalized Laplacian operator is given by sampling the

kernel

(1 ""o
2o

at the row, column coordinates (r,c). lntensity changes are detected in image

l(r,c) by linding the zero-crossings in A2G(r,c) * I(r,c), where * denotes convo-

lution. Wherever an intensity change occurs, there is a peak in the tirst directional

derivative and a zero crossing in the second directional derivative. Detection of y

intensity changes is then reduced to tinding the zero crossings in the second de-

rivative of the intensity in the direction of maximum slope at the zero crossing. .

Huertas and Medioni (1985) present a system for detecting edges with

subpixel precision. Subpixel precision is obtained through the use of the facet

model. The zero crossings are located in the neighborhood of a zero crossing, and

the filtered image is modeled by a polynomial. Subpixel values are then obtained

by sampling this continuous function on a regular grid whose size depends on the

desired resolution. The interpolating function is a 3rd degree polynomial in the

image row and column coordinates.

The above paragraphs discussed some of the important edge detectors pro-

posed. A detailed discussion of each can be found in the references given.
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3.0 RADIOGRAPHIC IMAGE

3.1 Geonzetrgy

This section briefly considers some of the factors of geometry which influence

the quality of the radiographic image. Examples considered here are nothing but

X-rays originating at the X-ray tube and directed at the patient ( or the test ob-

ject) and an X-ray film. For purpose of discussion in this section it is assumed

that any object placed in the X-ray beam will absorb all the X-ray photons that

are incident on it. This is an unlikely situation, but it makes examples easier to

understand.

RADIOGRAPHIC IMAGE 9



l

3.2 Magnäication

When an object is placed in the X-ray beam, a shadow is cast on the film

which shows a degree of enlargement (depending on the distance between the

object and the film). Since it is assumed that the object absorbs all the X-rays

incident, the developed film would show a clear area corresponding to the shape

of the object, surrounded by exposed film. The magnification factor l\/I is nothing

but

_ Image size
M Object size

In the clinical situation the object would be a structure or a foreign body within

the patient which is not available for measurement. By determining the degree

of magnification, the true size of the object can be calculated. The magnification

factor is equal to the ratio of the source-object distance to the source-film distance

for the simple configuration shown in Figure 1 on page ll.

L = object size
H image size

In this example the object was placed directly beneath the focal spot. But if the

object is displaced to one side so that the more oblique X-rays are used to form

a image the magnification factor would be different depending upon whether the

object is flat or not. Under usual radiographic situations magnification is kept

to a minimum.

} RAmocRAPmc IMAGE 10
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Figure I. Magniücation factor in X·ray images.
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Two rules apply:

l. The object should be placed as close to the film as possible

2. The source to film distance should be as large as possible.

3.3 Distortion

Geometrie distortion results due to unequal magnification of different parts

of the same object. ln an X-ray, distortion will be different in different parts.

Distortion of thick objects oceurs if they are not directly in the central part of the

X—ray beam. Since different parts of thick objects are at different distances from

the X-ray film, each part will be magnified by a different amount. This will cause

the shape of the image of most thick objects to be distorted. Only the part of the

thick object which is parallel to the film will be undistorted. Also, distortion of

the relative positions in the image of two objects may occur if the objects are at

different distances from the film. Figure 2 on page 13 shows the types of dis-

tortion due to the geometry.

RADIOGRAPHIC IMAGE 12
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3.4 Penumbra

The Penumbra, often termed edge gradient, is defined as the region of partial

illumination which surrounds the umbra, or complete shadow. Here it is assumed

that the source is not a point but is actually a small square region, usually with

edge dimensions ranging from to 0.3 to 2.0 mm. The source acts as if it is com-

posed of many point sources of X-rays; this thesis is based entirely on this fact.

The edges of each of the images produced by each point source will not be in ex-

actly the same spot on the film. Hence a zone of unsharpness is present. This

is called geometric unsharpness, penumbra, or edge gradient , and represents the

area where the margins caused by the many "point sources" of X-rays in the focal

spot overlap. Figure 3 on page 15 shows the penumbra and the umbra regions.

3.4.1 Absorption unsharpness

Absorption unsharpness is dependent on the shape or contour of the object

and thus its pattern of X-ray absorption at and near its edges. This factor cannot

be controlled.

RADIOGRAPHIC mac}; 14
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3.5 Motion

Motion is one of the biggest sources of unsharpness in radiology. Motion

Unsharpness is the term used to describe image unsharpness caused by motion

of the examined object during exposure. Object motion will produce the same

type of image unsharpness as penumbra. Object motion may be minimized by

immobilizing the patient or by using a short exposure time. X-ray tube motion

is much less important than object motion unless considerable magnification is

present.

3.6 Inverse square law

The intensity of the X-ray beam on a flat surface is inversely proportional to

the square of the distance from the source and directly proportional to the source

current.

X-ray tube rating in mAs
I oc ----—-——————-——,

dz

where d is the distance between the source and the point under consideration.

The significance of this statement relates to the method of altering exposure

techniques subsequent to anychange on the tube to film distance. In order to

RADIOGRAPHIC IMAGE I6



double the tube to film distance and still maintain the same film density, the

current must be increased 4 times. This is because the new area of incidence will

be 4 times the previous area. The new tube current rating is obtained by:

zi = di
iz dä

’

where i,, iz are the X—ray tube currents necessary to maintain the same film den-

sity when the tube to film distances are dj and dz respectively. The standard tube

to film distance is around 40 inches. Decreasing this distance compromises image

quality. The higher limits in the tube to film distance is based primarily on ca-

pabilities of the X-ray machine and health safety aspects of consistent increased

exposure. -

3.7 Heel eßect

The heel effect refers to the uneven distribution or variation in intensity of

X-rays within the beam. The intensity of the beam is less on the target side of

the field than the cathode or filament side. This is due to absorption of X-rays

within the target itself. This difference is less dramatic with small fields but is

very pronounced with large fields. The significance of the heel effect relates to

positioning of large objects that have pronounced differences in thickness in the

same field. This is shown in the following Figure 4 on page 18.

