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(Abstract) 

Star grain configuration design has been widely used in solid rocket 

applications for several decades. Although a large number of surface cracks 

are detected in the rocket motor propellants, the mechanism of these cracks is 

sull not well known due to the complex geometry of the grain. 

A stress freezing photoelastic investigation has been performed to study 

the deep cracks which emanate from the finger tips of the star-shaped cutout 

cylinders. Using three-dimensional photoclasticity and proper algorithms in 

fracture mechanics, the stress intensity factors (SIF's) and the stress 

singularity orders along the crack front have been calculated. A surface 

effect on the dominant singularity order is observed and some analytical 

results are employed as a comparison. 

Meanwhile, three-dimensional finite element solution to the circular 

cylinder is used to find the “equivalent” inner radius for the internal star 

cylinder and the variation of SIF'’s along the crack border shows a very similar 

trend to the experimental results once the "equivalent" radius is adopted.
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1.0 Introduction 

As performance requirements for rocket motors are advanced, further 

investigations in rocket motor grain become increasingly important. There 

are mainly two types of rockets: 1) liquid-propellant rocket; 2) solid- 

propellant rocket. Solid propellant rocket motors are credited for being 

usually relatively simple, easy to apply and requiring little servicing, but they 

can not usually be fully checked out prior to use and thrust can not be 

randomly varied. 

The solid propellant grain is the shaped mass inside the rocket motor 

case. The propellant material and geometrical configuration of the grain are 

two important factors in determining the motor performance characteristics. 

As a result of motor developments of the past three decades, many grain 

configurations have been developed by motor designers. As methods evolved 

for increasing the propellant burning rate, the number of configurations 

needed decreased. Relatively few configurations are considered at present 

since a wide range of solid rocket applications can be fulfilled by combining 

known configurations or by slightly altering a classical configuration. Figure 
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1.1 (1) shows the meridian and transverse cross-sections of some solid rocket 

motors with different grain configurations. 

Among all those grain geometries, the internal star configuration is 

adopted to a relative wide scope of solid rocket applications. It provides 

reasonably neutral burning rate characteristics in two dimensions and, to 

some extent, solves the conflicting relationship between the burning rate and 

the burning surface area. Some optimizations (2-4) have been done in 

adjusting the seven independent geometrical variables for the star grain to 

get a more efficient grain configuration. 

As designing work goes on, analysis on the mechanical behavior of a 

given grain configuration is also performed. Some pioneering work (5-11) 

has been accomplished in determining the stresses and strains in solid 

propellant grains under different loadings using both two dimensional and 

three dimensional models. Figure 1.2 gives the fringe pattern in the 

transverse slice of a propellant model subjected to internal pressure. These 

results provide a reasonable basis for designing the configuration of the grain 

in such a way that the excessive stresses will not occur and so that failure is 

avoided. However, propellant grains which contain surface cracks have not 

yet been well considered due to the complex geometry involved. 

A large number of cracks in solid propellant grains are inevitably 

caused during curing process, storage, transportation and operation. These 

cracks will bring about an unpredictable and often progressive increase in 

exposed burning area and thus a failure of the motor. Mechanically speaking, 

when a crack is introduced into the rocket motor, the problem becomes 
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Fig.1.2. Frozen Isochromatics in the Transverse Slice of an Epoxy Model 

of a Propellant Grain, Subjected to Internal Pressure. 
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remarkably more complicated due to the stress redistribution induced by the 

crack. The difficulties in analyzing the real problems arise in the complicated 

Static and dynamic loading history during the combustion of the grain, 

mechanical behavior of the real composite grain and interactions of the grain 

and other structural components of the rocket motor. 

Analytical or numerical solutions are not available for the time being 

especially when three-dimensional effects should be taken into account. 

Owing to this reason, experimental work is now playing an_ extremely 

important role in dealing with this difficulty. 

There are two major aspects in studying a cracked body. One is to 

determine the SIF's, the other is to evaluate the dominant stress singularity 

order, especially at the surface of the the body. 

Since stress freezing photoelasticity is a well-known method for three- 

dimensional stress determination, it is natural to consider this technique as a 

method for evaluating SIF's in three-dimensional problems. It will be shown 

in detail how the stress freezing method is used in analyzing the surface crack 

in rocket motor propellant models. 

The free surface effect on stress singularity order was first considered 

by Sih and Hartranft (12, 13). They suggested the loss of inverse square root 

Stress singularity order when cracks intersected the free surface. More 

intensive analysis in evaluating the numerical value of the stress singularity 

order was carried out by Folias (14, 15) and Benthem(16-18). In a later 

chapter, further work conducted by Bazant (19) and Takakuda (20) will be 
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surveyed. All of the work proves that stress singularity order does deviate 

from the classical value of -0.5 at the free surface and the deviation is shown 

to be affected by the Poisson's ratio and the angle of crack intersection with 

the free surface. In early 1980's, Smith and his associates (21) began to 

investigate the free surface effect by conducting frozen stress and high 

density moire experiments on wide tension plates (22) and four point bending 

specimens (23). They found out that the loss of inverse square root stress 

singularity was not confined to the free surface, but rather extended through 

a transitional zone normal to the specimen surface and along the crack 

border. One major objective of present work is to study the stress singularity 

order at the surface in rocket motor grain models, and thus extend the 

investigation to a surface under uniform pressure. 
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2.0 Literature Review 

2.1 Introduction 

Surface flaws were first considered, from a fracture mechanics point of 

view, by Irwin (24) in 1962. Since then, numerous publications started to 

study the mechanical behavior by different methods. The difficulties in 

studying surface flaws arise from the front and back surface effects when one 

begins to consider the finite thickness of the body. Early discussions were 

concentrated on plates under tension or bending loads, but the _ rapid 

development in computer science makes it possible to evaluate the SIF 

numerically for more complex bodies under more complex loadings. Some 

results on circular cylinders with a longitudinal surface crack under internal 

pressure will be presented in the later sections of this chapter and further 

comparisons with the rocket motor models based on these results will be made 

at the end of this research. 

As mentioned in the first chapter, the stress singularity order at the 

free surface is another aspect that should be investigated in this work. Some 
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previous analytical and experimental work in this area will be reviewed here 

and proper results will be used later in connection with the experimental data. 

2.2 Early Work on Surface Flaws 

Although surface cracks are the most common type of crack defects 

found in service components, they were not well studied until Irwin first 

published a paper to estimate the significant stress intensity factor, K ,, for a 

plate under tension (figure 2.1). His derivation was based on the solution of 

Green and Sneddon (25) to the elliptical crack in an infinite body subjected to 

uniform remote tension and the Wigglesworth solution to an edge-cracked 

semi-infinite solid (26). Irwin used the geometry shown in figure 2.1 and 

assumed, for a shallow crack (a/t < 0.25), the effect of the free front surface 

would be the same as that for an edge crack (i.e. K would be increased by 12%). 

The back surface effect would be negligible for shallow cracks, but would 

compensate the loss of the front surface effect for medium cracks (a/t = 0.5). 

Hence, the SIF along the semi-elliptical crack border was given as: 

1 

2 2 
a] cos of (2.1) 

Cc 

where @ is the complete elliptic integral of the second kind and is given by: 

-) 
Ky = 112 9 (aay aa sing 4 
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a\'sin* fas (2.2) 
Cc 

  

Do= [cos*s + 

As is customary, the elliptic integral is related to the so called "shape 

factor", Q, in the fashion that Q equals to ©2. 

Subsequently, Newman (27, 28) proposed another expression of SIF for 

the semi-elliptical crack which is shown as: 

Kj=O™ F(-. = >) (2.3) > 
& 
w 

This expression opens a fairly broad way in studying various kinds of 

specimen geometries under different loading conditions. 

It can apparently be noticed that the crucial point in evaluating 

equation (2.3) is to determine the boundary correction factor, F, which 

accounts for the influence of the front surface, back surface and finite width 

effects on the SIF for a crack in an infinite solid. One of the easiest ways to 

control the independent variables in F is to let them vary as polynomials and 

many analysts (29-35), through approximation § techniques, have tried to 

determine the correct expression for F and some of these techniques are the 

alternating method, finite-element method, boundary integral equations, 

method of lines, line-spring model, experimental method and _ engineering 

estimates. 

Newman (36) surveyed those techniques and the comparison showed 

that, for shallow cracks, most solutions agreed within 5%, while for deep 
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cracks the difference between the upper and lower bounds increased to about 

20%. 

As the analytical work was going on, experiments were also conducted 

in determining SIF’s for different kinds of loadings and specimen geometries. 

In this work (37, 38), both the three-dimensional and free surface effects were 

taken into account and the results showed a fairly reasonable trend of SIF 

along the crack front. 

It has been noted that the difference in Poisson's ratio will bring about 

the difference in SIF distribution level (39, 40). Although the photoelastic 

material has a high Poisson's ratio (v=0.5), while main materials practically 

used in structures have a Poisson's ratio of around 0.3, it has been proved, in 

the plate tests, that the Poisson's ratio does not have a very strong effect on the 

magnitude of SIF’s, especially for two-dimensional problems. 

