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(ABSTRACT) 

When structural analysis is performed via iterative solution technique it is possible to 

integrate the analysis and design iterations in an integrated analysis and design 

\' procedure. The present work seeks to apply an integrated analysis and design approach 

due to Rizk to the problem of hole shape optimization in thick plates. 

The plates are modeled by three dimensional eight noded elements. An element by 

element (EBE) preconditioned conjugate gradient (PCG) method is used for the 

structural analysis, because this method is well suited for poorly banded three 

dimensional problems. The plates were optimized so as to minimize the stress 

concentration near the hole measured by the ratio of the Von Mises stress to the applied 

boundary stress. The analysis program was validated by comparision to a commercial 

finite-element program as well as photoelastically obtained stress concentrations. 

Similarly, the optinlization procedure was checked against plates optimized by a 

photoelastic technique. Good agreement was observed. 

The integrated analysis and design approach tested here is based on partially converged 

solutions of the EBE-peG iterative process. A study of the effect of the number of 

iterations on analysis and derivative accuracy was performed. Based on this analysis a 



choice was made for the number of iterations to be used in the integrated analysis and 

design procedure. It was found that the cost of the design could be significantly reduced 

with only minimal effects on the final shape and stress concentration factor. 
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Cllapter 1. Introduction 

Structural optinlization was initially based on the calculus of variations. A typical 

problem was solved by obtaining the Euler-Lagrange optimality differential equations 

and solving theIn simultaneously with the differential equations of the structural 

response. This approach is still used for the optimization of individual structural 

elements, however for built-up structures n10deled by finite elements, a nested approach 

is typical. The structural response is calculated for a given set of design variables. The 

derivatives of the response with respect to design parameters are used in directing the 

optimization search and updating the design parameters. This two phase approach is 

called the nested (or inner outer) approach Fig. 1. 

In the last twenty-five years direct search methods have been gaining ground as the 

standard for structural optimization. These techniques are commonly used in a nested 

approach. That is, the structural analysis equations are repeatedly solved during each 

design iteration. Part of the reason for the popularity of the nested approach is that the 

structural analysis equations are solved by techniques which are quite different from 

those used for the design optimization. An exception is the design of a structure subject 



to constraints on its collapse load. There, the analysis problem ("limit analysis") is often 

approximated as a linear program and solved by the simplex method. The structural 

design problem in that case ("limit design") is easily formulated as a single linear 

program with the element forces and structural parameters both treated as design 

variables [1]. 

In the late sixties, Fox and Schmit [2] and their coworkers (Schmit, Bogner and Fox [3], 

Fox and Stanton [4], Fox and Kapoor [5] ) tried to integrate structural analysis and 

design by employing conjugate gradient (CG) minimization techniques for solving linear 

structural analysis problems. They found that the optimization methods were not 

competitive with the traditional direct Gaussian elimination techniques. More recently, 

techniques for unconstrained minimization have improved to the point where they can 

be competitive with elimination techniques for poorly banded problems [6]. 

The simultaneous analysis and design approach replaces the outer level of constrained 

optimization and the inner level of structural response solution by a single constrained 

optimization problem. The structural response (equilibrium) equations are treated as 

equality constraints, and the structural response variables are additional variables in the 

optimization problem. The approach benefits from the developments in unconstrained 

optinlization for structural analysis [6] and use of element by element (EBE) approach 

to preconditioned conjugate gradient (PCG) method for structural analysis [7, 8]. Such 

an approach demonstrated substantial computational savings over the nested approach 

for both the linear and non-linear truss optimization problems [9, 10]. However the 

convergence and computational cost are quite sensitive to the conditioning of the 

stiffness matrix. 
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A different technique for integrating the analysis and design is the single cycle approach 

proposed by Rizk [11] for aerodynamic design, when the analysis problem is solved by 

an iterative approach. The single cycle approach updates the design parameters after 

every analysis iteration or every Nth iteration where N is considerably less than the total 

number of iterations required for full convergence in the analysis. The name derives itself 

from the practice of updating both the structural response and the design variables in 

the same cycle. The design variables are based on an approximate response. Both 

response and design converge simultaneously to their solutions. The Inethod could be 

applicable to structures which can be analyzed more efficiently by iterative schemes like 

the conjugate gradient method than by direct methods like Gaussian elimination. Rizk 

approach was applied to structural optimization under constraint on nonlinear 

behaviour by Haftka {12]. In that application the nonlinear load iteration was integrated 

with the optimization iteration. 

The simultaneous analysis and design merges the analysis level and the optimization 

level, \vhile the integrated analysis and design still maintains the two levels as in nested 

approach, but the inner level goes only to partial convergence. The dimensionality of 

the problem increases in the simultaneous analysis and design approach because the 

response variables are also considered as design variables and this increased 

dimensionality can increase computational cost and storage requirements. The purpose 

of the present work is to test the application of Rizk's approach to structural design in 

the linear range. Another objective is to employ 3-dimensional finite elements which 

often benefit from an iterative solution approach because they result in poorly banded 

equations. 
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Rizk's single cycle (Integrated analysis and design) approach is applied to finding the 

optimum shape of a central hole in a thick plate under uniaxial loading, so as to 

minimize the stress concentration in the plate. The plate is modelled by three 

dimensional eight noded brick elements. The displacements are found using EBE peG 

scheme. 

