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(ABSTRACT) 

The performance of two-dimensional image processing systems has been well 

documented. In this thesis we study the performance of three-dimensional imaging 

systems. Such a study helps in understanding the fundamental restrictions of the 

propagation of three-dimensional (3-D) wavefields. The knowledge of the obtainable 3-D 

wave structures are useful for applications such as 3-D data acquisition, material 

processing, radiation therapy, radiative non-invasive surgery, 3-D microscopy and robotic 

vision. This thesis primarily deals with some investigations of 3-D optical transfer 

functions (OTFs). Specific emphasis has been made on the interpretation of 3-D wavefield 

distributions as an extension of 2-D defocused OTFs and also the interpretations of 3-D 

diffraction images from convolution relations. 
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Chapter I 

Introduction 

The last fifty years have seen tremendous progress in the area of optical information 

processing. The pioneering work of Duffieux [l], who introduced the use of Fourier 

integrals in optical problems, laid the foundation for all major contributions in this broad 

discipline. The advantages of optical processing are that light which is the carrier of 

information is a multidimensional signal, and processing can be done in parallel. Funher, 

two dimensional Fourier transform, correlation and convolution can be petformed in the 

time that it takes light to travel between two axially separated planes. 

Optical information processing can be classified under two categories: coherent 

optical processing and incoherent optical processing. The advent of laser, the invention of 

holography [2], the development of the off-axis holography by Leith and Upatneiks (3], 

and the inventions of holographic spatial filter by Vander Lugt [4] have revolutionized the 

field of coherent optical processing. Coherent processing systems are linear in amplitude, 

and are therefore conceptually simple and elegant to implement [5]. Coherent optical 

processing has certain inherent drawbacks [6]. Since the input should be in the form of a 

complex amplitude distribution, the use of cathode ray tubes (CRTs) or light emitting diode 

(LED) arrays as input devices is ruled out Photographic transparencies are then a natural 

choice. However, unwanted phase modulation of the incident wave by the emulsion and 

film base thickness variations are quite common. The second important drawback of 

coherent processing is the presence of coherent noise or speckle in the output distribution 

produced by dusts, scratches, etc. Scattered waves resulting from illuminating a dust 

particle will interfere and produce a pattern that severely degrades the information content in 

the desired output distribution. 

Increased research efforts in incoherent optical processing since the early l 970s 
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have tried to offset the disadvantages of coherent optical information processing. In 

incoherent processing, input and output distributions are conveyed not by complex wave 

amplitude distributions but by a real-valued intensity distribution. The processing power 

of an incoherent processing system, which is linear in intensity, is seriously limited by the 

fact that the intensities are real positive; this means that only non-negative point spread 

functions (PSFs) can be implemented and precludes the direct optical realization of 

important image processing operations which require bipolar point spread functions such 

as edge extraction, deblurring, differentiation, etc. Two-pupil interaction schemes [7] 

using either a spatial [8] or a temporal carrier [9] can alleviate this problem. Scanning 

optical systems are well suited for pupil interaction using a temporal carrier. Light passing 

through one pupil is shifted in frequency (usually by means of the Doppler effect) and 

made to interact with the light passing through another pupil [9,10). The PSF is modulated 

at the shift frequency and thus the information corresponding to the image convolved with 

the PSF can be filtered out electronically. This technique has been demonstrated in a 

number of applications, e.g., edge enhancement of 3-D objects [11], texture analysis [12], 

and variable band pass filtering [13]. 

It is natural to ask if we can extend the capabilities of optical processing in 2-D to 

study 3-D wavefield distributions. Such a study helps in extending the advantages of 

optical processing in 2-D to the realm of 3-D. It is therefore important to understand the 

fundamental limitations of the obtainable 3-D wave structures when we process information 

in the 3-D regime. Not every 3-D distribution can be obtained, because, the complex wave 

amplitude must satisfy the wave equation. More specific constraints on the obtainable 3-D 

structures are caused by the finite angular extent and by the wavelength and range of the 

incoming waves. The knowledge of obtainable 3-D structures are useful for applications 

such as 3-D display of information or for 3-D deposition of energy or power for the 

purpose of material processing, radiation therapy and radiative noninvasive surgery, and 

also in 3-D microscopy or 3-D image reconstruction. This thesis primarily deals with 

some investigations of 3-D optical transfer functions (OTFs). Specifically we have 

studied the interpretation of 3-D wavefield distributions as an extension of 2-D defocused 
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OTFs and also the interpretations of 3-D diffraction images from convolution relations. In 

the process, some constraints have to be imposed on the propagating wavefields. In chapter 

II we discuss the fundamental restrictions on the propagation of 3-D wavefields. 

In many practical applications, knowledge of 2-D 01F can be obtained not only at 

the focal planes but also at planes adjacent to it The OTF so realized are called defocused 

01F. The defocused OTF is visualized as an extension of the in-focus OTF along the 

longitudinal direction and carries information about the transverse spatial frequencies in 

every successive plane along the direction of propagation. In chapter m we point out that 

the 3-D 01F can be derived from the 2-D defocused 01F. The examples of Gaussian 

offset pupils used in [13], and Gaussian apodized Fresnel zone plates which produce 

longitudinally periodic OTFs [14) are considered for the derivation of the 3-D OTF. 

It is essential to understand 3-D wave propagation under a generalized formalism. 

In 1964 McCutchen [ 15] provided a formal basis for explaining wave propagation under 

the 3-D diffraction regime. He introduced the concept of generalized apertures. The 

performance of imaging systems are related to the nature of apertures used in that system. 

Using McCutchens' formalism any aperture can be expressed as a generalized aperture 

contained within a spherical shell of unit radius. The complex field distribution at the 

geometric focus of the optical system is the Fourier transform of the projection of the 

generalized pupil onto the axis of propagation. In the context of 3-D field distributions we 

are interested in the complex amplitude distributions beyond the geometric focus. Recently 

McCutchen [16] extended his study to include convolution relations within the three

dimensional diffraction image. In chapter IV we show how we can extract useful 

information on the 3-D OTF and PSF of some common apertures using the above 

formalism. Simulation results are provided in support of this analysis. Chapter V provides 

a summary and prognosis for future work. 
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CHAPTER II 

Review of Three-Dimensional Imaging 

2.0 Introduction: 

In many applications such as 3-D data acquisition, 3-D deposition of energy, 3-D 

display, microscopy and robotic vision, it is essential to understand the performance of an 

imaging system for obtaining useful information on the structure of an object in the 

direction perpendicular to the image plane. Such a study brings forth some of the 

fundamental restrictions of 3-D wavefields. In this chapter we will discuss some of these 

issues. The difference between 2-D processing and 3-D processing is that, information on 

depth is available in the latter. Hopkins [17], Stokseth [18], McCrickerd (19], Pieper and 

Poon [13,20-22] have studied in great detail the frequency response of optical systems 

under defocused conditions. The extension from 2-D to 3-D analysis using depth 

information is a logical first step in the study of 3-D imaging performance of optical 

systems. 

The formation of 3-D images can be described by a theory based on an optical 

transfer function (OTF): the image intensity distribution is given by the 3-D convolution of 

the object distribution and a 3-D point spread function (PSF). In 3-D Fourier domain the 

image spectrum is the product of the object spectrum and a 3-D OTF. Frieden [23] has 

developed an OTF theory for 3-D objects which is valid over sufficiently small volumes. 

Lohmann [24] and Streib! [25] have analyzed the 3-D properties of wavefields. Streib! 

studied the depth transfer by imaging systems containing different pupils (26]. Specifically 

3-D OTF and 3-D PSF have been evaluated for systems containing circular, annular and 

the rho pupils. The assumptions made in the above studies are that the systems are space 

invariant . One specific case where study of 3-D wavefields is important is in microscopy. 

The need to study living, 3-D structures in biology at the microscopic level has created a 

strong interest in building optical microscope systems that can image in three dimensions 

(27]. The confocal laser scanning microscope [28] (see Fig. 2a) obtains a 3-D image 
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by scanning a focused beam through a 3-D specimen, illuminating and collecting data from 

one point at a time. Yet another method called 3-D serial sectioning microscopy [29) is 

used to gather 3-D data. In this method, the object is stepped through focus, and a series 

of 2-D images that contain information from both the current in-focus planes and out-of 

focus planes is collected (see fig. 2(b)). This stack of 2-D images is then processed using a 

number of algorithms to yield an estimate of the true 3-D objects. Recently some work has 

also been done to evaluate the 3-D OTP in fluorescent confocal microscopes [30] and 

fluorescent scanning microscopes [31]. 

The purpose of this chapter is to introduce some aspects on the constraints on 

spatial frequency in the context of 3-D wavefield propagation and also the specific 

dependence of the OTP on the pupil functions. Simulation results are presented for some 

standard pupil functions. In the following sections we discuss these aspects. 