2.3 The Work of Kobayashi, et al. 

In 1975, Kobayashi and his associates (41) developed a technique by 

using a curvature correction factor to account for the curvature effect in 

pressurized cylinder with an umnpressurized inner semi-elliptical crack. Later 

on, they (42) adapted this method to compute the stress intensity factors of the 

pressurized internal surface crack in an internally pressurized cylinder. 
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Curvature effects of the cylinder are determined by comparing’ two- 

dimensional finite-element solutions of fixed-grip, single edge-notched plates 

and single edge-notch cylinder. 

First, they introduced the curvature correction factor, M,(@) (figure 

2.2), which was originally derived for an unpressurized inner crack and used 

this correction factor to the pressurized semi-elliptical crack problem based 

on the fact that the correction factor is not sensitive to the adding constant 

pressure, pj, to the crack surface. The curvature correction factor started with 

no correction at the major axis of the semi-elliptical crack and reached its 

extreme value at the deepest penetration of the elliptical crack. 

Then, the stress intensity magnification factor, M,.(@), for a semi- 

elliptical crack in a flat plate, was converted to that in a cylinder by using the 

Curvature correction along the periphery of the crack. The resultant stress 

intensity magnification factor, M,(6), is defined as: 

M,.(6) = My.(8) M,(8) (2.4) 

which can be used to calculate the stress intensity factor by multiplying the 

local stress intensity factor from the basic solution of a completely embedded 

elliptical crack. 

Two types of crack geometries, a/c=0.2 and 0.98, were considered. It was 

found that, for crack aspect ratio, a/c, of 0.2, the actual stress intensity factor 
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exhibited its maximum value at the deepest penetration, while for a/c=0.98, the 

maximum stress intensity factors occurred near the free surface. 

These results were compared with those of Underwood (43) and 

reasonable agreement was found for shallow cracks, while large difference at 

deeper crack depth indicated the back surface effect should be considered in 

the deep surface flaw problems. 

2.4 The Work of Tan and Fenner 

Tan and Fenner (44) used the boundary integral equation method to 

evaluate the stress intensity factors for semi-elliptical surface crack in 

pressurized cylinders and the cases they treated had extemal to internal radii 

ratios of 2 and 3 with maximum crack depth ranging from 20% to 80% of the 

wall thickness. 

The basic idea of this method is to transform the partial differential 

equations applicable throughout the solution domain into an integral equation 

over the boundary. One quarter of the cylinder was modelled by the advantage 

of symmetry and different element configurations were taken to suit the 

different radius ratios and relative crack depths, with relatively small 

elements in the neighborhood of the crack front. 

Plane strain conditions were assumed at all points along the crack 
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border except the internal surface of the cylinder where plane stress was 

adopted. It was discovered that the stress intensity factors decreased gradually 

from the maximum penetration to a minimum and then rose back more rapidly 

as the surface was approached. Typical results are shown in figure 2.3. 

The obtained results for K; were then compared with the finite-element 

solution for the straight-front crack which represents the worst case for a 

given crack depth. It also showed higher values of normalized Ky, for shallow 

cracks than their counterparts for deeper cracks. 

2.5 The Work of Atluri and Kathiresan 

In 1978, Atluri and his associates (45) presented their work in dealing 

with the surface flaws in thick-walled pressurized cylinder by using 

displacement-hybrid finite-element method. This method was based on a 

rigorous modified variational principle of the total potential energy, with 

arbitrary element interior displacements, interelements and _ element 

boundary fractions as_ variables. The back surface effect neglected by 

Kobayashi and Underwood was also considered. 

In their derivation, an alternative finite-element formulation § was 

employed to incorporate the exact asymptotic form solution for singular 

Stresses and strains near the crack boundary (near field), and _ the regular 
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polynomial-type basis functions in elements of the far field. The interelement 

continuity must be maintained in such a way that the near-field element (with 

singular basis functions) and the far-field elements (with regular polynomial 

basis functions) would have smooth change in displacements and _ traction 

along the element boundary. The SIF's for semi-circular inner cracks and 

semi-elliptical immer cracks were calculated along the crack border and it 

appeared the maximum value of SIF occurred at the surface, which verified 

the conclusion of Tan and Fenner. The results were also compared with those 

of Kobayashi and it was found that, for semi-circular crack, the two methods 

agreed within 6%, while large differences were obtained for semi-elliptical 

crack at the surface. It was pointed out that the use of polynomials to 

approximate the hoop. stress variation through the wall thickness by 

Kobayashi may not be valid to the present pressure loading. Moreover, the 

two-dimensional analog employing various curvature correction factors was 

questionable in modelling the complex three-dimensional problem. 

2.6 The Work of Heliot, et al. 

In order to compute the SIF of a semi-elliptical surface crack in a 

circular cylinder under different loading conditions, Heliot and his colleagues 

(46) developed a method to evaluate the SIF along the crack border with 

applied stresses expressed in terms of a polynomial in one coordinate (figure 
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2.4). Specifically, the stress applied on the crack was approximated by a 

polynomial: 

2 4 
x 
t 

xX 

t 
+oalE 

t 

a(x) =0,+60,%+ O2 
t 

+ 63 (2.5) 

          

The so-called non-dimensional "polynomial influence functions", hj(9), 

were introduced and corresponded to the terms of the polynomial. These 

functions which could be used to evaluate the SIF’s under different loading 

conditions depend on the radius ratio, the shape and the depth of the crack. 

Once these geometric parameter were fixed, the influence functions related to 

the eccentric angle that defined a point on the crack front. 

The influence functions were calculated by the boundary integral 

equation method and the elements near the surface were chosen to be rather 

short by noticing the questionable stress singularity of -0.5 at the surface. 

The hoop. stress resulting from an _ internal pressure, p, was 

approximated by: 

1 xX Gee(x) = 10.52p (1 -—t_-X%) 
*° P 10.52 t (2.6) 

The corresponding SIF’s were then evaluated by the known _ influence 

functions. Results were compared with those by Kobayashi. It was observed 

that the SIF was always maximum at the deepest point and increased with the 

depth at the surface, which appeared to be reasonable since the crack tended 

to be nearer to a through crack. The result also showed good agreement with 

Kobayashi's solution for shallow cracks, while deviated significantly as cracks 

went deeper. The later conclusin was also noted by Atluri. 
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2.7 The Work of Newman and Raju 

Although some work as was noted in the previous scctions had been 

done before 1982 on the determination of SIF's for a surface crack in a circular 

cylinder under inner pressure, the crack shape, size and cylinder geometry 

were strictly restricted. It was not solved until Raju and Newman published 

their three-dimensional finite-element solution (47) to this problem (figure 

2.5). 

The basic idea was similar to Heliot's in which Mode I SIF influence 

coefficients subjected to uniform, linear, quadratic and cubic stress 

distributions were presented and the internal pressure condition was 

superimposed by the four basic stress distributions. In their analysis, the 

nodal forces normal to the crack plane and ahead of the crack front were used 

to evaluate the SIF which took the following form for internally pressurized 

cylinder: 

K, =P xa pa 
t Q Cc -
 

{p
o t 

6] (2.7) 

where pR/t is the “average" hoop stress and F; is the boundary correction 

factor for a surface crack on the inside of an internally pressurized cylinder 

and Q is the square of the complete elliptic integral of the second kind. The 

expression for Fj, in terms of Gj, was obtained from the first four terms of 
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Fig.2.5. The Geometry Used by Raju and Newman. 
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power series expansion of Lame’s solution with the coordinate'’s origin at 

inside of the cylinder, plus the internal pressure, p. The result was: 

rpfatian-agpigfo-tefo] as 

  

where each G; was computed from the approximate finite-element solution. 

The results were compared with Heliot's boundary integral method 

the comparison showed a very good agreement (generally +2%) for 

geometry that Heliot used. 

the 

and 

the 

It has to be pointed out that even this three-dimensional finite-element 

solution gives a wide view in determining the SIF's for circular cylinder, it is 

still not applicable to complex loading conditions that can not be expressed by 

the superposition of the earlier four basic functions. 

2.8 Summary of Determination of SIF's in Circular 

Cylinder 

It has been reviewed in the previous sections various methods in 

determining the SIF's of a surface crack in an internally pressurized circular 

cylinder. In order to identify the range of application of these methods, 
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necessary to summarize where these methods can be applied. Table 2.1 clearly 

exhibits the differences in crack aspect ratio, crack depth and cylinder 

geometry which were adopted in those methods. 

It can be apparently seen that Newman and Raju's solution gives the 

widest range in selecting the crack and cylinder geometries. Also, it will be 

found later that Newman and Raju's solution can achieve the closest crack 

geometry as those obtained from the experiments. 

2.9 The Work of Sih 

In the early 1970's, Sih (13) recognized the conventional concept of SIF 

with its inverse square root stress singularity as was developed by Irwin (48) 

might not hold when one was going along the crack border to the free surface. 

