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Abstract 

The objective of this thesis is to study the vibration suppression capabilities of a 

double-octahedral adaptive truss with an appended flexible beam. Three cases are 

studied. The first case is an experimental and analytical investigation of flexible 

beam control using an adaptive truss positioned in an equilibrium configuration 

such that the beam is parallel to the gravity field. A linear model of the system 

is derived, and a linear LQR control law is designed. Control experiments are con- 

ducted and show that the adaptive truss performs good vibration control of the 

flexible beam with the effective modal damping increased from 0.012 for the uncon- 

trolled vibrations to 0.19 for the controlled vibrations. Good agreement between 

the open-loop and closed-loop simulations and experiments is achieved such that 

a correlation coefficient of 0.92 is observed between the experiment and simulation 

open-loop data and a correlation coefficient of 0.85 is observed for the experiment 

and simulation closed-loop data. The second case is the analysis and vibration con- 

trol of the flexible beam while the adaptive truss is positioned at some large-angle 

configuration such that the flexible beam is severely affected by gravity. In this case 

a nonlinear beam model is developed and a linear LQR control law is implemented.



Simulations show vibration control of the flexible beam for large-angle configura- 

tions of the truss, and that the vibration control performance is highly dependent 

on the linearization point of the control law. The third case is the analysis and 

control of large-angle slewing of a flexible beam using the adaptive truss. In this 

case the nonlinear beam model is implemented with both linear LQR and nonlinear 

gain-scheduled control laws. Simulations indicate that the adaptive truss achieves 

vibration control of the beam during slewing manuevers for all control laws tested 

with the nonlinear control law achieving superior vibration control performance in 

comparison to all control laws tested.
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Chapter 1 

Introduction 

Recently, much attention has been given to adaptive trusses for their ability to per- 

form as highly evolved actuators. These actuators have a multitude of potential 

applications as smart mechanisms in which kinematic and dynamic objectives are 

integrated via feedback control strategies. The primary emphasis for developing 

adaptive trusses lies in space-related applications including vibration suppression, 

slewing, articulation, payload isolation, tracking and pointing, docking mechanisms, 

and deployable trusses. These applications have been investigated by Rockwell In- 

ternational [1982], Miura et al. [1985], Miura and Furuya [1985], and Rhodes and 

Mikulas [1985]. Obviously, the use of mechanisms (such as adaptive trusses) will 

be an important aspect of the assembly and maneuvering of future spacecraft. For 

example, the concept for assembly and service on Space Station Freedom includes 

a space crane which requires active joints that must be designed to transmit loads 

and move to a position when commanded. An adaptive truss would be well suited 

for this task. Or as another example, in platform-type spacecraft a payload will be 

required to point and track a target independent of the interaction from other dis- 

turbances on the spacecraft. Adaptive trusses present at least one possible method 

of achieving both disturbance rejection and target tracking.



A brief introduction to the adaptive truss concept is discussed here to introduce 

some of the terminology and to present some of the advantages of adaptive trusses. 

Adaptive trusses are often referred to as Variable Geometry Trusses or VGT’s. A 

VGT is a statically determinate truss that has been modified to contain some num- 

ber of variable length members. The number of extensible members is equal to the 

number of degrees of freedom of the truss. Adaptive trusses are made up of some 

combination of fundamental units, called unit cells. These include the tetrahedron, 

the octahedron, the decahedron, and the dodecahedron all of which have triangu- 

lar faces as described by Arun et al [1990]. The simplest repeating actuation unit 

within an adaptive truss is referred to as a bay. A bay may be a single cell, or it 

may be formed from various combinations of the unit cells. These bays are named 

according to their construction. For example, a single-octahedral adaptive truss is 

a bay formed by one octahedral unit cell or a triple-tetrahedral adaptive truss is a 

bay made up of three tetrahedral unit cells. 

The principle reasons for the proposed applications of adaptive trusses lie in their 

inherently high strength-to-weight ratio and the possible ease of stowing and assem- 

bling. These attributes occur from the way loads are carried by the members of the 

truss, that is, in tension and compression. This accounts for the high strength of 

adaptive truss structures and their potential uses as space booms, supports for space 

antennae, and as berthing devices. A comparative study by Sincarsin and Hughes 

[1987] showed that the octahedral type truss held the most promise for these applica- 

tions. Coincidentally, the adaptive truss utilized in this thesis is a double-octahedral 

adaptive truss.



This thesis is concerned with investigating the capabilities of the double-octahedral 

adaptive truss for vibration suppression, large-angle slewing, vibration suppression 

at large slewed angles, and the simultaneous objective of slewing and vibration 

suppression. These objectives are directly associated with several of the potential 

applications discussed above as they demonstrate the dynamic and kinematic capa- 

bilities of the adaptive truss which are required to achieve several of these potential 

applications. As a result, three experiments are performed in this thesis to demon- 

strate the vibration control capabilities of the adaptive truss. They are 

1. Perform computer and hardware experiments that use the double-octahedral 

adaptive truss to control the flexible motions of an attached continuum about 

an equilibrium (zero-angle) configuration of the truss. 

2. Perform computer experiments that use the adaptive truss to control the vi- 

brations of the attached continuum about various large-angle operating con- 

figurations of the truss. 

3. Perform computer experiments of the adaptive truss controlling the vibrations 

of the attached continuum in the process of a slewing maneuver of the adaptive 

truss. 

Experiment 1 investigates what is, perhaps, the simplest problem of flexible beam 

control with an adaptive truss. This is the case when the adaptive truss operates 

with small motions about the configuration in which the flexible beam is upright 

and parallel to the gravity field as shown in Fig. 1.1. This operating position is 

designated the zero-angle or equilibrium configuration, since the top plane of the 

truss is horizontal. Gravity effects and kinematic nonlinearities are minimal in this 
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Figure 1.1: Adaptive Truss Positioned in Equilibrium Configuration



position and allow for the formulation of a linear model and linear control law. 

Experiment 2 examines the problem of vibration control of the flexible beam in which 

the adaptive truss operates with small motions about various large-angle configu- 

rations. In this situation the flexible beam is not parallel to the gravity field and 

subject to gravitational nonlinearities as shown in Fig. 1.2, and thus, a nonlinear 

beam model is developed. The adaptive truss operates with small motions about 

the large-angle configuration, and the kinematic nonlinearities are again minimal, 

thus, facilitating the use of a linear control law. 

Finally, experiment 3 investigates the ability of the adaptive truss to perform vi- 

bration control of the flexible beam while simultaneously slewing the beam through 

large angles. In this scenario, both gravitational nonlinearities and kinematic non- 

linearities due to the large angle slewing are encountered. Accordingly, a nonlinear 

model and a nonlinear control law are incorporated in the large angle slewing and 

vibration control simulations. 

1.1 Literature Review 

The ability of adaptive trusses to perform vibration control of flexible beams has 

been demonstrated previously. Robertshaw [1989] showed good vibration control of 

a flexible slender rod appended to the bottom of a quadruple-octahedral adaptive 

truss. Wynn [1990] later demonstrated vibration control of a thin, flexible beam 

umbrellaed in the gravity field. Both of these test scenarios positioned the beam 

hanging downward in the gravity field. In comparison, the three studies in this



  
Figure 1.2: Adaptive Truss Positioned at a Large-Angle Configuration



thesis, the flexible beam is positioned upright or at some angle less than 90 degrees 

from vertical. Another key difference is the actuator drive system incorporated. 

Robertshaw and Wynn use a voltage-controlled amplifier and DC motor, while a 

current-controlled amplifier and DC motor are utilized in this thesis. The difference 

results in less inherent system damping for the current-controlled system. 

Vibration suppression or active damping has been achieved with other types of adap- 

tive trusses. Fanson [1989] used piezoelectric active-members to control the flexible 

motion of spatial truss structure. Natori [1987] utilized voice coil type actuators in 

a spatial truss structure and provided active damping. Clark [1990] uses a free-free 

floating planar truss to actively suppress the flexible vibrations of two appended 

beams. In the cases of Fanson and Natori the active vibration was accomplished 

with small motions and the spatial kinematic nonlinearities were neglected. In the 

case studied by Clark, the planar kinematic nonlinearities are also neglected. 

The principle reason for neglecting the nonlinear kinematics, as Fanson, Natori, and 

Clark did in their studies, is the void of closed-form kinematic solutions to many of 

the proposed adaptive truss geometries. However, with the recent developments by 

Padmanabhan [1990] in adaptive truss kinematics, closed-form inverse solutions now 

exist for the double-octahedral and quadruple-octahedral adaptive trusses. Conse- 

quently, this thesis exploits the kinematic solution to the double-octahedral adaptive 

truss such that the kinematic nonlinearities are retained. 

Slewing control of a flexible beam has been demonstrated with single-axis root actu- 

ation by Robertshaw [1985], Juang [1986], and Alberts [1990]. However, literature



on large-angle control and slewing control of flexible beams with adaptive trusses re- 

mains infrequent. Again, the most likely reason is the void of closed-form kinematic 

solutions to a variety of the adaptive truss geometries. However, the recent develop- 

ment of the closed-form inverse solution to the double-octahedral adaptive truss by 

Padmanabhan has provided the necessary kinematics to perform, as this thesis does, 

large-angle positioning and slewing maneuvers with the double-octahedral adaptive 

truss. 

1.2 Outline 

This thesis includes three distinct studies and are progressively presented in their 

order of difficulty. Although only the first study includes measured experimental 

data, all studies incorporate the physical parameters of the test article. Thus, a 

short description of the test article is presented in Chapter 2. 

Each of the three vibration control studies incorporate different elements of the 

kinematics of the double-octahedral adaptive truss. So, before the vibration control 

studies are presented, a comprehensive kinematic analysis of the adaptive truss is 

included in Chapter 3. Described are the closed-form inverse solution, the iterative 

forward solution, velocity and acceleration expressions, and linear transformations. 

The first study investigates the control of the flexible beam with the double- 

octahedral adaptive truss while the beam is positioned upright and parallel to the 

gravity field. Chapter 4 presents the formulation and assembly of the linear systems 

including a linear 3-mode beam model, motor model, flexible plate model, and linear



truss transformations. Chapter 5 discusses the development of a linear control law 

and the linear simulation and experimental results of using this control law. 

The second study examines the control of the flexible beam with the adaptive truss 

positioned at some large-angle in which the beam is severely affected by gravity, 

and the third study investigates the control of the flexible beam as the adaptive 

truss is maneuvered through a large-angle. Both studies require nonlinear equations 

of motion to predict the system behavior. Chapter 6 details the development of 

a single-mode nonlinear beam model and discusses which kinematic equations of 

Chapter 3 are required for the nonlinear analysis. Chapter 7 presents the linear 

control law used in the second study and the linear and nonlinear control laws used 

in the third study. The nonlinear simulation results of implementing these control 

laws is also presented in Chapter 7. 

Finally, Chapter 8 presents concluding remarks and recommendations regarding the 

three distinct cases investigated in this thesis.



Chapter 2 

Description of System 

The adaptive truss with a vertical beam on top was shown in Fig. 1.1. The adap- 

tive truss consists of a base plate that is bolted to the floor, six cross longerons that 

connect the base plate to the three variable length battens, six more cross longerons 

that connect the variable length battens to the top plate, and the top plate. The 

three equal but fixed length battens in both the base and top plates are 35.5 in. 

(90.2 mm) long. Each cross longeron is an aluminum tube 34 in. (86.4 mm) long, 1.5 

in. (3.8 mm) in diameter, and has a revolute joint coincident with the longitudinal 

axis and a revolute joint at each end, perpendicular to the longitudinal axis. 

The active battens shown in Fig. 2.1, consist of a 3/4 in. (1.91 mm) diameter 

threaded steel rod with 10 threads per inch that threads into a bronze nut attached 

to the end of a 1 in. (2.54 mm) diameter aluminum tube, 35.5 in. (90.2 mm) long. 

The other end of the threaded rod is mounted in ball bearings and is driven by an 

80 watt de servo motor through a gear train with a 5.1:1 reduction. The motors are 

powered by pulse-width modulated switching amplifiers. A tachometer measures the 

motor angular rate and a string or ”yo-yo” pot measures the length of the batten 

which is the distance between the hinge axes at each end. The three active battens 
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Figure 2.1: Active Batten 
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are connected by three hinge pins and these pins also adapt the cross longerons 

through a universal yoke and mechanism. 

The top plate is 3/8 in. (0.95 mm) thick aluminum. A longitudinal axis through the 

center of the aluminum beam atop the truss intersects the top plate at the centroid 

of the triangle formed by the top three battens and is perpendicular to the top plate. 

Two steel angles adapt the beam to the plate. The beam is 144 in. (365.8 mm) 

long with a 1x2 in. (2.54x5.08 mm) solid cross section. Separate strain gages for 

measuring the bending of the two principle axes are located at the base, 44.4 in. 

(112.8 mm), and 76.2 in. (193.5 mm) from the base. The locations are also referred 

to aS 31, So, and s3. 

The three tachometer outputs, three string pot outputs, and the six strain out- 

puts are connected to the analog inputs of an A/D board in a PC/XT compatible 

computer. The three motor command signals come from D/A outputs in the com- 

puter. These command signals pass through the amplifiers to independently drive 

the three dc servo motors which turn the threaded rods and cause the battens to 

change length. 

A block diagram of the PC/XT controlled adaptive truss and beam system is shown 

in Fig. 2.2. This figure illustrates the system architecture including the sensor sig- 

nals and motor commands. Sensor signals consist of beam strain, batten length, and 

motor angular velocity. These signals are multiplied by feedback gains to produce 

the motor commands. 
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Chapter 3 

Truss Kinematics 

The function of the adaptive truss, in this thesis, is to provide kinematic inputs 

to the base of the flexible beam. The three degrees of freedom of the adaptive 

truss arise from the three active batten links and are, in general, related to motions 

applied to the base of the beam through six coordinates. These motions are the 

translations, X, Y, and Z, and the rotations, , 8, and a, which are the Newtonian 

coordinates describing the spatial position and orientation of a moving reference 

frame attached to the mid-point of the triangular top plane. This reference frame is 

described by the m-coordinate system shown in Fig. 3.1 (note that the Newtonian 

frame is located at the center of the fixed plane but is shifted for clarity in Fig. 3.1) 

and of the six coordinates, only three are independent since the adaptive truss has 

but three active links. The general Newtonian description of the center of the top 

plane of the truss is P,,p = [X Y Z 7B al’. 