Shape optimization problems have received much attention in recent years. In terms 

of a finite element model we consider as shape variables any design variables which have 

control over the location of the nodes. Early work in structural optimization was 

concerned mostly with truss structures. This followed the work of lVlichell [13] who 

developed the theory of optimum truss layout when there is no limit on the number of 

joints. The theory of Michell trusses is still being pursued [14, 15] and have also been 

extended to grillages [16]. While problems of geometry and topology in truss design 

occupied researchers in early and mid-seventies, recently there has been a veritable 

explosion of interest in shape optinllzation of plate, shell and solid components [17-20]. 

The method used for these shape optimization problems range from calculus of 

variations [21] to experimental optimization employing photoelastic models [18, 19]. 

However most of the work is based on employing mathematical programming methods 

coupled with finite elernent analysis of the structure. The major problem in the shape 

optimization of a structure !Uodeled by two or three dimensional finite elements is the 

deformation of the mesh. There is the danger of obtaining meshes with excessively 

deformed frnite elements. Hole shape optimization problems have been dealt with 

extensively in the literature for thin plates. Experimental optimization using 

photoelastic techniques results have been presented by Durelli et. al. [18, 19]. Dhir 

presented analytical solutions for optimizing the geometry of a class of hole shapes for 

large plates [20]. 
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Chapter 2 gives an overview of the EBE PCG scheme. Chapter 3 describes the problem 

and the single cycle approach for the problem. Chapter 4 include results and discussion 

for the approach. 
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Cllapter 2. Iterative Solution of Static Response 

2.1 Equation of Static Response 

The equations of equilibrium of a structure obtained by a finite element fonnulation are 

typically written as 

Ku=f (2.1.1) 

where K is the stiffness matrix obtained by assembly of element nlatrices, u is the 

displacement vector, and f is the force vector. 

K is a nxn synunetric, positive definite matrix where n is the number of structural 

degrees of freedom. Equation 2.1.1 can be solved directly or indirectly by iterative 

methods. 
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2.2 Solution of Linear Equations 

Non-iterative solution methods include elimination and factorization methods such as 

Gauss and Gauss-] ordan elimination. One of their disadvantages is that, if the 

coefficient matrix is sparse , the sparsity is not fully exploited, because zeros in the 

matrix do not remain zeros as elimination proceeds. Inversion is also a non-iterative 

method, but as the calculation of K-l is more expensive in terms of computer time than 

factorization, and the matrix K-I is typically fully populated so that storage 

requirements are very large, it is not corrunonly used for large systems of equations. 

Iterative methods generate a sequence of approximate solutions uk where k is the 

iteration count, and involve the matrix K only multiplicatively. The evaluation of an 

iterative method invariably focuses on how quickly the iterates uk converge to the 

solution. When the coefficient matrix K is sparse indirect methods may be preferred over 

direct methods because of much lower memory requirements. However the rate of 

convergence and hence the number of iterations may not be known in advance. In the 

present work we are interested in iterative lnethod for their potential of being integrated 

into the design iteration. Several iterative methods are discussed "below. 

2.3 Jacobi and Gauss Seidel Method 

Equation 2.1.1 can be rewritten as 

i-I n 

Ui = ( f; - I KijUj - I Kiju)/ Kit 
j=l j=i+l' 

(2.3.1) 

where ui is the ith component of the vector u 
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The Jacobi iteration is given as [22] 

i-I n 

u~(+ 1 = ( f.. - \ K·· u~' - \ K .. u~)1 K .. 
l l L,; lJY ~ lJ7 II 

(2.3.2) 

j=l j=i+l 

In matrix notation, equation 2.3.2.can be \vritten as 

D u"+l = f - ( L + U) uk s s s (2.3.3) 

where 

(2.3.4) 

and Ls' Ds and Us are the matrices with lower triangle, diagonal and the upper triangle 

of the matrix K. If we rewrite the above approximation scheme using the most recent 

values of u, then we get the Gauss-Seidel iteration scheme. 

i-I n 

u7+ 1 
= ( f; - I Kif uri - I Kif uJl! Kii (2.3.5) 

j=l j=i+l 

This can be written in matrix form as 

(2.3.6) 

or 
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( D + L) Uk+ 1 = f - U Uk s s s (2.3.7) 

The above set of equations can be rewritten as 

(2.3.8) 

where 

IVl- N = K (2.3.9) 

It can be shown [23} that if p( M-l N) < 1 where p is the spectral distance of the matrix, 

then in the lillut , u converges to K-l f. The spectral distance of a matrix is the 

magnitude of its largest eigenvalue of the matrix. The rate of convergence increases as 

the value of p decreases. The condition p( M-l N) < 1 is guaranteed by diagonal 

. dominance of K for Jacobi and Gauss-Seidel iterations. 

2.4 Successive Over Rela.,'Xation 

An improvement on the Gauss-Seidel method for matrices when p( M-l N ) is close to 

1 is given by the Successive Over Relaxation (SOR) scheme where 

(2.4.1) 

where 

(2.4.2) 
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(2.4.3) 

and OJ is a relaxation parameter. 

The SOR method is the same as Gauss-Seidel if OJ = 1. For a few problems the value 

of OJ that minimizes the spectral distance is known and can be used. For others, OJ has 

to be determined by complex eigenvalue analysis. 

