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(ABSTRACT) 

A universal time of flight equation for any orbit is developed as a 

function of the initial and final radius, the change in true anomaly 

and the initial flight path angle. Lambert's theorem, a new corollary 

to this theorem, a trigonometric variable substitution and a continuing 

fraction expression are used in this development. The resulting 

equation is not explicitly dependent upon eccentricity and is 

determinate for -2n < (change in true anomaly) < 2n. A method to 

make the continuing fraction converge rapidly is evaluated using a top 

down algorithm. Finally, the accuracy of the universal time of flight 

equation is examined for a representative set of orbits including near 

parabolic and near rectilinear orbits. 
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SYMBOLS 

B - decimal accuracy of the normalized difference for the 

universal time of flight equation 

Bt ,B2,B3 - maximum, average, minimum value of B 

cc - convergence criterion for the continuing fraction 

D - decimal accuracy of the convergence criterion 

- parabolic eccentric anomalies at Pi and P2 of the original 

orbit 

E - eccentric anomaly, eccentric anomaly at P2 of the 

transformed orbit 

I 1 r 
Eo,E1,E2 - elliptic eccentric anomalies at Po, P1 and P2 of the 

original orbit 

F - decimal accuracy of the normalized difference for the 

continuing fraction substitute, inverse tangent and inverse 

hyperbolic tangent functions 

- hyperbolic eccentric anomalies at Pt and P2 of the original 

orbit 

G continuing fraction expressions of the universal time of 

flight equation 

N - multiple for n, an index for x2G(X2 ), (2«(2) and W2(W2 ) , 

the number of terms required to converge the continuing 

fraction 

- largest value of N for a parametric study case 
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NDCF - normalized difference for the continuing fraction 

substitute 

NnrE - normalized difference for the universal time of flight 

equation 

PO,P 1 ,P2 - the normal pOint, the initial point and the final point of 

the original or transformed orbit 

TeF - type of continuing fraction used 

t , 
Vo,V 1 - total velocity at Po and P1 of the original orbit 

-, -, 
VO,V 1 - total velocity vector at Po and P1 of the original orbit 

W = (z2 + x2) (1 + x2) 

a semi-major axis of an orbit, semi-major axis of the 

original or transformed orbit 

c - half the distance between the foci of an orbit 

ch - chord between P1 and P2 

e - eccentricity of an orbit, eccentricity of the transformed 

orbit 

- eccentricity and eccentricity vector of the original orbit 

f - true anomaly in the transformed orbit 
, 

h - angular momentum of the original orbit 
--I 

11 - angular momentum vector of the original orbit 

p' - parameter, or semi-latus rectum, of the original orbit 

Pp - "parameter of the parabolic" 

r - radius from the occupied focus to a point on the orbit 
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· r,rO,rI - time derivatives of r,ro and r1 

x 2 - variable substitution 

y argument of the continuing fraction expressions for the 

inverse tangent or inverse hyperbolic tangent 

Z2 - variable substitution 

.6t time of flight from PI to P2 in the original or transformed 

orbit 

.6tk - time of flight from PI to P2 using one of the three 

classical time of flight equations 

Ilu - true anomaly increment in the original orbit 

- change in true anomaly increment in the original orbit 

- compliment of the flight path angle at Po and P1 of the 

original orbit 

= \>0 - \>1 

= - variable substitution 

- change in true anomaly in the original orbit 

- gravitational parameter (=1 in canonical units) 

u - true anomaly 

VO,\)1,\)2 - true anomaly at POt PI and P2 in the original orbit 

vii 



£1 - specific mechanical energy of the original orbit 

~ - time of peri apsis passage 

'1 - flight path angle at P1 of the original orbit 

= - variable substitution 
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CHAPTER 1 INTRODUCTION 

Under suitable assumptions the motions of satellites in space are 

described by the equations of motion associated with the so-called two

body problem. The solutions to these equations are obtained by 

replacing time with the true anomaly as the independent variable. The 

resulting solution is called the orbit equation since it describes the 

position as a function of the angle or equivalently, the orbit in 

space. Depending upon the energy of the orbit, it can be either an 

ellipse, parabola or hyperbola. However, in order to carry out 

typical orbital operations such as intercept, rendezvous and 

navigation, knowing the position in orbit at a given past, present or 

future time is necessary. 

In order to introduce time into the problem a relationship between 

time and true anomaly must be determined. The classical solution to 

this problem consists of three different equations, one for each type 

of orbit. These equations determine time as a function of the 

independent variable, the true anomaly. Consequently the problem of 

determining the true anomaly given the time turns out to be 

transcendental and must be solved by iteration. In any case, the 

classical time of flight equations for the elliptic and hyperbolic 

orbits become very sensitive at values of eccentricity near one. 

Additional concerns may arise if these time equations and 

trajectory equations are coupled with some non-linear programming 

algorithms for the purposes of reducing fuel consumption or time of 



flight operations. Algorithms which use gradient techniques require 

smooth derivatives in order to be successful. For operations which 

require near parabolic orbits, the switching among three types of 

equations when calculating the time can lead to possible numerical 

discontinuities in time and its derivatives because of the inaccuracies 

of the classical time of flight equations for near parabolic orbits 

(e~1. 0) . 

In order to determine the position in any orbit at a given past, 

present or future time and to overcome any numerical problems a single 

universal time of flight equation, as a function of the change in true 

anomaly, will be derived. As expected this equation turns out to be 

transcendental in the change in true anomaly. Therefore with this 

universal time of flight equation and the starting true anomaly the 

position in any orbit as a function of time can be found using one 

equation. The use of one equation eliminates discontinuities in time 

and its derivative which arise from switching among the three 

classical time of flight equations. 

The universal time of flight equation between two pOints in any 

orbit will be developed using Lambert's theorem, a new corollary to 

this theorem, a trigonometric substitution and a continuing fraction 

expression. In the development of this equation an inverse tangent 

term will appear. For this equation to be continuous the argument of 

this inverse tangent term must be bounded by ± ~. Lambert r s theorem 

and a trigonometric substitution will be used to accomplish this. 

Then a continuing fraction expression will be substituted for the 

inverse tangent term resulting in one time of flight equation for all 

2 



three orbits. Finally, the new corollary to Lambert's theorem will be 

used to make this universal time of flight equation a function of 

parameters of two arbitrary points in any orbit. The motivation for 

this development is provided by an AIM paper entitled "A New 

Transformation Invariant in the Orbital Boundary-Value Problem", 

written by Richard H. Battin, Thomas J. Fill and Stanley W. Shepperd 

(Ref. 1). 

The resulting universal time of flight equation will be shown to 

be determinate for the principle range of the orbit parameters. The 

accuracy of the continuing fraction will be examined as a function of 

the convergence criterion and as a function of a method used to make 

the continuing fraction converge faster. Finally, the accuracy of the 

universal time of flight equation will be examined for near parabolic 

and near rectilinear orbits. 
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CHAPTER 2 THE UNIVERSAL TIME OF FLIGHT EQUATION 

To begin the development of the universal time of flight equation, 

Lambert's theorem is used to transform an orbit containing two 

arbitrary, fixed points P1 and Pz to an orbit where P1 and Pz are 

symmetric about the semi-major axis. According to Lambert's theorem 

if the sum of the two radius vectors, the semi-major axis and the chord 

between the two fixed points remain unchanged in the transformation 

then the time of flight between P1 and P2 of both the original orbit 

and the transformed orbit are the same. If the focus of the original 

orbit is moved on an ellipse such that the sum of the radius vectors is 

a constant the focus of the transformed orbit is defined by the point 

where the radius vectors of the transformed orbit are equal. This 

results in both of the radius vectors of the transformed orbit being 

equal to half the sum of the radius vectors of the original orbit. 

Refer to Fig. 1 and Fig. 2. 

