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(ABSTRACT) 

In this thesis, we consider the identification of continuous-time multivariable 

systems. Direct methods of identification, i.e. identifying a continuous-time 

model directly from samples of input-output data, are considered briefly. Of 

primary consideration is the indirect method of identification, which can be 

considered as a two stage method. First, a discrete system model is identified 

from samples of input-output data. The next step is to transform this discrete- 

time model to an equivalent continuous-time representation. The classical Zero- 

Order hold (ZOH) transformation is presented primarily for comparison with the 

derived First-Order hold (FOH) technique. Involved in both of these methods is 

the transformation of the discrete-time state transition matrix to the continuous- 

time system matrix. A new method for this transformation is presented also. 

This method along with the presented FOH transformation method have been 

published in Electronics Letters and another paper on this FOH method has been 

submitted as an invited paper at the 1991 IFAC Symposium on Identification.



Acknowledgements 

I would first like to thank those people who helped make my graduate work a 

pleasant and memorable experience. More specifically, to the controls lab crew 

who made work less stressful and more interesting, I remain grateful. To the 

secretaries, most especially Loretta and Kathy who were always willing to go out 

of their way to help, I am forever in your debt. And to my friend and colleague 

James Hutchinson, whose friendship and support were invaluable, I offer my 

thanks. 

I also wish to thank my committee members for their guidance in this project 

and most of all, my chairman Dr. Bingulac who helped mold this work into a 

coherent form. My time in graduate school would have been much less 

challenging and rewarding had I not worked with Dr. Bingulac. 

Finally, I would like to thank my parents for their encouragement and 

support, but most of all, I would like to thank my father, Mr. Lamar Cooper to 

whom this work is dedicated. Without his help and guidance my graduate career 

would not have been possible. 

Acknowledgements . uit



Table of Contents 

ADStract .........cccccssecscscecscecccscccccscoeceeecscscscecscscstasscccccecesscseecesecscustsesescecscsescsescesecs i 

Acknowledgements ..............ssssccccscseesssccceessesceeceanesseccsenseececcsansssesccsseeseseceeuenseeeces ill 

1.0 Introduction 22.0... ccc cccceccccscsecccscscnccsccccccucscsccscsecsceccscecsccccscscsscscucesescsstscecase 1 

2.0 Identification Methods .............ccccccccecccceceecscsccccscccsccsccctecscsccecscceucsessceesscceeees 5 

2.1 Direct Methods ..........cccc cc ceccecececcccececcscececcscscsccscecevsecarssessscescscececescecesescesesece 7 

2.2 Indirect Method ............cccccececscscccsccscscccscscccccsccccscscccescccsseccsecscecsesssscecscssece 17 

2.3 Pseudo-Observability Indices ..............ceeescccceeeeecceescenecesececceescseessesceseeeeonees 29 

2.4 Conclusions ...........cccccceccsccscecceccccecccceccsccecscceccscsccsersesececescucescusescsscssucescecuses 42 

3.0 Transforming the Model ......... cc cccsccceeceereesessssesstssssseeseceeeteteeeeceseeeseeenens 44 

3.1 Transformation Techniques .............ccsccccssssccccsssstceneseeccececccusssoneesscesenstenoess 46 

3.2 Zero-Order Hold ..........ccccsccscsceccccscescscsccceccsccececsccecssscsecees Leceecececcscsccsccsceceees 59 

3.3 The Log of a Square Matrix .............ccecccecessseseseccetsseseeseeessoeseesenseeceuseeseeseeees 62 

3.4 First-Order Hold ............ccccccsccecsccsceccccecscsccscsccccscsccccucscsccseeseccsssescecacsecesuceees 68 

3.5 Conclusions .........cccscssceccsccscsccsccccsccecsscecsscsccscsscecsuseccucscenccesescesssavcssccscscesences 78 

4.0 Simulation ............ccc cc cccsecssccccccsccvccsccececcsccsceccscccceccscescscsccscescesavcscesessesceeseves 80 

4.1 Stable Model ...........ccc.cccsccecsececcscsccsccsceccsccscecceccccsccsscccscescscuscscsecevceecscecsssens 82 

4.2 Unstable Model ...............c cccccececccccceccccccccsccececcccccscccccesecscccesecctsccecasecccceeeees 94 

Table of Contents , av



4.3 Realistic Modelo... ccc cecsccecscsccscscsccccecsscccscascecnsascesuseccecasevcscesescecsccscecs 98 

4.4 Conclusions .0..........cesececesseeeccnssecccseecceecesecceeeseccuassecseessecsssseseseueseeseueseesenes 103 

5.0 Conclusions ............csesescecccccesseecccceensececcceaesececccoeaeeecesaeeeseseseneassseeeseausesesens 105 

List of References ...........ccccccssescceesecenssccceccesesccouseccuesseeeesecenceseeecscuessseaeesseuseeeeees 107 

APPONdIX .........ccccesccessccesecaesenssccusccesecsuscsssereeseeeecessecaseceeseneeccseceneseceesceseceesesesees 114 

Vita oo. eeccceneeceeesstcecaseccersnseceeaseroasasseteceessceeereeeeeaesesensesesesensareseeeseesensseseeeesenees 129 

Table of Contents v



1.0 Introduction 

The introduction of digital computers into the field of controls initiated a 

growing trend toward the use of discrete-time models for the analysis and control 

of continuous-time systems. Modern control theory has reflected this trend by 

focusing considerable attention on the development of discrete-time system 

theory. This move toward discretization has resulted in the derivation of a 

number of methods for the identification of discrete-time models from samples of 

input-output data of continuous-time systems. 

In many practical situations, however, it may be necessary or desirable to use 

continuous-time models for several reasons. Several CAD packages, for example, 

are designed to work exclusively with continuous-time models. Also, methods for 

analysis and synthesis of continuous-time systems are more familiar to engineers 

involved in the design of practical control systems, primarily because these 

systems have been considered much longer than discrete-time systems. Lastly, 

discrete-time models present difficulties in that they are only valid for the selected 

sampling interval. These situations point out the need and importance of the 
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deduction of continuous-time models from the existing input-output models. 

There are two basic approaches to this problem. The first is the so-called 

“direct” method. This method obtains the parameters of the continuous-time 

model directly from samples of input-output data. This method has been 

considered primarily for SISO systems (Unbenhauen and Rao 1987, Qi-Jie and 

Sinha 1982) but attempts have been made to extend these methods to the 

multivariable case (Chen and Hsiao 1975, Sannuti 1977, Wolovich and Guidorzi 

1977, Hung, Lui, and Chou 1980). 

The second or “indirect” method stipulates the division of the problem into 

two sub-problems. The first step in this “indirect” method is to identify a 

discrete-time model of the continuous-time system from samples of input-output 

data. The second step is to then transform the discrete-time model into an 

equivalent continuous-time model. The major advantage to this approach is that 

considerable literature is already available on the first part of the problem 

(Guidorzi 1975, Bingulac and Krtolica 1985, Bingulac and Farias 1977, Bingulac 

1978, Strménik and BremSak 1985, Strménik and Tramte 1988, Keviczky and 

Banyasz 1978, Gorti, Bingulac, and VanLandingham 1990). The second sub- 

problem has been studied for the single-input single-output case in several papers 

(Haykin 1972, Sinha 1972, Hsia 1972) and the multivariable (MIMO) system case 

has been researched in later papers (Strménik and Bremsak 1979, Sinha and 

Lastman 1981, Puthenpura and Sinha 1984, Lastman, Puthenpura, and Sinha 

1984, Bingulac and Sinha 1989, Cooper and Bingulac 1990). 

In these latter multivariable cases, the continuous-time model is determined 
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from the corresponding discrete-time model based on the assumption that the 

input signal to the continuous-time system is held constant between sampling 

intervals. This is a valid assumption if the system is actually sampled using a 

zero-order hold or if the the sampling interval is sufficiently small so as to validate 

this assumption. However, for practical cases where the input actually varies 

between sampling instants, satisfactory results may not be produced from the 

model obtained under this assumption. For these cases, it may be more 

reasonable to assume that the input varies linearly between the sampling instants. 

This is referred to as a “ramp-invariant” or first-order hold (FOH) transformation 

(Haykin 1972) and has been discussed for single-input single-output (SISO) cases 

in earlier papers (Sinha 1972, Keviczky 1977) and for multivariable (MIMO) 

systems in later works (Strm¢énik and BremSak 1979, Bingulac and Sinha 1989, 

Bingulac and Cooper 1990) 

In this thesis, the so-called “indirect” method of continuous-time system 

identification is primarily considered. The first step of this method, the 

identification of a discrete-time model based on samples of input-output data, will 

be presented in Chapter 2. The deterministic identification procedure based on 

the use of pseudo-observability indices which has recently been proposed by Gorti, 

Bingulac and VanLandingham (1990) will be reviewed in detail. Chapter 3 will be 

concerned with the transformation of the identified discrete-time model to an 

equivalent continuous-time model. The “step-invariant” or zero-order hold (ZOH) 

tranformation will be considered and compared to a new method of calculating the 

“ramp-invariant” or first-order hold (FOH) transformation which was recently 

suggested by Bingulac and Cooper. Chapter 4 contains numerical examples of the 

primary techniques discussed in Chapters 2 and 3. Conclusions and suggestions 
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for further work are given in Chapter 5. The appendix contains listings of LAS 

programs which were used to perform the simulations presented in Chapter 4. 
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2.0 Identification Methods 

Identification of system representations is an integral part of the control 

systems field. Continuous-time system theory developments gave way to discrete- 

time system theory as the computer became widely used in controls, not only as a 

device to mechanize numerical calculations, but also as a component in the 

control system itself. The original continuous-time descriptions of control 

processes have been widely replaced by discrete approximations and the great 

number of corresponding developments have tended to obscure parallel 

developments with continuous-time models, especially in system identification 

(Unbehauen and Rao 1987). 

A large amount of work has been done in the area of identification. Much of 

the earlier work considered transfer function methods and dealt with SISO 

systems. With the rise in popularity of the state-space representation, interest 

has developed in identifying state-space models directly, that is, without 

considering the transfer functions of the models. This move was also brought 

about by the need for more simple identification methods for MIMO systems, as 
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SISO methods which were extended to MIMO cases were rarely straightforward or 

simple to use. 

In this chapter, continuous-time identification methods will be reviewed and 

a simple method for identifying a discrete-time state-space model from samples of 

input-output data will be suggested. In section one, direct identification methods 

for identifying continuous-time models will be considered. Section two will review 

previous indirect methods or methods for identifying discrete-time models. A 

recently proposed method involving the use of pseudo-observability indices for 

structural identification will be covered in section three. At this time, this 

method seems most promising for identifying discrete-time models of MIMO 

systems from samples of input-output data. 
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2.1 Direct Methods 

The basic principles behind the various “direct” identification methods for 

continuous-time models are not very different from discrete-time model methods. 

These methods can be catagorized into nonparametric and parametric methods. 

The significance of the term “continuous-time models” is not as strong in the case 

of nonparametric modelling as in the case of parametric modelling (Unbehauen 

and Rao 1987). The inherent continuous-time calculus from continuous-time 

parametric models is eliminated by approximation when they are discretized. 

Discretization of nonparametric models is primarily for computational convenience 

and causes less serious consequences. Therefore, a distiction is made between 

identification methods which estimate points on an unparametrized system model 

and techniques which estimate a set of parameters in a structured system model. 

Methods which estimate impulse and frequency responses are classified as 

nonparametric methods. Direct impulse input to actual control systems is seldom 

done due to the potential for damage but seismic and bionic research involves 

pulse-like signals (Unbehauen and Rao 1987) thereby supporting the need for 
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inpulse response theory. In the area of control engineering, impulse response is 

normally obtained indirectly from tests using pseudo-random binary signals. 

Frequency response characterization of dynamic systems has been considered for 

quite some time in the history of control engineering. These models are relevant 

to design methods and stability studies. Tthese models are used in analysis of 

both analog and digital form as well as the Discrete Fourier Transform (DFT) and 

the Fast Fourier Transform (FFT) which has had a tremendous impact on 

spectral analysis. 

“Direct” identification of parametric models has gained attention as 

techniques for system design with parametric characterization have been 

developed. Initially, methods of identifying SISO systems were developed. Later, 

attempts to extend these methods to MIMO system identification were considered 

but were in most cases very cumbersome. As of late, most interest lies in 

multivariable model identification. 

Most SISO “direct” parameter estimation methods can be classified in one of 

two catagories: Output Error (OE) techniques and Equation Error (EE) 

techniques (Unbehauen and Rao 1987). Figure 1 shows the block diagram of the 

Output Error configuration. In the OE method, the parameters of an 

appropriately structured system model are chosen so that they minimize a 

suitably defined norm of the error between the model output and the actual 

output of the system to be identified. The scalar OE function in Laplace 

transform is 

Eozn(s) = Y(s) - “ < U(s) (2.1.1)   

where 
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Eor(s) = output error (2.1.2) 

  

U(s) = input to the system (2.1.3) 

Y(s) = output of the system (2.1.4) 

and 

Ba(s) . 
= model transfer function 2.1.5 

Ay(s) 

The Equation Error (EE) is generated from the input-output equations of the 

model and is closely related to the differential approximation concept. Figure 2 

shows the block diagram of the Equation Error configuration. The EE is defined 

as a scalar function given by 

Egg(s) = Ay(s) ¥(s) - Byy(s) U(s) (2.1.6) 

where the variables U(s), Y(s), Aa;(s), and By,(s) are given by equations (2.1.3), 

(2.1.4), and (2.1.5). Equation Error techniques employing orthogonal functions 

have been well developed. One family of orthogonal systems, consisting of 

piecewise constant systems of Walsh functions (Chen and Hsiao 1975, Chen et al. 

1977) and block-pulse functions (Sannuti 1977) has been employed extensively. 

Another family uses polynomial systems such as Chebyshev, Hermite, Legendre, 

and Laguerre functions. These techniques essentially reduce the calculus of 

continuous systems to an algebraic approximation in the sense of least squares. 

Since these techniques were designed primarily for SISO systems, however, 

the attempt to extend them to MIMO systems has not been extremely successful. 

Another problem in extending SISO techniques to MIMO systems is that most of 

Identification Methods 10



  

Actual System 

_ BCs) 
G(s) = AGS) 

U (s)   

      

Bs) 

    

  

R (s) 
Ss 

  

    
ALS) 

      

Y (s) 

      

Figure 2. The Equation Error (EE) configuration 

Identification Methods 

Y(s) 

11



these methods consider transfer function equations rather than the more modern 

state-space realization. Therefore, most of the more recent research in MIMO 

continuous-time system identification has tended toward state-space model 

techniques. 

