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(ABSTRACT) 

Numerical methods and specifically the finite element method have improved significantly since 

their introduction in the 60's. These advances were mainly in: 1) introducing higher-order elements, 

2) developing effective solution schemes, 3) developing sophisticated means of modeling the 

constitutive behavior of geotechnical materials, and 4) introducing iteration techniques to model 

material non-linearity. This thesis, on the other hand, deals with the topic of modeling the boundary 

conditions of the finite element problem. Typically, tbe boundary conditions will be approximated 

by specifying displacement constraints. such as restraining tbe bottom boundary of the finite 

element mesh against displacements in the horizontal and vertical directions (x- and y-directions). 

Where bedrock or dense residual soils underlie the soft foundation soil at a relatively shallow depth, 

this is a good assumption. However. when soft soil is encountered for large depths, the assumption 

of zero movement constraints for a mesh boundary at a shallower depth than the actual bedrock will 

result in a serious underestimation of stresses and displacements. By coupling boundary elements to 

the finite elements and using them to model the infinite extent of the foundation soil, a more 

realistic answer is obtained. Employing the coupled boundary element - finite element method, four 

cases were analyzed and the results compared to values of the pure finite element method. The 

results show that the coupled method indeed yielded higher stress- and displacement-values, 

indicating that the pure finite element method underestimates stresses and displacements when 

modeling very deep soils. 
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CHAPTER 1 

INTRODUCTION 

To know the distribution of stresses in slopes and their foundations as a result of gravity, is of great 

importance in geotechnical engineering. This problem has been solved with varying degrees of 

success in the past, using either an analytical (closed form) or a numerical technique. 

The earliest approach to this problem was the normal load approximation as first introduced 

by Carothers (1920) when he determined the stresses within an homogeneous, isotropic, elastic half

space due to the pressure of the weight of an embankment. The magnitude of the pressure was 

assumed to be proportional to the height of the embankment immediately above it and it was applied 

normal to the surface of the foundation material. This approach does not take the response of the 

embankment material itself into account and neglect the shearing stresses at the interface between 

the embankment and the foundation. 

Since 1967 analytical solutions were developed to determine the "exact" stresses in and 

underneath an embankment. Perloff et al. (1967) obtained a closed-form solution to the problem by 

transforming the region of the embankment, within which the solution was sought, into a half-space 

where the solution could be easily obtained. Verruijt (1969) used a similar procedure to determine 

stresses due to gravity in an elastic half-plane with notches or mounds. 

However these two "exact" solutions don't agree, as also noted by Acar et a1. (1969) when 

they compared both analytical solutions to the results of a finite element analysis. They found that 

the FEM solution agreed better with the Verruijt solution than Perloffs and concluded that the 

analytical solution by Perloff et al. (1967) was therefore incorrect. An evaluation of the two methods 

is given in Chapter 2. 

A number of investigators used numerical techniques to solve this problem. Clough and 

Woodward (1966) were some of the first authors to describe the modeling of an incremental 



construction procedure to determine embankment stresses and strains. In his state-of-the-art article 

on static stability and deformation analyses. Duncan (1992) listed about 60 authors which 

investigated slopes and embankments by using the finite element method. These works were 

classified according to the stress-strain law used to describe the behavior of the material, into the 

following categories (in order of increasing complexity): (1) linear elastic, (2) multilinear elastic, 

(3) hyperbolic elastic and (4) elasto-plastic and elasto-visco-plastic stress-strain relationships. It is 

indeed clear that with the increasing availability and cost-effectiveness of computers, the finite 

element method has become a popular way of determining stresses and displacements of 

embankments and slopes. Over the years. the major advances in this method were in developing 

more complex models to describe the stress-strain behavior of the soil in a realistic manner (as 

mentioned above). The work done during this study, on the other hand, attempts to improve the 

computational accuracy of the finite element method by modeling the infinite extent of the 

foundation soil with boundary elements. 

In this study, the stresses in the embankment region were determined by using a 

substructure method of coupling the finite and boundary element methods. The problem was also 

solved by using the conventional pure finite element method and the results of these two numerical 

methods are compared with each other and also with the values from the analytical solutions of 

Perloff et a1. (1967) and Verruijt (1969). 

While the same geometrical problem was solved, different cases with respect to the stress

strain relationships of the material and modeling of the construction procedures were considered. 

These cases were: 

Linear Elastic, Gravity Turn-on Analysis: This analysis was performed to simulate the procedures 

followed in the development of the analytical solutions {Verruijt (1969) and Perl off et a1. (l967». 

This case considered an initially weightless embankment founded on stress-free soil before the 
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gravity body forces of the embankment were activated to obtain the stresses in the embankment and 

foundation as a result of the embankment weight. The material was modeled as linear, homogeneous 

and isotropic in both the embankment and foundation. Only in this case, a comparison between the 

stress values of the numerical and analytical solutions was of real significance (i.e. comparing 

apples with apples). 

Linear Elastic. Incremental Construction Analysis: Again the material, representing a hypothetical 

rockfill, was modeled as linear elastic, homogeneous and isotropic. In this case the embankment was 

incrementally build up in five construction layers. Only stresses due to the embankment weight were 

considered (initial stresses were neglected), Although the values of the analytical solutions were 

plotted with these results, no meaningful comparison could be made as the analyses differed with 

respect to the construction procedures followed. 

Non-linear Elastic. Incremental Construction Analysis: In this case the embankment was 

constructed incrementally in five construction layers and a hyperbolic stress-strain relationship was 

used to characterize the material properties of a hypothetical soil consisting of soft clayey silt.. 

Although the same hyperbolic parameters were used for the embankment and foundation soil, the 

initial stiffness of the material increase with increasing depth (and thus increasing confining 

pressure) due to the stress-dependent nature of the hyperbolic stress-strain model. Again the results 

of the analytical solutions were plotted with the values from the numerical methods. In this case 

both the material properties and construction procedures adopted by the numerical analyses differed 

completely from those employed by the analytical solutions. The analytical values thus only 

provided a measure of the differences among the cases that were analyzed. 
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Non-homogeneous. Non-linear Incremental Construction Analysis: To model a more realistic 

practical problem, an analysis was carried out in which the material properties of the embankment 

differs from the foundation soiL The foundation soil was taken as a soft clayey silt material with a 

hyperbolic stress-strain relationship and the material of the embankment was assumed to be rockfill, 

also modeled by the hyperbolic stress-strain relationship. 

To provide an overview of the material covered in this report, a chapter-by-chapter 

description is given below: 

Chapter 2~ A basic and simplified formulation of the analytical solutions by Perloff et a1. (1967) and 

Verruijt (1969) are given and discussed. 

Chapter 3; A formulation of the substructure method by coupling the boundary and finite 

element methods is given in this chapter. This includes the derivation of the Boundary 

Integral Statement. 

Chapter 4; In this chapter a detailed description of the procedures followed in the analyses of the 

different cases as mentioned above is given. 

Chapter 5; The results of the analyses that were carried out are compared with each other and with 

the analytical solutions. 

Chapter 6; In the last chapter the results of the analyses are discussed and some conclusions are 

presented. 
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CHAPTER 2 

DISCUSSION OF ANALYTICAL SOLUTIONS 

Analytical solutions only exist for an embankment and underlying soil foundation that are linearly 

elastic, isotropic, homogeneous and continuous with each other. Stress values as a result of the 

weight of the embankment alone, are obtained. Two analytical solutions were compared, namely: 

• An analytical solution to evaluate the stresses within and underneath an embankment due to the 

self-weight of the embankment by Perl off et a1. (1967). 

• An analytical solution by Verruijt (1969) which considered stresses due to gravity in an elastic 

half-plane with notches and mounds. 

Both these methods used the Schwartz-Christoffel transformation to conformally map the 

embankment and the underlying foundation onto an elastic half-space. However, serious 

discrepancies exist between the answers obtained from the two different solutions. 

Acar et a1. (1988) noted these discrepancies when they compared both these analytical 

solutions to a finite element analysis. They found that the finite element method answers agreed 

better with the Verruijt solution and concluded that the analytical solution by Perloff et a1. (1967) 

was incorrect as a result of the "erroneous assumption that the biharmonic equation is invariant 

under conformal transformation. tI 

In a subsequent discussion Leonards and Baladi (1989) strongly defended the Perloff 

solution, claiming that it was "fundamentally correct in every respect" and that "differences between 

the Verruijt and Perloff et a1. solutions may be due to the different approximations used in 

evaluating the integrals numerically." To support their stance they compared shear stresses along 
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the base of an embankment from an incremental finite element analysis with the values of the 

Perl off et at solution and found good agreement. 

Because of this obvious conflict in the literature, it was necessary to review the existing 

analytical solutions to find the "correctll solution (if any of the solutions is correct). The 

development of the two solutions are now discussed, with the objective of trying to find any apparent 

weaknesses in any of the theories. 

Perloff et al. (1967) solution 

Perloff et at (1967) (see also Baladi, 1968) obtained the stresses within and under an embankment 

as a result of the self-weight of the embankment material. The embankment and underlying soil 

were assumed to be homogeneous, isotropic and continuous with each other. The Scwartz-

Christoffel transformation was used to map the embankment and underlying soil layers onto a half-

plane, the idea being to transform an area where stresses can't be found onto a half-space where the 

solution can be found. 

