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OPTIMAL SUBLOT DETERMINATION IN MULTIPLE BATCH STAGE, 

TWO STAGE PRODUCTION SYSTEMS 

by 

Frederic Doutriaux 

Subhash C. Sarin 

Industrial and Systems Engineering 

(ABSTRACT) 

One of the main objectives in the operation of production systems these days 1s to 

reduce production lead time. A reduction in production lead time directly translates into 

decrement in production cost thereby making the products competitive. One way to 

achieve this objective is to overlap operations among the machines by splitting the batches 

to process into sublots. The technique used to split batches into sublots is the Lot 

Streaming method. In this thesis, the Lot Streaming problem is mathematically analyzed 

for the multiple batch/two machine case under the criteria of minimizing the production 

cost which consists of handling cost and makespan cost. The work is focused on the 

determination of the number of sublots in each batch for both the continuous and integer 

versions of the problem. First, we solve the two batch/two machine problem, which is a 

special case of the multiple batch/two machine problem and is simpler in nature. A no- 

idling constraint is proven to be necessary for the minimization of the criteria considered. 

This constraint is used to reduce the size of the problem to a single dimension problem 

which allows the use of a line search method. A continuous optimal solution is generated 

and an algorithm is proposed to deduce an integer solution from it. The results of the two 

batch problem are then generalized to the multiple batch/two machine case, which is 

solved for both the continuous and integer versions of the problem.
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Chapter 1 

Introduction 

1.1 Current planning tools 

One of the main objectives in the operation of production systems these days is to 

reduce production lead time. A reduction in production lead time directly translates into 

decrement in production cost thereby making the products competitive. One way to 

achieve this objective is to reduce the Work In Process (WIP) inventory. An attempt in 

this regard was first made by the Japanese when they introduced the Just In Time (JIT) 

philosophy. This philosophy is commonly used by most of the manufacturers nowadays. 

More than a philosophy, JIT is also a production tool known as the Kanban technique, 

which was invented in Japan after World War II. It is a pull production system in which 

production is controlled by the demand and consequently by the downstream machines. 

Initially, this technique was designed for a repetitive manufacturing environment such as 

assembly lines. 

In a Kanban organization, parts are assigned to machines in batches. A batch is a set of 

products usually kept in a container in front of a working station. A method to control



WIP is to limit the number of containers for each station, and then to reduce WIP by 

decreasing the size of the containers while keeping a constant flow in the production line. 

This has induced production managers to reduce batch sizes. Indeed, large batches are 

contra-productive because they generate excessive WIP, reduce flexibility of the system 

and compromise quality (Trietsch, 1987). Therefore, JIT calls for small batches, ideally of 

one unit each. 

If this production organization system is applied to large scale manufacturing, each 

machine would require fewer setups. In that case, a way to improve the production lead 

time is to reduce the setup time between two batches. This is usually done with the 

method call SMED (Single Minute Exchange Die) based on Shingo's concepts. On the 

other hand, if this system is applied to medium range production, the number of setups 

would increase for each machine and it would become uneconomical to try to reduce all of 

these setup times. Consequently, large batches may be necessary to decrease the total 

setup cost. 

Eltyahu Goldratt developed a system called OPT (Optimized Production Technology) 

which takes advantage of JIT (reduction of lead time and WIP) without setting up the 

system more than once per batch while still specifying sizable batches. The idea of OPT is 

to concentrate on bottleneck resources in order to build a schedule assuming the 

restriction created by these bottlenecks. It is then possible to locate WIP at strategic 

places and split the batches in smaller transfer batches. Because of small transfers, the 

system is able to reduce the production lead time and the WIP, and schedule the 

production in a very efficient way. 

Another well known computerized system, namely, MRP (Material Requirement 

Planning) is not based on JIT philosophy. Indeed, "MRP finds the order release date for 

components, so that the production of required end products is accomplished on given due



dates. To do so, the system assumes that there is a known lead time between its order 

release and its completion. It then schedules all the activities backward from the due dates. 

A major problem with MRP is that it does not consider resource capacity. This often 

generates an unfeasible schedule because the resources are overloaded. Therefore, the 

scheduler has to adjust the lead time or the due date, and sometimes both, and try again" 

(Trietsch, 1987). Another drawback of MRP is that when a production is triggered, it is 

not possible to split the batches into smaller ones. In other words, overlapping is not 

allowed, and consequently, an item spends most of the time in the shop waiting to be 

processed, or waiting for the rest of its batch to be processed, so that it can be transferred 

to the next resource together in a batch. This problem is exacerbated in the MRP system 

because a typical computed batch is usually performed in at least one week. Therefore, it 

is critical to introduce overlapping when production is managed by MRP. OPT is called an 

enhancement of MRP because of its capabilities to improve the production lead time and 

WIP (Volleman ,1986). 

Moreover, even if MRP is a limited scheduler, a lot of companies use it because of its 

powerful data base of material requirement. So, a good idea is to improve the scheduling 

capabilities of MRP by including some features like those of OPT. This can be done by 

splitting the computed batches into smaller ones. This is an important issue as many 

practitioners in the industry do try to split batches but generally they use intuition and 

rules of the thumb to do so. Consequently, it would therefore be useful to have a 

procedure that splits the batches into sublots optimally. Moreover, this procedure could be 

used in concert with the MRP package by implementing outside the program as a black 

box.



1.2 Lot Streaming 

Lot Streaming is applied in production systems in which items are manufactured in 

batches. In this environment, Lot Streaming can be defined as follows: 

Lot Streaming is the art of smoothing material flow by splitting batches into sublots 

and consequently allowing overlapping of operations on downstream machines. 

The potential advantages to be gained by splitting batches into sublots are as follows 

(Truscott, 1986): 

- reduction of the total production lead time, 

- reduction of WIP inventory, 

- reduction of floor space requirements, and 

- reduction of the size of transfer vehicles. 

1.2.1 Some Definitions 

Before proceeding further with the discussion on Lot Streaming, we first define some 

terms and properties. 

1.2.1.1 Equal, Consistent and Variable Sublots 

The splitting of a batch can be done in three different ways: 

- If all the sublots of a batch on all the machines have the same number of items in 

them then they are said to be equal.



- If the sublots keep their integrity along the production line then they are said to be 

consistent. In other words, if L; is the size of the sublot of batch j on machine i, 

then L;, = L;,, ; for all 1 and j. 

- If the sizes of the sublots of a batch differ between machines 1 and i+1 then the 

sublots are said to be variable. 

1.2.1.2 Continuous and Discrete versions 

When a batch is split into sublots, two cases can arise. In the first case, the solution 

can be assumed to take on continuous values while in the second case only integer values 

are permitted. The latter is more useful from a practical standpoint while the former is 

easier to compute. We consider both versions. 

1.2.1.3 Intermittent idling and no-idling 

It is possible to constrain the problem to have intermittent idling or no idling on the 

machines. A problem is said to have no idling if, once a machine is started, the production 

is not stopped until the entire batch is performed. On the other hand, intermittent idling 

implies that a machine can work only when a sublot needs to be performed thereby 

implying periods of no work on machines. Trietsch and Baker (1992) have shown that, in 

general, no idling requirement puts a stronger constraint on the problem and hence gives 

less efficient solutions with respect to the minimization of makespan. 

1.2.1.4 Symmetric property 

In a general flow shop problem, involving m machines, let the processing time on 

machine 1 be p;. We define the inverse problem as the one in which the processing time on 

machine 1 is p,,;,,- In flow shop theory it is well known that the makespan problem and its



inverse are equivalent (Potts and Baker, 1989). This called the symmetric property. 

Occasionally, it is easier to solve this inverse or symmetric problem. This property is often 

used in the Lot Streaming theory to prove some results. 

1.2.2. Classification of the Lot Streaming Problems 

Trietsch and Baker (1992) have classified the Lot Streaming problems in accordance 

with the properties and definitions presented above. However, their classification was 

done for the single batch, multi-machine problems. We generalize their classification to 

include the scenarios to be considered here. We propose another classification based on 

the previous one in order to fit our problem. This general form of classification 1s 

designated by n/m/(V,C or E)/(II or NI)/(CV or DV), in which the first field represents the 

number of batches (n), the second field represents the number of machines (m), the third 

field specifies variable (V), consistent (C) or equal (E) sublots, the fourth field represents 

the intermittent idle time (II) or no idle time (NIJ) situations and the last field represents if 

the solution is continuous (CV) or discrete (DV). From now on, we shall use this 

classification to define our problems. 

1.2.3. Dominance 

The various Lot Streaming problems can be arranged hierarchically to depict the 

dominance between them (see Figure 1.1). It can be seen (intuitively as well as 

theoretically) that the case of variable sublots with intermittent idling (V/II) constitutes the 

least constrained problem. Indeed the problem involving consistent sublots is a special 

case of the variable sublot problem. In the same vain, the no idling case is a special case of 

intermittent idling. Consequently, Trietsch and Baker (1992) have claimed that the



management should never constrain the system with consistent sublots and no idling unless 

it is compelled to do so. 

  

Figure 1.1: Dominance relationships among the Lot Streaming problem 

(Triesch and Baker, 1992). 

1.3 Problem Definition and Assumptions 

1.3.1 Problem Definition 

The definition of the problem on hand can best be defined based on the characteristics 

of the production system given below 

l- There are n batches (or lots) to be processed on m machines; we will use the terms 

“batch” and “lot” interchangeably. 

2- A batchis a set of U similar items. 

3- Each batch can be split into k sublots.



4- A sublot is a subset of a batch. The size of a sublot is strictly greater than 0 and 

smaller than U. 

All batches follow the same order of operations on machines (like in a flow shop) 

The processing time of each item of a batch is a function of : 

a) the predecessor operation, and 

b) the batch itself: 

That is, the operation time of an item of a batch on a machine is a constant multiplier 

of its operation time on the previous machine. This multiplier is different for different 

batches. 

Given the order in which to process the batches, the problem is to determine the 

number of sublots of each batch so as to minimize the total production cost consisting 

of the makespan cost and the material handling cost. 

1.3.2 Assumptions 

The machines are continuously available for assignment. 

Each operation can only be done on one machine and no parallel processing is 

allowed. 

No preemption is permitted, that is, a sublot cannot begin on a machine until the 

current sublot that is being processed is finished on that machine. 

Only one operation at a time can be done on a machine. 

The processing time of a batch is deterministic and known. 

All batches are of equal importance (there is no priority among the batches). 

All jobs are processed as soon as possible.



8- Setup time is negligible. 

9- Travel time between two machines is negligible. 

10- The machines are the only resources. 

11- Batch sizes and the sequence in which to process the batches are already known and 

cannot be changed. 

12- All batches are available at the beginning of each planning period. 

13- The machines work continuously on all the operations of a batch. 

1.4 Research objective 

The objective of this study is to develop and analyze a mathematical model of the Lot 

Streaming problem stated above. The analysis will result in specifying the optimal number 

of sublots for each batch. 

Some research has already been published in this area. A presentation of the state-of- 

the-art research in this area is given in the next chapter. Most of the research that is 

reported is in the area of a single batch, multiple machine problem under the criteria of 

minimizing the makespan value. Moreover, the number of sublots in the batch is assumed 

to be known and the work focuses more on the development of solutions to determine 

optimal sublot sizes. Little research has been reported on the determination of the number 

of sublots in a batch while there is no work reported on the multiple batch problem under 

the criteria of minimizing a production cost function. 

Therefore, the goal of this research is to contribute in the area of Lot Streaming by 

developing methods to determine the optimal number of sublots in a multiple-batch, two 

machine environment in order to optimize a production cost function.



Finally, a personal objective in conducting this research has been to use the knowledge 

acquired in the realm of production planning and control during the Master's program. 

Moreover, this research will provide a deeper understanding of the optimization 

techniques as well as the scheduling problems. 

1.5 Significance of the problem 

Overlapping operations clearly reduces the overall production cost. However, the way 

the production batches are split can generate drastic differences in cost savings. 

Consequently, it is important to develop tools that can help a production manager to 

maximize savings by providing optimal solutions to the Lot Streaming problem. 

Moreover, the implementation of the Lot Streaming concept in MRP will make the 

company more competitive and more closer to embracing JIT philosophy by reducing the 

production lead time and therefore, satisfying customer desires. 

1.6 Example 

We present an example in order to show the advantage of Lot Streaming over 

production without splitting the batches and also to indicate the significance of considering 

the criterion of minimizing the production cost. Suppose we want to process two batches 

on two machines. The number of items in the first batch is equal to 4 and the number of 

items in the second batch is equal to 3. The processing time of each item of the first batch 

on the first machine is 1 time unit while its processing time on the second machine is 3 

time units. The processing time of each unit of the second batch on the first machine is 3 

time units while its processing time on the second machine is 4 time units. 

10



In case the objective is to minimize the makespan value, the best solution is to transfer 

the items of the two batches one by one thereby implying 4 sublots in the first batch and 3 

sublots in the second batch. This case is depicted in Figure 1.2 and the makespan value is 

M=25 units of time. The worst case for the minimization of the makespan is to process the 

batches without splitting them thereby implying a single sublot in each batch. This case is 

depicted in Figure 1.3 and the makespan value is 28. 

In case the objective is to minimize the production cost which consist of a handling 

cost along with the makespan cost (the handling cost is proportional to the number of 

sublots in each batch), the first configuration will not necessarily give the optimal solution. 

For instance, if it costs equal to 10 $/Sublot to handle a sublot and 1 $/time unit as a unit 

makespan cost, then the production cost for the case presented in Figure 1.2 is then PC = 

1*25 + 10*7 = 95 dollars. Similarly, the value for the case depicted in Figure 1.3 has a 

production cost equal to PC = 1*28 + 10*2 = 48 dollars. Therefore, the second 

configuration becomes the best one for the criterion of minimizing the production cost. 

  

          

    
        

  

  
Wz \dle time C— Batch one Batch two 25 

  

Figure 1.2: A case in which the items of each batch are processed one by one 

\]



  

      
  

  
  

  

        

  

  

Yaa \ile time [—] Batch one Batch two 28 

Figure 1.3: The case in which the batches are processed without being split 

1.7 Organization of Thesis 

Thus far, a broad view of the objectives of this research has been presented. Chapter 2 

reviews the literature on the Lot Streaming problem. In Chapter 3, a general mathematical 

model of the Lot Streaming problem is presented. In Chapter 4, the 2-batch / 2-machine 

problem is discussed and solved. We then extend the discussion to the n-batch / 2-machine 

problem in Chapter 5. Finally, some concluding remarks are made and areas of future 

research are proposed in Chapter 6. 
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Chapter 2 

Literature review 

2.1 Historical review 

The idea of splitting a job appeared in the literature a long time ago, and the term "Lot 

Streaming" was first coined by Reiter (1966). The work at that time was very restricted 

because of limited computer capabilities and also because of the nonexistence of on-line 

production management tools such as MRP and OPT. Szendrovits (1975) analyzed a 

single batch multiple machine makespan problem under the assumptions that the sublots 

are equal, the size of the sublots is known and that there is no idle time between two 

consecutive sublots on any machine. Goyal (1976) further analyzed the Szendrovits model 

and gave the best sublot size. 

