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(ABSTRACT) —

A self·excited system with weak nonlinearities and multifrequency parametric excitation is in-
vestigated in this study. The method of multiple scales is used to analyze the system under four
different resonances relating parametric excitation frequencies with the natural frequencies. In the
first case, the parametxic excitation frequency is approximately equal to twice the natural frequency,
1:261:. In the second case, the parametric excitation frequency is approximately equal to the natural
frequency, 1:64:. The third case treats a system with two parametric excitation frequencies under
the condition 1, i 1,:264:. In the last case, a two—degree-of·freedom system with natural frequencies
w, and 64:, is considered and the resonance 1, + 1,:64:, — 64:, is analyzed. Different parameters (the

1 '

load amplitudes, a detuning parameter, and a system stiffness parameter) are varied in each case and
the responses obtained are presented in plots. The stability of the solutions is atfected by all the
parameters mentioned, especially the load amplitudes and the detuning parameter.
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CHAPTER 1

1.1 INTRODUCTIONI

In this thesis we are looking into the behavior of a self-excited system under

parametric excitation. In real life, some phenomena, man-made or natural, can induce

the behavior of self'-excited systems. One example is dry friction in the case of a mass

sitting on a moving mat and attached to a fixed end (see Fig. 1.1). Another example of

self-excited systems was introduced by Rayleigh when he explained the Vibrations _

produced by drawing a bow across the string of a Violin in one direction. A very impor-

tant characteristic of self-excited systems is that the force exerted on the system is con-

stant in one direction, and yet at a certain time the system exhibits Vibrations.
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As a reminder, the Tacoma-Narrows bridge failure was caused by flow-induced vi-
brations due to the wind. Self-excited oscillations in systems and structures can be dan-
gerous; we need to control them, especially in structures such as skyscrapers, bridges,
stacks, heat exchangers, etc.

When one tries to explain parametric excitations, one should start by saying that in
mathematical terms this behavior appears in the governing equations of motion, of a ‘

structure or a system, as a time—varying coefficient. Different types of forces can produce
this type of behavior. One example is the vertical component of an earthquake acting
on a high-rise building; another simple example is an axially loaded colurrm when the
load oscillates. When not controlled, parametric excitations can cause instability of the
structure.

Now that we have described parametric excitations and self-excited systems, and how

dangerous they could be on structures, therefore on the occupants, we see how impor-
tant it is to study these behaviors and investigate the factors affecting them. At this time,
we would like to introduce the general governing equations of motion; they are assumed
to have the form:

N N N N N N
i1„ ZI"jkl„ujuku, - 262ZBj„z2j

j=l k=l j=l k=l I=l j=l
N N N N N N

2 . 2 . „ „+5j=l
k=l I=l j=l k=l I=l

N N

+2.;Zc¤s(2,,,r + «,„)Z;Q};'(t)„, = 0; N =1,2,m=l
j.._=1

c1rA1>*rr;R 1 2



For a single degree of freedom with single-frequency excitation, we can drop the sub-

scripts and the superscripts and write the equation of motion as:

rr + cozu + rArr’ + 6’1*rr’ - 26*ßrr + rrzcrrär + 8003 + 26 cos(rlr 0 (1.2)

where

u(t) is the generalized coordinate,

11 is the velocity,

ü is the acceleration,

00 is the natural frequency of the system,

B , C, and D are constant coeflicients of the velocity-dependent terms,

6 is a small parameter,

Q, ,1, and 1- are the amplitude, frequency and phase of the parametric excitation,

respectively,
' and _

A and F are constant coefficients of the nonlinear terms in the system stiffness.

A special case of equation (1.2) when we have B > 0, C > 0, D = O, A = 0, l" = 0, and

Q = 0 is the van der Pol equation:

rr + wär — zäßrr + rßcrrza = 0. · (1.3)

Another special case, the Rayleigh equation, occurs for B> 0, C =O , D>0, A=0,

I" = O, and Q = 0:

rr + anzu — zéßrr + 620123 = 0. (1.4)

cHr¤.1>-1-ER 1 3
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1.2 LITERA TURE REVIEW

Parametric excitation and self-excited systems have been the center of interest for a
number of researchers. Many investigations have been carried out to get a better
understanding of these two types of behavior. However, most of the time, researchers
have only taken an interest in either parametric excitation or self-excited systems. Only
a few have looked at these behaviors acting together on a system.

As we will see in the following discussion, different researchers have used different
methods of solution. They have also treated different types of parametric resonance. As
a matter of fact, most of the studies have considered the case where the frequency of the
parametric excitation is approximately equal to twice the natural frequency of a single-
degree-of-freedom system, 1:260 .

Kononenko and Koval'chuk [l] have discussed the effect of parametric excitation
on a self-oscillatory system. They only treated a single-degree·of-freedom system with

the parametric frequency approximately equal to twice the natural frequency, 1.:260 .
These two researchers have also presented a study on the effect of an external harmonic
force on a self—excited oscillating system with a variable parameter [2]. They have studied
the special case of a van der Pol equation and again the parametric resonance was taken
equal to twice the natural frequency, 1:260.

Tondl [3] has written a report on the interaction between self-excited and parametric

vibrations in which he analyzed the problem in a little more general way. Even though

Tondl considered a slightly different system and his method of solving the problem was

CHAPTER 1 ‘ 4



different, we fmd some similarities in his results and ours, especially in the case of linear
stiffness and for a perfectly tuned system, 1 = 2:0.

The special case of Rayleigh’s equation with principal parametric excitation,
1:260, was analyzed by Nayfeh and Mook [4] in an example in their Nonlinear Oscil-
lations book (pp. 342-343).

In a series of papers, Yano [5-10] has considered parametric excitation in self-excited
systems. First, he analyzed a single-degree-of-freedom system with dry friction and with
the parametric frequency approximately equal to twice the natural frequency, 1:2w [5].
He used different methods of solution, the averaging and the numerical integration
methods, and yet we find some similarities in the system responses. The first report was
followed by a second one on the same subject [6]. In a third paper [7], he treated
parametric excitation in a self-excited vibration system, discussing the influence of a cu-
bic nonlinearity on the system. In that paper he considered three different cases of
parametric resonance: when the parametric frequency is twice the natural frequency,
1:260, then approximately equal to the natural frequency, 1:w, and the last case, when
it is four times the natural frequency, 1:460. Here again we find a lot of similarities in
the graphs representing the responses for the 1:260 case with our results. In references
[8-10] by Yano, the problem analyzed was different and in each report the parametric
resonances considered were different. ln the first one [8], he was interested in the region

of subharmonic resonance when 1:460, as well as the case when 1:2w. The second re-
port [9] discussed the van der Pol special case and the behaviors when the resonances

are respectively 1::0 and 1:660, and again there are similarities in the responses he

presented for 1:60 and the ones we obtain. His third report [10] dealt with the resonance
when 1:360.

CHAPTER 1
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Yano has also joined efforts with other researchers who shared his interest in these

types of behavior. In 1985, Kotera and Yano published a paper [1 1] on a system which

was similar to Tond1’s and Yano's. The parametric frequencies were taken to be equal

to the natural frequency or equal to twice the natural frequency.