nAmocRAr>mc IMAGE 17
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3.8 Summary

Geometric factors that influence the quality of the radiographic image in-

clude magnitication, distortion, penumbra and motion. Factors which will de-

crease the unsharpness due to magniiication and penumbra are:

Magniücation

l. Small object-lilm distance

2. Large source-film distance

Penumbra E

1. Small focal spot size

2. Small object-film distance

3. Large source-film distance

Motion

1. Fastest exposure time possible

2. Adequate restraint

RADIOGRAPHIC IMAGE 19



4.0 SIMPLIFIED MODEL

4.1 Point source - infinite distance model

This section discusses a simplified model and assumes an ideal geometry. The

imaging model used in this thesis makes use of the assumption that bone objects

to be imaged are cylindrical. It is assumed that the X-ray source is a point source

and the distance from the source to the object is very large. Also it is assumed

that the object being imaged is close to the film. This is nothing but the simplified

geometry given in Figure 5 on page 21.

The coordinate axes are chosen such that the center of the object is the origin.
The function

/‘(x)=\/(R2—X2) SR
0 Elsewhere

describes the length of a chord of a circle through which an X-ray beam passes.
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The transmission of the developed film (to light) along the X-axis is given by

the transmission function:

gm =1— exp( — ayoo) lx! s R (4-2)
= 0 Elsewhere

where ot is the bone X-ray absorption coefficient. (Note that the X·ray density

is assumed to be proportional to the transmission of the object. ln other words,

the film exposure curve is assumed to be linear over the range of the transmitted

X-ray intensities). Differentiating Equation (4.2) with respect to X one gets:

3 = otexp( — otj(X))[—§£] and

. 52 2
OX OX *2

. . . Ö2 .The first derivatrve IS max1mum when = O Th1s means that:

62.1 = .62 2 (43)

In this case:

li = __;i..
ÖX \//R2 — xyz and

62[ = R2 - 2x2

52 5[ —
When —-L = t1[ ZI2

5X2 5X
R2 — X2 = R2 — 2X2 or
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I

X2) = (R4 - ZX2)2

That is

¤X4 + (4 R4 = 0 IXI s R (4.4)

Hence solution of the above polynomial in X would give the exact location

of the maximum first derivative of the transmission function for the idealized

case. This polynomial could be solved by Newton-Raphson iteration method.

4.2 Point source - finite distance model

If one drops the assumption that the distance between the source and the

j object is infinite, then the equation for the transmission function along the edge

is dependent on the distance between the source and object. lf Y1 is the distance

—_ between the source and the center of the object and D is the distance between the

source and film then the distance function f(X) is given by:
4 2 .2

/(X) = 2 R2 — —;lé——; (4.5)
X + o

and

sth = 1 — ¤><p( — ¤/(X))

Let Z2 = X2 + D2 and C2 = Y? — R2 for Y1 greater than R. Then j(X) becomes:

simrumzo Moon:. 23



I

z
.. - 4.6“° YÖZ2 + Yfßj ( )

= <Z2G—>JßZ — ZZ

This means that j(Z) is similar to the distance function of the ideal infinite dis-
tance case and a similar analysis could be done for this function. The next sec-

tion gives the derivation of the polynomial in Z which gives the maximum
gradient location of g(Z) .

4.2.1 Location of maximum gradient

The first derivative of f(Z) with respect to Z is:

gg: -ZC/——2_ 2_ 2C
5Z Z2 B Z /-7-77V B Z

2Or = 7 2CB
XM BZ — ZZ

The second derivative is:

2 2 q 2 r 25(_‘_ 2 2 _ 1 _2CB(..B—3Z)2 * ZGB I-7-7;-2 *-*7;%*ÖZZ«/B—Z Z(«/B-Z) Z(«/B-Z)

Now the second derivative of the transmission function g(X) is zero at:

2E
ÖZZ ÖZ

That is,

SIMPLIFIED MODEL 24



2cß2(282 — 322)
= Q (2CB2)2

Simplifying one gets:

926 — 128226 + (2cß2)2¤222 — (2cß2)2¤2ß2 = 0 (4.7)

By solving the above polynomial, Z2 can be obtained. Then the location of

maximum first derivative is given by:

X2 = 22 — 02

or X is:

X = J22 — 02 (4.8)

The polynomial in Z could be solved using Newton - Raphson iteration tech-

nique. The roots of the polynomial could be real or complex and since the coef-

ficients of the polynomial are real, complex roots occur in pairs.

The roots of the polynomial were obtained for various source to object dis-

tances. The results are tabulated in the table given below. Note that the knee

location is nothing but the point along the X axis where the transmission function

goes from 0 to a positive value.

simvurrso Momar. zs



Table l. Variation of source distance (simplilicd model)

Source Max.First
Knee Location Derivative

Distance Location
cm cm cm

-3.0619 -3.0619
20.0 -2.6907 -2.6907
25.0 -2.5126 -2.5126
30.0 -2.4077 -2.4077
35.0 -2.3385 -2.3385
40.0 -2.3167 -2.3167
45.0 -2.2894 -2.2894
50.0 -2.2528 -2.2528
ß-2.1057 -2.1057

1000.0 -2.0100 -2.0100
Radius of object = 2 cm

Screen distance from center of object = 5 cm

Source is a point source
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5.0 DERIVATION OF THE MODEL

5.1 Imaging geometiy

As mentioned in Chapter 4, The imaging model used in this thesis makes use

of the assumption that bone objects to be imaged are cylindrical. The assumption

that the X-ray source is a point is for an ideal case and in this section, this con-

dition is relaxed. That is, the source is assumed to be of finite area, and it is not

approximated by a point source. A drawing of the imaging model is shown in

Figure 6 on page 28.