2.5 Conjugate Gradient Method 

All gradient search methods solve K u = f by minimizing a function <p(u) such that the 

value of u at which <p(u) is minimum is given by K-I f. \Vhen K is positive definite 

one such fUl.ction is given by 

1 T T <p(u) = - u K u - u f 
2 

(2.5.1) 

The method of Steepest Descent updates the uk by choosing a direction such that the 

function <p decreases most rapidly at each step. This is the direction of the negative 

gradient 

(2.5.2) 

The updating step hence is given by 
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(2.5.3) 

(X is chosen so as to minimize 4>( uk + (Xk+l rk) and is given by 

(2.5.4) 

The convergence of this method may be slow. Conjugate Gradient (CG) methods instead 

successively minimize 4> along a set of directions pi, p2, ... that do not necessarily 

correspond to rO, r1, •••• 

Hence 

(2.5.5) 

It can be shown that [23] we can choose pk such that in using the vector pk+1 to solve 

the one dimensional minimization problem 

(2.5.6) 

We also solve the (k + 1) dimensional minimization problem which is given by 

II 



k+l 

• A.. ( 0 \"" i i) 
lilln. 0/ U + ~ (X P (2.5.7) 

i=l 

Choosing the vector pk+I to be K - conjugate to the vectors pI, p2 •... , pk ensures 

the desired result. Such a vector has the property ( pk+ 1) T K pi = 0, j = 1, ... ,k . Since 

there are many such choices for pk one choice will be to choose pk+l to be closest 

vector to rk of all possible pk+l. Such a choice of pk+l leads to the residuals rk being 

mutually orthogonal. It can be further shown that pk+ 1 can be represented as a linear 

combination of pk and the residual rk . That leads to the formulation 

(2.5.8) 

where 

(2.5.9) 

The value of C(k+l can be found as explained earlier by minimizing the function cP , and 

we get 
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(2.5.10) 

This form of conjugate gradient algorithm was presented originally by Hestenes and 

Steifel [24]. 

2.6 Preconditioning 

In structural problems as the stiffness matrix usually have a very high condition number 

the convergence of an iterative scheme can be improved by preconditioning K. The 

systern of equations K u = f is transformed into 

(2.6.1) 

where B is the postive definite synunetric preconditioner. The CG residue which was 

r K u- f (2.6.2) 

beconles 

(2.6.3) 

It is desirable th.at the condition number of B-1 K be small. The smaller the condition 

number better is the convergence. The ideal case is B-1 K = I where the condition 

number is 1. However we want B to be easy to invert or factorize. For the peG to be 

an effective sparse matrix technique the choice of the preconditioner n should be such 
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that the system Bz = r can be solved easily, implying B can be easily inverted. An 

appropriate preconditioner B is needed for the practical usage of the Preconditioned 

Conjugate Gradient algorithm. 

The algorithm for the Preconditioned Conjugate Gradient Method is given below 

Step 1. Initialization 

k = 0 

UO=o 

rO = f 

pO = zO = B-1rO 

Step 2. Update solution and residual 

Step 3. Convergence check 

(b = convergence criteria) 

Yes- Return 
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No - Continue 

Step 4. Update conjugate direction 

Zk+l = B-1r'<+1 

k = k+ 1 

Go to Step 2 

Given below are few of the most commonly used preconditioners. 

2.6.1 Diagonal Preconditioner 

The simple preconditioner also known as Jacobi acceleration is diagonal scaling 

B = diag(K) (2.6.4) 

2.6.2 Symmetrical Gauss-Seidel 

In this method the matrix K is decomposed as 

IS 



(2.6.5) 

where 

L is the lower triangular matrix with zero diagonal entries 

D is diagonal of K 

and the preconditioner B is defined as 

(2.6.6) 

2.6.3 Incomplete Cholesky Factorization 

Meijcrink and Vander Vorst [25] transformed the systenl of equations K u = f into 

B z = r (2.6.7) 

where 

(2.6.8) 

z = Li u (2.6.9) 
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(2.6.10) 

and Ll is an approximation to the Cholesky factor of K constrained to have the same 

sparsity pattern as K . 

2.7 Element by Element 1\'lethods 

A disadvantage with the above rnethods is that they require the use of the full matrix K 

and hence large storage requirements. \Vhen K is obtained from finite element models, 

Elenlent by Element (EBE) methods provide a way of solving the system of equations 

without the use of the complete global stiffness matrix at a time. It does not require a 

global stiffness Inatrix storage. Only one eletnent matrix is to be formed and stored at 

one time. For a very large structural problem modeled by finite elements, the number 

of unknowns (n) to be solved [or is very large and storage of the global stiffness matrix 

nlay be unmanageable. In the Element by Element method K is never assembled and it 

is factorized approximately in terms of Ke, e = 1, ... , nele , where nele is the number of 

elements, and Ke is the element stiffness matrix. 

The global stiffness matrix is the sununation of the element stiffness matrices 

nele 

K= L)e (2.7.1) 

e=l 

The Element by Element Method developed by Hughes and co-workers [7,8] uses a 

preconditioner of the form 
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(2.7.2) 

\vhere \V is a positive definite diagonal matrix also known as the scaling matrix (in the 

present case it is the diagonal of the global stiffness nlatrix) and C is a function of K . 

