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CHAPTER I 

INTRODUCTION 

l.l Purpose of Investigation 

General Background 

The determination of the concentration of known com- 

ponents is one of the most critical problems in large scale 

production of a chemical product. If a method for producing 

a material is found to be feasible on a research or develop~ 

ment scale, there still lies ahead the difficult problem of 

controlling to a desired accuracy the output of this mate- 

rial on a production scale. Often there is a comparatively 

large difference in the results between a product synthe- 

sized in a laboratory or pilot plant and material produced 

commercially, even when it seems as if there is no differ- 

ence in the physical conditions involved. For this reason, 

the problem still exists when the material is transferred 

to a production scale. In some instances, measurements of 

concentration are quite easy and require no statistical 

treatment except, perhaps, the preparation of routine cali- 

bration charts. However, if direct analyses for individual 

components are not available, or are very expensive to per- 

form, the problem of analysis and control must be approached 

by a control study of models which assume relationships 

among easily measurable physical and chemical properties of 

the entire system, and the concentration of each component.



The purpose of this study is to investigate the possi- 

bility of various deterministic and statistical models in 

the prediction of the composition of the product in the 

manufacture of a casting solvent system involving! nitro- 

glycerine (NG), 2-nitrodiphenylamine (2NDPA), and triacetin 

(TA). Nitroglycerine is, of course, the base substance 

while the latter two are stabilizers. The ultimate goal is 

to devise, through the study of these models, control charts 

or graphs which enable the quality control technician to 

make a quick and accurate determination of the weight per 

eent of each of the three components in the system. It is 

assumed that the technician would have data taken on samples 

from running production. These data will include determina- 

tions of physical properties of the entire mixture and, if 

necessary, analyses of one or more of the components 

separately. 

1-2 Method of Investigation 

Data 

Data on specific gravity and refractive index for the 

entire system and spectrophotometer analysis of 2NDPA were 

supplied by Hercules Powder Gompany at Radford Arsenal in 

Radford, Virginia. 

Twenty-eight different mixtures were pre-determined in 

such a way that they would supply adequate coverage of the
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range of composition encountered in the process. The com- 

ponents were taken from production grade material. Actual 

coneentrations of the mixtures and the results of physical 

and chemical analyses have been recorded in Table I. 

Approach 

One of the stabilisers (2NDPA) can be analyzed most 

easily and very accurately in a spectrophotometer [1] (See 

Chapter II). For the determination of the weight per cent 

of the other two constituents, such simple measures as 

density and refractive index were considered. 

The first endeavor was a atudy of deterministic models 

for the prediction of concentration from these simple quan- 

tities. The laboratory technicians suggested that if one of 

the two physical properties were sufficient for prediction 

purposes, the one should be specific gravity, inasmuch as 

the equipment available for the determination of refractive 

index was considered less satisfactory than that for the 

former. Thus, studies were made to determine if the inclu- 

sion of refractive index, in terms of a physically meaning~ 

ful function, would significantly reduce the error in 

prediction. 

The initial model study included various investigations 

of deterministic models based on accepted chemical theory. 

From these models, equations were developed from which one 

could predict the weight per cent NG from known values of?
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TABLE I. Experimental Data on Specific Gravity, Refractive 
Index, and Spectrophotometer Analysis for Mixtures 
with Known Composition. 

  

  

Mi.x~ PerGent | PerCent |PerCent [Specific | Refrac- | Spectro- 
ture NG TA 2NDPA /|Gravity tive photometer 

Weighed | Weighed |Weighed |21.1°C Index Analysis 
of 2NDPA 

1 79.98 19.85 0 1.4774 1.460 0 
2 80.06 18.91 1.00 1.4807 1.465 1.01 
3 79.97 17.86 2-00 1.4793 1.470 2.01 
L 80.10 16.87 3-00 1.4829 1.473 3.02 
5 77.61 22.36 Q 1.4664 1.462 0 

7 77 .63 20.35 2.00 1.4686 1.468 2-00 
8 77 «3h 19.65 2699 1.4684 1.473 3.02 
9 75 «02 24.96 0 1.4524 1.457 0 

10 75.03 23.95 1.00 1.4537 1.463 1.00 

12 74298 22.00 3.00 1.4565 1-468 3.02 

1k 72250 26.48 1.00 L.hAL 1.460 1.01 
15 72450 25.18 2-00 1.442 1.463 200 
16 Taehd 24h9 3.00 1.4438 1.4468 2299 
17 69.98 29-99 0 L.he79 1-457 0 
1g 69.98 29.00 1.00 1.4287 1.459 1.06 
19 69.99 27-99 2.00 1.4291 1.462 2-03 
20 69.99 26.99 3 «00 1.4301 1.467 2-98 
21 67.5 32647 0 1.4157 1.455 0 
22 67.50 31.47 1.00 1.4172 1.6458 1.01 
23 67.48 30.50 2.00 1.4183 1.460 2.00 
ah 67 49 29649 3.90 1.4188 1.465 3.01 
25 65.01 34.97 0 1.4013 1.453 0 
26 64.98 34.00 1.00 1.401 1.457 1.00 
27 64.98 33.00 2.00 1.4060 1.460 1.98 
23 6499 31.99 300 1.4068 1.463 2.97                  
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specific gravity, spectrophotometer analysis of 2NDPA, and 

refractive index. Each of these equations were used in 

"pack predicting", i.e. referring them back to the original 

data and obtaining the error in the prediction of NG content. 

The next phase of the study was to investigate various 

statistical models. Of primary concern were equations 

identical to the deterministic models except that coeffi- 

eclents, to be estimated by least squares methods, were 

placed in front of concentration (in weight per cent) in the 

equations. This seemed appropriate since it remains in 

keeping with the chemical theory involved. Many deviations 

from the ideal in physical chemistry are explained, rather 

empirically, by "activities", [2] which replace concentra- 

tion, and are usually some constant multiple of the latter. 

These new models were translated algebraically so that the 

coefficients could be estimated. The error in estimating 

the NG content was determined for all of the models in ques- 

tion. Chapter II contains outlines of these models and 

displays numerical values of these errors. 

In further searching for the best statistical model, 

regression equations were set up by taking both NG and 

actual 2NDPA concentrations as dependent variables. The 

latter further established the fact that spectrophotometer 

analysis alone is by far the most accurate predictor of 

ZNDPA content.» The concomitant variables considered were
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various functions of specific gravity, refractive index, and 

spectrophotometer analysis of 2NDPA. Most of the numerical 

work was carried out on the IBM 650. The error in estimat~ 

ing NG content was determined for each model (See Chap- 

ter III). 

The result of the model study indicated that in terns 

of the standard error in estimation of NG content, the fol- 

lowing model was found to be superior to all others? 

w= i - Wy, =a + by (gy) + BW, +e, , (1-1) 

where? 

Waa = Weight proportion NG in mixture. 

d, <= Specific gravity (or density) of mixture, 

measured at 21.1°C. 

Wa = Spectrophotometer analysis of 2NDPA content. 

