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ANALYSIS AND DESIGN OF COMPOSITE CURVED C-CHANNEL FRAMES 

by 

Brian H. Mason 

Drs. Raphael T. Haftka and Eric R. Johnson, Chairmen 

Aerospace and Ocean Engineering Department 

(ABSTRACT) 

In this work, methods for rapid analysis and design of composite curved C-section frames 

subjected to axial tensile loading are developed. Failure is predicted using polynomial in-plane and 

interlaminar failure criteria. Interlaminar stresses can be directly computed only from three-dimensional 

finite element models, but the computational expense of these models is prohibitive. Therefore, 

approximate two-dimensional analysis methods are used here to predict interlaminar stresses in the 

curved corner regions between the web and flanges and at the free edges of the flanges. A response 

surface design approach is used to approximate the failure response using a minimum number of finite 

element analyses. Large degree of freedom 2D/3D global/local finite element models are selectively used 

in conjunction with the smaller 2D shell element models in the design process to improve the response 

surface polynomials. This combined use of simple and complex analyses is known as variable complexity 

modeling. 

Two design case studies are conducted, one with two design variables and one with five design



variables. Three different objective function formulations are used in the two design variable case, 

minimum weight, maximum strength, and combined minimum weight and maximum strength. Only the 

minimum weight formulation is used in the five design variable case due to the complexity of the design 

space. The design studies demonstrate the accuracy and efficiency of the proposed approach.
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1.0 Introduction 

Thin-walled curved beam frames are typically used as internal skeletal structure for 

semi-monocoque aircraft structures. Frames fabricated from composite materials have the potential to 

weigh less than comparably designed metallic frames. However, composite materials have different and 

more complex failure modes than metallic structures. In order to take advantage of potential weight 

savings, it is necessary to accurately predict failure which requires robust design and analysis tools. 

However, these tools must be computationally inexpensive yet capture the key response mechanisms and 

failure modes. 

Motivation for this study comes from tests and analyses of light frames used in rotor craft. In 

Ref. 1, C-section curved frames were made at Boeing Helicopter by stretch forming and reconsolidation of 

Du Pont's Long Discontinuous Fiber (LDF™)' AS4/PEKK thermoplastic composite. Several C-section 

frame designs using different composite lay-ups and thicknesses were tested in an 1127 Instron test 

machine under axial tensile loads. The frame designs studied in this paper have similar geometries to the 

ones tested and analyzed in Ref. 1. Global dimensions for this set of frames are given in Figure 1. The 

cross-sectional dimensions for the frame specimen specified as "B-130" in Ref. 1 are given in Figure 2 . 

  

+ LDF is a registered trademark of E. I. Du Pont De Nemours & Company, Inc.
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Figure 1. Global frame dimensions. Figure 2. Cross-sectional frame dimensions. 

1.1 Analysis of Composite Frames 

Detailed structural analyses of composite frames are usually performed using finite element 

analysis with either branched shell, e.g., Refs. 1 and 2, or beam models, e.g., Refs. 3 and 4. Boeing (Ref. 

1) had previously conducted experimental and analytical studies of several composite curved frame 

specimens. Analysis of these frame designs was performed using two-dimensional (2D) finite element 

(FE) models. Good agreement between experimental and analytical results was obtained when in-plane 

strains were compared. Interlaminar failure was not accounted for in the analysis in Ref. 1 although 

delamination was evident in several of the failed specimens. 

Peck (Ref. 2) developed a simple strength of materials analytical model in order to determine the 

flange curling response (distortion of the cross section in its own plane) in composite curved frames. 

Finite element models with 2D elements were used to verify the analytical procedure. The flange curling



response induced large interlaminar stresses at the web/flange intersection; so minimizing the flange 

curling effect reduced interlaminar stresses. 

To reduce computational costs, composite frames are often modeled by finite elements. For 

example, Woodson (Ref. 3) and Bowman (Ref. 4) modeled curved frames as one-dimensional beams. The 

beam code developed in Ref. 3 utilized a Vlasov-type beam theory for a thin-walled circular beam with an 

open cross section. For this theory, a beam is defined as having cross-sectional dimensions which are an 

order of magnitude smaller than the length of the beam. The cross section is not permitted to deform in 

its own plane. Results from this beam code compared favorably with shell FE analysis results for this 

class of beam structures. This approach has the advantages of simplicity and speed over the branched 

shell analysis. 

Bowman (Ref. 4) determined approximate global displacement function polynomials for 

generally curved beams. Global displacements and stresses were computed by application of the Ritz 

method which involved minimization of potential energy. A small number of beam segments was used to 

describe the geometry over a large region. This method is useful for preliminary design, but local failure 

effects cannot be predicted. As with Ref. 3, this energy method approach is applicable only to slender 

beams with small cross-sectional dimensions, not deep beams. For the relatively deep C-section, which is 

the subject of this work, beam models may not work well; therefore, shell models or three-dimensional 

(3D) FE models may be needed for accurate prediction of the response.



1.2 Delamination of Composite Laminates 

Composites exhibit interlaminar failure modes, which are foreign to most metallic structures. 

Interlaminar failures have been the focus of composite research studies since the 1970's, e.g., Refs. 5 to 

12. Several of these studies involved delamination at the free edge or interlaminar stress-induced failures 

at geometric discontinuities. 

Pagano and Pipes (Ref. 5) developed finite difference solutions for the free edge stresses in tensile 

coupons using classical elasticity theory for anisotropic materials. Large interlaminar stress gradients 

were found to occur within a boundary layer region of the free edge, less than one laminate thickness. 

The stress field was assumed to be uniform along the length of the coupon, reducing the 3D model to a 2D 

model in the plane of the cross section. A large number of grid points through the thickness was required 

to adequately predict the interlaminar stresses of the free edge. This 2D approach was used in later 

research work (Refs. 6 to 8) while other researchers (Refs. 9 and 10) used 3D FE models. Both 2D and 

3D solutions require large number-of-degree-of-freedom finite difference and finite element models 

through the thickness. 

Kassapoglou and Lagace (Ref. 11) developed a simple and efficient method for computing 

interlaminar stresses in a symmetric laminate subjected to uniaxial loading. This solution is based upon 

overall force and moment equilibrium and the principle of minimum complementary energy. One of the 

limitations of the code in Ref. 11 is that it cannot account for the mismatch in elastic properties at the 

layer interfaces. A review of the research conducted to solve the interlaminar stress problem is given in



Ref. 12. 

Interlaminar stresses can also be important away from the free edges. Large radial (interlaminar) 

stresses can be produced by the bending of curved composite bars. Solutions for radial stresses in curved 

isotropic bars were developed by Timoshenko and Goodier (Ref. 13). Ko (Ref. 14) developed a solution 

for interlaminar stresses in curved composite bar with orthotropic laminae using the methods developed in 

Ref. 13. Ko used an effective modulus, or "smeared property", solution in which the material of the bar 

was modeled with a homogeneous anisotropic material. Large variations in interlaminar stresses from 

layer to layer could not be captured using this method. 

Interlaminar stresses cannot be computed directly from FE models using 2D shell elements based 

on the plane stress assumption. However, modeling an entire structure with 3D elements is 

computationally expensive. Davila (Ref. 15) used FE models with solid-to-shell transition elements to 

connect 2D shell elements to 3D solid elements. This technique is practical for coupling 2D and 3D 

elements and has been used successfully by other researchers (Refs. 16 and 17). In Ref. 16, interlaminar 

stresses computed in the local 3D element region of this model were used to predict delamination in 

dropped-ply laminates. Interlaminar shear and peel stresses in the frame and skin bondline region of a 

fuselage crown panel were determined using this 2D/3D global/local FE modeling scheme in Ref. 17. 

Stress-based failure criteria have been used (Refs. 17 and 18) to predict the onset of delamination 

in composite laminates. This approach is hampered by the lack of accurate information about the 

interlaminar strength allowables in composite laminates. Additionally, a point stress criterion is



meaningless in free edge delamination as the peak stress value predicted at the free edge is highly 

dependent on the discretization of the model, Ref. 19. Therefore, Brewer and Lagace (Ref. 18) proposed 

an average stress criteria for the free edge delamination problem. 

Fracture mechanics has also been used to predict delamination (Refs. 17 and 20). For this 

approach, it is necessary to compute the strain energy release rate from a FE model. If the delamination 

location is known, such as the bondline between the frame and the skin in Ref. 17, then the strain energy 

release rates can be computed from 2D models. Conventionally, 3D FE models are used (Ref. 20) because 

the delamination location is usually not known before the analysis is conducted. 

13 imization of ite Fram 

Simplified models of composite frames can be used to reduce the cost of optimization, as 

demonstrated in Refs. 2 and 3. Another alternative is the use of approximations based on a small number 

of expensive analyses such as derivative based approximations or response surface techniques, e.g., Refs. 

21 and 22. A third method involves combining the simplified models and the approximate analysis 

methods in a variable complexity modeling approach, e.g., Ref. 23. 

Peck (Ref. 2) developed a design procedure for composite curved beams. The optimization 

scheme involved maximizing the bending stiffness and minimizing the flange curling which reduced 

interlaminar stresses. In simplifying the design problem for the optimization scheme, no attempt was



made to compute the interlaminar stresses directly. As laminate failure is generally very local in nature, 

some degree of accuracy was lost in the simplification of the design problem. In addition, Peck did not 

account for free edge effects in this design scheme. 