On parametric excitation with an asymmetric characteristic in a self-exciting system,

Yano, Kotera, and Hiramatsu [12] discussed a system with the parametric frequency

equal to the natural frequency, ,1:61: . In another paper [13], the three authors used both

the method of averaging and the method of harmonic balance for the case when the

parametric frequency is equal to twice the natural frequency. Another investigation was

carried out by Schmidt and Tondl [14], in their Nonlinear Vibrations book, dealing with

the van der Pol special case. They treated the case with the parametric resonance equal

to twice the natural frequency, l=2w, and again we mention the close similarities we find

in the responses obtained.

In his dissertation, Asfar [15] has analyzed the response of self—excited multi-

degree-of-freedom systems to multifrequency external excitations. He only took self?

excited systems into account and did not look into the influence ofparametric excitation.

Other researchers, such as Weidenhammer [16], Nayfeh and Jebril [17], Othman and

Watt [18], Plaut [19], and Plaut, Gentry, and Mook [20] have been interested in nonlinear

oscillations under multifrequency parametric excitation, but did not discuss self-excited

systems in their respective papers.

cHAP*rER 1 6



1.3 THE PRESENT STUDY

The method of multiple scales is used throughout the analysis to solve the governing

equations of motion and to give us certain resonances of interest to investigate.

In this thesis, four types of resonances are investigated. The results are presented for

each case in the form of different plots. We first look into the case where the frequency

of the parametric excitation is approximately equal to twice the natural frequency of the

system, ,1:261 . The system is analyzed and some factors like the detuning parameter,

6, the loading amplitude, P, and a measure of the nonlinearity of the stiffness, cz, are

varied to check their influence on the system response, or more precisely, the amplitude

of the response, a. These responses are plotted in graphs showing a vs. P and a vs. 6.

The second case occurs when the frequency of the parametric excitation is approxi-

mately equal to the natural frequency of the system, law . The same analysis is per-

formed and the same factors are investigated. The responses are also presented
° graphically. ·

In the third case, we consider two parametric excitations acting on the system. We

have two frequencies and two load amplitudes to deal with. The resonance we examine

is when the sum or the difference of these two frequencies is approximately equal to

twice the natural frequency, ,1, i- ,1,:260 . Again, similar investigations to the other two

cases are performed and similar types of graphs are presented to show the responses

obtained.

CHAPTER 1 7 ,
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Finally, in the last case, we treat a two-degree·otZfreedom system and we include the
two parametric excitations. There are two natural frequencies, m, and mq. The case we
study is when the sum of the two excitation frequencies is approximately equal to the

difference of the natural frequencies, ,1, +,1,:m, — mq .

CHAPTER 1 8
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Figure I. Mass Attached to a Spring on a Moving Mat: An Example of Dry Friction on Self•Excited
Systems.
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CASE ONE : 1:260

We start the research by investigating the case when the frequency of the parametric
' excitation is approximately equal to twice the natural frequency, ,1:260. As mentioned

in the literature review, this case was treated by many reseachers, but no one has yet

analyzed the exact same system as the one we are investigating.

The goveming equation of motion, when we have a single degree of freedom and a

single-frequency excitation, is of the form :

ü + wzu -262812 + 6Au2 + 821-—ll3
2 2- 2 -2 (Z1)

+ 6 Cu u + 6 Du + 26 cos(lt + 1.·)Q(6)u = 0

cuAPTER 2 l0
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For 1:266, we let Q = 26wP and equation (2.1) becomes

12 + 111211 - 21*612 + 1’A11’ + 1*1*113
2 2 2 6 2 (2*2)+6 Cu 12+6 D12 +46 wPucos(lt+·c)=O

We assume that B > O, C 2 0, and D 2 0, with either C or D (or both) positive.

The method of multiple scales [4] is used to analyze the system and to obtain an

approximate solution to the nonlinear equation. The general form of the solution is:

u(t) = a cos(w1 + ß) + 6u,(r) + 82ll»2(I) + (2.3)

where a is the amplitude of the lowest-order term and ß is the phase. In this chapter

we are assuming that

A = 2w + 826 (2.4)

where 6 is the detuning parameter.

From the method of multiple scales, we get a relationship between the amplitude of

the response, a, the load amplitude, P, and the detuning parameter, 6. We are only

looking at steady-state solutions. In this case,

2 2 2 2 2 2 GZCZ
2B§—6o1i2 P oz —B ot +P§ *T*BéGd(12 (2.5)2(€ + ¤= )

where { > 0 and has the fonn:
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C = 7;- (C+ 3w2D) (2.6)

and cx the stiffness of the system has the following formula:

- _LL L.4..oz- 8 (1,+12 wg (2.7)

In all our cases oz will be either -1, 0, or 1. For simplification we set C = 1 and B= 1.

We have a steady—state trivial solution, a = 0, and other real solutions when 61315 real and

positive ( a' > 0 ) in (2.5).

The stability of steady-state solutions is determined in the usual manner [4]. We
consider small motions about the steady state and see whether or not they can grow

large. In the plots, solid lines denote stable solutions and dashed lines represent unstable

solutions.

We first consider Fig. 2.1. It shows how many steady-state solutions exist for differ-

ent combinations of the detuning parameter, 6, and the load amplitude, P. In each plot

of Fig. 2.1 these regions of existence are outlined by the staight lines and the hyperbola.

The straight lines come out of the following formula for P:

2 i lßa I
P = *··—'-—T"‘ (2.8)/é2 _‘_ az

and the hyperbola by:

2
p=,/6*+-} (2.9)

CHAPTER 2 12
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Now we go back to Fig. 2.1 and check those regions of existence we are referring to.

The region marked I on the graph is where no other solution exists besides the trivial
solution, a = 0. Region II is where two solutions exist; the trivial solution is one and the

second one is a nontrivial solution. In the region marked III we have two nontrivial
solutions besides the trivial one. Another parameter affecting these regions of existing
solutions is the stiffness a; this parameter is zero when the stiffness is linear
(A = 0, l' = 0). Negative stiffness, in our case oz = —l, is when the system is hardening,
and this affects the solution by having the boundaries of region I move to the right in
the graph ( see Fig 2.la ). When the system is softening, meaning the stiffness is positive,
and in our study a = 1, the boundaries of region I move to the left in· the graph as seen
in Fig. 2.lc. This right and left movement of the solutions is a trend that keeps occurring

any time the stiffness is varied from zero to -1 or l. Looking at these graphs again, we
notice that region II is not affected by the stiffness in any case, while region III where

two real positive solutions exist is really affected by the linearity or nonlinearity of the
system stiffness. When oz = 0, the range of solutions is very small; this range gets wider ‘

with absolute values of oz larger than zero. We note that Fig. 2.2 explains to the reader

what is happening in the system when the stiffness is negative, zero or positive, where
the F on the graph represents the elastic restoring force of the system.