€. = Error. 

This model is actually a combination of a statistical and a 

chemical model, for while it is in the form of a linear 

regression equation, it was derived from an activities model. 

Charts were prepared (See Chapter IV) based on determi- 

nation of 2NDPA content by spectrophotometer analysis, esti- 

mation of NG content from the model in equation (1-1), and 

TA determination by complementing to 100 per cent. Charts 

of 99 per cent confidence bounds on NG and 2NDPA determina- 

tions are also included.



CHAPTER IT 

DETERMINISTIC MODELS 

2-1 Concentration Models 

Density Alone 

Functions of density alone were considered first as 

independent variables in deterministic models to be investi- 

gated. The following general equation may be used in 

ultimately arriving at a model to be investigated? 

Wo. + Wo, + W W W W 
it va = gad + at + Kh (2-1) 

d, c B d. 

where?’ 

Wea = weight per cent of component a in mixture i. 

Wey = it it ft t " p of " " 

wes tt bd 8 Rn " " ft "sy Wri ¥ 

da = specific gravity of pure component a. 

= " 37 " st " . de, B 

Pd "wt " # " t d.. vo. 

This equation holds for a completely ideal, non contracting 

ternary mixture of liquids. The mixture in question, as 

used in the explosives industry, is a liquid. However, 

2NDPA and TA are both powders in the pure state. Therefore 

equation (2-1) cannot be applied directly for this system.
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Since a similar situation was to occur not only in all of 

the deterministic models under study but also in the statis- 

tical models in which activity coefficients are applied, it 

was necessary to revise the model in terms of certain refer- 

ence substances which are liquids. The following paragraph 

outlines the procedure. 

From the 28 sample data, three were chosen as "reference" 

samples. The mixtures corresponding to these samples were 

assumed to be theoretically "pure”™ substances. Let us denote 

these reference components A, B, G. Then, for any one of 

the 28 observations, one can calculate Way (weight per cent A 

in the itth mixture), Wea (weight per cent B in the i'th mix- 

ture), and Wo (weight per cent CG in the i'th mixture). It 

was necessary to find these as functions of Wi4 for each of 

the 28 observations in order that equation (2-1) could be 

tested as a means of predicting NG content. The method used 

for this purpose is as follows. 

Let A, B, C denote three particular mixtures (e.g., 

three of the substances no. 1 to 28) that were assigned to 

be reference components. 

Let 

G14 = weight proportion NG in component A. 

ax 8 % TA % fn 
* 

413 = w = 6©2NDPA Of " *,



a5, = weight proportion NG in component B. 

Bo = " ‘ Ta " nt . 

etc. 

833 " " 2NDPA * " C. 

(i) Form the matrix A where 

(44) Fina av. 

(iii) Considering now, a given mixture i, let Wy,» Was » 

W345 denote weight proportion NG, TA, and 2NDPA 

respectively in the mixture i. 

(iv) Find Way * Wy» Wo, for observation i in the follow- 

ing mannert 

= “1 

These quantities Wag , Wei ’ Woy » denote the theoretical 

proportions of components A, B, and C contained in mixture i. 

Thus with these quantities in mind, and since "components" 

A, B, C (as combinations of the three basic compounds) are 

liquids, one can translate back to equation (2-1). Assuming 

Was is analyzed directly by the spectrophotometer method, 

and since Was = j]- Wi “ Way » then Waa ’ Wey , Wo4 can be 

found from equation (2-2) as functions of W,, + Thus for a
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given observation of specific gravity, say ds» since 

Wag + Wey + Woy = 1, the left hand side of (2-1) is a fune- 

tion of the observation and can predict the right hand side, 

itself a function of Wi4° This can result in a systematic 

equation for predicting weight proportion NG from the model 

of equaticn (2-1). The following is a derivation of such an 

equation? 

Beginning with the matrix equation (2-2) above, 

ll (12 13 

[Way > Wey » Woy] = CWyy s Woy » Wey] a@t “ “ 
32 

where? aid = (ij) element of avi 

and replacing Wag with 1 - Wi4 ~ Wass this equation reduces 

tot 

grt ,i2 gt 

= woe 21 22 23 . [Way Wey? Wo J CW, > 1-W., 34? W34] a a a (2-3) 

att g32 33], 

Thus one can obtain Waa ’ Wai ’ Was in terms of Way » yield- 

ing the following’ 

at 

§ 

1 21 31 
War ~ Way 

. 12 22 32 

-w .23 23 33 

Substituting these expressions for Wad » Wp, » Woy in the
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prediction model (2=1) yields? 

— 11.21), .21,, ¢,31.,21)41 12_ 22 

ta? Pg (0702?) Teel (207-2?) 

+a?Fau, (a 7na79)] (2-4) 

Here W,, has been replaced by M5 to indicate that W,, is li 

expressed in terms of other observed quantities. After 

simplification; 

“~ ry,ll 21, 1 12.22, 1 13.223, 105 « W,,tlavv-a gy Ma “8 gta “a a" d, 

La? ss (a7 h-a") Tea? Paws, (272-027) Te 

~(a*F4w,, (a9?-a29) iy , (2-5) 

and, finally 

i 
. a, 7 Ka > ¥3 M34 
i, = 4 ey (2-6)   

where? 

Ws = prediction of weight proportion NG in a 

mixture i of unknown composition. 

dy = observed specific gravity of mixture i. 

W = 2NDPA content. 

= T(qhh 21) 2 yp 12 22,2 4 13 23,2 ky attna® ty te Hatta? yh ata?) 2)
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ky = PE )4a Ee) 

k, = (ahaa? h gta? a8? fra? 2?) ° 

das dp» de = known specific gravity of reference components 

A, B, Cc. 

aid = (ij) element of att, 

Then, as stated before, W 
ai 

deterministic model of (2-1), the composition of a mixture i 

=] - Wi - Wass Thus from the 

ean be predicted from an experimental determination of speci- 

fic gravity and the spectrophotometer analysis of 2NDPA in 

the mix. 

The above model was investigated from three different 

sets of reference components. These sets were samples of 

those which fairly well covered the entire range of ¢omposi- 

tion and of density and refractive index. The sets which 

were chosen were! 2, 16, 253 4, 15, 253 2, 16, 28. The 

latter set was found to be superior to the first two. Back 

predictions were made in order that the magnitude of the 

error could be assessed. Table II gives the result of these 

calculations, including the error for each sample mixture 

and the estimated error variance for reference components 

2, 16, 28. 

