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(ABSTRACT) 

It is known that transform techniques do not represent an optimal way in which to 

code a signal in terms of theoretical rate distortion bounds. A signal may be coded more 

efficiently if side information is included with the signal during transmission. This side 

information can then be used to reconstruct the image at some later time. 

In this thesis, the type of transform coding used is Multiple Bases Representation 

(MBR). This coding scheme is known to perform better than transform coding that uses a 

single basis. The method of Projection Onto Convex Sets (POCS) is used to reconstruct 

an approximation to the MBR signal using the side information. Thus, any number of 

constraints may be used as long as they form closed and convex sets and the side 

information is a priori knowledge required to implement projections onto the defined 

closed and convex sets. 

Several closed and convex sets are examined including the MBR, positivity, sign, 

zero crossing, minimum increase, and minimum decrease constraints. Constraints that 

tend to limit energy are not as effective as constraints that introduce energy into the signal 

especially when the observed image is used as the initialization vector. 

When a different initialization vector is used, the POCS reconstruction performs 

considerably better. Two initialization vectors are proposed; the observed signal plus 

white noise and the observed signal plus a constant. The performance of POCS with 

initialization by the observed signal plus a constant is superior to that when using the 

observed signal only.



One nonconvex constraint is considered. The Laplacian histogram constraint 

requires other convex constraints to help ensure convergence of the reconstruction 

algorithm, but produces good quality images.
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1.0 Introduction 

  

There are many practical examples in which we would like to reconstruct the 

original signal which has been distorted, sometimes intentionally, from the observed 

signal. For example, a technique called interferometric imaging is used in astronomy 

to increase the resolution of images obtained from telescopes. However, this technique 

requires the magnitude and phase of the stellar image. The phase is often difficult to 

obtain so astronomers would like to reconstruct the phase from the magnitude obtained 

from the telescopes. Also, in computerized tomography, only a limited amount of data 

may be available from scans of a patient's body and extrapolation of the rest of the data 

is desired. 

In this thesis, we will consider the problem of recovering the original signal 

from an observed signal which has been compressed or distorted to decrease the 

transmission time of the signal. Along with the compressed signal, side information is 

transmitted and used to reconstruct the signal when it is received. Better performance 

may be achieved by transmitting side information about the signal in place of more 

transform coefficients and incorporating this side information into a reconstruction 

process. Of course, this procedure is beneficial only if the reconstruction produces a 

signal that is closer to the original than had the extra transform coefficients been 

transmitted instead. 

Transform coding using unitary transforms is known to yield suboptimal rate- 

distortion bounds. The type of compression considered in this thesis is a form of 

transform coding known as Multiple Bases Representation (MBR) [Safar 1988, Khanna 
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1990]. The method of Multiple Bases Representation yields lower rates than typical 

transform coding by better approximating the signal. Instead of selecting vectors from 

one set of basis vectors as in transform coding, vectors are selected from multiple 

bases. The bases are unitary and allow fast transform algorithms so that the procedure 

is fast. Vectors can be chosen that better approximate the signal than vectors from a 

single basis set, because there are more vectors to choose from. However, 

orthogonality of the chosen vectors is lost. 

Finding the optimum MBR signal requires a search of all permutations of the 

participating bases vectors. The method of Recursive Residual Projections (RRP) finds 

a slightly sub-optimum combination but introduces some noise into the process [Safar 

1988, Khanna 1990]. 

1.1 Iterative Signal Reconstruction 

In 1972, Gerchberg and Saxton [Gerchberg 1972] introduced an iterative 

algorithm that reconstructs an image from its magnitude and the magnitude of its 

Fourier transform. It consists of three steps. The first step involves computation of a 

random phase which is combined with the known magnitude. The second step involves 

computing the Fourier transform and setting the magnitude of the Fourier transform 

equal to the known magnitude while keeping the phase. The third step is to compute 

the inverse Fourier transform and impose spatial domain constraints to form a new 

estimate of the signal. The process then repeats at the second and subsequent steps. 

In separate papers, Gerchberg and Papoulis [Gerchberg 1974, Papoulis 1975] 

applied the Gerchberg-Saxton algorithm to restoration of a bandlimited signal known 

only over a finite region. The basic steps are as follows: bandlimit the signal, then 

correct the known samples and recurse. The algorithm is proven to converge. 
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In 1978, a paper written by Youla, entitled "Generalized Image Restoration by 

the Method of Alternating Orthogonal Projections" was published [Youla 1978]. In 

this paper, he considers the problem of reconstructing a signal, known to exist in 

subspace 4 of a Hilbert space, from the orthogonal projection of the signal onto 

another known subspace @ of the same Hilbert space. Necessary and sufficient 

conditions under which the signal is uniquely determined by the distorted signal are 

given as well as conditions under which the reconstruction can operate when noise is 

present. 

The reconstruction algorithm involves projecting the image onto the original 

subspace 4, then onto the orthogonal complement subspace of @, and then adding the 

image back in. This process is repeated until convergence occurs, which is guaranteed 

as long as certain conditions are satisfied. This reconstruction algorithm includes 

Papoulis's algorithm mentioned earlier as a specific case. 

A survey of iterative restoration algorithms in 1981 shows that many 

reconstruction schemes can be generalized to a single algorithm [Schafer 1981]. 

Schafer's algorithm includes a distortion operator and a constraint operator and by 

defining these two operators appropriately many seemingly disparate reconstruction 

schemes can be subsumed under one general algorithm. Also, any number of 

constraints may be involved in the reconstruction process. 

The mapping used in Schafer's algorithm must be proven to form a contraction 

which is a fairly strong requirement. Youla and Webb [Youla 1982] introduced an 

algorithm called Projection Onto Convex Sets (POCS) that replaced the requirement of 

a contraction mapping with a weaker one of closed and convex sets. The method of 

POCS includes Youla's previous algorithm as a specific case because closed linear 

manifolds are closed and convex. 

In the POCS algorithm, the signal to be reconstructed is made to satisfy each 

constraint successively and if all constraints form closed and convex sets, convergence 
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is guaranteed. Thus the algorithm consists solely of constraints and no distortion 

operator is required. Youla defined several constraints which were then used in 

simulations performed by Sezan [Youla 1982, Sezan 1982]. The simulations show that 

the POCS algorithm performs better than the Gerchberg-Papoulis algorithm for image 

restoration by including other a priori information. 

In this way, constraints may be defined that require a priori information to 

implement the corresponding projection during reconstruction. This a@ priori 

information is transmitted along with the distorted signal and used in the reconstruction 

process. To guarantee convergence, the defined constraints must form closed and 

convex sets, but not all constraints form closed and convex sets. However, there may 

be advantages to including nonconvex constraints. Even though the guarantee of 

convergence is lost if nonconvex constraints are used, the final MSE of those 

reconstructions that do converge may be significantly lowered. 

Figure 1 diagrams the reconstruction process considered in this thesis. The 

MBR representation of the original signal x is computed. An approximation to the 

MBR signal is transmitted and received. The observed signal is decompressed using 

the inverse MBR transformation and is iteratively projected onto convex sets C,, that 

are known a priori to partially define the original signal. The algorithm is guaranteed 

to converge to a signal that satisfies all the constraints involved. It is the aim of this 

thesis to determine which constraints are useful in reconstructing the original signal. 

1.2 Chapter Contents 

The second chapter, Theoretical Development, contains an introduction to the 

approximation of the Multiple Bases Representation (MBR) of a signal as a type of 

distortion. An introduction to iterative algorithms is presented and the method of 

Projection Onto Convex Sets (POCS) is proposed to reconstruct the MBR signal. The 
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algorithm is based in set theory and a summary of the necessary background to set 

theory is thus warranted. Fidelity measures of images are also discussed. 

The next chapter, Constraints, lists constraints that are suitable to be used with 

the method of POCS for the reconstruction of the MBR signal. Each constraint is 

defined as well as its associated projection operator and the necessary a priori 

information requirements. All constraints are convex except the Laplacian histogram 

constraint. 

The fourth chapter, Simulations, begins with a comparison of the constraints, 

defined earlier, in terms of mean square error of the POCS reconstructions. Next, the 

importance of a good initialization vector is demonstrated. Two initialization vectors 

are considered that both rely on a@ priori information. Performance of the nonconvex 

constraint is then discussed. Finally, the subjective image quality resulting from 

reconstructions using POCS with different sets of constraints is considered. In the last 

chapter, Conclusion, observed results from the simulations are discussed. 
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Figure 1: Distortion and approximate signal reconstruction 
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2.0 Theoretical Development 

  

Signal reconstruction is the process of obtaining the original signal from a distorted 

version of that original. The distortion is often imposed by the real world in the form of 

unwanted degradation effects, but may also be purposely imposed for purposes of more 

efficient transmission. It is the objective of image reconstruction to, at the least, find a 

better approximation to the original image through the use of a priori information. 

The type of distortion and a priori information available strongly influences the 

method of reconstruction. Other questions should also be answered. Is exact 

reconstruction required or is approximate reconstruction enough? Is the distortion 

operator known exactly or only approximately? Is the observed signal noisy? These 

questions should be answered before an appropriate reconstruction algorithm can be 

chosen. Thus, approximation to the Multiple Bases Representation (MBR) of a signal as a 

type of distortion is addressed first. The method of Projection Onto Convex Sets (POCS) 

is then proposed as an appropriate reconstruction algorithm. The algorithm is based on 

set theory and therefore an introduction is provided to set theory. 

2.1 Multiple Bases Representation (MBR) 

Let # be a N-dimensional, real Hilbert space with norm, 

1 

|x|] = (x7) (2.1) 

and inner product defined as, 
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(x,y)=x"y (2.2) 

where x,y EX. Elements of # may be thought of equivalently as a set of points in N 

dimensional space or a set of signals of length N. Consider L unit norm vectors in # with 

L>N. These L vectors can span # but cannot form a basis because the L vectors cannot 

form a linearly independent set. 

If N vectors are chosen from the set of L vectors such that a linearly independent 

set is formed, then this N-tuple forms a basis for #. Each signal x in # can be represented 

by a unique linear combination of these N vectors, 

x= Ax’ (2.3) 

where A is an N x N matrix whose columns are the vectors of the N-tuple and x’ is a 

unique representation of x in #. 

Now consider K vectors chosen from the set of L vectors such that the K vectors 

again form a linearly independent set and K < N. Let 1 be the K-dimensional subspace of 

# formed by these K vectors. The K vectors can only form an approximation to x. 

Let ¥ represent this approximation and e, =x—xX be the approximation error. 

Given x €¥, it is desired to find x ¢% that minimizes le, I’. Let, 

X = Bx, »X (2.4) 

where B is a N x K matrix whose columns are the K chosen vectors. Using the pseudo- 

inverse [Brogan 1985], 

X, = (BT BY'B'x (2.5) 

and combining (2.4) and (2.5), 
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x= Bx, 

= B(B’ BY'B"x 29) 

By the orthogonal projection theorem, x may be represented as the sum of two 

signals, 

x= Pyx+ Px (2.7) 

and, 

x=P.x (2.8) m 

where F, is the orthogonal projection of x onto ™ and /, is the orthogonal projection of 

x onto ~. By comparing the equations in (2.6) and (2.8), it can be seen that, 

P, = B(B’ BY'B" (2.9) 

We can approximate x better by choosing the optimum subset of K vectors from 

L >N vectors than by choosing the K vectors from N vectors [Safar 1988]. Thus, given 

x, we would like to find the optimum set of K vectors. Ideally, the K vectors are chosen 

K 
such that e, is minimized but this requires a full search of all ¥ permutations, which is 

not practical due to time constraints. Safar [Safar 1988] has proposed a sub-optimal 

method of selecting the K vectors called Recursive Residual Projection (RRP). In this 

procedure, K vectors are still chosen to form 7”, however, the choice of the K vectors is 

sub-optimal so that, 

Xepp = Pyxt Ax (2.10) 

where P, is the projection of x onto the optimal set of K vectors and Ax can be viewed as 

noise introduced into the process to speed calculation of Xp2p. 
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2.2 Reconstruction of the MBR Signal 

The signal recovery problem may be described using the discrete linear model 

[Andrews 1977, Pratt 1978], 

y=Dx+n (2.11) 

where x is the unknown original signal, 7 represents unknown additive noise, and y is the 

observed signal. The distortion operator D, is a N x N distortion matrix representing, for 

example, distortion by a linear system, or a nonlinear band-limited system, and may be 

known or partially known. Let, 

Dyer = B(B' BY" B* (2.12) 

where Dyer Tepresents the distortion of x defined in (2.6). Let D,,,» represent the 

distortion defined in (2.10). The objective of signal recovery is to find x. 

If we assume that there is no additive noise and D is nonsingular then (2.11) is 

solved by, 

x=D"y (2.13) 

There are several problems that make this approach unattractive. First of all, finding the 

inverse is an ill-posed problem in which small perturbations in the input lead to large 

perturbations in the output. Thus, if the assumption about additive noise is wrong and 

noise is present, the computed solution may be nowhere near the original signal due to 

numerical instabilities. To see this more clearly, assume that (2.13) is computed when 

noise is present, 

x’'= Dy 

= D'(Dx+n) (2.14) 

=~x¥+D"'n 
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and the second term may actually dominate the solution. The problem is worsened if D is 

nearly nonsingular so that D™ has large entries, exacerbating the effect of the noise. 

If D is singular then this corresponds to a linear dependence between at least two 

of the rows or columns and formally the solution does not exist. When D is singular, and 

applied to x, certain components of the signal are irretrievably lost, which means that 

instead of a unique solution, there is an infinite number of solutions. A pseudo-inverse 

may be used to determine the "best" solution from the infinite number, however, the 

pseudo-inverse problem is still ill-posed [Stark 1987]. The MBR distortion operator D, jo. 

is singular, because B is not full rank. 

The above discussion has assumed that D is known exactly. While D,,, may be 

applied exactly to any signal, and D,,, can be found in closed form, the solution in (2.13) 

cannot be used because Dapp does not exist. However, as mentioned earlier, D,,, 1s an 

approximation to D,,.2. In the case that D is only known approximately, there are fewer 

alternatives. Certainly, computing the inverse of the approximation is even more 

numerically unstable and many optimization techniques, both iterative and non-iterative, 

rely on exact knowledge of D. 

Typically, there are two broad classes of algorithms, iterative and non-iterative. 