The starting point of the development of the solution is the equations for the plane strain 

theory of elasticity. The solution will be unique if it satisfies the equilibrium and compatibility 

conditions and the boundary conditions. The equilibrium equations for plane strain are: 

dO <rt 
__ x +-2'L=O and 

dX dy 
<rtxy day 
--+--pg=o ax dy 

--- 2.1 

in which pg is the unit weight of the material, ax and cry are normal stress components and 'txy is 

the shear stress component. 
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The compatibility equation for plane strain 

may be expressed in terms of the stress components as: 

--- 2.3 

Now the total stress can be defined as 

. v 
a =cr +--1Y 

x x I-v 

. 
'txy = 'txy --- 2.4 

.. . 
where ax, a y and 1xy are the stresses due to the embankment loading only and the terms 

_v_1y and 'rY represents the initial stresses in a semi-infinite region with no boundary loading. 
I-v 

Substituting Equations 2.4 into Equations 2.1 and 2.3 we obtain: 

dcr' d1xy' 
__ x +--=0 

dX dy 

da~ d't~ 
-+--=0 
dy ax --- 2.5 

7 



--- 2.6 

which are the equilibrium and compatibility equations for a weightless material. The total stresses 

can be defined in terms of the Airy stress function~ U(x,y) as 

a2u(x,y) v 
a = ay2 

+ --'YY x I-v 

a -
a2U(x,y) 

+ "'fy y-
ax2 

't = 
(}2U(x,y) 

--- 2.7 xy ax(}y 

where ax, ay and'txy are the horizontal normal, vertical normal and shear stress respectively, 'Y is 

the unit weight of the material and v is the Poisson's ratio. If body forces are absent or are constant 

(as in this case in which weight is the only body force acting) the equilibrium equations (Equation 

2.5) are satisfied identically and the compatibility condition (Equation 2.6) becomes the biharmonic 

equation: 

--- 2.8 

Direct solution of the biharmonic equation is generally difficult. The biharmonic differential 

equation is thus transformed to a harmonic equation by using an analytic complex function. Taking 

a section through an embankment (see Figure 2.1), and naming it the z-plane, a point within the 

medium can be represented by the complex number, z = x +iy. The stress function can now be 

written as: 
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A F 

(a) Z - Plane 

A B COD E F 
-I -fJ fJ (: I 

I 

"1 

(b) t-Plane 

Figure 2.1 Geometrical transfonnation from Z-plane to t-plane 
(Source: Baladi, 1968) 
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U(x,y) = Re (Zcp(z) +X;(z)] --- 2.9 

where z = x - iy, and • and X; are single-valued analytic functions throughout the z-plane. The 

functions 4» and X; are determined from the conditions that the normal and tangential stresses on the 

boundary are equal to zero. Substituting Equation 2.9 into Equation 2.8 and expressing the stresses 

in terms of the boundary tractions yield: 

N +IT=. (z)+. (z)-e I z. +X; (z)+- -- +--, -, 2 '0 [" , 'YY ( 1-2 V)] 'YY ( 1 ) 
2 I-v 2 I-v 

--- 2.10 

where a bar indicate the complex conjugate of the quantity, 9 is the angle between the slope and the 

x-axis measured in a clockwise direction, v is the Poisson's ratio, and Nand T are the normal and 

tangential components of the boundary traction. 

The boundary of the embankment is a polygon with one of its vertices at infinity (See z-

plane in Figure 2.1). This boundary is mapped onto a half-plane (see t-plane in Figure 2.1) by using 

the Schwarz-Christoffel transformation: 

--- 2.11 

where M and M) are complex constants, B, C, D and E are the interior angles (in radians) of the 

embankment in the z-plane, and -1, -~, ~ and 1 are points on the real axis of the t-plane 

corresponding to the respective vertices, B, C, D and E. The complex constant M) corresponds to 

the point on the perimeter of the embankment that has its image at t=O. Substituting the values of B, 

C, D and E with respectively -1, -~, ~ and 1 in Equation 2.11 we obtain: 
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It( A.2 -1 J" z = M 2 2 dA+M1 
o A -~ 

--- 2.12 

where (X is the positive angle of the slope of the embankment. The constants M, ~ and M1, are 

determined by considering the correspondence between the z-plane and the t-plane at points D, E, 

and at the center of symmetry. The solution of Equation 2.12 was then evaluated numerically by 

using Simpson's rule. 

As Equation 2.12 represents a conformal transformation, the straight lines in the t-plane 

correspond to orthogonal curvilinear coordinates in the z-plane (see Figure 2.1). The boundary 

conditions in terms of cp(z) and X(z) can thus be written as functions of cp[f(t)] and X[f(t)] and the 

boundary tractions become: 

N +IT= 0 = Cl)(t) + Cl)(t) 1m [f(t)] + f'(t) [f(t) Cl)'(t) + 'P(t) +l( 1-2V) 1m [f(t)]] --- 2.13 
2(1- v) f'(t) f'(t) 2 1-v 

where Cl)(t) cpl(t), 'P(t) Xl(t) and ret) is the integrand of Equation 2.12. Substituting 11 0 and 

t =; in the above equation and rearranging it, we obtain an expression for the effect of the 

embankment geometry in the t-plane as follows: 

--- 2.14 
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H 

-oo-A F --co 

I~ 
y 

(a) The Boundary of the Investigated Problem 

A B F 

-CD - -I -co 

"1 

(b) The Real Part of • Fictitious Stresses" on 

the Boundary in the t - Plane, NWE 

A B E F 

-co -- -l -00 

'7 

(c) The Imaginary Part of "Fictitious Stresses" 

on the Boundary in the t - Plane. T WE 

Figure 2.2 "Fictitious Boundary Stresses" due to the weight of 
the embankment (Source: Baladi, 1968) 
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The effect of the geometry of the embankment can be visualized as a "fictitious loading' applied at 

the boundary of the t-plane. The real and imaginary parts of this "fictitious boundary loading" are 

shown in Figures 2.2b and 2.2c respectively. Having obtained the functions at the boundary, the 

Cauchy integral formula is then used to obtain the value of the function at an interior point. 

Knowing <D(t) and 'P(t) and thus also <I>(z) and X(z), the value of the stress function U(x,y) in 

Equation 2.7 can be determined. Solving Equation 2.7, we obtained the stresses O'x. C1y and 'txy. 

Verruijt (1969) solution 

Verruijt obtained a solution for the stresses that developed in a homogeneous, isotropic, linear 

elastic material, initially contained in a lower half-space, as the originally plane upper boundary is 

modified. The modification may be as a result of removing material (excavation to obtain a notch 

problem) or due to adding more of the same material (mound problem). 

Unlike the method of Perloff et a1. (1967), where the region containing the embankment is 

conformally mapped onto a half-plane. Verruijt presented a method in which the region is 

conformally mapped onto the interior of a unit circle, lei = 1 (see Figure 2.3). The points e = C1\ and 

e = 0'4' which correspond with z = z\ and z = Z4' are taken as C1 I = + 1, 0' 4 = -1. The point 

e = 0'0 = - i corresponds to z = Zo = 00. It is further assumed that the points e = 0' 2 and ,= 0'3' which 

correspond to z = Z2 and z = Z3' lie symmetrically with respect to the imaginary axis in the ,-

plane. Hence, 

O'J = 1 

0'2 = exp (ieo ) 

0'3 = exp[i (ft - eo)] 

0'4 =-1 --- 2.15 
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;Y 

Z3 Z2 ---"""'-----

___ Z_4_~ l _____ ~_Z~1 ___ -------___ X 

-L L 

(a) Half-plane with elnbankment in z-plane 

(b) Unit circle in ~ - plane 

Figure 2.3 Conformal transformation from region of 
embankment onto the interior of the unit circle 
(Source: Verruijt, 1969) 
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The basic procedures adopted in the development of the Verruijt analytical solution are as follows: 

• The semi-infinite region of the embankment and underlying soil foundation is conformally 

mapped onto the interior of a unit circle by means of the Schwartz-Christoffel transformation. 

This conformal transformation is denoted by: 

z = ro(t) 

• Two functions, fl)l (z) and '1'1 (z), which satisfy certain conditions, must be determined. The 

stresses can then be derived from these functions by using the formulas of Kolosov-

Muskhelisvel i: 

0xx +Oyy = 2[fl)I(Z)+fl)t(Z)] 

Oyy -oxx +2ioxy = 2[zfl)~(Z)+'I'J(Z)] 

• The above mentioned functions, fl)) (z) and 'I'} (z), must satisfy the following conditions: 

(i) The functions must vanish at infinity as a result of the assumption that incremental stresses 

will vanish at infinity. 

(ii) The upper boundary of the half-plane must be free of external stresses, i.e. incremental 

stresses will only develop when body forces due to gravity are applied. 

• The mapping function is then evaluated by obtaining its Taylor series expansion around the 

center of the unit circle. An approximation is obtained by only considering a finite number of 

terms of the series. The elasticity problem for the region mapped onto the unit circle by the 

approximate mapping function can then be solved by using complex variable techniques. 

It is clear from the above discussion that the formulation of the analytical solutions is extremely 

theoretical and complicated. Both the solutions, Perloff et at. (1967) and Verruijt (1969), are the 

products of Ph.D-dissertations, involving the theory of conformal mapping and complex variable 

techniques. In reviewing these methods, no apparent errors or wrong assumptions could be detected. 
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The observed smaller discrepancies between the two methods may thus be as a result of the different 

approximations used to calculate the integrals numerically. However, it is more likely that the larger 

discrepancies be due to wrong assumptions in one or both of the solutions, or as a result of different 

approaches in numerically integrating the functions when it has a singularity. With the exception of 

the horizontal stresses along the axis of symmetry, good agreement was obtained between the results 

of the numerical methods (linear elastic gravity turn-on analysis) and Verruijt's solution in this 

study (see chapters 4 - 6). 

16 



CHAPTER 3 

THEORETICAL DEVELOPMENT OF THE COUPLED 

BOUNDARY ELEMENT - FINITE ELEMENT METHOD 

In this chapter, the substructure method to couple the finite and boundary element methods is 

presented. 

Despite the popularity and usefulness of the finite element method, it has some 

shortcomings. which are especially evident in two areas i.e. (i) when the domain becomes infinite 

and (ii) when singularities occur. Generally, infinite domain problems are solved by taking a 

relatively large domain and assuming that incremental stresses (due to the presence of the structure) 

vanish at the distant boundary from the region of interest. In recent years, it has become 

increasingly popular to use boundary elements to model the "infinite domain" of the foundation soil. 