Because of the symmetry of P t and Pz about the semi-major axis of 

the transformed orbit the times from P1 to Po and Po to Pz are the 

same. Kepler's equation for the elliptical orbit is used to express 

the time of flight from P1 to P2, 6t, in the transformed orbit. 

6t = 2 J~i (E - e sin E) (1) 

Where E is the eccentric anomaly of Pz in the transformed orbit. 
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First the eccentricity of the transformed orbit e, in eq.(1), is 

expressed as a function of rl, rz, ~ and ro where ro is the radius to 

the normal pOint. The normal pOint, Po, is the point on an orbit where 

the velocity vector is parallel to the chord between P1 and Pz , refer 

to Fig. 3. 

A fundamental property of the normal point is that its eccentric 

anomaly is the arithmetic mean of the eccentric anomalies of the two 

termini, P1 and Pz , which define the normal point of the original orbit 
, , , 

Fig. 1, Eo = (Ez + E1)/2. The new corollary to Lambert's theorem 

(Ref. 1) states that the radius to the normal point is invariant in 

the orbit transformation. Therefore ro for both the original and 

transformed orbit is expressed as follows; 

where e' is the eccentricity of the original orbit. The sum of the 

t f 

two radius vectors is also expressed as a function of a, e , E1 and 

f 

Ez · 

r1 + rz = a[2 - e l (cos E; + cos E~)] 

Using the function-sum trigonometric relation and substituting cos ~ 

for e'cos(E;; E~) and V for E;; E~ the sum of the radius 

vectors of the original orbit becomes 

r1 + rz = 2 a(1 - cos ~ cos w) (3) 

s 



Using the definition of eccentricity 

e ::: C ::: a - ro , 
a a 

where C is half the distance between the foci, an expression for the 

product of the eccentricity of the transformed orbit and the semi-

major axis is obtained 

ea ::: a - ro (11) 

Subtracting the expression (a cos + cos ~) from each side of eq.(4), 

substituting in eq.(Z) and eq.(3) and using the following relationship 

r 
between e and e 

e ::: a - ro 
a 

an expression for the eccentricity of the transformed orbit as a 

I r 
function of rtf r2f ro, E2, E1 and the semi-major axis, is developed. 

Note that e can be less than zero. 

e ::: (5) 
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Using the following equations for rl, r2 and 11, 

rl = a(1 - e1cos E~) 

r2 = a(1 - e1cos E~) 

the following trigonometric identities and equations relating true 

anomaly to eccentric anomaly 

1 + cos 11 = 
2 

e l 
- cos E 

, 

e1cos E' - 1 

COS
2 [i) 

= cos \l 

1 [1 + cos(E~ + E~)] 
2 

1 [1 + cos(E~ - E~)] 
2 

the following equation is generated 

(6) 
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Using eq.(6) in eq.(S) the eccentricity of the transformed orbit 

becomes a function of rt, rz, ro and ~. 

e = (7) 

Now an expression relating the true anomaly <f) of Pz of the 

transformed orbit, Fig. 2, to the change in true anomaly of the 

original orbit (n), Fig. 1, is needed. The law of cosines is used to 

equate expressions for the chord (ch ), between P1 and Pz , in terms of 

the original and transformed orbits. 

and 

The trigonometric identities 

2 sinzf = 1 - cos(2f) 

1 + cos n 
2 

are used to obtain 

(8) 
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Now substituting eq.(S) into eq.(7) and rearranging yields 

Zro = 1 + e cos f 

r1 + rz 1 + e 

Using the classical relationship between the true anomaly f and the 

eccentric anomaly E (Ref. Z), 

cos f = e - cos E 
e cos E - 1 

and the trigonometric substitutions 

1 + cos f 
Z 

1 + cos E 
Z 

the following expression results. 

(9) 

Because of the symmetry property of Lambert's theorem the arguments 

of the trigonometric substitutions of eq.(9) are bounded by ±~. 
Z 

Therefore the orbit transformation, using Lambert's theorem, and the 

trigonometric substitution allows the change in true anomaly of the 

original orbit to vary between ±2n while keeping the tangent function 

9 



within its principle range :t Q) • 

Now the variable substitution x2 = tan2[~) and Z2 = tan2[~) 
change eq.(9) into 

2ro = 1 + x2 (10) 

The equation for the eccentricity of the transformed orbit, eq.(7), 

is multiplied by 1 - [ 2 ][r1 + r2] , then eq.(S) is substituted - r1 + r2 2 

for -I r 1 r2' cos [~) . Now the trigonometric identity 

and eq.(10) are used to obtain an expression for the eccentricity of 

the transformed orbit, eq.{1), in terms of x2 and z2 

e = z2 - x2 

z2 + x2 
(11) 

Now the invariant semi-major axis of both orbits is derived as a 

function of x2, z2 and Pp, where Pp is the "parameter of the 

parabolic" (Ref. 1). Beginning with the double angle relation of the 

true anomaly of the transformed orbit 

10 



the sum of x2 and z2 is expressed as follows 

Z2 + x 2 

Using eq.(4) and eq.(10} the sum becomes 

Z2 + x2 = 
(rl + r2) (1 + x2) (1 + cos f) 

Sax2 
(12) 

Next the "parameter of the parabolic" is defined. Setting e of 

eq.(7) equal to one and using the relationship between ~ and f of 

eq.(S) the radius to the normal point ro becomes 

Using the orbit equation of the transformed orbit 

r = p 

1 + e cos f 

with e=1 and f=Oo a second equation for ro results 

r(e=1,f=00) = ro(e=1) = Pp 
2 

(13) 

(14) 

Since e equals one, the parameter p of the orbit equation is unique. 

It is called the "parameter of the parabolic" (pp) (Ref. 1). With 

eq.(13) equal to eq.(14) the following definition is provided 

11 



(15) 

Substituting Pp into eq.(12) and setting 

results in an expression for the semi-major axis in terms of Y, x2 

and Pp. 

a = w Pp 
4x2 

(16) 

The "parameter of the parabolic" is used to make the development 

tractable. Later in the development Pp will be expressed as a 

function of the original orbit parameters. 

With the eccentricity and semi-major axis of the transformed orbit 

expressed as a function of z2, x2 and Pp the eccentric anomaly of P2 of 

the transformed orbit E, and sin E, of eq.(1) need to be expressed 

as a function of x and x2 . Using the definition of x2 

E is resolved 

E = 2 arctan (~X2') (17) 

12 



Noy using the trigonometric identity 

sin E = 2 sin [~) cos [~) 

the sine of the eccentric anomaly of the transformed orbit is 

expressed as a function of x and x2 

sin E = 2x (18) 
1 + x2 

Substituting equations (11), (16), (17) and (18) into eq.(1) 

results in a time of flight equation as a function of y, x, x2, z2 and 

6t = R [arctan x _ [Z2 - X2) (1 )] 
2x2~~ X z2 + x2 1 + x2 

(19) 

Note that in the development of this equation the arguments of the 

tangent expressions x2 = tan2(~) and 22 = tan2[~) were constrained 

to :t 1! which results in 0 5.. x2 5.. Q) and 0 5.. z2 S. Q) • 

2 

Later x2 will be expressed as a function of r1, r2, ~ and '1 of 

the original orbit, and consequently, can be less than zero. The 

trigonometric identity 

-i arctanh (i~ x2') = arctan (~x2') , for x2 < 0 

indicates that the inverse tangent function must be replaced by the 

inverse hyperbolic tangent function for x2 < O. 

13 



Note that the quotient 

i arctanh (WI) ,for x 2 < 0 

iWi 

is still a real number. This replacement results in essentially two 

time of flight equations. 