Let the distance between the source and the center of the cylinder be Dm, and

let the distance between the source and the X-ray film be Dm. Let the radius of

the cylinder be R. The expression for the transmission function along the axis

of projection is derived below. The cross section of the object is a circle, since the

object is cylindrical. The attenuation of the X-ray beam depends on the distance
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travelled in the object being imaged. Therefore, the distance travelled inside the

object should be obtained in order to obtain a measure of the transmission of the

film along the projection axis. This is obtained by finding the equation for the

distance between points of intersection of the ray and circle as shown in

Figure 6 on page 28. The overall contribution to the transmission at any par-

ticular point along the projection axis is given by summing all the effects of the

infinitesimal point sources. It can be seen that a 2-dimensional model is used.

The next section briefly discusses why a 2-dimensional model is sufficient.

5.2 2D vs 3D model

In this section, it is shown that a 3D model is not necessary and that the 2D

model is an accurate approximation. Let X', Y' and Z' be the coordinate axes,

and let the cross section of the object be given by the equation

XI2 + YI2_;In

the 2D model the distance function along the X' axis is sufficient to define the

overall transmission function. If a 3D model were assumed, the distance function

along the Z' axis should also be computed. As can be seen, the cross section of

the object along the Z' axis would be a rectangle of length L (equal to the length

of the cylinder) and height 2R. The distance function along the Z' axis can be

derived as follows.
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Let AW be the width of the source. Let W1 and W2 be the projections of the

end points of the source onto the Z' axis. In other words, W1 and W2 are the Z’

coordinates of the end points of the source. Referring to Figure 7 on page 30, the

transmission at point Z due to source at W1 is proportional to the ray W1Z inside

the cylinder, AB. Similarly the transmission at the same point due to source at

W2 is proportional to the distance travelled by the ray WZZ inside the cylinder,

CD. The overall transmission at point Z would be the integral:

jäz ;(w,Z') dw,

where f(w,Z’) is the distance travelled by the ray inside the object, when w is the

source point and Z’ is the point on the tilm. Note that triangles AA1W1, W1BB1

and W1ZE1 are similar. I-Ience one obtains,

WiEi

That is,

D — R/ent/Mi) = (—‘“’—ö—)<Wi · Z)

The Z' coordinate of A is therefore:

W1 — Ien(AA1)

Therefore:

A =
(R — Dso)(Wl

_
Z) + Wl(Dso + Dsc)

Y
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or cancelling terms, one obtains

A = (R + DSC) W, + Z(D,,, — R)
D

Similarly the Z' coordinate for B is:

W,(0_„, — R) + Z(D_„, + R)B = —————— D

Therefore, the distance travelled by the incident ray is:

Ien(AB) = d(W,,Z) = 1 +4RZ)„/ 0

Replacing W, by W, the variable for the source coordinate, one obtains:

2ZR )2 +4,,2)

The difference in the lengths of AB and CD can be computed using the above

equation. This is obtained by calculating d(W,Z) for W = W, and then sub-

tracting d( WAZ) from it. This difference Ad is

ZW R — ZZR ZW R — ZZRAd = X/((—l—D——)2 +4122) — X/((——2———D————)2 +4122)

Expanding the term within the square root in power series and neglecting higher

order terms, one gets:

ZAd2Rl(1+ 2l D I) (1+ ZI D lll

i This is equal to:
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- W1 ” W2 = AIVAd - 2R1—————2D1 R-T

Since AW < < D and R < D, one can see that Ad is negligible. Hence the source

can be approximated by a point in the Z' axis, and the problem can be solved in

two dimensions.

5.3 Dcrivation (in two dimensions)

The general expression for the distance between the points of intersection is

obtained using the equations for the ray and the circle.

Let the Equation of the line (the ray) be

y' = RR-><’ + C (1)

The Equation of the circle is:

(x'>2 + o')2 = R2 (2)

Substituting for y' from Equation (1) into (2) one obtains:

+ (mx + C)2 = R2 (3)
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The y' and x' which satisfy Equation (3) are the points where the line given by

Equation (1) and the circle given by Equation (2) intersect. Equation (3) can be

rewritten as:

(x·)2 + m2 (x·)2 + 2mCx' + C2 = R2

or

(x')2 (1 + m2) + 2mcx' + (C2 — R2) = 0 (4)

Solving Equation (4), one obtains:

x, = ( -2mc at :('(4m2c2 — 4(l + m2)(c2 —R2)))
2(1 + m2)

or

x, =
(—mC i 2/(R2(1 4; m2) — C2)) (5)

(1 + M )

From (5), substituting for x' in (l) :

y, = (C C2)) (6)
(1 + M )

The distance between the two points of intersection is now computed. This

will provide the distance travelled by the ray inside the object.
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Let (x,y1) and (x2,y2) be the two points of intersection. Then the distance

between them is given by:

D2 = (xi · m2 + (y1 · mz

In this case:

D2 Z 4(122(1 + 2222) - c2)(l + 2222)
[1 + m2]2

That is,

2
D2 =

“'(l + m )

Note that the representation (7) has one ambiguity, this being that when

x, = x2, the y intercept, c, is undefined. In this case this form of representation

is no longer valid. To avoid this, the same equation is rewritten in the following

format:

(1 · x 1102
12 = 2 122 — 1;--4;-1(/ (1 + m )

This reduces to:

D = 2 R2 _ [<(x2 · xnyi · 022 — m><1)2] (8)
2/ [(x2 ' X1)2 + 0*2 ' y1)2]
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which is always valid. If k, is the source axis variable and k, is the screen axis

variable, one can write D as

16 — 12 — ( — 16 2d<R1.R2> = 2 R2 —1——————————“2 2222, 22 222,22 1 (8-1)
ki) + U22 " }21)]

When x, = x, then

(X )212 =- d(»«1.x1> = 2R2./ 02 - y1)
or

D = d(xl,xj) = 2\/R2 — x? (9)

The boundary of the object consists of the points where the transmission

changes from zero to a positive value. Note that D is undefined outside the object

where xf > R2. The limiting case is the case when D is zero. D is zero when

2R2 — ——£—; = 0 (10)
l + m

hence at the boundary:
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5.4 Calculation of Xmin and Xmax

The locations along the projection axis where D goes to zero are derived here.