2.1 Constraints on spatial frequency in the context of 3-D wave 
propagation: 

Consider a three dimensional wavefield U(x,y,z) of single frequency. U(x,y,z) 

obeys the time independent Helmholtz equation given by 

(v2 + k2) U(x,y,z) = 0 , (2.1) 

where V2 is the Laplacian operator, k is the wave number 2rc/A, and A is the wavelength 

of light used. Fourier transforming both sides of (2.1) gives 

[ 2 2 2 2 2] -4rc (f x + fy + fz) + k 'U(f x,f y,fz) = 0 , (2.2) 

where fx, fy and fz are the spatial frequencies in the x,y and z directions respectively and 'l1 

denotes the 3-D Fourier spectrum of U(x,y,z). If there exists a wavefield U(x,y,z), 
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equation (2.2) must be satisfied for all spatial frequencies. This implies that eqn. (2.2) 

represents the constraints on the distribution of the spatial frequency components of the 

resultant wavefield. Equation (2.2) therefore requires that the wavefield have no spatial 

frequency components other than those which satisfy 

f i + fi + fi = - 1-
"-2 (2.3) 

This means that the spatial frequency components of the existing wavefield are all located 

on a spherical surface centered at the origin with radius 1/A.. It must be noted that additional 

spatial frequency components are not introduced in the propagating wavefields and those 

that do exist will ultimately be governed by equation (2.3). In fact the 3-D OTFs emphasize 

the low frequencies strongly and eliminate certain parts of the 3-D spatial frequency domain 

completely. These characterize the missing cone in the Fourier space and arise as a result 

of the fact that a point object has finite angular extent due to the aperture in the system. The 

missing cones are indicated in fig. 2( c ), where Tl represents the spatial frequency along 

direction of propagation and ; is any direction in a plane orthogonal to Tl• The missing 

cones problem is present in almost every 3-D imaging system with limited view angle and 

has been well documented in the context of radiography [32] and nonradiographic contexts 

such as the works of Frieden [23] and Lohmann [24]. 

In the next section a geometrical-optics approach is used to derive explicitly the 

missing cone condition and this is followed by a discussion on the OTF theory for 3-D 

imaging. 

2.2 OTF theory of 3-D imaging 

The analysis presented in this section is adapted from that of Streibl [26]. A 3-D 

incoherently light emitting transparent object such as a fluorescent body within a 
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transparent medium is assumed to constitute the object distribution. The incoherent source 

distribution is represented as S(x,y,z), where x,y represents the lateral coordinates of a 

point and the optic axis is along the z direction. Consider fig. 2(d), wherein, a 3-D object 

S(x,y,z) is imaged through the pupil P(fx,fy). The interest is on the image intensity 

distribution I(x,y,z), which is observed by recording successive slices z=2n, n=l, ... ,N. 

This image formation process is linear in intensity and three-dimensionally shift-invariant 

which is called telecentric. Recently, Sitter and Rhodes (33] showed that afocal telecentric 

imaging systems are the only imaging systems that are shift-invariant in three-dimensions. 

The image formation can then be described by a convolution with a 3-D PSF, T(x,y ,z) as 

follows: 

I(x,y,z) = [[[ S(x',y',z')T(x-x',y-y',z-z')dx'dy'dz' . 
(2.4) 

In the 3-D Fourier domain the object spectrum S(fx,f y,fz) is simply multiplied by the 

transfer function 'I(.fx,fy,fz): 

(2.5) 

where 

'I{f xJy,f z) = .1{T(x,y ,z) }. 

2.2.1 Geometrical-optics interpretation of missing cones 

Neglecting diffraction, the 3-D PSF of an aberration-free system is given by the 

geometrical-optics light cone. For rays forming a cone with semi-angle a, the area of light 

illuminating any plane transverse to the direction of propagation is given as 1tr2• where r is 

the radius of the base of the cone in the plane of interest. By simple trigonometric 

manipulation it is found that this area of the base of the cone in the plane under 

consideration is equal to 1t(z2 tan2cx), where z is the distance from the apex of the cone to 
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the plane considered. The PSF indicates the amount of light that is concentrated within a 

cenain area. Here, the area under consideration is the area of the base of the cone. As the 

distance from the apex of the cone (point where all rays converge) increases, the area of the 

base of the cone in the transvere plane increases as the square of the distance. This means 

that amount of light contained in unit area decreases as l/z2 as z increases. Hence, the PSF 

is inversely proportional to this area, implying that it is proportional to 1/z2• Therefore, 

T(x,y,z) = z-2 , lx2+y~ ~ k2v 2 A 

= 0 , otherwise (2.6) 

where A = f/d = (2tancxt 1 is the f/number of the imaging system. The OTF is calculated by 

performing a Fourier transform along the z direction and a zero order Hankel transfonn 

with radial coordinates r = (x2+y2)112 and p = (fx2+fy2)1/2: 

I
• p~l2A 

'l(p,fz) = .• z-2exp(-21tifzz) Jo J0 (21tpr)drdz 

= 1 J-Ji(ro)exj-21ti~) dro. 
41tpA -- ro 1'\ 1tp 

Hence, the geometrical-optics OTF is given by 

'1(p,fz) = 1 f 1 J2f zA )2]1/2 . 
~ \ p 

If p = 0, then we obtain a singularity: 

'l(p=O, fz) = - 1- o(fz) , 
8A 2 

(2.7a) 

(2.7b) 

(2.8a) 

(2.8b) 
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where o represents the Dirac delta function. From eqn. (2.8a), it is obvious that there is a 

cone of missing spatial frequencies lfzl > p/2A. This missing cone is the main restriction of 

3-D imaging. The geometrical-optics OTF is only an approximation. A more stringent 

requirement on the spatial frequencies is derived by taking into account the wave nature of 

light and this condition is shown in eqn. (2.3). 

2.2.2 3-D PSF and OTF 

An expression for the 3-D PSF produced by a pupil function P(fx,fy) is derived 

below. Let t(x,y,z) denote the amplitude distribution in the image plane. The 3-D PSF 

T(x,y ,z) is given by 

* T(x,y,z) = t(x,y,z)t(x,y,z) , (2.9a) 

where * denotes the complex conjugate. The angular spectrum t(fx,fy,z) (the lateral 

Fourier transform of T(x,y,z)) is determined by the pupil function P(fx,fy) and a 

propagation factor as follows: 

t(fxJy,Z) = P(fxJy)e{-i7tAZ(fx 2+fy 2)} (2.9b) 

and 

t(x,y,z) = _r( t(fx,fy,z)) . (2.9c) 

(2.10) 

For rotationally symmetric systems the above equation becomes 
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t(r,z) = J: P(p )exp( -i1tA.zp2)J 0 (2xrp )pdp , (2.11) 

where r = (x2+y2)112 and p = (fx2+fy2) 112. The 3-D PSF is obtained by substituting eqn. 

(2.11) in (2.9). In (26] Strei bl has obtained exact relations for the PSF in the case of 

circular and annular apertures. We now proceed to detennine the 3-D OTF from the 3-D 

PSF as expressed in eqn. (2.10) by performing a 3-D Fourier transformation: 

'1(f x,fy,f 2 ) =[[[ t(x,y ,z)e{-2xi(xf x+yf y+zf z) }df xdf ydf 2 • 
(2.12) 

Substituting eqn. (2.10) in the above equation, we obtain 

(2.13) 

The above equation represents the autocorrelation of the projection of the pupil function 

onto a spherical shell of radius 1/A,. The first two terms limit the range of integration to the 

intersection of the two shifted pupil regions, while the third term describes a family of 

straight lines perpendicular to the shift vectors, which are defined along the f x and f z 

directions. This is similar to the projecti.ons in computer tomography as shown in fig. 2(e). 

For simplicity only two coordinate directions have been shown because we have assumed 

radial symmetry for the pupil functions. If the line of projection does not intersect the 

overlap between the pupil functions P and its conjugate '1t, then the associated spatial 

frequencies will not be contained in the OTF. If pupil functions whose forms are 

analytically tractable for evaluation using eqn. (2.13) exist, then it is possible to completely 
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characterize the 3-D imaging properties of that system. For example, Lohmann in [24], 

obtained the 3-D Fourier spectrum associated with a 3-D image of finite bandwidth and 

specified the actual shape of the 3-D OTF and related the cut-off frequencies to the 

physical dimensions of the pupil, which was taken to be a computer generated 

hologram (CGH) of diameter AxH. The relations are shown in figs. 2(f) and 2(g). In 

fig. 2(f), AxH represents the size of the hologram, x0 is the image space coordinates and Az 

represents the maximum transverse length of the image. vx and Vy are the spatial 

frequencies. Due to the finite size of the hologram the spatial frequencies must satisfy the 

following conditions 

v; + v; s [LixH]2 . 
2Af (2.14) 

Fig. 2(g) is divided in two parts. The fig. on the left designated 2(ga) represents the 

projection of a circular pupil onto a spherical shell of radius 1/A,. The pupil has transverse 

extent Av and longitudinal extent Ap on the sphere. The figure on the right, fig. 2(gb) 

represents the autocorrelation of the circular pupil. In both figures we have p as the spatial 

frequency associated with the spatial coordinate z. The autocorrelation of the pupil function 

is symmetric about this axis and we can observe that 2Ap is the maximum longitudinal 

spatial frequency extent, while 2Av is the maximum spatial frequency extent in the 

transverse direction, thereby signifying the cut-off frequencies in the transverse and 

longitudinal directions. 