I t is desirable that for B as the preconditioner, it should be as close to K as possible. 

Bc::K (2.7.3) 

lIenee from equation 2.7.2 and 2.7.3 we get 

c = \V-1/2 K W-1/2 (2.7.4) 

Using equa(,on 2.7.1, equation 2.7.4 can be written as, 

nele 

C = W-1/2 i) Ke
) W- 1/2 (2.7.5) 

e=l 

adding and subtracting unit matix from (2.7.5) 

nele 

C = W-1/2 L( Ke) W-1/2 - I + I (2.7.6) 

e=l 

18 



nele nefe 

= W-1{2 IC Ke) W- 1{2 - W-1{2 I De W-1{2 + I (2.7.7) 
e=! e=l 

De = diagonal of Ke 

nele 

C = W-1{2 I( Ke - De) W-1{2 + I (2.7.8) 
e=! 

Defining 

(2.7.9) 

we get 

nele 

C=(I+ l}e) = 1+ K (2.7.10) 

e=l 
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-K has the same sparsity as K . The goal is to replace the global matrix K by its element 

components. 

To express K, the global stiffness array as a product of the element stiffness array the 

following approximation is used 

n n n n (l + hi) = (l + hl)(l +h2) .•. (l + hn) = 1 + Lhi + H.D.T. ~ 1 + Lhi (2.7.11) 
;=1 i=l i=l 

Then C can be written as 

(2.7.12) 

and for each finite element we generate the factorization 

(2.7.13) 

The matrix 2 can be further approxin1ated as 
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nele nele 1 

C = n Lp(I + ie) n Dp(I + ie) n (Lp{(I + i{e) (2.7.14) 

~l ~l ~Mk 

The factorization of C is performed completely at the element level. The EBE 

preconditioners were introduced to make better use of data structure provided by finite 

element progranls. 

2.7.1. Cholesky Element by Element Preconditioner 

Choiesky factorization is used for a symmetric matrix. In this case the preconditioner 

is given by 

(2.7.15) 

'" where Lp stand's for the lower factor of K€ + I and where 

(2.7.16) 

W = diagonal of Ke 
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Although the element arrays Ke have the same dimension as the global matrix K , all 

operations are restricted to the set of equations coupled to the element under 

considera tion. 

2.7.2 Crout Elelnent by Element Preconditioner 

If K is not symmetric we can use the Crout EBE preconditioner [8] which is defined by 

nele nele 1 

B=,vl/2nLpnDp n UpWl/2 (2.7.17) 
i=1 i=1 i=nele 

where 

'" 
Lp' Dp and Up stand for the lower, diagonal and upper factors of Ke ,and Ke is the 

same as in Cholesky's method. 

In our present problem though K is synunetric we use the Crout EBE preconditioner. 

Actually it is slightly modified to take the synunctry into consideration. It is given as 

(2.7.18) 

The Crout's preconditioner is a good approximation of K and shows better convergence 

for EBE PCG than other type of preconditioners like the diagonal preconditioner. 
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Chapter 3. Optimization Procedure for Plate with 

Hole 

3.1 Sequential Approximate Optimization 

The structural optimization subject to stress and displacements constraints can be 

written as 

minimize S(X) 

subject to the constraints 

giu, X) ~ 0, j = I, ... ,ng (3.1.1) 

where S is the objective function of n design variables X, and u is the displacement 

vector and gj are constraint functions. The displacement vector must satisfy the 

equilibrium equations of the structure given by 

K u = f (3.1.2) 
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where K and f are the stiffness matrix and the force vector respectively. After 

substituting u into the constraint equations we have 

(3.1.3) 

One common procedure to deal with such problems is to use the derivatives of the 

structural response to form approximate constraints and guide the optimization search 

toward the solution. The approximate constraints (denoted by subscript 'a') are given 

by the following equation 

(3.1.4) 

Using a linear approxinlation equation 3.1.4 becomes 

(3.1.5) 

Constraints are approximated using the approximate displacement field. The 

optimization problem equation 3.1.1 can then be given by 

minimize S(X) 

such that 

j = 1, ... ,ng 

24 



i=l, ... ,n (3.1.6) 

where e/ s are move limits chosen to guarantee the accuracy of the approximation gaj • 

The optimum obtained fron1 the solution of equation 3.1.5 is then used as the next Xo 

for the approximation, and the process is repeated to convergence. Often the move 

limits ei have to be gradually shrunk to prevent oscillations once the neighborhood of 

the optinlum design is reached. 

3.2 Integrated Analysis and Approxhnate Optimization 

The method we employ is a modification on Rizk's Single-Cycle approach {II]. In the 

integrated analysis and design method instead of solving for u exactly, we use 

approximate values of u (call u) . The approximation u are easy to obtain if the method 

to solve for u in the systern of equations 3.1.2 is an iterative method. The approximation 

alnounts to using a value of u obtained in the iterative method without running the 

nlethod to full convergence. Apart from u being approximate the corresponding 

constraint g is further linearised. Thus in the present nlethod there is an additional level 

of approxinlation. Since the analysis phase for the solution of u is the most expensive 

part of the whole structural optimization process, a saving in the analysis part anlounts 

to significant saving in the design process. 