The boundary element method works with discretized boundary elements, in which only the 

boundary of the domain is discretized. This is possible because the weak form of the differential 

equation can be converted into the boundary integral equation which satisfies the two-dimensional 

Laplace equation throughout the domain enclosed by the boundary~ the approximation is only made 

at the boundary. 

The main disadvantage. however, of boundary elements is that they cannot easily solve non

homogeneous and non-linear problems as the solution procedure involves very large computational 

effort compared to the finite element method. and the fact that all matrices are now fully populated 

(as opposed to finite elements where matrices are banded). A coupling of the two methods thus 

seems to utilize the advantage of both methods. This method can specifically be employed in soil

structure interaction problems where the region of the structure can be represented by a finite 

domain (discretized into finite elements) and the surrounding soil as a semi-infinite domain 

(modeled by boundary elements). 
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3.1 Derivation of the boundary integral expression 

The boundary integral expression for an elastostatic problem is given by: 

--- 3.1 

where ble is the body force field. u~ and p~ are the displacements and tractions on the surface in 

the k direction due to a unit force acting in the I direction and represent the fundamental solution, 

Uk and Pie are the prescribed displacements and tractions and Cj is a coefficient that is obtained as a 

result of singularities that developed. This equation is now derived according to the theory described 

by Brebbia and Walker (1980). 

Basic Differential Equations: The equations governing static equilibrium of an elastic body can be 

written in terms of the stress field components as 

dO'- -
_I_J +b. =0 
dX. I 

J 

i = 1,2,3 j = 1,2,3 --- 3.2 

where bi denotes body forces such as gravity. The boundary conditions that apply to the problem are 

as follows: 

• prescribed tractions, P". will act on r2 ; and 

• prescribed displacements, Uk' will act on r1 

where r) and r 2 are disjoint parts of the boundary whose sum is the total boundary r = r l + r 2 • 
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The deformation of an elastic body is described by the displacement field ui (xl, x2, x3)' It 

is assumed that displacements are small enough to let higher order terms vanish and strains are 

obtained from the symmetric Cauchy strain tensor; 

eO. =.1(u- - +U· -) 
IJ 2 I,j J,I 

i = 1,2,3 j = 1,2,3 

The strains and stresses are related by the constitutive relationship, Hooke's law, as : 

au" au- au-
0 .. =A6 .. --+II (_1 +_J) 

IJ IJ :l r:l :l 
uX" uX - uX-J I 

where 6ij is the Kronecker delta defined as : 

6. _ = {I for i = j 
IJ 0 for i;t: j 

and A and 1.1 are Lame's constants defined as: 

A= Ev = E 
(l+v)(I-2v)' 1.1 2(l+v) 

--- 3.3 

--- 3.4 

The Weighted Residual Statement: The exact solution for displacement, u, is difficult to find and 

generally an approximate solution is obtained. We are seeking an approximate solution to the 

problem governed by the equilibrium equations: 

aOjj 
--+ b· = 0 with boundary conditions ax. 1 

J 
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The approximate solution will cause some approximation errors in the above equations, which can 

be minimized by writing the following weighted residual statement: 

--- 3.5 

where u: and p: are displacements and tractions corresponding to a weighting field. 

Derivation of the Boundary Integral Expression: Substituting the strain-displacement relationship 

and constitutive equations into the weighted residual statement and integrating the first term twice 

by parts, we obtain: 

--- 3.6 

Being the inverse of the original governing differential equation, the above expression is commonly 

referred to as the inverse statement. The objective is now to reduce the problem to a boundary-only 

problem by eliminating the integrals in the domain in the above expression. This is obtained by 

choosing the fundamental solution as the weighting functions w, which satisfy the equilibrium 

equation in the domain and also eliminate the domain integral. 

The fundamental solution a ~k is a singular function produced by applying a Dirac delta at a 

particular point and is thus the solution of: 

--- 3.7 
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where 0: is the Dirac delta function representing a unit load at i acting in one of the xI directions. 

The following equation is thus obtained: 

--- 3.8 

where p ~k and U;k represent the tractions and displacements in the k direction due to unit forces 

acting in the 1 direction (see Figure 3.1), 

The above equation (Equation 3.8) relates the values of the displacement components UI at 

the point i with the values of Uk and Pk over the boundary r. This applies when the point j is in the 

interior domain n, but as we need to formulate the problem in terms of the boundary integrals, the 

point i must be considered at the boundary. As ; becomes a boundary point, singularities develop in 

the left-hand side integrals in Equation 3.8. To deal with these singularities, a coefficient c i is 

introduced to yield the Boundary Integral Equation: 

--- 3.9 

or in a simplified form: 

--- 3.10 

where the displacements and tractions, u:k and p ~k' are the fundamental solutions representing the 

tractions and displacements in the k direction due to unit forces acting in the direction I. 
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Pl3
1e n 

Pointk--+--

Unit load at i 
in the I-direction 

Figure 3.1 Tractions, Plk, at point k on the surface due to 
a unit load at i in the I-direction 
(Source: Brebbia and Walker, 1980) 
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3.2 Boundary Element Method Procedures 

The basic steps of the boundary element method are: 

• The boundary r is discretized into elements and piecewise interpolation is carried out for 

the displacements and tractions between the element nodal points. 

• The boundary integral equation is applied in discretized form to each nodal point on the 

boundary and the integrals are computed (usually numerically) over each boundary element. A 

system of 2N linear algebraic equations containing the set of N nodal tractions and N nodal 

displacements is thus obtained. 

• Boundary conditions are imposed with 2N nodal values (tractions and displacements in each 

direction per node) that are prescribed. 

The finite element method and some other numerical techniques considered functions which satisfy 

the boundary conditions and only approximately satisfy governing equations in the domain. The 

boundary formulation, on the contrary, identically satisfies the governing equations and only 

approximately satisfies the boundary conditions. These steps are now explained in detail and applied 

to two-dimensional elastostatic problems by using linear elements. 

The boundary integral equation is discretized by dividing the boundary into an arbitrary 

number of elements which are connected at the nodal points. These elements consist of either 

straight lines or curves depending on the order of the interpolating functions that will describe the 

displacement and traction fields. The Cartesian coordinates of a point in an element are described by 

the Lagrangian interpolating functions 'l'j of order (m-l) as a function of the nodal coordinates 

(x j' y j ) of the element as follows: 
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m 

X= LXj'l'j 
j=l 

m 

y= LYj'l'j 
j=l 

--- 3.11 

where Xj and Yj are the x and Y coordinates at the jth node. Similarly, the functions for boundary 

displacements u and tractions p can be approximated over each element in terms of the Lagrangian 

interpolation functions 'l'j of order (m-l) in the following relations: 

m 

Uj = LUjj'l'j 
j=1 

m 

Pi = LPij'l'j 
j=l 

--- 3.12 

where Uj and Pi are the ith components of the displacements and tractions along the element, and 

Uij and Pij are the ith component of the displacements and tractions at node j. By substituting the 

above interpolation functions into the boundary integral expression (Equation 3.10) and discretizing 

the boundary r into say N elements, a system of equations (in matrix form) is obtained: 

--- 3.13 

where the summation from I = 1 to N indicates summation over the N elements on the boundary and 

un and pD are the nodal displacements and tractions. If there are N nodal points, the above 

statement will involve 4N nodal quantities consisting of a boundary displacement and traction in 

each direction for every node. However, either the boundary displacement or the traction will be 

described in each direction for every node. This results in a total of 2N unknowns and 2N equations 

are needed to solve for these quantities. The 2N equations are obtained by evaluating Equation 3.13 

at each of the N nodal points. Equation 3.13 thus represents, in discrete form, the relationship 

between the node; at which the fundamental solution is applied and all the I elements (including the 

one ;=1) on the boundary. This relationship is illustrated in Figure 3.2 
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The integrals in Equation 3.13 are usually solved by using a numerical integration scheme. 

Hence, Equation 3.13 becomes: 

N K N K 

CU+ L(L p·vTIJlk Wk)U n = L(LU·vTIJlk Wk)pn 
1=1 k=1 1=1 k=1 

which can be written as: 

(C+H)U=BU=GP 

N K 

where H= L(L p. vTIJlk Wk) 
1=1 k=) 
N K 

and G= L(Lu· vTIJlk wk) 
I=J k=l 

--- 3.14 

--- 3.15 

In the above equations, k is the number of Gauss integration points, W k is the weighting factor 

associated with the kth Gauss point, and IJI is the Jacobian of the transformation from the Cartesian 

coordinate system to an element local coordinate system which can be defined as: 

---3.16 
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node i 

Figure 3.2 Relationship between value of fundamental solution 

at i with the 1 elelnents 
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where ~ is the local coordinate along the length of the element. 

For the special case when the node; is one of the nodes of the element, the integral becomes 

improper because of the singularity in p * and u·. This difficulty is dealt with in the following 

manner: 

• For the term involving u *, analytical integration is carried out for constant or linear elements. 

• It is not necessary to evaluate the integral involving p * as these terms are calculated 

coincidentally with the ci coefficients by imposing on the matrix the condition of a unit rigid 

body displacement acting in any direction. Equation 3.14 then becomes: 

--- 3.17 

where It is a vector defining a unit rigid displacement in the direction I. Thus the diagonal terms in 

H are obtained using the relations (Brebbia and Walker, 1980): 

h .. = ~ h· . for finite bodies, and 
11 "'-' IJ 

j"'i 

hii 1-Lhij for infinite bodies and semi-infinite domains where I is the identity 
i=j 

matrix. 