2.2.3 Simulations 

In order to have a better understanding of the nature of the 3-D 01F and 3-D PSF, 
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computer simulations are performed on some standard pupils. The pupils considered are (a) 

circular aperture, (b) annular aperture and (c) Gaussian apodized circular aperture. All the 

above-mentioned pupils are circularly symmetric, and their projection onto a spherical shell 

confines them to a cap region. The spherical shell is written in a 3-D array of size 

64x64x64 and the specific pupil function is written on this by choice of appropriate 

projection functions. The 3-D OTF is given as a 3-D correlation of the amplitude 

modulated cap and is evaluated in the sequence of steps shown in the flow chart (fig. 4G)-

4(1) ). A comparison of various methods used is presented later in chapter IV. 3-D Fourier 

transformation of the OTF directly yields the 3-D PSF. The surface plots showing 3-D PSF 

and the modulation transfer function (MTF) which is the magnitude of the OTF are shown 

in figs. 2(h) -2(m) for the pupils considered. The simulation results presented are in 

accordance with the results presented by Streibl in [26]. It is seen that the 3-D OTF is 

doughnut shaped with strong low pass characteristics. The maximum longitudinal spatial 

frequencies along the z directions are very much smaller than the maximum lateral 

frequencies along the x and y directions. In the unnormalized coordinate system in which 

each pupil lies within a spherical shell of radius of 1/A, each division in the pupil plane 

corresponds to a spatial frequency of l/32l mm·1, because there are 32 divisions within 

which the pupil is contained. 

2.3 Conclusions 

In this chapter a review of the fundamental restrictions on the propagation of 3-D 

wavefields was made. A telecentric optical imaging system was considered and the 

dependence of OTF and PSF on the pupil functions has been shown. It is found that for 

circularly symmetric pupils the 3-D OTF is given as the autocorrelation of the projection of 

the pupil function onto a spherical shell of radius 1/A. Simulations on some standard pupil 

functions confirm the results of Streibl [26]. 
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Figure (2h) 3-D OTF of a circular aperture - generated by direct 
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Chapter III 

Realization of 3-D OTF from defocused OTF 

3.0 Introduction 

Most analysis involving coherent and incoherent optical processing systems are 

based on a two-plane theory. Consider fig. (3a), where, information is propagating from 

plane P1 to plane P2. Normally such a propagation can be explained in terms of a 

convolution operation [5]. The information at plane P1 convolved with the coherent 

impulse response results in the information contained in plane P2. The squared magnitude 

of the coherent impulse response is the incoherent impulse response. By introducing an 

imaging element and a suitable mask in a plane ( called the pupil plane) between the planes 

P 1 and P2 a variety of processing operations can be achieved. 

In many practical systems, the coherent transfer function can be tuned by changing 

a mask in the pupil plane or by changing the transmittance function of a computer generated 

hologram [34,35]. However, such a method calls for the use of expensive spatial light 

modulators. Some methods do exist for overcoming such drawbacks. Notable among them 

are bandpass tuning using coherent feedback [36] and angular filtering using a Fabry-Perot 

etalon [37]. Another method based on angular selectivity using volume holograms is also 

well known [38]. In the context of incoherent processing, some methods are available for 

the synthesis of OTFs. Lohmann and Rhodes have suggested a two-pupil technique for 

achieving this [7]. Recently Poon et al. [13] discussed the application of two-pupil 

processing to achieve tunable bandpass filtering operations. They used an acousto-optic 

heterodyne two-pupil scanning system and discussed the realization of tunable bandpass 

filtering. The significant feature of this analysis is that information about the OTF is 

available not only along the transverse direction but also along the longitudinal direction. 

The OTF so obtained is designated as the defocused OTF. Considerable work has been 
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expGMxr+yr)) is the free space impulse response 

* denotes convoulution operation 

Figure(3a) Two plane theory of wave propagation. 
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done previously in the context of defocused optical systems [17-22]. The defocused OTF 

implies that information on the transverse spatial frequencies is available in every plane 

along the z direction. As an extension one would like to obtain the spatial frequency 

dependence along the longitudinal direction too. The question that arises naturally is: is it 

possible to obtain the 3-D OTF from the defocused 2-D OTF? The answer is yes. In this 

chapter we discuss some of these issues. The first part outlines the general method for 

obtaining the 3-D OTF from the defocused OTF. The second section deals with some 

implementation issues and sampling considerations for 3-D OTF realization. In the third 

section we consider two specific examples, one dealing with offset-Gaussian pupils [13] 

and the other dealing with complementary Fresnel zone plates [14) for obtaining the 3-D 

OTF from the defocused OTF. 

3.1 Derivation of 3-D OTF from defocused OTF 

Consider an optical system as shown in fig. 3(b). P(fx,fy) represents a pupil 

function, and the OTF of such a system is the autocorrelation of the pupil function (5). 

Hopkins has extended this analysis to incorporate a generalized pupil function, which 

includes the effect of defocus [39]. The generalized pupil function is given as 

fD(f f ) - P(f f )ej1tlz(f;+t;) 
.L \ x, y - x, y ' (3.1) 

where P(fx.,fy) is the in-focus pupil function and z is the defocus distance measured away 

from the focal plane of the second lens in fig. 3(b). The defocused OTF is given as [44) 

where* denotes correlation. From (3.1) the above equation can be written as 
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The above equation represents the defocused OTF for a single pupil. The in-focus OTF is 

the autocorrelation of the pupil functions. It is easy to note that the defocused OTF is the 

Fresnel transform of the in-focus OTF, where the Fresnel transform of a function is 

defined as the convolution of that function with the free space impulse response defined 

over a certain distance z. For small amounts of defocus it resembles the autocorrelation of 

the pupil functions. The deviation from the in-focus OTF is more significant when the 

amount of defocus is increased, primarily because the z dependence in the quadratic phase 

term in eqn. (3.2) will contribute significantly to the integral. However, the strong low 

pass characteristics of the autocorrelation of the pupil function in the case of in-focus OTF 

is preserved in the case of the defocused OTF too, this is because of the blurring 

characteristics of the convolution relation of the pupil function with the exponential term. 

Be that as it may, one would like to be able to achieve filtering operations other than low 

pass filtering. This can be achieved by using two-pupils, P 1 and P2, in a two pupil 

configuration. 

The defocused OTF for a two-pupil system can be expressed as follows: 

(3.3} 

The first two terms are the autocorrelations of the defocused generalized pupil functions P1 

and P2, respectively. The last two terms are the crosscorrelation terms and it is using these 

terms that one can perform other filtering operations such as bandpass filtering. The crucial 

issue is the need to be able to isolate the crosscorrelation terms from the autocorrelation 

terms. This has been achieved using spatial frequency offset [8] and temporal frequency 

offset [9]. Poon and Korpel have demonstrated a simple technique which incorporates both 

spatial and temporal frequency offsets using acousto-optics [10]. Recently, Poon et al. 

have demonstrated a real-time tuning of the OTF using an acousto-optic scanning 

heterodyne system (13]. They extracted the crosscorrelation terms with an acousto-optic 
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heterodyne technique. The defocused OTF that is derived from the crosscorrelation terms 

can be given as: 

* { ~ • 2 , 2]} 
-- t I t I• ff ff t I 

OTF(fx,fy;z) = f__J __ P1(fx-fx,fy-fy)P2(fx,fy)e J7t ( x· x) + ( y· y) dfxdfy. (
3

.4) 

Equations (3.2) and (3.4) contain information about the spatial frequency not only in a 

single plane but in every successive plane transverse to the direction of propagation. This 

means that by taking slices of the OTF along the z direction we could extract useful 

information on the frequency content along the optical axis (z) as well. However, the 

above equations do not provide any information about the spatial frequency in the 

longitudinal direction, i.e., along the optical axis. By inspection it is easy to note that a 

Fourier transform of eqns. (3.2) or (3.4) along the z direction will provide a complete 

information about the 3-D OTF. Mathematically, this can be represented as 

OTF(f xJy,f 2 ) = 1"z{ OTF(f x,f y;z)} . (3.5) 

The only requirement for eqn. (3.5) is that it must satisfy eqn. (2.3), i.e., 

fi + f; + f~ = 1n? . 