In general, two distinct kinematic problems, end point positioning and slew posi- 

tioning, may be formalized with the double-octahedral adaptive truss actuated as 

described in Chapter 2. The end point positioning problem involves specifying the 

global location of a point in the top plane of the truss and determining the required 
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batten lengths to achieve this position. The slew positioning problem involves spec- 

ifying the orientation of the top plane and determining the satisfying batten lengths 

to achieve the desired orientation. This thesis is concerned with the slew positioning 

problem. Slewing the adaptive truss is equivalent to moving the top plane of the 

truss from one orientation to another. This orientation could be specified through 

desired pitch, 7, and roll, @, angles of the moving reference frame. This is often 

referred to as the gimbal problem. The adaptive truss, however, does not behave 

as an ideal gimbal since the two axes about which the orientation is specified do 

not intersect the top plane of the truss at its mid-point, but are instead, offset by a 

scalar distance, d, as shown in Fig. 3.2. The gimbal axes offset, d, along with the 

pitch and roll angles complete the necessary set of three independent slew position 

specifications. The resulting kinematic problem is to determine the lengths of the 

three actuated battens, L= (l, 1, Is]?, that will satisfy the slew position specifi- 

cations. The solution to this problem, also called the inverse problem, is solved in 

closed form by Padmanabhan [1990]. 

The opposite of the inverse problem is the forward problem and involves determining 

the slewed position of the truss satisfying a set of link specifications. The forward 

problem is solved by iteration of the truss kinematic equations with a root-finding 

algorithm until a satisfactory solution is obtained. The inverse and forward solu- 

tions provide a method of describing the active link positions from the slew position 

specifications and vice-versa. 
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These position descriptions are necessary for the velocity and acceleration analyses 

since the velocity and acceleration relationships are position-dependent equations. 

That is, the truss position (node locations) must be determined before the veloc- 

ity and acceleration equations can be solved. A general methodology of developing 

these velocity and acceleration relationships is described by Reinholtz[1990]. These 

relationships are specifically applied to the double-octahedral adaptive truss such 

that reversible closed-form solutions between the velocity and acceleration of the 

moving reference frame, Py» and Prop, and the velocity and acceleration of the ac- 

tive batten links, LT and , are determined. 

From the inverse position solution and from the velocity and acceleration relation- 

ships discussed above, linear kinematic transformations are developed. These linear 

transformations approximate incremental changes in the position, velocity, and ac- 

celerations of the coordinates of the moving reference frame to incremental changes 

in the position, velocity, and acceleration of the active batten links. 

Before the above kinematic relationships are developed in detail, a brief explana- 

tion is perhaps needed as to why these kinematic analyses are necessary for the 

problem of vibration control with the adaptive truss. This thesis conducts three 

vibration control computer experiments with each one requiring an increasingly de- 

tailed analysis of the truss kinematics. The required kinematic relationships for each 

18



experiment is briefly discussed as follows. 

In the first case experiments are performed of small motion linear vibration control 

about the zero-angle (y = 0, 3 = 0) configuration of the adaptive truss. For this 

problem linear transformations are required to approximate the position, velocity, 

and acceleration relationships between the active batten links and the coordinates, 

Props describing the center of the top plane. The reason this is necessary is that 

linear state-feedback control is developed such that the states of the adaptive truss 

and flexible beam system are the batten lengths, the beam modal coordinates, and 

their rates. The bridge between the batten lengths and the modal coordinates is 

spanned by these linear kinematic transformations. 

In the second case experiments are performed of linear vibration control about a 

large-angle operating configuration of the adaptive truss. Linear transformations are 

again needed for the linear control law (now described at some large-angle configu- 

ration), but the inverse position solution is also necessary such that the batten link 

positions are known for a specified orientation of the truss. These are the reference 

batten link positions used for position control and are needed when maneuvering 

the adaptive truss into a large-angle configuration. 

In the third case experiments are performed of linear and nonlinear vibration control 

during the process of a slewing maneuver. In the nonlinear case, a gain-scheduled 

vibration control law is implemented such that linear control laws are updated from 

one discrete truss position to the next, requiring that the linear kinematic trans- 

formations are updated for each of these positions. The inverse position solution 
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is again necessary to determine the reference batten link positions for the position 

control required to slew the truss from one orientation to another. 

In each of the above computer experiments, state-space linear control is performed 

on the highly non-linear adaptive truss and flexible beam system. If the linear 

state-space equations were used to simulate the behavior of this system, erroneous 

predictions of the system behavior would undoubtedly result since the state-space 

representation does not accommodate the non-linear kinematic behavior of the truss. 

To predict these non-linearities, the forward solution and velocity and acceleration 

relationships are required. These relationships are evaluated at each time step in the 

computer experiments to accurately simulate the adaptive truss and flexible beam 

system. 

3.1 Inverse Solution for Slewed Truss 

The solution of orienting the truss for a desired slew position starts with specifying 

three input parameters, two angles, 7 and §, specifying the desired pitch and roll 

orientation of the top plane, and a scalar distance, d, between the origins of the 

Newtonian reference frame and the moving reference frame. Also needed for the so- 

lution are the fixed geometrical parameters of the double-octahedral adaptive truss, 

including the length of the cross longerons and the lengths of the fixed battens at 

the top and bottom planes of the truss. These dimensions are specified in Chapter 

2. From these given parameters, the lengths of the active batten links, I’s, are 

determined as follows. 
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3.1.1 End Point specification 

First, the end points, X, Y, and Z, of the vector to the origin of the moving reference 

frame are determined from the slew position specifications, 7, 8, and d. Let Uno, 

Una, and Ono be unit vectors normal to the top, actuated, and bottom planes, 

respectively, as shown in Fig. 3.3. The unit vector, Una, gives the orientation of the 

moving reference frame with respect to the Newtonian reference frame in terms of 

the y and § angles previously specified and is given by 

. sin 8 

U,2 = | —sinycos 8 (3.1) 
cos § cos ¥ 

The unit vector Uno is fixed to the Newtonian reference frame such that 

. 0 

Uno = | 0 (3.2) 

1 

From Fig. 3.3, it is observed that r is the length of a vector that is drawn from the 

origin of the Newtonian frame and normal to the fixed-plane to meet the actuated 

plane. Due to symmetry, the length of a vector drawn from the moving frame origin 

of the top plane and normal to the top plane to meet the actuated plane is the 

same. Imposing this symmetry condition, the following loop closure equation can 

be written 

rU ao + rU ns _ dU 1 = 0 (3.3) 

On is unknown, but because it is a unit vector, it follows that 

Oni @ Uz, =1 
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Figure 3.3: Vector Notation for Inverse Solution of Adaptive Truss 
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Taking into account the above identity and rearranging equation 3.3, r is obtained 

as 

d 

V/ 2(1 + Ono e Un2) 

By performing vector addition in accordance with Fig 3.3, the origin of the moving 

  r= (3.4) 

frame, Prmorg =(X Y Z\', is calculated as 

Prmorg = (Uno + Un2) (3.5) 

Upon substitution of equations 3.1, 3.2, and 3.4, the end point locations are explicitly 

expressed in terms of the input specifications, y, 8, and d as 

  

  

xy =] dsinf 

/2(1 + cos 8 cos 7) 

Y= —dsin y cos 3 (3.6) 

21 + cos § cosy) 

Zz d(1+ cos f cosy) 

\/2(1 + cos 8 cos 7) 

The resulting end point specifications define the spatial position of the origin of the 

moving reference frame for the desired orientation of the top plane of the adaptive 

truss. 

3.1.2 Equivalent Kinematic Model 

Next, a simplifying equivalent kinematic model is constructed by replacing the octa- 

hedral unit cell with the three RS (revolute-spherical) mechanism model devised by 

Reinholtz and Gokhale [1987] shown in Fig. 3.4. The equivalent kinematic model 
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assumes the actuated nodal points, B,, Bj, and B3, pivot about a revolute joint 

through an equivalent strut length, lgs. The angles about which the revolute joints 

rotate are 6,, 02, and 83. Using the equivalent kinematic model and the fixed geo- 

metrical parameters of the truss, the following time-invariant vector quantities are 

defined in the Newtonian reference frame as illustrated in Fig. 3.4: 

Unit vectors parallel to revolutes Uh, Uo, Us 

Reference vectors of length Ips R,, Ro, Rs 

Vectors locating origins of revolutes Oy, Oo, Os 

3.1.3 Actuated Link Lengths 

The spatial positions of the actuated nodal points, B,, Bz, and B3, can be expressed 

as a function of the fixed vector quantities and the revolute angles identified in 

Section 3.1.2. The three vectors, for 7 = 1,2,3, locating the three vertices of the 

actuated plane triangle are given by 

B; = 0; + [Ro,0 1% (3.7) 

where [R,. ¢,| is the rotation matrix rotating the reference vector, R,, about the unit 
A 

axis, U;, by an amount 9;. Expanding the above equation results in 

“ (U3,00; + €0;) Rei + (UsiUyiv0; — U.480;)Ryi + (UriU 2100; + Uyis0;) Rei + Ori 
B= (Uri 508; + U,;80;) Rei + (U},08; + cO;) Ry: + (UyiU 2408; - U,480;) Ri + Oyi (3.8) 

(U,4U2;00; — Uyi80;) Rei + (UysU 2500; + Uz430;)Ryi + (U2,00; + €8;) Rei + Oni 

where 

v6; = 1-—cos 0; 
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Figure 3.4: Equivalent Kinematic Model of Truss 
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36; = sin 6; 

cb; = cos 6; 

Referring to Fig. 3.3, the unit vector normal to the actuated plane, U,;, and the 

vector specifying the origin of the moving reference frame, Prrorg are co linear. 

Consequently, this unit vector is now defined as 

— 

P Morg 

| Proeg | 

Ont (3.9) 

Noting that the vertices, or the nodal points, of the actuated plane, B,, Bj, and Bs, 

are constrained to this plane, a set of constraint equations are obtained by observing 

that (B; — Pmorg /2) is a vector lying in the actuated plane. This vector must be 

normal to the unit normal vector, U,,;, such that 

  a — Pres e Uni = 0 (3.10) 

Substituting the expression for B; from equation 3.8 into the above equation, the 

Newtonian coordinates of the vertices of the actuated plane are found, for: = 1, 2,3, 

as follows 

Ba = by + ba CO; + 7,59; 
By = ko; + ks;C0; + ks; S08; (3.11) 

Biz = kaj + kei CO; + ko 58; 
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where the intermediate variables are defined as 

= Rt + RU, Uy; yt + RU.U,. + Ov 

eo — R, U2 + at ip tl + Ry yids + O 

ky = R,i(1 — U2.) — By VyiUes — R,,U2Uz; 
ksi = Ry _- U?.) — Ra; U, 

kei = R,;(1 _ y2) — R,U2 U2; _ Ry Vy: 

kr = RaUy - RU zt 

kgs = Raz; — ReiUei 
koi = RyiU si —_— RaiVy: 

SS
 

=
 | = (3.12) 

  

  

and 

Cd; = 93; 435015 — 43, +426 03,03; +44, i= 

aj, aaiarita3,— ari 93,93; F 44, (3.13) . 2 2 2 . ; 
. 

Sé: = ~a2i+4/a5,—43, +01, (a3i—a1¢) 
i= 

a 

a} aaiarsta3,—aaiy/03,—03; +03, 

for 

au = ka X + ksiY + keiZ 
p= ky X + bg Y + ko Z (3.14) 

te =k X thY th -2-B_2 

Back-solving the above set of equations ( 3.14, 3.13, 3.12) and 3.11, the active 

batten lengths are found by calculating the spatial distance between the actuated 

plane vertices and are determined as 

  

l = \/(Bes — Bea)? + (Bys — Byz)? + (Bis — Bra)? 
L= (Bet — Bz3)* + (By — By3)? + (Ba — B:s)? (3.15) 

ls = (Bea ~_ Br)? + (Bye —™ By)? + (B.2 — Bs)? 

  

  

These are the active link positions that mathematically satisfy the three slew in- 

puts, 7, @, and d. It is, however, possible to choose a set of slew inputs that do not 

physically satisfy the above equations for the truss dimensions specified in Chapter 

2. This condition is checked by observing the sign of a2; — a2; + a?; inside the square- 
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root expression of equation 3.13. If the sign is negative there is no real solution of 

equations 3.13, and consequently there is no physically realizable assembly of the 

double-octahedral adaptive truss for the specified slew inputs. 

3.2 Forward Solution 

If the positions of the active batten links, L, are known and the slewed position 

(y, @, and d) of the truss is desired, the forward solution must be solved. The 

forward solution is an iterative procedure requiring numerical techniques, but by 

taking advantage of the equivalent kinematic model discussed in Section 3.1.2, the 

solution is made easier. By using the kinematic angles, 0, 62, and 93, instead of 

the slew parameters, y, 8, and d, to describe the position of the adaptive truss, 

iterations on the equations of Section 3.1.3 can be performed to find the equivalent 

kinematic angles satisfying the known link positions. Once the iteration is complete 

and the kinematic angles are known, the slew parameters can be determined from 

these angles. The details to the above approach are as follows. 

