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Abstract 

An analytical technique for determining the damped or undamped critical speeds and 

generating a critical speed map for a general flexible rotor in isotropic bearings has been 

developed. Rotordynamics theory related to this research work is studied including 

synchronous unbalance response, critical speed, gyroscopic effect, critical speed map, and 

stability. The method of solution is based on the Transfer Matrix approach containing 

both real and complex variable notations for deriving the overall system matrices. Muller's © 

Method is applied to search for real or complex eigenvalues of the system. The 

corresponding mode shapes are found by back substitution. An accurate and efficient 

computer program, BEAM VII, has been designed to perform the analysis. Through the 

discussion of a series of numerical examples published by other authors, the confirmation 

of the rotor dynamics theory and precision of the computer code are achieved.
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Chapter 1 

Introduction 

Rotor systems are widely employed in modern industry such as steam and gas turbines, 

turbogenerators, internal combustion engines, and compressors. Due to the increasing 

demand for power and high-speed operation, achieving safer and more reliable rotating 

machinery becomes an important issue in the design procedure of a rotor system. 

Moreover, an accurate and efficient way for anticipating the dynamic characteristics of a 

rotor system plays an essential role in the analysis of rotating machinery. With the help of 

the modern computer technology, this mission can be accomplished successfully. It is the 

intent of this thesis to develop a computer-aided design program concentrated on the 

analysis of rotor dynamics. 

1.1 Research Overview 

BEAM VII is a computer-aided design program for beams and rotors analyses. It is the 

extension version of BEAM VI originally developed by L. D. Mitchell, K. J. Young, and 

S. A. Mitchell [1]. The work presented in BEAM VII is to improve its capacity in the 

analysis of rotor dynamics that is not complete in BEAM VI. This effort can be mainly 

divided into two categories: 

1. the automatic eigenvalue or complex eigenvalue search by applying the Muller's 

Method. 
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2. the automatic generation of the damped or undamped critical speed map. 

In addition, the revision of the field transfer matrix for Timoshenko Beam, which 

considers the shear deformation and rotary inertia, is provided in Appendix A. 

1.1.1 General Description of BEAM Vi 

BEAM VII, using the Transfer Matrix Method [2], provides the following analyses for a 

damped and undamped beam or circular whirl rotor system of arbitrary configuration: 

1. Free vibration (eigenvalue-eigenvector analysis). 

2. Static response with stress analysis. 

3. Forced dynamic response (damped or undamped) at a particular frequency over the 

entire structure with stress analysis. 

4. Frequency response (damped or undamped) at a point on the structure for a specified 

frequency range with stress analysis. 

5. The generation of critical speed map (damped or undamped). 

These functions make BEAM VII a very useful tool in the areas of machine design, 

mechanics of material, structural vibration, and rotor dynamics. BEAM VII computes and 

plots the response curves of deflection, slope, moment, and shear along the beam or 

rotors. Seven types of field section transfer matrices and thirteen kinds of point element 

matrices are available in this software [1]. Moreover, these field and point matrices may 

be structurally damped, viscously damped, or both. BEAM VII allows the analysis of any 

combination of pinned, fixed, or guided flexural boundary conditions. Those normally 

kinematically unstable conditions such as a free-free state can be handled if sufficient 
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internal supports are provided. Statically indeterminate beam problems of any order can 

be easily dealt with as well. BEAM VII can read input data interactively from the 

keyboard or a specified disk file. Model data can be stored and recalled for future use. 

The calculated results can be stored, and printed using the DOS "print" command, internal 

print facility, or screen dump. The generation of graphs is provided in CGA, EGA, 

MCGA, and VGA modes and the copy of the graph can be obtained through a graphics 

screen dump. BEAM VII also provides the option of using either English or SI unit. 

BEAM VII is an interactive program, which is almost unlimited to any degree of multi- 

supported and loaded beams or rotors. BEAM VII provides the input error feedback, 

model verification, model modification, and graphical output. These features enable users 

to enter the model data correctly and get the valid results in a shorter time than 

conventional batch mode routines. 

1.2 Research Approach 

The stability and critical speeds are the two major concerns for engineers involved in the 

design and analysis of rotor systems. A rotor experiences instability when the radius of 

the whirling orbit increases with time. This unstable phenomenon is a self excitation which 

may arise from the effects of the journal bearings, electromagnetic actions, internal shaft 

damping, or other sources [28, 29]. On the other hand, the critical speed occurs when the 

rotation speed of the rotor coincides with the whirling frequencies of the system [7]. 

Then, a resonance condition is encountered in which the whirling amplitude is restrained 

only by the damping force. This behavior is due to the unavoidable manufacturing 

unbalance which is considered as an external excitation as well. Conventionally, both 

stability and critical speeds are expressed together in terms of a plot having the whirling 
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speeds as functions of the rotor speed. This is called the critical speed map or Campbell 

aiagram [28, 30]. Therefore, the presentation of the critical speed map facilitates the 

prediction of dynamic characteristics of a rotor system. 

The procedure of generating the critical speed map is mainly the determination of 

eigenvalues, or complex eigenvalues where damping is involved in the system. Research 

in this field is well developed [10]. Among these works, the Transfer Matrix Method, 

originally developed by Holzer [3], Prohl [4], and Myklestad [5], has been widely used 

because of its simplicity and efficiency. The Transfer Matrix Method is based on the idea 

that a continuous system is substituted by an assembly of standard elements having simple 

elastic and dynamic properties that can be expressed in matrix form. For each element 

system, the displacements and internal forces, known as the state vector, at the nght hand 

side of each element can be expressed in terms of the state vector at the left hand side 

through a transfer matrix. By multiplication of successive transfer matrices, the state 

vector at the right end can be represented in terms of the product of the overall transfer 

matrix and the state vector at the left end. It is worth mentioning that the number of the 

degree of freedom of the system is independent of the size of the transfer matrices; in 

other words, the transfer matrices always keep the same dimension in the process of 

calculation. With the application of proper boundary conditions, the system characteristic 

equation can be obtained. The determination for the roots of the characteristic equation is 

known as the eigenvalue problem. 

The eigenvalues or complex eigenvalues are usually solved by the numerical analysis. 

Most numerical methods for root-finding problems are feasible in the real domain, such as 

the Bisection Method, the Secant Method, the False Position Method, and various others 

[17, 18]. Even though some other methods are capable of finding complex roots, for 
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example the Cauchy's Method and Laguerre's Method [17, 19], the derivatives of 

functions (or characteristic equations) are required in their algorithms. In the Transfer 

Matrix Method, the characteristic equation is not given in an explicit form but rather is 

obtained from the evaluation of a determinant of a matrix. This will give difficulties in 

calculating the derivative of a characteristic equation. Fortunately, the introduction of 

Muller's Method [17, 18] has allowed the direct search for both real and complex roots. It 

can be carried out by using only the values of the function itself; derivatives are not 

required. Therefore, it is selected to accomplish the root-finding task. 

1.3 Agenda 

The motivation, description, and approach of this thesis have been considered in the 

preceding sections. This intends to give the basic understanding of the theoretical 

background for this research work. The remaining chapters will provide the necessary 

information in detail. Chapter 2 explains the nature of rotor dynamic phenomena. The 

discussions include the synchronous unbalance response, critical speed, gyroscopic effect, 

critical speed map, and stability. Chapter 3 introduces the concept and applications of the 

Transfer Matrix Method. The analyses of free and forced vibration and rotor dynamics for 

either damped or undamped system by applying the Transfer Matrix Method are 

presented. Chapter 4 discusses the application of the Muller's Method on the search of 

eigenvalues and complex eigenvalues. Then, the demonstration of BEAM VII and the 

calculated results obtained from BEAM VII and other software are compared. Finally, 

Chapter 5 summarizes the research by providing conclusions and recommendations based 

upon the results gathered. 
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Chapter 2 

Rotor Dynamics 

This chapter will introduce and explain the nature of rotor dynamic phenomena. It begins 

with a discussion of synchronous unbalance response of rotors and critical speeds. Next, 

the effect of gyroscopic moment on rotating shafts is presented, and the relationship 

between the rotation speed of the shaft and rotor forward and backward whirling 

frequencies are defined. In conclusion, the instability phenomenon of rotor systems is 

discussed, and the effects of internal and external damping and influence of bearing 

supports are examined. 

2.1 Whirling of Rotating Shafts 

Due to the unavoidable mechanical manufacturing inaccuracy, rotors have always some 

amount of unbalance. During the process of rotation, this unbalance produces a 

centrifugal force causing the shaft to bend. Consequently, a complicated combination of 

rotation and whirling occurs in a rotating shaft simultaneously. Whirling is defined as the 

rotation of the plane containing the bent shaft and the bearings axis. In general, the 

whirling speed may or may not be equal to the rotation speed and its direction may be the 

same or opposite to that of the rotation of the shaft. 

In order to explain the phenomenon of rotating shafts experiencing violent vibration at a 

certain rotation speed the Jeffcott flexible rotor model (see Fig. 2.1) is applied . This 
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model consists of a heavy disk of mass m mounted at mid-span of a massless elastic shaft 

in radially rigid bearings. The origin of the inertial X, Y, Z coordinate system is denoted as 

O. Due to the unbalance, there is an eccentricity e between the mass center G and the 

geometric center S of the disk. Assume that the disk (1.e., the line e = SG) rotates at a 

constant speed @ and its geometric center S (i.e., the line r= OS) whirls at speed Q, 

where @ and Q are not necessarily equal to each other. To derive the equations of motion 

we first compute the acceleration of the mass center G as follows: 

2 

= le +ecosat)i +(y +esin at) /] (2.1) a, 

Then, consider that the only force acting at point S of the disk are the restoring force due 

to the elasticity of the shaft with a lateral spring constant k Also, assume the movement of 

the disk remains parallel to the X-Y plane or perpendicular to the Z axis only. By applying 

Newton's second law, the equations of motion resolved in the X and Y directions state 

—kx = m(x- ew’ cosat) 

—ky = m(y— eq” sin of) (2.2) 

which can be rearranged as 

mx+kx = mew’ cosat 

my+ ky = mea’ sin at (2.3) 

Multiplying the second part of Eq. (2.3) by i= V-1 and combining with the first part, the 

equations of motion are brought into one complex equation. 
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Figure 2.1 (a) The Jeffcott Flexible-Rotor Model 
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Figure 2.1 (b) Whirling and Rotation of Disk 
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m(x+ iy) + k(x +iy) =meo’e™ (2.4) 

The whirl radius r can be expressed as 

r=x+lily (2.5) 

and then Eq. (2.4) becomes 

ee 

mr + kr =meq’e™ (2.6) 

Solving for the solution of the homogeneous part, we obtain 

r(t) = Ae’ + Ben (2.7) 

where A and B are arbitrary complex constants which can be determined by the initial 

ws k . io 
conditions and w, = ,/— is the natural frequency of the system. Since the term Ae'™ 

m 

represents a counterclockwise circular orbit with radius A and angular velocity @, and the 

-i@, term Be‘ represents a clockwise circular orbit with radius B and angular velocity @,, 

the geometric center S will whirl at an angular velocity @, along the vector sum of the two 

orbits, which in general is an ellipse as shown in Fig. 2.2. One should not deduce that the 

shaft has forward and backward whirl at the same time. This is merely a calculation aid. 

For the stated problem, A = radius of whirl and B = 0. The whirling speed or natural 

frequency @, is a function of the system properties only and is independent of the 

excitation. 
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Clockwise Circular Orbit 

  

Counterclockwise Circular Orbit   
Figure 2.2 Elliptical Orbit of Rotor 
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On the other hand, we find that Eq. (2.6) is a typical equation of motion for a second- 

order system subjected to harmonic excitation, so the particular solution is a steady-state 

response of the same frequency as that of the excitation. This also means that the 

response of rotor unbalance (or external excitation) has the characteristic that the rotation 

speed is the same as the whirling speed (i.e... @=) ) known as synchronous whirl. 

Assume the particular solution to be of the form 

r(t) = Re’ (2.8) 

After several steps of simple calculations(Meirovitch [6] and Rao [8] have demonstrated 

more detailed derivations), the steady-state solution is 

r=Re™, R= (@/ Oy)" (2.9) 
1-(@/o,) 

This equation indicates that if the shaft rotates at an angular velocity @, it will also whirl 

at this same angular velocity along a circular orbit of radius R as shown in Fig. (2.3). 

When the rotational frequency of the rotor unbalance (or external excitation) reaches the 

natural frequency of the system (i.e., @ = @,,), the whirling amplitude R becomes infinite 

(no damping) and the system encounters a resonance condition. The natural frequency of 

the system @, is also called the critical speed and should be avoided. 
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Figure 2.3 The Synchronous Whirl of Rotor 
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2.2 Gyroscopic Effect on Rotating Shafts 

Consider an overhang massless shaft carrying a disk at the end as shown in Fig. 2.4. 

When the shaft rotates, there will be two effects presented from the disk. First, the 

generation of the centrifugal force, F, from the unbalance of the disk results in the bending 

of the shaft, which has been discussed in previous section. Secondly, a gyroscopic 

moment M will act on the disk causing the shaft to be straightened out, which is called the 

gyroscopic effect. 
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Figure 2.4 (a) The Centrifugal Force and Gyroscopic Moment on an Overhung Rotor 

6 . 
— 

asind\ ee 

Figure 2.4 (b) The Components of Whirling Speed OQ 
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2.2.1 Gyroscopic Moment 

To introduce the generation of gyroscopic moment let us consider a disk in Fig. 2.5 which 

is rotating at an angular velocity Q about the Z axis and precessing with an angular 

velocity @ about the Y axis . Then, the angular momentum of the disk is 7.©2 where J, is 

the polar mass moment of inertia of the disk. After a time Af, the Z axis will rotate 

through an angle @Ar and the angular momentum vector will turn through the same angle 

as well. The change in direction of the angular momentum vector is denoted by the vector 

A(UZ,Q) as shown in Fig. 2.6. 

ACI,Q) = (,Q) sin(@At) = (I, Q)aAt (2.10) 

Assume the angle @wAt to be small. Therefore, the rate of change of this angular 

momentum due to the precessional speed @ is 

lim AU,O) 
At 1-0 

=(1Q)o=M (2.11) 

where MM is the gyroscopic moment needed to make the disk precess about Y axis and is 

directed at right angle to /,Q, that is along X axis. The idea here can be summarized as 

that in order to keep a spinning disk precessing there must be a gyroscopic moment 

presented and the direction for the three vectors are perpendicular to each other [9]. 
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Figure 2.5 Rotation and Precession of a Disk 

ry 
ct 

M 
0S 

X IQ 
P 1,Q+A(L,Q) 

  

7  AU,Q) 

Figure 2.6 The Change in Direction of Angular Momentum 
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2.2.2 Critical Speed Diagram 

Consider the model in Fig. 2.4 again. Due to the centrifugal force from the unbalance of 

the disk the shaft is rotating and whirling simultaneously. Assume the whirling speed is 

(2. One can now resolve this speed into two components perpendicular and parallel to the 

face of the disk, Qcos@ and Qsin@ respectively as shown in Fig. 2.4 (b). Here @ 

represents the slope of the deflected shaft. If the rotation speed of the disk relative to the 

whirling plane is @_, then the actual rotation speed of the shaft in the normal direction of 

the face of the disk becomes 

a= ODcosé+ a, (2.12) 

as shown in Fig. 2.7 (a). The components of the centrifugal force F are 

Fo =my(Qceosd), F, = mew? (2.13) 

where S is denoted as the geometric center, G is denoted as the mass center, y is the 

deflection of the geometric center, and e is the mass unbalance eccentricity of the disk. 