A direct procedure for determining continuous-time state-space 

representations of given time-invariant systems was presented by Wolovich and 

Guidorzi (1977). Consider the state-space representation 

x(t) = A x(t) + B u(t) (2.1.7) 

y(t) = C x(t) + E(D) u(t) (2.1.8) 

whose dynamics are expressed in an equivalent differential operator form 

P(D) z(t) = Q(D) u(t) (2.1.9) 

y(t) = R(D) 2(t) + W(D) u(t) (2.1.10) 

where x € R", u € R™, y € R’, and z € R’ are the state, input, output, and partial 

state vectors respectively. Furthermore, A, B, and C are appropriately 

dimensioned real matrices while E(D), P(D), Q(D), R(D), and W(D) are 

appropriately dimensioned polynomial matrices in the differential operator D = 

d/dt with P(D) being nonsingular. The procedure performs preliminary 

polynomial matrix operations, if necessary, to reduce the system to an equivalent 

differential operator form which satisfies the following four specific conditions set 

by the authors: 
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1. P(D) is row proper 

2. P(D) is column proper 

3. the degree of each i** column of R(D) is less than the degree of the 

corresponding column of P(D) 

4. the degree of each j‘” row of Q(D) is less than the degree of the corresponding 

row of P(D). 

An equivalent state-space representation is then determined by the equations 

below. 

Am = S(D)“! ( diag [D“!] - P(D) ) (2.1.10) 

where S(D) is a specifically structured polynomial matrix of the form 

s(D) 0 0 

sp) =| ° : (2.1.11) 

0 O s(D) 

and where 

s(D) =[1 D D?... D*'] (2.1.12) 

To determine matrix B, the equality 

Q(D) = $7(D) B (2.1.13) 

along with 

B=M"'B (2.1.14) 

is utilized, where M is an (n x n) nonsingular real matrix determined directly 

from A. Matrix C is solved for directly from 
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R(D) = C S(D) (2.1.15) 

Hung, Lui, and Chou (1980) proposed an algebraic approach using the 

trapezoidal rule of numerical integration. This technique can be regarded as the 

combination of the block-pulse function and the inverse trapezoidal rule 

technique. The development of this technique is as follows. Consider the state- 

space representation 

x(t) = A x(t) + B u(t) (2.1.16) 

where x€ R” and u € R™ are the state and input vector respectively, matrices A 

and B are of compatable dimensions and are to be identified from the measured 

values of the state vector and input vector at j+1 equally spaced time instants. 

Integrating equation (2.1.16) yields 

kT kT 
xX, = Af xdt+B / u dt + x%_1 (2.1.17) 

(k:1)T (1) T 

where T represents the sampling period. Invoking the trapezoidal rule, (2.1.17) 

becomes 

x, A MEMITYB Be Ft T + xy, (2.1.18) 

By rearranging equation (2.1.18), the following equation is developed. 

A(x ~ X,-1) = A (xp + Xe) + B (uy + 14-1) (2.1.19) 

By defining the vectors 

d, = Xp > Xp (2.1.20) 
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Sp = Xz + Xp-1 (2.1.21) 

Vv, = uy + Uy} (2.1.22) 

and the matrices 

D=[d, d2... d;] (2.1.23) 

S=[s, s2... 8; ] (2.1.24) 

V=[v. vo... Vv; | (2.1.25) 

C=[A B] (2.1.26) 

S 
Z=| (2.1.27) 

    

equation (2.1.19) can be rewritten as 

4 D=AS+BV=CZ (2.1.28) 

If a simple least-square regression is adopted, equation (2.1.28) becomes 

C=4D2' (227)? (2.1.29) 2 

Qi-Jie and Sinha (1982) point out that this method, although effective, 

requires the observation of all the state variables as well as the input to obtain the 

state-space model. These authors propose a modification of this algorithm to use 

samples of input-output data of a SISO system rather than the states to obtain a 

state-space model. Since the state-space model is not unique for a given system, 

the model is assumed to be in the diagonal form. Therefore, let 

A= diag { Ai, Ao; weey An } (2.1.30) 
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b=([1 1... 1]? (2.1.31) 

c=[c Co... Cn] (2.1.32) 

With this canonical formulation, equation (2.1.18) can be written as 

diag| (1 - \,T/2), (1 - A2T/2), ..., (1 - An T\2) | x, 

= diag [ (1 + 4,T/2), ..., (1 + AnT/2)] x1. + T/2 b(u, + uy_;) (2.1.33) 

Solving for x, yields 
£1 

x, = diag [ fy, fo, ..., fn] xp. + | © | (uy + ue_1) (2.1.34) 
En 

where 

_14.,T/2 

and 

_  T/2 
gi= [-a, T/2 T/3 (2.1.36) 

Combining equations (2.1.34) and (2.1.16) leads to an auxiliary discrete-time 

system with input (u, + u,_,), described by the transfer function 

-1,_v C; Bi 
H (z *) = y 1-£, 27 (2.1.37) 

By performing partial fraction expansion on this equation, the values of f; may be 

obtained directly. The values of A; and g; may be found by using equations 

(2.1.35) and (2.1.36). Thus, this previously specified Jordan form state-space 

representation is found. 
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2.2 Indirect Methods 

The identification of discrete-time models from samples of input-output data 

system has been given considerable attention, especially since the advent of the 

digital computer. This relation between the input-output data and the 

parameters of the systems is usually referred to as an “identification identity” 

(Bingulac and Farrias 1977). For the single-input single-output case (SISO), the 

optimal form of the identification identity has already been established (Sinha and 

Kusta 1983). In the multivariable case (MIMO), work continues on various 

methods although it has not yet been decided which of the many identification 

identities is the most convenient. 

For multivariable discrete systems, identification methods which treat one 

output at a time and methods which treat all outputs simultaneously have been 

considered. Familiarity with single-output systems led researchers to attempt to 

extend well known SISO structure identification techniques to MIMO systems 

(Keviczky and Banyasz 1978, Sinha and Kusta 1983, Hsia 1977). These attempts 

led to unnecessary computationally complex problems. 
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Many of the earlier attempts at considering all outputs simultaneously in the 

identification identity have been directed toward the realization of the given 

unknown system in one of the Luenberger canonical forms (Luenberger 1967). 

This approach requires that the system structure, (i.e. the observability indices) 

be determined prior to parameter estimation (Guidorzi 1975, Bingulac and Farrias 

1977, Suen and Liu 1978, Strménik and Bremsak 1985, Bingulac and Krtolica 

1985). The determination of observability indices in this approach is very critical, 

which is a disadvantage in that if the indices have been determined incorrectly, 

the parameter estimates are inconsistent. 

Since the appearance of pseudo-canonical forms, there has been much interest 

in the use of pseudo-indices in the identification of multivariable systems. The 

use of pseudo-canonical forms (i.e. overlapping parameterizations) has removed 

the prerequisite evaluation of observability indices, thereby allowing both the 

structure and system parameters to be determined simultaneously (Denham 1974, 

Glover and Willems 1974, Van Overbeek and Ljung 1982, Wertz, Gevers and 

Hannan 1982, Correa and Glover 1982, Correa and Glover 1986, Gevers and Wertz 

1984). This may be accomplished because the system may be represented by 

several pseudo-canonical forms. The structure of each of these pseudo-canonical 

forms is uniquely determined by a corresponding set of structural indices, known 

as pseudo-observability indices. 

Guidorzi (1975) presented a unitary identification procedure for linear 

discrete multivariable systems based on a preliminary canonical structure 

identification. This approach requires the direct determination, from the input- 

Identification Methods . 18



output matrix 

[ ya(k) yi(k+1) --- 5 +++ SD ym(k) ---  uy(k) --- S ur(k) -- ] (2.2.1) 

of a set of invariant indices, v; = {v,, ..., vm}, which describe the the input-output 

structure of the system. This set is determined by selecting the first m 

independent vectors from the input-output matrix in the following order. 

yi(k) ym(k), u,(k) um(k), yi(k+1) 7 ym(k+1), “The (2.2.2) 

A vector is retained in this selection process if and only if it is independent from 

previously selected ones. When a dependent vector y,.(k+vs) is found, all the 

remaining vectors belonging to the same submatrix will also be dependent so that 

their test is unnecessary. The selection ends when a dependent vector has been 

found in every output submatrix. The numbers of vectors selected from these 

submatrices will be vq, ..., vm. Now letting 

L,(y:) 

L;(u;) 

[ y;(k) y,(k+1) --- y;(k+i-1) ] (2.2.3) 

[ u,(k) uj(k+1) --- uj(k+i-1) ] (2.2.4) 

the input-output matrix described by (2.2.1), taking 6, vectors in the first 

submatrix, 6. vectors in the second submatrix, etc., can be written as 

R61, «+5 Omar) = (Lg, (V1) - Lg(¥m) Lg (ur) - Lg, (ur) } (2.2.8) 

A square matrix S(6,, ..., 5m) is now defined as 
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S(61, ..-, 6m) = R™(6,, ..., 6m) R(5,, ..., 6m) (2.2.6) 

The vector of parameters, y,, is obtained by means of the least squares estimator 

ys = (Rs? R.)7! R,? ys(k+vs) = S.7! RsTys(k+vs) (2.2.7) 

where | 

Rs = R(v,;, «..) Vem) (2.2.8) 

S. = S(v,1, «5 Vem) (2.2.9) 

and where v,,; are indices which establish the number of non-zero elements in the 

state-space form submatrices A;; which are in companion form. Finally a state- 

space model is easily constructed from the parameter vector. 

Bingulac and Farias (1977) and Bingulac (1978) present an algorithm for use 

in the identification and minimal realization of linear discrete multivariable 

dynamic systems. The algorithm is based on an identification identity relating 

input-output data to state-space realization and utilizes the canonical form 

described earlier by Bingulac (1976). The structural properties of this realization 

permit the development of an identification identity which treats all outputs 

simultaneously. The determination of the observability indices and the minimum 

order of the system is possible with this method. The identification identity is 

given by 

G=DH (2.2.10) 

where matrices G and H are defined by 
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G= (2.2.11) 

r y2at 7 

u 
Ue 

H=|  \0 (2.2.12) 

y! 

    
and matrix D is defined by 

D=[D™: ... : D?: Dt: At] (2.2.13) 

where n; represents the observability index with nm representing the minimum 

index and n,, representing the maximum index. The submatrix A* contains the 

non-zero, non-unity rows of the canonical form system matrix A. Once this 

identification identity has been solved, submatrices D‘ are used to solve for matrix 

B. Matrix C has an assumed structure of the first p rows of the (n x n) Identity 

matrix In, where n represents the system order and p represents the number of 

outputs of the system. 

Keviczky and Banyasz (1978) consider the extension of several identification 

methods of SISO linear discrete-time systems to MIMO systems. The methods 

presented include the Least-Squares (LS) method, the Generalized Least-Squares 
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(GLS) method, the Maximum Likelihood (ML) method, the Second Extended 

Matrix (SEXM) method, and the Priori Knowledge Fitting (PKF) method and are 

given for special forms of the vector difference equation in accordance with the 

MIMO generalization of the Astrom model. The authors chose to identify the 

parameter matrices of a vector difference equation rather than considering state- 

space representation since this approach enables the methods considered for SISO 

systems to be generalized more easily. The vector difference equation used to 

describe a MIMO linear discrete-time system is given by 

y(t) = » B, u(t-i) - S7 A, y(t-i) + 3 Cye(ti) +e(t) (2.2.14) 
t=] i=1 

where y is a (q x 1) vector of outputs, u is a (m x 1) vector of inputs, and e is a (q 

x 1) vector of source noise causing corrupting effects at the outputs. It is assumed 

that the vectors e(t) and e(t+j) are uncorrelated. After the introduction of 

polynomial matrices A(z’), B(z'), and C(z7’), and the introduction of the 

parameter matrix P, equation (2.2.14) can be written as 

y(t) = P x(t) + C(z7?) e(t) (2.2.15) 

The well known condition of the applicability of the least-squares method is that 

the equation error C(z~’) e(t) should be uncorrelated, but this is fulfilled only if 

C(z~*) = 1,. This condition leads to the familiar equation 

P= Y X?T (X XT)" (2.2.16) 

where P is the parameter matrix containing elements of A and B from (2.2.14). 
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The difference in the general least-squares method is that now C(z7') = H7*(z7’) 

where H(z~*) r(t) = e(t). This leads to the similar expression 

Q=RGT(GGT)"! (2.2.17) 

where 

Q=[H,, ..., Hi] (2.2.18) 

R = [1(1), ..., r(N) | (2.2.19) 

G = [ (1), .., g(N) ] (2.2.20) 

g(t) = [ -r7(t-1), ..., -r7(t-k) ] (2.2.21) 

and 

r(t) = A(z) y(t) - B(z™?) u(t) (2.2.22) 

The Second Extended Matrix (SEXM) method is quite similar to the least squares 

technique with the exception that the state vector is now assumed to contain, not 

only elements of input-output information, but also noise. The noise is estimated 

as 

e(t) = y(t) - P x(t) (2.2.23) 

and then the iterative proceedure can be continued as for SISO systems. The 

Maximum Likelihood (ML) method and the Proiri Knowledge Fitting (PKF) 

method are quite tedious when applied to MIMO systems and therefore will not 

be considered here. 

Strménik and BremSak (1985) present a recursive algorithm for the 

transformation of the input-output model into the state-space model which is 

based on the direct connection of the model parameters in both spaces. To ensure 
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the consistency of the formula, the parameters must be calculated in the correct 

sequence, which is achieved by using a corresponding index sequence table. 

Considering the state-space representation 

x(k+1) = F x(k) + G u(k) (2.2.24) 

y(k) = H x(k) (2.2.25) 

the state transition matrix F is solved for in the same manner as Guidorzi (1975). 

Matrix H is assumed on the basis of known indices. The matrix remaining to be 

solved for is G. The recursive formula derived for the determination of the 

elements of matrix G is given as 

Mja-t 
Pp 

Einj-isua = Vin td, Do Fjstas Born (2.2.26) 
s=1 t= 

where f; and y, are coefficients of the polynomials of the polynomial matrices P 

and Q, respectively, which define the input-output relation 

P(z) y(k) = Q(z) u(k) (2.2.27) 

Using equation (2.2.26) for the calculation of the elements of matrix G 

dramatically reduces the number of calculations needed and therefore reduces 

computation time. 

Bingulac and Krtolica (1985) suggest a new parametrization for identification 

of discrete-time models of MIMO systems. The parametrization is produced by a 

specific minimal realization in state-space which can be described by a minimal 
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number of non-zero and non-unity parameters. The input-output model derived 

from this realization is represented by the same number of parameters and is 

referred to as the generalized ARMA model. This generalized model is given by 

k . k 

DE y(t) =- >> A; y'(t-i) + S> B; u(t-i) (2.2.28) 
i=l i=1 

where matrix A is in minimal pseudo-canonical form characterized by 

    

0 7 

1 

ay1 Air, 

0 

A= ; 1 (2.2.29) 

ay air; 

0 

1 

a1 oo aprp 

matrix B is of the form 

by 

B=| : (2.2.30) 

ba 

The generalized ARMA model presented has fewer parameters as compared to 

conventional ARMA models and, in deterministic parameter identification based 

on the least-square approach, leads to well-conditioned matrices. 

Strménik and Tramte (1988) consider an improvement on an earlier method 
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presented by Strménik and Brem8ak (1985) which attempts to identify the non- 

dynamic parts of the system. The improvement lies in the introduction of a 

simple indexing transformation, allowing the recursive method previously given to 

be extended to include systems with non-dynamic parts. The transformation of 

indices used in this identification method is quite subtle but does help identify the 

non-dynamic parameters of the system more easily. The main advantage pointed 

out by the authors is that the method calculates the parameters of the state-space 

model directly from the parameters of the input-output model without the 

construction of auxiliary matrices. The disadvantage is that it is based on a 

specific canonical form and is not suitably general. 