Density and Refractive Index 
Loreng-Lorentz Law 

Density and refractive index in non-polar ,non-contractible,
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TABLE Ii. Brrors of Prediction of NG content for Determinis-~ 
tic Nodel (2-1)3 Results for Reference Components 
Rs » 256 

  

  

Mix- Wis (Weight Per Cent) Ws (Weight Per Cent) Wi47-Wy4 

L 79 «98 7930 0.18 
2 80.06 80.17 -O.11 

L 80.10 $0.08 0.02 
5 77.61 77 «74 -~0.10 
6 7760 77 «20 -0.10 
7 77 +63 77 +63 O 
8 77234 773k Q 
9 75.02 75.00 0.02 

LO 75.03 75.00 0.03 
Li 7499 7h 9D 0 
L2 7h 98 75 »O05 ~9.07 

13 72450 72-76 -0.26 
Li 7250 72059 ~0.09 
15 72.50 72.57 ~0.07 
16 72 0h9 7256 ~0.07 
17 69.98 70.13 ~0.15 

19 69.99 69.88 0.11 
29 69.99 69.83 0.16 
al 67.51 67.65 -0.15 

ah, 67-49 07-34 ~0.05 
25 65.01 61,.6 0.35 
26 64,.98 65.02 ~Q.0 
a7 64.98 65.1 ~Q.1             

These are errors before mixtures 3 and 25 were eliminated 

(See Chapter III). However, the following results are 

recorded for the case in which 3 and 25 are excluded! 

SSE = 0.3623 MSE = 0.0129 .
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transparent mixtures combine in the Loreng-Lorentz formula 

C3]: 

2 . ny 1 

  

= (, d 
n,* + 2 ii? 

where Cy is a constant depending on the resonance frequencies 

of a liquid or solution and ny is the refractive index of 

the substance in question. Then according to this law, 

  

2 V n ji 

= = C, , where v, ™ A » This relationship led to the 
i n,* + 2 

investigation of the following model} 

v v v ¥ 
a om Wag a + Wes a + Wo4 a (2=7) 

where Way ’ Wey , Wes are as before and Vv, » Vp » Vo are 

defined accordingly for the reference components. Recall 

that this is similar to the model of equation (2-1) with $ 

replaced here by + - Thus (2-7) was investigated as a 

possible model for prediction. 

Due to its similarity to equation (2-1) for density 

alone, (2-7) was treated in the same manner, i.e. reference 

components were chosen} Waa , Woy , Wo4 were found in terms 

of Way 3 and the left hand side was used to predict Wy 4 as 

before. A prediction equation similar to (2-6) was derived. 

The equation is as follows? 

Vv 
e! - § Y 

hs = in (2-3)
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where 

n,* - 1 
- . (ny > the refractive index of a mixture i) 

n,* + 2 4 

v . Ve v 
k," = [(arhma®h gh at a2? Beat? na? 90] . 

V4 

v 2 y 
ky = ag) + 022(GR) + 0?7(q8) 

v | v v 
k,' = (a?+.a24)—A + (ar*g%@)B 4 (973923) 8 , 

3 d A B C 

4 can be found as before, i.e. W., = 1~ Wy, - Wy, - 

Back prediction was carried out for reference components 

4h, 15, 25 and 2, 16, 28. Once again the results showed that 

the latter was superior. However it was also revealed that 

the model (2-1) which included densities only was far more 

accurate than the one described by equation (2-7). Table III 

shows the results of testing this model for reference con- 

ponents 2, 16, 28. Note that for some sample mixtures, the 

error in prediction of NG content is in excess of 2.0 per 

cent, even for the superior set of reference components. 

Separation of Densities and Refractive Indices 

    

n,# - 1 

Recall that, A = C,d, where C, is a constant : 2 AVA A 
Ny + 2 

depending on substance A. Thus denoting 3 aS Va » 
n,* +2 
A 

one can say that, for reference substance A, vy, = Onda, and
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TABLE ITI. Errors of Prediction for Model (2-7), Using 
Reference Components 2, 16, 28. 

Mix W,, (Weight Per Cent) M, (Weight Per Cent) | W,,-W,, 

L 79.98 80.32 ~O.34 
z 80.06 80.21 ~O.15 
3 79.97 78.75 1.22 
L 80.10 80.35 ~0.25 
5 77-61 75.51 2.10 
6 77-60 76.39 1.21 
7 77-63 77.18 O45 
8 77034 76.01 1.33 
9 7§.02 75.5 0 ~0.38 

LO 75.03 73-83 1.20 
il 74299 75 hG ~0.50 
12 74.98 7607 ~1.49 
13 7250 71.15 1.35 
Lh 7250 72-56 ~0.06 
15 72.50 73.39 -0.89 

17 69.98 67.97 2eQ1 
18 69.98 69.649 0649 
19 69.99 70.05 -0.06 
20 69.99 69.16 0.83 
21 67.51 65.86 1.65 
22 67.50 66.74 0.76 
23 67.43 68.34 ~0,.86 
2h 67.49 67.25 0.2 
25 65.01 63.01 2.00 
26 64.98 63.47 1.52 
27 64.98 61,043 0.55 
28 64.99 65.09 -0.10 

SSE = 26.412 MSE = 1.019 
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for a given arbitrary mixture i, vy, = C.d, - Now, from 

a. = a i i , equation (2-1), d, Wag a, + Wey a, + Wos a and since 

a, = v,/o, > this equation can be written as} 

C ¢ C i YA Cp C i = W + W + Wa, —* « ¥; AL Va” "BL VR” "Ca Vg 

Thus, if in a limited range of mixtures we assume 

Cy =, = Co = C, » then the following equation holds! 

L 1 as sy 
wie WY et OW + W . (2=9) 
Va Ai vy Bi Vp Ci Ve 

This is an equation for refractive index only. We can now 

combine (2-9) and (2-1) in the following manner 

g-+ £ = Walge # 1 &,) ea (Ve + BE) tig Fe + dy Cc 

Since a and $8 are proportionality factors, we can say, with- 

out loss of generality that, 

& act - &. + dno & + Ane (at VD) Masta tA t Mea lae + AD) 

428) 

Yo 

which further reduces to the following: 

wok, + Sad + Woalae + . (2-10) 

iy + alg - vd y- alg mS 

1 | 1 
ae alge - v5) MB tly + wg - iG) Mog . (212) 

Wo4 
Now since 2 ~ ~Ab + Bt fete et 

Va A B C



from equation (2-9), we have regardless of a, the following 

deterministic equation: 

. 1 1 _ 1 i 
( 4 “ Va = (F ~ v, Wat! dp ™ vp) YBa” 

1 ( - vg) Wes . (2-12) 

Equation (2-12) represents a deterministic model 

derived by separating two equations using density and 

refractive index, and then combining them to form a model 

involving both. Notice also that this model is of the same 

general form as the first two models discussed in this chap- 

ter. Therefore back prediction was also carried out for 

this model. Only reference components 2, 16, 28 were used. 

Results indicated this model to be inferior to either of the 

first two. The maximum error observed was 9.24 per cent, and 

for nine other mixtures, it was in excess of 5 per cent. 

Hence this model was discarded as a possibility for predic-~ 

tion of the content of the mixture. 