Response surface methods have been used by other investigators (Ref. 21 and 22) in conjunction 

with optimization procedures. In this approach, approximate polynomial functions are fitted to selected 

structural or aerodynamic response data. The approximate functions are then used in the optimization 

process instead of the expensive analysis. 

A variable complexity modeling approach is used in Refs. 22 and 23. Variable complexity 

modeling involves the simultaneous use of detailed computationally expensive models with smaller 

models in the design process. This approach was applied to aerodynamic-structural optimization of a 

transport wing in Ref. 23, but it can also be applied to structural modeling of a curved frame using two 

structural models with different levels of detail. 

1.4 Objective of Current Research Work 

The objective of the current work is to develop accurate but inexpensive tools for analysis and 

design of composite curved frames. Analytical tools that predict in-plane and interlaminar failure of these 

frames are included. Failure of composites requires 3D analysis because failure modes such as 

delamination cannot be determined from plate and shell theory. These 3D analyses are expensive, so a



method for designing composite curved frames without performing a large number of 3D analyses is 

desired. 

1.5 Approach 

A two-step approach for designing curved composite frames is described in this paper. The first 

step involves the use of 2D FE analyses to determine in-plane and interlaminar failure modes for curved 

frame models. Interlaminar failure modes are determined from the 2D analyses by processing the 2D 

solutions through the 3D equations of equilibrium. The second step is to use a few 3D analyses to 

generate scale factors that can correct the approximate 3D stresses obtained from the 2D analyses. 

The use of computationally expensive FE analyses is warranted due to the lack of a closed-form 

analytical method that would adequately account for interlaminar response mechanisms. For example, 

the frames considered in this work have an aspect ratio (ratio of the frame length over its largest cross- 

sectional dimension) of around nine; so the frames cannot be analyzed as slender beams. Further, the 

cross sections of these frames are not considered to be rigid; therefore most beam theories, such as the 

method used in Ref. 3, are not applicable.



1.6 Outline 

In Chapter 2, the methods used in analyzing the structural response and failure mechanisms of a 

composite curved frame are discussed. Approximate analysis methods are derived, and response surface 

design and variable complexity modeling are explained. Finite element analyses and approximate 

methods are verified in Chapter 3. In Chapter 4, the results of two optimization case studies are 

presented. Conclusions and suggestions for future work are given in Chapter 5.



2.0 Development of Analysis and Design Tools 

Formulation of the design tools for composite curved frames involves a tradeoff between 

computational accuracy, robustness, ease of use, and efficiency. Interlaminar failure mechanisms that do 

not exist for homogeneous metallic structures are the principal failure mechanisms for composites and 

must be accurately predicted by the design tools to achieve the necessary robustness. Accurate prediction 

of the global structural response of the frames is achieved through the use of 2D finite element analyses. 

Approximate analysis methods based upon the in-plane response from the 2D FE analysis are used to 

determine the interlaminar response of the frames. The approximate analysis methods provide ease of use 

and computational efficiency. In-plane and interlaminar failures are predicted using polynomial failure 

criteria. 

A response surface design scheme is used because it requires the execution of only a small 

number of FE analyses to determine approximate failure response polynomials. Using the response 

surface approach provides the designer with the ability to perform numerous studies at a minimal 

computational expense. Variable complexity modeling is used to improve the accuracy of the response 

surfaces without significantly increasing computational expense. 

2.1 Analysis Methods 

Finite element analysis is preferred over an analytical approach to the analysis of the frame due 

10



to the complicated geometry of the structure, the versatility of the FE analysis, and the ability to predict 

interlaminar stresses. Two types of finite elements are used: 2D shell elements and 3D solid elements. 

The 2D FE models are used to determine the global response and are used in the approximate analysis 

methods. The 3D elements are used in the variable complexity modeling scheme. 

2.1.1 2D Finite Element Models 

C-section curved frames are used in the evaluation of the analysis tools. Global dimensions for 

the frames discussed in the work are given in Figure 1. Typical cross section dimensions are given in 

Figure 2. The 2D finite element models of the curved frames consist of 32 longitudinal by 18 

circumferential 2D nine-noded quadrilateral shell elements, as shown in Figure 3, and each of the 2405 

nodes has six degrees of freedom. This mesh refinement is similar to Ref. 1, but four-noded elements 

were used in Ref. 1. The drilling degree of freedom for all nodes without stiffness in that direction is 

constrained. The design load condition is an axial tensile load. All FE analyses are geometrically and 

materially linear elastic. Displacements and strains are computed using the Computational Structural 

Mechanics Testbed (COMET) finite element analysis computer program (Ref. 24). In-plane stresses 

calculated from the 2D FE analysis are used as input to the approximate analysis methods to calculate the 

interlaminar stresses and in predicting failure. 

11
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2.1.2 2D/3D Global/Local Finite Element Models 

The interlaminar stresses calculated from the 2D approximate analysis methods are verified 

using FE models with 3D elements from which the interlaminar stresses are computed directly. It is 

impractical to model the entire frame with 3D elements; therefore, a global/local model is used. In this 

approach, regions with potential failure sites are modeled by 3D elements while the rest of the structure is 

modeled by 2D elements. 

One global/local modeling approach is to use separate 2D and 3D models. This global/local 

model has 3D elements defined in a local region of the global model and has either applied displacements 

or forces which are computed from a 2D analysis. A second approach is an embedded element model. An 

embedded element model has 3D elements locally embedded into a 2D model. Wedge-shaped transition 

elements, Ref. 15, between the 2D and 3D elements are used to facilitate the connection between elements 

having different types of degrees of freedom. This embedded 3D finite element model is preferred over a 

separate 3D model due to difficulties in achieving both displacement and force compatibility at the 

interface between separate models. Both the global and local regions of the global/local FE model are 

depicted in Figure 4. The choice of a region where 3D elements are used is discussed in the next section. 

2.1.3 Approximate Analysis Methods 

Three-dimensional models can be used to directly compute interlaminar stresses, but their 

13



computational expense is prohibitive for repetitive analysis required in design. Instead, several 

approximate analyses are performed to determine the interlaminar stresses using the in-plane stress fields 

from the global shell FE models. 

The constant radius of curvature section at the mid-span of the frame (Figure 5) is selected 

because this region represents the curved portion of the frame, whereas the straight leg segments of the 

frame only serve as a method of load introduction into the curved region. Also, failure occurred in this 

section of the experimental specimens in Ref. 1. Variation in stresses in the longitudinal direction of the 

curved region of the frame is negligible, which greatly simplifies the approximate analyses. Large 

interlaminar stresses occur in the curved corner of the C-section and in the vicinity of the free edges of the 

flanges. If the thickness of the flanges of the C-section is large, then significant transverse shear stresses 

can be produced from local bending of the flanges. 

Global Frame Model Local Failure Region 

Axial 

  

Figure 5. Curved C-section frame. 

2.1.3.1 Interlaminar Normal and Shear Stresses in the Curved Corner Region of the C-section 

  

Interlaminar stresses in the curved corners of the C-section are principally induced through 

bending in the plane of the cross section. A two-dimensional elasticity solution for general in-plane 
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bending of a bar with a variable radius of curvature (such as a C-section) is not available. However, an 

elasticity solution is available for a curved bar with a constant radius of curvature in a state of in-plane 

bending, as depicted in Figure 6 (Ref. 13). This bar is subjected to an edge couple load (M,,) and a shear 

force load (P). The geometry of this curved bar model is similar to the curved corner of the C-section 

frame with the flanges and web removed. Therefore, the elasticity solution for the curved bar can be used 

to develop an approximate expression for the interlaminar normal stresses in the frame corner, 

Ct 
1 

    wf 
Figure 6. Isotropic curved bar. 

The solution for the radial stresses (o,) in an isotropic curved bar derived in Ref. 13 cannot be 

applied to a composite laminate with orthotropic layers. However, by going through the initial steps of 

the derivation in Ref. 13 an approximate expression for the radial stresses in a curved composite bar can 

be derived. The curved bar equilibrium equations are the starting point for this derivation. By solving 

the first order differential equation of equilibrium for the radial stress in each ply and numerically 

integrating the radial stress in each ply over the entire laminate, the radial stress distribution can be 

determined. The radial-direction equilibrium equation in cylindrical coordinates is (Ref. 13, p. 342): 
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6,. + [6,- 69+ Tee] /T + Tx = 0. (1) 

The interlaminar shear stress derivatives (7,6, and 7,.,) are assumed to be negligible with respect 

to the in-plane and radial stresses in this derivation. Multiplying both sides of Equation 1 by r yields the 

following expression: 

ro, +o, = [ro], = 0%. (2) 

The radial stress is computed by integrating Equation 2 from the inner radius (r=a) to a point r=R: 

Ro({R) = { J [od] dr} + a o,(r=a). (3) 

Application of the stress-free boundary condition, o,(r=a) = 0, yields: 

oR) = { § [oor] dr}/R. (4) 

Therefore, the radial stress at a point in the bar is proportional to the integral of the circumferential 

in-plane extensional stress (¢,) through the thickness of the bar divided by the distance from the center of 

curvature to the point of interest in the bar. For composite laminates, the radial stress evaluated at ply 

interfaces is called the interlaminar normal stress. Equation 4 provides a means of computing the 

interlaminar normal stress from in-plane stresses in the corner regions between the web and flanges. 

Equation 4 will be referred to as the interlaminar normal stress formula. For the C-section frame, the 

in-plane extensional stresses in the circumferential direction, or contour direction as depicted in Figure 5, 

are referred to as contour stresses. The contour stresses are obtained from the 2D FE analysis. 