In the present problem of stress minin1ization, the calculation of the values of element 

stresses involve the solution of equilibrium equation 3.1.2 for each' set of design 
. ag· 

parameters. The derivatives of the element stresses w.r.t. the shape parameters ( a~ ) 
ag· L\g. 

are found using simple finite difference scheme (a~ = L\~ ). The calculation of 

derivatives requires perturbing the design (shape) parameters. It should be noted here 
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that the derivatives with respect to the design parameters are calculated in parallel to the 

analysis problem. In our problem for a certain guess value of u , equation 3.1.2 is 

iterated for N iterations. Stresses are calculated using the apporoximate value of u 

obtained that is U. Then the shape parameters are perturbed and this leads to finite 

element mesh regeneration (recalculation of the element node positions ). Equation 

3.1.2. is re-solved using the same initial guess value of u that was used for the analysis 

part and in this case too the analysis solver is run for only N iterations. This way the 

derivatives are calculated in parallel to the analysis solution. In the next set of analysis 

calculation the previous analysis set's solution u is chosen as the guess value for 

EBE-PCG. For the derivatives too the previous set of displacement solution for each 

perturbed design is used as guess values for each EBE-peG solution for next set of 

perturbed designs respectively. Fig. 2 shows how the derivatives are calculated in 

parallel that is, at the same iteration count for both runs of the equilibrium equations. 

For a case of 'nr' shape parameters the equilibrium equation 3.1.2 has to be solved 

'nr +}' timc>s and each time the iterative solver of the linear equation is run to a 

maximum of N iterations (N is much less than the nunlber of iterations required for 

complete convergence). 

In terms of the traditional nested approach, the inner loop consists of the solution of 

equation 3.1.2 for each set of shape parameters while the outer loop consists of resizing 

shape parameters using linear programming. The solution for displacelnents in the inner 

loop uses the iterative EBE PCG scheme. Crout's modified preconditioner is used in this 

example. An iterative scheme is well suited for the problem due to the poor bandedness 

of the linear system arising from the choice of 3-dinlensional elements. The ESE method 

of peG is suitable for a problem with large number of variables. 
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The particular value of N we consider varies from the number of iterations required for 

full convergence to 1/10th of that number. The set of displacements obtained before 

resizing the shape parameters are used as the starting values for the EBE PCG scheme. 

The same holds for finding the derivatives of element stresses with respect to shape 

parameters. It should be noted here that once the shape parameters have been resized 

after the optimization, the node coordinates have also changed. Since we allow only 

small changes in the shape parameters, the previous set of displacements, still 

approximates the displacements for the nodes for the new mesh. Hence, the use of 

previous mesh's displacements serves as a good starting point for the next set of EBE 

PCG iterations. It was observed that with such a scheme, the number of iterations 

required for convergence to true displacements also decreased substantially as the outer 

loop proceeded, confirming that the previous displacements are good approximations to 

the displacements for the new mesh at each step. Fig. 3 shows a flow chart of the 

method discussed above. 

3.3 Hole Shape Optimization Problem 

The shape optimization problem considered here is to determine the shape of the central 

hole in a pl::tte subjected to uniaxial loading as to minimize the stress concentration in 

the plate. F:g 4 shows the square plate with a central hole subjected to uniform loading. 

The plate is modelled by 3 dimensional finite elements, see Fig. 5. Only a quarter of the 

plate is considered because of symnlctry and appropriate boundary conditions are 

applied. (Fig. 5 shows only a 2-d plot of the mesh. There is one layer of elements in the 

thickness direction). The shape of the hole is approximated by a cosine series. The 

boundary of the hole is represented by the equation 
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where 

nr 

R = I R j cos/-I() 

i=1 

nr = number of terms in the series 

Rj = coefficients in the series (design parameters) 

(3.3.1) 

e = polar angular co-ordinate of the point on the boundary with origin at center 

of the plate 

Though we assume a certain equation for the hole boundary for exposition of the 

method, the method presented here is independent of the shape of the hole and can be 

used for any of the classes of hole shapes. 

In terms of finite elements, the problem is to determine RI i s (i = l,nr) so as to minimize 

the maximum of the stresses in the elements of the plate. Let R represent the set of 

design variables [R1t ,., ,Rnr], nele the number of elenlents in the plate and O'yonCi) the 

stress in the ith element of the plate. The optimization function then is given by 

min S (R) 

subject to 

S (R) ~ O'yon(i, R) i = 1, ... , nele (3.3.2) 
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G(R) ~ 0 

avon is the Von Mises stress in a elernent and is given by the equation 

(3.3.3) 

where 0'1,0'2,0'3 are the principal stresses in the element, which are the eigenvalues of the 

stress tensor 0' for the element [26J. The stress in an element is calculated at a gauss 

point close to the hole boundary, which is used in the Gauss Quadrature method of 

evaluating a definite integral while calculating the stiffness matrix [27]. The stress tensor 

for an element is a function of the coordinates of the element nodes and their 

displacelnents. As the stress concentration is largest near the hole, only elements at the 

boundary of the hole are considered for minimizing the maximum value of stress in the 

plate. 