      

The descriptions of possible methods of prediction which 

have been discussed thus far in this chapter have all been 

made under the assumption that the weight per cent 2NDPA was 

known. This was based on our knowledge that a very simple 

and highly accurate analysis is available for this substance 

by means of a spectrophotometer.
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A spectrophotometer measures the relative amount of 

light transmitted by an absorbing substance at any desired 

controlled wave length. Readings of either the amount of 

light transmitted or amount of light absorbed are taken so 

that the instrument can be calibrated for a particular sub- 

stance. The existing chart which calibrates the spectro- 

photometer used in this study for 2NDPA was evaluated by 

means of a regression line for actual 2NDPA. content in terms 

of weight per cent 2NDPA from the spectrophotometer analysis. 

The results showed that the error was extremely small. 

A chart of 99 per cent confidence bounds on weight 

per cent 2NDPA was prepared for use as a supplement to the 

control charts (See Chapter IV, Figure 1). In essence, these 

results show that all of these confidence bounds are within 

0.0L per cent of the predicted value from the calibration 

chart.
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CHAPTER ITI 

STATISTICAL MODELS 

3.1 Activity Models 

The activity models investigated for this study were 

based on the same general chemical theory that was discussed 

in Chapter II. In this case, however, concentrations are 

replaced by activities which are expressed in the following 

form? 

= C,W faa OnWay 

where?! 

Pag = activity of component A in mixture i, 

CG, = activity coefficient of component A, and 

Way = welght per cent of component A in mixture i. 

Thus, certain of the models investigated in Chapter II were 

reconsidered, this time as activity medels. Consider the 

following general equation which represents the form in which 

all of concentration models were expressed! 

Ti Way Ta * M5 TR t Woy oe (3-1) 

wheret 

r, = function of the experimental determination}
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Pas Tee To ™ function of the same known physical property 

for the reference components, i.e. 1/d,, 1/dys 

1/dp ete. 

Activities were introduced into this general model under the 

following two categories} 1.) Assuming the activity of the 

mixture as constant 2.) Assuming the activity of the mix~. 

ture as not constant, but as the sum of the activities of 

the three components. 

Models Assuming Activity of the Mixture Constant 

Equation (3~1) is changed to the following by applying 

activity coefficients under the assumption that the activity 

of the mixture is constant! 

Sry a Way hg +B Wee rp ty Woy rg t ey (3-2) 
where a, B, Y, and 5 are activity coefficients. Rearranging 

this equation in order to free the left hand side of unknown 

constants, 

r, = o* Wa, + B* Wey t TF Woy - (3-3) 

where: 

of = fr, . 

p* = Br, ‘ 

vr = + rg 

In order that a*, p*, y* could be estimated by least squares
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methods, Wags Wei? Wea were expressed in terms of Wig? and 

the equation simplified algebraically. This was done as 

follows: 

From equation (2-3) we know that} 

= wi(ell | 921) + 22 31 _ 21 Was Wi, (a ~av") +a + Wa, fa a“), 

22) 4 ,22 22 | | 12 32 

Wey me ae ~ a*3) + a”? + W,,(a?? - a®3), 

where ald = (ij) element of att as defined in equation (2-3). 

Substituting these expressions into (3-3) we have; 

1l_ oP eal (ata) 9 
ry = oFLWy (ar 

a® "+, (a? Fa?) ] ‘ (3~4) 

Transferring Wis to the left hand side yields}; 

Matera ee ee 

(a? 2 sa79) ye] (3-5) 
and finally this reduces to} 

. ry k, k 

wheres
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a (attie@lyge + (gl2.a22) pe + (al3a23)yu 

ky a amtox + a** om + °F apt ° 

k, = (artuatt) gx + (a?79*") ax + (aP 2a?) ope . 

Equation (3-6) is of the form! 

  

Wy 7H + BYE XL, + PRK, + €y (3-7) 

where? 

My "= "zy ° 

tai ~ “3a ¢ 

po = ya a ee (avtea*")a¥ + (av*ua**) pe + (at7wa*?)y® , 

    #8 es a . (3-9) 
P (attia@l yom + (arena?) ge + (atena@ yer : 

31h a*+ (ana 22) oe + (a2 Pua?) ot 

Tra? T get (al? na**)pe + (a a29) ym 
Thus wt, B**, and y** can now be easily estimated by least 

    (3~10) 

squares. After this 1s done, one can replace uu, B¥*, and 

yr* of equations (3-8), (3-9), and (3-10) with un, B¥*, and 

yee, their estimates, in order to obtain estimates of a*, 

p*, and y*. Note that this can be done systematically in 

the following manner: From equations (3-8), (3-9), and 

(3-10) the following three equations are derived! 

att gx + al® Bx + alF fu = 1/faw — f/for (3-11)
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a®t ge + a8? Bae + 923 Se = of /fue , (3=12) 

aot Ge + a7 Bx + a>? pe = oh /Pww . pen / hae . (3-13) 

Thus a*, §*, and 7* can be obtained from the following matrix 

equation: 
— on 

dat 
prem 

=| / B** 

aA, A 

0 EE se 

pa 

=
 

? -
 

v
 

>
 

>
 

¥ 
% 

i 

    
and thus 

p aed 
a* parm 

Be} = A | =u/pe* (3-14) 
r sy *ie 

Bax     
After finding these estimates one needs only to divide by 

rar Tas Yo respectively to obtain estimates of the ratio of 

activity coefficients, i.e. 

a/§ = ax/r, (3-15) 

/s = p¥/rp (3~16) 

7/8 = ¥/r, (3~17) 

The results for the model in which r, = 1/d, are as follows? 

(i = 3.60788; f** = -4.151893 yk = -0.225008. 

Applying (3-114), (3-15), (3-16), and (3-17), the estimates
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of the ratios of activity coefficients were found to be: 

a/§ = 1.0215 . 

8/5 = 0.9927 .« 

7/5 = 09906 . 

These values are close to unity. In the event that the true 

values of these ratios did not differ significantly from 

unity, it would be useless to continue since this model 

would then show no significant improvement over the deter-~ 

ministic model. However, if it is found that they do differ 

significantly from 1, the activity model would provide a 

significant reduction in the error above that of the deter- 

ministic model, and hence would be an improvement over the 

latter. 

The determination of whether or not the activity model 

results in a significant reduction in the error of the 

deterministic model, i.e., to test the hypothesis that the 

ratio of the activity coefficients are significantly dif- 

ferent from unity was carried out in the following manner? 

(a) A hypothesis was formulated in terms of yu, p**, 

and y**, assuming a/5 = B/S = ¥/6 = 1. Therefore a¥ = ae 

Be = Pps and y* = ro ° 

(b) The hypothesized values of 1, p**, and y** were 

found by replacing a*, B*, and y* with Tas Ups ro in equa- 

tions (3-8), (3-9), and (3-10), i.e.



au 

i 
ll Typ tata” )rat(ana”? dr , 

Po ™ 
(a mA C 

(a3t_921), tla? a?2)p, +(033-023) 2, , 
YY. =< an 

oO (a ii ye al ye (he or, 3 
  

al 2a 23 
a ry + a rp +a rq 

b= eee “5 ° 
o (a*tea*t)p +(a**na** )rat(atraa”? )r, 
  

(c) The hypothesis H.' b= 

pee = By 

r= +, 

was tested against the alternative that at least one of these 

is not satisfied. The hypothesis in (c) can readily be 

tested after reformulating the regression equation (3+7) to 

the following: 

where! 

ue = yy + pee Xx) + v* Xp . 