An expression for the interlaminar shear stresses in the curved corner region is necessary for 

failure prediction. Interlaminar shear stresses are not produced by the edge moment load in the curved 
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bar illustrated in Figure 6. Shear stresses would be produced by the transverse force load. A solution for 

the shear stresses in an isotropic bar subject to a transverse force load was also developed in Ref. 13. The 

derivation of this solution can be used to determine expressions for the interlaminar shear stresses in a 

curved laminated composite bar. 

In order to develop an approximate expression for the interlaminar shear stress distribution 

through the thickness, it is necessary to return to the equilibrium equations. Formulae for the 

interlaminar shear stresses are developed in an analogous manner to the derivation of the interlaminar 

normal stress formula. In the following expressions, the x-direction, or longitudinal direction, is tangent 

to the length of the bar (see Figure 5). Interlaminar shear stresses are computed for a curved bar subjected 

to shearing loads using the circumferential and longitudinal equilibrium equations in a cylindrical 

coordinate system (Ref. 13, p. 342): 

Tox + [609 + 27] /t + Ta, = 9, (5) 

Oxx + [76,6 + Tz /rt+ Tyr 5 = Q, (6) 

Equations 5 and 6 can be rewritten in the following manner by multiplying them by r’ and r, 

respectively: 

I’ Tex -T 099 = 21% + ta, = (Tal; ; (7) 

“I Ox - Tx0,6 = T,_ + 0 Tyee = [fr tal, - (8) 

Formulae for the interlaminar shear stresses can be derived by integrating Equations 7 and 8 from r=a to 

the point r=R and applying the stress-free boundary conditions, 7,(r=a)=0 and 7,,(r=a)=0. The resulting 

shear stress formulae are: 
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w#(R) = —[ § {i [o50] + r [7x6] }dr]/R, (9) 

R 

T(R) = -E J {rt lod + [%o0] } dr] /R. (10) 

In-plane stress derivatives are computed using a numerical approximation of the derivative, the central 

difference formula (Ref. 25), from the stresses at two locations, x, + Ax and x, - Ax: 

Ox (%) = [o(X, + Ax) - 0,(%, - Ax)] / [2 Ax]. (1) 

2.1.3.2 Interlaminar Shear Stresses in Flat Regions 

Interlaminar shear stress formulae for the flat regions in the C-section (the web and flanges, see 

Figure 5) are also desired. The interlaminar normal stress in these regions is negligible, except at the free 

edge. The model for the flat section of the frame is a plate subject to bending, as shown in Figure 7. 
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Figure 7. Bending of a flat plate. 

Interlaminar shear stresses may be computed for a plate subjected to bending using the y- and 

x-direction equilibrium equations in Cartesian coordinates (Ref. 26): 
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Tyzz + Oy + Tyx = 9, (12) 

+ Toy = 0. (13) + xy Taz Oxx 

Formulae for the interlaminar shear stresses can be derived by integrating Equations 12 and 13 from 

=-2T to a point z=¢ and applying the stress-free boundary conditions, 7,(z=-'2T)=0 and 7,,(z=-'2T)=0: 

Te = — § [Oy + tyx ] dz, (14) 
z=-T/2 

5 

Ta = — JS [Oxx + Tyy | dz. (15) 
zZ=-T/2 

The in-plane stress derivatives are computed using expressions similar to Equation 11. 

2.1.3.3 Free E 

Interlaminar stresses occur at free edges of composite laminates due to differences in elastic 

properties between laminae, and the need to satisfy the free edge stress conditions and equilibrium (Ref. 

5). Several techniques have been developed to compute these stresses. For this work a method developed 

by Kassapoglou and Lagace (Ref. 11) is used. This solution is based upon the laminate equilibrium 

equations and the principle of minimum complementary energy. The formulation of the free edge 

interlaminar stress solution for layer k in a laminate with n layers is given below: 

n 

B® = YY 7, 1°, (16) 
j= k+l 

B,® = y 6,0" t®, (17) 

j= k+l 

n j-l 

B® = y t® 62,0" [0. 5 t® + y >), (18) 

p=kri m=k+l 
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os = PAPO” - 6%] 0.5 "2 +BOz +B} / P-1), (19) 

3” or [e* - er] [o2.%" z + B,”] / [A—1], (20) 

73 d e” [72" z + B®]. (21) 

The stresses in the above formulation are defined in the lamina coordinate system. The 3-axis 

represents the thickness direction, and the 1-axis and 2-axis represent the longitudinal and transverse 

fiber directions, respectively. Layer thicknesses are represented as t. The y variable represents the 

distance from the free edge. In-plane stresses 7,.©” and o,,%* are constant; the notation | ]" means that 

these stresses are evaluated outside the free edge boundary layer region. These in-plane stresses are 

computed from the 2D FE analysis using classical lamination theory, CLT (Ref. 27, pp. 147-156). 

Exponents ¢ and \ are unknowns which are determined by minimization of the laminate complementary 

energy as explained in Ref. 11. 

This free edge stress approximation method is applied to the intralaminar regions (between the 

ply interfaces) of the laminate. Because this solution is based upon overall equilibrium, it is less accurate 

at the ply interfaces. A more complicated analysis would be required to account for the Poisson's ratio 

mismatch at the ply interfaces (Ref. 28). This is accepted as a limitation of the analysis, however the 

simplicity of this method makes it ideal for use in design. 
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2.2 Failure Criteria 

Composites generally exhibit progressive local failures induced by interlaminar or intralaminar 

effects, resulting in catastrophic failure of the structure. These catastrophic failures can be primarily due 

to either interlaminar or in-plane failures, including extensive fiber failure. Curved frames routinely 

exhibit interlaminar induced failures in the corners and at the free edges of the flanges. They can also 

exhibit in-plane failure of the 0° plies in the flange and corner regions. Attempting to predict progressive 

failure events is too expensive for the design cases discussed in this paper. All that is required for design 

is a reasonable indicator of when ultimate failure of a frame is imminent. Stress-based failure criteria 

have been proven to be effective indicators of failure in composite materials and are used in this work. In 

the design procedure discussed in this paper, separate failure criteria are used to predict the in-plane and 

interlaminar failures. 

2.2.1 In-Plane Failure 

The Tsai-Wu failure criterion is used to determine in-plane failure in the flanges and corners of 

the C-section frame. The formula for computing the Tsai-Wu failure (TWF) index is given below (Ref. 

27, pp. 80-83): 

TWF = 06,)?/ [Xo Xy] + 02?/ [Yo Yr] + [72/S,) - Oi; Oy / [X_ X_ Yo YA" 

+ oy, [LX - UX] + on [V/¥7 - 1/Yel. (22) 

The stresses (0;;, 22, 72) are defined in the lamina coordinate system. X, and X, are the tensile and 
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compressive in-plane strengths in the longitudinal direction (1-direction). Y; and Y, are the tensile and 

compressive strengths in the in-plane direction transverse to the fibers (the 2-direction). S,, is the 

in-plane shear strength. In-plane failure occurs when TWF = 1.0. 

The Tsai-Wu criterion is often used as a first ply failure criterion. However, the first ply failure 

of the off-axis layers in a laminate can occur well before catastrophic failure of the laminate, such as when 

a 90° ply fails. Because the largest stresses for curved frames subjected to axial end loads are in the axial 

direction, in-plane failure is defined here when one of the 0° plies fails. 

The TWF value is referred to as a failure index which is a convenient way of indicating how 

close the frame is to failure. However, designers generally prefer to discuss failure in terms of a failure 

load. The failure load ratio may be determined from the TWF index by taking advantage of the fact that 

the in-plane stresses are linear functions of the applied load A, for linear elastic analysis and proportional 

loading: 

o =~aA,, (23) 

o = 8 Ay, (24) 

Tj. = yAa. (25) 

Proportionality coefficients, a, 8, and y, are computed by dividing the appropriate stresses (from the FE 

analysis) by the applied load, A,. The load A as a function of TWF is computed by replacing A, by A in 

Equations 23 to 25, substituting Equations 23 to 25 into Equation 22, and solving the quadratic equation 

for A: 

C, = @/ [Xo X_] + B/ [Ye Yo] + [y/ SP - @ B/ [Xo Xr Yo Ya)”, (26) 
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C, = a[l/X - VX] + BI, - 1/Y¢l, (27) 

A = 0.5 { -C, ps [C,’ + 4 TWF c,]”° } / C, . (28) 

The load A is the positive root of Equation 28. The failure load A; is the load at which TWF is one: 

Ar = 0.5{-C, + [C2 + 4C]%°}/C,. (29) 

2.2.2 Interlaminar Failure 

A stress-based quadratic interlaminar failure criterion, Ref. 18, is used to indicate interlaminar 

failure. The quadratic interlaminar failure (QIF) index is defined as: 

QIF = [4 /Z, + [1% / Sl’ + [3 / Sa)’, a3; = 0, (30) 

= [73/837 + [t/ Sal’, o3; < 0. 

Z, is the allowable interlaminar tensile stress, and S,, and S,, are the allowable interlaminar shear 

stresses. Interlaminar failure is defined to occur when QIF = 1.0. 