The non-iterative algorithms are usually based on a least squares algorithm with the more 

sophisticated algorithms incorporating knowledge of noise statistics and other a priori 

knowledge. Iterative techniques also incorporate a priori knowledge. 

We wish to apply a number of constraints to aid in the reconstruction and allow D 

to remain only approximately known. For example, if it is an image, each of the pixels has 

positive brightness; negative brightness is not possible. The distorted signal, y, may 

contain pixel values that are negative and an improved signal can be obtained if this 

additional information or constraint is incorporated into the reconstruction process. Also, 

if the image is quantized the final image should be quantized. The method of Projection 
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Onto Convex Sets satisfies the above two requirements. It allows any number of 

nonlinear constraints to be subsumed automatically. 

A mapping is used that has one or more fixed points that are known to be either 

the original or an acceptable approximation to the original. The mapping usually consists 

of constraints that the original signal is known to satisfy and is iteratively applied until a 

criterion for convergence is satisfied. Iterative techniques are also ill-posed but if the 

types of a priori information are limited, the iterative process can be proven to converge. 

2.3 Definitions 

To be useful, iterative algorithms must be proven to converge. Convergence and 

uniqueness proofs for iterative algorithms are usually based on set theory. Therefore, 

before examining iterative algorithms, several definitions will be introduced. Griffel and 

Brogan [Griffel 1981, Brogan 1985] provide good introductions to set theory. 

2.3.1 Properties of Sets 

First, let us consider S, a subset of #. Let f,g eS. The subset S is bounded if 

there is a 8 such that, 

I/<B (2.15) 

for all f ¢S. The subset S is said to be linear if, 

af+bges (2.16) 

for all scalars a,b. These two properties of sets are mutually exclusive. A bounded set 

cannot be linear and a linear set cannot be bounded. A distance, d, between two 

elements, f,2 <5, may be defined as, 
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d=|f - || (2.17) 

With the distance between two elements defined, we can define convergence of a 

sequence of elements. For a sequence { f,} of elements, 7, /,,....f, €4, we say { f,} 

converges to f,, written f, > f,, if 

    
t,-f0|>0 as Nn —> 00 (2.18) 

This is known as strong convergence and states that a sequence of elements converges 

strongly if the distance between successive elements tends to zero. Another type of 

convergence occurs only in infinite dimensional spaces. Let % be an infinite dimensional 

Hilbert space. If f,,f,,..,.f, €2, we say { f,} converges weakly to f,,, written f, > f, 

weakly, if 

(Fn, 8) > (foo»8) (2.19) 

for all g eX. Strong convergence implies weak convergence. Weak convergence implies 

strong convergence for a closed and finite dimensional space. 

Two classifications of sets are open and closed. However, before these types of 

sets can be defined a limit point must be defined. The element f is a limit point of S if 

there is a sequence { f,} of elements of S such that f, > f and for eachn, f,#f. This 

says that a sequence converges to a limit point but never actually reaches the limit point. 

The subset S is open if for each f €S there is a 0>0 such that g eS whenever 

|f -gl|<@. A set is closed if it contains all of its limit points. Open and closed are not 

mutually exclusive as the names may suggest. Thus, a set may be either closed or open, or 

neither open nor closed. A common example of an open set is the interval (0,1) on the 

real number line. The set is not closed because the sequence part clearly converges 

to the limit point zero which is not in the set. The set may be made closed by including 
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the points 0 and 1. Thus, the set [0,1] is closed. Likewise, the set (0,1] is neither open 

nor closed. A subspace is a linear and closed subset. 

A set may be defined as either convex or nonconvex. The subset S is called 

convex if for any f/,g eS, uf +(l—yw)g ES for all O< w<1. Geometrically, this means 

that a line segment joining any two points in the set must be entirely inside the set. A 

sphere is the archetypal example of a convex set. A set is nonconvex if it is not convex. 

All subspaces are convex. 

Lastly, an angle may be defined between signals f and g as 

(f,g) 
Q)= 2.20 

oD ToT ll C2) 
  

The angle between two orthogonal vectors is 90°. The angle is not defined if f or g are 

zero vectors, because the norm of a zero vector is zero. 

2.3.2 Projection Operators 

Closed and convex sets have an important role in this thesis. Let C be a closed 

and convex subset of #. Given f ¢xX and geC we wish to find P, such that 

P,:H—»C. The, in general, nonlinear projection operator P,:# — C has the property, 

inf | -x|=17 - el 2.21) xeEC 

The operation in equation (2.21) assigns to every element /, in #, the closest vector g in 

C, which then has the property of being unique. The property in (2.21) may also be 

expressed, 

If - Po fl] =min| f — x| (2.22) 
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and may be solved using the method of Lagrange Multipliers. All points g, in C, are fixed 

points of P., i.e. P.g=g. If C is a subspace then x is called the orthogonal projection of 

f onto C. 

2.3.3 Mappings 

Consider a mapping 7:5 — S. An iterative equation may be written, 

Fos = If, (2.23) 

To be useful, an iterative equation must be proven to converge to a solution. Generally a 

solution is obtained only after an infinite number of iterations, however, acceptable 

convergence is usually obtained after a finite number of iterations. If f = 7f then / is 

called a fixed point of the mapping T. 

Two important classes of mappings are contraction and nonexpansive mappings. 

The mapping T is a contraction mapping if |Z -Tg| <a f —g| where 0<a<1. In 

other words, 7f and 7g are closer together than f and g by some definite distance. The 

contraction mapping theorem states [Youla 1982] that if 7:S—S is a contraction 

mapping then there is exactly one f €S such that f =7f. Furthermore, for any f/f, eX 

the sequence { f,} defined by (2.23) converges to f. This theorem is useful in that it 

gives a prescribed method for finding the desired point as well as proving that a solution 

exists and that it is unique. 

A less restrictive mapping is the nonexpansive mapping. The mapping 7:S —> S is 

nonexpansive if |7f — Tg|<||f — gl. The corresponding iterative equation in (2.23) is 

not guaranteed to converge, because a nonexpansive mapping does not require a definite 

reduction in distance by a definite amount. However, when reconstructing an image, it is 

beneficial to know that application of a nonexpansive mapping will not worsen an image. 
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Nonexpansive mappings have at least one fixed point, and usually an infinite number. The 

projection operator P, defined in Section 2.3.2 is a nonexpansive mapping [Youla 1982]. 

Let T be a product of two or more individual projections. The mapping 7 will be 

a nonexpansive mapping if all 7; are nonexpansive mappings. Furthermore, if at least one 

of the 7; is a contraction then 7 is also a contraction, 

|Z2x-ZLy|<alfx-Ty| (2.24) 
<allx— y| 

where 7, is a contraction mapping, 0 <a <1, and 7, is a nonexpansive mapping. 

2.4 Constrained Iterative Restoration 

The idea behind iterative restoration algorithms is to find at least a nonexpansive 

mapping 7:S — S that has fixed points that are acceptable approximations to x. If T isa 

contraction then there is only one fixed point which should be x, the original signal, and 

equation (2.23) can be used to find this fixed point. 

To find a mapping that has fixed points that are feasible solutions, 7 is usually 

derived from constraints that the original signal is known to satisfy. Schafer et al. 

[Schafer 1981] propose the identity, 

x=Cx+A(y-DCx) (2.25) 

as a general form to be used for iterative restoration. This equation requires knowledge of 

the distortion operator D, and the constraint operator C, both of which may be nonlinear. 

The parameter A, is usually a constant but it may also be a function of independent 

variables, or a function of x, and is useful to help speed convergence [Schafer 1981]. The 

constraint operator C’, may be derived from J unrelated constraints, C = C,C,...C,. 

Equation (2.25) can be made iterative, 
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Xp = Cx, + A(y —- DCX, ) 

= Cx, + Ay — ADCx, 

=Ay+(-AD)Cx, (2.26) 

= Ay + Gx, 

= 1x, 

where, 

G=(-AD)C (2.27) 

In order for G to be useful to signal reconstruction it must be either a contraction or a 

nonexpansive operator. From the contraction mapping theorem, the iterative equation in 

(2.26) is guaranteed to converge to a unique point if 7 is a contraction mapping, or 

because, 

|r, ~Tx,|= Gx, -Gx,| (2.28) 

it is sufficient for G to be a contraction mapping. The initialization vector x,, may be any 

signal in #, but it is usually chosen to be Ay. Whether G is a contraction mapping 

depends on the transformations D and C and the parameter A which may be used to force 

G to be a contraction mapping. According to inequality (2.24), if (J-— AD) and C are at 

least nonexpansive and one or both are contractions then G is a contraction. Likewise, 

given that all the C,'s are at least nonexpansive, if any of the C,'s are contractions then C 

is a contraction and if all the C,'s are nonexpansive then C is nonexpansive. 

It is possible to prove that G is a contraction by directly applying the definition of 

a contraction mapping. By doing this the bounds of the parameter 2 can be determined 

such that a contraction is formed. However, this becomes increasingly difficult as the 

number of constraints increases because each constraint is nonlinear. 

If G is a contraction mapping then, by the contraction theorem, the iterative 

equation in (2.26) has one and only one fixed point, which is the original signal. This can 
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be seen by replacing x, with x. Thus, if 7 is a contraction, there is only one fixed point 

and it is the original signal. On the other hand, if G is non-expansive then the iterative 

equation in (2.26) typically has an infinite number of fixed points. Each of these fixed 

points may or may not be a fixed point of C. However, if the fixed point of T is also a 

fixed point of C, then, 

xX, =x, +A(y — Dx, ) (2.29) 

which implies that, 

y=)x, (2.30) 

Thus, for the non-expansive case it is a simple matter to check if the fixed point of 7 1s 

also a fixed point of C. If so, then the fixed point of 7 is a valid solution in that it satisfies 

all constraints and produces the observed signal upon distortion. However, the fixed point 

may not be the original signal [Trussell 1983]. 

Normally, two successive iterations are compared to one another to determine if 

the algorithm has converged. If the convergence is slow then this criterion may not be 

appropriate. Trussell proposes redefining convergence, especially when the observed 

signal is noisy [Trussell 1983]. The term { y— Dx, } is called the residual and is the 

difference between the original distorted observed image and the distorted restored image. 

The residual signal is zero when the approximation x, produces the observed signal y. 

However, if y is the distorted signal plus additive noise then the residual signal produces 

the additive noise. Trussell uses the residual signal to redefine convergence by forcing the 

residual to be a likely realization of the noise. When ||y — Dx, ||’ is approximately equal to 

the noise power the algorithm is stopped. 

If G is a contraction mapping, the iterative equation in (2.26) requires, 

lim Dx, =y (2.31) 
k> 0 
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and so D is required to implement the algorithm. The next section introduces an 

algorithm, called Projection Onto Convex Sets (POCS), that can be considered a 

generalization of Schafer's algorithm in that they both iteratively enforce constraints. 

However, the distortion operator D is not required and the limit in (2.31) is not enforced 

in POCS. A constraint is defined in Section 3.1 that can enforce the limit in (2.31) by 

defining the constraint C = { I :Df = yt. 

2.5 Projection Onto Convex Sets 

Youla [Youla 1982] derived a signal reconstruction algorithm that has two 

significant benefits over other signal reconstruction algorithms. The method of Projection 

Onto Convex Sets (POCS) allows the inclusion of an arbitrary number of nonlinear 

constraints and guarantees at least weak convergence in an infinite dimensional space and 

strong convergence in a finite dimensional space. The only restriction is that the sets 

formed by the constraints must be closed and convex. 

Consider J constraints each forming a closed and convex set of signals in #. Let 

C, represent the i” set. The intersection of these J constraints is, 

C=fc (2.32) 

and every signal in C, satisfies all J constraints. In general, there will be many signals in 

C,, including x. 

All signals in C, are considered to be close approximations to x. Given y, we 

would like to find a signal belonging to C,. If P,:%—> C, were known then the problem 

would be solved by, 

x= Py (2.33) 
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however, P, is a combination of J nonlinear constraints and in general the inverse will be 

difficult to find, even if it exists. Therefore, iterative techniques are used to find a signal in 

C. 

Considering an iterative approach, we would like to find a mapping 7:% — # that 

has all its fixed points in C,. Let P represent the, in general, nonlinear projection operator 

P:#-—>C,. If f satisfies the i” constraint, then f is a fixed point of P and if f does not 

satisfy the i” constraint, it can be made to do so via the projection operator P. A 

composite projection operator is defined, 

P, = PP,..P, (2.34) 

In general, P. is not PR. As mentioned in Section 2.3.3, P, is a nonexpansive mapping. 

Youla shows that all fixed points of P. are points in C,. It can easily be seen that each 

point in C, satisfies every C, and is a fixed point of every P. Thus, 

Pox = BP,...P,x 

= PP....P,,x (2.35) 

=x 

and every signal in C, is a fixed point of P., but the converse, that all fixed points of P. 

are members of C, is not obvious. 

The fact that the mapping P,, is nonexpansive and contains fixed points is not 

enough to guarantee that the iterative equation, 

x,=Pix,, k=l > (2.36) 

converges to a limit point. However, Youla does show that the iterative equation in 

(2.36) is guaranteed to converge weakly in infinite dimensional spaces and strongly in 

finite dimensional spaces [Youla 1982]. Note that each x,, k >0 belongs to C, because 

P, is the last projection that operates on the signal. 
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In general, the final solution will not be the projection of the initialization signal 

onto C,. The restored signal lies on the boundary of C, just as if the initialization signal 

were projected onto C,. However, unlike the projection onto C,, the restored signal is 

generally not the closest signal in C, to the initialization vector. The final solution also 

depends on the ordering of the projections in the composite projection P.. in (2.34). 

The mapping P., may be difficult to find for many nonlinear constraints. Youla 

[Youla 1982] shows that the projection operators may be applied successively, 

Xn = Pam*n (2.37) 
a(n)=1+nmod J n2=0 

and {x } converges to the same limit as {x, } in (2.36). Thus, any signal in # can be 

projected iteratively from one set to another until an acceptable criterion for convergence 

has been satisfied. Consider Figure 2, which simulates the algorithm for J = 2 and N = 2. 

C, is the intersection of two closed convex sets C, and C,. A point in C, can be found by 

iteratively projecting an arbitrary point from one closed convex set to another. 