He also conjectured the absolute value of the stress singularity would decrease 

from the interior to the boundary of the cracked body. In order to obtain a 

clearer impression of the boundary layer effect on the stress singularity, 

Villareal and Sih (49) conducted some photoelastic tensile tests by using linear 

elastic fracture mechanics (LEFM). Thin slices normal to the crack front were 

removed and the value of SIF was found to drop from interior to the free 

surface. The authors claimed that their analysis on SIF determination might 

not be valid and the inverse square root stress singularity was questionable in 

the layer including the free surface. 
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Table 2.1. Summary of the Application Ranges of the Solutions to 

Circular Cylinders. 

a 
1. Method tL 

R 

N&R 0.2-0.8 0.1 & 0.25 

Tan & Fenner 0.2-0.8 0.8 1&2 

Atluri 0.5 & 0.8 0.2 & 1.0 0.5 & 1.0 

Kobayashi 0-0.8 0.2 & 0.98 0.5   Heliot 0.25, 0.5, 0.8 0.33 0.1 

where Crack depth rae)
 i 

c = Half of crack length 

Hl Cylinder thickness 

R = Cylinder inner radius 

FE = Finite-element 

BIE = Boundary integral equation 

AM = Alternating method 
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2.10 The Work of Folias 

In 1975, Folias published a paper (10) to consider three-dimensional 

mixed-boundary-value problem or more specifically, a finite thickness plate 

with a through thickness line crack (figure 2.6). He first set up the coupled 

partial differential governing equations in terms of the displacement 

functions u, v and w. Then he tried to seek the solution to the cracked plate 

problem by two parts. After solving the goverming equation by appropriate 

boundary and initial conditions, the stress singularity order was found even 

though the stresses themselves could not be evaluated in a closed form.  Folias 

pointed out that in the interior of the plate only the stress o,, Oy, Oz, 7 were xy 

singular with an order of -0.5, while all the stresses were singular with in 

order of -(1/2 + 2v) at the free surface. 

It can be seen in the later sections of this chapter that Folias's solution 

does not coincide or close to other analysts’ conclusions and the major point 

arises from whether the form of the stress series do satisfy the original 

equilibrium equation. Folias, in 1980 (15), stated the fact that there was an 

unknown function in the singular term of the equation for the stress normal 

to the free surface and there might be some imperfections involved. 

Literature Review 25
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2.11 The Work of Benthem 

In 1975, Benthem (17) first used the method based on a separation of 

variables technique to confirm the conjecture by Sih of a crack losing the 

inverse square root stress singularity order at the free surface. In his work, 

spherical coordinates, r, 6,6, were used to study the quarter-infinite crack in a 

half space (figure 2.7). The Cartesian stress components were expressed in the 

form: 

Oi; = rh) fij( 6, > de (2.9) 

k , , , 
where A. was the stress eigenvalue and fj; was the stress eigenfunction. 

The objective was to determine the value of Ag at the origin of the 

coordinates where the crack intersected the free surface at a right angle. 

Benthem took the Neuber-Papkovitch-Bossinesq stress functions to solve the 

Navier-Cauchy equation so as to determine the state of stresses near the crack 

tip. 

It was found that the stress singularity order was different from the 

conventional -0.5 at the intersection point O although the singularity itself 
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was still preserved. It was also evaluated analytically how the stress 

singularity order behaved for different Poisson's ratios. It is shown in figure 

2.8 that the stress singularity order of -0.5 at Poisson's ratio, y, being O dropped 

to 0.33 (more than 30%) at y being 0.5, though the change is relatively small 

(less than 10%) for metals whose Poissen's ratios are around 0.3. 

Later on, Benthem (18) used a finite difference technique which was 

applicable in analyzing an oblique crack to confirm his solution by the 

method of scparation of variables. Although the application of a finite 

difference method only approximately satisfied the governing differential 

equations, the numerical results appeared to be in good agreement with those 

by separation of variable technique. 

2.12 The Work of Bazant and Estenssoro 

To verify and widen the conclusion of Benthem on stress singularity 

order at the free surface of a crack, Bazant and Estenssoro used finite-element 

method to study the surface singularity problem for Mode I, II and III 

problems. In their analysis, the intersection angle of the crack with the free 

surface could be different from 90 degrees. 

They first used the spherical coordinates (figure 2.9) to evaluate the 

Strain energy and then the variational principle to determine the equilibrium 
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state. It was assumed that in the vicinity of point O, the displacements in r, 6, 

and o, could be expressed in the separated form: 

u=r"Ho,6), v=r"Go,o), w=r" H(0, 4) (2.10) 

where A, was the displacement eigenvalue and F, G, H were the displacement 

eigenfunctions. 

It was solved for the case of orthogonal crack (same as Benthem's), 

inclined crack and generally inclined notch how the values of A, varied with 

inclined angles. For the orthogonal case, various numbers of finite elements, 

N, were used and linear extrapolation to N going to infinity was obtained as is 

shown in figure 2.10. The magnitudes of A, in figure 2.10 agree with 

Benthem's results within about 0.4% for all values of v between 0 and 0.48. 

In studying the behavior of the intersection angle, it was found that, 

for Mode I loading, the value of angle would finally become larger than 90 

degrees which implied the surface point would trail behind the interior crack 

edge and this phenomenon has been observed in plate tension tests with deep 

cracks. 

2.13 The Work of Takakuda 
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Fig.2.9. The Geometry Used by Bazant and Estenssoro. 
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To avoid the question whether the displacements are separable or not as 

was assumed by Benthem and Bazant, Takakuda studied the crack singularity 

problem in the forms of integral equations. 

The surface crack he investigated was in a semi-infinite elastic body 

x2>0, occupied a region S on the plane x3=0 and was subjected to the internal 

pressure (figure 2.11). The angle a was defined as the angle of intersection of 

the crack with the body surface and it could vary from 7/8 to 72/8. 

The formulation of the integral equation was deduced from substituting 

the stress 0633(x 1, X2) on the plane x3=0 into the boundary condition on the 

crack surface and the displacement different between the upper and lower 

surfaces of the crack was introduced into the equation. Assuming a separable 

variables solution for the above displacement, the stress singularity order was 

obtained by requiring the integral equation to have non-trivial homogeneous 

solutions. 

It was found that, for Poisson's ratios of 0 and 0.5, the results for stress 

singularity agreed with those of Benthem at a=n/2 within 0.1%. It was also 

noticed that, as the angle of intersection was getting larger, the absolute value 

of stress singularity order increased simultaneously. 

2.14 The Work of Smith, et al. 
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As analytical work moved on, experimental work was needed to verify 

those theories on stress singularity at the free surface. Smith and _ his 

associates (21-23, 50, 51) began to investigate into this problem by two optical 

methods, i.e. frozen-stress photoelasticity and high-density moire 

interferometry. 

The motivation of this experimental work is of ascending importance in 

nearly incompressible material, such as_ solid rocket propellants, composite 

material matrices and rubber, where the free surface effect is maximized by 

the high Poisson's ratio. In the first phase of this work, four point single edge 

cracked bend specimens (figure 2.12) of photoelastic material were analyzed 

by the above two optical methods. The results which are shown in figure 2.13 

suggest the loss of inverse square root stress singularity is not only confined 

to the free surface, but rather extended through a transitional zone normal to 

the specimen. surface and along the crack border. This observation § leads to 

the conclusion that, in thick bodies, the free surface effect becomes a 

boundary layer effect, but in thin bodies, it may dominate the problem. 

Further investigation was conducted on natural surface cracks in 

finite-thickness plates under tension. Similar results (figure 2.14) which 

showed very good agreement with that of Benthem at the free surface were 

obtained. It has to be mentioned here that those surface flaws were semi- 

elliptical with angles of intersection being 90 degrees, which made the -results 

be comparable to that of Benthem. Crack intersection angle with the free 

surface deviating from 90 degrees were also studied in four point bending tests 

with a thumbnailed natural crack (52). After correcting the singularity order 
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by a factor relating to the intersection angle, the experiment results were 

found to be close to Takakuda's solution. 

Since the LEFM theory with the inverse stress singularity order is no 

longer valid at the free surface, a "corresponding" SIF, K.9,, was introduced to 

account for the changed stress singularity: 

K 
22. 

Keor =   (2.11) 

The comparison of SIF distribution through the thickness for surface 

flaw in a plate under tension is shown in figure 2.15 and it is seen that Koo, 

gives a rather conservative estimation of SIF at the free surface. 

2.15 Summary on Stress Singularity Determination 

To have a overview at all the numerical and experimental results for the 

Stress singularity of a surface crack, Table 2.2 summarizes what has been 

reviewed. 

It is seen from the table that, for a crack with right intersection angle 

with the free surface, the stress singularity order varies from -0.33 to -0.35 for 

high Poisson's ratios (0.48-0.5) and this conclusion will be used in chapter 5 as 

a comparison to the experimental results from the rocket motor models. 
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Vv 0 0.15 0.2 0.3 0.4 0.48 0.5 

Benthem | -0.500 -0.484 | ----- -0.452 -0.414 | ----- -0.345 

FDM) 

Benthem | -0.500 -0.484 | ----- -0.452 -0.413 | ----- -0.332 

(SVM) 

Bazant -0.500 -0.484 | ----- -0.452 -0.413 -0.353 | ----- 

(FEM) 

Takakuta | -0.500 | ----- -0.475 -0.452 -0.413 | ----- -0.332 

(IEM) 

Smith [| ----- |) ----- [| ----- | ----- |) ----- -0.37 -0.34 

(EM) 

where FDM = Finite-difference method 

Literature 

SVM Separation of variable method 

FEM Finite-element method 

IEM = Integral equation method 

EM = Experimental method 
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3.0 Experimental Procedures 

3.1 Introduction 

In this chapter, details in experimental procedures will be covered. 

Starting with the mechanical characteristics of the testing material and 

geometries of the specimens, the specimen preparation process and the two 

phases of the whole test will then be discussed. Data extraction procedure from 

the tested specimens will also be explained. The data will be used together with 

the algorithms to be covered in the next chapter to evaluate SIF along the 

crack border and stress singularity at the surface. 