After the advent of new technologies and production management tools in the eighties, 

work in the area was renewed. Truscott (1985, 1986) and Graves and Korstreva (1986) 

published articles in which the idea of improving MRP by implementing overlapping 

functions was introduced. These papers were focused on direct implementation of lot 

splitting and gave useful insights in this area. Truscott (1985) presented a single batch, 

13



multiple machine Lot streaming model involving transportation and setup times. He 

imposed the condition that once a machine starts, it does not stop until the completion of 

the entire batch. Two objectives were considered. The first one is to minimize the total 

cycle time of the production batch and the second one is to minimize the number of 

transfers among the machines. No mathematical minimization was done and the objective 

was to determine a feasible solution than an optimal one. Indeed, the solution could be 

improved by experimentation by changing factors such as the number of transfers or the 

sequencing of operations. Although the author did not present an optimal solution, yet he 

was able to construct a schedule and show numerically the power of overlapping 

operations. Truscott (1986), introduced capacity-constrained transportation activities. At 

the same time, Graves and Korstreva (1986) developed a single batch, two machine model 

in which they imposed a constant demand and a constant rate of production on both the 

machines. Moreover, they constrained the different sublots to be equal in size and the size 

of the production batch to be an integer multiple of the sublot size. They were able to 

generate an optimal number of sublots considering a cost function consisting of setup, 

inventory, and transportation costs. The first theoretical results in this area were presented 

by Trietsch (1987) who formalized the problem and gave an optimal solution for the single 

batch two machine problem under the conditions that the size of a sublot can vary between 

one and the number of items in the batch to be performed; the batch size is given and the 

number of transfers is limited by a budget already defined. Two years later, Trietsch 

(1989) presented the single job-several machines lot splitting problem. On the basis of the 

previous work, the author introduced the partitioning concept in order to find a feasible 

condition and gave an optimal integral solution to the problem. At the same time, Potts 

and Baker (1989) proved important results for the two machine problem. In particular, 

they proved that optimal results can be found for consistent sublots for the single batch, 

14



two machine and the three machine problems. They also provided some insights into the 

complexity of the n-job problem. Triesch and Baker (1992) later unified their previous 

work and presented optimization techniques to solve the following problems: 

- the two machine problem with continuous and integer solutions, 

- the two machine problem with limited transporter capacity, 

- the three machine problem with continuous and integer solutions. 

Baker and Jia (1992), provide a quantitative analysis of the three machine problem. 

This work is based on simulation and confirms numerically the results that were obtained 

in their theoretical analysis. They also provide a quantification of the impact of different 

constraints (including intermittent idle time; no idle time; equal, consistent or variable 

sublots) on the makespan. 

2.2 Methodologies for Lot Streaming 

Next, we present the methodologies developed for the Lot Streaming problem most of 

which are contained in the papers by Trietsch (1987,1989), Potts and Baker (1989), 

Trietsch and Baker (1992), and Baker and Jia (1992). These methodologies are typically 

developed for the single batch case. Moreover, the number of sublots in each batch is 

assumed known and the the problem is to the size of each sublot. Under certain special 

conditions, some insights into the computation of the number of sublots for a batch are 

also given. 

15



2.2.1 Notation 

The problem that is considered involves a batch containing U items to be performed on 

m machines. There is one operation of each item to be performed on each machine and the 

processing time of an operation on machine i ts p;. The setup time and the transportation 

time between the machine is negligible. 

A batch can be split into sublots in order to reduce the makespan. If there are n sublots 

and the size of the j sublot on machine i is L,., then iy? 
n 

> Ly =U for i= 1,2,....m (2.1) 
jel 

2.2.2 Equal Sublot Case 

Szendrovits (1975) proposed a formulation of the 1/m/E/NI problem for the criterion 

of minimizing makespan. If M denotes the makespan value, then 

m=] +(o-DE00)-9,.040,-0,) (2.2) 
iF iF 

where 6(x) is a function such that 6(x) = 1 if x > 0 and (x) = 0 if x = 0. 

The first part of the equation represents the time to perform the first sublot on the m 

machines and the second part of the equation takes into account the possible waiting time 

of sublots that may occur in front of specific machines, in particular, when the processing 

time on machine i is greater than the processing time on machine 1-1. 

The second model (Baker, 1988) applied to the 1/m/E/II problem gives the following 

formula for the makespan: 
U| m 

M= ©] $0, +(n— Dome (2.3) 
nN | j=1 
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Where Pmax = idical (p;) 
1¢q1,m 

Like the previous model, the first part of the equation represents the time to process 

the first sublot on the m machines. However, the second part is the processing time of the 

whole batch without the first sublot on the bottleneck of the system. 

These two models give optimal results for the case of equal sublots and intermittent 

idle time or no idle time (E/NI, E/II). We present in the following part known results from 

the literature without the constraint of equal size of sublots. 

2.2.3 The two-machine case 

First consider the case of m = 2 with a single batch to be split into sublots under the 

assumption that the number of sublots is already defined. However, at the end, we present 

some results from the literature to choose the number of sublots, given a restricted budget 

for the transfer operations (Trietsch, 1987). 

2.2.3.1 The continuous solution model 

If we assume that the first machine is fed continuously, that is, the machine does not 

stop until the last item of the batch is completed, then Potts and Baker (1989) have proven 

the following results for this problem. 

Property 2.1: There exists an optimal solution for m = 2 without idle time on the 

machines. 

Property 2.2: There exists an optimal solution with consistent sublots for m = 2. 
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Property 2.3: In an optimal solution for m=2, all sublots are critical. 

Property 2.1 follows from the above assumption and the symmetric property of flow 

shops. Property 2.2 follows from the fact that for m=2, there is only one transfer between 

the machines, and therefore, we cannot differentiate between consistent and variable 

sublots. As there is no idle time on machine one or two, any change in any sublot will 

increase the makespan value and hence the Property 2.3. 

A direct consequence of Property 2.3 is that the optimal set of sublots sizes is 

geometric (Potts and Baker, 1989). In other words, at the optimum, we should have the 

same amount of time for the completion of the sublot (j-1) on machine 2 and the 

completion of the sublot j on machine 1. Hence: p,L,; = p2L,,., 

Since we know that the sublots are consistent, we have L,, = L,, = L;. Thus, if q = p, / 

Pp, the above expression becomes, 

L=qh,,=q"' L, (2.4) 

Because of the geometric relationship, we can compute all the sublot sizes given the 

size of the first sublot, L,. The determination of L, is not difficult if the number n of 

sublots is known. That is, as L,+L,+...+L, = U, by using the formula for the geometric 

progression we get: 

1- ; 
vC-a if q #1 
(l-q") 

L,= (2.5) 

u if q=1 
n 
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Trietsch (1987) developed a method to find the best L, and n. He first assumes that 

the number of sublots is dictated by a budget B. Indeed, in the two machine case the parts 

need to move from machine one to machine two and therefore, only one kind of transfer 

cost c can be considered. Then, the number of transfers n is chosen such that n = B/c. He 

also gives a lower bound for L, considering the setup time for the two machines and the 

transfer time between them. Therefore, he states that: 

L, = max(Exp(2.5), (SU, - SU, - TT)/p,, 1) (2.6) 

where SU. is the setup time for machine i and TT is the transfer time between machine one 

and two. The second term of equation (2.6) is found by considering that the setup time on 

the second machine should be less than or equal to the sum of the setup time on the first 

machine, the processing time of the first sublot on the first machine and the transfer time 

between the two machines. In other words, we avoid the first sublot L, to wait in front of 

the second machine because of the setup time. Therefore we have: 

SU, +L, p, + TT > SU,— L, = (SU, - SU, - TT)/p, 

In case the lower bound is given by (SU, - SU, - TT)/p, or 1, then the size of L, can 

be computed without the knowledge of the number of sublots in the batch. Consequently, 

it is possible to find n by implementing the known L, into equation (2.5). 

Hence, we have: 

n= SUPINT (log[(q - 1) U/L, + 1] /log[q]) ifq> 1 

or 

n= SUPINT (log[(1/q - 1) U/L, + 1] log[1 /q]) ifq <1 (2.7) 
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or 

n=UIL, ifq=1 

where SUPINT(x) = smallest integer > x. 

2.2.3.2 The discrete solution model 

The above procedure gives continuous sublot sizes. In order to find the optimal integer 

sublot sizes, a polynomial-time dynamic programming algorithm is given by Triesch (1987, 

1989) and Triesch and Baker (1992). The algorithm consists of two parts : the feasibility 

procedure and the incrementing procedure. It tries to find a solution by constructing 

integer sublots iteratively and comparing them with the continuous solution. This 

procedure determines the optimal solution by minimizing the increment in the makespan 

value due to integer sublot values. 

2.2.4 The three-machine case 

As referred to earlier, in the two-machine case the type of sublots that need to be 

considered are the consistent sublots. However, in the three machine problem, the optimal 

solution may not be the one involving consistent sublots. In fact, better results can be 

obtained using variable sublots. Trietsch and Baker (1992) give continuous and discrete 

solutions for both consistent and variable sublots. 
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2.2.4.1 The 1/3/C problem 

The 1/3/C/II or NI problems can be solved using linear programming formulations. 

Indeed, Trietsch and Baker (1992) have developed two such formulations of the problem 

discussed later on. However, if the number of sublots is limited to two, Baker (1988) gives 

some optimal results based on simple decision rules. 

If (p,) - pp; > 0 and pi 2 p; then 

L, = (p,\/(P;tP2))U and L, = (p,/(p,+p,))U 

There is no intermittent idle time 

If (p,)? - pip; > 0 and p, <p; then 

L, = (p,/(p,+p;))U and L, = (p,/(p,t+p3))U 

There is no intermittent idle time 

If (p,)? - pyP3 < 0 then 

L, = (Pp, +p,/(p,+2p,+p3))U and L, = (py +p3/(p,+2p,+p3))U 

There is intermittent idle time 

In the first two rules, machine two dominates the set of machines. If the processing 

time on machine one is greater than the processing time on machine three then the sublot 

size is only based on the first two machines. On the other hand, if the processing time on 

machine one is lower than the processing time on machine three, then the sublot size is 

based on the last two machines. The third rule gives a result when the second machine is 

dominated by the system. 
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The above results give the solution for the continuous version. The discrete solution 

can be found by using a polynomial-time dynamic programming algorithm similar to one 

developed for the two machine problem. 

2.3.4.2 The 1/3/V problem 

The solution to the 1/3/V/NI problem can be obtained by applying the two machine 

solution procedure to the first two and last two pairs of machines separately as sublot 

sizes can change between them. The generated solution will not create any idle time 

between machine one and two and between machine two and three. Therefore, by joining 

these two solutions we will have the sizes of sublots among the three machines. The sublot 

sizes may be different between the first and the second machines and between the second 

and the third machines. 

The solution to the 1/3/V/II problem is more complex. Trietsch and Baker (1992) first 

defined a partition set P to be a set of machines containing those that can work 

continuously. From the symmetric property of flow shops, if the first machine is fed 

continuously then an optimal solution exists in which the last machine works continuously. 

Consequently, the first and the third machines belong to the partition set and we have P = 

{1,3}. They also introduced the following no-wait schedule concept: a no-wait schedule is 

the one that does not allow waiting queues in front of the machines. Subsequently, it 

follows that, 

Property 2.4: The optimal schedule is a no-wait schedule for the 1/3/V problem. 

Indeed, if this were not true, we would have some sublots waiting to be processed in front 

of certain machines. It would then be possible to enlarge these sublots and shrink some 

earlier sublots which would reduce the makespan. 
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If the partition set is assumed to be {1,3}, then a way to generate a no-wait schedule is 

to allocate the same amount of time for the completion of sublot (j-1) on the first two 

machines and the completion of sublot j on the last two machines. Therefore, as in the 

1/2/C/NI problem, a geometric relationship is induced among the sublots but the ratio q is 

as follows: 

q=p,tp,/p,tp, (2.8) 

A necessary condition to get a no-wait schedule is that machine 2 needs to be 

dominated by the other machines and therefore, does not work continuously. As a result, 

we must have: 

(p2)? - pip; <0 (2.9) 

In case this condition does not hold, then an optimal solution can be found without 

idle time on machine two. Consequently, we add machine two in the partition set, and so, 

P = {1,2,3}. This problem is equivalent to the 1/m/V/NI with m = 3 and, as noted 

previously, this problem is easily solved by applying the 1/2/C/NI solution to each pair of 

machines. 

The discrete problem is based on a formulation similar to that given for the two 

machine problem that is based on the solution by a polynomial time dynamic programming 

algorithm. 

2.3.4.3 Quantitative results 

Baker and Jia (1992) validate the theoretical results with a simulation study of the 

three machine case when the second machine is dominated or dominates other machines. 
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They first show by using different distribution functions that the consistent-sublot 

procedure yields optimal solution when machine two is dominant. They also confirm that 

the no-idling procedure yields optimal solutions when machine two is dominated. Then 

they provide quantitative results regarding the effect of the number of sublots in the 

system on the makespan value. They conclude that approximately 80% of the total 

makespan improvement realized with ten sublots is due to only three sublots. In other 

words, increasing the number of sublots is not critical for improvement of the makespan. 

2.3.5 the m-machine case 

The general one batch problem, namely, 1/m/C/II or NI can be solved using linear 

programming. The solution so obtained is continuous. Trietsch and Baker (1992) give two 

formulations for this problem. 

The first formulation minimizes the completion of the last sublot subject to the 

initialization constraint, the production constraint, the machine capacity constraint and the 

number of parts. If we let, 

t;, = completion time for sublot j on machine i (1 <i<m, 1 <j <n) 

L, = size of sublot j (1 <j <n) 

Then the linear programming formulation of the 1/m/C/II or NI/CV problem its to 

minimize t,., 

Subject to 

t12p,L, 

ti 2t4,+ pL 

t,2t jp, +p L 
n 

YL, =U 
jel 
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This problem contains (2mn-n-m+2) constraints and n(m+1) variables. It inherently covers 

the case of no idling as well as intermittent idling. 

The second formulation directly considers the minimization of the idle time on the set 

of machines. The objective function is to minimize the sum of idle periods on machine m 

subject to the size of the batch and the expression of the maximum length of idle period in 

terms of sublot completion time. If we let, 

z, = length of the idle period preceding sublot j on machine 1 

(1 <i<m,1<j<n) 

L, = size of sublot j (1 <j <n) 

Then, the second linear programming formulation is to 

minimize Z,,) + Zm2+ + Zmn 

Subject to 

» Li =U 
j=l 

Zip ti. Z-(Za tt Jt -Pi (Ot... 7) pak 20, 2<ism 

This formulation has only (mn-n+1) constraints and mn variables. 

The discrete version of the problem, namely, 1/m/C/IIorNI/DV is solved by using the 

above linear programming formulations with the added requirement that the L, values are 

integers. The 1/m/V/NI/CV or DV problem is solved using the 1/2/C/NI/CV or DV case. 

Indeed, by applying the procedure to each pair of machines one by one, optimal sublot 

sizes are computed. The makespan formulation is then the sum of the processing times of 

the first sublot on the (m-1) machines with the processing time of the entire batch on the 

last machine. If M denotes the makespan, we have, 

_ mo Pj > Pj 
M = U| p,, + & | ————— (2.10) 

jl 1— (pj / Pj) 
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Finally, for the 1/m/V/II problem, an integer linear programming formulation for the 

discrete version is given by Triesch (1987). The continuous version of the problem is also 

not solved. 
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Chapter 3 

Development of Mathematical Model 

3.1 Scope 

As alluded to earlier, the Lot Streaming system that is the focus of our study here is a 

multistage system with different machines performing different operations. There are a 

finite number of batches to be performed on these machines. The sequence in which to 

process these batches is already known and so is the sequence of their operations on the 

machines. In fact, the sequence of their operations on the machines is the same and is 

similar to the flow shop configuration. The problem is to determine an optimal number of 

sublots for each batch for the criteria of minimizing the total production cost that consists 

of the makespan and handling costs. Both the optimal number of sublots and the optimal 

size of each sublot are determined concurrently. As we will see later, an idling related 

constraint is introduced. The sufficiency and necessity of this constraint is proved for the 

minimization of production cost. This constraint is the core of this model because it 

provides a dependence between two consecutive batches. 

27



Next, we present a mathematical model of the problem. But first, the notation that we 

use 1s presented. 