3.2.1 Solution Method for Finding the Equivalent Kine- 

matic Angles 

In general, the active link lengths are explicit functions of the three equivalent 

kinematic angles and are generically expressed as 

L = fi(A, 82, 63) 

l, = fa(1, 82, @3) (3.16) 

ls = f3(91, 92, 93) 

where the three functions, fi, fo, and f3, are found by combining equation 3.8 and 
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equation 3.15. Given the lengths of the active battens, the set of angles or roots 

that satisfy the above equation can be found by employing the Newton-Raphson 

iteration technique. For a single scalar problem, an improved estimate is generated 

from an initial estimate using the following recursive equation, 

n+l = In — 

Rearranging the above equation, we obtain 

g (tn)(tn41 — In) = —9(Fn) 

9(Zn) 

g' (Zn) 

  

For the three-variable system given by equation 3.16, the equivalent vector expres- 

sion is 

5 B 

@
 Qe
 

>
 Qe
 

Q/
 
L
a
 

s|
83
{g
 

Q D w 

where 

ESE
 ie , , 

8G2 6 — | 65 

é a 6. 0 
283, 3 n+1 3 

Gy = fi(A1, 92, 93) n — L, 

G2 = f(A, 62, 93)n _— l, 

G3 = f3(61, 62, 63) n ~— ls 

-G; (3.17) 

The partial derivatives of the functions, G,, G2, and G3, with respect to the equiv- 

alent kinematic angles, are found by using a finite-difference approximation. Once 
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these partials are created the new estimate of the kinematic angles are evaluated as 

-1 fp 8 6 9G, 9G) G ‘| [#2 # 2] [= 
A, = Q, + 24 oe 285 —G2 (3.18) 

9 n+1 Os n 26, By 6. —Gs 

The above equation is recursively applied until convergence is achieved such that 

G, = G2 = G3 = 0, within a prespecified tolerance. Consequently, the values for 

@,, 02, and 43 are approximately true with greater accuracy achieved by specifying 

a stricter tolerance. 

3.2.2 Slew Position Parameters 

The orientation of the top plane is given by the unit vector, Un2, normal to the top 

plane. To find Un the unit vectors Un, and Uno must be determined and geometric 

insight employed. 

Knowing the equivalent kinematic angles, the vectors locating the actuated nodes, 

B,, B, and Bs, are easily evaluated from equation 3.8. The unit vector, Unt, normal 

to the actuated plane is determined from these vectors by forming relative position 

vectors between the actuated nodes and performing the cross product. This unit 

vector is given by 

—_~ 

a = (B, — B,) x (B, — Bs) 

| (By — Ba) x (By — Bs) | 
  (3.19) 

The unit vector, U,o, normal to the fixed plane is fixed to the Newtonian reference 

frame and is given by equation 3.2. 
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The scalar distance r shown in Fig. 3.3 is found by projecting one of the actuated 

node vectors, By, for this case, onto the unit normal vector, Uni, and then applying 

Pythagorean’s Theorem. The distance r is found by 

B; e Uni 
r= 3.20 

To @ Uay ( ) 

The gimbal axes offset distance d, also shown in Fig. 3.3, is also found from 

Pythagorean’s Theorem and is given as 

d= 2r(Uns ® Uno) (3.21) 

The unit normal vector, U,2, to the top plane can now be determined from the 

loop closure equation 3.3. The orientation of the top plane of the adaptive truss 

is determined by projecting z, y, and z components of U2 on the fixed Newtonian 

frame. The resulting pitch, +, and roll, 8, angles are determined as 

-Un 
Y= arctan ee (3 29) 

_— __Un2z ° 8 = arctan et | 

3.3 Velocity and Acceleration Analysis 

General closed-form techniques are applied to find the velocities and accelerations 

of the double-octahedral adaptive truss. The method of analysis is based on strut- 

length constraint equations. These equations each express the constraint of a known 
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strut-length between two truss nodes and are of the form 

4 q 

(1:;)? = (Wi; — Nj) © (N; — N,) (3.23) 

for all 21 combinations of t and 7 that correspond to the 21 fixed and variable strut- 

links of the double-octahedral adaptive truss as labeled in Fig. 3.5. The velocity 

and acceleration equations are found by taking the time derivative of equation 3.23 

once and twice, respectively. They are given as 

lijii; = 2(N; — N;) © (Ni — Ny) (3.24) 

desd;; + lsli; => (N; —_ N;) e (N; _ N;) + (N; _ V;) e (N; -_ N;) (3.25) 

The above equations are useful only if the nodal positions of the truss are known. 

This position-dependency of the velocity and acceleration equations requires that 

the nodal positions be analyzed each time the velocity and acceleration equations 

are evaluated. 

3.3.1 Nodal Position Analysis 

The analysis begins with describing the spatial locations of the nine vertices or nodes 

of the double-octahedral adaptive truss. The numbering scheme of these truss nodes 

are shown in Fig. 3.5. The spatial positions of the actuated nodes, N4, Ns, and 

Ng, have already been found as described in Section 3.1.3 (Ny = B,, Ns = Ba, 

Ne = Bs). The fixed nodes of the truss locating the vertices of the fixed plane 

triangle, N,, Nz, and N3, can easily be found by observing the geometry of the fixed 
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Figure 3.5: Truss Node and Strut-Link Nomenclature 
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plane triangle shown in Fig. 3.6. Vector addition with respect to the Newtonian 

reference frame yields 

N, = O, _ U, 4 

No = O> _ Up 't (3.26) 

N3 = O3 _ Us, it 

where J, is the scalar length of the base strut as specified in Chapter 2, and O; and 

U;, for 2 = 1, 2,3, are fixed vectors specified in Section 3.1.2. 

Next, the nodal positions, Nz, Ng, and Ng, of the top plane are determined. The 

spatial location of the geometrical center of the top triangular plane, and equiv- 

alently the origin of the moving reference frame, has been previously specified as 

Pmorg by equation 3.5. Three fixed vectors, Br, Bs, and Bo, relative to the moving 

reference frame are drawn from the origin of the moving frame to each of the top 

plane nodes as shown in Fig. 3.7. Vector addition may be performed to obtain the 

spatial locations of the top plane nodes. But first, the vectors, Br, Bs, and Bo, must 

be oriented with respect to the Newtonian reference frame by premultiplying by a 

rotation transformation. 

The rotation transformation is a roll, pitch, and yaw rotation description about the 

fixed Newtonian axes. The roll angle (7), rotation about the #-axis, and pitch 

angle (8), rotation about the f2-axis, are previously specified as inputs to the slew 

position analysis in Section 3.1. The yaw angle (a), is the rotation about the n3-axis, 

or “twist” that the adaptive truss possesses as a result of specifying the orientation 
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of the top plane. It is dependent on the pitch and roll angles and is given by 

sinysin G 
ee 2 

cosy + cos G (3.27) 
qa = arctan 

The rotation matrix is the product of the yaw rotation matrix, pitch rotation matrix, 

and roll rotation matrix and is 

1 0 9 cB 0 —sf ca sa 0 

[Ry gal =|0 cy sy 0 1 0 —sa ca 0 (3.28) 
0 ~—sy cy sB 0 cf 0 01 

where again cy is shorthand for cosy and sy for siny , etc. Performing the matrix 

multiplication, the rotation matrix becomes 

cac$ + sasfsy sacy casi — sasycB 

[R32] = | —sac8+ca+sBsy cacy —sasf — casycB (3.29) 

—sBcy sy cBey 

Now, the vectors, By, Bs, and Bg, can be properly rotated with respect to the 

Newtonian reference frame. Vector addition results with the spatial position of the 

top plane nodes determined as 

N; = Pmorg + [R60] Br 

Ng = Prmorg + [Ry,6,01Bs (3.30) 

No = Pmorg + [R.,3,0) Bo 

The spatial positions of all nine nodes of the adaptive truss, N,, fori =1,...,9, are 

now represented in the Newtonian reference frame. The nodal position analysis is 

complete. 
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3.3.2 Velocity Analysis 

The velocity analysis begins with the velocity expression given by equation 3.24 as 

Qh sls = 2(N; - N,) e (N; _ N,) 

The position-dependent terms are combined to form a 1x3 position unit vector 

along the length of the strut and are given by 

(aN 
Pi3 = ( T.. i (3.31) 

tj 

Substituting the position unit vector into equation 3.24, results in 

Lis = Dij e (N; _ N;)? (3.32) 

The quantity is. is the scalar link velocity and is the difference between the velocities 

of the nodes in the direction of the strut link. These equations are written and as- 

sembled for each of the two octahedral bays of the double-octahedral adaptive truss. 

Knowing all the positions, all the N,’s and I;;’3, the system of velocity equations for 

the first bay is expressed as 

-—m OUP _ 

      

fig Tp 0 0 7 [-Pe 0 O 7 
| log 0 pu O —prm 90 0 
Ugs 0 0 0 , Das — pas 0 *, 

las 0 pes 0 Ny 0 -—f2 0 Na 

lg }=] 0 0 0 N.|+| bas 0 “Pe N; (3.33) 
Ios 0 O pss + 0 —Dpss + 

in| | o 0 0 |t*? 0 Bee bss | t N° 
ise 0 0 se 0 0 Bag 
hie | lps 0 0 |” L 0 0 Die |       
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where the zeros in the above matrices are 1x3 zero vectors such that the matrices 

are 9X9 square, and the vectors, N;’s, are 3x1. Equivalently the above equation is 

expressed as 

| Ny Ny 
L, = [Ri] | N, | +[Pil| 5 (3.34) 

Nz Ne 

Only three struts, the three active batten links (l45 = 1, lag = lo, Is6 = 3), of the first 

octahedral bay are variable length members. Hence, they are the only links capable 

of changing length. The vector of scalar link velocities of the first octahedral bay, 
~~ 

L4, reduces to 

f, =| i, (3.35) 

    he «al 

Nodes, Ni, Nz, and N3, are fixed to ground, and consequently their rates are zero. 

Equation 3.34 reduces to 

. Nq 
LI, = [Pi] | N, (3.36) 

Ne 

At this point, it is important to note that since the octahedral unit cell of the 

adaptive truss is a statically determinate truss, the unit position vectors, p,; of 

[Pi] are unique, such that [P,] has no linearly dependent rows and is full rank. 

Consequently, [P,] is invertible, and the nodal velocities, N4, Ns, and Ng, are 
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readily solved by rearranging the above equation to give 

Ns = [Pi ZL, (3.37) 

A system of velocity equations are similarly written for the second octahedral bay, 

and are expressed as 

9 ~ 

          

lay [par 0 OT [ —par =O 

Is7 0 ps, 0 —psr 9 

lrg Q 0 0 5 D783 —D7g 

iss 0 pss 0 N 4 0 —Dsg 
lng = 0 0 0 Ns + Brg 0 

les 0 OO peg N 0 —DPes 

iso 0 0 0 ° 0 pag 
leg 0 0 Peo 0 0 

: lag [Py 0 O | | 60 0 

or 

N 4 N 7 

Ey = [Ro] | Ny | +(Pal| Ne 
N 6 N 9 

r
o
e
 
o
c
 

GO 
&
 

  
(3.39) 

None of the strut lengths of the second octahedral bay are variable length members 

and thus, £2 = 0. Rearranging equation 3.39 and again noting that [Pg] is invertible 

since the second octahedral bay is a statically determinate truss, the nodal velocities 

of the top plane are solved as 

Nr No 
Nz | = —[P2)"[Ra] | Ws 
No Ne 
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Substituting equation 3.37 into the above equation gives the nodal velocities of the 

top plane as a function of the actuated batten links. This relationship is given by 

N; 

Nq | =—[Pal"(RollPal*Z, (3.41) 
Ng 

The velocities of the nodes of the adaptive truss, N;, for i = 1,...,9, are now de- 

termined and represented in the Newtonian reference frame. 

3.3.3. Velocity of Mid-Point of Top Plane 

The velocities of the mid-point of the top plane, or the origin of the moving reference 

frame, are found by exploiting the special geometry of the top plane. Since the top 

plane is an equilateral triangle, the Newtonian position, Pmorg = [X Y Z]’, of the 

center of this triangle is described by 

= _ Nr+Ne+ No 
Morg = 5 (3.42) 

Differentiating with respect to time leads to the velocity of the origin of the moving 

reference frame, and results in 

= Nr+Nsg+No 
PmMorg = 3 (3.43) 
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3.3.4 Angular Velocities 

Since the top plane of the adaptive truss is a rigid body, relative velocity equations 

can be written between any two of the three nodes of the top plane. Relative velocity 

equations between nodes 7 and 8 and 7 and 9 are given as 

Ny = Ne+4x Brys (3.44) 
Nz=No+Qx Rr 

where 

Q=] B 

a 

Rrys and Rrjo are relative position vectors of node 7 to node 8 and node 7 to node 

9, respectively. They are given by 

Rrjs = Nz — Ne (3.45) 
Boj = = N;- No 

Equation 3.44 represents two vector equations, or equivalently a system of six scalar 

equations, with only three unknowns, 7, 8, and &. The redundancy of these six 

equations are readily apparent when equation 3.44 is expanded as 

Nrz — Nez 0 Rr —Rrey 7 
Nr, —N, sy |= | —Rry Re 0 B 
Nz, — N, Bz —Rrz, 0 Rrgz a 

(3.46) 

Nrz — Nox 0 Roz —Rroy y 
Nr —~N. Voy | = | —Rroy Re 0 B 
Nr —N, 9z —Rr9z 0 Rrgz a 

The diagonals of both of the above 3x3 matrices are zeros, hence they are singular. 