3.2 Material Characteristics 

The materials used throughout the whole test are PLM-9 (solid), PLM-9 
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(liquid which includes the hardener and resin) and PSM-9 (solid). It will be 

discussed where, when and how these materials are used in details in the next 

three sections. 

3.2.1 PLM-9 (Solid) 

PLM-9 is a transparent photoelastic material provided by Photolastic, 

Inc. and is used for the calibration beam and the internal star cylinder. 

Like other photoelastic material, PLM-9 exhibits diphase mechanical 

and optical properties. More specifically, at room temperature, its mechanical 

response is viscoelastic (figure 3.1). That is, mechanical loads tend to generate 

optical and mechanical creep or flow as well as elastic response. However, 

above its "critical" temperature which is around 250°F (121°C), its viscous 

coefficient vanishes and its behavior becomes purely elastic, exhibiting a 

modulus of elasticity of about 0.2% of its room temperature value and a stress 

fringe sensitivity of 20 times of its room temperature value. Because of the 

above feature of PLM-9, if it is loaded above critical temperature, cooled down 

to room temperature under load, the elastic recovery due to the removal of the 

loading is negligible and the stress fringes produced above critical 

temperature are retained. Table 3.1 gives the numerical values of the material 

properties of PLM-9, both at room temperature and critical temperature. It 

can be seen from the table that, along with the decrease in Young's modulus 

and stress optical constant, the Poisson's ratio for this material increases from 

0.36 to O05 at critical temperature under which it behaves incompressibly. 
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Fig.3.1. Kelvin Model. 
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Table 3.1. Material Properties for PLM-9 Provided by Photolastic Inc. 

PLM-9 is an epoxy resin for casting models with wall sections between 

1/8 in (3.2 mm) and 1/2 in (13 mm) thick. The material is cast at a temperature 

  

  

  

                

of 120°F. 

Elastic "C"-Stress Optical Tensile Coef. of 

Temperature Modulus E Constant Strength si Expansion Vv 

Condition 1000 psi psi/fringe/in (MPa) PPM/°F 
(GPa) (kPa/fringe/m) (PPM/°C) 

Room 

Temperature 480 (3.3) 60 (10.5) 7500 (50) 39 (70) 0.36 

(72°F or 22°C) 

Stress-Freezing 

Temperature 
230-250°F 6.0 (0.041) 2.7 (0.50) >150 (>1.0) 90 (162) 0.50 

(110-120°C) 
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3.2.2 PLM-9 (Liquid) 

Liquid PLM-9 is also provided by Photolastic Division and it includes 

PLM-9 liquid plastic and PLMH-9 hardener. PLM-9 liquid plastic is a specially 

formulated liquid epoxy resin system for casting photoelastic models. Once the 

liquid plastic and hardener are mixed with a hardener to resin weight ratio of 

7:100 and cured around 120°F (49°C) for 48 hours, the mixture will become solid 

PLM-9. 

Liquid PLM-9 serves as the adhesive to bond the internal star cylinder 

with the PSM-9 end caps so that inner pressure can be applied. The reason to 

use liquid PLM-9 is that liquid PLM-9 has almost the same mechanical behavior 

as solid PLM-9 after it is cured so that there will be not much discontinuity 

induced by the bonding. 

3.2.3 PSM-9 (Solid) 

PSM-9 is another kind of photoelastic material with major material 

constants being similar to those of PLM-9. Due to this reason, when the 

internal star cylinder with end caps is heated above critical temperature, the 

expansion of the end caps will be similar to that of the cylinder so that the end 
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constraint in radial direction is greatly reduced. 

3.3 Specimen Geometry and Preparation 

3.3.1 PLM-9 Internal Star Cylinder 

There are three tests in total and the three cylinders have the same 

geometry (figure 3.2) for the sake of easy comparison. The specimen is a Six- 

point internal star cylinder with a length of 304.8mm (12"). Another 

experiment has been done to prove that the boundary effect due to the bonded 

end caps vanishes as one moves 50.8mm (2") from the end. Thus, the cylinder 

is long enough to get accurate data with almost no end effect if the analysis is 

performed in the mid-section of the cylinder. 

The smallest wall-thickness is 12.7mm (0.5") at the finger tip where the 

crack is to be made normal to the surface and largest thickness is 38.1mm 

(1.5") at the bottom of the fillet of the star. The outer boundary of the cylinder 

is a circle with a radius of 50.8mm (2"). 

3.3.2 PLM-9 Calibration Beam 
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Fig.3.2. Geometry of the Star-Shaped Cutout Cylinder. 
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The calibration beam is to used in running four-point bending test in 

order to obtain the material critical temperature and _ fringe constant. The 

length, height and thickness of the beam are 152.4mm (6"), 25.4mm (1") and 

12.7mm (0.5"), respectively. The beam is also made long enough to obtain pure 

bending condition in the mid-section. 

There are two beams in company with each internal star cylinder 

which are coming out of the same batch. Hence, once the critical temperature 

and material fringe constant have been obtained from the calibration beam, 

they can be used in conducting the major test of the internal star cylinder. 

3.3.3 PSM-9 End Cap 

The PSM-9 end cap is a 127mm x 127mm (5" x 5”) plate with a 12.7mm 

(0.5") thickness cut from a large sheet by a band saw. It has to be assured that 

the dimension of the plate is large enough so as to easily bond the cylinder. 

Also, the plate should not be too thin so that the possibility of leakage is 

reduced when a hole is drilled through the plate to apply the pressure to the 

cylinder. 

3.3.4 Specimen Preparation 

Before running the calibration test, four holes are to be drilled through 

the thickness of the beam by which the four point loading can be imposed on. 
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These holes are drilled 50.8mm (2") from the center line and 12.7mm_ (0.5") 

apart on each side of the center line. The data extraction zone will be in the 

middle of the beam where the fringes are nearly equally-spaced parallel 

bands. 

As to the internal star cylinder, the first step is to make the initial 

crack. To do this, a hole with a diameter of 12.7mm (0.5") is drilled through the 

wall opposite to the finger tip where the crack is to be made. The hole has to 

be drilled straight enough in order that the initial crack is perpendicular to 

the surface of the specimen. Secondly, a special heavy-duty blade is extended 

with its holding fixture (figure 3.3) through the hole and adjusted to the 

position where a longitudinal crack normal to the surface can be made. After 

the alignment is finished, on can tap the sharp blade with a hammer and _ the 

initial crack will emanate from the blade tip, propagate dynamically to a 

certain depth, then shortly arrest (figure 3.4). Concerning about the size of 

the initial crack, it is appropriate to use the blade width of 12.7mm (0.5") in 

performing deep crack tests, while it is recommended to choose smaller width 

blade if one wants to conduct the shallow crack tests because the initial crack 

effect will not have much influence on the propagated crack. If the initial 

crack is not made well enough (e.g. there is some chopped-out), the above 

procedure has to be processed again at another finger tip. 

After the initial crack has been made, one should fill the hole with 

PLM-9 liquid and a solid PLM-9 plug which is used for the sake of reducing the 

stress concentration effect due to the hole. 

The next step of preparing the specimen is to bond the two PSM-9 plates 
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Fig.3.3. Fixture for Making the Initial Crack. 

Experimental Procedures 
52



  

      

      

  
  

  

Fig.3.4. Crack Making Process. 
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on the top and bottom of the cylinder by PLM-9 liquid so that it becomes a 

closed vessel. In advance, a hole in one of the plates has been drilled with 

threads through which inner pressure is imposed into the cylinder by a 

copper pipe (figure 3.5). One thing that needs to be mentioned is, before the 

bonding process, both the surfaces of the cylinder and the plates ought to be 

sanded in order to get better bonding to stand the pressure. 

3.4 Stress Freezing Test 

The frozen stress method was first introduced by Oppel (53) in 1936 and 

it is to be employed in both of the following tests: 

1) Material calibration test (figure 3.6). 

2) Crack propagation in the internal star cylinder test (figure 3.7). 

For the calibration test, the prepared calibration beam is put inside the 

thermal control oven under four-point bending load. The applied weight 

should be appropriate to generate enough fringes in the beam at the critical 

temperature (7-9 fringes are commonly wanted) so that the extracted data are 

reliable. 

When conducting the calibration test, one first raises the temperature 

from a certain value (e.g. 220°F) by a small amount (4-6°F/hour) and keeps 
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Fig.3.5. Internal Star Cylinder with End Caps. 

Experimental Procedures 55



S
S
,
 

0 ''EiFFéETF7F7F'.wxwpc 
 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

  
  

    
 
 

 
 

 
 5 g 5
 

S 

O 
O 

5 
eo 

O 
O O 

= = 

O 
O 
L
d
 

OC 
O 

 
 

 
       

    
  

  
 
 

U
M
M
M
 

Thermal-Controlled Oven 

\ 

ig.3.6. Schematic Setup for the Four-Point Bendin alibration .