3.2 Notation 

Let 

qij 

h 

be the number of operations, 

be the number of batches, 

be an operation of a batch, i = 2,..., m. There is one to one 

correspondence between an operation and the machine on which it is 

performed. 

be a batch, j = 1,..., n. 

be a sublot, 

be the number of items (or size) contained in batch j, 

be the number of sublots contained in batch j for the i" operation, 

be the processing time of the i operation of batch j, 

be the number of items (or size) contained in sublot k of batch j for the 

ih operation, 

be the ratio of the processing times of the i+1™ and the i“ operations of 

batch j. That is, qi = pis1j /Pi 

be the makespan cost per unit of time 

be the handling cost per transfer 

be the makespan function 

be the production cost function 
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For the two machine case an optimal solution is obtained with consistent sublots (Potts 

and Baker, 1989). This is obvious because only one set of transfers are involved between 

the two machines. Therefore, we can simplify the notation as follow: 

Lag = L =L, i+1,kj 

n=n. ..=N. 
y thy j 

3.3 Objective function 

The objective of the Lot Streaming problem, as discussed earlier, is to minimize the 

total production cost. But we also study the case of minimizing the makespan alone. As a 

result, next, we first develop an expression for the makespan of the two machine problem. 

Then we present the formulation of the production cost function. 

3.3.1 Makespan formulation 

The makespan is the time needed to process the n batches on the m machines. It 

consists of the processing time of the batches on the machines as well as the idle time that 

may exist between the batches as they are processed on the machine. The formulation of 

an expression for the makespan value for the two machines case can be formulated as 

follows. The makespan is the sum of the processing time of the n batches on the second 

machine plus the idle time that may occur between the n batches, and the time of the first 

sublot of the first batch on the first machine (see Figure 3.1). Therefore: 

n n-] 

M=LiPiy +> U;py; +2 Prjbajn ~ PojL yy) AP jth jar ~ Pala, ;) (3.1) 
j=l j=l 
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where 

O (Pi jbije - Pajbn,.j) =1 if (pyailija - Pajbn,y) > O, and 

=0 otherwise. 

Remark 3.1: The symmetric property of flow shop ensures that there exists an optimal 

solution with no intermittent idle time on any machine (Baker and Potts, 1989). Indeed, 

the first machine must operate continuously in order to minimize the makespan even if it 

causes idling to occur on the second machine. Due to the symmetric property, the same 

holds true for the second machine for the reverse problem. Consequently, for the no-idling 

case (see Figure 3.2), the function 0 is equal to 0 because, 

(Py jerba je — Pajba,j) <0 (3.2) 

Hence, the makespan formulation is as follows: 

M=Liypy + >) U;P2; (3.3) 
Jl 

and we need only solve the n/2/C/NI/CV and DV problems for the makespan objective. 
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Figure 3.1: Graphical representation of the makespan. 
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Figure 3.2: Schedule without idle time among batches. 

3.3.2 Production Cost formulation 

The production cost consists of two components. The first component is linked to the 

number of sublots and is called the handling cost while the second component is linked to 

the makespan value and is called the makespan cost. 

3.3.2.1 Handling Cost 

The handling cost is proportional to the number of transfers during the production. 

Consequently, it is proportional to the total number of sublots in the system. Assuming 

that the per unit handling cost is the same for each transfer and also that it does not 

depend on the sublot size, the total handling cost is given as follows: 

Total Handling Cost = h }'n, (3.4) 
jel 

Remark 3.2: We do not consider transfer time in the system even though a cost is 

allocated to it. Indeed, it is assumed that the transfer time is the same each time one sublot 

moves from one machine to the other. Therefore, this variable would not differentiate one 

transfer from the other and consequently, is not significant for optimization. 
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3.3.2.2 Makespan cost 

The makespan incorporates all the costs related to the use of the machines. Therefore, 

it considers the labor cost, and the indirect costs. We assume the makespan to be 

proportional to the time spent to perform all the batches. Consequently, we have: 

Makespan cost = uM (3.5) 

Therefore, the total production cost function is as follows: 

z(n,,n,,....n,)=h Son, +uM (3.6) 
j=l 

3.4 Constraint modeling 

There are two types of constraints in the Lot Streaming problem: 

- constraints relatives to the batches, and 

- constraints controlling the idle time in the system. 

3.4.1 Batch constraints 

These constraints express the way a batch is split into sublots. Therefore, they are 

specific to a batch. They correspond to the constraints elaborated in the previous work 

done by Trietsch and Baker (1992) for the two machine case. 

There are three constraints for each batch. The first constraint ensures the integrity of 

the batch, the second constraint limits the size of the sublots, while the third constraint 

provides no-idle time between two sublots in the same batch. This third constraint 

characterizes the two machine problem. Indeed, in order to avoid idle time, machines are 

fed with the same amount of work between two transfers. 
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First constraint: | The sum of the size of the sublots contained in batch j is equal to the 

size of this batch: 
nj 

k=1 

Second constraint: The number of sublots in batch j is larger than zero but cannot be larger 

than the number of parts in batch j. Therefore, we have: 

O<n < Uj (3.7) 

Third constraint: The time to process sublot k of batch j at operation 2 is equal to the 

time to process sublot k+1 of batch j at operation 1: 

P2j Listy =Pij ly > Laenj=q ly k= 1... m4, (3.8) 

From the third constraint, we can deduce the size of the first sublot of batch j to be as 

follows: 

U.(i—a. 

(1-q;’) 

Ly= (3.9) 
U. 

n 

3.4.2 Idling time related constraints 

As we shall see in section (3.4.3), the optimal solution for the minimization of 

makespan, as well as the minimization of the production cost function is found not only 

when we do not allow idle time between the batches, but also when the processing time of 

the last sublot of batch j on the second machine is equal to the processing time of the first 
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sublot of batch j+1 on the first machine. This constraint called the no-idling constraint 1s 

denoted as follows: 

P2,j L,,,,j = Paje Lijas (3.10) 

As presented in Chapter 2, it is possible to constrain the system by considering 

intermittent idle time or no idle time. This no-idling constraint prevents the system to be 

idle between two batches. 

One can immediately note that the no-idling constraint creates a relationship between 

the number of sublots in batch j and the number of sublots in batch j+1. Therefore, it is 

relatively easier to find a function relating these two variables. 

3.4.3 Analysis of the no-idling constraint 

Lemma 3.1: An optimal solution exists without idle time on any machine for the two 

machine Lot Streaming problem under the criteria of minimizing makespan. 

proof. see remark 3.1 in section 3.3.1. 

Theorem 3.1. There exists an optimal solution to the n/2/C/NI/CV problem which satisfies 

the no-idling constraint. 

Proof. 

The proof follows by construction. From Lemma 3.1, we know that an optimal 

solution exists if equation (3.2) holds true, that is, if for all} € [1,n,,], the processing time 

of the last sublot of batch j on the second machine is greater than or equal to the 

processing time of the first sublot of batch j+1 on the first machine, that is, 

(Pa jby je _ Pajbn,) <0 
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Moreover, in the no-idling case the makespan is given by equation (3.3), which is a 

function of the size of the first sublot of the first batch L,,. We assume an optimal solution 

with the makespan value of M* without idle time, where L,, is equal to L,. Because of 

equation (3.8), the optimal value of the last sublot of the first batch is known. This value is 

denoted by Li: Since equation (3.2) holds, we have, 

Py2 Lyp - Pas Lia <0 

It is possible to choose L,, such that the inequality becomes an equality (equation (3.10)) 

without worsening the optimal makespan value. This is done by increasing the size L,, 

such that, 

Pyz Ly2 - Pay Li =0 

Figures (3.3) depicts this modification in the two schedules. The first schedule depicts the 

occurrence of constraint (3.2) while the second one depicts the occurrence of constraint 

(3.10). The sublots located before the last sublot of the first batch are designated by A 

while B represents the sublots located after sublot L,,; M” is the optimal makespan value. 

The same technique is applied to the remaining batches until equation (3.10) holds for all 

of them. Consequently, an optimal solution exists if we consider only the equality form of 

equation (3.2), also designated as the no-idling constraint (3.10). QED. 
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Figure 3.3: The no-idling constraint for the makespan minimization. 

Theorem 3.2: The no-idling constraint is a necessary condition for the n/2/C/NI/CV 

problem for the criteria of minimizing the total production cost. 

Proof: 

This can also be proved by construction. However, Lemma 3.1 does not hold anymore 

for this case. We use the same notations as used previously. 

We assume a schedule (S) where we can have either idle or no-idle time between two 

consecutive batches. We also assume that there exist two batches (j and j+1) without idle 

time between them, and also that there exist two batches (k and k+1) such that there is 

idle time between them (see Figure 3.4). Therefore we have, 

case 1: py jy Li jer - Pyj L,j < 0, and 

case 2: py yay Liga - Pax Lik > 0. 
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Since the sublot sizes are directly proportional to the number of sublots in the batches 

(equation (3.9)), we have for schedule (S) nj = 7, nj.) = M+, M = Me, Nyy) = Ms). The 

objective is: 
n 

Z(Nj,...52y---5Mjy--5M,) = h Don; +uM 
fl 

Now, consider schedule (S’) in which constraint (3.10) holds for the batches j and k 

(see Figure 3.4). This is done by decreasing n,,, until it equals 7,,,’, where 7,,,’is such 

that, 

Py j41 Ly 541 ~ Po; L, ij = 0, 

and also by decreasing n, until it equals n,’, where 7;’is such that, 

Part eager > Pai Li = 0. 

Therefore, we have n,, > <1,,, and ny’ < n,. 

Since the objective for schedule (S’) is: 

Z(1y,.- yp yes, = h DE, on; +h@,,)+m?)+uM 
JAN jst 

J#ny! 

we have Z(Ny,...,My p peel y+ M,) < Z(1y,..-5Mjy---Mjy---yMy). In other words, the solution of 

(S’) is better than the solution of (S). Consequently, it 1s necessary to be on the no-idling 

constraint (3.10) in order to minimize the production cost. Therefore, we only need to 

minimize the production cost for the no-idling case. QED. 
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Figure 3.4: Necessity and sufficiency of the no-idling constraint for the minimization of the 

production cost function. 

3.5 Analysis objective 

During the analysis, a major goal is to determine all the properties involved in the 

model in order to choose an optimization technique that is as efficient as possible. 

The analysis is first done on the simplest problem involving two batches, that is, the 

2/2/C/NI/CV and DV problem. This work gives some insights into the behavior of the 

system. Then, we extend these results to the n/2/C/NI/CV and DV problem. This is 

possible because there exist many similarities with the two batch problem. Indeed, the 

batch constraints are easy to manipulate when there are only two machines. A more 

difficult problem is to generalize the model to the multiple-machine / multiple-batch case. 

We give some insights at the end of the study for this case. 
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Chapter 4 

Problem Formulation, Analysis and solution for the two- 

machine / two-batch case 

4.1 Scope 

In this chapter, an optimal solution of the two-batch / two-machine problem is 

developed with and without the production cost considerations. First, a formulation of the 

relationship between the number of sublots of the two batches is given. This relationship 

exists because of the no-idling constraint imposed on the system. An analysis of this 

constraint is done. Secondly, we present algorithms which solve the two-batch / two- 

machine problem for the minimization of makespan and the production cost. The work is 

first presented for the continuous case of the number of sublots. The integer case of the 

number of sublots is then discussed. 
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4.2 The model 

The general objective functions (makespan and total production cost) developed in 

chapter 3 are now adapted to the two-machine / two-batch problem case. Since there is no 

idle time between the two batches, we now consider the formulation of the makespan 

given by equation (3.3). 

4.2.1 The 2/2/C/NI/CV Makespan minimization problem 

objective 

constraints 

2 
minimize M = L,,p,, + > U;p2; 

fl 

p 

nj 

DS Ly=U;, k=1,.., 03 j= 1,2 
k=1 

Lysag = qj Lj 

Por Lay =Pi2Li2 (no-idling constraint) 

O<n < U; 

4.2.2 The 2/2/C/NI/CV Production Cost problem 

objective 

constraints 

2 

minimize z(n,,n,) = h(n, +n.) +u[L,,P,, + >, U;p2;] 
j=l 

(4.1) 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

(4.6) 
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nj 

> Ly =U; k=... np) = 1,2 
k=1 

Lysiy = 4 Le 

Par La = Piz Lia 
i 

O<n < Uj 

4.3 Analysis 

Next, we conduct an analysis of the different components of the Lot Streaming system 

presented above in 4.2.1. 

The objective of this study is to find the optimal number of sublots needed in each 

batch. Therefore, we have two decision variables: 

- the number of sublots in the first batch n,, and 

- the number of sublots in the second batch nj. 

The optimization can be done in two dimensions but, because of the linkage created by 

equation (4.4) between these two variables, we solve the problem in one dimension. To 

that end, we need to develop some properties. We first analyze the relationship existing 

between the two batches. The convexity of the objective functions is then proven and 

finally, we give a formulation of the model in one dimension. 

4.3.1 Relationship between the number of sublots in the two batches 

The idea of using a relationship between the number of sublots of the two batches is 

very important in order to solve the problem efficiently. This relationship already exists in 

the system in the form of the no-idling constraint (equation (4.4)). Moreover, the study 
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presented in section 3.4.3. shows that this constraint has an important role to play in the 

optimality of the solution. However, we need to develop another expression of this 

relationship in order to have the number of sublots in the first batch a function of the 

number of sublots in the second batch. This formulation is easier to analyze. 

Therefore, by substituting the constraints (4.2) and (4.3) into the no-idling constraint 

(4.4), we transform these constraints into a new one. Four different cases need to be 

treated separately. After mathematical manipulations we find n, a function of n, for these 

different cases. We denote this function by f. The basic mathematical developments 

leading to this function are given in Appendix 1. 

Case 1: q, # 1 and q, # 1 

The function n, = f(np) is: 

log(q,) U, Py - gq - 942-7) + Uy 9) (Pip - Paz) 

The feasible set is D>= {n, | U, (py; — Pay) + Piz Lin > O}- 

  n, = 

Case 2: q, = 1 and q2 4 1 

The function n, = f(n) ts: 

_Y, Pai (i-q.”) 

U, Pip - 42) 

The function fis always defined. 

i (4.8) 

Case 3: q; # 1 and q, = 1 

The function n, = f(n) 1s: 

x log( Va Pin y+] (4.9) 
log(q,) N, PyU,1—-q,)+q, PU, 

The feasible set is D;= {n, | U, p,,(1-q,) ny +q,U, pj, > 0}. 

    

ny 
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Case 4: q; = 1 and q, = 1 

The function n, = f(n2) is: 

— Ui Poi Mo (4.10) n, U 
2 Piz 

The function fis always defined. 

This function has some interesting properties: 

Property 4.1 : fis monotone increasing on its feasible set. 

proof: We compute the first derivative of f 

log(q,) U, Px = 4)) 42” Case 1: f'(n,) = a 
° log(q,) U,p.,(1-q, )-q.7)+q,U, (Pi — Px») 

  

- First case: q, > 1 => log (q,) > 0 

fis feasible if: U,p,,(1-q,)(-q.°7) +4, U, (Pin — Px» <0 

U, p, -q,) q2” 

log(q,) 
  Moreover, <0 Vq,4!1 

Therefore, f'(n,) > 0 

- Second case: q, < 1 => log (q,) <0 

fis feasible if: U,p,,(1-q, )(1- 4,7) + 4,U, (P,, — Px») > 0 

U, pn» -4)) G2”   Moreover, <0 Vq,41 
log(q, ) 

Therefore, f'(n,) > 0 

~U, p n 
Case 2: f'(n,) = ———1-__ log(q,) q,” 

; U; P,U-q,) ° ° 

Since 28442) <0 Vq4¥l>f'(n)> 0 
(1- q,) 
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Case 3: f'(n,) = a U; P24) 
‘T( 

log(q,) U; po, 1-41) n2 +q,U, Py 
  

fis feasible if: U, p,,1—q,) n. +q,U, p,. > 0 
; i- 

Since LIV <6 Yq, 4#l>f'(n,)> 0 
log(q,) 

Case 4: f'(n,) =~ P2 = £(n,)> 0. QED. 
2 Piz 

This property is helpful for the optimization of the function. Indeed, we can conclude 

from this property that when n, is maximized then so is n2: 

We will designate this by n,; and nz having a positive relationship. 