But, by forming a set of three independent scalar equations from the available six, 

42



the angular velocities can be determined from the following 

—1 

  

4 0 Rraz —Rrey N. Te N, 8zr 

3}=| Rr. OO —Rroe Nery — Ney (3.47) 
a —Rrg, 0 Rige Nry — Noy 

    

3.3.5 Acceleration Analysis 

The acceleration analysis begins with the acceleration relationship of equation 3.25 

given as 

i, = . . ,; ; (3.48) 
  

  

l;; 

letting 

V.—N.)e (N: — N:) — (i)? 
qj = (Ni N;) bd Ni Nj) (13;) (3.49) 

ij 

and using p;; as defined in equation 3.31, equation 3.48 becomes 

lis = gj + Bij © (Ni — Nj) (3.50) 

With the nodal positions and velocities previously specified, the nodal accelerations 

can be determined by writing equation 3.50 for each strut of the adaptive truss. The 

system of acceleration equations for the first octahedral bay of the truss is 
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r lig 14 O14 0 0 —pr4 0 0 

log 24 0 fo, 0 —Pow =O 0 
las 945 0 Od 0 “, Pas = —pas =O ", 
los q2s 0 pos 0 Ny 0 --fes 0 Na 
lag 946 0 oO 0 N, Das 0 P46 Ns (3.51) 
I55 935 0 O  d3s N 0 -pss 0 N 
Isg q56 0 oO O 3 0 Dss = Ps6 5 
ize 936 0 O B36 0 0 —Bs6 

fie | Lael Lee 9 90 | | 60 0 fie | 

or equivalently 

. N, Ng 
Ly = Oi + [Ri] Nz + [P1] N; (3.52) 

N; Ne 

Again noting that nodes, N,, Nz, and N3, are fixed to ground, and that E, reduces 

to the time derivative of equation 3.35, the above equation reduces to 

, Ng 
Ly = G+ (Pall Wy, (3.53) 

Ne 

Rearranging and multiplying by [P1]~! the nodal accelerations of the first bay are 

found as 

N . 
Ns = [P1]7*(L1 — Q1) 

Ne 
(3.54) 

Similarly, a system of acceleration equations can be written for the second octahedral 

bay of the adaptive truss as 
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i lar T gaz | [ Baz OO 0 | T B47 0 0 | 

sz 957 0 ps7 0 —ps7 0 0 

7g Q78 0 Oo OO “, P73 «6 PvaS iO 
sa 958 0 pss 0 Na 0 -pss 90 Nr 
lng |} =| a7 | +} 9 O 0 Ns | +] Br 0 P79 Ns (3.55) 
leg 968 Q OO pes N 0 -—-pes 0 N 
lao q89 0 a 0 ° 0 Bps9 = — Pag 9 
leo des 0 0 pegs 0 0 — Peo 

| Lag | L q49 | | Pas =O 0 | | 0 0 —pag | 

or 

; N4 Nr 
Ly = Q2+ [Re] | Ns | +[P2] | Ns; (3.56) 

Ne Ng 

None of the struts of the second octahedral bay are variable length struts and thus, 

iF = 0. Substituting for the nodal accelerations of the actuated plane given by 

equation 3.54 and again noting that [Rg] is invertible, equation 3.56 is rewritten as 

Ny | = (Pal (Go + (RellPil "(is - 4) (3.57) 
Ng 

These are the nodal accelerations of the top plane. It is noted that these acceleration 

equations are nonlinear since they are dependent on quadratic velocity terms (note 

the structure of equation 3.49). This is important when linear transformations are 

developed for control law design. A linearization scheme is required as Section 3.4 

will show. 
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3.3.6 Acceleration of Mid-Point of Top Plane 

The acceleration of the center of the top plane is developed from the top plane 

velocity equation 3.43. Differentiating this equation once more with respect to time 

results in the acceleration of the top plane and is given as 

= Nr+Ne+No 
Pmorg = ———-—— (3.58) 

3.3.7 Angular Accelerations of the Top Plane 

Again the top plane of the adaptive truss is a rigid body, and therefore, relative 

acceleration equations for rigid body motion in space can be written. The relative 

acceleration equations between nodes 7 and 8, and 7 and 9 are given as 

(3.59) 

where is the vector of angular velocities previously determined from equation 3.47, 

and Rrys and Bro are the relative position vectors given by equation 3.45. The 

vector of angular accelerations is given by 

~~ 7 
=| B s 

The only unknowns of equation 3.59 are the three angular accelerations, ¥, B , and a. 

Much like the relative velocity equations of Section 3.3.4, equation 3.59 represents 

a system of six scalar equations with only three unknowns with the redundancy 
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evident by performing the cross products and rearranging equation 3.59 as 

Nr — Nex a(Rray8 — Reged) — 1 Rrezt — R7g2/) 0 Rrgz = —Fray 
Nry—Ney | -— | | Rrazd — Rreyt) — A Rrey8 — Rrez) =| —Rrgz 0 Rrer 
Nr, — Nez A Rrez7 — Rraz8) — a( Rrg ,alpha — R7gy7) Rrey —Rrsz 9 
Nrz— Nos a(R79y8 — Rrgga) — 1 Rrozy — R798) 0 Rrgz  —Rroy 
Nry~ Noy | - | | Roza — Rrgy¥) — AC Rroy8 — Rroz%) =| —Rr9z 0 oz 
Nr, — Nox MRr927 — Rr9z8) — a( R79 zalpha — R794) 

(3.60) 

Qe
 W
er
e 
Q
s
 

Rrgy ~Rror 0 

The diagonals of both of the above 3x3 matrices are zeros indicating they are sin- 

gular. However, just as in Section 3.3.4, a set of three independent equations can be 

assembled from the available six, and the angular accelerations can be determined. 

They are given as 

¥ 0 Rrez —Rrey 7 Noe — Nez &( R7gyh — R7ge&) — (Rest — rez) 
8 |} =) -Rrgz, 0 R7gz Nry ~ Ney | — | (7924 — Rrgy) — B(Rrey8 — Rre2) (3.61) 
a -Rr9z, 0 Rigs Nry — Noy “(Rrqz — Rrgy) — A(Rray8 — R792) 

Before preceding on to the next section, perhaps a few words on “where we stand” 

would be helpful. At this point we have the closed-form inverse solution of Sec- 

tion 3.1 from the slew parameters, 7, 3, and d to the batten lengths [. In Section 3.2 

the iterative forward solution from the batten lengths to the slew parameters is 

given. Finally, based on the slew parameters and batten lengths, we have reversible 

expressions between the position, velocity, and accelerations of all truss nodes and 

truss links given in Section 3.3. These expressions are transformed to the point atop 

the adaptive truss where the flexible beam is attached, resulting in exact position, 

velocity, and acceleration relationships between this point and the active links. 
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3.4 Forward Kinematic Transformations 

In this section linear kinematic transformations relating the positions, velocities, and 

accelerations of the coordinates of the moving reference frame and the active batten 

links are developed. These transformations are linear approximations of the exact 

position, velocity, and acceleration relationships discussed in Sections 3.1 and 3.3 

and are linearized about a specified configuration of the truss. Such an approxima- 

tion is necessary in order to develop a linear control law, as will be shown in Chapter 

5. 

The coordinates Prop = [|X Y Z 78a] are the six general degrees of freedom of 

the moving reference frame. But the adaptive truss used in this study has a small 

a rotation compared to the other rotations and is approximately zero if the other 

rotations are small, as indicated by equation 3.27. For this reason, a is neglected in 

the development of the following linear kinematic transformations, and the vector 

specifying the remaining coordinates of Prop is given as P= [X Y ZB’. 

3.4.1 Position Transformation 

The position transformation approximates the coordinates of the moving reference 

frame as linear combinations of the active batten lengths and is referred to as the 

position Jacobian. The position Jacobian is expressed as a matrix of partial deriva- 

tives of each of the moving frame coordinates with respect to the lengths of the 

active battens. 

The position Jacobian is evaluated for specific positions of the adaptive truss since 
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the partial derivatives are position-dependent relationships and are developed from 

the inverse solution of Section 3.1. The results of the inverse solution provide the 

lengths of the actuated battens, j,, /,, and /3, for a specified truss position given in 

terms of the inputs y, 8, and d. From these results, numerical perturbation methods 

are used to approximate the following relationship, 

Ol, = 38 3 Oy 

Al, | = oy 38 a ag (3.62) 
Ol 3 Se os Od 

To justify taking the inverse of the above 3x3 matrix, it is noted that the three 

degrees-of-freedom of the adaptive truss correspond to each of the three active batten 

links. Physically, these link lengths are independent of each other such that any link 

can be lengthened or shortened without changing one or both of the other links. 

Consequently, none of the link lengths are linearly dependent on the others, and 

the above 3x3 matrix has full row rank and is invertible. Performing the inversion 

results in 

oo | a 82 Bed oP 688) 
ai, Ala ls 3 

The above expression relates changes in the three independent slew parameters as 

linear combinations of changes in the active batten lengths. Two of the slew pa- 

rameters, y and , are coordinates of Pm such that the partial derivatives of these 

coordinates with respect to the active batten lengths are given by the first two rows 

of the above 3x3 matrix. 

The partial derivatives with respect to the active batten lengths of the remaining 

coordinates of Pm are determined by first considering that X, Y, and Z are explicit 
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functions of +, 6, and d, given by equations 3.6 as 

  

  

yo - dsin ¥ 

2(1 + cos 8 cos 7) 

y = d{1 + cos 8 cos 4] 

21 + cos 8 cos 7) 

Zz = dsin 8 cosy 

,/2(1 + cos 8 cos 7) 

The partial derivatives of X, Y, and Z are each evaluated with respect to each of 

the slew parameters, 7, 8, and d and are determined as follows, 

    

  

  

    

    

  

    

    

ax _ —d cos ¥ dsin? y cos 8 

Oy  ——- f2 +. 2cos Bcosy (2 +2 cos 8 cos yy? | 
Ox __—dsin sin 8 cos ¥ 

ag (2 + 2cos 8 cos y)*”? 
OX _ —siny 

Od ~— 2+2cos Boos y 
OY _ _—dcos#siny 1 d(1+ cos Bcos ¥) (cos 8 sin 7) 

Oy ~—s—- 2+ 2 cos Bcosy (2 + 2cos 8 cos yy? 

oY —dsin 8 cosy d (1+ cos 8 cos 7) (sin 8 cos 7) — = + (3.64) 
op 2+ 2cos Bcos¥ (2 + 2cos 8 cos -y)*? 

OY —— 1+cos fcos¥ 

Od /2+ 2 cos Bcos 7 

OZ _ —dsin @siny d (cos sin 7) (sin 8 cos 7) 

Oy —s- of 2+ 2 cos Bcosy (2 + 2cos B cos yy? 

OZ d cos 8 cosy d (sin? B cos? 7) 

OB ~~ J2+2cos Bcosy (2 + 2cos B cos yy? 

OZ sin 8 cosy 
  

‘Od /2+2cos Bcos 7 

Once the above partials are determined and evaluated for a specific set of slew 

parameters, the partial differential chain rule is employed to determine the partial 
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derivatives of X, Y, and Z with respect to the three active batten lengths. By using 

the partial derivatives from equations 3.64 and the partial derivatives given by the 

matrix in equation 3.63 the partial derivatives of X, Y, and Z with respect to l,, 

I2, and /3 are determined as 

OX OX Oy OXOB OX dd 

a, ~ Oyo, dB od, Oddy 
OX OX Oy OXOB OX dd 

Oh ~ O70 OB dy Od Oh 
OX OX Oy OXOB AX dd 

dl ~ Oy dls OB Oly Od Oly 
OY _ oY dy | OY OB , OY dd 
aY dY dy OY AB OY dd 

a ~ Oydh* Bdh* dd dl, (3.65) 
oY _ dY dy | dY AB | dY dd 
Als dy Al, © OB dls ° Ad Als 
aZ dZ dy OZ0B aZ ad 

a, ~ dh Bod, dddy 
OZ _ dZ dy | AZ OB , AZ dd 
Al, Oy Aly Og Al, Od Ol, 

0Z _ 9% dy , 82 OB | AZ dd 
Als dy Al; ° 88 dl, ' dd Al, 

Collecting the partial derivatives given by the above equations, 3.65, and the first 

two rows of partials derivatives in the matrix of equation 3.63, the position Jacobian 
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is assembled as 

    

OX 9X Ix 
| 3 Bla (Bla 

ax ah Bly Ble 
oY oz ag Ol, 
OZ |= oe Bla ls Ol, (3.66) 
OY Ol; 

a 
op wt ae Os 

a6 868 ap 
L 8h lps 

or equivalently, 

dPm = [Jp] OL (3.67) 

where [Jp] is the desired position Jacobian. 

The position Jacobian is a transformation of changes between the moving coordi- 

nates and the active batten lengths, and the desired relationship is a transformation 

between the values of the Pm and L. But by approximating the partials as incre- 

ments between the positions and reference positions such that 

OPm & Pm — Prmyes 

7 Lref b
y
 

OL & 

and defining the reference positions as Pres = 0 and L,. f = 0, the desired linear 

relationship is established and is given as 

Pm = (Jp|L (3.68) 
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3.4.2 Velocity Transformation 

The velocity transformation approximates the velocities of the coordinates of the 

moving reference frame as linear combinations of the velocities of the active battens. 

The velocity transformation, like the position transformation, is developed for a spe- 

cific position of the truss, requiring the solution to the inverse position problem of 

Section 3.1 and the solution to the nodal position analysis of Section 3.3.1. Once the 

position analyses are complete, the nodal velocity analysis of Section 3.3.2 is per- 

formed, and the nodal velocities of the three nodes of the top plane are determined 

and given by equation 3.41 as 

Ny | 
Ne | = -(Pa]"‘[RallPa) “Ls 
No 

or equivalently as 

N, | =[Tv]L, (3.69) 

where [Tv] = —[P2]~'([R2][Pi]7! and [P4] is defined in equation 3.33, and [P2] and 

[Rez] are defined in equation 3.38. Expanding equation 3.69 results in 

  

Nrz ] Ty, Tv,2 Te,3 Tes Tus Tue Teu,7 Tri Tv1,9 0 
Nry Tv Tv22 Tve3 Tree Tees Tree Tre, Tree Tv2,9 0 
Nrz Tv3,1 Tv32 Tv33 Tus4 Tv3,5 Tvs Tv3,7 Tvs Tvs,9 h 
Nez Tuan Tra Tras Tra Tres Trae Tru Tag Treo 0 

Ney = Tus; Tus 2 Tvs3 Tvsi4 Tvus,5 Tus 6 Ivs,7 Tus Tvs9 Ib (3.70) 

Nez Tve1 Tvs,2 Tre Tue, Tres Tres Tver Tres Tve,9 0 
Noz Tez. Trg Tv73 Tor Tors Ture Tor, Tor, Tvz9 ls 
Noy Tvs. Tvg,2 Tvs,3 Tus, Tus Turse Tue Tvs Tvs,9 0 

| Nox Tvg,1 Tve2 Tvo3 Tue, Tres Tue Tr7 Tvos Tvoo 0   
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From equation 3.43, it is noted that the velocities, X ; Y, and Z are linear combi- 

nations of the x y and z components of the three nodal velocities of the top plane, 

N 7; Ne, and N 9, such that X is one-third the sum of the z velocity components, 

and etc. Additionally, since the third, fifth, and seventh elements of i, are the only 

nonzero entries, all but the third, fifth, and seventh columns of [Tv] are neglected. 