Note that D is nothing but the distance function discussed in the previous chap-

ter. These are the two points of interest in locating the edge. These are labeled

Xmin and Xmax in the Figure 6 on page 28.

Let (x,y) be any point on the film, and let (x,_y,) be a point on the source. Let c

and m be the y intercept and the slope of the line joining these two points. Then

c and m are given by:

C = (Vx.) — mx)
(xs — x)

tx · xs)

Using Equation (10) one could find the value of x such that the line joining (x,y)

and (x,y,) is the tangent to the circle. The following equation in x is obtained by

substituting for c and m in (10).

y3> + xt — 2»«.R2 + 2»«.y.y> + <o2 — zyy. + y?>R2 - fx? + »<3R2>1 = 0

In other words
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l

Ax2+Bx+C=O (12)

where

A = R2 — ol?
ß = 2x.w — Ab

C = <o ßlxlf

The effective transmission at a particular point kz on the film is obtained by

summing the contributions of each point source. The transmission at any par-

ticular point is given by: lf kl is the source axis variable and kz is the screen axis

variable then:

/</<z> = ll(X(lf’;3)<l — ¢><1>< · ¤d(/<r,/<z)>> dkil (13)

where X’l,l2l and AQ,l2l are the kl -coordinates of the right most point and the left

most point on the source which contribute to the transmission at point kz respec-

tively. The values for the limits of the integral can be obtained using a procedure

which is the same as the one for computation of Xml and Xmlll.
The integration of the expression for D was done using numerical techniques.

The method used was the Simpson’s one-third rule of integration (for a dis-

cussion of Simpson’s rule see the Appendix). lt is possible to obtain a closed form

solution for the integral by making the following assumption.
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The denominator in the expression for D, xl — xl, tends towards xl in the
vicinity of the boundary. lf one ignores the xl term in the denominator and in-
tegrates the expression, then the solution is:

_- (x——A)im — Almrai — rxl(y2)

where

D? = xä + ol —yl>’

and

xzyiA = —.

The reason why this solution is invalid comes from the fact that by neglecting xl
in the denominator, xl ·— Al is slightly greater than R, and hence the inverse sine

cannot be taken since the argument is greater than one.

DERIVATION OF THE MODEL 39



6.0 ANALYSIS OF PLOTS

The following paragraphs explain the results obtained using above model.

It was mentioned earlier that the transmission function along the screen axis de-

pended on the imaging geometry, and it was shown to be a function of the source

to screen distance, radius of the object being imaged, and the source width. In

practice, bones are considered to be cylindrical objects with a thick outer crust

of calcium, and maximum absorption takes place in the outer region. The X·ray

beam is not attenuated linearly, but rather, exponentially. The transmission

function in the case of exponential attenuation is proportional to:

I=1·— exp( -0tD)

It can be seen that in the case of exponential attenuation the edge is sharper.

This is caused by the relatively faster change in the transmission function as D

increases. It can be seen that when D is large, I is unity. When D is TX- the

transmission is l-(1/e), which is approximately 64 percent of its maximum value.
Hence, maximum change in the transmission function occurs in the range
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0 s D s Ti-. One can see that as alpha increases the value —é- decreases, and this

causes faster rise in the transmission function. The next few paragraphs discuss

the details of the plots determined from Equation (13).
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6.1 Variation of edge parameters with source distance

The source to object distance was Varied keeping the source width, radius of
object, and the object to screen distance constant. The following table shows the
Variation of the location of maximum first derivative due to Variation in source
distance. As the source distance increases, the location of the knee where the
transmission value changes from zero to a positive value approaches the knee
point for the ideal infinite source distance model. As discussed in the section on
penumbra, it can be seen that the zone of unsharpness or penumbra is wider

when the source is closer to the object. The results are tabulated in Table l. Fig-
ure 8 on page 44 shows the plots obtained for various source distances. V
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Table 2. Variation of source distance

Source Max.First
Xmax Derivative

Distance Location
cm cm cm

15.0 3.3454 -2.8127
20.0 2.8701 -2.6874
25.0 2.6442 -2.4110
30.0 2.5117 -2.3478
35.0 2.4246 -2.2856
Q 2.3628 -2.2239

45.0 2.3167 -2.2057
50.0 2.2811 -2.1895
55.0 2.2527 -2.1562
Radius of object = 2cm

Screen distance from center of object = 5 cm
Source width = lcm
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6.2 Variation of source width

The source is not a point but a small square region, and it can be modeled

as a number of inlinitesimal point sources. The source width was varied from 0

to l cm and the results were tabulated. The results are given in Table 2. From

the plots, it can be seen that the transmission changes rapidly from zero to one

in the case of the point source. As expected, the edge is more close to an ideal

step function in this case. The edge is wider for the cases with large source

width. It can be seen that the edge width is proportional to the source width.

Figure 9 on page 47 shows the plots obtained for various source widths.
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Table 3. Variation of source width

_ Source Max.First
Xmax Derivative

Width Location
cm cm cm

2.2425 -2.1622
E 2.2323 -2.1764
ß2.2221 -2.1646

0.2 2.2119 -2.1946

E2.2018 -2.2018
Radius of Object = 2 cm

Screen Distance from center of object = 5 cm

Source Distance from center of object = 50 cm
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i
6.3 Variation of attcnuation factor

Attenuation of X-rays is not linear, and for the bone model it was assumed

to be exponential. lt can be expected that if the attenuation coefficient is in-
ereased, a sharper edge would be obtained. The Variation of attenuation factor
on the maximum first derivative location is tabulated in Table 3. It can be seen

that for small Variation in the attenuation factor there is little change (in fact, no

observable change) in the location of maximum first derivative. It can be seen,

however, that large values of attenuation factors tend to sharpen the edge and

hence the location of the maximum first derivative is closer to the value of Xmin.
Figure l0 on page 50 shows the plots obtained for various attenuation factors.
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, Table 4. Variation of attenuation factor

Attenu- Max.First
ation Xmax Derivative

factor Location
cm cm

2.2527 -2.1562
2.0 2.2527 -2.1562
3.0 2.2527 -2.1562

j Q 2.2527 -2.1562
j 5.0 2.2527 -2.1562T Q 2.2527 -2.1562

7.0 2.2527 -2.1562
ß2.2527 -2.1562
ß 2.2527 -2.1562

Source width = 1 cm
Radius of object = 2 cm

Screen distance from center of object = 5 cm

Source distance from center of object = 50 cm
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7.0 EXPERIMENTS AND DISCUSSION
The previous sections outlined details of the derivation of the edge model.