To turn eq.(19) into a universal time of flight equation a 

continuing fraction is substituted for the quotient 

arctan x 
x 

(Ref. 3) 

Using the following continuing fraction expressions for the inverse 

tangent and inverse hyperbolic tangent 

arctan y = __ y __ __ 
1 + y2 

-!! < arct an y < !! 
2 2 

3 + 22y2 

S + 32y2 

7 + 42y2 

9 + ••• 

arctanh y = y -~ < arctanh y < ~ 
1 - y2 
----
3 - 22y2 -1 5.. y < 1 

S - 32y2 

7 - 42y2 

9 - .•• 

14 



the continuing fraction substitute, (Ref. 1), is derived as 
1 + x2G 

follows 

1 arctan x 
x 

= 
i arct anh ( .Jt;2T ) 

, for -1 ~ x2 < ~ 
1 + x2G 

3 + 22x2 

5 + 32x2 

7 + 42x2 

9 + ••• 

Using 

i arctanh ( ~ ) = ! loge [1 + ~ ] 
1-~ 

a three dimensional plot of the functions arctan x and 

i arctanh (~) as a function of the independent variable x2 is 

presented in Fig. 4. The continuing fraction substitute is plotted as 

a function of x2 in Fig. 5. Note that the substitute is continuous at 

x 2 = O. 

Now substituting 

1 = arctan x (20) 
1 + x2G x 

and replacing w with (z2 + x2) (1 + x2), eq.(19) becomes 

15 



ot jPj , { [(Z2 ~~fJ(Z2+X2)(1+X2) 2+Z2+X2-G 
1 + x 2G 

l' 
(21) 

for -1 ~ x2 ~~. The convergence of the continuing fraction G(x2) 

will be examined in a subsequent section. Equation (21) is a 

universal time of flight equation as a function of X2, z2 and p p. 

Now x2, z2 and Pp are expressed as functions of r1, r2, nand $1 

of the original orbit. This provides a universal time of flight 

equation for any type of orbit as a function of the parameters of the 

original orbit. Note that the eccentricity of the original orbit is 

not needed. 

First z2 is derived as a function of r1, rz and n. Using the 

relationship between nand f, eq.(S), the cosine of the true ~nomaly 

of the transformed orbit is 

Now the variable z2 is expressed as a function of cos fusing 

1 - cos f = tanz(f2) = z2 
1 + cos f 

Substituting eq.(22) for cos f yields 

zZ = 
rl + rz - 2 W2 cos(i] 
rl + r2 + 2 ~rlri cos(~] 

(22) 

(23) 

16 



To find X Z as a function of r1, rz, D and ~17 where ~1 is the 

flight path angle at Pi of the original orbit, the radius to the 

normal point must be expressed as a function of these variables. 

To begin the derivation of ro the derivative of the orbit equation 

of the original orbit is generated 

dr = r = h'e' sin v 
dt p' 

where v is the true anomaly measured in the original orbit. The 

trigonometric identity 

is used to generate the sum of the derivatives of r1 and ro of the 

original orbit 

= h'e' (cos vi - cos vo) cot[Q) 
pI 2 

(24) 

where & = Vo - vi 

Now the orbit equation is used to provide the following expressions 

e' cos \)1 = 
p' - 1 
r1 

e ' cos Vo = 
p' - 1 
ro 

17 



which when substituted into eq.(24) results in 

Substituting ~ = hi and multiplying through by the product (rlrO) 

yields 

I I • 

rlVl cos Yl = rl r 1 

fl. 

roVo cos Yo = rorO 

, " , 
The parameters Vo , Yo, V1 , and Yl are of the original orbit, Fig. 1 

and Fig. 3. Now an expression for the compliment of the flight path 

I 

angle at the normal point of the original orbit (Yo) as a function of 

I 

To begin the derivation of Yo the orbit equation of the original 

orbit 

r= p' 

1 + e'cos u 

is used to generate the following expression 

(26) 

18 



Using the definition of the eccentricity vector as a function of 

normal point parameters 

eq.(26) becomes 

(27) 

Referring to Fig. 6 the vector 
-, -, -, 
Vo x [1 ,where h is normal to the 

page, is perpendicular to the vector (r2 - rl) and 

Therefore eq.(27) reduces to 

(28) 

But from the geometry of Fig. 3 

, 
= ro ch cos Yo 

19 



Equating these expressions 

, 
cos Yo = 

, 
Substituting this expression for cos Yo and the following equality 

, -, 
rtVt sin ~t = rt·Vt 

into eq.(2S) and solving for ro yields 

JP! + [roviJ;~h- ri)) tan[~) 

JP? - [riV~Sin ~i) tan[~) 

Now substituting 

, , , 
h = roVo sin Yo 

~c~ rt) 2' (r2 = ~1 
, 

COS2y~ = sin 
ch 

and 
, 

= ~ = rtVt cos ~t 

Ji1 JP' 

into this equation for ro yields 

, 
Yo 

20 



1 + 

(29) 

1 - tan ~1 tan(~l 

This expression gives the radius to the normal point as a function of 

r1, r2, ~, ~1 and o. An expression relating ~ and 0 is needed. 

To find an expression relating ~ ( 

eq.(Z8) is expanded 

Substituting 

and 

into this equation yields 

r1(1 - cos oj = 1 - cos ~ cos 0 - sin ~ sin 0 
r2 

(30) 

Adding o = l(cos & - cos 0 - cos n + cos n) 
2 

to the right hand side of 

eq.(30) results in 

21 



Using the following trigonometric identities 

tan2 [~) 1 - cos 
= 

1 + cos 

sin2 [i) 1 - cos 
= 

2 

cos2 [i) 1 + cos 
= 

2 

in this equation yields 

0 

0 

11 

11 

sin 11 sin 0 
1 + cos 0 

Using two more trigonometric identities 

t an (~2) = _1_S_
1
_' n_o_ 

+ cos 0 

results in an expression for 11 as follows 

22 



This expression is substituted into eq.(Z9) to generate 

1 - tan <P1 

Finally, the trigonometric identity 

is used to obtain an expression for the radius to the normal point as 

cos [:!) + [ r 2 - r 1 ] 
2 2 ~r1rz' (31) 

Now that ro has been expressed as a function of r11 r2, ~, and ~1' 

x2 is expressed as a function of these variables. Equation (10) is 

solved for x2, then eq.(31) and eq.(Z3) are substituted for ro and 

Z2, and the result reduces to 

23 



x2 = ~ - COS[~) + tan ~1 sin[~l 

J~:' + cos(~) - tan ~1 s1n[~1 
(32) 

With z2 and x2 expressed as functions of rt, r2, n and ~1' the 

sums (z2 + x2) and (1 + x2) are needed for substitution into eq.(21). 

Summing equations (23) and (32) produces 

Z2 + x2 = 

and using eq.(32) 

1 + x2 

t 
(33) 

E- (34) 

Finally substituting eq.(22) for cos f into eq.(1S) yields the 

"parameter of the parabolic" as a function of rl, rz and n. 

2 
(35) Pp = 

Now substitute eq.(35), eq.(34), eq.(33), eq.(32) and eq.(23) 

into eq.(21). After a considerable amount of algebra the universal 

time of flight equation reduces to a function of r1 rz, ~ and '1 as 

folloW's 

24 



rl + r2 - 2 r2 COS(~][COS[~) - tan ~1 sin(~l] ~ 
~ [1 + G) + [cos(~] - tan h Sin(~J] (1 - G) J 

(1-G)2[r2co~(~)-(rl+r2)tan ~1 Sin(~)]+(6+2G)rlCOS(~]+4(rl+r2)J~:' 

J~:' + COS(~) - tan ~1 S1n[~) 

where G = G(x2) = 1 

3 + 22x2 

and 

S + 32x2 

7 + 42x2 

9 + ••• 

X2 = ~ - COS [i) + tan ~1 sin(i) 

J~:' + COS [i) - tan ~1 sin(~) 

"The Universal Time of Flight Equationn 

l' 
(36) 

Equation 36 is a universal time of flight equation for any orbit 

as a function of the original orbit parameters rl, rz, ~ and ~1 and is 

not explicitly a function of the eccentricity of the original orbit. 