‘ISdp 
uONesedolg 

yIeRIQ 
B
u
n
o
n
p
u
o
g
 

30j 
dniag 

onNeWIYIS 
“LE 

BIy 

edig 
1eddog 

a
 
 
 

 
 

       

4ojeinbay 
sinssalg 

 
 

    
 
 

 
 

yuel 
ajy 

p
e
s
s
e
i
d
w
o
g
 

 
 

  
   
 

1] 

V1 
yoeVsD 

[eopdytia-lwiesg~_ | 
| 

| | 

f 
u
e
 

u
a
w
d
e
d
s
 

\saL 
=
,
 

    
 
   

 
 

  
lt 

OAICA 
on 

| 
aly 

p
e
s
s
e
i
d
w
o
y
 

rt 

[ wien | 

a
i
n
e
d
 
ainssaig 

—
—
—
-
 

~
 

U2AO 
Po2]}0sjUOD-jEWIIYL 

57 Procedures Experimental



on watching whether the fringe pattern changes or not. Under each 

temperature level, the beam should be soaked for an hour because, for PLM-9, 

the soaking rate is roughly 12.7mm/hour (0.5"/hour) and the thickness of the 

beam is right 12.7mm (0.5"). Once the fringe pattern in the beam remains 

unchanged compared with the nearest lower temperature level in a 

predetermined period of time (e.g. 0.5 hour), the critical temperature is 

reached and on: can start the cooling process by roughly a rate of 2.5°F/hour. 

Using the stress optical law and analytical solution to the stress 

distribution in the pure bending beam, one can easily determine the material 

fringe constant by a least square fitting on a plot of fringe location versus 

fringe order. 

Since the critical temperature is worked out, it can be used in running 

the major crack propagation test. It needs to be mentioned here that the 

weight put on the top of the cylinder is to try to generate free end boundary 

condition and it can also reduce the force borne by the bonding. In the 

beginning, the cylinder needs to be heated gradually to the critical 

temperature with a small amount of pressure (e.g. 20.6kPa or 3psi) to make the 

crack open. The pressure is controlled by a gas valve and its value is indicated 

numerically on a pressure gage. After the cylinder has been soaked under 

Critical temperature for two hours to eliminate the possible temperature 

gradients, high pressure of 99kPa (14.4psi) is reached to make the crack grow. 

Once the crack has grown to the desired size, pressure is reduced to around 47.4 

kPa (6.9psi) under which the crack stops propagating and enough data can be 

collected in later analysis. 
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Same as in the calibration test, the cooling process also begins with a 

temperature decreasing rate of about 2.5°F/hour and figure 3.8 shows the 

variations of temperature and pressure in the whole stress freezing cycle. 

A band saw is first used to trim the cylinder to a small block that is easy 

to cut. Thin slices (figure 3.9) are then removed from the specimen at 

different angle by a special diamond saw. The speed of the diamond saw can be 

adjusted and Leco cutting oil is used to reduce the possible thermal effect on 

the frozen fringe pattern. For large cracks, five to six slices can be obtained 

on each side of the deepest penetration of the crack and these slices are then 

kept in a oven with a temperature of 122°F (50°C) to eliminate the moisture 

effect. 

In order to get numerical values from the frozen fringe patterns, the 

slices are fed in to a fringe multiplication unit (figure 3.10) in the refined 

polariscope (figure 3.11) designed by Epstein (54, 55). In this refined 

polariscope setup, one can use Post fringe multiplication method (56) and 

Tardy compensation method (57) at the same time to extract enough data points 

even though the thickness of the slice is small. Normally, using the 

multiplication factor of 5 along with 18° Tardy rotation will give the reading 

increment as small as one fiftieth of one fringe order. Figure 3.12 shows the 

magical consequence of applying the multiplication method. More details in 

using this instrument is covered in Rezvani's dissertation (58). 
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Fig.3.9. Locations for Cutting the Slices. 
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4.0 Mathematical Formulations 

4.1 Introduction 

To fulfill the purposes of this whole work, i.e. determination of SIF's 

along the crack front and stress singularity order at the surface, the 

algorithms are mainly divided into two parts: 

1) Two-dimensional classical LEFM theory in calculating SIF. 

2) Formulation for evaluating stress singularity. 

In the first part, it will be reviewed how to use the expressions for the 

Stress components near the crack tip to obtain the maximum in-plane shear 

Stress in terms of the stress intensity factor so that the photoelastic readings 

can be linked up. Then, starting from the original stress function with an 

arbitrary stress singularity order, it will be shown how the relevant near tip 

Stress components are expressed and how they are used again in relation with 

the photoelastic readings. It will be shown in detail how these algorithms are 

used in practice in the next chapter. 
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4.2 Mode I LEFM Formulations for Determining SIF 

Although LEFM assumes an inverse square root stress singularity 

throughout the crack border which has been proved analytically and 

experimentally to be invalid at the surface as was stated in chapter 2, LEFM 

theory still holds at least for the interior part of the crack. Meanwhile, since 

LEFM theory gives the expressions for the near tip stress components from a 

two-dimensional point of view, it raises a question how to relate these in-hand 

expressions to three-dimensional problems. Sih and Kassir (59) answered this 

question by stating that, in a plane which is perpendicular to the crack front 

and the crack plane, the stress components would take the same functional 

forms as the Irwin's (24) field equation for the two-dimensional problems. 

Using the local coordinate system shown in figure 4.1, one will end up with the 

following expressions: 

  

K . 
Gj=——-9,(0) ij=nz (4. 1a) 

where oj; = near tip in-plane stress 

K, = mode | SIF 

r,@ = polar coordinates with origin at the crack tip 

o° = near tip non-singular stress contribution. 

The above expression can be written in more concrete forms as: 
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Fig.4.1. Near-Tip General Problem Geometry and Notations. 
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  Onn= Ki : Cos 2 (1 - Sin 9 sin 38) -o° 
(2nrk 2 2 2 

on=— Cos 2 (1 + Sin 9 sin 2 (4.1b) 1 

(2nrk 

  

Onz = Ki : Sin 8 Cos 8 Cos 38 

(2xrk 2 2 2 

  

These stress components can be used to calculate the in-plane maximum 

shear stress: 

Tmax =7 {(Gnn - C22) + 44} (4.2) 

Substituting equation (4-Ib) in to (4-2) and- evaluating 6 at 7/2, one will get : 

Tag = Ki + Kio lo} 

-8nrr 4(nr)z 4 

  (4.3) 

The reason to set 6 to be equal to x/2 is that the maximum shear Stress is 

to be obtained from the photoelastic readings of the isochromatic fringes and 

the fringe pattern (figure 4.2) tends to spread in approximately normal to the 

crack surface and makes fringe discrimination more accurate along such 

direction for Mode I problem. 

Furthermore, considering, in the near-tip field, the nonsingular effect is 

much less than the dominating Singular part, i.e. tTmax>>o0°, one can simplify 

equation (4-3) to: 
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Fig.4.2. 

Mathematical 

Typical Fringe Patten Under Mode I Loading. 
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Ky a 
(Sxrb ¥8 (4.4) 

  Tmax = 

The left side of the above equation will be evaluated from the 

isochromatic fringe pattern by the following stress-optical law: 

nf 
= 4.5 Ot (4.5)   

Tmax 

photoelastic fringe order where n 

f = material fringe value 

t = slice thickness. 

As was stated earlier, although the slices are cut from different 

locations along the crack border which shows like a_ three-dimensional 

valid because the problem, the above two-dimensional algorithms are still 

slices are cut such that they are orthogonal to the crack plane and the crack 

front and this makes it clear why the slices can not be arbitrarily removed. 

In order to further simplify equation (4-4), the apparent SIF is defined: 

(K1)ap = tax (821) (4.6) 

and it leads to the following form of equation (4-4): 

1 4 

(Ki ap = Ki + (nro (4.7) 
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It is easily seen that (K,;)ap can be obtained from different locations, r, 

near the crack tip and the fringe order, n. Thus, a series of data points which 

will be used to execute extrapolation to the crack tip are generated in a near 

tip zone. Up to this point, one can acquire the SIF, K,, from the equation (3-7) 

and K, is just the interception of the straight line with y-axis on the plot of 

(K,)ap versus r}/2, 

It has been noticed (60) that if one plots (K;)ap versus r!/2, there will 

be three zones in which the variations of (K;)ap are different. The first zone 

is very near to the crack tip and (K,)ap_ varies nonlinearly. Although 

photoelastic material behaves linearly elastic above its critical temperature, 

there is some crack tip blunting under tension normal to the crack surface 

and this produces the above nonlinearity which is similar to plasticity effects. 

The second zone is the linear zone in which equation (4-7) applies. Thus, in 

order to obtain the SIF, K,, one ought to extrapolate the data points in the 

linear zone to y-axis and calculate the intersection. The third zone is outside of 

zones one and two. Since it is relatively far away from the crack tip, the non- 

singular stress term is not negligible any more and (K;)ap again varies 

nonlinearly. In short, one must first identify the linear zone from a series of 

photoelastic data and only carry out the calculations in this linear zone to 

obtain elastic SIF. If there are a couple of tests, one needs to evaluate the SIF 

on a nondimensional basis and tries to get rid of the crack shape effect 

involving in different crack geometries. The normalized Ky, is defined for this 

purpose: 
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Ki 
  K,(normalized) = x® (4.8) 
p¥xa 

where  p = inner pressure applied in the cylinder 

a = crack depth 

® = elliptic integral of the second kind as was expressed in (2-2). 

