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(ABSTRACT) 

In this work, we considered an “inverse-design” problem, where we specified the flow 

distribution in the computational domain or on its subset and sought the geometrical con- 

figuration that produced this flow. Based on this idea, we formulated a control problem, 

in which the optimization procedure minimizes the error between the target flow and the 

actual flow through successive adjustment of the design parameters. We were interested in 

exploring the computational efficiency of the numerical solution of this problem, particu- 

larly the implementation of workstation cluster environment to the solution of the control 

problem by employing numerical algorithms, which would allow coarse-grained paralleliza- 

tion. These aspects were studied with an example of one-dimensional heat transfer in 

surfaces of non-uniform cross-sectional area and the optimal design of a two-dimensional 

nozzle. We compared the computational cost and convergence properties of the optimiza- 

tion procedure for two approaches: the “Black-Box” method and domain decomposition



method. When employing the “Black-Box” technique, the unconstrained control problem 

was solved in terms of the design variables and in the case of domain decomposition im- 

plementation, the constrained control problem was solved in terms of design variables and 

boundary data on interfaces. Also, we implemented the grid-embedding chimera technique 

to the solution of a one-dimensional heat transfer problem. The formulation of this scheme 

in terms of domain decomposition leads to an overlapping domain decomposition method. 

It was concluded from one-dimensional results that domain decomposition methods can 

be successfully incorporated into the optimization-based design framework. The original 

analysis problem can be split into problems on subdomains, which can be solved in par- 

allel with data transfer at each step limited to exchanging boundary information between 

the neighboring subdomains and between the “master” processor. In the case of a two- 

dimensional flow, the optimization was applied to supersonic flow and the discontinuous 

flow. It was concluded, that if one wishes to implement this algorithm in a parallel envi- 

ronment, the computations should be spread between the processors in such a way, that 

the number of processors is proportional to the number of control variables.
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Chapter 1 

Introduction 

1.1 Introduction 

Modeling physical phenomena with scientific computing is an interdisciplinary effort in- 

volving engineers, mathematicians and computer scientists. Practical physical systems are 

often modeled by complicated systems of partial differential equations (PDE’s). Their nu- 

merical solution requires high performance computers, large software systems and efficient 

algorithms. The design of numerical algorithms must balance many factors. From the nu- 

merical analysis point of view, one often focuses on good approximation, fast convergence 

and low arithmetic expense. In practical applications, one should be able to handle the 

complexity and generality of PDE problems. Modern technologies and concepts, such as 

the use of parallel computing, lead to issues of parallel algorithms, communication cost and
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others. Obviously, many of these objectives contradict each other. The principal trade- 

off is programming effort versus execution time efficiency [20]. In this work, we examine 

various computational aspects of an “inverse-design” problem, arising in the context of 

optimization-based design, from the practical point of view. Among those are the choice of 

optimization procedure, the parameterization of design space and, mainly, the high compu- 

tational cost of this problem. Our main goal was to investigate the possibilities of solving 

this control problem in workstation-cluster environment, where only coarse-grained paral- 

lelism is considered. We wanted to explore whether an inexpensive network of workstations 

is capable of simulation modeling that otherwise would require supercomputer resources. 

Therefore, we were interested in algorithms that lead to parallel computations that are 

essentially independent. These considerations led us to consider domain decomposition 

methods, which appear as natural means to exploit coarse-grained parallelism. 

The term Domain Decomposition generally refers to a class of methods for solving 

PDE’s on a given domain by first decomposing it into smaller ones and then obtaining 

the overall solution by solving smaller problems on these subdomains. In this sense, the 

idea is rather old and can be traced to Schwarz’s alternating procedure, in which existence 

of solution to boundary value problem was proven by an iteration involving solutions on 

overlapping subdomains. This idea is also widely used in many fields of scientific com- 

puting. In structural mechanics, these techniques are known as substructuring methods 

and are especially useful when the size of the complete system is too large for the main
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memory of the computer. In computational fluid dynamics, it is common to decompose 

the physical domain into different regions and use different forms of governing equations 

in each subdomain. Domain decomposition methods received additional attention because 

of the advent of parallel computing and the obvious opportunity for parallelism in these 

methods. 

In this work, we discuss the major aspects of solving the “inverse-design” problem with 

and without implementation of domain decomposition techniques. We explore the perfor- 

mance of a generic domain decomposition algorithm with an example of a one-dimensional 

and a two-dimensional problem. We use two approaches: our first approach is a so-called 

“Black-Box” method, which leads to the formulation of an unconstrained control problem 

in one domain. Our second approach is based on subdividing the computational domain 

into subdomains and solving a constrained control problem in terms of design variables and 

boundary data on the subdomain interfaces. 

1.2 Inverse Design Problem 

Design of a complex aerodynamic configuration, which needs to satisfy numerous require- 

ments, has always been a challenging task. Recent advances in computational power and 

ability to accurately model physical phenomena have provided the design engineer with 

efficient and powerful tools. After it became possible to approach the analysis problem
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with the aid of numerical methods, there is a growing need for tools that suit the needs 

of the designer. That is, beyond knowing the aerodynamic characteristics of a current 

design, the designer wants to know how to change it in order to improve the systems per- 

formance. Optimization-based design is one of the ways to approach this problem. The 

basic idea of this method is to treat the design problem, but only at the price of heavy 

computational expense, with numerical optimization methods. In essence, a numerical op- 

timization procedure is directly coupled to an analysis algorithm. It attempts to extremize 

a chosen measure of merit which is evaluated by the given analysis code. The configuration 

is systematically modified through user-specified design variables. 

Formalizing the process requires that one parameterizes the set of available choices. 

Additionally, one must provide a procedure for identifying feasible designs (7.e. constraints 

to be imposed ). For a specified design, evaluation of the feasibility constraints and the 

performance attributes is performed by the relevant analysis code. 

In view of this structure, it is natural to use the term control variable, (uw) to describe 

the design choice, and the term state variable, (y) to describe those quantities implied by 

the control choice and the relevant physics. In most cases, the physical laws, modeled with 

complex systems of PDE’s, can be stated as implicit relations: 

(1.1) r(y,u) =0, 

so that for fixed u, the system (1.1) can be solved for y.
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With the states and controls in hand, it is possible to assess the design. In this setting, 

additional feasibility restrictions are imposed by the mathematical requirement 

(1.2) h(y,u) >O0€ R”. 

There can be several ways to choose the measure of performance of a design configu- 

ration. We limit our attention to a narrow class of so-called “inverse-design” problems, 

for which there is a scalar-valued function J to be minimized. An example of this type of 

problem is to find the shape of a body that would have a specified flow configuration over 

its surface. This is essentially the inverse of a direct analysis calculation, in which the shape 

of a body is given and the flow around it is calculated. In this work, the inverse-design 

problem has been formulated as a control problem in which a control system minimizes the 

error between the actual and the desired state variables by making successive changes to 

the shape of the body. The cost function for this problem can be written as: 

J(y,u) = f Iy(e,u) — g(a) Pag, 

where 2 denotes the computational domain and g(x) denotes the target (flow) distribution. 

Standard theory applied to this problem can be conveniently stated in terms of Lagrange 

function [24] : 

(1.3) L(y, uA, p) = S(y,u)+ <A,r(y,u) > + <p, hly,u) >, 

where y € R”,u € R™. The Lagrange multipliers 4 and yu can then be naturally identified 

as vectors in R” and R”™, respectively.
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Many of these concepts can be carried over to the case where y is infinite-dimensional 

and r involves a differential operator. This is the case for the examples we study. Of 

course, computer solutions will commonly require some finite-dimensional approximation. 

Nevertheless, it is not clear that one should approximate the physics before starting the 

optimization problem. Quite commonly, new possibilities for efficient solution are apparent 

when one optimizes and then approximates. 

Necessary conditions for optimality of a given state/control pair (y*,u*) can be stated 

in terms of the Lagrangian function (1.3). If (y*, u*) is optimal for our problem then there 

exists multiplier vector \ and yp such that: 

(1.4) Vad (y*, u*) + AV yr(y*, u*) + pV h*(y*, u*) = 0 

(1.5) Vaud (y*,u*) + AVur(y*, u*) + eVyA*(y*, u*) = 0 

(1.6) r(y*,u*) =0 

(1.7) h*(y",u*) = 0, 

where fh? denotes the subset of active feasibility constraints. 

In this work, we used an optimization code, based on a sequential quadratic program- 

ming algorithm. At each iteration step, a linearly constrained quadratic or linear least 

squares subproblem is formulated by approximating the Lagrange function quadratically 

and by linearizing the constraints. Subsequently, a one dimensional line search is performed 

with respect to an augmented Lagrange merit function to obtain the new iterate.[25]
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The motivation of the present research was to explore some of the computational is- 

sues of the inverse design procedure. Primarily, incorporating parallel computation in the 

framework of optimization was investigated. This led us to consider domain decomposition 

methods as potential algorithms which would allow coarse-grained parallelization. 

1.3. Overview of Domain Decomposition Methods 

In recent years a considerable attention has been devoted to the use of domain decompo- 

sition techniques for numerical solution of partial differential equations. Among others, 

the following reasons underly the development of these techniques. The equations in the 

different subdomains may be of different type, or more simply, can contain different param- 

eters. In addition, when dealing with complicated geometries, a subdivision of the entire 

domain by simply shaped subdomains, on which special solution techniques can be applied, 

may increase the overall efficiency of the numerical scheme. And most importantly, do- 

main decomposition methods can be applied to the parallel solution of the often very large 

systems of linear and nonlinear algebraic equations that arise when problems in elasticity, 

fluid dynamics, and many other important applications are discretized by finite elements 

or finite differences. 

Domain decomposition, in its simplest form, consists of dividing the domain of a problem 

into a number of (possibly overlapping) subdomains, and then interactively adjusting the
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Figure 1.1: Diagram used by Schwarz in an early paper to illustrate his method 

global solution using local subdomain solutions. This idea was first suggested by H.A. 

Schwarz [27] in the 1800’s for analytical solution of Poisson’s equation using overlapping 

subdomains. He proposed an iterative method for the solution of a classical boundary- 

value problem for harmonic equations: it consists of solving successively a similar problem 

in subdomains, going alternatively from one to the other. The convergence of this process 

was proven by the use of the maximum principle. Since then, many variants of this concept 

were proposed and studied both theoretically and numerically. We refer for instance to Q. 