Youla [Youla 1982] points out that slow convergence may occur when the 

iteration is near a point of tangency of two or more sets. To speed convergence, each 

projection operator may be relaxed, 

T=TT....T, (2.38) 

where, 

T=I+A(P-D) 0<A, <2 (2.39) 

where J is the identity matrix. Youla shows that the relaxed projection operator in (2.39) 

has the same fixed points as P and the mapping in (2.38) can be used in place of that in 
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(2.37). Levi and Stark [Levi 1984] show that 4 may be varied from one iteration to the 

next and discuss optimization of A for J=2. 

The POCS algorithm is robust in that even if noise is introduced into the observed 

signal, a feasible solution is always found. A different final solution may be obtained, but a 

signal in C, will always be found in the limit. POCS also allows an arbitrary number of 

nonlinear closed and convex sets to be included in the reconstruction process. While 

many constraints form closed and convex sets, some do not. For example, the set of 

signals consisting of quantized samples is not convex. Ifthe constraints are not closed and 

convex, they may cause divergence when the constraints are included in POCS. However, 

as demonstrated in Section 4.4, they may still be used successfully. Even with this 

limitation, the robustness of the algorithm and the ease of incorporating many constraints, 

make the POCS algorithm applicable to many signal reconstruction problems. 

2.5.1 Softened Constraint 

A constraint may be a function of the originally observed signal y. If the observed 

signal is corrupted by additive noise then the projection P:4{—>C now maps P:#>C’ 

and the projection is no longer correct. This can be seen by considering the fact that every 

fixed point of P is an element of C, so that if and only if x= Px then x EC. If Pisa 

function of y and y is noisy then P changes to P’ and C’ = {x:x = P'x}. Essentially, the 

constraint set C which is enforced by P has moved and C is not being enforced anymore. 

Furthermore, if C’ OC,, i=1,2,...,7 1s empty then constraint incompatibility results and 

the algorithm cannot converge to a solution because no solution exists. 

To prevent constraint incompatibility from occurring, the constraint may be 

modified to include the original set plus possible realizations of the additive noise [Beex 

1983, 1984]. In this case, P:'#¥>C,, and C’CC,,, which prevents constraint 

incompatibility. Thus, something must be known about the noise in order to soften C. 
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Geometrically, the size of the constraint set is increased so that C, is ensured to be 

nonempty. An example ofa softened constraint is given in Section 2.5.2. 

The process of softening constraints can be compared to redefining convergence 

introduced in Section 2.4. The process of softening constraints is applied to only the 

constraints that are known to be dependent on the observed signal. Other constraints that 

are known to be correct are not affected. Redefining convergence is like softening the 

solution set rather than a particular constraint. The final solution does not have to satisfy 

constraints used in the algorithm. Although the iteration will move toward solutions that 

satisfy constraints the final solution must only be a signal that, when distorted, produces a 

realization of the additive noise. If it is important that the reconstructed signal satisfy the 

defined constraints, the individual constraints should be softened. 

2.5.2 Prototype Signal-Based Constraint 

The reconstructed signal may be known to be similar to a known signal. This 

knowledge may be used to constrain the reconstructed signal. Sezan et al. [Sezan 1990] 

define a prototype image-based constraint to be of the form, 

c={r:lf,-sf <a} (2.40) 

where f, is the prototype signal, and 6 is an upper bound on the variation of the signal 

from the prototype. The signal f, is found by applying an operator O to the observed 

image. A confidence measure 6 is defined, that is the expected variation of the known 

image from the prototype image. Thus, the constraint defined in (2.40) becomes, 

c={floy— sf <cv} (2.41) 

where, 
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= E||Oy x] (2.42) 

and c>1 and is a confidence measure of whether yeC. The operator O defines the 

constraint and ‘¥ must be known a priori unless certain simplifying assumptions are made 

about the expected value in (2.42). 

The constraint in (2.40) is a softened constraint. To see this, let 

Cuma LSS = So 
2 (2.43) 

-1/|s,- #0 =o} 

The hard constraint C,,,,, forces the iterated signal to be equal to the prototype signal. If 

we assume that differences between the observed signal and the prototype signal are the 

result of noise, we can soften C, 

Coop = { t:lt,-s] 5} (2.44) 

The soft constraint C,,, includes C,,,, and allows for the original signal plus realizations 

of noise with noise power 6 and is identical to the constraint in (2.40). 

Let e, = f,—f where f, and f are defined previously and e, is then the error 

between a signal and its prototype. The constraint in (2.40) is then equivalent to placing a 

bound on the variation of e,. The soft constraint C,,,, is not limited to placing a bound 

on the variation of e,; it can be any closed convex constraint that restricts e, somehow. If 

a constraint is closed and convex, it can be applied to f as well as to f — f,. 

In this thesis, the observed image is used as a prototype, so that f,=y and 

e,=y-x. Thus, the prototype signal is a distorted version of the original signal. Let 

€,. = y-X,. The computation of e,, requires that y be stored during the entire 

reconstruction. Knowledge about e, is transmitted and used during the reconstruction 

process. 
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2.5.3 Global versus Block Constraint 

During distortion the signal is split into blocks. A constraint may be applied to 

either the entire signal or to each block of the signal. For the same constraint, block 

constraints require more a priori information than global constraints because there is 

usually more than one block in a signal. Block constraints require the same a priori 

information to be transmitted for each block as that transmitted for a global constraint. 

On the other hand, a block constraint may be more effective than a similar global 

constraint so that the fidelity of the final reconstruction may well determine a combination 

of global and block constraints to be most effective. 

2.6 Image Fidelity Measures 

It is important to have an objective measure of image distortion in order to 

compare the effectiveness of different reconstruction procedures. A common measure is 

the mean square error defined by, 

e = 1 yy KK, —*,,)y (2.45) 
NM =a od oJ 

where the x, represent the NxM original image and the x, represent the distorted image 

or reconstruction. The mean square error in (2.45) can be approximated by, 

e = SS (x, —X. y 
™ ~ NM ny (2.46) i=] j=l 

= MS(x - x) 

Other error measures may be defined such as absolute error or maximum error. However, 

it is known that these error measures do not reflect subjective evaluation [Mannos 1974]. 

We would like to evaluate distortion to reflect the subjective evaluation by humans. 
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Mannos and Sakrison [Mannos 1974] note that although the visual system is not 

linear, it may be treated as such after an initial nonlinear transformation. They suggest the 

initial transformation, 

f(x)=x"8 (2.47) 

followed by a linear spatially invariant operation, 

A(f, ) » 2.6[0.0192 +0.114 f,Jexp|-(0.1 14 f)"| (2.48) 

where 

fe=Yhe th (2.49) 

The parameters in (2.47) and (2.48) were chosen to reflect subjective evaluations of 

various images. Thus, a subjective evaluation may be obtained after applying (2.47) and 

(2.48) to the image. 

The above human visual system error measure will not be implemented in our 

simulations. Instead, mean square error is used as an initial indicator of the success of a 

particular algorithm. Images are then included for the reader's subjective evaluation. 

2.7 Error Signal Characteristics 

The reconstruction process is meant to produce the original signal, 

x=Fyx+P ix (2.50) 

from the observed signal, 

y=hx (2.51) 
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Thus, the error signal, 

e.=P.x (2.52) 

is orthogonal to the observed signal. In Section 3.1, a constraint will be defined that 

forces F,x, = y. Furthermore, let, 

Cn =P Xy (2.53) 
m 

Thus, to reconstruct x, e,, =e,, >. It is therefore reasonable to include constraints 

on €,, and so we examine a few of its properties. 

If the basis vectors of 1 are formed from the discrete cosine and Haar transforms, 

the probability density function of e, is modeled well as Laplacian [Khanna 1990]. The 

Laplacian probability density function can be specified with one parameter a as follows, 

p.(2)= 56 (2.54) 

and has variance, 

o, = 5 (2.55) 

In general, the signal P,x,, will not have a Laplacian density function. Indeed, the first 

iteration has all elements zero in P.,x,. Therefore, it is desired to modify this component 

of x, to have a Laplacian density function defined by, 

a= (2.56) ss 
O,. 

where o¢ is known a priori. 
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The RRP procedure always removes the DC component from the image block x 

[Khanna 1990]. Thus, e, must have a mean of zero. This fact could be used as a 

constraint but is actually included in another more powerful constraint which is introduced 

in Section 3.1. Also, the probability distribution function is double sided and centered at 

zero and so has zero mean as the probability distribution indicates. 

We will see later, in Section 3.1, that D,,, always removes energy from x. For 

now we can see from (2,50) that, 

|x|° = |x + |P.x/   

  

(2.57) 

Thus it should be clear that the reconstruction process must add energy back into y in 

order to obtain x. Typically, the iterated signal will have less energy than the original. 

However, simulations show that this is not always the case. 

2.8 Quantization of a priori Information 

Let C be defined such that, 

C={f:F(f)>k} (2.58) 

where F'( f ) is a linear or nonlinear function of f. It is beneficial to quantize k >0 such 

that the required a priori information of C is decreased to a sufficient level to make 

reconstruction from a priori information advantageous. We may assume &k to be 

quantized to QO[k] leading to 

C={f:F(S)= O[k]} (2.59) 

Let k& be a continuous variable with probability density function p,(k). The continuous 

variable & is to be represented by a set of Q reconstruction levels such that, 
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Olk]=r[u, - u,,.] i=l,...,0 (2.60) 

where r, is the 7” reconstruction level, d, <7, <d,,,, and d, is the i” decision level. The 
i+1? 

objective is to find d, and r, for all i that minimizes ||k — Q[k]|’. The solution cannot be 

found in closed form and a numerical approximation procedure can be found in 

Shanmugan [Shanmugan 1988]. 

The quantized variable Q[k] is a noisy version of & so that the constraint C is 

moved, just as a constraint that is dependent on the noisy observed signal is moved. As 

mentioned earlier, the noisy information may cause constraint incompatibility. To 

eliminate the possibility of incompatibility, the quantized constraints can be softened to 

include expected noise from the quantization process. 

The constraints can be softened for the reconstruction process (on the receiving 

end) because the noise from the quantization process is known. Furthermore, the 

quantization process itself can be modified to produce softened constraints by restricting 

the selection of the reconstruction levels. This is a suboptimal quantization process and 

corresponds to modifying the noise so that constraint incompatibility will not occur. The 

noise is used to soften the constraint so that CCC. This will cause a degradation in the 

effectiveness of the constraint depending on the degree of quantization. 

The particular modification to the quantization process depends on the constraint 

whose a priori information is being quantized. For the constraint defined in (2.58) the 

appropriate method is to choose each reconstruction level such that r,=d, so that 

Q[k]< and the constraint is softened. 

The reconstruction and decision levels on the transmitting and receiving ends can 

be computed using the same algorithm, based on a known probability density function so 

that the reconstruction and decision levels do not have to be transmitted. Transmission of 

a parametric representation for the probability density function is all that is required. 

Recall that for the Laplacian, only a single parameter is needed. Even if the quantization 
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process is modified as described above it is possible for both ends to do this modification 

because it is only dependent on the particular constraint not on the quantized variable k. 

The levels depend on p,(k) which varies from one constraint to another. 
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Figure 2: Projection Onto Convex Sets 
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3.0 Constraint Definitions and Projection Operators 

  

Chapter 3 lists constraints which can be used with the POCS algorithm and are 

useful to the reconstruction of an MBR distorted signal. Our goal is to define 

constraints that use little a priori information yet severely limit the size of C,, the 

intersection of all constraint sets. The smaller C, is the more likely we are to get a 

good approximation to the original signal. Ideally, we would like only one signal in 

C,. In this case the reconstruction would be exact. However, this uniqueness is 

difficult and costly in terms of a priori knowledge. 

The POCS algorithm is guaranteed to converge only if all of the constraints 

forming the composite projection operator are closed and convex. If one of the 

constraints is nonconvex, the algorithm is not guaranteed to converge. However, using 

a nonconvex constraint may significantly increase the convergence rate when 

convergence does occur. Convex constraints in the composite projection can improve 

the likelihood that the POCS algorithm will converge when the composite projection 

contains a nonconvex constraint. All but one of the constraints introduced in Chapter 3 

are closed and convex. 

The information requirements of each constraint are discussed. Each constraint 

requires a priori knowledge about the original signal which may be transmitted along 

with the observed signal as side information. However, some a priori knowledge is 

understood by both transmitter and receiver and does not have to be transmitted. For 

example, knowledge that the original signal is known to always originate from an 

image can be used to form a constraint that always forces all elements to be positive. 
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In this case, no a priori information needs to be transmitted because the signal is 

known to always contain positive intensity values. For purposes of computing the 

maximum information requirements, the intensity values of the original signal x are 

assumed to be in the range [0,255]. 

A projection operator is defined for each constraint. Also, some constraints 

may be applied to both the prototype signal and the original signal. If the constraint 

can only be applied to one or the other, it is indicated. 

3.1 MBR Constraint 

As alluded to in Section 2.4, the distortion operator D, may be included as a 

constraint as follows, 

C={f:y=Df} (3.1) 

where y is the observed signal. Thus, when a signal that belongs to C is distorted by 

the distortion operator D, that operation produces the observed signal. If D is singular 

there are an infinite number of signals that, when distorted, produce y. Let the 

distortion operator be D,,,. and compare the distortion operator in (2.12) to the 

projection in (2.9). Then, 

Crme ={h:y =P St} (3.2) 

Assuming no noise, the observed signal belongs to Cy... However, in general x, does 

not belong to C,,., and so the constraint in (3.2) is used. 

The MBR projection [Safar 1988] is given by, 

Pyer& = V+ Fis 

=yt+ll-Flg (3.3) 

=y+g-Fg 
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where Fg can be computed using the definition of A, in (2.9). Also, Safar [Safar 

1988] discusses a more efficient method for computing £,g. The MBR projection 

produces two terms, the observed signal y and the portion of g that is orthogonal to 

M, Fg, which is the part that must be reconstructed so that hg» Aix. When Prop 

is used in the composite projection operator, it forces fx, =#,x, but the latter does 

not affect P..x, because, the projection Pi=,, adds Px, to y=F,x. The projection 

operator in (3.3) requires that y be stored in memory during reconstruction. 

If y is noisy, Cige, may be softened to include the signal plus possible 

realizations of the added noise [Beex 1983, 1984]. The softened constraint may also be 

used when the Recursive Residual Projection (RRP) procedure is used to approximate 

the MBR projection, because the RRP procedure does not produce an exact projection 

and therefore may be regarded as a noisy version of the MBR projection. 