At the free edge region of the flanges "averaged stress” values are used in Equation 30. The 

interlaminar stress is averaged from the free edge to the point along the normal to the free edge at which 

the mid-laminate interlaminar normal stress changes sign (Ref. 18). Ifthe interlaminar normal stress 

does not change sign within one laminate thickness of the free edge, then the averaging distance is set at 

one laminate thickness. This limit on the length of the averaging distance is chosen because Pagano and 

Pipes (Ref. 5) define the free edge boundary layer region as one laminate thickness. Beyond the free edge 

boundary layer region, point stress values are used in the QIF criterion; the stresses at selected finite 
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element nodes are used in Equation 30. 

An interlaminar failure load may be more desirable in the discussion of interlaminar failure than 

the QIF index. Because QIF is purely quadratic in the stresses, it is proportional to the square of the load 

amplitude. Therefore, the failure load A, can be computed from the QIF and the applied load A, as: 

Ay = A, / QIF®, (31) 

2.3 timization Approach 

A consistent optimization approach is necessary in the design process. Several optimization 

procedures have been established which enable a designer to select a combination of design variables to 

satisfy certain strength requirements at a minimum cost (weight, fabrication cost, ...). The type of 

optimization scheme desired depends on the complexity of the model, among other parameters. When 

analysis costs are excessive, such as with FE analysis, the use of approximate optimization methods is 

warranted. The objective function and/or constraints are approximated based on their values, and possibly 

on the derivatives with respect to the design variables, at one or more design points. Then the 

optimization is applied to the approximation instead of the expensive analysis. The response surface 

optimization approach is such an optimization scheme. 
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2.3.1 Response Surface Approach 

Response surface optimization involves approximating the objective and/or constraint functions 

as simple (usually polynomial) functions of the design variables using values obtained from a set of 

combinations of these design variables (Ref. 29). In the present work, a quadratic polynomial is used. 

The number of terms, q, in a quadratic polynomial for a design space with 1 variables is found from the 

following formula: 

gq = 0.5 [i+ 1] i+ 2] (32) 

For two design variables, the quadratic polynomial has six terms. A linear polynomial has i+1 terms. 

Three points are required for a quadratic curve fit in one dimension. Therefore, 3' design points 

are required for a full factorial design approach (Ref. 29). Because the number of coefficients, q, is 

generally much less than 3', it is often possible to use a different point selection technique to determine a 

smaller number of design points. When the design space is rectangular, the q coefficients can be 

estimated by using a face-centered central composite design approach, Ref. 29. Using this approach, 

design points are established at the center of the design space, at the corners of the design space (the 

intersection between each of the the design variable limits), and at the face-centers of the design space 

(points determined by setting one variable to its upper or lower limit with all other variables set to the 

average of their upper and lower limits). The number of design points, p, required by this procedure is: 

p=1+2i+2i (33) 
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For i greater than 2, the central composite design has fewer design points than full factorial design. As an 

illustrative example of central composite design, the selected design points in a 3D design space are 

shown in Figure 8. When the number of design variables becomes large, even the number of points 

required by the central composite design approach may be too expensive. In this case, other point 

selection methods may be used, such as the D-optimal criterion (Ref. 30). 
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Figure 8. Design points in a 3D design space. 

2.3.2 Selection of Design Variables 

Initially, only two design variables, the laminate thickness and one of the ply orientations, are 

considered. The ply lay-up is [+ 6/90/0,,.], with © a continuous design variable which varies between 30° 

and 60°. The variable / is the number of 0° plies in the laminate, the thickness variable. All plies are 

considered to have a thickness of 0.005 inches. For the initial designs, / has a value between 8 and 12. 

For determination of the optimum design, / is not rounded to an integer; it is assumed that it is possible to 

tailor the total thickness of the stack of / 0° plies to a desired thickness. 
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Next, a five design variable case is considered. The thickness of the cross section, the radius of 

curvature of the corner, and three ply angles (one for the flanges, one for the corners, and one for the web) 

are used as design variables. 

2.3.3 Objective Function and Constraints 

The design problem is formulated as a minimum weight design problem subject to stress and 

geometric design constraints. Therefore, the objective function is the weight of the frame as a function of 

the design variables. Approximate stress failure constraint functions are determined using the response 

surface approach. The design variables are allowed to change within a specified range. These design 

limits also serve as constraint functions. 

2.3.4 Variable Complexity Modeling 

The models incorporating solid elements are substantially more expensive, and therefore are used 

more sparingly than the less expensive shell models. It is possible to improve the accuracy of the response 

surface polynomials by using a small number of 2D/3D global/local analyses. The scheme of using both 

models simultaneously is called variable complexity modeling (Ref. 23). 

The application of variable complexity modeling to the present problem involves several steps. 
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First, response surface polynomials are determined for the failure indices computed from 2D FE analyses. 

Next, a smaller number of FE analyses are run using the 2D/3D global/local models. For each design 

point that is common to both the complex and the simple model, the ratio of the failure index from the 

2D/3D global/local model to the 2D model failure index is computed. Then, this ratio is approximated as 

a linear polynomial (a function of the design variables) on the basis of the data using a least squares curve 

fit. Finally, the failure index (for each stress constraint) is calculated as the product of the quadratic 

polynomial approximating the shell model and the linear polynomial representing the ratio of the solid 

model to shell model. 

2.3.5 imization Routine 

Contours representing constant failure index values as a function of the design variables obtained 

from the quadratic approximation to the 2D FE model can be used to graphically depict the optimum 

point in the design space. This works well with two design variables, but the entire design space for five 

design variables cannot be graphically represented. Using two dimensional cross sections of the five 

dimensional space is a viable approach, but the use of a numerical optimization procedure is generally 

preferred. 

The quadratic nature of the objective function makes it a relatively simple function to optimize. 

In this study, a zeroth ordered method, the Nelder-Mead simplex algorithm (Ref. 31, pp. 123-127), is used 

as the optimization routine. An extended interior penalty function is used to limit the simplex 
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algorithm's search for local optima to the feasible design space (Ref. 31, pp. 190-192). These algorithms 

from Ref. 31 were programmed by the author in FORTRAN. It is necessary to run the optimizer with 

several initial design points in order to determine the global minimum. 
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3.0 Verification of Analysis Tools 

The structural response of the curved frames exhibits both in-plane and interlaminar response 

mechanisms. These response mechanisms are determined from both FE analyses and approximate 

methods. It is important to validate both analysis methods by comparison with established baseline 

results. The 2D in-plane strains for the frame are compared to experimental and analytical strains from 

Ref. 1. Interlaminar stresses from the 3D FE analyses are verified with the isotropic curved bar results 

from Ref. 13. Thereafter, the 3D FE analyses are used as comparative baselines for evaluating the 

interlaminar stress results predicted by the approximate methods from the 2D FE models. 

3.1 In-Plane Structural Response 

It is necessary to verify the FE code's ability to predict the in-plane response of a curved 

composite frame. The analytical and experimental results from Ref. 1 are used as the comparative 

baseline. Therefore, the initial frame FE models are designed with the same dimensions and material 

properties as one of the test frame specimens in Ref. 1. 

All specimens in Ref. 1 were constructed of LDF™ AS4/PEKK thermoplastic. Elastic moduli 

and Poisson's ratios for this material are given in Table 1. The 1-direction, the 2-direction, and the 

3-direction are the longitudinal fiber direction, the transverse fiber direction, and the direction through 

the thickness of the laminate, respectively. The frame specimen specified as "B-130," Ref. 1, is selected 
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for comparison, because this specimen was instrumented with the most strain gages. Global frame 

dimensions and cross-sectional dimensions are given in Figures | and 2, respectively. The lay-up for this 

frame is [+45/0/90/0,]s. 

Table 1. Material properties for AS4/PEKK (Ref. 32). 
  

Young's Moduli (Msi.) | Shear Moduli (Msi.) Poisson's Ratio 

K1 E2 E3 G12 G13 G23 v12 vi3 v23 

17.900 | 1.500 | 1.500 [| 0.800 | 0.800 | 0.800 | 0.300 | 0.300 | 0.300 

  

  

                      

The 2D FE model used to predict the response of the frame from Ref. 1 is shown in Figure 3. 

Fiberglass tabs 0.40 in. thick are bonded to each end of the frame (shown as black elements in Figure 3) 

for load introduction in the test setup. A FE analysis of this model is performed with a tensile design load 

of 1000 1b, for comparison with the data from Ref. 1. 

The deformed shape from a linear analysis is shown in Figure 9 with the displacements 

magnified by a factor of 5. In Figure 9, the effect of applying an axial load to a curved C-section frame is 

demonstrated. The load tends to straighten out the initial curvature of the frame. Straightening the 

frame induces longitudinal (membrane) stresses in the web and creates transverse bending moments in the 

flanges that distort the cross section in its own plane. This distortion is described as curling of the flanges 

(Ref. 33) and is demonstrated in Figure 10. The flange curling moments tend to deform the corner of the 

cross section such that the angle between the web and the flange is increased beyond its original 90°. This 

deformation induces interlaminar stresses in the corner as discussed below. No quantitative displacement 

values are available from the experiment or from the analysis in Ref. 1, but limited strain data is available. 
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1000 Ib, Design Load 

Figure 9. Deformed shape of B-130 frame (magnification factor=5.0). 
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Figure 10. Deformed shape of B-130 frame - mid-span cross section (magnification factor=1.0). 
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For comparison, the longitudinal strains (€,,) at the mid-span of the frame from the experiment 

in Ref. 1, the analysis in Ref. 1, and the 2D FE analysis are plotted along the contour in Figures 11 and 

12. In Figures 11 and 12, the ordinate is the strain axis (uin./in.), and the abscissa is the location along 

the contour of the cross section. The experimental strain gage readings at 1000 lb, are shown by open 

circles. 