V. Dinh, R. Glowinski, J. Periaux [17], M. Dryja [15], Yu. A. Kuznetsov, A. M. Matsokin, 

G. I. Marchuck [19] and others. 

The methods can be regarded as “divide-and-conquer” algorithms — subproblems, cor- 

responding to subregions of a model problem, can be solved by known techniques with
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interactions between the subregions accounted for by an iteration that involves passing 

suitable information across the interfaces partitioning the original region. 

The principle of domain decomposition is quite general, so that many algorithms can 

be developed based on it. One can categorize the methods according to two criteria: 

1) The level at which the decomposition is taken into account— a method based on 

a more internal level corresponds to substructuring of the linear systems [22], while an 

external level method involves the choice of the model for the physical phenomena [1]. Al- 

gebraic type of domain decomposition first discretizes a PDE problem on an entire domain 

and then partitions the discrete system according to the geometric decomposition. Then, 

by a block eliminating procedure, independent systems are derived for each subdomain. 

The remaining unknowns pertaining to the interface boundaries are coupled by the global 

system. The interactions between the two sets of unknowns are then handled by a suitable 

iterative method (for example, conjugate gradient method). At this step, the use of a 

properly designed preconditioner may remarkably reduce the number of iterations.[10] 

At another extreme is the problem of partitioning on the continuous level so that PDE 

solution techniques in different regions may be independent, depending on local properties. 

One may use finite differences for one subdomain, finite elements or even analytic solution 

for another. The main concern of the latter approach is to find the correct boundary 

relations between the local solutions in order to enforce continuity and other appropriate 

conditions [5].
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2) The decomposition of the initial geometric domain either by partitioning the domain 

into non-overlapping subdomains [6],[8] or by overlapping subdomains [9], [23]. The gen- 

eral idea of a non-overlapping subdomain-iteration approach is presented below. Figure 

(1.2) shows the difference between these two decompositions. 

Let I; be an interface, that is, the common boundary piece of two neighboring sub- 

domains 2; and Q;, i.e. Ty; = 02; 00;. Each subdomain obeys a physical law locally. 

Namely, there is a PDE LZ; and a function U; defined in each 2; so that 

(1.8) LO, = fi in QQ) for |= 2, J. 

The interface condition on [;; can be usually specified in the form 

aU, aU; (1.9) 915 (Ui, Uj, On’ On )=0. 

For example, for the continuity condition of the global solution and its normal derivative
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(1.9) takes the form: 

  
OU; uy 9 (1.10) (U; —U;)? + ( i OU 

The above expression can also be stated in terms of two equality constraints. In order to 

match continuity for both the global solution U and its normal derivative ge on interfaces, 

one starts with an initial guess for U and we on the interfaces, takes them as boundary 

data to solve a Dirichlet or Neumann boundary-value problem on subdomains, then updates 

interface values using the new solution data and iterates until convergence. 

When using the overlapping method, one defines subdomains with overlap and solves 

local problems in succession, propagating data from the solution on the interior of one 

subdomain to the boundary values of the next subdomain. 

As parallel multi-processor computers are becoming indispensable for large-scale scien- 

tific computing, effective parallel algorithms are necessary. An efficient parallel strategy for 

a broad class of problems is domain decomposition. The geometric domain decomposition 

is intrinsically suited for the purposes of parallelization since such a decomposition is in 

agreement with the natural data dependencies of elliptic and time-parabolic problems. 

The conceptually simple strategy of domain decomposition is very appealing from a 

standpoint of parallel processing, since each subdomain can be assigned to a different pro- 

cessor and computed independently. The partition of the whole region into individual 

subdomains leads to computational units of smaller size, which are to a large extent in- 

dependent of each other. The original problem is solved independently in each processor,
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then some patching procedure is employed to enforce continuity conditions on the inter- 

faces. Such a patching step requires communication between processors. As a result, the 

computation can be performed in parallel, thus decreasing the overall time, provided that 

the communication-to-computation ratio is a favorable one. That is why the main objec- 

tive of any domain decomposition method is to reduce the amount of data transfer and 

communication between subdomains. The number of subdomains, the size of subdomain 

grids and the connectivity of subdomains will influence the performance and efficiency of 

the method on a given parallel computer architecture. 

One potentially attractive approach to building parallel processors is to use workstations 

connected on a local area network, often called a workstation cluster. ‘This approach, how- 

ever, has proved suitable only for applications where parallel computations are so coarse- 

grained as to be essentially independent. The domain-iterative based approach, described 

above, best fits into the coarse-grained network framework and is promising from a prac- 

tical point of view, since the data exchange between the processors is reduced to passing 

boundary information. 

1.4 Preview of the Thesis 

The outline of the thesis is as follows. A brief description of the background and mathe- 

matical structure of the “inverse-design” problem and the overview if the domain decom-
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position methods are provided in Chapter 1. This chapter is followed by an investigation 

of the control problem, arising in the “inverse-design” procedure, on a one-dimensional 

example of the inhomogeneous heat equation. In Section 4 of this chapter we introduce a 

non-overlapping domain decomposition method and compare the computational cost of this 

procedure to the “Black-Box” approach. Chapter 3 describes the implementation of the 

chimera scheme, which can be viewed as an overlapping domain decomposition. Chapter 

4 is devoted to the optimal design of a two-dimensional nozzle and includes a description 

of the numerical algorithm used to solve for the flow in the nozzle. Results of optimization 

for supersonic and discontinuous flows are presented in Section 5 and the implementation 

of domain decomposition is presented in Section 6. Finally, conclusions are presented in 

Chapter 5.



Chapter 2 

Heat Equation: Domain 

Decomposition 

2.1 Problem Formulation 

In this chapter we consider a problem of a heat transfer in a circular cylinder with varying 

cross-section area. We will confine our analysis to surfaces so proportioned that heat con- 

duction within may be treated as one-dimensional. Conservation of energy, combined with 

Fourier’s Law, leads to a boundary value problem formulation for the steady temperature 

in the rod: 

d dT (x) 
(Ale, ) — hase Wr) =0, 0<2<1 

(2.1) dz dz kk dz 

14
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(2.2) T(0) = T TA) =, 

Here, A(z, u) is the cross-sectional area of the solid cylinder, S(z, u) is the cylinder surface 

area, exposed to convection, h > 0 is convective film coefficient, k > 0 is the thermal 

conductivity. This equation may be applied generally to all surface configurations, for 

which the one-dimensional assumption is valid. For example, if A = constant and S = Cz, 

equation (2.1) becomes: 

(2.3) — —-—T=0. 

We will make use of the analytical solution for this boundary-value problem with the 

boundary data given by (2.2): 

2_ AC where m* = we 

Our model describes the radius as a parabolic function of the axial location, that is 

R(a,u) = ug + ur + uy2”, 

and our control parameters are the coefficients u,, ug and us. 

We consider an “inverse design” problem, wherein T(x) is a desired temperature profile 

and the task is to adjust the parameters, u;,2 = 1,...,3 to minimize the error between 

the target temperature distribution and the temperature obtained from the solution of 

(2.1)-(2.2) with these parameters. Given T(x) find u,,u and ug such that
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(2.4) u(T,u) = f '[T(a,u) —P(«)} de 

is minimized. 

Discrete versions of (2.1) can be constructed in various ways. We employ a finite- 

element model based on cubic elements and a uniform grid. By a standard procedure, we 

transform to a problem with homogeneous boundary data and find that a partition into 

N +1 intervals leads to a system of N dependent variables, thus n = N in the Lagrange 

function (1.3). Furthermore, we have three control parameters, so that the dimension of 

the control space is m = 3. The components of the finite-dimensional state y are identified 

with nodal temperatures and in this case the system (1.1) is linear with a banded matrix. 

Appendix A contains the detailed description of the numerical solution of (2.1.) 

The control problem (2.4) is solved in 2 ways. First, we consider the so-called “Black- 

Box approach”, and second, we employ Domain Decomposition techniques, which assume 

the subdivision of the computational domain into smaller subdomains. We introduce the 

following notation to denote the discrete approximation to the solution of (2.1): yy is 

the approximation on the interval [0,1], constructed with N finite elements on each of M 

subintervals of [0,1]. 

Since the temperature T'(z) is represented by a sum of piece-wise cubic functions (i.e. 

cubic on each element) and a linear function, (see Appendix A), the numerical quadrature, 

based on Gauss-Legendre points, ¢; € [0,1], performed on each element, yields the exact
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value of the integral (2.4). 

2.2 Black-Box Method 

Necessary conditions for optimality of a given state/control pair (y*,u*) are expressed by 

(1.4)—(1.5). Based on the observation that the analysis code will “solve” the system (1.1) 

for y given u, it is natural to substitute this implicitly defined y(u) into the cost function 

and constraints. This substitution leads to a problem in terms of the control variables wu. 

We define f as flu) = f(y(u),u)) and similarly for h(u). The implicit function theorem 

will guarantee the existence of the function y and its Jacobian Vy. For the reduced form 

the necessary conditions can be written as: 

(2.5) Viuf(u®) + pVuh(u) = 0 

A 

h(y*,u*) = 0. 

The method, which is based on the reduced form of necessary conditions is commonly 

referred to as the Black-Box approach [26], since the optimization procedure is based on 

the structure of the problem with respect to control parameters u and not the state vector 

y. The analysis code, which solves for yj appears as a “Black-Box” to the optimizer, which, 

once the control parameters are passed to it, simply produces the information necessary 

for the next control parameter update. For a given set of parameter values u; the discrete 

approximation to the solution of (2.1) is computed and the integral (2.4) is evaluated. This
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information is sent to an optimizer, which updates the parameters u; and sends them back 

to the analysis code. This process is repeated until the optimal criteria is met. The number 

of active constraints in this setting is zero, t.e. number of h® is zero. 