Fundamental Solution: The fundamental solution used for general plane strain problems is the 

Kelvin solution. This solution gives the displacements and stresses at a point k inside an infinite 

elastic plane due to a concentrated force acting at a point j. For the displacement the solution yields: 

* 1 (3-4v)8 Ik or or 
u = ( +--) 

Ik· 161tG(l-v) r ax , aX k 
--- 3.18 
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dr rk 
in which --= -

dX k r 
(see Figure 3.1) 

The traction components corresponding to the Kelvin solution are: 

• 
Plk = 

1 [dr dr dr ---~ -«1-2v)d 1k +3--)+ 
81t(1-2v)r2 dn dx, dXk 

dr dr] (1-2v)(-nk --nl) 
dX) dXk 

where nk and n) are the components of the vector n normal to the boundary. 

--- 3.19 

The Kelvin solution is suitable for solving both finite and infinite domain problems. For 

infinite half-plane problems, however, a large number of boundary elements are required to model 

the traction free surface at the top of the half-plane. To avoid putting elements on the half-plane 

surface, another fundamental solution is chosen to satisfy the boundary conditions on this surface. 

Such a fundamental solution was first developed by Melan (1932). In this original work, there 

seemed to be errors which were pointed out by Telles (1981). The complete solution involves 

superposing a complementary solution ( ) ~ on the Kelvin solution ( ) ~. The solution can thus be 

written in the form: 

and 

Linear Boundary Elements: Generally the three different types of elements that can be used to 

discretize the boundary are: (1) constant (node in middle of element) (2) linear (nodes are at the 

intersection between elements) and (3) quadratic (nodes at intersection and at an extra midelement 

node). 
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For this study, the linear element was chosen as it gives acceptable accuracy with some 

savings on computer effort. The geometry of the element as shown in Figure 3.3 is given by a 

straight line of length I and thus IJI = t. The interpolation functions are given by: 

Applying the boundary integral equation, the 2 x 4 element matrices hand g are obtained which 

will be assembled into the global matrices Band G. The element matrices are: 

h = ![ I>;l 'I' leiS 
II * II * 

(P;2'1' 2eiS 1 _lPI2'Vld~ -I Pl1 'V 2d~ 

2 II * JI • il 

* -I P21'Vld~ -I P22'Vld~ -I P21'V 2d~ I-I P;2'V 2d~ 
_.- 3.20 

g =![ I>;l'l'ld~ II * J~) U~I'V 2d~ I>:2'1' 2eiS 1 -I Ul2\Vld~ 

2 II · i l 

• 
II * Jl • _] U21 'Vld; -J U22\V ld; -I U21'V2d~ -1 Un'V 2d; 

--- 3.21 

As mentioned before, for the special case when the singular node coincides with one of the end 

nodes of the elements, the coefficients of the g matrix can be computed analytically to avoid 

significant errors introduced by the numerical integration of the improper integral. Integrating 

Equation 3.21 analytically for elements containing singular nodes results in the following indicial 

expressions: 

kn 1 [ I i I j] g-- = (3-4v){Ok +O.S-ln(l)}o--+-
I) {161t(l- v)G} n Ij I --- 3.22 

for the Kelvin solution and 
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Master element 

Figure 3.3 Geometry of the linear boundary element 
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kn 1 [ Ii 1 j ] giJ' =-- 2(l-V){Okn +O.5-ln(l)}Oij +-+Cl(I-Oij)19(l-2v) 
~xG) 1 

--- 3.23 

for the half-plane solution. The subscripts i and j indicate the position of the coefficient in the 2 x 2 

submatrix k of matrix g and n indicates which node in the element is singular. In the above 

equations: 

0, , = {O for i ~ j 
lJ 1 for i = j 

{
-I for j=I 

Cl = 1 for j=2 

12 
9 = arc tan(~). 

and 

x x 
(--S9S-) 

2 2 

where 1 i is the ith component of the element length. 

3.3 Formulation of the Substructure Method 

Finite Element Equations: Relatively simple two-dimensional elements are used to model the near 

structure domain. Because a linear variation of displacements on the boundary elements was chosen, 

this demands the same variation of displacements on the boundary of the finite elements to ensure 

perfect geometric compatibility. 

The stiffness matrices of the finite elements are generally obtained by minimizing the total 

potential energy function: 

(1)= r l.a .. £·.dV- r p.u.dr- r b.u.dV Jv 2 IJ IJ Jr 1 1 Jv I I 
--- 3.24 
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where aij and £ij are the stress and strain tensors~ and Pi and b i are the prescribed traction and 

body force vectors and Uj the displacement vectors. 

The set of equations resulting from the finite element formulation are given in the form: 

KU=F --- 3.25 

where K is the stiffness matrix, U is the vector of nodal displacements, and F is the vector of nodal 

forces. 

Boundary Element Equations: The boundary element equations can be written in the form: 

BU=GP 

where Hand G are the matrices of influence coefficients, U is the vector of nodal displacements. 

and P is the vector of nodal tractions in the boundary element system. 

Before coupling the finite element and boundary element equations, the boundary element 

equations are first converted to equivalent stiffness matrix equations. Equation 3.26 thus becomes: 

G-1HU=P --- 3.27 

Now the nodal tractions can be converted to nodal forces by an appropriate transformation of the 

form : 

NP=F --- 3.28 
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where N is a square transformation matrix which converts the nodal tractions to equivalent nodal 

loads. 

Equation 3.27 thus becomes: 

NG-1HU=NP=F --- 3.29 

or KBE UBE = FBE --- 3.30 

--- 3.31 

and U BE are the nodal displacements and F BE are the nodal forces of the boundary elements. 

The Coupling Procedure: To explain the procedure, assume that the finite element system can be 

partitioned in equations considering the nodes of the finite elements only, and in equations dealing 

with nodes common to both the finite element and boundary element system. This system is 

illustrated in Figure 3.4 where the domain Dr contains the nodes included in the finite element 

system only, and the domain Db corresponds to the interface where nodes common to both the finite 

and boundary element systems are located. The partitioned system of equations (for the finite 

elements) can be written as: 

[Kff Kfb ]{U r} {Ff} 
Kbf Kbb U b = Fb 

--- 3.32 

where U band Fb are the nodal displacements and forces on the boundary Db and U f and Ff are 

nodal displacements in the domain Dr. 
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fmite elements 

boundary elements _--I 

Figure 3.4 Coupled fmite element - boundary element system 
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Before coupling can take place, the following two conditions must be satisfied along the finite 

element - boundary element interface: (1) compatibility of displacements, and (2) equilibrium of the 

nodal forces. The compatibility condition can be written as: 

--- 3.33 

where Ub are the displacements of the nodal points of the finite elements coupled to the boundary 

elements and U BE are the nodal displacements of the boundary elements themselves. The 

equilibrium condition states that the sum of the nodal forces in the finite element and boundary 

element systems and externally applied forces are equal to zero. This can be written as: 

--- 3.34 

where Q represents any externally applied nodal forces. If there are no externally applied forces, 

Equation 3.34 becomes: 

--- 3.35 

Substituting Equations 3.30, 3.33 and 3.35 into Equation 3.32 we obtain the global coupled 

equations which are given as: 

--- 3.36 
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Note that the finite element equations do not yield full matrices, whereas the stiffness matrix for the 

modified boundary element equations, K BE , is non-symmetric and fully populated. The symmetry 

and bandedness of the stiffness matrix is thus lost as a result of the coupling. Some researchers 

(Vallabhan 1986, Georgiou 1981) have tried to retain the symmetry of the stiffness matrix by 

discarding the skew-symmetric part. An approximate stiffness matrix of the following form is then 

obtained: 

--- 3.37 

where k ij is the (ij) th element of the KBE matrix. The coupling procedure can be summarized as 

follows: 

Step 1: Form the H, G and N matrices from the geometry and material properties for the specific 

case. 

Step 2: Using these matrices, obtain the boundary element stiffness matrix KBE from Equation 

3.31. 

Step 3: If only the symmetric part of KBE is to be used, omit the skew-symmetric part using 

Equation 3.37. 

Step 4: Assemble the boundary element stiffness matrix, K BE , into the global stiffness matrix. 

Step 5: Solve for the nodal displacements and determine the stresses in a similar way than for a 

normal finite element system. However, if the fully populated matrix, K BE , is used, an 

unsymmetric solution technique must be used. 

The coupling procedure as being discussed can be viewed as a substructure technique where the 

boundary element system is considered as a special finite element which can be incorporated into an 
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existing finite element program. To obtain a system of equations with the form of Equation 3.36, a 

renumbering procedure is used. In this procedure, equation numbers are first assigned to the degrees 

of freedom belonging only to the finite element system. The remaining degrees of freedom common 

to both systems are then assigned equation numbers. The aim of this procedure is to separate the 

degrees of freedom to minimize the bandwidth of the substructure stiffness matrix. 

3.4 Development of the Transformation Matrix 

The square transformation matrix N, used in Equation 3.28, is now derived for the case when a 

quadrilateral element is coupled with a linear boundary element. Assume a single boundary element 

is coupled to a quadrilateral element over the boundary r 8 as shown in Figure 3.5. 