So, the centrifugal force F’ can be represented as 

_— _ 

F=F.+F, . (2.14) 

Since the component F, won't be involved in the later discussion (the calculation of 

eigenvalues), let us consider the component F, only. Also, for small 6, cos@ approaches 

one. Then, we have 

F=myQ’ (2.15) 

as shown in Fig. 2.4 (a). 
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H, = L,Qsin0 

Figure 2.7 (a) The Illustration of Angular Momentum of H, and H, 

H,sn0= 1,06 

   

   
M =(1,@0- T,QA)Q 

H, cos@ = [,Q6 

Figure 2.7 (b) The Illustration of Gyroscopic Moment 4 
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From the illustration of Fig. 2.7 (a), we know the angular momentum perpendicular to the 

face of the disk is H, = I,@, where J, is the polar mass moment of the inertia and the 

angular momentum parallel to the face of the disk is H, = ,Qsin @, where J, is the 

diametral moment of the inertia. Calculate the components of H, and H, in the direction 

perpendicular to Q and we obtain 

Hsin = I.wsin 6= I@6 
. (2.16) 

H, cos6= LQsin @cos@= LQ6 

Assuming @ to be small, so sin = @ and cos@=1. Therefore, the gyroscopic moment M 

exerted on the disk is the rate of change of the net angular momentum (J, @@- 1.Q6) due 

to the whirling speed Q. We have 

M = (1,0@0- LQAQ (2.17) 

where M is directed at right angle to the net angular momentum and whirling speed 1)(see 

Fig. 2.7 (b)). Then, the gyroscopic moment exerted on the shaft is 

M, = -(1,@0- LQ9Q= “12° hae ~1) (2.18) 

where a = J, /T,. 

Since the centrifugal force is trying to increase and the gyroscopic moment is trying to 

decrease both deflection and slope of the shaft, we can express these two effects together 

in terms of the influence coefficients. 

y = Cf + ¢,,M, 

2.19 
6=c,F +¢,,M, (2.19) 

Substitute Eq. (2.15) and (2.18) into Eq. (2.19) and we get 
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@ 

y= c,myQ’ ~ ,[L,Q° Ha - 1)] 

  

  

(2.20) 

A= c,myQ? ~ cy, [1,Q aa ~-1)] 

For this case where the bearing is rigid, the influence coefficients are 

Cy = - C, = C,, = f > C,, = + (2.21) 
3ET 2EI EI 

Substitute the following non-dimensional quantities 

A=QJc,m, B= Cogha 
cm 
“2? (2.22) 

C=aJ¢,m, D=—4 
C, 122 

and then Eq. (2.20) can be rearranged to 

(42 -1y - St ppa(a- 1)o=0 
Cc 

C (2.23) 
<2 A’y -[BA*(a——1) + 1]0= 0 

1 

To solve for the eigenvalues let us equate the determinant of the coefficients of y and 6 to 

zero, which yields the characteristic equation containing the relationship between the 

whirling speed and the rotation speed of the shaft. 

., (B-)4*-1 
B(D-}) 

1 aA A* +——- (A +>) 
C=   (2.24) 

By assuming a value for the rotation speed, we can obtain the corresponding whirling 

speeds (or natural frequencies) of the system at this specific rotation speed. Thus, the plot 

of the whirling speeds as functions of the rotation speed can be generated and shown in 

Fig. 2.8, which is called critical speed map or Campbell diagram. 
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Figure 2.8 Critical Speed Map of Typical Rotor System 
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The whirling speeds with a positive sign are called forward whirling speeds and with a 

negative sign are called backward whirling speeds. In general, the magnitude of forward 

whirling speeds increase and backward whirling speeds decrease as the rotation speed 

increases. 

When the frequency of excitation coincides with one of the whirling speeds, a resonance 

condition occurs. This can be determined by the intersection of the line of the whirling 

speed with any one of the line of multiples of the rotation speed (i.e, A=nC). For 

instance, the response of rotor unbalance (or external excitation) has the characteristic of 

forward synchronous whirl, so the points where the line A =C intersects forward whirling 

speed curves are critical speeds. Other common sources of excitation such as the oil whip 

which occurs when the rotation speed of the shaft is twice the critical speed (A = =C) 

{22, 27]. Since the rotor is coupled to other components, any value of corresponding to 

the frequencies of excitation is possibly presented. For example, a gear with 46 teeth 

mounted on a shaft can cause excitation at 46x. This is called Tooth-Passing Frequency. 
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2.3 Stability of Rotors 

Because of the effect of material damping the destabilization of rotor systems designed for 

operation at supercritical speeds is presented [10-15]. In order to explain this 

phenomenon the Jeffcott model is applied again. Before we discuss the determination for 

the threshold speed of instability, the characteristic of material damping will be considered 

first. 

2.3.1 Material Damping 

The function of damping is to remove energy from a system subjected to an oscillatory 

excitation. Hence, the energy dissipated per cycle due to the damping force must be equal 

to the work done by the excitation, which can be expressed in the form 

Woe = | Fade (2.25) 

where F, is the damping force. The actual description of the damping force is quite 

complicated. In order to facilitate mathematical calculations the simplified damping 

models are generated and proved to be adequate for the analysis of system response. For 

instance, consider a spring-damper-mass system subjected to a harmonic excitation as 

shown in Fig. 2.9. The equation of motion for this system is 

mx+ ext ke = F sin ot (2.26) 

where cx is the viscous damping force described to be proportional to the velocity and 

can reach a satisfactory evaluation of system response [6], [7], [16]. 
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Figure 2.9 
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Assume the steady-state solution of Eq. (2.26) 1s 

x= Xsin(at — ¢) (2.27) 

where X is the amplitude of oscillation and ¢ is the phase angle. Substitute Eq. (2.27) 

and the viscous damping force into Eq. (2.25) and we obtain 

W,,, = emax° (2.28) 

which indicates that for the case of viscous damping, the energy dissipated per cycle is 

proportional to the damping coefficient c, the driving frequency @ and the square of the 

response amplitude. 

Experiments show that when materials, especially metals, are subjected to oscillatory 

stress, energy is dissipated internally in the material due to the internal damping force and 

for a wide range of frequency the energy dissipated per cycle is roughly independent of 

frequency and proportional to the square of amplitude, 

W,, = aX (2.29) 

where @ is a constant independent of the frequency of the harmonic oscillation. This kind 

of damping is called structural damping. We also attribute this phenomenon to hysteresis 

loop which is associated cyclic stress in elastic material and the area inside the loop can be 

considered as the energy dissipated per cycle [6-8]. Therefore, structural damping is 

called hysteretic damping as well. 

By equating Eq. (2.28) and (2.29), we can get the equivalent viscous damping coefficient 

for structural damping as 

¢ = (2.30) 
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where @ is the frequency of oscillation. Then. Eq. (2.26) can be expressed as 

mx+(—_)x+ ke = F sin ot (2.31) 
TO 

Applying the concept of complex vector representation of letting x = Xe”. Eq. (2.31) can 

be rewrite in the form 

mx+k(+iy)x = F sina (2.32) 

where the quantity k(1+iy) is called complex stiffness and y= = is the structural 

damping coefficient which usually varies from 0.005 to 0.015 documented in reference 

[16]. Let us rearrange Eq. (2.30) and we can obtain 

o = (2.33) 

2.3.2 The Threshold Speed of Instability 

To derive the threshold speed of instability let us consider the Jeffcott model described in 

section 2.1. Furthermore, assume that material damping is presented in this model and 

instead of using rigid bearings, isotropic bearings with viscous damping coefficient c will 

be applied to support the massless elastic shaft. As mentioned before that the 

destabilization of rotor systems was caused by the effect of material damping (or structural 

damping). However, the structural damping force must be expressed by means of a 

rotating coordinate system, since it depends on the relative displacement and relative 

velocity of the rotating shaft. Let us assume a rotating coordinate system (7, €) which has 

the same origin O but rotates at a angular velocity @ as shown in Fig. 2.10. 
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Figure 2.10 Stationary and Rotating Coordinate System 
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Also, introduce the complex vector 

= rig (2.34) 

The relation between Eq. (2.5) and (2.34) is 

r= <e'™ (2.35) 

or 

C=re™™ (2.36) 

In terms of the rotating coordinate system, Eq. (2.6) can be expressed as 

m( C+ 2i@l- a’ fje™ +kfe'™ = mew’ e'™ (2.37) 

Since the whirling speed Q is with respect to the inertial X, Y, Z coordinate system as 

mentioned in section 2.1, we will have the relative oscillation frequency of |Q- | with 

respect to the rotating coordinate system. Then, from Eq. (2.33) the structural damping 

force in the rotating coordinate system can be written as 

yk 

n-a 
  c (2.38) 

Introduce the structural damping force to Eq. (2.37) and we obtain 

  marry + 2iam) ot (k —ma’)C= mew (2.39) 

Transforming Eq. (2.39) with the aid of Eq. (2.36) into the inertial coordinate system, we 

get 

mr-+ et k- WO + = mew’e™ (2.40) 
lQ- a lQ-a 
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Adding the external viscous damping force cr into the above equation and divide through 

with m 

iyoo, 
lQ-a 

    ee _)r+(@2 - yr = ew’e™ (2.41) 
lQ-a 

[x ; 
where @, = ,{—, the natural frequency of the system. Assume the homogeneous solution 

m 

- OC 
r+(—+ 

m 

to be the form 

r(t)= Re™ (2.42) 

where Q is the complex frequency. Substituting Eq. (2.42) into Eq. (2.41), we obtain the 

characteristic equation 

  Q? -1O(— + : 5 p> ‘iB o, =0 (2.43) 

The criterion of determining the stability of the system depends on the imaginary part of 

the complex frequency 0 that is, if ImQ> 0, the system is stable. There are several ways 

to determine the value of Q. It can be solved directly from the characteristic equation. 

Or, we can apply the Routh-Hurwitz criteria for equations with complex coefficients [10], 

[13]. Here, let us introduce a simple way of determining Q [15]. The boundary of the 

stability region is ImQ=0, so Q in fact is a complex number with real part only. If we 

substitute ©, a real number, into the characteristic equation Eq. (2.43) the result should be 

zero. Thus, we obtain the two equations 

OQ’ - a7 =0 

cQ (Q-a)ya’ (2.44) 
—— 4 ~—__ ** 4 =90 

mo Q-a 

From the first part of Eq. (2.44) we find that the whirling speed Q= @,. The second part 

then can be rewritten as 
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£  (@,-o)% _¢ (2.45) m |o,—a 
  

Thus, if the rotation speed of the shaft is less than the natural frequency of the system (i.e., 

@<q@,), the system is always stable. However, if @>@,, two situations will rise. If 

c . wp € , 
—> y, the system is stable, and if — < y, the system is unstable. 
m m 

Let us consider a special case that the external viscous damping force is absent. Then, Eq. 

(2.45) becomes 

(@,~ @)¥ 9 (2.46) 
O, — O| 

  

If @ <@,, then the system is always stable and if @ > @,, the system is unstable. Also, by 

assuming the homogeneous solution to be r = Re™, Eq. (2.40) can be rewritten as 

mr+ ka ¢iy2=), =0 (2.47) 
a=] 

The complex stiffness will be k(1+i7v), when the rotation speed of the shaft @ is smaller 

than the whirling speed ©, and k(1—iv), when a >Q. 

It has been established by numerous experiments that the structural damping model is 

much closer to represent the real behavior of material. However, some authors consider 

the internal friction to be the form of viscous damping and come out the same result as 

that of Eq. (2.45). These information can be found in reference [10-15], [24-27]. 
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Chapter 3 

Transfer Matrix Method 

This chapter will introduce the basic concept and applications of the Transfer Matrix 

Method. The discussions are mainly divided into three parts. 

1. The applications of the Transfer Matrix Method for the analyses of free and forced 

vibration for systems without damping. 

2. The applications of the Transfer Matrix Methods for the analyses of free and forced 

vibration for systems including damping. 

3. The applications of the Transfer Matrix Method on rotor systems with and without 

damping. 

3.1 Applications on Undamped Systems 

The idea of the Transfer Matrix Method is that a continuous system can be broken up into 

component parts with simple elastic and dynamic properties that can be expressed in 

matrix form. By successive matrix multiplication and proper boundary condition 

application on these linked component matrices, the response of the entire system can be 

obtained. 

According to the theory of Transfer Matrix Method, a continuous beam system can be 

modeled in terms of continuous elements having distributed mass, stiffness, and damping 
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or in terms of massless beams of the same flexural stiffness between discrete points where 

the masses are concentrated, which is shown in Fig. 3.1. Let us consider the beam 

element between the points i—1 and i. The displacements are the deflection w and the 

slope w and the internal forces are the shear force V corresponding to the deflection w 

and the moment M/ corresponding to the slope yw. The displacements and forces at the 

ends of the massless beam element are shown in Fig. 3.2. Take the sum of the vertical 

forces and the moments about the point /—1 to be zero and we obtain two equilibrium 

equations: 

Vi -V2 =0 (3.1) 

ME! - ME, -V1 =0 (3.2) 
1 zi 

To obtain the equations for the deflection and slope we first consider a cantilever beam of 

flexural stiffens (EJ), subjected to a moment M7’ and shear force V,” at its free end. 

From elementary beam theory we get 

    

  

2 3 

Wh My AV G3) 

| P 
YW; = Mi ep EN), (3.4) 

Combining these results with the deflection and slope at the point i—1 (the principle of 

superposition), we get the equations 

1 OE 
Pow? —-w? 1 —-M? —i—4p) —i— 3.5 

W; Wi) Y i-1 i i 2(E/), i 3(E/), ( ) 

yi yk, +Mi 2-3 i (3.6) 
(EJ), 2(EJ), 
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Substituting Eq. (3.1) and (3.2), we can rewrite the equations of deflection and slope as 

    

  

P BP 
wi = Wi —Lye, - 2(ED), Me, - (ED), VA (3.7) 

L R Paar 
Wi = Wey Gap, Me * EN, Vie (3.8) 

Now, let us combine Eq. (3.1), (3.2), (3.7), and (3.8) into matrix form 

    

  

    

— fp] w L 1 _] w R 

2EJ 6EJ 

YY lo 1 4 “HI (3.9) 
M EJ 2EJ| |M 
y| jo o 1 1 an 

‘ [0 0 0 1 | 

or 

{2}; =[F]L fh, (3.10) 

where {z} is called the state vector, which defines the deflections and internal forces of 

the beam at the point of interest and [F] is called the field transfer matrix, or more simply 

the field matrix. Hence by means of the field matrix [F'], we are able to express the state 

vector {z}" in terms of the state vector {z}* 
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Figure 3.1 Beam with Concentrated Masses 
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Figure 3.2 End Forces and Deflection for a Massless Beam 
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Now refer to Fig. 3.3 to develop the point transfer matrix for the point mass. When 

relating the state vectors {z}" and {z}" , we note that the deflection, slope, and moment 

to the left and right of mass m, are the same, so that 

wr=w!, y= yt, MP=M? G.11) 

However, due to the inertia force of the mass there is a discontinuity in the shear. With 

reference to Fig. 3.3, the equilibrium condition yields the expression 

V2 =V" —-mo’w, (3.12) 

Combining Eq. (3.11) and (3.12) into matrix form, we get 

L 
w 1 0 0 0 w 

v{| | o 10 0] |y 
Mi | o 01 0]°)mM (3.13) 
V |, —-mo* 0 0 1) (VJ, 

or 

{z}" =[P] 2}; (3.14) 

where [ P] is called the point transfer matrix, or the point matrix. 

Other transfer field matrices and point matrices have been developed and can be found in 

reference [2 ]. 

Consider a beam that is made up of / piecewise uniform massless beam elements with 

masses concentrated at discrete points, which 1s shown is Fig. 3.4. The field matrix for a 

uniform massless beam, Eq. (3.10), and the point matrix for a concentrated mass, Eq. 

(3.14), have already been derived, so the following matrix relations exit between adjacent 

state vectors: {2}, =[F],{z},; {2}; =[P],{z},; ne {z}" =[F,_,{2}" {zy =[P],_{2k", 
i-2? 
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and {z}=[F],{z}", Combining the last two equations, we get {z}, =[F],[P]._, {z}.,. 

Applying the relation {z}", =[F]_,{z}",, we further obtain {z}, =[F],[P],_,[¥],_, {2}... 

Therefore, if we continue this procedure, we can obtain the relation between the state 

vectors at the two ends of the beam: 

{2}, =[F][?\_[F)17 1. ~ [PIF I, {z}, 

{2}, =[U tz}, 

where [U] is called the overall transfer matrix. 