In light of these observations, the following relationship can be established 

x 
Y [= 

or 

w
i
e
 (Tv13+Tvs3+Tv73) (Tei + Tuas + Tv7,s) (Tvr,7 + Tvs,7 + Te7,7) iy 

(Tv23+Tus3+Tvs3) (Tve5+Tvs5+Tvss) (Tva,7 + Tus,7 + Tvg,7) lg (3.71) 
(Tv3,3+Tve3+Tve,3) (Tv35+Tvest+Tvos) (Tv3,7 + Tve,7 + Tv,7) ly 

x : 
Y |= [Tvy]Z (3.72) 

Z 

[Tv] is a 3x3 matrix that relates the velocities of the active battens to the veloci- 

ties of the X, Y, and Z coordinates of the moving reference frame. 

The angular velocities of the top plane are given by equation 3.47 as a function of 

the velocities of the nodes of the top plane 

B 0 Rrgz —Rrey 7 Nre —™ Nee 

a|=|—R7, 0 Rise Nyy — N, 8y 

y — Rrgz 0 Rage N. Ty N. oy 

Substituting the corresponding rows of [Tv] given in equation 3.70, and again ne- 

glecting all but the third, fifth, and seventh columns, the following relationship is 

established 
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B 0 Rigs —~Rrgy | [ (71,3 —Tv4,3) (Tv1,5—Te4,s) (Te1,7 - Tr4,7) iy 
& = —Rrygz Q Rrgr (Tv2°3 - Tvs 3) (Tv 5 - Tv5 5) (Teg 7 ~ Tvs 7) I (3.73) 
% 

~R79; 0 Rrgr (Tv2,3 —Teg 3) (Tvg5-Teg 5) (Tv2,7 — Trg,7) tg 

or 

i h 
B | =(Tva] | b (3.74) 
& is 

The first and third rows of the above 3x3 matrix [T'v2] corresponding to + and B 

are combined to form a 2x3 matrix [Tv3]. The velocity transformation relating the 

velocities of the moving reference frame coordinates as linear combinations of the 

velocities of the battens is assembled from [Tv,] and [Tvg] and is given by 

x e 

Y L, 
z |= mw | i, (3.75) 
B ls 
4 

or equivalently as 

Pm =([JyJL£ (3.76) 

[Jy] is the desired velocity transformation between the velocities of the moving ref- 

erence coordinates and the velocities of the active links. Again, the transformation 

is developed about a specific position of the adaptive truss and is less accurate as 

the truss is moved further from this position. 
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3.4.3 Acceleration Transformation 

The acceleration transformation approximates the accelerations of the coordinates 

of the moving reference frame as linear combinations of the accelerations of the ac- 

tive battens. The acceleration transformation is developed for a specific position of 

the adaptive truss just as the position and velocity transformations are, but in ad- 

dition, the acceleration relationships of Section 3.3.5 are linearized about a specific 

set of active link velocities. The choice of link velocities about which to linearize the 

acceleration relationships is related to the application of the adaptive truss. In this 

thesis the truss is used as a vibration control actuator and it is expected that the ac- 

tive link velocities will oscillate about zero much like the modal rates that describe 

the lateral vibrations of the flexible beam. Consequently, the linear acceleration 

transformation developed in this thesis is linearized about zero link velocities, but 

could be linearized to nonzero velocities for applications such as a constant velocity 

slew maneuver. 

With the position analyses of Sections 3.1 and 3.3.1 completed, the acceleration rela- 

tionships of Section 3.3.5 can be developed. Accordingly, the resulting accelerations 

of the top plane nodes are given by equation 3.57 as 

N; . 

Ny | = (Pal (2 + (RallPul "Li - 4) 
No 

If the above equation is linearized about zero link velocity the vectors 0, and 02 

become zero (note the structure of equation 3.49) and the above equation reduces 

56



to 

N; ; 
Ne | =-[P2)‘MRa|Pal "Ls (3.77) 
No 

which is similar to equation 3.41 used to develop the velocity transformation in Sec- 

tion 3.4.2. The same transformation, —[P2]~'[R2][P1]~', relates the accelerations 

of the top plane to the link accelerations in the above equation as it relates the 

velocities of the top plane to the link velocities in equation 3.41. As a result, the 

transformation between X, Y, and Z and i, i, and [3 is exactly [Tv4] given by 

equation 3.72. 

Linearizing the angular acceleration relationship given by equation 3.61 about zero 

velocities, the angular accelerations are approximated by 

7 0 Rrez —Rrey )~ Noe - Naz 
B\|=|—-Rrw. 0 Ree Nry — Ney (3.78) 

a —Rr, 0 8 Rroe Nay — Noy 

Again, the above equation is the same relationship relating the angular velocities to 

the velocities of the three top plane nodes and is given by equation 3.47. Since, it is 

the same relationship, the linear transformation between B and + and hi, is, and J, 

is developed according to Section 3.4.2 and is exactly [Tv] given in equation 3.75. 

As a result of the above discussion, the acceleration transformation linearized about 

zero velocities is identically the velocity transformation, [Jy], and the linear accel- 

eration transformation between the accelerations of the moving reference frame and 

of



the accelerations of the active batten links is given by 

m = [Jv]L (3.79) Oy
? 
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Chapter 4 

Linear Model 

The first experiment investigates the control of the transverse vibrations of the flexi- 

ble beam with the adaptive truss operating with small motions about the zero-angle 

(y = 0, 8 = 0), or equivalently, the equilibrium configuration (1; = l, = /3). For this 

case, the beam is vertical and parallel to the gravity field. The dominant system 

nonlinearities of gravity and large motion kinematics are not prominent, facilitating 

the development of a linear system model. Additionally, since the first experiment 

is the only one of the three cases that includes hardware experiments, attempts 

are made to closely define the hardware parameters such that the differences be- 

tween the computer and hardware experiments are minimal. As a result, the first 

experiment accounts for hardware characteristics such as the flexibility of the top 

triangular plate and the damping in the beam. 

The linear modeling approach incorporates the following assumptions. The beam is 

assumed to behave as an Euler-Bernoulli beam. The plate upon which the beam is 

attached has stiffness, but the inertia effects are neglected. Additionally, the adap- 

tive truss inertia and flexibility are neglected while the linearized truss kinematics 

are considered. Finally, effects of friction are not modeled in order to maintain lin- 
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earity of the system model. 

4.1 Linear Beam Dynamics 

The linear equations of motion for the rectangular beam are developed using the 

Lagrangian energy method. Kinetic energy, 7’, is stored in the beam mass by virtue 

of its velocity, whereas the potential energy, V, is stored in the form of strain energy 

in elastic deformation plus the work done in the gravitational field. The equations 

of motion are developed using the coordinate system shown in Fig. 4.1, where a 

position vector R describes the location of a differential mass along the beam as 

R= Rn, + Ryhe + Rng + Web, (4.1) 

+wyb2 + wzb3 

where R,, R,, and R, are the Newtonian translations specifying the origin of the 

6 coordinate system fixed to the base of the beam, w, is the vertical distance from 

the base of the beam, and w, and wy, are transverse deflections. 

Accounting for the rotations, +, 3, and a, of the b-coordinate system with re- 

spect to the Newtonian frame, results in a rotation transformation between the b 

coordinates and the n coordinates and is given as 

by caych, cas Bysyy + sarscy, —casfycy, + 3avsyo ny 

bo | = | —sazychy —sapsBosyy + cyscap  saysPycyy + COSY ne (4.2) 

bs spr — cps cAycyo nig 

Linearizing the above transformation about y = § = a» = 0 for small rotations 
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beam 

    
Figure 4.1: Adaptive Truss, Flexible Beam, and Flexible Plate Coordinate Frames 

61



and substituting in equation 4.1 results in the position vector described by 

R= Rzfy + Ryfig + Refs + we(fy + apie — Bris) (4.3) 

+w,(—apny + Not Ye7is) + wz (Any — Yeh2 + ns) 

The rotations, 7, 2, and a, and the translations, R,, Ry, and R,, are coordinates 

describing the b reference system fixed to the base of the beam and are defined by 

P, = [Re Ry Res By on]? 

The transverse deflections of the beam, w, and w,, are expressed as three-mode 

Ritz expansions as 

w,(s, t) = > bzi($)qzi(t) (4.4) 
i=1 

wy(s,t) = » Pyi(S)qyi(t) 
i=1 

where the ¢,,’s and ¢,,’s are Euler-shape functions chosen to satisfy clamped-free 

boundary conditions, and the q,,’s and q,;’s are time-dependent modal coordinates. 

—_~ 

Substituting equation 4.4 into the position vector, R, yields 

R= Ret, + Ryfia + Ritts + (21901 + $22902 + $23de3)(f1 + asii2 — Peis) (4.5) 

+(y1dyi + by2dy2 + Sysdys)(—ooti + fe + yors) + w.(Pot1 — Yor2 + fiz) 

At this point R, and a, terms are dropped from the position vector R. They are 

neglected because R, and ay are orthogonal to and, for a linear model, uncoupled 

from the transverse deflections, w, and wy. As a result of this, the position vector 

R reduces to 
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R= Reity + Rye + (¢21ge1 + 22922 + ¢23923)(i1 — Byfiz) (4.6) 
+(by19y1 + Py2%y2 + $y3dys) (Re + yor3) + w, (Por - Yone2 + fig) 

and the remaining coordinates of P, are regrouped as 

Py = [Re Ry % Bs)" (4.7) 

The total kinetic energy, 7’, is the summation of translation and rotation kinetic 

energy and is given by 

_ Ef x 
=5 i Reds (4.8) 

R is the position vector given by equation 4.6, € is the mass per unit length, and Ly 

is the length of the beam. Performing the dot product, R e R, and evaluating the 

above integral results in the total kinetic energy, T. 

The total potential energy, V, of the beam is the sum of the elastic strain energy 

and the gravitation potential energy. The strain energy, V., is proportional to the 

square of the transverse displacements and is given by 

Ly El, {d?w,\* Ly El, (d’w,\?’ 
Kea fS (Se) ass f oh (St) as (4.9) 

The potential work, V,, of the beam acting in the gravity field is the displacement 

  

of the position vector, R, parallel to the gravity field and is found from 

Ly 
=g€ |” Retisds (4.10) 

Evaluating the integrals given by equation 4.9 and equation 4.10 and summing them 
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together results in the total potential energy, V. 

Once the kinetic energy, T, and potential energy, V, terms are evaluated, the 

Lagrangian is formed as L = JT — V and Lagrange’s equations are applied. 

Lagrange’s equations are differential equations of motion expressed in terms of 

generalized coordinates where the six modal coordinates of the beam, QQ = 

[G01 x2 Vx3 Wy G2 G3}? are the generalized coordinates for this problem. The coor- 

dinates Py = [R, R, 78]? aren’t generalized coordinates but rather are inputs to 

the base of the beam and Lagrange’s equation is not applied to these coordinates. 

The six differential equations of the beam are obtained by evaluating Lagrange’s 

equation for each of the generalized coordinates and are given by 

d {oL OL é (Zz) -F =0 (4.11) 

for each 1 = 1,...,6 modal coordinate. The six differential equations are linearized 

by neglecting second-order and higher terms and are assembled to form a system of 

linear dynamic beam equations as 

[Mbi]l@ + [Kpi]9 = [Bal Pn + [Bp] Pa (4.12) 

where 

qy Ls Tg 0 0 0 

Ig Tho fx 0 O 0 

_| lo tar fiz 09 0 0 

IMol=} 9 90 0 Ino Ios Inu 
0 0 O Ign Ing Ing 

0 0 O Inq Loe Lor 
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Elgtsg 2 gh F4eisa- gh, Stelis — gly 0 0 0 
g 

Eletsa — gly Steins — gles Stats —glas 0 0 0 
K States — gla States — gles Siaias ~ glas 0 0 0 
[pi] = 0 0 0 aiyist — glee <tyiss — gla7 Ziyise ~ olas 

Ell. EIyI Ely! Elylss _ Elylse _ Elylor _ 0 0 0 rer gla7 mre gla9 ar gTs0 

0 0 0 HS gle Et - glo —E* - gsi 

~l; 0 O ~Lag 

-Iz 0 O —lg 

B=) 9 _1, Im 0 
0 -I5s Inn 0 

0 —-Ig Ig3 O 

_ 0 0 0 —gl3 

0 0 gls 0 

The J;’s are integrals of the shape functions, ¢,,;’s and ¢,;’s, and are defined in 

Appendix A. 

Energy dissipation of the beam vibrations is modeled as viscous damping. A damp- 

ing matrix is constructed by applying logarithmic decrement to experimental data 

of the open-loop time response of the beam. A diagonal matrix, [Cp], is formed and 

included in the beam model as 

[Mp1] + [Cb]Q + [Kpi]Q = [Ba] Pn: + [Bp] Pi (4.13) 
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The modal coordinates, Q = [dc1 Gx2 23 Yy1 Yy2 Qy3]’, are now related to the base 

inputs, B= [Re Ry ]", by the differential equation 4.13 describing the linear 

dynamics of the flexible beam. 

4.2 Linear Truss Kinematics 

In this first experiment, the adaptive truss is positioned in an equilibrium config- 

uration (y = 0, 8 = 0) such that the three active battens are extended to half of 

their operating range (1, = = lz = Sl maz)- For this adaptive truss position, the 

iterative forward solution of Section 3.2 is applied to determine the gimbal axes 

offset d. With the active batten lengths, L= (2, I, Is]7, and the slew parameters, 

+, 6, and d, known, the linear position, velocity, and acceleration transformations 

between the coordinates of the moving reference frame, P= [X Y Z ¥ 6}, and 

the active battens, Z, can be determined from the methods of Section 3.4. Applying 

these methods, the following linear transformations are established 

Pry = [Ip]L 

P,, = (JalL 

But, the velocity transformation is equal to the acceleration transformation lin- 

earized about zero velocity, such that, [J,] = [Jy] as established in Section 3.4.3. 