G(R) denotes practical constraints on the shape parameters discussed below. One set 

of constraints guarantees a minimum hole radius ro, by requiring that the distance of 

any point on the hole boundary from the center of the hole must be at least roo This 

constraint is applied at 'nnb' values of 8, where nnb denotes the number of nodes on the 

hole boundary and e is the angle of the nodes on the hole boundary from the centre of 

the plate. 
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i = 1, ... , nnb (3.3.4) 

Another constraint was used to prevent the hole shape from becoming very elongated. 

It takes the form of 

nr 

LRj <0.9R1 
j=2 

(3.3.5) 

The move limit constraints limit the absolute change in the radii to be smaller than the 

maximum of 10 % of the radius and SOlne increment ("vinc") supplied to the 

optimization routine. Introducing the variable "vinc" allowed the radii to change when 

their value was very small. The value of "vinc" was decreased for each subsequent 

optimization step so as not to allow the optimization to oscillate between multiple 

optima. The above constraint is given by 

I tlRj I s n1ax( vinc ,0.1 1\) j=l, ... ,nr (3.3.6) 

The above linearised optimization problem can be written as 

.min S (R) 
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subject to 

nr I RjCa~-I()j < ra 

j=l 

flr 

LRj <0.9R1 
j=2 

f 8Rj I ::;; max(vinc ,0.1 ~) 

i = 1, ... ,nele 

i = 1, ... , nnb 

1, ... ,nr 

This problem is solved using the IMSL subroutine ZX4LP, which solves the linear 

programming problem via the Simplex algorithm. 
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Cllapte; 4. Results and Discussions 

4.1 Introduction 

We present results of the Integrated Analysis and Design approach as applied to the 

hole shape optimization. We validate our stress analysis implementation against a 

standard finite element program. We check our optimization procedure for a particular 

hole radius and plate ratio against the experimental results published earlier for the same 

problem. We present the optimal hole shape obtained by the integrated design and 

compare the integrated approach against the sequential optimization approach. 

4.2 Validation of the Finite Element Model 

We verified our analysis and design implementation by cross checking the stress values 

in the mesh elements against those generated by the EAL program [28] for the same 

mesh and uniform loading of the plate. The plate data and mesh discretization are given 

in Table 1 and Fig. 6 respectively. The stresses for two elements on and near the 

boundary are given in Table 2. Though the numerical values are different between the 
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two programs, their nlagnitudes are comparable. The difference occurs due to difrerent 

finite elernent formulations and the difference in the points at which the stress is 

calculated. \Vhile \ve use the Gauss quadrature point (-0.5773503, ·0.5773503, 0.0), 

nearest to hole boundary, for calculating stresses, EAL calculates it at the nodes of the 

element. In view of the fact that the finite elernent fomlulations are different between 

the two cases, the agreement seenlS reasonable. 

Durelli and Rajaiah [19] presented experimental stress concentration results using 

photoelasticity for optimized hole shapes in a finite plate for different ratios of the 

diameter of the hole to the width of the plate. They also presented the stress 

concentratif'ns at the boundary of the circular hole. \Ve compared the stress 

concentratkn results through our implementation against those in [19] for a particular 

value of hole diameter to plate width ratio (D/\V) of 0.42 [Table 3] and [Fig. 5]. Stress 

concentration is calculated as the ratio of the maximum stress and the applied stress. 

For the case considered the nlaximum stress concentration found is 4.774 against the 

experirnental result of 4.913, leading to the acceptable error of 2.87 % • This verifies our 

finite element model. 

4.3 Validation of the Optimization Procedure 

We compared the optimal shape achieved by the integrated analysis and design process 

for the central hole in apIa te with that presented in [19]. Since the hole radius in [19J is 

constrained to be constant at the edges of the quarter plate, we added similar constraints 

to the optimization problem to get meaningful comparisons. The test problem and the 

mesh data are given in Fig. 5 and Table 3, respectively. The final shape of the optimized 

hole is compared against that presented by Durelli and Rajaiah [Fig. 7]. The EBE peG 
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nr 
scheme was run to full convergence and the hole shape ( I R; cosi-1e) was optimized for 

i=l 
t\vo values of nr (nr= 4 and nr= 5). As can be seen, our design has shape similar to the 

design in [19].--As expected, the higer the value of nr, the better is the approxhnation of 

an arbitrary curve through the hole shape for our design. Increasing nr yields optimal 

curves through our approach that are closer to the optimal curve presented in [19J. We 

expect our method to approach the Durelli curve for higher values of nr . 

4.4 Derhrative Convergence 

As explained earlier, the outer loop in the present approach pcrfornls an optimization 

to update the values of the design parameters. The optimization uses a linear 

approximation of the stresses with respect to the design paranleters. In order that the 

optimization procedure converge, the derivatives must closely approximate the actual 

derivatives of the Von Mises stress with respect to the design parameters. Since the 

derivatives are calculated using the finite difference scherne, stresses for the initial design 

and the perturbed design have to be calculated. The stresses in the integrated approach 

are found using the displacements calculated by incomplete convergence of the EBE 

peG scheme. But how incomplete a convergence is required for acceptable derivatives 

must be investigated. The more incomplete the EBE peG convergence one can get away 

with, the lower is the cost of the design process. 