4.3 Photoelastic Algorithms for Evaluating the 

Stress Singularity 

As was stated earlier, the LEFM theory presumes the inverse square root 

Stress singularity order throughout the crack border and this assumption 

comes from the original stress function which generates all the stress and 

displacement expressions. Thus, in order to determine what the stress 

Singularity is at the surface, one has to abandon the former Westergaard stress 

function and_= start with a substitute representing an arbitrary stress 

singularity: 

fi 
Z| Ke (4.9) 

where Ag is the stress singularity order and the well behaved analytical 

function f(€) remains finite as € goes to 0. 

Expanding f(€) into Maclaurin series about the crack tip results: 
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£(C) ey ail + ag? + a;62 +... (4.10) 
Y2n 

Substituting Z, with expanded f(¢) into the expressions for the stress 

components in terms of the function Z): 

San = Re Z; -y Im Z, 

5,, =ReZ,+y Im Z; (4-11) 

Gnz =- y Re Zi 

where Z,=dZ,/dz and z=C-a. 

Letting € approach to zero and evaluating the stresses at the crack tip, 

one will finally recover the expressions for the in-plane stress components 

with stress singularity of A<: 

K: e 

nn = ~_ {Cosig0 - Ag Sin@ Sin(dg + 1)@}-¢ 
mr? 

  

Ky, 
a 

2nr° 

  (Cosi.6 +A, Sind Sint, + 1)6| (4-12) O22 = 

  

K 
Onz = xs (A. Sin@ Cos(A, + 1)6} 

¥2nr’° 

Hence, the maximum in-plane shear stress, tyax, can be calculated in 

the same fashion as equation (4-2). Since only the near-tip field is of interest, 

Mathematical Formulations 73



onmr? it is assumed —o_ Rf <i, one will end up with: 

Ag K,. Sind ° 
Tmax =——2 -— + & Sin(g + 1)8 

Y2n rs 2 

(4-13) 

If the above equation is evaluated along 8=x/2 and "apparent" (Ky ,)ap is 

defined as: 

  

  

in which LEFM case is recovered if one sets A,=0.5. 

Defining Tt, as the following: 

t= Sinthe + 1) 
2 2 

will simplify equation (4-13) down to: 

Tmax = A 

Y2nr° 

+ T>   
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(4-15) 

(4-16) 

(4-17) 

74



Up to this point, the stress singularity order A, can be obtained from 

taking the natural logarithm on both sides of the equation, which is the slope 

of the following straight line on the In(t,_4x-tg) versus In(r) plot: 

  -A, Inr (4-18) 

  

In( ) ie Ss N( Tmax ~ To) = 

Y2n 

It is noticed that, before Ag is acquired from equation (4-17), it first 

needs to obtain tg which is a function of the nonsingular term, o°®, and the 

unknown stress singularity order, Ag. This argument raises the paradox that it 

needs to determine Ag itself first in order to calculate 4g. To answer this 

question, Ag equals to 0.5 is presumed for the interior slices and the resulting 

calculations are reasonable in four-point bending beam tests conducted by 

photoelasticity and moire methods. As to the surface part, one simply let ty be 

equal to zero, which is proved by moire method (61). Meanwhile, for the 

analysis of the inner part of a crack, one may expect LEFM prevails away from 

the surface, i.e. Ag=0.5. Therefore, the nonsingular term o®° can be found from 

equation (4-16) by using the plot of (K,)ap_ versus r!/2 in which o® is 

proportional to the slope of the straight line. 
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5.0 Results and Conclusions 

5.1 Introduction 

In this chapter, the extracted data from three experiments conducted as 

was described in chapter three will be analyzed by the algorithms in chapter 

four. Results for the SIF's along the crack front will be presented and 

compared with Newman and Raju's finite-element solution to a circular 

cylinder. This comparison will yield an “equivalent" inner radius from which 

a similar SIF's distribution of the intemal star cylinder can be obtained by 

only considering a proper circular cylinder. 

Stress singularity order will also be evaluated at the inner surface of 

the cylinder and the result is to be compared with Benthem's analytical 

counterpart. 

5.2 Experimental Results 
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5.2.1 Test Conditions and General Comments 

Three similar tests have been finished to study the behavior of the 

propagated natural deep cracks. For easy comparison, the test condition, the 

crack geometries and material characteristic constants are presented in Table 

5.1. 

It has been found that, for all the three tests, the propagated cracks 

remain to be semi-elliptical up to the crack depth to wall thickness ratio, a/t, 

of 0.74 and have not bulged from the interior. Typical crack profile is shown 

in figure 5.1. Hence, elliptical integral of the second kind can be adopted to 

eliminate the crack geometry effect on SIF distribution in latter analysis. 

For each crack, thin slices are removed symmetrically at different 

locations along the crack border with respect to the deepest penetration. 

Hence, the SIF, from the surface to the center of the crack, can be obtained by 

averaging the data on both sides of the axis of symmetry. On the other hand, it 

is noticed that the ratio of crack depth to half of crack length, a/c, varies only 

in a small range of 0.44 to 0.5. This observation can give a fairly accurate 

prediction how deep the crack goes by just looking at the length of the crack 

and make the decision whether the desired crack size is reached in conducting 

a real experiment. Also, the very close a/c ratios in the three tests indicate 

that the cracks grow in a fashion by keeping the crack shapes to be similar. 

As an additional point, if a crack is made at the finger tip but not normal 

to the surface, it will go back to the maximum hoop stress direction which is a 

Results and Conclusions ; 77



  

  

  

  

                      
  

Table 5.1. Test Conditions and Propagated Crack Geometries. 

Test a a ° f 
No. P (kPa)|a (mm)/]c (mm) : Tor (°F) (kPa/fringe/m) 

1 47.6 8.41 19.05 0.44 0.66 235 0.46 

2 47.6 7.9 17.53 0.45 0.62 235 0.51 

3 41.4 9.37 18.75 0.50 0.74 245 0.49 

where  P = applied inner pressure 

a = crack depth 

c = half of crack length 

t = smallest cylinder wall-thickness 

To, = material critical temperature 

f = material fringe constant. 
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Fig.5.1. Typical Crack Profile for a Deep Crack with Magnification 

Factor of 3.54. 

Results and Conclusions 79



Straight path right from the finger tip and normal to the surface extending to 

the outer boundary after the crack has propagated by a very small amount 

This proves that, at the crack tip, the crack will propagate normal to the 

principal tensile stress direction and locally exhibit Mode I stress condition. 

Typical picture taken to shown this phenomenon is presented in figure 5.2. It 

also needs to point out that the slanted crack goes back to the path normal to 

the finger tip because it is still in a region in which the stress distribution is 

dominated by the finger tip, but once the crack is far enough away from this 

zone, it may not retum to this path though it still follows the direction normal 

to the local principal tensile stress. Further work is needed to study this 

phenomenon in details. 

5.2.2 Test Results for SIF 

Slices cut from the tested specimen are analyzed photoelastically to 

obtain the maximum shear stress distribution near the crack tip. Varying 

thickness is taken into account for the surface slices since it is impossible to 

cut a uniform thickness slice at the curved surface. In reading the slices, one 

can find that, for inner slices, the fringe pattern is quite symmetric (figure 

5.3), while for the surface slice, the fringe pattern appears to be relatively 

fuzzy and it is believed to be due to the varying slice thickness effect at the 

surface. 

After the fringe orders at different locations are obtained near the 

crack tip, the in-plane maximum shear stress is calculated by the stress-optical 
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Fig.5.2. Crack Propagation Path of an Initially Slanted Crack. 
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Results 

Fig.5.3. Typical Fringe Pattern of a Center Slice with a Multiplication 

Factor of 9. 
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law. (K,)ap can then be easily worked out in a range of 0.15mm to 1.5mm away 

from the crack tip. The plot of (K,)ap against r!/2, where r is the distance 

measured from the crack tip, gives a linear zone from which the data are to be 

used to compute the SIF. Typical variation of (K,)ap versus r!/2 is shown in 

figure 5.4 and SIF is determined as the interception of the least square fitted 

line with y-axis. Meanwhile, the nonsingular stress, 69%, can also be found to 

be the slope of the straight line divided by Vaas was described in equation (4- 

7). The obtained SIF, K,, has the influences deduced by the crack geometry 

and load level. To eliminate this influence, K, is normalized by a factor of pV na 

and multiplied by the elliptic integral of the second kind so that the 

comparison of SIF becomes meaningful for different semi-elliptical crack 

shapes. Table 5.2 lists the numerical values of the linear zones, K, (average of 

two sides), Kyi(nor) (average of two sides) for the three tests. It is assumed that 

the value of t,. is zero not only at a free surface, but also a surface under 

uniform pressure. It will be shown later that this assumption gives reasonable 

result in determining the stress singularity order at the surface. 

Figure 5.5 shows the variation of normalized SIF along the crack border. 

It needs to be pointed out that the photoelastic reading is to average the 

through thickness effect for each slice, but considering the very small 

thickness of the slice, one can approximately regard the value of SIF obtained 

from the zero degree slice is representing the stress condition right at the 

surface. It is noticed that the variations of SIF for the three tests exhibit a 

fairly uniform distributed tendency and the overwhelming majority of SIF's 

lies within +3% which is the order of experimental scatter. This distribution 
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Table 5.2. Results of SIF for Three Tests. 