Bingulac and Krtolica (1988) present an algorithm for simultaneous order 

identification and parameter estimation of linear, discrete, MIMO systems with 

unknown observability indices, which may be considered as a multivariable 

extension of conventional loss function tests used to detect the order of SISO 

systems. The algorithm identifies the order of the system by checking the linear 

independence of rows of the matrix 

Lecce (2.2.31) 

containing the available input-output data, where the rows are arranged according 

to the assumed values of the pseudo-observability indices pn; = { 4, po, .--, up }- 

Therefore, no previous structure identification is required. The algorithm 

recursively checks the rank of matrix (2.2.31) until the matrix is of full rank. 
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Matrix Y(#, ..., #p; N) is then constructed as 

¥i(444+1) Y¥i(#1+2) vo ¥i(#i+N) 

Y(pn, cory fp; N) = : : 2.2.32) 

Yp(pupt1) Y¥p( pp t2) mt Y¥e(#ptN) 

and the following equation solved 

U(pp3 N) 

Y(t, cong Hy N) = QC, rosy Hp) soreeeeee (2.2.33) 

Y(t1,--, we; N) 

where the matrix 

Q(41, -.-, He) = [ Qp : Qa ] (2.2.34) 

contains the parameters of matrices A and B of the appropriate pseudo-canonical 

form. 

This method was extended by Gorti, Bingulac, and VanLandingham (1990) 

to derive a computationally simple algorithm for determining a state-space model 

of a MIMO system from input-output data. The model obtained with this 

method is in pseudo-observable canonical form. This method does not require 

structural identification, which is a major advantage over previous identification 

methods, although it does require the assumption of the system order. The 

authors show that an identified MIMO system may be represented by a number of 

possible state-space representations. This number corresponds to the number of 

admissible sets of pseudo-observability indices. One of these sets leads to the 

Identification Methods 27



most well conditioned representation. This identification method, which is 

covered in more detail in the next section, will be utilized in this thesis for the 

first step in the “indirect” method of continuous-time system identification. 
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2.3 Pseudo-Observability Indices 

Consider a linear time-invariant continuous system 

x(t) = A x(t) + B u(t) (2.3.1) 

y(t) = C x(t) + D u(t) (2.3.2) 

x(0)=Xo (2.3.3) 

where x € R”, u € R”, and y e€ R’, are the state, input, and output vectors 

respectively, while A, B, C, and D are matrices of compatible dimensions. This 

system may be represented by an equivalent discrete-time system (Chen 1970, 

Kailath 1980) which is given by 

x(k+1) = F x(k) + G u(k) (2.3.4) 

y(k) = C x(k) + H u(k) (2.3.5) 

x(0) = Xp (2.3.6) 

It is known (Gevers and Wertz 1982, Bingulac and Krtolica 1988, Bingulac and 
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Krtolica 1987, Correa and Glover 1986) that any n‘" order MIMO discrete system 

can be represented by the following pseudo-observable canonical form 

x(k+1) = Fo x(k) + Go u(k) (2.3.7) 

y(k) = Co x(k) + Ho u(k) (2.3.8) 

x(0) = Xo (2.3.9) 

which is based on a selected set of pseudo-observability indices yn; = {m, 2, --- 

np}, where p is the number of outputs of the system. It is also know (Bingulac 

and Krtolica 1987) that this representation is valid only for an admissible set of 

pseudo-observability indices and that the total number of sets of admissible 

pseudo-observability indices is less than or equal to 

(n-1)! 

'= Gayl py! 
(2.3.10) 

According to the admissibility condition specified by Bingulac and Krtolica 

(Bingulac and Krtolica 1988), the pseudo-observability index that corresponds to a 

particular component of the output vector should not be greater than its upper 

bound specified by the individual observability index for this output component. 

The pseudo-observable forms of the matrices Fo. and Co are characterized by 

the following structures. 
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TQ 01 | 

fi fh; fin 

0 01 

fo; f., fon 

Fo = j 2.3.11 
0 0 1 ( ) 

0 01 

foi: fj fon 

0 

01 0... . 0 
Co = . . . . (2.3.12) 

0 010... 0 

It can be seen from the form of (2.3.11) that F. has only p rows with non- 

zero and non-unity elements. The location of these rows, s; = {s, So, .-., Sp}, are 

uniquely determined by the assumed set of pseudo-observability indices n;. The 

remaining (n - p) rows of F. correspond to the last (n - p) rows of the (n x n) 

Identity matrix In. From (2.3.12) it can be noted that the rows in C. correspond 

to the first p rows of this Identity matrix. Matrices Go and Ho have no particular 

structure, as shown below. 

811 -"° Eim 

Go (2.3.13) 

Eni aoe nm 
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Ho =| ° (2.3.14) 

The first step in this identification approach is to identify an n‘ order 

equivalent discrete-time representation of the n‘ order continuous-time system 

(2.3.1) - (2.3.3) from the available input-output sample sequences 

{u(k), y(k)}; k = 0, 1, ..., N-1; u(k) = uy; y(k) = y, 

The discrete representation should satisfy (2.3.7) - (2.3.9), where F., Go, Co, and 

H. are given by (2.3.11) - (2.3.14). 

The following equation is obtained from (2.3.7) - (2.3.9). 

Y(k) = Qo. x(k) + R U(k) (2.3.15) 

where the matrices Y(k) and U(k) are (q+1)p and (q+1)p column vectors and Qo 

and R are matrices of the dimensions ((q+1)p x n) and ((q+1)p x (q+1)) and 

where q = n-p+l. The matrix Q. is the observability matrix calculated from the 

matrices F. and Co given in (2.3.11) and (2.3.14), respectively. 

The vectors Y(k) and U(k) have the following structure. 
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Yk Uy, 

Y(k) = Yee U(k) = Ua (2.3.16) 

        Vk+q Upeg 

The matrices Qo and R have the structure depicted below. 

    

C. _ 

CoF. 

Q. = C.F. (2.3.17) 

C.F .! 

H. 0 vee 0 

CoGo H. 0 

CoF Go C.Go . ve 

R= (2.3.18) 

H. 0 

C.F." "Go ve CoGo H.     
The elements of the vectors Y(k), U(k), and x(k) are related to the elements 

in the matrices F., Go, Co, and H. by the set of (q+1)p scalar equations described 

by (2.3.15). The observability matrix Q. contains n rows equal to the rows in the 

(n x n) Identity matrix In and p rows which contain the non-zero non-unity rows 

from F,. As mentioned previously, the location of the rows corresponding to In 
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and the rows corresponding to F. are uniquely determined by the assumed set of 

admissible pseudo-observability indices. 

Subvectors Y,, and Y., are now selected from Y, corresponding to the n rows 

in Q. containing rows equal to the rows of In and the p rows in Q. which contain 

non-zero non-unity rows from Fo, respectively. Submatrices R, and Ry, are 

selected from the corresponding rows of matrix R. Using these submatrices, 

equation (2.3.15) can be rewritten as 

Yy,=Ix, +R, U, (2.3.19) 

Yn =F x, +R, U, (2.3.20) 

where 

fi: fin 

F=| : (2.3.21) 

fx. fon 

Solving for x, in (2.3.19) and substituting this equation into (2.3.20) yields 

Yun =FY,-FR,U, +R. U; (2.3.22) 

which may be written in matrix form as 

Yen=[{G : F ] 

  

Un is (2.3.23) 
Yur 

where U,, contains the first (,,+1)m rows from U;; 7,4, = max {n;} fori = 1, ..., 

p. The matrix G in (2.3.23) is given by G=R,-FR,. 
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We now define: 

Y=[ Yo i Yousy fo: Yoceag-1) | (2.3.24) 

U U ve U _ Ui; 
Z= |. ee De ETD | : (2.3.25) 

Yu Yicett) Yi¢e+¢-1) Vis 

where q > n+(n,,+1)m represents the number of sets of available measurements. 

The dimensions of Y and Z are (p x q) and (((7,,+1)m-+n) x q) respectively. It is 

known that the matrix U,, is of full row rank if the input signal u(k) is sufficiently 

rich (Bingulac and Farias 1977, Bingulac 1978) and that the assumed set of 

pseudo-observability indices is, in fact, admissible if matrix Z is of full rank 

(Bingulac and Krtolica 1988). 

Using the Least Squares Method (Sinha and Kuszta 1983), the parameter 

matrix which depends only on the elements of Fo, Go, Co, and Ho may be 

expressed as 

F ]=Y27(Z27)" (2.3.26) 

rc 
1 

G2
: 

The matrix F. is determined directly from (2.3.26) and (2.3.11) while C. has been 

previously assumed (2.3.12). 

Since F. and C. have been determined, Go. and Ho may now be determined. 

It can be shown that 

Go = Q.° G" (2.3.27) 
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where 

Q.* =[ Ge : FoGe : ad : F,/M G. | (2.3.28) 

which is the ((,,+1)m x n) controllability matrix formed with F. and the (n x p) 

“equivalent” input matrix Ge which contains p rows from the (p x p) Identity 

matrix Ip, at locations where F. has non-unity non-zero rows. All other rows in G- 

contain only zero elements. The ((n,,+1)p x m) matrix G"* is defined by 

partitioning the ((n,,+1)m x p) matrix G into (p x m) submatrices in the 

following form. 

and 

Go 
G 

G=/| ' (2.3.30) 

Gny 

To determine H., consider the definition of the transfer function matrix of 

the system described by (2.3.7) - (2.3.9). 

W(z) = Co (Iz - F.)7 Go + Ho (2.3.31) 

The polynomial matrix W(z) is defined by 

W(z) = P~*(z) N(z) (2.3.32) 

where N(z) and P(z) are the (p x m) and (p x p) co-prime polynomial matrices 
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(Chen 1984), respectively, defined by 

Dy 
N(z) = 5> N,2' (2.3.33) 

#=0 

Dy 
P(z) = S- Pz! (2.3.34) 

i=0 

Rewriting (2.3.31) yields 

H. = P~'(z) N(z) - Co (Iz - Fo) Go (2.3.35) 

Since H. is independent of the Z-transform variable z, it could be calculated for 

any arbitrary value of z. If the value of z is chosen to be zero, then P. and F. are 

always non-singular, where P. is given by the first p columns of F. Also, it can be 

shown (Chen 1984) that No. = Go. This replacement of the “pseudo-observable” 

forms of P(z) and N(z), Po(z) and N.(z) respectively, and z=0 into (2.3.35) yields 

Ho = Po’ No + Co Fo’ Go (2.3.36) 

which is the direct calculation for Ho. 

An algorithm to calculate the selector vectors s, se, h, and r, which specify 

respectively: 

a) the location of non-zero non-unity rows in Fo, 

b) the location of the last p rows of In in Fo, 
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c) the location of the rows of a; in the observability matrix Qo, and 

d) the location of the n rows of In in the observability matrix Q. 

has been given in (Gorti, Bingulac, VanLandingham 1990) and is represented 

below. 

1. Define a set 7 = { m, ..., np }, of admissible pseudo-observability indices, 

where p is the number of outputs of the system. 

2. Setn= » n;j D = system order, nay = max {n;}, np = (nytl)p. 

Set 1 = 1. 

Set h =i. 

For j = 1 through np, Set V-(h) =n; +1-j,h=h-+p. 

Seti=itl. 

If i > p, go to 8; else go to 4. 

Set i, = 0,1, =0,k =1. 

oc 
O
N
 

PF 
TO 
F
Y
 

If Vz(k) < 0, go to 11; else go to 10. 

10. Set i, =i, +1,h(i,) =k. 

11. If Vz(k) 4 0, go to 13; else go to 12. 

12. Set ig = i2 +1, r(i2) =k. 

13. Setk=k+1. 

14. Ifk < np, go to 9; else go to 15. 

15. Set q=p+1, ia = 0, ip = 0,1; = 0. 

16. Set ip = ip + 1. 

17. If Vz(q) < 0, Set ip = ip - 1 and go to 21; else go to 18. 
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18. If V-(q) 4 0, Set i; = i; + 1, else go to 20. 

19. Set s-(i;) = ip. 

20. Set ia = ia + 1, S(is) = ip, q=qe+l. 

21. Setq=qt¢l. 

22. if q < np, go to 16; else STOP. 

23. Selector vectors s, Se, h, and r are now identified. 

Consider, for example, the case where p = 3 and n = { 1, 4, 2 }. The 

algorithm given above gives the following selector vectors. 

s={1,5,7} se = { 2,3, 4,6} (2.3.37) 

h={1,2,3,5,6,8,11} xr={4,9,14} (2.3.38) 

This algorithm, although functional, is designed for implementation and does 

not give the user any intuition of the form dependency of F. and Qo on the 

assumed set of pseudo-observability indices. The algorithms given here are 

designed to be simple ways to determine the structures of F. and Q. without the 

need of time consuming algorithm implementation. 

To determine the locations of the row types in Fo, perform the following 

simple steps. 

1. First consider the assumed set of pseudo-observability indices n; = {m, no, ---; 

np}. Decrement each index in the set n; and place it in the row vector 

Vi=([ (m1) 2 (mrt) ioe : (np-1) |. 
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2. Decrement the elements of V, and place them in the row vector V,. Perform 

this on each subsequent row vector V; up to Vy M where n,, = max {n,}. 

3. Now concatonate these row vectors to form V = [V;: V2:-:-: Vy M ] which 

is a (1 x (n,,*p)) row vector. 

4. Maintaining index order, remove indices which are negative from this vector. 

5. The remaining vector, V, will contain p zeros and (n - p) positive integers. 

The location of these p zeros in V specify the location in the matrix Fo of the 

non-zero non-unity rows. The location in V of the (n - p) positive integers 

specify the location of the last (n - p) rows from the (n x n) Identity matrix 

I,, in the matrix Fo. 

Consider the example given above (equations (2.3.37) and (2.3.38)) for p = 3 

and n,; = {1, 4, 2}. Build vector V to obtain 

Removing the negative elements yields 

V =[(0312010] (2.3.40) 

By examination, it can be seen that F. will contain rows from In in rows 2, 3, 4, 

and 6 and will contain non-zero non-unity elements in rows 1, 5, and 7. This 

corresponds to 

s={1,5,7} ands. = { 2,3,4,6} (2.3.41) 

Identification Methods 40



The determination of the location of the types of rows in Q. is quite similar 

to the procedure above. The two differences are: 

1) Use the initial set of pseudo-observability indices as V, and 

2) Do not remove the negative elements of V. 

The vector V will contain n positive integers which correspond to the location of 

the n rows of the (n x n) Identity matrix In. Also, p zeros will be contained in V 

which will correspond to the location of the rows a; from the matrix Fo. 