Hence our hypothesis reduces to the following: 

Hot WE OF BS Xt Ty XQ = Mo* ° 

pee = BO 

yee = aos 

Now from the following general linear hypothesis 

Ho} co=o,



where in our case 

C = identity matrix I, 

Es % Be = 

SSH reduces to the following computational form: 

ga xs A - 2 wm 2 a wf SSH = N(G* Lo) + (Bx Bo) E17 + 2( 0%* Bo) 

{x o 2 GQ 
(remy) Bi2 + (prem) E22 (3-19) 

with three degrees of freedomj where Eng” (x5 Kp) (55% g) - 

This work was done after it was decided that mixtures 3 and 

25 should be eliminated. The justification for their 

elimination is given in section (3.2) of this chapter. The 

numerical results of the test of the hypothesis is as follows: 

w* = 0.72076. Ib o* = 0272566880. 

pee = 4.15189). By = whel117260. 

PK = om O.2250077. Yo = 70-2498421. 

N = 26, B11 = 0+003408747. 

B12 = 0+00017936512. gay = 0-00324718962. 

Hence SSH = 1.489143 x 107? with 3 def., 

MSH = 1.489143 x 1077/3 = 4.9638 x 107° , 
SSE = 2.2379 x 107? with 23 def., 

MSE = 2.2879 x 1079/23 = 0.99474 x 107° , 

and thus F = 4.9638 x 107°/9.99474 x 1076 = 42990 with 

(3, 23) d.f. After comparing this with Fo.99(3, 23) = 4e76,
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it is concluded that the ratios of the activity coefficients 

of model (3-2) do differ significantly from unity, that the 

reduction in the error of the deterministic model of equation 

(3-1) with d, = l/ry is significant, and hence that the 

model is significantly improved by applying activity coeffi- 

cients. It may be noted that the numerical value of SSE for 

the deterministic model is 3.6227 x 10°? (Table II in 

Chapter II) and does not quite agree with 

SSH + SSE = 3.7770 x 107? for the activities model. The 

reason for this slight discrepancy 1s that the Nyy value 

used in the activity model was the spectrophotometer analysis 

value while the corresponding value in the deterministic 

model is the actual 2NDPA content. Table IV gives the 

results of the regression analysis study of equation (3-7) 

with r, = 1/d, » This was done after mixture 3 and 25 were 

eliminated (See Section 3.2). Note that the results in 

Table IV are based on weight per cent while the numerical 

values above are based on weight proportions. This change 

of scale in the final results was made for ease of notation. 

Model Assuming Activity of Mixture Not Constant 

If we eliminate the assumption of constant activity for 

the mixture, we may reduce the model to one involving two 

parameters only, § and , which are the ratios of activity 

coefficients of reference components B and C to that of A.
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TABLE IV. Results of Error Study of Model of Equation 
(3-7) with d, = 1/r; ° 

  

  

            

Max W 4 (Weight Per Cent) Wi, , (Weight Per Cent) W484 
ure 

1 739.938 79.76 O22 
a 30.06 80.16 ~0.10 
L 30.10 80.12 =-0.02 

5 77.61 77.65 “020 
6 77.60 77.607 ~0.0 
7 77-63 77 +63 0 
8 77 3h 77 636 0.02 
g 7502 TheQ2 0.10 

10 75.03 7heeD5 0.08 
il 7h 99 The OT 0.02 
12 7h 7505 “0.07 
13 7250 72.66 ~0.16 
Lh 72059 7252 #9202 

16 Te eh9 72255 -0.06 
17 69.98 70.02 ~0.04 
18 69.98 69.96 0.02 
Lg 69.99 69.81 0.15 
20 69.99 69.86 0.19 

21 67.51 67.51 0 

23 67.18 67.60 ~O.12 
ah, 67 «49 67.48 0,01 
26 64.498 64.89 0.09 
27 61.98 65.04 ~0.06 
28 64.099 64 «99 0 

SSE = 2.288 x 107+ 

MSE 

In t 

pie 

Var 

(23 d.f.) 

= 0.99474 x 107° 
erms of per cents, if = 360.788, B** = -415.139, 

= 0.225008, Var p¥* = 2.9267, toa = 241.39, 

pee = 3.0723 x 1074, byag = 712.8617.



This model is as follows: 

Cast Wate Woglry = Way rath Wey ryt 

Y Noa Totes (3~20) 

where r; is taken here as 1/d, - One can solve for €, as 

follows: 

e, = ri (Wy tb Waa tt Wag) Way ra-B Vpy TarY Woy Pe 

ms (ry-r,)Wy,tB(ry-rg) Wy, tr(ry-r¢) Woy . (3-21) 

e,% = U(r ser.) Wy, P40 B(ry-rg) Wy, +l ylry-re) Wp, 1? 

+28 Way Way (ryerg) (ryerg)t 2 7 Way Woy (ry-ry) 

“(ry-rg)t 2 8 rlry-rg) (ry-re) Wy, Wey - 

Differentiating 2 e,* with respect to 6 and y to obtain least 

squares estimators yields: 

  

2{p 2L(r, a7" p) Wp ,/? +iL(r, goXp) (rye g) Wag Way 

+ x EL (r erp )(ry-rg) Wy; Woy di * (3-22) 

a = 2ly ul (rs-rg)Woy +2 [(reerg) (ry-rg)W a, Woy] 

+ 6 il(ry-rg)(ry-rg) Wy, Woy di (3-23) 

Minimizing = e,° yields the following normal equations: 

6 tl (r,-rp) Wy, JF+ 7 EL(rs-rp)(ry-rg) Wy, Wo4 4 

= wil(rs-rp)(ry-rg) Way Wai J * (3-24)
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“
E
>
 

= “iL (ryerg)(ry-r gl y5 Wad ® (3-25) 

Thus, 8 and 7 are found from the following matrix equation: 

   
where’ 

Y4 = (ro-r,)W,, * 

Xo4y™ (ry-ro) Woy + 

In this model, the observations involving reference com- 

ponent A have been selected, rather arbitrarily, as the 

dependent variable, while reference components B and C were 

treated as independent or concomitant variables. As a final 

statistical estimation procedure, this would certainly not be 

an acceptable approach. It should be noted, however, that at 

this stage of the investigation we are merely trying to 

identify the closest fitting model. More specifically, we 

are attempting to determine if the application of the model 

of equation (3-20) results in a significant reduction in the 

error of the deterministic model (2-1). Furthermore the 

errors involved with this type of chemical experiment are 

quite small so that the difference between a regression solu- 

tion assuming only A as random, and the appropriate principal
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axes solution assuming all three as random, would not be 

expected to be so large as to change our conclusion about 

the model of closest fit. 

The results of the analysis for estimation cf $ and + 

are as follows? 