This equation has been developed with the constraint -2n ~ ~ ~ 2n. 

Next eq.(36) will be checked for indeterminate potnts, conditions where 

the numerator and denominator go to zero. The check will reveal that 

eq.(36) is determinate for -2n < ~ < 2n. 
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CHAPTER 3 DETERMINACY OF THE EQUATION 

To examine the determinacy of the universal time of flight 

equation the following constraints are applied. 

-:!! < "'1 < :!! 2 - 't" - 2 

Then the range of ~ for a determinate equation is established. 

Remember that the universal time of flight equation was developed with 

the constraint -2n ~ ~ ~ 2n. 

First the values of ~ which drive the denominator of the second 

factor of eq.(36) to zero are determined. 

(37) 

Substituting the orbit equation for rl and rz of the original orbit, 

using the definition ~ = v2 - Vi and squaring both sides, eq.(37) 

becomes 

1 + e I cos (Vi + '1) ('1] (11] ('1] ['1] 1 + e'cos Vi - = cosZ 2 - 2 tan ~1 cos 2 sin 2 + tanZ~l sinZ 2 

t 
(38) 

26 



The tangent of the flight path angle at P1 is expressed as a function 

of e l and V1 by using the time derivative of the orbit equation. 

tan +1 = elsin \.)1 

1 + e'sin Vi 

Substituting for tan ~1 in eq.(38) and multiplying the result by 

(1 + e1cos \.)1)2 yields 

[1 + e'coS(V1 + D)] (1 + e'cos V1) = cos2[i) (1 + e'cos V1)2 
-2e'sin v1 cos [i) sin (i) (1 + e'cos Vl) + (e'Sin vl)2sin2[~) 

Using the following trigonometric identities 

1 + cos 11 
cos2 (¥) = 

2 

1 - cos 11 = sin2 (~) 
2 

sin 11 = 2 sin (~) cos (i) 

and reducing the resulting equation yields the following expression. 

Multiplying through by 2 and reducing further results in 

11 = arccos (1) 

27 



Next the denominator 

is evaluated for ~ = Nn since this equation was squared to produce this 

result. Noting that r1 = r2 for ~ = Nn , where N = ±0,2,4,6,8,10,.·. , 

the denominator is equal to 2 for N = %0,4,8,· •• and is equal to ° for 

N = ±2,6,10, •••. Therefore the denominator of the second factor of 

eq.(36) is zero for ~ = Nn , where N = %2,6,10,···. Now check the 

denominator of the first factor of eq.(36). 

The denominator of the first factor is expanded and set equal to 

zero as follows 

Using eq.(20) G becomes 

G = x - arctan x 
x2 arctan x 

After substituting G into the expanded denominator of the first factor 

and reducing, the following expression results 

J~: -cos(~) + tan ~1 S1n(~) = 0 (39) 
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Evaluating this expression for n = Nn , where N = ±0,2,4,6,8,10,.··, 

and rl = r2 results in this expression going to zero for n = Nn , 

where N = ±0,4,8,···. When n = 0 , ~t = ° , which is considered a 

a trivial case. Therefore the denominator of the first factor of 

eq.(36) is considered never to go to zero for -2n ~ n ~ 2n. 

With the denominators evaluated it is only necessary to find one 

of the two numerators equal to zero for n = ±2n. Therefore the 

numerator of the first factor of eq.(36) 

is evaluated. By inspection this numerator equals zero for n = Nn , 

where N = ±0,2,4,6,8, •••. Consequently eq.(36) is indeterminate for 

n = Nn, where N = ±2,6,10,···. 

L'Hospital's rule could be used to determine if in the limit, as n 

approaches ±2n, eq.(36) has a definite value. But of prime interest 

is the range of orbital parameters for which eq.(36) provides an 

answer. Therefore the universal time of flight equation is considered 

determinate for -2n < n < 2n. 
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CHAPTER 4 CONVERGENCE OF THE CONTINUING FRACTION 

The accuracy of the universal time of flight equation is dependent 

upon the convergence of the continuing fraction, G, which results when 

the continuing fraction expression for the inverse tangent function 

is used to provide one time of flight equation for any orbit. 

= arctan x 
x 

= 
i arctanh ( ~ ) 

i~ 
, for -1 < x2 < m 

1 + x2G 

where G = G(x2) = 
3 + 22x2 

5 + 32x2 

7 + 42x2 

9 + ••• 

Note that G(x2 =O) = 1 and the continuing fraction substitute 
3 

1 ,at x2 =O, equals 1. 
1 + x 2G 

The following "top down algorithm" (Ref. 1) is used to evaluate 

G(x2 ) • 

N = 0 
AK = X2 

AK2 = 2.2.X2 
BK = 3 
BK2 = 5 
UK = 1 
VK = AK/BK 
WI( = VI< 

1 UK 1/(1+AK2/(BK.BK2).UK) 
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VK = VK.(UK-1) 
WK = WK+VK 
IF (ABS(VK).LT.CC)GOTO 2 
N = N+1 
AK2 = (N+2).(N+2).X2 

BK = 2.N+3 
BK2 = 2*(N+1)+3 
GOTO 1 

2 G = WK/X2 

where CC - convergence criterion 

Using this algorithm the product x 2G(x2 ) is calculated and checked 

for convergence to obtain G(x 2 ). The difference between the values of 

X2G(x 2 ,N=i+1) and x2G(x2 ,N=i) is compared to the convergence 

criterion as follows 

for cycle 1 (N=O), is IX2G(X 2 ,N=O) - x2G(x2 ,N=-1) I < CC 

< CC 
3 + 22x2 

s 

for cycle 2 (N=1), is IX2G(x2JN=1) x 2G(x2 ,N=O) I < CC 

x2 < CC 
3 + 22x2 

s 
7 

The algorithm is repeated until a difference less than CC is obtained 

resulting in a converged value for x2G(x Z ,N=i+1). This value is 

divided by x 2 to obtain G(x2). 

The accuracy of the converged continuing fraction G(xZ) is 

evaluated by tabulating the decimal accuracy (F) of the following 
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normalized difference. 

NDCF x 10F = 
(arc~an x) _ (1 1 ) 

+ x2 G , for x2 > 0 

NDCF x 10F = 

arctan x 
x 

[
i arctanh ({TX2"I)] _ ( 1 ) 

i ~ 1 + x2G 

(
i arctanh (Vx2I)] 

i Vx2I 

, for x2 < 0 

The decimal accuracy, F, of the normalized difference and the number 

of terms required for convergence of the continuing fraction (N) are 

tabulated as a function of x2 and the decimal accuracy (D) of the 

convergence criterion. 

where CC = 1 x 10D 

Table I presents the data for G(x2 ) and two continuing fraction 

expressions, G(x2,C2) and G(x2,C 2 ,w2) , which will be developed 

later. 

The data of Table I for G(x2 ) indicates that as the convergence 

criterion is reduced the accuracy of the continuing fraction is 

increased but the number of terms needed for convergence also 

increases. The limiting value appearing in the data, F=-16, is the 

decimal accuracy of the computer. If the normalized difference 

happens to be zero then F=-~. 

To converge the continuing fraction to a smaller value of CC 

requiring fewer terms for convergence, a method described by Battin 

and Vaughan (Ref. 4) is employed. The objective of the method is to 
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reduce by half the argument, x, of the inverse tangent function being 

evaluated by the continuing fraction expression G(x2). 