The observed signal y is a linear combination of K vectors chosen from L, NxN 

unitary transforms. Thus, the observed signal may be written, 

y=, (3.4) 
i=] 

where y, is the linear combination of the J<K basis vectors from the i” transform. 

Also, let /,, =f where f EC yer, ie. f satisfies the softened MBR constraint. The 

projection of the reconstructed signal onto ™ can be expressed similarly, 

L 

tn = Si (3.5) 
i=l 

where jf, is the linear combination of the J<K basis vectors from the 7 ” transform. 

The expansions in (3.4) and (3.5) allow us to place bounds on the additive noise 

corresponding to each participating unitary transform. Assuming the additive noise to 

be uniformly distributed, the soft constraint Cuer may be defined as follows, 
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Cree =( yp, ~ Su, \<e, Vi ef,z}} (3.6) 

where e, is the positive square root of the constant noise power corresponding to the i” 

participating transform. 

Let 2, =F, so that the projected signal g, , can also be expanded similar to /, 

in (3.5). Safar [Safar 1988] shows the soft projection operator P,,, to be, 

    

    

Pyar 8 = g+ D0 — &n, ) (3.7) 

and, 

0 Yr, ~ &m, | <e, 

Sy, Yn - 8m, | e (3.8) 

pn &,| : 

If e, = 0 then (3.6) is equivalent to (3.2) which can be seen as follows, 

    Ys, ~ Fun |= 0 (3.9) 
Vr, = Sing 

so that, 

L L 

Lr, = DS, 
i=l j=l 

y= Sn (3.10) 

=F f 

and (3.8) reduces to s, =1 so that (3.7) is equivalent to (3.3), 
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_ L L 

Pre & = 8+ Dr, - 28m, 
1 j=l 

=St+yV-&n (3.11) 

=gt+y-Fg 

=f ypr& 

Thus, the hard MBR constraint C,,,, is a special case of the soft MBR constraint Cys 

where e, = 0, i.e. no additive noise exists. 

The MBR projection operator defined in (3.3) requires the observed signal 

which is a linear combination of K < N basis vectors. Thus, we must know which K 

vectors from a possible L basis vectors, as discussed in Section 2.1, along with their 

corresponding magnitudes in order to obtain the observed signal and to compute 7g in 

(3.3). 

3.2 Positivity Constraint 

Let the positivity constraint C, be defined by [Youla 1982], 

Crp={f:f,2K Vie[0,N-1}} (3.12) 

where K represents the minimum intensity value that may occur in the original signal 

x. The constraint C, is used for signals derived from digitized images because the 

intensity values have a minimum defined for the receiver and the transmitter, and it 

typically equals zero. For example, a digitized image may have intensity values zero 

and greater whereas others may have intensity values one and greater. 

The positivity projection P, is defined as follows, 

&i &i 2K 
Pg, = . 
P&i ‘f g, <K (3 13) 
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The constraint C, can be enforced without transmission of any a@ priori information 

because K is known by both the transmitter and receiver. The positivity constraint C, 

cannot be used to constrain the error signal e,, because the lower bound of e, is not 

constant from one signal to another. 

3.3 Extremum Bound Constraint 

Let the extremum bound constraint C,, be defined by, 

Cw ={fib<f,<a Vie[0,N-1]} (3.14) 

where, 

a =max(e,) (3.15) 

and 

b= min(e,) (3.16) 

The extremum bound projection PF, is performed element-wise, 

a g,>a 

Pupf; = 4 &; asg,<b (3.17) 

b g,<b 

The two parameters, a and 0}, are required for the extremum bound projection P,, and 

may be quantized. The error signal e, has no bounds because the probability density 

function of e, is Laplacian. However, the error signal is unlikely to have a magnitude 

greater than the maximum intensity value in the image. Therefore, we assume that the 

error signal is in the range [-256, 255] and 9 bits per N pixels are required to transmit 

each of the parameters. 
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3.4 Maximum Energy Constraint 

Let the maximum energy constraint C,, be defined by, 

    

  

N 

CF EUAr =| (3.18) 
i=l 

where, 

N 

p= > e (3.19) 
i=l 

The maximum energy projection P, is, 

p 2 78 lel > 
Pg =4\ al (3.20) 

g lel! <2” 

One parameter, p’, must be transmitted with the signal. If we assume that each 

element of the error signal is in the range [-256, 255], then the square of an element of 

the error signal requires 16 bits. The parameter p’ requires 16+log,N bits per N 

pixels. 

3.5 Zero Crossing Constraint 

The zero crossing constraint C, was introduced by Safar [Safar 1988]. It is 

desired to define the set of all discrete signals that have zero crossings at specified 

locations in the signal. A zero crossing consists of a change in sign between 

consecutive elements either from positive to negative or from negative to positive. 

Thus, a zero crossing consists of two elements of opposite sign. Let f, be the first 
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element and f,,, be the second where i represents the location of the first element. 

Then the location 7 zero crossing constraint C,(7) is defined by, 

C,(i) = {f-sign(f,) = s,;sign( fin) = —5,} ie[N-1]  — @.21) 

where, 

—l i, <9 
sign( f,) = {i f20 (3.22) 

and 

Ss, = sign(e, ); (3.23) 

where 7 is the location at which a zero crossing is to be enforced. The parameter s, is 

known a priori and is based on the error signal because x is nonnegative and therefore 

does not have zero crossings. The projection for the zero crossing constraint C,(7) is, 

& 

sg, 
P,@)g = -s\g | 

t {itl 

(3.24) 

    &N La al 

Each zero crossing constraint C,(7) requires the location of an element 7 in the 

signal and the sign s, of that element to be transmitted. The location requires log, NV 

bits and the sign of the element requires 1 bit, resulting in a transmission requirement 

of 1+log, N bits per N pixels. 

Let L, be a set of 7 locations where zero crossings are known to exist and let 

C,, be the intersection of multiple C,(i) constraints where each C,(7) constraint 
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enforces a zero crossing at a different location i¢Z,. The constraint Cz, enforces a 

zero crossing at each location in L,, 

C, = (IC) l<j<N-1 (3.25) 
icLz 

so that Cz, enforces j zero crossings in the signal. The projection operator for Cz, iS, 

P,g=|[[h.@sg (3.26) 
ieLz 

The signal F, g is the same regardless of the ordering of the j individual zero crossing 

projection operators, F, (7). 

A signal may have up to N-1 zero crossings. If some subset of the total number 

of zero crossings is constrained, it is beneficial to constrain the zero crossings that are 

more important to reconstructing the signal. The most important zeros are the zero 

crossings that add new information to the reconstruction. However, it is difficult to 

determine analytically which zero crossings are more important than others because it 

will depend on a number of nonlinear constraints that are involved in the 

reconstruction. Two criteria for choosing a subset of zero crossing locations are 

defined, 

Criterion 1. The / zero crossings per signal that have the largest 

distance between the intensity values of the two elements 
forming the zero crossing. 

Criterion 2. The j zero crossings per signal that have the smallest 

distance between intensity values of the two elements 
forming the zero crossing. 

The criteria are compared in terms of mean square error in Chapter 4. 
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The constraint Cz, does not prevent zero crossings from appearing elsewhere in 

the signal where there were none in the original signal. It simply enforces some (or 

all) zero crossings where they are known to exist according to a priori knowledge. 

If Cz, enforces zero crossings at two or more consecutive locations, some of the 

a priori information used to enforce Cz is redundant. This can be seen by examining 

the definition of Cz, in (3.25) for the case of 7=2. The a@ priori information enforces 

the sign at locations i and i+1 and the next zero crossing enforces the sign at locations 

i+1 and i+2. Thus, information about the sign at location i+1 is redundant and it 

would be beneficial to transmit sign information about another location, possibly 7+3 

instead of 7+1, or to pick another zero crossing altogether. 

The zero crossing constraint, C, enforces j zero crossings so that 

J(it log, N) bits per N pixels are required for transmission. 

3.6 Sign Constraint 

The zero crossing constraint C,(7), enforces the sign of the two consecutive 

elements that define a zero crossing. If it is desired to constrain all zero crossings it 

may be beneficial to transmit the sign of every element, instead of a location plus a 

sign, which allows every zero crossing to be enforced without transmitting the location 

of every zero crossing. Also, the sign constraint allows only those zero crossings that 

are known to have existed in the original signal. 

One other drawback of the zero crossing constraint is that C, requires location 

information. The locations of zero crossings in the signal cannot be predicted in 

advance. However, the sign of a specific element may be enforced without 

transmitting the location of that element. For example, we may enforce the sign of the 

third element in the signal. The definition of the constraint contains the location that is 

to be enforced. 
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Following this reasoning, let S, be the set of the first j locations in g, i.e. 

5S; =[1,j]. Let Cs, be defined by, 

Cy ={f:sign(f)=s, VieS,} (3.27) 

If j= WN then the sign of every element is constrained. Let P, =F . 

The projection F; onto the sign constraint Cs, is implemented element wise as 

follows, 

Pg, = (3.28) Jj 

(ne ieS, 

igS, 

The projection in (3.28) requires one bit for each element g, for which icS,, 

to indicate the value of s,._ Thus, the number of bits required to implement the sign 

constraint Cs, is the number of locations in S,, or j bits per N pixels. 

3.7 Spike Constraint 

A location in a signal in which the magnitude increases significantly and then 

decreases down close to where the signal started is referred to as a spike. A spike is a 

fairly vague term and the definition below is motivated by a desire to improve on the 

zero-crossing constraint. Thus this is not the only way to define a spike constraint. 

A spike is defined over three consecutive elements denoted j—1,7,i+1 where 

2<i<N-1. Leti denote the location of a spike in f, 

C soe = if: sign( f,_,) = sign( f,.,) # sign(f,) and A 2 K} (3.29) 

Thus a spike is equivalent to two consecutive zero crossings with the magnitude of the 

middle element, /,, constrained above a constant. In fact this definition may allow 
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features to be enforced that do not look like spikes. This definition is also motivated 

by an extension to the zero crossing constraint. The spike projection operator is, 

  

Si lZ..| 

Pop Si =4 a (3.30) 
~Si41 Sia1| 

g, otherwise 

where, 

K \g,|<K 
= (3.31) 

* (: lg,| 2K 

The intersection of multiple spike constraints C,,, where each C,, constraint 

enforces a spike at a different location is the set of all signals that have spikes at the 

specified locations. Let 

Cope, = (Com i<j<N-1 (3.32) 
1 

so that C;,,, enforces j spikes in the signal. The spike constraint projection operator 

Ps pk 1S, 

j 

Prpe, = | | Pope (3.33) 
1 

As with the zero crossing constraint C,, it is difficult to determine which spikes it is 

best to enforce. However, it is reasonable to assume that spikes which constrain f, to a 

larger K will lower mean square error more than spikes which constrain f, to a 

relatively small constant XK. Therefore, spikes are selected according to the rank order 

of the magnitude of the middle element, with the highest magnitude selected first. 
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The parameter K varies for each spike that is enforced over a range of [0, 255] 

and so the location for each spike (at log, N bits/spike) and the parameter K (at 8 

bits/spike) must be transmitted for each spike that is to be enforced in a given block. 

Thus, a total of j(8+log, NV) bits per N pixels are required for transmission. 

3.8 Minimum Absolute Deviation Constraint 

Let the minimum absolute deviation constraint C,,, be defined by, 

Cra ={SNPS)|24@ VielLNI (3.34) 

where, 

a= min|e, | (3.35) 

and is known a priori. 

The C,,, constraint must enforce the sign of each element because e, contains 

both positive and negative elements. Consider the set, 

C={fifjza ief,Ny} (3.36) 

The constraint C is not convex. To see this, consider two signals, /,g €C, each with 

elements f, >a and g,<-a. The constraint C is convex if f'’ = uf +(1- ug is also 

an element of C for all O< <1. However, f'’¢C because the element f’=0 if 

= ZF The parameter yw is always positive because both the numerator and 
8 Ji 

denominator are negative. Also, the parameter w is always less than 1 because 

lg,|<|g,-f|. Therefore, 0< <1 and C is not convex. Constraining the sign using 

the sign projection operator P, in (3.34) prevents this case from occurring. 

The minimum absolute deviation projection P,,, is defined by, 
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sa (P.2),|<a aan 
otherwise 

The constraint C,,,, enforces the sign plus a minimum magnitude a, for every element 

in the signal, so C,,, requires a relatively large amount of a priori information. The 

sign of every element s, and the parameter a must be transmitted to implement the 

minimum absolute deviation projection operator P,,,. Thus, the requirement for 

transmission is 1 bit per pixel plus 8 bits per N pixels or 8+ N bits per N pixels. 

The information requirements of P,,, are relatively large. Another disadvantage 

of C,,, 18 that edges are missed entirely. The smallest magnitude is enforced element- 

wise. A signal with an edge will have both small and large magnitudes. Therefore, no 

information about the high valued elements is enforced. The high valued elements 

contribute more to the mean square error than the low valued elements. 

The advantage of the minimum absolute deviation constraint C,,, 1s discussed 

when the histogram constraint is introduced in Section 3.12. 

3.9 Minimum Increase Constraint 

The minimum increase constraint C,, attempts to reconstruct edge content by 

detecting the location of sudden increases in the signal and enforcing the increases in 

the reconstructed signal. The increase is forced to be larger than some minimum value, 

K. Let the minimum increase constraint C,, be defined by, 

Cu =1h fin -F, 2K} (3.38) 

where the parameter KX, is a constant. Let, 

d; = (e, dist —(e,); i= l,....N -1 (3.39) 
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and /,,, be defined by, 

ly = {id,>K} (3.40) 

as the set of indices at which the increase exceeds the constant K. The minimum 

increase projection P,, , is then defined as, 

  

f, i€Iy, or, fel, and f,,-f,>K 

Pg fia} f,=tath * iel,, and f,,-f,<K (3.41) 

Sins +f, K 

a 2 2 

The set J,, is a priori information that must be transmitted, at a cost of log, N bits per 

index. 

The C,, constraint may be applied to blocks of a signal or to the entire signal. 

In either case, K may be adjusted to control the amount of a priori information that 

must be transmitted. However, if the constraint is applied to the entire signal, finding 

the value of K that produces the desired amount of a priori information is time 

consuming because the histogram of d,; must be computed. 