Consider the previous example with p = 3 and n; = {1, 4, 2}. Build vector V 

as before, but include the original set of indices to obtain 

V=[Vo: Vi: V2: V3: V4] =[142:031:-120:-21-1:-30-2] (2.3.42) 

It can be seen by inspection that Q. will contain the n rows from In in rows 1, 2, 

3, 5, 6, 8, and 11. The rows a; from F> are in rows 4, 9, and 14. This corresponds 

to the selector vectors 

h = { 1, 2, 3,5, 6, 8,11} andr = { 4,9, 14} (2.3.43) 
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2.4 Conclusions 

In this chapter, numerous methods for identifying continuous-time system 

have been considered. Direct methods which identify a continuous-model directly 

from input-output data are available, but for MIMO systems most of these 

methods are cumbersome to use. This is due to the fact that most of these 

methods treat only one output at a time and then synthesize these MISO systems. 

For MIMO systems at the present, indirect methods of identification seem most 

useful. The response of discrete-time models which are identified using samples of 

continuous-time input-output data match the response of the continuous-time 

systems almost perfectly, especially for computationally simple systems. 

The discrete identification method presented in section 2.3 is such a method. 

The use of pseudo-observability indices for structural identification removes the 

need for seperate structure and parameter identification procedures presented by 

most identification methods. This identification method shows that the number 

of possible system representations in identifying MIMO systems corresponds to 

the number of admissible sets of pseudo-observability indices. Also, one of these 
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sets leads to the most convienient state-space system representation, in that the 

identified matrices are well conditioned. 
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3.0 ‘Transforming the Model 

As mentioned previously, the second step in the so-called “indirect” method 

of continuous-time system identification is the transformation of the discrete-time 

model to an equivalent continuous-time representation. There have been many 

transformation methods developed for single-input single-output (SISO) systems, 

most of which were developed as digital filter techniques. These transformation 

methods include forward and backward rectangular transformations, bilinear and 

Tustin transformations, with and without prewarping, pole-zero mapping, and 

Zero-order and First-order hold equivalences. These methods primarily regarded 

the system transfer function and therefore were not all wel] suited for extension to 

the multivariable case. 

Of the SISO transformation methods, the step-invariant or Zero-order hold 

(ZOH), the bilinear, and the ramp-invariant or First-order hold (FOH) 

transformations have been given the most consideration (Strménik and BremSak 

1979, Sinha and Lastman 1982) for multi-input multi-output (MIMO) systems. 

Previous authors have concluded that of these methods, the bilinear 
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transformation works best for a broader range of system responses (Strménik and 

BremSak 1979, Sinha and Lastman 1982). Even so, the ZOH method is used in 

most cases due to the simplicity of implementation and the considerable amount 

of study which has been directed at this method. The ramp-invariant or first- 

order hold (FOH) transformation has much potential but has always been 

computationally challenging for the multivariable case. 

In this chapter, some previous research pertaining to transformation 

techniques is presented in section one. The classical ZOH transformation method 

is reviewed in section two. The difficulty in this method can be seen to be the 

calculation of the continuous-time system matrix from the discrete-time state 

transition matrix, since the calculation of the remaining state-space matrices is 

straightforward. This problem, which is shown to be the calculation of the 

natural logarithm of a matrix, is considered in section three. The calculation of 

this state system matrix is the same for the ZOH and the FOH transformations 

and therefore it should be considered valid for either transformation method. In 

section four, a new method of calculating the FOH equivalent system, which was 

recently proposed by Bingulac and Cooper (1990), is considered. This method has 

been developed as a more general method than that of Strménik and Bremsak 

(1979) and is less sensitive to zero-valued eigenvalues. It also gives more insight 

to the ramp-invariant transformation. 
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3.1 ‘Transformation Techniques 

Transformations to the discrete-time domain from the continuous-time 

domain and vice versa have recieved a large amount of consideration, especially in 

the case of single-input single-output systems. Considerable work has also been 

done pertaining to digital filters in connection with the related problem of 

determining the discrete transfer function corresponding to the transfer function of 

a continuous filter (Haykin 1967, Sinha 1972). This procedure considers an 

approximation of the frequency response rather than an approximation of the 

time-domain response. 

Haykin (Haykin 1967) first presented a unified theory of digital filtering 

which relates the various methods of approximation proposed previously. In 

review, it was pointed out that the transfer function of a continuous-time filter 

may be written, in the complex frequency domain, as 

  H(s) = 5° - ft (3.1.1) 
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An integro-difference equation was developed for deriving the input-output 

relation of a linear time invariant filter and is given below. 

r me 

y.(nT) =e "* y,(nT-T) + Aye “*" / e?F’x(r) dr (3.1.2) 

nT-~T 

The definite integral of (3.1.2) can not be evaluated analytically since the 

excitation x(r) is generally unknown. In order to evaluate equation (3.1.2), some 

approximation of x(r) over the sampling interval nT-T < r < nT must be made. 

For an impulse approximation, x(r) is approximated by 

x(r) ~ T x(nT) 6(7 - nT), nT-T <7 < nT (3.1.3) 

which leads to the discrete transfer function 

N A H(z')=T)> ——4— (3.1.4) 

This, and the following discrete-time transfer functions are the actual analog-to- 

digital filter transformations which correspond to the approximation of x(r). For 

a step-invariant approximation, x(r) is assumed to be 

x(r) ~ m x(nT) + (1-m) x(nT- T), nT-T <7 < nT (3.1.5) 

The value of the variable m still must be assumed. A value of zero (0) for m 

yields the familiar Zero-order hold (ZOH) transformation, where x(r) = x(nT - 

T), which is shown below. 
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a a (3.1.6 
(l-e 7 727) #

 H(z") = ye 

The ramp-invariant transformation, or First-order hold (FOH) requires the 

approximation of x(r) to be 

(nT - T) x(r) ~ x(nT - T) + [x(nT) - x(nT - T)] + (3.1.7) 

which leads to the FOH transfer function transformation 

- —pet —prT 

H(at) = AS> Ay Tpe-1 +e Pe ta eT Tye") (3.1.8) 
Te p ee (1 . e PFT 7-1) 

Sinha (Sinha 1972) considers the approximation methods developed 

previously by Haykin in more detail and compares the precision of each. Sinha’s 

main point in this paper is to show that the bilinear transformation is a good 

approximation under a wide range of conditions. The bilinear transformation 

which was used is given below. 

_ N T A,(1 + 27’) 
H(z) = 3.1.9 
(2) d 2+ Tp,-(2-Tp,) 2” ( ) 
  

The impulse-invariant, step-invariant, and ramp-invariant transformations 

compared to this bilinear transformation are for SISO systems. 

Keviczky (1977) uses transfer function techniques to derive new 

transformation algorithms for SISO models in state-space form. The 

transformations considered are the step-invariant and the ramp-invariant. 
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Consider the SISO continuous-time system representation given by 

x(t) = A x(t) + b u(t) (3.1.10) 

y(t) = c x(t) + d u(t) (3.1.11) 

and the corresponding SISO discrete-time system description 

x(k+1) = F x(k) + g u(k) (3.1.12) 

y(k) = c x(k) + h u(k) (3.1.13) 

For the step-invariant and ramp-invariant transformations, the transformation of 

the state transition matrix F to the system matrix A is the same and is given by 

In (F) (3.1.14) 

Keviczky points out that for A to exist, F must have all its eigenvalues inside the 

unit circle. Transformation equations for the remaining matrices, namely b and 

d, were derived and are given below for the step-invariant and ramp-invariant 

cases. Vector c is assumed to be equal in both the discrete-time and continuous- 

time cases. For step-invariance, 

b= ln (F)(F-I)*g=A(F-I)*¢ (3.1.15) 

d=h (3.1.16) 

and for ramp-invariance, 

b = # (In (F))? (F-I)?g=TA’(F-1)’g (3.1.17) 
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d=h-c(F-I)'g (3.1.18) 

The equations were derived for the SISO case and may not be directly extended 

to the MIMO case. 

The approximations which were previously considered by Sinha and Keviczky 

(Sinha 1972 and Keviczky 1977) for the single input, single output case were 

extended by Strménik and BremSak to include the multivariable case (Strménik 

and BremSak 1979). The step-invariant, ramp-invariant, and the bilinear 

transformations are considered for the multivariable continuous-time system 

x(t) = A x(t) + B u(t) (3.1.19) 

y(t) = C x(t) + D u(t) (3.1.20) 

and the multivariable discrete-time system 

x(k+1) = F x(k) + G u(k) (3.1.21) 

y(k) = C x(k) + H u(k) (3.1.22) 

For the step-invariant and ramp-invariant transformations, as in the SISO case, 

the transformation to the systems matrix A from the state transition matrix F is 

the same and is given by equation (3.1.14). The step-invariant transformation or 

Zero-order hold (ZOH) is the simplest type of transformation presented and is 

given by 

B=, In(F) (F-I)'’G=A(F-I)'’G (3.1.23) 

D=H (3.1.24) 

1 
T 
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It is obvious that this is the same calculation as in equation (3.1.15) with the 

exception that this is now a multivariable system. The ramp-invariant or first- 

order hold (FOH) becomes much more complicated since the feed through matrix 

now has to be transformed also. This transformation is given below. 

B= (n(F))? (F-D?G=TA?(F-N?G (3.1.25) _i 
T 

D = H+C(F - I)~? [In(F)(F - I-1]G = H+C(F - I)-? [AT(F-D--1JG (3.1.26) 

The bilinear transformation derived by the authors is 

A= 4(F -I(F +1)" (3.1.27) 

B= - (F+1)?G (3.1.28) 

D=H-C(F+I"G (3.1.29) 

In all three transformation methods, the matrix C was taken to be the same for 

the discrete-time and continuous-time systems. The authors concluded that if the 

spectral norm || AT || is less than 0.5 then the bilinear transformation yields the 

closest approximation to the continuous-time system. This condition corresponds 

to a similar relationship for the scalar case (Sinha 1972) which must be met for 

the transformation to converge. 

Sinha and Lastman (Sinha and Lastman 1981) consider these transformation 

equations given by Strménik and BremSak, which work when the state transition 
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matrix can be diagonalized but cause problems when the eigenvalues are real and 

negative and when the state transition matrix cannot be diagonalized. Using an 

infinite series expansion, the matrices F and G from the model described by 

equations (3.1.21) and (3.1.22) are expressed as 

F=e47 =1+AT + 5 (AT)? + 3) (AT) + ... (3.1.30) 

T 

G= / AT Bdt=(IT+ HAP +i ars... (3.1.31) 
0 

The iterative technique proposed to calculate the log of the matrix F has the 

restriction that the spectral radius, or norm, of AT must be less than 0.5 for the 

technique to converge, i.e. 

|| AT || < 0.5 (3.1.32) 

The fixed point iteration proposed by the authors is given below. 

(AT)S? = (AT) 4 FU (F-F®) = (AT)? 41-FU FY (3.1.33) 

where (AT) is the value of AT at the k" iteration and 

(k) 
AT 

Fi) = ef ) (3.1.34) 

This iterative method requires that the spectral radius of AT and F both be less 

than one for the algorithm to converge. These conditions will be satisfied if A 

represents a stable system and if the sampling time is selected so that equation 

(3.1.32) is satisfied. 
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The fixed point iteration given by equation (3.1.33) works well if the initial 

guess is sufficiently close to the final solution. The authors recommend using one 

of the following equations for the initial guess: 

(AT)? =1(F-F-) (3.1.35) 1 
2 

which is obtained by truncating the Taylor series expansions of e47 and e4? after 

three terms or 

(AT) =2(F +I)? (F-1) (3.1.36) 

which is derived from the Padé approximation of e47, i.e. 

F = e47 ~ (I- 3 AT)" (I+ 3 AT) (3.1.37) 

After AT has been obtained, equation (3.1.31) may be used to calculate B as 

B=R"G (3.1.38) 

where 

R=[1+5,AT +9 (AT) +..]T (3.1.39) 

Puthenpura and Sinha (Puthenpura and Sinha 1984) proposed applying 

Chebyshev polynomials and the Chebyshev minimax theory to the problem of 

determining the continuous-time system matrix A from the state transition 

matrix F. The authors consider the Chebyshev polynomials on the interval [-1, 1] 

which are given by 
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Th41(x) = 2x T-(x) - T,_1(x) (3.1.40) 

and which correspond to the “shifted” Chebyshev polynomials on the interval (0, 

1] 

T*,41(x) = 2 (2x - 1) T*-(x) - T*,_3(x) (3.1.41) 

Now the logarithmic series for x € [ 0, 1] is considered and can be expressed as 

In(1+x)=x-2x?4133- 5 3 x? +... (3.1.42) 1 
4 

which has the property that the error of truncation is smaller than the first 

neglected term, i.e. 

r-l 

(1) x" +e (3.1.43)   In(1+x)=x-5x+9x°-Pxt+..4 

also 

In (1 + x) = pr(x) + € (3.1.44) 

where p-(x) represents the r‘*-degree polynomial approximation of In(1 + x). 

Using Chebyshev polynomials, the lower order approximation may be obtained. 

pr(x) = qs [ pr(x) |] + ner (3.1.45) 

Now using this lower order approximation and equation (3.1.14), the following 

may be written 
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A= + In(I + L) = P,(L) + E-(L) (3.1.46) 

where L = F - I. This method uses less number of iterations than the previously 

proposed iterative technique and has been shown to be especially useful when the 

discrete-time model of the system is ill-conditioned for inversion. 

Lastman, Puthenpura, and Sinha (1984) proposed a new iterative technique 

which is based on the series given by equation (3.1.46). This summing series can 

be written as 
k+1 k 

k=1 

where L = F - I. The error made by approximating AT by P-(L) is 

  

WSs <egpa-pep 4) 

which shows that this method will converge provided that the spectral radius of L 

is less than one. This condition is more easily checked than the previous 

convergence conditions since the matrix F is known. This method seems to be 

quite efficient computationally, and appears to be more tolerant of multiple and 

zero-valued eigenvalues than previous methods. 

Bingulac and Sinha (1989) consider the ramp-invariant transformation in 

connection with continuous-time system identification. In this paper, a discrete- 

time model is identified using samples of input-output data from a continuous- 

time system. This discrete model is then transformed, via a ramp-invariant 

transformation, to an equivalent continuous-time system. The problem with the 
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method considered lies in the restrictive assumptions which were made. The 

restrictions, or assumptions made prior to developing this method were: 

1. the order of the model, n, is known 

2. the number of outputs, p, is equal to n DIV 2 

3. the observability, or pseudo-observability indices, n;, corresponding to the i** 

output, is equal to n DIV 2 

where the DIV operator represents integer division. 

Reconsider the continuous-time and discrete-time models described by 

equations (3.1.19) - (3.1.22) respectively. With the above assumptions made, the 

following pseudo-canonical observable form may be selected for the continuous- 

time model. 

0: Kin-p) B, 
Ao=| oe we ee | Bo =| (3.1.49) 

Fi : #F, B, 

Co = [ Ip : 0 1; Do =D (3.1.50) 

For the ramp-invariant transformation, the authors show that equation (3.1.21) 

may be rewritten as 

x(k+1) = F x(k) + Go u(k) + G, u(k+1) (3.1.51) 

In the identification procedure given, first the parameter matrix, P, is found and 
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has the form 

where 

B, = By - F, By + Bo - F, D 

B, = B,, + D 

The matrices Gy, and G, have the form 

Bo Bu 

Go i 2 | 

and may be calculated as 

G, = My BT = (ATF - F +I) (AT)? BT 

G, = M, BT =(F-AT-I) (AT)? BT 

where 

  

  

which lead to the relationship 

M,~ Go = M,7? G, 
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(3.1.53) 

(3.1.54) 

(3.1.55) 

(3.1.56) 

(3.1.57) 

(3.1.58) 

(3.1.59) 

(3.1.59) 

(3.1.60) 
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From equations (3.1.53) - (3.1.55), it can be seen that matrix D may be chosen 

freely. If D is chosen to be zero (0), then one of the other four matrices may be 

chosen so that equation (3.1.60) is satisfied. Once this is done, matrix Bo is 

solved for by using one of the equations given below. 