(3.15) 

In this manner all the intermediate state vectors have been eliminated. 
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Figure 3.3. Free-Body Diagram of Mass m, 

    
  

Figure 3.4 Beam with Discrete Masses 
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3.1.1 Free Vibration Analysis 

To determine the natural frequencies of a system, let us consider Eq. (3.15) and rewrite it 

in full 

w UW, UW. U3 Uy Ww 

y Ur, Uy, Un, Ur, y 
= @ (3 . 16) 

M Uz, Uz. U3, Us, M 

V i uy U4» U4, uy, V 0 

where the coefficients from u,, to u,, are functions of the circular frequency @ in rad/sec 

or sec’. By expanding the matrix product, we can obtain four equations as follows: 

W, = Wo + Wo +Uy3My +MY 

YW, = UW + UyWo +Uj,M, + u,V, 

j = UW + UW, + UM, + U,V, (3.17) 

Vi = UW, + UyWo + UM, + U4Vo 

Then, applying the boundary conditions to these equations, we are able to determine the 

natural frequencies of the system. In general, the boundary condition is catalogued in four 

cases: 

1. pinned end, w=0, M=0. 

2. fixedend, w=0, y=0. 

3. freeend, M=0, V=0. 

4. guided end, y=0, V =0. 

Combining all the possibilities of left and right boundary conditions yields sixteen total 

boundary condition sets. 
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Suppose that the beam we are dealing with is simply supported at both ends; then the 

boundary conditions are 

w,=0, M,=0, w,=0, M,=0 

Substituting the above boundary conditions into the first and the third part of Eq. (3.17), 

we obtain 

Uh Wo + UV = 0 (3.18) 

Us Wo + UV, = 0 

or, in matrix notation, 

Un Uh, Y| _ 

i re lol yf = C1) 

For a nontrivial solution the determinant of the coefficients should be zero, that is, 

u. u. 12 14 =0 

    Uz, Us, 

This provides the characteristic equation. Solving this characteristic equation yields the 

roots of the equation, namely the natural frequencies of the system. When higher-order 

systems are considered, in general, the technique of numerical analysis are applied. This 

will be explained in more detail in the next chapter. 

Moreover, the mode shapes can also be obtained by using the calculations already carried 

out. We find that Eq. (3.18) gives the relation V, = —(u,,/u,,)y, . Substituting this into 

Eq. (3.19) we can rewrite the column vector {y, V,} in terms of y, alone, that is, 

{1 —U, /[U, aWo- Then, all the state vectors can be expressed in terms of y, only. By 

taking the unknown y, to be unity and substituting the calculated natural frequencies into 

the state vectors, we are able to determine the mode shapes of the system. The selection 
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of y,=1 is justified since mode shapes or eigenvectors are arbitrarily scaled functions so 

unity is as valid a scaly factor as any. 

3.1.2 Forced Vibration Analysis and Statics 

The applications of the Transfer Matrix Method can be extended to the analyses of steady- 

state forced vibration and statics. For the explanatory purposes we will study the spring- 

mass system and the elastic beam. 

First, let us consider Fig. 3.5 (a), a spring-mass system subjected to harmonic forces such 

as F_,cosQr, F.cosOt, F *,, cosQr, and so on. Since the system is linear, the response is 

also harmonic and of circular frequency (2. To determine the amplitude response, we 

should isolate the system between the points i—1 and i and take a free-body diagram on 

it, which is shown in Fig. 3.5(b). The point transfer matrix that relates state vectors z* 

and z’ can be found by considering the total forces acting on the mass m,. The forces 

include two spring forces N* and N’/, the inertia force m,Q?X,, and the applied force F,, 

so the equilibrium condition gives the following equation: 

N; = Ny ~ m,O XP —F, (3.20) 

Also, since the mass is rigid, the deflections to the left and right of the mass remain the 

same, which gives 

X; = XP (3.21) 

Rewritten in matrix form, the above equations become 

Wb Tf. 
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Figure 3.5 (b) 
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If we bring the two matrix terms on the right-hand side together, we can alternatively 

express Eq. (3.22) in a partitioned matrix as follows: 

x)" 1 oO 0 XxX)" 

NS =|-mQ? 1 -Fl edn (3.23) 
1], 0 oO 1 1 

i i 

or 

(3.24) 

From the stiffness property of the spring we have the following equation: 

Ny = Ni = k(X; - X,_,) (3.25) 

Let us rewriting the above equations in the form 

Nie yt R 
X,=X_,+——, Ne = OX +N (3.26) 

or, in matrix notation, 

L 1 R 
X b O; (XxX 

Ne =|90 1 Of e5N (3.27) 

1j, |O O 1 lj, 

or 

{zy = [F| {yr (3.28) 

Note that the state vector {7} with components X, N, and the additional "one" is known 

as the extended state vector and the transfer matrices [P| and [F as the extended point 

Chapter 3 Transfer Matrix Method 42



matrix and extended field matrix respectively. Although the way of presenting these 

matrices is a little complicated, it gives the advantage of more compact representation. 

With the same procedures of determining natural frequencies and mode shapes, we can 

obtain the relation between the state vectors at the two ends for the forced vibration. 

3, =[F IPL LPI. PLL. 
{7}, =[7]}, (3.29) 

Rewriting Eq. (3.29) in full we have 

Xx wm, UU, hb; x 

Ne =|, Ug Uy, [04 N (3.30) 

iJ [o o 1] {a 
0 

where the coefficients from u,, to u,, are functions of the forcing circular frequency Q. 

Expanding the matrix product gives three equations as follows: 

X,, = ,Xq +Uy.No +h; 

N,, = Uy, Xo +a 2No + U3 (3.31) 

l=1 

If the boundary conditions are, for example, N,=0 and N,=0, we can solve the 

equations explicitly to yield the results 

u u, tu. _ 23 _ _ 414423 
X 7 ? Xx, =, 

Up, Uy (3.32) 

Substituting X, into the state vectors, we are able to find the deflections and forces at all 

points in the system. 
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Next, let us consider a cantilever beam subjected to a force F at its free end as shown in 

Fig. 3.6. Applying the concept obtained from the spring-mass system subjected to a 

harmonic excitation, we should expand the transfer field matrix to the form 

    

  

    

nl a R 
1 -l 0 

” 2EJ 6EJ ” 
“| lo 1 © “+ of |” 
M\ = EJ 2EJ 04M (3.33) 
y 00 1 i oo] |, 
1} 00 0 1 Oo} |, . 

10 0 0 0 if 

or 

{Z}" =[F] {2}; (3.34) 

The extended point matrix of the external load F can be found by considering the free- 

body diagram shown in Fig. 3.7. We note that the deflection, slope, and moment to the 

left and right of point i are the same except that there is a discontinuity in the shear due to 

the presentation of the load F. So, the point matrix is expressed as 

wl” [1 00 0 0 w)” 

y 0100 0 y 

Ms =|0 010 O|]eM (3.35) 

V 0001 -F V 

1} [0 000 1] [1J, 

or 

{z},° =[P] {2}; (3.36) 
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Figure 3.6 End-loaded Massless Cantilever Beam 
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Figure 3.7 Free-Body Diagram of an External Load F 
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Between the first and the last of the state vectors we have the relation 

zy" =[P] [FL ta @.37) 

Writing this matrix product in full we get 

    

  

    

    

    

_[? _p° 

R 1 -l 0 R w 100 0 0 SE] 6EJ w 

y 0100 0 01 1 [’ 0 y 

M;, =|0 0 10 Oje FJ 2E/ o< MM (3.38) 

vi} joooi1-Fl| {2 ® Ff OF Ty : 
1}, lo ooo tf J? & 8 FOF ty) 

0 Oo 0 oO If 

Applying the boundary conditions wf = y* = 0 and M* =V* =0 we have 

R t a -f | R 

w 1 -l 
2EJ 6E/ 0 

vl Jo 1 £ £ 9 
O- = EJ 2E/ ei M (3.39) 
0 0 0O 1 l 0 y 

1 | 0 0 0 1 —F 1 

0 0 O 0 1 | 

The above equation yields the results 

Me +IVe =0 
°° (3.40) 

VX_-F=0 

Solving Eq. (3.40) gives 

VR =F, M® =-Fl 

The deflection w‘* and slope y* can be computed by substituting the above results into 

Eq. (3.39). We have the expressions 
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yeath FP FP 
' 2EJ 6EJ 3EJ 

-FP FP —FP 
Y= + = 

EJ 2EJ 2EJ 

  

  

In general, we are interested in the deflection, slope, moment, and shear diagram. In order 

to obtain any one of the them, for instance the deflection diagram, we can simply replace 

i, in the extended field matrix of Eq. (3.33) by x measured from the start point of the 

particular element under analysis. In the case we are dealing with, we only need to 

multiply the initial state vector by the modified extended transfer field matrix. This is 

depicted as 

    

  

    
    

2 3 
L 1 _ —x —x 0 R 

w " 2EF 6EI w 
Y 0 1 x x 0 y 

Vy 0 0 1 x 0 y 

1}. 0 0 0 1 0 1}, 

10 «0 0 0 1 

Carrying out the multiplication yields the following result: 

. FI? Fe 
Wwl= _ 

* 2ES 6EJ (3.42) 

Thus, with the aid of the above equation, we can accurately calculate the value of 

deflection at any point along the structure and plot the deflection diagram. 

3.2 Applications on Damped Systems 

In the preceding sections, we have considered the ideal systems without the internal and 

external damping. However, it is unavoidable to have energy-dissipating elements in real 
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mechanical systems. For this reason we will discuss two types of damping models, 

structural and viscous damping, and their expressions in transfer matrix. 

First, let us derive the transfer field matrix for the case of structural damping. In section 

2.3.1, we have found the complex stiffness k“ = k(1+i7). In fact, the spring constant & is 

a function of the Young's modulus and geometric properties in the analysis of extension or 

bending. Hence, this leads to the formulation of the concept of complex Young's modulus 

E* = E(i+iy) (3.43) 

With the aid of Eq. (3.43) we can replace E by E” = E(1+iy) to get the complex transfer 

field matrix for massless beam with structural damping between adjacent points as follows: 

  

    

PP -p w L 1 a | _ w R 

2E*J 6E J 

y l l y 
=|0 1 3.44 

M E’J 2E°J||M ( ) 
y . 0 O 1 I y , 

10 0 0 1 |     
Note that in the case of torsion and direct shear we can apply the same idea as that of 

bending to express the complex shear modulus as 

G* =G(1+tiy) (3.45) 

Next, we will discuss the point transfer matrix for the external viscous damping model, 

such as an isotropic bearing, which has the properties of equal spring and damping effects 

in all directions normal to the axis of the shaft. In Fig. 3.8, we show that the spring and 

damping effects of the isotropic bearing are represented by forces B,=k,w, and 

D, = @c,w, respectively. If we resolve these two forces in the y and z directions and 
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consider the free-body diagrams in xz and xy planes shown in Fig. 3.8(b), we will have a 

point transfer matrix being quadruple in size [2]. 

            

fz)" [1 000 0 00 oO} [z)* 
0 0 100 0 0 0 0 0 

M, 0 010 0 00 0] |M, 
V, k 00 1 -co 0 0 0 V, | 

< = @< 

y 0000 1 00 0 y 

g 0 00 0 0 1 0 0 2 

M, 0000 0 01 0| |M, 
V,| [eo 000 k 0 0 1} [Y,]. 

We recognize that the above point matrix has the structure: 

[P]= A 8 (3.46) 
[BOA . 
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Figure 3.8 (b) Forces Exerted by Bearing on Rotating Shaft 
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On the other hand, let us assume the state vectors {z \ and the transfer matrices [Uv | 

contain complex components. Then, we split the state vectors and transfer matrices into 

their real and imaginary parts: 

{z}=2 +iz™, [Z]=U* +iu™ (3.47) 

Therefore, 

{7}, =[7], {2}... 
(z®* +iz™), =(U*® +iU™),(z™ +iz'"),, (3.48) 

= (U2 — UP 2) +O z 5 +U;°z,5) i 

which in matrix notation has the form: 

Re ur -_y™ Re 

(| -| em 1° im (3.49) 
asi U U i Jian 

Comparing Eq. (3.46) and (3.49), we find that Eq. (3.46) can be considered as a complex 

transfer matrix which has been split into real and imaginary parts. So, we condense Eq. 

(3.46) to obtain its complex form 

w)* 1 00 0] {w)’ 

y 0 1 0 0 y 
- 3.50 

M 0 o1 01 lM (3.50) 
V} |k+iac 0 0 1 V 

where the displacements and internal loads are now be considered in the radial direction. 

Let us consider Eq. (3.44) and (3.50); we note that since the existence of the complex 

modulus and complex viscous damping force, the transfer matrices become complex in 

nature and require all elements and the applied external forces to be described in complex 

variable format. Then we know that the analyses of free and forced vibration for damped 
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systems will be the same as those for undamped systems except that they are under the 

complex procedures. 

3.3 Rotor Dynamics Analysis Using Transfer Matrix Method 

Another powerful application of the Transfer Matrix Method is its employment on the 

analysis of rotor dynamics. For the sake of simplicity let us assume that the isotropic 

bearings are used to support the shaft. In addition, we suppose that bending stiffness 

about Y or Z axis, (principal axis of inertia of cross-sectional area) is identical; that is, 

EJ, = EJ, = EJ. Due to the unavoidable manufacturing inaccuracies or material density 

variations there is an eccentricity at each discrete point which is determined by the 

distance e, from the geometric center S to the mass center G and by the initial angle «, 

from the Y axis to the eccentricity e,. Hence, from Fig. 3.9, we know that the mass center 

G rotates at a constant speed w around the geometric center S whirling at a whirling 

speed © where Q is with respect to the inertial X, Y, Z coordinate system. We also 

assume that the effects of gyroscopic moment, internal damping and shear deformation are 

neglected at this time. 

In order to apply the Transfer Matrix Method for the analysis of rotor dynamics we need 

to discuss three types of important transfer matrices. 

Extended Point Matrix for the Whirling Mass m,. With the aid of Fig. 3.9, we can easily 
—_ 

obtain the components of the centrifugal force F; , which are 

Fe =mw,Q’, BF, =me,a° (3.51) 

—_ 

so the centrifugal force / can be represented as . 

_— = 

F=F, +F, 
t i i 

(3.52) 
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Resolving the centrifugal force in the y and z directions, we obtain 

my 2 2a F z,Q° +me,o° sin(at + €;) 
(3.53) b 

= m, 

=m yO? +me,a’ cos(at + €,) 
j i s 

If we consider the free-body diagrams in xz and xy planes shown in Fig. 3.9(b), we will 

have a point transfer matrix being quadruple in size [2]. 

          

fzi* [ 1 90900 0 000 0 | (z) 
0 0 100 0 00 0 0 0 

M, 0 010 0 00 0 0 M, 

Vz —m@? 00 1 #0 O 0 0 -ema’ sin(at+¢,) Vz 

yb =] 09 000 1 000 0 fey y $ 
I 0 000 0 100 0 8 

M, 0 000 0 010 0 M, 

V, 0 0 0 0 -mY 0 0 1 -ema’* cos(at+e)! | V, 
(1) Lo 000 0 000 1 ines   
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Figure 3.9 (a) Whirling Mass m, 

  

Figure 3.9 (b) Free-Body Diagram of the Whirling Mass m, 
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The above point matrix can be easily condensed to its complex form by considering the 

same principle applied on the isotropic bearings (Eq. 3.50). Notice that the displacements 

and internal loads are considered along the radial and perpendicular to the radial directions 

represented by real and imaginary parts respectively. 