The equivalent nodal load f can be calculated from the given traction distribution p(x,y) 

over the boundary r e with the relation: 

--- 3.38 

where Pi (x, y) is the ith traction component, 'II j (x, y) is the Lagrangian interpolating function 

corresponding to the ith node and fl is the ith component of the equivalent nodal load force at node 

j. Only force components of the nodal points on the boundary r e are non-zero and these 

components can be expressed as functions of one variable along the boundary. Equation 3.38 is thus 

rewritten as: 

ij = 1,2 --- 3.39 
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boundary r element 

finite element 

Figure 3.5 Boundary element coupled to quadrilateral 
element 
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where ; is the local coordinate along the boundary r e. Similarly, from the boundary element 

method, the tractions along a boundary element vary as follows: 

2 

Pi (;) = L pf 'II j (;) i = 1,2 --- 3.40 
j=1 

where p1 is the ith component of traction at the jth node. Combining Equations 3.39 and 3.40, a 

relationship for transforming nodal tractions in the boundary element system to equivalent nodal 

loads can be obtained: 

2 

ff = LNikP~, ij =1,2 --- 3.41 
k=1 

ij =1,2 --- 3.42 

For coupling between a bilinear quadrilateral element and a linear boundary element, the 

corresponding set of Lagrangian interpolating functions are given by: 

'1'1 (;) = t(l- ;)j 
'l'2(;)=t(1+;) 

--- 3.43 

Substituting Equations 3.42 and 3.43 into Equation 3.41 and evaluating for the case when r e is a 

straight line of length I, the nodal load components are given by the expression: 
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--- 3.44 

For the general case of a system consisting of m nodes and n boundary elements with straight lines 

of lengths Ii, Equation 3.41 becomes: 

i = 1,2, j = 1, .. m --- 3.45 

where f! is the ith component of the nodal force at the jth node, p f is the ith component of the 

nodal traction at the jth node, and N (I) is the N matrix for the lth boundary element. 

3.5 Program Implementation 

The coupling procedure as described in the previous sections was implemented in a program called 

BEFEe (Kuppusamy et at. 1992). The boundary element portion was derived from a two 

dimensional elastostatic boundary element program originally developed by Brebbia et a1. (1984) but 

also contains additional features such as the Melan fundamental solution. The program employed 

the use of an active column (skyline) technique where only the non-zero quantities in the global 

stiffness matrix occurring beneath the skyline are stored. This storage scheme is one of the most 

efficient in terms of amount of memory used as well as computer time required and can be described 

as follows (Kuppusamy et a1. 1992): tiThe only modification in the algorithm used to assign the 

equation numbers is that two passes instead of one are used. In the first pass, equation numbers are 

assigned to those degrees of freedom corresponding to nodes which are not on the far field 

boundary. In the second pass, the nodes corresponding to the far field boundary interface are 
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assigned equation numbers. This algorithm assures that the fully populated boundary element 

stiffness matrix is confined to the last equations and prevents these terms from dispersing 

throughout the entire stiffness matrix. The result is that the column heights are minimized. The 

program also has the option to discard the skew-symmetric portion of the boundary element stiffness 

matrix, thus resulting in an approximated symmetric boundary element stiffness matrix as done in 

Equation 3.37. Vallabhan et a1. (1986) suggest that the following condition be satisfied before 

discarding the skew-symmetric part in order that the resulting error not be significant: 

\1'( i,j) --- 3.46 

where a ij are the elements of the global stiffness matrix. For the linear problems considered, the 

above norm was much less than 10/0. " 

This coupling technique as developed by Kuppusamy et a1. (1992) to solve soil-structure 

interaction problems, differed from similar previous coupling techniques (Vallabhan et al. 1986, 

Georgiou 1981) in three respects. These are: 

• The far field domain is modeled using boundary elements based on the half-plane (Melan) 

fundamental solution. A half-plane fundamental solution approach (Mindlin) have been used for 

two-dimensional, dynamic soil-structure interaction problems, whereas the far field domain of static 

problems is usually modeled with boundary elements based on the infinite plane (Kelvin) 

fundamental solution. 

• Generally, constant boundary elements are used as compared to linear boundary elements 

used in this formulation. 

• In the works cited, no renumbering is performed on the system of equations, making it 

necessary to store the full system of equations which make the solution procedure costly in terms of 

memory required. 
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As many existing finite element programs use an active column storage scheme, this 

coupling technique can easily be incorporated into such a program. The subroutines that generate 

the equivalent boundary stiffness matrix were taken from BEFEC and incorporated into a nonlinear 

finite element program SSTRUC (Clough and Duncan 1969, Ebeling 1989). This program can solve 

plane strain interaction problems and has the ability to model stress dependent nonlinear material 

behavior by using the hyperbolic stress-strain model (Duncan and Chang, 1969). 

The implementation of the coupling procedure in SSTRUC is similar to that of BEFEC 

except that the skew-symmetric part of the boundary element stiffness matrix is automatically 

discarded. Also, because SSTRUC stores all degrees of freedom, no renumbering of equations is 

performed. 
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CHAPTER 4 

ANALYSES OF AN EMBANKMENT PROBLEM 

As already mentioned, this study is a secondary outcome of research carried out (Kuppusamy et al. 

1992) at Virginia Tech on the solution of soil-structure interaction problems by the coupled 

boundary element - finite element method. To further validate this method, an embankment problem 

was solved. Not only is it of great importance to know the stresses in embankments such as large 

earth dams, but many researchers have investigated embankment problems and the literature thus 

provides some valuable checks for embankment analyses. 

The problem that was analyzed, is of a 10-ft high embankment founded on an infinite half

plane. The embankment slopes at a 1: 1 (hor:vert) angle and the width at the top of the embankment 

is 20 ft. This geometrical configuration did not change and was used for all the analyses (see Figure 

4.1). As the embankment was symmetrical, the problem was solved by considering only half of the 

geometry while the nodal points located on the axis of symmetry were restrained in the x-direction 

but allowed to move freely in the y-direction. The mesh for both the coupled finite element -

boundary element method and the purely finite element method was basically the same; the 

difference being the boundary conditions. For the coupled boundary element - finite element 

method, boundary elements act at the boundaries (allowing some non-zero movement), while 

displacement constraints (and thus allowing zero movement of the specified degrees of freedom) act 

at the boundaries for the purely finite element method. For the purely finite element method the 

rightmost boundary is restrained to horizontal displacements, while the nodes at the bottom are 

restrained to both horizontal and vertical movements. 

Four cases were analyzed, namely (1) a linear elastic gravity turn-on analysis, (2) a linear 

elastic, incremental construction analysis, (3) a non-linear elastic, incremental construction analysis 
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Figure 4.1 Mesh for linear gravity tum-on analyses 
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and (4) a non-homogeneous, non-linear, incremental construction analysis. These analyses are now 

discussed in more detail. 

Linear Elastic Gravity Tllrn-on Analysis: As mentioned previously, this analysis was performed to 

simulate the conditions of the analytical solutions (Verruijt 1969, Perloff et at. 1967). An initially 

weightless embankment with geometry as described above, is placed on stress-free soil. The gravity 

body forces of the embankment are then activated to obtain the stresses in the embankment and 

foundation as a result of the embankment weight. The material, taken as a hypothetical rockfill 

material, was modeled as linear, homogeneous and isotropic in both the embankment and the 

foundation with constant values for the elastic modulus and Poisson's ratio of 6 x 105 psi and 0.3, 

respectively. The Poisson's ratio of 0.3 corresponds to a coefficient of earth pressure at rest, Ko, of 

0.43. 

It was observed that shear stress values become large as the toe of the embankment is 

approached. This stress concentration is due to the singularity point at the toe of the embankment. 

The finite element mesh was thus modified by decreasing the element size close to the toe of the 

embankment in trying to capture the high stress gradient. The mesh is shown in Figure 4.1. 

A drained analysis was carried out and the effect of a water table or seepage forces were 

neglected, thereby assuming a "dry" embankment and infinite half-plane. The unit weight of the 

material was assumed to be 120 pcf. 

Because the assumptions and analysis procedures closely followed those adopted in the 

development of the analytical solutions, only in this case a meaningful comparison between the 

stress values of the numerical and analytical solutions could be made. The material properties used 

for the analyses are summarized in Table 4.1. 
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Lineal' Elastic Incremental Construction Analysis: Again the material was assumed to be rockfill, 

modeled as linear elastic, homogeneous and isotropic with an elastic modulus of 6 x 105 psi and 

Poisson's ratio of 0.3. In this case the embankment was build up in increments of five construction 

layers. Only stresses due to the embankment weight were considered (initial stresses were 

neglected). The distances to the boundaries of the mesh were taken as five times the loading width. 

The mesh is shown in Figure 4.2. Although it has been showed (Duncan et a1. 1968) that selection 

of boundaries at ten times the loading width would result in accurate determination of the stresses, it 

is more common to have the boundaries closer to the region of interest to decrease the number of 

elements. It can be expected that the difference between the stress values of the coupled procedure 

and the purely finite element method be greater for boundaries closer to the structure. The material 

properties for the analysis are given in Table 4.1. 

Non-lineal' Elastic Incremental Construction Analysis: In this case the embankment was 

constructed in increments of five construction layers and hyperbolic parameters (Duncan and 

Chang, 1970) were employed to characterize the stress-strain behavior of the soil, which was taken 

as soft clayey silt. The hyperbolic parameters, K, n, R f , c and ct>, are used to calculate the tangent 

modulus for first-time loading by the expression: 

--- 4.1 

where E t is the tangent modulus, c and cj) are the Mohr-Coulomb strength parameters, K is the 

modulus number, n is the modulus exponent and at and a3 are the major and minor principle 

stresses respectively. 
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The same hyperbolic stress-strain parameters were applied to both the embankment and the 

underlying soil foundation, which meant that the initial stiffness of the soil increased with 

increasing depth (and thus increasing confining pressure). The relationship between the initial 

tangent modulus and confining pressure is expressed as: 

--- 4.2 

where Ei is the initial tangent modulus, 0 3 is the minor principal stress, Pa is the atmospheric 

pressure, K is the modulus number and n is the exponent determining the rate of variation of E j 

with 03' 

The values of the hyperbolic stress-strain parameters that were used in the analyses are 

listed in Table 4.1 and the mesh for the analysis is shown in Figure 4.2. The material properties 

used in this case were the undrained parameters and the analysis was thus carried out in terms of 

total stresses rather than effective stresses. 