Figure 2.3 shows the response amplitude, a, versus the load, P. It is obvious as we

look at the graphs that as the P value gets larger, the stable nontrivial response ampli-
tude, a, gets larger. The three different curves represent three different cases of the de-

tuning parameter, 6. The first curve, the one touching the vertical axis, is the 6 = 0 case;

the system is perfectly tuned. As the detuning parameter gets larger, the bifurcation load

at which the system changes from being unstable to stable gets larger and the responseI
amplitude, a, goes down, which is expected.

cuxprmz 2 13
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As explained earlier in this chapter, the dashed and solid lines in the figures refer to
the solution being unstable and stable, respectively. ¢Fhere—-isra ·small·*remark·to ·make
a«beuts—the=--way ·we· show stability and instability for the steady-state trivial solution,
4··='-Ü„I—.«SlHC€·—-W6- have more than one response curve plotted in one graph, and because

the trivial solution is only unstable until the bifurcation point of the respective curve,

·we~have·-only marked instability until the first bifurcation point. Therefore, we have to

remember that for the second curve on the graph, for example, the trivial solution is

uastebltvuntil the second bifurcation point, which corresponds to that response curve.

Figure 2.4 is related to Fig. 2.3 in that they both represent the change in the response

amplitude versus the change in the load amplitude. The difference, though, is in the

system stiffness. While Fig. 2.3 shows the response of the system for linear stiffness

(oz = 0), Fig. 2.4 corresponds to the system with nonlinear stiffness (oz ab 0). In Figs. 2.4a

and 2.4b we set the detuning parameter equal to zero (6 = O) and unity (6 = 1), respec-

tively, and we check the effect of varying the stiffness value oz. When 6 = O, a perfectly

tuned system, in Fig. 2.4a we see the same curve as in Fig. 2.3 for oz = 1. Then for oz = 1

or oz = -1, which have the same response, the amplitude, a, is much smaller. Even

though they have the same bifurcation point, the load at which nontrivial solutions be-

gin to exist is larger for oz aé 0. As far as Fig. 2.4b is concerned, again we see the same

curve as in Fig. 2.3 for 6=l and oz =0, and we also notice the effect of nonlinear

stiffness on the system response. Both responses have smaller amplitudes as the load

gets larger, and they all have the same bifurcation point, which tells us that the trivial

solution is stable for any system stiffness in a certain range of load amplitudes, P.

However, when it comes to the nontrivial solutions, the load at which the response be-

gins to exist is greatly affected by the system stiffness. When ot = 1, this load is much

larger than when oz = 0 or oz = -1. ”

CHAPTER 2 14
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Moving on to Fig. 2.5, we see that the plot corresponds to the response amplitude
a versus the detuning parameter 6. We are first checking a linear stiffness system,
ot = 0, and varying the load amplitude, P. As P gets larger, the response gets larger, too.
Also, for a > 1, all the different solutions are stable. Again we mention the way that the
trivial solution stabilityis marked. For the cases P = 0.5 and P= 1.0 the trivial solution
is'*al·warys'unstable;“fora the ca-se ·P =·I l;5,···we have two bifurcation points and the trivial
solution is only stable between these points.

Basically, looking at Figs. 2.6(a,b,c,d) is the same as looking at Fig. 2.5 with small
changes in the parameters. It also shows how the response amplitude increases, and the
range of stable solutions increases, as the load P increases. What we are trying to present
in all of the plots in Fig. 2.6 is again how the system is affected by the stiffness parameter
oz defmed in equation (2.9).

In each case we set the value of oz. The response plotted in the middle of each graph
represents the linear stiffness case, oz = 0. The response on the right is for oz = -1 and

the one on the left of the graph is for oz = l. It is noticeable that the size of the response

is not affected much by oz . However, the range of the detuning parameter at which the

responses are stable is different for each case. We see that the ranges overlap, and seem

to get larger as P increases. I·n«.—this particular figure the trivial solution stability or im

stability is shown clearly and actuallytexplains a little bit how the other figures have been
marrkedx As mentioned earlier in the literature review, we find a lot of similarities be-

tween these figures presented in this chapter and the figures presented by different au-

thors in their discussions of this case, ,l=2w. In particular, the P= 1 case of Fig. 2.5,

although not complete, was given in the example discussed in the Nayfeh and Mook
book [4, p.342]. Also, curves similar to those for 6 = 0 in Fig. 2.3, P=0.5 in Fig. 2.5,

CHAPTER 2 is
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and oz =0and —l in Fig. 2.6d were given in [14, p.l39], [14. p.l40], and [3, p.l5], re-
spectively.

At the end of this chapter, we conclude by reminding the reader that in the Ääzü)

case we studied the changes in the system as we varied the system stiffness value, oz, or

the load amplitude, P, or the detuning parameter, 6. As we can expect, for larger values

of P, the response tends to increase. To the contrary, for larger magnitudes of the de-

tuning parameter, 6, the response tends to decrease if a = 0 until only the trivial solution

exists. If cx sé 0 and 6 is increased in magnitude, the stable nontrivial steady-state ampli-

tude first increases, then decreases, and then ceases to exist.

cHAm‘ER 2 I6
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Figure 2.l. Regions of Existing Solutions, P VS. 0
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Figure 2.2. A Measure of the System Stiffness.
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Figure 2.3. The Response Amplitude Versus The Load Amplitude, a VS. P .
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Figure 2.5. Frequency·Response Curves, a VS. 0 .
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Figure 2.6. Frequency-Response Curvcs, a VS. o' .

CHAPTER 2 22



CASE TWO : law

In this chapter we consider the case where the frequency of the parametric excitation
is approximately equal to the natural frequency of the system. Again we are looking at
the same nonlinear equation (2.1) presented in chapter 2, for a single-degree-of-freedom
system with a sing1e·frequency excitation. When

1 = w + 826 (3.1)

and

Q = 2wP (3.2)

equation (2.1) becomes:

I CHAPTER 3 23
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ii + (0214 — 262Bü + 6Au2 + 62I“u3
2 2. 2 3 (33)

+6 Cu 12+6 DÜ +46wuPcos(,lt+r)=0

We solve the system with the method of multiple scales [4].

For the case of linear stiffness, the system response amplitude, a, is given by the

following Formula:

6* =% [6;+;%-, /(101>2 + 36)(21>* - 36)] (3.4)

lt is assumed that { > 0 and B > O.

We First determine the regions of existence of solutions, taking oz = O and B = l. Fig.

3.1 shows the load amplitude, P, versus the detuning parameter, 6. As before, regions I,

II and lll are marked in the figure, and region I is where we only have the trivial sol-

ution, a = O. Region II is where there is a nontrivial solution besides the a = 0 solution.

Region III is where we fmd two nontrivial solutions besides a = 0 . The curve between

region II and III is given by the following Formula:

16 =?(-462 i 3, /4P4 — 6*) (3.5)

while the left side of the curve dividing regions I and II is given by:

6 = — —äQ— P2 (3.66)

CHAPTER 3 24l



and the right side by

U = § P2 (3.6b)

For the nonlinear stiffness case, we have a system of two equations:

—B+§a2-Csir12y-(2J—L)asir1y=0
(3.7)

6-e+o1a2+Ccos2y+(2J+L)acosy=0

where

8 = — P2,

.. _ ÄI..i.°‘‘ s w + 12 ,,3 *
2c = 2 {J- ,

5APJ = —i·· ,
6011

and

L = J

We first set A = 0, which makes J = L = 0, and eliminate y using

cos22y + sin*2y = l. This gives the following formula for the system response amplitude: l
1
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2 BC — (¤ — ¢)¤ :1: «/ Czuz — Bzaz + Czéz — (6 - e)2{2 - B{6¤z“ (3-8)(é + ¤= )

We assume { = 1, B= l, and co = 1.