A faster method is to apply C,, to each block and let K = max (d, ) so that J,, 

contains one location. The parameter K must then be transmitted along with the 

location of the maximum increase, because K varies for every signal. Although this 

method is faster, it may not be as effective because a signal block where the signal is 

almost constant uses the same amount of a priori information as a block for which the 

signal varies widely. 

If the elements of e, are in the range [-255, 256] then according to the equation 

in (3.39), d, and thus K may range over [0, 512]. However, it is unlikely in practice 

that this will occur and the parameter K is represented over a range of [0, 255] and 
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thus requires 8 bits per N pixels. Thus a total of log, N bits to indicate a location plus 

8 bits to indicate the increase are required, or a total of 8+log, N bits per N pixels are 

required for transmission. 

3.10 Minimum Decrease Constraint 

The minimum decrease constraint C,,, is similar to the minimum increase 

constraint C,,, except now decreases in the signal are enforced instead of increases. 

The definitions are similar to those for C,, because f, is replaced with f,,, and f,,, is 

replaced with f,. Let the minimum decrease constraint C,,, be defined by, 

Cy =1h fin ~ F< K'S (3.42) 

where K’ is a constant less than zero. Let 

d; =(¢,), —(@, Dias i=1,..,N-1 (3.43) 

then J,,, is defined by, 

Lp = id, < K'} (3.44) 

as the set of indices at which the decrease exceeds the constant K’. The minimum 

decrease projection P,,, is then defined to be, 

  

Sf; i¢gl,, or f,—-f, SK’ 

Paphi=4 f= tath i€Iyp, and f,,-f,>K' (3.45) 

Fiat Fi K’' 
QoS Ht 

Fin 2 2 
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As in the minimum increase constraint C,,, the parameter K’ used in the Cy, 

constraint may be adjusted to control the amount of a priori information that must be 

transmitted. 

The definitions are the same as those for the minimum increase constraint C,,, if 

all inequalities are flipped, i.e. greater than symbols are replaced with less than 

symbols and vice versa, and the constant K is made negative. 

The transmission requirements for the minimum decrease constraint C,,, are the 

same as for the minimum increase constraint C,, so that a total of 8+log, N bits per N 

pixels are required for transmission. 

3.11 Mean Constraint 

Let the mean constraint C,, be defined by, 

Cy = {7 yl -6| (3.46) 

where / is a scalar and, 

B=—S(e.), G.47) 

and is transmitted with the signal. The mean projection P,, can be implemented by, 

Pu =F; yfe-da] (3.48) 

The mean constraint C,, may be useful to the reconstruction process because it 

can reduce or increase the energy in the signal. However, C,,CC,.. and because 

Pur Tequires only the observed signal y, the mean constraint C,, is of little use. 
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The mean of the error signal may range over [-256, 255] so that the mean 

constraint C,, requires 9 bits per N pixels. 

3.12 Histogram Constraint 

Histogram modification is typically used as an image enhancement technique. 

The intensity levels of an image may be spread over a small region of the dynamic 

range of the image. The result is an image in which much of the detail is hidden or 

imperceptible. Histogram modification attempts to rescale the intensity levels evenly 

over the entire dynamic range, thus making details more visible. This process enhances 

the contrast in the image and is called histogram equalization. 

Frequently, a distorted signal has a probability density function different from 

that for the original signal, and a more faithful reconstruction of the image would have 

a density function similar to the original density function. Furthermore, the histogram 

may possibly be specified with only a few parameters, making it especially easy to 

define the desired density function. Finally, Yenping et al. [Wang 1988] have shown 

that a histogram constraint can accelerate convergence in the initial iterations of an 

iterative reconstruction procedure by forcing the density function to fit the a priori 

density function. The process of transforming a signal with an arbitrary histogram to a 

signal with a specified histogram is called histogram specification. 

Let the Laplacian histogram constraint C,, be defined as follows, 

a _ Cu = {Ped) = Fe «| 3.49) 

where p,(f) is the probability density function of / and the Laplacian probability 

density function parameter a is defined in equation (2.56). The parameter a@ is 

transmitted with the signal. Thus, C,, is the set of all signals that have a Laplacian 
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density function. The Laplacian histogram constraint C, is convex if and only if, 

to, €C, and f, = uf, +(1- wf, implies that f, €C,,.. The characteristic function of 

a Laplacian density function is, 

a 

  Y (@)= (3.50) 
ao +a 

Let ¥, be the characteristic function of /,, 

(a) = Efe} 
_ E{ elhira-wyl | 

_ E{ eli } E{ eiXl-Mh } 

= ¥, (on) ¥,(a ~ on) 
oe oe (3.51) 
  

a +(ony & +(@- ony 
4 

a 

C+ao -2¢au+20 a) Lv +0 -20' +01" 
  

The last equality in (3.51) cannot be reduced to the form of the characteristic function 

in (3.50) so that f, does not have a Laplacian density function; i.e. f, ¢C, and 

therefore the set of all continuous signals that have a Laplacian density function is not 

convex. 

It is desired to find the transformation 7, such that, 

f=T(g) (3.52) 

where g is a signal with arbitrary probability density function p,(g), and f is a signal 

that satisfies the Laplacian histogram constraint C,. The transformation 7 will not 
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have the properties of a projection operator because C,, is not convex. Thus, / will 

not be the closest signal in C,, to g and f may also not be unique. 

For simplicity, the continuous case will be examined first [Woods 1981]. The 

results for the continuous case will then be translated to the discrete case. The correct 

transformation can be found by [Papoulis 1965], 

p(N=|P,(orE| (3.53) 
g=T '(f) 

The ordering of the pixel values must be preserved. That is, elements that have 

intensity values less than other pixels before the transformation should have intensity 

values less than those same pixels after the transformation. To preserve the order, 7 

must be increasing. 

If, 

G(g)= | p,(s)as (3.54) 

then, from (3.53), p,(g) = 1; 0<g<1, which is the uniform probability density 

function. Note that G(g) in (3.54) is the cumulative distribution function of p,(g) as 

shown in Figure 3. Regardless of what the original density function of g is, the 

density function of f after the transformation in (3.54) will be the uniform probability 

density. 

Now suppose the original density function is uniform and the desired density 

function is Laplacian. Figure 3 shows that the inverse transformation would be 

appropriate, 

f=F(y) (3.55) 

where / is the cumulative distribution function of /, 
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f=F;'(y) (3.56) 

and y is the original g transformed by (3.56) to a uniform density function, 

f = F,"(G(g)) (3.57) 

where g is the original signal with arbitrary density function and f is a signal with the 

desired density function. 

The transformation in (3.57) is used to convert from one continuous density 

function to another continuous density function. However, most applications are 

discrete. The transformation could be applied to every discrete point in the signal, 

however, this can be time-consuming even for moderately sized images. Instead, the 

points are quantized and then transformed. 

The continuous density function can be approximated [Hummel 1975, 1977] by 

a piecewise constant density as follows, 

_ Ps(8o,) 
P,(8) 

§ ju ~~ &; 
2, €18;,8 ju) (3.58) 

where gp is the point to which all intensity levels in the j” bin are assigned and, 

8541 

P;(Bo,)= | P,(z)az (3.59) 
&) 

Both the decision levels g,, and reconstruction levels gp, can be computed as 

described in Section 2.8 where we were concerned with quantization. The objective is 

the same; find decision and reconstruction levels that approximate the signal g by 

minimizing the mean square error between g and Q[g]. As noted in Section 2.8 the 

optimal decision and reconstruction levels cannot be found in closed form. However, 
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given the decision levels, the optimum reconstruction level gp is the centroid or mean 

of the data in the interval [g,,Z,.,). 

The distribution function can then be approximated by the following piecewise 

linear function, 

-g, j-l 

G,(8,)= ==" P, (o,)+ DP e(Bo)) (3.60) 
jt] J 

The first term in (3.60) can be approximated, yielding 

G,(B0,)= 5Pe(o,)+ 2 Ps(Ba) 3.61) 

without significant quantization error. The transformation is then, 

T(80,)=Fy (G,(8o,)) (3.62) 

The process of histogram specification from discrete to discrete signal is outlined in 

Table 1. 

For the Laplacian density function in (2.54), the cumulative distribution 

function F’,(f) is found, 

fo a 
F,(f)= Jee ds 

xem f<0 (3.63) 

I- sem f2=0 

Finding the inverse transformation for f(y) in (3.63), yields 
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“in(2F,( f)) f<s 
- 3.64 

, ~+in(2-2F,(f)) f>s “— 
a f 

The cumulative distribution is found at each quantized point using (3.63) and the new 

transformed quantization points are found using (3.64). 

An inherent limitation of the histogram specification technique is that if there is 

a discontinuity in the original cumulative distribution function then the rescaled signal 

will also exhibit a discontinuous cumulative distribution function at the corresponding 

transformed point. In other words, jumps in the arbitrary density function translate 

into jumps in the desired density function even when the desired density function is not 

expected to contain any jumps. 

A signal that is to be reconstructed using the Laplacian histogram constraint 

may have a discontinuous cumulative distribution function at zero, which would 

correspond to a jump in the distribution function at zero. Indeed, the error signal at 

iteration zero ¢,,, contains all zeros. The probability mass at zero is removed from the 

calculation of the distribution function and the rest of the points are transformed as 

discussed above and in Table 1. The probability mass at zero is not modified. Thus, 

the net effect is a transformation that produces an approximately symmetrical Laplacian 

probability density function instead of a nonsymmetrical density function that is 

produced if the probability mass at zero is transformed also. 

The Laplacian histogram constraint C, may cause divergence as the mean 

Square error decreases because C,, is not convex. A tolerance is built in to remove the 

constraint from the iterative process before divergence occurs. The function of the 

histogram constraint is to add energy into the image, which for a zero mean signal will 

increase the variance. Thus, when the variance approaches the a priori variance the 
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histogram constraint is no longer needed and is likely to cause divergence. A tolerance 

that works well in practice is, 

P.g=4° rn, 2 OBO, (3.65) 
ee T(g) otherwise 

where the iterated error signal e,, is defined in Section 2.5.2. 

It is important to remember that C,, is statistical in nature. For a typical image, 

the density function of the error signal is not exactly Laplacian, which is another cause 

of divergence in the reconstruction algorithm. For example, the histogram 

specification process attempts to make the probability density function symmetrical 

because the specified density function is symmetrical. In general, this will be 

inconsistent with the data, because there is no reason to assume that a single realization 

of the error signal has a perfectly symmetrical density function. 

Furthermore, the projection in (3.65) contains a tolerance that is defined using 

the variance of the global error signal e,. The signal g must be large enough to make 

this statistically-based tolerance meaningful by closely approximating the Laplacian 

probability density function. The tolerance will not work well for short blocks because 

the variance of an individual block may be below 0.80°., or above o.,. If the 

Laplacian histogram constraint is applied to individual blocks a better tolerance may be 

obtained by defining a variance for each block. 

The histogram constraint is advantageous because it has a global effect on the 

signal and it has the ability to add large amounts of energy into the signal in the early 

Stages of the iterative reconstruction algorithm with little a@ priori knowledge. 

However, because the histogram is a statistical characterization, and because the 

constraint is not convex, the constraint may cause divergence as the error between the 
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original and its reconstruction decreases for any particular signal block. Therefore a 

tolerance is built into the constraint based on the variance of the reconstructed image. 

The histogram projection /,, requires only the transmission of the variance of 

the error signal Co, The mean of the error signal is zero, as discussed in Section 2.7, 

so that the variance is the sum of the squares of every element in the image. Thus, the 

variance does not have a bound and may be quite large. Therefore, the variance is 

mapped into a finite range by the arctangent function as follows, 

= tan"(o2 ) (3.66) 

and the parameter @ is transmitted using 16 bits to represent the range |- 4) 
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Table 1: Histogram specification 
  

  

1. For a signal g, with an arbitrary density function p,(g), calculate bins and a 

quantization point gy, for each bin. Steps 2 - 4 are applied to each bin. 

2. Compute the cumulative distribution function G,(g,) using (3.61) and 

normalize to 1 by dividing by the total number of elements in g. 

3. Pass G,(gp ) through the precalculated inverse of the cumulative distribution 

function of / as in (3.62), to yield 7 ( 8). 

4. Move all points in the i” bin of g to T ( go):   
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4.0 Simulation Results Using the Different Constraints 

  

In this chapter, the constraints defined in Chapter 3 are compared to one another 

in terms of both the resulting mean square error and the image quality. It is not 

feasible to obtain analytical results to make these comparisons because the constraints 

are in general nonlinear. Furthermore, Projection Onto Convex Sets requires iteration 

between two or more constraints. Therefore, the effectiveness of one constraint cannot 

be compared to the effectiveness of another constraint directly, instead, a set of 

constraints must be compared to another set of constraints. Thus instead of attempting 

to produce analytical results we set out to obtain performance results from simulations 

and attempt to generalize these results to applicability to other images. 

Section 4.1 compares the performance of sets of constraints in terms of ensuing 

mean square error and rate of convergence. In Section 4.2 the effect of different 

initialization vectors is discussed. The nonconvex histogram constraint is considered in 

Section 4.3. Finally, it is known that mean square error does not give a good indication 

of subjective picture quality, and therefore the last section investigates subjective image 

quality to a human observer. 

The simulations in this chapter use a test image. A subsection of an image is 

converted to a one-dimensional signal by extracting successive lines of the image. The 

image used is a 64 x 64 subsection containing the Mandrill's left eye [Matlab]. The 

signal is divided into blocks of 16 pixels and the RRP procedure is simulated by 

selecting two MBR coefficients to approximate the signal. The compression is 

simulated in that no actual quantization is performed on the signal. The unitary 
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transforms used in the RRP procedure are the DCT and Haar transforms. The signal is 

distorted by approximating the MBR representation of the signal and then the POCS 

algorithm of Section 2.5 is used to reconstruct the signal using a specific set of 

constraints. 

The constraints in the next section follow the order in which they were 

introduced in Chapter 3. Figures 4-15 and 18,19 are graphs that plot MSE (%) where, 

MS (x - x,) MSE (%)= Te 100 (4.1) 

versus number of POCS iterations. Mean square (MS) is defined in (2.46). All 

reconstructions are calculated for k =0,...,15 iterations where the zeroth iteration is the 

MSE (%) of the observed image, y. 