Non-homogeneous, non-linear, incremental construction analysis: A more practical problem was 

considered, in which the material properties of the embankment differ from those of the foundation 

soil. The foundation soil was taken as a soft clayey silt, similar to the material used in the above 

case, with a hyperbolic stress-strain relationship and the embankment was assumed to be 

constructed of rockfill, also modeled by the hyperbolic stress-strain relationship. As a result of the 

greater stiffness of the embankment compared to the soft foundation soil, higher stresses are 

expected in the embankment than in the case of a homogeneous structure-foundation system. The 

values of the hyperbolic stress-strain parameters that were used in the analyses are listed in Table 

4.1 and the mesh for the analyses is shown in Figure 4.2. As in the above case, undrained 
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parameters were used to model the foundation soil in terms of total stresses, while drained 

parameters were used to model the rockfill embankment in terms of effective stresses. 

The material properties for the boundary elements for the first two cases i.e. for the linear 

elastic foundation were the same as for the finite elements, namely: 

E = 600000 psi and v = 0.3. 

The stiffness for the boundary elements for the soft clayey silt foundation was taken as the average 

of the stiffness in the finite elements at the boundaries of the FE. mesh. The properties were: 

E = 75000 psi and v = 0.3. 

TABLE 4.1 MATERIAL PROPERTIES USED IN THE NUMERICAL ANALYSES 

ANALYSIS STRUCTURE PARAMETER SYMBOL VALUE 

1. Linear Elastic Embankment Unit weight (pcf) r 120 
Gravity Turn-on Rockfill Coefficient of earth pressure at Ko 0.43 

(drained rest 
parameters) Modulus of elasticity (psi) E 600000 

Poisson's ratio v 0.3 

Foundation Unit weight (pcf) r 120 
soil Coefficient of earth pressure at KO 0.43 
Rockfill rest 
(drained Modulus of elasticity (psi) E 600000 
parameters) Poisson's ratio v 0.3 

2. Linear Elastic Embankment Unit weight (pcf) r 120 
Incremental Constr. Rockfill Coefficient of earth pressure at Ko 0.43 

(drained rest 
parameters) Modulus of elasticity (psi) E 600000 

Poisson's ratio v 0.3 

Foundation Unit weight (pcf) 'Y 120 
soil Coefficient of earth pressure at KO 0.43 
Rockfill rest 
(drained Modulus of elasticity (psi) E 600000 
parameters) Poisson's ratio v 0.3 

49 



TABLE 4.1 MATERIAL PROPERTIES USED IN THE NUMERICAL ANALYSES - CONTINUED 

ANALYSIS STRUCTURE PARAMETER SYMBOL VALUE 

3. Non-linear Elastic Embankment U nit weight (pet) 'Y 95 
Incremental Constr. Soft clayey Coefficient of earth pressure at KO 0.5 

silt rest 
(undrained Cohesion intercept (psi) c 3000 
parameters) Friction angle (degrees) ~ 2 

Primary loading modulus K 52 
number 
Modulus exponent n 0.66 
Failure ratio Rf 0.89 
Poisson's ratio v 0.2 - 0.49 

Foundation Unit weight (pet) 'Y 95 
soil Coefficient of earth pressure at KO 0.5 
Soft clayey rest 
silt Cohesion intercept (psi) c 3000 
(undrained Friction angle (degrees) ~ 2 
parameters) Primary loading modulus K 52 

number 
Modulus exponent n 0.66 
Failure ratio Rf 0.89 
Poisson's ratio v 0.2 - 0.49 

4. Non-homogeneous, Embankment Unit weight (pet) 'Y 120 
Non-linear Rockfill Coefficient of earth pressure at KO 0.5 
Incremental Const. (drained rest 

parameters) Cohesion intercept (psi) c 0 
Friction angle (degrees) ~ 50 
Primary loading modulus K 540 
number 
Modulus exponent n 0.43 
Failure ratio Rf 0.64 
Poisson's ratio v 0.2 - 0.49 

Foundation Unit weight (pet) 'Y 95 
soil Coefficient of earth pressure at KO 0.5 
Soft clayey rest 
silt Cohesion intercept (psi) c 3000 
(undrained Friction angle (degrees) ~ 2 
parameters) Primary loading modulus K 52 

number 
Modulus exponent n 0.66 
Failure ratio Rf 0.89 
Poisson's ratio v 0.2 - 0.49 
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CHAPTER 5 

COMPARISON OF THE RESULTS 

5.1 Results of the Linear Elastic Gravity Turn-on Analyses 

As already mentioned, this analysis was carried out to simulate the procedures followed by the 

developers of analytical (closed form) solutions. Most finite element programs have the ability to 

apply body forces, in this case gravity, by generating nodal point forces that represent the weight of 

the material. This method does not yield reliable estimates for displacements and does not model the 

construction process in a realistic way as loading is usually applied gradually during incremental 

construction steps. However, by using the gravity tum-on procedure, approximate stresses can be 

calculated in a simple manner. To evaluate the disagreement between the stress values of the 

coupled finite element - boundary element and the purely finite element methods, they were 

compared to the "exact" values of analytical closed form solutions. Two analytical solutions were 

employed. namely: 

• An analytical solution to evaluate the stresses within and underneath an embankment due to the 

self-weight of the embankment by PerlofI et al. (1967). 

• An analytical solution by Verruijt (1969) which considered stresses due to gravity in an elastic 

half-plane with notches or mounds. 

As serious discrepancies exist between the two closed form ("exact") solutions, it was virtually 

impossible to employ them to evaluate the accuracy of the numerical analyses. These discrepancies 

were previously debated in the literature (Acar et a1. 1988, Leonards and Baladi 1989), 
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Vertical Stresses: The normalized vertical stresses along the base of the embankment, the axis of 

symmetry and along the diagonal elements are shown in Figures 5.1, 5.2 and 5.3, respectively. The 

stresses are normalized with respect to the overburden weight of the embankment at its full height. 

It is observed that along the base of the embankment, the coupled finite element - boundary 

element and purely finite element methods yielded almost identical solutions (see Figure 5.1). These 

results also agreed very closely with the values obtained from Verruijt's analytical solution. 

Although the analytical solution of PerlolI disagreed slightly from the results of the numerical 

methods, it still provided reasonable agreement. 

Along the axis of §ymmetry, the same pattern was observed (see Figure 5.2). In this case the 

numerical analyses again yielded almost identical results, with only a very small disagreement close 

to the bottom boundary of the finite element mesh. While in this case, no solution was available 

from Verruijt, only the PerlolI et a1. (1967) stress values were compared to the numerical analyses 

and again provided reasonably close agreement. 

Very close agreement between the values of the two numerical methods also existed along 

the diagonal elements (Figure 5.3). No analytical solution existed for this case and the graph thus 

only compares the values of the coupled finite element - boundary element and the purely finite 

element with each other. 

As this analysis was for a linear elastic, isotropic and homogeneous case, strain and 

displacements will decrease with an increase of the modulus of elasticity, while stresses are not 

influenced by a change of this parameter. Geometrically similar but larger embankments will result 

in a proportional increase in stresses and strain. 

The elIect of changing the Poisson's ratio cannot be evaluated in the same simple way, and 

each new case requires a new analysis. Clough and Woodward (1966) developed an 
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approximate empirical procedure from the results of a number of analyses to deal with a changing 

Poisson's ratio. 

Horizontal stresses: The normalized horizontal stresses along the base of the embankment, the axis 

of symmetry and the diagonal elements are shown in Figures 5.4, 5.5 and 5.6 respectively. In this 

case the results of the coupled method differed with about 8% from the values of the purely finite 

element method along the base of the embankment. Again, only an analytical solution of Perloff et 

at. (1967) was available for comparison and a dramatic disagreement between the values of the 

numerical methods and those of the analytical solution was observed. As the disagreement between 

the values of the coupled boundary element - finite element method and the analytical solution was 

greater than the disparity between the purely finite element method values and the analytical 

solution, this raises serious doubts about the correctness of the analytical solution. 

Comparing the horizontal stresses along the axis of symmetry, the values of the two 

numerical methods agreed relatively well. Again serious discrepancies with the analytical solutions 

of Perloff et a1. (1967) and Verruijt (1969) were observed while there is also major disagreement 

between the two analytical solutions (see Figure 5.5). 

A more noticeable disagreement between the horizontal stress values of the two numerical 

methods was observed along the diagonal elements, where the coupled boundary element - finite 

element method yielded values that were about 25% higher than those of the pure finite element 

method in the diagonal element directly underneath the toe of the embankment (see Figure 5.6). 

A stress concentration was observed at the toe of the embankment as a result of the 

existence of a singularity point. This phenomenon was also observed when the shear stresses were 

plotted and will be discussed in more detail later on. 
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Shellr stresses: The normalized shear stresses along the base of the embankment and the diagonal 

elements are shown in Figures 5.7 and 5.8, respectively. 

Close agreement was obtained between the results of the coupled boundary element - finite 

element method and the purely finite element method along the base of the embankment. These 

values also agreed well with the results of the analytical solution of Verruijt (1969) except at the toe 

of the embankment, where the numerical methods yielded values that were about 40% smaller. 

Again the Perloff solution results in significantly lower stresses than the numerical methods and the 

Verruijt solution~ the largest discrepancy being at the toe of the embankment where the shear stress 

values of the Perloff solution converged to zero. 

Good agreement between the shear stress values of the two numerical methods was 

obtained along the diagonal elements close to the axis of symmetry. As the distant boundary is 

approached, however, the coupled boundary element - finite element method yielded much larger 

values than the purely finite element method (see Figure 5.8). 

Both the numerical methods and the Verruijt analytical solution predicted a significant 

shear stress concentration as the toe of the embankment, which represents a singularity point, is 

approached. The fact that this concentration is much smaller for the numerical results than for the 

Verruijt solution may be ascribed to a too large mesh size in this region, and thus an inability to 

model the high stress gradient at the toe of the embankment. The same phenomenon occurs at 

cracks in a domain, and various researchers used different methods to deal with these singularities. 