Now we consider how the stability of the system in the .1 = co case has been exam-
ined. First, for any value of the response amplitude, a, that satisties

Ba < / Z6 (3.9)

the system is unstable. Next, we have to compute the following quantities:

C1 = 2{a2 — La sin y (3.10)

C2 = — 2Ca cos 2y — Laz cos y (3.11)

l
C2 =—2}za—3L cosy (3.12)

C4=-2B+2{a2+La siny (3.13)

Then we compute the quantity D, which dictates whether the system is stable or not:

D = CIC4 — C2C2 (3.14)

lf D > 0 and equation (3.9) is not satisfied, the system is stable; otherwise it is unstable.

Again we remind the reader that dashed lines on the figures imply the system is unstable

in that particular range of values of a, P, or 6. In Figs. 3.2, 3.3, and 3.4 it is easy to

notice that at the vertical tangents ofeach curve the system response changes from being
stable to unstable or vice versa.
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Fig. 3.2 shows the response amplitude, a, versus the detuning parameter, 6, given by
equation (3.8). The three different plots in the figure refer to the three cases of the sys-
tem stiffness, a = -1, 0, and 1, respectively. Again we see the trend that the shapes of
the solutions follow when oz is varied. We also see how the load P affects the system,

which reacts with a larger response when P increases. As for the stability of these plotted
responses, we notice that the stability range gets larger with larger responses due to

larger load amplitudes applied to the system.

In Figs. 3.3 and 3.4 we also show the response amplitude, a, versus the detuning

parameter, 6. Fig. 3.3 is for the case cx = -1 and Fig. 3.4 shows the responses when
oz = 1. In these two figures we are dealing with the case where

A;’=0, B=1,§=l, w=l,

- é.J — L —
6 AP,

and

c = 21*

which makes the system of nonlinear equations ( 3.7) of the form:

{ (3.15)
6+%-P2-}-o¤a2+2P2 cos2y+-ä—APacosy=O

Solving the first equation for a, we get:
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_ 5 . 25 2 2 • 2 2 -a-—APsmyi -AP(s1ny) +1+2P sm2y (3.16)12 144

and solving the second equation in (3.15) for 6, we get:

_ jl 2 2 2 56-- 3 P -aa -2P c0s2y--fAPacosy (3.17)

The procedure followed to get the responses plotted in Figs. 3.3 and 3.4 is discussed here.
We first choose A, P, and oz; then we vary the value of y from zero to 22: and for each
y, if the sum under the square root is real, we compute the values of 'a’ from equation _
(3.16). Then, for each positive value of 'a', we compute the value of the detuning pa-
rameter, 6, from equation (3.17). Once we have the response amplitude, a, and the cor-
responding 6 value, we take each of these pairs and plot them on the graph of a vs. 6.

Looking at Figs. 3.3 and 3.4, we notice that as the load amplitude, P, gets larger, the

response amplitude gets larger. The only change occurring from Fig. 3.3 to Fig. 3.4 is
that the stiffness value, oz, is varied from -1 to 1. As we discuss the stability of these
solutions, it is obvious that when P is small, as in Figs. 3.3a and 3.4a, we either have the

trivial solution, which is unstable, or we have two nontrivial solutions besides the trivial

one; only one of these three solutions is stable. As the value of the load amplitude, P,
is increased, the number of solutions increases and so does the range of stability. We
have to remember that between these two figures the only parameter changing is ez;
therefore the ranges of the detuning parameter 6 for which solutions exist are different.

Checking Figs. 3.3b and 3.4b, we see that for 6 sufliciently small or large, we do not

have any solutions besides the trivial one, which is unstable. As we move from the left
side of the graph to the right side, the number of solutions changes from one to three,

I
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then to five, then back to three, and finally back to one. Now we consider Figs. 3.30 and
3.4c. The trivial solution is also unstable in this case. Looking at the graph at different
points, we see that there are up to four nontrivial solutions at a time for some parts of
the graph. As before, from these four nontrivial solutions, only two are stable. When
we only have two nontrivial solutions, only one is stable.

I

In the last graphs of Figs. 3.3 and 3.4, we have two bifurcation points. Qnly between
these two points"’is·‘thes~t1ivial·· solution (a=O) stable. The solutions are much more
spread out and the response amplitude is much higher. We also find at different points
of the graph that there exists more than one solution at a time and two of these are
stable. Again, it is noticeable on the figures that the stability of the nontrivial solutions
only changes at a vertical tangent or at a = —\/% (see Fig. 3.3c)., whii'e*ir1*the‘caset«—o£-the
-t·rivial·-·solution the .change occurs at-t~he«bifurcation· points.

Fig. 3.5 shows the response} amplitude, a, versus the load amplitude, P. We only
study the case of linear stiffigss/ißt We notice that for 6 aé 0, the nontrivial solutions
only exist if P is large enough. We also see that the vertical tangents where these non-
trivial stable solutions begin to exist move farther to the right of the graph as |6I gets
larger. When we vary the value of the detuning parameter, 6, we notice from the figure
and the previous cases that the detuning parameter plays an important role in control-
ling the response of the self·excited system under parametric excitation.

U
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CHAPTER 4

CASE THREE : Ä, i 11,:Zw

In this particular chapter we discuss self-excited systems, under two different fre-

quencies of parametric excitation, ,1, and ,1,. These two parametric frequencies, ,11 and

,1,, are assumed to satisfy the condition that their sum or difference is approximately

equal to twice the natural frequency of the system, ,1, i ,1,:Zw, or more accurately,

,1, i ,1, = Zw + 6*6, where

,1, is the frequency of the first parametric excitation,

,1, is the frequency of the second parametric excitation,

6 is a small parameter,

6 is the detuning parameter.
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Of course each one of the components of the excitation will have its corresponding load

amplitude, P,,,, and a phase, 1-,,.

— To the governing equation of motion presented in the introductory chapter, we add

the second parametric excitation and equation (1.2) becomes:

ii + wzu + GANZ + 62l”u3 ·- 262Bzl + 62Cu211
2 (4.1)

+ 620123 + 262 cos(«l„,t + 1„,)Q'"(6)u = 0
m=l

where
i

Q”°(6) = 2wP„,, m = 1,2

Expanding equation (4.1), we get:

ü + 60211 + 6Auz + 62I“u3 - 262Bü (4 2)
+ 1*611211 + 12011* + 4111111[P, 16101,1 + 1,)+ P, 16101,1 + 1,)] =

0Themethod of multiple scales [4] was again used here to solve the nonlinear

equation. We will begin the study by checking the linear case, cx = 0 ( A = 0, l' = 0). As

we get to the solution, some new variables are introduced:

1 = - 2w{(R, + S,)P? + (R, + S,)P§} (4.3)

and

~
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h = — 2w(S[ + S2)’PlP2 (4.4)

where

- _ .....LlR‘ _
l,(l, + 2w)

.. __
2w)

- _;L_S‘ —
,l,(„l, — 2w)

and

lS = — —····t··—•2 42(42 ' Zw)

Only steady—state solutions are of interest. We have, as usual, a trivial solution,

a = 0, and the nontrivial solutions are presented in the form of?

a2=—ä{Bi- /h2—(-ä--e)2} (4.5)

We assume { > 0 and B > 0.