Additionally, positioning the adaptive truss in an equilibrium configuration estab- 

lishes a special property of the linear kinematic transformations. For any equilibrium 

position (l; = I, = 13), the position, velocity, and acceleration transformations are 
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equal such that equation 4.14 becomes 

Pry = [JplL 

Pr = (Jp]Z (4.15) 

P,, = (Ip|L£ 

Finally, the Z coordinate is dropped from FP, since, as explained in Section 4.1, this 

coordinate is orthogonal! to the transverse deflections of the beam. Also, it is noted 

from Section 3.4 that a has already been dropped, and consequently, the remaining 

coordinates of the moving reference frame are regrouped as Pa = [X Y y 6]? and 

equation 4.15 is redefined as 

Pina = [J pr} 2. (4.16) 
B 

4.3 Plate Flexibility 

The transverse deflections of the flexible beam create reaction moments at the 

clamped interface between the beam and top flextbie plate. These moments deflect 

the ilexibie plate causing relative rotations between the coordinate system fixed to 

the base cf the beam, Py, and the moving reference frame, Pa, as shown in Fig. 

4.2. However, the dynamic effects of the top plate are not significant since a finite- 

element model of the plate determined that the lowest plate frequency (68 hz) is 

more than three times greater the highest modeled mode of the flexible beam (21 

hz). Thus, the inertia of the top plate is neglected, and only the stiffness is modeled, 

and in this thesis, only the trunnion stiffness is included. 
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a. Relative rotation about the mz coordinate. 

  

b.Relative rotation about the m, coordinate. 

Figure 4.2: Flexible Plate Rotations 
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The coordinates at the base of the beam are identical to the moving frame coordi- 

nates except for the relative rotations so that 

Py = Pas + Pym (4.17) 

where, 

Prim = [ 0 0 Yo/m Bojm 7 

are the relative rotations of Py: with respect to Py. 

Multiplying the relative rotations by torsional spring rates, the reaction moments at 

the interface between the base of the beam and the flexible plate are approximated 

by 

a ky 0 | | Y/ Fim =| ™ 4.18 b/ | 0 ke | | Bs Im ( ) 

where k, and kg are experimentally-determined trunnion stiffness parameters of the 

plate. 

These reactions are equal to the bending moments at the base of the clamped beam. 

The bending moment is proportional to the second derivative of the transverse 

displacement and is determined from 

2 

M, = BI, (4.19) 

Ow Mp = Ely 
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where s is the length parameter along the beam. Equation 4.4 is substituted for the 

transverse deflections, w, and w,, and evaluated for s = 0. The resulting bending 

moments, M., and Mg, are now functions of the modal coordinates Q and are related 

by the transformation [Tq] such that 

M . 
wi | = [TQ]@ (4.20) 

and 

ITqQl=| ’ 0 BI, $e¥ gy, PH) _ pr, Pgey = c ( ( 
OT | £1, 289 71,2320 py, Ps 0 0 0 

The bending moments, M, and Mg, are equated to the reaction moments, Fy ts 

such that the relative rotations are solved from 

Yo/m | _ k, 0 7 ~ [p/m | =| a Lald (4.21) 

Substituting the above equation into equation 4.17, the coordinates at the base of 

the beam assume the form 

    

PB, = Pat + (Th /mlQ (4.22) 

where 

0 0 0 0 0 0 
0 0 0 0 0 0 

[Tb/m] = 0 0 0 Ebr) a a 
EI,97¢y1(0) Ely9?¢y2(0) Ely8?¢y3(0) 0 0 0 k0s? kos? kos? 
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Finally, equation 4.22 is substituted into the beam equation 4.13 resulting in modi- 

fied mass and stiffness matrices for the flexible beam such that 

7 

~ 

[Mp] + [Cu]@ + [Kul = [Ba] Pm + [Bp] But (4.23) 

where 

[Mp] = [Mb:] — [Ba] [Tb/m] 

[Kp] = [Kp:] — [Bp][Tbym] 

4.4 Motor Dynamics 

The motor system used is a DC motor driven by a linear, pulse-width modulated 

amplifier. Attached to the output shaft of the motor is a planetary gear train 

connected to a lead screw. The amplifier and motor are assumed to perform as a 

current-driven torque source so that internal motor characteristics such as armature 

resistance and inductance do not affect the transfer function of input voltage to 

link accelerations. Incorporating the gain of the amplifier, k,, the planetary gear 
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reduction, g,, and the leadscrew reduction, g;, the model for this system is 

ja tly (4.24) 

where k; is the torque constant of the motor and J, is the motor armature inertia. 

This equation is written for each active batten to form 

  

li Vint 

lo = km Ving (4.25) 

Is Vin3 

for 

_ kakegi 

bn = JaGr 

4.5 System Dynamics 

The system equations consist of the linear kinematic transformations 4.16, the beam 

equations 4.23, and the motor equations 4.25. These equations are transformed 

into state-space representation such that they are assembled in a set of first-order 

differential equations in terms of two types of variables, state variables and input 

variables. The state variables are the batten lengths, modal coordinates, and their 

respective rates. The input variables are motor voltage commands. Arranging these 

equations into state-space representation results in 

b = [FG + (Gl (4.26) 
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Equation 4.26 is discretized since on-line control is implemented with a digital com- 

puter. Solving for the homogeneous and particular solutions of the differential equa- 

tion 4.26 for a zero-order hold on the inputs over sampling interval, 7,, results in 

the vector difference equation of the form 

Dis = (8(7,))V, + (TIO; (4.27) 

where [®(T,)] is the homogeneous solution and defined by the matrix exponential 

| (®(T,)] = Ft 

and (I'(T,)| is the particular solution for a constant input over the sampling time, 

T;, and is given by 

r(T)) = fat [G 
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Chapter 5 

Control Law Design and Results: 

Experiment 1 

Physically, the adaptive truss and flexible beam are digitally controlled with a PC- 

XT computer. The computer provides two fundamental services for the adaptive 

truss-flexible beam control system. One, the computer serves as host for the analog- 

to-digital (A/D) and digital-to-analog (D/A) converters, and two, the computer 

serves as the digital controller where the vector of feedback signals are multiplied 

by a feedback matrix to form the vector of command signals. The generation of this 

feedback matrix, and its influence on the vibration control response of the flexible 

beam are discussed below. 

5.1 Control Law Design 

The discretized state-space equation 4.27 has 18 state variables, the three active 

batten lengths L, the six modal coordinates Q, the three active batten velocities i, 

and the six modal rates, 6. Only 12 of the 18 states are fed back to the controller 

since the modal rates are neither measured nor estimated. The batten displacements 

are measured directly by “yo-yo” potentiometers, and the batten velocities are de- 
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termined from tachometer measurements on the motors. The modal coordinates 

are generated from beam strain measurements by multiplying the beam strains by 

a transformation matrix, [Tq/.]. 

A strain-to-modal-coordinate transformation, [Tg/.], can be developed from express- 

ing strain at various locations along the beam as functions of beam modal coordi- 

nates. Strain due to bending in a beam is proportional to the second derivative of 

the transverse displacement, and can be expressed as 

Ow, 
€x($) = ae (5.1) 

wy 
éy(s) = ty y( ) y O 32 

where €,(s) and e€,(s) are the strains for position, s, along the beam, and c, and c, 

are the distances from the neutral axes. Substituting equation 4.4 for the transverse 

displacements, w, and wy, in the above equation results in 

0 bz 0 bz Obz3 
€z($) = Cz (Ses + Oe2 1? + B52 923 (5.2) 

Oo? o? 3? 
€y(s) = cy (Foon + ot a + “£2 a9) 

The above expression is evaluated for the specific locations, 31, $2, $3, corresponding 

to the exact placement of the three strain gages in each direction of the beam. 

Assembling these equations yields the following relationship 

T= [T.q]Q (5.3) 
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where 

¥ = [ €c(s1) €c(82) €c(83) €y(s1) (52) €y(ss) ]7 

However, the above transformation, [T./q], is modal coordinates-to-strains, and the 

desired transformation is strains-to-modal coordinates, [Tq/.]. By performing the 

inversion, the desired relationship is given as 

Q =(Ty JT (5.4) 

where 

[Taye] = [Teyq]™ 

Although the modal coordinates are not measured, they can now be generated by 

the digital computer by multiplying the measured beam strain signals by the above 

transformation, [Tq;]. 

The motor commands, J = [Vint Vinz Vin3]’ are generated according to the state 

feedback law 

U = —[k]v (5.5) 

where again W is the state vector given in equation 4.26. The feedback matrix, [K], 

is designed by applying the Linear Quadratic Regulator such that [K] minimizes the 

performance index 

ty —_ ~ ~ ~~ “7 —_ 

Joost = I 57 (Q)F + OT RY at (5.6) 

subject to the constraints of equation 4.26. 
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[Q] and [R] are penalty matrices and the selection of their diagonal entries ({Q], a 

positive semi-definite matrix, and [R], a positive definite matrix, are usually diago- 

nal matrices) depends on the relative importance of the system states and control 

effort. 

First, the diagonal entries of [R] are selected. [R] weights the control effort for each 

of the actuators, but for this method each actuator is treated as equal to any other 

so each entry is the same. Also, since the ratio of [Q] and [R] is important, the 

actual value of the diagonal entries can be set to one without loss of generality. 

Next, the states are ranked in order of importance. For the vibration control prob- 

lem with the adaptive truss, the modal amplitudes of the flexible beam are ranked 

as most important since it is the stated fundamental task of the adaptive truss to 

control these beam vibrations. The diagonal entries for the modal amplitudes are 

set to 10000. The positions and velocities of the active battens are ranked lower 

than the modal amplitudes but are ranked equal in importance since position control 

of the adaptive truss with a current-driven motor system requires feedback of both 

positions and velocities of the battens. The diagonal entries for the batten positions 

and velocities are set to 100. Finally, since the modal rates are neither measured 

nor estimated their respective diagonal entries are set to zero. 

Upon selection of the [Q] and [R] penalty matrices, the gain matrix is calculated as 

described previously. Although zero penalties were placed on the modal rates, the 

LQR procedure will still generate small, nonzero gains for these states. The gain 
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matrix is slightly modified by setting the gains on the modal rates to zero since the 

actual control scheme neither measures nor estimates the modal rates. Implementing 

the control law by substituting equation 5.5 in the discrete equation 4.27 results in 

the discrete closed-loop equation 

Vier = (G(7,))V, — T(T)IIKIY, (5.7) 

5.2 Test Procedure and Results 

Open-loop and closed-loop initial-condition vibration tests are implemented to 

demonstrate the effectiveness of the adaptive truss controlling the transverse vi- 

brations of the flexible beam for each direction of the beam principal axes. The 

initial condition is established by deflecting the tip of the beam and releasing at 

time zero. The first tests are open-loop tests with the adaptive truss fixed and an 

initial condition imposed on the beam. Time histories of the strain measurements 

on the beam are recorded and the open-loop response of the tip of the beam is esti- 

mated according to equation 5.4 and plotted in Fig. 5.1 for the two directions of the 

beam. In the closed-loop tests, the initial condition is again imposed on the beam 

and released at time zero. After a short period of time, the control is activated and 

the adaptive truss motors are driven in accordance with equation 5.5. Again the 

time response of the strains is recorded and the estimated tip response of the beam 

in the two directions is shown in Fig. 5.2. 
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Figure 5.1: Simulated and Experimental Uncontrolled Beam Response 
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Figure 5.2: Simulated and Experimental Controlled Beam Response 
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By comparison, simulations of the adaptive truss and beam system are performed 

to analytically predict the controlled and uncontrolled beam response. The closed- 

loop response is the simulation of equation 5.7 and the open-loop response is the 

simulation of the same equation with [K] = 0. The uncontrolled beam tip deflection 

in the 6,-direction is shown with the experimental results in Fig. 5.1a. Good agree- 

ment of frequency and damping is observed between the experimental and simulated 

responses with a correlation coefficient of 0.92. Uncontrolled beam tip deflection in 

the b-direction is shown in Fig. 5.1b. It is noted that the simulated response does 

not accurately predict the experimental response resulting in a correlation coeff- 

cient of 0.79. This difference is possibly due to the clamped condition assumed in 

the beam model. It is not the true boundary condition for the ,-direction since 

the end condition is a stiff-pinned end condition due to b2-constraint of the holding 

device that attaches the beam to the top plate, whereas the 6,-constraint of the 

holding device more closely approximates a clamped end-condition. 

The closed-loop response in the 6,-direction is shown in Fig. 5.2a and again the sim- 

ulation accurately predicts the experimental response with a correlation coefficient 

of 0.85. This plot also shows good control of the beam tip deflection with experi- 

mental damping improved from 0.01 to 0.2. The controlled 6j-response is shown in 

Fig. 5.2b with the correlation coefficient between the simulated response and the 

experimental response of 0.71. Here the controlled response shows some improve- 

ment of the damping of the tip deflection, but not as good as the results predicted 

by the simulation. Again this discrepancy is possibly due to the difference between 

the assumed and true boundary condition of the holding device as described above. 
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Chapter 6 

Nonlinear Model 

Experiment 2 simulates vibration control of the flexible beam while the adaptive 

truss is positioned at a large-angle configuration, and experiment 3 simulates vi- 

bration control of the beam during a large-angle slewing maneuver of the adaptive 

truss. Both simulations require nonlinear equations of motion to accurately predict 

the system behavior. 