M,~’ Go = & M,7' G, (3.1.61) 

Cooper and Bingulac (1990) consider a modification to the iterative technique 

proposed by Lastman, Puthenpura, and Sinha which causes it to converge more 

quickly and to be less restrictive on the spectral radius of the matrix L. The 

improvement involves raising the state transition matrix, F, to the power of 1/2 

until the spectral radius L is less than 0.5. This matrix is then passed to the 

iterative procedure. After the algorithm converges, the resulting matrix is then 

transformed to the continuous system matrix A by multiplying each element of A 

by the appropriate power of 2 and by dividing each element by the sampling time. 

This procedure is computationally simple and has no restriction on distinctness or 

value of the eigenvalues. This technique will be covered in detail in section 3.3. 

A new method of performing ramp-invariant transformation of a discrete- 

time system to continuous-time domain was proposed by Bingulac and Cooper 

(1990). The method is constructed in such a way as to be much more general 

than previous methods. The algorithm presented is valid for any linear system. 

Section 3.4 considers this procedure, which uses polynomial matrices to reduce the 

calculation of the ramp-invariant system to the solution of an overdetermined 

system of linear algebraic equations. 
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3.2 Zero-Order Hold 

Consider a continuous-time linear multivariable system, described by the 

equations 

x(t) = A x(t) + B u(t) (3.2.1) 

y(t) = C x(t) + D u(t) (3.2.2) 

where x(t) € R”, u(t) € R™, and y(t) € R’ are the state, input and output vectors, p 

respectively, while A, B, C, and D are matrices of compatible dimensions. 

Assuming that the state of the system is known at time t = t;, its value at t, 

> t, 1s easily obtained as 

t2 

x(to) = 42-4) x(t) 4 / eA(2-7) B u(r) dr (3.2.3) 
ty 

Now, given the sampling interval as T, the values t, and t, are selected as 

t, = kT (3.2.4) 

to = (k + 1)T (3.2.5) 
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where k is any positive integer. Equation (3.2.3) can now be written as 

(k+1)T AleTeT: ) 

Xeq) = C4T x, + eA GMT) B u(r) dr (3.2.6) 
kT 

A where x, = x(kT) (3.2.7) 

and y, Sy(kT) =Cx,+Hu, (3.2.8) 

Equation (3.2.6) can not be integrated in the present form to determine the 

state of the system and then obtain the output, since the input u(t) is known only 

at the sampling instants. This problem is simplified considerably if the input to 

the system is help constant between the sampling instants. This is commonly 

done in discretizing continuous-time systems for digital control design and 

implementation. This yields the step-invariant transformation which relates the 

parameters of the continuous-time system to those of the corresponding discrete- 

time model. By replacing u(r) with u(kT), equation (3.2.6) becomes, 

Xpui = F Xp + G u, (3.2.9) 

where 

F = e4? (3.2.10) 

T 
G= / e47 B dr (3.2.11) 

0 

and u, = u(kT) (3.2.12) 
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As can be seen by these equations, the problem reduces to the estimation of 

matrices F, G, C, and H from the samples of input-output data. Matrices A and 

B may then be computed from the estimates of F and G by using some suitable 

method. Considering equations (3.2.10) and (3.2.11), equations for the 

representation of matrices A and B may be found to be 

A= # In (F) (3.2.13) 

and 

B=A(F-I)'G (3.2.14) 

while 

D=H (3.2.15) 

and the matrix C in the continuous model is equal to C in the discrete model. 

While the calculation of the matrix B using equation (3.2.14) is 

computationally straight forward, the calculation of the matrix A, or the inverse 

state transition matrix is not as direct. This problem has been considered by 

several authors (Sinha and Lastman 1982, Lastman, Puthenpura, and Sinha 1984, 

Puthenpura and Sinha 1984, Cooper and Bingulac 1990). The next section is 

concerned with this computation and considers the algorithm which was recently 

proposed by Cooper and Bingulac. 
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3.3 ‘The Log of a Square Matrix 

Equation (3.2.13), derived from equation (3.2.10), is commonly called the 

natural log of the matrix F since, for the case where F is a scalar, the scalar 

variable A can be calculated directly as the logarithm of F divided by T. But this 

is the trivial case. The calculation of A in the case where F is a square matrix is 

not quite as direct. 

For the case where the matrix F has distinct, non-zero eigenvalues, it can be 

shown (Sinha and Lastman 1982) that matrix A may be calculated as 

A=M « diag { é ln f,, r In fy, ..., x In fn } *« M7 (3.3.1) 

where the matrix 

M = { vy, Vo, ---, Vn} (3.3.2) 

and where v;, V2, ..., Vn represent the eigenvectors of F corresponding to the 

eigenvalues f,, f2, ..., fn. The requirement on the eigenvalues of F to be distinct 
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make this method much too restrictive. Special cases are considered by Sinha and 

Lastman (Sinha and Lastman 1982) but no general formula for calculating the 

natural log of F is given. 

In an earlier work (Sinha and Lastman 1981), a more general iterative 

method for performing this calculation was given. This method utilized the 

infinite series definition of the natural logarithm in the calculation. As an 

improvement to this algorithm, the Chebyshev minimax theory was later used to 

improve the accuracy of the initial approximation (Puthenpura and Sinha 1984). 

One of the latest and most accurate algorithms has been proposed by 

Lastman, Puthenpura, and Sinha (1984) and is based on the summing series 

k+ly7 k 

k=1 

This algorithm is convergent in the case where L = F - In has a spectral radius 

less than one, where F is the (n x n) state transition matrix and In represents the 

(n x n) Identity matrix. If the spectral radius is between one half and one, i.e. 0.5 

< p(L) < 1, convergence can take numerous iterations causing the algorithm to be 

painfully slow. Cooper and Bingulac (1990) have proposed an improvement to 

this algorithm to obtain convergence for spectral radii greater than one and to 

speed up the iterative process by reducing the spectral radius to or below one half. 

To obtain convergence in the case when p(L) > 1, consider the matrix F as 

given in equation (3.2.10) 

F = e4? (3.3.4) 
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which could also be expressed as 

A= i Ihn(F) (3.3.5) 

as in equation (3.2.13). Now let 

T=n-t, (3.3.6) 

leading to 

t= (3.3.7) 

where n = 2”, m = 1, ... ,q. Substituting equation (3.3.6) into equation (3.3.4), 

we obtain 

F = e4"! (3.3.8) 

Now let 

F = (F)”?- (3.3.9) 

Consequentially, 

P = eft eAT (3.3.10) 

In(F) (3.3.11) 

leading to 

A= # In(F) (3.3.12) 

Rewriting equation (3.3.3) in variables A and F leads to 

In(F) T=)" Ly yk (3.3.13) 
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where L = F - I. 

This infinite series is convergent, as given in equation (3.3.3), if the spectral 

radius of L is less than one. It is also noted that less iterations are needed for 

smaller spectral radii. This algorithm reduces the spectral radius of the matrix L 

sufficiently so as to reduce the number of iterations required by the algorithm, 

and in the case where the spectral radius is greater than one, reduces the spectral 

radius so this infinite sum based algorithm will converge. Also, the reduction is 

limited so as to avoid introducing serious round-off error into the calculations. 

The condition to be met is to find a value of m such that the spectral radius 

of L = (F - In), where F is calculated as in equation (3.3.9), is less than 0.5. The 

algorithm is described as follows. 

1. Select a positive integer N and a small positive number e. 

Set Q; = L and S, = L where L = (F - In) 

Set k = 0, andj = 0 

aj=jtl 

If p(L) < 0.5, go to b: | 

If p(L) > 0.5, then let L = (F’’ n In) and go to a: 

bk=k+1 

Set Qi -k LQ. 

2 

3 

4 

5. Calculate the spectral radius of the matrix L, p(L) 

6 

7 

8 

° (+1) 

10. Set She = S, + Qrst 

ll. Ifk>N or (d(S;,4;, S:)) < € then go toc: 
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12. _—_ Else, go to b: 

13. c: Calculate matrix A = S- x i 

The function d(x,y) can be any suitable measure of the realitive difference or 

closeness of §,,, and S,. One such measure is given by 

~ \ _ Max; | S (est); j ~ Se); | d(Sia1y Sz) = 3 (3.3.14) 
max, | S (est) ; | 

  

The variable N defines the maximum number of iterations carried out in 

calculating See and the value of « can be used to control the accuracy of the 

algorithm. 

A possible algorithm to calculate the square root of a general matrix A is 

given below. 

1. Select a small positive number « 

2. Set X, = A, andi=0 

3. a iz=itl 

4, Set X;41 = 0.5(X; + AX,7’) 

5. If d(X,41, Xi) < « then go to b: 

6. Else, go to a: 

7. b: Set VA = Xj; 

This algorithm is based on the standard procedure x,;,, = 0.5(x; + %) for 

calculating the square root, x, of the scalar a where x = Va. 
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This algorithm yields excellent approximations to the matrix A when the 

spectral radius of L is less than one. Just as importantly, however, is the fact that 

in the case where the spectral radius of L is greater than one, this algorithm will 

converge to a sufficiently accurate approximation to the continuous-time system 

matrix. 
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3.4 First-Order Hold 

Given the set of sampled input and output vectors {u,;, y;} of a MIMO 

system, the system can be identified by a discrete-time representation in state 

space form {F, G, C, H} as in chapter 2. The state-space representation of the 

system is given by 

Xeo1 = Fx, + Gu, (3.4.1) 

y= Cx, + Hu, (3.4.2) 

where, x € R", u € R™, and y € R? are the state, input and output vectors 

respectively while F, G, C, and H are matrices of compatible dimensions. The 

sampled input vector is given by : u, “4 wkT). The system can also be 

represented by the Z-domain polynomial transfer function equation 

yz) =[C(Iz-F)'G+H] u(z) (3.4.3) 

For a step-invariant transformation to a continuous-time model, using Zero- 

order hold (ZOH) as in section 3.1, there are numerous methods to determine A, 
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B, C, and D (Bingulac and Sinha 1989, Brogan 1985, Sinha and Kuszta 1983). 

This step-invariant transformation leads to the continuous-time system described 

by 

x(t) = A x(t) + B u(t) (3.4.4) 

y(t) = C x(t) + D u(t) (3.4.5) 

where the matrices A, B, C, and D may be calculated from equations (3.2.13) - 

(3.2.15). 

In the step-invariant transformation presented in section 3.2, the input to the 

system is assumed to be held constant during the sampling interval. This is a 

valid assumption if the system is actually sampled using a Zero-order hold, but it 

is not reasonable for a system in which the input to the system is not held 

constant over the sampling interval. It may be more reasonable to assume the 

system to have an input which is varying linearly between sampling times, which 

leads to the following equation for the system input 

1)T - t 
u(t) = U, AS + Upes (: ft (3.4.6)   

which represents a first-order hold and leads to a ramp-invariant transformation 

(Bingulac and Sinha 1989, Bingulac and Cooper 1990). 

It has been shown (Bingulac and Sinha 1989, Strménik and Bremsak 1979) 

that the state space representation of the discrete system could be written as 

Xpq1 = F X; + Go U;, + G, Ups) (3.4.7) 
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ye = Cx, + D U; (3.4.8) 

or in the Z-domain as 

z-x(z) = F x(z) + Go u(z) + G, z u(z) (3.4.9) 

y(z) = C x(z) + D u(z) (3.4.10) 

where the (n x m) matrices Gy and G, are given by 

Go = M,B T and (3.4.11) 

G, =M,BT (3.4.12) 

Equating (3.4.11) and (3.4.12) we obtain 

M,7'G, = M,7'Go (3.4.13) 

and solving for G, yields 

G, = M, Mo" Gy or (3.4.14) 

G, = P G (3.4.15) 

where the (n x n) matrix 

P = M, M,”’ (3.4.16) 

Matrices M, and M, are given by 

M,=(ATF-F+In)(AT)”? (3.4.17) 

M, =(F-AT-In)(AT)? (3.4.18) 

where I, represents the (n x n) Identity matrix. Similar expressions for matrices 

Gp and Q, in (3.4.7), given by (3.4.7) - (3.4.18) were also derived by Strménik and 
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Brem8ak (1979). 

Equations (3.4.17) and (3.4.18) cannot be used to calculate My and M, if the 

matrix A is singular, i.e. if the continuous model contains at least one zero 

eigenvalue, (Bingulac and Sinha 1989). In this case, the equations for My and M, 

are given by 

  

  

M, = ¥ G41) An (3.4.19) 

_@& (AT) m= y AS (3.4.20) 

Expressions similar to (3.4.19) and (3.4.20) were derived by VanLandingham and 

Brogan, among others, in the context of digital filter design (VanLandingham 

1985, Brogan 1985). 

In order to obtain a continuous time model {A, B, C, D} corresponding to 

the ramp-invariant transformation, the problem now becomes determining the 

matrices Gy and D. Note that A is given by either equation (3.2.13) or (3.3.5), B 

by either equation (3.4.11) or (3.4.12), C is the same for the discrete-time system 

given in (3.4.2) and the continuous-time system given in (3.4.5), and D is equal to 

D. To solve this problem, first rewrite equation (3.4.9) so that the representations 

given by equations (3.4.7) & (3.4.8) and (3.4.1) & (3.4.2) describe the same 

system. Equation (3.4.9) becomes 

Transforming the Model 71



(Inz - F ) x(z) = Gp u(z) + P Gy z u(z) (3.4.21) 

which leads to 

(Inz- F ) x(z) = (In + Pz ) G, u(z) (3.4.22) 

The Z-domain ploynomial transfer function for this representation can be 

expressed as 

y(z) =[C(I1,2-F)"'(I,+ Pz) G,+D] u(z) (3.4.23) 

Equation (3.4.23) can also be written as a polynomial matrix 

y(z) =[C(Inz-F) a; (In+ Pz) : A(z) Ip] 

  

Go 1 
3 | Ria) u(z) (3.4.24) 

where (X),4; represents the adjoint of the matrix X, Ac.) £ the characteristic 

polynomial of the matrix A, and Ip represents the (p x p) Identity matrix. 

Similarly, equation (3.4.3) can also be written as a polynomial matrix 

y(z) =[C(Inz-F)aa;G+ A(z) H] aD) u(z) (3.4.25) 

Equations (3.4.24) and (3.4.25) are discrete-time representations of the same 

system. Therefore, the polynomial matrix equality 
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Go 
[ C (Inz- F)aa; (In + Pz ) : A(z) Ip J |-: 

D 
=[ C( Inz - F)a4; G + A(z) H] (3.4.26) 

    

should hold. 