We plot the derivatives of the Von Mises stress with respect to the design parameters 

of a boundary elelnent as a function of the nunlber _ of iterations of EBE peG 

convergence [Fig. 8]. The full convergence of the EBE peG scheme for the problem 

[Table 3J with 1492 degrees of freedonl requires 147 iterations (NMAX). We vary the 

value of the number of iterations (N) allowed for the EBE peG scheme from 10 to 150 
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(> NMAX), considering the derivatives to be accurate for the full convergence case 

(NMAX). For N > 32 all the derivatives have the correct sign. Some derivatives for 

N < 32 have the wrong signs. This suggests that a choice of N < 32 may lead to bad 

derivative approximations and design updates. In such a case, the integrated approach 

may fail to converge to the optimal solution. Indeed the results presented next show that 

the choice of N < 32 is a poor choice and shows very poor convergence to the optimal 

hole shape. 

4.5 Optimization Results 

We present the results of the integrated analysis and design for the optimal central hole 

shape in a finite plate. The problem specifications are the same as Table 3. The 

maximum number of iterations for EBE peG was varied from 20 to full convergence 

(NMAX = 147). The outer loop of optimization step was iterated until full convergence. 

The final hole shape design for N = 40 and N = NMAX converged to very similar shapes 

[Fig. 9] demonstrating the feasibility of integrating the analysis and design in the 

sequential approximate optimization. The number of EBE peG iterations [Table Sa & 

5b], required for the complete design (which included those required for calculating 

derivatives) shows a saving of 32 % for N = 40 over the full EBE peG convergence 

method wh .. :e the maximun1 stress concentration for the two cases agree to within 0.28 

0/0. The optimal hole shapes are shown in Fig. 9 and the mesh discretization for the 

final hole shape is shown in Fig. 10. The final hole shape shows a decrease in stress 

concentration of 26.4 % over the initial design of the circular hole. The optimum hole 

shape looks like an ellipse with the hole width having the minimum hole radius allowed 
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(0.5 in.) in the problem. The stress concentration at the hole boundary is shown in Fig. 

11. 

As the optimization proceeds with updated designs at each step, the total number of 

iterations required for full EBE PCG convergence comes down from 147 down to 60 and 

is occasionally less than 60. This is because at each step of the integrated analysis and 

design the displacements used for the EBE PCG scheme are the displacements calculated 

at the previous step for the previous design. The closer are the initial guess values to 

their correct values, the faster is the convergence in iterative methods. The decrease in 

the number of EBE PCG steps shows that the guess values are good approximations to 

their real values for the particular design. Such a behaviour is characteristic of a smooth 

convergence to the optimal result at each step of the optimization. 

Choosing N = 30 showed a very slow convergence to the solution, while the choice of 

N = 20 diverged away from the solution. The results seem consistent with the analysis 

of the derivatives presented earlier for different numbers of EBE peG iterations that 

suggested the use of N> 32 for convergence. The variations in the maximum stress 

concentration in the plate are plotted against the number of outer optimization steps in 

Fig. 12. The graphs show that as the number of iterations for EBE PCG decreases, the 

integrated analysis and design shows slower convergence. The similar graph for N = 20 

is not meaningful to present because the stresses are calculated using the displacements 

which may not even be close to their real solutions. The best choice of N for our 

problem seems to be close to 35. 

In the present scheme, a new hole shape design requires rediscretization of the mesh. 

This leads to the recalculation of the forces acting at each element using the uniform 

loading after each design update. Since the forcing function affects only the outer 
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boundary elements of the plate and the change in the hole shape has very little effect 

on the outer boundary element dimensions t we experimented ·with keeping the forcing 

function the same across the iterations. This removes the effect of the changes in the 

element forces on their displacenlents due to redesign and hence shows better design 

convergence. Results using the inexact forces in the elernents (calculated only once for 

the initial mesh discretization) are presented in Table 4b. It is not surprising that the 

optimal shape of the hole converged to the same results as for using the exact forces in 

elements at each redesign step see Fig. 13 and the the stress concentration for optimum 

design is the same Fig. 14. The convergence is better than using the exact forces and 

saved 15 (% EBE peG iterations over its exact force counterpart using full EBE peG 

convergence [Table 5b]. The above scheme is an example of another kind of 

approximation that can be used in the design phase. 

4.6 Multiple Layers 

The program for the single layer case was extended to include more than one layer of 

elements along the thickness (z) direction. The results of the finite elernent procedure 

used in the present study are first validated against the EAL analysis program [28] with 

two layers of elements. The average stress results [Table 6] obtained by the EAL 

program and the EBE-peG are comparable. For both cases the stresses are calculated 

at element position A [Fig. 5]. The point at which the stresses are found is at half the 

thickness from the bottoln of the plate. Table 6 also COlnpares the average stresses at 

the centre of the plate for the same element position for one layer case in z-direction and 

it can be seen that they compare well with the two layer case. 
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The hole shape optimization problem for a plate with the same thickness was solved for 

the one and two elements cases along the z-direction. The analysis was done to full 

convergence at each step. It can be seen from the Fig. 15 that the optimum hole shape 

for both the cases are very close. We observed that the analysis phase for the two layer 

case converged in less number of iterations as compared with the single layer case, but 

it must be noted that the number of operations at each iteration for the two layer case 

increases as the total number of elements in the plate doubles. The ratio of the 

operation count for one full analysis between the two element and the single element 

case turned out to be 1.06. Considering a direct Inethod, banded systems LD LT solver, 

the operation C0unt for two layer case is nearly three times the single layer case. We 

expect that using multiple elements in the z-direction will have good convergence 

properties and will be more efficient than the corresponding direct n1ethod solvers, as the 

sparse matrices generated by multiple elements get less structured. We still have to 

investigate further on the above methods to be able to make fair comparisons. The 

integerated analysis and design technique can be used to determine optimum hole shape 

for thick plates, which can be tnodelled by nlore than one elcrnent in the thickness 

direction and this can be extended to analyse and optimize layered composite plates. 
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Cilapter 5. Concillsions 