We, therefore, can combine the forces —mzQ? and —my,Q? into —mw,Q’ along the 

radial direction. On the other hand, the forces -mew’sin(@t+e,) and 

—me,@’ cos(wt + €,) should be first combined into the force —me,q* and then resolved 

along the radial and perpendicular to the radial directions represented by one complex 

form C, = -—me,a’ cos(Ot — (at + €,)) —ime,a’ sin(Ot— (wt + €,)). The extended point 

matrix between the extended state vectors {7}, and {Z}* can be condensed to 

L 
w 1 0 00 0 w 

y 0 100 0] ly 
Ms =| 0 010 O|eM (3.55) 
V -m@ 001 C| lV 
1} | 0 000 1} [1], 

where 

C, = -me,@’ cos(Qt — (wt + €,)) — ime,w’ sin(Qt — (at + €,)) 

or 

{z}* =[P] {2}; (3.56) 

Point Matrix for Isotropic Bearing. The point matrix for isotropic bearing has been 

developed in the preceding section, so we will not discuss it again. Here is the final result 
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R L 
w 1 0 0 0 w 

0 1 0 0 
YY ol” (3.57) 
M 0 0 1 0 M 

V k+iQNe 0 0 1 V 
i i 

Extended Field Matrix for Whirling Elastic Shaft. From the result of Eq. (3.55) and 

(3.57), we understand that the displacements and the internal loads are needed to be 

considered in one plane only but in the radial direction. So, we have the relation between 

the extended sate vectors {7} and {Z fT for elastic beam element 
i 

    

  

    

‘ T a _P 7 R 

1 -l 0 
” 2EJ  6EJ ” 
vi} |, , £ £ gl l¥ 
Ms = EJ 2EJ 03M (3.58) 
y 00 1 i Oo} |, 

0 0 0 1 Oo 
1 i 1 i-l 10 0 «0 0 1 

Or 

{2} =[F] fz}, (3.59) 

When the internal damping and gyroscopic moment are considered, we can modify their 

corresponding transfer matrices to contain these effects inside. 

First, if the effect of internal damping is involved in the analysis, in section 2.3.2 we have 

already derived the expression of complex stiffness for rotors, which states that the 

complex stiffness is k(1+iyv), when the rotation speed of the shaft @ is smaller than the 

whirling speed Q, and k(1—iy), when @>Q. Thus, in Eq. 3.58 we can replace E by 

.  (Q- 
E = (iF   ) referring to Eq. 2.47. Of course, the extended field matrix becomes 

complex in nature. 
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Next, in section 2.2.2 we have developed the gyroscopic moment M = (J,a@Q.- 1,0”) 

where J, is the polar mass moment of the inertia and J, is the diametrical moment of the 

inertia. Since the gyroscopic effect causes the discontinuity in moment, the extended point 

matrix for the whirling mass can be revised to 

R L 
w 1 0 00 0 w 

y/ 0 1 00 0 y 

Mr =| 0 (,aQ-1,0’) 1 0 O}esM (3.60) 

V —mQ’ 0 01C V 

1 0 0 00 1 1 
i i i 

In the analysis of rotor dynamics, we are often interested in the critical speed map of the 

system we are dealing with. With the aid of the above equation, we are able to accomplish 

this purpose. We first assign a value for the rotation speed @ in Eq. (3.60) and by 

applying the procedure of calculating natural frequencies, we then obtain the 

corresponding whirling speeds (or natural frequencies) of the system at this specific 

rotation speed. If we keep doing this, we finally can get the plot of the whirling speeds as 

functions of the rotation speed known as the critical speed map. In addition, since the 

critical speeds occur when the rotation speed @ is equal to the whirling speed Q, we can 

calculate the critical speeds directly by simply equating @ to Q in Eq. (3.60). The 

modified Eq. (3.60) becomes 

R c 
Ww w 

1 0 00 

M | 9 p 0 8 M (3.61) = e 

i ,| | 0 HX 0 | | 
V V | l-m? 0 0 1| | 
1}, 1}. 

? 

where we assume J, = 27, and fis 1 for equal angular direction of whirl and rotation and 

-3 for opposite angular direction of whirl and rotation. 
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Note that the process of generating critical speed map is the same as that of finding natural 

frequencies. Both belong to the category of the analysis of free vibration, so the external 

load C, =—me,@’ cos(QDt — (at + €,)) —ime,o’ sin(Qt — (@t + €,)) is not involved in the 

calculation at all. Another effect, shear deformation which is not discussed here, can be 

found in Appendix A or reference [1]. 
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Chapter 4 

Computer Implementation 

In this chapter, we will first introduce the theory of Muller's Method and its application on 

the search for natural frequencies. Next, the software BEAM VII will be presented and 

one of its functions, the analysis of rotor dynamics, will be concentrated upon. Finally, we 

will demonstrate a few examples and compare the calculated results with those of others. 

4.1 The Muller's Method 

The Muller's Method was first presented by D. E. Muller [8] in 1956. This technique can 

be applied for any root-finding problem. The derivation of Muller's Method begins by 

considering three initial points x,, x,, and x, which can be real or complex. Then we 

construct the quadratic polynomial 

P(x) =a(x-x,)’ +B(x-x,) +e (4.1) 

that passes through (x,, f(x,)),(%,,/(%,)),and (x,, f(x,)), which is shown in Fig. 4.1. 
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F@) 

O Xo X%1 X22 X3 \ X   
Figure 4.1 The Muller's Method 
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The coefficients a, b, and c can be determined as follows: 

F(X) = A(% — x,)° + B(x) —x,)+¢ 

Ff (x,) = a(x, —x,)' + B(x, -— x,) +e (4.2) 

I(m)=e 

Solving Eq. (4.2) we have 

(x, — x) IF (%) — F(%)1- % — US (%) - FO) ] 

(Xq — X_)(%, — X_)(% — X,) 

b- (Xo - x) Lf (%) — f(x, )1- (4 - x, LF (%) — f (x,)] (4.3) 

(Xp — Xp )(X, — X_)(% — *1) 

a= 

c= f(x) 

To determine the zero of P(x) we apply the quadratic formula which states 

_ —b++B’ —4ac 
D7 (4.4) x—X, 

Since it might have the round-off error problems caused by the subtraction of nearly equal 

numbers [18], to obtain a more accurate approximation for (x ~ x,) we change the form 

of the quadratic formula by "rationalizing the numerator": 

_ -b+Vb’ —4ac (chee ~4ac, 
  

a 2a ~b + Vb? — 4ac eo) 

which simplifies to 

=) x—-X, = pao (4.6) 

Rearrange Eq. (4.6) to obtain 

x=Xx,- eo (4.7) 
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We find that there are two possibilities for x, which depend on the sign preceding the 

radical term. In Muller's Method, we chocse the sign in the manner that the denominator 

will be the largest in magnitude so that the selected x will be the closest zero of P(x) to 

x, and the converging process can be achieved. This is done by choosing the sign to 

agree with that of b, which is expressed as 

2c 
xXx=X _ (4.8) 

* b+sing(b)vb? — 4ac 

where a, b, and c are given in Eq. (4.3). 

We then assign x to be x, and reinitialize the procedure using x,, x, and x, in place of x,, 

x,, and x, to determine the next approximation x,. The method will continue until a 

satisfactory root is obtained. Since each iteration involves the radical Vb’ —4ac, the 

quadratic equation will, in general, have complex coefficients and complex roots. 

For a higher-order system once the first root has been found, the following search of the 

roots is accomplished on a deflated determinant that has had the discovered roots divided 

out. To explain this in detail, we will consider a three-degree polynomial P(x) with its 

zeros denoted as x,, x,, and x,. 

P(x) = (x— x,)(x — x, )(x — X53) (4.9) 

If we find the first zero x,, we divide the polynomial P(x) by (x — x,) to get 

P(x) 
(x - x,) 

Q(x) = = (x — x, (x — X53) (4.10) 

Then we solve the next zero according to the divided polynomial Q(x). This procedure, 

known as deflation, prevents us from finding the same roots again. Note that once the 

approximate roots of the deflated equation have been determined, the root search should 

Chapter 4. Computer Implementation 62



be switched back to the original polynomial, which ensures that the root being found is a 

solution to the true equation, not to the deflated one. If we keep repeating the procedure 

of deflation, the final deflated polynomial will be a constant. 

O fina (X) = Constant (4.11) 

From the above equation we know that no matter what values we substitute into it, the 

determinant of Q,,,.;(%) will always be the same constant. This can be considered as a 

criterion for terminating the iteration in the algorithm, when there is no root available in 

the equation. 

In section 2.3.1, we mentioned a spring-damper-mass system subjected to a harmonic 

excitation as shown in Fig. 2.9. Writing the equation of motion we have 

mx+cx+ ke = Fsinot (4.12) 

The homogeneous solution can be assumed to have the form 

x(t) =e" (4.13) 

Inserting Eq. (4.13) into Eq. (4.12) and dividing through by e“, we obtain the 

characteristic equation 

8 +2f0,s+a,’ =0 (4.14) 

  

Cc k 
where (= and @ = |— Solving Eq. (4.14) we have the roots 

S,. =-60, +io,¥1 -¢ (4.15) 

Assuming ¢<1.0. Therefore, the solution is 

x(t) = eS (Ae Sent 4 4 eS ont (4.16) 
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or 

x(t) = Ae cos(w,t — ¢) (4.17) 

where @, =/1-¢'a@, is called the frequency of the damped free vibration. We can 

interpret Eq. (4.17) as an oscillatory motion with the constant frequency w, and phase 

angle ¢ but with the exponentially decaying amplitude Ae~*”". However, in the Transfer 

Matrix Method we derive the matrices on the basis of the assumption that 

s=ia (4.18) 

So, the complex root @ found by Muller's Method will not correspond to the formulation 

of Eq. (4.15). In order to interpret the calculated @ from Muller's Method in terms of s 

domain we need to multiply it by 7 as shown in Eq. (4.18). It becomes obvious that 

Muller's Method acting on our specific transfer matrix formulations results in a change in 

sign and a swapping of the real and imaginary components. The program BEAM VII 

automatically accounts for this formulation anomaly. 

The technique of the Muller's Method generally converges to the root of a polynomial for 

any initial approximation choice. However, in the case that if x,, x,,,, and x,,, for some i i+2 

have the property that f(x,)= /(%.,) = /(%,,.), the quadratic equation reduces to a 

nonzero constant function and never intersects the x axis. This does not usually occur but 

in the program BEAM VII, this has been prevented by automatically re-selecting another 

starting values instead of those that cause the /(x,) = /(%,,,) = /(%,,.) condition. 

4.2 BEAM VII 

A powerful computer-aided design program, BEAM VII, has been developed using the 

Microsoft Visual Basic Professional Development System. It provides the analyses of free 
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vibration, static response, dynamic response, frequency response and the automatic 

generation of critical speed map for a damped and undamped beam or a circular whirl 

rotor system of arbitrary configuration. With this variety of functions, BEAM VII 

facilitates the studies of machine design, mechanics of materials, structural vibration, and 

rotor dynamics. As mentioned in chapter one that the intention of the program, BEAM 

VII, is to strengthen its ability in the analysis of rotor dynamics, so the present section will 

serve as a user's guide with concentration on this area only. For details of other various 

features provided by BEAM VII, readers can refer to the USER'S GUIDE -- BEAM VI 

[1]. 

In the analysis of rotor dynamics, BEAM VII mainly provides two facilities: 

1. The calculation of the critical speed and its associated mode shape for a damped or 

undamped system. 

2. The generation of the critical speed map for a damped or undamped system. 

4.2.1 Input Requirements 

In order to function the various analyses provided by BEAM VII a model data must be 

established first. The following list summarizes the information needed or potentially 

needed for creating a model. 

1. Unit system (English or SI). 

2. Title of the model. 

3. Section length, in or m. 

4. Modulus of elasticity, psi or Pa and structural damping, 7,, dimensionless. 
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10. 

11. 

12. 

13. 

14. 

15. 

16. 

Cross sectional area, in*or m7’. 

Area moment of inertia, in* or m‘*. 

Shear modulus, psi or Pa and structural shear damping, y,,, dimensionless. 

Deflection correction factor for the geometry of the shear area, dimensionless and 

maximum shear stress correction factor, dimensionless. 

Weight density, lb/in or N/m. 

Elastic foundation stiffness of continuum beam, lb/in/in or N/m/m, structural 

foundation damping, y,, dimensionless, and viscous foundation damping, I, 
¢c 

Ib - s/in/in or N-s/m/m. 

Sign and magnitude of uniformly distributed load, lb/in or N/m. (N.B. Load is 

positive downward.) 

Sign and magnitude of linearly varying distributed load, Ib/in or N/m. (N.B. Load is 

positive downward.) 

Sign and magnitude of concentrated load, lb or N. (N.B. Load is positive downward.) 

Sign and magnitude of concentrated moment, lb-in or N-m. (N.B. Moment is positive 

in counterclockwise direction.) 

Sign and magnitude of rotating unbalance, lb-in or N-m. (N.B. Unbalance is positive 

upward.) 

Transverse support stiffness, (Scanning to ground) Ib/in or N/m, structural damping, 

¥,, dimensionless, and/or viscous damping, c, lb-s/in or N-s/m. 
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17. 

18. 

19. 

20. 

21. 

22. 

23. 

24. 

25. 

26. 

27. 

Rotor to housing stiffness, Ib/in or N/m, (For use with a bearing modeled as bearing- 

housing-foundation), structural damping, y,, dimensionless, and/or viscous damping, 

c, lb-s/in or N-s/m. 

Equivalent housing weight, lb or N. (For use with a bearing modeled as bearing- 

housing-foundation) 

Housing to ground stiffness, lb/in or N/m, (For use with a bearing modeled as 

bearing-housing-foundation), structural damping, y,, dimensionless, and/or viscous 

damping, c, lb-s/in or N-s/m. 

Support moment stiffness, lb-in/rad or N-m/rad, structural damping, y,,, 

dimensionless, and/or viscous damping, c, lb-s/in or N-s/m. 

Magnitude of concentrated weight, Ib or N. 

Magnitude of diametral weight moment of inertia, Ib -in? or N-m/’. 

Magnitude of polar weight moment of inertia, lb -in? or N- m7’. 

Stiffness of tuned absorber, lb/in or N/m, structural damping, y,, dimensionless, 

and/or viscous damping, c, Ib-s/in or N-s/m. 

Weight of the tuned absorber mass, lb or N. 

Stiffness of rotary elastic hinge, lb -in/rad or N-m/rad, structural damping, y,, 

dimensionless, and/or viscous damping, c, lb -s/rad or N-s/rad. 

Sign and magnitude of angle of bend in the rotor, deg. (N.B. Angle is positive in 

counterclockwise direction.) 
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28. Sign and magnitude of prescribed relative motion, in or m. (N.B. Prescribed relative 

motion is positive downward.) 

29. Radius of curved beam, in or m and angle of curved beam, degree. 

30. Type of beam/rotor analysis. (Bending vibration, forward whirl, backward whirl, or 

critical speed map) 

4.2.2 Demonstration 

BEAM VII is capable of performing analyses for a system with viscous damping, 

structural damping, and both viscous and structural damping. A system with viscous 

damping involved guarantees to have complex conjugate pairs of eigenvalues when the 

characteristic equation of the system is solved. If a system contains structural damping or 

both structural and viscous damping, it is not necessary to have complex conjugate pairs 

of eigenvalues. Generally, the lower order eigenvalues are of greatest interest. Therefore, 

in the free-vibration analysis of a continuous system with viscous damping alone, BEAM 

VII calculates five pairs of complex conjugate eigenvalues with the least imaginary parts. 

For a continuos system with structural damping or structural and viscous damping 

combined, five complex eigenvalues with the least positive imaginary parts and five 

complex eigenvalues with the least negative imaginary parts will be computed. As for an 

undamped continuous system, BEAM VII calculates the least ten positive or negative 

eigenvalues depending on the vibration type being chosen (forward whirl, backward whirl, 

or bending). 

In the process of generating the critical speed map, a series of questions has been 

presented. The question of entering positive limit for rotor speed is for defining the 

abscissa maximum value of the critical speed map. The question of entering positive limit 
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for whirl frequency is for defining the ordinate maximum value of the critical speed map. 

The value of the maximum whirl frequency is suggested to be less than or equal to 1E6 

RPM in order to obtain a clear graphic presentation. The corresponding logarithmic 

decrement values at each step of rotor speed is computed in the process of generating 

critical speed map as well. If the complex eigenvalue is denoted as s=2+ia@, the 

logarithmic decrement is defined as d= a which indicates the threshold speed of 
a) 

instability; that is, if d> 0, the system is stable; if 6<0, the system is unstable. 

To demonstrate the application on the analysis of rotor dynamics provided by BEAM VII, 

a typical rotor bearing system (EXAMPLE #1 by R. G. Kirk [20]) is considered to 

determine its critical speeds and critical speed map. A weight density of 2.83E-1 Ib/in? 