4.1 Closed and Convex Sets with MBR and Positivity Constraints 

The positivity constraint C, requires no information to be transmitted to 

calculate its projection. The original signal is known to be derived from a digitized 

image, therefore all elements of the signal are positive and C, can always be used to 

limit the number of feasible realizations. On the other hand, the distorted signal is a 

priori information that must be transmitted to implement the MBR constraint Cy. 

However, the type of distortion, namely D,,,, is known without it having to be 

transmitted. Therefore, C,,., and C, may be used in every reconstruction. 

If additional constraints are included in the composite projection operator, the 

resulting MSE will be equal to or lower than from the POCS performance resulting 

with the composite projection operator P=P,,,,P>, so the latter can be used as a 

standard to gauge the effect of additional constraints. 
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The composite projection operator P=P.,,P>, is used in POCS and the 

resulting MSE performance is plotted in Figure 4. The standard composite projection, 

Pyer Fp, 1S not very effective in reconstructing the signal, mainly because C,,,, does not 

affect e,, as noted in Section 3.1. Thus, any reduction in mean square error (MSE) is 

via C, which forces the relatively few negative elements in the image to be positive. 

The distortion operator implemented in this simulation is D,,>. This distortion 

operator is known to produce a noisy version of the signal that D,,,, would have 

produced. Therefore, instead of using the C,,, constraint, Cur should be used. 

However, at no time during these simulations did C,,,, cause constraint incompatibility 

and divergence of the POCS iteration. 

4.1.1 Zero Crossing Constraint 

Figures 5 and 6 each are based on POCS using F = Pype PP, P, = Prorls le, 

and P, = Pyerf,,P. The composite projections in Figure 5 use criterion 1 as defined in 

Section 3.5 for the selection of the zero crossings and the composite projections in 

Figure 6 use criterion 2. Both criteria produce similar results. Criterion 1 produces 

better results than criterion 2, however, in Section 4.5, we will see that this is not 

always the case. 

Each zero crossing that is enforced requires 5 bits of a priori information to be 

transmitted with the signal. Each of the PF, are enforced per block where N=16. The 

constraint, C, enforces one zero crossing per block and requires 0.3125 bit/pixel for 

the projection P,. Likewise, F, and P, require 0.6250 bit/pixel and 0.9375 bit/pixel 

respectively. Enforcing over 3 zero crossings is disadvantageous because C, enforces 

all zero crossings while requiring less information. 

Criterion 1 not only leads to lower MSE but also enforces more signs in the 

error signal. As mentioned in Section 3.5, if two consecutive zero crossings are 

constrained, the sign of the common element is transmitted twice. Table 1 lists the 
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number of actual signs that are constrained using the composite projection operators 

above. 

Table 2: Number of signs constrained by zero-crossing constraint 

  

Composite projection Number of signs constrained 
  

P= PyprP, Pp criterion 1 512 
  

P=PyppP,,Pp criterion 1 | 962 
  

P= PrpeP,,Pp criterion 1 1376 
  

P=PyopFP, Pp criterion2 | 512 
  

P= Pye’, Pp criterion 2 943 
        P= Pryor F,,Pp criterion 2 1348 
  

For both F, = PyerP,, Pp, and P, = Pipe, Fp, criterion 1 enforced slightly more 

signs than criterion 2, with the number of signs approximately 90% of the maximum 

that could have been enforced had the constraint excluded consecutive zero crossings. 

4.1.2 Sign Constraint 

Figure 7 shows the performance of POCS using F = Pypr?s.Po, Fy = Pree Ps Pp, 

and P, = PyprlsP,. Each of the P, in the projections are enforced per block. POCS 

using the composite projection P= Pyerls F performs slightly better than when using 

P=Piperb> alone and the final MSE decreases as the number of enforced signs 

increases. However, the MSE does not decrease smoothly as the number of signs 

increases, which can be seen by comparing the results using P=PyppP, Pp and 

P= PygelsPp. Each sign that is enforced requires 1 bit so that FP, , F;,, and FP, require 

8, 12, and 16 bits/block or for a block length of 16, 0.5, 0.75, and 1 bits/pixel, 

respectively. 
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To compare POCS performance using C, to C,, examine Figures 5 and 8. 

Each projection in Figure 8 uses the same amount of a@ priori information as the 

corresponding projection in Figure 5. However, for each projection in Figure 8 POCS 

performs better than with the corresponding projection in Figure 5 in terms of MSE. 

This better performance occurs for several reasons. The zero-crossing constraint C; , 

enforces 2 signs; C, enforces 3 or 4; and C, enforces 4 to 6 signs. The actual 

number of signs that C, and C, enforce depends on the signal and the selection 

criterion. The sign constraints C,, C; , and C,, always enforce 5, 10, and 15 signs, 

respectively. Because the zero crossing constraints always enforce fewer signs than the 

sign constraint for the same amount of a priori information, the only way in which C, 

would be better than C, is if the locations of zero crossings were more important to 

signal reconstruction than just sign information. The zero crossings may provide more 

information about the signal than just the signs but require so much more a priori 

information that the gain is turned into a loss of effectiveness. 

4.1.3 Spike Constraint 

POCS performance using composite projection operators containing C,,, is 

shown in Figures 9 and 10. Figure 9 compares results for F = PyprPsy,f> and 

FE, = PyerPs,fp. The constraint Cs,, is applied to every block in the signal. Not every 

block has one and two spikes as defined in Section 3.7. In this simulation, 

approximately 85% of the blocks had a first spike and 62% had a second spike. 

Comparing Figures 7 and 9, POCS using C;,, performs much better than using 

Cs in terms of mean square error while using the same amount of a priori information. 

The spike constraint C,,, places the magnitude of one element directly into the signal. 

This can also be seen by the difference in MSE from the zeroth to the first iteration. 

After the first iteration, the reconstructions converge more slowly because the energy is 

already in the reconstruction and is typically not removed by projections onto other 
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constraints. Also, the constraint C,,,. performs only slightly better than C,,, because 

the secondary spikes are of less importance than the primary ones. 

The spike constraint C;,, can be approximated by quantizing the magnitude of 

the middle element. Figure 10 shows the effect of quantization of the magnitude using 

uniform quantization. Sixteen quantization intervals are centered at zero so that there 

are eight intervals above zero and eight below zero. Only the size of the interval needs 

to be transmitted. The continuous C,, produces MSE only slightly below the 

quantized C;,,,. 

The magnitude of the middle element is quantized to 4 bits so that each spike 

that is enforced requires 4 bits for location and 4 bits for the magnitude, or 8 bits total. 

Thus, C;,,, and C;,,, require 8 and 16 bits per block or .5 and 1 bit/pixel respectively. 

4.1.4 Minimum Absolute Deviation Constraint 

A composite projection using C,,, is shown in Figure 11. POCS using the 

composite projection & = Pier P,,P> performs better than with the projection operators 

considered above. However, F=PiapP,,P> also requires much more a priori 

information than previous projection operators, well over 1 bit/pixel. The usefulness 

of C,,, is shown later when the nonconvex constraint, C,,, is considered in Section 

4.2. 

4.1.5 Minimum Increment and Minimum Decrement Constraints 

POCS performance using composite projections using C,, and C,,, is shown in 

Figure 12. For this simulation, P, = Pyar PypP> produced a somewhat better result than 

FB = PrprPial in terms of MSE. When used together, in PR, = Pipe Piling Pe, the two 

projections do very well in reducing the MSE compared to previously defined 

composite projections used in the POCS algorithm. 
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The constraints C,, and C,,,, in PB and P, above, are implemented as block 

constraints so that the increase and decrease constants are required for each block. The 

constants are quantized to 4 bits so that P,, and P,,, each require 4 bits for locations 

plus 4 bits for magnitude, or 8 bits total. For a block length N = 16, the projections, 

Pug and Py» each require 0.5 bit/pixel. 

The C,, and C,,, constraints may also be global constraints in which case the 

constant is transmitted once for the entire image. A global constraint constant K was 

chosen for the projection of P,, such that approximately 256 locations were enforced. 

This is the same number as are enforced by the block C,, constraint. Figure 13 

compares global versus block constraints in which Ff = Pippy, P and P, = PyprPia Pe 

where the P,, in F is a global constraint. Use of the global projection P,, decreases 

MSE a little bit more than use of the block projection P,, . 

Even though use of the global C,, constraint in POCS produces slightly lower 

MSE, it still may not be beneficial. The histogram of the increases must be computed 

in order to determine what the constant K must be to transmit a certain amount of a 

priori information. Furthermore, the coding of the locations in a global constraint C,, 

takes more a priori information than the coding of the block C,, constraint. 

4.1.6 Extremum Bound and Maximum Energy Constraints 

Use in the POCS algorithm of both P=P,,,,P,,P and P=Py5pP,P, does not 

help in the reconstruction of y because both C,, and C, are not used. For a constraint 

to be useful, the constraint must constrain the signal in some way. The signal x, 

always belongs to both C,,, and C, and thus the corresponding projections do not help 

in composite projections. However, C,, and C, will be useful in later sections where 

more than just closed and convex sets are considered. 
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4.1.7 Summary 

Table 2 summarizes the MSE produced by the POCS algorithm using each of 

the composite projections considered in the previous sections of this chapter. Small 

MSE decreases are produced by the use of P,, Pye, Ps, and P,. The first thirteen 

composite projections in Table 2 use combinations of these projection operators and 

decrease MSE between 5 and 8% because Cp, Crge, Cs, and Cz, do not introduce 

much energy into the reconstruction. Larger MSE decreases are produced by using 

projection operators that directly constrain the magnitude of elements in a block; F,,,, 

Pras Pup, and Py,. The last eight composite projections in Table 2 use C,,, Cyy, 

Cyp and C,,, and produce MSE between 14 and 40%. Use of the minimum decrease, 

and minimum increase constraints produces lower MSE than the use of C,, and 

requires less a priori information than C,,,. 
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Table 3: Comparison of projections containing convex projections. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

    

Composite Projection MSE Decrease (%) | Bit/Pixel 

P= PyprP> 5.012 0 

P= Pye, Pp (criterion 1) 5.744 0.3125 

P = Pree P,P (criterion 1) 6.254 0.6250 

P= Pur lz, Pp (criterion 1) 6.388 0.9375 

P= Pyorl, Pp (criterion 2) 5.258 0.3125 

P=Pyipr P, Pp (criterion 2) 5.798 0.6250 

P= Prorl,,Pp (criterion 2) 6.092 0.9375 

P= Prpp ls, Pp 6.525 0.5 

P= Prpe ls, Fp 6.748 0.75 

P = Prop Ps Pp 7.423 1 

P= Prypr Ps, Pe 6.284 0.3125 

P= PrprPs Pe 6.539 0.6250 

P= PrprPs Pp 7.25 0.9375 

P= Pye Py, Pp (discrete) 15.27 0.5 

P = Prpe Psy, Pp 18.51 1 

P= PrypePs,fp (continuous) | 14,72 - 

P = PrpprPruPo 22.66 

P = PrprPra Pp (block) 22.74 0.5 

P = P, prP pl 25.67 0.5 

P= PyprPvpP ul 39.15 1 

P= PrprPraPp (global) 24.1 -         
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Figure 4: MSE of POCS reconstruction using, 

P = Prose Pp 
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Figure 5: MSE of POCS reconstruction using zero crossing constraint, 

P= Pyprl ote, Py = Pyar ls, Pe, Po = Pryor! sp, criterion 1 
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Figure 6: MSE of POCS reconstruction using, 

FL = Purl Pe, P= PrarPs, Pe, B= Puarl,,f>, criterion 2 
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Figure 7: MSE of POCS reconstruction using, 

Ff = Prerls,f> ; £, = Prorls fp, P, = Pyar ls Pp 

  

P1: solid P2: dotted P3: dashed 

        

5 10 15 
Iteration 

Figure 8: MSE of POCS reconstruction using, 

F, = Fre Ps fp ; P, = PrprPs, Pp P, = Prep ls Fp 

Simulation Result 70



P1: solid P2: dotted 
12 + :   

  

  

      9.5 ! — 
0 5 10 15 

Iteration 
Figure 9: MSE of POCS reconstruction using, 

f= Prarlsp,t > » f= Pussr Psp, Pp 
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Figure 10: Comparison of continuous and quantized spike constraint, 

F, = Pree ls, Po (quantized), F, = Fyer PsP (continuous) 
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Figure 11: MSE of POCS reconstruction using, 

P= Pree Pvalr 
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Figure 12: MSE of POCS reconstruction using, 

Fo = PuprPralo, Py = PrerPuol>, % = Pupp PvP ra b> 
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Figure 13: Comparison of MSE of block and global minimum increase constraint, 

P= PrprPaa > (global), B = PrerPia lp (block) 

4.2 Initialization Vector 

The initialization vector that has been used in the previous simulations is the 

observed signal, 

Xo (4.2) y 

Px 

assuming no noise. With this initialization vector the error signal e,,, defined in 

(2.53) will be zero. If all the sets are closed and convex, POCS iterates to a solution. 

Just enough energy is introduced into the signal to cause convergence and once the 

signal satisfies all constraints the algorithm has converged and the signal is no longer 

modified. The solution will be equal to or close to the minimum norm solution. 
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However, there is no reason to assume that the minimum norm solution will be close to 

the original signal. 

A reasonable effort should be made to find constraints that introduce energy 

back into the signal because the initialization vector is known to start with less energy 

than the original signal. It is difficult however, to find constraints that do not require 

substantial a priori knowledge of how much and where to add the energy back into the 

signal. If the initialization vector were to begin with P.x, #0, earlier constraints that 

were ineffective could be used to remove the unwanted energy and to keep the desired 

energy that was inadvertently added to the signal. 

Thus, we would like to find an initialization vector that, after reconstruction, 

produces an image that, after reconstruction, is closer to the original image than to the 

observed image. It is not important that the initialization vector itself be closer to the 

original image than to the observed image. The only objective is to find an 

initialization vector that in the end consistently produces a better reconstruction than the 

observed image would have produced. 

It is difficult to determine without simulation which initialization vectors are 

advantageous because the composite projection is nonlinear. Two initialization vectors 

are introduced in the next two sections that produce better images after reconstruction. 

4.2.1 Observed Signal Plus White Noise 

Consider the following initialization vector, 

IT=ytn (4.3) 

where y is the observed signal and 7 is white noise of zero mean and variance, o-. In 

general, this initialization vector contains a component in 7 which is removed by Cyr 
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during the first iteration. The projection P,,x, is nonzero and constraints can be used 

to remove the unwanted portions of P.,.x,. In the simulations below, o, = 0%. 