Solving the nonlinear stiffness case, a aé 0, for the nontrivial solutions, we get:

2B{ - (G — 22).; i 2 /h%8 - 6%:8 + A25 - (-ä - ef? - B{ocz
az = (4.6)2(é + 4 )

The same procedure explained in chapter 2 and discussed by Nayfeh and Mook [4]

is used for checking the stability of the .1, i .l,=2w case. Again the dashed lines imply

instability of the response, and the solid lines imply stability of the response.
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First we consider the case P, = P, E P. For us to check the regions where solutions
exist, we need to generate plots representing the load amplitude versus the detuning pa-
rameter, Pvs. 6. Going back to equations (4.5) and (4.6) we set az =O and solve the
equations for 6.e From (4.5) we get:

. 6 = - 4w(Rl + 12, + s, + S,)P2 i 2, /4CU2(S, + s,)21>" - 6* (4.7a)

At vertical tangents on the plots of a vs. 6, we have: _

6:-466(R +R )1>*
{

‘ 2
2 (4.7b)

6 = - 466(R, + R, + ZS, + ZS,)P

From equation (4.6), for the nonlinear stiffness case, we get another system of two

equations:

6 [6: - Ba i „ /62(6* + :2) - 26665]
(4.8)

{6=2[6i /6*-62-%&§]
u oc +§

All through the study of this case of ,1, i ,1,:260, we work with two sets of ,1, and ,1, that

satisfy the condition discussed at the beginning of this chapter:
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,1, =0.5 and ,12 = 1.5
{ (4.9)

_ ,1, = 0.5 and ,12 = 2.5

As we look at Figs. 4.1 and 4.2 referring to the two different sets of ,1, and ,1,, these
figures represent in what ranges of P’s and 6’s solutions exist. As before, there is a region
marked by I, and that is where there is only one solution, the trivial solution. Region
III, right between regions I and II, is where three solutions exist, two of which are non-
trivial solutions. Then we have region II, which shows the existence of only one non-
trivial solution besides the trivial one. When the system stiffness is not equal to zero
(oz aé 0), we see that the system reacts by having different ranges of existing solutions. It
is obvious on the graphs how the shapes of the regions vary as oc is varied from -1 to 0,
and then to l.

Checking the response amplitude versus the detuning parameter ( a vs. 6 plots), we
move to the two different sets of A, and ,1, satisfying the resonance condition ( see eq.

4.9 ). In generating these graphs, we set a P value at each time and check the system

response using eq. 4.5 or 4.6. lt is expected that as we increase the magnitude of P we

will get larger response amplitudes, and that is exactly what Figs. 4.3 and 4.4 show. Now,

as we look at each graph in these two figures we see that the variable that is changing

is the stiffness cx. We see a slight decrease in the response magnitude in Fig. 4.3 when
ot aß 0. As for the stability, it is clear that as the responses get more spread out with larger

load amplitudes, we get a larger region where the solutions are stable. Again stability is

marked by solid lines and instability by dashed lines. We notice that stable nontrivial

solutions start at the vertical tangents or at a =

-7%,CI-IAPTER4 39



m

Now we allow P, and P, to be different from each other. Figures 4.5 and 4.6 show the
response amplitude versus one of the load amplitudes, a vs. P,. In this case, we set

6,:1, 5:1, 1,1:1, .11166:1
and we vary the detuning parameter, 6, for each set of ,1, and ,1, (eq. 4.9). In Fig. 4.5,
with ,1, = 0.5 and ,1, = 1.5 and linear stiffness, oz = 0, the response amplitude is high for
negative values of the detuning parameter ( 6 < 0), and as we go towards large positive
values of the detuning parameter (6 > 0), the response decreases and even disappears.
The disappearance of the response at 6 > 0 is also true for cz aé 0, even though the re-

sponse amplitude seems to be a lot higher for oz < 0 (oz = -1) and a lot smaller when
a > 0 (6 = 1). This figure leads us to notice once more the significant effect of the de-

tuning parameter which when acting on a system can make it almost unresponsive to

any disturbances.

Looking at Fig. 4.6, it is obvious that even though ,1, = 0.5 and ,1, = 2.5, the system

is responding the same way as in the case plotted in Fig. 4.5. The only noticeable dif-

ference is in the shape of the response, meaning the range of 6'S at which we have sol·

utions. Other than that, when 6 < 0 , the response is high and it starts disappearing as

we get to larger positive values of the detuning parameter. Also, the same remark can

be mentioned about the response magnitudes being a little higher for oz = -1 and a little

lower for oz = l in comparison with the linear stiffness case, oz = 0. .

As for the stability of the solutions plotted in these two figures (4.5 & 4.6), we see

that when the detuning parameter is negative, 6 < 0 , or closer to zero, for a perfectly

tuned system, we have a larger number of stable solutions. It is expected since the re-

sponse dies out for values of 6 larger than zero. Again, instabilityof the trivial solution
-eom=esponding, to each response curve is only marked up to the first bifurcation pointCHAPTER 4 40
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coming from the right and the first bifurcation point coming from the left. This is due
te-t-he-£act·that-we have more than one response plotted in each graph; Therefore, what
is·=needed·‘to·rexnember is that the trivial solution is only stable between the bifurcation

*the~n·ont1·ivial solutions·~start· being ·sta·ble at the—·vertical·· tangents or at

a =«/2

Figures 4.7 and 4.8 also show the response amplitude versus one of the load ampli-

tudes, a vs. P,, however this time P, = P, E P . Therefore, as we vary P, in our study we

are also varying P,. Another difference is that we are only checking a small range of the

detuning parameter; 6 is first set equal to unity, then to zero, for a perfectly tuned sys-

tCm, then again to negative one. We notice immediately in these two figures that when

the system is perfectly tuned and has a linear stiffness, oz = 0, it does not take much load

at all for the system to reach a response. For 6 aß 0, the load at which the response be-
i

comes stable is much higher; this is also true for 6 = 0 when the stiffness is nonlinear,

ot ab 0. In Fig. 4.7, we see that as we move from the graph representing cz = - 1 to the

one representing cx = 1, the response amplitude starts high for low values of P, and as

we get to oz = 1 it takes much more load for much less response. Another significant

point: the bifurcation load when oz = -1 is larger than in the other cases; also, for 6 = 1

it seems that the bifurcation load is the largest in all the cases. When

1, = 0.5 and ,1, = 2.5, or taking a look at Fig. 4.8, we see the same facts discussed in

Fig. 4.7. For an increasing load amplitude P we get an increasing response, which is

slightly altered or decreased when we have a nonlinear stiffness. The difference is that it

seems that in this case the bifurcation load is the largest when 6 = -1. Also we notice

that the loads at which each nontrivial solution begins to be stable are slightly altered.

In these two figures, as expected, the range of unstable solutions decreases as both the
system stiffness and the detuning parameter are equal to zero.cnAPTER 4 41



1

Now we get to Figs. 4.9, 4.10, and 4.1 1. In generating these plots we are dealing with
the case:

,1, + Ä, = 260 .