O6997T90R « 

= 1.001713 . 

T
h
 it 

Total = 9.053421 x 107? . 

3SReg = 9.056187 x 107? . 

SSE = 246235 x 10 . 

MSE = 9.069 x 107° . 

It can be noted, as in the case of the activities model of 

the previous section, that these estimates of § and yy are 

very close to unity. If the actual values of these para» 

meters were not significantly different from 1, the model of 

equation (3-20) would not result in a significant reduction 

of the error of prediction below that of the deterministic 

model. A hypothesis was tested to determine whether or not 

pB and y differ significantly from unity. This hypothesis 

was formulated in the following manner: 

H,? Ge 1l=0 

y= l= 0 

against the alternative that one of the statements in the 

above hypothesis is not true. On this basis, the sum of
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squares due to hypothesis takes on the following form: 

~ X14 %2al |( 8-1) 
SSH = [(B-1),(f-1)] « (3~27) 

a 4 2 . 
E Xs (y=1) 

  

SSH was found to be 5.771211 x 10 » The calculation of F 

was performed in the following manner: 

p = SSH/2_ ., 2.385605 x10" = 0.31818 
SsH/24h 9.069 x 107 

with (2, 24) degrees of freedom. This value of F is not 

Significant and hence it is concluded that $8 and y do not 

differ significantly from unity. 

On the basis of the preceeding argument, it is con- 

cluded that the activities model under the assumption that 

the activity of the mixture is not constant does not result 

in a significant improvement over the deterministic model of 

equation (2-1). Therefore it is further concluded that the 

activities model discussed in the previous section, i.e. 

assuming that the activity of the mixture is constant, is 

superior to the model of equation (3-20). 

3.2 Regression Models 

On the basis of the foregoing discussion, the statisti- 

cal model assuming constant activities of the mixture was 

adopted as the one on which to base the final quality control 

program. The present section is included in order to show a 

comparison between a simple linear statistical approach
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(based on no physical theory) and the combination of a sta- 

tistical and chemical approach. 

Various multiple linear regression models were studied 

in which NG and 2NDPA content were dependent variables while 

functions of density and refractive index were assigned as 

concomitant variables. The first regression analysis that 

was investigated is described by the following equation: 

Wy, =a + B(1/d,) + Bo Wy, + 8, - (3-28) 

This model has actually been discussed in section 3.1 for it 

was this equation which was derived as a method of estimating 

ratios of activity coefficients (See equation 3-7) assuming 

constancy in the mixture. Therefore the model of equation 

(3-28) is a representation of the result of both chemical 

and statistical theory, and was ultimately chosen as the 

Sbest™ model, i.e. the model on which to base the control 

charts. 

After the regression analysis of equation (3-28) was 

conducted and the errors determined, there was suspicion 

that the errors involved with mixtures 3 and 25 were 

spurious. Further evidence led to this fact when it was 

observed that these two errors were consistently large in 

all deterministic and statistical models under study, and 

the estimate was always below the actual value. Therefore 

an attempt was made to show that these two values are 

outliers.
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Thompson's [a] method for isolating spurious results in 

@ population of unknown variance makes use of the fact that 

a function of 

a. 

“m x Xx 

i S 

has Student's t-edistribution, where s is an estimate of the 

variance as determined from the sample. The relation is: 

>) Uy (n = 2) 
$ = 

2\3 (n- 1] - u,*) 

  with n-2 degrees of freedom. 

From this method, the conclusion was made that mixtures 3 and 

25 are definitely outliers. The numerical results, calcu- 

lated from the errors associated with the regression analysis 

of equation (3-28) are as follows: 

For mixture 25, 

  

= O44340 - (-0.029) _ - 
“4 0.1L? 3.16. 

3216( ya 
t a 16 26 - = 3.34 . 

(27~(3.16)7] 

3+8h > to ogg with 26 df. 

> 2.055 . 

For mixture 3, 

Us = 2-218 * 

t= 2.395 . 

Table V. presents the results of the regression and error 

analysis of equation (3-28) before the exclusion of the



  

  

        

TABLE V. Results of Error Study of Model of Equation 
(3-28); Before Removal of Mixtures 3 and 25. 

Mix W,, (Weight Per Cent) | %,,(Weight Per Cent) | W,,-, 

1 79.98 79.80 0.18 
2 80.06 80.18 ~0.12 
3 79.297 79 67 0430 
a 80.10 B0.11 «0.0L 

§ 77461 7769 -0.08 
6 77.60 77470 ~0.10 

7 77 63 77 63 O 
8 77 03h 77 +36 ~0.02 
9 75.02 71097 0.05 

10 75493 The 0.04 
11 The 798 0.01 
12 TheIS 75205 -0.07 

L5 72450 72055 -0.05 
16 7249 7255 -~0.06 
17 69.98 70.08 -~0.10 
18 69.98 70.00 ~0.02 
19 69.99 69.84, 0.15 
20 69.99 69.80 0.19 
ai 67.51 67.58 “0.07 
22 67.50 67.65 ~0.15 
23 67.4.8 67.63 ~0.15 
2h 67.49 67.50 ~O.01 
25 65.0 64.53 0.43 
26 64.298 61.94 0.04 
a7 61.98 65 08 «0.10 

28 64.699 65.01 ~O202     

SSE = 0.54022 MSE = 0.021609
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spurious mixtures. This can be compared to Table IV, the 

same results after they were removed. It should be noted 

that the outlier test above applies to only one set of data. 

The observations for mixtures 3 and 25 were conspicuously 

in error in all sets of data. 

The seconc regression model considered was the follow- 

ing joint set of equations? 

Wy = a+ By ay + Bo ny + Bs Wy + €5 (3-29) 

Wygqa™ & + BL ay + Bo ny + Bz Way + €, (3-30) 

where? 

"340 = actual weight proportion 2NDPA in mixture i. 

Way = spectrophotometer analysis of 2NDPA content. 

This model was chosen because it is the one a statistician 

would select if he disregarded the theory involved. Each 

involves the estimation of four parameters. The following 

results were gathered from this study: 

(1) In the prediction of 2NDPA, only the regression 

coefficient associated with the spectrophotometer analysis is 

statistically significant. However a study of the data will 

show that although refractive index was not found to be 

statistically significant, any systematic change in refrac- 

tive index is brought about by a corresponding change in 

ANDPA content. Refractive index is affected very little by 

changes in either TA or NG alone or together. Therefore it
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is concluded that the lack of significance of refractive 

index in model (3-30) is a result of the extreme sensitivity 

of the spectrophotometer analysis to changes in 2NDPA, and 

further attests to the accuracy of the analysis as a predic- 

tor of 2NDPA content. 

(2) The prediction of NG content showed significant 

regression coefficients for density and 2NDPA analysis. 

These results verify the conclusion that refractive 

index provides no significant reduction of error in the pre- 

diction of the content of the mixture in question. The 

results of the study of this model, which are shown in 

Tables VI and VII, indicate that the error involved with 

the linear regression of equation (3-29), in which four para- 

meters were estimated, is larger than that of the determinis- 

tic model, in which no estimation was made. This leads to 

the conclusion that one should not allow simple linear 

regression to overshadow the consideration of the theory 

involved. 