The following section discusses experiments performed to verify the model as well
as to utilize the theoretical details for edge detection. Verification of the model

could be done by plotting the experimental edge profile and comparing it with the

theoretical graphs. In fact, synthetic images could be created using the theoretical
« model and various edge operators could be applied to the synthetic data. The

following paragraphs describe the experiments performed both with synthetic and

with experimental data. Images were created by digitizing X·rays obtained from

the College of Veterinary Medicine. The X-rays were obtained by imaging a tibia
specimen using table top technique ( bone directly on cassette ). The tube to film

distance was about 100 cms and the focal spot size was varied (small to large

size). The images were of size 512 by 512 pixels. The average diameter of the

bone was around 1.25 cms which varies from 50 to 70 pixels in the images used.
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7.1 Comparison of model and experimental data

Using the images obtained, an one-dimensional edge profile was obtained by
averaging profiles along the direction of the edge. In this case, the edge was ori-
ented vertically and hence columns were summed. All the pixels along a partic-
ular column were summed and then the resulting value was divided by the
number of rows. Since the image used was of size 100 by 100, the profile was
obtained by averaging 100 pixels along a column. The plot obtained is shown in
Figure ll on page 53. The plot obtained was as predicted by the theory. There
is a decrease in the intensity to the right of the edge. This is not predicted by
theory, but this could be attributed to the fact that the model assumes a solid
object. In fact, the bone has a thick outer crust made of calcium, and the inner
portions do not attenuate X-rays as rapidly. Hence the model is valid only in the
transition region of the edge. Since the aim is to model this intensity variation
along the edge accurately the model is justified. Plots of a single row along the
edge were also obtained (see Figure 12 on page 54).

7.2 Operations on the synthetic image

A synthetic image was generated by using the derived formulas to obtain a
row profile and then replicating this row. The width of the edge was varied and
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plots of the intensity as a function of rows and columns were obtained. Edge
operators were applied on these synthetic images and results obtained. Both the
facet model and (as shown in Figure 13 on page 56 and Figure 14 on page 57)

the Mexican hat filter performed well in detecting the location of the maximum
first derivative, that is, the zero crossing of the second derivative. These edge
detectors place their edge at these locations. The argument that follows describes
why the edge should not be placed at the zero crossings of the second derivative
in this case.

7.2.1 Where edges should be located.

The main objective in deriving the edge model is to account for the fact that the

X-ray source is not a point source, but rather a square region. As a consequence,

the bone boundary is not at the maximum slope point of the edge profile. Re-

ferring to Figure 6 on page 28 it can be seen that the true edge for a point source

would lie a small distance from Xmin. As shown in the diagram, for a point

source the intensity transition occurs at point G, which is the average of the x-

coordinates of points B and D (assuming symmetry of the source). Also, from the

plots one can verify that the maximum first derivative location does occur at G

for a point source, and it occurs at a point away from D for the line source. Due

to these factors, one has to locate the edge at point G, and not at the maximum

first derivative location. One possible solution would be to locate the maximum
slope point first and then to locate the edge at the knee of the transition (the place
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where the intensity becomes zero or approximately constant). As already men-
tioned, conventional edge detectors like the Marr-Hildreth edge detector and the

Haralick edge detector locate this maximum slope point, and hence one could

utilize these detectors for that purpose. The following section describes the results
obtained by using these conventional edge detectors.

7.2.2 Mexican hat filter performance on synthetic image

The performance of the Mexican hat filter on the synthetic image was studied

mainly because the edge profile is a nonlinear function, and from the results one

could calculate the error for this case. The two-dimensional Mexican hat filter

was applied to the synthetic image, and then zero crossings on the resulting image
i

were located. The size of the operator was 7 by 7. The standard deviation was

varied from 0.5 to 3.5. The zero crossings were located exactly at the maximum

first derivative location (pointed out from the theoretical data used). Varying the

standard deviation of the Gaussian function resulted in little change in output

except for change in the gradient amplitude at the location of zero crossing in the

output image. Also, Variation of the size of the window did not change the lo-

cation of the zero crossings. These results are expected since one is dealing with

the ideal case where little noise is present. Berzins (1984) shows that the Mexican

hat filter locates infinite straight edges with linear illuminations exactly. Errors

are shown to be small for nonlinear illuminations with a second derivative less
than a critical Value.
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7.2.3 Facet model performance on synthetic image

When applying the facet model to the image, there were several factors to be
considered. They are:

1. Choice of polynomial

2. Choice of window size and

3. Method of utilizing the coefticients estimated.

These factors are discussed here. The underlying polynomial function to be used

depends on how well the polynomial will represent the edge model. lf the dis- „

tance function f(X) in Equation (4.1) were to be expanded in a Taylor series, a

polynomial with a larger degree would represent the model better than a

polynomial with lesser degree. However, as degree increases, the parameter esti-

mation errors may cause large anomalies in the shape of the estimatcd curve. In

order to choose the order/degree of the polynomial one should calculate the error

of fit and choose the order such that error is within an acceptable bound. The

table of errors for various orders are given below for the synthetic data. The error
is given by:

Error = l0g( l + sum of squared errors )

These results suggest that the degree of the polynomial to be used should be
at least three. It should however be noted that cubic polynomials are very sensi-
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tive to the slope of the fit; that is, if a set of data points or a curved shape to be

fit is relatively steep, unwanted humps or loops may appear in the polynomial

model. Also, one should note that a 3 by 3 window is insufficient to obtain the

cubic polynomial coefficients since the number of data points is less. Also it is

necessary to see that mere existence of sufficient points does not guarantee that

the cubic polynomial will meet the problem requirements.