We let:P = 6%
and

§=l, B=l, P,=P,=l,60=l

For each plot we set a detuning parameter, 6, to a value and check the response ampli-

tude by varying I' along the x-axis between zero and one ( 0 < l" < l ). We compute all

the parameters, R ,, R6, S,, S, , e, and h, heeded to compute the response amplitudes, a,

which are then plotted in Figs. 4.9, 4.10, and 4.11. The only changing variable in these

three different sets of plots is the stiffness of the system, a(-1,0,1). Before we go any

further in discussing these three figures, we should notice that the solutions obtained

near y = 0,0.5, and 1 are not valid due to the existence of other resonances. _

When the stiffness is negative, or oz = -1, as we vary 6 from a high positive value to

a value closer to zero, we see in Fig. 4.9a that there is a very small range of l“'s at which

we get a stable nontrivial solution. The trivial solution is only stable when there is one

nontrivial solutions In Fig. 4.9b, the stable nontrivial response is spread out more, and

an unstable nontrivial solution is building up. In these figures we find up to three sol-

utions at a time, two of which are nontrivial and only one of these is stable. The non-

trivial solution that is building up in Fig. 4.9b, splits up from the stable part in Fig. 4.9c,

and forms a small unstable solution at low response amplitudes. At the same time the

stable nontrivial solution takes over and at any I' on the x—axis we have a stable non-
trivial solution and an unstable trivial one. ln Fig. 4.9d, when the system is perfectly
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tuned, the nontrivial unstable independent solution disappears and we are left with just
one nontrivial solution that is stable everywhere on the interval.

Looking at Fig. 4.10, we follow a nice build·up of the response as the detuning pa-
rameter, 6, is varied in a linear stiffness system, oz = 0. Starting with large negative values
of 6, then moving towards a perfectly tuned system (6 = 0), then again applying large

positive values of the detuning parameter, we see how at first nontrivial solutions only
exist at values of l" close to zero and close to unity. In these two small areas of existing
response we have three solutions, an unstable trivial, an unstable nontrivial, and a stable

nontrivial one. As the detuning parameter is varied to a value equal to zero, the stable

nontrivial solution is spreading out more and more along the interval of l'“ . The non-

trivial unstable solution disappears completely at 6 = 0 , just like in the oz = -1 case.

When we start varying 6 again to larger positive values, the small nontrivial unstable

solution reappears, then connects with the stable part, then at the end we have the same

response behavior as we started with in Fig. 4.10a.

When the stiffness parameter is positive, cx = 1, solutions exist as we vary the de-

tuning parameter, 6, from large negative values to zero, a perfectly tuned system. In Fig.

4.11, we show the development of the response as 6 is varied. Again we see the same

trend: three solutions exist at l“'s about zero and unity, and only one is stable at a time.

As we go on towards 6 = 0 , the nontrivial unstable solution splits up and gets smaller

until it disappears. Meanwhile, the stable nontrivial solution is spreading out more, and

at any point between zero and one we have a stable nontrivial solution and a trivial

solution unstable everywhere.

Concluding the discussion about these three tigures, 4.9, 4.10, and 4.11, an important
fact to remember is that only when the stiifness is linear does the system pick up and
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respond again as we go beyond 6 = 0 in absolute value. For the nonlinear stiffness, the

response stagnates at 6 = 0 no matter how large we make the detuning parameter. There
may be an explanation to this: it seems that we have forgotten all about the response

when the stiffness is varied from -1 to 0, and then to 1. Let’s take a close look at different
detuning parameter values at which solutions exist, when oz = -1 (Fig. 4.9), a = O (Fig.

4.10), and oz = 1 (Fig. 4.11). For a = -1, we notice that solutions exist as we come down

from high positive values of the detuning parameter and this number of solutions stag-
1

nates at 6 = 0, which ir1 comparison with all the previous cases we studied, is synony-

mous with the motion of the response to the right, and the opposite for a = -1 is true.

When oz = 0 the response is usually symmetric about the 6 = 0 value, which is also true

for this case and well shown in Fig.4.l0.

Finally, we get to the last discussion of this chapter, and Figs. 4.12, 4.13, and 4.14.

Again, Fig. 4.12 deals with the stiffness equal to negative one, Fig. 4.13, when the

stiffness is linear, and in Fig. 4.14, the stiffness is equal to positive one. Let’s start by

explaining the different parameters and the way these figures have been generated. First,

we are imposing a condition on the ).'s :
,1, - ,1, = ZwI We let
,, = L,1, .

We vary y along the x-axis between zero and unity, and we assume:

§=1, B=l, P,=P,=1, andw=l.
Again we compute all the needed parameters ( R's, S’s, e and h), to be able to compute

the response amplitude, a, and plot it. In generating the different graphs belonging to

each figure, we are only varying the detuning parameter, 6, and examining the effect on

the system. In this case we also have a similar type of behavior as seen in Figs.4.9, 4.10,CHAPTER 4 44
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and 4.11, the solutions near y = 0, BL , and 0.5 are not valid due to the existence of other

resonances in the system.

Looking at Fig. 4.12, we notice that at any value of the detuning parameter, 6, we

have an asymptote at y = 0.5, where the second parametric frequency is twice the first.

We change the detuning parameter value, 6, from high negative values to high positive

values, and we look at the development of the different solutions. At first, when 6 < 0,

we have an unstable trivial solution and a very small response builds up for y close to

0.5. Then the stable response abruptly approaches an infinite amplitude at y = 0.5. For

6 = 0, or a perfectly tuned system, the same behavior takes place, but this time there is

a smoother movement towards the infmite amplitude. There is also a small nontrivial ,

unstable solution that appears at y:0.5. It grows larger as we increase the detuning pa-

rameter, then slowly connects to the stable nontrivial solution. At the same time, a small

portion of the nontrivial unstable solution breaks free and becomes an independent sol-

ution on the 1eft.of the graph, which disappears as the detuning parameter gets larger

(6:220). As for the stable solution near y = 0.5, the response does not appear to be af-

fected much by increasing the detuning parameter; the curve just flattens out slowly and

will eventually look like a vertical straight line.

Moving along to Fig. 4.13, or the linear stiffness case, we see a lot of similarities in

the behavior as in Fig. 4.12: fu·st, the development of an independent response that

connects to the stable nontrivial solution; second, the breaking free of a portion of the

nontrivial solution and its disappearance at high magnitudes of the detuning parameter;

also, the large stable solution that suddenly appears at y = 0.5, and so on. The one ob-

vious difference is the fact that in this case, the end response shifts and faces the right
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side to the contrary of the case cz = -1, but then again this is where the change in the

system stiffness plays a role.