Whether the beam is positioned arbitrarily in the gravity field or slewed through a 

large angle, it is expected that the nonlinearities of the beam will be severe enough 

to affect the vibration control. In order to approximate the nonlinear beam behav- 

ior, a set of differential equations describing first-mode beam dynamics is developed 

which retain nonlinear terms up to and including third-order. There are several 

possibilities for the origins of nonlinear terms in the beam model. The most obvious 

is in the geometry of slewing the beam through large angles, y and 8. A second 

possibility is through large deflections of the beam itself, which results in a nonlinear 

strain energy representation. A long, slender beam such as the one studied in this 

thesis is a good candidate for such nonlinear effects. The final possible origin of 

nonlinear terms examined in this thesis is through effects of gravity. When slewing 
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the beam through large angles, gravitational terms make up a large part of the 

potential energy of the system. Such nonlinear terms may have a significant effect 

on the model’s performance. Each of these possibilities for nonlinearities will be 

discussed as the beam equations of motion are presented. 

The nonlinear kinematic relationships presented in Section 3.3 are included in the 

nonlinear equations of motion. The nonlinear kinematic equations are used to pre- 

dict the motions of the adaptive truss when vibration control is applied in the 

simulations of experiment 2 and experiment 3. This is in contrast to the linear 

transformations used to predict the truss motions in the simulations of experiment 

1. In addition, the nonlinear kinematic equations are necessary to predict the mo- 

tions of the adaptive truss for a slewing maneuver as simulated in experiment 3. 

A brief discussion of how these nonlinear kinematic equations are implemented in 

experiment 2 and experiment 3 is presented. 

Finally, it is noted here that experiments 2 and 3 do not model the top flexible plate 

nor do they include the damping of the flexible beam. This is because experiments 

2 and 3 perform computer simulations and not hardware experiments as in experi- 

ment 1. As a result, there is no need to include experimentally measured parameters 

such as the trunnion stiffness of the plate and the damping ratios of the beam in the 

analytical models since there is no measured data for these experiments to compare 

to. Also, experiments 2 and 3 encompass nonlinear modeling techniques and the 

inclusion of these experimentally determined parameters might cloud the effect of 

these nonlinearities. 

84



6.1 Nonlinear Beam Model 

The beam equations of motion are developed via the Lagrangian energy approach 

where a general position vector for a differential mass along the beam is found 

according to Fig. 6.1 and is the starting point in the development for both the 

linear model of Section 4.1 and the following nonlinear model. This position vector 

is given as 

R= Ryn + Ryhe + Reis + Web, (6.1) 

+wy,b2 + zb3 

The translations R,, Ry, and R,, are Newtonian coordinates describing the origin 

of the reference frame attached to the base of the beam. The 6; component of 

the differential mass is z, and the transverse beam deflections are wz and wy. The 

transformation relating the b coordinates to the Newtonian coordinates is given by 

equation 4.2. Substituting this transformation in equation 6.1 results in the position 

vector explicitly expressed in terms of the % coordinates and is given by 

R= Rah, + Rye + Refs + we[(cases)fir + (cons hss» + soney)ir2 
+(sassy, — carsBycy»)frs] + wy[(—saycfy)i1 + (cycas — sayshysyp)itg (6.2) 
+(saysBycyy + caysys)ita] + 2[(sA)irr + (—cBosye)iia + (cAscy)ns] 

where the angles +, 6, and a, are rotations of the b reference frame with respect 

to the Newtonian frame. 

The transverse beam deflections, w, and w,, are approximated by a Rayleigh-Ritz 

discretization which can be written as 

wz(s,t) = Diy ozi(s)qzi(t) 

wy(s, t) = Del dyi($)gyi(t) 

(6.3) 
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Figure 6.1: Adaptive Truss and Flexible Beam Coordinate Systems 
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where the ¢;(s)’s are mode shape functions for the ith mode derived from Euler 

beam theory for a clamped-free beam, and the q;(t)’s are the corresponding modal 

deflections. In the nonlinear model, the transverse deflections in each bending di- 

rection are expanded only to first mode. The nonlinearities in the beam equation 

become increasingly complicated as more modes are added, so to simplify the prob- 

lem, only the first mode is retained. This allows the determination of the important 

nonlinear terms in the model. Upon substituting the single-mode approximations 

for the transverse deflections in equation 6.2, the position vector becomes 

R= Rzhy + Ryfie + Reis + b219e1[(cascBs)hi + (conshysys + sascys)ii2 

+(sapsyy — caysfycy,)fis] + dy1gyi[(—saschs)it1 + (cyscas — sa4sf,s7)f2 (6.4) 
+(saysBycy + cosy, itz] + 2[(3 Bo itr + (—cBpsyy)f2 + (cByeys ha] 

As previously mentioned, the base of the beam is allowed to move through six gen- 

eral degrees-of-freedom; the three Newtonian displacements, R,, R,, and R,, and 

three respective rotations about the Newtonian axes, 7, 3,, and ay. But again the 

a, rotation about the fig axis is neglected and is not carried through the remaining 

equations. However, the rotations +, and §, are not assumed small as in the linear 

beam model of Chapter 4 where sf, ~ §,, cB, + 1, etc. Instead these expressions 

are retained and are later expanded as Taylor series in the kinetic and potential 

energy equations. 

The kinetic and potential energy expressions are developed next. Terms up to 

fourth-order are retained, leading to third-order nonlinearities in the equations of 

motion. First the kinetic energy, T, is evaluated from 

1] so». & 
T=>5 ReRdm (6.5) 

0 
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with the position vector R given by equation 6.4. The kinetic energy is expanded 

in a Taylor series and truncated to keep up to fourth-order terms. As will be shown 

later, the majority of terms which couple beam deflections in the two directions w, 

and w, arise from the kinetic energy, through geometric nonlinearities. In order for 

this coupling to show up, there must be motion of the base of the beam through 

both angles 7 and 4. 

As mentioned previously, the potential energy is made up of two parts, strain po- 

tential and gravity potential. The strain energy is found by the expression 

1 Ly 2 

0 

where x«(s) is the curvature of the beam at any location, s, along its length. The 

curvature in either bending direction, wz or wy, is found by the method followed by 

Aravamudan [1973] where 

(3) = (6.7) 

but 

tan(¢) = ~ = ¥ (6.8) 

or 

z 
¢ = tan (=) (6.9) 

where w represents either of the transverse deflections, wz; or w,, and ’ denotes 

differentiation with respect to s. The derivative of the arctangent function can be 
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expressed as 

d(tan~'(u(z))) 1 du 
= —_ 6.10 

dz 14+ u? dz ( ) 
  

for some u(x). Using equation 6.10 and letting u = v «(s) can be expressed as 

  

  

K(s) = #._* F) ~ ds yt (=) ds 

1 ay! — 2" w! 

= w) 5 (6.11) 
1¢+(4) 
zw — 2" w! 

— 72 + apl2 

Realizing that in either direction 

z?t+w?=1 (6.12) 

The curvature can be written as 

w 

K(s) = z'w" — z"w' = (6.13) Vi-w? 

Expanding by means of the binomial theorem, this expression can be rewritten as 

K(s) = w" (1 + sw" +-- ) (6.14) 

Substituting the above expression for curvature into equation 6.6, results in the 

high-order strain potential energy. Note that no coupling between the two bending 

directions results from this method of representing the strain energy. 

The final energy term to be derived is that for potential energy due to gravity, which 
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is expressed as 

Ly . Ly ~ 

0 0 

where g is acceleration due to gravity, and & is the beam’s mass per unit length. 

Using the expression for & in equation 6.4, the dot product is found to be 

R e N3 = R, + zcPycys (6.16) 

— 219i SPCYb + Gyr Gyr So 

In order to perform the integration of equation 6.15, a relationship between z and s 

is required. Considering a general beam deflection, a differential arc length at any 

point along the beam can be written as 

ds? = dz? + dw? + dw? (6.17) 
y 

which can be rearranged to give z as a function of s 

z= [" (: _ (#¥=) _ (‘=)") ds (6.18) 

Expanding the integrand using the binomial theorem leads to 

  

z= fo (1—4(w))? — 3(w))? + 3(w4)! 
+H(up) + ws)(w,)?) ds 69) 

By applying equations 6.16, 6.18 and 6.19, the gravitational potential energy is 

found as a fourth-order truncation of the Taylor series of equation 6.15. 

The equations of motion for the beam are found by applying Lagrange’s equation to 
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the kinetic and potential energy expressions derived above. Forming the Lagrangian 

L = T — (Vstrain + Voravity) and evaluating Lagrangian’s equation 4.11 for the first 

modal coordinate, gz, and q,1, in each bending direction of the beam, results in 

equations 6.20 and 6.21 shown below. In each equation, the first two lines contain 

those terms which arise from the kinetic energy, the third line contains the terms 

which come from the gravity potential, and the fourth line shows the terms arising 

from the strain energy. 

delr€ + Re (hE - 1662) - RL EG + Ry Ewes - Whiséquabs 
+Prlos€ + 4s (—2liaédy1 Bs + VP Lo8&Bs) — BPI rEg (6.20) 

+96 (4726 + 368K — Ah - der + $¢1In + 440192171) 

+921 Ele ls4 + 2q3, Eleleo = 0 

GyiTo2€ + Ry (Lie - 414672) + Rels€ys + (Tiséqe13 + $131€57 - Is1€) 

+7 (236 Ssde1 + 2hs€Soqe1 + 2Is1€ Bobs) — Flog (6.21) 

ta (-s7b + Yla - Gilzo + 3GIn + 4@2,q1!n) 
+qy1EIyIs7 + 243, Ely leo = 0 

In the above equations, g,, and q,; are the first-mode deflections in the w, and w, 

directions, respectively, J, and I, are the area moments of inertia corresponding to 

either bending direction, and J, - [7, are various integrals of mode shape functions 

given in Appendix A. These equations show the effect of slewing motions on the 

performance of the system, through geometric nonlinearities of the slew as well as 

the changing effects of gravity. 

Note that we have only shown the equations for the modal coordinates and not for 

the coordinates at the base of the beam R,, R,, R,, 6, and 7. The nonlinear 

beam model is developed as a “stiff” model, so that the coordinates representing 

the base motions of the beam serve only as kinematic inputs to the beam (and act as 
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forcing terms in the beam equations), and have no structural dynamics associated 

with them. These coordinates are affected by actuation of the active links in the 

adaptive truss, and that relationship is discussed next. 

6.2 Truss Kinematics 

As previously explained, experiments 2 and 3 do not model the flexibility of the top 

plate and the corresponding rotations. Therefore, for the purposes of the simulations 

of experiments 2 and 3, the relative rotations between the base of the beam and the 

adaptive truss are zero. Consequently, the 6 coordinates at the base of the beam 

shown in Fig. 6.1 are the m coordinates of the moving reference frame shown in 

Fig. 3.1 such that the vector specifying the moving frame coordinates is rewritten 

as 

P= (6.22) 
Yo 

By 

Now, all of the kinematic relationships of Chapter 3 that describe the moving ref- 

W
R
 

N
X
 

I @ 

erence frame equivalently describe the base of the flexible beam. 

Experiment 2 simulates linear vibration control about a large-angle operating con- 

figuration of the truss. To systematize the required kinematic relations, first, the 

large-angle orientation of the adaptive truss is chosen in terms of the slew parame- 

ters 6, y, and d. With the slew parameters chosen, the various kinematic problems 

required for experiment 2 are as follows: 
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1. Use the inverse solution of Section 3.1 to determine the active batten lengths 

required to orient the truss according to the given slew parameters. 

2. Use the methods of Section 3.4 to determine the linear transformations needed 

for the linear control law development. 

3. Use the forward solution of Section 3.2 and the exact kinematic relationships 

of Section 3.3 to predict the nonlinear kinematic behavior at the base of the 

flexible beam at each time step in the simulation. 

Experiment 3 simulates linear and nonlinear vibration control while the adaptive 

truss undergoes a large-angle slewing maneuver. For this experiment the initial 

orientation of the truss is specified by initial slew parameters, 7;, 6;, and d;, and 

the final orientation is specified by final slew parameters, ys, Gy, and d;. With the 

initial and final slew parameters specified for experiment 3, the required kinematics 

are; 

1. Use the inverse solution of Section 3.1 to determine the active batten lengths 

for the initial and final truss positions. The final active batten lengths are the 

reference batten lengths used for position control during the slewing maneuver. 

2. Use the methods of Section 3.4 to determine the linear transformations needed 

for the linear control law development and also for the nonlinear, gain- 

scheduled control law. 

3. Use the forward solution of Section 3.2 and the exact kinematic relationships 

of Section 3.3 to predict the nonlinear kinematic behavior at the base of the 

flexible beam at each time step in the simulation. 
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Chapter 7 

Control Law Design and Results: 

Experiments 2 and 3 

Experiments 2 and 3 are computer simulations of control laws applied to the non- 

linear equations of motion discussed in Chapter 6. Besides analytically establishing 

the ability of the adaptive truss to perform vibration control as described in the 

scenarios of experiments 2 and 3, these experiments attempt to compare the ef- 

fectiveness of different control strategies. For example, in performing large-angle 

vibration control with the adaptive truss, it would be advantageous if a linear con- 

trol law designed about some nominal position of the truss (such as the equilibrium 

position) could be used for all orientations. To investigate the feasibility of this, 

two control laws are developed for the large-angle vibration control described by 

experiment 2, one about the equilibrium position of the truss, and the other about 

a large-angle position. Both control laws are simulated at the large-angle position 

of the adaptive truss, with the results of these simulations indicating the effects of 

the linear kinematic transformations on the performance of these control laws. 

The effects of the linear kinematic transformations on the vibration control per- 

formance as the adaptive truss undergoes a slewing maneuver are examined in the 
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simulations of experiment 3. Experiment 3 also compares control strategies that 

feedback all system states except modal rates to those that feedback all system states 

except modal positions. There are advantages and disadvantages to both. In a phys- 

ical system, feeding back modal positions is easily accomplished by multiplying the 

measured strain signals by a strain-to-mode transformation as was demonstrated in 

Section 5.1. But as the beam is slewed through large angles in the gravity field, 

static modal deflections are incurred. These static modal deflections are the refer- 

ence modal positions, g,e¢, necessary to achieve vibration control if modal position 

feedback is used, since driving the difference, g—g,es, to zero drives the vibrations to 

zero. However, updating these reference modal positions during a slewing maneuver 

is computationally intense since solving a set of coupled nonlinear equations (the 

static solution of equations 6.20 and 6.21) is required. On the other hand, modal 

rates are not easily measured (although this may soon change with the advent of 

new technology such as strain-rate transducers as proposed by Juston [1991]), and 

estimating them usually results in noisy approximations. But if the modal rates 

were available, they would be ideally suited for vibration control of the beam during 

a large-angle slewing maneuver, since driving the modal rates to zero is equivalent 

to driving the vibrations to zero. 