,\Vhen structural analysis is performed via iterative solution technique it is possible to 

integrate t~le analysis and design iterations in an integrated analysis and design 

procedure. The integrated analysis and design approach due to Rizk was applied to the 

problem of hole shape optimization in thick plates. 

The plates were modeled by three dimensional eight noded elements. An element by 

element (EBE) preconditioned conjugate gradient (peG) method was used for the 

structural analysis, because this method is well suited for poorly banded three 

dirnensional problems. The plates were optimized so as to minimize the stress 

concentration near the hole measured by the ratio of the Von Mises stress to the applied 

boundary stress. The analysis prograrn was validated by comparision to a commercial 

finite-element program as well as photoclastically obtained stress concentrations. 

Similarly, the optimization procedure was checked against plates optimized by a 

photoelastic technique. Good agreement was observed. 
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The integrated analysis and design approach tested here is based on partially converged 

solutions of the EBE-peG iterative process. A study of the effect of the number of 

iterations on analysis and derivative accuracy was performed. Based on this analysis a 

choice was made for the number of iterations to be used in the integrated analysis and 

design procedure. I t was found that the cost of the design could be significantly reduced 

with only minimal effects on the final shape and stress concentration factor. 
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TABLE 1. Test Data for EAL and EBEPCG Stress Comparison 

Material 

Dimensions of the Plate 

Radius of the initial hole 

Young's Modulus E 

Poisson's Ratio 

Applied Load 

MESH DATA FOR QUARTER PLATE 

Number of elements around the hole boundary 

Number of nodes 

Number of elements 

N umber of Degrees of freedom 

Aluminium 

10 x 10 x 0.1 in. 

0.375 in. 

1.0E+07 psi 

0.25 

3000 psi 

8 

486 

209 

1458 
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TABLE 2. Comparison of element stress using EBEPCG and EAL 

Elenlent no. - 7 [Fig.6] 

EBE (psi) EAL (psi) 

ax 6234.700 6680.700 

ay 381.860 244.510 

az -55.667 -49.440 

't'xy -1508.100 -1912.300 

't'yz 4.720 0.026 

't'zx 24.000 -0.980 

Element no. - 9 [Fig. 6] 

EBE (psi) EAL (psi) 

ax -116.490 -133.840 

(jy -1991.800 -1684.300 

az -23.375 -38.382 

't'xy 173.400 337.860 

't'yz -0.548 -3.205 

't'zx -1.442 -7.832 
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TABLE 3. Data for Test Problem 

Material 

Dimensions of the Plate 

Radius of the initial hole 

Hole Diameter/Plate Width 

Young's lVlodulus E 

Poisson's Ratio 

Applied Load 

MESH DATA FOR QUARTER PLATE 

NUInber of elements around the hole boundary 

Nunlber of nodes 

NUlnber of elements 

N umber of Degrees of freedom 

Aluminium 

2.8 x 2.8 x 0.25 in. 

0.588 in. 

0.42 

l.OE + 07 psi 

0.25 

3000 psi 

10 

496 

214 

1488 
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TABLE 4a. Comparison of Maximum Stress Concentration (exact force) 

Initial design 

Full convergence 

Max. Number of iters. for EnE = 40 

Max. Number ofiters. for EnE = 30 

4.772 

3.512 

3.511 

3.599 
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TABLE 4b. Comparison of Maximum Stress Concentration (inexact force) 

Initial design 

Full convergence 

Max. Number of iters. for EBE = 40 

4.772 

3.513 

3.511 
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TABLE Sa. Comparison of Number of Hers. for Opt. Design(exact force) 

Full convergence 

Max. Number of iters. for EBE = 40 

Max. Number of iters. for EBE = 40 

(Full covergence at 1st step) 

5742 

3900 

4464 
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TABLE Sb. Comparison of No. of Iters. for O'pt. Design(inexact force) 

Full convergence 

Max. Number of iters. for EBE = 40 

Max. Number of iters. for EBE = 35 

4898 

3863 

3897 

50 



TABLE 6. Comparison of average element stress using EBEPCG and EAL 

(for Plate with 2 elements in Z direction) 

Element A - 7 [Fig.5] 

EAL (psi) 

ax 14206.50 

ay 333.33 

az 97.27 

't'xy -727.63 

't'yz -0.24 

't'zx 0.46 

EBE (psi) 

14039.63 

302.07 

3.06 

-725.28 

-0.81 

1.43 

EBE (psi) 

(1 ele. along z) 

14035.00 

301.92 

-9.25 

-723.87 

0.78 

-3.32 
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Figure 4. Plate with a Central Hole Subjected 
to Uniform Loading 
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