This condition requires that the spatial frequencies should be constrained to lie within a 

circle of radius 1/).... Mathematically, this can be represented as 

(3.6) 

Equation (3.6) provides a recipe for obtaining the 3-D OTF of the optical system. 

However, there are a lot of implementation issues that need to be taken care of. The next 

section dwells on some of these aspects. 
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3.2 Implementation issues and sampling considerations 

3.2.1 Implementation issues 

Equation (3.6) represents the 3-D 01F that can be obtained from the 2-D defocused 

01F for various degrees of defocus z. In order to be able to physically realize the 3-D 01F 

we reson to a hybrid opto-electronic configuration shown in fig. 3(c).This configuration is 

adapted from that of Poon et al. [13]. One Pupil is shifted in frequency by using an 

acousto-optic modulator. The phase and amplitude of the heterodyne current carries the 

information on the cross correlation of the pupil function. Using a longitudinal translation 

stage and a photodetector, the 2-D 01F can be obtained from successive defocused 

planes. The imponant issue to note here is that for a 3-D object, the information gathered 

from each plane contains information that is not only at focus at the recording plane but also 

superimposed information from adjacent focal planes. The result is some reduction in 

contrast and loss of information through spurious detail entering any recording plane from 

adjacent defocused planes. 

The above problem is somewhat similar to the projections encountered in computer 

tomography. However, in the case of defocused 01F the difference lies in the fact that the 

level of defocus changes for every plane along the z direction and consequently the 

spurious data getting into any plane from the defocused planes are all different for each 

slice. Conventional back-projection techniques [41], therefore, cannot be employed in this 

case to estimate the actual defocused OTF using da.ta gathered from each slice. In the 

context of microscopy this problem is similar to the serial sectioning microscopy discussed 

by Agard [29]. Since the record is an intensity record useful phase information is lost in 

some case. In order to obtain a fairly accurate estimate of the defocused 01F from the 

measurements made, one can employ constrained iterative algorithms [29] to obtain the 

actual defocused OTF. For example, an estimate of the defocused OTF is made by 

assuming that the record of the 01F at any plane contains information superimposed from 

the adjacent planes and the plane of interest An iteration is performed that will minimize the 

error in the estimate of the actual defocused OTF. Once the knowledge of the actual 
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defocused OTF is available, it is easy to obtain the Fourier transform along the z direction 

to get the 3-D OTF. A 3-D fast Fourier transform (FFf) of the 3-D OTF will result in the 3-

D PSF. Two important issues need to be borne in mind when the FFT operations are 

performed. The first is that, some spatial frequencies will be missing because of the 

property of the 3-D imaging system and the inherent constraint on 3-D wave propagtion. 

Secondly, proper care should be taken to ensure that all complex amplitude distributions 

which are Fourier transformed should not be under sampled and that all aliasing effects are 

eliminated. This requires an optimum sampling choice. However, the requirements for 

optimum sampling are not the same for the transverse and longitudinal directions. This will 

be clearly explained in the next section. 

3.2.2 Sampling considerations 

First let us consider the case of sampling in the transverse directions. The analysis 

presented below dosely follows that of Wade and Lee [41]. In most optical systems the 

one dimensional Fourier transform of a function f(x) is represented as 

F(fx) = J.: f(x)e•j 2nxfxdx , 

where 

fx =JL 
Af 

(3.7a) 

(3.7b) 

is the spatial frequency with u denoting the coordinate in the image plane, f is the focal 

length of the imaging system and A is the wavelength of light used. Since only a finite 

number of samples are considered, proper sampling must be done to cast the Fourier kernel 

in a form suitable for the fast Fourier transform (FFf) algorithm [43]. Let L 1 and½ 

represent the dimensions in the object space and image space, respectively. If an N-point 
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FFf and uniform sampling are employed, then the sample spacing over the receiving 

aperture is L 1/N and the size of the resolution cell of the image is ½IN-By writing the 

kernel in the discrete form and matching it with the FFf expression we can obtain the 

sampling requirements as: 

exp(-jhux) = exrl-jil{nLi/N)(kL2/N)) = exp(-j21Lnk) , 
lf 1 U N (3.8) 

where n,k = 0,1,2 ... N-1 . 

In order that Eqn. (3.8) is satisfied, L1 and½ and the number of samples N must be 

chosen such that 

N = L1L2 
lf (3.9) 

The above equation implies that higher sampling rates are required for larger object regions, 

shorter wavelengths and shorter focal lengths. The resolution cell in the image space is 

given by ½IN and can be obtained from eqn. (3.9) as Af/L1. It is straight forward to 

extend the above analysis to obtain the resolution cell in two dimensions, which is given as 

(3.10) 

where L is the area of the output plane. The Rayleigh diffraction limit is satisfied only 

when eqn. (3.10) holds. The above considerations are not valid when we extend the 

sampling criterion to the longitudinal direction. 

Consider a configuration shown in fig. (3d) where two impulse objects separated 

by a distance ! in the longitudinal direction is imaged by a single lens with aperture r
0

• 

Frieden [43] has established that the longitudinal cut-off frequency is given as 

2 -1 
R = (r0 /Z) (2l) , (3.11) 
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where R is a parameter related to the numerical aperture as 

2 -1 
R = (N.A.) (2A) and ro/Z = N.A. . 

The critical sampling will then be 1/2R. However, the size of R varies with image distance 

through the parameter Z which is governed by the lens law. For a digitized object o(z') = 

o(z,.'), we get an image i(Z), where Z is the image distance given from the lens law as 

Z(;i) = fz'/(z~-f) . (3.12) 

The image distance is thus seen to vary with the object distance. Therefore for an object of 

fixed spatial frequency, the spatial frequency as given in eqn. (3.11) varies with position in 

the image along the optical axis. This is shown in fig. (3e), where the spatial frequencies 

are shifted with respect to the plane centered at 2f. Only when the object is located near 

distance 2f from the lens is the image frequency the same as the object frequency. 

Therefore the standard sampling theorems cannot be applied to sample the image. For a 

continuous object we must therefore choose the highest frequency to compute the sampling 

interval of the image. The critical sampling interval will be 

T = 1/2Rmax , (3.13) 

where Rmax is the maximum ofR given by equation (3.11). To fully restore the image, the 

longitudinal cutoff frequency of the lens system must be given by 

-1 2 R ~ (211.) (ro/Zn) , (3.14) 

where Zn is the closest point of the image to the lens. 

In the case of the defocused OTF, the results of eqn. (3.14) will be useful when a 

Fourier transform is perf onned along the longitudinal direction to lead to the 3-D OTF. In 

the simulations that have been performed for the cases of defocused OTF, care has been 

taken to ensure that the above sampling requirements are met. However, as we will see in 

the next chapter, under sampling results in some aliasing effects. 
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In the entire section we have considered two different aspects of sampling, one 

pertaining to the transverse direction and the other pertaining to the longitudinal direction. A 

more fundamental question that can be asked is: is it possible to prescribe a more general 

sampling criterion which will encompass both the Nyquist sampling criterion in the 

transverse case as well as the. sampling requirement in the. longitudinal directions? This 

issue needs more consideration and needs to be addressed under a broader heading of 3-D 

sampling theorem. 

3.3 3-D OTF of some two-pupil systems 

In this section we discuss the 3-D OTF of two-pupil systems. Specifically the case 

of Gaussian offset pupils and that of complimentary Fresnel zone plates are discussed. 

These cases are found to be analytically tractable, i.e., the 3-D OTF can be expressed as a 

closed form expression by direct Fourier transformation of the defocused OTF. 

Simulations are performed using the closed form expressions and are compared with the 

results obtained from Fourier transforming the defocused OTF using a FFf routine. 

3.3.1 3-D OTF of Two Gaussian offset pupils 

Recently Poon et al. has demonstrated [13] a real-time tunable incoherent spatial 

filtering using a two-pupil processing technique. They implemented a scanning heterodyne 

system using an acousto-optic modulator as shown in fig. (3e). The general expression 

for the OTF of a defocused scanning heterodyne system is given as [ 44] 

OTF(fx,fy;z) = J-r· U(x+;,y+T1)V\x-;,y-11)expf -j21tz (xfx+Yfy)dxdy , 
... J__ \ F (3.15) 
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where 

~ = 1-AFf x , and Tl = 1-A.Ff y . 
2 2 (3.16) 

U and V are considered to be Gaussian functions, given as 

U(x,y) = exp{-(x2+y 2)/wct}, (3.17a) 

and 

V(x,y) = exp{-[(x+~x/+y 2];wJ}, (3.17b) 

where ~x is the amount of spatial off set between the pupils. 