  

  

            

  

  

    
  

            

                    

    
  

            

                      

Slice | O-1s | 0-2s | 15-1s]15-2s]30-1s[30-2s]45-1s]45-2s]60-1s]60-2s] 90 | 

I.D. 

Linear 
Zone .25-.38 --- .25-.45 | .25-.45 | .25-.46 |] .25-.46 | .25-.46 | .25-.46 | .25-.45 | .25-.45 ] .25-.45 

Vr/a 

K, 24.02 21.72 22.55 23.22 23.70 22.56 

K , (mor) 3.98 3.60 3.87 3.86 3.93 3.74 

Slice O-1s | 0-25 | 15-1s]15-2s]30-1s|30-2s|45-1s]45-2s|] 60-18] 60-25 90 

LD. 

Linear 
Zone | -20--38 | .20-.44 .25-.45 | .25-.44 | .25-.37 | .25-.45 | .25-.38 | .25-.41 | .25-.45 

Vr/a 

K, 20.73 | ------ 23.11 23.25 23.89 22.30 

K , (nor) 3.56 |) ------ 3.97 3.99 4.10 3.86 

Slice O-1s |] O-2s | 15-1s]15-2s|30-1s]30-2s]45-1s]45-2s] 60-18] 60-25 90 

LD. 

Linear 
Zone .22-.35 | .25-.34 - --- --- --- .20-.34 | .21-.35 | .25-.37 | .20-.36 | .20-.39 

Vr/a 

K, 21.96 | ------ |) ------ 24.50 23.81 23.65 

K , (nor) 4.11 |  ------ | ------ 4.57 4.46 4.43 
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also suggests a two-dimensional analysis may be valid as long as the crack is 

far away from the top and the bottom edges. 

5.2.3 Test Results for Stress Singularity Order 

As was stated in equations (4-16) and (4-18), two variables, o9 and Ag, 

have to be determined in advance so as to obtain the stress singularity. It is 

not a problem to calculate the non-singular stress o° since it can be obtained 

from the (K),)ap versus Vr plot and it is assumed that Ag is 0.5 for the inner 

slices, while t, is simply equal to zero at the pressurized surface. Hence, the 

magnitude of t, can be determined by each slice along the crack border. 

There are usually three ways to use the value of t, along the crack front 

for Mode I analysis. The first one is to use the t, obtained from the 90° slice 

and assume it is applicable to other inner slices. This assumption is based on 

the fact that the 90° fringe pattern is the most symmetric one from which data 

can be read most accurately. The second way is to use the average t, calculated 

from all the inner slices, where it is also assumed t, is nearly constant for the 

inner part of the crack and the average value of t, can eliminate the 

experimental error to some extent. In four-point bending tests, the second 

method was successfully used and the results were very close to the analytical 

solution. As to the third method, one simply uses tg from each slice to correct 

its OWN Tmax- In other words, each ty is used once to correct tTma, Of that 

particular slice from which t, is obtained. Since different t, is used for each 

inner slice, the third correction method will account for the varying Tt, 
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condition which is neglected in the first two methods. In analyzing the crack 

in the internal star cylinder, the third method is chosen to quantify the stress 

singularity along the crack border. Numerical results for t 5, Ag(uncor), 

Ag (cor) are shown in Table 5.3. 

It is seen that the surface effect still plays a role in altering the 

singularity from the inner part of the crack to the surface even when the 

surface is not free from external force any more. Comparisons with analytical 

results will be given in the next section. 

5.3 Three Dimensional Analytical Considerations 

5.3.1 Problem Definition 

After the evaluations of SIF and stress singularity along the crack 

border have been accomplished, one needs to compare the _ obtained 

experimental results with some proper analytical or numerical counterparts. 

In selecting the comparable analytical solutions, one needs to emphasize the 

geometry of the problems compared and their boundary conditions. As was 

pointed out earlier, no 3-D analytical or numerical solution has been found so 

far in the literature to determine SIF for a crack in an internal star cylinder. 

It is even more difficult to find a comparable solution with similar geometry 
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Table 5.3. Results of Stress Singularity Order in Three Tests. 

  

  

    
  

  

  

  

  

    
  

  

  

  

  

  

            

Test 1-3 

Slice I.D. To Ng (uncor) Xg(cor) 

T1-1s-0 0 -0.36 -0.36 

T1-2s-O. | -e---- eee ee ieee -- 

T2-1s-0 0 -0.30 -0.30 

T2-2s-0 0 -0.35 -0.35 

T3-1s-0 0 -0.35 -0.35 

T3-2s-0 0 -0.37 -0.37 

T1-1s-30 3.81 -0.43 -0.50 

T2-1s-30 5.97 -0.40 -0.50 

T3-1s-30 1.22 -0.48 -0.50 

T1-1s-60 5.92 -0.40 -0.50 

T2-1s-60 7.41 -0.38 -0.50 

T3-1s-60 1.77 -0.46 -0.50 

T1-90 3.22 -0.43 -0.50 

T2-90 23.78 -0.25 -0.50 

13-90 0.43 -0.50 | 
  

  

where only one side of interior slices is presented since the other side shows 

exactly the same trend. 
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and boundary conditions to the present internal star cylinder. It was 

mentioned by Durelli (63) that, in studying the stress distribution in star- 

Shaped grain, it could be simulated by using a circular cylinder and assuming 

that the inside diameter of the circular cylinder lies between the bottom of the 

fillet and the tip of the star. Based on this fact, circular cylinder with a 

longitudinal crack is chosen for comparison. Before doing any calculations, 

one needs to think about two questions. Firstly, can a similar SIF distribution 

to the experimental results be found in the circular cylinder case? 

Furthermore, if there is a similar trend of SIF distribution, how this trend can 

be obtained in a general way and what is the physical meaning of the similar 

trend? These questions will be discussed in the next section. 

Meanwhile, Benthem’s analytical solution for the stress singularity at 

the free surface will be compared with the experimental counterpart at the 

pressurized surface and it will be discussed whether this comparison can be 

extended to other circumstances. 

5.3.2 Comparison of SIF 

It has been reviewed, in chapter two, some representative work in 

solving for the SIF distribution for a longitudinal semi-elliptical crack in a 

circular cylinder. It has also been concluded that Newman and Raju's three- 

dimensional finite-element solution has the widest range in adjusting the 

cylinder and crack geometries from which it is much easier to exactly choose 
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the specific crack size in the circular cylinder in order to match the SIF 

distribution in the internal star cylinder. 

It is noted in the last section that, the experimental SIF distribution 

shows a quite uniform distribution along the crack border. Meanwhile, a 

similar trend is also observed in Newman and Raju's solution. Hence, it is now 

a problem to make the two similar trends be on the same level of magnitude by 

choosing a particular geometry for the circular cylinder. In order to 

accomplish this goal, one has to keep the geometric similarities between the 

circular cylinder and the internal star cylinder as near as possible and adjust 

some proper geometric variables in the circular cylinder based on some 

physical considerations. 

In doing this, one has to consider two aspects from an overall point of 

view. Firstly, the geometries of the circular cylinder and the crack need to be 

considered respectively. Secondly, once a crack is introduced into the circular 

cylinder, one needs to sacrifice for losing some of the predetermined 

geometries in the first step in order to compensate the interaction between the 

crack and the cylinder. 

In the present case, there is no doubt to fix the outer radius and a/c 

ratio of the circular cylinder to be the same as their counterparts in the 

internal star cylinder. This consideration makes the cracks in the two 

cylinders be at least similar. Moreover, it is obvious that one needs to find out 

what the “equivalent" radius of the circular cylinder should be in order to 

match the SIF distribution in the internal star cylinder and this leads the 

inner radius of the circular cylinder to be the variablé throughout the 
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following calculations. 

After all these problems are worked out, it comes to the point of 

considering whether it is better to fix the crack depth or the wall-thickness of 

the circular cylinder. In the following analysis, crack depth in the circular 

cylinder is chosen to be the same as the one in the internal star cylinder so 

that latter comparison will be based on the same crack size. As was said 

earlier, the same crack size makes it impossible to have the same a/t ratio in 

the two cases. Actually, once the crack size is determined, there is no meaning 

to set the a/t ratio any more. Firstly, if the a/t ratio is also fixed, since the 

crack depth, a, is known, t can be easily determined no matter what the SIF 

distribution is and this entirely deviates from what is originally desired. 

Secondly, one has to keep in mind that the two specimens have different 

geometries and the wall thickness in the circular cylinder may not be 

comparable to the smallest wall thickness in the internal star cylinder. Due to 

the above reasons, it is reasonable to fix the crack size instead of a/t ratio 

when one is conducting the comparison. 

In using Newman and Raju's solution (equations 2-7 and 2-8), one needs 

to keep on changing the value of inner radius of the circular cylinder until 

the SIF distribution is on the same level of the experimental results. A_ series 

of calculations have been finished in finding the equivalent inner radius for 

the circular cylinder and final results showing the geometric similarities and 

the SIF distribution in the two cases are displayed in Tables 5.4 and 5.5. 

It is noted that Newman and Raju’'s solution was considering a material 

with Poisson's ratio of 0.3. The effect of Poisson's ratio in determining SIF of a 
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Table 5.4. Geometric Comparison for the Cracks in the Internal Star 

Cylinder and the Circular Cylinder. 