(7.681E-2 N/cm?) and elastic modulus 3E11 psi (2.095E11 N/cm?) are used for the 

distributed rotor and a concentrated disk with a mass of 150 Ib (6.672E2 N), polar weight 

moment of inertia 1.875E3 Ib -in? (5.381E4 N-cm’), and diametral weight moment of 

inertia 9.375E2 lb-in? (2.69E4 N-cm’) is located at the center of the shaft having a 

length of 14 in (3.55E1 cm) and diameter of 1 in (2.54 cm). Two identical isotropic 

bearings with stiffness coefficient 3.4458E4 Ib/in (6.034E4 N/cm) and viscous damping 

factor 2.7411E1 Ib-s/in (4.80E1 N -s/cm) are applied to support the system. Appendix 

B illustrates BEAM VII on the analysis of rotor dynamics of this problem in detail. 

Five pairs of complex conjugate eigenvalues of EXAMPLE #1 are presented in Table 

B.10. The first two complex eigenvalues are just computational results without any 

physical meaning. The forward whirl motion, equal angular direction of whirl and rotation, 

is chosen, so the complex eigenvalues with positive imaginary parts known as forward 

whirl critical speeds should be considered only. The function of calculating associated 
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mode shapes of these forward whirl critical speeds is optional, although it is not performed 

in this case. 

Table B.11 presents the data for the critical speed map, which includes the corresponding 

real parts of the complex eigenvalues (damping exponents), imaginary parts of the 

complex eigenvalues (whirl frequencies), and logarithmic decrement at each step of rotor 

speed. As shown, the logarithmic decrements remain positive all the time, which indicates 

the system is stable for the entire rotor speed range. 

The above results have been compared with the ones from ROBEST [20] and are found to 

agree well as shown in Table 4.1. The relative % differences to the ROBEST results are 

also given in the table by applying the following formula: 

|BEAM - ROBEST| 
ROBEST 
  % Difference = x100% 
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Table 4.1 Comparison of EXAMPLE #1 Results from BEAM VII and ROBEST 

  

  

  

  

          

BEAM VII ROBEST % Difference 

Rotor speed | Forward and backward | Forward and backward 

whirl frequency whirl frequency 

(RPM) (RPM) 
_(RPM) 
1.00D+03 3.925280D+03 3.879534D+03 1.179 

-3.925280D+03 -3.879362D+03 1.183 

1.076374D+04 1.076724D+04 0.033 

-8.866197D+03 -8.854708D+03 0.130 

2.00D+03 3.925280D+03 3.879544D+03 1.179 

-3.925280D+03 -3.879337D+03 1.184 

1.188282D+04 1.189354D+04 0.090 

-8.08773 1D+03 -8.068495D+03 0.238 

3.00D+03 3.925280D+03 3.879524D+03 1.179 

-3.925280D+03 -3.879422D+03 1.182 

1.310458D+04 1.312266D+04 0.137 

-7.411952D+03 -7.385135D+03 0.363 

4.00D+03 3.925280D+03 3.879529D+03 1.179 

-3.925280D+03 -3.879461D+03 1.181 

1.441606D+04 1.444193D+04 0.179 

-6.825882D+03 -6.791992D+03 0.499     
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4.3 Numerical Examples and Discussions 

In order to further substantiate the accuracy of BEAM VII four examples published by 

other authors are analyzed and the comparison of results is presented. 

EXAMPLE #2 - Overhung Gear (Svein B. Rasmussen [21]) 

A gear with a mass of 6.8322E-1 Ib (3.03896 N), polar weight moment of inertia 1.0515 

Ib -in? (3.01765 N-cm’), and diametral weight moment of inertia 5.5352E-1 Ib -in? 

(1.58852E1 N-cm’) is located at the end of a massless steel shaft having a length of 2.2 

in (5.588 cm), diameter of 0.4 in (1.016 cm), and elastic modulus 3E11 psi (2.0685E11 

N/cm?’). With the application of BEAM VII, the calculated results are tabulated in 

appendix C. 

The gyroscopic effect of the disk results in the splitting the modes. This is clearly 

presented in Fig. C.2. Also, there is only one forward whirl critical speed at 2027 rad/sec 

but two backward whirl critical speeds at -1355 and -7216 rad/sec. On the other hand, the 

forward and backward whirl critical speeds obtained from Rasmussen [21] are 2000, - 

1300, and -7100 rad/sec. These two results show a good agreement. 

EXAMPLE #3 - Simply Supported Uniform Beam (without External Damping) (E. 

S. Zorzi and H. D. Nelson [30]) 

A uniform flexible steel shaft with a diameter of 4 in (1.016 El cm), length of 50 in 

(1.27E2 cm), and internal structural damping 2.00E-4 is supported at its ends by two 

identical undamped isotropic bearings having stiffness coefficient 1.00E5 lb/in (1.75ES 

N/cm). The model data and analyzed results are shown in appendix D. 
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As shown in Table D.2, when the rotor speed reaches 5,000 RPM, the instability of the 

first forward whirl mode occurs (i.e., the logarithmic decrement is less than zero). This 

mode remains unstable for higher rotation speeds, with the second forward whirl mode 

becoming unstable at rotor speed 11,000 RPM. On the other hand, the first and second 

forward critical speeds of the system are about 4,950 and 10,500 RPM measured from 

Fig. D.2._ The conclusion based on these two findings states that the system becomes 

unstable at rotation speed beyond critical speeds. 

All the backward whirl modes of the system are stable for the entire rotation speed range. 

In addition, the value of the logarithmic decrement is almost constant for each mode. The 

internal structural damping causing the destabilization of a system at rotation speed 

beyond critical speeds confirms the theory provided in section 2.3.2 and can also be found 

in literature, F. M. Dimentberg [14] and V. V. Boloton [15]. Note that Zorzi and Nelson 

[30] claimed that the structural damping would destabilize the forward whirl modes at all 

speeds, which is inconsistent with other literature [14, 15] and with the result here. Since 

their paper was published in 1976, a further correction may have made. 

EXAMPLE #4 - Simply Supported Uniform Beam (with External Damping) (E. S. 

Zorzi and H. D. Nelson [30]) 

The model data of the current example is exactly the same as that of the previous one 

except a viscous damping factor 1.00E1 lb-sec/in (1.75E1 N-s/cm) is added into the 

isotropic bearings, so the model data table and model figure will not be provided. The 

addition of external damping functions to improve the stability of the system, which will be 

illustrated in the tables of appendix E. 
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With sufficient addition of external damping, all the forward whirl modes of the system 

remain stable for the entire speed range as shown in Table E.1. This result again verifies 

the theory provided in section 2.3.2 and the works done by F. M. Dimentberg [14] and V. 

V. Boloton [15]. 

EXAMPLE #5 - A Two-Bearing Rotor Dynamic Rig (P. N. Bansal and R. G. Kirk 

[31], D. Kim and J. W. David [32]) 

The current model was originally developed by Bansal and Kirk [31] for demonstrating a 

computer software of determining stability and damped critical speeds of rotor bearing 

systems. Then, Kim and David [32] proposed an improved method for calculating 

stability and damped critical speeds and analyzed the same model as well. The tables of 

appendix F provide the model data and analyzed results obtained from BEAM VII. The 

comparison of results from BEAM VII and Kim is presented below. 
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Table 4.2 Comparison of Results from BEAM VII and Kim 

  

  

  

        

BEAM VII Kim “% Difference 

Forward whirl 2549 2507 1.675 
critical speed 4093 4085 0.196 

(RPM) 
Backward whirl -1045 -1052 0.665 
critical speed -2262 -2279 0.746 

(RPM)   
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The forward and backward critical speeds obtained from BEAM VII show a very good 

correlation with Kim's results as seen in Table 4.2. In fact, the maximal relative % 

difference to Kim’s results is only 1.675%, which verifies the accuracy of BEAM VIL. 
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Chapter 5 

Conclusions and Recommendations 

This chapter will first provide conclusions by summarizing the works presented in this 

these. Then, the recommendations of possible extensions of this research is made. 

5.1 Conclusions 

A computer-aided design program for beams and rotors analyses, BEAM VII, has been 

developed. With applications of Transfer Matrix Theory and Muller's Method, the 

software successfully performs the search of real or complex eigenvalues and generation 

of damped or undamped critical speed map for a series of numerical examples. Results 

obtained from analyzing these examples provide a good consistency with other authors’ 

work as well as confirm the theory of rotordynamics provided in Chapter 2 and related 

literature. EXAMPLE #1 and EXAMPLE #2 clearly demonstrate phenomena of splitting 

mode by the effect of gyroscopic moment as shown in Fig. B.2 and C.2. The destabilizing 

influence on rotor systems by internal structural damping is illustrated in EXAMPLE #3. 

Also, the instability onset speeds expressed in terms of the real parts of complex 

eigenvalues and/or values of logarithmic decrement are presented in the data table of 

critical speed map. The possible solutions for improving the stability of rotor systems 

such as reducing or eliminating the sources of the instability, design modifications of the 

shaft or the bearings, or the addition of sufficient external damping on the bearings can be 

performed in the program. EXAMPLE #4 demonstrates one of the solutions, the addition 
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of external damping on the bearings, and the improvement of system stability is achieved 

as shown in Table E.1. Complicated systems like EXAMPLE #5 still can be handled 

successfully by the program. As shown in Table 4.2, the difference percentage for the 

results obtained from BEAM VII and Kim is within 1.67%, which verifies the accuracy of 

this software. 

The major effort presented in BEAM VII is to increase its ability in the analysis of 

rotordynamics. Except the functions of automatically searching real or complex 

eigenvalues and automatically generating damped or undamped critical speed map, which 

are pertaining to the category of rotordynamics, BEAM VII also provides other various 

analyses including static response, forced dynamic response, and frequency response. 

These features enable BEAM VII to be a valuable tool in the studies of machine design, 

mechanics of materials, structural vibrations, and rotordynamics. 

5.2 Recommendations 

The following features can be considered as the possible extensions of this research work. 

Computer Memory Management 

Not enough memory space is the major concern in the process of developing the program 

BEAM VII. Although the current programming environment, Microsoft Visual Basic, 

provides the function of increasing memory by allowing the usage of extended and 

expanded memory, restrictions are also presented resulting in only a small amount of 

memory available. It is hoped that a more powerful programming environment can be 

found to have this problem solved. 
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Modeling of Anisotropic Bearings 

Anisotropic bearings are believed to be much closer to represent the real behavior of 

bearings. The capability in modeling the anisotropic bearings should be provided by 

BEAM VII. 

Stability Map 

The stability map having the damping exponents versus rotor speeds provides a clear 

presentation of the instability threshold speeds of the system. The function of 

automatically generating the stability map is suggested. 
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Appendix A 

Field Transfer Matrix of Timoshenko Beam 

The information of this section is basically obtained from reference [2]. 

Nomenclature : 

x,y, Z 

SQ
 
QO
 
T
U
T
O
R
 EE
 

Cartesian right-handed coordinates system, with x axis coinciding with 
central axis of beam and y and z coinciding with principal axes of inertia 
of cross-sectional area 

Young's modulus 
Shear modulus 

Shear stiffness in y or z direction (K, = form factor) 

Bending stiffness about y or z 
Mass per unit length 

Point mass 
Radius of gyration of cross-sectional area about x axis 
Radius of gyration of cross-sectional area about y or z axis 
Moment of inertia about x axis 
Moment of inertia about y or z axis 

Length of field 
Circular frequency of free vibration 

Rotation speed of the shaft 

Transfer matrix 
-1 for bending vibration 
+] for rotating shaft (equal angular direction of whirl and rotation) 
-1 for rotating shaft (opposite angular direction of whirl and rotation) 

If we limit our considerations for the rotating shaft to the case where @ =i? =7? =i2/2 

(e.g., a beam with circular cross section), then the field transfer matrix for Timoshenko 
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beam, which considers the shear deformation and rotary inertia, for bending vibration as 

well as for the rotating shaft can be written as follows [2]: 

    

  

  

i al 
Cy — Ol, Ic, -(o + T)c3] ac, pm + (p* +o" )e3] 

4 
a 

y= Fe, Co 7 — 73) ac, 

~ 4 

Pe, “re, +(B' +7 )e,] c,—t, Ie, -(o+T)cs] 
a a 

4 4 4 

Bt, — OC;) Be, B Cy — OC, 
| al a l 7 

where 
P 

oF cy, = A(Z, cosha, + 22 cos/,) 
274 AX, XR . 

f= SS C= AC "sinh A, +34, sin) 

per 

°- "GA c, = A(coshA, — cosA,) 

P? of) 1. 1. 
T= zy 4 Q?) C; = AG sinh 4, — 7 sin 42) 

  

Let +7lo- 7) t (e+ 7) Rez 

Considering the effect of gyroscopic moment as mentioned in section 2.2.2, we can 

express the term 7 based on the result obtained from Eq. 2.17 in the following form: 

r= -—(.aQ.- 102) 
EJ 

Note that because the mass of the continuum element is modeled and distributed along the 

length of the field, the mass moment of inertia for this portion has already been taken care 

by the Transfer Matrix formulation. However, the diametral mass moment of inertia 

should be considered due to the fact that the mass is distributed away from the center line 
1 1 

of the structure. In such a case, J, = 5M, [,=I,=1= qm. For this phenomenon 
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to happen it is necessary that, besides J, = /,, the shaft be absolutely straight, with no 

eccentricity of mass. 
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Appendix B 

Demonstration of BEAM VII 

The following tables provide the demonstration of BEAM VII on the analysis of 

rotordynamics by considering a typical rotor-bearing system (EXAMPLE #1 by R. G. 

Kirk). 
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Table B.2 Initial Description of BEAM VII 

  

  

ae**® EFFICIENT WAY OF USING BEAM7 **** 

. The program accepts input data of either capital or lower case 
letters. 

. The program accepts <RETURN> as (Y)es if the input is 
expected to be 'Y' or 'N'. 

. The program accepts <RETURN2> as '0' (ZERO) if the input is 

expected to be a number. 
. When you are asked for filespec. (filename.extension), enter 

filename only, the extension will be appended by program 
automatically. 

. Panic button - <CTRL> + C + <RETURN> (Sometimes 
<RETURN? is not needed. If you are prompted for two data 
such as frequency range when you decide to use panic button, 
you have to enter the two data before using panic button.) 

Press a key to continue...     

Appendix B 85



Table B.3. Main Menu of BEAM VII 

  

  

  

  
  

  

      
      
BEAM VII MAIN MENU 

PRE PROCESSING 

1. Documentation 2. Enter a new model 

3. Edit the current model 4. List the current model 

5. Draw the current model 6. Save the current model 

ANALYSIS 

7. Free-vibration 8. Static response 

9. Dynamic response 10. Frequency response 

11. Critical speed map 

POST PROCESSING & CONFIGURATION 

12. Change screen mode 13. Change configuration 

14. Print output file 

Enter the desired option (1-14), (0 to exit) ->? 2   
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Table B.4 Model Entry Screens 

  

*2xx% MODE 2 - ENTER A MODEL ***** 

(F) Input a model from disk files 

(K) Input a model from keyboard 
<RETURN?> Return to main menu 

Enter F, K, orp <RETURN> ->?K 

*#** SELECT ENGINEERING UNITS *** 

(E) English Units 
(S) S.I. Units 

EnterEorS ->?E 

Enter the title for this problem (maximum 47 characters) -> EXAMPLE #1     
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Table B.5 Transfer Matrix Properties Entry 
  

  

xxeexk SECTION PROPERTIES FOR SECTION # 1 ***** 

Massless Beam (includes shear deformation) 

Uniformly Distributed Load on Massless Beam 
Linearly Varied Distributed Load on Massless Beam 

Continuum Beam (includes distributed weight load) 

Uniformly Distributed External Load on Continuum Beam 
Linearly Varied Distributed External Load on Continuum Beam 
Timoshenko Beam (continuum beam includes shear deformation 

and rotatory inertia) 

WARNING: Timoshenko beams with non circular shapes can 
have time varying properties when rotated. 

Solutions by BEAM VII would be invalid and 
will not be performed. 