Property 4.2: f has an inverse g =f" 

The formulation of g is given below for the four different cases. 

Case 1: q; # 1 and q, #1 

The function nz = g(nj) ts: 

    

  

l U, (Pr - Px )U-41") ny = x log(1 - 4" —* a) (4.11) 
og(q,) U, p» (-q,) q 

Case 2: q; = 1 and q2 # 1 

The function nz = g(n)) 1s: 

n, = xJog(1--22 P12 C= aa) (4.12) 

log(q2) U;, Pay 

Case 3: q; # 1 and q, = 1 

The function nz = g(n;) is: 
—q.™ 

2 — U, PQ qy ) (4.13)   

U, pa -q1) q) 
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Case 4: q; = 1 and q2 = 1 

The function n. = g(n)) 1s: 

ny = 2 P22 (4.14) 
U; pa 

Property 4.3: The function fis twice differentiable 

Property 4.4: fis strictly convex when: 

Case 1: U, (Pi; — Par) + U2 (Piz — Paz) $9, (4.15) 

Case 2: q, > 1, (4.16) 

Case 3: q, > 1, (4.17) 

Case 4: fis linear. 

  

  

proof: 

Case 1: 

f"(n2) = [log(q.)} U, pn = ai)42"[U, Pn 0-9) +4,U2 Pv -42)) = 
2 

log(q, ) [U, p,,(1-q,)d-q,7)+4q,U, py (1-q,)| 

2 ny 
Since [log(q, )] U, p» (i -4, a, ~<0 

log(q, ) lu, p,,(-q,)d-q,")+q,U, Pp. (1-q,)| 

f"(n2)20< U, p,, (l-q,)+q,U, py, U-4q,) <9 

= U, (Py, ~ Po) + U, (Pip — Px) $9 

Case 2: 

—-U p 2 n f"(m) = ———-_* — |log(q.)} a2” 
° U, >, (-4,)! ° ° 

Therefore f"(n,) 20 <q,>1 
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Case 3: 

f"(n,) = | [U, Po (1-q,)] 
2 log(qi) [U, pa: (1-q,) m2 +q,U, Pi] 

  

Therefore f"(n,) 20<@q, <1 

Case 4: Follows from the linearity of f. QED. 

Remark 4.1. Properties 4.2 and 4.4 are very important because as a result it is always 

possible to generate a convex relationship between n, and n,. Indeed, the aim of this 

relationship is to simplify the optimization procedure by reducing the size of the problem 

to one dimension. If we are in a case where f is concave, we will use g to optimize the 

problem because g is convex. Moreover, if we are in a case where nz Is not in the feasible 

set of f, g will be feasible and we will be able to obtain the optimal solution by optimizing 

on nj. 

Remark 4.2: As we have seen, function f represents the domain for which the processing 

time of the last sublot of the first batch is equal to the processing time of the first sublot of 

the second batch. Therefore, we can find the regions of the no-idling domain and the idling 

domain. These two domains are graphically represented in Figure 4.5. In particular, 

Par Lait 2 Piz Liz > n, < f(n,) 

Pai Lat < Pi2 Li2 > n, > f(r.) 

The sufficiency of the no-idling constraint (4.4) is now graphically explained. Indeed, once 

the optimal number of sublots in the first batch n, is known for the minimization of 

makespan, n, can be located in the interval [a,U,] without reducing the objective function 

value. Therefore, it suffices to solve the problem on constraint (4.4) to get the optimum. 
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f(n, ) 

No idle time 

a U, ny 

Figure 4.1: Graphical representation of the no-idling constraint. 

4.3.2 Convexity of the objective functions 

Makespan function: 

Property 4.5: The makespan objective function is a convex function. 

Proof. In view of expression (4.1), the makespan depends essentially on the size of the 

first sublot L,,. This variable can be mathematically expressed by a function depending on 

the number of sublots in the first batch n, (equation (3.9)). Substituting the expression of 

L,, in the makespan function M given by equation (4.1), we have: 

U1 Pu Pa). y, Pz, + U, py» if q, #1 
1-q," 

M(n,)= (4.18) 

U . 
EH + U, py + Uz P22 if q, =1 

1 
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The second derivative of M(n;) ts as follows : 

[log(q,)P qi” U, (Puy — Px) +a,") 

(1- q"y 
M’’(nj) = (4.19) 

2UiPi1 

n, 

if q, 41 

if q, =1 

This second derivative M"(n,) remains positive for all the values of n,. Therefore, the 

makespan is strictly convex. QED. 

Remark 4.3: Since we are solving the problem in one dimension, in case f is a strictly 

convex function then the decision variable is ny and M(n)) is expressed as a function of nj, 

hence: 

M(n;) = M(f(n2)). 

Unfortunately, M(n,) is a strictly convex and monotone decreasing function and f is a 

strictly convex and monotone increasing function. Therefore, the convexity of the 

makespan function is not guaranteed. However, since we are optimizing on the no-idling 

constraint, M(f(n2)) is equivalent to the expression of the makespan M(n2) given below, 

M(nz) = Li2 pi2 + Uy pur + U2 pag 

M(n,) is a strictly convex and monotone decreasing function (same proof as for M(nj)) 

therefore, M(f(n,)) is also a strictly convex and monotone decreasing function. 

Property 4.6: M(n) = M(f(n2)) 

Proof. 

The proof is given for Case 1; it is similar for the other cases. 

  

  

U,(1-q,) Mif{a,)) = C49), + U, py + Us Pn 
— qi ) 

U,d-4)) 
= Uy ~ Pu + U; Pa + U2 Pry 

(-q, 2 (Pia ~ P22) 

U, po - 9) - 9422) + U, Gy (Piz — P22) 
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U, PpU- 42) 
=| U,(1-q,)+ a 

Pj,0-q,°) 
Pir + U, pa, + U2 Poy 

=U, Py + Liz Pin + U2 Pr» 

=M(n,). QED. 

Production Cost function: 

Property 4.7. The production cost function is a strictly convex function. 

Proof. 

From equation (3.6), the production cost function is the sum of the makespan cost and 

the handling cost. As shown above, the makespan cost is a strictly convex and monotone 

decreasing function. The handling cost is a linear function for the two dimension problem 

(equation(3.4)). However, the problem is solved in one dimension and one of the two 

decision variables (n, or nz) can be related to the other one with a strictly convex function. 

Therefore, the handling cost becomes the sum of a linear function and a strictly convex 

monotone increasing function and, consequently, it is a strictly convex function. Hence, 

the Production Cost function is a strictly convex function. QED. 

The convexity of these two objective functions is very important because it ensures 

that if an optimal solution is found, it will be the global optimum. 
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4.3.3 A second formulation of the two-machine / two batch problem 

We can now formulate our problem differently in terms of the two decision variables 

ny an ny. 

First Problem: Makespan Minimization 

Objective 

Constraints 

min M(n,) = Ly, py + Uy p21 + U2 pre 

n; = f(n2) or no=g(n;) 

n, < U; 

Ny < U, 

(nj,n2) > 0 

Second Problem: Production Cost Minimization 

Objective 

Constraints 

minimize z(n,,n2) = h (n, + nz) + u M(nj) 

n)=f(n2) or ny=g(n)) 

n,; < U; 

Mm < U, 

(nj,n2) > 0 
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4.4 Solution Method 

Next, we present procedures to determine the optimum sublot sizes for the makespan 

and production cost objective functions. The minimization of the makespan does not really 

require a specific optimization algorithm while the minimization of the Production Cost 

formulation is achieved using a single dimension search method. 

4.4.1 Makespan minimization 

4.4.1.1 Continuous case 

The only variable with which to optimize the makespan value ts the size of the first 

sublot L,, because that causes the only idling on the second machine. So, the smaller the 

value Lj, is, the smaller will be the makespan. Consequently, by equation (3.9), n, needs 

to be maximized in order to minimize the makespan value. 

This result confirms the intuition that the best solution is given by producing the parts 

one by one. However, in our model the two batches are linked together with the no-idling 

constraint which creates a positive relationship between n; and ny. Since n; is maximized, 

nz also needs to be maximized in accordance with Property 4.1. Therefore, the goal is to 

choose n, and n, as large as possible without violating the no-idling constraint. It is clear 

from the analysis that one of the two decision variables must, at the optimum, equal the 

number of parts in a batch. We can introduce here the notion of one batch dominating the 

other. Indeed, we say that a batch dominates the other if tt has a strong impact on the 

makespan. In other words, the batch in which the number of transfers is equal to the 

number of parts dominates because any modification of the number of transfers will 

worsen the makespan. Therefore, from Figure 4.2 we have: 
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- batch one dominates if f is convex and g(U;) < U; or if fis concave and f(U2) > U;. 

- batch two dominates if f is convex and g(U;) > U; or if fis concave and f(U2) < Uj. 

In case g(U,) = Up, none of the batches dominates the other. 

In this case the problem is therefore easy to solve. That is, choose a maximum value of n; 

such that n. is contained in its feasible set or choose a maximum nj such that n, is 

contained in its feasible set. 

4.4.1.2 Integer case 

This solution to the continuous version of the problem is characterized by the fact that 

one of the two variables (either n, or nz) is equal to the number of parts in its respective 

batches(that is, U, or U2). Moreover, the variable that is not equal to the number of parts 

in the batch is located on the no-idling constraint but can have another value without 

worsening the optimal solution. For instance, if we are in the case where n, = U, and n, = 

n, then, if n, is not an integer number, it is always possible to round nj, to the closest 

integer greater than n, without increasing the objective function value. This is because an 

increment in n, increases the number of sublots in the second batch thereby decreasing the 

size of the first sublot of the second batch. Consequently, the solution remains without idle 

time (see Figure 4.2). Similarly, if np = U, and n; = nj, and n, is not an integer number, 

then n, is rounded up to the closest integer greater than n,. In this configuration, the 

optimum solution will have idle time because now constraint (4.4) will hold (see Figure 

4.2). More generally, the optimal integer solution is found by rounding up the variable that 

is not equal to the number of parts in its batch. Moreover, we will get a solution without 

idle time if nj is rounded up and, in case n, is rounded up, the solution will create idle 

time. 
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f convex 

  

    
   

f concave 

Integer 

Solution 

Integer 

Solution 

    

idle time 

    

     
     

  

* 

ny    
   

    

  No idle time 
  

      
  

  | > 

U, Nn U, Nn 

When n, = U, then the integer solution creates idle time 

ny 

f convex 

  U;   

  No idle time 
  

Integer 
Solution 

    
   

Integer . ° 

Solution No/idle time 

> 
* 

n5 U, 115) No 2 Nz 

When n, = U, then the integer solution keeps the no-idling behavior 

Figure 4.2: Different configurations for the integer solution in the makespan minimization 

4.4.1.3 The algorithm 

1- case determination 

case 1: q; # 1 and q, 4 1 

case 2: q; = 1 and q, # 1 

case 3: q; # | and q,=1 

case 4: q; = 1 and q. = 1 

2- if case 1, 2 or 3 

if f convex then 

n, =U, 
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Nz = g(n;) 

if nz > U, then 

n, = U, 

n; = f(n2) 

else 

n, = U, 

ny = f{n2) 

ifn, > U, then 

n, =U, 

Nz = g(nj) 

3- if case 4 

if (P12/p21) < 1 then 

nz, = U2 

ny =U; par / pir 

else 

n, =U, 

Nz = U2 piz/ pat 

4- Integer solution 

if n, = U, then n, = Int (n.) + 1 

if ny = U, then n, = Int (n,) + 1 
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4.4.2 Production Cost minimization 

4.4.2.1 Continuous case 

As before, this problem involves the two decision variables n, and n,. However, using 

the relationship between these two variables, it is possible to optimize the problem in one 

dimension. The choice of the decision variable on which the optimization will be done 

depends on the convexity of the function f. Indeed, if we are in a case where the function 

is convex then the decision variable is nz because n, can be substituted in the objective 

function. In the case f is concave, then the function nz = g(n,) is convex and n, is the 

decision variable. Consequently, the objective can be formulated as a convex function and 

this ensures that the solution found is a global minimum. Therefore, the objective function 

reduces to the following: 

if f is convex then minimize z(f(n,),n.) = h (f(n.) + nm) + u M(f(n,)), 

if fis concave then minimize z(n,,g(n,)) = h(n, + g(n,)) + u M(n)). 

A line search method called the Golden Section Method (GSM) is used to optimize 

this single dimension function. This algorithm is used because it is easy to implement and 

is applicable to the optimization of convex functions in one dimension. Furthermore it is 

derivative free. In this method, the optimum is searched over an interval of uncertainty. 

This interval is reduced systematically until it becomes small enough, based on a 

prespecified tolerance. 

4.4.2.2 Integer case 

The integer solution is not as easy to obtain in this case as it was for the makespan 

problem. Indeed, the continuous solution gives a lower bound of the optimum integer 

solution value and any modification of n, or n, will worsen this value. Moreover, given the 
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number of parameters involved in the model (namely p,,, P,, P21, P22, U2, Uj, u and h), it 

is difficult to specify a general decision rule that would result in the best integer solution. 

However, an enumeration type search technique can be used to obtain the optimum 

integer solution. Indeed, for each solution n, and n,, there are two integer numbers: the 

integer part of the continuous solution and the closest integer greater than the continuous 

solution (see Figure 4.3). The idea is to compute the objective for each of the four 

combinations and to take the best solution. This solution will be the closest integer value 

of the continuous optimum. However, the optimality of this solution is not necessarily 

guaranteed because of the special case depicted in Figure 4.3. Therefore, the method is 

presented as a heuristic that gives good solutions for the integer version of the problem. A 

major problem of this heuristic is that it will work only for small size problems as the 

number of evaluations of the objective function for a n batch problem will be 2” thereby 

implying an exponential order of computation. 

n, A Idle time | No idle time 
  

Better 

— Integer 
Solution 

  
  

  

    

™N 
Zz 

                —P- 

Ny 

  

© Continuous solution [_] Possible integer solutions from the heuristic 

Figure 4.3: A case where the integer solution obtained using the heuristicis not the optimal 

solution. 
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4.4.2.3 The algorithm 

1- case determination 

case 1: q, # 1 and q. 4 1 

case 2: q, = 1 and q, 4 1 

case 3:q, 4 1 andq,=1 

case 4: q; = 1 and q, = 1 

2- convexity analysis 

if case 1 then 

if U, (py; — P21) + U2 (Pin — P22) < O then fis convex 

if case 2 then 

if q, > 1 then fis convex 

if case 3 then 

if q, > 1 then fis convex 

if case 4 then f is convex 

3- initialization of the interval of uncertainty [a,b] 

if case 1,2,or 4 then 

a= 0.001 

else 

U a= Pi2U2 

PU, 

if f convex then 

b = g(U)) 

if (b > U2), b= U2 

else 

b = f(U2) 

if (b> U,), b=U, 
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4- Optimization with GSM 

AK=at(1-a)* (b-a) 

u=ata*(b-a) 

while ((b - a) = §) 

if f convex then 

u = z(f(A),A) 

v= 2(f(H),H) 
else 

u = z(A,g(A)) 

v = 2(H,g(H4)) 

if (u > v) then 

a=A 

A= 

w=ata*(b-a) 

else 

b=p 

w= 

AK=at(1 -a)* (b-a) 

5- Continuous solution 

if f convex then 

nz =(at+b)/2 

n, = f(n2) 

else 

n; =(at+b)/2 

nz = g(n1) 
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6- Integer solution 

fori=1to4 

if i = 1 then n, = Int (n,) and n, = Int (n)) 

if i= 2 then n, = Int (n,) + 1 and nz = Int (nm) 

if 1 = 3 then n, = Int (n,) and n, = Int (n,) + 1 

if i = 4 then n, = Int (n,) + 1 and ny = Int (n)) + 1 

compute z[1] (n,,n2) 

solution = min (z[i]), 1 € [1,4] 

4.4.2.4 Experimentation 

An experimentation was done to check the optimality of the solution obtained. A 

Monte Carlo simulation program was developed and three types of solutions were 

computed. The first solution is the one obtained by the above algorithm. The optimization 

is done over one variable either n, or n,, depending on the convexity of the function f. In 

this approach we use the formulation of the makespan criteria without idle time. The 

second solution was obtained without the no-idling constraint (4.4). This solution was 

computed directly from the closed form equation. The third solution was computed for the 

no-idling model (that is, without constraint (4.4)). We ran the simulation on 100,000 cases 

selected randomly. It turns out that the first solution was always equal to the best solution 

of the two other cases. Since the two other solutions are optimal for the no-idling case and 

the idling case respectively, it is correct to claim that the solution given by the first 

optimization technique yields the optimal solution of the problem. 
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4.5 Example Problem #1 

The problem considered is given below (see Table 4.1). It consists of two batches each 

containing 400 and 300 parts respectively. The processing time of each part of each batch 

on the two machine is given in the last two columns. We consider three different 

configurations. For each configuration, the number of sublots determined is given in Table 

4.2. Also, the makespan values and the total production cost values are shown. The first 

configuration does not consider handling cost. Therefore, the problem is equivalent to the 

minimization of makespan alone. In the second configuration, the handling cost is half that 

of the makespan cost. One can note that the number of sublots is lowered considerably. In 

the last case, we use a handling cost much bigger than the makespan cost. The optimal 

number of sublots now is equal to one (see Table 4.2). 