The example of the Black-Box approach can be constructed in the following way. We 

attempt to find a pair (y*, u*), minimizing the integral (2.4) and satisfying the boundary- 

value problem (2.1), where T(z) is given by the exact solution of the reduced heat equation 

(2.3), and where the radius of a cylinder is independent of the x—location, t.e., R = C, 

where C’ is taken to be unity. Then we know that the optimal set of control parameters is 

given by (0,0, C’). Some sample runs contained in Table (2.2) demonstrate that the resulting 

solutions for u; found by the optimization code [25] are reasonably close to the expected 

solution u* = (0,0,1). The results represented here were obtained on SGI 4D/340 machine. 

As it was mentioned above, the size of y}, (M = 1 in this setting) is determined by the 

discretization scheme, and in our case it depends on the number of finite elements used to 

partition the computational domain. The accuracy of the optimization procedure and its 

computational cost depend on this discretization. One expects that for small N the discrete 

system may not adequately approximate the physics so that the optimization results would 

be poor. For large N, the physics are well described, but each evaluation of y’ is costly. 

Figure (2.1) shows the results of optimization for different number of finite elements. The 

target set of control parameters was & = (0,0,1) and the target temperature distribution 

was given by the analytical solution of (2.3) with boundary data T(0) = 1,7(1) = 0. The
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initial guess for control parameters was (u?, u9, u9) = (—1,7,5). As seen in Figure (2.1), the 

number of QP iterations required for a solution increases slightly with problem size. Also, 

as expected, for large N evaluation of y% consumes nearly all the computational effort. 

Table 2.2: Results of Optimization for the Black-Box Approach 

Utarget = (0,0,1), N=8 

  

  

  

  

            

initial guess | approximation | cost function | number of | elapsed 

of solution value iterations time 

2 -0.61813x10-° 

-] 0.10580x10-% | 0.49770x10-7 56 14.42 sec 

4 1.00017 

3 0.36759x 107° 

-] -0.21793x 10-4 | 0.41425x10-7 52 17.82 sec 

5 0.99997 

1 0.36338 x 10~° 

-1 -0.1127010~* | 0.42693x 1077 35 11.63 sec 

3 0.99999 
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Figure 2.1: Results for the Black-Box method
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2.3 Sensitivity Equation Method 

    

The gradient of the cost function (2.4) with respect to control parameters u;,2 = 1,...,3 

is given by: 

OJ 1 OT 0 =2/ T(u)—-T) de,  i=1,...,3. 
Ou; 0 Ou; ( (u) us 

Here, ori = 1,...,3 denotes the temperature sensitivity functions, which express the 

character of the dependence of temperature distribution T on the design parameters. The 

Sensitivity Equation Method [4] expresses the temperature sensitivity as a solution of the 

boundary-value problem: 

  

b dz i¥(%) = 
(2.6) - -+ (Ate) — 2 Oe O(a) 

os) _ hdS(zx,u) 

  

T,,, (0) = 0 T,,(1) = 0 for i=1,2,3, 

where T,,, = Ba z= 1,2,3. 

Since the model (2.1) is linear, the work done in the computation of T,,, by the Sensitivity 

Equation Method is the same as that required by a one-sided difference scheme. Figure 

(2.2) shows a comparison of the discrete finite-difference approximation of T,,,, indicated 

by “o”s, and the finite-element solution of (2.6), represented by the solid line, when u; = 

—2,u2 = 4,u3 = 1 and T(0) =1,7(1) = 0.
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This method was used to compute the gradient of the cost function V,,/ in the previous 

section. 

2.4 Domain Decomposition Method 

In this section we address certain features of the domain decomposition techniques, that 

can be implemented in optimization-based design in order to reduce the computational cost 

of the problem by parallelizing the procedure and spreading the analysis over a network of 

workstations. 

In general, the solution of the analysis problem in optimization-based design, which is 

always based on expensive discretization schemes, is known to be computationally intensive. 

It was shown above that most of the computational time is spent on solving the analysis 

problem at each iteration step, and the finite-dimensional representation of the state vector 

yh, constitutes the main part of the memory requirements. Therefore, various forms of 

parallel numerical algorithms have been studied in order to speed-up these computations. 

Domain decomposition techniques have two principal elements: 

(1) decomposition of the computational domain into subdomains and 

(2) communication between subdomains. 

The number of subdomains, the size of subdomain grids and connectivity influence 

the performance of the global iteration and also the efficiency on a given parallel com-
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puter architecture. Several strategies to subdivide the computational region and establish 

communication between subregions have been explored in this work. 

2.4.1 Non-Overlapping Domain Decomposition 

The main idea of non-overlapping domain decomposition methods currently in use is that 

the computational region is partitioned into non-overlapping regions with common bound- 

aries. One starts with initial guesses for boundary data and solves the boundary-value 

problems on subdomains. The continuity of the overall solution is achieved by imposing 

proper matching relations on the interfaces, which are imposed in such a way that only 

communication between adjacent subdomains is required. The interface values are then 

updated using new solution data, and the process is repeated until convergence. 

2.4.2 Multidomain Formulation of the Mathematical Problem 

We consider the decomposition of the initial computational domain by partitioning it into 

non-overlapping subdomains. We introduce the following notation to describe the proce- 

dure. 

Let 0;,2 =1,...,M be a partition of 2 such that: 

X= U9, Q;N0,=0, gH#k 

and let [; be an interface, that is, the common boundary piece of two neighboring subdo-
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Figure 2.3: Non-overlapping domain decomposition 

mains 2; and Qj41. 

M-1 

DP; =0Q;N 0041, t=1,...,M-1 T= UT. 
t=1 

In practice, each ; is usually a rectangular region (see Figure (2.3)) and for the one- 

dimensional problem it is just a subinterval of [0,1] with the coupling boundary [; reduced 

to a point. For our purposes 

{t:0<2< 4}, if7=1; 

Q= 4 {2:8 <a2< 441}, ifi=2,...,M—1; 

{e:%1<x<1}, ifi=M 

where £;,2 = 1,...,M — 1 denote the interfaces between the subdomains. 

We consider decomposition of the problem (2.1)-(2.2) over {9;}. Let us denote 7; = 

Tlo,,2 =1,...,M, then the original boundary-value problem (2.1)-(2.2) is equivalent to: 

d 

dz 
(Ale, y) — hdS(@54) 105) =0 inj, «=1,...,M 

(2.7) dz kk dz 

(2.8) T; = Uj on [N On,



Optimal Shape Design with Domain Decomposition 26 

with the following regularity conditions of the solution on the interface: 

(2.9) T; = Tia on. r;, t= 1, . M-!1 

(continuity of the solution) 

AT; Tiss 
(2.10) On an     

(continuity of the gradient), 

where 7 is the outward unit normal to [; and {u;},: = 1,...,M represents the set of 

boundary values of local solutions T; on T;. 

In our approach we will solve subproblems which are Dirichlet on subregions 2);, with 

matching conditions at the interfaces of Neumann type. These subproblems are indepen- 

dent and can be solved in parallel. Many applications, especially two- and three-dimensional 

ones, use a scheme where the boundary conditions for these subproblems are of Neumann 

type and the compatibility conditions are of Dirichlet type. 

2.4.3 Formulation of the Control Problem 

The numerical approximation of the solution to problems (2.7)-(2.8) is carried out by 

finite-element scheme on each subdomain 2);,2 = 1,..., M. Since this method assumes the 

continuously differentiable approximation to the solution, i.e., yy C C%, the continuity 

of the solution, expressed by (2.9) is satisfied if the continuity of the gradient, expressed 

by (2.10) is satisfied. Let T(x) be the target temperature distribution on [0,1] and T =
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T;, if c € 2;, where T; is the solution of (2.7)-(2.8) on the appropriate 0;. The optimal 

control problem (2.4) can be reformulated in the framework of domain decomposition in 

the following way: Given T(z), minimize 

    

1 ~ 
(2.11) I(T,u) = / [T(2,u) —T(x)] de 

0 

subject to 

dT (xr) dT (x) ; 
2.12 k = =1,... — 1. (2.12) de leni- k da \ene fori=1,...,M 

    
z 

Equations (2.12) are the constraints of the optimization problem, which express the feasi- 

bility requirement that the heat flux across the boundary of each subdomain is continuous. 

The dimension of the control space is M + 2, since in addition to the parameters wy, u2 

and ug, describing the geometrical configuration, we have M — 1 control parameters u3¥4;, 

denoting the boundary temperature at each interface point 2;. 

2.4.4 Parallel Implementation of the Domain Decomposition 

Referring to the partition of 2, described above, the solution of the optimal control problem 

(2.11) can be implemented step by step as follows:
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Step 1: Construct the matrices on each subdomain 2); 

Step 2: Given controls um,m =1,...,M +2, construct yy on each 2; 

Step 3: Calculate the integral (2.11) 

Step 4: Evaluate the constraints (2.12) based on the solution computed in Step 2 

Step 5: Redo from Step 2 until convergence 

More precisely, in Step 1, M different processors can simultaneously compute the ma- 

trices associated with finite-element representation of y* on M different subdomains. The 

degree of parallelism of this step is M. In Step 2, M processors can solve independently 

each Direchlet problem on 2);, so that the degree of parallelism of this step is also M. There 

is no exchange of information between the processors up to this point. The communication 

between the processors is restricted to passing the temperature gradients and information 

necessary to calculate the cost function to the “master” processor, which evaluates the cost 

function and constraints and updates the controls un. 

2.4.5 Numerical Results 

The parallel scheme, outlined above, was tested on a single-processor machine to analyze the 

convergence properties and stability of the algorithm. Some conclusions were made about 

the possible speed-up obtainable on a multi-processor machine. The target temperature 

distribution T' for the experiments, described in this section, was taken to be the solution 

of (2.1)-(2.2) with R(x, u) = —2r7 + 4r +1 on [0,1] with N = 8. Figure (2.4) shows the
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Figure 2.4: Target temperature distribution 

temperature distribution for the target set of the shape parameters Utarger = (—2, 4, 1). 

In the case of domain discretization, M has a profound effect on the optimization 

procedure. In order to solve for T(u) on the whole interval, the optimization code has to 

solve M boundary-value problems. Of course, one expects a trade-off between the N and 

M parameters for a given level of accuracy. In Figure (2.5), two different decompositions 

(2 subdomains and 16 subdomains) are compared with the computation performed on a 

single grid covering the entire domain. It is seen that significant increase in the number 

of subproblems does not seriously penalize the number of iterations necessary to reach 

the optimal solution. In this case the cost-function convergence does not tell the whole 

story. With domain decomposition, the “unconverged” temperature profiles are not feasible 

(nor physical) since the gradient matching conditions are not satisfied. That is, the SQP 

procedure moves to optimality and feasibility at the same time. 