One way is to use "singularity" elements such as the Quarter-Point element (Cook et a1. 

1989) in which the mid nodes shift to the quarter points adjacent to the node point that represents 

the singularity (see Figure 5.9-a). By doing this, the element displays a r-X stress singularity which 

satisfies the order of the singularity that exists at the immediate neighborhood of a crack tip. 
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Recently, finite element programs have used h-,p-, or hp-extensions to estimate and control 

the errors associated with discretization. "Extensions are systematic changes of discretization so that 

the number of degrees of freedom is increases at each change" (Szabo and Babuska, 1991). The h

extension refers to decreasing the size of the elements by dividing each existing element into two or 

more elements, but without changing the types of elements used. If the extension is based on 

increasing the polynomial degree of the elements, but not increasing the number of elements, it is 

called the p-extension. If a combination of mesh refinement and increasing the polynomial degree of 

the elements occur, then it is called hp-extension. An hypothetical example of using p-extension to 

model the high stress gradients in the region of the toe of the embankment is illustrated in Figure 

5.9-b. 

Another method of dealing with the singularity at the toe of the embankment is to use 

boundary elements to model the region close to the toe of the embankment and finite elements for 

the rest. The simplest combined use of the finite element and boundary element methods in this 

respect would be in using displacement values calculated from a finite element run as prescribed 

boundary conditions for the boundary element analysis. The positions of the nodal points of the 

finite element mesh must thus coincide with the nodal points of the boundary element mesh. As 

already mentione~, the boundary element method provides an exact solution inside the domain, 

making it very suitable for problems of rapidly changing stresses. This procedure is illustrated in 

Figure 5.9-c. 

As the gravity tum-on analysis is not considered to represent the gradual loading during the 

construction process and the fact that the concentration of stresses at the toe of the embankment 

significantly decreases when the construction process is modeled incrementally, none of the 

abovementioned procedures were pursued during this study. 
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5.2 Results of the Linear Elastic Incremental Construction Analyses 

The results of the analytical solutions (perl off et al. 1967, Verruijt 1969) were plotted with the stress 

values obtained from the coupled boundary element - finite element method and the purely finite 

element method. The two numerical methods adopted a procedure of increasing the load in 

increments, as opposed to the "gravity tum-on tl procedures followed by the developers of the 

analytical solutions. Because of this difference in construction procedures, no meaningful 

comparison could be made between the numerical and analytical solution and the analytical values 

are only given as a scale to indicate any trends in the values of the numerical methods as the 

different cases are analyzed. 

Vertical stresses: The normalized vertical stresses along the base of the embankment, the axis of 

symmetry and the diagonal elements are given in Figures 5.10, 5.11 and 5.12, respectively. 

Again, along the base of the embankment (Figure 5.10), the values of the coupled boundary 

element - finite element method agreed very closely with the purely finite element method results. 

As the same material properties were used in this case as in the linear elastic gravity tum-on 

analysis (see Section 5.1), the observed changes in the vertical stresses (from the previous case) 

could be ascribed to the incremental construction procedures. The vertical stresses in this case were 

higher near the middle of the embankment while they were lower in the region of the slope when 

compared to the results of the gravity turn-on analysis. 

Along the axis of symmetry (see Figure 5.11) the effect of the incremental construction 

procedure was to yield higher vertical stresses, especially in the underlying foundation soil. 

However, the values of the two numerical methods agreed closely, and for these results there was 

thus no apparent improvement in accuracy when using the coupled boundary element - finite 

element method. 
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Again, close agreement was observed between the vertical stress values of the two 

numerical methods along the diagonal elements (see Figure 5.12). 

Horizontal stresses: The normalized horizontal stresses along the base of the embankment, the axis 

of symmetry and the diagonal elements are shown in Figures 5.13, 5.14 and 5.15, respectively. 

Along the base of the embankment (Figure 5.13) the horizontal stresses obtained from the 

coupled boundary element - finite element analysis were about 15 to 20% larger than the pure finite 

element results. The effect of an incremental construction procedure as compared to the gravity 

turn-on analysis, was to decrease horizontal stresses in the vicinity of the toe of the embankment, 

where the stress concentrations (as observed for the gravity turn-on analysis) almost vanished in this 

case. 

Along the axis of symmetry (see Figure 5.14) the horizontal stress values were markedly 

affected by using the incremental construction procedure. This difference was especially noticeable 

in the embankment itself where the horizontal stresses were much smaller than the values for the 

gravity turn-on analysis case (compare Figures 5.5 and 5.14). Again the difference in the results of 

the coupled method and the purely finite element method was about 15-20%. 

Serious disagreement existed between the horizontal stress values of the two numerical 

methods along the diagonal elements. The largest difference was observed in the region underneath 

the toe of the embankment where the horizontal stresses obtained by the coupled boundary element -

finite element method were about 60% higher than the values from the pure finite element method 

(see Figure 5.15). 

Shear stresses: The normalized shear stresses along the base of the embankment and the diagonal 

elements are shown in Figures 5.16 and 5.17, respectively. 
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Again the disagreement between the shear stress values of the coupled boundary element -

finite element and the purely finite element solutions along the base of the embankment was larger 

than for the gravity tum-on analysis. Also, the high stress concentration that existed at the toe of the 

embankment for the gravity turn-on analysis, was reduced dramatically as a result of the 

incremental construction procedure. 

Close agreement is obtained between the shear stress values of the two numerical methods 

along the diagonal elements directly underneath the embankment (see Figure 5.17). Large 

discrepancies, however, are observed as the distant boundary (the lower right corner of the mesh) is 

approached with the values of the coupled boundary element - finite element method three to four 

times as high as the pure finite element results. 

5.3 Results or the Non-linear Elastic Incremental Construction Analyses 

As an incremental construction procedure was fonowed for this analysis and the material properties 

were non-linear, again no meaningful comparison could be made with the results of the analytical 

solutions. However, the values of the analytical solution were plotted with the results of the 

numerical methods to provide a measure of any change in stress values compared to the previous 

cases analyzed. 

Vertical stresses: The normalized vertical stresses along the base of the embankment, the axis of 

symmetry and the diagonal elements are shown in Figures 5.18, 5.19 and 5.20, respectively_ 

Very close agreement between the values of the coupled boundary element - finite element 

and the purely finite element methods was obtained along the base of the embankment. The effect of 

using non-linear material properties was to obtain higher vertical stresses near the middle of the 
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embankment and lower values in the region of the slope (when compared to the two previous 

analyses that were carried out). 

Along the axis of symmetry (see Figure 5.19), slightly higher vertical stresses were 

observed in the region of the foundation soil than for the linear elastic case. The vertical stresses of 

the coupled boundary element - finite element method agreed closely with the pure finite element 

results except near the bottom of the mesh where the purely finite element method yielded higher 

stress values than the coupled method. 

Close agreement was observed between the vertical stress values of the two numerical 

methods along the diagonal elements (see Figure 5.20). 

Horizontal stresses: The normalized horizontal stresses along the base of the embankment, the axis 

of symmetry and the diagonal elements are shown in Figures 5.21, 5.22 and 5.23, respectively. 

Along the base of the embankment the horizontal stresses from the coupled boundary 

element - finite element method were about 10-15% higher than the pure finite element results. The 

effect of the non-linear analysis as opposed to the linear elastic case, was to yield overall lower 

stress values, especially in the region of the toe of the embankment where the stresses decreased 

dramatically. 

Along the axis of symmetry (see Figure 5.22) the observed disagreement between the 

horizontal stresses obtained from the coupled method and the values of the purely finite element 

method was larger than for the linear elastic case. However, for both methods the same trend 

prevails, with low horizontal stresses at the top of the embankment, increasing to a maximum at the 

bottom of the embankment whereafter it decreases with depth (note that the horizontal stresses 

under consideration are those due to the weight of the embankment only, thereby excluding the 

initial stresses in the foundation soil). 
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Again, a dramatic disagreement between the values of the coupled boundary element - finite 

element method and the pure finite element results was observed along the diagonal elements; the 

most significant differences being in the diagonal elements underneath the region of the toe of the 

embankment. Results of the coupled method were twice as large as the pure finite element values in 

these elements (see Figure 5.23), 

Shear stresses: The normalized shear stresses as a result of the embankment loading along the base 

of the embankment and the diagonal elements are given in Figures 5.24 and 5.25, respectively. The 

effect of modeling the material behavior with a non-linear stress-strain relationship, was to produce 

significantly lower shear stress values, especially in the region close to the toe of the embankment. 

There was good agreement between the values of the two numerical methods along the base of the 

embankment. 

Again, close agreement is obtained between the shear stress values of the two numerical 

methods along the diagonal elements directly underneath the embankment (see Figure 5.25). Large 

discrepancies, however, are observed as the distant boundary (the lower right corner of the mesh) is 

approached with the values of the coupled boundary element - finite element method about four to 

five times as high as the pure finite element results. 

5.4 Results of the Non-homogeneous, Non-linear Elastic Incremental Construction Analyses 

As mentioned before, these analyses were performed to model a more realistic practical problem, in 

which the material properties of the embankment differs from the foundation soil. The foundation 

soil was taken as a soft clayey silt material with a hyperbolic stress-strain relationship and the 

material of the embankment was assumed to be rockfill, also modeled by the hyperbolic stress-strain 

relationship. Again, due to a difference in material properties and the modeling of 
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construction steps (incremental construction versus gravity tum-on), no meaningful comparison 

could be made between the results of the numerical methods and those of the analytical solutions; 

i.e. we could not compare "apples with apples". However, the values of the analytical solution were 

included in the plots to provide a measure of change in the values of the numerical methods 

compared to the previous cases analyzed. 

Vertical stresses: The normalized vertical stresses along the base of the embankment, the axis of 

symmetry and the diagonal elements are shown in Figures 5.26, 5.27 and 5.28, respectively. 