Substituting eqns. (3.17a) and (3.17b) in eqn. (3.15) and simplifying, we get [45] 

OTF(fx.fy;z) = ex{ :J~-A;)\ 112] expUl3z) exp(-az 2), 
(3.18a) 

where 

ex= w51t2 (f~ + £;) and 13 = 7t~Xfx • 
2F2 F (3.18b) 

Equations (3.18a) and (3.18b) represent the defocused OTF of two Gaussian pupils and 

the 3-D OTF is obtained by Fourier transforming eqn. (3.18a) with respect to the z 

direction. Therefore, substitution of eqn. (3.18a) into eqn. (3.6) yields 
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where 

fz• = ✓ lf'J,. 
2-(f~+f:/ . 

A singularity exists at a = 0. However, in the limit that a approaches zero, the last 

exponential term goes to zero much faster than the denominator. Hence, the OTF at this 

point becomes zero. Equation (3.19) represents the 3-D OTF. Figs. 3(f) and 3(g) represent 

the defocused modulation transfer function (MTF) with different offset Llx. Fig. 3(h) 

shows the corresponding OTF obtained when direct correlations are performed, using 3-D 

FFr. Note that because of the discreteness of the data written in the 3-D array, the OTFs 

show jagged outlines rather than smooth outlines. However, the surface plots clearly 

indicate the spatial frequencies that are favored by the Gaussian offset pupils. Fig. 3(i) 

represents the 3-D OTF derived by Fourier transfonning expression (3.18a) using an FFT 

routine, while figs. 3G)-3(1) have been obtained from eqn (3.19). It is found that the results 

obtained in the above mentioned cases indicate the band pass nature of the 3-D OTF of 

Gaussian offset pupils. In general the form of the OTFs in the above cases are similar to 

the results shown in direct 3-D convolutions thus confirming the general formulation of 3-

D OTFs from defocused OTFs. 

3.3.2 3-D OTF due to Gaussian apodized Fresnel zone plates 

Recently, Poon and Indebetouw [ 14] derived the necessary condition for a spatial 

filter in an incoherent imaging system to be longitudinally periodic. They found that pupil 

functions whose domains are limited to discrete "Montgomery rings" of radii proportional 

to ✓n (n = integer) exhibit periodicity along the longitudinal direction, i.e., along the z 

direction. One such pupil was identified to be the Fresnel zone plate (FZP). Using 

Gaussian apodized complementary FZPs and invoking the two-pupil approach outlined in 

the previous section, they showed that bandpass filtering with longitudinal periodicity 

could be achieved. The implication of that analysis is that the 2-D defocused OTF of 
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Gaussian apodized complementary FZPs results in longitudinal periodicity. Following the 

line of argument presented in the previous section, we obtain analytical expression for the 

the 3-D OTF of Gaussian apodized complementary FZPs. Bearing in mind the circular 

symmetry, the two Gaussian apoclized complementary pupils are represented as: 

(3.20a) 

and 

_ { 2 A 2 f 2 } / A. 2 f 2 2} v(p) = exp - p L,(-l)mAmexp\j21tm p , 
R~N m R~ (3.20b) 

where 

A - sin an1t and A = sin ~m1t 
n - n1t m mx ' 

R1 is the radius of the first zone, ex, ~ are the opening ratios of the Fresnel zone plates 

respectively and p is the radial distance measured from the center of the zone plates. ~ and 

~ are the coefficients of the Fourier series expansion of the Fresnel zone plates 

respectively. 

Using normalized variables 

p = pAf and ~ = ..Z.. , where z0 = 2Af2/Ri, 
R1 Zo (3.20c) 

the defocused OTF can be expressed as 
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where 

b = .2.. - j21t(n-m) . 
N N 

(3.21) 

Substituting eqn. (3.21) in eqn. (3.15), the 3-D Fourier transform is obtained after 

interchanging the order of summation and integration as (see Appendix A for complete 

details) 

OTF(p,fz)= I, I, - /N~AnAm(-l)mexp( p~)exp(j1tfz(m+n))expf\_ 1t-(~)2
}. 

n m 'V 2 :p 4N 2N P 

(3.22) 

The above equation obviously has singularities at P = 0, however a physical interpretation 

can be made for the limiting case and it is found that at P = 0, the value of the OTF is zero, 

primarily because the last exponential term in eqn. (3.22) converges to zero much faster 

than the 1/P term. 

The OTF obtained in eqn. (3.22) has to be confined to a spherical shell of radius 

1().. in order to satisfy the 3-D wavefield restrictions. The nature of the 3-D OTF is found 

out from simulation results presented in figs. 3(m)-3(q). Fig. (3m) represents results for a 

single Gaussian apodized zone plate. The equation corresponding to a single zone plate has 

been derived from eqn. (3.22) by setting n=m in the double summation terms and 

removing the complementary phase term, (-l)m. It must also be pointed out here that this 

result is similar to the result presented by Streibl [26], wherein he used a sinusoidal zone 
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plate defined by sin(ax2). Figs. 3(n)-3(q) represent the 3-D OTF of complementary 

Fresnel zone plates for various combinations of opening ratios. An importrant thing to 

observe here is the presence of fringes withing the 3-D OTF region. This is to be expected 

when we compare these results with the 3-D OTF of circular apertures. The degree of 

modulation is dictated by the choice of the opening ratios a and ~ of the Fresnel zone 

plates. 

3.4 Summary 

This chapter provided an analytical interpretation of 3-D OTF from 2-D defocused 

OTF. Implementation issues and sampling conditions were discussed. It is pointed out that 

the optimal sampling requirements for transverse and longitudinal directions are different. 

The cases of Gaussian offset pupils and complementary Fresnel zone plates are treated as 

examples for deriving the 3-D O1F of two-pupil systems from the defocused OTF and 

through simulation results we showed the general results for 3-D OTF from defocused 

OTFs in these two cases. 
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Chapter IV 

Interpretation of 3-D PSF and OTF from Mccutchen 's theorem 

4.0 Introduction 

In 1964 McCutchen [ 15] showed that when a lens produces an image of a point 

source, the resulting three-dimensional diffraction pattern is the three-dimensional Fourier 

transform of a generalized aperture. The generalized aperture is defined as the projection of 

any aperture onto a sphere of radius 1/A.. This means that the generalized aperture has an 

extent in three dimensions as it is wrapped around a sphere but has no volume. In the 

analysis to follow we have normalized the radius of the sphere to unity. Fig. 4(a) shows 

the projection of the aperture onto a sphere of unit radius. The configuration can be viewed 

in the conventional sense of a single lens imaging system as follows. The object 

distribution is located around the center of the sphere, the lens and the aperture are 

projected onto the spherical shell and finally the image plane distribution is obtained around 

any line passing through the center of the sphere. In order to be able to quantify the 

imaging performance of the system we assume a point source distribution located at the 

center of the sphere and obtain the response of the system to this point source distribution. 

The response to the point source distribution will represent the point spread function for an 

incoherent imaging system. We seek, through this chapter, to provide a generalized 

formalizm for obtaining the PSF and OTF of any 3-D imaging system. The point source 

under consideration is imaged through a lens of finite aperture. The aperture is assumed to 

have arbitrary complex amplitude distribution. The most important part of the imaging 

system therefore, is the aperture distribution and we will focus our attention on the image 

plane distributions when we consider different aperture geometries. A very important result 

concerning the image plane distribution can be written as follows. The amplitude in the 

image plane on any plane containing the geometric focus, the orientation of the plane being 

arbitrary, is the Fourier transform of the projection of the aperture function upon that 
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plane. Stated more simply, the image plane distribution is the Fourier transform of the 

aperture distribution. 

The three-dimensional Fourier transform of a pupil function P(r) is defined as 

1{R) = J fr J P(r)e-21ti(R/i).rd V r , 
(4.1) 

where dV r is the differential volume in the spatial frequency space. 

Let fx, fy, fz represent the components of r which is the aperture space representing the 

spatial frequency components. It is to be noted that the aperture is defined in the r space 

and so is its projection on any line passing through the center of the sphere. x, y, z 

represents components of R in the image space or the spatial domain. For P(r) to represent 

a pupil it must be zero except when lrl = l, so that we can express P(r) as 

P(r) = A(r) o(lrl -1) , 

..... 
where r is a unit vector. The above expression limits the pupil to a spherical shell of unit 

radius. The amplitude in the image space can be converted to an integration in terms of the 

solid angle subtended at the focus by the aperture, this is given as 

(4.2) 

where n is the solid angle and U(R) is the amplitude in the image space. The above 

equation is valid in the paraxial approximation, which means that the numerical aperture 

should be quite small. It is important to note that if the system is aberrant then the phase of 

the pupil varies from place to place. 