The additive noise introduces energy into the signal. The reconstruction should 

remove any unwanted energy from the signal and keep the desired energy that 

corresponds to a feasible signal. The constraints involved in this reconstruction must 

be efficient at removing unwanted energy to prevent the MSE from increasing from the 

zeroth to the first iteration. It is important to remember that the algorithm is still 

guaranteed to converge to a solution. However, the constraints may not remove 

enough unwanted energy so that the MSE of the reconstruction is larger than the MSE 

of the observed signal. 

The standard composite projection, consisting of the two constraints C,,, and 

C,, does not remove enough unwanted energy to decrease the mean square error as 

shown in Figure 14. Through simulations it was found that using the sign constraint 

C, improved the mean square error when J, is used for initialization. During the first 

iteration C, removed enough unwanted energy from the signal that the MSE decreased. 

Figure 15 shows the error curves for 100 independent realizations of additive noise. 

Use of the maximum energy constraint C,, and the extremum bound constraint 

Crzz in POCS is effective in lowering the MSE even further. However, they require 

more a priori information; when C, is used the extra bit rate exceeds 1 bit/pixel if used 

with C, or C,,. Use of another composite projection, P=PyerPs Pp, yielded a 

reduced MSE for the simulation image when the initialization vector in (4.3) is used. 

However, the reconstruction did not converge for every test image. 

It is important to examine the effect that the use of the initialization vector J, 

has on individual blocks. The mean square error of the entire image, such as for 

example in Figure 15, does not show the change in MSE for individual blocks. 

Furthermore, the first iteration is our only concern, because the POCS algorithm is 

guaranteed to reduce MSE after the reconstruction process has begun. Figure 16 shows 
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the minimum and maximum MSE after the first iteration for each block, relative to the 

MSE at iteration zero, for the POCS reconstruction using Pip, over 100 

realizations of 7,. Thus, MSE above the zero reference line corresponds to an increase 

in MSE, i.e. where the additive noise worsened the signal reconstruction. MSE below 

the zero reference line corresponds to a decrease in error, i.e. where the added noise 

helped the reconstruction. 

In Figure 16, the order of the blocks is modified so that correlated blocks are 

next to one another in the plot. All of the previous simulations have produced the 

original signal by taking blocks from the first row of the image, then the second row, 

and soon. The modified original signal is produced by taking the same blocks but in a 

different order. The blocks are still sub-sections of a row and are transmitted down the 

first column, then down the next column, and so on. This produces a signal in which 

more of the pixels in a block are closer to more of the pixels in the adjacent block so 

that the plot in Figure 16 is smoother. Also, for any given MSE value in Figure 16, it 

is easy to find the corresponding block in the image. 

4.2.2 Observed Signal Plus a Constant 

Another ad hoc initialization vector is defined as follows, 

I= y+K (4.4) 

where K is a vector with length N and, 

K=-o, ,0,,,....0, | (4.5) 

With all elements equal to the standard deviation of the error signal, it is ensured that a 

constant is added to the signal that is not too large or too small relative to the other 

intensity values. 
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Comparing the result obtained with P, in Figure 15 with that for P, in Figure 

17, use of the initialization vector /, in POCS produces considerably lower MSE and 

increased speed of convergence than use of the initialization vector, /,. Furthermore, 

Z, requires only Cy, and C, constraints to lower the mean square error as shown in 

Figure 17. The variance of the signal must be transmitted for both initialization 

vectors. A reconstruction that uses J, requires other constraints, such as P,, to lower 

MSE, whereas using /, requires no extra constraints to ensure that the MSE decreases. 

The initialization vector J, does not necessarily help to lower MSE as a 

comparison of Figure 18 to Figure 12 illustrates. The reconstruction for which the 

MSE is given in Figure 18 uses /, but the performance is similar to that for the 

reconstruction which is initialized with the observed signal. Typically however, the use 

of /, lowered the MSE of a reconstruction significantly. 

Figure 19 shows the MSE after the first iteration for each block, relative to the 

MSE at iteration zero, for the standard projection using the initialization vector /,. 

The figure shows an MSE increase for some particular blocks but generally the MSE 

decreases. The places in the plot where the MSE did not change correspond to where 

the initialization signal was added, left unmodified by the constraints and then removed 

by Cir, because Cy,, removes any bias from the error signal to maintain a zero 

mean. 

Figure 20 shows the results obtained using P=P,,,P;P, and the initialization 

vector J,. Inclusion of the sign constraint P, in the POCS reconstruction prevents 

more MSE block errors from increasing as can be seen by comparing Figure 19 and 

Figure 20. Using P=P,,,P,P, and the initialization vector J, to reconstruct the test 

image, all block errors decrease during the first iteration except for block 102 which is 

slightly above zero. (Other test images contain more than one block for which the 

MSE increases.) This is because use of the sign constraint P, removes more unwanted 

energy from the initialization vector than use of the standard projection. Comparing 
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POCS reconstructions using P=P,,, P,P, for different initialization vectors, 7, yields 

lower MSE than the minimum MSE produced by /, for approximately 70% of the 

blocks. 
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Figure 14: MSE of reconstruction (50 realizations) using, 

= Puppet, = PyerPp with f,) 
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Figure 15: MSE of reconstruction (50 realizations) using, 

Fl = Pupp tsPo, P, = Fer lsP with J,) 
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Figure 16: MSE of POCS reconstruction using, 

P =P pp PP, with I, 
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Figure 17: MSE of POCS reconstruction using, 

Fo = Pypr Pos Fy = Pra Ps, Pes Py = Pree PsPp with Ty 
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Figure 18: MSE of POCS reconstruction using, 

P =P opPp Pg P> With I, 
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Figure 19: Difference in MSE between zeroth and first iteration, 

P= P.ppP with I, 
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Figure 20: Difference in MSE between zeroth and first iteration, 

P =P opP,P> with I, 
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4.3 Histogram Constraint 

POCS is not guaranteed to converge to a solution when the histogram constraint is 

used in the composite projection because C,, is not a convex set. Other constraints must 

be included in the composite projection to limit the divergence caused by C,, and to help 

guarantee convergence. By giving up the guarantee of convergence it is hoped that the 

nonconvex constraint will provide much better reconstruction than can be obtained using 

just closed and convex sets. 

Simulations show that the composite projection P,P, a, causes divergence. 

Other closed and convex sets will be required in the composite projection to force the 

iterations to converge to a feasible solution, i.e. one that satisfies all convex constraints 

and has an approximately Laplacian error signal. 

4.3.1 Cause of Divergence 

The ordering of the intensity values is of utmost importance to C,,._ This ordering 

is not modified when P, is applied to the signal. It is the actual intensity values that are 

modified so that the histogram of e,, has the correct probability density function. Now, 

suppose that an intensity value is higher than in the original signal. The usual effect of P, 

is to spread the intensity values outward, away from zero, so that when C,, is imposed 

that particular intensity value increases further away from its correct location instead of 

toward it. Likewise, intensity values that are lower in the original signal increase only 

slightly in intensity. However, this does not cause divergence. It is the first case that, on a 

larger scale, causes divergence. 

Thus, to increase the chances of convergence, the ordering of the intensity values 

should be as accurate as possible before C,, is imposed for the first time. The objective 

then becomes to find out which constraints impose the correct order on the error signal 
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é,,- By the term “correct order" we mean that the set of all pixels with magnitude greater 

than the magnitude of the i” pixel e, in e,, is equal to the set of all pixels with magnitude 

greater than e, in the original error signal e,. While it is unlikely that one or more 

constraints will impose the correct ordering, some constraints will do better than others. 

4.3.2 Convex Constraints that Prevent Divergence 

A POCS reconstruction using the projection P,P, ,5,/> diverges. To see why, 

consider Figure 21 which shows a histogram of the error signal e,, after the first iteration 

of the POCS reconstruction using the projection P,,.,P. The peak of the histogram is at 

zero and approximately 70% of the elements of e,, are identically equal to zero. The 

histogram constraint C,, does not affect zero elements. Futhermore, the elements that are 

not identically zero may not necessarily be the pixels that have the highest intensity values 

in the original error signal e,, i.e. intensity values that should be rescaled to larger 

magnitudes. Thus, divergence will likely occur. 

If x, is projected onto the minimum absolute deviation constraint C,,, before C,,, 

then C,,, imposes an ordering of the error signal intensity values that will prevent 

divergence when C,, is imposed. Figure 22 shows the histogram after the first iteration of 

= PrprPvulp. Approximately 1% of the elements of e,, are identically equal to zero. 

The variance of the error signal is still low, however, the order of the intensity values now 

reflects the error signal e, more accurately. Figure 23 shows a histogram of the error 

signal after P,, has been applied in addition. The density function now has a Laplacian 

shape as well as a much higher variance. The composite projection P = P,,PypePiyl> 

decreases the MSE by over 50% as shown in Figure 24. Unfortunately, C,,, requires over 

1 bit/pixel for the projection. The extremum bound constraint C,, and the energy 

constraint C, are useful in lowering the MSE even further, but it is undesirable to increase 

the already high transmission rate imposed by C,,,. 
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No other combination of convex constraints was useful in preventing divergence 

when C, is used. Therefore, it is surprising that using C, and C, in a POCS 

reconstruction causes convergence when J, is used as the initialization vector. Figure 25 

shows the MSE resulting from projection P = P,,PyepP;Pp used with /,, which produced 

the lowest MSE observed for any combination of constraints at slightly above 1 bit/pixel. 

Table 3 shows the MSE achieved by composite projections containing P, and FP, when 

combined with P,,. 

The energy constraint C, and the extremum bound constraint C,, help to lower 

the MSE, however, they do not significantly improve the convergence properties of a 

composite projection that contains C,. The MSE of the POCS reconstruction using 

P=PiPupels,Penh> and I, is shown in Figure 26. This projection requires the same 

amount of a priori information as the projection P=F,P,,,P,P, but the POCS 

reconstruction using the projection produces a higher MSE. 

The significant lowering of MSE by P= P,,PyppP,P>, using the intialization vector 

I,, is not typical. In other cases, C,, was shown to increase MSE as well as significantly 

increasing computation time. A good example is the POCS reconstruction using 

P= Py PryprPs Pugh and the initialization vector 7, shown in Table 3 which produces an 

MSE decrease of 35.62% as opposed to P= Pye Ps Py Pp using J, which produces an 

MSE decrease of 41.11% shown in Table 3. Thus, the histogram constraint C,, must be 

used with caution. The simulations in Table 3 show that close to 1 bit/pixel is required to 

force convergence when C,, is used and still the composite projection may produce a 

further decrease in MSE by simply removing C,. 
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Table 4: MSE decrease and bit/pixel required for projections containing C,, 

  

  

  

  

  

  

  

  

  

  

  

  

  

    

Composite Projection/Initializaton Vector | MSE Decrease (“) | Bit/Pixel 

P=PrpplsPo, L, 24.66 (average) 1.004 

P= PrgpPp, I, 5.822 0.004 

P= Prep bs fp, 1, 24.94 0.5004 

P =P ppPP,, 1, 49.24 1.004 

P =P opePpPaP, 1, 40.07 1.004 

P= PyprPsPralp, Li 41.11 1.004 

P= P,PyppP Pe 52.77 1.254 

P =P. PropPsP>, Ii 61.33 1.004 

P= PiPyprls,fp, L, 13.8 0.5004 

P= PyPypels,Pe, 1, 35.33 0.7504 

P= Py Pyppls, Pua, L, 35.62 1.004 

P = P,P ppP, Peg Pp, I, 66.38 1.504 

P= Py Pyprls,Pep Pp, 1, 20.83 1.004         
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4.4 Image Quality 

Just as important as reduction in mean square error is a subjective improvement in 

image quality. The end user will care little that the mean square error is reduced by 50% if 

details of the image are difficult to discern. Each constraint described above imposes 

distinct characteristics on the image so it is important to consider image quality obtained 

by using particular constraints. 

The test image and distortion are the same as described earlier. Figures 27 and 28 

are POCS reconstructions using the composite projection listed under each plot. If an 

initialization vector other than the observed image is used, that initialization vector is also 

listed under each plot. Each reconstruction is stopped after the fifteenth iteration. The 

same color map, which is a smooth transition from black to white, is shown above each 

plot. 

The distorted image is shown in the lower middle. The distorted image contains a 

noticeable number of negative intensity pixels. Plotting images, Matlab represents 

negative intensity values as maximum intensity values. As a result both negative and 

relatively high intensity values are displayed using white. A good amount of blockiness 

shows up as well. The intensity values of the undistorted image range in integers from 1 

to 220. Also, the original image is shown in the upper middle for comparison purposes. 

The composite projections are divided into two groups. Figure 27 shows the first 

group of reconstructions that require 1 bit/pixel of a priori information or less. The 

second group shown in Figure 28 requires more than 1 bit/pixel of a priori information. 
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4.4.1 1 bit/pixel or Less Required for a Composite Projection 

The minimal reconstruction in Figure 27 (a) produces a reduction in MSE of 

approximately 5%. It contains a bit of black spots that have replaced the white artifacts 

caused by negative pixel intensity. The positivity constraint C, forces these white 

artifacts to an intensity value of 1 (in Matlab) and the constraints used in the 

reconstruction are not enough to move the low intensity values away from the minimum 

so that they remain at an intensity value close to 1. Little of the blockiness has been 

removed and a reduction of 5.0204% in MSE is barely noticeable except for the removal 

of the white artifacts. However, no a priori information needs to be transmitted for a 

POCS reconstruction using P,,.,P, so it may be performed for every distorted image. 

The black spots are reduced a little by repeating the previous reconstruction with a 

different initialization vector, the result of which is shown in Figure 27 (b). The black 

spots still remain but have become smaller. The reduction in MSE is 5.8245% and there is 

little noticeable difference between Figures 27 (a) and (b). The variance of e, must be 

transmitted for this reconstruction which is quantized to 16 bits as described in Section 

3.12. The variance is transmitted once for the entire image so that the transmission 

requirement is 16 bits per 4096 pixels. 