Excellent agreement between the analysis performed in this study and the analysis and 

experimental results of Ref. 1 was obtained for the longitudinal strains, as depicted in Figures 11 and 12. 

The in-plane normal strains in the contour direction (€,,) are plotted on the ordinate axis in Figures 13 

and 14. Only one strain gage was mounted on the specimen to record these values during the experiment. 

The 2D FE results are close to the analysis results in Ref. 1, but both results differ from the experimental 

data. This difference between the analytical and experimental results is attributed to non-linear stiffening 

of the cross section (see appendix) and differences between the experimental specimens and the analytical 

models. During the frame's forming process, the thickness distribution and fiber orientation may have 

changed from the specifications used in the analytical models. The difference between the two FE 

analyses can be attributed to differences in the geometry as well as to the different types of finite elements 

used and different levels of discretization. The 2D FE model in Ref. 1 consisted of 16 longitudinal by 16 

circumferential 2D four-noded quadrilateral shell elements; the models used in this paper are more 

refined. Additionally, the thicknesses for the corners of the cross section is not clearly specified in Ref. 1. 
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Figure 11. Longitudinal strains along inner surface of B-130 frame at mid-span. 
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Figure 12. Longitudinal strains along outer surface of B-130 frame at mid-span. 
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Figure 13. Contour normal strains along inner surface of B-130 frame at mid-span. 
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Figure 14. Contour normal strains along outer surface of B-130 frame at mid-span. 
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The results given above demonstrate that in-plane response of the frame can be adequately 

predicted using the 2D FE models. Unfortunately, one of the chief failure modes, delamination, cannot be 

determined from these shell models. In order to determine interlaminar effects, approximate analysis 

methods were developed, as discussed in Chapter 2. 

3.2 Interlami Ri 

The approximate analysis methods for predicting the interlaminar stresses are verified through 

comparison with results from 3D FE models. The first step of this verification process is comparison of 

the approximate analysis results with 3D FE models of a simple curved bar structure. This 180° arc is 

used first in order to study the convergence of the 3D results for a structure subjected to only lateral edge 

bending loads and moments. After verification of these initial models, the approximate methods are 

verified for the curved frame design. 

2.1 Verification of 3D i Finite El nvergen ies 

Timoshenko and Goodier (Ref. 13, pp. 65-75) derived formulae for the radial and shear stress 

distributions in an isotropic curved bar: These solutions are used as comparative baselines to measure the 

accuracy of the 3D FE analysis results for an isotropic curved bar. The curved bar is illustrated in Figures 

15 and 16. In these figures, a quarter section of the bar is shown transparent in order to highlight the 
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through-the-thickness coordinate direction. The bar is loaded with an edge moment load of 0.54167 ft.-Ib, 

and an edge shear force of 65 Ib, in Figures 15 and 16, respectively. 

    Through the Thickness 
atO=0    

  

   

Through the Thickness 
at 6=0° 

Through the Thickness 
at 6 = -45° 

Figure 15. Bar subjected to edge moment load. Figure 16. Bar subjected to edge shear force load. 

In these FE models, the bars are 0.600 in. long and 0.050 in. thick with a mean radius of 

curvature of 0.275 inches. The radius of curvature and thickness are similar to the frame dimensions in 

Figure 2. Isotropic aluminum material properties are used. Both 2D shell and 3D solid element models 

are used. The nine-noded shell elements are considered adequate to model the curve of the bar. The 

20-noded solid brick elements have no nodes defined on the faces of the elements, only on the edges and 

corners. It is believed that these brick elements lack a sufficient number of degrees of freedom to 

adequately define the curve of a circular bar unless a large number of elements is used. Therefore, a study 

of the effect of the contour mesh size on the convergence of the solution is conducted. 

One 2D shell model and three different 3D brick FE models are used. The solid element models 

use 8, 16, and 24 elements in the circumferential direction to define the curve of the bar. In order to 

compare the exact elastic solution (computed from the 2D FE analysis using the equations in Ref. 13) to 

the 3D FE analysis results, the radial normal stresses (0, = -o,) at the mid-span of the bar (remote from all 
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free edges as shown in Figure 15) are plotted through the thickness at @ = 0° in Figure 17 for the bar 

subjected to an edge moment loading. For this moment loading case, the shear stresses in the isotropic 

bar are zero. In this plot, the thickness coordinate, z, is normalized by the thickness of the bar. The outer 

surface of the bar is z=0 and the inner surface is z=1. According to the traction-free boundary conditions, 

the radial stresses should vanish on the inner and outer surfaces of the bar. Clearly, this is not the case for 

the model with 8 elements in the circumferential direction. The results improve for the 16 element 

solution, but the 24 element solution better approaches convergence to the elasticity solution. Thus, a 

ratio of one element per 11.25° (or less) is necessary for convergence of the solution. Some local spikes in 

the 3D element stress fields are observed, but this is considered to be an effect of the low discretization of 

the models through the thickness. 

For verification of the transverse shear stress results from the 3D FE analyses, the 24 element FE 

models are used. The transverse shear stresses at the mid-span of the bar are plotted through the 

thickness of the bar at @ = -45° in Figure 18 for the bar subjected to a shear force loading. The stresses 

are evaluated through the thickness at @ = -45° because the shear stresses vanish at 6 = 0° due to the 

symmetry of the model. The 3D FE models are considered to adequately converge to the correct (Ref. 13) 

solutions. 
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3.2.2 Verification of Approximate Analysis Methods for Composite Curved Bars 

In order to evaluate the approximate methods, FE models of a curved bar are analyzed for several 

lay-ups of AS4/PEKK. After good agreement is realized between the approximate and the 3D FE results, 

the approximate methods are used in the curved frame design to test their accuracy for models with 

complicated geometries. 

For the curved bar subjected to an edge moment load, the following laminate lay-ups are used: an 

angle ply [+45],, a cross ply [90/0];, the B-130 lay-up [+45/0/90/0,], (Ref. 1), and a quasi-isotropic lay-up 

[+30/+60/90/0],. The interlaminar normal stresses for these lay-ups are plotted through the thickness in 

Figures 19 to 22. The through-the-thickness direction is normalized by the thickness of each lamina. 

In Figures 19 to 22, the normal stresses from the 24-element 3D element models are compared to 

stresses computed from the 2D analysis results using the interlaminar normal stress formula (Equation 4). 

The resulting stress distributions from the interlaminar normal stress formula are similar to the trends 

shown by the 3D FE analysis results. The maximum values of the approximated stresses are within 10% 

of the values given by the 3D FE analysis, which is considered to be good agreement between the two 

methods. 

A model of the curved bar subjected to a shear load is used in the comparison of transverse shear 

stresses. An angle ply [+45], is used in this analysis. In order to show that Equation 4 is also valid for a 

shear load case, the interlaminar normal stresses for this model are plotted through the thickness in 
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Figure 23. In Figure 24 , the transverse shear stresses in the circumferential direction (7,,) from the 

24-element 3D element model are compared to stresses computed from the 2D analysis results using the 

first interlaminar shear stress formula (Equation 9). Due to the spanwise symmetry of the bar, the 

transverse shear stresses in the longitudinal direction (7,,) at the mid-span are zero. Based on these 

results, the approximate interlaminar stress formulae are deemed to be appropriate for computing 

interlaminar stresses from 2D FE models for simple curved bar geometries. 

3.2.3 Verification of Approximate Analysis Methods for Composite C-section Frames 

Interlaminar stresses in a C-section frame calculated using the approximate analysis methods are 

compared with the interlaminar stresses from a 2D/3D FE analysis. Approximate interlaminar normal 

and shear stress formulae (Equations 4, 9, and 10) are used in the curved corners of the cross section. 

Interlaminar shear stresses in the flat regions (the flanges and the web) of the C-section are computed 

using Equations 14 and 15. Dimensions for these models are presented in Figures 1 and 25. 
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Figure 25. Cross section of frame used in verification of approximate methods. 

Modification of the approximate interlaminar stress prediction procedures is required to account 

for the geometry and load conditions. In the flat flange and web sections of the channel (see Figure 5), 

the interlaminar normal stresses are essentially zero. In the curved flange/web interface region, or the 

corner, the interlaminar normal stresses can be large. At the locations where the flat regions are tangent 

to the curved regions, the magnitudes of the interlaminar stresses are between the values predicted by the 

interlaminar normal stress formula and zero. The length of this transition region (where the interlaminar 

normal stresses effectively go to zero) in the contour direction is defined as one laminate thickness in 

either direction from the point of tangency. To predict the interlaminar stresses in the transition region, 

an effective radius of curvature is defined by fitting a circular arc through three points in these regions 

and solving the geometric equations to find the center of curvature and radius. The definition of an 

effective radius of curvature prevents the prediction of erroneously high interlaminar normal stresses in 

the transition region. 
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Initially, both the bending and membrane strains were used to compute the in-plane stresses in 

the through-the-thickness stress formulae. In order to compare the through-the-thickness normal stresses 

(6,,) and shear stresses (7,,) computed using the approximate methods to stresses from a 2D/3D 

global/local analysis, these stresses are plotted through the thickness of an isotropic frame in Figure 26. 

The 2D results differed from the 3D results. Also, the stresses from the approximate 2D analysis were not 

zero on the inner surface, a condition that is required by the boundary conditions. Therefore, another 

assumption was made to improve the results of the approximate analysis. 