Table 4.1: Processing Times of the Example Problem #1 

  

Batch Number of parts Processing time on _— Processing time on 

Machine 1 Machine 2 

1 400 15 1] 

2 300 8 13 
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Table 4.2: Continuous (CV) and Integer (DV) solutions 

for the number of sublots in each batch 

  

  

  

    

Batch u=1 $/unit of time | u=1 S$/unit of time | u = 1 S/unit of time 

number h = 0 $/transfer h=0.5 $/transfer | h = 10000 $/transfer 

CV DV CV DV CV DV 

1 400 400 20.66 21 0.57 1 

2 288.39 256 13.07 13 0.34 1 

Makespan | 8406.67 8406.67 | 9902.64 9902.73 | 18234.38 14300.00 

Prod. Cost | 8406.67 8406.67 | 9919.50 9919.73 }|27305.17 34300.00     
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Chapter 5 

Problem Formulation, Analysis and solution for the 

multiple-batch / two-machine case 

5.1 Scope 

In Chapter 4, a model describing the two-batch / two-machine case was developed. In 

this chapter, the problem is extended to a multiple batch environment. Therefore, the 

objective of this problem is to optimize n batches using Lot Streaming techniques. The 

same structure as the previous chapter is followed; thus, a formulation of the problem is 

given and an optimal solution is generated. 

In terms of the classification scheme, the problem on hand is the n/2/C/NI/CV and DV 

problem. The n/2/C/NI/CV and DV problem has the same properties as that of the 

2/2/C/NI/CV and DV problem. Consequently, the same strategy is used in order to solve 

the problem, which is to reduce the size of the problem to one dimension. However, we 

present the general form of the relationship between two consecutive batches and 

formalize the idea of dominance presented in section 4.4.1.1. 
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5.2 The model 

The main objective is to minimize the total production cost consisting of the makespan 

cost and the handling cost. However, we first minimize the makespan value because it 

gives some insights into the optimization of the production cost. 

5.2.1 The n/2/C/NI/CV Makespan minimization problem 

objective 

minimize M = L,,p,, + >, U;Po; (5.1) 
jz 

constraints 

nj 
Ly =U;  k=1..,npj=h.n (5.2) 
k=1 

Lyi = G Le (5.3) 
P2j La, = pi js1 Lij+1 (no-idling constraint) (5.4) 

O< nj Ss Uj (5.5) 

5.2.2 The n/2/C/NI/CV Production cost minimization problem 

objective 

minimize M=h on, +u[Ly,py, +>, U;jp2;] (5.6) 
jel jel 

constraints 

nj 

Ly =U, k=1,..., nj=l,..,n 

k=1 
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bya; ~ Qj lj 

Pj Ly, j = Page Lj+1 (no-idling constraint) 

O0<n, <U 

5.3 Analysis 

5.3.1 Relationship between two consecutive batches 

In order to formulate the n/2/C/NI/CV and DV problem in one dimension, we develop 

a relationship between two consecutive batches. This relationship is based on the no-idling 

constraints and is the same as the one presented in section 4.3.1. for the 2/2/C/N/I/CV 

problem. We generalize this relationship for the multiple-batch environment. We denote 

the function relating batch j and j+1 as f,. The details of computations are presented in 

Appendix 1. 

As in the two batch problem, four cases need to be considered. 

Case 1: q, # 1 and q,,, # 1. 

Case 2: gq, = 1 and q;,, #1. 

Case 3: q; # 1 and q;,, = 1. 

Case 4: q, = 1 and q;,, = 1 

Function fi is as follows 

Case 1: 

Up ijt - Po j+1) 

~] “la a l—q,.*')+U og (q;) j Paj( — q;)¢ —~ Gy )+ jt qj (Pij+1 — Pa jer) 

  yt+1 (5.7)   

nj 

The feasible set is De= {nj,, | Uj (Paj — Paj) + Prijs Lijr > OF- 
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Case 2: 

_ U; p21 - Qju) 
  

  
  

  

  

  

. (5.8) 
; Uju Piju Cl — q jut) 

The function f; is always defined. 

Case 3: 

U., jt n; = x log( nt Paint +1 (5.9) 
log(q;) Nj+1 Po jr U jar (1- q j+1 )+ q j+t Py jet U jr 

The feasible set is Dg = {n,,, | U; p23} 1-95) 2h + GU jar Pije2 > OF- 

Case 4: 
U. ne, 

n, = = j P2j Bi (5.10) 
Ujn Pij+ 

The function f is always defined. 

Property 5.1 : f, is monotone increasing on its feasible set. 

Property 5.2: f, has an inverse g; = f, i: 

The formulation of g; is given below for the four different cases. 

U., a — Poi) C-q,"3 
Case 1: n,,, = x log(1- — 1 (Paint — Pai K me ), (5.11) 

log(q ju) Uj pai - qj) qj ° 

U. .,n:-(l—-q. 

Case 2: n,,, =———— x log(1- #1 P#! j0~ dn), (5.12) 
log(q j1) U; Pa; 

U., .(l-qi., 3 
Case 3: nj.) = jot Pain Po diet) (5.13) 

U; p2, 1 — q;) qe 
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Uis Puja M1 
Case 4: nj.) = U, ps, (5.14) 

Property 5.3: The function f; is twice differentiable 

Property 5.4: f, is strictly convex when: 

Case 1: Uj(Pij — Paj) + Uj (Piju — Paju) $9, (5.15) 

Case 2: q.., > 1, (5.16) 

Case 3: q; > 1, (5.17) 

Case 4: f; is linear. 

5.3.2 New formulation of the model 

Given the function presented in section 5.3.1, it is now possible to generate a new 

model of the n/2/C/NI/CV problem that can be optimized in one dimension. 

First problem. Makespan minimization 

objective 

LyPy +) U (pa; 
jel 

constraints 

Nn; — f(n,.1) 

O0<n,<U; j=l,...n 
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Second problem: Production cost minimization 

objective 

minimize M = h }’n,+u[L,,p,, + >, U;P2;] 
j=l jel 

constraints 

n; = £(n,,,) 

II 
—
 O0<n <U; j 

5.3.3 Convexity of the objective function 

Next, we show that in the n/2/C/NI/CV problem, the strict convexity of the makespan 

function is maintained but that the production cost function loses its convex property 

when the problem is optimized in one dimension. However, the production cost function 

can be convex in a special case presented below. 

Matkespan function 

The formulation of the makespan function is given by equation (5.1). This function is 

strictly convex and monotone decreasing. The proof given in section 4.3.2. for the two 

batch case can be generalized to the multiple batch environment as well. This proof is 

done by induction and it is shown that whatever the decision variable is, the makespan 

remains a strictly convex monotone decreasing function. 

Property 5.5 : The makespan function is strictly convex, monotone decreasing for the 

n/2/C/NI/CV problem. 
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Proof. 

The following proof is developed for case 1, that is, when q; # 1 and q;,, # 1. The 

same type of reasoning applies for the other cases. 

We suppose that the result given in section 4.3.2 is true for n;. We shall prove that the 

result is also true for n,,,. 
j-l 

M(f(n,,..)) — > UP +1; Pi + > U.P 
k=1 k=j+l 

U;(1-q;) n 
= ULPix + ian) Pit > Ux Pax 

k=1 G-q, "") k=j+l 
J 

  
jl U3.) Puja G- Gj) = 

= Uppy +] Uj-4q;)+ — Pip + Uj Py + Do UpPar 
k=1 Pij0- dja 7) k=j+2 
jr 

— > UP +U; py t+ Ly jar Pager + > UPox 
k=1 k=j+2 

J n 

= > UP + Ly isd Payer t > UxPox 
k=1 k=j+2 

= Mi.) 

Therefore, the makespan is a strictly convex monotone decreasing function. QED. 

Production Cost function 

The production cost function is a multi-dimension function. However, it can be reduced to 

a single dimension function because of the relationship existing between two consecutive 

batches. We present in Property 5.6 and Property 5.7 the conditions of convexity of the 

production cost function for the formulation in multi-dimension and for the formulation in 

a single dimension. 

Property 5.6: The production cost function for the n/2/C/NI/CV problem is convex when 

the function is formulated as a multi-dimension function. 
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Proof. 

Production Cost = Handling Cost + Makespan Cost 

From properties 5.5, the makespan cost is a strictly convex and monotone decreasing 

function. The handling cost function is a multi-linear increasing function (equation (3.4)). 

Therefore, the production cost is convex. QED. 

Property 5.7. The production cost function for the n/2/C/NI/CV problem is convex when 

the function is formulated as a single dimension function, if the handling cost is convex. 

Proof. 

All sublots are linked together by a set of functions fj, which are either strictly convex 

or strictly concave, monotone increasing and positive. Since we formulate the handling 

cost function in a single dimension, if n; is the decision variable, then we have: 

Handling Cost = h (n, + 5)a;(n;)) 
ixj 

where a,(n;) is the composition of the f; functions for i not equal to j. The strict convexity 

or concavity of these functions is given by the parameters of the system and cannot be 

predicted. Therefore, the successive compositions of the functions f; can generate 

functions that are neither concave nor convex. Consequently, the nature of the Handling 

Cost cannot be defined. However, we shall prove that, although the handling cost function 

is not strictly convex anymore, it is a quasi-monotone function. Indeed, the composition of 

two increasing monotone, positive functions is an increasing monotone positive function. 

Therefore, since the f, functions are monotone increasing and positive functions, each 

function a(n;) is a monotone increasing and positive function. Moreover, the sum of 

monotone increasing functions is a monotone increasing function. Therefore, )/a;(n;) is 
i*j 

monotone increasing and consequently the handling cost is also a monotone increasing 
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function. Finally, an increasing monotone function is a quasi-convex and quasi-concave 

function. Indeed, for any x, and x, in the feasible set, we have 

Ax) < ATA, + (1 - )x_] < A(x) 
Therefore, the handling cost function is quasi-monotone. 

Since the Production Cost is the sum of a strictly convex decreasing function with a 

quasi-monotone increasing function we cannot conclude on its nature. However, if we can 

formulate all the n,'s with one variable n, with successive strictly convex, monotone 

increasing and strictly positive functions f,'s or g.'s, then the handling cost is convex (proof 

below). Moreover, the sum of strictly convex functions with a linear function is strictly 

convex. Therefore, under that special case, the Production Cost, which is the sum of two 

strictly convex functions, is a convex function. QED. 

Remark 5.1: Since the handling cost is the sum of strictly convex functions with a linear 

function, the derivative of the handling cost is always greater that one. Indeed, 

[Handling Cost]' = 1 H> a;(n;)]'>1 
ij 

Proof to show that the composition of two strictly convex, monotone increasing functions 

is a strictly convex monotone increasing function. 

Suppose f and g are two strictly convex, monotone increasing and positive functions 

We have: f(x) > 0, g(x) > 0, f'(x) > 0, g'(x) > 0, f"(x) > 0, g"(x) > 0 

[flgGI]' = g(x) f'Lg(x)] > 0, and 

[{[g(x)]]" = "(x) f'Ig(x)] + [oP f"Le(x)] > 0 

Therefore, f[g(x)] is strictly convex, increasing monotone since the first and the second 

derivatives are strictly positive. Moreover, it is a strictly positive function because f(x) > 0. 
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5.3.4 Dominance rule 

The idea of dominance of a batch over another batch has been introduced in section 

4.4.1.1. This idea is relevant for the makespan problem and is also used later to initialize 

the confidence interval for the solution of the production cost problem. We now formalize 

this concept to the multiple batch environment. The idea is to find, without handling cost 

considerations and the number of sublots being equal to the number of items in each batch, 

the batch that constrains the makespan value the most. 

Definition 5.1: Batch j dominates batch j+1 if it dictates the makespan. Batch j is called 

the dominating batch and batch j+1 is called the dominated batch. 

Definition 5.2: Batch j dominates batch j+1 (denoted [j]dom[j+1]) if 

fj] is convex and g(U;) < U;,,, or 

fj is concave and f(U;,,) > U;, 

else batch j+1 dominates batch j. 

Property 5.7: If batch j (respectively j+1) dominates batch j+1 (respectively j), then the 

number of sublots in batch j (respectively j+1) is equal to the number of items in this batch. 

It is possible to generate an optimal solution of the 2/2/C/NI/CV makespan problem by 

using the relationship n,,, = g,(U;) (respectively n; = f(U;,,)). 

Proof. 

The proof of this property follows the discussion given in section 4.4.1.1. It is 

presented for the two batch case, but it can be generalized to any pair of batches. QFD. 
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In order to generalize these results for the multiple batch environment some additional 

results are presented below, 

Theorem 5.1 : The dominance rule is transitive. Therefore, if 

[n,]dom[n,,,] and [n;,,]dom[n;,.] then [n,]dom[n,,.]. 

Proof 

[n,]dom[n,,,] => n, = U; and n,,, = g,(U;); where g(U;) < U;,1. 

[n,,]dom[n,,.] => 7. =U, and Niv2 ~ gi.1(U;,.1); where g3.4(U..1) < Uis2. 

Since f; and g, are monotone increasing functions for all j < [1,n], 

ifn..,=g(U;)) then n,,, = g...18,(U)] < g.1(U,.) < Uj... This solution is feasible 

because n; = Uj, nip < Ujiy, Miz < Ujsr. 

ifn, =U;,, then n, = f(U;,,) > Uj; because [n,]dom[n,,,]. This solution is 

unfeasible because n, > Uj. 

Therefore, we have n, = U,, n.) < Uj, niig< U;,. and consequently, [n,]dom[n,,.]. QED. 

Theorem 5.2 : if [n,]dom[n,,,] and [n;,,]dom[n;,,] then 

g(U;) < fi1(U;.2) > [n,]dom[n;,.] 

g(U)) > £..(U,.2) > [n,,.]dom[n,] 

Proof: 

[n;]dom[n;,,] => n; = U; and n,,, = g,(U;); where g(U;) < U5... 