The sign constraint C, helps little in the reconstruction shown in Figure 27 (c) 

even though C, uses 1 bit/pixel in its projection. As mentioned earlier, energy must be 

added to y to obtain x. Using C, does not add energy; instead it can only remove 

energy. The signal is not modified unless the sign is incorrect, in which case that element 

is set to zero. Both the MBR constraint C,,,, and the positivity constraint C, can add 

energy into the signal x,. However, little energy is introduced because the observed 

signal nearly satisfies both constraints. The positivity constraint C, is the only constraint 

that actually introduces some energy into the signal because 158 of 4096 intensity values 

which are negative are set to 1 by C, (in Matlab). Indeed, the sets formed by C,,,, and 
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C, actually contain y. Thus P= P,P, will not improve y at all, because y satisfies 

both constraints already. The slight decrease in error is because only small amounts of 

energy are being introduced into the signal initially by C, and later by C, and Cyr. 

As defined in Section 3.2, the C, constraint enforces a minimum K, in the signal 

x,. Normally the constant K is defined to be zero and C, only removes energy. 

However, Matlab defines the minimum possible intensity value to be one. Thus, the 

constant K equals one and energy is introduced into the signal if an element of x, has an 

absolute value less than one. 

The composite projection shown in Figure 27 (d) improves image quality by 

enforcing spikes in the signal. Much of the reduction in mean square error is due to 

intensity values being directly replaced in the signal. Some of the blockiness seen in earlier 

results seems to have been removed and the application of the spike constraint gives the 

appearance of more detail in the reconstruction, especially in the upper third of the image. 

Not all blocks contained a spike and still fewer contained two spikes. Thresholds may be 

set so that only information about those blocks that have spikes is transmitted. 

The reconstruction in Figure 27 (e) shows the effect of using the minimum increase 

constraint C,,, in the reconstruction. Edges are improved around the eye, however, they 

are too thin to improve subjective image quality. Still, the eye is more clearly defined. 

Much of the decrease in mean square error is due to intensity values being directly 

replaced. Some blockiness still remains in the image. 

The reconstructions in Figures 27 (f) and (g) show the image quality produced by 

the sign constraints C, and C, , respectively, with the standard deviation of e, added to 

the observed image y. The mean square error significantly decreased compared to the 

same POCS reconstruction using the intialization vector x,=y. Comparing the 

reconstructions shown in Figures 27 (c) and (f), the image quality in Figure 27 (f) is also 

much better than that in Figure 27 (c) with approximately half the a priori information. 
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Much of the blockiness has been removed with these two reconstructions. However, the 

edges are still only slightly improved. 

The reconstruction in Figure 27 (h) has good edges due to the minimum increase 

constraint C,, and the minimum decrease constraint C,,,. These two constraints together 

use | bit/pixel and significantly help in reconstructing the edges around the eye. Some 

blockiness is still present however. 

4.4.2 More than 1 bit/pixel Required for the Composite Projection 

All the images in this section require over 1 bit/pixel of a priori information so it is 

expected that they will do better in terms of MSE and image quality. Typically, if the 

initialization vector is the same, this is the case, but not always, as shown in the 

reconstruction in Figure 28 (a) which gives the effect of the minimum absolute deviation 

constraint C,,,. Relative to the MSE of the previous POCS reconstructions, the MSE of 

the POCS reconstruction using P,p,P,,,P> 18 high given the amount of a priori 

information that must be transmitted and this is reflected in the image quality. Blockiness 

is evident and there is little edge reconstruction. 

The reconstruction shown in Figure 28 (b) shows the effect of the initialization 

vector J, with a composite projection operator containing C,. The image quality is poor 

in places due to the initialization vector, however, the blockiness has been reduced 

substantially. For the most part the image quality is acceptable except in low intensity 

regions where the added white noise has a more visible effect. The a priori information 

requires approximately 1.004 bit/pixel; 1 bit/pixel to implement the sign constraint C, plus 

16 bits to transmit the variance of the error signal, O,,. Possibly the extremum bound 

constraint C,,, would remove this noisy effect, however, C, is required because J, is 

used. Therefore, the transmission requirements will never go below | bit/pixel because C, 

is required. 
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The composite projection Pyr Pp Pi Pp with the initialization vector J,, produces 

the result shown in Figure 28 (c), which can be compared to the result in Figure 27 (h), 

where the observed image y was used for the initialization. Both the MSE decrease and 

the image quality of the reconstruction shown in Figure 28 (c) are similar to those for the 

reconstruction in Figure 27 (b). However, the dark spots are now smaller in size. 

Blockiness is somewhat visible even with a relatively large decrease in mean square error. 

The composite projection shown in Figure 27 (c) is used again for the 

reconstruction in Figure 28 (d), now with the intialization vector J, instead of the 

observed image y. The initialization vector 7, improves the image quality and lowers 

MSE significantly. Most of the extraneous black spots have been removed. The upper 

third of the image is still a bit noisy; this is caused by not having a constraint to remove the 

excess energy introduced by the initialization vector 7,. Even edge content has increased 

a bit. 

The MSE decrease obtained by P=P,,,7,,,F is almost doubled by the 

reconstruction represented in Figure 28 (e), which uses P = P,, Py gp P,,,P>. The number 

and size of the black spots over the low intensity regions of the image have increased. 

However, the reconstruction is improved by the Laplacian histogram constraint as can be 

seen by comparing Figure 28 (e) with Figure 28 (a). The blockiness has been removed 

and edges are clearer. 

The reconstruction producing Figure 28 (f) uses the composite projection 

P= P,PrppPsP>, initialized by J,, which is C,, plus the projection that produced the 

reconstruction in Figure 28 (d). This combination of constraints performed best in 

lowering MSE with an a priori information requirement slightly over 1 bit/pixel. The 

reconstruction in Figure 28 (f) also has good image quality. The edges around the eye are 

clearer than in other reconstructions except those using C,, and Cy. 

The reconstruction shown in Figure 28 (g) uses the composite projection 

P= Pree Ps, Pyq Pp with initialization vector J,. The image quality is relatively good in that 
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the blockiness is removed and there are edges around the eye. Many of the black spots 

have also been removed. 
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Original Image, x    
(c) ] Distorted Image, y (d) 

P, MBR PSP, P, MBR Psp, Pp 

Figure 27: POCS reconstructions of Mandrill's eye at 1 bit/pixel or less 
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Pues, Pe; [, Pur? Pra Pp 

Figure 27: POCS reconstructions of Mandrill's eye at 1 bit/pixel or less (cont'd) 
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(c) 

Pyros Li 

Figure 28: POCS reconstruction of Mandrill's eye at more than 1 bit/pixel 
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(g) Distorted Image, y 
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Figure 28: POCS reconstruction of Mandrill's eye at more than 1 bit/pixel (cont'd) 
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4.5 Other Images 

The simulations thus far have dealt with only one image. The performance for this 

single image may or may not be representative of the performance for other images. To 

determine if the above results are typical the distortion and reconstruction process is 

carried out for two other images. Image 2 is a section of another image taken from 

Matlab's library titled "Clown" with intensity values that range from 1 to 81. Image 3 is a 

section of another image taken from Matlab's library, titled "Gatlin," with intensity values 

that range from 1 to 62. 

The results of the POCS reconstructions of Image 2 and Image 3 are summarized 

together with the previous results for Image 1. The results for Image 2 and 3 are similar 

to those for Image 1 except that the MSE (%) as defined in (4.1) is consistently lower for 

Images 2 and 3 than that for Image 1. The only exceptions to this are the last two 

projections in Table 5, in which the MSE decrease for Image 3 is higher than that for 

Image 1. The reason for this difference is that the distortion is not as pronounced in 

Images 2 and 3 as in Image 1. The MSE of the distorted image 1 is 11.95% whereas for 

Images 2 and 3 the MSE of the distorted image is 2.81% and 1.37% respectively. 
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Table 5: % MSE decrease of reconstructions using convex constraints 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

    

Composite Projection Image 1 Image 2 Image 3 

P =P ppPo 5.012 0.6735 0.8995 

P= Propet, fp criterion 1] | 5.744 0.6777 0.904 

P= Prep Pz, Pp criterion] | 6.254 0.9018 1.072 

P= Pree F,,P> criterion 1 | 6.388 0.916 1.086 

P= Pryor, Pp criterion2 | 5 258 0.9098 1.078 

P=PyppF, Fp criterion2 | 5.798 0.9584 1.084 

P= Propel, fp criterion2 | 6.092 0.9637 1.086 

P= PrpeFs, Pp 6.525 0.6945 0.9286 

P= Prop? sp 6.748 1.006 0.9827 

P=P ppPPp 7.423 1.136 1.509 

P= PrprlsPp 6.284 0.6905 0.9269 

P= PrprPs Pp 6.539 0.6945 0.9286 

P= Papp s, Fp 7.25 1.125 1.509 

P= Pre sp, Fp 15.27 9.691 3.283 

P= Pre Psp, Pp 18.51 12.75 3.63 

P= Prope Paps, Pp 14.72 9.015 2.774 

P =P ppPaP 22.66 19.53 16.99 

P =P pop Pag Po 22.74 17.62 10.61 

P =P prPp b> 25.67 18.54 9.062 

P = P pop Pup Pu Po 39.15 30.77 16.51 

P =P op Pry Pp 24.1 20.84 15.55         
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Table 6: % MSE decrease of reconstructions using C,,, /,, or J, 
  

  

  

  

  

  

  

  

  

  

  

  

  

            

Composite Projection Image 1 Image 2 Image 3 

P =P popPP>, I, 24.66 21.64 18.8 

P=P ppb, I, 5.822 1.298 2.862 

P=Pryprls, Po, Ly 24.94 23.09 17.41 

P = PropPsPp, Ii 49.24 48.04 41.56 

P =P. ppPpPaP>s I, 40.07 31.33 18.52 

P= Propels. Fra Pp, Ly 41.11 37.48 26.95 

P = PP, np Pin E> 52.77 32.97 42.58 

P= P,,PropP,P>, 1, 61.33 46.64 39.56 

P=PiPypr ls. Fp, Li 13.8 5.383 Divergence 

P= Pi Prorl sb, 1, 35.33 21.49 2.095 

P= Pi Pryprls Punts 1, 35.62 23.95 7.062 

P = P,P pp P,PogP>, I, 66.38 53.35 67.52 

P= PiyPrerlsPaphp, 1, 20.83 21.32 24.48 
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5.0 Conclusion 

  

The method of Projection Onto Convex Sets (POCS) incorporates many 

constraints and guarantees strong convergence if all the constraints are closed and convex. 

Also, the method of POCS reconstructs a signal entirely from constraints and so does not 

require knowledge of the distortion operator. For these reasons, POCS is well suited to 

the problem of reconstructing a signal given partial information. Constraints that do not 

form closed and convex sets may still be useful if they significantly reduce the MSE of the 

final reconstruction. 

For tractability, the problem is narrowed to distortion caused by approximating the 

Multiple Bases Representation of the signal and considering signals that are generated 

from images. This thesis has examined the question of which constraints are best in 

lowering mean square error and producing good quality images while requiring little a 

priori information. 

Simulations of POCS reconstructions of a test image are used to compare 

composite projections by examining the final MSE and image quality. As always there is a 

trade-off to be considered; lower final MSE and better image quality generally require 

higher transmission rates. 

5.1 Convex Constraints 

Knowledge that the signal is derived from an image and that the type of distortion 

iS Dirge allow us to partially reconstruct the signal without transmitting any additional a 
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priori information. The positivity constraint C, and the MBR constraint C,,,, use this 

knowledge to decrease the resulting MSE in the test image by approximately 5%. 

The original image x always contains more energy than the observed image y 

because the distortion operator D,,., always removes energy from x. Thus, constraints 

that increase the energy in x, are much more effective in decreasing MSE. When the 

observed image is used to initialize the iterative algorithm, C,, C;, Cz, Caper, Crp, and 

C, have little effect on the signal because they introduce a relatively small amount of 

energy into the reconstruction. The zero crossing constraint C,, and the sign constraint 

C, can only remove energy. Indeed, the observed signal already satisfies C,, C,, C,, 

Cver and C,, and the function of these constraints is to remove unwanted portions of the 

signal. Therefore, if any reconstruction is to occur, at least one other constraint, i.e. C,,,, 

Cyr> Cup> Cu, OF Cp must be used. 

The spike constraint C,,,, the minimum increase constraint C,, , and the minimum 

decrease constraint C,,, significantly lower the resulting MSE of the POCS 

reconstruction. Each of these constraints introduces energy directly into the signal at 

specific locations so they tend to improve the image at discrete points, which may make 

the image appear grainy. A smoothing constraint may improve the image quality by 

spreading the energy introduced by these constraints into adjacent pixels. Also, blockiness 

is reduced noticeably by C,,,, Cag, Cup. 

5.2 Initialization Vector 

A change in the initialization vector was demonstrated to have a large effect on 

both the mean square error and the image quality for most, but not all, composite 

projections. Two vectors were considered, the observed signal plus white noise J,, and 

the observed signal plus a constant J,. The latter was determined to be superior to the 

first for two reasons. First, J, did not require other constraints to prevent divergence, 
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while 7, did require additional constraints. Secondly, 7, produced better reconstructions 

in terms of both MSE and image quality. The initialization vector J, produced images 

that were noisy in the low intensity regions of the image. 

If the initialization vector is x, # y, x, does not satisfy C,, C;, Ce, Cage and Cy, 

so that combinations of these constraints may form more useful composite projections. 

Here, energy is added more or less randomly and the constraints are used to remove the 

undesirable energy that has been introduced. Thus, the better each of these constraints is 

at removing the unwanted noise the better the constraint performs. Of these constraints 

C, was found to be the most effective in lowering MSE. Moreover, C, can be easily 

modified to require varying amounts of a priori information. 

5.3 Laplacian Histogram Constraint 

The only nonconvex constraint considered was the Laplacian histogram constraint 

C,,. A good initial start of the algorithm was shown to be necessary to prevent 

divergence. To accomplish this, other convex constraints in the composite projection 

were implemented first. 

The minimum absolute deviation constraint C,,, is the only constraint that was 

able to force convergence when the POCS reconstruction used C;,. The reason for this is 

that C,,, provides a good initial start for C,,. However, C,,, requires a significant amount 

of a priori information to be transmitted. 

The sign constraint C, also forced C,, to converge if J, was used. While C, 

forced convergence in the test image, it is not reliable because using C, on other images, 

divergence was found to occur. Although C, and C,, lowered MSE further, they could 

not force convergence without C,. 
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