In the curved bar model used to develop the approximate analysis methods, the deformations that 

produce the through-the-thickness stresses are a result of bending in the plane of the cross section, and the 

membrane strains are negligible in this model. However, the curved frame is subjected to an axial end 

force which produces both membrane and bending strains. It is assumed that the through-the-thickness 

stresses in the curved corner regions of the C-section frame result only from the bending strains. This 

bending strain assumption is applied to the approximate analysis methods by setting the membrane strains 

to zero in the computation of the in-plane stresses used in Equations 4, 9, and 14. Improvement of the 

approximate analysis solution by application of the bending strain assumption is shown in Figure 26. 

Through-the-thickness stresses computed from the approximate methods using the bending strain 

assumption are closer to the 3D results than the stresses computed without the bending strain assumption. 

Hereafter, the bending strain assumption is applied to all approximate analysis results. 

The bending strain assumption is applied to through-the-thickness stresses in the plane of the 

cross section. It does not seem reasonable to apply the bending strain assumption to the transverse shear 
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stresses in the longitudinal direction (7,,); because, the longitudinal membrane strains are an order of 

magnitude larger than the longitudinal bending strains in the C-section frame. It is assumed that the 

transverse shear stresses in the longitudinal direction are not primarily induced by bending in the contour 

direction. Therefore, the bending strain assumption is not applied to the stresses in Equations 10 or 15. 

Through-the-thickness normal stresses (¢,,) and through-the-thickness shear stresses (7,,) in the 

contour direction at the mid-thickness location for an isotropic aluminum frame are presented in Figure 

27. The contour coordinate is measured from the inner flange free edge at S=0 in. to the middle of the 

web at S=1.382 in., as shown in Figure 25. Only half of the cross section is modeled using 3D finite 

elements due to the computational expense of the global/local model. Maximum through-the-thickness 

normal stresses from the approximate analysis are within 5% of the stresses from the 3D global/local 

analysis, as depicted in Figure 27. Through-the-thickness shear stresses differ by 7% from the 3D values 

at the points of maximum stress. 

An angle ply, [+45]s;, is also analyzed with these two models. Interlaminar normal (o,) and 

interlaminar contour shear stresses (7,,) at the mid-surface of the laminate are calculated along the contour 

coordinate, as shown in Figure 28. Interlaminar longitudinal shear stresses (7,,) at the upper and lower 

+45/-45 ply interfaces are plotted along the contour coordinate in Figure 29. Again, the trends of the 

approximate analysis stress curves are very similar to those of the 2D/3D analysis. The maximum 

interlaminar shear stresses from the approximate solution are within 8% of the 3D results which is 

deemed to be good agreement. 
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3.2.4 Prediction of Failure in a C-Section Frame 

The in-plane (TWF, Equation 22) and interlaminar (QIF, Equation 30) failure criteria are used to 

predict failure in composite frames. The validity of using the approximate analysis with these failure 

criteria to predict failure of frame structures is established through comparison with experimental data for 

six frame specimens, Ref. 1. The experimental data for these six frame specimens is reproduced in Table 

2. Thicknesses at three locations in the cross section (the inner flange, web, and outer flange) are 

specified for each specimen. The experimental failure load and failure location for each specimen are alsc 

given in Table 2. 

Table 2. Frame test results, Ref. 1. 
  

  

  

              

Boeing Layup Thickness (in mils) Failure Failure 

Frame L Flange Web QO. Flange |Load (Ibf.)| Location 

B-130 | [+45/-45/0/90/0/0}s 48 50 52 1875 Inner Corner 

B-135 | [+45/-45/0/90/0/0]s 61 76 49 2450 Outer Corner 

B-136 | [0/0/+45/-45/90/0]s 49 62 55 1870 Inner Corner 

B-143 | [0/0/+45/-45/90/0]s 65 70 56 2650 Inner Corner 

B-149 | [+45/-45/0/90/0/0]s 62 51 51 1556 Inner Corner 

B-152 | [0/0/+45/-45/90/0]s 67 71 48 1915 Outer Corner 
  

Frame test specimens are composed of AS4/PEKK, a graphite/thermoplastic composite. The 

stress allowables used in the analysis are given below in Table 3. The interlaminar stress allowables are 

not directly defined in Ref. 32, even the lowest in-plane stress allowables seem to be too large for use as 

interlaminar stress allowables. As an approximation of the interlaminar shear strength, one half of the 

short beam shear strength is used. The interlaminar normal tensile strength is assumed to be one half of 

the experimental tensile strength for a [90,], laminate, Ref. 1. 
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Table 3. AS4/PEKK strength allowables (ksi.), Ref. 32. 

Xt Xe Yt Ye S Zt Sxz Syz 
234,000 183,000 13.200 13.200 21.200 |_ 4.750 8.000 _8.000 

  

  

        

The TWF and QIF indices are computed using stresses obtained with the approximate analysis 

methods at several points around the cross-sectional contour at the center of the frame. The ratio of the 

predicted to the experimental failure load can be calculated from the failure indices because the stresses 

are linear functions of the load. The predicted interlaminar failure load can be computed from Equation 

31. The predicted in-plane failure load can be computed from Equations 23 to 29 using TWF and the 

in-plane stresses at the failure point determined from a 2D FE analysis. 

Specimens B-135 and B-152 failed in the outer curved corner and the other four, B-130, B-136, 

B-143, and B-149, failed at the inner corner. Failure load ratios (A; /A;,) for the specimens which failed 

in the outer corner are given in Figure 30. The lowest failure load ratio for each design indicates the 

critical failure mode. For both of these specimens, the analytical critical failure mode is interlaminar 

failure (delamination) in outer corner. For these two cases, the critical failure load ratio from the 

approximate analysis is within 14% of the experimental failure load. The minimum failure load ratios for 

the four specimens that failed at the inner corner are given in Figure 31. For these four cases, the 

dominant analytical failure mode is in-plane failure of the 0° plies. For three of the four cases, the 

analytical critical failure load ratio (at the inner corner) is close to 1.0. The critical failure load for the 

B-136 design is about 50% higher than the experimental failure load. Also, the in-plane failure load ratio 

is slightly higher at the outer corner of this frame specimen than at the inner corner. These discrepancies 

may be due to geometric differences between the FE model and the experimental specimen. 
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Except for the B-136 specimen, the failure locations for the experimental frame specimens are 

correctly predicted by the stress-based failure criteria. The critical failure mode for each specimen is not 

identified in Ref. 1. But according to the approximate analysis, the B-135 and B-152 frames delaminated, 

and failure in the other four frames was initiated by in-plane failure. The predicted failure loads are 

within 14% of the experimental failure loads for five of the six frames. Thus, the stress-based failure 

criteria is considered to be an acceptable approach for determining design failure constraints. 
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4.0 Optimization Case Studies 

The tools developed in this paper are used in the design of a composite curved frame. Two case 

studies are performed, one study with two design variables and a second study with five design variables. 

Both of these design cases use in-plane and interlaminar failure strength constraints. A different design 

load, 4000 Ib, is used in these studies than in the verification section. All frames are designed using 

global dimensions given in Figure 1. Cross-sectional dimensions and lay-ups are illustrated in Figure 32. 

The frames in both design cases are composed of AS4/PEKK thermoplastic composite with a common ply 

lay-up, [+ ©/90/0,,.]s, where © is a ply orientation angle and / is the number of 0° plies. Allowable ply 

angle ranges from 30° to 60°, and / ranges from 8 to 12. Because each ply is 0.005 inches thick, the total 

laminate thickness (T) ranges from 0.070 to 0.090 inches. In both design cases, the flange width (F) and 

web height (W) are constant, 0.725 in. and 1.55 in., respectively. 

Cross-sectional dimensions Ply lay-up 

  

    
  

  

4 F____» OuterSurface 
  

Figure 32. Cross-sectional design variables. 
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4.1 Two Design Variable Case 

The first optimization case study uses two design variables, a ply orientation angle (©) and the 

thickness of the 0° plies. The ply orientation, [+ ©/90/0,,.];, is the same throughout the cross section. For 

this case, the corner radius of curvature (R,) is a constant 0.275 inches. 

Before proceeding with the optimization, it is necessary to verify the accuracy of the response 

surface polynomials. For this verification, the 2D FE values at each of the nine central composite design 

points are compared to the polynomial values at those design points for three failure modes (interlaminar 

failure at the corner, free edge failure, and in-plane failure). Approximate in-plane and corner 

interlaminar response surface polynomial values differ by maximums of 5% and 1.2%, respectively, from 

the FE values. Average differences for the in-plane and corner interlaminar polynomial values are 2.1% 

and 0.64%, respectively. The free edge failure polynomial differs by a maximum of 3.5% near the 

constraint (QIF=1.0). The differences are even greater away from the free edge constraint such as 

© > 40°. This large percentage deviation is deemed to be acceptable because the QIF values for © > 40° 

are small (below 0.10) and because the average difference is small (0.04). 

Three objective function formulations are used for this two design variable case study, a weight 

objective, a strength (failure load) objective, and a combined strength and normalized weight objective. 

Minimum weight design involves finding the lowest weight design that satisfies all of the constraints. 

Designing for maximum strength involves finding the design that has the highest strength (failure load) 

for a prescribed weight. The third objective function formulation is a linear combination of the failure 
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function and a normalized weight function. Variable complexity modeling is used only for the minimum 

weight design formulation. 