Figure (2.6) shows the results of optimization for different number of partitioning points.
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Figure 2.5: Convergence history of the cost function 

The first graph depicts the number of iterations and the second graph shows the relative 

amount of total time spent on the solution of (2.7). The initial guess (uf = —l,u} = 

7,u3 = 5) for the geometrical parameters uj, u2,u3 was kept the same for different number 

of subdomains. There is some degree of arbitrariness here, since as M increases initial 

estimates are needed for the boundary temperature parameters u34;,2 = 1,...,M — 1. 

Figure (2.6) shows only 1 possible outcome of the optimization procedure. 

Table (2.4.5) shows a comparison of computational effort required for the solution of 

the optimizaiton problem by domain decomposition method and by “Black-Box” approach. 

The size of the problem was the same for both methods in the sence that the total number 

of discretization nodes required for the representation of y/ was the same. In each case 

the number of finite-element nodes was 8 (N = 8) for each subdomain problem, and the
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number of finite elements for the one-domain problem was proportional to the number of 

subdomains for that case. 

Table 2.4.5 : Comparison of computational effort 

for one-domain and multi-domain optimization 

  

  

  

  

# of domains/ | cost function | number of | elapsed | % of total time spent on 

finite elements value iterations time BVP solution 

2 0.2595x107° 43 33.19 sec 99.83 

16 0.2984 x 107!" AT 32.23 sec 99.07 

3 0.2577x 107° 35 51.37 sec 99.87 

24 0.5396 x 1071? 33 43.74 sec 99.87 

4 0.2564 x10-° 33 69.60 sec 99.91 

32 0.3197x10718 30 58.42 sec 99.59                 
  

One of the major advantages of domain decomposition method, illustrated above, is 

represented by its potential for parallelization. Although the application of the domain 

decomposition method on a single-processor machine takes considerably longer than the 

solution of the problem of the same size on the entire domain, this scheme is very promising 

for implementation on a network of workstations. Each subdomain can be assigned to 

a separate processor, with one “master” processor performing the global iteration and 

synchronizing the process. A linear speed-up can be expected if the computational domain
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is partitioned in a number of subdomains, proportional to the number of processors in 

the network. If the local solver allows the boundary data to be imposed explicitly, this 

method can be used to parallelize existing analysis codes without making significant changes 

in the code. If only coarse-grained parallelization is considered, application of domain 

decomposition is a strong alternative to creating new parallel algorithms.
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Chapter 3 

Heat Equation: Chimera Scheme 

One of the attractive features of domain decomposition methods is that they allow the sub- 

division of the computational domain into subregions which admit a more easily constructed 

mesh. J. Benek et al [2], ]12], [13] developed a grid-embedding approach for solution of 

complex flows which provides the flexibility to employ boundary-comforming grids on com- 

ponent parts of geometry, to refine the mesh selectively in regions of interest, and to permit 

the solution of different flow models on the component grids. The concept is based upon the 

subdivision of the computational domain into regions that encompass simplified geometry, 

simplified fluid dynamics models, or both. Because of its structural diversity, the authors 

have called it a chimera method after the creature from Greek mythology. 

34
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3.1 General Concept 

The chimera scheme is a grid-embedding or oversetting technique, which, contrary to non- 

overlapping domain decomposition methods, does not require common boundaries between 

subdomains, but rather, a common or overlap region is required to provide the means of 

matching the solutions across boundary interfaces. Solution proceeds on each grid sepa- 

rately with boundary conditions for the embedded meshes supplied from the solution at 

interior points of the containing meshes. The chimera scheme is general in that it allows 

solid surfaces to be embedded within the computational domains of other meshes. In 

addition, overlapping mesh outer boundaries are allowed. 

The concept behind the chimera scheme is illustrated in Figure (3.1), which depicts 

two independently generated meshes modeling a flapped airfoil. The flap mesh is embed- 

ded within the airfoil mesh. Clearly, the flap mesh outer boundary can receive flow field 

information interpolated from appropriate mesh elements of the airfoil grid. However, a 

reverse process must occur as well; the flap grid must pass flow information to the airfoil 

mesh. Since the airfoil mesh has no boundary through which flow field information can 

be obtained from the flap mesh, an artificial boundary is defined within the airfoil mesh. 

Grid points on the artificial boundary which are defined within the airfoil mesh and which 

are fully contained within the computational region of the flap mesh can be updated by 

interpolation from the appropriate mesh elements of the flap grid. Generally, any grid
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can receive information from other grids through outer boundary and artificial boundary 

points. 

The interpolation process is further illustrated in Figure (3.2), which depicts a portion 

of the overlap region between the airfoil and the flap. Airfoil mesh points which are within 

a certain region surrounding the flap are excluded from the computational domain of the 

airfoil mesh (they are called “hole” points). The points in the airfoil mesh surrounding the 

“hole” points are hole boundary points which receive flow-field information interpolated 

from mesh elements within the airfoil mesh [11]. 

The chimera procedure has two major parts, (1) generation of the composite mesh and 

associated interpolation data and (2) solution of the flow model or models on the composite 

mesh. 

3.2 Composite Mesh Generation 

Automatic generation of a composite mesh from the input component grids requires 

(1) establishing the proper lines of communication among the grids 

through appropriate data structures, 

(2) construction of holes within grids, 

(3) identification of points within holes, 

(4) location of points from which the boundary values can be interpolated
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Figure 3.1: Illustration of the Chimera Scheme 

(5) evaluation of interpolation parameters. 

3.2.1 Embedding Hierarchy 

In order to implement the chimera method, it is necessary to impose some structure on 

the collection of grids. A hierarchical form follows naturally from the embedding process 

— a given mesh appears to be at a more fundamental level than those grids embedded 

within it. Hierarchical forms also have convenient representation as graphs. To facilitate 

the discussion, we introduce the following nomenclature: grids which comprise level / of 

the hierarchy are denoted G;;, 2 = 2,.... In general, grids on a given level / are embedded 

within grids on level /—1, overlap other grids on level /, and have one or more grids on level
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Figure 3.2: Hierarchical structure of embedded grids 

1+ 1 embedded within them. Such an arrangement is shown in Figure (3.3). The Figure 

includes the corresponding graph, where lines connecting the grids indicate the intergrid 

communication links that must be supported by data structures. 

3.2.2 Hole Generation 

If Gi4i 1s embedded in G;,, it is likely that some points of G),; will fall within a solid 

boundary of Gj41, or within a mesh contained within Gj41,;. In this case, such points 

of G,; will be outside the computational domain or will violate the constraints on the 

grid hierarchy. In addition, a large number of points must be interpolated if every point



Optimal Shape Design with Domain Decomposition 39 

Ge 
£ = Level in Hierarchy 
1 = index Within Hierarchy 

  

Intergrid Communication Paths 

G21 — G22 

[~~ | 
£+3 G3) G32 

£-2 

Figure 3.3: Overlap region between grids 

common to G,; and Gj41,; is to be updated. To avoid these difficulties, only the boundary 

of each embedded grid is updated; the points of G;,; contained within a subregion of Gi41, 

are excluded from the solution on G,;. Thus, the embedded mesh, Gj41; introduces an 

artificial “hole” into G);. The only computational requirement is that there is sufficient 

overlap (7.e., points in G1; 1 Gi4i, and exterior to the hole) to support an interpolation for 

the outer boundary of G41; from points in G,; (see figure (3.2)). Similarly, the overlap 

must be sufficient to allow the hole boundary in G),; to be interpolated from points in 

Gi41,. A minimum overlap exists that is dependent on the type of interpolation used. 

A hole is constructed as follows: a surface , C’, is introduced into G);, which can be
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conveniently defined by level curves in Gj41,;. This surface serves as an initial hole boundary. 

Once the boundary curve C' has been constructed, a search in G7; is made to determine 

those points that lie within C’. These points are marked by changing the value of an integer 

array, IBLANK, corresponding to these points, from 1 to 0. 

Figures (3.4)-(3.7) illustrates the details of the search procedure in two dimensions. The 

procedure is as follows: 

(1) Define the initial hole boundary by a level curve in G41, (Figure (3.4)). 

(2) Construct outward normals, N, at each point, P., defining C (Figure (3.5)). 

(3) Determine a temporary origin ,say Po, located within C’ by averaging the coordinates. 

We assume here that the origin Po lies inside the surface C. 

(4) Define a “search” circle about Py with radius Rar, where Rmaz is the maximum 

distance from Pp to the points on C’ (Figure (3.6)). 

(5) Test the magnitude of 7, the position vector relative to Po for every point P of Gi;. 

If |r| > Rmaz, P lies outside the search circle and hence need not be considered further. 

Whenever |r| < Rmaz, P falls within the search circle and additional testing is required. 

(6) Compute N - R, where N is the outward normal at the point P. on C closest to P, and 

R, is the position vector to P from P, (Figure (3.7)). If N- R, > 0, P is outside C; if 

N - Ry <0, P is inside C and IBLANK corresponding to this point is set to 0. 