[n,,,]dom[n,,,] > n,,. = Uj. and n;,, = £,,,(U;,2); where f,,,(Uj,2) < Uj. 

First case: if g,(U;) < £.,(Uj,2) then 

ifn,,,=g(U;) then n, = U; and n,, = g;,,[g(U;)]. Since g,,, is monotone 

increasing, 

giilgi(U;)] < Silt. (Uj.2)] => g..:19,(Uj)] < U;.. 

72



because g;,, is the inverse of f;,,. This solution is feasible because 

n, = U;, n., < U,,1, 42 < Uj,. and it that case, [n,]dom[n,,.]. 

if nj, = £,,(Uj..) then n,,. = Uj, and n, = f[f,,(U;,.)]. Since f is monotone 

increasing, 

f[f..(U;.2)] > f[g(U;)] => flf.1(Uj.2)] > YU; 

because g; is the inverse of f,, This solution is unfeasible because 

n7Uj. 
Consequently, we have [n;]dom[n,,.]. 

Second case: if g(U;) > f,,(Uj.2) then 

ifnj.,=g(U;) then n, = U; and n,, = gi1g(U))]. Since g,,, 1s monotone 

increasing, 

gii18;(U;)] o Silfii(j.2)] > gulg(U)] > Ui. 

because g;,, is the inverse of f,,,. This solution is unfeasible 

because n;,. > U;.,.. 

ifn. = f1(Uj..) then n,, = U;,, and n; = fiff..(U;..)]. Since f; is monotone 

increasing, 

fi[f..(Uj.2)] < f[g(U))] > ff.) < Y; 

because g; is the inverse of f,. This solution is feasible because 

n, < U;, 1 < Uj, 042 = Ujs. and it that case, [n,,.]Jdom[n,]. 

Consequently, we have [n,,.]dom[n,]. QED. 

An immediate result of Theorem 5.1 and 5.2 is that there is only one dominating batch 

in the system. 
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5.4 Solution method 

5.4.1 Makespan problem 

5.4.1.1 n/2/C/NI/CV 

Similar to the 2/2/C/NI/CV case, an optimal solution can be found for the 

n/2/C/NI/CV problem by choosing the number of sublots equal to the number of parts in 

each batch. This solution may create idle time and may not be consistent with our model. 

Indeed, we have the no-idling constraint which is translated by the set of constraints f,. 

Moreover, we know that there exists a dominating batch that dictates the makespan. 

Therefore, we just need to find the dominating batch of the system by applying the results 

presented in section 5.3.4. Once the dominating batch is determined, we can deduce the 

number of sublots in the remaining batches by applying consecutively the relationships f,'s 

existing among these batches. 

5.4.1.2 n/2/C/NI/DV 

The integer solution is found by rounding up the continuous solution to the smaller 

integer greater than or equal to the continuous value. The dominating batch will keep the 

same number of sublots of the solution since it is already an integer value. Therefore, the 

makespan value remains the same even though, some idle-time may appear in the system. 

5.4.1.3 Algorithm 

Variables 

let, 
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doms be the designation of the dominating batch number of the batch that dominates 

the system. 

ons be the designation of the number of the last batch in the sequence of batches 

dominated by doms. 

domj be the designation of the dominating batch in the pair of batches j and j+1. 

onj _ be the designation of the dominated batch in the pair of batches j and j+1. 

ns be the designation of the number of sublots in batch ons given the value of 

number of sublots tn batch doms. 

nj _ be the designation of the number of sublots in batch onj given the value of 

number of sublots in batch domj. 

size be the number of batches 

Algorithm 

(Refer to Figure 5.1 for graphical description of various cases depicted by letters a to f) 

1- Case determination and Convexity analysis of the f; functions 

2- Determination of the dominating batch 

doms 1s the dominating batch between batches | and 2 

ons is the dominated batch between batches 1 and 2 

for j € [2, size-1] 

domj is the dominating batch between batches j and j+1 

onj is the dominated batch between batches } and j+1 

if domj is the same as doms then batch j remains the dominating batch of the set 

of batches already tested (a) 

ons = on} 

ns = ny 
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else 

if domj is the same as the batch dominated by doms then doms remains the 

dominating batch (follows from Theorem 5.1) (b) 

compute the number of sublots from batch j to batch 1 

Ons = Onj 

else 

if doms is the same as the batch dominated by domj then batch becomes the 

dominating batch of the set of batches already tested (follows from 

Theorem 5.1) (c) 

doms = domj 

ons = on] 

else 

if batch j is dominated by doms and domj then we need to test which of 

the two batches doms or domj is dominating (follows from Theorem 

5.2) (d) 

if ns > nj then domj becomes the dominating batch 

doms = domj 

ons = onj 

else doms remains the dominating batch 

compute the number of sublots from batch j to batch 1 

ons = domj 

compute the number of sublots from the last batch to batch 1 
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Figure 5.1: A possible configuration to determine the dominating batch of the system. 

5.4.2 Production cost problem 

5.4.2.1 n/2/C/NI/CV 

We have formulated the model in one dimension in order to use a simple optimization 

method. As in the 2/2/C/NI/CV case, the Golden Section Method (GSM) is used. 

However, in the n/2/C/NI/CV case, the production cost function is not necessarily convex 

and therefore, this line search method does not guaranty the global optimality of the 

solution. Consequently, we differentiate between the following two cases. In case 1, the 

production cost function is convex, under the condition given by property 5.7, and we 

directly use the GSM algorithm because it will yield a global optimal solution. In case 2, 

the production cost function is not necessarily convex, and we first search the set of all 

local optimum points and then choose the one that gives the best objective function. This 
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solution is the global optimum of the problem, and it is possible to do so because we are 

performing single dimension search (see Figure 5.2). In both cases, the interval of 

uncertainty is initialized with the continuous solution of the makespan problem. However, 

this interval can be reduced because we know, from remark 5.1, that the derivative of the 

handling cost is strictly greater than one. Since the production cost is the sum of the 

handling cost and the makespan cost, which is a strictly convex and monotone decreasing 

function, there is no local optimum as soon as the makespan cost function derivative 

becomes greater than minus one. Indeed, the derivative of a sum is equal to the sum of the 

derivatives. Therefore, the new interval of uncertainty is ]0, x] where x is the solution of 

the equation: 

[Makespan cost]'+ 1 =0 (5.18) 

We use a dichotomous search in order to solve this equation. 

f 
© Local Optimum 

[J Global Optimum 

  p> 
n. 

  

Figure 5.2: Search for the global optimum. 
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5.4.2.2 n/2/C/NI/DV 

The continuous solution obtained above is a lower bound of the optimum integer 

solution value and any modification of nj, for a given j, will worsen the makespan. We 

cannot hold the no-idling constraint true for the integer values of n;. We propose an 

heuristic based on the same enumerative method developed for the 2/2/C/NI/DV problem 

under the criteria of minimizing the production cost. As it was mentioned earlier, this 

method does not necessarily yield an optimal solution and has an exponential growth in the 

order of computation because we must test 2" different possible solutions. Consequently, 

only small size problems can be solved. 

5.4.2.3 Algorithm 

Variables 

Let, 

Global_ optimum be the global optimal solution 

Local_optimum be a local optimal solution 

Tested point be a point currently tested 

Step be an incremental value 

Flag be a Boolean value 

Nom be the number of sublots in the dominating batch 

Integer_solution be an integer solution 
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Algorithm 

1- Case determination and Convexity analysis of the fj functions 

2- Determination of the dominating batch, initialization of the interval of uncertainty [a,b] 

2- See if it is possible to generate a convex production cost function 

3- if convex production cost function possible then 

Global_ optimum = solution of GSM 

else 

Flag = True 

while Tested_point belongs in interval of uncertainty 

compute derivative of the production cost at Tested point 

if derivative > 0 and Flag then 

interval of uncertainty = [Tested_point - Step; Tested_point + Step] 

Local_ optimum = solution of GSM 

compute the objective for n,,,,= Local_optimum 

if the objective is smaller than the objective of the previous local optimum then 

Global_ optimum = Local_ optimum 

Flag = False 

if derivative < 0 and not(Flag) 

Flag = True 

Tested point = Tested_point + Step 

compute all the n's for n,,,, = Global_optimum 

5- Integer Solution 

For all the combinations of possible integer solutions 

compute the objective for the current combination 

if the objective for the current combination < Integer_solution then 
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Integer_solution = the current combination 

GSM 

A=at(1 -a)* (b-a) 

u=at+a *(b-a) 

while ((b - a) = &) 

w = objective for nga = A 

v = objective for ny... = H 

if (w > v) then 

a= 

N= 

uw=ata*(b-a) 

else 

b=u 

W=A 

X=at(1 -a) * (b-a) 

compute all the n's for n,,, = (b+a)/2 

5.5 Example Problem #2 

We present the solution of a 10/2/C/NI/CV and DV problem. The number of parts in 

each batch is given in the second column of Table 5.1 while the third and the fourth 

columns depict respectively the processing times of each part of the batches on the two 
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machines. Table 5.2 gives the number of sublots obtained for each batch. Optimum 

solutions are obtained for the continuous version of the problem (CV). However, for the 

discrete version (DV), the solutions that are obtained are only heuristic. Three different 

cases are presented in which the handling and the makespan cost are varied. 

Table 5.1: Processing Times of the Example Problem #2 

  

  

Batch Number of parts Processing time on _ Processing time on 

Machine 1 Machine 2 

1 500 5 12 

2 400 1] 15 

3 200 15 5 

4 150 9 13 

5 $00 10 10 

6 500 10 10 

7 250 6 13 

8 500 15 13 

9 200 17 10 

10 100 5 20 
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Table 5.2: Continuous (CV) and Integer (DV) solutions 

for the number of sublots in each batch 

  

  

  

        

Batch u=1 S$/unit of time | u=1 $/unit of time | u = 1 S/unit of time 

number h = 0.5 $/transfer h = 80 $/transfer h = 800 $/transfer 

CV DV CV DV CV DV 

] 9.960 10 4.048 4 1.174 2 

2 1.214 2 1.184 2 0.830 - l 

3 0.453 1 0.441 1 0.304 1 

4 0.481 1 0.467 1 0.305 1 

5 1.351 2 1.314 2 0.885 ] 

6 1.351 2 1.314 2 0.885 l 

7 0.501 1 0.489 1 0.349 ] 

8 1.416 2 1.387 2 1.015 2 

9 0.712 1 0.692 1 0.465 1 

10 0.288 I 0.281 1 0.189 1 

Makespan | 38700.57 40750.55 | 38804.15 40858.77] 40649.01 44150.00 

Prod.Cost | 38709.44 40762.05 | 39733.68 42218.77 | 45770.67 53750.00 
  

We can see the decrement in the number of sublots for each batch when the unit handling 

cost increases. Consequently, the makespan value increases as is shown in Table 5.2. 
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Chapter 6 

Conclusion 

6.1 Summary 

In this thesis, the Lot Streaming problem has been mathematically analyzed for the 

multiple batch, two machine case under the criteria of minimizing the production cost that 

~ includes the handling cost and the makespan cost. The problem that is considered is to 

determine the number of sublots in each batch. Both continuous and integer solutions are 

presented. We first solve the 2/2/C/NI/CV and DV problem which is a special case of the 

n/2/C/NI/CV and DV problem and is simpler in nature. The results obtained for this case 

are then generalized to the n/2/C/NI/CV and DV problem. 

6.2 Conclusions and Recommendations 

The work in this study was focused on the theoretical modeling and analysis of the 

problem. The main result of the n/2/C/NI/CV problem ts the proof of the fact that the no- 
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idling constraint is necessary in order to minimize the production cost function. Indeed, a 

number of properties were deduced from this constraint. Another interesting result, related 

to the previous one, is the reduction of the two and higher dimension problem to a single 

dimension problem, which allows the use of a line search method to determine the 

continuous optimal solution. This solution, which is a lower bound of the problem was 

used to generate an integer solution. The method for the generation of the integer solution 

is not very efficient because of its limitations but, in reality, it is not straightforward to 

determine an integer lower bound expression for using other types of algorithms (such as 

Branch and Bounds methods). 

Therefore, a problem for future research would be to develop an effictent method to 

determine integer optimal solutions. Another area of future work is to extend the results of 

the two machine case to the m-machine case. As a first attempt, the m-machine case can 

be partitioned in four sub-problems depending on the constraints imposed on the sublots. 

One constraint corresponds to the nature of the sublots. The sublots can be equal, 

consistent or variable (see section 2.3.1.2.2). Another constraint, related to the previous 

one, indicates how the number of sublots in each batch behave among the machines. The 

number of sublots in each batch can be equal or variable. The number of sublots 

- is equal if the same number of sublots in a batch is kept among the 

machines, and 

- is variable if the number of sublots varies in a batch among the machines. 

The different sub-problems that result are described in Table 6.1. The last case (case 4) is 

trivial and is solved with the results of the two-machine case applied successively to each 

pair of machines. Indeed, because of the variable constraint for both the sublots and the 

number of sublots in each batch, the problem is similar of having (m-1) n/2/C/NI/CV and 

DV problems to solve. In this case, the continuous solution will not generate idle time 
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between two consecutive machines. For the cases involving equal number of sublots, the 

no-idling property of the previous case does not hold anymore and therefore, a 

formulation of the makespan function is not easy to develop. A third direction for research 

is to add other features to the basic problem, that is, consider other type of objectives, 

consider random processing times and also to introduce setup or transporting times. 

Table 6.1: Cases for the multiple-batch / multiple-machine problem 

  

  

  

  

          

Sublots Number of sublots Case 

equal equal 1 

consistent equal 2 

variable equal 3 

variable 4 
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Appendix 1 

Derivations of mathematical equations 
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1.1 Derivation of function n, = f(n2), Equation 4.7, 4.8, 4.9 and 4.10 (p.42-43). 

Case 1: q; # 1 and qz # 1 (equation (4.7)) 

no-idling constraint : poi Ly) =Pi2bi2 (1) 

Ud - n-1) U,0- 
Li2 - U0~ %) a), Lag = q1 1 Vit a 

(1- q;?) (1-q;') 

Therefore, 

(1) > pa qn U,GQ-q,) _. U,0-42) 
n 12 ny 

(1—q;') (1-q,’) 

=> a) '[ pW, 41) (1 43) ] = P2U2 (1-2) - 4") 

=>q)""{ pU,(1- q,)CU- q3 )+ qipi,.U,(1- a2) = py,U,(1- q2) 

ny-l _ P;2U,(1—-q,) 
—q, = ny 

PU, (1-4, )C — q3? ) + qyp,.U, 0 - gz) 

U, (Pr — Py) 

  

    

  

=n, = x log( )+1 
log(q)) U, Pai - 9) — 92"2) + Up 4: (Pi2 ~ Pao) 

= f(n2) 

Feasibility 

f is feasible if U3 (Piz = Paz) >0 
U, Py 1 — gq) — g2"7) + Uz 4) (Py2 — P22) 

if py2 > P22 => q2 > O then 

=U, P21 - q,)(1— g2"2) + U, 9) (P12 — P22) > 0 
1- 

=U, (Pir - Pa) + Pis U, G2) >0 
(l-q,7) 

=U, (Pip ~ Pai) + Pra Ly2 > 9 

if Py2 < poz > qp < 0 then 

=U, py, (1- gq) g2"") + UZ 9G) (Pi — P22) < 9 
1- 

=U, (Pi- Pa)+ Pr U, Ao) >0 
(1-q, 7) 

=> Uy (Pir — Par) + Piz Liz > 9 
Therefore, the feasible set is D,= {n, | U, (py, — Pay) + Py Lig > OF. 
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Case 2: q; = 1 and qz # | (equation (4.8)) 

no-idling constraint : p2, Lia = Pi Li2 (1) 

U,O- a,-1 U = Ua) Laa = qn tt 
(1-q,’) n, 

U U,(1- 
(1) > pa <b = ppp 29) 

ny (1-q,?) 