4.1.1 Minimum Weight Design 

The design space for the two design variable minimum weight design case, including the 

constraints, is depicted in Figure 33. The shaded region represents the infeasible design space (where 

TWF or QIF > 1). The objective function for this case is the weight of the frame which is a function only 

of the thickness. Contours of constant weight are plotted as thin solid lines in Figure 33. Three failure 

modes (free edge failure of the inner flange, in-plane failure in the inner corner, and interlaminar failure 

in the outer corner) are active in this design space. Free edge, in-plane, and corner interlaminar 

constraints are shown in Figure 33 with a dotted line, a solid line, and a dashed line, respectively. 

Local minima occur at the intersections between failure constraint curves. The in-plane and 

corner interlaminar constraints intersect at O=51.4° and T=0.0801 in. The free edge and in-plane 

constraints intersect at 9=33,2° and T=0.0775 inches. This local minimum is also the global minimum 

because it has the lowest weight, 0.4127 lb. Free edge effects are important for smaller ply angles (below 

36°) and interlaminar failure in the corner is important for larger ply angles. For this minimum weight 

design, the in-plane and free edge failure constraints are the only active constraints. Increasing the 

number of 0° plies in the frame increases the strength of the frame relative to both potential in-plane and 

interlaminar failure mechanisms. 
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The accuracy of the optimum design determined from the response surface polynomials is 

verified with a FE analysis. It is difficult to use a non-integer value of # in the approximate analysis 

computer code; so the nearest feasible design to the response surface optimum is checked with a FE 

analysis. At the design point 6=33.2° and T=0.080 inches, the approximate free edge, in-plane, and 

corner interlaminar response surface polynomial values differ by 8.6%, 1.0%, and 0.3%, respectively, 

from the FE values. The failure load at this point is 4230 lb,. This is judged to be reasonable agreement. 

The large variation in the free edge QIF index is acceptable because the polynomial value is conservative 

(larger than the FE value). 

4.1.2 Maximum Strength Design 

The maximum strength design for a given frame weight can be determined by reformulating the 

objective function. In order to specify a constant weight for the two design variable case, the thickness 

must remain constant. Thus, maximum strength design for this case is actually a one design variable (©) 

problem. For example, the maximum strength design for a fixed thickness of 0.080 in. (a weight of 

0.4259 lb.) is shown in Figure 34. The maximum strength design is the ply angle with the highest failure 

load. Failure loads are computed from TWF using Equations 23 to 29 (for in-plane failure) or from QIF 

using Equation 31 (for interlaminar failure). In Equations 23 to 25, the proportionality coefficients are 

obtained from the in-plane failure location in the design at O=45° and T=0.080 inches. The failure load 

at angles (©) other than O=45° is found from the following equation: 

A(O) = A,[ Ap O=45°) / AC TWF (8) ) J, (34) 
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where A is the load computed from Equation 28 for the failure index TWF. The optimum design occurs 

at the intersection of the free-edge and in-plane failure curves. The maximum strength design for a this 

case is 6=33.3° for which the failure load is 4215 lb,. At this design point, the approximate free edge, 

in-plane, and corner interlaminar response surface polynomial values differ by 8.6%, 1.0%, and 0.3%, 

respectively, from the FE values. This is judged to be reasonable agreement. 

4.1.3 Combined Minimum Weight and Maximum Strength Design 

In the third objective function formulation, the design is a tradeoff between the minimum weight 

and maximum strength designs. The objective function (OF) for this formulation is the minimum of the 

failure response polynomials plus a normalized weight function (Wt). 

OF(T,9) = Minimum ( QIF outer Comer» QUF hiner Free Edge> TWF hiner Comer) + wT) / Wt(T=Tyonma)- (35) 

Normalization of the weight function is necessary to non-dimensionalize the objective function. 

The normalizing weight is selected as the weight at T=0.080 in. (0.4259 Ib.) because this is the value used 

for the maximum strength design. The contours representing constant values of the objective function are 

shown in Figure 35. The optimum design for this case occurs at 9=33.4° and T=0.0849 in. which has a 

failure load of 4706 Ib,. 

The accuracy of the optimum design determined from the response surface polynomials is 
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Figure 35. Objective function contours for combined maximum strength and normalized weight design 
with 2 design variables. 

90 Global Optimum: 
@= 34.7 
T =0.0743 in. 
Failure Load = 4000 Ib, 
Weight = 0.3956 Ib. 

  : Free Edge - Inner Section [4 eae In-Plane - Inner Corner I 
Interlaminar - Outer Corner ES     
  

80 

  

70 
30 45 60 

© (Degrees) 

Figure 36. Design space and scaled constraint boundaries for minimum weight design with 2 design 
variables (variable complexity design). 
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verified with a FE analysis. At the nearest design point, 9=33.4° and T=0.080 inches, the approximate 

free edge, in-plane, and corner interlaminar response surface polynomial values differ by 8.7%, 1.0%, and 

0.46%, respectively, from the FE values. The failure load at this point is 4242 Ib, This is judged to be 

reasonable agreement. The large variation in the free edge failure index is acceptable because the 

polynomial value is conservative. 

4.1.4 Variable Complexity Modeling 

Failure results obtained from 2D/3D global/local models are more accurate than results from the 

approximate methods. These global/local models are too computationally expensive to use at every 

central composite design point, but they can be used at a smaller number of points to correct the 

approximate results. For this variable complexity modeling approach, five of the nine design cases (the 

four corners and the center of the design space) are analyzed with 2D/3D global/local FE analyses. For 

these five points a scale ratio is determined from the failure indices of the global/local models divided by 

results from the 2D models. A least squares curve fit of the five scale points to a linear polynomial is 

performed. It is necessary to use a lower order polynomial than the one used to approximate the response 

surface (quadratic) so that the variable complexity modeling approach requires fewer points for 

determining the coefficients of its approximate polynomial. The resulting linear scale functions are 

multiplied by their respective failure response polynomials to improve the response functions obtained 

from the approximate analyses. 

61



Scale ratios are determined for the in-plane and corner interlaminar failure indices. In the 3D 

region of the FE model, each lamina is represented by one element throught the thickness and the free 

edge boundary layer region is approximately one element in width. Therefore, the discretization of the 

3D FE mesh is not high enough to obtain accurate free edge stress values; so, the free edge failure 

constraint is not scaled. The corner interlaminar scale ratio varies from 0.76 to 1.03. The in-plane scale 

ratio varies from 0.80 to 0.86. Therefore, both of the approximated functions are conservative (or only 

slightly unconservative), i.e. the approximated solutions yielded larger failure indices than the 

global/local models. The resulting scaled design space is shown in Figure 36. The minimum weight 

design for this case is @=34.7° and T=0.0743 in. which corresponds to a weight of 0.3955 Ib. resulting in 

a 4.2% weight reduction. Therefore, the approximated optimum design is reasonably close to the scaled 

optimum design. 

The accuracy of the optimum design determined from the response surface polynomials is 

verified with a 2D/3D global/local FE analysis. At the nearest feasible design point, 0=34.7° and 

T=0.080 in., the approximate free edge, in-plane, and corner interlaminar response surface polynomial 

values differ by 8.9%, 2.6%, and 1.9%, respectively, from the FE values. The failure load at this point is 

4688 Ib, This is judged to be reasonable agreement. The large variation in the free edge QIF is 

acceptable because the polynomial value is conservative. 
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4.2 Five Design Variable Case 

The second optimization case study uses five design variables. Cross-sectional design variables 

and ply lay-up for this case are shown in Figure 32. Three independent ply orientation angles (9;,9., and 

©,,) are used for the flange, corner, and web for the [ + 6/90/0,,.],; lay-up. Only one value of h is used as a 

design variable, that is, the thickness is uniform throughout the cross section. The fifth design variable is 

the radius of curvature (R,) of the corner which varies between 0.220 inches and 0.330 inches. Due to the 

large number of design variables, only the minimum weight design formulation is discussed for this case. 

Before proceeding with the optimization, it is necessary to verify the accuracy of the response 

surface polynomials. For this verification, the 2D FE values at each of the 43 central composite design 

points are compared to the polynomial values at those design points for three failure modes (interlaminar 

failure at the corner, free edge failure, and in-plane failure). Approximate in-plane and corner 

interlaminar response surface polynomial values differ by maximums of 7% and 5%, respectively, from 

the FE values. Average differences for the in-plane and corner interlaminar polynomial values are 1.0% 

and 1.9%, respectively. The free edge failure polynomial differs by an average value of 0.049. The free 

edge failure polynomial has a large percentage difference from the FE values when ©> 40°, but this is 

deemed to be acceptable because the free edge QIF index values for O> 40° are small and the polynomial 

values are conservative. 
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4.2.1 Minimum Weight Design 

For the five design variable case, the optimum design cannot be determined by direct observation 

because the entire design space cannot be represented graphically. An extended interior penalty function 

is used to find the global optimum (Ref. 31, pp. 190-192). The global optimum is: 9, = 37.2°, 8, = Oy = 

30.0°, T = 0.0768 inches, and R, = 0.330 inches. The optimum weight is 0.4019 Ib. which is lower than 

the minimum weight for the two design variable case whose response functions are not corrected by 

variable complexity modeling. 

Failure constraint curves as a function of the flange ply angle and the thickness are shown in 

Figure 37. The other three design variables are at their optimum values in Figure 37. The flange ply 

angle variation is bounded by the in-plane and the flange free edge constraints. Similarly, the corner 

interlaminar failure constraint is the upper limit on the corner ply angle, as shown in Figure 38. The 

slope of the in-plane failure constraint is almost zero in Figure 39, so varying web ply angle does not 

significantly improve the optimum weight of the frame. 