9. Point Matrix (allowed only at left end of structure) 
10. Duplicate a field section 

N
A
Y
W
A
Y
W
N
E
 

<RETURN?> Stop entering section data 

Enter Number of Beam Type desired ->? 9 

Is it a hinge point matrix (Y/N)? N 

*** CONCENTRATED LOAD *** 

F - Concentrated Force 

M - Concentrated Moment 

R - Rotating Weight Unbalance 
<RETURN?® - None or finished entry 

Enter F, M, R, or <RETURN> ->? 

**% CONCENTRATED WEIGHT *** 

W - Concentrated Weight 
J - Concentrated Weight Moment of Inertia 
JP - Polar Concentrated Weight Moment of Inertia 
<RETURN@ - None or finished entry     
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Table B.5 Transfer Matrix Properties Entry (Continued) 

  

  

Enter W, J, JP, or. <RETURN> ->? 

*** SUPPORT STIFFNESS *** 

G - Bearing to Ground 
C - Bearing to Ground Damping 

H - Bearing-Housing-Foundation 
D - Bearing-Housing-Foundation Damping 
M - Moment Stiffness and Damping 
<RETURN? - None or finished entry 

Enter G, C, H, D, M, or <RETURN> ->7?G 

Stiffness of Support (Ib/in) = ? 3.4458E4 

Structural Damping of Support = ? 

*** SUPPORT STIFFNESS *** 

G - Bearing to Ground 
C - Bearing to Ground Damping 
H - Bearing-Housing-Foundation 
D - Bearing-Housing-Foundation Damping 
M - Moment Stiffness and Damping 
<RETURN> - None or finished entry 

Enter G, C, H, D, M, or <RETURN> ->?C 

Viscous Damping of Support (Ib/in) = ? 2.7411E11 

*** SUPPORT STIFFNESS *** 

G - Bearing to Ground 

C - Bearing to Ground Damping 
H - Bearing-Housing-Foundation 
D - Bearing-Housing-Foundation Damping 
M - Moment Stiffness and Damping 
<RETURN? - None or finished entry     
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Table B.S Transfer Matrix Properties Entry (Continued) 

  

  

Enter G, C, H, D, M, or <RETURN> ->? 

*** MISCELLANEOUS ELEMENTS *** 

T - Tuned Absorber 

B - Bent Rotor Angle 

P - Prescribed Relative Motion 

<RETURN? - None or finished entry 

Enter T, B, P, D, or <RETURN> ->? 

xaxek SECTION PROPERTIES FOR SECTION # 2 ***** 

Massless Beam (includes shear deformation) 
Uniformly Distributed Load on Massless Beam 
Linearly Varied Distributed Load on Massless Beam 
Continuum Beam (includes distributed weight load) 
Uniformly Distributed External Load on Continuum Beam 
Linearly Varied Distributed External Load on Continuum Beam 
Timoshenko Beam (continuum beam includes shear deformation 
and rotatory inertia) 

WARNING: Timoshenko beams with non circular shapes can 
have time varying properties when rotated. 
Solutions by BEAM VII would be invalid and 

will not be performed. 
9. Point Matrix (allowed only at left end of structure) 
10 Duplicate a Field Section 

N
A
M
A
 
W
H
E
 

<RETURN?> Stop entering section data 

Enter Number of Beam Type desired ->? 4 

Length of this section (in) 
(N.B. Do not enter 0.) =? 7 

Modulus of Elasticity (psi) = ? 3E11 

This Modulus of Elasticity seems unusual.     
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Table B.S Transfer Matrix Properties Entry (Continued) 
  

  

Is it correct (Y/N) ? Y 

Structural Beam Damping = ? 

*** SHEAR AREA AND SHEAR STRESS CORRECTION FACTORS *** 

- The shear area is the product of cross-sectional area and a 
correction factor, Ks. 

- The maximum shear stress is the shear force divided by the 
cross-sectional area and multiplied by a correction factor, Kss. 

- Type 1-4 ask dimensions to determine A, I, and y. 

- Following is a table of Ks and Kss factors for some commonly 
used cross-sectional types: 

TYPE 

Rectangular - solid-------------- 

Rectangular - thin wall---------- 

Circular - solid------------------- 

Circular - thin wall--------------- 

I-Beam 

Custom 

  

O
W
N
S
 
W
Y
N
E
R
 

  

Enter the number of one type ->? 3 

What is the diameter of this solid circle (in) ? 1 

Kss 

1.50 

Special 

1.33 

2.00 

Special 

Enter 

Weight Density of Continuum Beam, (Ib/in‘3) = ? 2.83E-1 

Stiffness of Continuum Beam Foundation, (Ib/in/in) = ? 

Viscous Damping of Beam Foundation, (Ib-sec/in“2) = ? 

Do you have an elastic hinge at the end of this field section (Y/N) ? 
N     
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Table B.5 Transfer Matrix Properties Entry (Continued) 

  

  

*** CONCENTRATED LOAD *** 

F - Concentrated Force 

M - Concentrated Moment 

R - Rotating Weight Unbalance 
<RETURN?> - None or finished entry 

Enter F, M, R, or<RETURN> ->? 

*** CONCENTRATED WEIGHT *** 

W - Concentrated Weight 
J - Concentrated Weight Moment of Inertia 
JP - Polar Concentrated Weight Moment of Inertia 
<RETURN?® - None or finished entry 

Enter W, J, JP, or<RETURN> ->? W 

Magnitude of Concentrated Weight (Ib) = 7 150 

*** CONCENTRATED WEIGHT *** 

W - Concentrated Weight 
J - Concentrated Weight Moment of Inertia 
JP - Polar Concentrated Weight Moment of Inertia 
<RETURN?> - None or finished entry 

Enter W, J, JP, or<RETURN> ->?J 

Weight moment of inertia about a diameter of disc or element 
(W*Rad.Gyr.2) (in*2-lb) = ? 9.375E2 

*** CONCENTRATED WEIGHT *** 

W - Concentrated Weight 
J - Concentrated Weight Moment of Inertia 
JP - Polar Concentrated Weight Moment of Inertia     
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Table B.S Transfer Matrix Properties Entry (Continued) 
  

  

<RETURN> - None or finished entry 
Enter W, J, JP, or <RETURN> ->? JP 

Polar moment of inertia about a rotational axis of disc or element 

(W*Rad.Gyr.%2) (in’2-Ib) = ? 1.875E3 

*** CONCENTRATED WEIGHT *** 

W - Concentrated Weight 
J - Concentrated Weight Moment of Inertia 

JP - Polar Concentrated Weight Moment of Inertia 
<RETURN?® - None or finished entry 

Enter W, J, JP, or <RETURN> ->? 

*** SUPPORT STIFFNESS *** 

G - Bearing to Ground 
C - Bearing to Ground Damping 
H - Bearing-Housing-Foundation 
D - Bearing-Housing-Foundation Damping 
M - Moment Stiffness and Damping 
<RETURN? - None or finished entry 

Enter G, C, H, D, M, or<RETURN> ->? 

**% MISCELLANEOUS ELEMENTS *** 

T - Tuned Absorber 
B - Bent Rotor Angle 
P - Prescribed Relative Motion 
<RETURN?@ - None or finished entry 

Enter T, B, P, D, orp <RETURN> ->?     
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Table B.5 Transfer Matrix Properties Entry (Continued) 

  

  

axee® SECTION PROPERTIES FOR SECTION # 3 ***** 

Massless Beam (includes shear deformation) 

Uniformly Distributed Load on Massless Beam 
Linearly Varied Distributed Load on Massless Beam 

Continuum Beam (includes distributed weight load) 
Uniformly Distributed External Load on Continuum Beam 
Linearly Varied Distributed External Load on Continuum Beam 
Timoshenko Beam (continuum beam includes shear deformation 

and rotatory inertia) 

WARNING: Timoshenko beams with non circular shapes can 
have time varying properties when rotated. 

Solutions by BEAM VII would be invalid and 
will not be performed. 

9. Point Matrix (allowed only at left end of structure) 
10. Duplicate a Field Section 

S
N
N
A
Y
A
Y
 
N
S
 

<RETURN?> Stop entering section data 

Enter Number of Beam Type desired ->? 4 

Length of this section (in) 
(N.B. Do not enter 0.) = ? 7 

The Modulus of Elasticity of the previous section is 3.0000D+11 

(psi) 
Want to use same Modulus of Elasticity (Y/N) ->? Y 

The Structural Beam Damping of the previous section is 
0.0000D+00 () 
Want to use same Structural Beam Damping (Y/N) ->? Y 

The Beam Structural type of the previous section is: 
Circular - solid (Ks = 1.1) 

(Kss = 1.33) 

Want to use same Beam Structural type and size (Y/N) ->? Y 

The Weight density of the previous section is 2.8300D-01 (lb/in‘%3)     
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Table B.5 Transfer Matrix Properties Entry (Continued) 

  

  

Want to use same Weight density (Y/N) ->? Y 

Stiffness of Continuum Beam Foundation, (lb/in/in) = ? 

Viscous Damping of Beam Foundation, (Ib-sec/in*2) = ? 

Do you have an elastic hinge at the end of this field section (Y/N) ? 
N 

*** CONCENTRATED LOAD *** 

F - Concentrated Force 
M - Concentrated Moment 

R - Rotating Weight Unbalance 

<RETURN?® - None or finished entry 

Enter F, M, R, or<RETURN> ->? 

**% CONCENTRATED WEIGHT *** 

W - Concentrated Weight 
J - Concentrated Weight Moment of Inertia 
JP - Polar Concentrated Weight Moment of Inertia 

<RETURN2® - None or finished entry 

Enter W, J, JP, orp <RETURN> ->? 

*** SUPPORT STIFFNESS *** 

G - Bearing to Ground 

C - Bearing to Ground Damping 
H - Bearing-Housing-Foundation 
D - Bearing-Housing-Foundation Damping 
M - Moment Stiffness and Damping 

<RETURN?> - None or finished entry 

Enter G, C, H, D, M, or<RETURN> ->?G 

Stiffness of Support (Ib/in) = ? 3.4458E4     
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Table B.5 Transfer Matrix Properties Entry (Continued) 

  

  

Structural Damping of Support = ? 

*** SUPPORT STIFFNESS *** 

G - Bearing to Ground 

C - Bearing to Ground Damping 
H - Bearing-Housing-Foundation 
D - Bearing-Housing-Foundation Damping 
M - Moment Stiffness and Damping 
<RETURN?® - None or finished entry 

Enter G, C, H, D, M, or <RETURN> ->?C 

Viscous Damping of Support (Ib/in) = ? 2.7411E11 

*x* SUPPORT STIFFNESS *** 

G - Bearing to Ground 

C - Bearing to Ground Damping 
H - Bearing-Housing-Foundation 
D - Bearing-Housing-Foundation Damping 
M - Moment Stiffness and Damping 
<RETURN? - None or finished entry 

Enter G, C, H, D, M, or<RETURN> ->? 

*** MISCELLANEOUS ELEMENTS *** 

T - Tuned Absorber 

B - Bent Rotor Angle 
P - Prescribed Relative Motion 

<RETURN? - None or finished entry 

Enter T, B, P, D, or<RETURN> ->? 

xxe*k*k SECTION PROPERTIES FOR SECTION # 4 ***** 

1. Massless Beam (includes shear deformation) 
2. Uniformly Distributed Load on Massless Beam     
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Table B.S Transfer Matrix Properties Entry (Continued) 

  

  

Linearly Varied Distributed Load on Massless Beam 
Continuum Beam (includes distributed weight load) 
Uniformly Distributed External Load on Continuum Beam 

Linearly Varied Distributed External Load on Continuum Beam 
Timoshenko Beam (continuum beam includes shear deformation 
and rotatory inertia) 
WARNING: Timoshenko beams with non circular shapes can 

have time varying properties when rotated. 
Solutions by BEAM VII would be invalid and 
will not be performed. 

9. Point Matrix (allowed only at left end of structure) 
10. Duplicate a Field Section 

I
A
W
 

S
Y
 

<RETURN?> Stop entering section data 

Enter Number of Beam Type desired ->?     
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Table B.6 Boundary Conditions Entry 

  

    

    

  

  

  

  

  

  

BOUNDARY CONDITIONS 

RIGHT 

PINNED FIXED FREE GUIDED 

PINNED 1 2 3* 4 

. FIXED 5 6 7 8 

F FREE 9+ 10 11* 12* 

t GUIDED 13 14 15* 16*                 

+ Kinematically unstable, unless internal supports exit. 

Enter the number of desired boundary condition ->? 11       
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Table B.7 Main Menu and Data List of EXAMPLE #1 

  

  

  

  

    

  

BEAM VII MAIN MENU 
        

PRE PROCESSING 

1. Documentation 2. Enter a new model 

3. Edit the current model 4. List the current model 

5. Draw the current model 6. Save the current model 

ANALYSIS 

7. Free-vibration 8. Static response 

9. Dynamic response 10. Frequency response 

11. Critical speed map 

POST PROCESSING & CONFIGURATION 

12. Change screen mode 13. Change configuration 
14. Print output file 

Enter the desired option (1-14), (0 to exit) ->?4 

RAKKK MODEL DATA RAKKX 

TITLE: EXAMPLE #1 

For section # 1: 

  

  

  

  

  

Length of this section--------------------- = 0.0000D+00 in 
Cross Sectional Area = 0.0000D+00 in’*2 

Area Moment of Inertia-------------------- = 0.0000D+00 in*4 

Modulus of Elasticity = 0.0000D+00 psi 
Stiffness of Support = 3.4458D+04 Ib/in 
Support Damping = 2.7411D+01 Ib-sec/in 

For section # 2: 

Length of this section--------------------- = 7.0000D+00 in 

Cross Sectional Area = 7.8540D-01 in*2 
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Table B.7 Main Menu and Data List of EXAMPLE #1 (Continued) 
  

  

  

  

  

  

Area Moment of Inertia-------------------- = 4.9087D-02 in*4 

Modulus of Elasticity = 3.0000D+11 psi 
Distance to Outer Fiber-------------------- = §.0000D-01 in 

Beam Structural Type = Circular - Solid 
Shear Stress Correction Factor------------ = 1.3333D+00 

Weight density = 2.8300D-01 Ib/in*3 

Magnitude of Concentrated Weight------- = 1.5000D+02 Ib 
Weight Moment of Inertia about a 
Diameter of Disc or Element 

(W*Rad.Gyr.%2) = 9. 3750D+02 in’2-lb 

Polar Moment of Inertia about a 

Rotational Axis of Disc or Element 

  

  

  

  

  

  

  

  

  

  

(W*Rad.Gyr.*2) = 1.8750D+03 in’2-Ib 

For section # 3 : 

Length of this section = 7.0000D+00 in 
Cross Sectional Area = 7.8540D-01 in*2 

Area Moment of Inertia-------------------- = 4,9087D-02 in*4 

Modulus of Elasticity = 3.0000D+11 psi 
Distance to Outer Fiber-------------------- = 5.0000D-01 in 

Beam Structural Type = Circular - Solid 

Shear Stress Correction Factor------------ = 1.3333D+00 
Weight density = 2.8300D-01 Ib/in’3 
Stiffness of Support =3.4458D+04 lb/in 
Support Damping = 2.7411D+01 lb-sec/in 

Boundary Condition = FREE - FREE 

*** END OF LISTING *** 

Press a key to continue...     
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Table B.8 Main Menu with Selection of Drawing of EXAMPLE #1 

  

  

  

  

  

    
BEAM VII MAIN MENU 
  

  

PRE PROCESSING 

1. Documentation 2. Enter a new model 
3. Edit the current model 4. List the current model 
5. Draw the current model 6. Save the current model 

ANALYSIS 

7. Free-vibration 8. Static response 
9. Dynamic response 10. Frequency response 

11. Critical speed map 

POST PROCESSING & CONFIGURATION 

12. Change screen mode 13. Change configuration 
14. Print output file 

Enter the desired option (1-14), (0 to exit) ->?5 

  

    

Appendix B 101



1# 
HIdN VX 

JO 
UoKRNsIyUOD 

[PPO 
1'_ 

aNSI] 

[ae 
e
t
 

ieee 
5 EP 

AEs 
bo 2 RLS 

id O
S
 

 
 

Appendix B 102



Table B.9 Model Save Function 

  

  

  

  

      

  

    
  