U, px - q2” ) 

U, py, - 42) 

= f(n2), the function fis always defined. 

—>n, = 

Case 3: q; # 1 and qz = | (equation (4.9)) 
U n-1 U,- 

Li» =, Lau ~ qi MC ay) 

Ny (1-qy') 
n-1 U,d- U 

(1) => pai qy' Mia) = Pi2— 
(1-q,’) Ny 

a U U 
=> qi’ | pata) +, Pi | = Pio 

2 2 

Us Pir 

Ny P2,U,(1— q,) +4; Pip UZ 

n, = ly log( Us Pr2 
log(q,) Ny PyU,U—-q,) +4, Py2U, 

= f(n2) 

  n,-l 
>q = 

    )+] 

Feasibility 

fis feasible if Us Pr >0 
Ny PU, 1 — q,) + 4; Py2U, 

  

Therefore, the feasible set is D;= {n, | U, p»,(1-—q,) ny +q,U, py > OF. 
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Case 4: q,; = 1 and q2 = 1 (equation (4.10)) 

no-idling constraint : po; Ly) = Pi2 Lie (1) 

U n-1 U 
Li». =—, La = qi tt 

ny ny 
U U 

(1) => pa —1= Pi2 — 
ny Ny 

U, py Ny >n,= 
U, Pi, 

= f(n2), the function fis always defined. 

1.2 Derivation of the inverse of function f, Equation 4.11, 4.12, 4.13, 4.14 (p.44-45) 

Case 1: q; # 1 and q2 # 1 (equation (4.11)) 

n,-1 U,C.— 41) U,(-q,) 
Par La = Pi2 Liz > Par qy' |e = Pp 

© (l-qy') (1— q3?) 
my _ Pi2U, (1 - q,) (1 - g7")   

  

    

> —-4q ne 
; P2,U, (1 — q,)q;' 

n U,(0- l-q? => q@ =]- Pi2U, 1 — q2 i ) 

P2,U,(1- q,)q, 
_ _q fm 

n, = log(1- U, (Pi. Pr a an )y 

log(q, ) U, p,,d-q,) q,' 

= g(n1) 
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Case 2: q,; = 1 and q, # 1 (equation (4.12)) 

U U.(1- 

P21 Lia = Pia Liz > pr —1= Pr2 UC 42) 

ny (1-q, ) 

nm — U2 Pra mC ~ da) 
U; Pr 

nm 1 U2 Pr C= 42) 
U; Pay 

Nn, = xlog(1--22Pi2 mU= 49), 

log(q;) U, Pry 

= g(m) 

> —4q2 

=> q2 

  

Case 3: q; # 1 and q2 = 1 (equation (4.13)) 

1U,;0-4q)) _ U, 
Ty, my P12 

(1-q;') Ny 

U, Pyp(i-qi"') 

U, pad -qy) qi 

= g(n1) 

Par Loa = Pi2 Liz > Pas qi 

  > Nn,= 

Case 4: q, = 1 and qz = 1 (equation (4.14)) 
U U 

Par Lava = Pi2 Liz Par — = py — 
n, n, 

> n,= Uz Py ny 

U; Pay 

= g(ni) 
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1.3 Derivation of the first derivative of f (Property 4.1, p.43)   

Case 1: q; # 1 and q, # 1 

  

  

  

  

f(n,) _ il x log( Ua (Pr2 — Pr) y+1 

log(q;) U;, Px - gy) C1 — gy?) + UZ 9; (P12 — Pag) 

U2 (Pp - P22) U, Po (1—q;) log(q,)q3 | 
; 2 

E(n y= 1 [U, P2(1-q,)U1-q, 7) + U, qi (Pia ~ P22) | 

. log(q,) U> (P12 ~ P22) 

U, Par — 4, )C— qa") + Uz 4) (Piz — Paz) 

,; lo U 1- 7 '(n,) = 8(q2) 1 Pal — qi) 42   

log(q,) U, py, — q,)C1— q2"7) + U, Gy (Pip — P22) 

Case 2: q; = 1 and q, #1 

f (n,) = U, pai (1- qo") 

U, Pi - q2) 

f' (n,) _ —U, px log(q2)qy"” 

U, Pix - G2) 

  

Case 3: q; # 1 and q, = 1 
1 U,p f(n,) = ——— x log( 20% )+1 

2 log(q,) Ny Py U,(1- q,) + qy Py2VU, 

—U) Pi2P21U, C1 - q)) 
2 

L [ny py, = 41) +4) PiU? | 
(n,) 

  

  

  

  - log(q,) U, Pra 

Ny P2,U, 1 - q,) + 4; Py2U, 

-1 p,,U,(1-4q,)   f (n,) = 
2 log(q,) ny p2,U, 1 — q,) +4, p,.U, 
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Case 4: q; = 1 and q, = 1 

f(n,) — U, P21 Nn 

U, Pr 
U f(m)= Ge 

2 Fl2 

1.4 Derivation of the second derivative of function f (Property 4.3, p.45) 

Case 1: q; 4 1 and q. #1 

f'(n y= log(qz) U; Pai - q)) q3? 
27 n 

log(q,) U, pz, - 9,)0— 92°27) + Uy Gy (Piz — Pa) 
0" lo f (n,)= g(q,) 

log(q,) 

U;, p2,1—q,) log(q,) q3’ U, P2,(1-q,)C- q.” )+U, gq) (Pz — P22 )| 

  

  
2 

[U, P21 —q))Cl-q27)+U, 9) (Piz - Px2)| 

a 22 
[U, Pai (1-41) 43" | log(q2) 

2 
U, Poi (1— q,)C1— q2"?) + U2 Gy (Py2 - Par) | 

[log(q,)} U; pa - qia2?[U, Po C1—q,) + q\U, py, 1 - q2)] 
2 

logCai) | U, pp(1— 4, )(1= a2") + U2 Pir (1-4) | 

  

  
f'(n,) = 

Case 2: q; = 1 and q. 4 1 

f'(n,) _ —U, pa; log(q,)q2” 

U, Pi2 1 - 92) 

f"(n;) _ —U, pr [log(q.)] qo” 

U, P21 - q2) 

  

  

+ 
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Case 3: q; # | and qo = 1 

  

  

f (n,) _ -1 p2,U, 1 —q,) 

log(q,) Ny p,,U,(1— q,) + q,; p,.U, 
2 

" 1 U _ f"(n,) [Pas i( qi) ] 
= 2 log(41) [n, p.,U,(1- 41) + 4) PU] 

Case 4: q; = 1 and q, = 1 

f (n,) ~ U; P21 

U, Pr 

f'(n,)=0 

1.5 Derivation of the second derivative of the Makespan Function (Equation 4.19, p.48) 

if q: # 1 then 

M= U, (Pu — Por) 
l-q" + Uj Poi + Up Pr» 

1 

oi — Ui @u= Par) log(ay) ai" 
(1-q,")’ 

  

  vy - Ui eu= Px) [logan a -a"Y | 
(1-q," )* 

U, (P11 ~ P22 )log(q,)a3"| -2log(q,)(a"" - 47") | 

(1-q," y" 

» U, (Pi: — P22) [log(q,)] qr (i- qi") + 2U; (Pu - Paz ){!og(q, )ar' I 

- (i-q") (i-q,") 
op _ Ui uP) [loata yl a? [G-a.") +240] 

(1—q," y 

M' = U; (Pu = Paz) [log(q)} qi’ +q;') 

(1-q," y 

M     
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if qi = ] then 

U, p 
M= , 44+U, P2 + UZ poy 

1 

M =—~1Pu 
ny 

M' = 20 Pus 

ny 
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Appendix 2 

Computer Codes for the n/2/C/NI/CV and DV problem 
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[EA ae Ae ke ie Ae he fe i Ae 2 eA A AE A AE 2 2 2 2 ee 2k 2 he fe Fe 246 2 ae fe eye 2 ae 2k 2 2 3 ee ae ee fe ie 2c a oe ie oe 

Program Multi.C 
Optimize number of sublots for several batches, two machines with handling 

cost and makespan cost. Use Golden Section Method. 
3 He i fe ye ae fe ic 2c 2g fe 2 Ae fe fe 2 Ae oie fe 2 2 fe 2k oe 2 24 fe a 2 fe 2 ie fe fe 2 Fe fe fc fe 2 fe of fe fe 2 fe ie fe fe fe 2c 2c fe fe 2k 2 ois fe 9 IE af ke ae 2s ok 2 fe ok aie 2 2c 2k 2 

Data Structure 

size, INTEGER : number of batches in the problem 

convex[100], INTEGER : convexity of the function ffi]. 1 if convex, 0 otherwise. 

probl[100], INTEGER : use to find which case need to be used for the function fi] 

domi, INTEGER : dominating batch 

mainsize, INTEGER : number of decision variable neede to formulate a convex objective 

function 

main_var, INTEGER : pointer which give all the main variables 

m, REAL : makespan unit cost 

h, REAL : handling unit cost 

u[100] , REAL : size of the batches 

p1[100] , REAL : processing times of the batches on the first machine 

p2[100] , REAL : processing times of the batches on the second machine 

q[100] , REAL : ratio of the processing times of a batch on the two machines, q[i] = p2[i]/p1[il 

n[100] , REAL : number of sublots in the batches (computed by the algorithm) 

nsol[100] , REAL : solution of the of the number of sublots in each batches 

sol, REAL : solution of the objective function 
2H RE Ae ke i 2 i Re A 2 2 Hee Fe 2 Ae 2 2k ee 2 A 2 2 2 2 2k 2 2k fe Ee 2 22 AE A 2k 2k 2 6 AE AC 2A 2 92k Efe ke of fe ae kk / 

# include <stdio.h> 

# include <math.h> 

# define alpha 0.618 

# define TRUE 1 

# define FALSE 0 

void read 1 (void); 

void find_convexity(void); 
void main_bolt(void); 

void compute_n(int,int,int,double); 

void solve(int,int,int); 

void init_inter(int *,int,int,double *,double *); 

void dom(int,int *,double *, int *); 

void writeon(double *,double); 

void optimum_research(void), 

void integer_sol(void); 

double objective (int asize,int apos); 

double funcl1 (double value,int apos); 

double funcin(double value,int apos); 

double f(int apos); 

double g(int apos); 

double deriv_mak(double value); 

FILE *fp1,*fp, *fp2; 
double u[100],p1[100],p2[100],m,h,q{100],n[100],sol, nsol[100],a,b; 

int domi, size, mainsize,convex[100],probl[100], main_var[ 100]; 
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main() 

f 
read1Q; /*read input data*/ 

find_convexityQ); /* Analyze the convexity of fuctions f*/ 

main_boltQ; /* Find if it is possible to construct a convex problem*/ 

init_inter(&domi,size, |,&a,&b);/*Initialize Interval of uncertainty*/ 

if (h != 0.0) 

{ 
if (mainsize == 1) /The problem is convex*/ 

{ 
b = n[{main_var[1]]; 

solve(main_var{[1],size, 1); 

sol = objective(size, 1); 

writeon (n,sol); 

} 
else 

{ 
optimum_research(); /The problem is not convex*/ 

sol = objective(size, 1); 

writeon(nsol,sol); 

integer_sol(); 

writeon(nsol,sol); 

bs 
} 

else 

{ 
sol = objective(size, 1); 

writeon(n,sol); 

bs 
fclose(fp); 

fclose(fp2); 

return(0); 

bs 
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[AEE ae ae ee ee ie ke 2 He AE i He ke 2 He fe 2 He fe 2k ke 2 Ae 2 i ee 2 ee 22 fe 2 2 he ke 2 2 fe oe 2 2k fe ok 2 2 

procedure read() 

read data from file multi.dat and create the data structure 
2 fe ee 2 2 2 ee fe eee 2 2 2 2 2 2 i i i ko 2 2 oo 2 oo Oo 

void read1Q) 

{ 
int 1; 

fp1 = fopen("c:/fred/multi/multi.dat" ,"r+"); 

fscanf(fp1,"%olf",&m); 

fscanf(fp1,"“lf" ,&h); 

fscanf(fp1,"%d", &size); 

for (=1;1<=size;i++) 

{ 
fscanf(fp1,"%lf", &u[i]); 
fscanf(fp1,"“lf",&p1[i]); 

fscanf(fp1,"%lf" ,&p2[i]); 
q[i] = p2[i}/p1 [i]; 

bs 
fclose(fp1); 

fp = fopen("c:/fred/multi/multi.out","w"); 

fp2 = fopen("c:/fred/multi/report.out","w"); 

$3 
[EEE Ee EE He ee A HE AE 2 Ee fe 2 2k fe A 2 fe eke ee 2 2 fe fe kee fe 2 2 ie fe ake 2 ae ade ae 

procedure find_convexity() 

find the convexity of function f 
EEE AERA AGG GAG I IO I IG IIE / 

void find_convexity() 

{ 
int 1; 

for (i=1;1<=size-1;i++) 

f 
if (q[i] == 1 && g[it+1] == 1) 

{ 
convex|i] = 1; 

probl[i] = 4; 

s; 
if (q[i] == 1 && gfi+1] != 1) 

{ 
probl[i] = 2; 

if (q[i+1] > 1) 

convex[i] = 1; 

else 

convex|[i] = 0; 

5 
if (q[i] '= 1 && g[i+1] == 1) 

{ 
probl[i] = 3; 

if (q[i] > 1) 
convex{i] = 1; 

else 

convex[i] = 0; 
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5 
if (q[i] != 1 && gfit1] != ) 

{ 
probl[i] = 1; 

if (u[i]*(p1[i]-p2[i]) + uli+1]*(p1 fit 1]-p2[it+1]) <= 0) 
convex[i] = 1; 

else 

convex[i] = 0; 

b; 
}; 

bs 
[FR RR RR AR RR He HE A A Ee A A EE Ae 2 2 ke 2 2 ee eke 2 ak ek a ak a a oe 

procedure main_boltQ 

find the main variables and the bolt variables of the 

problem 
2HE Ae fe 24 Ae fe fe 2 2 2 2 A Re 2 2 Ae fe A A AR He he he A 2 ee Ae 2 2 a fe Ae A 2 ge Ie ie oe oe ok ag ae ke eo / 

void main_boltQ 

int tab[100],1; 
mainsize = 0; 

for G=1;i<=size;it++) 

{ 
tab[i] = 0; 

$5 
for (i=1;i<=size-1;i++) 

{ 
if (probl[i] != 4) 

{ 
if (convex[i]) 

{ 
if (tab[i] |= 0) 

tabji] =i+ 1; 

} 
else 

{ 
if (tab[i] == 0) 

{ 
mainsize = mainsize + 1; 

main_var[mainsize] = 1; 

tab[i+1] = 1; 

} 
else 

tab[i+1] = tab[i]; 

S 
} 

else 

tab[i] =1+ 1; 

; 
if (tab[size] == 0) 

{ 
if (convex[size-1]) 
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3 

mainsize = mainsize + 1; 

main_var[mainsize] = size; 

}; 

[AER Re i ek RRR A RR ee 2k ke 2k 3 EAC 2 Ae 2 fe 2 ke a ee fe ae 2c 2 2 ak fe fe ae ae ae 2 2k 

procedure optimum_research() 
find the optimal solution when we have several main 
variables 
BEA OECOICR ORE OI R AAA IK / 

void optimum_research() 

{ 
int flag, 1; 

double epsilon, x, z,c,s,w,Vv; 

epsilon = 0.000001, 

flag = 1; 

b = n[1]; /* b is equal to the number of item in batch one*/ 

while ((b-a) > epsilon) /* Dichotomous search to reduce the size of the interval of uncertainty*/ 