The points of G;; within the hole are excluded from the solution and are not usable 

as boundary points. Therefore, additional points of G;,; are identified as hole-boundary or
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Figure 3.5: Construction of outward normal to C 
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Figure 3.6: Temporary origin (fo) and construction of search circle 
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Figure 3.7: Construction of position vector R, and dot product test 
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Figure 3.8: Final hole-boundary construction 

fringe points. Values of the unknowns at these boundary points will be interpolated from 

the embedded mesh, Gj41,;. The boundary points are constructed from points in G;; which 

are not boundary points but which have nearest neighbors that are. Figure (3.8) illustrates 

the boundary construction. The procedure is to examine the nearest neighbors of each 

point, P, in Gy;, at which IBLANK = 1. If a neighbor is a hole point, P is a boundary 

point. The indices of the fringe points are added to a list of boundary points which will 

require interpolated data.
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3.3 Interpolation 

Because the separate grids are treated as independent entities, boundary conditions must 

be supplied to each. The boundary conditions of the differential equations which model the 

flow provide data only at the boundaries of the computational domain. Thus, other data 

must be obtained for the subdomain boundaries which are not coincident with those of the 

computational domain. Because the subdomain boundaries typically lie in the interior of 

the computational domain where the differential equations are valid, it seems appropriate 

that the solution of these equations provide the necessary boundary data. These data 

can be obtained by interpolation of the solution in one mesh to provide boundary data 

for another, so that communication among grids is achieved by interpolation of boundary 

values from grids in which the boundaries are contained. The authors have employed a 

first-order accurate Taylor series approximation of the form 

Qa = Qo0t+ Qxéz + Qydy 

for 2-D case where @g is the required boundary value. When higher order derivatives of 

the solution are not important, bilinear interpolation can be used instead of Taylor series 

expansion in two dimensions. In numerical examples for the one-dimensional problem, 

presented below, spline interpolation was used. 

A four-to-five points overlap between grid boundaries was maintained in the original 

work [2] in order to accurately simulate complex two- and three-dimensional flows.
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3.4 Applications 

We attempted to incorporate the concept of the chimera grid-embedding scheme into the 

solution of the control problem, described by the boundary-value problem (2.1)-(2.2) and 

the cost function (2.4). Although the generation of the composite mesh, which is one of 

the key components of the chimera technique, is significantly simplified in one dimension, 

we preserved the original structure and the main aspects of the method. 

The numerical example of the chimera approach was constructed in the following way. 

We consider a solid cylinder, whose radial distribution is given by R(x) = —227 4+ 4¢ 41 

on [0,1] and whose thermal conductivity coefficient k is: 

, 1, if 0.29<2< 0.79 

- 0.5, if0<2¢< 0.29 and0.79<2< 1 

The temperature distribution in the cylinder is given by the solution of the boundary-value 

problem (2.1)-(2.2). The task is to find this solution. 

We consider a two-level grid structure with the coarse grid being defined on 0 = {7:0 < 

z <1} and the embedded grid being defined on 0* = {zx : 0.29 < x < 0.79}. The partition 

of 2 into 10 elements and the partition of Q* into 20 elements is shown in Figure(3.9 a). 

These two meshes comprise the input to the composite grid generation code. The output 

is the grid, constructed according to the procedure, described in (3.2)-(3.3). It is shown 

in Figure (3.9 b). Here, e1, €2 denote the embedded grid boundaries and hy, hz denote the
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Figure 3.9: Illustration of the chimera approach 

hole boundaries. 

In order to employ domain decomposition principles to the composite grid, we divide 

it into three overlapping regions 101, 22,03 : 

Q, = {¢@:0<2¢< hy}, 

(3.1) M% = {r:e, <2 <ex}, 

Q3 = {t:hg<z< If, 

Here, 2 coincides with the embedded grid 2*, 2, is the part of the coarse grid 2 with its 

right boundary defined by the hole boundary A,, and 03 is the part of the coarse grid 2 

with its left boundary defined by the hole boundary hp. 

We introduce the control parameters @; and 62, denoting the temperature values on the
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boundaries of the embedded grid 2 at the points e, and e2, respectively. Let T; = Tlo,,2 = 

1,...,3 then the original boundary-value problem (2.1)-(2.2) is equivalent to the following 

problem: 

Find 0, and 0, such that 

  

    

(3.2) —(Ka)Ale, ye) - pen (2) =0 inQ, 

(3.3) Ty(e:) =, Ta(e2) = 0; 

(3.4) < (i(2) Ala, we) ~,2 En (2) -0 int, 

(3.5) T\(0)=1  Ty(hy) =To(hi) 

(3.6) (aa) Alan) _ pra) -0 inQs, 

(3.7) T3(h2) =To(ho) — Ta(1) = 0 

and 

(3.8) co = po at @ =e, 

(3.9) ae = ps at @ = ep. 

The last two equations express the continuity of the heat flux across the boundaries of the 

embedded subdomain. The cost function definition of this requirement is given by: 

— (,ATi(e1)  , OTa(e1) \’ OT2(€2) , OT3(e2)\" _ 
(3.10) J(01s6) = (# a Be eaG a A ) =o    
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Note that the temperature conductivity k does not have to be continuous in the above 

expressions, and in our problem it assumes different values for the subdomains 22. and 

Q4, Os. 

Suppose, we have an initial guess for control parameters (9, 68). We solve the boundary- 

value problem (3.2)-(3.3) and calculate the heat fluxes through the boundaries of the 

subdomain 22 using these values. With this newly computed local solution T2 we evaluate 

boundary values 7,(h1) and T3(h2), necessary to solve problems (3.4)- (3.5) and (3.6)-(3.7). 

We calculate the heat fluxes, entering the subdomain (222, based on the temperature values 

at e, and €2, obtained from the local solutions 7; and 73, respectively. The cost function 

(3.10) is evaluated by taking the squared differences of the fluxes computed at this step 

and the fluxes computed at the previous stage. Iterating this procedure until convergence, 

we obtain the global solution on [0,1]. The SQP code, described in the introduction, was 

used to calculate the converged values of 6), 62. Note, that the transfer of data between 

subdomains 9), 22 and (2, 3 is required at each iteration step. The solution of (3.4) and 

(3.6) must follow the solution of (3.2). Therefore, the degree of parallelism of this scheme 

is lower than that in the case of non-overlapping domains. 

The temperature distribution, obtained with this procedure, is shown in figure (3.10). 

The initial parameters were (67, 6$) = (0.5,0.5) and the converged values were (67,03) = 

(0.24363, 0.083214). 

We applied the grid-embedding scheme, described above, to the shape optimization
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Figure 3.10: Temperature profile, computed with the chimera scheme 
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problem (2.4). The original computational region [0,1] was decomposed into 3 overlap- 

ping domains in the manner, described above. The control parameters for this case are 

(t11, U2, U3, 61, 82). The target distribution, T (2), was computed as an exact solution for 

(u1, U2, Us) given by (-2,4,1). The constraints, expressing the continuity of the heat flux 

through the boundaries of the embedded subdomain are: 

(3.11) pe) = pete) for i = 1,2. 
dz \n=er dz |r=et 

Before the start of the optimization procedure, the chimera subroutine is called to create 

the composite mesh and identify the boundaries of the subdomains 2; and 03. Unlike the 

non-overlapping method, described in (2.4), in this scheme the subdomain problems are 

not entirely independent at each iteration step. The transfer of boundary data is required 

from the embedded subdomain 2 to the outer domains 2; and Qs. 

The results of this procedure for several initial sets of control parameters are shown in 

Table (3.4). Although the converged values, found by the optimization code are not always 

very close to the target shape parameters (t1, tiz, ti3) = (—2, 4,1), the cost function achieved 

very small value and the constraints were satisfied with a good accuracy, which suggests that 

these target parameters (t1, U2, ti3) are not the only feasible set of the shape parameters, 

which yields the target temperature distribution T. The gradients of the cost function and 

constraints in this example were computed by central-differences approximation. 

On this simple example we showed that the chimera approach, which can significantly
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simplify the grid generation procedure and reduce storage requirements for complex flows, 

can be successfully incorporated into the optimization-based design framework and that 

the original analysis problem can be split into the problems on subdomains, which can be 

solved in parallel. 

Table 3.4: 

Utarget = (—2, 4, 1) 

Results of Optimization for the Chimera Scheme 

  

  

  

              

initial guess | approximation cost function constraint number of | elapsed 

of solution value value iterations time 

-1 -4,.2712348 

7 8.6399413 0.74228769 x10-° | -0.78757001x10~-" 11 26.43 sec 

5 6.4391778 0.69743100 x10-° 

0.8 0.54644045 

0.2 0.13604237 

-2 -2.2612347 

2 4.5360490 0.16381624 x10~° | 0.72600694 x107® 8 19.8 sec 

2 3.3959106 0.30118956 x1077 

0.5 0.54643526 

0.3 0.13606525 
  

   



Chapter 4 

Optimal Design of a 

Two-Dimensional Nozzle 

4.1 Problem Statement 

We consider an inviscid compressible steady flow governed by the Euler equations. We are 

specifically interested in the flow in a two-dimensional nozzle, described by the system: 

(4.1) < [{fow + ff Fads =0, 

04
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where 

(| 
p 

pu 

pv 

\ P20 | 
with velocity components u,v, density p, total energy per unit mass e9 = e + (u? + v?)/2, 

    
where e is the internal energy per unit mass. 

With the appropriate choice of inflow and outflow boundary conditions and the shape 

of the nozzle, the flow inside the nozzle can be supersonic, subsonic throughout the com- 

putational domain, or it can contain a shock. The goal of the optimal design problem is 

to find the shape of the cross-sectional area of the duct that minimizes the discrepancy 

between the flow, calculated according to (4.1) and a desired flow. 

We consider the inverse design problem. Let N denote the target nozzle and let Q= 

(p, t, 6, p) be the given target flow in N. Let N denote a nozzle having its end dimensions 

specified and let y = A(x) denote the lower boundary of N. The corresponding flow in N 

is denoted by Q = (p, u,v, p). We consider the following optimization problem: given Q in 

N find A(x) such that 

(4.2) J(A) = w is Ip — p)2ds + wy L fu — a)2ds + ws [ fv — 6]2ds + wa f Ip — p)2ds 

is minimized. 

The nozzle is assumed to be symmetric with respect to its centerline, so that the inte-
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gration is performed along the centerline C and the flow only in the lower half of the nozzle 

is considered. The w;,2 = 1,...,4 are weights that can be chosen to better match all the 

components of Q and to scale the numerical value of the cost function J. 

4.2 Geometry of The Nozzle 

We consider a family of symmetric nozzles, with their lower boundary y = A(z) being 

described by the following function [3] : 

(4.3) A(x) = A; + (A, — Ay)(1 + tanh(tan(2 — 0.5)7) — a1))/2, 

where A; is the width of the inlet side and A, is the width of the outlet side of the nozzle 

and a, is the design parameter. Thus the cost function J in (4.2) may be viewed as a 

function of ay, i.e. J = J(a,). The target domain N and the candidate optimal domains 

are defined by 4.3 with A; = 0.125, A, = 0.1875. Figure (4.1) shows the shape of the nozzle 

for various parameters a, in the range (—1, 1). 