As we get to the last figure in the set, and in the chapter, Fig. 4.14, where the

stiffness is positive and equal to unity, we notice that the response is similar to the other

two cases but for the sequence it follows. There is no independent solution appearing

or disappearing from the graphs, and the nontrivial solution stays together at all times

with no breaks in it. We have a trivial unstable solution and a nontrivial stable solution;

the only active part is the nontrivial unstable solution. It gets larger, then it decreases,

and then it almost disappears, by flattening out with a very small curve facing the right

side. Again, we see the same trend of motion in the solutions as the stiffness value is

varied, and the linear stiffness case here is not perfectly symmetric, but tries to have

solutions belonging to both the case ot = -1 and the case a = l.
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I Ä} + Äzäwr " (Dq

In this chapter, the case under study is when the resonance involves two natural

frequencies, w, and w,, and two parametric excitation frequencies, A, and ,1,. We are as-

surning that the sum of the two parametric frequencies is near the difference of the two

natural frequencies with no other resonances existing. We let:

).1+Ä.2=co,Äcoq+e2a

When the system stiffness is linear, which is the case in this chapter, the governing set

of equations has the form:
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.. 2 2 . 2 . . . .u,, + 05,,11,, — 26 6 2(Qkmujuku, + Djkhujukul)
J=r.q i=m k=r.q l=«.q

2 (5.1)
0. rr = q.r

m=l j=f,q

Expanding (5.1), and using the knowledge we acquired in chapter four about two
A

parametric frequencies acting on the system, we will get a system of linear equations that

we solve applying the method of multiple scales [4]. The solution comes out in the fol-

lowing form:

Bqqaq + {ma: + image? + g,qa, sin y = 0

(6 — @„ v

where g,,, p,,, 6,, 6,, {W, §,,, «§,,, and §„ are defmed in the appendix.

Examining the equations above, it is obvious that there is a trivial solution

a, = a, = 0. To find the nontrivial solutions, we start by multiplying the first equation in

(5.2) by p,,a, , and the second equation in (5.2) by g,,a,. The result is eq. 5.3a and eq. 5.3b,

respectively:

- B.,.,1>.„¤§ + é.„1¤.„¤§ + €„,p„¤§¤? + s„,p„¤q¤„ Sin v = 9 (5-3a)CHAPTER s 62
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and

— ß„g„.,«=3 + 6,.-.,¤„§¤3 + :„g„,¤? — -,.-.,.4.4 Sin Y = 0 (5.30)

We add (5.3a) to (5.3b), and we eliminate sin y, to get:

2 2 4 4 2 2— Bqqpqraq —
8--2-,0-

+ éqqpq-aq 0 (5-4)

We let X = aj and Y= ai, and obtain:

which we can write as:

a„XZ + b0X+ co (5.6)

where _

ao = éqqpqr ·

00 = — B„s„, Y + é„g„, YZ

ln generating the response, we use the following parameters:

BW = l , B„ = 2

éqq=l 9 19 érq=_· 19 érr=°-2

co, = 1 , co, = 2.3
0-4 , Ä-2 0-9

[
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We also set P}, = P}, = P}, = P}, = P}, = P}, = P}, = P}, E P. In the study the P value is

varied. Then we compute the following parameters (check appendix for calculation pro-

cedure): g,,, p,, , e,, and e,.

Once all the preliminary calculations are done, we look back to eq. 5.6 and we vary

the Y between zero and four (0 < Y< 4). We determine 61,,, b,,, and 6,, for each Y and

check if

0,} — aw, < 0 (6.7)

which means there is no solution. If eq. 5.7 is not satistied, then we compute:

1X1 =·;;(—b0+«/bÄ—440¢0)

and

1 /

There is no real solution if X, < 0 or X, < 0, because we have to remember that X is ac-

tually the response amplitude squared (X = 61}). Therefore we need at least

X, > 0 or X, > 0, or both. Then for that X value and its corresponding Y, we have:

ac = .
(5.8)

ar = J?
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Once aq and a, are computed for each Y, we need to get the corresponding detuning pa-
rameter, 6, to be able to generate the aq vs. 6, and cz, vs. 6, plots. So we first start by

setting:
S = sin 7
and

i

CC = COS V ,
and then we compute the following quantity using (5.2):

(BM ' gee": ' érq“3)"q

If Sz > 1, then we have no real solution; otherwise, we continue by finding:

cc = + . / 1 - sz
5.10

DD _ cc<g..,Y-p.,„X> ‘ ’
" aqa,

and fmally using (5.2), we get to:

61 = e, — eq + DD
(5.11)

62 = e, — eq — DD

which are the detuning parameter values corresponding to aq and a,.

The stability of the solutions is checked using an IMSL subroutine called
(DEVLRG) which computes the eigenvalues of a real, nonsymmetric matrix. For each
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solution, a, and 6,, we compute the following quantities called ¢,’s, which we then feed
into the matrix program:

dl, = 2§,qaqa, + g,q sin y
, dw = g,qa, cos y

·
dz} = zéqraqar * pqr Sin Y

(1,, = - ß„ + :,,a§ + ag„a3
d23 = * pqraq CÜSYdax

= ‘?i" 2%%

d32= _%+2grq
q G

The responses plotted in Figs. 5.1, 5.2, 5.3 and 5.4 of a, vs. 6 and cz, vs. 6 are the re-
sults of increasing P from 0.25, to 0.35, to 0.5, then to unity. lt is obvious that as the
load amplitude increases, the response amplitudes a, and a, increase. There is a trivial
solution at a, = 0 and a, = 0 that is always unstable, even between the bifurcation points.
There are three different nontrivial solution curves when P is small, see Fig. 5.1. The
solution curve near a, = 1 corresponds to the solution curve with small values of a,, and

vice versa. The third nontrivial solution curve has two parts, a stable solution that begins
at the vertical tangents, and an unstable solution below that.

l

In Fig. 5.2, the response increases as we increase the load amplitude, P. The solution

curves with small values of cz, and with a, close to unity have connected with the closed
solution curves. Only a small portion at the top of this solution curve is stable. As
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mentioned earlier, the trivial solution is unstable everywhere; the solution curve near
6, = 1 and the corresponding solution curve with small 6, are also unstable everywhere.
The increase in the amplitude and the stable region is quite small compared to Fig. 5.1,
but it still shows the effect the load has on the system response.

The load effect mentioned in the previous paragraph is more clear in Fig. 5.3 where
the stable region spreads out more and the response amplitude is even higher. The ver-
tical tangents disappear. Another difference from Fig. 5.2 is that the solution curve near
6, = 1 has a dip at the point of syrnmetry in the graph, or more precisely there is a sud-
den decrease in the response amplitude at about 6 = 2.5 . The solution curve close to
zero has a sudden increase in the response amplitude at the same 6 value.

_ Fig. 5.4 shows yet another aspect of the response as P is set equal to unity. The re-
sponse amplitude is high, but the stable solutions in both 6, vs. 6 and 6, vs. 6 seem to be
concentrated in a small area. This of course is not true, however; the difference is actu-

ally in the scale of the plots. From one figure to another in this chapter, the scale is only
appropriate for the response shown on that specific graph. Therefore, as P increases, the
amplitude of the response increases and so does the range of stable solutions. Another
change occurring in Fig. 5.4 concerns the solution curves near 6, = l and 6, = 0. They
both experience a sudden break in their curves, and the two independent parts hit
6, = 0 and 6, = 0, the trivial solution, in each case, at the values of the detuning param-
eter 6:0 and 6:20 .