~ 
2 

tan g 
2 

tan g 
2 

tan g 
Ii 

tan & 
'* 

(40) 

Using x2 = tan2[~) and C2 = tan2[~) , the continuing fraction 

expression for arctan{c) 

arctan C = r: 

1 + C2 

3 + 22C2 

5 + 32c2 

7 + 42C2 

9 + ••• 

produces arctan ~ = 1 
C 1 + C2G<C 2 ) 

where G<C 2 ) = ~ 
3 + 22r:2 

5 + 32 r:2 

7 + 42r:;2 
9 + ••• 

and 1 = arctan ~ = t!:l~] 1 + r:2GCC2) C 
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Recall that 1 
1 + x2G(X 2 ) 

arctan x 
x 

After substituting, eq.(40) becomes 

1 = 
2 tan ~ 

4 1 
1 + x2G(x2 ) tan ~ 

2 

where G{x2) _--=1=--_ 
3 + 22x2 

S + 32x2 

7 + 42x 2 

9 + ••• 

Now using the trigonometric identities 

1 -

1 + 

sec ~ - 1 
::: 2 

sec g + 1 
2 

With x2 = tan2(~) • then C2 becomes 

~X2 + l' - 1 ::: (2 ::: tan2[~) 
~x2 + l' + 1 ~ 

(41) 

(42) 

34 



Substituting eq.(42) into eq.(41) yields 

-1-+-X.....::~=-G-(-X-2-) = (~ x 2 
2 

+ l' + 

Now solve for G(x2 ) 

G(x2 ) 1 + Gq:2) 

2 (~x2 + l' + 1) 

Substituting for G(x2 ) and G(C 2 ) into this equation yields 

1 = 1 

r+f 
1 (~~~(2) ]]) [s 4x

2 J 2(~x2 • 
1) [s 3 + + 1 + + 

+ x2(x2 ) + 

l' 
(43) 

where (x2) = 32 

7 + 42x2 

9 + ••• 

where «(2) = 32 

7 + 42r;2 
9 + ••• 

Note G(x2 ) 1 (44) 

3 + l 4x2 J 
5 + x 2(x2 ) 

Now eq.(43) is solved for x2(x2) 

8 ~x2 
---~--------~-T - S 
3 + 

and substituting into eq.(44) to produce 

3S 



3 + 4x2 

8 ( ~x2 + 
i 

1 + 

3 + 1 
C2 + 5 + 

",here C2 = "x2 + l' - 1 
~x2 + f + 1 

(45) 

1) 

The algorithm used to evaluate G(x2,C 2 ) is a modified version of 

the algorithm used to evaluate G(x2). 

Using c2 = x 2 = ~x2 + l' - 1 
(~x2 + l' + 1) 2 ~x2 + l' + 1 

the following algorithm results 

ZTA = SQRT(X2+1)+1 
ZTA2 = X2/<ZTA.ZTA) 
N = Z 
AK = 3.3.ZTA2 
AKZ = 4.4.ZTA2 
BK = 7 
BK2 = 9 
UK = 1 
VK = AK/BK 
WI< = VK 

1 UK = 1/(1+AK2/(BK.BK2).UK) 
VK = VK.(UK-1) 
WK = WK+VK 
IF (ABS(VK).LT.CC)GOTO 2 
N = N+l 
AKZ = (N+Z).(N+Z).ZTA2 
BK = 2.N+3 
BK2 = 2.(N+l)+3 
GOTO 1 

2 G = 5+ZTA2+WK 
G = 3+1/G 
G = 8.(SQRT(X2+1)+1)/G 
G = 2.Z.X2/G 
G = 1/(3+G) 
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Using this algorithm the product C2~(C2) is calculated and checked 

for convergence to obtain G(x2,C 2 ). The difference between the values 

of C2((C2,N:i+1) and C2((C2,N=i) is compared to the convergence 

criterion as follows 

7+~ 

9 

7 + 42 (2 

9+~ 

11 

32 r;2 < CC 
7 

7+~ 

9 

< cc 

As before, this algorithm is repeated until a difference less than the 

convergence criterion is obtained resulting in a converged value for 

C2((C 2,N:i+1). The following expression is used to obtain G(x2,C2) 

1 

3 + 

8 ( ~x2 + l' + 1) 
3 + 

The value of G(x2,C2 ) is substituted for G in eq.(36). Again 

G(x2:o,r;2=O) = 1 
3 

(46) 
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The decimal accuracy, F, of the normalized difference, where 

G(X2,C 2 ) is substituted for G, and the number of terms for convergence, 

N, are tabulated as a function of x2 and the decimal accuracy, D, of 

the convergence criterion for G(x2,C2) in Table I. 

As before, the decimal accuracy of the normalized difference is 

limited by the decimal accuracy of the computer. This time the 

improvement in the increase in accuracy of the continuing fraction 

G(X2,C2), as D is decreased from -1 to -15, ranges from a factor of 

2.5 to .5. But the decrease in the number of terms required for 

convergence ranges from a factor of 200 to 0 as D goes from -1 to -15. 

This demonstrates the advantage of using this method of halving the 

argument of the inverse tangent function to produce a machine accurate 

answer to 1 with fewer terms required for convergence. 
1 + x2G 

If this method is applied again to halve the argument, C, of the 

inverse tangent function which is evaluated by the continuing 

fraction expression G(x2,C2) , will the number of terms required for 

convergence be reduced further? The same procedure for halving the 

argument is followed as before. 

with w2 = tan2[~81 = ~C2 + l' - 1 
~C2 + l' + 1 
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arctan w = 1 
w 1 + w2G(~) 

where G(w2 ) == 

2 tan ~ 
8 

tan g 
4, 

Using the trigonometric identities 

1 -

1 + 

3 + 22w2 

5 + 32 w2 

7 + 42 w2 

9 + ••• 

1 

d b t ~ r 2 + l' - 1 an su stitu ing ~ 

~ C2 + l' + 1 
for w2 yields 

1 

G<C2) = 

1 

3 + [5 
+ 

1 + G(w2 } 

2 (~ C 2 + l' + 1) 

= 
4~2 ] 2(~C2 

(2£:«2) 

1 
i 

+ 1 + 

1 
w2G(w2 ) 

1) t+~ 
where t(w2) = 32 

7 + 4,2w2 

9 + ••• 

+ [s 
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Note 
3 + 

and 

Finally 

8 ~ t: 2 + l' + 1 
----~--------~~~ - S 
3 + 1 

w2 + S + w2(w2 ) 

1 

3 + 

8 ( ~x2 + f + 1] 

where 

3 + 1 

3 + 

w2 = ~ t: 2 + l' - 1 

~ t: 2 + l' + 1 

1 

w2 + S + 

(47) 

(48) 

7 + 42w2 

9 + 

Again the algorithm to evaluate G(x2 ,t: 2 ,w2 ) is a modified version 

of the algorithm to evaluate G(x2 ). 

Using t:2 = x2 

(~x2 
, 

1)2 + 1 + 

and w2 = !;2 = ~!;2 
(~ t:2 i 

1)2 ~ t: 2 + 1 + 

the following algorithm results 

ZTA = SQRT(X2+1)+1 
ZTA2 = X2/(ZTA.ZTA) 
OHG = SQRT(ZTA2+1)+1 
OHG2 = ZTA2/(OHG.OHG) 

I 

+ 1 - 1 
• + 1 + 1 
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N 2 
AI< ::: 3.3.0MGz 
AI<2 = Lt.'l.OMG2 
BK = 7 
BK2 = 9 
UK = 1 
VK = AK/BK 
WI< ::: VI( 

1 UK::: 1/(1+AKZ/(BK.BKZ).UK) 
VK = VK.(UK-l) 
WI< = WI<+VK 
IF (ABS(VI().LT.CC)GOTO 2 
N ::: N+l 
AI<2 = (N+2).(N+2).OMGz 
BK = Z.N+3 
BK2 = 2.(N+1)+3 
GOTO 1 

2 G = S+OMG2+WI< 
G ::: 3+1/G 
G = 8.(SQRT(ZTA2+1)+1)/G 
G = 1/(ZTA2+G) 
G = 3+G 
G = 8.(SQRT(Xz+l)+1)/G 
G ::: 2.2.X2 /G 
G = 1/(3+G) 