4.3. The Flow Solver 

The following section describes the computational procedures implemented in the flow 

solver ErICA ( Euler Implicit Code for Aerodynamics) [19] to obtain analysis solutions for 

the flow in the nozzle.
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Figure 4.1: Nozzle shape for different ay.
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4.3.1 Governing Equations 

The flow inside the two-dimensional duct is governed by the Euler equations for a perfect 

gas, which may be written in integral conservation law form, valid across the discontinuities, 

in Cartesian coordinates as: 

(4.4) < fffoav + ff #-nas =, 

where 

pu 

pv 

\ Pe |     

        

F =F)+Gk, 

( \ fj 
pu pu 

pu? + p puv 
F= G= 

puv pv? + p 

(peo + p)u) | (peo + pv | 

where p is density, u is the z-component of the velocity, v is the y-component of the velocity, 

€g is the total energy per unit mass, and pis pressure. The ideal gas equation of state closes
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the system. It has the form: 

pa 
p= = (y — l)pe = pRT 

Here, Q represents the conserved variables, with ¢ = [p, u,v, p|’ denoting the primitive 

variables, and F' and G represent the inviscid fluxes. 

4.3.2 Problem Discretization 

The code implements a cell-centered finite volume method, which is based upon an integral 

form of equations to be solved. The computational domain is divided into elementary 

quadrilateral volumes within which the integration is carried out. Figure (4.2) shows a 

typical 30 x 10 grid, which is used in computations below. 

Equation (4.4) is applied to a discretized flow field. The state variables are assumed to 

be constant within each cell. In a finite-volume formulation, (4.4) is applied to each cell 

volume and in two-dimensions the semi-discrete form is: 

(4.5) = (QV); + S (F . n)ds = 0. 

sides 

A typical structured grid has cell center (j,&) and boundary faces labeled 7 — 1/2,7 + 

1/2,k —1/2,4 + 1/2, as shown in Figure (4.3). 

Using this cell structure, equation (4.5) becomes:
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Figure 4.2: Computational Grid 

a 
Bt 

(4.6) (FAjdspajt+(F-Ajdsisiy = 0, 

(QV) in + (F + f)dsjryo + (F - A)dsj41/2+ 

where the unit normal n is positive outward 

4.3.3 Time Integration 

The analysis flow problem is solved by time marching to a steady state. The governing 

equations of fluid flow can be rewritten for the (j, &)th cell in terms of the semi-discretized 

residual R as: 

Q) + R(Q) = 0,
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(j,k +1) G+1,k4+1) 

q(j — 3,4 + 4) qj +3,k+ 4) 

. qj, &) 
q(j — $,k - 4) qj+5,k- 34) 

(j, &) (j +1,h) 

Figure 4.3: Finite-volume scheme: (j, &)th cell 

where R is: 

Rjx(Q) = — ([P 43) aya t+ PA) sag) 4 

- (LF (4.7) . (A-ds)| + [F(A ds)), sy) ? 

where F j+1/2 corresponds to the inviscid flux, F , along the vertical cell face, corresponding 

to index 7 + 1; BF j-1/2 corresponds to the flux along the vertical cell face corresponding to 

index 7; F k+1/2 corresponds to the flux along the horizontal cell face corresponding to index 

k+ 1; and, Fy-ay2 corresponds to the flux along the horizontal cell face corresponding to 

index k. 

The equation integrated in ErICA makes use of the set of primitive variables [p, u, v, p]’. 

We write the time derivative using the chain rule as
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1 0 0 0 

u p O 0 
M= 

Vv O p 0 

| g'/2 pu pV If/(y—1). 

In terms of primitive variables, the governing equations can be written 

q+ M~*R(q) = 0, 

  

  

0 

where ; 

1 0 0 

yt = —u/p 1/p 0 

—v/p 0 1/p 
~1)(u2 +v?2 

| SD yu (Do =) 

62 

  
This equation is integrated explicitly in ErICA by a Jameson-style, multi-stage Runge- 

Kutta routine [18]. 

4.3.4 Upwind Differencing 

Information propagates along the characteristic lines of the governing system of equations. 

Upwind schemes ensure that information is acquired in the direction from which the char- 

acteristic is traveling and this enhances the stability of the algorithm. In Godunov-type



Optimal Shape Design with Domain Decomposition 63 

schemes, known as flux difference splitting methods, the conservative variables are consid- 

ered as piecewise constant over the mesh cells at each time step, and the time evolution is 

determined by the exact or approximate solution of the Riemann problem at the inter-cell 

boundaries. Hence, properties, derived from the exact local solution of the Euler equations, 

are introduced in the discretization. Roe developed an approximate Riemann solver based 

on an extension of the flux difference vector [18]. Roe proposed 

(4.8) FY jy = 1/2 (Ft + F- -|A\(Qt -Q°)), J 

where 

|A| = TAIT, 

and the subscripts + and — denote the right and left states at the cell interfaces. The 

matrix 7’ corresponds to the matrix of right eigenvectors of A written in columns 

Lr
 

= 
a 

& +
-
 

g
 = 8 e | 
Q
 = 9 

be
y || (4.9) 

    A2 x 7 ~ 7 am 
i vw hot+au ho—au 

where hg denotes the total enthalpy, and u and v are contravariant velocities defined as 

U = hut ny, 

Vi = NyU—Nzgd.
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The matrix of eigenvalues along the diagonal, A, is 

i ] 

~
~
 

l| (4.10) 

0 0 0 u—a     
The = notation refers to Roe averaged variables defined according to 

V PtP”, 

i= rw tutes, 

D
r
 \| 

(4.11) 6 = pro totot, 

ho = pho +vthg, 

~ 1 
a = (y-1) ho — 5(@" + 0°) ; 

where 

4.3.5 Spatial Accuracy 

The solution of the discretized governing equations requires computing the fluxes at the cell 

faces. In an upwind scheme, where information is obtained from the direction of the char- 

acteristics, this requires computing the fluxes twice; once for a left-running characteristic
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and once for a right-running characteristic. Information from a right running character- 

istic is stored as left-sided quantities as the information comes from the left. Likewise, 

right-sided quantities store information from left running characteristics. The flux quanti- 

ties can be interpolated from computed values at cell centers, or the state variables may 

be interpolated from cell centers to cell faces, and fluxes are computed from these values. 

The latter is called MUSCL (Monotone Upstream-centered Scheme for Conservation Laws) 

differencing and is the method implemented in ErlCA. Interpolation accurate up to third 

order is available. The state variables at the cell centers are interpolated to the cell faces 

using 

(4.12) Giana = Gat 2 (0-6) V4 (+ 6) AlGe 

and 

(4.13) Gis1/2,k = Gtk — é [1 — «A+ (1+ &)V] aj41,4, 

where A and V are the forward and backward difference operators, so that 

Agjk = W+1,k — Uk 

Vaik = Wk — V,k-1- 

Similar formulae are used to extrapolate to the k + 1/2 and k — 1/2 faces. Third-order 

interpolation is possible with ¢ = 1 and « = 1/3. Second-order, one-sided interpolation is 

obtained with @ = 1 and « = —1. First-order interpolation results from ¢ = 0. 

Limiters, such as Van Albeda’s limiter and minmod limiter, are used to avoid large
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oscillations in the solution near regions of steep gradients by locally reducing the order of 

the interpolation. The minmod limiter modifies the gradient appearing in (4.12) and (4.13) 

according to the minmod function: 

A = minmod[A, SV] 

V = minmod[V, BA], 

where the minmod function is defined by: 

0, if cy < 0; 
minmod (z,y) = 

sign(x) min(|z|,|y|), if cy > 0. 

The variale @ is related to the order of the interpolation and is given by: 

  

4.4 Boundary Conditions 

Four sets of boundary conditions are specified on a set of ”ghost” cells constructed around 

the computational domain. 

At the inflow boundary 7 = 0, a supersonic boundary condition is given: 

66754.11Pa l p(0, y) 

(4.14) u(0,y) = 15M 

v(0,y) = 0
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T(0,y) = 3573.0K°, 

where M is Mach number. 

At the outflow boundary 7 = jdim, a subsonic boundary condition is imposed: 

(4.15) p(l,y) = p(0,y) * B = 66754.11 * B 

By varying the parameter B we can move the position of the shock along the computational 

domain, and for a certain range of B we can obtain the flow without shock inside the 

computational domain. Numerical experiments together with a one-dimensional analysis 

lead to the conclusion that B < 2.4 yields supersonic flow throughout the nozzle, B > 3.5 

yields subsonic flow throughout the nozzle and the flow contains a shock for the range 

24<B<3.5. 

On the lower wall & = 0 and along the centerline k = kdim a no penetration boundary 

condition is given: 

(4.16) ucos@+vsin@ = 0, 

where (cos @, sin @) is the outward normal to the wall. 

4.5 Numerical Examples 

The optimization problem (4.2) is solved for 2 distinct cases: supersonic target flow and 

target flow with a shock. The 60 x 20 grid was used throughout this work to obtain the
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target flow. Candidate optimal domains are given by (4.3) with A; = 0.125, A, = 0.1875 

with a; as a free design parameter. The flow problem is solved for this parameter, then the 

objective function is computed. The integral in (4.2) is evaluated by exact integration of 

the spline function, fitted through the points, whose independent variables are specified by 

the discretization of the nozzle in the x—direction and whose dependent variables are the 

squared differencies between the target data and the computed flow. The output is sent 

to an optimizer, which updates the parameter and sends it back to the flow solver. This 

process is repeated until the optimal criteria is met. The optimization algorithm is the 

SQP scheme. The gradient information, required for the functional, is obtained by forward 

finite difference approximation. 