Also, if we exarnine the value of the detuning parameter, 6 , about which each re-
sponse is syrnrnetric, 6 = e, — 6,. We see that this 6 value increases as the load amplitude,
P, increases. Actually the responses are symmetric about 6:0.8 in Fig. 5.1, then 6:1.5
in Fig. 5.2, 6:2.5 in Fig. 5.3, and 6:11 in Fig. 5.4.
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CHAPTER 6 I

CONCL USION

In this study attention was focused on nonlinear oscillations under multifrequency

parametric excitations. A system was chosen and different combinations of excitation

frequencies and natural frequencies were analyzed. In all the previous studies, as men-
I

tioned in the literature review, many authors have taken interest in these types of be-

havior in a system. They have considered different systems and used different methods

of solutions. Most of them focused on one case, when the excitation frequency is twice

the natural frequency, ,1:261. This particular case was our first study case.

When ,1:266, the search started by finding the values, or the range of magnitudes,

of the load amplitude, P, and the detuning parameter, 6, at which we get solutions.
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These regions of existing solutions are then marked by I, II, and III in the P vs. 6 plots.
Afterwards, we check which ones are trivial, nontrivial, unstable, and stable; also we

want to know, if there is a stable solution, in what interval of P and 6 it stays stable. It

is understood that our main concern in this study is to find stable solutions, and check

all the different parameters that affect this state of stability in each case we treat. In the

a vs. P plot, we vary P along the axis, and fix the detuning parameter, 6, and the stiffness

value, a, for the different responses. We noticed that as the detuning parameter in-

creases, the loads at which the nontrivial solutions became stable increased, and so did

the bifurcation loads for the trivial stable solutions.

Still in case one, when the stiffness is nonlinear, oz a·'= 0, and the system is perfectly

tuned, 6 = O, we see the loads at which the solutions become stable increase. However,

when 6 > 0, then if the stiffness is positive, oz = 1, we have an increase in the loads, but

the same is not true for oz = — l . The bifurcation loads in this case of nonlinear stiffness

seem to be unaffected at all by the system stiffness; no matter what the sign of oz is, the

bifurcation load keeps the same magnitude. Next, we vary the detuning parameter, and

fix the load amplitude. We see an increase in the response and therefore a larger range

of stable nontrivial solutions as the load is increased.—«E·xamining the trivial solution;we

also notice that .when·P· is set higher, the trivial solution changes from being totally un·

-stable-everywhere to being stable ··between—the bifurcation points. Another point to no-

tice: when the stiflhess is nonlinear, the response does not get any larger. However,

since the solution gets deforrned to the right and to the left depending on the sign of cz,

the range of the stable nontrivial solution seems to get slightly larger.

Case two deals with the parametric excitation frequency approximately equal to the

natural frequency, lzw. This case has also been treated in a few studies. Again we begin
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by checking the regions ofexisting solutions, and then we try to find the stable nontrivial
and trivial ones. As we vary the detuning parameter, 6 , and the load amplitude, P, we

notice the response and the range of stability increasing with increasing P. The nontrivial

solutions in this case are only stable above a=7..L; and the vertical tangent of each

solution curve, while”the 1trivial·solution„is,as usual .stable—between· thebifäureation points.

Then we go on and check the influence of the stiffness on the response and the stable

solutions. When the stiffness is nonlinear, oz aé 0, the number of stable nontrivial sol-

utions increases with increasing load amplitudes. Finally, the influence of the detuning

parameter, 6, on the system is checked. We find that as 6 is increased, the load at which

the nontrivial solution becomes stable increases, and the bifurcation11i1o·ard‘·a“t·*wl1ich the

-t:i=•«ia·l~solution becomes .stable..increa_s.es, too.

In case three, we are interested in a single-degree—of-freedom system under two

parametric excitation frequencies, with ,1, i ,1,:266. As we can notice from the figures,

we treated two sets of A values, the first one: A, =0.5 and „l,= l.5 , the second set:
,1, = 0.5 and ,1, = 2.5. For each one of these two sets, we go through the same procedure

for finding regions of existing solutions and the influence of the different parameters on

the stable solutions. Once we fmd the regions where solutions exist, then we check the

influence of the load amplitude, P, and the stiffness, ex, on these solutions. We notice that

as P gets larger the number of stable nontrivial solutions increases. ißhetrivial solution

~ t is only stable when we have one nontrivial solution existing, while the nontrivial solution

becomes stable at a =
Ü

and at the vertical tangent. Following that, we set P, = l

and vary P, along the axis while changing the detuning parameter value, 6, for each re-

sponse. When I6I is small the response and the number of stable nontrivial solutions

is high; as |6| gets large the response disappears.
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For the same case, we also investigate the effect of 6 when we set P, = P,. As seen
in the other cases, the load at which the nontrivial solutions become stable are higher
for 6 sé 0 and oz > 0 (ot = l).trivial solutiombecomes stable-at the
bifurcation point. Then we introduce a new variable I", which is actually a relationship
between the two parametric excitations. For this variable, we checked the effect of the
detuning parameter and the stiffness on the values of ,1, and .1, at which stable trivial and
nontrivial solutions exist. A reminder: in the figures dashed lines represent unstable sol-
utions and solid lines imply stable solutions. For the same case of A, j; ,l,:2w, we also

introduce a second variable y , and this one is a direct relationship of ,1, and J.,
(y =%). Here, too, we investigate the effect of the detuning parameter, 6, and the
stiffness parameter, ct, on the existence of the stable solutions.

Case four deals with a two-degree—of—freedom system under two parametric
excitation frequencies, with ,1,+ ,1,:66, — w,. We only checked the linear stiffness case
due to time limitations. We generate the frequency-response curves as P is increased and

examine the responses obtained. There are two different response amplitudes, a, and a,,

and each one is plotted on a separate graph. lf we go through the different figures in

chapter 5 , it seems that the number of stable solutions is very scarce. The trivial solution

is always unstable. Again the same checks are performed and as P increases, the re-

sponse increases and most importantly, so does the number of stable nontrivial sol-

utions.

Future research should include a numerical integration analysis. There are many

more cases that we hope future studies will focus on. For example, one could try to in-

vestigate the effect of internal resonances on the system. Other topics could include the

case of a multiple-degree-of-freedom system under multiple parametric excitation fre-

CHAPTER 6 75



1

quencies, or two almost-equal parametric frequencies. Also, for a two—degree-of"-freedom
system under two parametric excitations, one could check the response of the system
under different combinations of l,’s and w,’s other than the one discussed in chapter 5.
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I APPENDIX
N

The following equations are used in the different computations, in chapter 5.

6,,, (A1)

, _ g,; = 2w,[12;„P;;Pf; + 12;,,12;,12;; + 12;,,1>j;1>;, + Rf,,Pf;P;°,] (A2)

pq, = 2q,,[s;,,1>;,1>;; + 2;,,2;,12;; + s;,,1>;',1e;, + s;'„,1>;,1>;,] (A 2)

eq = - 2[<RZ,q + $:§,q>eeq<P§q>” + <Rqqq + S;,q>«»,<P;q>2
+ (12;;; + s;°,;)q2,1>i;1>;, + (12;,; + Sf,;)w,P;;P;,] (AA)

6, = — 2[<R:’,, + Si,,>«»,<P:’,>2 + (RZ, + s;,,)«»,(P£,>2
+ (12;,, + s;,,)2q;1e;,1>;"; + (12;,, + S;),)w;P;,P;;] (A5)

where

I Amemwmx 81



and

s' =———L-— (A7)W w?
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