To further establish that refractive index in no way 

aids in the prediction of NG, the following model was 

  

investigated: 

W,, =a + pl) + pl) + 6, Ww, te (3-31) li isd, a‘vy 3 “34 i 

wheres 

2 

i * 

n.* + 2 
a
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TABLE VI- Results of Regression Analysis of Model (3~29), 

Way =o + By ay + BQ ny + BZ M3, 7 ys 

Hix W,, (Weight Per Cent) 1, , (Weight Per Cent) Wants 

L 79.298 79.89 0.09 
2 80.06 80.29 ~O023 

h 80.10 80.25 -O0.15 
5 77.61 77.62 ~0.01 
6 77.60 77.06 ~0.06 

7 77.63 7762 0.01 
8 77 34, 77-31 0.03 
9 75.02 TheDl O.11 

190 75.03 7h 88 0.15 

12 74698 75202 ~0.0L, 
13 72250 72258 ~0.08 

Lh 72.50 7246 0.04 
15 72650 7248 0.02 

17 69.98 69.95 0.03 
18 69.98 69.91 0.07 
19 69.99 68.77 0.22 
20 69.99 69.71 0.28 
21 67.51 67.53 -0.02 
22 67.50 67.61 “Oeil 
23 67.48 67.64 ~0.16 
2 67.49 67 «1,7 0.02 
2 61,498 65.00 ~0.02 
27 64.98 65.15 -0.17 

SSE = 0.3479 
with 22 d.f. 

MSE = 0.0158 

By = 202.34 Var 8, = 9.549 tay = 654696 

B. = -23.779 Var 8, = 584.1 tga = -04933 

a Se a = ~3 SS B3 OelLhO7h Var B3 4e732 x 10 ta3 2176 

Q@ = ~194.333 

Note that By and B3 are significant while By is not. 
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that Py and $B, are not significant. 

  

TABLE VII. Results of Regression Analysis of Model (3-30), 

Wig "0 7 By Oy * BQ my ts Ma Tey 

Mixe W4,(Weight Per Cent) #3 4(Weight Per Cent) Wan "350 

1 0 0.010 ~0.010 
2 1.00 0.999 0.001 
L, 3.00 3.006 ~0 2006 

6 1.00 6.993 0.007 
7 2.00 1.991 0.009 
3 2.99 3.010 ~0.020 
9 Q 0.00 ~0.00L 

10 1.00 0.99 9.00 
il 2.00 1.99h 0.00 
12 3.00 3.012 =0-012 
13 0 0 0 
Lk 1.00 1.008 ~0.008 
15 2.00 1.996 0.004 
16 3.60 2.936 O.01Lk 
17 0 0.003 ~0.003 
18 1.00 1.001 ~0.001 
19 2.00 2.030 ~0.030 
20 3.09 2.979 0.021 

22 1.00 1.014 ~O.O14 
23 200 2.002 ~G.002 
2h 3.00 3.011 ~0.O11 
2 1.00 1.007 ~9.007 
27 2.00 1.935 0.015 
23 3.00 2.97h 0.026 

SSE = 3.86 x 107° MSE = 1.75 x 107% 

B = 0.2615 Var B, = 0.10624, tay = 0.80215 

B. = 0.2461 Var B, = 6649 tga = 0409535 

p, = 0.9982 Var f, = 7694 x 107? tg3 7 110-11 

@ = 0.017725 

Note 
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The results were as expected, i.e., Bo was non-significant, 

indicating that the error of prediction is not significantly 

reduced as compared with the model which does not involve 

refractive index. The values for By and Bs were found to 

differ significantly from zero, as before. The results of 

this analysis are shown on Table VIIL. Note the closeness in 

results of this model and the one in which 1/v; was removed 

(See Table V). 

From the discussions in Chapter II and III, it was 

concluded that the activities model of equation (3-2), which 

ultimately led to the regression equation (3-7), represents 

the most desirable model of those which were investigated. 

Therefore the control charts, and confidence bounds to be 

described in the next chapter, are based on this combination 

of a statistical and chemical model.
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TABLE VIL. Results of Regression Analysis of Model (3-31), 

  

  

            

= 2S -s My To + By(ge) + Balye) * Bs Wea * ey 

Mix- W,, (Weight Per Cent) | ®,,(Weight Per Cent) | W,,-%,, 

1 79.98 79479 0.19 
2 80.06 80.17 -O.11 

L 30.10 30.12 ~0.02 
5 77.61 77 63 ~0.02 
6 77.60 77.66 ~0.06 
7 77 63 77 62 0.01 
8 77 03h 77033 0.01 

10 75 «O3 7heGkh 0.09 
11 Mh 9D 98 0.01 
12 7,98 75.07 ~0.09 
13 72450 724605 ~O0.15 

1h 72.450 72.53 ~0.03 

16 72649 712.55 -0.06 
U7 69.98 70.00 ~0.02 
18 69.98 69.96 0.02 
19 69.99 69.82 0.17 
20 69.99 69.78 Oe2l 
21 67.51 67.50 0.01 
22 67.50 67.60 ~0.10 
23 67.48 67.62 “O14 

2 67649 67647 0.02 
2 64.98 61,.37 0.11 
27 64.98 65.04 ~0.06 
28 64.4699 64.99 0 

SSE = 0.22197 MSE = 1.009 x 107° 

& = 354.8048 

By = 119.2216 Var B = 27.0,12 tei = -~80.619 

By = 2.3936 var B, = 8.476 tao = 04-8223 

B, = -0.170569 Var §, = 4.699 x 1073 = =2.4,905 83
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CHAPTER IV 

CONTROL CHARTS* 

4el Explanation of Charts 

After investigating various possible models for use in 

estimating the content of the casting solvent system, the 

following was decided on as best in terms of the error in 

the estimation of weight per cent nitroglycerine? 

= a | 
Wy =o + By (QE) + Be Wey F &y 

where? 

d, = specific gravity of the mixture, (measured at 

21.1°C). 

Wi = weight per cent nitroglycerine. 

W34 = result of 2NDPA analysis by spectrophotometer. 

This model was derived from an equation involving activity 

coefficients. Thus it is the result of the application of 

both chemical and statistical theory. 

The study was conducted assuming a constant moisture 

content. The following three steps outline a general proce- 

dure for the estimation of the content of the entire system? 

  

*Frequent repetition of statements in this chapter with 
those of previous chapters is due to the fact that this 
part only was given to the Technical Staff at Hercules 
owder Company as an operational manual.
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(1) 2NDPA content determination by spectrophotometer 

method. 

(2) Determination of NG concentration from the model 

above. 

(3) Triacetin content as the complement to 100 per cent 

of the sum of (1) and (2). 

It should be noted that if there is reason to believe that 

the moisture in the system is not negligible (through some 

type of moisture analysis), then the triacetin content would 

be obtained by the complement to 100 per cent of the sum of 

(1), (2) and weight per cent moisture in the sample. More 

specific instructions will follow. 