4.5.1 Supersonic Target Flow 

The target flow for the supersonic case was obtained with a, = 0.6 and the outflow bound- 

ary condition 

(4.17) P(1,y) = 0.6 * p(0, y) 

Figures (4.4) and (4.5) show the target data along the centerline, which was used to 

compute the cost function in this problem. Table (4.5.1) contains the results of optimization 

for several initial values of the design parameter a,. Since the flow is symmetric with respect 

to the centerline of the nozzle, the y—component of the velocity is very small compared to 

the z—component. This can be seen in the Figures (4.4) and (4.5).
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The weights in the cost function were chosen in such a way, that contributions of all the 

components of the integral in (4.2) are approximately the same. It can be seen that the 

difference between the converged optimal parameters and the target value of a, is negligible. 

The value of the cost function achieves a very small number at the end of iteration process, 

which indicates good accuracy in the analysis flow computations. As one would expect, the 

number of iterations grows significantly when the initial value of the design parameter is 

far from the target solution. It should be pointed out that the only obstacle for the optimal 

design in this case is the amount of time required to solve the underlying flow problem at 

each step. The main reason for this is the explicit time integration scheme used to obtain 

the flow in the nozzle. 

Table 4.5.1: Results of Optimization for Supersonic Flow 

  

  

  

  

  

  

Gtarget = 0.6 

initial guess | approximation | cost function | number of elapsed 

of solution value iterations time 

0.4 0.59999998 0.10949x 107" 7 6863.61 sec 

0.2 0.59999980 0.16468 107° 8 8709.97 sec 

0.1 0.59999877 0.64160x107® 8 8820.03 sec 

-0.1 0.59999906 0.37354 1078 11 14104.85 sec 

-0.2 0.59999906 0.37354 10-8 12 16431.16 sec                  
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Figure 4.4: Target flow along the centerline for supersonic case
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Figure 4.5: Target flow along the centerline for supersonic case (cont.)
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4.5.2 Target Flow With a Discontinuity 

The target flow with a shock was obtained with a; = —0.5 and the outflow boundary 

condition 

p(l,y) = 2.9 * p(0, y) 

Figures (4.6) and (4.7) show the target data along the centerline. Table (4.5.2) contains 

the results of optimization for several initial values of the design parameter a,. The number 

of SQP iterations necessary to obtain a solution in this case is considerably larger than that 

in the supersonic case. It should also be noted that the amount of time, required to obtain 

the flow data at each iteration step is approximately 3-4 times longer than that in the 

supersonic case. It was observed that only initial values of a,, which were close to the 

target parameter, produced an accurate optimal solution. And conversely, when the initial 

guess was far from the desired a;, the results were unsatisfactory. This results mainly 

from two factors. The flow solver iteration scheme showed very slow convergence rate for 

this particular case, resulting in inaccuracy in flow calculations. Secondly, the integral 

in the cost function was taken not over the whole computational domain, but only along 

the centerline, which may have prevented a good flow fit inside the nozzle away from the 

centerline.
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Table 4.5.2: Results of Optimization for the Flow with Discontinuity 

target = —0.5 

initial guess | approximation | cost function | number of elapsed 

of solution value iterations time 

-0.1 -0.50000021 | 0.28741x10718 12 34836.07 sec 

0.0 -0.50000069 0.29641 1077 10 30870.37 sec 

0.2 -0.50000011 0.77093 x 10° 11 33094.95 sec 

0.15 -0.6759 0.874848 14 55008.76 sec 

0.35 -0.40381 0.392928 14 54585.76 sec               

73 

4.6 Domain Decomposition 

Accurate simulation of fluid flow, which is a necessary requirement for the solution of the 

analysis problem in optimization-based design, requires a great number of discretization 

points which can lead to saturation of a computer’s memory. One approach to overcome 

this limitation is to split the geometrical domain into sub-regions which can be dealt with 

separately. Domain decomposition appears to us as a natural means to exploit coarse- 

grained parallelism. We attempt to adopt domain decomposition ideas to the solution of 

the design problem (4.2). This section begins by a description of the domain decomposition
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Figure 4.6: Target flow along the centerline for shock case
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Figure 4.7: Target flow along the centerline for shock case (cont.)
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algorithm. The resulting numerical method is validated on several examples. The section 

concludes with a brief analysis of numerical results. 

4.6.1 Theoretical Formulation 

We restrict ourselves to the case of overlapping subdomains, which is suggested by the 

numerical scheme (finite-volume), used to find the solution of the analysis flow problem. 

For the sake of simplicity, we consider here the partition of computational domain Q into 

two overlapping subdomains 22; and Q2, with the boundaries I, and [';. The overlap region 

is denoted 04,2. We have that 0); UN, = 2 and N,N ON2 = N12. [1 represents a common 

boundary between the subdomains 22 and 92). and I2 represents a common boundary 

between 9, and 01. This is illustrated in Figure (4.8). Let & represent a line, common 

to both subdomains 2; and Q2, such that it divides 01,2 into N}, and N74. (See Figure 

(4.9)). In the present approach, the subdomains 2; and Q2 and the interface ¥ are kept 

fixed arbitrarily at the beginning of the calculations, but in general the definition of 0; can 

be automatically adapted to the physical characteristics of the solution. One assumption 

that we make concerns the grids associated with each subdomain. We require that they 

match at the internal interface %. 

The partition of the spatial domain into adjoining, intersecting subdomains quite nat- 

urally implies the definition of the compatibility criteria at the interfaces and the way to 

impose boundary conditions. If one wishes to deal with the solution of the Euler equations
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Figure 4.8: Decomposition of a domain into 2 overlapping domains 

(4.4) separately on each 2;, one requires the boundary values for flow variables on each Ty 

and I'y. These boundary values, imposed on I; and [2 must involve the continuity of in- 

viscid flux vector F across ¥, to be the restriction of the global solution. It is thus natural, 

in terms of the control problem, to view the values of flow variables at the boundaries as 

control parameters, and to look for such a set of these variables, that yields the zero value 

of the jump in F across J. This intuitive approach leads to the following formulation of 

the optimal control problem, described in (4.2). 

Let Q, be the solution of (4.4) on the domain 2; with boundary conditions q’, imposed 

2 on [y and @2 be the solution of (4.4) on the domain 22 with boundary conditions 4’, 

imposed on [2. Let F, and F, denote the corresponding inviscid fluxes in the direction,
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Figure 4.9: Domain Decomposition with an overlap 

normal to ©. The global solution Q on the entire computational domain 1 is defined as 

follows: 

G1, if (z,y) C Q \ OF 93 

Qo, if (z,y) CQ2\ OQ 

Let N notify the target nozzle and Q notify the target flow in V. Given Q in N find A(z), 

(4.18) Q= 

¢' and q such that 

(4.19) J(A) = wy i [e — pl?ds + we L [u — a]*ds + w3 a [vu — 6]?ds + wy L [p — pl*ds 

subject to 

(4.20) FH-F>=0 on™ 

is minimized. 

The cost function (4.19) depends on the choice of boundary conditions g* and q? and 

~2 therefore J = J(a1,¢', ¢@’). Equation (4.20) denotes the set of active constraints, expressing 

the compatibility conditions.
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During each iteration step the partial solutions are brought together to form the global 

solution, which is used to compute the cost function of the control problem. From the 

structure of the time marching strategy, it follows that computations relative to individual 

subdomains can be performed in parallel, with data exchange being required only at the 

end of each updating step. 

4.6.2 Discretization of Constraints 

The choice of space-discretization induces quite naturally the discretization of the constraint 

equations and therefore defines the dimension of the control parameter space. In the case 

where the finite-volume formulation is used and fluxes are presumed constant across the 

cell-face, the dimension of the control space is ND-+1, where N is the number of cell nodes 

on 4%, D is the number of independent flow variables ( 4 in our case) and 1 is the number 

of shape parameters. 

After the discretization is performed, the boundary conditions are imposed at each 

cell center, which means that the grid dimension defines the dimension of control space. 

This can lead to a very large number of control variables and therefore to an unrealistic 

number of flow calculations necessary to evaluate the gradient of the cost and constraint 

functions at each step. This problem can be solved by evaluating the flux across © and 

imposing boundary conditions only at a limited number of points along [,,[T2, and & 

and interpolating the rest of the data from these values. In the numerical computations,



Optimal Shape Design with Domain Decomposition 80 

  

Py Sry 
-0.05+ | | | 4 

Wy 
Q; Q, 

+|+\4 

> -0.15 BN + 

P| 

—-0.25/- 7 

          

    
  

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

Figure 4.10: Decomposition of a nozzle into 2 domains with a 2-cell overlap 

performed in this work, we chose 5 points along the width of the nozzle, denoting the relative 

distance from the centerline. The boundary conditions were imposed and the fluxes were 

evaluated at (0,4/19/,7/19/, 15/191, 2), where / is the length of the appropriate grid line in 

the y-direction. By this we ensure that the data is properly matched for different shapes of 

the nozzle. Therefore, we have 2*5+*4+1 = 41 control variables and 5*4 = 20 constraints 

imposed. Figure (4.10) shows the decomposition of a nozzle into 2 domains with a 2-cell 

overlap. Here, “+”’s denote the position of the points, at which the boundary conditions 

and compatibility conditions are imposed. 

At each iteration step, the boundary data to be imposed at the “ghost” cell centers in 

domains 2; and Q2 is interpolated from the corresponding set of control variables. The
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flow solution is obtained in 2; and Q2 and the global solution on 12 is defined according 

to (4.18). The integral (4.19) is evaluated in the manner, similar to that without domain 

decomposition. Constraints are evaluated by interpolating the flow data to the points 

where the control variables are defined. This information is passed to the optimizer, which 

produces the next set of boundary data and the shape parameter. This process is repeated 

until convergence. 

It is also possible to match the fluxes at two different interfaces 4, and Nz, so that the 

number of constraints is 40. By this we eliminate 20 degrees of freedom which remain for 

the problem with fixed shape parameter a; when the only control parameters are the flow 

components, associated with the boundaries of subdomains. Even though the procedure 

described above seems to converge to the solution, which is close to the target solution, the 

optimal solution, produced by the SQP code in this setting may not be the flow obtained 

with the target parameters, because 20 degrees of freedom remain in this formulation of 

the control problem. 