To simplify equation (3.4.26), the (p x m) polynomial matrix 

W(z) = C ( In Z- F adj G (3.4.27) 

will be written as 

n—-1l . . 

W(z) = W,; 2° (3.4.28) 
g=0 

where 

Wij +t Wimj 

Wpij °° Wpmj 

is a (p xX m) real matrix containing coefficients w;,; of the polynomials 

n-1 . 

W,,(Z) = 2d, Wij 2 (3.4.30) 
I= 

in the polynomial matrix W(z) = {w,,(z)}. Similarly, the (p x n) polynomial 

matrix 

V(z) = C ( In Z- F Jadj In (3.4.31) 

will be expressed as 

n-1 . 

V(z) = » V; Zz (3.4.32) 
j=0 
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where 

Ving tt) Vimj 

j Dott (3.4.33) 

plj °° Ypmj 

< II 
is a (p x n) real matrix containing coefficients v,,; of the polynomials 

VinlZ) = >> Ving z? (3.4.34) 

in the polynomial matrix V(z) = {v;,(z)}. 

Substituting equations (3.4.28) and (3.4.32) into equation (3.4.26) yields 

Go 
[ V(z) (In + Pz): A(z) Jy] | 3 = [ W(z) + A(z) H] (3.4.35) 

The characteristic polynomial, A(z), is assumed to be a monic polynomial of 

the form 

A(z) = pot pizt... + Pry 2” +12" (3.4.36) 

or 

n-i . 

A(z) = S> pz +2" (3.4.37) 
4=0 

Now, substituting equations (3.4.28), (3.4.32), and (3.4.37), equation (3.4.35) 
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becomes 

n— . > nol . 

V; 2’) (In + Pz) pj2zt2"I, | 
= : 5 

-_
 

  

j= j=0 

n-1l j n-1 : 

W,;2 + pjH2’+2"H (3.4.38) 
g=0 j=0 

leading to 

=
 

0 

( V; 2’) (In + Pz) Flt oly 
: j=0 

  

&.
 i 

§ + (W; +p; H) 2? +2" | (3.4.39) 

Equation (3.4.39) can now be expressed as 

j=0 : j=0 

  

Go 
5 |= 

>> (W; +p, H) 2 (3.4.40) 
j=9 

where V_, = 0, Vn = 0, Wn = 0, and pn = 1. 

Combining terms associated with 2’ (j = 0, ..., n), equation (3.4.36) can 

formally be written as 

[Tpz°iIpzti --- | Ip2* ][A]=[Tp2°iIpzti -- } Ipz” ][B] (3.4.41) 

Transforming the Model 75



where the [(n+1)p x (n+p)], [(n+-p) x m], and [(n+1)p x m] matrices A, x, and B 

respectively, are given by 

    

  

    

Vy 0 > Po Ip 

; v, Vo : Pils, 

A = +]: Pi: (3.4.42) 
Vae1 Van-2 : I 

0 Vae-1 : Pn-itp 

I, 
L _ — - 

t Wo Po H 

~ W, Pi Go 

Wr-1 Pn-1 H D 

La 0 = 

L _ 

Equation (3.4.41) will be satisfied for all z if 

Ax =B (3.4.44) 

Since (n+1)p > n + p, (the equality holds only if p = 1) equation (3.4.44) 

represents an overdetermined system of linear algebraic equations. The matrices 

A and B are dependent on the known variables V;, P, p;, W;, and H while the 

unknown matrix ¥ contains the matrices G, and D to be determined. It can be 

easily verified that B c R (A) thus a unique solution exists for this 

overdetermined system of linear algebraic equations. 

Finally, having determined the matrices G, and D, the ramp-invariant or 

first-order hold (FOH) equivalent continuous-time representation is given by 
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x = A, x(t) + B, u(t) 

y = C, x(t) + D, u(t) 

where 

A, = + In(F) 

B, — A M, Go 

C,; = C 

Transforming the Model 

(3.4.45) 

(3.4.46) 

(3.4.47) 

(3.4.48) 

(3.4.49) 

(3.4.50) 
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3.5 Conclusions 

In this chapter, the Zero-order hold and First-order hold transformations were 

considered and compared. First, previous work in the area of transformations was 

presented and discussed. The classical Zero-order hold method was then derived. 

For MIMO systems, this method is the most popular primarily because of its 

simple implementation. The most important aspect of the ZOH transformation is 

the derivation of the continuous-time system matrix A from the discrete state 

transition matrix F. A method to perform this calculation has been presented in 

this chapter which appears to currently be the most accurate and most general 

method, as this procedure has no restrictions on the eigenvalues of matrix A or 

matrix F. The algorithm, as presented, has no problem transforming even an 

unstable state transition matrix to a continuous system matrix. 

Lastly, a new and exciting method has been presented for calculating a ramp- 

invariant system representation. This method appears to be the most general 

method presented to perform this calculation to date. Unlike previous methods, 

this First-order hold transformation method holds no restrictions on the 
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eigenstructure of the considered continuous-time system. Computationally, this 

method reduces the deduction of a FOH continuous model to a solution of an 

overdetermined system of linear algebraic equations having a unique solution. 
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4.0 Simulation 

To illustrate the indirect, continuous-time identification method presented in 

this thesis, three systems will be considered. The first system, considered in 

section 4.1, contains a zero eigenvalue and double eigenvalues. This system will 

be used to show the identification procedure, as presented in section 2.3. This 

procedure will identify a discrete-time model from which an equivalent 

continuous-time model can be obtained using a ramp-invariant transformation. 

Section 4.2 considers a marginally unstable system (i.e. an eigenvalue in the right- 

half plane and a spectral radius of AT greater than one half) and shows that even 

under this adverse condition, the procedure for calculating the log of a square 

matrix, presented in section 3.3, will work satisfactorilly. Last of all, section 4.3 

uses the presented procedures to identify a large, random system, primarily to 

show that the procedures will work for more realistic systems. 

The simple steps in the simulation proceedure presented here were as follows: 

1. Stimulate the continuous-time system with an input signal and obtain 
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samples of the system response. 

2. Use the samples of the continuous-time system input and system response to 

identify a discrete-time model . 

3. Use the step-invariant and ramp-invariant transformation techniques to 

transform the discrete-time model to an equivalent continuous-time 

representation. 

4. Compare the accuracy of both procedures. 

In the following examples, the ramp-invariant transformation is compared to 

the classic step-invariant transformation. The responses of both systems are 

compared to the response of the sampled system to be identified. It can be seen 

that the ramp-invariant transformation produces a more accurate model than the 

step-invariant transformation, especially at larger sampling periods. 

All calculations and simulations were done either on an IBM Pc© a PC 

© clone or a Sun~ workstation in double precision using the computer package 

LAS© (Bingulac 1988), written by Dr. S. Bingulac, currently at Virginia Tech. 

Once the simulations were complete, the data was transported to MATLAB® for 

graphing. 

The simulation of a true continuous-time system was accomplished by solving 

the state-space differential equation at points 0.01 seconds apart. These 

“samples” were then considered to be the continuous-time input and output data 

which was sampled at different sample times to identify. The continuous-time 

models which were calculated were then given the original system input and the 

response of these identified models then calculated, again every 0.01 seconds. 
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4.1 Stable Model 

The following fourth-order model, with one input and two outputs (n = 4, m 

= 1, p = 2) was chosen as a continuous-time stable system to be identified 

- 10 O O 1 
_{| 0 -5 10 O |. _} 1 

A=! 9 0 -15 6 } B=! 1 
0 0 0 0 1 

(4.1.1) 
1 0 0 QO _ | 0 

c=] 5 0 4 0 f D=| 5 | 

where the matrices A, B, C, and D are defined by 

x(t) = A x(t) + B u(t) (4.1.2) 

y(t) = C x(t) + D u(t) (4.1.3) 

The input to this system is shown in Figure 3. This sinusoidal input was 

chosen since it is more general than the input signal previously used by Bingulac 

and Sinha (1989). Sampling times of 0.5, 0.25, and 0.1 seconds were used to 
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sample the available input-output data over a 5 second period. 

Consider now the observability matrix 

    

1 0 0 0 

Cc 0 0 4 90 

CA - 10 0 0 
o= = 4.1.4 

Q 0 O -6 24 ( ) 

CA"? 20 -100 100 0 

0 0 9 -36 

The possible sets of pseudo-observability indices are n, = {1, 3}, n, = {2, 2}, and 

nz = {3,1}. The set of observability indices for Qo is n. = {2,2}. The set n, was 

determined to be non-admissible. Therefore, for the examples in this section and 

in section 4.2, the set of pseudo-observability indices given by n,; = {3, 1} were 

used in the identification proceedure. 

The first step is to identify a discrete-time model given by 

x(k+1) = Fo x(k) + Go u(k) (4.1.5) 

y(k) = C. x(k) + Ho u(k) (4.1.6) 

x(0) = Xo (4.1.7) 

where the matrices Fo, Ge, Co, and Ho are in pseudo-observable form. In the 

identification procedure, first the matrices Y and Z were built to use in solving 

equation (2.3.26) for the parameter matrix 

[G:F ]=Y2Z7 (227)? (4.1.8) 
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which was calculated as 

~ . =, _[ O11 -1.213-.615 0 .007 .165 -.165 .993 
[G: F)=| “tig 1.166 2.155 .619 .009 -.259 -.293 ts | (4.1.9) 

leading to 

0 0 1 0 

007 .165 -.165 .993 
Fo = 4.1.1 

0 0 0 1 ( °) 

009 -.259 -.223 1.473 

Using equation (2.3.27), Go was calculated as 

586 
1.361 

G. = (4.1.11) 
1.157 
1.771 

Matrix C. is assumed to be know and given by 

1 0 0 0 
Co = (4.1.12) 

0 1 0 0 

Using equation (2.3.36), H. is calculated as 

.619 
Ho = (4.1.13) 

1.730 

The next step in the identification procedure is to transform this discrete- 

time representation, given by (4.1.10) - (4.1.13). The equivalent continuous-time 
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system matrix A- is calculated as 

7.036 -9.123 25.680 -9.521 
4 _— | 921-2369 -.477 «2.825 

Ac= min (Fo)= | “y4g 963-3412 2.597 (4.1.14) 
030.514. 886. ——«*1.370 

which has eigenvalues at 4; = { -4.973 + 0.2i, -1.5, 0.0 }. 

Since A- is singular, the matices My and M,, used in calculating Gp and G, as 

in equations (3.4.11) and (3.4.12), must be calculated by the power series defined 

in equations (3.4.19) and (3.4.20). These matrices are given below. 

    

T 055 -.112 .739 -.181 | 
_| (003 .197 -.060 361 

Mo=| "002 (028 .114 360 (4.1.15) 
| 003 -.089 -.087 .673 

T 196 -.174 .712 -.235 
001.334 -.033 .197 

M.=| "003 (032 .277. 194 (4.1.16) 
| 002 -.045 -.052 .595 | 

To calculate the FOH system, equation (3.4.40) is implemented, solving for 

G. and D. Using equations (3.4.48) to (3.4.50), matrices B,, C, and D, of the 

First-order hold system are calculated and given below. 

1.104 
40011, _f 1 0 0 0 Tn _f .003 

By =| 6.172 y=] 0 1 0 0 } D, =| O16 | (4.1.17) 
11.285 
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The response of this ramp-invariant system to the input given by Figure 3 is 

shown in Figure 4. 

For comparison, a step-invariant (ZOH) system is now calculated using 

equations (3.2.13) to (3.2.15). For this system, matrix Ac in the same as (4.1.14). 

The remaining matrices are given below. 

_ af 1 0 0 0 1 _f 619 
B: =| 3'915 C=] 0. 1 +O 0 } Ds =| 330 | (4.1.18) 

Figure 5 shows the response of this ZOH system plotted with the sampled system 

response. 

Now using a sampling time of 0.25 seconds, the output of the system given by 

(4.1.1) was sampled and a discrete-time representation was obtained. From this 

model, the matrix Ac was obtained and is given below. 

9312 -3.044 16.131  -3.755 
669 -4.235 «-4.714 «8.280 

In(Fo)= |} "91g 718 -2607 2.805 (4.1.19) 
463 -.720 =-4.374 = 4.631 

H
r
 

which has eigenvalues at \; = { -5.193, -4.830, -1.5, 0.0 }. For the ramp-invariant 

system, the remaining matrices were calculated as 
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1.011 
| 4049]. 7 1 

By =| 3953 1 Cy =| 0 
5.932 

The step-invariant system is given below. 

1.913 
6.070 
4.472 
7.333 

B. 
; _ 1 o=[ 3 

0 o 0 0 
1 0 0 } D; =| 001 | (4.1.20) 

0 oOo O ]n _f .197 
1 0 0 I D. =| 681 | (4.1.21) 

Figures 6 and 7 show the responses of these ramp-invariant and step-invariant 

systems, respectively, plotted with the response of the sampled system. 

Finally, a sample time of 0.1 seconds was used. The matrix Ac is given 

below. 

_ 1 _ 
Ac = In (Fo) = 

-9.312 -3.044 16.131 
.669 -4,.235  -4.714 
-.916 118 -2.607 
463 -.720 = -4.374 

-3.755 
8.280 
2.805 
4.631 

(4.1.22) 

which has eigenvalues at A; = { -5.216, -4.805, -1.5, 0.0 }. The ramp-invariant 

system was calculated as 

1 
1, =| 0 

1.001 
4.006 
1.634 
2.910 

B,; = 
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and the step-invariant system for this sampling time was found to be 

1.296 
_|4as6;|._f 1 0 0 Oo _[ .060 

B: =| 9/054 1G. =[ 0 1 oO 0 } D: =| 330 | (4.1.24) 
3.024 

Figures 8 and 9 show the responses of these ramp-invariant and step-invariant 

systems, respectively, plotted with the sampled system response. 

To lend more insight into the accuracy of the ramp-invariant transformation 

as compared with the classic step-invariant transformation, Figure 10 shows the 

error of the ramp-invariant system for each sample time, which was calculated as 

the difference between the response of the sampled system and the response of the 

step-invariant transformed system response. Since the errors of both output 

vectors of the multi-output system given in (4.1.1) are approximately equal, only 

the error of the first output, y,(t), is shown. Figure 11 shows the error of the 

step-invariant system for each sample time. It is obvious from these graphs, 

Figures 10 and 11, that the ramp-invariant system more accurately approximates 

the original system for every sampling time for this type of input signal. 

Simulation 91



  120 r 7 — 

  

80+ 

60    Ma
gn

it
ud

e 

     40+ Sampled = solid 

20 Ramp = dashed     

   

  0 05. 1 15 2 25 3 3.5 r 4.5 5 

Time (sec) 

Figure 8. Outputs y(t) of Sampled and Ramp-Invariant Continuous-Time 

Models; At = 0.1 sec 

  120 —— ———. — 

  

zs 
oo = 

oe —*L ~, 

Ma
gn
it
ud
e 

3 1 

Sampled = solid 

    
40+ 

201 Step = dashed     

  

  15 2 25 3 3.5 4 4.5 5 f
m
t
 

0 05 
Time (sec) 

Figure 9. Outputs y(t) of Sampled and Step-Invariant Continuous-Time 

Models; At = 0.1 sec 

92 Simulation



  

  

  

  

     

        

   
    

-1+ Oe 5 

-2/+ dt=0.1 : dash-dot - 

o 
zu 
2 
- 3b dt=0.25 : dashed a 
ow 

= 
~4/ dt=0.5 : solid 

5+ 

-6 il L _t 1 i r 1 ml _ 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 

Time (sec) 

Figure 10. Differences between Sampled and Ramp-Invariant System Responses; 

At = 0.5, 0.25, 0.1 sec 

  

    
  

0 Sot te 
ne basen ne ete 

2+ ts, L ; peer aeneenennnn eee a 

“4f a : 

-6+ ” 
: 

» Se a 

3 -st | 

Ep L dt=0.1 : dash-dot 4 
s -10 
= 

-12+ 4 
dt=0.25 : dashed 

-14+ 
. 