BEAM VII MAIN MENU 

PRE PROCESSING 

1. Documentation 2. Enter a new model 

3. Edit the current model 4. List the current model 

5. Draw the current model 6. Save the current model 

ANALYSIS 

7. Free-vibration 8. Static response 
9. Dynamic response 10. Frequency response 

11. Critical speed map 

POST PROCESSING & CONFIGURATION 

12. Change screen mode 13. Change configuration 
14. Print output file 

Enter the desired option (1-14), (0 to exit) ->?6 

*** MODE 6 SAVE CURRENT MODEL *** 

Enter the filename (no extension) ->?7EXAMPLE #1 

Data has been saved in C:\MODEL\EXAMPLE #1.DAT 

Press a key to continue...     
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Table B.10 Free-Vibration Analysis 

  

  

  

    

  

    

  

  

  

BEAM VII MAIN MENU 

PRE PROCESSING 

1. Documentation 2. Enter a new model 

3. Edit the current model 4. List the current model 

5. Draw the current model 6. Save the current model 

ANALYSIS 

7. Free-vibration 8. Static response 

9. Dynamic response 10. Frequency response 

11. Critical speed map 

POST PROCESSING & CONFIGURATION 

12. Change screen mode 13. Change configuration 
14. Print output file 

Enter the desired option (1-14), (0 to exit) ->?7 

**** TYPE OF VIBRATION **** 

(B) - Bending Vibration 
(C) - Critical Speed Map Analysis 

(E) - Rotating Shaft (Equal angular direction of whirl and rotation) 
(O) - Rotating Shaft (Opposite angular direction of whirl and rotation) 

Enter the type of vibration ->?E 

*** MODE 7 - FREE-VIBRATION ANALYSIS *** 

How do you wish to find the critical speed: 
(V) : Visual determination with root search 

(M) : Automatic Muller's Method - Undamped 
(D) : Automatic Muller's Method - Damped 

Select V, M, orD:?D     
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Table B.10 Free-Vibration Analysis (Continued) 

  

  

ROOT 

] 

10 

Want to calculate the mode shapes (Y/N) ? N 

Muller's Method Search of Damped Roots 

FREQUENCY (Hz) 

3.07183825203803D+02 

6.54266167050331D-18i1 

-1.211808-93736165D+02 

6.36980181929144D-171 

-1.09952866443242D+01 

6.54213328099147D+01i 

-1.09952866443242D+01 

-6.54213328099147D+01i 

-2.25590551844447D+03 

-5.61922057459114D+041 

-2.25590551844456D+03 

5.61922057459151D+041 

-2.15879906780910D+03 

-5.80944791540304D+04i 

-2.15879906780857D+03 

5.80944791540353D+04i 

-2.16721318846240D+03 

3.61705363249202D+051 

-2.16721319737504D+03 

-3.61705363259749D+051 

8.8353D-17 

7.9766D-17 

8.0021D-16 

1.5774D-15 

7.8311D-14 

4.0062D-14 

6.4452D-14 

1.0014D-13 

3.7498D-13 

ACCURACY DETERMINANT 

-2.7995984055D-05 

-3.6538491258D-05i 

-4.1486544433D-05 

-2.4266337277D-061 

-9.7656250000D-04 

-2.6430416028D-061 

-3.1250000000D-02 

-7.3405407161D-05i 

1.3421772800D+08 

-1.6777216000D+071 

6.7108864000D+07 

1.6777216000D+071 

1.3421772800D+08 

1.6777216000D+071 

2.0132659200D+08 

3.3554432000D+071 

0.0000000000D+00 

-6.1924494876D+15i 

0.0000D+00 0.0000000000D+00 

0.0000000000D+001     
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Table B.11 Critical Speed Map Analysis 

  

  

  

  

  

  

      

a | BEAM VII MAIN MENU 

PRE PROCESSING 

1. Documentation 2. Enter a new model 

3. Edit the current model 4. List the current model 

5. Draw the current model 6. Save the current model 

ANALYSIS 

7. Free-vibration 8. Static response 
9. Dynamic response 10. Frequency response 

11. Critical speed map 

POST PROCESSING & CONFIGURATION 

12. Change screen mode 13. Change configuration 

14. Print output file 

Enter the desired option (1-14), (0 to exit) ->? 11 

*** MODE 11 - CRITICAL SPEED MAP *** 

Enter positive limit for rotor speed (RPM) ->:? 1E4 

Suggest: Limit for whirl frequency <= 1E6. 

Enter positive limit for whirl frequency (RPM) ->? 1E6 

Warning: Too large step size may result in incorrect calculations ! 
Enter positive step size of rotor speed (RPM) ? 1E3 

Muller's Method Search of Damped Roots 

Wait for calculations, be patient please....     
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Table B.11 Critical Speed Map Analysis (Continued) 

  

  

*** MODE 11 - CRITICAL SPEED MAP *** 

Want to see the table of the whirl frequencies and the associated 
damping (Y/N)? Y 

*** DATA OF CRITICAL SPEED MAP *** 

ROTOR SPEED = 0.00D+00 

b
 
W
h
 
pe

 

REAL 

PART 

(1/sec) 
-6.908643D+01 

~6.908643D+01 

-5.245532D+02 

-5.245532D+02 

WHIRL 

FREQUENCY 

(RPM) 
3.925280D+031 

-3.925280D+031 

9.756998D+031 

-9.756998D+031 

ROTOR SPEED = 1.00D+03 

ft 
W
N
 

REAL 
PART 
(1/sec) 

-6.908643D +01 
-6.908643D +01 

-3.752623D+02 

-4,738448D+02 

WHIRL 

FREQUENCY 

(RPM) 
3.925280D+031 

-3.925280D+031 

1.076374D+041 

-8.866197D+031 

ROTOR SPEED = 2.00D+03 

# 

j 

REAL 

PART 

(1/sec) 

-6.908643D+01 

WHIRL 
FREQUENCY 

(RPM) 
3.925280D+03i 

LOGARITHMIC 

DECREMENT 

1.056008D+00 

1.056008D+00 

3.225658D+00 

3.225658D+00 

LOGARITHMIC 
DECREMENT 

1.056008D+00 

1.056008D+00 

3.206620D+00 

3.206593D+00 

LOGARITHMIC 
DECREMENT 

1.056008D+00     
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Table B.11 Critical Speed Map Analysis (Continued) 

  

  

(o
o 

-6.908643D+01 

-6.242425D+02 

-4.248666D+02 

-3.925280D+03i 

1.188282D+041 

-8.08773 1D+03i 

ROTOR SPEED = 3.00D+03 

te
 

bh 
W
h
 =
 

REAL 
PART 
(1/sec) 

-6.908643D+01 
-6.908643D+01 
-6.701092D+02 
-3.790032D+02 

WHIRL 
FREQUENCY 

(RPM) 
3.925280D+03i 
-3.925280D+03i 
1.310458D+04i 
-7.411952D+03i 

ROTOR SPEED = 4.00D+03 

A
W
N
 =
 

REAL 

PART 

(1/sec) 
-6.908643D+01 

-6.908643D+01 

~7.120025D+02 

-3.371145D+02 

WHIRL 

FREQUENCY 

(RPM) 
3.925280D+031 

-3.925280D+031 

1.441606D+041 

-6.825882D+03i 

ROTOR SPEED = 5.00D+03 

dm 
W
N
 

REAL 
PART 
(1/sec) 

-6.908643D+01 
-6.908643D+01 
-7.495711D+02 
-2.995520D+02 

WHIRL 
FREQUENCY 

(RPM) 
3.925280D+403i 
-3.925280D+03i 
1.580365D+04i 
-6.315935D+03i 

1.056008D+00 

3.151944D+00 

3.151890D+00 

LOGARITHMIC 

DECREMENT 

1.056008D+00 

1.056008D+00 

3.068082D+00 

3.068002D+00 

LOGARITHMIC 

DECREMENT 

1.056008D+00 

1.056008D+00 

2.963327D+00 

2.963222D+00 

LOGARITHMIC 

DECREMENT 

1.056008D+00 

1.056008D+00 

2.845771D+00 

2.845641D+00     
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Table B.11 Critical Speed Map Analysis (Continued) 

  

  

ROTOR SPEED = 6.00D+03 

&
 
W
h
 =
 

REAL 

PART 

(1/sec) 

-6.908643D+01 

-6.908643D+01 

-7.828435D+02 

-2.662868D+02 

WHIRL 

FREQUENCY 

(RPM) 
3.925280D+031 

-3.925280D+031 

1.725492D+04i 

-5.869664D+031 

ROTOR SPEED = 7.00D+03 

ff
 
W
h
 —
 

REAL 

PART 

(1/sec) 

-6.908643D+01 

-6.908643D+01 

-8.120809D+02 

-2.370580D+02 

WHIRL 
FREQUENCY 

(RPM) 
3.925280D+03i 
-3.925280D+03i 
1.875929D+04i 
-5.476490D+03i 

ROTOR SPEED = 8.00D+03 

eo
s 

bh 
w
h
y
 =
 

REAL 
PART 
(1/sec) 

-6.908643D+01 
-6.908643D+01 
-8.376590D+02 

-2.114900D+02 

WHIRL 
FREQUENCY 

(RPM) 
3.925280D+03i 
-3.925280D+03i 
2.030810D+04i 
-§.127762D+03i 

ROTOR SPEED = 9.00D+03 

LOGARITHMIC 

DECREMENT 

1.056008D+00 

1.056008D+00 

2.722116D+00 

2.721962D+00 

LOGARITHMIC 

DECREMENT 

1.056008D+00 

1.056008D+00 

2.5397333D+00 

2.597157D+00 

LOGARITHMIC 

DECREMENT 

1.056008D+00 

1.056008D+00 

2.4748 14D+00 

2.474616D+00     
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TableB.11 Critical Speed Map Analysis (Continued) 

  

  

th
 

fr 
W
h
 =
 

REAL 

PART 

(1/sec) 

-6.908643D+01 

-6.908643D+01 

-8.599903D+02 

-1,891699D+02 

WHIRL 
FREQUENCY 

(RPM) 
3.925280D+03i 
-3.925280D+03i 
2.189439D+04i 
-4.816518D+03i 

ROTOR SPEED = 1.00D+04 

f& 
WwW 

b
 

—
 

REAL 
PART 

(1/sec) 

-6.908643D+01 
-6.908643D+01 
-8.794803D+02 
-1.696925D+02 

WHIRL 

FREQUENCY 

(RPM) 
3.925280D+03: 

-3.925280D+031 

2.351258D+04i 

-4.537168D+031 

LOGARITHMIC 

DECREMENT 

1.056008D+00 

1.056008D+00 

2.356706D+00 

2.356485D+00 

LOGARITHMIC 
DECREMENT 

1.056008D+00 

1.056008D+00 

2.244247D+00 

2.244004D+00 

Do you want the table in your output file (Y/N) ? Y 

Enter the output filename (no extension) ->? EXAMPLE #1 

The model data has been saved to C:\DATA\EXAMPLE #1.0UT 

Want to see Critical Speed Map (Y/N) ? Y     
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Appendix C 

Example #2 - Overhung Gear 

The model data and analyzed results of EXAMPLE #2 are shown as follows. 
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Table C.1 Model Data of EXAMPLE #2 

  

  

RRAEKRK MODEL DATA REKKK 

TITLE: EXAMPLE #2 

For section # 1: 

  

  

  

  

  

  

Length of this section--------------------- = 2.2000D+00 in 
Cross Sectional Area = 1.2566D-01 in*2 

Area Moment of Inertia-------------------- = 1.2566D-03 in*4 

Modulus of Elasticity = 3.0000D+07 psi 
Distance to Outer Fiber-------------------- = 2.0000D-01 in 

Beam Structural Type = Circular - Solid 
Shear Stress Correction Factor------------ = 1.3333D+00 

For section # 2 : 

Length of this section--------------------- = 5.2000D-01 in 

Cross Sectional Area = 1.2566D-01 in’2 

Area Moment of Inertia-------------------- = 1.2566D-03 in*4 

Modulus of Elasticity = 1.0000D+12 psi 
Distance to Outer Fiber-------------------- = 2.0000D-01 in 

Beam Structural Type = Circular - Solid 
Shear Stress Correction Factor------------ = 1.3333D+00 

Magnitude of Concentrated Weight------- = 6.8322D-01 lb 
Weight Moment of Inertia about a 
Diameter of Disc or Element 

(W*Rad.Gyr.*2) = 5.5352D-01 in“2-lb 

Polar Moment of Inertia about a 

Rotational Axis of Disc or Element 

  

  

  

(W*Rad.Gyr.%2) = 1.0515D+00 in*2-lb 

Boundary Condition = FREE - FREE 

*** END OF LISTING ***     
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Table C.2 Critical Speed Map Data of EXAMPLE #2 

  

*** DATA OF CRITICAL SPEED MAP *** 

ROTOR SPEED = 0.00D+00 

# WHIRL FREQUENCY (RPM) 

1 1.534360D+04 
2 -1,534360D+04 
3 1.006748D+05 
4 -1.006748D+05 

ROTOR SPEED = 5.00D+04 

# WHIRL FREQUENCY (RPM) 

1 2.502181D+04 
2 -8.313657D+03 
3 1.531625D+05 
4 -7.489160D+04 

ROTOR SPEED = 1.00D+05 

# WHIRL FREQUENCY (RPM) 

1 3.185400D-+04 
2 -5.142124D+03 
3 2.273283D+05 
4 -6.408205D+04     
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Appendix D 

EXAMPLE #3 - Simply Supported Uniformed 

Beam (without External Damping) 

The model data and analyzed results of EXAMPLE #3 are shown as follows. 
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Table D.1 Model Data of EXAMPLE #3 

  

  

RAEKKK MODEL DATA RRKKK 

TITLE: EXAMPLE #3 

For section # 1: 

  

  

  

  

  

  

  

  

  

  

Length of this section--------------------- = 0.0000D+00 in 
Cross Sectional Area = 0.0000D+00 in“2 
Area Moment of Inertia-------------------- = 0.0000D+00 in*4 

Modulus of Elasticity = 0.0000D+00 psi 
Stiffness of Support = 1.0000D+05 Ib/in 

For section # 2 : 
Length of this section--------------------- = 5.000D+01 in 

Cross Sectional Area = 1.2566D+01 in*2 
Area Moment of Inertia-------------------- = 1.2566D+01 in*4 

Modulus of Elasticity = 3.0000D+07 psi 
Structural Beam Damping------------------ = 2.0000D-04 
Distance to Outer Fiber-------------------- = 2.0000D+00 in 
Beam Structural Type = Circular - Solid 
Shear Stress Correction Factor------------ = 1.3333D+00 
Shear Modulus = 1.0000D+20 psi 
Shear Area Correction Factor------------- = 1.1100D+00 
Weight Density = 2.8300D-01 Ib/in’3 
Stiffness of Support = 1.0000D+05 Ib/in 

Boundary Condition = FREE - FREE 

**% END OF LISTING ***     
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Table D.2 Critical Speed Map Data of EXAMPLE #3 
  

  

*** DATA OF CRITICAL SPEED MAP *** 

ROTOR SPEED = 3.00D+03 

N
O
”
 

bh 
wW 

DN 
=
 

REAL 

PART 

(1/sec) 

-2.055544D-02 

-2.066171D-02 

-8.675894D-03 

-8.626657D-03 

-1.407040D-01 

-1.405267D-01 

WHIRL 

FREQUENCY 

(RPM) 
4.974492D+03i 

-4.970508D+031 

1.046641D+041 

-1.044114D+041 

2.148107D+041i 

-2.137211D+04i 

ROTOR SPEED = 5.00D+03 

N
u
n
 

bh
 
W
N
 

REAL 
PART 
(1/sec) 

2.052013D-02 
~-2.069725D-02 
-8.692330D-03 
-8.610268D-03 

-1.407622D-01 
-1.404668D-01 

WHIRL 

FREQUENCY 

(RPM) 
4.975815D+031 

-4.969177D+031 

1.047484D+041 

-1.043273D+041 

2.151752D+041 

-2.133591D+041 

ROTOR SPEED = 8.00D+03 

hb 
Ww 

WN 
=
 

REAL 
PART 
(1/sec) 