This algorithm is used to calculate the continuing fraction w2(w2 ) 

to obtain G(x2,C 2 ,w2 ). The difference between W2((wZ ,N=1+1) and 

w2 (w2 ,N=i) is compared to the convergence criterion as follows 

for cycle 1 (N=Z), is IW2((w2 ,N=Z) - W2((w2 ,N=1) I < CC 

7 + 42w2 

9 

32w2 < CC 
7 

for cycle Z (N=3), is fW2({w2,N=3) - W2((W2,N=Z){ < CC 

32w2 < CC 
7 +--=..--=:;... __ 7 + 42w2 

9 

11 
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The algorithm is repeated to obtain a converged value for 

W2(w2 ,N=i+1). The following expression is used to obtain 

1 

3 + 

8 ( ~x2 + l' + 1) 

3 + f" 1 
----~~--------------------~ 

t;2 + r:p f- w82( ~+C2S1++ l' + 1) ~l 
l l w2(W

2 JJ 

The value of G(x2,C2,w2) is substituted for G in eq.(36). Again 

G(x2=O,C2=O,w2=O) = 1 . 
3 

The decimal accuracy, F, of the normalized difference, where 

G(X2,C2,W2 ) is substituted for G, and the number of terms for 

convergence, Nt are tabulated as a function of x2 and the decimal 

accuracy, D, of the convergence criterion forG(x2,C2,w2} in Table I. 

Again the decimal accuracy of the normalized difference is limited 

by the decimal accuracy of the computer. The improvement in the 

increase in accuracy of the continuing fraction G(x2,C2,w2) as D is 

decreased from -1 to -is, ranges from a factor of .6 to 0 when 

compared to F for G(x2,C 2). This time the decrease in the number 

of terms required for convergence, N, ranges from a factor of 4 to O. 

Now w2(w2 ) is converged for x = iO.99999 , x2 = -.9999800001 

to obtain G(x2,C2 ,w2 ). The continuing fraction converges to a 

criterion of 1x10-1 at the third cycle (N=4) with a normalized 
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difference of less than 2.Sx10-3 . Therefore the convergence of the 

continuing fraction G(x2,C 2 ,w2 } of the universal time of flight 

equation, eq.(36), has been examined for -.9999800001 < x2 < 3249.0 , 

corresponding to 

i6.103033823 hyperbolic radians ~ i arctanh( ~ and 

arctan x < ( n ) circular radians, 
- 2.00039196 

and found to be machine accurate with an acceptable number of terms 

required for convergence. 

It is not surprising that the decrease in the number of terms 

required for convergence betyeen G(x2,C2} and G(x2,C 2 ,w2 ) is much 

smaller than the decrease betYeen G(x2 ) and G(x2,C2) . Table II 

presents the number of terms required to converge the continuing 

fractions associated with x2, C2 and w2 as E varies from 0° to 177.99° 

for a convergence criterion of lxl0-1S . The first application of 

the method of halving the argument of the inverse tangent function 

reduces the number of terms required for convergence significantly for 

large values of E. A second application of this method does not 

reduce the number of terms required for convergence as much. The 

reason for this is evident from the values of the arguments of the 

continuing fractions, x2, C2 and w2 • With the first application of 

the method the argument of the resulting continuing fraction, e2 , is 

made less than one for the largest value of E, x and x2 . With e2 < 1 

the continuing fraction can converge much faster. The second 

application of the method does not reduce the argument of the 
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associated continuing fraction, w2 , nearly as much. Therefore the 

continuing fraction of w2 does not converge much faster that the 

continuing fraction of (2. 
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CHAPTER 5 ACCURACY OF THE EQUATION 

The universal time of flight equation has been found to be 

determinate for -2n < ~ < 2n and the convergence of the continuing 

fraction G has been examined. Now the accuracy of the universal time 

of flight equation, eq.(36), is examined using the following normalized 

difference 

Where ~tk is one of three classical time of flight equations depending 

upon the type of orbit: elliptic, parabolic or hyperbolic. Remember, 

the universal time of flight equation is valid for any type of orbit. 

The normalized difference will provide a measure of accuracy relative 

to the classical time of flight equations. 

The following classical time of flight equation for the elliptic 

orbit is know as If Kepler's Equation" (Ref. 2). 

J~ (t - ~) = E - e sin E 
a 3 

From this equation the following equation for the elliptic orbit is 

derived 

~~i [(E~ - e'sin E~) - (E~ - e'sin E;)] 
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I e' + cos v1 where cos E1 
e'cos "1 + 1 

, e' + cos "2 cos E2 
e'cos v2 + 1 

and v2 = v1 + 11 

Note that this equation is a function of the eccentric anomaly of the 
, 

original orbit (E). The classical time of flight equations for the 

parabolic and hyperbolic orbits can be derived using the concepts of 

Kepler's equation (Ref. 2). These equations are 

where D1 = {po' tan ["21] 

for the parabolic orbit and 

ot k (1 < e ,) = ~ (-~ ) 3' [(e' S 1 nh F ~ - F;) - (e'sinh 
I - F~)] Fl 

, e t + cos v1 where cosh F1 = 
e'cos v1 + 1 

I e l + cos "2 cosh F2 = e1cos v2 + 1 
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and 

for the hyperbolic orbit. These equations are functions of the 

semi-major axiS, a, and the semi-latus rectum (parameter), p', of the 

original orbit. 

These three classical equations and the universal time of flight 

equation are mechanized on a computer in canonical units to generate 

the normalized difference fitk - fit 
fitk 

These mechanized time of flight 

equations are incorporated into a parametric study to examine the 

overall accuracy of the universal time of flight equation. 

The first parametric study, P.S.1.1, is conducted as a function of 

rtf e ' , CC and the type of continuing fraction used (TCF) for an array 

of Vt (00 ~ Vt < 3600 , fiu = 400 ) and ~ (-3600 ~ ~ ~ 3600 , fin = 200 ). 

This results in 324 calculations of the normalized difference for each 

rt, e', CC and TCF combination (parametric study case). The 

combinations for the five cases of P.S.1.1 are as follows 

P.S.1.1 

For rl = 1.2 , e' = .0, .5, .9 
for each e' , TCF = G(x2 ), G(X2 ,(2), G(x2 ,(2,w2 ) 

for each TCF , CC = 1x10-1 , 1x10-5, 1x10-1S 

For rl = 1.2 , e' = .99, .9999, .999999 
for each e' J TCF = G(x2 ,(2,w2 ) 

for each TCF , CC = 1x10-1 , 1x10-S, 1x10-15 

For rl = 1.2 , e' = 1.0 
for each e' ,TCF G(x2), G(x2 ,(2), G(x2,C2 ,w2 ) 

for each rCF , CC = 1x10-1 , 1x10-S, 1x10-1S 

47 



For r1 = 1.2 , e' = 1.0000001, 1.00001, 1.001 
for each e' , TeF = G(xZ,CZ,wZ ) 

for each TeF , CC = 1xl0-1, lxl0-S, ~xl0-1S 

For r1 1.2, e l = 1.1, 2.S 
for each e' , TeF = G(xZ), G(xZ,CZ), G(xZ,CZ,wZ) 

for each TeF , CC = lx10-1, lx10-5, 1xl0-15 

The inputs CC and TCF pertain to the convergence of and type of 

continuing fraction used in the universal time of flight equation. 

The parametriC study inputs vi and ~ are chosen to ensure that 

representative combinations of starting true anomaly and change in 

true anomaly are considered for each orbit specified by rl and e'. 

The parametriC study input e' is chosen to ensure that all three types 

of orbits are included in the study. 