The second factor to be considered after choosing the order of the polynomial

is the size of the operator to be chosen. The window size should be such that the

estimated polynomial best describes the intensity Variation. The following table

shows the errors obtained using Various degree polynomials and Various sizes of

operators used.
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Table 5. Errors for various polynomial dcgrees

Facet
(5 by 5) Error
Order

2 10.00
3 1.50
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Table 6. Errors for various operator sizes

Facet Operator
Error

Order size
Ä 3 byll13 by07Ä3 by0333 byll33 by 07 ¢

2 5 by 05 4.53 3 by ll Q3 3 by 07 ß
3 5 by 05 0.70
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These results suggest that the window size that best suits this purpose is 5 by

5. This is right since the edge for the synthetic image was only 5 pixels wide and

a large window, say 5 by 11, would try and fit a curve for the entire window and

would result in a larger error. Note that this is also due to the fact that the image

could be considered linear or quadratic or cubic in a small region, and this forms

one of the assumptions of the facet model.

The third factor to be considered is how to utilize the estimatcs of the coeffi-

cients of the polynomial. This is the most important part. l-laralick (1984) places

the edge at places where the first derivative was above a threshold and the second

derivative was zero in the direction of the maximum gradient, but it has been

shown that the bone boundary is not located at the zero crossing . As mentioned

in the preliminary sections of this thesis, the cubic facet polynomial is given by:

f(r,c) = ao -1- alr + azc + agrc -1- aarz -1- 61562 + agrcz -1- a7r2c + CI8f’3 -1- 61963

In the synthetic image, the function was independent of the rows since the inten-

sity variation occurred only along the columns. l-lence the polynomial would be:

/(r„¤) = ao + azc + ascz + M3

The first and second derivatives of this function with respect to c are:

6 _ 2

2
= 2615 + 66196

öc

The location where the zero crossing of the second derivative occurs is therefore:
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.. “ as

CZandthe maximum value of the first derivative is:

fmax = @2 + Zascz + Mac?

l—lence one can calculate the location of the maximum first derivative using the

above equations. A cubic surface was fit to the synthetic image and the location

of the maximum first derivative was calculated using the above equation. For the

central neighborhood cubic facet fit, the locations calculated approximately coin-

cided with theoretical values given by plots obtained before. If one calculated the

best fit among all neighborhoods in which a pixel participates, then the results

were very accurate. These results given above suggest that one could detect zero

crossings after operating on the input image with Mexican hat filter. If a pixel

is labelled a zero crossing then one could compute the coefficicnts of the

polynomial which fits a small region centered around the pixel. Using these co-

efficients one could calculate, to subpixel precision, the location of the maximum

gradient. Also one can look at the rate of change of the first derivative to locate

the zero crossing. The zero crossings should be located at pixels which minimize

the ratio of the second derivative to the first derivative. This is expressed math-

ematically as:

y = ,f ¢ 0f'
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7.3 How much is the oßset for the edge location?

It was argued that the desired bone edge is not located at the maximum first

derivative point. This offset from the zero gradient point could be derived from

the theoretical results obtained using the model. Section 6.1 described the vari-

ation of edge parameters with source distance, and a table gave the maximum

first derivative locations for various source distances. The following table gives

the relationship between the edge location for the point source and the maximum

first derivative points for the non-ideal source.
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Table 7. Point source edge vs non-ideal source edge (various distances).

Source Edge Xmin/2
Xmax location f’max + Ratio

Dist. for pt. f’max/2 R
cm cm source cm

3.3454 -3.0618 -2.8127 -3.079 1.0056
15.0 2.8701 -2.6907 -2.6101 -2.740 1.0183
20.0 2.6442 -2.5125 -2.4110 -2.527 1.0058
25.0 2.5117 -2.4077 -2.3478 -2.429 1.0088
30.0 2.4246 -2.3386 -2.2856 -2.355 1.0070
35.0 2.3628 -2.2895 -2.2239 -2.293 1.0015
40.0 2.3167 -2.2528 -2.2057 -2.261 1.0036
45.0 2.2811 -2.2244 -2.1895 -2.235 1.0048
50.0 2.2527 -2.2018 -2.1562-2.204ß

2.1256 -2.1004 -2.0756 -2.1006 ß
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Here R is the ratio of the average of Xmin and maximum first derivative location

to the coordinate of the edge location for a point source.
” The results shown in the table suggest that the edge should be placed exactly

half way between the maximum first derivative location and location of Xmin.

This is a rather startling result, since we note that the edge for the point source

lies exactly midway between Xmin and maximum first derivative point. Part of

this result could be due to the symmetry of the source (with respect to the y axis)

which was assumed in the model. Also this suggests that the exponentiation in

the Equation (13) does not affect the characteristics of the output very much.

Hence one has to offset the edge by half the distance between the maximum first

derivative location and the nearest minimum intensity point to the left of the

edge. The table was tabulated for a source width of lcm. The following table

shows that the above result holds good even when the source width is changed

and the source distance is kept constant.
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Table 8. Point source edge vs non-ideal source edge (varying width).

Source Edge Xmin/2
Xmax location f’max + Ratio

Width for pt. f’max/2 R
cm cm source cm

0.80 2.2425 -2.2018 -2.1622 -2.202 ß
ß 2.2323 -2.2018 -2.1764 -2.204 ß

0.40 2.2221 -2.2018 -2.1845 -2.203 1.0005
0.20 2.2119 -2.2018 -2.1946 -2.203 1.0005
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7.4 Operations on experimental data

This section describes the performance of the above detectors when applied
to experimental data. As pointed out in the preliminary paragraphs of this dis-
cussion, the model is valid only in the region of intensity transition. Also, the
model does not consider factors like tissue attenuation, which would affect the
intensity function. However the model only suggests the approximate behavior
of the intensity function normal to a bone boundary. A more critical analysis can
be done by assuming a cylindrical shell of small thickness as the object.