-16+ dt=0.5 : solid 4 

“18005 1 is. 2 25 3 35 4 445° °«5 

Time (sec) 

Figure 11. Differences between Sampled and Step-Invariant System Responses; 

Simulation 

At = 0.5, 0.25. 0.1 sec



4.2 Unstable Model 

The purpose of this section is to exercise the method presented in section 3.3, 

1.e. perform a transformation of the identified state transition matrix to a 

continuous-time system matrix when the spectral radius of AT, the original 

sampled continuous-time system matrix multiplied by the sampling time, is 

greater than one half. As pointed out by Lastman, Puthenpura, and Sinha, an 

easier constraint to calculate is that the spectral radius of F - I is less than one, 

since the state transition matrix F is known. Therefore, to actually set up a 

system which meets this criteria, consider the scalar case, given by 

f= e*? (4.2.1) 

For our purposes, it is most desirable to have an eigenvalue which is relatively 

unstable, but not so unstable so as to present an excessively large response 

magnitude, which could cause serious rounding error. Therefore, if the unstable 

eigenvalue is chosen to be 

Aus = 1.5 (4.2.2) 
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and the criteria to meet is 

f-l=e®7?-1>1 (4.2.3) 

then a sample time is found to be ~ 0.46, which will be rounded up to 0.5. 

The following fourth-order model was chosen as an unstable continuous-time 

system to be identified, 

-5 10 0 O 1 

_| 0 3 10 0 | 
A=! 9 0 15 6 f B=| | 

0 0 O O 1 

100 04 _f 0 

where the matrices A, B, C, and D are defined by equations (4.1.2) and (4.1.3). 

Using a sampling time of 0.5 seconds and an input signal given by Figure 3, 

the output of the system given by (4.2.4) was sampled and a discrete-time 

representation, as given by equations (4.1.5) - (4.1.7), was obtained. The 

corresponding matrices are 

0 0 1 0 

.004 .411 -.109 .694 
F. = (4.2.5) 

0 0 0 1 

016 -1.447 -.432 2.863 

6.086 

14.991 147 
Go = H. — (4.2.6) 

21.003 2.699 

53.703 
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where, again 

Co (4.2.7) iI 

So 
Fr 

—-
 

©
 

Oo 
&
 

Qo 
©
 

L
d
 

and L = F, - In has a spectral radius of 1.117. From this model, the matrix A. 

was obtained and is given below. 

7.233 -14.265 26.856 -5.358 
_ | 005 -.792 -.144 931 

Ae= ln (Fo)= | "y4, 11885 = -3.361—«*1.617 (4.2.8) 
033-1564 -1.045 2.576 

which has eigenvalues at A; = { -5.695, -4.616, 1.5, 0.0 }. For the ramp-invariant 

system, the remaining matrices were calculated as 

935 
ano |. fF 1 0 0 O Tn _f .012 

By =| 10.612 C, =| 0 1 0 0 I D, =| 027 (4.2.9) 
39.276 

The step-invariant system is given below. 

4.524 
14581, [1 0 0 O | _f .747 

Bz = | 99977 C= | 0 1 0 0 } Dd: =| 5669 | (4.2.10) 
66.611 

Figures 12 and 13 show the responses of these step-invariant and ramp-invariant 

systems, respectively, plotted with the response of the sampled system. 

Simulation 96



x104 
  

25 

Sampled = solid 

   <a Ramp = dashed 

Ma
gn
it
ud
e 

0.5     

  

  

Time (sec) 

Figure 12. Outputs y(t) of Sampled and Ramp-Invariant Continuous-Time 

Models; At = 0.5 sec 

x104 | 
4.5 7 ' v v t v t T Oe   

2.5 

Sampled = solid 

Ma
gn
it
ud
e 

Ls Step = dashed 

T 

0.5   
      

  

0 0.5 1 15 2 

Time (sec) 

Figure 13. Outputs y(t) of Sampled and Step-Invariant Continuous-Time 

Models; At = 0.5 sec 

Simulation 97



4.3 Realistic Model 

The larger order model presented in this section is a random, stable system 

which is more representative of a realistic system. The eigenvalues of the system 

matrix A were chosen randomly and are 

\(A)={-7.75, -5.15, -3.347, -2.03, -1.516, -4.825 + 1.452 i, -1.379 + 0.917 i} (4.3.1) 

Matrices B and C are (9 x 3) and (5 x 9) pseudo-random matrices, respectively, 

with a standard deviation of one and a mean value of zero. Matrix D was chosen 

to be zero since few actual systems have a feedthrough term. These matrices 

correspond to the state-space representation defined by 

x(t) = A x(t) + B u(t) (4.3.2) 

y(t) = C x(t) + D u(t) (4.3.3) 

The input to this system is shown in Figure 14. The sampling time was 

chosen to be 0.1 seconds. 
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From the identified discrete-time model, {F., Go, Co, Ho}, corresponding 

ramp-invariant and step-invariant continuous-time representations were derived 

using the set pseudo-observability indices n; = {2, 2, 2, 2, 1}. The continuous- 

time system matrix Ac was calculated as having the eigenvalues given below. 

\(A-)={-8.04, -7.78, -5.052, -3.207, -1.537, -4.333 + 1.4461, -1.378 + 0.917i} (4.3.4) 

The remaining matrices, namely B,, C;, D,, Bz, C. and D; contain elements with 

relatively large magnitudes, therefore, they will not be given here. The elements 

of these matrices are really not as important as the response of the entire system. 

Figures 15 and 16 show, respectively, the response of the ramp-invariant 

system and step-invariant system, each plotted with the sampled system response. 

Since the error in the response of each output of the ramp- and step-invariant 

systems are the same, Figure 17 shows the error of the first output, y,(t), of each 

invariant system as compared with the sampled system. Note that although the 

magnitude of the error of the step-invariant representation is not excessively large 

in itself. it is large by comparison to the magnitude of the response of the sampled 

system. 
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4.4 Conclusions 

These illustrative examples show that the techniques presented in chapters 2 

and 3 are accurate and practical to use to identify a continuous-time 

representation of a given system. These methods, as presented, remove some of 

the previously posed restrictions in continuous-time identification. The examples 

in section 4.1 show a number of results. First, this section shows that the entire 

identification and transformation procedure works well for zero-valued eigenvalues 

and for multiple eigenvalues. Also, the fact that the ramp-invariant system 

should yield a better approximation to the original system than the step-invariant 

model, in general, is show to be true in these examples. 

The main purpose behind section 4.2 is to show that the method of 

calculating the log of a square matrix which was given in Chapter 3.3 will work as 

stated. The unstable system and large sampling time used to produce the 

presented results were somewhat unrealistic but served the purpose of illustration. 

From a practical standpoint, this method could be employed to identify a model 

of an unstable system by “gently stimulating” the system to sample input-output 
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data, which could be used to identify a model, which could in turn be used to 

design a stablizing compensator. Again, the ramp-invariant model is shown to be 

a better approximation to the original system than the step-invariant model. 

The model in section 4.3 is more simple in some respects than the models 

used in the previous sections, in that this model has no zero eigenvalues and no 

unstable eigenvalues. The difficulty presented by this system is presented by the 

number of inputs and outputs and the order of the system. The models used in 

the previous sections were unintentionally SIMO models, which are by design, in 

most cases, easily identified. The true MIMO system presented in this section 

was identified easily and the responses of the identified models were both fairly 

accurate. Once again though, the ramp-invariant model was more accurate than 

the step-invariant model. 
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5.0 Conclusions 

Numerous continuous-time multivariable system identification methods have 

been presented here. Direct identification methods were discussed briefly. 

Indirect identification methods were of primary consideration and some recently 

developed techniques were presented together for use as a method of 

identification. 

The indirect identification method requires that a discrete-time system model 

be identified first. Many methods to accomplish this task have been presented to 

date. The method which was presented in this text was chosen for its accuracy 

and ease of use. The use of pseudo-observability indices by this method remove 

the need for structural identification separately from the identification of the 

system parameters. This is a major advantage over most of the previously 

introduced identification methods which were considered. Admissibility of the set 

of pseudo-observability indices used has been defined and presented. 

The second step in the indirect identification of continuous-time systems is 
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the transformation of the discrete model to an equivalent continuous-time 

representation. The classical Zero-Order hold (ZOH) method is considered and is 

relatively accurate for small sampling intervals. As the sampling interval 

increases, however, the accuracy of this method deteriorates. A new approach to 

the First-Order hold (FOH) method is presented. This method lacks the 

restrictions previously imposed on the FOH transformation which makes this 

method very attractive as it produces a more accurate system model than the 

ZOH method at any given sampling time. 

Basic to both of these methods is the transformation of the discrete-time 

state transition matrix back to the continuous-time system matrix. This 

transformation is shown to be straightforward for “nice” system matrices but 

requires more stringent calculations when the system matrix is singular or the 

system is unstable. Again, a method is presented which removes the restrictions 

of previous methods and gives satisfactory results even in extreme cases. 

Future work in this area would involve a Second-Order hold (SOH) or a 

higher order hold. With the speed of processors ever increasing, it could soon 

become feasible to calculate equivalent continuous-time representations of 

discrete-time models using higher order hold techniques. Another noteworthy 

point is that the identification method used to calculate the discrete-time model 

and the methods used to calculate the transformation of the discrete-time system 

to an equivalent continuous-time system, as presented in this thesis, can be used 

interchangeably with other compatable methods or transformations. This adds 

immense flexibility to one’s toolbox of system identification techniques. 
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Appendix 

This appendix contains listings of the LAS subroutines which were used to 

perform the simulations presented in Chapter 4. The two subroutines given by 

Listings 8 - 12 and 13 - 14, respectively, perform identification using pseudo- 

observability indices. The subroutine IDMV.SBR, along with the subroutines 

which are called by it, form a subroutine for identification which is very thorough 

but time and memory consuming. The subroutine POID.SBR, along with the 

subroutine it calls, make up a subroutine for identification which is faster and 

requires less memory, yet does not warn the user that the output may be 

incorrect. Some of these programs are packaged with the LAS software. 

Listing 1. LAS subroutine to calculate the response of a continuous-time system. 

1 A,B,C,D,U,dt(res,sbr)=Y,NT,TT 

2 = (nlij= 

3 (aty)= 
4 _— 

5 _RESPONSE_OF_CONTINUOUS_ SYSTEM 

6 _INPUT_SYSTEM_&_INPUT 

7 —OUTPUT_IS_IN_ROW_VECTOR_FORM 

SL 
9  O(inc)=ONE 
10 A(rdi)=n 

11 n,l(dzm)=Xo 
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12 U(rdi)=NT 

13 NT,ONE(-)=NTM1 

14. NTM1,dt(sx)=TT 

15 Xo,NT,TT,A,B,U(ce3)=XX 

16 C,XX(t)(*)=CX 

17 = D(rdi)=dr 

18 D(cdi)=dc 

19 = dr, 1(ifj)=a,a,c 

20 a:dc,1(ifj)=b,b,c 

21 b:U(t),D(s*)=DU 

22 (jmp)=d 
23 c:U(t)=UT 

24 D,UT(*)=DU 

25 d:CX,DU(+)=Y 

26 §©6Y(t)=Y 

27 (typ)= 
28 (lis)= 

Listing 2. LAS subroutine to calculate the response of a discrete-time system. 

A,B,C,D,U(rds,sbr)=Y 

(nli)= 

(nty)= 

_RESPONSE_OF_DISCRETE_SYSTEM 
_USED_FOR_SYSTEMS_WITH_A_FEED-THROUGH_MATRIX_D 
_INPUT_SYSTEM_& INPUT 
_OUTPUT_IS_IN_COLUMN_VECTOR_FORM 

Oo 
ao
 
I
m
 

Oo 
fF 

WW
 

NH 

U(rdi)=NT 

U(mcp)=UU 

NT(dec)=NT 

A(rdi)=n —
 

et
 

het
 

oO 
NHN

 
—& 

&
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14 B(cdi)=m 

15 C(rdi)=p 

16 =n, 1(dzm)=X 

17 + X(mep)=X2 

18 1(dec)=j 

19 a:j(inc)=j 

20» =A,X(*)=AX 

21 = UU,1(ctr)=uu,UU 

22 ~=B,uu(s*)=BU 

23. AX,BU(+)=X1 

24 = X2,X1(ctij=X2 

25 Xl1(mcp)=X 

26 = j, NT (ifj)=a,b,b 

27 b:(nop)= 

28 =-:U,1(ctr)=XXX 

29. -C,X2(*)=CX 

30. = =©D(rdi)=dr 

31 D(cdi)=de 

32. — dr, 1(ifj)=c,c,e 

33 c:dc,1(ifj)=d,d,e 

34. d:U(t),D(s*)=DU 

35 (jmp)=f 
36 e:U(t)=UT 

37 D,UT(*)=DU 

38 f:CX,DU(+)=Y 

39 Y(t)=Y 

40 (typ)= 
41 (lis)= 

Listing 3. LAS subroutine to sample input-output data for identification. 

1 Y,DT1,DT2(sam2,sbr)=YNEW 

2 = (nli)= 
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3 (nty)= 
4 Y(rdi)=NT 

5 NT(dec)=NTMI1 

6 Y,NTM1(ctr)=Y,YBOT 

7  Y(cdi)=p 

8 Y(t)=YY 

9 DT2,DT1(s/)=SATI 

10 NTM1,SATI(s/)=COL 

11. COL,0(dzm)=YNEW 

12 = 1(dec)=} 

13 a:j(inc)=j 

14. =YY,1(ctr)=Y1,YY 

15 Y1,COL(vtm,t)=MAT 

16 MAT,1(ctr)=Y1T 

17 YNEW,Y1T(t)(cti)\=YNEW 

18 j,p(ifj)=a,b,b 

19 b:(nop)= 

20 YNEW,YBOT(rti)=YNEW 

21 = (typ)= 

22 ~—s(lis)= 

Listing 4. LAS subroutine to calculate the logarithm of a square matrix. 