{ 
x =(a+b)/2; 

z = deriv_mak(x) + 1, 

if (z<0) 

a=x; 

else 

b=x; 

; 
x = (at+b)/2; 

if (x < n[1]) 

compute_n(1,1,size,x); /* Compute the new value for the Interval of uncertainty */ 

s = (n[domi]-0.01) / 50; /* Compute the step for the search on the derivative of the objective*/ 

c = n[{domi]; 

sol = 99999999999: 

x =0.01; 

compute_n(domi, 1,size,x); 

w = - objective(size, 1) / s; 

while (x < c) 

{ 
compute_n(domi, | ,size,x+s); 

Vv = objective(size, 1); 

W=Wry; 
if ((w>0) && (flag)) /* the derivative goes from negative to positive*/ 

{ 
flag = 0; 

a=x-S; 
b=xts; 

solve(domi,size, 1); /*Optimization in the neighborhood of the local optimum*/ 

Z = objective(size, 1);/*Comput objective*/ 

if (z<sol) /* Compare the solution found*/ 

{ 
sol = z; 
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for (i=1;i<=size;i++) 

nsolfi] = ni]; 

} 
compute_n(domi,1,size,x+s); 

} 
if ((w<0) && !(flag)) flag = 1; /* the derivative goes from positive to negative*/ 

X = Xt; 

W=-V; 

j 
[i ae a 2k Re I A Re Re ee A ee 2 ee HE Re RE 2 ee fe 2k 2 2k oe ie 2 2 2k 

procedure solve(amain,asize,apos) 

find the solution of the given problem, use golden section 

method 
246 oe 2 ke fe 2 2k fe fe 2 2c fe fe 2 ae 2 2k 2 2k fe fe ke 2 2 ake i 2 2 eof fe kek 2 2 Ag oe fe 2 2 2 fe eo 2 2 oie oe fe 2k 2 2 2k / 

void solve(int amain,int asize,int apos) 

{ 
double w,v,lambda,mu,epsilon; 

epsilon = 0.0001; 

lambda = a + (1 - alpha) * (b - a); 

mu = a + alpha * (b - a); 

while ((b - a) >= epsilon) 

{ 
compute_n(amain,apos,asize,lambda); 

w = objective(asize,apos); 

compute_n(amain,apos,asize,mu); 

v = objective(asize,apos); 

if (w>v) 

{ 
a = lambda; 

lambda = mu; 

mu = a + alpha * (b - a) 

} 
else 

{ 
b= mu; 

mu = lambda; 

lambda = a + (1-alpha) * (b-a); 

hs 
hs 

compute_n(amain,apos,asize,(at+b)/2); 

}; 
PORE CASO SCSI SOG IIS IO IS IOI IR I IK IK a 

procedure compute_n(amain,apos,asize,value) 

find the number of sublots in each batch given a main 

variable 
2H AE RC Re A A A 2 2 He ee A AG 2 A a A 2 A AE AE A A A Ae AE AE 2 EAR 2 A 2 2 2 / 

void compute_n(int amain,int apos,int asize,double value) 

int 1; 

n[amain] = value; 
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for (i=amain-1;i>=apos;i--) 

n[i] = f@); 
for (G=amain;i<=apos+asize-2;i++) 

n[it+1] = g(); 
}; 

[REE A RR RAR RR He ee A A Fe A A 2 2 Ae EE 2 A 2 2 he 2 2 2 ak 

procedure init_inter(*domi,asize,apos, *a,*b) 

initialization of the interval of incertainty 
2HE A 2 2 2 2 ie he ea 2 2 2 ie Ae ae Ae fe he fe fe he ee He fe He fe ee He he He AC 2 2 fe 2 2 2 2 2 9 2 fe fe fe 2h 2 2 fe fe fe of ofc ae af fe af 2k 2k / 

void init_inter(int *domi,int asize,int apos,double *a,double *b) 

{ 
int 1,domu,domil,on,on1; 

double x,y; 

dom(apos,&domu, &x, &on); /*Find dominating between domu and domu+1*/ 

for (i=apos+1;i<=apos+asize-2;i++) 

{ 
dom(i, &domil, &y, &on1); /*Find dominating between domil and domi1+1*/ 

if (domu == domil) 

{ 
x=Yy; 
on=onl; 

} 
else 

if (domil == on) 

{ 
compute _n(domu,apos,it+2-apos,u[domu]); 

xX = n{it1]; 

on = onl; 

} 
else 

if (domu == onl) 

{ 
domu = domi]; 

on = onl; 

} 
else 

if (onl == on) 

if (x > y) 

{ 
domu = domi]; 

on = onl; 

} 
else 

{ 
compute_n(domu,apos,i+2-apos,u[domu]); 

x = n[i+1]; 

on = domil; 

Ss 
} 

compute_n(domu,apos,asize,u[domu]); 

*b = n[domu]; 
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if (probl[domu] == 3) 

*a = pl{domu+{]*u[domu+t1]/(p2[domu]*u[domu]); 

else 

*a = 0.001; 

*domi = domu; 

bs 
PERRI AGG IAG AAG AAG IGG IGRI IO GK I aR ik ak a 4 1 2k 21 ak 

procedure dom(value,*dom, *a) 

find which of the two batches value or value+1 dominates 
2¥e He 3 3 2 2 2k ake fe fe a ae 2 2 2k 2 2 ofc ofc le fe fe fe ke ake fe fe fe fe fe fe fe fee fe ae fe kak fe ake ake ofc fe fe afk kk fe ake fe tafe ae ake ade ae ae ak 2k ak / 

void dom(int value,int *dom,double *a, int *on) 

{ 
if (convex[value]) 

{ 
n[value] = u[value]; 

if (g(value) <= u[value+1]) 

*dom = value; 

else 

*dom = value + 1; 

; 
else 

{ 
n[value+1] = u[value+1]; 

if (f(value) <= u[value]) 

*dom = value + 1; 

else 

*dom = value; 

; 
if (*dom == value) 

{ 
n[value] = u[value]; 

*a = g(value); 

*on = value + 1; 

} 
else 

{ 
n[value+1] = u[value+1]; 

*q = f(value); 

*on = value; 

5 
bs 

[EE Ee eH ee A A 2 ee A A 2 ke 2 2 AS ee 2 2 2 He ke 2k 2 2 ae ok ke ke 2 2 2 2 ae ae 

procedure integer_solQ) 

Find the inger solution of the problem 
2H Re ef ke 2 2 ae fe he 2 2 ae fe he 2k ee ke eh oe fe 2k 2 fe eo ee ke fe eo fe fe oie ke fe 2 2 fe 2k ee 2k fe ak ae ke ok ok 

void integer_solQ) 

{ 
int q,i,j,an[20],int_n[20][2],count,count2; 

double z ; 

sol = 99999999.9; 

j= 9, 
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count = -1; 

for (i=1;i<=size;i++) /* Put the variable lower than one, equal to one*/ 

{ 
n{i] = nsol[i]; 

if (n[i] < 1.0) 

{ 
anf[i] = 1; 

n{i] = ani]; 

} 
else 

{ 
jajth 
int_n{j|[1] =i; 

an{i| = floor(n[i]); 

} 
} 

if G==0) /*if all the variables are lower than one*/ 

{ 
for (i=1;1<=size;i++) 

{ 
nsol[i] = an{i]; 

n[i] = an{i]; 

$ 
sol = objective(size, 1); 

} 
else /*if there exist variables not equal to one*/ 

{ 
while (count <= pow(2.,j)) 

{ 
count = count + 1; 

count2 = 0; 

if (count==0) /* case 0 written in binary number*/ 

for G=1;1<>j;i++) 

int_nfij[0] = 0; 

else 

if (Ccount==1) /* case 1 written in binary number*/ 

{ 
int_n{1][0] = 1; 

for (i=2;1<=j;i++) 

int_n{i][O] = 0; 

} 
else/ * generate all the combinations for count >1*/ 

{ 
q = count; 

while ( q >1) 

{ 
count2 =count2 + 1; 

int_n[count2][0] = q % 2; 

q=q/2; 
} 

int_n[count2+1][0] = 1; 
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$ 
for ((=1;1<=j;i++) 

n[int_n[if[1]] = an[i] + int_n[i][0]; /* Generate solution to test*/ 

z = objective(size, 1);/* Compute objective*/ 

if (z<sol) /*keep the best solution in memory*/ 

{ 
sol =z; 

for (i=1;i<=size;i++) 

nsol[1] = n{i]; 

} 
5 

3 
[RE ae a AE 2 2 a ee fe he ke 2 he he i 2k 2 fe fe 2 2k Fe i 2 oc eae ae 2 2 ee fe oe fe 2 2 2k 2 ae 2k 

function objective (asize,apos) 

compute the objective of a given problem 
2¥e 9 2 2 2 2 ee fe oie ee 2 2 2 2 2 2c 2 ee ee ie he 2 oe 2 2 22 2 2 2 2 2 ee 2 oe 2 2 2c fe 2a ofc oof 222 2c fee fe afc afc afe ake / 

double objective (int asize,int apos) 

{ 
double 11, handling, makespan, result; 

int i; 

11 = funcl1(n[apos],apos) * pl[apos]; 

handling = n[apos]; 
makespan = u[apos] * p2[apos]; 

for (i=1;i<=asize-1;i++) 

{ 
handling = handling + n[apos+il]; 

makespan = makespan + u[aposti] * p2[apos+i] + 

(-funcln(n[apos+i-1],apos+i-1)*p2[apos+i-1]+ 

funcl1(n[apos+i],apost+1)*p 1 [apos+i])* 

(funcln(n[apos+i-1],apos+i-1)*p2[apos+i-1] < 

funcl1(n[apos+i],apos+i)*p1[apos+i]) ; 

i 
result = h * handling + m * (makespan + 11); 

return(result); 

bs 
PERC GAGGIA IGRI A RA AR 

function deriv_mak (double value) 

compute the objective of a given problem 
2¥e 24 fe ee ee 2 2 2 2 ee 2 oe ee ee 2 He 2 i 26 2 fg 2 2 fe ee 2 2 2 ee 2 ee ee a 2 2 2 2 / 

double deriv_mak (double value) 

{ 
double result; 

result = (u{1]*(p1[1]-p2[1])*log(q[1])*pow(q[1],value)) /pow((1-pow(q[1], value)),2); 

return (result); 

} 
[FR ee 2 ae ke 2 ee 2 2k 2 AE ae 2 2 of 2 ee ke ee 2 fe ke 2 ae 2 ee 2 ae ae 2 9 ke oe 2 oe oe 2 ak ok 2 

function funcll (value,apos) 
compute the size of the first sublot of a given batch 

2H Fe 2k 2 4 22k 2 a ee 2 2 2 ee 2 AE 2 Fe A EAE HE RE 2 RE 2 ee 2K / 

double funcl1 (double value,int apos) 

{ 
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double result; 

if (q[apos] != 1) 

result = u[apos]*(1-q[apos])/(1-pow(q[apos],value)); 

else 

result = u[apos]/value; 

return(result); 

bs 
[EE 2 ae ke Re ee 2 2 2 2 Re ke ke 2k 2k Re ke 2k 2k 2k 2 2k 22 2 2 2 2 2 2 2 2 2 ee ai 2 2k 2 2 2 2 

function funcln (value,apos) 

compute the size of the last sublot of a given batch 
2fe 3 2 Fe i 2 2 fe 2 2 2 fe 2 2 ie fe fe 2 2 2c ee ae ae 2k ode ae fe fe fe 2k 2 2k 2 fe fe a 2k 2 2k 2 2k fe ek 2 2 2 ee ke 2 2 2 oc ee a 2 / 

double funcln(double value,int apos) 

{ 
double result; 

if (q[apos] != 1) 

result = u[apos]*(1-1/q[apos])/(1-1/pow(q|apos],value)); 

else 

result = u[apos]/value; 

return(result); 

I ooeeee Ee Eee Ho boodaa aaa eieeeoodaenneiiaaeieneeeooaaiee 

function f(apos) 

compute the function n[apos] = f(n[apos+1]) 
fe ee 2 2 2 2 2 Fe ae Re 5 2 2 2 2 2 2 2k i 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 

double f(int apos) 

{ 
double result; 

if (probl[apos] == 1) 

result = log((u[apos+1]*(p1[apos+1]-p2[apos+1])) 

/(u[apos]*p2[apos]*(1-q[apos])*(1-exp(n[apos+ 1]*log(q[apos+ 1]))) 
+q[apos]*u[apos+1]*(p1[apos+1]-p2[apos+1])))/log(qlapos])+ 1.0; 

if (probl[apos] == 2) 

result = (p2[apos]*u[apos]*(1-exp(n[apos+1]*log(q[apos+1])))) / 

(plf{apos+1]*u[apos+1]*(1-q[apos+1])); 

if (probl[apos] == 3) 

result = log(u[apost+1]*p1[apos+1]/(p2[apos]*u[apos]*n[apos+1]*(1-q[apos]) 

+ q[apos]*p1[apos+1]*u[apos+1])) / log(q[apos]) + 1; 

if (probl[apos] == 4) 

result = (u[apos]*p2[apos]*n[apos+1])/(u[apos+ 1]*p1[apos+1]); 

return(result); 

3; 
[EE Re He He HE ee 2 2 2 I I I 2 RE RR CRC RR I CE 2 2 OE 

function g(apos) 

compute the function n[apost+1] = g(n[apos]) 
FEO AAA IAAI ASIII IORI GIOIA AG IGRI I AR AK AIK / 

double g(int apos) 

{ 
double result; 

if (probl[apos] == 1) 

result = log(1.0 - ((u[apos+1]*(p1[apos+1]-p2[apos+1])*(1-exp(n[apos] 

*log(qlapos])))) 
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/(u[apos]*p2[apos]*(1-q[apos])*exp((n[apos]-1)*log(q[apos]))))) 
Aog(q{apos+1]); 

if (probl[apos] == 2) 

result = log(1-(p1[apos+1]*u[apos+1]*n[apos]*(1-q[apos+1]))/ 

(p2[apos]*u[apos])) / log(q[apos+1]); 
if (probl[apos] == 3) 

result = (pl [apost+1]*u[apos+1]*(1-exp(n[apos]*log(q[apos])))) / 

(p2[apos]*u[apos]*(1-q[apos])*exp((n[apos]-1)*log(q[apos]))); 
if (probl[apos] == 4) 

result = (u[apos+1]*p1[apos+1]*n[apos])/(u[apos]*p2[apos]); 

return(result); 

Dec H HEE EEE e He eee eeeoeeaeninleeereccaaaennieenneeeoocneee 

procedure writeon(nsol,sol) 

Write the results in an output file 
FERGIE GRAIG EIA IG GSI IOI IOI I I I aE A I a a ak ar a kk a 4k / 

void writeon(double nsol[100],double sol) 

{ 
int i,j; 

fprintf (fp,"\n Multi-batch, 2-machine problem \n\n"); 
fprintf (fp,"\n | Number of batches = %d ",size); 

fprintf (fp,"\n Handling Cost = %f $/transfer",h); 
fprintf (fp,"\n_ Makespan Cost = “of $/unit of time",m); 

for (i=1;i<=size;i++) 

{ 
fprintf (fp,"\n \n Batch%ed \n",1); 

fprintf (fp,"\n number of parts U%d = “f",i,u[i]); 

fprintf (fp,"\n processing time on machine 1 = %f",p1[i]); 

fprintf (fp,"\n processing time on machine 2 = %f",p2[i]); 

i 
fprintf (fp,"\n\n SOLUTION \n\n"); 

for (i=1;i<=size;i++) 
fprintf (fp,"\n © Number of sublots in batch “ed is “ef”, i,nsol[i]); 

fprintf (fp,"\n\n The objective is z = %f",sol); 

Bs 
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