Equation (4.1) provides a direct three-dimensional Fourier relationship between the 

pupil and image plane distribution. Since we are considering apertures with radial 
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Figure(4a) Generalized 3-D aperture. 
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symmetry, let us first consider the complex amplitude distribution in the image space, 

along any line running through the origin. This can be obtained by projecting the 

generalized pupil perpendicularly onto any line through the origin and performing a one

dimensional Fourier transform. This can be stated more precisely as follows. The 

amplitude in the image along any line running through the origin is, (-i/A.) times one-

dimensional Fourier transform of the one-dimensional pupil distribution obtained by 

projecting the amplitude in the three-dimensional pupil (perpendicularly) onto the same line. 

This situation is explained with reference to fig. 4(a) as follows. Consider any line through 

the center of the sphere and designate it as the z axis. The generalized pupil function is 

projected onto this line and a one-dimensional Fourier transform performed to yield a 

function that is defined along the z axis (overlapping with the fz axis) and has delta 

function dependence along the x and y directions. Mathematically this can be represented as 

follows. If f2 is the spatial frequency along the chosen line measured from the origin and 

g(f2 ) is the projection of A(r)=A(fz,<f>) normally onto that line, then U(R) which has delta 

function dependence along x and y directions can be expressed in terms ofU(z) as 

U(z)x=y=O = (-if)..,)Jl g(f,:)e•ikzf-dfz ' 
.J (4.3a) 

where 

r2" g( f z) = Jo A( f z,<I>) d(j) , (4.3b) 

and <I> is the azimuth about the fz axis. Equations (4.2), (4.3a) and (4.3b) establish the 

relationship between the pupil and the complex amplitude distribution in the image plane. 

Recently McCutchen [16] came up with yet another elegant method for evaluating the 3-D 

amplitude in the image space. These are based on convolution relations within the three

dimensional diffraction image. In this cha.pter we show that the convolution relations are 

related to the 3-D PSFs and hence we have means of obtaining and studying the 3-D OTF. 

The next section discusses the convolution results, which are followed by specific 

examples and discussions on simulation results. 
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Figure(4b) Pupil symmetric about the z axis. 
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4.1 Convolution relations: 

The entire analysis in this section is based on the work of McCutchen [ 16]. 

Consider a pupil that is symmetric about the fz axis as shown in fig. 4(b ). The pupil can 

then be expressed as the product of two factors, a modulation function m(fz) that extends 

all through space but depends only on fz, and a spherical shell of unit radius, represented as 

s(r) = o(lrl - 1). The modulation function m(fz) specifies the area within the spherical shell 

that is transparent and the nature of amplitude modulation within this area. Since the 

spherical shell has extremities of +1 and -1, it is only between these values that the 

modulation function is actually defined rather than the entire space. If the one-dimensional 

distribution m(fz) is known, then the corresponding one-dimensional Fourier transform 

M(z) is also known. Thus M(z) is the function derived from M(R) when x=y=O. In other 

words M(R) is the product of M(z) and two-dimensional delta functions extending along 

the x and y directions. Further it is to be noted that for systems with aberrations m(fJ is a 

complex function. 

The projection of a shell of unit radius and surface density is a rectangle of height 

21t extending from r to-r for any direction ofr. Its Fourier transform is given as 

S(R) = 41t[sin(kR)/kR] , (4.4) 

where 

Equation (4.4) represents a three-dimensional sine function. This can be visualized as a 

spherical ball with the center having maximum intensity and the intensity drops and 

increases in the fashion of a one-dimensional sine function as one travels outward in any 

radial direction. The function M(R) is the three-dimensional Fourier transform of the m(fz), 

but it is confined only to the z axis. This means that along the transverse axis it is a two-
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dimensional delta function. It is zero except within an infinitesimal distance of the z axis 

and its integral over x and y at any z is M(z). In the spatial frequency domain the pupil 

function is the product of the pupil function P(r) and the spherical shell S(r). Since we 

know that the three-dimensional Fourier transform of the pupil function results in the image 

plane distribution, we can Fourier transform the above product. We now make use of the 

convolution property of Fourier transform: the Fourier transform of the product of two 

functions is the convolution of the individual Fourier trans/ orms. The image plane 

distribution is thus given as the convolution of the Fourier transform of the projection of 

the pupil with the Fourier transform of the spherical shell. The convolution of M(R) and 

S(R) thus gives the amplitude in the image space. Explicitly at a point x, y, z in the 

image space, the amplitude is given as 

[ ]
1/2 

U(x,y,z) = -(41ti/l)f ff sink (x-x'f +(y-y'/+(z-z'/ M(R)dx'dy'dz'/1 3 , 
J [( \2 2 2]1 / 2 k x-x1J +(y-y') +(z-z') 

(4.5) 

The differential volume is divided by A. 3 to render it non-dimensional. M(R) is defined 

along the z direction and is a delta function along the x and y directions. Because of this, 

the above convolution can be rewritten as 

[ 
2 2 2Jl / 2 

U(x,y,z) = -(4rci/l)J 00 

sink x +y +(z-z') M(z')dz'/l . 
-oo [ 2)1 / 2 

k x 2+y 2+(z-z') (4.6) 

From eqn. (4.3a), we know that the amplitude U(z)x=y=O in the image on the axis is -if'A 

times the one-dimensional Fourier transform of the projection g(fz) of the pupil onto the 

axis. The projection function is related to the modulation function as g(f z) = 2rcm(fz). 
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Therefore its Fourier transform is 21tM(z). Hence 

M(z) = -21tiU(z)ll=y=0 . (4.7) 

Therefore from the above equation, eqn. ( 4.6) can be written as 

• [ 2 2 t 2]
112 

U(x z) = 2J- Smk x +y +(z-z) U(z') .. dz'/)., . 
,y' -- [ 2Jl / 2 ll =y =<) 

k x2+y 2+(z-z') (4.8) 

The above equation specifies the complex amplitude distribution in the image space in 

three-dimensions. However, the important point to note is that for a symmetric pupil 

function, in order to be able to obtain the three-dimensional amplitude in the image space, 

all we need to specify is the one-dimensional Fourier transform of the projection of the 

pupil function. The three-dimensional distribution is then obtained by a simple convolution 

operation with the Fourier transform of the spherical shell. The above statements can be 

paraphrased as follows: if the complex amplitude is known all along the axis, it can be 

found any where else by performing a convolution. Alternatively, starting from the 

knowledge of the aperture, only one 1-D Fourier transform is required, that of the pupil 

function projection g(fz). The amplitude everywhere else is found by convolving this with 

the Fourier transform of the shell. An axially symmetric pupil needs only one dimension of 

data to specify it and the image it creates can be specified with data along a single line. 

Further, it is to be noted that if x, y are set equal to zero, then the amplitude on the axis is 

an eigen function of convolution with 2sin(kz)/k:z, this is because the frequencies are 

limited to A -1. 

Equation (4.8) specifies the 3-D amplitude distribution in the image plane. An 

important inference follows from the above analysis. For an incoherent imaging system the 

magnitude square of result of eqn. (3.8) is equivalent to the PSF. That is 
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3-D PSF = fu(x,y,zl , (4.9) 

and the 3-D OTF is obtained from the PSF by a 3-D Fourier transformation. 

In the next two sections we provide two examples for obtaining the 3-D PSF and 

OTF of known apertures under the formalism outlined above. A mathematical formulation 

for the case of Gaussian apodized Fresnel zone plates is also provided. 

4.2 3-D PSF and OTF of standard apertures under McCutchens' Formalism 

4.2.1 Circular aperture 

Consider fig. 4(c). A circular apenure of radius r is projected onto the spherical 

shell. The projection of this onto the z axis is a rectangle of height 21t extending from - 1 to 

✓(1-r2). Using equations (4.3a) and (4.3b) we have 

fl" 
g( fz) = Jo l.dq, = 21t for -1 < f z < a , 

and 

U(z) = (-i/l)[21texp{-ikzf~}dfz 

I .k(l +a) }+ . ~(1-a)z] = exp -1---·z sin --- . 
2 z 2 (4.11) 

Substituting the above equation in ( 4.8) we have 
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Figure(4e) 
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The modulus square of eqn. (4.12) gives the PSF. Simulations using the above equations 

are performed and 3-D PSF and 01F are obtained and compared with computations 

involving direct 3-D convolutions. 

4.2.2 Annular aperture 

Consider fig. 4(d) where an annular aperture is stretched over the spherical shell. 