The in-plane failure constraint is one of the constraints which determines the minimum feasible 

thickness for this set of design variables. In a plot of the thickness-corner radius cross section of the five 

dimensional design space (Figure 40), the in-plane failure constraint appears to be the only active failure 

constraint. The optimum radius is its maximum value, because the weight decreases slightly with 

increasing R,. Ifa slightly larger upper bound on the radius is set; then, the free edge failure constraint 

becomes active. The corner interlaminar failure constraint becomes active if the corner radius of 
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Figure 37. 2D cross section of design space with constraint boundaries for minimum weight design 
with 5 design variables (variable ©, and T). 
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Figure 39. 2D cross section of design space with constraint boundaries for minimum weight design 
with 5 design variables (variable ©,, and T). 
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curvature has an upper bound of less than 0.220 inches. 

The accuracy of the optimum design determined from the response surface polynomials is 

verified with a FE analysis. At the thickness nearest the feasible design point, T=0.080 inches, the 

approximate free edge, in-plane, and corner interlaminar response surface polynomial values differ by 

60.4%, 3.4%, and 7.4%, respectively, from the FE values. These differences are larger than the 

differences seen in the two design variable case. The free edge failure polynomial differs by 0.325 from 

the FE solution. The failure load at this point is 4271 Ib, This is judged to be reasonable agreement 

because both interlaminar failure polynomials are conservative. The large variation in the free edge 

failure index is due to the fact that the failure index drops rapidly in regions far from the free edge 

constraint. 

4.2.2 Variable Complexity Modeling 

Forty-three design points are required by the central composite design approach for five design 

variables to estimate the six coefficients of the linear scale factor polynomial. The global/local models 

take 60 times longer to run than the 2D models; so running forty-three global/local models would be too 

computationally expensive. Instead, the D-optimal criterion (Ref. 30) is used to select ten design points. 

For this variable complexity modeling approach, the ten design points given in Table 4 are analyzed with 

2D/3D global/local FE analyses, and a scale ratio is determined in a manner analogous to the two design 

variable case. A least squares curve fit to a linear polynomial is performed using the ten scale factors 
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from the design points in Table 4 and the five scale factors from the design points used in the two design 

variable case. The resulting linear scale functions are multiplied by their respective failure response 

polynomials to improve the response functions obtained from the approximate analyses. 

Table 4. Design points selected by the D-optimal approach. 
  

    

    

      

Design Ply Angle (degrees) Thickness Re 

Point L Flange Web O. Flange (in.) (in.) 

1 30 60 60 0.07 0.22 

2 60 30 30 0.07 0.22 

3 40 60 50 0.07 0.23 

4 30 50 30 0.07 0.32 

5 60 60 30 0.07 0.33 

6 30 30 60 0.07 0.33 

7 30 30 30 0.09 0.22 

8 60 60 60 0.09 0.23 

9 60 30 60 0.09 0.33 

10 30 55 30 0.09 0.33           
Scale ratios are determined for the in-plane and corner interlaminar failure indices. The corner 

interlaminar scale ratio varies from 0.41 to 1.28, and the in-plane scale ratio varies from 0.79 to 0.88. 

Variation in the scale ratios is larger for the five design variable case than the two design variable case. 

The in-plane scale ratio is conservative, but the interlaminar scale ratio is sometimes slightly 

unconservative. The resulting scaled design space is shown in Figures 41 and 42. The minimum weight 

design for this case is 8; = 37.7°, EO, =30.0°, Oy = 60.0°, T = 0.0735 in., and R,. = 0.330 in. which 

corresponds to a weight of 0.3847 Ib., resulting in a 4.2% weight reduction over the unscaled optimum. 

Failure constraint curves as a function of the web ply angle and the thickness are shown in 

Figure 41. The other three design variables are at their optimum values in Figure 41. The slope of 
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Figure 41. 2D cross section of design space with scaled constraint boundaries for minimum weight 
design with 5 design variables (variable @,, and T, variable complexity design). 
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the in-plane failure constraint is almost zero in Figure 41, so varying web ply angle does not significantly 

improve the optimum weight of the frame. For the scaled in-plane constraint, the design at Oy = 60.0° 

has a lower weight than the design at 0, = 30.0°, the optimum web ply angle from the unscaled design. 

In a plot of the thickness-corner radius cross section of the five dimensional design space (Figure 42), the 

in-plane failure constraint and the free edge failure constraint intersect at the upper bound on R,, 0.330 

inches. The scaled corner interlaminar failure constraint becomes active for values of R, lower than 0.330 

inches. 

The accuracy of the optimum design determined from variable complexity modeling is verified 

with a 2D/3D global/local FE analysis. At the thickness nearest the feasible design point, T=0.080 

inches, the scaled approximate free edge, in-plane, and corner interlaminar response surface polynomial 

values differ by 44%, 0.20%, and 5.8%, respectively, from the FE values. The free edge failure 

polynomial differs by 0.265 from the FE solution. The failure load at this point is 5167 lb,. The large 

variation in the free edge failure index is due to the fact that the failure index drops rapidly in regions far 

from the free edge constraint. This is judged to be reasonable agreement because the free edge failure 

polynomial is conservative. 
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5.0 Concluding Remarks 

In this paper, accurate and robust tools for analysis and design of curved composite frame 

structures were developed. Both interlaminar and in-plane failure modes were determined with the 

analysis tools. Two-dimensional finite element analysis was the primary analysis tool. In-plane stresses 

were directly obtained from the 2D FE analyses. Approximate methods were developed to predict the 

interlaminar stresses from 2D FE analyses. 

The 2D FE analyses were verified by comparison with previous experimental and analytical 

results. Global/local 2D/3D FE analyses were used to verify the approximate methods. The approximate 

solutions matched the stress distributions and the maximum stresses from the global/local analyses 

reasonably well. These approximate methods were then used to determine the failure constraints used in 

the optimization procedure. 

A response surface approach was used to approximate the structural response of the frames as 

functions of the design variables. Failure index values from two failure criteria were evaluated at a small 

set of design points, and least squares curve fits of the failure indices to quadratic response functions were 

performed. A quadratic interlaminar failure criterion was used to predict interlaminar failure. The 

Tsai-Wu failure criterion was applied to the 0° plies to predict ultimate in-plane failure of the frames. 

Variable complexity modeling was applied to correct the response surface polynomials obtained 

from the approximate analysis results during the optimization cycle. This procedure significantly reduced 
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the number of complicated 2D/3D global/local analyses required during the optimization cycle. In-plane 

failure indices from the global/local analyses were between 79% and 88% of the results from the 2D FE 

analyses. Interlaminar failure indices from the global/local analyses were between 41% and 128% of the 

values predicted by the approximate methods. 

Two example design studies were performed to demonstrate the design procedure. Minimum 

weight design optimization was performed for a frame with the following laminate stacking sequence: 

[+ 6/90/0,,.]; where © and h were design variables. The two principal interlaminar failure modes 

occurred at the inner free edge and outer curved corner of the C-section frame. In-plane failure occurred 

at the inner curved corner. These three failure modes were used to establish the failure constraints. Good 

agreement of the failure index values was obtained between optimum designs predicted by the response 

surface approach (both with and without variable complexity modeling) and FE analyses of those 

optimum design points. 

5.1 Recommendations for Future Work 

Presently, the design and analysis tools developed in this paper have been tested only with 

C-section frames with an applied axial load. The approximate analysis techniques have not been tested 

with frames of different geometries than the ones described in this paper. The design and analysis tools 

have the potential for application to frames having a broad range of load conditions and geometries, such 

as I-section frames. 
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Only a small amount of experimental data was available to verify the analytical results. Further 

experimental tests are needed to verify the approach. 
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Appendix - Non-linear Analysis 

All frame specimens in Ref. 1 exhibited non-linear stiffening during the experimental tests. The 

FE analysis code used in Ref. 1 did not have the capability to account for the effects of non-linear 

stiffening of a laminated composite material, but the code (Ref. 24) used in this study does have that 

capability. An incremental formulation is used to determine the geometrically non-linear response (Refs. 

15 and 24). This formulation involves computing displacements in the FE model at incremented load 

steps (fractions of the applied load). The computational expense of a non-linear analysis is proportional 

to the number of load step increments computed. For example, an analysis that uses ten load steps would 

be approximately ten times as computationally expensive as a linear run. For this reason, non-linear 

analyses are not feasible for this design study, especially with the 2D/3D global/local FE models. 

A geometrically non-linear 2D FE analysis of the B-130 frame specimen is conducted at an 

applied load of 1000 Ib, in order to study the effects of non-linear stiffening of the curved frame. Linear 

and non-linear deformations in the axial direction at the mid-span and the end of the frame are shown in 

Figure 43, a load-displacement diagram. The non-linear displacements are smaller than the linear 

displacements due to non-linear stiffening of the frame. No quantitative displacement values were 

available for the experiment or the FE analysis in Ref. 1. 

Non-linear effects can also be observed by comparison of strain results from linear and non-linear 

FE analyses and experimental results (Ref. 1). In-plane normal strains in the contour direction (€,,) on the 

inner surface at the mid-span of the frame are plotted along the contour of the cross section in Figure 44. 
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In Figure 44, non-linear strains from the 2D FE analysis were lower than the strains from the linear FE 

analysis and the analysis from Ref. 1. Non-linear strain results are closer to the experimental strain gage 

readings than the linear results. 
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