4.6.3. Numerical Examples 

The domain decomposition algorithm, described above was applied to the solution of shape 

optimization problem for supersonic target flow. The target flow was obtained with a, = 0.6 

and the set of boundary conditions, specified in section (4.4). Decomposition of the domain 

into two subdomains was performed for two different sizes of the overlap. In the case | the
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Figure 4.11: Convergence history 

overlap was taken to be 2 cells and the computational grid for each subdomain was 32 x 20, 

in the case 2 the overlap was 4 cells and the computational grid for each subdomain was 

34 x 20. The numerical results, illustrating the convergence of the algorithm are shown 

in Figure (4.11). Here, domain decomposition with two different overlaps is compared to 

the computation performed on a single grid, covering the entire domain. It can be seen 

that by increasing the size of the overlap between the adjacent domains, the convergence 

is achieved faster even though the computational cost per domain is higher. 

Figures (4.12) and (4.13) show the optimal solution along the centerline, obtained with a 

4-cell overlap, compared with the target solution for this case. Solid lines denote the target 

data, dashed lines denote the flow, obtained with the initial parameters and the “dash- 

dot” lines denote the flow, obtained with the converged parameters. The initial value of 

the cost function was 560.131 and the final value after the optimization was completed was
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Figure 4.12: Results of Domain Decomposition method with 4-cell Overlap 

0.094935. The initial value of the shape parameter a, was 0.1 and the converged value was 

0.59267 (compare to the target value of 0.6).
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Figure 4.13: Results of Domain Decomposition method with 4-cell Overlap (cont.)



Chapter 5 

Conclusions 

In this work, we considered an “inverse-design” problem, where we specified the flow dis- 

tribution in the computational domain (or on a subset) and sought the geometrical con- 

figuration that produced this flow. Based on this idea, we formulated a control problem, 

in which the optimization procedure minimizes the error between the target flow and the 

actual flow through successive adjustment of the design parameters. We were interested in 

exploring the computational efficiency of the numerical solution of this problem, particu- 

larly the implementation in a workstation cluster environment. In this setting we studied 

numerical algorithms that are suited to coarse-grained parallelization. These aspects were 

examined with an example of one-dimensional heat transfer in a cylinder of non-uniform 

cross-sectional area and the optimal design of a two-dimensional nozzle. 

We compared the computational cost and convergence properties of the optimiza- 
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tion procedure for two approaches: the “Black-Box” method and domain decomposition 

method. When employing the “Black-Box” technique, the unconstrained control problem 

was solved in terms of the design variables and in the case of domain decomposition 1m- 

plementation, the constrained control problem was solved in terms of design variables and 

boundary data on interfaces. In the latter approach, the analysis problem was divided into 

a number of subproblems, which can be solved independently. The size of the discretized 

state variable in each subproblem is smaller to decrease the computational cost on each 

respective subdomain. The trade-off lies in global cost function’s dependence on many 

more control variables that are introduced by this division process. 

The results obtained for the one-dimensional heat-transfer case strongly suggest the 

use of domain decomposition methods in the context of an optimization procedure. The 

application of the domain decomposition method took considerably longer than the solution 

over the entire domain on a single-processor machine, yet shows promise if implemented 

on a network of workstations. Each subdomain can be assigned to a separate processor, 

with one “master” processor performing the global iteration and synchronizing the process. 

Subdomain problems are virtually independent from each other, and the data transfer is 

performed only between “master” processor and subdomain processors. A linear speed-up 

can be expected if the computational domain is partitioned in a number of subdomains 

proportional to the number of processors in the network. If the local solver allows the 

boundary data to be imposed explicitly, this method can be used to parallelize existing
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analysis codes without making significant changes in the code. If only coarse-grained 

parallelization is considered, this a strong alternative to creating new parallel algorithms. 

Also, we implemented the grid-embedding chimera technique to the solution of a one- 

dimensional heat transfer problem. The formulation of this scheme in terms of domain 

decomposition leads to an overlapping method. Subdomain problems are coupled for each 

pair of neighboring domains, therefore the degree of parallelism is lower in this case. We 

showed that the chimera approach, which can significantly simplify the grid generation 

procedure and reduce the storage requirements for complex flows, can be successfully in- 

corporated into the optimization-based design framework. The original analysis problem 

can be split into problems on subdomains, which can be solved in parallel with data transfer 

at each step limited to exchanging boundary information between the neighboring subdo- 

mains and between the “master” processor. 

In the case of a two-dimensional flow, the optimization was applied to supersonic flow 

and the discontinuous flow. The optimization results strongly depend on the accuracy of 

the flow calculations, therefore one should be careful with the choice of flow solver. Implicit 

algorithms are preferred to explicit methods since the flow calculations are performed sev- 

eral times in each iteration. The domain decomposition for the case of a two-dimensional 

flow leads to a very large number of control variables, associated with the discretization 

on the interfaces. If one wishes to implement this algorithm in a parallel environment, the 

computations should be spread between the processors in such a way, that the number of
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processors is proportional to the number of control variables. This class of algorithms is 

known to have a slow convergence rate, therefore the use of a preconditioner is suggested.



Appendix A: Numerical Solution of 

the Heat Equation 

We wish to construct a numerical solution of the boundary-value problem 

  (5.1) + (ka) Alen) — pera) =0, 0<a<1l 

(5.2) T(0) = To T1)=Th, 

This problem is equivalent to the problem of finding the solution of the second-order dif- 

ferential operator 

(5.3) L(w) = [—pw']' + qu = f 

with boundary data 

(5.4) w(a) = wo w(b) = wy. 
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In the case of the heat equation p(z,a) = —k(x)A(z,a) , q(z,a) = pee) and f = 0. 

Due to linearity of the problem we can decompose the solution of (5.3) w as 

w= Wat Wi, 

where w; is a sufficiently smooth function, satisfying 

wi(a) = wo w;(b) = wy 

and w,, is a solution of (5.3) with homogeneous boundary data. We can rewrite (5.3) as 

where w,(a) = 0 wr(b) = 0. 

Let w; be a linear function 

  

    

(5.6) w; = = = ~ (x — a) + wo, 

then 

WwW, — w wy — 
(5.7) L(w;) = —p'(z, a) 7 a4 q(x, a) = — (c —a)+ wo]. 

Now the problem is reduced to the construction of a numerical solution for the second-order 

operator 

Wi — Wo W1 — Wo (58) Llwa) =F — (l(a, + g(x, a) [Pe — a) + wo)     

with homogeneous boundary conditions.
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The solution to this boundary-value problem satisfies a variational property. We assume 

that p C C'[0,1] and q, f, C C0, 1]. Further, we require that 

p(z) > 6 > 0, giz) >0, fora<z<8, 

and 

q(x) > 0, fora<a<b. 

These assumptions are sufficient to guarantee that the boundary-value problem (5.3) has a 

unique solution and that the numerical approximation, constructed with the finite-element 

scheme, described below satisfies the following property [27]: 

1/2 
(f leo a (2) Pde) ~oO(h), 0<2K<l. 

The variational property for the second-order operator (5.3) states that the function 

w C Cla, b] is the unique solution of (5.3) under the above assumptions if and only if it 

minimizes the integral 

(5.9) uw) = [ola @)P? + al) lula)? — 2F(2)u(a) hae. 

The finite-element approach minimizes the integral(5.9) over a set of functions consisting 

of linear combinations of certain basis functions ¢;,2 = 0,...,N. The basis functions are 

linearly independent and satisfy 

bi(a) = o;:(b) = 0, for? =0,1,...,N.
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N 
An approximation y%(z) = 5© ¢;¢;(x) to the solution of equation(5.3) is then obtained by 

1=0 
N 

finding constants c;,z = 0,...,N to minimize 1] cdl. 
i=0 

From the equation (5.9) 

(5.10) Ty] = [eo »s cdi) + q(x) S cdi) — 2f (x) Seid 
1=0 

and, the necessary condition for the minimum is given by 

Or 
(5.11) de forz =0,1...,N. 

Differentiating (5.10) and substituting into (5.11) yields: 

N b b 

6.12) Df {lx olla o4(e) + a(a)du(@)oj(x)}de les — f° f(e) ide 

for 7 = 0,1,...,.N. 

These equations produce an n x n linear system Ac = 6 in the variables co, c1,..., en, 

where the symmetric matrix A is given by 

ais = f [pla di(a)$i(2) + a(x) bilo) es(2))d2, 

and 6 is defined by 

b= | Fla)dila)de. 

The basis functions, that allow to obtain the approximation y% C C%[a, 6], are bell- 

shaped splines or B-splines. The basis B-spline S(z) satisfies the boundary conditions 

S"(x2o) = S"(z4)=0 = and S"(xo) = S"(a4) = 0
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0 x<-—2 

(2—2x2)? —4(1—2)? —62°+4(14+ 27)? -2<2r<-1 

(5.13) S(e) =} (2—2x)? —4(1 — 2)? — 62° —-l<2z<0 
, r) = 

(2-2)? —4(1-2)° 0<r<l 

(2—2)° l<r<2 

| 9 2< 2. 

We define 

L— X@i 
Si(¢) = S( ; ), fori =0,1,...,N,   

where z;’s are equally spaced nodes on [a,b]. For the set ; to satisfy the boundary con- 

ditions ¢;(0) = $;(1) = 0, we must modify 5o,5,,Sy-1, and Sy. The basis with this 

modification is defined by 

(5.14) g(t) = 4 S,(x) -2<i<N-2 

Sn(z) — Sn-i(2) r= N-I 

  Sn(t) —4Sn4i(z) t=n. 

Since ¢;(x) and ¢/(x) are nonzero only for z;-2 < x < 242, the matrix in the finite-
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element approximation is a banded matrix with bandwidth at most seven: 

G90 G@01 G@o2 403... cae eee sae 0 

Gio @11 G12 413 414 

420 G21 4&22 423 G24 a25 

4230 431 432 433 434 35 436 

(5.15) A=| Qg9 «tet, a 0 

aN-2,N+1 

aN-1,N+1 

aN,N+1 

L O ... .. QO... Q@N+1,N-2 @N+1,N-1 @N+1,N @N+4+1,N41 |     
where 

ais = f Ip(o)oi(x)ei(x) + a(a)oi(2)6,(a))dz for i,j =0,1,...,.N +1 

The matrix A is positive definite, so the linear system(5.15) can be solved by Cholesky 

factorization or some other algorithm. In our application, we used a LINPACK subroutine 

BANDM.F to find the inverse of this matrix.
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