Figure 1 contains a chart with 99 per cent confidence 

limits on weight per cent 2NDPA as a function of Was A 

reading on the upper line determines the upper limit and the 

lower line contains the lower limit. The upper and lower 

limits define an interval within which it can be said with 

99 per cent confidence that the true 2NDPA content lies. 

The data indicated that the spectrophotometer method in 

obtaining W, is very accurate. It can be noted that the 

confidence interval is longer than the interval defining 

the probable error, which gives only 50 per cent confidences, 

and is frequently found in scientific literature. 

Figure 2 contains a chart relating a variable Y with 

specific gravity. The combination of this chart and figure 3
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is a systematic representation of the regression model men- 

tioned previously. The equation is as follows: 

Y = 360.7881 = 415.1894 (a) 

where? 

Y=W, + 0.225 Wa . 
1 

Figure 3 contains the correction factor 0.225 We as a funce 

tion of We Subtracting this from Y results in the estimate 

of weight per cent NG. 

Figure 4 displays 99 per cent confidence intervals for 

weight per cent NG as a function of spectrophotometer analysis 

and specific gravity. Linear interpolation between curves of 

constant per cent 2NDPA is sufficiently accurate. The result 

of this chart indicates the interval within which it can be 

stated with 99 per cent confidence that the true weight per 

cent NG lies. 

42 Instructions in Use of Charts 

The chart on figures 1, 2, 3, and 4 are helpful in the 

estimation of the true content of a sample of casting sol~ 

vent. The following are specific step-by-step instructions 

and examples for their use? 

(a) Corresponding to the point W3, on the X-axis of 

figure 1, there is a value on the upper and a value on the 

lower curve. This interval represents the 99 per cent con- 

fidence bounds for the true 2NDPA content.
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(b) In figure 2 select, on the basis of the observed 

specific gravity, that scale along the X-axis which includes 

the value. Read up to the line having the same Roman number 

as the scale. Read the corresponding Y value at the left. 

(ec) Read 2NDPA, as analyzed by the spectrophotometer, 

along the X-axis of figure 3. The corresponding value on 

the Yeaxis is the correction to be applied to Y from step b. 

(ad) The difference, Y (from step b) - correction (from 

step c) results in the estimated content of nitroglycerine 

in weight per cent. 

(e) Obtain the estimate of TA content fron the differ-~ 

ence, 

100 ~ NG - 2NDPA = TA (in weight per cent), 

where 

NG = weight per cent NG from step d. 

2NDPA = weight per cent 2NDPA as analyzed by spectro- 

photometer. 

TA = weight per cent TA. 

The latter value may need reduction by the amount of moisture, 

depending on whether or not the moisture analysis indicated 

it to be negligible. 

(f) To obtain a confidence interval for the true value 

of nitroglycerine content, enter the observed specific gravity 

at the bottom of figure 4. Find the appropriate curve of 

constant <NDPA analysis. At the left, a + value can be
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observed which, if added to the estimated NG content, 

describes the 99 per cent confidence interval. 

403 Numerical Examples 

Example I 

Suppose that the spectrophotometer analysis indicates 

the estimate of 2NDPA content (W,) to be 2.00 per cent. The 

specific gravity and moisture content at 21.1°C were found 

to be 1.4225 and 0.03 per cent respectively. The results 

are as follows: 

(a) From figure 1, the 99 per cent confidence interval 

on the 2NDPA analysis is found to be 1.96 to 2.04. 

(b) From figure 2 with d = 1.4225, the Y value, as 

read from line I is found to be 68.91 per cent. 

(c) From figure 3 with W3 = 2.00, the correction for 

Y is 0.45. 

(ad) Subtracting 0.45 from 68.91, NG is found to be 

68.46 per cent. 

(e) The estimate of the TA concentration is 

100 ~ (2.00 + 68.46 + 0.03) = 29.51 per cent. 

(f) The 99 per cent confidence interval on NG from 

figure 4 is found to be [68.46 + 0.29]. Thus the lower and 

upper 99 per cent limits respectively are 68.17 and 68.75. 

Example IT 

Suppose We = 1.50, d = 1.4650 and moisture = 0.025.
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The results are as follows: 

(a) The 99 per cent confidence interval on weight per 

cent 2NDPA is 1.50 + 0.039. 

(b) Y = 77.34 (from line III of figure 2). 

(ec) Correction = 0.339. 

(d) NG = 77.34 - 0.339 = 77.00 per cent. 

(ae) The estimate of TA = 100=-1.50-77.00=0.025 = 21.475 

per cent. 

In both of these examples, moisture was determined and 

taken into consideration in the calculations. However it 

must be noted that the percent moisture here is entirely 

within the error of estimation.
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ABSTRACT 

This thesis is a study of various physical and statis- 

tical models which may be useful for the prediction of the 

composition of a ternary liquid mixture. The particular 

mixture considered in this study was the solvent system con- 

sisting of nitroglycerine (NG), 2-nitrodiphenylamine (2NDPA), 

and triacetin (TA). Several models were investigated for 

their adequacy and closeness of fit. An attempt has been 

made to relate the actual composition to a few easily 

measurable quantities, namely, refractive index, density, 

and the separate analysis of 2NDPA. 

Deterministic models relating the concentration of each 

component in the mixture with the physical determinations 

mentioned above have been considered first. These models 

are based on known theory of physical chemistry. The 

deterministic model which was chosen as "best" in terms of 

smallness of error of prediction, estimates the composition 

from the determination of density and the spectrophotometer 

analysis of 2NDPA. Since the latter analysis is a quick and 

accurate determination of the 2NDPA content and since the 

content of the third component could be determined by comple- 

menting to 100 per cent, the models have been formulated in 

terms of the concentration of only one component, namely NG. 

The statistical models under investigation are divided 

into activity models and regression models. The activity



models is a combination of chemical and statistical theory 

while the simple regression model represents an approach 

that a statistician might take if he disregarded the physical 

er chemical theory involved. Two activity models have been 

discussed, the first assuming the activity of the mixture 

constant and the second assuming the activity of the mixture 

to be a weighted sum of the activities of the three com- 

ponents. 

Tests of hypotheses are made to determine whether the 

activity models result in a significant reduction in error 

over that of the "best" deterministic model. The investi- 

gation that the model formulated assuming constant activity 

of the mixture results in the smallest error of estimation 

among all models under study. Thus it has been used as a 

basis for the preparation of control charts. 

The linear regression models, constructed with various 

functions of density, refractive index, and spectrophotometer 

analysis as independent variables, produced errors of esti- 

mation above those for the deterministic model. 

Chapter IV represents the summary of the thesis, and 

the translation of findings into actual control charts. On 

the basis of this chapter a technician can easily determine 

the estimate of the composition of the mixture and the 

attached 99 per cent confidence bounds. Thus, this Chapter 

contains these charts combined with instructions in their 

use and numerical examples.