F ,dt,eps(logm,sbr)=Ac,JJ 

(nli)= 
(nty)= 
_LOGM 

_PROGRAM_TO_ESTIMATE_A=1/T+ln(F) 

_USING_ALGORITHM_FROM_LASTMAN_PUTHENPURA_SINHA 

O(inc)=MAX 

MAX,2(s/)=MIN 

MAX,100(s*)=MAX 

10 F(rdi)=N 

o
o
n
 

n
a
w
 

fF 
WwW

 
NH 

=
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11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

20 

26 

27 

28 

29 

30 

31 

32 

33 

34 

39 

36 

37 

38 

39 

40 

4] 

42 

43° 

N,N(dim)=I 
1(dec)=j 

a:j(inc)=j 

FI(-)=L 

L(egv)(rpt),1(ctc)=EGL,EGI 

EGL(max)=SPRD 

SPRD,MIN(ifj)=c,c,b 

b:F(sqm)=F 

(jmp)=a 
c:1(dec)=K 

L,L(mcp)=S,Q 

i(dec)= 
j(mep)=JJ 

d:K(inc)=K 

L,Q(*)-1(s¥),K(s*)=QNUM 
K(inc)=QDEN 

QNUM,QDEN(s/)=Q 

S,Q(+)=SK+1 

SK+1,S(-)(abs)(max)=DNUM 

SK+1(abs)(max)=DDEN 

DNUM,DDEN(s/)=D 
K,MAX(if})=e,¢,¢ 

e:D,eps(ifj)=¢,f,f 

f:SK+1(mcp)=S 

(jmp)=d 
g:SK+1,dt(s/)=AX 

h:},0(ifj )=1,Lk 

k:AX,2(s*)=AX 

i(dec)=j 
(jmp)=h 

1:AX(mcp)=Ac 

(typ)= 
(lis)= 
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Listing 5. LAS subroutine to perform Zero-order Hold, or step-invariant 

transformation of a discrete-time system to a continuous-time system. 

Ad,Bd,Cd,Dd,Ac(zoh,sbr)=Bz,Cz,Dz 

(nlij= 

Ac(rdi)=n 

n,n(dim)=I 

Ad,I(-)=Aol 

Aol(-1)=Aoli 

Ac,Aoli,Bd(*)=Bz 

Cd(mcp)=Cz 

Dd(mcp)=Dz 

10 = (lis)= 

Oo 
B
o
n
t
 

nm 
oO 

Ff 
WD 

HY
 

Listing 6. LAS subroutine to perform a First-order Hold, or ramp-invariant 

transformation of a discrete-time system to a continuous time system. 

Ai,Bi,Ci,Di,Ac,dt(rit2,sbr)=Bc,Dc,Mo,M1 

(nli)= 

(nty)= 
_RIT2 

_RAMP_INVARIANT_TRANSFORMATION 

_USING_POLYNOMIAL_ MATRICES 

O(inc),20(s*)=tt 

Ai(rdi)=n 

Bi(cdi)=m 

Ci(rdi)=p 

n,n(dim)=In 

p,p(dim)=Ip 
dt,Ac,tt(foh,sub)=Mo,M1,rrr 

o
O
o
w
m
o
n
t
 

Dm 
oO 

FR 
W
W
 
H
F
 

e
e
 

Re 
wo
 

Nw 
F&F 

©
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14 = (nli)= 

15 x:M1,Mo(-1)(*)=P 

16 = Ai, Bi,Ci(mtf)=ch,W 

17. ~—- Ai, In,Ci(mtf)=ch,V 

18 0,m(dzm)=Gm 

19 0O,n(dzm)=Gn 

20 = 0,p(dzm)=ChI 

21 0,m(dzm)=ChDi 

22 1(dec)=i 

23 i:i(inc)=i 

24 ~=—ch,1(ctc)=chi,ch 

25 W,l(ctr)=wi,W 

26 ~=—-: V1 (ctr)=vi, V 

27 Gm,wi,m(vtm)(rtij=Gm 

28 Gn,vi,n(vtm)(rti)=Gn 

29 = Chi, Ip,chi(s*)(rti)=ChlI 

30. ChDi,Di,chi(s*)(rti)=ChDi 

31 i,n(ifj)=i,j,j 

32 j:(nop)= 

_33 = p,m(dzm)=pmz 

or
 

34 = p,n(dzm)=pnz 

35 Gm,pmz2(rtij=Gm 

36 = ChDi, Di(rti)=ChDi 

37 = Gm,ChDi(+)=GmCh 

38  Gn,pnz(rti)=Gnl 

39 = pnz,Gn(rti),P(*)=Gn2 

40 Gnl,Gn2(+),ChI,Ip(rti)(ctij=GnCh 

41 GnCh,GmCh(sle),n(ctr)=Go,Dc 

42 Mo(-1),Go(*),dt(s/)=Be 

43 (typ)= 
44 (lis)= 
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Listing 7. LAS subroutine called by RIT2 to calculate matrices My 

and M, 

1 dt,Acc,im(foh,sub)=Mbo,Mb1,Mb 

2 (nolij= 

3. 1({dec)=i 

4  i(inc)=one 

5 one(inc)=two 

6 _one,100(s/)=eps 

7  Acc(cdi)=n 

8  n,n(dim)=In 

9 Acc(svd)=w 

10. ~—-w,w,eps(f/,t)=x 

11 sx, x(t)(*,t)=rank 

12 (jmp)=s 
13. sn, rank(ifj)=r,r,s 

14 r:(nop)= 

15 Acc,dt(s*)=Act 

16 = Act(-1)=Acti 

17 = Acti, Acti(*)=Act2 

18 dt,Acc(eat)=Ad 

19 Act,Ad(*),Ad(-),In(+),Act2(*,t)=Mbon 

20. = Ad, Act(-),In(-), Act2(+,t)=Mb1n 

21 = Acti, Ad, In(-)(*,t)=Mbn 

22. Mbn,Mblna,Mbon(mcp)=Mb,Mb1,Mbo 

23 (jmp)=j 
24 s:(nop)= 

25  In(mcp)=Mb 

26 = In,2(s/)=Mbo 

27  Mbo(mcp)=Mbl1 

28 one(mcp)=facl 

29° = two(mcp)=fact 
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30. = Acc, dt(s*)=Acdt 

31 Acdt(mcp)=Acti 

32. isi(inc)=i 

33 ~— fact ,facl,i(cti)=fi 

34 = i(inc)=il 

35 = il(inc)=i2 

36s 12, fact (s*,t )=fact 

37 ~— facl,il(*)=facl 

38 Mb,Acti,facl(s/)(+,t)=Mb 

39 Mbo,Acti,il,fact(s/)(s*)(+,t)=Mbo 

40 Mbl,Acti,fact(s/)(+,t)=Mbl 

41 = Acti, Acdt(*)=Acti 

42 — i,im(ifj)=i,j,j 

43 j:(nop)= 

44 (typ)= 
45 = (lis)= 

Listing 8. LAS subroutine to identify a state-space representation of a system in 

pseudo-observable canonical form. 

u,y,nmp,nv(idmv,sbr)=Ao,Bo,Co,Do,xo,cond 

(nli)= 

(nty)= 
_Samples_{ui,yi} ==> _ Discrete_Time_ Model 

_{Ao,Bo,Co,Do,xo}_in_Pseudo_Observable_ Form 

_L-A-S_Subroutine_ called: 

oe VNMI sub__ ,QCl,sub__,BCU1l,sub__and__,__ Hl .sub 

nmp(tvc,t)=n,m,p 

Ow 
o
O
T
D
A
H
 

o
F
 
W
H
 

nv(poi)=n,nx,va,vi,vl,v2 

10 u,nx(vnmi,sub)=U 

11 = (ali)= 

12. ~—s*U, u(cti),nx(ctr)=x,U 

13 (elm)=u 
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14. =U(svd,t)=wu 

15  =y,nx(vnmi,sub)=Y 

160 (nli)= 

17 ~—s- Y,, y(cti),nx(ctr)=x,Y 

18 (elm)=y 

19 Y,vl(dsm)(*)(t)=Y1 

20 =©Y1(t)(svd,e)=wy 

21 =Y,v2(dsm)(*)(t)=Y2 

22 = -U(t), Y1(rti)=Z 

23 = Z(rdi),Z(cdi)(mcp)=nrZ,ncZ 

24 Z(t)(svd)=wz 

25 wz2z,l,wz(cdi),1,1(exm),wz,1(ctc)(s/,e)=cond 

26 = urZ,ncZ,cond(cti)=dcnd 

27 = dend(out,e)= 

28 Z(t), Y2(t)(sle)(t,t)=BA 

29 BA,nx(inc),m(*)(ctc,t)=Bt,At 

30 =n n(dim),p(ctr)=Co,A2 

31 ~~ va(dsm),At(*),vi(dsm),A2(*)(+,t)=Ao 

32 Ao(egv)(t,t)=eid 

33  va(dsm,t)=Be 

34  Ao,Be(qcl,sub)=Qc 

35 (nli)= 

36 =©Bt,m(bcul,sub)=Btt 

37s (nli)= 

38 Qc,Btt(rdi)(ctc),Btt(*,t)=Bo 

39 Bt,m(ctc)=Btl 

40 At,p(ctc)(-1),Btl(*),Co,Ao(-1),Bo(*)(*)(-,t)=Do 

41 Do,-1(s*)=Do 

42  Ao,Bo,Co(mtf,t)=fo,Go 

43 —n,p(-)(inc)(inc),p(*,t)=nplp 

44 Ao,Bo,Co,Do,np1p,nx(hl,sub)=SS 

45 (nli)= 

46 Y1,1(ctc),U(t),1(ctc)(mcp)=Y11,U1 

47  §S,v1(cdi)(ctr)=SS 

48 Y11,v1(dsm)(t),SS(*),U1,nx,m(*)(ctr)(*)(-,t)=xo 
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49 (typ)= 
50 ~— (lis)= 

Listing 9. LAS subroutine called by IDMV.SBR. 

v,n(vnmi,sub)=M 

(nli)= 

v(shd)=v1 

vl(mcp)=M 

n(dec)=i 

i:vl(shd)=v1 

v1,M(cti,t)=M 

i(dec,t)=i 

iGfi)=i5. 
10 j:(lis)= 

oOo 
o
n
 

Mm 
Oo 

P
 

GW 
NH 

Listing 10. LAS subroutine called IDMV.SBR. 

1 =a, b(qcl,sub)=qce 

2 = (nlij= 

3. = b(cdi)=m 

4  a(rdi)=n 

5 b,b(mcp)=qc,x 

6 n:n(dec)=n 

7 ~~ a,x(*)=x 

8 = qc,x(cti,t)=qe 

9 na,m(if})=f,n,n 

10 f:(lis)= 

Listing 11. LAS subroutine called by IDMV.SBR. 

Appendiz 124



Ba,m(bcul,sub)=b123 

(nli)= 

Ba(mcp)=x 

0,m(dzm)=b123 

i:x,m(ctc)=y,x 

b123,y(rti,t)=b123 

x(cdi) (iff) =i,), 
j:(lis)= o

n
r
n
n
u
w
 

&
 
W
N
 

Fe 

Listing 12. LAS subroutine called by IDMV.SBR. 

Aid,Bid,Cid,Did,nplp,nimx(hl,sub)=SS 

(nli)= 

Aid(cdi),Bid(cdi),Cid(rdi)(mcp)=n,m,p 

nplp,m,nimx(*)(dzm)=SS 

n,n(-)=} 

nimx(inc)=im 

n,n(dim)=Ai 

J:j(ine)=}j 

n,n(-)(ine)}=ij 
j(dec),p(*)(inc)=ii 

im(dec)=im 

j,1(ifj)=C,o0,C 

o:Did(mcp)=AjBD 

(jmp)=R 
C:(nop)= 

Cid,Ai,Bid,m(ctc)(*)(*)=AjBD 

Ai, Aid(*)=Ai 

R:(nop)= 

n,n(-)=i 

o
o
 
n
n
a
 

Pk
 
|
 

HY 
FH 

R
O
 
o
R
 
R
l
 

t
a
 

a
 
e
t
 

So 
©
 

O
n
A
r
 

Mm 
Oo 

FP 
WH 

NH 
FH 

©
 

T:i(inc)=i 

5S,AjBD,ii,jj(rmp)=SS 

_ SS(out)= nN 
b
o
 

nN 
Re 
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23 

24 

25 

26 

27 

28 

_(sto)= 

jj,m(+)=3j 
ii,p(+)=ii 

i,im(ifj )=I,K,K 

K:j,nimx(ifj)=J,L,L 

L:(lis)= 

Listing 13. LAS subroutine to identify a state-space representation of a system in 

Oo 
O
N
 

M
O
 

fF 
WwW 

NY
 

m
o
w
 
N
K
 

FP 
F
e
 

RB 
HE 

eS 
Be 

eS 
re 

o
H
 

C
M
 

W
A
N
 
D
a
 

FF
 
W
N
 

FF
 

©
 

pseudo-observable canonical form. More time efficient than Listing 8. 

u,y,poi(poid,sbr)=AO,BO,CO,DO 

(nli)= 

_SYSTEM_IDENTIFICATION 

_USING_PSEUDO_OBSERVABILITY 

_INDICES 
poi(poi)=n,nm,be,bec,s,sz 

be(dsm)=be 

bec(dsm)=bec 

s(dsm)(t)=s 

sz(dsm)(t)=sz 

u(cdi)=m 

u(rdi)=ur 

y(cdi)=p 
j:nm(dec)=nm-1 

nm(inc)=nm+1 

ur,nm(-)=q 

u,y(T)=uo,yo 

uo,yo(mcp)=uu,yy 

-1(inc)=i 

a:i(inc)=i 

yy(shl)=yy 
yo,yy(rti)=yo 
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2 i,nm(ifj)=a,b,b 

24 ~b:-1(inc)=}j 

25 (elm)=y,yy 

26 c:j(inc)=} 

27 ~—s uu(shl)=uu 

28  uo,uu(rti)=uo 

2 j,um(if})=c,d,d 

30. d:s,yo(*)=yl 

31 (elm)=u,uu 

oo
 

co
 

32 sz, yo(*),q(ctc)=y2,e 

33 = uo, yl (rti),q(ctc)=z,e 

34 2(t),y2(t)(sle)(t)=ba 

35  nm(inc),m(+*)=mnm 

36 ba,mnm(ctc)=by,ay 

37 = by,m(ctc)=byl 

38 =n, n(dim)=I 

39 ~— I,p(ctr)=e,12 

40 bec, I2(*)=bei 

41 _ be,ay(*),bei(+)=AO 

42  by(mcp)=yb 

43. 0,m(dzm)=bk 

44 = -1(inc)=k 

45 e:k(inc)=k 

46 yb,m(ctc)=kb,yb 

47 bk, kb(rti)=bk 

48 k,mnm(if})=e,f,f 

49 f:(nop)= 

50 AO,be,mnm(qc2,sub)=qc 

51 = qc,bk(*)=BO 

52 p,n(dim)=CO 

53 ay, p(ctc)(-1), by1(*),CO,AO(-1),BO(+*)(*)(-)=DO 

54 DO,-1(s*)=DO 

55 = (lis)= 

Appendix 127



Listing 14. LAS subroutine called by POID.SBR. 

a,b,r(qc2,sub)=qce 

(nli)= 

a(rdi)=n 

r(dec)=rr 

1 

2 

3 

4 

5 b,b(mep)=qc,x 

6 = -1(inc)=i 

7 nii(inc)=i 

8 — a,x(*)=x 

9 — qc,x(cti,t)=qe 

10 = i,rr(ifj})=n,f,f 

11 f:(nop)= 
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