But the universal time of flight equation is a funciton of r1, rz, 

q and ~1 where the inputs of the parametric study are rt, e', Vi and 

q. These input parameters provide control over the orbital cases 

being studied since the variables of the universal time of flight 

equation do not permit this direct control. The variables of the 

universal time of flight equation are generated from the parameteric 

study inputs as follows 

£1 = ~Z(e,)2 - 1) 
2(h' )Z 

v ~ = 12 (E' + J:L)' 
~ rl 

specific mechanical energy of the 

original orbit 
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-arccos[hl/(rlV~)] t if vi > ; 

arccos[h'/(r1V~)] , if v1 < ~ 

pi = (h,)2 

1..1 

p' 

1 + e'cos(vl + ~) 

where ~=1 (in canonical units) 

The semi-major axis of the original orbit is generated as follows. 

a = 

Because of the large variation in the normalized differences of 

each parametric study case (r1, e l
, ec, and TCF combination), the 

decimal accuracy, B, of the normalized difference is more significant 

than the value itself. 

NDTE x 10B 

Because of the large number of normalized differences for each 

parametric study case, a maximum (B1), average (if any) (B 2 >, and 

minimum value (B3 ) of the decimal accuracy B are tabulated as a 

function of r1f e', TeF and D. The variable D is the decimal accuracy 

of the convergence criterion, ec, 
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CC 1x10D 

for the type of continuing fraction used, TCF, and 

Bl ~ a maximum decimal accuracy from the 324 normalized 

differences of the parametric study case 

B2 - an average decimal accuracy (if any) from the 324 

normalized differences of the parametric study case 

B3 - a minimum decimal accuracy from the 324 normalized 

differences of the parametric study case 

The value of B is limited by the decimal accuracy of the computer 

(Bmax =-16) used to do the parametric study. If the normalized 

difference is exactly zero then B3=-~' The values of B are presented 

in Table III. 

For each parametric study case 324 continuing fractions were 

converged. Table IV contains Nmax , the largest value of N (where N 

is the number of terms required to converge the continuing fraction) 

for each parametric study case, as a function of rt, e', TeF and D. 

Referring to Table III and Table IV the expected decrease in the 

normalized difference, B, as D decreases is apparent. As TCF varies 

from G(x2 } to G(x2,C 2 ) there is a small decrease in B but a 

significantly large decrease in Nmax ' This is why the method of halv

ing the argument of the inverse tangent function was used. As rCF is 

changed from G(x2,C2) to G(x2,C2,w2) there is essentially no change 

in B, and Nmax is cut in half. The decrease in the decimal accuracy of 

the normalized difference appears to be independent of eccentricity 

with the exception of the region just below and above e'=1. This may 

be due to the error generated in computing '1 and rz from r1f e', Vi 

so 



and n. But Nmax does not appear to be affected. From the parametric 

study, the variable x2 is found to be a very large number for e' just 

less than one and a very small number for e' equal to one. This would 

explain the apparent independence of Band Nmax from TeF and D at e l =1. 

It is interesting to note that the decimal accuracy of the normalized 

difference for e' < .9 and e' 2 1.1 is about the same whereas Nmax 

increases with e'. This is probably due to the nature of the inverse 

tangent and inverse hyperbolic tangent functions. 

The second part of the first parametric study P.S.1.2 examines B 

and Nmax for a larger initial radius as follows 

P.S.1.2 

For rl = 5.0 , e' = .0, .5, .9, 1.0, 1.1, 2.5 
for each e' , TCF = G(x2,C 2 ,w2 ) 

for each TCF , CC = 1x10-15 

The data of Table V indicates that the decimal accuracy of the 

normalized difference and Nmax are independent of r1-

The universal time of flight equation appears to be consistently 

accurate when compared to the classical time of flight equations and 

the accuracy is improved by the method of halving the argument of the 

inverse tangent function and decreasing the convergence criterion. 

The second parametric study examines the accuracy of the universal 

time of flight equation for a small, constant specific mechanical 

energy as the eccentricity approaches one from above and below e'=1. 

This study is to examine the performance of the universal time of 

flight equation for near parabolic and near rectilinear orbits. The 
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study is conducted as a function of the specific mechanical energy of 

the original orbit (£1), e', TCF and CC for any array of 

The combinations of £', e', TCF and CC for the four cases of P.S.2 are 

as follows 

For £' = -0.1 , e' = .9999, .999999 
for each e' , TCF = G(x2,C2 ,w2 ) 

for TCF , CC = 1x10-15 

For £' = -0.0000001 , e' = .9999, .999999 
for each e' , TCF = G(x2,C2,w2 ) 

for TCF , CC = 1x10-15 

For £' = 0.0000001 , e' = 1.0000001, 1.00001 
for each e ' , TCF = G(x2,C2,w2 ) 

for TCF , CC = 1x10-15 

For £1 = 0.1 , e' = 1.0000001, 1.00001 
for each e' ,TCF G(x2,C2,w2 ) 

for TCF , CC = 1x10-15 

Again the universal time of flight equation is a function of r1, 

r2, nand +1' These variables are generated from the parametric study 

inputs £' and e' as follows 

The rest of the variables are generated as in P.S.1. 
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Table VI contains the decimal accuracy of the normalized 

differences, B, and Nmax as a function of £', e ' , TeF and D for P.S.2. 

This data indicates that the accuracy is similar to the first 

parametric study. The decimal accuracy of the normalized difference 

is larger for a value of e l closer to one. Again this may he due to 

the error generated in computing rl using the term ({e,)2 - 1). The 

universal time of flight equation appears to be accurate for a small, 

constant value of specific mechanical energy for near parabolic and 

near rectilinear orbits. 
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CHAPTER 6 SUMMARY 

A universal time of flight equation for flight between two 

arbitrary pOints in any orbit was developed as a function of r1f r2, D 

and t1' The symmetry property of Lambert's theorem was used to 

transform the original orbit into an orbit symmetric about an invariant 

semi-major axis. A trigonometric substitution was used to keep the 

argument of an inverse tangent function within the principle range of 

the function. The quotient, arctan x 
x , was replaced by a continuing 

fraction expression which resulted in one time of flight equation for 

any orbit. The new corollary to Lambert's theorem was used to relate 

parameters of the transformed orbit to the parameters of the original 

orbit, rl, r2, D and ~1' The resulting universal time of flight 

equation is not explicitly a function of eccentricity. This universal 

time of flight equation was found to be determinate for -2n < D < 211. 

A method of halving the argument of the inverse tangent function 

to make the continuing fraction converge faster was examined using a 

top down algorithm to evaluate the resulting continuing fraction. The 

method does make the continuing fraction converge faster to the 

decimal accuracy of the computer used. 

The universal time of flight equation was compared to the classical 

time of flight equations. For all types of orbits, including near 

parabolic orbits, the universal time of flight equation was found to be 

machine accurate with an acceptable number of terms required to 

converge the continuing fraction. This was also found to be true for 
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near parabolic and near rectilinear orbits with small values of 

specific mechanical energy. 