The projection of the annular aperture on the z axis is shown to be a rectangle of height 21t 

extending from fza to fzb along the axis. We have 

f2ff 
g(fz) = Jo dcp = 21t (4.13) 

and 

U(z)x=y=O = -(if)...) J
1
:u21texp(-ikzfJ;)dfz 

fzb 

(4.14) 

where, fzb = ✓(1-b2) and fza = ✓(1-a2), a and bare the outer and inner radius of the 

annulus. Using b/a = Tl, where Tl is defined as the obscuration ratio, equation (4.14) can 

be written as 
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and hence we have the 3-D complex amplitude distributions in the image plane from eqn. 

(4.8) as 

U(x,y,z) = 2J:: sinck[x 2+y 2+(z-z') 2]1121;-e {. uc[~ - V 1- a¾2 k·} 
z 

. (k[ ~ - ~ 1-a2112] 'ld '/"l SID -'-'-----------z Z I\, • 

2 (4.16) 

It is interesting to note, after simplifying the above equation in the limit 11 • 1 and 

eliminating the odd tenn dependency that [ 46]: 

Lim 
1 

U(x,y,z) = AJ0 (kYx2+y2
) , 

11• 

where A is a proportionality constant and the J0 function is classified under the class of 

diffractionless fields [48-50]. Such a wavefield propagates without undergoing any 

diffraction. Simulation is performed using equation (4.16). It is shown that the 3-D OTF 

and PSF derived from the above equation are in agreement with the results of Lohmann 

[24] and Streibl [26]. 

4.2.3 Fresnel zone plate 

This section is divided into two parts. In the first part we derive an expression for 
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the 3-D PSF of a Gaussian apodized Fresnel zone plate as interpreted in terms of 

McCutchens' convolution relations. In the second part we extend the above results to 

obtain the PSF of complementary Fresnel zone plates in a two-pupil configuration. We 

provide explicit mathematical relations for the 3-D PSF and point out certain constraints in 

the simulation process. 

a) Gaussian apodized Fresnel zone plate 

From Poon and Indebetouw [14], the Gaussian apodized Fresnel zone plate 

aperture is expressed as 

(4.17) 

where R is the radius of the first zone and N is the number of zones considered. We need 

to project this pupil onto the spherical shell and evaluate g(fz) and U(z). To do this let us 

follow the construction shown in fig. 4( e ). If r is the radius of the first zone, then the 

projections of each zone onto the fz axis has a width given as 

(4.18a) 

(4.18c) 

In general, each projection has width given as 

Ln = ✓ 1-np 2 - ✓ 1-(pvn+a.) 2
. (4.18d) 
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Gaussian modulation on the Fresnel zone plate is given by 

e ·[P:r = e·P
2
P, where p = [:J2. 

For any p we have a corresponding z value given as p = ✓o-fz2). Then from equation 

(4.3b) we have for each zone 

2 2 
Pn(fr.) = 21te·P P = 21te·PO-fz) (4.19) 

To get U(z) we need to Fourier transform the above equation along the ~ direction 

according to equation (4.3a) and this is given as 

~ JY 1-(rlii"+«)
2 

{ 2 } { } U(z) = £- Vi-nr2 Anexp -p(l-fz) exp -ikzfa dfz . 
n 

The above integral is rewritten as follows by completing the squares 

(4.20) 

Let ✓(l-nr2) = an , ✓o-(r.Jn+a.)2 = bn and making the substitution z = i~, the above 

integral can be written in a form suitable for evaluation using error functions as 

(4.21) 

The above integral is 
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(4.22) 

where Q(x) is the error function defined as 

Substituting eqn. (4.22) in eqn. (4.8) gives us the expression for the complex amplitude 

distribution, from which the PSF can be obtained from the magnitude square of the result. 

It is seen however that eqn. 4.22 has complex arguments for the error function and this 

results in a complicated expression which is not easy to simulate on the computer. One way 

this problem can be tackled is by using an approximate expansion for the error function. 

b) case of complementary Fresnel zone plates 

The two complementary pupils are given as 

(4.23a) 

and 

(4.23b) 

Instead of a single pupil being projected onto the spherical shell, the two pupils are 

projected simultaneously. The analysis in the case of the complementary Fresnel zone 

plates is the same for the two zone plates for the evaluation of the complex amplitude 
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distribution. However in the evaluation of the PSF the following point should be borne in 

mind 

3-D PSF = tu(x,y,z) + V(x,y,z)f , (4.24) 

which on expanding gives 

3-D PSF = tcJ(x,y,zf + IV(x,y,zf + 2Re{U(x,y,z)V•(x,y,z)}. (4.25) 

The first two terms of the above equation represent the PSFs of the individual Fresnel zone 

plates and the last term represents the product of the two 3-D complex amplitude 

distributions and it is this PSF term than can be used for filtering operations such as band 

pass filtering. In some ways the above expression is similar to the expression for the in

focus PSF of a scanning heterodyne system of Indebetouw and Poon [51], though 

equation ( 4.25) has explicit 3-D dependence. 

4.3 Comparison of computational complexities 

The flow charts shown in figs 4(j), 4(k) and 4(1) outline the general steps needed 

to obtain: a) 3-D OTF and PSF using direct 3-D convolution of a pupil function (following 

Lohmann [24] and Streib! [26], b) 3-D PSF and OTF using McCutchen's formalism and 

c)3-D OTF and PSF using defocused OTF. 

a) Direct computation using 3-D correlations: 

The cap is written on a 3-D shell and a 3-D FFf is performed on this. The number 

of steps required to perform a 3-D FFf is calculated below. One-dimensional FFI' of an 

array of length N can be performed in Nlog2N steps. 

i) First two-dimensional FFfs are performed on every plane x, y plane. One 2-D FFf 

requires 2N2Iog2N steps, where N is the size of the array in each dimension. Since there 

Interpretation of 3-D PSF and OTF from McCutchen's theorem ............ 78 



Figure(4j) 

r 

r 

'-

r 

r 

'--

Direct 3-D Convolutions 

write cap on 

spherical shell 

u, 

perform 3-D FFf 

a)perform 2-D FFI' on every 
plane in x and y directions 

b)Perform 1-D FFT in z direction 
for every x and y 

,, 
3-D PSF 

Obtain magnitude square of 
3-D FFI' above 

3-D OTF 

Perform 3-D FFT of 
3-D PSF 

"" 

~ 

Flow chart for 3-D OTP and 3-D PSF realization 
using direct correlations. 

Interpretation of 3-D PSF and OTF from Mccutchen 's theorem ........... .79 



are N planes, a total of 2N31og2N computational steps are required. 

ii) Using the results of (i), one-dimensional FFT is performed along the third direction for 

every column and row, which amounts to N2XNlog 2N = N31og2N computations. 

iii) The modulus square of each element of the the array is taken and and this gives the 3-D 

PSF. The number of steps required to arrive at this point is 3N31og2N + N3 steps. 

iv) By performing another 3-D FFT on the PSF obtained in the previous step we can 

arrive at the 3-D 01F. A total of 6N3log2N + N3 steps are required to arrive at the 3-D 

OTF. 

In the case of multi-pupil synthesis we will be interested in cross correlations in 

which case, the PSF is computed in 6N3Iog2N + N3 steps. while the 01F is computed in 

9N 3log2N + N3 steps. 

b) Computations using McCutchen 's analysis 

The computations in McCutchen' s analysis involve the convolution of a 3-D sine 

function with the Fourier transform of the projection of the pupil function. The convolution 

is implemented by Fourier transforming the individual functions, taking their products and 

inverse Fourier transforming to get the amplitude distribution in the image plane. 

i) The Fourier transform of the projection of the pupil function can be performed in Nlog2N 

steps. 

ii) One-dimensional Fourier transform of the 3-D sine function can be performed in 

N3log2N steps. 

iii) Multiplying the results of (i) and (ii) and inverse Fourier transforming gives the 

complex amplitude distribution in the image plane. There are N3 multiplications and the 

inverse Fourier transforming is done in N3log 2N steps. Step (iii) is arrived at in 

2N 3log2N + Nlog 2N + N3 steps. 
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iv} the modulus square of the result of step (iii} gives the 3-D PSF. We therefore need an 

additional N3 steps requiring overall 2N3Iog2N+Nlog 2N + 2N3 steps. 

v) A 3-D FFf of the 3-D PSF in step (iv) will give rise to the 3-D OTF, which is 

accomplished in a total of 5N3Iog2N + Nlog2N + 2N3 steps. 

c) Computations involving defocused OTF 

The defocused 01F is obtained from measurements of slices at each plane along the 

longitudinal direction. Spurious detail enter each plane from adjacent defocused planes. 

Such problems can be taken care of using optical means or by using'some algorithms. 