7.4.1 Mexican hat filter performance on experimental data ‘

The Mexican hat filter was applied on a portion of the image and it was seen
that zero crossings occurred at boundary pixels as well as at some noise points.
These noise pixels could however be removed by using an appropriate threshold,
A pixel was marked an edge pixel if any two diagonally opposite eight neighbor
pixels in the operator output had the intensity:

1,,1 < —Ta¤d 1,,2 > T

Here T is the threshold, pl and p2 are diagonally opposed neighbors of the center
pixel. As expected, with a larger T, edges with minimum contrast are filtered,
and hence T had to be chosen so that weak boundaries are not removed. This
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suggests that one should have some sort of a linking mechanism or use some other
feature of the edge to remove noise pixels. When the input image was median
filtered and then the Mexican hat filter was applied, the result was an image with
much noise removed.

7.4.2 Facet model performance on experimental data

This section describes the results obtained by application of the facet model
on the experimental data. The cubic facet fitting operator was used and the re-
sulting coefficients of the facet polynomial were used to determine the locations
of the edges. The result here was similar to that of the Mexican hat filter, and itl
should be noted that this step too involved choosing a threshold. In this case a D

threshold for the maximum first derivative was given to remove noise pixels.

7.5 Description of bone edge detection algorithm

This section describes the algorithm used for locating the bone edge precisely.
There are several steps for detection of the edge location. They are:

l. Apply Mexican hat filter to the input image

2. Locate zero crossings in Mexhat filter output
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3. Apply Central Neighborhood cubic facet model to the input image

4. Use the facet polynomial coefficients to determine location of zero crossings

of second derivative

5. Use the outputs obtained from step 2 and step 4 along with the original input

image, calculate the offset and use it to locate the real bone edge.

Steps given above which have not been discussed earlier will be described below.

Parameters which could be varied in step 1 are the operator size and the standard

deviation of the Gaussian function. In order to remove edge pixels due to noise,

a threshold may be specified in step 2. The edge pixels are located as described

in the section on Mexican hat filter performance on experimental data. The only

parameter needed for step 3 and step 4 is the size of the facet operator to be used.

The input to step 5 should include the size of the facet operator used and the

average background intensity of the image.

7.5.1 Zero crossings of second derivative from the facet model

Zuniga and Haralick (1983) give the general expression for the second deriv-

ative evaluated at a pixel. This is described below. Given a surface function f

defined in the row and column coordinate system of a given pixel neighborhood,

the gradient vector function Grad f is given by
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a given direction vector (sin 9, cos 9), the directional derivative
f’0(r, 6) of f

in the direction 9 can be evaluated as the component of the gradicnt öfalong the

direction vector, that is

f'0(r,c) = —§·,;sin9 + —§€cos9

Also the second directional derivative in the direction 9 is given by:

2 2 2
/"0(r, 9) = Ä-? sin29 + 2% sin9 cos 9 + —ä§cos29

Ör öc

Consider a line passing through a point (r0, 60) and let (r, 6) be any point on

the line. Let the direction of the line be 9. Then ’

r=r0+ psin9 , c=60+ pc0s9

( Since 9 is the gradient angle at (r0, 60)

Co)
9 = tal'].gc ('”0» Co)

If one uses the cubic polynomial approximation of f then the gradient angle be-

COH1€S

9 t=ank3
+

k5r0and
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2(3k7 sin29 + 2kg sin 9 cos 9 + kg cos29)ro +
2(k8 sin29 + 2/(9 Sir]. 9 COS= _ 2 _ 22(k4S1I1 9 + ks sm9cos9 + kocos 9)+
6(k7 sin39 + kg sin29 cos 9 + kg sin 9 cos29 + klo cos39)p

Haralick declares a point (ro, Co) to be an edge point if for some p, lpl < po where

po is slightly smaller than the length of the side of a pixel, j"o(ro, co; p) = 0 and

f0<r0; @0; pl 7* O-
The above expressions are for a general case and the exact locations of the

zero crossings of the second derivative for the central neighborhood cubic facet

model could be shown to be :

= —t Q ~9 tan (kg )

and
( ka sin29 + ks sin 9 cos 9 + kg cos29 )p l'

·—3(k2 sin39 + kg sin29 cos 9 + kg sin9cos29 + . klo cos39)

Here p and 9 are the polar coordinates of the edge pixel with the origin (ro, co).

lt can be seen that for the special case where the edge is oriented along the col-

umn then:

K2 = 0 and 9 = 0

Also _

k6p 310lo
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This is exactly the result given in the discussion on synthetic image. Hence the

exact location of the zero crossing of the second derivative is obtained using the
Q

coefficients of the central neighborhood facet polynomial. These results can then

be correlated with results obtained from the Mexican hat filter, and the maximum

gradient point could be obtained precisely to subpixel precision.

7.5.2 Calculation of offset and location of bone edges

This is the final step in the algorithm. This is done by using the outputs ob-

tained from the previous steps along with the input image. Let [„(r, 6) be the

pixel values for the output after step 2. Let IFp(r, 6)andI„9(r, 6) denote the relative „

distance p and the orientation of the gradient 0 respectively. If T„(r, 6) = 1, the

absolute location (rk, 6,,) of the edge as predicted by the facet model is calculated.

A pixel along the direction of the gradient is marked a knee pixel if

I(rk, ck) S T

where T is the average background intensity of the image and (1*,,,6,,) is the row

and column coordinates of the closest pixel along the gradient direction satisfying

the above criterion. This would be the pixel, which lies on the line along the

gradient direction 9, closest to the facet’s center pixel. Also (1*,,,6,,) should be

within a small search region which is usually the size of the facet operator. The

row and column coordinates of the bone edge pixel would then be (rb, 6,,)
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( + »)Cb = Ck
2

CC

This is suggested by the discussion on the section on offset.

7.6 Results

The above algorithm was used to detect the location of bone edges precisely. T

The magnification factor of the camera used was approximately 4 pixels per mm

for a distance of 90 cms between the lens and the object. The following table
‘

gives the results obtained when the algorithm was applied on X-ray images with

different film to object distances. The bone diameter in the image is wider for the

image with larger film to object distance.