55 



REFERENCES 

1 Battin, R.H., Fill, T.J., Shepperd, S.W., uANewTransformation 
Invariant in the Orbital Boundary-Value Problem,ft AIM 
Journal of GUidance and Control, vol. I, No.1, Jan.-Feb. 1918 

2 Bate, R.R., Mueller, D.D., White, J.E., Fundamentals of 
Astrodynamics, Dover, New York, 1911 

3 Wall, H.S., Analytical Theory of Continued Fractions, D. Van 
Nostrand Company, Inc., New York, 1948 

4 Battin, R.H. f Vaughan, R.M., uAn Elegant Lambert Algorithm, II AIM 
Journal of Guidance and Control, Nov.-Dec. 1984 

56 



Fig. 1 - The Original Orbit 
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Fig. 2 - The Transformed Orbit 
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Fig. 4 The Arctangent and Hyperbolic Arctangent Functions 

60 



1 
1 + x2G 

--------------~------~------------------------X2 -1 

Fig. 5 The Continuing Fraction Substitution 

61 





TABLE I ACCURACY OF TIlli CONTINUING FRACTIONS 

E 
~ 

x2 G(x2s~2) G(x2z~2Iw2) 

0=-1 -15 -1 -5 -1 -5 

-.B1 F=-2 -6 -16 -5 -9 -(lO -B -11 -1 l1 

N=O 10 35 0 5 16 0 2 9 

-.25 -4 -7 -Q) -9 -12 -co -12 -13 -co 

0 3 12 0 It 8 0 1 5 

-.01 -B -B -16 -16 -16 -16 -16 -16 -16 
0 0 It 0 0 3 0 0 3 

.01 -B -B -15 -15 -15 -Q) -co -Q) -Q) 

0 0 -4 0 0 3 0 0 3 

.25 -4 -B -16 -10 -13 -16 -13 -15 -16 
0 3 11 0 2 7 0 1 5 

1.0 -3 -7 -16 -7 -12 -16 -10 -12 -16 
0 6 19 0 3 10 0 1 6 

100.0 -3 -7 -13 -5 -9 -16 -B -11 -co 

26 72 187 1 6 1B 0 2 9 

225.0 -3 -7 -16 -5 -9 -Q) -B -12 -co 

43 112 285 1 6 18 0 3 9 

625.0 -3 -7 -10 -5 -9 -(lO -7 -12 -15 
79 194 4B2 1 6 19 0 3 10 

1225.0 -3 -7 -1S -5 -9 -Q) -7 -12 -co 

117 27B 681 1 6 19 0 3 10 

1600.0 -3 -7 -16 -5 -9 -16 -7 -12 -11 
131 321 781 1 6 19 0 3 10 

2500.0 -3 -7 -16 -5 -9 -15 -7 -12 -16 
177 407 983 1 6 19 0 3 10 

3249.0 -3 -1 -10 -5 -9 -16 -7 -12 -11 
206 468 1124 1 6 19 0 3 10 

NDCF x 10F Normalized Difference of the Continuing Fraction 
N = Number of terms required to converge the continuing fraction 

CC = 1 x 100 = Convergence Criterion 
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TABLE II CONVERGENCE OF THE CONTINUING FRACTIONS 

~ ~ x2 ~ (}J2 

0.0° 0.0 0.0 0.0 0.0 

11.42° 0.1 0.01 0.002486 0.0006211 

90.00° 1.0 1.0 0.1716 0.03957 

168.58° 10.0 100.0 0.8190 0.1485 

176.73° 35.0 1225.0 0.9445 0.1647 

177.99° 57.0 3249.0 0.9655 0.1674 

N for CC = 1x10-15 

~ N(x 2 ) N«(2 ) N(w2 ) 

0.0 0 0 0 

0.1 4 3 3 

1.0 19 10 6 

10.0 187 18 9 

35.0 681 19 10 

57.0 1124 19 10 

X2,C 2 ,W2 = Arguments of the continuing fractions 

N = Number of terms required to converge the continuing fraction 
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TABLE III ACCURACY OF THE 'UNIVERSAL TIME OF FLIGHT EQUATION 

r,=1.2 !hB 
£2 !!a 

L G(x2 } G(x2 z r.: 2 ) 
D=-1 -s -1S -1 -5 

B1 =-2 -6 -8 -5 -8 -8 -8 -8 -8 
.0 Bz=* * -16 * * -16 * * -16 

B3 =-8 -9 -(I) -16 -16 -(I) -16 -16 -(I) 

-2 -6 -8 -5 -8 -8 -8 -8 -8 
.5 * * -16 * * -16 ... ... -16 

-10 -11 -(I) -16 -16 -(I) -16 -16 -(I) 

-2 -6 -8 -s -7 -8 -7 -8 -8 
.9 ... ... * ... ... ... * ... ... 

-10 -11 -16 -16 -16 -16 -16 -16 -(I) 

-5 -s -8 
.99 ... -11 ... 

-16 -16 -16 

-7 -7 -s 
.9999 * ... III 

-14 -14 -14 

-3 -S -4 
.999999 -7 'III * 

-12 -12 -12 

-10 -10 -10 -10 -10 -10 -10 -10 -10 
1.0 -16 -16 III ... III ... ... III III 

-(I) -(I) -16 -16 -16 -16 -16 -16 -16 

-4 -4 -4 
1.0000001 ... ... ... 

-10 -10 -11 

-S -S -5 
1.00001 ... ... ... 

-13 -13 -13 

-7 -7 -7 
1.001 ... III * 

-14 -14 -14 

-4 -7 -7 -7 -7 -7 -7 -7 -7 
1.1 ... * ... ... III III * * ... 

-11 -10 -16 -1S -16 -16 -16 -16 -16 

-3 -8 -8 -8 -8 -8 -8 -8 -8 
Z.S III * -16 III III -16 * * -16 

-10 -10 -(I) -15 -1S -(I) -lS -16 -(I) 

NDTE X 10Bi = Normalized Difference of the 
universal Time of flight Equation 
where i=1,2,3 

CC = 1 x 10D = Convergence Criterion 

III There is no discernable average value for B. 
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TABLE IV ACCURACY OF THE UNIVERSAL TIME OF FLIGHT EQUATION 

r,=1.2 Nmax 

L G(x2 ) G(X22~2) G(x2z~22W2) 

D=-1 -5 -15 -5 -15 -5 

.0 31 83 215 1 6 18 0 2 9 

.5 59 150 377 1 6 18 0 3 10 

.9 175 402 972 1 6 19 0 3 10 

.99 0 3 10 

.9999 0 3 10 

.999999 0 3 10 

1.0 0 0 0 0 0 0 0 0 0 

1.0000001 0 0 0 

1.00001 0 0 1 

1.001 0 0 3 

1.1 0 4 14 0 2 9 0 1 6 

2.5 0 6 22 0 3 12 0 2 7 

Nmax = largest value of N in a study case, 
where N is the number of terms 
required to converge a continuing 
fraction 

CC = 1 x 10D = Convergence Criterion 
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TABLE V 

.0 

.5 

.9 

1.0 

1.1 

2.5 

ACCURACY OF THE UNIVERSAL TIME OF FLIGHT EQUATION 

G(X2z~22W2) 0=-15 

!hB 
~!l.a 

-8 
-16 

-CD 

-7 
-16 

-CD 

-5 
-16 

-CD 

-8 
-16 

-CD 

-5 
• 

-16 

-7 • 
-16 

Nmax 

11 

10 

10 

0 

6 

7 

NDTE x lOBi = Normalized Difference of the 
universal Time of flight Equation 
where i=1,2,3 

Nmax = largest value of N in a study case, 
where N is the number of terms 
required to converge a continuing 
fraction 

CC = 1 x 10D = Convergence Criterion 

• There is no discernable average value for B. 
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TABLE VI 

r1=1.2 

L 

-.1 

-.1 

-.0000001 

-.0000001 

.0000001 

.0000001 

.1 

.1 

ACCURACY OF THE UNIVERSAL TIME OF FLIGHT EQUATION 

Constant Specific Mechanical Energy 

e' G(x2 z!;2 zw2) D=-1S 

~B 
£2. !!a Nmax 

-6 
.9999 * 10 

-14 

-3 
.999999 * 10 

-12 

-3 
.9999 * 10 

-14 

-2 
.999999 * 10 

-12 

-4 
1.0000001 * 0 

-11 

-S 
1.00001 * 1 

-13 

-3 
1.0000001 * 0 

-11 

-S 
1.00001 * 1 

-13 

NDTE x 10Bi = Normalized Difference of the 
universal Time of flight Equation 
where 1=1,2,3 

Nmax = largest value of N in a study case, 
where N is the number of terms 
required to converge a continuing 
fraction 

CC = 1 x 10D = Convergence Criterion 

* There is no discernable average value for B. 
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