Assuming that calculations pertaining to restoration of actual defocused 01F are not taken 

into account, we start by performing the Fourier transform along the z direction. 

i)There are N2 one -dimensional FFfs which can be completed in N3log2N steps. This 

gives the 3-D 01F. 

ii) 3-D FFI' on the results of step (i) will give the 3-D PSF. A total of 4N3log2N steps are 

required for this. 

All the computations are summarized in Table I. For various values of N, plots of 

the computational complexity are generated for the case of PSF and OTF discussed above. 

4.4 Conclusions 

In this chapter we have analyzed 3-D convolution relations in three-dimensional 

imaging and have seen that it is possible to specify the 3-D image when the complex 

amplitude distribution is known along only one axis by convolving the distribution with the 

Fourier transform of a spherical shell. Such an analysis is valid only for pupils with axial 
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Figure(41) 
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Computational complexities of OTF and PSF evaluation 

Scheme 
Single-pupil two-pupil 

3-D PSF 3-D OTF 3-D PSF 3-D OTF 

Direct 
convolutions 3N3log:iN + N3 6N3log:iN + N3 6N3logiN + N3 9N3log:iN + N3 

McCutchens' 2N3log~ + 2N3 5N3log:iN + 2N3 ~N3logiN + 2N 7N3log:iN + 2N3 

+ + + + 
Nlog~ Nlog:iN 2NlogiN 2Nlog~ 

Defocused 
4N3log:iN N3log:iN 4N3logiN N3log~ 

2-D OTF 
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symmetry. Through some simple examples we show that the PSF and 01F are in fact easy 

to generate through this formalism. More complicated example of the Gaussian apodized 

Fresnel zone plate have also been considered. The computational complexity involved in 

arriving at the 3-D OTF and PSF using different approaches have been analyzed and 

compared. It is found that of the three methods discussed, the McCutchen approach affords 

the fastest computation if 3-D PSFs are to be computed. However~ an important point to 

note is that, the computational complexities have not been evaluated from the same starting 

point Instead, in the case of the defocused OTF it is assumed that we have knowledge of 

the spatial frequency dependence in the transverse directions. The starting point in this case 

turns out to be the defocused OTF, which has been input to the computer. In order to be 

make a fair comparison the pupil function must be considered as the starting point in all 

three cases. 
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Chapter V 

Summary and Prognosis for future work 

5.0 Summary 

In this thesis we have focused attention on the study of 3-D wave propagation. 

Such a study will help in improving our understanding of the limitations of 3-D wave 

propagation. Many application areas such as 3-D data acquisition and display, material 

processing, non invasive surgery , microscopy, etc. directly benefit from such studies. In 

chapter II we provided a review of 3-D imaging from a transfer function point of view. It is 

pointed out that there is an inherent limitation on the 3-D spatial frequencies. Not every 

spatial frequency is imaged in the 3-D regime. There are a whole range of spatial 

frequencies which are missing and these are classified under missing cones. This 

fundamental restriction on the spatial frequency arises as a result of the need to satisfy the 

wave equation. 

It is seen that the 3-D OTF is the autocorrelation of the generalized pupil function. 

Direct correlations using 3-D FFf have helped in reproducing the 3-D OTF and 3-D PSF of 

some standard pupil functions. Most previous studies have dealt with 2-D OTF. In chapter 

Ill we show that 3-D OTP can be obtained from defocused 2-D OTF. Simulation results 

have been presented in support in the case of Gaussian offset pupils and complimentary 

Fresnel zone plates. Furthermore, the choice of the above example highlights the fact that it 

is easy to physically realize the 3-D OTF from slices of 2-D defocused OTP obtained from 

two-pupil configurations [13]. 

McCutchen provided the general basis for convolution relations within the three 

dimensional diffraction image. It is shown in chapter IV that we can extract useful 

information on the 3-D OTF and PSF using this formalism. Simulation results using 

circular and annular apertures are shown in support of this. The main contribution of this 

thesis is that we have shown the equivalence of three different approaches to the realization 
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of 3-D O'IF and PSF, they are direct 3-D correlations, 3-D O'IF from defocused O'IFs and 

McCutchen' s fonnalizm. 

A lot of issues have been left unanswered and need to be considered in greater 

detail. These are brought up in the next section on prognosis for future work. 

5.1 Prognosis for future work 

5.1.1 Sampling considerations 

In chapter m we saw that there were two different sampling requirements, one for 

the transverse direction and the other for the longitudinal direction. A question of 

fundamental importance is: is it possible to prescribe a more general sampling criterion 

which will encompass both the Nyquist sampling criterion in the transverse case as well 

as the sampling requirement in the longitudinal directions. This issue needs to be addressed 

under a broader heading of 3-D sampling theorem. 

5.1.2 3-D OTF from defocused OTF 

It was seen that in the process of extracting slices of the defocused O'IF spurious 

information from adjacent defocused planes would enter. The information gathered from 

each plane is therefore the total sum of information from every other plane defocused to a 

larger or lesser extent This is similar to projections encountered in computer tomography, 

but the significant difference is that the level of defocus for each plane is different at each 

recording plane, which complicated the restoration algorithm. One can ask the question: Is 

it possible to use defocus information based on Fresnel transforms to specify the amount 

of defocus and hence an appropriate reconstruction algorithm? What are the restricted 

class of objects and pupil functions that can be treated under such requirements. Answering 

such a question will help in improving the choice of preprocessing algorithms used to clean 
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up the defocused OTFs before they are used for obtaining the 3-D OTF. 

5.1.3 Defocused OTF and 3-D OTF of multi-pupil systems 

Recently Poon et al. [13] demonstrated a real-time scanning heterodyne system that 

can be used for tuning the OTF of a two-pupil configuration. Indebetouw et al. [ 47] 

demonstrated that the capability of a scanning optical system can be enhanced by employing 

multi-pupils. In this system the PSF of a multi-pupil system was scanned over an object 

function and different bands of spatial frequencies were extracted using different temporal 

frequency filters. The configuration that was used and the experimental results obtained are 

presented in figs. (5a)-(5d). It is natural to extend the idea of tuning the OTF of a two-pupil 

system to a multi-pupil system. Once this has been achieved we will then have the means of 

achieving the 3-D OTF of a multi-pupil system. 

5. 1. 4 Interpretation of offset pupils on the basis of McCu tchen 's 

formalism. 

In chapter Ill we provided the general frame work for obtaining the 3-D OTF from 

defocused OTF. In chapter N we showed an equivalent procedure based on McCutchen's 

formalism. However, the pupil functions that were considered as examples were all axially 

symmetric. In the absence of symmetry how does one use McCutchen's formalism? This 

aspect was dealt by McCutchen in [ 16]. Instead of product of the shell and the modulation 

function it will now be the product of the modulation function, the shell and a ramp 

function which takes care of the off-axis conditions. All the other aspects of realizing the 3-

D PSF and OTF remain the same. It is easy to see that the use of off-axis conditions can be 

extended to include two-pupil and multi-pupil concepts. However a lot of ground work 

needs to be done in the realization of 3-D OTF and PSF from offset pupils. 

Summary and prognosis for future work ................. 92 



LASER 

FILTER 
BANK 
LP 

2 IJ-----4 

3 

'f 
f 

l,_ 

PROJECTION 
LENS 

DETECTOR 

Figure(5a) System configuration for multi-pupil interaction. 

Summary and prognosis for future work ................. 93 



P(u) 

u 1 2 3 
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S.1.S 3-D processing using actual 3-D objects 

Based on the knowledge of 3-D OTF and PSF synthesized, it is useful to study 

processing operations such as edge extraction and bandpass filtering on actual 3-D 

surfaces. 

Summary and prognosis for future work ................. 9 7 
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Appendix A 

In this section we show the derivation of the 3-D OTF of complimentary Fresnel zone 

plates from 2-D defocused OTF. This is accomplished by completing the squares in terms 

of l; in equation (3.21) and Fourier transforming along the z direction. The defocused OTF 

is given as 

01F(J),~) = ~ ~ A,,A..(-1)"'71:N exp(-P:[(N)2 
+ 21t(m+n+2~>']), 

(Al) 

where 

J = J -j21t(n-m) . 

Fourier transforming (Al) with respect to~ we get the 3-D OTF which is given as: 

01F('p,f,) = ~ ~ A,,A..(-1)"'71:N Jexp(- P:N[(N)2 
+ 21t(m+n+2~)

2
]) exp(-j2ltf.~) dl;. (A2) 

This is an integral of the form 

J exp{-a(b+cl;)
2

} exp(-j21tfzl;)d;_ 

Using the identity 

we have (A2) as 

OTF{p,fz)= LL -~!EAnAm(-l)mexp( P_)expU1tfz(m+n))exp{- 1t-(~)2
}. 

n m ~ 2 :p 4N 2N P 

(A3) 
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The above equation represents the 3-D OTF of Gaussian apodized Fresnel zone plates. 
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