  

  

  

  

  

  

                  

a (mm) c (mm) . Ry, (mm) R; (mm) 

ISC(Test_1) 8.41 19.05 0.66 50.8 =| _ _—------ 

CC(Test_1) 8.41 19.05 0.56 50.8 35.81 

ISC(Test_ 2) 7.90 17.53 0.62 50.8 =| _—------ 

CC(Test 2) 7.90 17.53 0.54 50.8 36.07 

ISC(Test_3) 9.37 18.75 0.74 50.8 =| _------ 

CC(Test_ 3) 9.37 18.75 0.68 50.8 37.08 

where  ISC = Internal star cylinder 

CC = Circular cylinder. 
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Table 5.5. Comparison of SIF Distribution for the Cracks in the Internal 

Star Cylinder and the Circular Cylinder. 

Ky 

9 Q° 11.7° | 26.6° | 30° 45° | 50.4° | 60° 90° 

BC | o49 | --- Lo. 22.6 | 23.2 _. | 23.7 | 22.6 
(Test_1) 

« 23.7 | 23.3 | 22.2 _ _ 21.2 _ 22.6 
(Test 1) 

SC} 90.7 _ _ 23.1 | 23.3 _ 23.9 | 22.3 
(Test 2) 

ec 22.9 | 22.7 | 21.1 _ _ 20.5 _ 21.9 
(Test 2) 

IC | 499 _. _ _ 24.5 _.. 23.6 | 23.7 
(Test 3) 

« 22.1 | 21.5 | 21.0 _ _ 21.3 _ 24.4 
(Test 3)                     

Results and Conclusions 94



crack in a plate under tension was studied by Smith (39) and it was pointed out 

that this effect was not very strong in altering the magnitude of SIF, 

especially in two-dimensional problems. Assuming the above comment is 

applicable to present work, the difference in Poisson's ratio is not taken into 

account in this comparison. 

The comparisons of SIF distribution for the three tests are also shown in 

figures 5.6-5.8. It is easy to find out that, with a particular equivalent inner 

radius for the circular cylinder, the SIF distribution in the internal star 

cylinder and the circular cylinder exhibit a very similar trend throughout the 

crack border and the range of variation is within +5% and the obtained 

equivalent radius lies in between the bottom and the tip of the star just as one 

expected. 

Having finished all the calculations and comparisons, one needs to 

explain what is the physical meaning of the earlier work otherwise it simply 

becomes a purely mathematical fabrication. To do this, one needs to study the 

difference between the two specimens and try to find out what the difference 

may bring about in determining SIF. Since the crack size and outer radii of 

the cylinders are the same, the only difference is the inner surfaces in the 

two cases. In the intemal star cylinder, the crack emanates normal to the 

surface from the finger tip of the star where the curvature is relative large 

compared with the circular cylinder with the same wall thickness. Hence, the 

difference in SIF distribution ought to be owing to the different geometries, or 

more specifically, the local curvature effect near the crack. This observation 

leads to further investigation into the effect of the curved surface in 
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Fig.5.6. Comparison of SIF Distributions of Test 1 for the Internal Star 

Cylinder and the Circular Cylinder. 
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evaluating SIF. 

5.3.3. Study of Curvature Effect 

In order to fulfill the goal of curvature effect investigation, it is wise to 

start from the extreme case where the curvature is equal to zero, i.e. the plate 

case. After that, circular cylinder with obtained "equivalent" inner radius and 

internal star cylinder are to be considered where the curvature is increasing. 

In order to have the comparable basis, the crack size is fixed in each case. 

In studying the surface flaw in a plate under tension, Newman and 

Raju's three-dimensional finite-element solution (63) gives a fairly broad way 

in selecting the desired crack size and plate thickness. Their solution will be 

used to evaluate the SIF distribution of a semi-elliptical crack in a flat plate. 

For easy comparison, the crack geometry in the representing case of 

test 1 is adopted throughout this investigation. Table 5.5 gives the results of 

normalized SIF distribution obtained from this comparison. 

It has to be pointed out that it is very important to choose the 

appropriate stress to normalize SIF since the tensile stress in the plate case 

may not be comparable to the inner pressure in the cylinders. As what is 

usually done in normalizing SIF, the tensile stress is used for the plate case, 

while the average hoop stresses in the uncracked bodies are chosen to be the 

normalizing factor for the cylinders. Figure 5.9 shows the comparison of SIF 

distributions for the three cases on one plot. It is obvious from the plot that as 
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Table 5.6. SIF’s in Plate, Circular Cylinder and Internal Star Cylinder. 

  

  

  

  

                  
  

K ; (nor) 

Q 0° 11.7° 26.6° 30° 45° 50.4° 60° 90° 

Plate 0.91 0.91 0.97 --- --- 1.04 --- 1.05 

Cc 1.12 1.10 1.05 --- --- 1.00 --- 1.07 

ISC 1.31 --- --- 1.27 1.27 --- 1.29 1.23 
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Curvature is increasing, the magnitude of normalized SIF is also increasing. 

From a= stress distribution point of view, higher curvature will generate 

higher stress concentration which also raises SIF. 

5.3.4 Comparison of the Stress Singularity Order 

at the Surface 

In the earlier part of this chapter, it was stated as one of the main goals 

to seek the surface effect on the stress singularity. In pursuing this goal, 

some analytical solution is needed to verify the experimental results. Since 

Benthem's conclusion on the stress singularity at the free surface has been 

proved both analytically and experimentally and the tested cracks have a 

right intersection angle with the surface which is just the case considered by 

Benthem, comparison will be based on Benthem's solution. 

Table 5.7 lays out the experimental values of stress singularities at the 

surface from the three tests as well as Benthem's solution for Poisson's ratio of 

0.5. 

It is seen that the test results are very consistent with Benthem's 

analytical solution even when the surface is under uniform normal pressure, 

which really broadens the analysis of surface effect on stress singularity. 

Meanwhile, one can not arbitrarily extend the above conclusion to the surface 

under non-normal force because the stress condition is not Mode I any more 

and further detailed investigation is needed. 
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Table 5.7. Experimental Results for Stress Singularity at the Surface. 

  

  

  

                      

~-- Test 1 Test 2 Test 3 Average | Benthem 

--- Side 1 Side 2 Side 1 Side 2 Side 1 Side 2 --- --- 

Xo -0.36 --- -0.30 | -0.35 | -0.37 | -0.35 | -0.35 | -0.33 
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6.0 Summary and Future Work 

6.1 Summary 

In order to study the mechanical behavior of a crack in the internal 

Star rocket motor propellant, some photoelastic analysis has been done toward 

a better understanding of the influence of the star configuration on some 

fracture parameters. After having conducted the experiments, the 

calculations and comparisons, one needs to summarize the obtained results 

from an overall consideration. Major conclusions are listed below: 

1) Stress freezing photoelasticity is proved again to be an effective 

experimental technique in studying three-dimensional fracture behavior. 

2) The propagated cracks remain to be semi-elliptical up to 74% of the wall 

depth and crack shapes are similar during their growth, i.e. the ratio of a/c 

varies by only a very small amount. 

3) As the crack gets deeper into the body, the initial crack effect is fading 
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away. Crack propagation path follows the direction which is perpendicular to 

the maximum hoop stress and the fringe loops near the crack tip exhibits a 

local Mode I stress condition. 

4) A quite consistent linear zone is found at different locations of the crack 

border and the obtained SIF distribution is also fairly uniform, which implies a 

two-dimensional analysis may be applicable. 

5) High curvature at the finger tip of the star elevates the magnitude of 

normalized SIF and this local effect may be reduced by the neighboring part 

near the finger tip. 

6) An "equivalent" inner radius can be found to relate a circular cylinder to 

a internal star cylinder by considering the similar SIF trends in the two cases 

and this information can be used to prove or predict the test results to some 

extent. 

7) Experiments prove the surface has a strong effect on the stress singularity 

determination, especially for high Poisson's ratio material. Benthem's 

analytical result is not only applicable to a free surface, but also the surface 

under uniform normal pressure. 

6.2 Future Work 

First of all, some kind of analytical or numerical solution is needed to 

verify the test results by considering the exact same geometry and boundary 
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conditions adopted in the experiment. Due to complexity of the configuration, 

finite-element solution may be one of the best ways in fulfilling this goal. 

This solution can be _ three-dimensional or two-dimensional based on _ the 

uniform SIF distribution obtained from the experiments. Meanwhile, the 

experiments can also be extended at least in two ways. First, some kind of 

grain case can be used to bond the grain model which gives a better simulation 

to the real problem. It needs to be mentioned that once the case is bonded onto 

the cylinder, the boundary conditions at the outer surface have entirely 

changed and one needs to work out the interactions of the thermal expansions 

between the case and the cylinder before feeding proper boundary conditions 

into some numerical calculations. On the other hand, detailed study into 

cracks emanating from different locations is also needed. There are two 

factors of difficulty when one deals with a crack away from the finger tip. 

First question arises from the stress condition near the initial crack where the 

crack may be under low hoop tensile stress or even compression. Thus, it will 

be much more difficult to make the crack propagate compared with the 

Situation at present, so higher pressure and more specimen preparation 

techniques are expected. Secondly, the crack will not propagate in a plane and 

a global mixed-mode (though it is probably still Mode I very near to the crack 

tip) stress condition occurs. Some new algorithms should be used due to the 

introduction of the mixed-mode and further investigations will be taken as the 

second phase of this research. 
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