Close agreement between the values of the coupled boundary element - finite element and 

the purely finite element methods was obtained along the base of the embankment. The construction 

of a stiffer embankment (rockfill) on the soft subsoiJ, leads to a decrease of vertical stresses near the 

middle of the embankment and increase in the region closer to the toe of the embankment when 

compared to the previous homogeneous, non-linear elastic case. 

Along the axis of symmetry (see Figure 5.27), slightly lower vertical stresses were observed 

in the region of the foundation soil than for the previous non-linear elastic case. The vertical 

stresses of the coupled boundary element - finite element method agreed closely with the pure finite 

element results except near the bottom of the mesh where the purely finite element method yielded 

higher stress values than the coupled method. 

Close agreement was observed between the vertical stress values of the two numerical 

methods along the diagonal elements (see Figure 5.28), except in the region close to the distant 

boundary, where the pure finite element results oscillated slightly. 

Horizontal stresses: The normalized horizontal stresses along the base of the embankment, the axis 

of symmetry and the diagonal elements are shown in Figures 5.29, 5.30 and 5.31, respectively. 

Along the base of the embankment the horizontal stresses from the coupled boundary 
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element ~ finite element method were about 7~10% higher than the pure finite element results (see 

Figure 5.29). The effect of the stiffer embankment on soft foundation soil as opposed to the 

homogeneous, non-linear case, was to yield overall lower stress values, except in the region of the 

toe of the embankment. 

Along the axis of svmmetry (see Figure 5.30) the observed disagreement between the 

horizontal stresses obtained from the coupled method and the values of the purely finite element 

method was about the same than for the previous non-linear elastic case. In this case, however, the 

horizontal stresses increased with depth up to the middle of the embankment whereafter the values 

decreased with depth until the embankment - foundation interface is reached and the values started 

increasing once again. This phenomenon can be ascribed to the strain incompatibility between the 

stiff embankment and softer subsoil which tend to create tensile stresses (or low horizontal 

compressive stresses as in this case) at the bottom of the embankment as the soft foundation soil is 

compressed. 

Large differences between the values of the coupled boundary element - finite element 

method and the pure finite element results were observed along the diagonal elements; the most 

significant disagreements being in the diagonal elements underneath the region of the toe of the 

embankment. Results of the coupled method were about two and a half times as large as the pure 

finite element values in these elements (see Figure 5.31). 

Shea, stresses: The normalized shear stresses as a result of the embankment loading along the base 

of the embankment and the diagonal elements are given in Figures 5.32 and 5.33, respectively. 

The effect of the stiffer embankment overlying the softer foundation soil compared to the 

homogeneous non-linear case, was to produce higher shear stress values, especially in the region 

close to the toe of the embankment. Also, values of the two numerical methods along the base of the 
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embankment disagreed noticeably, with the coupled boundary element - finite element method 

yielding results that were about 10% higher than the pure finite element values (see Figure 5.32). 

Noticeable differences was observed between the shear stress values of the two numerical 

methods along the diagonal elements directly underneath the embankment (see Figure 5.33), These 

disagreements worsen as the distant boundary (the lower right corner of the mesh) is approached 

with the values of the coupled boundary element - finite element method about four to five times as 

high as the pure finite element results close to the boundaries. 
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CHAPTER 6 

DISCUSSION OF RESULTS AND CONCLUSIONS 

In this study the vertical, horizontal and shear stresses in and underneath an embankment were 

evaluated by different methods. These methods included (i) analytical solutions by Perloff et al. 

(1967) and Verruijt (1969), and (ii) two numerical methods constituting a coupled boundary element 

- finite element method and a purely finite element method. 

As mentioned before, the analytical solutions are only concerned with the change in stress 

in and underneath an embankment consisting of a homogeneous, isotropic, linear elastic material, 

which is assumed to be in place. before stresses are generated by applying the gravity body forces in 

a single step. As soils are generally non-homogeneous, with a non-linear and inelastic stress-strain 

relationship, and stresses are influenced by the incremental nature of the construction process of an 

embankment, these analytical solutions are not always very useful in geotechnical practice. Further, 

there exist major discrepancies between the two analytical solutions discussed in this study, which 

may be as a result of one or both of the folJowing factors: 

- One or both of the solutions are fundamentally wrong, as the developers made erroneous 

assumptions during the development of the solution. Verruijt (1969) claimed that the analytical 

solution by Perloff et al. (1967) was incorrect as a result of the "erroneous assumption that the 

biharmonic equation is invariant under conformal transformation." 

- Differences between the solutions may be due to different approximations used in 

evaluating the integrals numerically. Leonards and Baladi (1989) stated: "A review of this work 

(perloff et al. (1967) solution) by the writers showed that the procedure used by Perl off et a1. (1967) 

is consistent with Muskhelishvili's (1953, 1965) rigorous development and is essentially equivalent 
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to that used by Verruijt (1969), except that Baladi integrated the Cauchy integral numerically while 

Verruijt used a series approximation." 

- Another important factor is the stress concentration at the toe of the embankment. 

Verruijt's solution seems to give a better interpretation of the high stress gradient that can be 

expected at the toe of the embankment as a result of a singularity point. The reason why this stress 

peak is not as pronounced in the Perloff et a1. solution (see Figure 5.7), may be due to the fact that 

the embankment is treated as an equivalent applied traction load (Figure 2.2). 

As a result of the discrepancies between the two analytical solutions, they could not be used 

with confidence in evaluating the new coupled boundary element - finite element or the purely finite 

element methods. Kuppusamy et a1. (1992) showed that the coupled boundary element - finite 

element method yielded displacements and stresses that were in good agreement with analytical 

solutions when solving foundation problems. 

It can thus be assumed that the coupling of the boundary element and finite element 

methods improves the accuracy of the pure finite element method and the question is: How 

significant is this improvement in accuracy, and what advantages does it offers to the engineer that 

uses numerical methods to analyze geotechnical problems? 

From this study the following conclusions can be drawn: 

• Coupling the boundary element and finite element methods did not significantly alter the 

vertical stresses in and underneath an embankment. Major disagreements in vertical stress 

values were only observed in the vicinity of the distant boundaries. 

• Serious disagreements were observed between the horizontal stress values of the coupled 

boundary element - finite element and the pure finite element methods. These disagreements 

were especially pronounced along the diagonal elements of the mesh and for the non-linear and 

non-homogeneous cases (see Figures 5.23 and 5.31). Coupled boundary element - finite element 

values exceeded the pure finite element results with more than a 1000/0 in the diagonal elements 
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underneath the toe of the embankment for the non-linear and non-homogeneous, non-linear 

cases. 

• The differences between the shear stress values of the two numerical methods were relatively 

small in the near region of the embankment; disagreement in values being generally less than 

10%. The disagreements along the diagonal elements, however, worsen as the distant 

boundaries is approached with the coupled method yielding shear stresses about four to five 

times as high as the pure finite element method close to the lower right comer of the mesh. 

• A stress concentration developed at the toe of the embankment as a result of the singularity 

point. The stress concentration was more pronounced for the gravity turn-on analysis and it 

significantly decreased when the construction process is modeled incrementally. A finer mesh 

(h-refinement) or higher order elements (p-refinement) or combination of the two procedures is 

necessary to increase the accuracy of stresses in the region of high stress gradients. 

From these results it is clear that the coupling of the boundary element and finite element 

methods resulted in significant changes in the shear and especially the horizontal stresses 

underneath an embankment. These changes were more significant when the material was modeled 

with the hyperbolic elastic stress-strain relationship and even more pronounced if the embankment 

material differs from the foundation soil. In all cases the coupled method yielded higher values than 

the finite element method, signifying that the pure finite element method as conventionally used in 

practice, underestimates stress values. 

In practice, the stability of an embankment is usually evaluated by limit equilibrium slope 

stability methods. The significance of knowing the stresses within and under an embankment, is 

thus mainly in calculating the displacements experienced by the structure, rather than slope stability 

evaluation. Displacements obtained by the coupled method were noticeably higher than the pure 

finite element values. A comparison of the maximum displacements computed at the base of the 

embankment, are given in Table 6.1 below. 

99 



TABLE 6.1 COMPARISON OF MAXIMUM DISPLACEMENTS UNDERNEATH EMBANKMENT 

CASE ANALYZED DISPLACEMENTS (FT) 

COUPLED BE-FE METHOD PURE FE METHOD 

Linear elastic, gravity turn-on 0.12 0.10 

Linear elastic, incremental 0.09 0.08 

construction 

Non-linear elastic~ incremental 0.44 0.31 

construction 

Non-homogeneous, non-linear, 0.53 0.37 

incremental construction 

Displacements obtained by the coupled boundary element - finite element method were up to 40% 

higher than values from the pure finite element method (for the non-homogeneous, non-linear case). 

It thus seems as if the pure finite element method seriously under predicts displacements, mainly 

due to the underestimating of horizontal stresses. 

It is important to note that the coupled boundary element - finite element method models 

the foundation soil as a layer extending to an infinite depth, compare to the pure finite element 

method which models the foundation with a limited depth. Whereas the pure finite element method 

assumes zero vertical displacements of the nodal points at the distant boundary at the bottom of the 

mesh, the boundary elements allow for the flexibility of the infinitely deep soil layer in the coupled 

method. In practice, however, any soft foundation soil will only extend to a finite depth, beyond 
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which it will be underlain by bedrock. Thus, the pure finite element method may model geotechnical 

problems, in which the foundation soil is underlain by shallow bedrock, to a reasonable degree. 

However, in general soil-structure interaction problems, the size of the structure and the extent of 

the soil domain considered, are important. In these problems, the coupled boundary element - finite 

element method is valuable in evaluating the horizontal and shear stresses (and ultimately the 

displacements) more accurately, especially when non-linear soil models are used. 
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