2.046728D-02 
-2.075068D-02 
-8.717001D-03 
-8.585706D-03 

WHIRL 

FREQUENCY 

(RPM) 
4.977798D+031 

-4.967176D+031 

1.048751D+04i 

-1.042012D+041 

LOGARITHMIC 

DECREMENT 

2.479301D-04 

2.494117D-04 

4.973565D-05 

4.957307D-05 

3.930084D-04 

3.945143D-04 

LOGARITHMIC 
DECREMENT 

-2.474384D-04 

2.499076D-04 

4.978974D-05 

4.951879D-05 

3.925049D-04 

3.950151D-04 

LOGARITHMIC 
DECREMENT 

-2.467028D-04 

2.506536D-04 

4.987076D-05 

4.943726D-05     

Appendix D 120



Table D.2 Critical Speed Map Data of EXAMPLE #3 (Continued) 
  

  

5 

6 

-1.408487D-01 

-1.403760D-01 

2.157232D+041 

-2.128173D+041 

ROTOR SPEED = 1.10D+04 

REAL 
PART 
(1/sec) 

2.041456D-02 
-2.080423D-02 
8.741702D-03 
-8.561167D-03 
-1.409342D-01 
-1.402843D-01 

WHIRL 

FREQUENCY 

(RPM) 
4.979776D+031 

-4,965170D+03i 

1.050019D+04i 

-1.040753D+04i 

2.162725D+041 

-2.122770D+04i 

ROTOR SPEED = 1.40D+04 

REAL 
PART 
(1/sec) 

2.036197D-02 
-2.085792D-02 
8.766423D-03 
-8.536661D-03 
-1.410189D-01 

-1.401916D-01 

WHIRL 

FREQUENCY 

(RPM) 
4.981749D+031 

-4,963161D+03i 

1.051288D+04i 

-1.039495D+04i 

2.168232D+041 

-2.117381D+04i 

3.917485D-04 

3.957648D-04 

LOGARITHMIC 

DECREMENT 

-2.459696D-04 

2.514020D-04 

-4.995170D-05 

4.935560D-05 

3.909907D-04 

3.965129D-04 

LOGARITHMIC 
DECREMENT 

-2.452388D-04 

2.521528D-04 

-5.003249D-05 

4.927387D-05 

3.9023 18D-04 

3.972595D-04     
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Appendix E 

EXAMPLE #4 - Simply Supported Uniformed 
Beam (with External Damping) 

The analyzed results of EXAMPLE #4 are shown as follows. 
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Table E.1 Critical Speed Map Data of EXAMPLE #4 

  

  

*** DATA OF CRITICAL SPEED MAP *** 

ROTOR SPEED = 3.00D+03 

th
 

N
M
”
 

W
N
 

REAL 
PART 
(1/sec) 

-8.231507D+00 
-8.197351D+00 
-5.529469D+01 
-5.518797D+01 
-9.429890D+01 
-9.401890D+01 

WHIRL 

FREQUENCY 

(RPM) 
4.975561D+031 

-4.971582D+03i 

1.045787D+04i 

-1.043256D+04i 

2.146013D+041 

-2.135105D+04i 

ROTOR SPEED = 5.00D+03 

+
 

A
a
n
 

hm 
W
N
 
=
 

REAL 
PART 
(1/sec) 

-8.201849D+00 

-8.185950D+00 
-5.533021D+01 
-5.515235D+01 
-9.439182D+01 
-9.392516D+01 

WHIRL 

FREQUENCY 

(RPM) 
4.976909D+031 

-4.970252D+031 

1.046632D+041 

-1.042414D+041 

2.149662D+041 

-2.131482D+04i 

ROTOR SPEED = 8.00D+03 

tk
 

&
 
W
N
 

REAL 
PART 
(1/sec) 

-8.218993D+00 

-8.168832D+00 
-5.538345D+01 

-5,.509888D+01 

WHIRL 
FREQUENCY 

(RPM) 
4.978889D+03i 
-4,968253D+03i 
1.047900D+04i 
-1.041151D+04i 

LOGARITHMIC 
DECREMENT 

9.926327D-02 

9.893049D-02 

3.172426D-01 

3.173984D-01 

2.636486D-01 

2.642087D-01 

LOGARITHMIC 

DECREMENT 

9.887883D-02 

9.881933D-02 

3.171902D-01 

3.174498D-01 

2.634605D-01 

2.643939D-01 

LOGARITHMIC 
DECREMENT 

9.904610D-02 

9.865236D-02 

3.171112D-01 

3.175266D-01     
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Table E.1 Critical Speed Map Data of EXAMPLE #4 (Continued) 

  

  

5 

6 

-9.453080D+01 

-9.378417D+01 

2.155146D+041 

-2.126059D+04i 

ROTOR SPEED = 1.10D+04 

N
m
 

ht 
W
H
 

=
 

REAL 

PART 

(1/sec) 

-8.236118D+00 

-8.151696D+00 

-5.541949D+01 

-5.504535D+01 

-9.466930D+01 

-9.364273D+01 

WHIRL 
FREQUENCY 

(RPM) 
4.980865D+031 
-4.966250D+03i 
1.049173D+041 
-1.039890D+04i 
2.160645D+041 
-2.120651D+04i 

ROTOR SPEED = 1.40D+04 

N
O
”
 

bh 
W
N
 
—
 

REAL 
PART 
(1/sec) 

-8.253224D+00 
-8.134542D+00 
-5.547257D+01 
-5.499177D+01 
-9.480732D+01 
-9.350085D+01 

WHIRL 

FREQUENCY 

(RPM) 
4.982836D+031 

-4,964243D+03i 

1.050444D+04i 

-1.038631D+04i 

2.166158D+041 

-2.115257D+041 

2.631770D-01 

2.646704D-01 

LOGARITHMIC 
DECREMENT 

9.921311D-02 

9.8485 12D-02 

3.169324D-01 

3.176028D-01 

2.628918D-01 

2.649452D-01 

LOGARITHMIC 
DECREMENT 

9.937984D-02 

9.831762D-02 

3.168522D-01 

3.176785D-01 

2.626050D-01 

2.652184D-01   
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Appendix F 

EXAMPLE #5 - A Two-Bearing Rotor Dynamic 
Rig 

The model data and analyzed results of EXAMPLE #5 are shown as follows. 
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Table F.1 Model Data of EXAMPLE #5 

re 
  

  

RKRKKK MODEL DATA REKKE 

TITLE: EXAMPLE #5 

For section # 1 : 

  

Length of this section--------------------- = 0.0000D+00 in 
Cross Sectional Area. = 0.0000D+00 in*2 

Area Moment of Inertia-------------------- = 0.0000D+00 in*4 

Modulus of Elasticity = 0.0000D+00 psi   

Magnitude of Concentrated Weight 
Weight Moment of Inertia about a 
Diameter of Disc or Element 
(W*Rad.Gyr.’2) 

------- = 1.2500D-01 Ib 

= 1.0036D-02 in“%2-lb   

Polar Moment of Inertia about a 

Rotational Axis of Disc or Element 

(W*Rad.Gyr.*2) = 2.0072D-02 in*2-lb   

For section # 2: 

  

Length of this section--------------------- = 1.5000D+00 in 
Cross Sectional Area = 1.9635D-01 in’2 

Area Moment of Inertia-------------------- = 3.0680D-03 in*4 

Modulus of Elasticity = 3.0000D+07 psi   

Distance to Outer Fiber-------------- 

Beam Structural Type 

------ =2,5000D-01 in 

= Circular - Solid   

Shear Stress Correction Factor------------ = 1.3333D+00 

= 1.0300D+04 Ib/in   Stiffness of Support 

Support Damping = 5.0000D+00 Ib-sec/in   

Magnitude of Concentrated Weight 
Weight Moment of Inertia about a 

Diameter of Disc or Element 
(W*Rad.Gyr.’2) 

------- = 2.7059D-01 Ib 

= 5.4812D-02 in’2-Ib   

Polar Moment of Inertia about a 

Rotational Axis of Disc or Element 

(W*Rad.Gyr.%2) = 1.0924D-01 in’2-Ib   

For section # 3 : 

Length of this section--------------------- = 2.14000D+00 in 
  Cross Sectional Area. = 1.9635D-01 in’2     
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Table F.1 Model Data of EXAMPLE #5 (Continued) 
  

  

  

  

Area Moment of Inertia-------------------- = 3.0680D-03 in“4 

Modulus of Elasticity = 3.0000D+07 psi 

Distance to Outer Fiber-------------------- = 2.5000D-01 in 

Beam Structural Type = Circular - Solid 

Shear Stress Correction Factor------------ = 1.3333D+00 

Magnitude of Concentrated Weight------- = 1.1388D+01 Ib 
Weight Moment of Inertia about a 
Diameter of Disc or Element 

(W*Rad.Gyr.*2) = 6.3134D+01 in’2-lb 
Polar Moment of Inertia about a 

Rotational Axis of Disc or Element 

  

  

  

  

  

  

(W*Rad.Gyr.%2) = 1.2267D+02 in*2-lb 

For section # 4: 

Length of this section = 4.0200D+00 in 
Cross Sectional Area = 1.9635D-01 in*2 

Area Moment of Inertia-------------------- = 3.0680D-03 in*4 

Modulus of Elasticity: = 3.0000D+07 psi 
Distance to Outer Fiber-------------------- = 2.5000D-01 in 

Beam Structural Type = Circular - Solid 
Shear Stress Correction Factor------------ = 1.3333D+00 

Magnitude of Concentrated Weight------- = 4.9794D-01 Ib 
Weight Moment of Inertia about a 
Diameter of Disc or Element 

(W*Rad.Gyr.%2) = 1.3201D-01 in’2-lb 

Polar Moment of Inertia about a 

Rotational Axis of Disc or Element 

  

  

  

  

  

  

(W*Rad.Gyr.%2) = 2.1732D-01 in*2-lb 

For section # 5: 

Length of this section = 6.8400D+00 in 
Cross Sectional Area = 1.9635D-01 in*2 

Area Moment of Inertia-------------------- = 3.0680D-03 in*4 

Modulus of Elasticity = 3.0000D+07 psi 
Distance to Outer Fiber-------------------- = 2.5000D-01 in 

Beam Structural Type = Circular - Solid 

Shear Stress Correction Factor------------ = 1.3333D+00 

Magnitude of Concentrated Weight------- = 4.6320D-01 Ib     
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Table F.1 Model Data of EXAMPLE #5 (Continued) 

  

  

Weight Moment of Inertia about a 

Diameter of Disc or Element 

(W*Rad.Gyr.%2) = 4.2769D-01 in*2-lb 

Polar Moment of Inertia about a 

Rotational Axis of Disc or Element 

  

  

  

  

  

  

(W*Rad.Gyr.*2) = 8.2488D-01 in’2-lb 

For section # 6: 

Length of this section = 7.1400D+00 in 

Cross Sectional Area. = 1,.9635D-01 in*2 

Area Moment of Inertia-------------------- = 3.0680D-03 in*4 

Modulus of Elasticity = 3.0000D+07 psi 
Distance to Outer Fiber-------------------- = 2.5000D-01 in 

Beam Structural Type = Circular - Solid 

Shear Stress Correction Factor------------ = 1.3333D+00 

Magnitude of Concentrated Weight------- = 4.9794D-01 Ib 
Weight Moment of Inertia about a 
Diameter of Disc or Element 

(W*Rad.Gyr.’2) = 1.3201D-01 in“*2-lb 

Polar Moment of Inertia about a 

Rotational Axis of Disc or Element 

  

  

  

  

  

  

(W*Rad.Gyr.*%2) = 2.1732D-01 in’2-lb 

For section # 7 : 

Length of this section = 3.7200D+00 in 
Cross Sectional Area = 1.9635D-01 in’2 

Area Moment of Inertia-------------------- = 3.0680D-03 in*4 

Modulus of Elasticity = 3.0000D+07 psi 
Distance to Outer Fiber-------------------- = 2.5000D-01 in 

Beam Structural Type = Circular - Solid 
Shear Stress Correction Factor------------ = ]1,3333D+00 

Magnitude of Concentrated Weight------- = 1.1388D+01 Ib 
Weight Moment of Inertia about a 

Diameter of Disc or Element 

(W*Rad.Gyr.’2) = 6.3134D+01 in’2-lb 
Polar Moment of Inertia about a 

Rotational Axis of Disc or Element 

(W*Rad.Gyr.”2) = 1.2267D+02 in*2-Ib 
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Table F.1 Model Data of EXAMPLE #5 (Continued) 

  

  

For section # 8 : 

  

  

  

  

  

Length of this section------------------- = 2.1400D+00 in 
Cross Sectional Area = 1.9635D-01 in*2 
Area Moment of Inertia-------------------- = 3.0680D-03 in™4 
Modulus of Elasticity = 3.0000D+07 psi 
Distance to Outer Fiber-------------------- = 2.5000D-01 in 

Beam Structural Type = Circular - Solid 
Shear Stress Correction Factor------------ = 1.3333D+00 
Stiffness of Support = 1.1200D+04 Ib/in 
Support Damping = 5.0000D+00 Ib-sec/in 
Magnitude of Concentrated Weight------- = 4.9717D-01 Ib 
Weight Moment of Inertia about a 
Diameter of Disc or Element 

(W*Rad.Gyr.“%2) = 5.4812D-02 in*2-lb 

Polar Moment of Inertia about a 

Rotational Axis of Disc or Element 

  

  

  

(W*Rad.Gyr.*2) = 1.0924D-01 in’2-Ilb 

Boundary Condition = FREE-FREE 

«** END OF LISTING ***     
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Table F.2 Critical Speed Map Data of EXAMPLE #5 

  

  

*** DATA OF CRITICAL SPEED MAP *** 

ROTOR SPEED = 1.00D+03 

+
 

O
n
 
D
T
A
 

A
 

bh 
W
D
 

REAL 

PART 

(1/sec) 

-6.403504D-01 

-3.856494D-02 

-4.862950D+00 

-6.537877D-01 

-8.206754D+01 

-7.752797D+01 

-8.130841D+01 

-7.450787D+01 

WHIRL 

FREQUENCY 

(RPM) 
1.834395D+031 

-1.067312D+03i 

3.404205D+031 

-2.713194D+03i 

7.039350D+031 

-6.214761D+031 

7.556890D+031 

-6.421253D+031 

ROTOR SPEED = 3.00D+03 

REAL 
PART 
(1/sec) 

-4.109063D+00 

-2.338940D-03 
-1.310202D+01 

-5.840744D-03 

-7.470474D+01 

-7.028528D+01 
-8.321259D+01 

-6.678814D+01 

WHIRL 

FREQUENCY 

(RPM) 
2.699565D+031 

-6.460246D+021 

3.904954D+031 

-2.059817D+03i 

8.195478D+031 

-5.717593D+03i 

9.530241D+031 

-5.885122D+03i 

LOGARITHMIC 
DECREMENT 

2.094479D-02 

2.167966D-03 

8.571076D-02 

1.445796D-02 

6.995039D-01 

7.484886D-01 

6.455704D-01 

6.961993D-01 

LOGARITHMIC 
DECREMENT 

9.132724D-02 

2.172307D-04 

2.013138D-01 

1.701339D-04 

5.469217D-01 

7.375686D-01 

5.238855D-01 

6.809185D-01     
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Table F.2 Critical Speed Map Data of EXAMPLE #5 (Continued) 

  

  

ROTOR SPEED = 6.00D+03 

+ 
S
O
W
A
 

A
 
R
W
 

ND 

REAL 
PART 
(1/sec) 

-1.377128D+01 
-1.016815D-04 
-2.336242D+01 
-4.558951D-02 
-3.869696D+01 
-6.200555D+01 
-8.605834D+01 
-5.905937D+01 

WHIRL 
FREQUENCY 

(RPM) 
3.528817D+03i 
-3.770444D+02i 
4.288653D+03i 
-1.399472D+03i 
9.583284D+03i 
-5.351315D+03i 
1.362959D+04i 
-5,509311D+03i 

LOGARITHMIC 

DECREMENT 

2.341512D-01 

1.618082D-05 

3.268497D-01 

1.954574D-03 

2.422778D-01 

6.952185D-01 

3.788449D-01 
6.431952D-01     
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