The above effects are investigated in experiment 3 by including them in six different 

control strategies. Two linear control laws are designed about the equilibrium po- 

sition of the truss, one feeding back modal rates, and the other feeding back modal 

positions. Two linear control laws are designed about the final large-angle position 

of the slewing maneuver, one feeding back modal rates, and the other feeding-back 

modal positions. Finally, two nonlinear gain-scheduled control laws are designed to 
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update the linear control law at discrete y and £ locations, with one feeding-back 

modal rates, and the other feeding-back modal positions. 

The development of the above control laws and their respective performance in con- 

trolling the beam vibrations in experiments 2 and 3 are presented next. 

7.1 Linear Equations of Motion 

A linear system of equations is required to derive the linear control laws (as well 

as the nonlinear gain-scheduled control laws, since it is developed from many linear 

control laws). The system of equations consists of the beam equations, motor equa- 

tions, and truss transformations. First, the nonlinear equations of motion for the 

beam, given by equations 6.21 and 6.20, must be linearized by retaining first-order 

terms. These linear equations are found to be 

 F 0 |[ i ]+ Elst — g Ino 0 [a] = 
0 Ine Qy1 0 SAE — glo Qy1 

Re Re (7.1) 

-l 0 0 0 —he 2 000 0 gh 
0 - 0 Is, 0 tT 119 9 0 -gle 0 2 

Yo Yo 

By Bs 

or equivalently, 

R, Rz 

Gri Gri Ry Ry 
iw) | ~ | + [K2] | | = [Bao] R, + [Bp,] R, (7.2) 

dy qdy1 “ 
Yo Yb 

b By 
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The motor equations are developed in Section 3.4 and are given as 

i Vint 

ly = km Ving (7.3) 

[5 Vins 

for 

kaki gigr Ke = ES 
J, 

The beam equations 7.2 and the motor equations 7.3 form five linear first-order 

differential equations where the dependent variables and their rates are defined as 

the system states. But, before a state-space model is assembled, the beam and 

motor equations must be coupled since the beam inputs are written in terms of 

R,, Ry, Rz, yy, and & and not l,, 44, and J3. This discrepancy is handled by 

noting from Section 6.2 that P., = [R, R, Rz y &] and by applying the linear 

kinematic transformations of Section 3.4. These transformations are developed for 

some orientation, y and , of the adaptive truss such that by specifying a different 

orientation results in a different set of transformations. Upon specifying the truss 

orientation, the transformations relating the coordinates at the base of the beam, 

P,,, to the active batten links, L = (4, bp Ig]*, are 

P,, = [Ip|£ 

(7.4) 

Equations 7.2, 7.3, and 7.4 are assembled in state-space representation to form a 

linear set of differential equations as 

U, = [F.]¥2 + (G.]0 (7.5) 
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7.2 Control Laws 

All the control laws used in experiments 2 and 3 are derived from an optimal (Linear 

Quadratic Regulator) feedback control law, where the control, U = [Vin Ving Vinal” 
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is a function of the states, Wo, as 

U = —[K] ¥, (7.6) 

where [K] is found by minimizing the performance index 

fora | ATT Joost = I BT (Q)5, + OT RIC at (7.7) 

subject to the constraints of equation 7.5. The matrices, {Q] and [R], are penalty 

matrices and are weighted according to the method described in Section 5.1 with the 

following modifications. Two types of feedback schemes are considered, feedback of 

all system states except modal rates and feedback of all system states but modal 

positions. When either of the two feedback schemes are implemented, the gains on 

those states which are not fedback are truncated to zero. In order to make fair 

comparisons between the two feedback strategies, it is necessary to have the gains 

developed fairly. Consequently, the penalty matrices, [Q] and [R], are weighted 

such that the penalties on the modal rates and the modal positions are identical in 

anticipation that the resulting gains will have equal control authority. 

In addition to designing a control law according to the type of feedback, the con- 

trol law can be directly tied to the truss orientation. For any slewed orientation (y 

and ), the linear transformations can be derived from Section 3.4, and with these 

transformations, a different set of linearized equations of motion can be formed, and 

thus a different set of feedback gains. This is how the different linear control laws 

are developed for different positions of the truss. In light of this, as the truss is 

slewed to new positions, new control laws can be derived for each orientation (7 
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and ). But, by mapping these orientations onto a grid and deriving a control law 

for each grid space, the control law can be updated, or gain-scheduled, according 

to the orientation of the truss. So as the adaptive truss moves through each grid 

space (each discrete y and 8), the control is no longer just a linear function of the 

states, U = [K] W, but is now a nonlinear function of the states and truss orienta- 

tion, U = f(¥,7, 8). This is the nonlinear, gain-scheduled control law applied in 

experiment 3. 

Finally, the reference positions of the batten lengths are filtered for the simulations 

of experiment 3. This is because at the beginning of the slew, the beam experiences 

a step input at its base generating large initial condition vibrations. The step input 

at the base of the beam is caused by the acceleration of the truss when a control 

law is applied. So as part of the strategy in controlling the beam vibrations during 

a large-angle slew, a first-order pre-filter is placed on the reference batten positions 

in an attempt to lessen these step-input vibrations. 

7.3 Simulation Results: Experiment 2 

Using the nonlinear beam model of Section 6.2, the nonlinear kinematics of Section 

3.3, and the motor model of Section 4.4, numerical simulations were performed to 

show the performance of a linear control law in the face of large-angle nonlinearities. 

The simulation results shown are based on controlling initial condition beam vibra- 

tions when the truss (and therefore, the beam) are oriented with nonzero angles 7 

and @. The initial condition is a tip deflection in both directions if the beam released 

at time zero. Two cases are discussed below. 
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In the first case the angles are y = 30° and £ = 30° while the second case is a much 

more severe slew of 7 = 50° and 6 = 50°. Both of these cases are within the range 

of possible motions of the test article described in Chapter 2, although the second 

case is near the limits of that range. In each case, two control laws are used, both of 

which are designed using the linear quadratic regulator method with modal position 

feedback. The differences between the two control laws are in the linear kinematic 

transformations used to relate the link motions to the base motions of the beam. 

In each case, one control law was based on the transformations defined for y and 

f rotations equal to zero (if one were to perform general large-angle control using 

a single linear quadratic regulator control law, this is the most likely candidate), 

while the other control law was based on the transformations defined for y and £ 

rotations equal to those of the truss orientation in that particular case. The results 

of each case are shown in Figures 7.1 and 7.2. 

Note that in each case where the control law is developed about the equilibrium 

position of the truss, the vibration control performance is poor in comparison with 

the control law developed about the respective large-angle position. The only dif- 

ference in the control laws is the linear kinematic transformations for which they 

are developed. Note also that the response plots show that each modal deflection 

has a static component. This results from slewing the beam into the gravity field. 
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7.4 Simulation Results: Experiment 3 

Again using the nonlinear beam model of Section 6.2, the nonlinear kinematics of 

Section 3.3, and the motor model of Section 4.4, numerical simulations were per- 

formed to show the vibration control performance of six different control strategies 

as the adaptive truss slews the beam from the equilibrium position to a large-angle 

position of y = 30° and 8 = 30°. But, before these six control simulations are 

presented, the effect of filtering the reference batten positions on the beam vibra- 

tions is investigated. To demonstrate the effect of the filter, two simulations were 

performed of a large-angle slew without vibration control, one using the filter and 

one not. The difference between the initial conditions generated with and without 

the filter is shown in Fig 7.3. The filter considerably reduces the initial condition 

vibrations as shown in Fig. 7.3a with only a slight loss in the time it takes the truss 

to perform the slew as indicated by the time-trace of link position 1 as shown in Fig. 

7.3b. Because of the good performance, this pre-filter is used on the reference batten 

positions in all of the control simulations. The six simulation cases are discussed 

below. 

The first two cases shown in Fig. 7.4 simulate the linear vibration control of the 

beam during a large-angle slew of the truss. The linear control law is designed about 

the equilibrium position of the truss with the first case feeding back all states except 

modal rates and the second case feeding back all states except modal positions. As 

Fig. 7.4 shows, both cases control the beam vibrations during the slewing maneu- 

ver with the modal rate feedback case performing better than the position feedback 

case. However, the position feedback case has a faster settling response than the rate 
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feedback case. It is also observed from Fig. 7.4 that the higher frequency response 

of mode q,; in the position feedback case is highly damped in the rate feedback 

case. This is because damping is generated by feeding back the modal rates, but 

also since the positions are not fed back in this case, the system is less stiff resulting 

in a slower frequency. Finally, it is noted from Fig. 7.4b that although the modal 

positions are not fedback in the modal rate feedback case the modal positions do 

settle to the same gravity deflections shown in Fig. 7.4a. This is because as the 

control force recedes there ceases to be any external forces on the system, and the 

modal coordinates naturally settle in the states of lowest energy which are the static 

gravity deflections. 

The second two cases shown in Fig. 7.5 simulate the linear vibration control of the 

beam during the same large-angle slew as performed in the first two cases. This time 

the linear control law is designed about the final orientation of the slew maneuver 

(y = 30° and 8 = 30°) with the first case feeding back all states except modal rates 

and the second case feeding back all states except modal positions. Figure 7.5 shows 

that both cases control the beam vibrations during the slewing maneuver with the 

modal rate feedback case again achieving better vibration control performance than 

the position feedback. Comparisons between Fig. 7.4 and Fig. 7.5 show that the 

linear control law designed about the final slewed orientation performs slightly bet- 

ter for both respective feedback schemes than the linear control designed about the 

equilibrium position. 

Finally, the last two cases shown in Fig. 7.6 simulate the nonlinear gainscheduled 

vibration control of the beam during the same large-angle slew as performed in the 
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previous cases. This time the control law is updated, or gain-scheduled, according to 

the orientation of the truss. That is, as the adaptive truss moves through each grid 

space (each discrete y and £) a new control law is applied where each of these new 

control laws were previously (off-line) designed about each discrete y and 8. Figure 

7.6 shows that again both cases control the beam vibrations during the slewing 

maneuver with the modal rate feedback case performing better than the position 

feedback case. Finally, comparisons between Fig. 7.4, Fig. 7.5 and Fig. 7.6 show 

that the nonlinear gain-scheduled control law using the modal rate feedback scheme 

achieves a superior response compared to the others. 
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Chapter 8 

Conclusions and 

Recommendations 

Vibration control of a flexible continuum with a double-octahedral adaptive truss 

has been analytically demonstrated for three different cases: vibration control about 

a truss equilibrium position, vibration control about a large-angle truss position, and 

vibration control during a large-angle slewing maneuver. Vibration control has been 

physically demonstrated about an equilibrium position with a double-octahedral 

adaptive truss test article different in design, actuation, and plant dynamics from 

previous studies. In addition to attaining the goals of achieving vibration control 

for the above mentioned cases, the following conclusions can be made. 

e Numerically proved that the linear acceleration and velocity transformations 

reduce to the position transformation at any equilibrium position. 

e The existence of a twisting, a, rotation of the truss was demonstrated first. 

e Nonlinear gain-scheduled control laws were shown to be effective for vibration 

control in a slewing maneuver. 

e Showed that linear control laws can be used in large-angle slews, although the 

performance is degraded in comparison to the gain-scheduled control. 
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Some of the refinements and improvements to the work presented in this thesis could 

include, 

e Expand nonlinear beam model to include three or more modes. 

Include the a and Z coordinates in the equations of motion. 

For slewing maneuvers, linearize rates around nominal, non-zero values. 

Improve the motor model by incorporating the dynamic truss model developed 

by Lacy [1991] such that the motor model includes the dynamic loads caused 

by slewing the truss. 

Perform physical experiments of vibration control during a large-angle slewing 

Maneuver. 

These remarks conclude this thesis. 
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Appendix A 

= fy ozids 

= Sy $z2ds 

ne = So, br3ds 

I, = Sy dyids 

te = Sy dy2ds 

= Se oysds 
Ce = So, 2 {ds 

Ig= So, beiderds 

Ig = fr jPeieeads 

fo = So, $22ds 

I= So, z2¢z3ds 

fz = So, $23ds 
I3 = So, origyids 

lig = So, brigy2ds 

lis = So, x1 by3ds 

lig = So, zr2oyids 

fz= So, $r2by2ds 

hg= So, $r2by3d8 

Tyg = Jo, br3byids 

= = So bz3¢y2d8 

= fr boz3by3ds 

De = Jo ¢3,ds 

In3 = So Pyi Py2ds 

Inq = So, by1 Pysds 

Ios = Sy $iods 

Tog = So py2by3as 
Io7 = = Io ¢23ds 

log = So, sozids 

Io9 = Sv Shz2ds 

Integrals of Shape Functions 

I39 = So, she3ds 

I3; = So sdyids 

I32 = So, sdy2ds 

I33 = So, sdyads 
Iz4 = So, (25fs ds 

I35 = So (23832)?ds 
I36 = = So, (2 re 
Is7 = J “(att 
I3g = = So( (“337 ds 

I39 = So, ( a oes an) a 

Ign = fe (%2 esi )2ds 

[45 = fo, (E532 Peds 
— Oby1 \2 5 

“° — fu 28) ve q 

47 = o ant ) § 

[43 = Jo, bay es ae 
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Igo = = Jo, L942) (7S28 ds 

Is, = => fo eas 

Isa = fy ea 
Iss = fy (2a8#*)( 28% )ds 
Is4 = Sy (3 SPC gh as 
ts = = fy Se Ps ee 
56 — 0. at 5 

Tor = Je (SEP) Spee) ds 
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