The results were obtained by using an operator of size 7 by 7. The parame-

ters used for each step is given in this section. The first step involves the appli-

cation of the Mexican hat filter. The parameters for this step include the size of

the filter and the standard deviation of the Gaussian function. The size of the

filter used was 7 by 7 and the standard deviation was 3.5. The second step in-

volves locating the zero·crossings in the Mexican hat filter output. As mentioned

in the earlier discussion on Mexican hat filter, a threshold value can be given to

remove noise edges. The third step involves obtaining the cubic polynomial co-
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efficients for each facet centered around each edge pixel designated in the second

step. The facet operator size used was 7 by 7. ‘The final step involves the calcu-

lation of the offset. An important parameter necessary at this step is the value

of the intensity at the knee locations of the edge. This was chosen to be the av-

erage background intensity of the image.

The errors due to the above methods could be calculated as given below. Let

Op be the offset predicted by the theoretical model. Then if Oe is the cstimated

offset obtained using the algorithm, then:

1 M absOp — Oe
Percentage Error = —— Z ——l—-——(l00)

ZW 5:1 Op V

To calculate Op, the average diameter of the object was used along with the source f

to film distance and the object to film distance. O,. is nothing but the offset esti- ·

mate along the direction of orientation of the object and M is the number of es-

timates used. Six images were used in these experiments and the value of M

ranged from 100 to 200. lt was seen that the error ranged from 10 to 40 percent.

This error could be attributed to the fact that the model derived does not consider

other factors causing the zone of unsharpness. These factors include absorption

unsharpness, motion etc.

The results obtained by using the algorithm are given in figures 15 to 29.
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Table 9. Comparison of various opcrators

Diameter Diameter Diameter
in in in output

Image Mexhat output original of proposed
(pixels) (pixels) method

Ä 62 656 46663
52 57 66

4 59 65 626 93
l 66 66 66
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8.0 CONCLUSION

As described in previous chapters, conventional edge detectors place edges

at zero-crossings of the second derivative, (i.e) the maximum first derivative

points. However, the model shows that bone edges are not located at the zero-

crossings of the second derivative. It was shown that the precise location of the

edge could be obtained by estimating an offset. This offset is shown to be half

the number of pixels between the zero-crossings of the second derivative and the

knee of the intensity transition and the offset is along the direction of orientation

of the edge. Bone edge detection could be performed in stages as explained in the

previous chapter. It was seen that the offset was at least 2 pixels and the esti-

mated diameter of the tibia specimen was closer to its true value. It should be

noted that the input image should consist of bone edges alone, or there should
be a way of discriminating between edges due to bones and other objects. In

other words, the offset should be calculated for bone edges alone and hence the
algorithm Should be given the details of the vicinity of the bone edge.
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This thesis does not consider the effect of tissues and structures other than

bones. One could derive tissue models and use them for identification of tissue

characteristics. Noise models could be devised and effective methods of en-

hancement of X—rays could be designed.
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Appendix A. SIl\/[PSON’S RULE OF

INTEGRATION

lt was stated in the chapter on the derivation of the model that the trans-

mission function along a particular axis was an integral. This integral could not '

be obtained analytically due to the complexity of the integrand. lnstead, the

transmission function was obtained numerically by using Simpson’s rule of inte-

gration.

Simpson’s rule of integration could be derived by assuming that 3 adjacent

values of the original function could be connected by using a parabola (2nd order

equation). The Simpson’s one-third rule can be expressed as follows:

I flxzl)

Where b-a denotes the width, and j(xll) , j(xl), j(xl) are the values of the function

at xll, xl, xl respectively.
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It can be shown that a more accurate estimate for the integral is

l= I. — tf(4)<E)(h5))/90

where I, is the value obtained by Simpson’s one-third rule and E lies somewhere

in the interval a to b.

Note that the truncation error is proportional to the fourth derivative rather

than the third derivative. Consequently, Simpson’s rule is third-order accurate

even though it is based on only 3 points. Simpson’s rule could be improved by

dividing the integration interval into a number of segments of equal width. This

is called the multiple segment Simpson’s rule.

A.l.l Multiple segment Simpson’s rule

, _ (b — a) , _
By letting h — -,7-, the total integral could be represented as.

I = fm) x)dx x)dx + + VX") x)dx

Substituting for each of the integrals from the equation given for 3 points, and

combining terms, the multiple segment rule is obtained.

Note that an even number of segments is necessary to implement this

method. In order to obtain the integral of odd number of segments the Simpson’s

three-eighth rule is used. The error estimate for the Simpson’s one-third rule is :
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The Sim son’s three-eighth rule is obtained in the same fashion as the Sim son’sP P
one-third rule. The Simpson’s three-eighth rule is given hy:

_ _ (/(vw + 3/(xi) +. 3/lx;) + /(x;))I -

(bNotethat the Simpson’s three-eighth rule uses 4 points instead of 3 as in the

one-third rule. The truncation error is given by:

E = _ (3(h5)(/(4)(/51))‘ 80

While computing the transmission function d(k,,k2) numerically, the increment

for the source Was assumed as 0.01 cm, and hence the truncation error is of the

order of 10**0.
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Appendix B. NUMERICAL DIFFERENTIATION

ERROR ANALYSIS

This section gives the error analysis for the differentiation method used. The

simplest formula for the differentiation of a function evaluated at a point xf, is:

Here h is the difference between two successive values of x, and jf, is the value

j(xf,). ß and f_, are nothing but the values j(xf, + /1) and j‘(xf, — /1) respectively.

For this case the error could be estimated as:

h2 3)E: = ‘ 7.% (E)

where E is a point within the range (xf, — /1) and (xf, -1- /1) and
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X0 < E1 < xt

X-1 < E2 < xo

The increment h was assumed as 0.0002, and it was seen that the maximum value
ofj15>(E) was around 0.72. Hence the error is of the order of 10*5.
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